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1. Introduction

In recent year many optimal designs have been constructed for the case that the expected
value of the response variable Y is related to q explanatory variables by a linear model. In
the models considered all q (quantitative) explanatory variables have the same degree (for
example quadratic or cubic). Atkinson (1988) presents a review of recent developments.

In practice however it is not always possible that all the explanatory variables have the
same degree. It might be the case that some have two levels and other have three levels. This
paper considers an incomplete quadratic model in the sense that k explanatory variables have
linear and quadratic terms, but the other q - k variables have only linear terms; apart from
the fact that all interactions are included in the model. So we have the model

(1.1)

where Y is the response, and e is the error term of the response variable in the model.
The experimental region X is defined by

X = {x E ./Rqlx = (Xl, •.. ,xq),,-l ~ Xi ~ 1 for all i = 1, ... ,q}.

The experiment consists of n runs. The number of parameters p equals

p = q + ( ~ ) + 1 +k = 1 +k +h(q + 1) .

The design matrix can be seen as a probability distribution giving weights n-1 to n not
necessarily distinct elements of the experimental region X.
Such a design is called 'exact' because it-can be realised in practice. The derivation of optimal
designs is simplified by using the so-called approximate theory in which the n-trial design is
replaced by a measure ~ over X. In the sequel we present D-optimal designs (approximate
theory) for the model (1.1).

2. D-optimal designs

First we give the D-optimal designs for model (1.1), where the experimental region X is
a q-dimensional cube.

Definition 2.1. We define a design ~(Q, P, I) consisting of three subsets as follows:

i) the 2q vertices of the q-dimensional cube with weights Q,

ii) the k2q - 1 elements of X, where one of the k quadratic variables has the value zero, and
all other variables have the value -lor +1, these points are given weights P; the points
are in the middle of some edges, but not all edges,
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iii) the ( ~ ) 2q- 2 elements, where two of the k quadratic variables are equal to zero and all

other variables have the value -1 or +1, these points are given weights 'Y and are situated
at the centers of some two-dimensional faces; if k = 1 this set is empty.

The spectrum of the designs ~(a, 13, 'Y) consists of n = 2q-
3 [8 + 4k + k(k - 1)] points.

Now define a,13o and 'Yo as follows

ao = [(k - 2)(k - 1) - 2k(k - 2)uo +k(k - l)vo]/2q+1 ,

/30 = [-(k - 2) + (2k - 3)uo - (k - 1)vo]/2q- 1 ,

'Yo = [1 - 2uo + vo]/2Q- 2 ,

where

(2q - k + 3)[2q(k + 1) + k + 7 + (k - 1)J4q2 + 12q + 17]
uo = -'---"'-----"-"........;;..:.4~(q-+-2":""')""O""(2-q--:-k----::k,...".·2-'-+-3--:"k-+-'-2..:...,.)......;;....-----"----=- ,

and

(2.1a)

(2.1b)

(2.1c)

(2.2a)

vo = (2q - k + 3)[(4q2+ 8q + 9)k + 2q - 5 + (2qk + k + 3)J4q2 + 12q + 17] . (2.2b)
8(q + 2)2(2qk - k2 + 3k + 2)

Theorem 2.2. If ao,/3o and 'Yo as defined in (2.1) are positive, then the design ~(ao,/3o,'Yo)

of Definition 2.1. is D-optimal for model (1.1).

The weights ao, /30 and 'Yo of (2.1) are positive when q ~ 5, q = 6,7 and k ~ q - 1, 8 ~ q ~ 10
and k ~ q - 2. For q > 10 we did not compute the weights. However, it is clear that for
k = 1 ao and 130 are positive for all q.
In Table 1 values are given for q ~ 8.

