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hoven, The Netherlands,
e-mail: K.Gao@tue.nl

P. Göransson
Department of Aeronautical and Vehicle Engineering, KTH Royal Institute of Technology, SE-
100 44 Stockholm, Sweden.

In this paper, a numerical homogenization approach is proposed to obtain isotropic Biot’s pa-
rameters based on the microstructure of an porous material. It is assumed that a macroscopic
point can be represented by a microscopic Representative Volume Element (RVE) consisting of
the solid and the fluid. The macroscopic properties are controlled by Biot’s equations and the
RVE is governed by linearized balance equations for momentum and linear constitutive laws.
With suitable boundary conditions, the micro-macro relation is formulated based on consis-
tency of energy. Then, Biot’s parameters are calculated through the response of the RVE. By
following this new homogenization approach, examples with simple microstructures are given
and simulations of two sound absorption experiments are conducted by using Biot’s equa-
tions. The results are compared with Direct Numerical Simulations and it shows a favourable
performance of this new approach compared to the alternative Transfer Matrix Method.

1. Introduction

During operation in a noisy environment, high-tech systems must be protected from acoustic
excitations. Besides, in magnetic resonance imaging (MRI) systems, acoustic noise should be reduced
for patients’ comfort. It is effective to reduce the noise level or absorb noises in a specific frequency
range by mounting acoustic shielding covers. Passive sound absorbing porous materials, such as
acoustic foams, can be used in the covers to improve their sound absorption performance. To utilize
porous materials in the cover design, it requires a suitable model of sound propagation in porous
mediums. On the other hand, it has been shown that the microstructure of the porous material is very
important for its sound absorption performance [1]. However, the macroscopic scale involved in the
problems is usually much larger than the microscopic characteristic scale of the material. Therefore,
a multiscale model is required while considering the influence of the microstructure.

Biot’s poroelastic theory [2, 3, 4] can be used to describe the macroscopic sound propagation
problem in a deformable porous medium [5], in particular when used in a finite element implementa-
tion [6, 7, 8]. It offers a solution to the design of the multilayered covers including porous materials.
According to [2, 3], Biot’s poroelastic theory requires material parameters that are related to the
pure solid properties, the fluid properties and the effective properties which are influenced by the mi-
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crostructure. To understand the relations between the microstructure and the macroscopic properties,
it is common to assume that a detailed model involving the microstructure can be used to describe an
effective macroscopic model. This is the basic idea of homogenization methods and they have been
applied in porous mechanics. For example, [9, 10] used the asymptotic homogenization method from
the microscopic governing equations of the solid and the fluid. Moreover, by considering the porous
medium as a mixture of the solid and the fluid, [11, 12] applied the volume average integral to the
microscopic Representative Volume Element (RVE). It is interesting to notice that the macroscopic
governing equations, which are obtained by homogenizing of the microscopic governing equations,
agree with Biot’s poroelastic theory in the linear regime [9, 10, 11, 12].

Therefore, it is feasible to combine Biot’s poroelastic theory and direct homogenization of an
associated microscopic RVE. It is through Biot’s parameters that the microscopic behaviour can af-
fect the macroscopic performance. Hence, this paper develops a numerical method to obtain Biot’s
parameters based the homogenization framework. First, the new approach for Biot’s parameters is
presented. For simplicity, the isothermal condition is assumed and thermal effects are not considered
in this paper. Thereafter, as examples two simple RVEs are analysed and the results of simulations of
macroscopic sound absorption experiments are discussed in the end.

2. Homogenization

The homogenization framework is presented in this section. There are two different scales in
the problem: a macroscopic scale xM characterized by the wavelength λ and a microscopic scale xm

characterized by the characteristic pore size R. It requires that

λ� R . (1)

Generally, the characteristic pore size is around 10−4 ∼ 10−3 m. On the other hand, when the wave
speed is of the order of 102 m/s, which holds for the sound speed in air, the frequency should be smaller
than 104 Hz so that Eq. (1) is satisfied. Firstly, the macroscopic problem described by Biot’s theory
is introduced and subsequently the boundary value problem of the RVE is described. Thereafter, the
energy consistency principle is used to obtain the work-conjugate stress and displacement. It should
be noted that the subscript M is used to indicate the macroscopic scale whereas the microscopic scale
is indicated by m.

2.1 Biot’s poroelastic theory

Firstly, assume that the deformation is so small that the current configuration and the reference
configuration are almost identical. Then, the difference between the Lagrangian description and the
Eulerian description is ignored. By assuming that the motion is time harmonic with ejωt and the
isothermal condition, the macroscopic equilibrium equations of an isotropic porous material including
the solid and the fluid can be rewritten from Biot’s equations as [4]

−ω2(1− φ)ρsu
s
M − ω2φρfu

f
M = (1− φ)∇M · σs

M − φ∇Mp
f
M

−ω2φρfu
s
M − ω2(φρf + ρc)(u

f
M − us

M) = −φ∇Mp
f
M .

