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Chapter 1 

Introduetion and Summary 

Theoretica! and computational aspectsof matrix pencils >.E- A have been stuclied over 

a long period of time. One of the most well known pencils is >.I- A encountered when 

studying standard eigenvalue problems. In the last few years generalized eigenvalue 

problems and associated pencils >.E -A have received considerable attention in the field 

of linear algebra and numerical analysis and in the analysis of linear differential equa

tions [KAR83J, [KUB84], [KAG86], [WIL70]. Moreover, pencils also play an important 

role in a number of applications found in the area of systems and control theory, for 

example when computing the controllability subspace and zeros of a state-space model, 

constructing feedback systems and observers, or when solving certain polynomial ma

trix equations of the form A(>.)X(>.) = B(>.) by linearization of polynomial matrices 

[VAN81], [PAI81], [COB84], [EMA82], [YIP81], [VER79], [TH073], [EIS85], [BVV86], 

[JOG77], [KAI80], [LUE66], [VEV86], [TAN86]. 

It is well known that for each pencil >.E- A there exist invertible matrices P and Q 

(independent of>.) such that P(>.E- A)Q is in canonical form being a block diagonal 

matix. This canonical form is a valuable tool from a theoretica! point of view since all 

properties of the pencil can easily be derived from the diagonal blocks of the canonical 

form. The canonical forms of a square pencil >.I- A and an arbitrary pencil >.E- A 

are called the Jordan canonical form (JCF) and the Kronecker canonical form (KCF), 

respectively. 

In various papers different aspects of the com.putation of these canonical forms have 

been looked at including the computational complexity and the numerical stability of a 

specific algorithm or the sensitivity of such a form. However, from a numerical point of 

view the use of canonical forms is not reco=ended (see [GOW76], [VAN79], [STE72]). 

lnstead, a pencil can also be transformed to a generalized Schur form from which the 

essential information as displayed in the canonical form easily can be obtained. A gen

eralized Schur form is a block upper triangular pencil. Numerically stabie algorithms 

1 



have been developed for computing the Schur form of a pencil. Among them we men

tion the so-called QZ-algorithm by Moler and Stewart [MOS73] for regular peneiJs and 

algorithms presented by Kublanovskaya [KUB82], [KUB84], Kä.gström [KAG86] and 

Van Dooren [VAN79] for arbitrary pencils. A main feature of these algorithms is that 

they only use unitary transformations. 

By means of an operation count it can be shown that the QZ-algorithm requires 

O(n3 ) operations (see [GOV83]) whereas the algorithms for transforming arbitrary pen

eils require 0( n 4 ) operations in the worst case. 

Since in many applications the peneiJs are not regular ( or a priori not known to he 

regular) the QZ-algorithm cannot be used. Consequently, other algorithms have to be 

applied which might have a complexity of O(n4 ). 

Moreover, peneiJs arising in several applications tend to have larger and larger dimen

sions. For instance, this may be the case when solving certain problems involving 

polynomial matrices. These problems can he reformulated in others dealing with pen

cils. The basic step hereby is expressing an m x n polynomial matrix P(>.) as a matrix 

polynomial P0 + P1 .>.+ ..• +Pd.>. d. N ext P( .>.) is linearized by constructing an associated 

pencil >.E- A of dimension dm x ((d- l)m + n) where A= diag{I, ... ,I, P0} and E 

is a companion matrix built up with the coefficient matrices P; (1 ~ i ~ d) . 

Hereafter the problem is formulated in termsof >.E- A. Consequently, the dimensions 

of the matrices appearing in the new problem formulation are much larger than in 

the original problem. Therefore, an algorithm having comparable numerical properties 

as those mentioned above but requiring less operations would be welcome. This has 

motivated us to develop such an algorithm satisfying these two conditions. 

lt should he emphasized here that our ultimate goal is to solve a variety of computa

tional problems arising in systems and control theory by methods based on numerically 

stabie and effieient algorithms. Obviously, a unifying approach for solving them would 

he attractive from a theoretica! as wellas from a practical point of view. We show that 

such an approach is possible indeed by reformulating the original probieros in terros of 

peneils. It will turn out that. the algorithms developed for computing the generalized 

Schur form are of crucial importance for achieving our goal. 

Let us now summarize the contents of this thesis. 

In Chapter 2 some notations and basic transformations to be used in the sequel are 

given. Furthermore, a review of some theoretica! and computational aspects concerning 

a pencil are given. 

In Chapter 3 the new algorithm for computing a generalized Schur form is presented. 

In fact, this algorithm consists of a number of subalgorithms. 

The starting point for our algorithm is based on the approach presented by Van Dooren 
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[VAN79]. It consists offirst transfomring an arbitrary pencil.ÀE-A toastaircase form. 

Then by applying a dual algorithm a generalized Schur form is obtained. The basic 

steps in these algorithms are column and row compressions of submatrices in A and E . 

By a column compression of a matrix we mean that this matrix is transformed toa form 

[ 0, P ] where P has full column rank. A row compression is defined analogously. It 

should be noted that in [VAN79] these compressions are performed using the Singular 

Value Decomposition. 

The key idea in our approach is to transform the matrices A and E of a pencil .ÀE -A 

to a sparse structure in a finite number of steps such that the form of the submatrices 

in A and E already obtained in the previous steps of the algorithm is maintained. To 

this end, matrix E is transformed to a socalied echelon form in a preliminary step. 

Hereafter we proceed in a similar way as in [VAN79]. However, for row or column com

pression we now use a QR-decomposition instead of a Singular Value Decomposition. 

A QR-decomposition can be performed by Householder transformations or Givens ro

tations. With respect to the numerical stability there is no difference between both 

transformations. However, usually Householder transformations are preferred because 

they require about half the work needed compared to applying Givens rotations. In 

spite of this fact we use Givens rotations because they can create zero entries in a 

matrix in a more selective way than Householder transformations. We show that it is 

this fact of using Givens rotations that enables us to maintain the form of the sub

matrices already treated. Proceeding in this way we obtain a pencil having the same 

form as indicated in [VAN79] but now with O(n3 ) operations insteadof O(n") as might 

be the case in [VAN79]. Next, we can apply essentially the same algorithm (but in a 

dual version) to the pencil just found. This results into a pencil being in generalized 

Schur form. However, we can exploit the sparse structure of AandEin order to find a 

Schur form in which the leading subblocks are fully triangularized. The use of Givens 

rotations applied in a judiciously chosen order is again of crucial importance hereby. 

Furthermore, it is shown that the Kronecker structure of the pencil .ÀE - A is com

pletely determined by the dimensions of the subblocks in the Schur form. 

It is emphasized bere that the special triangularized structure and the rank properties 

of these submatrices are important features when solving a number of problems as is 

indicated in the next chapter. 

In Chapter 4 we present a unifying approach for solving a variety of computational 

problems arising in systems and control theory. Two main classes of applications are 

considered. The first one consists of topics related to generalized state-space mod

els (GSSM) represented by a quintet of matrices {E, A, B, C, D}. The second class 

contains subjects dealing with polynomial matrices. 
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A topic in the first class to be considered is the problem of determining the con

trollability of a generalized state-space model. However, a variety of definitions for 

controllability for such roodels exists. Recently, in literature [COB84] a survey of 

relationships between the most commonly used definitions and results is given. For 

convenience, a number of them is summarized here. It turns out that several defini

tions of controllability can be handled from a computational point of view whenever 

the Kronecker structure of a pencil can be determined. Next we indicate how the 

controllability of a GSSM {E,A,B,G,D} basedon a rank condition on the pencil 

>.E0 - A0 = >.[ 0, E J - [ -B, A J can be determined by straightforward application 

of an algorithm presented in Chapter 3 to the pencil >.E0 - A0 • It should be noted 

that the proposed method is closely related to those by Paige [PAI81] and Van Dooren 

[VAN81]. 

Another topic related toa GSSM is the dead beat problem. For solving this problem 

we present an algorithm that is a generalization of Van Dooren's algorithm for the dead 

beat problem of a standard state-space model [VAN84]. 

With respect to the topics belonging to the second class we consider three problems, 

namely the embedding of a polynomial matrix into a unimodular one, the inversion 

of a unimodular matrix and the computation of a minimal polynomial basis of the 

right nullspace of a polynomial matrix. A short description of these problems is given 

below. For solving these problems a unifying approach is presented. It starts with 

expressing the given m x n polynomial matrix P(>.) as a matrix polynomial of the 

form Po+ P1À + ... + Pd>.d. Next P(>.) is linearized, i.e., a pencil >.E- A of dimensions 

dm x (( d- 1)m + n) is constructed where A= diag{I, ... , I, Po} and Eis a companion 

matrix containing the coefficients P;, 1 :::; i :::; d. Then the original problem is reformu

lated in terms of the pencil >.E - A. Hereafter the Kronecker structure of >.E - A is 

determined by computing its generalized Schur form using the algorithms described in 

Chapter 3. Due to the special structure and rank properties of the transformed pencil 

the problem can be solved easily. We emphasize the fact that, although the original 

problem involves polynomial matrices, the reformulated problem is solved by merely 

manipulating matrices being independent of À. 

Let us now describe the three problems mentioned above in more detail. By embed

ding a polynomial matrix P(>.) we mean that a nonsquare full row rank matrix P(>.) 

has to be completed with rows of a matrix Q(>.) such that [ ~~~~ ] is a unimodular 

matrix. This embedding problem may arise when determining a right inverse of the 

polynomial matrix P(>.) which is a basic step when solving certain polynomial matrix 

equations [KAI80]. We show that the matrix Q(>.) can be expressed explicitly in terms 

of the matrices P;, 1 :::; i :::; d. 
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With respect to the problem of computing the inverse of a unimodular matrix 

P(>.) we observe the fact that P-1 (>.) is a polynomial matrix again [KAI80]. By using 

the method mentioned above the matrix P-1 (>.) is obtained as a matrix polynomial. 

Moreover, its coefficient matrices can be simply computed from the matrices found 

after applying the algorithms of Chapter 3 to the pencil >.E- A associated with P(>.). 
The construction of a minimal polynomial basis of the right nullspace N.(P(>.)) of 

a polynomial matrix P(>.) is closely related to the computation of a polynomial matrix 

N(>.) such that P(>.)N(>.) = 0 where N(>.) has full column rank and the columns of 

N(>.) have minimal degree [FOR75]. As stated before, this construction problem is 

reformulated in terms of a pencil >.E - A. It is shown that the degrees of the veetors 

in a minimal basis of N.(P(>.)) coincide with the Kronecker column indices of >.E- A. 
Af ter computation of the generalized Schur form of >.E- A a minimal basis of N.( P( .À)) 
can easily he constructed. Again this is done by manipulating constant matrices only. 

We end with an application in systems and control theory for the proposed method. It 

deals with the construction of coprime matrix fraction descriptions of a proper transfer 

matrix (see [KAI80]). 
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Chapter 2 

Preliminaries 

2.1 Some notations and conventions 

Throughout this thesis we use upper case for matrices and lower case for veetors and 

scalars. The n x n identity matrix is denoted by In ( or simply by I if the dimeosion 

is clear from context). All matrices, veetors and fundions considered are defined over 

the field of complex numbers C, unless otherwise stated. The symbol := means "is 

defined by". 

By P[ A 11 E ]Q we denote the pair (PAQ, PEQ) associated to the pencil P(.XE-A)Q. 

The (i,j)-th element of a matrix A is indicated by A(i,j) or aii· 

The determinant of a matrix A is indicated by det (A). 

AT and AH denote the transpose and conjugate transpose of A, respectively. 

The pertranspose of an mxn matrix A is the n xm matrix AP with elements AP(i,j) = 
A(n- j + 1, m-i+ 1), 1 ::::; i::::; m, 1 ::::; j::::; n. 

Consider the k x k permutation matrix J,. given by 

0 
0 

0 1 
1 0 

0 1 
1 0 

0 
0 

Then the matrix AP can be related to AT by the formula AP = JnAT J"'. 

Note that (AP)P =A and 

[4#-r [%J 
An n x n matrix A is called unitary (orthogonal) if AH A 

(2.1.1) 

(2.1.2) 

An n x n matrix A is rulpotent if A"= 0 forsome integer k. If Ale-I =/= 0 and A"= 0 

then k is called the index of nilpotency of A. 
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Several matrices with a special pattem of zero entries have specific names. 

We say that an n x n matrix A is 

diagonal if a;j 0 whenever i= J' 

upper triangular if a;j 0 whenever i > J' 

strictly upper triangular if a;j 0 whenever > J' 
(2.1.3) 

upper Hessenberg if a;j = 0 whenever > j + 1. 

Analogous definitions hold if the adjective "upper" is replaced by "lower". 

Moreover, these definitions are generalized to the case of a block matrixAhaving blocks 

A;j by simply substituting A;j for a;j in (2.1.3). For clarity, the adjective "block" is 

often added to the special names. 

By diag { M1 , ••• , M.~o} we denote a block diagonal matrix with diagonal blocks M; that 

are not necessarily square. 

The Frobenius norm 11 A IIF of an m x n matrix A is defined by 

m n 

11 A IIF := ( L L I a;j 1
2 

)
112 

• 
i=! j=l 

When indicating the structure of a matrix A we use the following conventions. 

Elements in A that are guaranteed to be nonzero are indicated by x. 

(2.1.4) 

Arbitrary elements and submatrices that might be zero or nonzero are denoted by x 

and X, respectively. Empty positions in A denote elements being zero. 

The submatrix of an m x n matrix A consisting of the entries with row indices ranging 

from k up to i and column indices ranging from p up to q (1 ::; k ::; i ::; m, 1 ::; p ::; 

q ::; n) is indicated by A(k: i; p: q). However, the submatrices A(k: k; p: q) and 

A(k : i; p: p) are denoted by A(k; p: q) and A(k: i; p), respectively. 

When consiclering geometrie aspects of matrices we use the following notations. 

The kemel (or nullspace) of A is denoted by Ker (A). The image (or range) of A is 

indicated by lm A. By R 1 EB R2 we denote the direct sum of two subspaces R 1 and 

R 2 of a vector space V (i.e.,R1 + R 2 =V and R1 n R 2 = {0} ). 

When presenting an algorith.m in Algol-like notation comment is given between com

ment and ;. Furthermore, the statement between result and ; indicates a special 

result just obtained after execution of the previous statements. 

A transformation matrix T acting on the rows (or columns) i and j is indicated by Ti,j· 

By ad ding a superscript (k) to T;,j (i.e. TL~)) we explicitly indicate that T;,j is obtained 

in the k-th stage of the algorithm. Usually we denote a row and column transformation 

matrix by P and Q, respectively. 

7 



The efficiency of an algorithm can be expressed by the total number of operations or 

flops required. Here a flop denotes roughly the amount of work needed by one floating 

point multiplication and one addition. 

When floating point arithmetic is used the computed result of multiplying thematrices 

A and B is denoted by fl(AB). 

The end of a proof of a Lemma or Theorem is indicated by D. 

2.2 A short introduetion to pencils 

In this section we present some theoretica! aspects of an arbitrary matrix pencil. For 

more details the reader is referred to [GAN59] and [VAN79]. 

Consicier the pencil )..E - A with A and E arbitrary constant matrices of equal 

dimensions. The pencil is said to be regular if )..E- A is square and det(>.E- A)~ 0. 