Table 1.
Values determining the D -optimal designs

q k uo vo 2Qao k2Q- 1/30 k(k - 1)2Q- 3'Yo
1 1 0.6667 0.6667 0.3333
2 1 0.7500 0.7500 0.2500

2 0.7435 0.5832 0.5832 0.3206 0.0962
3 1 0.8000 0.8000 0.2000

2 0.7970 0.6549 0.6549 0.2842 0.0609
3 0.7930 0.6516 0.5758 0.2274 0.1967

4 1 0.8333 0.8333 0.1667
2 0.8317 0.7055 0.7055 0.2524 0.0421
3 0.8297 0.7038 0.6223 0.2445 0.1332
4 0.8271 0.7016 0.5927 0.1231 0.2843
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q k Uo Vo 2QlXo k2Q- 1/30 k(k - 1)2Q- 3/0

5 1 0.8571 0.8571 0.1429
2 0.8562 0.7432 0.7432 0.2260 0.0308
3 0.8550 0.7421 0.6614 0.2421 0.0964
4 0.8536 0.7409 0.6168 0.1807 0.2025
5 0.8518 0.7394 0.6166 0.0259 0.3575

6 1 0.8750 0.8750 0.1250
2 0.8744 0.7723 0.7723 0.2041 0.0236
3 0.8736 0.7717 0.6940 0.2328 0.0731
4 0.8728 0.7709 0.6431 0.2048 0.1520
5 0.8717 0.7700 0.6236 0.1114 0.2649

7 1 0.8889 0.8889 0.1111
2 0.8885 0.7955 0.7955 0.1859 0.0186
3 0.8880 0.7951 0.7213 0.2213 0.0574
4 0.8874 0.7946 0.6682 0.2133 0.1185
5 0.8867 0.7940 0.6386 0.1566 0.2048
6 0.8860 0.7933 0.6359 0.0440 0.3201

8 1 0.9000 0.9000 0.1000
2 0.8997 0.8144 0.8144 0.1705 0.0150
3 0.8994 0.8141 0.7443 0.2094 0.0463
4 0.8990 0.8138 0.6909 0.2140 0.0951
5 0.8985 0.8134 0.6559 0.1807 0.1634
6 0.8980 0.8129 0.6415 0.1051 0.2535

Remark. The values for q = k can also be found in Fedorov (1972). However there are some
misprints in Table 1 of Fedorov (1972) on page 78. The table should read as follows.

Table 2.
Correct values for lXo, /30 and /0 for k = q ::; 5

lXo
1 0.333333
2 0.145791
3 0.071977
4 0.037042
5 0.019268

3. Optimality of the designs

/3
0.333333
0.080161
0.018953
0.003845
0.000324

/0

0.096193
0.032792
0.011844
0.004469

We shall prove the D-optimality of the design ~(lXO, /30, 1'0) given in Section 2 using the
equivalence theorem of Kiefer and Wolvowitz (1960). For the information matrix of the de
sign ~(lX, /3, /) we use the notation M(O and for the standardized variance of the estimated
response in a point x E X

3
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where

First we shall derive that the best design of the type ~(a, (3,,) of Definition 2.1. has the
weights ao,(3o and ,0, as given in (2.1). However, this does not prove that the design is D
optimal. It might be better (meaning a larger IM(OI) to use other points of the experimental
region. But then we show that maxd(x,~(ao,(3o"o))~ p, from which we conclude that the

:!lEX
design if G-optimal and hence D-optimal.
Consider a design ~(a,(3,,) as in Definition 2.1.
The information matrix M (~) is equal to

M(O=

A
u1k

1q-k

V1~k(k_l)

Uh(q-k)

I !Cq-k)(q-k-l)

(3.2)

where all the other entries are zero,

A=
[

1 u... u II(u - v)h +v J,
(3.3)

1m is the identity matrix of size m x m, Jm is a matrix of size m x m with Jij = 1 for all i
and j, and u and v are defined by

u = 2qa + (k - 1)2q
-

1 (3 + ~(k - l)(k - 2)2q
- 2

" (k ~ 1) ,

v = 2qa + (k - 2)2q- 2 (3 + i(k - 2)(k - 3)2q- 2
" (k ~ 2) .