(2)

The first equation stands for the total equilibrium of the macroscopic point and the second equation
presents a generalized Darcy’s law in a deformable porous medium. Here us

M and uf
M are the macro-

scopic displacements of the solid and the fluid respectively. The macroscopic stress prevailing in the
solid is σs

M and the macroscopic fluid pressure is pfM . The porosity φ is the volume fraction of the
fluid (i.e. the non-solid part). The coupling density ρc represents the solid-fluid coupling effects and
it is a combination of the kinetic coupling ρa and the viscous coupling b̃

ρc = ρa +
b̃

jω
. (3)
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The term φρf + ρc can be considered as the fluid resistance which is the multiplicative inverse of the
permeability of the porous medium. Because Darcy’s flow is assumed in Eq. (2), the macroscopic
fluid displacement uf

M can be represented by the macroscopic pressure gradient ∇Mp
f
M . Therefore,

the macroscopic field variables for the problem are the solid displacement us
M and the fluid pressure

pfM . These two variables are linked with the boundary conditions of the RVE.

2.2 Microscopic boundary value problem

Consider a periodic RVE denoted by the volume V containing both the solid Vs and the fluid Vf .
A microscopic material point only contains the solid or the fluid. The microscopic displacement of
the solid is us

m and that of the fluid is uf
m. The microscopic Cauchy stresses are σs

m and σf
m. Besides,

the microscopic thermodynamic pressure difference of the fluid is pfm = P f
m−P0 with P0 the ambient

pressure and P f
m the absolute pressure. By assuming a harmonic motion and ignoring the body force,

the microscopic balance equations are written as

−ω2ρsu
s
m = ∇m · σs

m in Vs and − ω2ρfu
f
m = ∇m · σf

m in Vf . (4)

The linear isotropic constitutive laws are given by

σs
m = Ks∇m · us

mI+Gs

(
∇mu

s
m + (∇mu

s
m)

T − 2

3
∇m · us

mI

)
for the solid,

σf
m = −pfmI+ jωµf

(
∇mu

f
m + (∇mu

f
m)

T − 2

3
∇m · uf

mI

)
for the fluid.

(5)

Here, Ks and Gs are the bulk and shear modulus of the pure solid; µf is the fluid dynamic viscosity.
Based on the isothermal condition and the ideal-gas state equation, a simple equation of the fluid
thermodynamic pressure is used in this work

pfm = −P0∇m · uf
m . (6)

The fluid-solid interface is considered as a non-slip wall

uf
m = us

m . (7)

For a periodic RVE as shown in Fig. 1, there is a pair of mapping boundaries S+ and S−. The
corresponding normal vectors of mapping points on these boundaries satisfyn+ = −n−, wheren+ is
the outward normal vector on S+ and n− is the outward normal vector on S−. The periodic boundary
condition of the solid displacement is given by

us+
m − us−

m = (∇Mu
s
M)T · (xs+

m − xs−
m ) . (8)

Besides, a solid point is constrained to remove the rigid translation. By ignoring the viscous traction,
the boundary traction on the fluid surface is assigned by

σf
m · n = −[pfM + (∇Mp

f
M) · xf

m]n . (9)

2.3 Determination of Biot’s parameters

In the homogenization framework, the energy consistency principle is used to obtain the micro-
to-macro relations. It is assumed that the macroscopic total energy is the average of the microscopic
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Figure 1: Schematic description of a periodic RVE.

total energy of the RVE. Firstly, for arbitrary macroscopic variables δpfM and δus
M , the macroscopic

total energy of a macroscopic point is expressed as

δW t
M = (1−φ)∇M ·σs

M ·δus
M +(1−φ)σs

M : δ∇Mu
s
M −φuf

M ·δ∇Mp
f
M −φ(∇M ·uf

M)δpfM . (10)

On the other hand, considering the boundary conditions in Eq. (8) and (9), the microscopic total
energy is expressed by

1

V

∫
V

δW t
mdV =

1

V

∫
Ss
e

σs
m · ndA · δus

M +
1

V

∫
Ss
e

(σs
m · n)⊗ xs

mdA : δ(∇Mu
s
M)

− 1

V

∫
Sf
e

n · uf
mdAδp

f
M − 1

V

∫
Sf
e

xf
m(n · uf

m)dA · δ(∇Mp
f
M) .

(11)

The energy consistency principle requires that

δW t
M =

1

V

∫
V

δW t
mdV . (12)

By comparing Eq. (10) and (11), the following micro-macro relations are obtained:
1

V

∫
Ss
e

σs
m · ndA = (1− φ)∇M · σs

M ,
1

V

∫
Ss
e

(σs
m · n)⊗ xs

mdA = (1− φ)σs
M (13)

and
1

V

∫
Sf
e

xf
m(n · uf

m)dA = φuf
M ,

1

V

∫
Sf
e

n · uf
mdA = φ∇M · uf

M . (14)

Combining Eq. (2) and (14) gives

ρc

[
1

Vf

∫
Sf
e

xf
m(n · uf

m)dA− us
M

]
=

φ

ω2
∇Mp

f
M − φρfu

s
M . (15)

This equation shows the relation between the coupling density and the microscopic behaviours. Mean-
while, a linear stress-strain relation is also used in Biot’s poroelastic theory [2]

(1− φ)σs
M = A∇M · us

MI+N
[
∇Mu

s
M + (∇Mu

s
M)T

]
+Q∇M · uf

MI

−φpfM = Q∇M · us
M +R∇M · uf

M .
(16)

By replacing (1− φ)σs
M and ∇M ·uf

M with the relation in Eq. (13) and (14), the four coefficients A,
N , Q and R are related to the microscopic surface force of the RVE and the microscopic fluid flowing
through the RVE.