Otherwise, it is called 8ingular. Two pencils ÀE1 - A1 and )..E2 - A 2 of dimensions m x n 

are termed strictly equivalent when there exist constant (independent of>.) invertible 

matrices P and Q of orders mand n, respectively, such that 

(2.2.1) 

We denote this equivalence relation by ~. When P and Q are, moreover, unitary, 

these peneiJs are said to he unitarily equivalent, which is denoted by ];!,_ 

Kronecker (see [GAN59]) has shown that any pencil is strictly equivalenttoa canonical 

block diagonal form 

>.E - A ~ diag{L.1 , • • · , L.p, L~, · · · , L~•' )..N-I, >.I-J} 

where 

1. L. is the E x ( E + 1) bidiagonal pencil 

[ > 

2. L~ is the (71 + 1) x 11 pencil 

-1 

).. 

-1 

8 

- 1 l 

).. 

-1 

(2.2.2) 



3. N is a nilpotent Jordan matrix, and 

4. J is in J ordan canonical form. 

The diagorral form (2.2.2) is called the Kronecker canonical form (KCF) of >.E- A. 

The matrix >.I- J contains the finite elementary divisors and >.N - I the infinite 

elementary divi&ors of >.E - A. The blocks L,, and L~ contain the singularity of the 

pencil. In fact, for L, there exists a column vector such that 

(2.2.3) 

while for L~ there exists a polynomial row vector such that 

[1>. ··· )..'l]L~=[O···O]. (2.2.4) 

The sizes of these blocks characterize them completely. Therefore they are given special 

narnes [GAN59]. The €; and T/j are called Kronecker column and row indices, respec

tively ( €; and T/j are also called the right and left Kronecker indices.) N otice that the 

indices may be zero, corresponding to constant ( degree zero) null vectors. The pencil 

>.N-I is completely determined by the degrees 6; of the infinite elementary divisors 

and >.I-J by the finite elementary divisors (>.- a;)i. 

The Kronecker indices and the elementary divisors are called the structure ele

mentsof >.E- A and are denoted by k(A,E). By k(A,E) = {f,TJ,/,oo} we explicitly 

denote the types of the structure elements. Here the symbols € and TJ indicate the Kro

necker column and row indices, respectively. The symbols f and oo indicate the finite 

and infinite elementary divisors, respectively. In case one particular structure element 

is notpresent in a pencil, the corresponding symbol is omitted in the set {€,TJ,/,oo}. 

The following 14 x 16 pencil is in Kronecker canonical form (see [VAN79]). 

Example 2.2.1 

I À -1 I 
I À -1 0 

0 À -1 

À 0 0 
-1 À 0 

0 -1 À 
0 0 -1 

-1 I 
I -1 À I 

0 -1 
I À-2 

À-3 -1 
0 À-3 
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Here 

(i) the Kronecker indices are 

El = O,E2 = 0,E3 = 1,1'11 = 0,772 = 3; 

L., and L., are indicated by --, L~, is indicated by I ; 
U'-' there are two infinite elementary divisors : 81 = 1, s2 = 2; 

(ili) the fini te elementary divisors are À - 2 and (À - 3)2. 

As shown in (2.2.3) there always exists a polynornial vector y of degree E such that 

L.y = 0. By appropiately completing y with zeros we find a corresponding right 

nullvector for the canonical pencil that contains such an L. block. Analogous results 

hold for left nullvectors. In Example 2.2.1 these are 

[0001 I 0000 I 000000] corresponding toL~ , 

[0000 I1U2.X3 I 000000] corresponding toL;;, . 
(2.2.5) 

Notice that a zero Kronecker index indeed corresponds to a constant nullvector as 

noted before. 

Let us consider the Kronecker structure of some pencils having a special rank property. 

Regular pencils .XE- A have no Kronecker indices since det (.XE- A) "t= 0 and not 

all values of À will cause rank deficiency of the matrix. Thus the Kronecker canonical 

form of a regular pencil .XE - A is 

.XE-A diag{U- J,.XN- I} (2.2.6) 

with J and N as in (2.2.2). 

Moreover, if E is nonsingular, the term .XN - I will not appear in (2.2.6) because 

then we can write 

P(.XE- A) = P'(U- A')Q 

with P' = PE,A' = E-1A. 

(2.2.7) 

Thus the properties of regular pencils with nonsingular E are completely determined 

by the eigenvalues of the matrix E-1 A. When E is singular, the information in 

.XI - J has to be supplemented by the information in the matrix .XN - I. Rewriting 

this matrix as 

.XN-I = -.X(11-I-N), 11- = _x-1 (2.2.8) 

and recalling that N is nilpotent, we may say that .XN- I describes the eigenstmeture 

at oo (or the infinite eigenvalues) of the pencil .XE- A. 

A number of properties of pencils that will be used frequently in the next chapters are 

summarized in 
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Lemma 2.2.1 

The Kronecker structure of a pencil >.E- A ha ving a special property is given in Table 

2.2.1. In case a pencil has several properties its Kronecker structure is obtained by 

taking the intersection of the appropiate sets indicated in Table 2.2.1. 

property 
I k(A,E) 11 

property I k(A,E) I 
E has full column rank {71, !} E has full row rank {~, !} 

>.E- A has full column rank >.E - A has full row rank 
for all>. E C {71, oo} for all>. E C {~, oo} 

Table 2.2.1 The Kronecker structure of some special pencils 

Proof: 

1. Let E have full column rank. Then the KCF of >.E- A does not contain the term 

>.N - I. lndeed, suppose >.N -I is in the KCF. Without loss of generality we may 

assume that P(>.E- A)Q = >.N-I for some invertible matrices P and Q. Hence, 

PEQ = N. This is a contradiction since PEQ has full column rank whereas Nis 

nilpotent and thus singular. Thus, >.E- A bas no infinite eigenvalues. 

Analogously, it can be proven that >.E - A bas no Kronecker column indices. We 

conclude k(A,E) = {71,!}. 

2. Analogously to case 1 it can he shown that k( A, E) = { ~,!} if E has full row rank. 

3. Let >.E- A have full column rank for all >. E C. The KCF does not contain the 

term >.I-J since otherwise >.I-J and so >.E- A would not have full column rank 

for >. being a finite eigenvalue. Thus, >.E - A has no finite eigenvalues. 

By taking >. = 0 in the KCF we see that >.E- A can not have Kronecker column 

indices. Thus, k(A,E) = {71,00}. 
4. Analogously to case 3 it can be shown that k( A, E) = { ~, oo} if >.E - A has full row 

rank for all >. EC. 0 

Examples 2.2.2 

The Kronecker structure of the following pencils >.E- A is obtained by applying Lemma 

2.2.1. 

1. If >.E - A has full column rank for all >. E C and E has full column rank then 

k(A,E) = {77,oo} n {77,!} = {77}. 
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2. If >.E- A bas full row rank for all>. EC and E has full row rankthen k(A, E) = 
{E,oo}n{E,f} = {E}. 

3. If Eis regular then k(A,E) = {'1/,f} n {E,f} = {!}. 

4. If >.E- A is regular for all>. EC then k(A,E) = {71,oo} n {E,oo} = {oo}. 

In [VAN79) it is explained that in order to compute the Kronecker canonical form, 

it is reco=ended from a numerical point of view to compute instead the following 

quasi triangular form, also called the generalized Schur form 

>.E-A~ [ 
>.E,- A, x x x 

).Eoo- Aoo x x 
>.E1 - A1 x 

>.E11 - A 11 

] (2.2.9) 

which can be obtained under unitary transformations and where 

1. >.Et - At is a square regular pencil containing the finite elementary divisors of 

>.E- A. 

2. >.Eoo - Aoo is a square regular pencil containing the infinite elementary divisors 

of >.E - A. 

3. >.E11 - A 11 and >.E, - A, are singular pencils containing the Kronecker row and 

column structure, respectively. 

Furthermore, Et and Aoo are regular, Eoo is nilpotent. The pencils >.E11 - A 11 and 

>.E, -A, have full column and row rank for all >. EC, respectively. The matrices E, 

and E 11 have full row and column rank, respectively. 

Notice that these results are in accordance with Lemma 2.2.1. 

In the next chapter weneed the following le=a concerning the separation of Kronecker 

structure elements in an block upper triangular pencil having special properties (see 

also [KAR83)). 

Lemma 2.2.2 

Let >.B - A be an m x n pencil with B of full row rank. Let >.D - C be a k x k pencil 

with C invertible and D nilpotent. Furthermore, let >.Y - X be an arbitrary m x k 

pencil. Then there exist (constant) invertible matrices K and L such that 

K [ >.B - A I >.Y - x ] L 
0 >.D - C 

= [>.B-A I 0 ] 
0 >.D - C 

(2.2.10) 
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Proof: 

It is suffi.cient to prove the existence of matrices P and R satisfying 

,\Y- X + P(,\D- C) = (,\B- A)R (2 .2.11) 

or, equivalently, 

Y + PD = BR and X + PC = AR. (2 .2.12) 

lndeed, if such matrices P and R exist then we obtain (2.2.10) by taking 

K = [ ~ I ~ ] and L = [ ~ ~-IR ] . (2.2 .13) 

Since ,\D - C is a regular pencil there exist unitary matrices Q and Z such that 

C0 := QCZ and Do := QDZ are upper triangular [STE72]. Then replacing P by 

PQH,R by RZ and ,\Y- X by ,\Y'- X' with Y' = YZ,X' = XZ in (2.2.11) gives 

,\Y' -X' + P(,\D0 - C0 ) = (,\B- A)R. (2.2.14) 

Clearly, this is an equation of the form (2.2.11) but now with C and D being upper 

triangular. Hence, without loss of generality we may (and do) assume that C and D 

are upper triangular in the remainder of this proof. 

It follows from (2.2.12) that if R is known then P is given by 

P = (AR - X)C- 1
• (2.2 .15) 

Hence, R must satisfy 

ARC- 1D - BR = xc-1D - Y. (2.2.16) 

We now show that (2.2.16) has a solution R. To this end, we first note that B has a 

right inverse B+. Next consider the following equation inS. 

s = usv + w (2.2.17) 

where U := AB+, V := c-1D, W := Y - XV. 

Since C and D are assumed to be upper triangular and D is nilpotent, it follows that 

V is also nilpotent. Let k be its index of nilpotency. It is easily seen that a solution S 

to (2.2 .17) is given by 

(2.2.18) 
i=O 

By simple substitution we see that R := B+ S is a solution to (2.2.16). 0 
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2.3 Basic transformations and decompositions 

As indicated in the previous section it is recommended from a numerical point of view 

to compute the generalized Schur form of a pencil when determining its Kronecker 

structure. This form is found by using unitary transformations such as Householder 

transformations or Givens rotations. 

These transformations are important because their ability to zero specified entries 

in a matrix or vector. Moreover, they also possess several attractive properties when 

developping numerically stabie algorithms. Therefore, we start this section by recalling 

the definitions of these unitary transformations and some of their most important 

properties. The reader is referred to [WIL65] (pp. 131-139, 152-162) for more details. 

Algorithms can he found in [GOV83]. 

Hereafter we consider some computational aspects when determining the generalized 

Schur form of a pencil. We end this section with presenting a basic algorithm frequently 

used. This algorithm performs a QR-decomposition of an arbitrary matrix. 

2.3.1 Unitary transformations 

Here we restriet ourselves to the real case. 

Let v E Rn,v f= 0. An n x n matrixHof the form 

is called a Householder transformation (or Householder matrix). 

Clearly, H is an orthogonal matrix. 

(2.3.1) 

If x E R n is a nonzero vector, then v in (2.3.1) can he constructed such that H x is 

a multiple of e1 (the first unity vector in Rn). From a numerical point of view it is 

recommended to choose 

where x1 denotes the first component of x. 

Using this vin (2.3.1) wethen find Hx =11 x 11 2 e 1 . 

Introduce (3 by (3 := 2/vT v. Then H = I - (3vvT. 

(2.3.2) 

Suppose v and /3 are the computed versionsof v and (3 using a computer with relative 

machine precision f. 

We define ÎI by 

(2.3.3) 
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It is well known (see [WIL65] pp. 152-162) that 

where c1 is a constant, independent of n. 

In other words, ÎI is nearly orthogonal. 

(2.3.4) 

Moreover, premultiplying an n x m matrix A by ÎI results in a matrix B .- fl(ÎIA) 

satisfying ( [WIL65] p. 160) 

B = fl(ÎI A) HA + .6. (2.3.5) 

where 

(2.3.6) 

and c2 is a constant, independent of n. 

Let .6-A := HT .6.. Then we can rewrite (2.3.5) as 

fl(H A) = H(A + .ó.A) . (2.3.7) 

Since 11 . IIF is invariant under unitary transformations (see [WIL65] p. 58) we have 

(2.3.8) 

Thus, a computed Householder update of a matrix A is an exact Householder update 

of some matrix close to A. 

Consider the multiplication of A by a sequence of approximations ÊI1 , ÊI2 , • • ·, ÊI~e of 

the Householder matrices H 1 , H 2, • • • , H 1e defined by 

A0 := A, A; .- fl(ÎI;A;_ 1), i= 1,· · · ,k. (2.3 .9) 

Then we find with 1 := c2nf 

A1 = Ht(Ao + .6-Ao), 

A2 = H2(A1 + .ó.At) = H2(H1(Ao + .6-Ao) + .6.A1), 

11 .6-Ao IIFS 111 Ao IIF 

11 .6-Al IIFS I 11 Al IIF 

A~e = H~e(H~e-t(· · · (Ht(Ao + · · ·) + .6.A1 · · ·) + .6-A~e-t), 11 .6.A1e-1 IIFS 1ll A1e-1 IIF 
(2.3.10) 

Since 11 A; IIF = 11 A;-1 + .ó.A;-1 IIF S (1 + 1) 11 A;-1 IIF and Ao = A we have 

11 A; IIF S (1 + 1); 11 A IIF· Hence, using 11 .6-A; IIF S 1 11 A; IIF we see that 
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(2.3.11) 

Rewrite the last equation in (2.3.10) as 

A" = H~cHk-1 ... Hl(A + ~A). (2.3.12) 

Combination of (2.3.11) and (2.3.12) gives 

11 ~Ao + Hf ~A1 + · · · + Hf H'f · .. Hf_1~Ak-1 IIF 

< 2::7,:-~ 11 ~Ai IIF:::; 12::7,:-~(1 + 1); 11 A IIF:::; 1k(1 + 1)"-l 11 A IIF 

~ k1 11 A IIF. 
(2.3.13) 

The last approximation is valid provided k1 < < 1 but usually this condition is satisfied . 

It follows from (2.3.12) and (2.3.13) that concatenation of a number of approximate 

Householder transformations applied to a matrix A is numerically backward stable. 

By taking A = In in (2.3.9) we obtain a bound from (2.3.13) in the product of k 

approximate Householder transformations. This gives with 11 A IIF = n 112 

(2.3.14) 

More details on the error analysis of Householder transformations can he found in 

[WIL65] pp. 152-162. 

We note that Householder transformations are useful for introducing zeros on a 

grand scale, for example the annihilation of all but the first components of a vector. 