The determinant of the matrix M (0 is equal to

and

(3.4)

(3.5)

(3.6a)

for k = 1 . (3.6b)

Maximizing I.M(OI with respect to u and v we obtain for k = 1 that u = (q + l)/(q + 2) and
for k ~ 2 the two equations
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and

(q - k +2)u2 + (k - 2)(q - k +2)uv - (k(q - k) +2k + 1)u3


(k - 1)(q - k + 1)v2 + (k(q - k + 1) + 2)u2 v = 0

u2 + (k - 2)uv - ku3
- (k + 1)v2 + (k +2)u2v = 0 .

(3.7)

(3.8)

Solving the system of Equations (3.7) and (3.8) under the conditions u > 0 and v > 0 we
obtain u = Uo and v = Vo, where Uo and Vo are the values of (2.2).
The weights a,(3 and 'Y can be found by solving the Equations (3.4), (3.5) and

This yields the values ao,(3o and 'Yo of (2.1).
Now we shall prove

We have to compute M-l(e).

(3.9)

(3.10)

A-l

tIk

Iq-k
!.!}
v 2 k(k-l)

~Ik(q-k)
!}

2(q-k)(q-k-l)

(3.11)

with

u+(k-1)v -u ... -u

A-I = 1
u + (k - l)v - ku2

-u

-u

u + (k - 1)v - ku2 V - u2

---'----'----Ik - --lie
u-v u-v

(3.12)

For d(x,eo) = d(x,e(ao,(3o, 'Yo)) we obtain

d( 1:)- Uo + (k - 1)vo Uo + (k - 1)vo - kua - Vo +ua ~ 4
X,<"o - + LJX'-

Uo + (k - l)vo - ku~ (Uo - vo)(uo + (k -l)vo - ku~) i=l ~

2 k 2
Uo I: 2 2 Vo - Uo I: L: 2 2

Uo + (k -l)vo - kua i=l Xi - (uo - vo)(uo + (k - l)vo - kua) l~i<j~k XiXj

(3.13)
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First we note that the x~ (for k + 1 ::; j ::; q) only occur in positive terms. Therefore
we can find an upper bound for d(x, ~o) by substituting x~ = 1 in (3.13) for k + 1 ::; j ::; q.
Furthermore one can show using equation (3.7) that the coefficient ofL L x~x~ is equal to

l-;;i<j$k

zero, and using equation (3.8) that the coefficient of L x~, say c, is equal to the coefficient
1-;;i$k

of- L xt·
1<i<k

From thIs we conclude

(3.14)

with

(q - k + l)(uo + (k -l)vo - kU5) - 2u5
C - ~---~"";""--'-:'--........,.-'--::""-_""'::";:""--~

- uo(uo + (k - l)vo - kU5)

Computation of the value of c yields C < 0 and therefore

Uo + (k -l)vo ( q - k )
d(x, ~o) ::; Uo + (k _ 1)vo _ kU5 + (q - k) + 2

Finally, substituting (2.2) in (3.15), we obtain (3.10).

4. Conclusion

(3.15)

In this paper we derived D-optimal approximate designs for some models. In general these
designs can not be realised in practice. It is possible to construct exact designs (Le. designs
that can be realised in practice) with efficiency 1 - 'TJ for any small positive value of 'TJ (see
Theorem 3.1.1. of Fedorov (1972)). For such a design, since the product of the weights and
the number of observations must be an integer, in general a large number of observations has
to be chosen. Such designs are not very useful for practical applications.
Sometimes one is lucky. For q = 3 and k = lone can construct a 100% D-efficient design
with only 20 observations as follows.
At each of the 8 vertices two observations are taken and in each of 4 out of the 8 middles of the
edges one observation (see Definition 2.1.). Indeed we have Q = 1

2
0 = 0.10 and {3 = 2

1
0 = 0.05.

In other cases one can use the D-optimal approximate designs to construct exact designs with
a good efficiency. These will be presented in a next paper.
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