When Biot’s parameters are assumed to be constant over the porous materials, Eq. (15) and (16)
offer a way to obtain these parameters based on the microscopic behaviours. Firstly, with a given
(pfM ,∇Mp

f
M ,u

s
M ,∇Mu

s
M), the microscopic boundary value problem of the RVE can be solved by

the finite element method. Then, the coupling density can be solved by using Eq. (15) based on the
numerical result. For the elastic coefficients, two simulations of the RVE are required so that it is
sufficient to solve the algebraic equations of Eq. (16).
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3. Simulations

In this section, two RVEs shown in Fig. 2 are simulated. It should be noted that these two
RVEs are not isotropic but they are still used to obtain isotropic Biot’s parameters because of their
simplicity. The influence of this difference is not considered in this paper. The microscopic governing
equations and the boundary conditions have been given in Sec. 2. The solid and the fluid are chosen
as aluminum and air respectively. The corresponding Biot’s parameters are calculated by following
the above homogenization schema. To evaluate this new approach, Biot’s equations, with parameters
as obtained through the homogenization approach, are applied to the macroscopic configurations in
Fig. 3. The coupling condition in [7] is used between the air and the porous layer. The normal
incident sound absorption coefficients are calculated and they are compared with a Direct Numerical
Simulation (DNS). The DNS can be considered as a numerical experiment and the porous layer is
composed of 20 RVEs including the solid and the fluid parts. The continuity condition is applied to
couple the porous layer and the air in the DNS. Furthermore, the Transfer Matrix Method (TMM) [13]
is also used for reference. The effective density used in the TMM is obtained through the Johnson et
al. model [14] and the required parameters are calculated by using the unit-cell method in [15].

(a) Cubic skeleton with a strut thickness 100 µm (b) 100 µm-thick membrane with 0.4×0.4 mm2 holes

Figure 2: Two 1 mm-cubic RVEs used to obtain the homogenized Biot’s parameters. The edge
thickness in Fig. 2a and the surface thickness in Fig. 2b are both 50 µm.

(a) 2-cm porous layer (b) 2-cm porous layer backed by a 1-cm air layer

Figure 3: Macroscopic configurations for normal incident sound absorption coefficient. A symmet-
ric boundary condition is applied on the top and the bottom. The pure air part is governed by the
Helmholtz equation with a given incident plane wave pinc = e−jkx [Pa], where k is the wave number
and x is the horizontal distance.

The sound absorption coefficients are plotted in Fig. 4. As shown in Fig. 4a and 4b, both Biot’s
equations with the homogenized parameters and the TMM show smaller sound absorption coefficients
than the DNS, but Biot’s equations give a better performance than the TMM. According to [1], the
sound absorption in cellular metallic foams is mainly due to viscous losses, thermal-elastic damping
and Helmholtz-type resonators in the linear acoustic regime. Considering the isothermal condition
and the shape of the skeleton, the main sound absorption mechanism for the skeleton RVE is the
viscous losses. Therefore, one reason of the difference between the DNS and Biot’s equations may
be due to the ignorance of the viscous traction in the prescribed traction condition of Eq. (9).

ICSV21, Beijing, China, July 13-17, 2014 5



21st International Congress on Sound and Vibration (ICSV21), Beijing, China, 13-17 July 2014

For the membrane structure (Fig. 4c and 4d), the coefficients obtained from Biot’s equations
and the TMM are both smaller than the ones of the DNS when the frequency is lower than ∼1500 Hz
and Biot’s equations are still closer to the DNS as in the case of the skeleton porous structure. This
is because the viscous losses mechanism is still the main absorption mechanism in this frequency
range. When the frequency is higher, the Helmholtz resonator mechanism can become dominant due
to the shape of the membrane RVE. In this frequency range, the difference between the DNS and
Biot’s equations may originate from the differences in the coupling conditions between the air and
the porous layer.

(a) Porous layer with skeleton RVE (b) Porous layer with skeleton RVE backed by air

(c) Porous layer with membrane RVE (d) Porous layer with membrane RVE backed by air

Figure 4: Sound absorption coefficients in various situations as obtained by DNS, Biot’s equations
and TMM respectively.

4. Conclusions

Based on the homogenization framework, a new numerical approach relying on the microscopic
behaviour of the RVE is developed to obtain Biot’s parameters in this paper. By following this new
approach, Biot’s parameters are obtained from two simple RVEs and are applied to macroscopic sound
absorption simulations. Although this new approach results in a lower sound absorption coefficient
due to the ignorance of the viscous boundary traction in the RVE, it still gives a better prediction
than the TMM in the low-mid frequency range showing the advantage of this microstructure-based
approach. Further work will focus on the extension to an adiabatic process.
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