However, in many computations it is necessary to zero elements more selectively. The 

tool for doing this are Givens rotations. These are rank-two corrections to the 

identity matrix of the farm 

c s 

Q;i = Ii- i- 1 
-s c 

where c2 + s2 = 1. 

In cases = 0 we call Ü;j a trivial Givens rotation. 

Clearly, Givens rotations are orthogonal. 
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Premultiplication of a vector z = (zl! · · ·, znf by a Givens rotation f!;; only affects 

the i-th and j-th component of z. Indeed, let y = f!;;z then 

Yi CZ; + SZj 

Yi -SZ; + CZj (2.3.16) 

Ylc = Zie k "/= i, k "/= j . 

If (z;,z;) "/= (0,0) we can force Yi to he zero by setting 

(2.3.17) 

Note that when premultiplying an n X m matrix A by f!;; only the rows i and jin 

A are affected. The numbers c and s in a Givens rotation can be chosen such that the 

(j,k)-th element a;1c of A (with k E {1,···,n} arbitrary) is equal to zero. lndeed, if 

( a;~c, a;~c) i= (0, 0) then by taking 

(2.3.18) 

we find a zero entry on position (j,k) in f!;;A. Moreover, wethen find a nonzero 

en try ( = (a~" + a]~c) 112
) on position (i, k) in f!;;A. 

Analogous results can be obtained when an m x n matrix A is postmultiplied by a 

Givens rotation f!;;. In that case the columns i and j of A are affected. 

We. now consider the propagation of roundoff error when using Givens updates of a 

matrix. 

Let ê and 8 be the computed values of c and s in (2.3.16) or (2.3.17). Let fl;; be the 

approrimation of f!;; obtained by using ê and 8. Then it can be shown ( [WIL65J 

p.132) that 

(2.3.19) 

where d1 is a constant, independent of n. 

Furthermore, premultiplying an n x m matrix A by fl;; results in a matrix B .

fl(Ó.;;A) satisfying 

B fl(fl;;A) = O;;(A + ~A) (2.3.20) 

where 

(2.3.21) 
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Here d2 is a constant, independent of n. 

Analogously to (2.3.10)-(2.3.13) it can be shown (see [WIL65] pp. 134-138) that pre

multiplication of a matrix A by a sequence of approximations fl1, fl2, · · ·, flk of Givens 

rotations n1, n2, ... , nk results in a matrix .Ak such that 

(2.3.22) 

where 

(2.3.23) 

provided kd2 f < < 1. 

In other words, the computed update of a matrix A by a sequence of approximate 

Givens rotations is equal the exact update of some matrix closetoA by a sequence of 

exact Givens rotations. 

More details on the error analysis of Givens rotations can be found in [WIL65] pp. 

131-139. 

2.3.2 Computational aspects of the generalized Schur farm 

As noted in Section 2.2 the generalized Schur form ( GSF) of a pencil can be obtained 

under unitary transformations. In [VAN79J it is shown that in order to find the GSF 

the pencil J..E - A has first to be transformed to 

(2.3.24) 

Here the diagonal block J..E.oo - A.oo is in so-called staircase form that completely reveals 

the structure elements of the Kronecker canoriical form [VAN79J. To be precise, we 

have 

-A1.1 J..E1 ,2- A1,2 ... J..E1,L- A1,t 
-A2,2 J..E2 ,t - A2,L 

-At,t } Vt 
(2.3.25) 

where the blocks A;,; have full row rank v; (i = 1, · · ·, l) and the blocks E;_1,; have full 

column rank J.Li (i = 2, · · ·, l). 
The dimensions J.L; and v; completely determine the Kronecker structure of J..E,00 - A.00 • 
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To be precise, there are p.; - v; Kronecker blocks L;_ 1 of size (i - 1) x i, i = 1, · · · , f 

and v;- J.Li+l infinite elementary divisors of degree i, i= 1, · · ·, f where J.LL+l := 0. 

Analogous results can be obtained for >.E111 - A1 11 (see [VAN79]). 

In order to obtain this decomposition we repeatedly use unitary row transformations 

to reduce an arbitrary m x n matrix A to the form 

(2.3.26) 

where Ar has p linearly independent rows (thus pistherank of A). Such a transfor

mation is called a row compre&&ion of matrix A. Analogously we use the name column 

compression for the unitary column transformation 

AQ = [ 0 I Ac 

._",..., 

p 

(2.3.27) 

where the columns of Ac are linearly independent. The resulting matrices Ar and Ac 

are said to have full row rank and full column rank, respectively. 

We note that in literature the terros row and column compression are also used if 

two blocks in (2.3.26) or (2.3.27) are interchanged. 

There are a number of methods available for computing these expressions in a 

numerically reliable way [GOV83]. Among them we mention the Singular Value De

composition and QR-factorization with pivoting (GOV83]. In this paper we mainly use 

methods quite similar to the latter, which we briefly reeall here. Let A be an m x n 

matrix of rank p then there exist a unitary transformation P and a permutation Q such 

that 

x x x z z 

p 
x z 

A:=PAQ = x z z (2.3.28) 

0 0 m-p 

p n-p 

where the x's are nonzero and hence p =rank( A). From this, one easily obtains (2.3.26) 

by postmultiplying A by QH. A dual decomposition with P a permutation and Q a 

unitary transformation also leads to the result requested in (2.3.27). 
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If one wants to avoid the (intermecliate) permutation altogether, then one can 

make use of an echelon form of A, which we give now below for the case of column 

transformations . There always exists a unitary transformation Q such that 

x x 

x x +- i! 
0 

A:= AQ = (2.3.29) 
x +- i2 

0 x +- tp 

-n-p p 

where the x's are the last nonzero elements in each column of A and have increasing 

row indices 1 $ i 1 < i 2 < · · · < iP $ m. This column echelon form directly yields 

(2.3.27) and there also exists a dual row echelon form corresponding to (2.3.26). 

Below some typical examples of a column echelon form are indicated ( where m = 
7, n = 5, {! = 3). 

Examples 2.3.1 

0 0 x x x 
x x x 
x x x 
x x x 
x x x 

x x 
x 

0 0 x x x 
x x x 

x x 
x x 
x x 
x x 

x 

0 0 x x x 
x x 
x x 
XX 

x 

We now present an algorithm for the QR-decomposition with pivoting. The trans

formations used are Givens rotations instead of Householder transformations. It is 

well known [GOV83] that use of Householder transformations requires about half the 

number of flops compared to QR with Givens rotations. However, we have chosen for 

the latter because when transforming a pair of matrices having a special zero-nonzero 

structure Givens rotations are more efficient than Househelders transformations as will 

be shown in the next chapter. 

Before presenting the algorithm for the QR-decomposition, the subsequent situa

tions in an intermecliate step k of this algorithm are inclicated in Fig. 2.3.1. Here it 
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is assumed that an m x (k- 1) upper triangular submatrix has already been created 

in the previous steps of the algorithm. In step k the last m- k elements in the k-th 

column of the current matrix are annihilated by row Givens rotations. Note that the 

transformations are performed on successive rows starting with the last pair. 

k-1 { 
x x x x x x 

XX x x x x 
x x 

x x x x x .•• x 
~ ~ 

m-k+1 0 0 
x x x x x x 
x x x 0 x x 

k-1 n-k+1 

x x x x x x 
XX x XX x 

x x 
x x x XX x 

~ ~ 0 x x 
0 0 

x x x . 
0 x x 
0 x x 0 x ••• x 

Fig. 2.3.1 : Step k in Algorithm 2.3.1 

Algorithm 2.3.1 (QR-decomposition (2.3.28) for an m x n matrix A) 

comment Initialization. P and Q are the row and column 

transformation matrices; 

k := 1; z erotest := false; PA. := 0; P := Im; Q :=In; 

comment Iteration process; 

while k :::::; min (m ,n) and zerotest = fals e do 

begin 

ai:= A (k : m;j) (j = k, · ··,n) 

Determine smallest index l such that 11 al 11 = max { 11 ai lil j = k, · · · , n} ; 

if 11 al li s; 8 then begin A (k: m; k: n) := 0 ; zerotest := true end else 

begin 

if l i= k then Interchange columns k and l of A and update Q ; 
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for i = m step -1 until k + 1 do 

begin 

comment A nnihila te A( i, k) by row rota ti ons P;~1 ,; ; 

A ·= P~Je) . A· result A(i k)=O · 
• 1-1,1 ' , ' 

comment Update matrix P ; 
p ·= p~le). p. 

. t-l,t ' 

end; 

PA:= PA+ 1 i 

end; 

k := k + 1; 

end; 

comment End of Algorithm 2.3.1. 

Remark 2.3.1. Notice that in Algorithm 2.3.1 we may have m = 0 or n = 0. In 

these cases no transformations are performed. At the end ofthe algorithm wethen have 

f! A = 0. Although this result is trivia!, it is important when dealing with algorithms 

for determin.ing the Kronecker stucture of a pencil. 

Remark 2.3.2. Due to round off in a computer one should always expect to 

find full rank matrices (i .e. p= min { m,n } ) unless a thre~hold ó is chosen below 

which elements of A will be considered zero. Since with un.itary decomposition of the 

type (2.3.28) (2.3.29) round off errors are of the order é 11 A IIF [WIL65] (where E is 

the relative precision of the computer used), one must choose ó > E 11 A IIF· When 

elements below the threshold ó are set to zero one has then that (2.3.28) and (2.3.29) 

are in fact decompositions of a "nearby" matrix (A+ E) with 11 E 11 F< ó [WIL65J . 

Moreover, the x's in (2.3.28) and (2.3.29) are then all in magnitude larger than ó. It 

should also be noted here that the above decompositions do not guarantee that one 

finds the smallest possible rank of (A+ E) for some Ó-perturbation E (the so-called 

Ó-rank), but counter examples [LAH74] are not likely to occur frequently. 

Remark 2.3.3. lt is well known [WIL65] that application of a Givens rotation 

to two veetors of length q requires roughly 4q flops. Clearly, in step k of Algorithm 

2.3.1 we have to transform m- k pairs of rows of length n- k + 1. Then the whole 

algorithm requires 

ll 

4 L.:: (m- k)(n- k + 1) :::::: 4mne - 2e2(m + n) + 4/3e3 flops. (2.3.30) 
Ie-! 

Here we have neglected lower order terms. 

By interchanging mand n in (2.3.30) we see that the dual decomposition requires the 
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same number of flops. Moreover, the above number of flops are also the maximun 

numbers required by the corresponding echelon forrns. 

Remark 2.3.4. If we have to performa QR-decomposition of a full row or full 

column rank matrix, then Algorithm 2.3.1 can be simplified. lndeed, in these cases no 

rank test and pivoting are needed any longer. 
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Chapter 3 

A new algorithm for the 
generalized Schur form 

3.1 The basic step 

In the following subsections we propose an algorithm which is related to the "staircase 

algorithm" described in (VAN79], in the sense that it constructs the same decomposi

tion (2.2.9) and also uses unitary transformations only. The most important difference, 

however, is that a preliminary transformation of E toa "condensed form" (namely the 

echelon form) is performed and that this form is then exploited in the subsequent 

staircase reduction. It turns out that keeping E in condensed form can be done very 

effi.ciently. Roughly speaking, our new algorithm requires O(n3 ) operations in contrast 

to O(n4
) in the worst case for the staircase algorithm of [VAN79] (heren is supposed to 

be the maximum dimension of >.E- A). The reduction of the complexity from O(n4
) 

to O(n3 ) is completely due to the following decomposition of a pair of m x nmatrices 

(A, E), where E has rank PE and is in colunm echelon form: 

[ A 11 E J := [ Al I A2 11 0 I ~] = 0 

(3.1.1) 

Notice here the special notation (A 11 E J we introducefora pencil >.E-A ( the constant 

term A is always on the left) in order to display better the fine structure of both A 

and E in the development of our algorithms. The factors appearing left and right of 

[A 11 E] are thus applied to both A and E. We now show that there exist unitary 

transformations P and Q2 and a permutation Q1 such that 
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0 

(3.1.2) 

I.e. where A 1 is row compressed and E 2 is maintained in column echelon form (though 

not necessarily with the samepivot indices). For this decomposition we use a product of 

Givens transformations Pi-l,i operating only on two successive rows i -1 and i in order 

to form the transformation matrix P. This is in fact classica! when performing the 

QR-decomposition with pivoting ( accumulated in Q 1) - in this case of the matrix A1 

- via Givens transformations [GOV83]. Each time such a Givens rotation affects the 

echelon form of E 2 this is restored via an appropriate column transformation which 

also turns out to be a Givens rotation. Together, these then constitute the column 

transformation Q 2 • The details are now discussed by looking at the different cases 

that may occur when a Givens rotation Pi-l,i operates on rows e;_1 and e; of a matrix 

E in echelon form. Let Gi-l,i be the 2 x 2 Givens rotation embedded in Pi-l,i· We 

can distinguish four different cases of pairs [ e:~ 1 
] as shown in the figure below (the 

"nonzero" elements are marked by x) : 

(1) { x x x x x 

(2) { { x x x x 
x x x 

(3) 
(3) { l x x x x x x 

( 4) { x x x 
(1 ) x x 

x 

x 

Fig. 3.1.1: The four different boundary cases for [ e:~ 1 
] 

We then have Gi-l,i [ e:~ 1 
] = 

G 
I 

0 .. 0 
i-l,i 0 .. 0 

x x 
x I= I 0 0 x ... x 0 
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0 
0 

0 
0 

x x 
0 x 

.. . x 

. . . x 

o I x x 
o I x x 

x x . . . x 
x x ... x 

0 
0 

0 
0 

or 

x x 
0 x 

x x 
x x 

o I x x :I= I ~ 

1 = {1~:~0< 

o I x x 

I 
0 .. 0 
0 .. 0 

x x 
x x 

x x 
0 x 

... : I (2a) 

... x 

... x 
I (2b) 

(3.1.3) 

::: : I (3) 

... : I (4a) 

... x 

... x 
I ( 4b) 

We see that in each of the four cases the rows e;_1 and e; are transformed to a 

pair of rows also belonging to an echelon form. Moreover, only in the cases (1), (2b) 

and ( 4b) the transformed rows have a different form than the original pair. It is easily 

seen that only in case (1) the (complete) transformed matrix is not guaranteed to be 

in echelon form any longer. However, in this case the "leading" nonzero 2 x 2 matrix 

of [ e~~ ~ ] has rank 2. Therefore, we can find a Givens transformation Qj,j-1 affecting 

columns j - 1 and j ( where j is determined by the "boundary" of the echelon form) 

such that 

G [ e ;-1 ] Q [ 0 .. 0 
i-1,i ~ j ,j - 1 = 0 .. 0 

j-1 j 

! ! 
x x . . . x ] . 
0 x ... x (3.1.4) 

Thus, in case {1) we reeover an echelon form by an extra column transformation 

Qj,j-l · In all other cases we can take Qj,j-1 =In. 

Remark 3.1.1. The cases (a) and (b) in (2) and ( 4) are distinguished via a test 

on the bott orn element of the relevant column: if this element is smaller in magnitude 

than a threshold S, then it is set equal to 0. The same comments hold hereasin remark 

2.3.2. 

Before giving the complete algorithm we now first illustrate these different cases in 

the elimination of the k-th column of A1 (stage k). 
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:o::~t 
(1) 

~ 
( 1') 

~ 0 ~ 

0~ (2) 
0 rt ( 2') -- ~ 

~~~~ =- ) 

::0:~1 (3) ::o::~ I ( 4) 
__,.. ~ 

~ 
( 4') 

0 ~ 0 --
Fig. 3.1.2: Stage k in the reduction process 

We note that in case k = 1 matrix E is trapezoidal at the very first beginning. 

At the beginning of stagek we have a (k -1) x (k -1) triangular submatrix in A1 • In 

substeps (1) and (2) zeros (denoted by [0)) are created in A1 by row rotations while the 

nonzero elements just introduced in E 2 ( denoted by [x]) are annihilated subsequently 

in steps (1') and (2') by column rotations. In step (3) a third zero is created in A1 . 

Hereby we have assumed that this rotation also introduces a zero in E2 (see case (4b) 

in (3.1.3)). Hence no restoration is doneon E 2 • At this moment we have found a new 

echelon form of E2 • We proceed in step (4) with creating a zero in A1 plus introducing 

a nonzero element in E 2 • After restoration of E 2 in step (4') we finally obtain a k x k 

triangular submatrix in A1 while E2 is in echelon form (different from the original one). 

Repeating such a procedure for all columns of A 11 one finds the rank PA of this matrix 

and the decomposition (3.1.2). This is now summarized in the following algorithm 

written in Algol-like notation. 
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Algorithm 3.1.1 (Row compression of At while keeping E 2 in echelon form.) 

comment Initialization. Pand Qt, Q2 are the row and column transformations ; 

k := 1 ; zerotest:=false ; PA:=O; P:=Im j QI:=In-ps j Q2:=IPB ; 

comment Iteration process; 

while k :S min (m,n- PE) and zerotest=false do 

begin 

a3 :=At(k: m;j) (j=k, ... ,n-pE); 

Determine smallest index f such that 11 al 11 = max {11 aj lil j = k, ... , n- PE} ; 

if 11 al II:S tolthen begin At(k: m; k: n- PE) := 0; zerotest:=true end else 

begin 

if f i- k then Interchange columns k and f of At and update Qt ; 

for i = m step -1 until k + 1 do 

begin 

comment A nnihila te At (i, k) by row rotations P;~L. 
Also apply these to A 2 and E 2; 

At:= P;~LAI; A2 := P;~LA2; E2 := P;~LE2; result At(i,k) = 0; 

Determine boundary type of transformed rows i - 1 and i of ~ ; 

if type i- 1 then Q~~]).i(i)-t := IPB else 
begin 

comment A nnihila te E 2( i, j( i) - 1) by column rota ti ons Q}~]),j(i)-I' 
Also apply these to A2 ; 

E2 := E2Q}~]),j(i)-ti A2 := A2Q~~]),j(i)-ti result E2(i,j(i) -1) = 0; 
end; 

comment Update matricesPand Q2 ; 
p ·- p(Jc) P· Q ·- Q Q(Jc) . . - i-t,i ' 2 .- 2 j(i),j(i)-t' 

end; 

PA:= PA+ 1; 

end; 

k := k + 1; 

end; 

comment End of Algorithm 3.1.1. 

Remark 3.1.2. If requested, one could restore the original order ofthe columns 

in At. Inthls case Q 1 in (3.1.2) equals In-ps and PtAt in (3.1.2) is still row compressed 

but without particular zero pattern, as was commented in (2.3.26), (2.3.28). Since this 

is not essential in the sequel, we wiJl denote hereafter the column transformation by Q 
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(:= diag{ Q1, Q2}) and leave open whether or not Q1 =In-pB· 

3.2 The recursive algorithm 

In this section we present a new algorithm that reduces a pencil >.E- A to generalized 

Schur form by unitary transformations P and Q, i.e., 

P(>.E _ A)Q = [ ÀE•oo- A.oo I X ] 
0 >.E,."- At." 

(3.2.1) 

where the pencil >.E.oo- A.oo has full row rank for all À E C and the matrix Et." is in 

column echelon form. 

The algorithm consists of several steps. In the preliminary step 0 matrix E is trans

formed to column echelon form. In the next steps matrix A is row compressed and E 

is kept in an echelon form. For clarity, we describe the steps O, 1 and 2 in detail and 

then formulate the general step j ~ 1. Hereafter the complete algorithm is given. The 

resulting pencil and its properties are then fully described. Moreover, some examples 

are included. 

We end this section with formulating the dual version of the algorithm just presented 

and its use for further reduction of the form (3.2.1) to that of (2.2.9). 

The starting point is a pencil >.E- A where A and E are constant matrices both 

of dimensions m x n. Let p = ~ank(E). We perform the following steps. 

Step 0 : 

Transform E to column echelon form, i.e., determine unitary matrices P0 and Q0 such 

that 

.__, 
p 

0 

"_"__... 

n-p 

and compute A1 := PoAQo; Set P1 := p; Jl-1 := n- PI· 
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Step 1 : 

Consider the pencil ÀE1 - A1. Partition A1 conformally with E 1, i.e., 

A1,2 ] }m , Et = [ 0 E1,2 ] }m 

~ 

Pt 

(3.2.3) 

Matrix A1,1 is then compressed to full row rank while keeping E1,2 in echelon form. 

This is done by applying Algorithm 3.1.1 given above. Let the accumulated row and 

column transformations in the reduction process of (AhE1 ) be represented by the 

m x m matrix P1 and n x n matrix Q1 , respectively. Then, at the end of Step 1 we 

have (aft er re-using block narnes) 

m~ 
A1,1 A1,2 0 E1,2 }v1 

}m = 0 A2 0 E2 }m2 

._"_, ._"_, ._"_, ._"_, 

/Ll n2 /Ll n2 
(3.2.4) 

where n2 =PI, n = /Ll + ~ and 

1. A1,1 has full row rank v1, 

2. [ ~~2 
] has full column rank Pt, 

3. [ ~~2 
] and E 2 are in echelon form. 

In (3.2.4) the rank properties just mentioned are visualized by horizontal and vertical 

lines indicating full row and column rank, respectively. 

Step 2 : 

We repeat the above procedure for )..~- A2 • So we start with partitioning A2 confor

mally with E 2 such that the zero and nonzero columns are separated. We then have 

for the complete matrices A and E 
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~;~ 
I o I ï11ill 

= (3.2.5) 

(Note that we have re-used the narnes A1,2 and E 1,2 for submatrices of the original 

matrices having these names.) 

Matrix A2 ,2 is now compressed to full row rank by row rotations plus column piv

oting while E2 ,3 is kept in an echelon form by column rotations (see Step 1). Now all 

column transformations are performed on the whole matrices A and E ( thus not only 

on A 2,2 and E 2,3). Notice that if column pivoting is needed in A (i.e., in A 2,2) then 

applying these transformations to the corresponding columns in E would destroy the 

echelon form of E 1 ,2 • If one insists on preserving this echelon form, one has to restare 

the original order of columns in A1,2 , A2 ,2 and E 1,2 (seeRemark 3.1.2). However, this 

is not essential for the sequel. Let the accumulated row and column transformations 

acting on A2 and E2 be represented by the m 2 x~ matrix F2 and n2 x ~ matrix Q2 , 

respectively. Th en at the end of step 2 we have (aft er re-using blocknarnes) 

(3.2.6) 

A2,2 A2,3 

11 
0 E2,3 

0 A3 0 E3 

..._,_.. ..._,_.. ..._,_.. ..._,_.. 
J.L2 n3 J.L2 n3 = P2 

where 

1. A2,2 has full row rank, 

2. [ E2 3] ~ has full column rank, 
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3. [ ~~a ] and Ea are in echelon form. 

Defining 

(3.2.7) 

we have 

(3.2.8) 

A1,1 A1,2 Al,3 0 E1,2 E1,a } v1 

0 A2,2 A2,a 0 0 E2,a } v2 

0 0 A a 0 0 E3 } ma 

.__..., .__..., .__..., .__..., .__..., .__..., 
I-tl Jl-2 n3 I-tl Jl-2 na 

where 

1. A1,1 and A2,2 have full row rank, 

2. E 1 ,2 and [ ~~3 
] have full column rank, 

3. [ ~~a ] and Ea are in echelon form. 

Step j : (induction step) 

Repeat the procedure for the pencil >.Ej- Aj until the mj x n; matrix E; bas full 

column rank by applying Algorithm 3.1.1 to the pair (A;, Ei)· 

The procedure for row compression of A while keeping E in an echelon form can be 

summarized by the following algorithm. 

Algorithm 3.2.1 

Step 0 : comment Transform E to column echelon form, displaying its rank p; 

Result E 1 := PoEQo = [ 0 E1,2 ] } m; 
.__..., .__..., 
n-p p 
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comment Initialization. P and Q are the row and column transformations; 

P :=Po; Q := Qo; j := 1; A1 := PoAQo; m1 := m; n1 := n; P1 :=Pi J.L1 := n- P1i 

Step j : comment Induction step for j 2: 1; 

comment Partition A; conformally with E; ; 

Result A; = [ A;,; I A;,j+I ] } m; ; E; = [ 0 E;,i+I ] } m; ; 

'-.-' '-.-' '-.-' 

J.L; Pi J.L; 
if J.L; = 0 then begin l := j -1; exit; end ; 

comment Compress A;,; to full rank v; while keeping E; in echelon form. 

The resulting transformation matrices are P; and Q; ; 
- - - - I A;,; Aj,j+l 

Result P;A;Q; = P;[ A;,; I A;,i+I]Q; = 0 Ai+
1 I 

}} Vj 

m;- v;; 

P;E;Q; = P; ( 0 I Ej,j+I l Q; . . . - - - - = I 0 I Ej,j+l I; 
0 Ei+l 

comment Update and partition blocks with column index j ; 

for i = 1 step 1 until j - 1 do 

begin [A;,; I .A.;,;+I] := A;,;Q;; [E;,; I E;,;+I] := E;,;Q; end ; 

Determine Pi+I = rank (E;+I) ; 

comment Update; 
. 1 . 1 - -

s; := ~C v;; t; := ~C p,;; P := diag{I.;,P;}P; Q := Q diag{lt;,Q;}; 

mi+1 := m;- v;; n;+I := n;- J.L;; j := j + 1; 

go to Step j; 

comment End of Algorithm 3.2.1. 

Note that the algorithm stops when E; has full column rank (then Pi = n; and l = 

j -1). Furthermore since E; is in echelon form E;+I is also in such a form. Hence, the 

determination of rank(Ei+1 ) is trivial. The algorithm reduces >.E- A to the following 

form (for some X) 

(3.2.9) 
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-A1,1 ÀE1,2- A1,2 ... )..E1,t- A1,t )..E1,l+1 - A1,t+1 

0 -A2,2 ... )..E2,l- A2,L )..E2,t+1 - A2,t+1 

0 0 ... -At,t )..Et,l+1 - At,t+l 

0 0 ... 0 )..Et+l- At+l 

1. Et+l has full column rank and is in echelon form, 

2. the A;,; have full row rank V; (i= 1, · · · , l), 

3. the E,_1,; have full column rank J.Li (i= 2, · · ·, l) 

4. [ ~~:~1 
] has full column rank and is in echelon form. 

From this it follows (putting J.Ll+1 := 0) 

e; .- J.L; - v; 2: 0 for i= 1, · · ·, l 

d; .- 1/; - J.Li+1 2: 0 for i = 1, .. · , l. 

We emphasize the fact that in the decomposition (3.2.9) we have 

l 2: 0, 0:::; rank(Et+l) = nl+1 :::; mt+l 

J.L1 2: 1/1 2: J.L2 2: ... 2: J.Ll 2: 1/t 2: J.Ll+ 1 = 0 . 

(3.2.10) 

(3.2.11) 

Thus, this decomposition includes several special cases such as l = O, rank (EL+1 ) = 0 

and Vt = 0. This is illustrated by applying Algorithm 3.2.1 to some simple 1 x 1 

examples given below. 

First we present a very important result indicating how the numbers d; and e; in 

(3.2.10) are related to the Kronecker canonical form of )..E - A . 

We note that the form (3.2.9) is exactly the same - after permuting block rows and 

columns - as the one obtained after applying Algorithm 4.1 in [VAN79] to )..E - A. 

Hence, the following lemma stated in (VAN79] is also valid here. 

Lemma 3.2.1 

The indices { e; I i = 1, ... , l} and { d; I i = 1, ... , l} completely determine the Kro

necker column indices { €;} and the infinite elementary divisors with their degree { ó;} 

as follows. 
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1. there are d; infinite elementary divisors of degree i, (i= 1, ···,i), 

2. there are e; Kronecker blocks L;_1 of size (i- 1) x i, (i = 1, ···,i). 

Proof: 

See proof of Lemma 4.3 and Corollary 4.4 in [VAN79 ]. D 

Remark 3.2.1. Notice that the numbers d; and e; are completely determined by 

the pencil >.E.oo - A.00 • In other words, >.E.oo - A.oo only contains Kronecker column 

indices and infinite elementary divisors. Note that >.E.oo -A.oo has full row rank for all 

>. EC. Thus >.E.oo- A.oo has indeed no Kronecker row indices and no fini te eigenvalues 

(recall Lemma 2.2.1). Furthermore, >.E1'1- A1'1 has no Kronecker column indices and 

no infinite eigenvalues since E/'1 has full column rank. 

Now we present some 1 x 1 pencils that after transformation by Algorithm 3.2.1 result 

in a special case of (3.2.9). 

Examples 3.2.1 

1. [A 11 E] = [0 lil]. Here J.L1 = O, l = 0. The pencil >.E- A= >.- 0 has one finite 

eigenvalue. 

2. [A 11 E] = [1 11 0]. Here J.L1 = 1, v1 = 1, l = 1. The pencil >.E -A= o.>. - 1 has 

one infinite elementary divisor of degree 1. 

3. [A 11 E] = [0 11 0]. Here J.L1 = 1,v1 = O,l = 1,mw = 1,nw = 0, 

rank (Et+l) = 0. The pencil >.E- A has one Kronecker block L0 of dimension 

0 x 1 and one Kronecker block L~ of dimension 1 x 0. 

Algorithm 3.2.1 applied to the pencil of Example 2.2.1 yields the following form. 

Example 3.2.2 

-- -1 0 0 0 À 0 0 
0 -1 0 0 0 À 0 
0 0 -1 0 0 0 À 
0 0 0 -1 0 0 0 

0 -1 0 
0 0 -1 

À 
0 

-1 0 0 
À -1 0 

À -1 
À 
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Here d1 = 1, d, = 1, d3 = 0, e1 = 2, e2 = 1, e3 = 1. ByLemma 3.2.1 we thus have 

With respect to Algorithm 3.2.1 we emphasize the fact that this algorithm separates 

recursively the structure elements of >.E- A whose coeffi.cient matrix of>. has defective 

column rank from the others. Clearly, we can formulate the dual algorithm that acts 

on the row rank of the coeffi.cient of>.. Thereby the row Kronecker indices are detected 

together with the structure at infinity. The dual algorithm is simply obtained by 

interchanging the row and colunm compressions in Algorithm 3.2.1 (see also [VAN79]). 

In the interest of brevity we do not work this out. We refer to this algorithm as 

Algorithm 3.2.1-D. It reduces >.E-A to the following form (compare this with (3.2.9)). 

P(>.E- A)Q = 

>.E1c+1 - A1c+1 >.Eic,Jc+I - Ak,k+I ... x x 
0 -A~<,Jc .. . >.E2,1c - A2,1c >.E1,1c - A1,1c 

0 0 ... -A2,2 >.E1,2- A1,2 

0 0 ... 0 -A1.1 

where 

1. Elc+1 has full row rank and is in row echelon form, 

2. the A;,; have full colunm rank J.L: (i= 1, · · ·, k ), 

3. the E;_1,; have full row rank vi (i = 2, · · ·, k ), 

4. [Eic+l I Elc,lc+d has full rank and is in row echelon form. 

We can partition (3.2.12) into four blocks as follows. 

P(>.E- A) Q = [ >.E.t- A,j I x ] 
0 >.E'IOO - A'IOO 

where >.E,t - A.t ::: >.Eic+l - Alc+I· 

(3.2.12) 

} m~+I 
} vf. 

} V~ 
} v; 

(3.2.13) 

Here >.E,f - A,1 has no Kronecker row indices and no infinite eigenvalues since E.1 is of 

full row rank. The pencil >.E1100 -Afl00 has full colunm rank for all>. EC. Hence, >.E1100 -

A1100 has no Kronecker colunm indices and no fini te eigenvalues. Thus, Algorithm 3.2.1- · 

D separates the colunm indices and the finite eigenvalues of >.E-A from the row indices 

and the infinite eigenvalues. 
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Let us now return to the pencil having the form (3.2.9) being the result after applying 

Algorithm 3.2.1 to >.E - A. In the transformed pencil the bottorn block >.Et+l - At+l 

has only Kronecker row indices and finite elementary divisors as structure elements. 

Only the first of these two elements has defective row rank in the coefficient of >.. 

Hence, applying Algorithm 3.2.1-D to >.E,",- A,", yields the separation of these two 

structure elements, i.e., 

(3.2.14) 

Similarly, the left upper block >.E.oo - A.oo in (3.2.9) is transformed by Algorithm 

3.2.1-D to 

(3.2.15) 

Here the infinite elementary divisors are separated from the remaining >.E.-A. (see 

also [VAN79]). 

Combining the results in (3.2.9), (3.2.14) and (3.2.15) we find (for some blocks X) 

P,(-\E- A) Q, ~ [ 

>.E.-A. x x x -
).Eoo- Aoo x x 

>.E,- A, x 
>.E",- A", 

j (3.2.16) 

where P3 = diag{P1,P2} Pand Q3 = Q diag {Q1,Q2}. 

In other words, the pencil >.E - A is unitarily equivalent to the generalized Schur 

form. 

In Section 3.3 we present new algorithms that transform the pencil (3.2.9) into 

the forms (3.2.14) and (3.2.15) with another algorithm than Algorithm 3.2.1-D. The 

transformation matrices involved consist again of Givens rotations and permutations 

but fully exploit the special structure of the submatrices in (3.2.9). These algorithrns 

are also more efficient than Algorithm 3.2.1-D. Finally, we note that in the resulting 

forrns the blocks >.E, -Af and >.Eoo - Aoo will be upper triangular, which is not 

guaranteed by earlier algorithrns. 

3.3 Refined algorithms for further rednetion to Schur 
form 

In this section we show how to exploit the structure obtained by Algorithm 3.2.1 in 

the pencils >.E,",- A,", and >.E.oo - A.oo in order to obtain more refined algorithrns 
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of lower computational complexity (i.e. less flops). Subsection 3.3.1 deals with a 

refinement of Algorithm 3.2.1-D applied to >.E1",- A 1", and the next two subsections 

yield improvements with respect to Algorithm 3.2.1-D applied to >.E.oo - A.00 • Along 

the way a useful triangular form (see Chapter 4) is also obtained. 

3.3.1 Separation of >.Et- At and >..ETJ- ATJ 

By applying Algorithm 3.2.1-D to >.E,",- A,", no advantage is taken of the fact that 

E111 is in colunm echelon form. We now present a better alternative for transforming 

>.E1", - A1", to its Schur form. 

We start with the pertranspose (>.E,",- A,",)P of >.E,",- A,",. Then Ef", has full row 

rank and is in row echelon form. Ef", is then reduced to upper triangular form E 1 by 

applying Givens rotations or Householder transformations to its colunms. If the same 

transformation Q0 is applied to A1 , we have : 

0 

Al ·- AP Q 
.- '" 0 

x x 
x 

x x 
x 

By applying Algorithm 3.2.1 (without Step 0) to >.E1 - A 1 wethen find 

(3.3.1) 

(3.3.2) 

where Es is square and invertible. Finally, transforming back to the original pencil, 

gives 

(3.3.3) 

Remark 3.3.1. Note that E 1 is in echelon form. (The reduction of E111 to E 1 

can be done a little faster than applying Step 0 of Algorithm 3.2.1 to E1", by exploiting 

its echelon form.) Hence we may apply Algorithm 3.2.1 to ).Eh_ - A 1 • Moreover, a refined 

version of Algorithm 3.2.1 can be used since E 1 is upper triangular. For example, in 

this case one does not have to keep track of the structure of the transformed E; since 

they are all upper triangular as a consequence of Algorithm 3.2.1 (see also [VAN79]) . 
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3.3.2 Triangularization of the pencil >..EEoo - AEoo 

Here we consider the pencil >..E,00 - A,00 in (3.2.9), which only contains the infinite 

elementary divisors and Kronecker column indices. lnstead of applying Algorithm 

3.2.1-D we develop in the · next suhsection a new algorithm for separating the two 

structure elements of >..E.oo - A.00 • Herehy the special properties of this pencil are 

exploited throughout the algorithm. But first the "staircases" of >..E.oo - A.oo have to 

he triangularized, which is explained now. 

The starting point hereis the m,00 x n,00 pencil >..E,00 - A,00 ha ving the form as indicated 

in (3.2.9) . For notational convenience, we will write >..E- A instead of >..E,oo - A,00 • 

We thus have 

Aa,a Aa,3 

A := 

0 
0 Ea ,3 

0 

E ·-.-

At-1,l-1 

0 

'-."-' 

J.Ll-1 

At- 1,l 

(3.3.4) 

Et-1 ,l 
0 

The algorithm consists of triangularizing the hlocks E;_1,; (i = 2, · · ·, l) and A;,; (i = 

1, · · ·, l) hy row and column rotations, respectively. These unitary transformations can 

he carried out in such a way that the structure of the hlocks already treated is not 

destroyed when transforming the next ones. 

The algorithm consists of f steps. It starts with the triangularization of the hlocks 

in the order (At,t,El-1,i) up to (A2,2,E1,2) followed hy A1,1. Thematrices P; and Q; 

corresponding with A;,; and E;_1,; are defined recursively hy the following algorithm. 
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Algorithm 3.3.1. (Reduction of >.E- A(:= >.E.oo- A.oo) to triangular form) 

comment Perform l reduction steps; 

for i= l step -1 until 2 do 

begin 

comment Reduce A;,; to upper triangular form by a column transformation Q; 

using a QR-decomposition. Also update blocks with column index i of A ; 

for k = 1 step 1 until i do A~e,; := A~e,;Qi; 

comment Apply this transformation to the samecolumns in E; 

for k = 1 step 1 until i - 1 do E~e , i := E~e,iQ; ; 

comment Reduce Ei-l ,i to upper triangular form by a row transformation Pi-l 

using a QR-decomposition. Also update blocks with row index i - 1 of E; 

for j = i step 1 untill do Ei-1,;:= Pi-l Ei-1,; ; 

comment Apply this transformation to the same rows in A ; 

for j = i - 1 step 1 untill do A;-1,; := P;_1 Ai-1,; ; 

end 

comment Perform the final transformation of A1,1 using a QR-decomposition; 

A1,1 := A1,1 Ql; 

comment End of Algorithm 3.3.1 . 

At the end ofthis algorithm we have constructed unitary matrices P = diag {P1, .. . , Pl} 

with Pl =I and Q = diag {Q1, ... , Qi} such that P(>.E- A)Q has the form 

[ A1 11 E1 ] := P [ A 11 E ] Q = (3.3.5) 

Notice that all diagonal elements of the upper triangular matrices are nonzero because 
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all A;,; and E;_1 ,; have full row and column rank, respectively. 

3.3.3 Separation of ÀEE - AE and ÀEoo - Aoo 

Consider the m,00 xn,00 pencil >.E1-A1 = P(>.E,00 -A,00 )Q having the form (3.3.5). We 

now describe how decomposition (3.2.12) can be obtained in a numerically stabie and 

eflicient way without applying Algorithm 3.2.1.-D. The pencil >.E1 - A 1 is transformed 

by unitary matrices U and V such that 

(3.3.6) 

where A, is an upper triangular matrix having full row rank and E. is a strictly upper 

triangular matrix having full row rank. Matrix A 00 is invertible and upper triangular 

and E00 is strictly upper block triangular with zero diagonal elements. Thus Eoo 

is nilpotent. In Fig. 3.3.1 an example of the resulting pencil (3 .3.6) is given that 

illustrates the properties just mentioned. 

~] = 

Fig. 3.3.1: Example of the final structure of decomposition (3.3.6) 

We note that all triangular matrices in Fig. 3.3.1 have nonzero diagonal elements 

from which their rank properties directly follow. The transformations used in the 

reduction process are all row or column Givens rota ti ons applied in a judiciously chosen 

order. Before descrihing these transformations in full detail we shall first sketch the 

reduction process. This process consistsof l-1 steps where lis the number of nontrivial 

blocks A;,; in (3.3.5). In each step l - k + 1 (k = l, ... , 2) a v~e_ 1 x J.Lk block E~e- 1 ,/e in 

(3.3.5) is reduced to a square upper triangular matrix. Hereby A~e- 1 ,1e-1 is also reduced 

while in the mean time blocks of >.Eoo - Aoo are generated. 

Initially, the pencil >.E00 - A00 has zero dimensions. The reduction of an Ek-l ,k is 

done row by row starting with the bottorn row. Hereby allelementsin the bottorn row 

of the blocks Ar.-1,; (j ~ k) and Er.- l ,j (j > k) are annihilated. Let i r. be the row index 
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of this row in A (and E). The transformations for annihilation can be chosen such 

that there is no fill-in in row i~c in A and E. We note that the matrix A~c,lc is affected 

by these transformations but it remains upper triangular with nonzero "diagonal". 

Consequently, row i~c in A has then only one nonzero element, say p, being the bottorn 

diagonal element of Alc,k· Row i~c in E is now completely zero. 

Hereafter cyclic row and column permutations are carried out that move this 

nonzero element p to the right bottorn corner of A. Of course, the same transfor

mations are applied toE. 

Let us now outline the remainder of this section. First we discuss the starting 

situation of the pencil to be transformed. Next the first step of the algorithm is 

described by means of an example that is typical for the general situation. Moreover 

we prove that the "diagonal" elements of the E-block transformed in step 1 remain 

nonzero (see Lemma 3.3.1) . This property will be of crucial importance in the next 

steps. Hereafter we consider the general step l - k + 1 > 1 which is much more 

complicated than the first one. Therefore we start with indicating the general situation 

and summarizing the properties of the transformed matrices ( see Theorem 3.3.1 ). N ext 

the transformations are described in detail. Then we are ready to prove Theorem 3.3.1. 

The proof is given in parts by the Lemmas 3.3.2 and 3.3.3. 

The transformations in the general step l - k + 1 are illustrated by a representa

tive example. Hereafter, the situation after all steps is described and the Kronecker 

structure of the transformed pencil is established in Theorem 3.3.2. N ext the complete 

algorithm is given descrihing all the steps. Furthermore, we indicate how the procedure 

can be modified such that the cyclic permutations can be avoided without any extra 

computational effort. We end with presenting an algorithm descrihing the modified 

transformations. 

3.3.3.1 Starting situation for the pencil to he transformed 

As stated before, we consider the m,00 x n,00 pencil )..E1 - A1 having the form (3 .3.5) . 

Clearly, we assume l 2: 1 and J.Ll > 0. We distinguish two cases, namely Vt =/= 0 and 

Vt = 0. 

• Case I : vl =/= 0 

If l = 1 then it can be readily verified that )..~ - A1 already has the form (3.3.6) 

with )..E.-A. having dimension 0 x (J.L1 - v1). It contains (J.LI - vi) Kronecker 

column indices equal to 0. Here the pencil )..Eoo - Aoo is VJ x v1 with Aoo upper 

triangular and invertible and Eoo completely zero. So we may now assume l 2: 2. 

Then we have the situation shown in Fig. 3.3.2. 
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Ae-1,e-1 Ae-1,e 0 Ee-1,e } vl-1 

0 Ae, e 0 0 } v e 

~f-1 ~e ~f-1 ~e ve ve 
~~ 

~f-1 ~e ~(-1 ~e 

Fig. 3.3.2: Starting situation with 1/t =/= 0 

Let us partition At,L as At,L = [ 0 I At,L] where At,L is square upper triangular. 

Then we partition all blocks A;,L and E;,L (1 :S i :S f.- 1) conformably with At,L 

(see dotted lines in Fig. 3.3.2). Thus these blocks are splitted into two subblocks. 

N ow all blocks A;,L and E;,L ( 1 :S i :=; f.- 1) are redefined by only t aking their left 

subblock. Then we have 

.A x Ê x 

0 I ÖL,L 

I 

Fig. 3 .3.3: Preliminary separation when 1/t =/= 0 
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where >.Ê - A has the form (3.3.5) but with Vt = 0 and J.Ll replaced by J.Ll - VL. 

The square Vt x Vt pencil >.Öl,l- At,l just separated in >.E1 - A1 becomes the right 

bottorn blockof >.Eoo- Aoo (recall the properties of several pencils mentioned in 

Section 2). In this situation we will proceed with >.Ê- A. 

• Case II : Vt = 0 

If in this case l = 1 then no transformations are needed since ÀE1 - A1 

>.E. - A.. If l 2: 2 then the matrices At,l and Öt,l are 0 x 0. They do not 

contribute to >.Eoo - Aoo . We now proceed with >.Ê - A. 

Thus we see that in both cases I and 11 we may consider an m x n pencil >.E- A having 

the form (3.3.5) with Vt = 0 and l 2: 2. We are left with P.- 1 block rows and l block 

columns. For notational convenience we will replace P.-1 by l. The starting situation 

for the remainder of this section is then given in Fig. 3.3.4. 

Fig. 3.3.4: Initial situation in this section 

Let us now turn to the algorithm description. The algorithm for reduction to square 

upper triangular blocks Elc-I,Ic consistsof l steps ( one step per block). Of course, when 

Elc- !,lc is already a square matrix we can skip the reduction step. The algorithm starts 

with the transformation of the bottorn blockrowin A and E. We will now explain the 

first step. To this end, consider Fig. 3.3.5 which shows a typical situation. Here At,l 

is a Vt x J.Ll upper triangular matrix, Et,l is completely zero and El,l+I is a Vt x J.Ll+I 

upper triangular matrix. We have taken Vt = 4, J.LL = 5, and J.Ll+I = 2. 
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A._1 , • A• ~ ~ ~-1,!+1 

A 
l,l+1 

x x 

Oxxxx x x 
XXX x x 

XX x x 
p1 x x 

--------~ 
JJ{ 1Jl+1 

Fig. 3.3.5: Situation before reduction of Et,L+I 

3.3.3.2 Step 1 

x x l-1 
!: '1/. 

i-1 
1 

x x 
0 x '\/{ 

0 
0 

~~ 

IJl JJl+1 

First we want to annihilate the JLL+I elements in row VL of At,L+l · This is done by 

successively applying column rotations to the J.Lt-th column of At,L and the i-th column 

of At,L+l (i= 1, ... ,JLL+I)· Hereby the nonzero bottorn diagonal element p1 of At,L is 

used as pivot. By construction this element remains nonzero aftereach transformation. 

These transformations are applied to all the blocks above At,L and At,L+I· They are 

also performed on the correspond.ing columns in matrix E. Consequently, the elements 

in the J.Lt-th column of the blocks E;,L (i = 1, .. . , l) are changed. Thus these trans

formations may introduce new nonzero elements in Et,L· But they do not disturb the 

triangular shape of Et-I,L, because only its bottorn diagonal element has been changed. 

Thus all diagonal elements (except the last one perhaps) in Et-I ,L are then nonzero. 

Matrix Et,L+I also remains upper triimgular after the transformations. However, all its 

diagonal elements have been changed. In Lemma 3.3.1 below we will prove that after 

the transformations all d.iagonal elements of Et,L+I are again nonzero. We conclude 

from the above that the triangular structure of At,L and Et,L+I as well as the fully 

nonzero diagonals of At,L and EL,L+l are invariant under these transformations. The 

procedure just described is illustrated in Fig. 3.3.6 starting from Fig. 3.3.5. For clarity, 

the columns to he transformed are shaded. Furthermore, in the figures the elements 

are marked with a prime after transformation. However, elements already marked with 

a prime are indicated without prime after transformation. Thus, in symbolic. notation, 

c -> c' and c' -> c. 
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x x' x' x x' x' 

x x 
x X' x' x x' x' 

Oxxx x x' x' 0 0 0 0 x' 1 e' 1 x' 
XX X x' x' x2 e' 2 

x x x' x' 0 0 
p1 01 02 0 0 

Fig. 3.3.6: Step 1 in the reduction of Et,t+l 

Notice that each time a zero has been created in the last row of At,t+l a (possibly) 

nonzero element has been introduced in column J.Lt of Et,t (i.e., x 1 and x2 ) • Further

more, the elementsin the J.Lt-th column of E;,t (i = 1,···,P. - 1) arealso changed. 

Notice also that after all fLt+l transformations at least the last Vt- fLt+l elements in 

column J.Lt of Et,t are still zero. 

After annihilation of the complete row Vt of At,t+l, cyclic column permutations are 

carried out such that the bottorn diagorral element of At,t becomes the top left element 

of Mt (see Fig. 3.3.7 below). The same narnes for the reduced blocks and their 

dimensions are used as before the transformations. For clarity, we have marked the 

new blocks and dimensions by a prime in Fig. 3.3.7. 
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x' x' x x' x' x 
. . . . . 

x . . x . . 
x' x' x x' x' x 

Oxxx x' x' x 0000 e' 1 x' x' 1 
XX x' x' x e' 2 x2 V' 

l 
x x' x' x 0 0 

01 02 p1 0 0 

p' 
l 

x x 
. . 

x x . x x . 
x x 

x x' 1 
Al,l Al,l+1 x 0 E' l,l+1 x2 V' 

l 
x 0 

0 ... 0 0 0 Ml 0 .. 0 0 0 Nl 

p' 
l 

p' 
l 

where 

[ML 11 NL] = [Pl. 11 0] . 

Fig. 3.3. 7: Eliminatien of one row in El,l+l 

Here f.L~ = f.Ll - 1 = 4, f.L~+l = f.Ll+I = 2, v~ = VL - 1 = 3. 

Observe that for the newly defined Al,l the number of rows and colu=s is reduced 

by one whereas for the new El,l+l and Al,l+I only their row dimension is decreased by 

one. Clearly, the new submatrices Al,l and El,l+l are both upper triangular with fully 

nonzero diagonal. Furthermore, the newly defined submatrix El-l,l is equal to the old 

one without the last column. We can thus conclude that the new matrices Al,l, El,l+l 

and El- l,l have the same form and fully nonzero diagonal property as the previous ones. 

Now the whole procedure can be repeated until we obtain a square El,l+I· Clearly the 

procedure consists of dl := VL - f.Ll+l stages since El,l+l was originally a VL x f.Ll+l 
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matrix. Let us indicate the dimensions J.Li and vi at the end of stage j by J.Li(j) and 

vi(j), respectively. We define J.Li(O) := J.Li and vi(O) := vi for all i . Then we have for 

1 ~ j ~ dt 

J.Lt(j) = J.Lt(j - 1) - 1' J.Li(j) = J.Li(j - 1) 

Vt(j) = Vt(j - 1) - 11 Vi(j) = vi(j - 1) 

for i f= l, 

for i f= l . 

Hence for 1 ~ j ~ dt 

J.Lt(j) = J.Lt - j, J.Li(j) = J.Li for i f= l, 

Vt(j) = Vt- j, Vi(j) = 1/i for i f= l. 

(3.3. 7) 

(3.3.8) 

Notice that in Fig. 3.3.7 we have indicated J.Li(l) as J.L: and vi(l) as vi. The 

procedure is illustrated in Fig. 3.3.8 (starting from the last situation given in Fig. 

3.3.7). Note that in this case dt = 2. Moreover, for typographical reasons we have 

used the notations J.L:' and vi' instead of J.Li( dt) and vi( dt) · 

x x x x x' x' x x 
. . . . . . . 

x . . . x . . . 
x x x x x' x' x · x 

Oxx x x x x ei x' x1 x 

x x x x x 0 e' 2 x2 x 

01 02 p2 x 0 0 0 0 

0 .. 0 0 0 pl 0 0 0 0 

p" 
f. 
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A" 1,l AÏ,t+1 x E" 1,l 
E" l,l+1 

x 

At-1,l A" l-1,{+1 x El-1, l E" l-1,l+1 x 

A" t,l Al ,{+1 x E" t,l El ,{+1 x 

0 0 Ml 0 0 N{ 

p" 
l 

p" 
l 

where 

Fig. 3.3.8: Situation after reduction of El,l+I 

Here J.LÏ = J.Ll - dl = 3, J.LÏ+I = J.LL+t = 2, v~' = Vl - dl = 2. 

Remark 3.3.2. It is easily seen that the order of the triangular matrix Ml just 

built up in the right bottorn corner of A is equal to dl = vl- J.LL+I· All its diagonal ele

ments are nonzero because originally they were diagonal elements in Al,l· Furthermore, 

it can be seen that the corresponding square submatrix Nl in E is completely zero. ' 

lndeed, at the end of each stage j {1 $ j $ dl) when reducing the vl(j -1) x J.LL+l (j -1) 
block El,l+I the permuted column in E has at least it last ó; := vl(j -1) - J.Ll+I(j -1) 
elements equal to zero. Using {3.3.8) we see that ó; = vl- J.Ll+I- (j - 1) = ól- (j - 1). 
Furthermore, at the start of stage j matrix E has already its last (j - 1) rows com

pletely zero by construction. Thus, we have Nl = 0. Hence, the pencil >.Nl - Ml 

contains vl - J.LL+t infinite elementary divisors of degree l of the original pencil >.E- A 

in accordance with Lemma 3.2.1 in Section 3.2. Consequently, >.Nl- Ml is equal to 

the current ÀE00 - A 00 • 

As claimed above, in each stage j (1 $ j $ dl) the diagonal elements of El,l+l and 

Al,l are nonzero after annihilating the last row of Al,l+I· Since the transformations in 

any stage j do not change the structure of the matrices, it is sufHeient to prove the 

properties of the blocks involved in an arbitrary stage j. This is done in Le=a 3.3.1 

below. However, to avoid notational complexity we do not index the blocks and their 

dimensions with j anymore. 
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Lemma 3.3.1 

We have for i = 1, ... , J.LL+1 , ( when defining A~~ := At,;, and E~.~ := Et,i for j = l, l+ 1) 

Proposition P(i) 

The situation just before annihilation of y; := At,t+I(vt, i) is indicated in Fig. 3.3.9. 

[ A (i-1) I A(i-1) 11 E(i-1) I E(i-1) l 
l,l l,l+1 l,l l,l+1 

i-1 

Fig. 3.3.9: The situation before annihilating y; 

The bottorn diagonal elementpof A~ii 1 ) and the diagonal elements e; (i= 1, ... ,J.LL+1 ) 

f E (i-1) all ' 
o l,l+ 1 are nonzero. 

Proof: 

By induction. Clearly, Proposition P(1) is true. 

N ext, suppose proposition P(i) is true for some i ~ 1. Hence p =J- 0. In the next 

annihilation step a column Givens rotation Gis constructed such that (p, y;)G = (p', 0) 

with p' =J- 0. Here p =J- 0. In matrix E wethen have (0, e;)G =(x;, eD. Suppose ei= 0, 

then G must be trivia!. This would imply that (p, y;)G = ±(y;, p) which contradiets 

the construction of G. Thus, ei =J- 0. So we can conclude that after transformation all 

diagonal elements of Et,l+1 are nonzero again, i.e., proposition P( i+ 1) is true. This 

completes the proof. 0 

3.3.3.3 Step l- k + 1 (k < l) 

Let us describe the general step l- k + 1 > 1 with 1 :S k :S l- 1 in which Ek,k+1 

is reduced. Clearly we assume l ~ 2 since otherwise we are ready (see Step 1). It 

will turn out that this step is more complicated than Step 1 described above. Before 

giving more details, we first note that before reducing E/<,k+1 the dimensions of some 

blocks in A and E have been changed in the preceding steps. Furthermore, during 
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the reduction of Ek,k+l some block dimensions will be changed again. Since the block 

dimensions are of crucial importance, we introduce a special notation forthem in order 

to keep track of their changes. To be precise, by adding the superscript 2: i to the 

usual dimension notations Vj and P,j (i.e. v}' and p,J-i) we indicate that these are the 

dimensions of the j-th block row and column in A and E after reducing the blocks 

in E with row index 2: i (i.e., Ei,i+l up to El,L+l)· For example, matrix Ek,k+l has 

h d . . >k+l >k+l d >Ie >Je b ~ d ft 't d t' . t t e 1menswns vr x p,;;+l an vr X JJ-;;+1 e1ore an a er 1 s re uc 1on 1ll s ep 

i-k+ 1, respectively. We emphasize that in the sequel the notations Vj and P,j without 

superscript are strictly reserved to the situation just before step 1, unless otherwise 

stated. Now we can formulate 

Theorem 3.3.1 

We have for k = 0, ... , i- 1 ( while interpreting "the situation before reduction of E 0,1" 

as the situation after reduction of E 1,2 ) 

Proposition G(k) 

The general situation before reduction of Elc,k+l to a square block is indicated in Fig. 

3.3.10. To he precise, the blocks Ei,i+l (i = k + 1, ... , i) and A;,; (i = k, ... , i) 
and M1c+1 are upper triangular with nonzero diagonal elements. Moreover, the blocks 

Ei,i+l (i= k+ 1, ... ,i), M1c+1 and N1c+1 are square. Matrix Nk+l is an upper triangular 

block matrix with all its diagonal elements being zero. 

~.k 

0 

>k+l p-
k 

~,k+l . . 

~+l,k+l 

0 

. . . 

Af,{ 

0 

>k+l p-
f 

~,f+l x 0 

Al,l+l x 

0 Mk+l 
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Ek,k+l Ek,k+2 .. Ek,f+l 

0 Ek+l,k+2 

0 

0 Ef,f+l 

0 

x 

x 

Nk+l 

} 
>k+l 

"k 

} 
>k+l 

"k+l 

>k+l v-
l 

} yk+l 



where 

>k+1 p-k 

} 
d~k+2 

k+1 

} dH 
f-1 

} d~f+-1 
f 

} v~k+1 

} v~k+1 k+1 

Fig. 3.3.10: The situation just before the reduction of E~c ,Jc+t (k < f.) 

The dimensions in Fig. 3.3.10 are specified by 

2':/c+l - . ( . < k) >Jc+t - 2-:lc+l (k + 1 < . < f.) v; - v, t _ , vr - /Li+t _ t _ , 

where 

df:t2 
:= 0. 

The order of the matrices Mk+1 and Nlc+I is given by 

L L 

"" ( >i+ I >i+l) "" ( . k)( ) /Jc+t := LJ vr - ILi+t = LJ t - v; - J.l.i+t . 
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Proof: 

We prove this by induction. Clearly, proposition G(k) is true for k = l-1 (see Remark 

3.3.2 and Le=a 3.3.1 in Step 1). Notice that in this case matrix Nlc+1 is a completely 

zero square matrix of order dt := Vt - J.Lt+I = d~l+1 . Furthermore, after reduction 
. E h . d d th d' . >l >l >L >l ( matnx t,L+1 as m ee e 1mens10ns vr x J.Ll+1 = J.Ll+I x J.Ll+ 1 = J.Ll+1 x J.Lt+1 see 

Step 1). Suppose now G(k) is true forsome k < l. We shall show that then G(k-1) 

is also true. To this end, we first describe step l- k + 1 for the reduction of E~c,~c+1 . 

Hereafter we indicate the situation after this step. Moreover, in the Le=as 3.3.2 and 

3.3.3 below we formulate and prove the properties of the transformed matrices after 

reducing Elc,lc+l> i.e., before reducing E~c-1 ,/c · This will prove the validity of G(k-1). D 

N · h · p· h >Ie+! >lc+1 >Ie+! > >lc+1 >lc+t > > ohce t at m 1g. 3.3.10 we ave J.L"k ;::: Vf< ;::: J.L"k+1 _ Vf<+l = J.L"k+2 _ ... _ 

vt"+l = J.L~:t. Thus the blocks Ei,i+l (i = k + 1, .. . , l) are square before reducing 

Ek,k+1. Furthermore, the sequence { d~i+l} of the orders of diagonal blocks in M~c+1 
and Nlc+l is decreasing. 

We now start with the description of the transformations. We have vt"+l ;::: J.L~!i1 . 

If v~"+l = J.L~!i1 then we can skip step l- k + 1. Therefore, we now assume v~"+1 > 
>lc+t Th d . f d>"+l >lc+l >Ie+! B 1 d 'b J.L"k+I • e proce ure conststs o "k = Vf< - J.L"k+l stages. e ow we escn e 

the transformations in stage q with 1 ::; q :S d~"+I. To avoid notational complexity, we 

shall not use a special notation for the blocks and their dimensions to indicate that we 

are in stage q, unless confusion may arise. Moreover, for the time being we also drop 

the superscript ;::: k + 1 in the dimension notations. So, from now on we assume we 

are in the q-th stage of the reduction process of Ek,k+I· 

Our aim is to annihilate all nonzero elements in the bottorn row of the blocks E~o,j 

(j = k + 2, ... ,i+ 1) and A~c,; (j = k + 1, ···,i+ 1) in such a way that the properties 

of the submatrices already treated remain valid. For simplicity we will only describe 

the transformations performed on the blocks indicated in 

(3.3.9) 

instead of those in Fig. 3.3.10. This will sufficiently illustrate the general idea. Here 

A(") and E(") are submatrices of _A(k) and Ê(") specified in Fig. 3.3.11. For the time 

being, we restriet ourselves to transformations in [A<"l 11 E("l]. That is, we take l = 
k + 2. Clearly, we have k < l- 1 as is required in step l- k + 1. If k = l-1, then the 

right most block column and the bottorn block row in A("l and E(") are not present. 

However the same transformations as described are then carried out on the remaining 

blocks. 
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~.k 

0 

0 

~,k+l ~,k+2 ~,k+3 0 

~+l,k+l ~+l,k+2 ~+l,k+3 0 

0 ~+2,k+2 ~+2,k+3 0 

-~--~-

Eit,k+l Eit,k+2 

0 Ek+l,k+2 

0 0 

Eit,k+3 

~+l,k+3 

~+2,k+3 

} vk 

} vk+l-Pk+2 

} vk+2-Pk+3 

Fig. 3.3.11: Some blocks to he transformed when reducing Ek,k+l 

It should be noted that in fact all transformations are performed on the complete rows 

or columns in A and E • In Fig. 3.3.11 we have assumed that both blocks Ak+l,k+l 

and A"-+2,/c+2 are nonsquare (JLic+l > JLlc+2 and JLic+2 > JLic+3). It will turn out that there 

are JLic+l - JL/c+2 and JL/c+2 - JL/c+3 transformations extra needed in this case compared 

to the situation in which these blocks are square. 

We start with constructing JL/c+l - JLic+2 column Givens rotations to annihilate the 

elements Alc,lc+l(v~c, i) (i = 1, .. ·, JL/c+l - JL1c+2) · Hereby the bottom diagonal element 

of Alc,lc is used as pivot (see Fig. 3.3.11). These transformations arealso applied to 

matrix E. This may introduce JL/c+l- JLic+2 nonzero elementsin the right most column 

of Elc,lc· 
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.uk+2 .uk+2 .uk+3 

.uk+l 

.uk+2 .uk+2 .uk+3 

.uk+l 

Fig. 3.3.12: After the first transformations in case Alc+l,k+l is nonsquare 

Analogously to Lemma 3.3.1 in Step 1 we then have that the bottorn diagonal element 

of A~o,k and all diagonal elements of Ek,k+l are nonzero again (see Fig. 3.3.12). Notice 

that when A~o+l,k+l is square then Ji.lc+l = J.Lic+2. Clearly, the number of transformations 

is then zero. 

We now proceed with the transformations to annihilate the remaining J.Lic+2 elements 

of Ak,k+l and the Ji.lc+ 2 elements of Ek,k+l in the v~o-th row of these blocks. This is done 

by applying alternately row and column rotations to both matrices E and A. Hereby 

the nonzero diagonal elements of the upper triangular matrix E~o+l,lc+2 and the nonzero 

bottorn diagonal element of A~o,k are successively used as pivot. Each pair of row and 

column rotations may introduce a possibly nonzero element in the last column of the 

blocks Ak+l,k and E~o,k, respectively. Clearly, Ji.lc+2 of such pairs are needed. This means 

that after these transformations the last column of Ak+u may be completely nonzero. 

Since the last column of E~o,k may already have Ji.k+l - J.Lk+2 nonzero elements, it then 

may contain Ji.k+l nonzero elements. Hence, there are still at least "'~< - Ji.lc+l zeros in 

this column. This fa.ct will play an important role for achieving our goal. With respect 

to the tra.nsformations just mentioned we note tha.t they do not disturb the structure 

of any triangular matrix in A or E. Furthermore, they maintain the fully nonzero 

diagonal property of the triangular matrices involved (see Lemma 3.3.2 for a detailed 

proof). After all transformations described above we have the following situation as 

shown in Fig. 3.3.13. 
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-~-------- -~--------
pk+l pk+2 pk+3 

~-pk+l 

} pk+2 

} pk+3 

Fig. 3.3.13: Situation after transfomring Ak,k+l and E~e,1e+ 2 

An analogous procedure is used to annihilate all elements in the v~e-th row of the 

blocks A~e,le+ 2 and E/e,/e+J· To be more precise, we start applying P.k+2 - 1-Lk+J column 

Givens rotations to annih.ilate the fust P.k+2 - 1-Lk+a elements in row IIJe of A~e,k+ 2 using 

the bottorn diagonal element of A~e,Je as pivot. Obviously, if A~e+ 2 ,1e+J is square (i.e., 

P.k+2 = 11-Je+a) then the number of transformations is zero. Note that application of 

the rotations may introduce nonzero elements in the last column of E~e , Je as well as 

of Ek+l,Je, but the last element in column 1-Lk of E~e,Je remains zero since the bottorn 

row of E~e,le+2 is zero. Hereafter we alternately apply row and column rotations to 

annihilate the remaining nonzero elements in the v~e-th row of E/e,/e+J and Ak,k+2· The 

pivots to be used hereby are the bottorn diagonal of A~e,Je and the diagonal elements 

of Ek+2 ,k+3· Again the transformations do not change the structure or fully nonzero 

diagonal property of the triangular matrices in A and E. We find then the situation 

as indicated in Fig. 3.3.14. Note that after these transformations column 1-Lk of A~e+2 ,~e 

may be nonzero. Since we have taken i = k + 2, block Ek,k+3 is in the right most block 

column of E. Thus we now have a complete row of zerosin E. We still have to create 

a zero bottorn row in A/e,/e+J. 

-~--~- -~--------

Fig. 3.3.14: Situation after transforming A1e,k+2 and E~e,Je+a 
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This is done as follows. The nonzero elements in the v~.-th row of Ak,k+3 are annihi

lated by column Givens rotations using the bottorn diagonal element of Au as pivot. 

Applying these transformations to matrix E may change all elements in column Ji-k of 

the blocks E"·"' Ek+l,k and Ek+2 ,k except the bottorn right element of Ek,k that re

mains zero due to the zero row in Ek,k+a· The structure and the fully nonzero diagorral 

property of the triangular matrices are again unchanged (see Lemma 3.3.2 below). 

We note that up to now we have only transformed blocks in [A(")IIE("lj. But from 

now on, the matrices Mk+1 and Nk+l will also he involved when proceeding with the 

transformations. Therefore, we have also indicated these blocks in the figures 3.3.15 

and 3.3.16. 

------- ---- -- ----
Fig. 3.3.15: Situation after the transformations of Ak,k+a 

At this moment we have created a complete row of zerosin E(k) and a row A(") having 

all but one element (say p) equal to zero (see Fig. 3.3.15). These two rows in A and E 

are permuted by cyclic row permutations to the row just above.the top row of Mk+1 and 

Nk+l, respectively. Then by cyclic column permutations the column in A containing 

the element p and its corresponding column in E are permuted to the column just 

before the left most column of Mlc+l and Nlc+l• respectively (see Fig. 3.3.16). Note 

that hereby the row dimeosion of all blocks A~c,; and Ek,j (j = 1, ... , l + 1) as well as 

the column dimension of the blocks At,k and E;,A: (i = 1, ... , l) is decreased by one. 

Furthermore, hereby a new first row and column are added to Mk+1 and Nk+l· 

57 



JJ' k 
JJ' k 

~.k ~.k+1 ~.k+2 ~.k+3 
x 

0 Ek,k+1 Ek,k+2 Ek,k+J 
x 

x x 

0 ~+1,k+1 ~+1,k+2 ~+l.k+3 : x 0 0 Ek+1,k+2 Ek+1,k+3 
x x 
x 

0 0 ~+2,k+2 ~+2,k+3 
x 0 0 0 Ek+2,k+3 

x 
x x 
p x . . x 0 x .. x 

0 
'\+1 

0 '\+1 

JJ' k 
JJ' k 

Fig. 3.3.16: Final situation after reducing Ele,/e+l by one row 

Here we have 

M' -[~] le+l-~' N' -[~] le+l-~' 

and 

'Y~+l = 'Yie+l + 1 . 
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} JJk+2 

} JJk+3 

} yk+l 

}'1 
} JJk+2 

} JJk+3 

} yk+l 

(3.3.10) 

(3.3.11) 



All blocks A:.i, EL, Mf.+1 and Nf.+1 are now renamed to their original names. No

tice that the redefined matrices have a similar structure as before the transformations. 

Moreover, the upper triangular matrices, including Mlc+l• have the fully nonzero diag

onal property again (see Lemma 3.3.2 below). This is the end of stage q. 

The whole procedure is repeated until matrix Elc,lc+l is square. Clearly, the proce

dure for reducing Elc,lc+l consistsof v~/c+l -p.~!i 1 stages since Elc,/c+l has the dimensions 

vr+l x p.~!i1 at the start of step i- k + 1. After we have obtained a square matrix 

E~c,/c+1 , thematrices M1c+1 and N1c+1 are renamed to M~c and N~c, respectively. Here the 

description of the transformations in step e- k + 1 ends. 

At the end of the reduction of Elc,lc+l we then have the following structure for 

[A(Ic)IIE(Ic)] as given in Fig. 3.3.17. 

where 

d~k+l 
k 

Fig. 3.3.17: Final situation after reducing Elc,lc+l 

>k 
pk+l 

>k 
pk+2 

>k 
pk+3 

Now we reeall Theorem 3.3.1 stated at the beginning of the description of Step 

i-k+ 1. In this theorem the general situation before reduction of E~c,lc+l was given. 

However, we still have to complete the proof of this theorem, i.e. we have to prove 

Proposition G(k-1) assuming Proposition G(k) is true. This is done below by the 

Lem.mas 3.3.2 and 3.3.3. For convenience, we reeall 
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Proposition G(k- 1) in Theorem 3.3.1 (k > 1) (3.3.12) 

Before reducing E"_ 1," (i.e., after reducing Ele,le+I) we have 

• the blocks Ei, i+! (i = k, . .. , P.) and A;,; (i = k - 1, ... , f.) are upper triangular 

with nonzero diagonal elements; 

• the blocks Ei,i+! (i = k, . .. , f.) are square; 

• M" is a square upper triangular matrix with a fully nonzero diagonal; 

• N" is a square upper triangular block matrix with zero diagonal elements; 

• the block dimensions are given by 

vr =V; (i$ k- 1), v,"?·" = J-1.~1 (k $i$ f.), 

where 

and 
! 

'"Ik= L)i- k + 1)(v;- Jl.i+l). 
i=k 

First, the properties concerning Ei,i+I and A;,; are summarized and proved. 

Lemma 3.3.2 

The procedure for the reduction of Ek,k+l (k = 1, · · ·, P.) to square upper triangular form 

does not disturb the triangular form of the blocks A;,;, Ei,i+l (i= 1, ... ,I.). Moreover, 

the diagonal elements of these blocks remain nonzero. 

Proof: 

By induction. Obviously, the statement is true for k = f. (see Step 1). 

Now consider the reduction of Ek,le+!· We leave out the superscript when indicating 

dimensions. The procedure consists of d~c = v" - Ji.k+l stages. Clearly, we assume 

d" 2: 1. We consider stage q with 1 $ q $ d~c. In the sequel we do not indicate this stage 

explicitly. The induction assumption is that all diagonal elementsof A;,; and Ei,i+I (i= 

1, ... ,1.) are nonzero before starting reducing Ele,le+l· The procedure annihilates all 

elements in row Vfc of the blocks A~c,j (j = k + 1, . .. , f.) and E~c,j (j = k + 2, ... , P.). 
Without loss of generality we only consider the effects of the procedure on the blocks 

of [A(Ic) 11 E(")] in Fig. 3.3.11 consisting of the blocks A;,j and E;,j (i= k,k + 1; j = 
k, k + 1, k + 2). All other blocks of [A{ Ie) 11 E(k)] involved can be treated analogously. 

Furthermore we may assume that matrix A~c+l,le+I is square, i.e., Ji.le+l = vk+l· (See 
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the discussion after Fig. 3.3.11). Thus P,lc 2: v~c > Jl-lc+l = VJc+l = Jl-k+2· We have the 

following propositions P(i) (i = 1, · · ·, J-L~c+ 2 ). 

Proposition P(i) 

The situation for the blocks [A(lc) 11 E(lc)J just before annihilating the i-th element x; 

(i = 1, · · · , J-Llc+2) in row VJc of E~c.lc+ 2 is given in Fig. 3.3.18 below where the diagonal 

elements of the triangular blocks are nonzero. 

E(i-1) 

"" }v~c 

0 }vlc+2 

'-..,.-' '-..,.-' '-..,.-' '-..,.-' '-..,.-' '-..,.-' 

P,lc P.lc+l Jl-k+2 J-Lic P.lc+l P.lc+2 

Fig. 3.3.18: Intermediate situation when reducing Elc,lc+l 

We prove this proposition by induction. By assumption, P(1) is true. 

Next, suppose P(i) is true for some i 2: 1 . Hence, the elements p, a;, e; and t; are all 

nonzero. We start with constructinga row Givens rotation G1 such that G1(x;, e;? = 
(0, e:). Clearly, < i= 0. Now G1 is applied to matrix A. We then have 

(3.3.13) 

and rank (M1 ) = 2 since p and a; are both nonzero. Moreover, p1 and u; are not 

both zero. Otherwise, G1(p,O)T = (O,O)T, but this is impossible since pi= 0. Suppose 

p' = 0. Then 'U; i= 0. Hence, Gl = ± I ~ ~ I since Gl (p, o)T = (p', u;l = (0, u;?. 
Thus G1( x;, e;)T = ±( e;, x;)T which contradiets the construction of G1 since e; i= 0. So 

we can conclude p' i= 0. 

Now a column Givens rotation G2 is constructed such that (p',yi)G 2 = (p",O). Then 
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(3.3.14) 

Clearly, det(MI) = det(M2 ), i.e. pa;= p"ai'· Hence p" "/= 0 and ai'"/= 0. 

Applying G 2 to matrix E gives (0, t;)G2 = ( v;, t:). Suppose t: = O, then G2 must 

he a pure reileetion since G2 is a Givens rotation and t; "/= 0. This would imply that 

(p', y:)G 2 = ±(y:,p'). This contradiets the construction of G2 since p' "/= 0. Thus t: "/= 0. 

So we have proved that the bottorn diagonal elementpof A~c,lc and the diagonal elements 

a;, e; and t; in A~c+1 ,1c+ 1 , E~c+1 ,/c+2 and Elc,lc+1 are all nonzero after the transformations 

G1 and G 2 and that possibly nonzero elements u: and v; have been introduced. In other 

words, P(i+1) is true. We now conclude that all propositions P(i) (i = 1, · · ·, JLk+2) are 

valid. Finally, we note tha t the blocks A;,; (i = 1, ... , k- 1) and Ei,i+l (i = 1, ... , k- 2) 
are not affected. In E~c- 1 ,/c only the last colu= may then he changed but this colu= 

is not anymore in E~c- 1 ,/c after the reduction of Ek,k+1 by one row. This completes the 

proof. D 

Remark 3.3.3. Notice that Lemma 3.3.2 proves the statements (i) and (ii) of 

Proposition G(k -1) (see (3.3.12)). Furthermore, at the end of the reduction of Ek,k+l 

matrix Mlc+1 (i.e. matrix M1c before reducing E~c- 1 ,/c) is square and upper triangular by 

construction. In each stage of the reduction process of E~c,lc+ 1 , the transformed bottorn 

diagonal element p 11 of A~c,lc becomes the top left diagonal element of Mfc+1 (see Fig. 

3.3.15). By Lemma 3.3.2 we have p11 "/= 0. Hence, statement (iii) in (3.3.12) is also 

true. Furthermore, the correctness of statement (iv) can easily he verified. 

Now we shall prove the statement (v) in (3.3.12) concerning the dimensions of the 

transformed matrices. To this end, we note that at the end of stage q when reducing 

Ek,k+1 the redefined matrices have a similar structure (but with possibly different 

dimensions) as at the beginning of stage q. Clearly, this is true for all q with 1 :::; q :::; 

d~k+1 • Let us now explicitly indicate the current stage in the dimension notation as 

follows. The colu= and row dimension of E1c,i (and A~c,;) at the end of stage q (q ~ 0) 

when reducing E~c,1c+ 1 are denoted by JL~Ic+ 1 (q) and vllc+1(q), respectively. Furthermore, 

wedefine 

k:::;i:::;f+1, 

(3.3.15) 

v~k ·= v~lc+1 (d~lc+1) 
' • ' Ie ' 

Using this notation, we can rewrite (3.3.11) as 

~lc+1( ) - ~lc+1( 1) 1 JL~c q - JL~c q - - ' 
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Vtlc+l(q) = vr+l(q -1) -1, vl·lc+l(q) = vr+l(q- 1), i=/= k 

'Yic+l(q) = 'Yic+l(q- 1) + 1 

valid for all q with 1 :S q ::; d~lc+l. 

We can now formulate 

Lemma 3.3.3 

(3 .3.16) 

Assuming Proposition G(k) in Theorem 3.3.1, the block dimensions in A and E after 

reducing Elc,lc+l are given by 

vflc = v; (i :S k - 1) , ( k ::; i ::; i) ' 

where 
( 

>i+l "" dr = LJ (v;- Jl.;+I), (k:Si:Si+1). 
j=i 

Furthermore, the order 'Yic of the matrices M1c and N1c (i.e., the matrices M1c+1 and 

N1c+1 after reducing Elc,lc+I) is given by 

( ( 

'Y1c = l: d~i+l = l: (i-k+ 1)(v;- Jl.ï+1). 
i= Ie 

Proof: See Appendix A . 0 

Remark 3.3.4. It is easily seen that all formulas in statement (v) of Propositi0n 

G(k -1) in (3.3.12) except the formula ford~~~ are proven by Lemma 3.3.3. However, 

using some results of Lemma 3.3.3 we find 

d>lc >Ie >Ie ( d>lc+l) k-1 := Vf-1 - Jl.ï; = Vle-I - /-Lic - i; = 
i=lc-1 

This completes the proof of validity of statement (v) in (3.3.11). 

Recalling the Lemmas 3.3.2, 3.3.3 and the Remarks 3.3.3, 3.3.4 we can now conclude 

that the proof of Theorem 3.3.1 is complete. 0 

3.3.3.4 An example illustrating Step i-k+l 

We shall now demonstrate the procedure described in Step i - k + 1 by means of an 

example given in Fig. 3.3.19. We emphasize that in this figure only transformations 

of some of the blocks in Fig. 3.3.10 are indicated. In fact, these transformations are 
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performed on the complete block rows and columns in A and E. Notice that hereby 

the specific zero-structure in the blocks already treated in the previous step(s) is of 

crucial importance in order to maintain this structure after the transformations. 

In Fig. 3.3.19 the rows and columns to be transformed in the next step are shaded. 

Here we adopt the same convention on marking the transformed elements as in Fig. 

3.3.6. Co=ents on the several intermediate steps are given below. We perform the 

following transformations in [A~Ic) 11 E~lc)J (with VJc = 6,/-LJc = 6,/-Lic+l = 4,~-tJc+2 = 2). 

a
3 

x x x x ::·· 

a4 x x x, 
a5 x x : 

a6 x 

a7 

a3 x x x x .· 

a4 x x x ,· 

a5 x x 

a6 x 

a7 

~.k ~,k+l ~,k+2 0 Eit,k+l Eit,k+2 
0 ~+l,k+l ~+l,k+2 0 0 

x x 

y1 :- 0 in A ; extra v1 in E 

step (1) 

" x x 

y 2 :- 0 in A ; extra v
2 

in E 

step (2) 
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x x x x x 
e4 x x x x 

e5 x x x 

e6 x x 

x x 



a3x x x x x 
a4x x x x 

asx x x 
a6x x 

a7 x 

a3x x x x 
a4x x x 

asx x 
a6x 

a7 

a3x x x x 
a4x x x 

asx x 
a6x 

x' 
x' 
x ' 
x' 

x' x' 0 0 0 0 0 v' 1 
x' x' v2 
x' x' x x 0 

x' x' 0 
x' x' 0 

x1 :• 0 in E ; extra u1 in A 

step (3) 

Y3 :• 0 in A ; extra v3 in E 

step (4) 

x' x' x' 0 0 0 0 0 v1 
x' x' x' V' 

2 
x ' x' x' x x v3 
x' x' x' 0 

x2 :• 0 in E ; extra u2 in A 
step (5) 
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e' 3 x' x x x x 

e' 4 x x x x 

es x x x 

e6 x x 
x x 

e' 3 x' x' x x x 

e' 4 x' x x x 

es x x x 

e6 x x 



a3x x x x 
a4x x x 

asx x 
a6x 

a3x x x x 
a4x x x 

as x x 

a6x 

a7 .•• .· .. ·. 

X' 

~t~n· 
:~ 

x 

02 °4 tli Ys Y6 

y4 :~ 0 in A ; extra 

step (6) 

Ys :m 0 in A ; extra 
step (7) 

y6 :• 0 in A ; extra 
step (8) 
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e' 3 x' 

e' 4 

v 4 in E 

x' 
e' 4 

x' 

e' 4 

x' x x 

x' x x 

e' 5 x x 
x x 
x x 

o3 os 
e' 1 x' 

e' 2 

x' x' 
x' x' 
e' 5 x' 

x' x' x' 
x' x' x' 

e' 5 x' x' 

e' 6 x' 

x' 

03 

el 



x' x' x' x' x' x' x' 
x' x' e' 4 x' x' x' X' 

X' x' x' e' 5 X' x' x' 
x' x' e' 6 x' x' 

cyclic row and column permutations and a new partition 
step (9) 

a3x x x x x 0 0 0 0 0 e' 3 x' x' 'x' x' x' V' 1 
a4x x x x e' 4 x' x' x' x' v2 

asx x X' X' x e' 5 x' x' x' V' 3 
a6x x e' 6 x' x' v4 

a7 x x' x' V' 5 
a1 x x x ul e1 x V' 6 

a2 x x u' 2 e2 v7 
01 02 04 06 07 08 as o3 o5 o 

Ak,k Ak,k+l Ak,k+2 x 0 Ek,k+l Ek,k+2 x 

0 Ak+l,k+l Ak+l,k+2 x 0 0 Ek x +l,k+2 

0 •• 0 0 .. 0 0 .. 0 a 0 0 •• 0 0 .. 0 0 

Fig. 3.3.19: Example of eliminat ing one row in Ek,k+l 
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We now comment on the several steps performed above. 

Comments on Fig. 3.3.19 

1. In the first step a column Givens rotation is constructed to annihilate y1 

in A using as as pivot ( calledpin Fig. 3.3.6). After application of this 

transformation we have a~ =/= 0, e~ =/= 0 and VJ. may be nonzero 

(see Lemma 3.3.1). 

2. The second step is analogous to the previous one. Now the element y2 is 

annihilated by a column Givens rotation using a~ as pivot. After transfor

mation of A and E we have as =/= 0, e~ =/= 0 and v2 may be nonzero. 

3. In the third step a row Givens rotation is applied to annihilate x 1 in E using 

e1 as pivot. This results in a~ =/= 0 and e~ =/= 0 and u1 may be nonzero. 

4. In step 4 a column Givens rotation is constructed for annihilating y; using 

a~ as pivot. After step 4 the diagorral elements in A and E are nonzero 

again (see Lemma 3.3.2). 

5.-6. In the steps 5 and 6 row and column Givens rotations are constructed to 

annihilate x; ( using e2 as pivot) and y4 , respectively. 

Analoguously to the steps 3 and 4 it can be proven that the diagonal elements 

in A and E after step 6 are nonzero again. Notice that after step 6 we have 

obtained a zero row in matrix E. 

7.-8. In the steps 7 and 8 column Givens rotations are constructed to annihilate the 

remairring nonzero elements y6 and y6 in matrix A using the nonzero right most 

bottorn element of Ak,k as pivot. By construction this element is nonzero after 

each transformation. Notice that when applying the column rotations to matrix 

E its zero row just created does not change. 

9. In step 9 the column in A used as pivot column in the previous step and the 

corresponding column in E (not only in A,.,k+2 and Ek,k+2 ) are cyclic permuted 

to the right hand side of the matrices A and E, respectively. Hereafter the zero 

row in E and the corresponding row in A are cyclic permuted to the bottorn rows 

of E and A. 

It should be noticed that the upper triangular structure of Ak+l,k+l is not destroyed 
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by row transformations in A due tothefact that the elements which might cause fill-in 

in Alc+l,lc+l are annihilated just before a row transformation which could disturb the 

structure of Alc+l,lc+l (i.e. y~ := 0 before step 5). 

3.3.3.5 Situation after the Steps 1 up to l 

The situation for the pencil >.E1 - A1 after all transformations performed in the Steps 

1 up tol is completely described by Proposition G(O) in Theorem 3.3.1. 

For the sake of brevity we do not repeat all these results here. 

Let us denote the transformed pencil >.E1 - A1 so obtained by )..~ - A1 • In Theorem 

3.3.2 below we present some properties of this pencil concerning its Kronecker structure. 

Before doing this, we first mention a number of results which are used for proving 

Theorem 3.3.2. 

We start with recalling that at the beginning of Step 1 we had )..~ - A1 = P(E.oo -

A_)Q with P and Q unitary matrices. Since all transformations performed in the 

Steps 1 up to l are Givens rotations, we conclude that at the end of Step l we have for 

some unitary matrices P1 and Q1 

(3.3.17) 

Hence, using Theorem 3.3.1 we see that, with some matrix X, 

(3.3.18) 

where >.E.-A. := >.Ê(o)- .A_(o) and ÀE00 - Aoo := >.N1 - M 1 . Clearly, the pencil 

ÀE00 - Aoo is regular since M1 is regular. Matrix Eoo is nilpotent since N 1 is upper 

triangular withall its diagonal elements being zero. Hence, by (2.2.6) we have 

the pencil ÀE00 - Aoo has no finite eigenvalues 
and no Kronecker indices but contains only (3.3.19) 
infinite elementary divisors. 

As stated in Theorem 3.3.1 all blocks A;,; have full row rank and all E;,; are zero. 

Hence, the 'pencil >.E.-A. has full row rank for all).. EC. 

Moreover, E. has full row rank since all blocks Ei,i+l are invertible. 

According to Lemma 2.2.1 we then have 

the pencil >.E.-A. has no finite and no infinite 
eigenvalues and no Kronecker row indices. 
It only contains Kronecker column indices. 

We conclude from (3.3.19) and (3.3.20) that 
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k(A., E.) n k(Aoo,Eoo) = 0. (3.3.21) 

It follows hom (3.3.18), (3.3.21) and Le=a 2.2.2 that 

(3.3.22) 

Thus, the transformations in the Steps 1 up to f separate the Kronecker structure 

of >.E.oc. - A.oo into two disjunct Kronecker structures of >.E. - A. and ÀE00 - A00 , 

respectively. Moreover, the dimensions of the blocks in these two pencils completely 

determine the Kronecker elements. We formulate this by 

Theorem 3.3.2 

After the transformations performed in the Steps 1 up tof we have constructed unitary 

matrices P1 and Q1 such that 

= [ )I.E. - A.\ X ] 
0 ÀE00 - Aoo 

(3.3.23) 

where )I.E.- A.:= ).Ê(o)- _A(o) and ÀE00 - Aoo := ÀN1 - M1 (using the terminology 

of Theorem 3.3.1, see Fig. 3.3.10). 

The pencil )I.E. - A. contains all Kronecker column indices of ÀE.oo - A.OO' 

The difference J.L~1 - vfl of the column and row dimension of a block A;,; in ÀE. - A. 

is equal to the number J.L; - v; of Kronecker blocks L;_1 of size (i - 1) x i, (i = 1, · · · , f). 

The pencil ÀE00 - A00 contains all infinite elementary divisors of ÀE.oo - A.00 • 

The difference d~i+l - d~;i2 of the orders of two consecutive diagonal blocks in ÀE00 -

Aoo is equal to the number v; - J.Li+l of infinite elementary divisors of degree i in 

)..E•oo- A.00 ,(i = 1,···,f). 

Proof: 

By Lemma 3.2.1 and Remark 3.2.1 we know that ÀE.oo - A.oo has J.L; - v; Kronecker 

blocks L;_1 of size (i -1) x i and V;- J.Li+l infinite elementa.ry divisors of degree i where 

i = 1, · · ·, f. By (3.3.19) - (3.3.22) we see that all the Kronecker blocks are in )I.E.- A. 

and all the divisors are in ÀEoo - Aoo . According to Proposition G(O) in Theorem 

3.3.1, the dimensions of the blocks in ÀE.- A. and ÀE00 - A00 are given by 

(3.3.24) 

where 

L 

LJv; - J.Li+l) , (1 ~ i ~ f + 1) . (3.3.25) 
j = i 
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Hence, by simple substitution we find 

(3.3.26) 
d~i+l d~i+2 

' - i+l 

This completes proof. 0 

Remark 3.3.5. As indicated in Chapter 2 each Kronecker block L, has a right 

nullvector p,(>.) of degree E. Since >.E, - A, has IJ-i - l/i Kronecker blocks Li-l (i = 

1, ···,i) the following important geometrie result may be not astounding. 

For each i E {1, ···,i} there exist IJ-i - l/i linearly independent polynomial veetors 

p~i)(>.), ... , p~]_,,.(>.) of degree i- 1 such that for each j E {1, · · ·, p.;- v;} 

p~i\>.) is in the right nullspace of >.E,- A, 

and 

(3.3.27) 

where p)il(>.) is partitioned conformally with >.E,- A. (resulting in i+ 1 components 

of p~i)(>.)). Each component p~:l(>.) with 1 :=:; k :=:; i is a polynomial vector having 

degree i-k and the remaining i+ 1- i componentsof p)il(>.) are zero. 

Furthermore, it can be shown that all the veetors p)il(>.),j = 1,···,1J.i -l/i and i= 

1, ···,i forma minimal polynomial basis for the right nullspace of >.E.-A •. The proof 

of these results can be given by constroding these veetors using the special structure 

and rank properties of >.E, - A.. We shall return to this in the next chapter ( see 

Section 4.6). 

Remark 3.3.6. The pencil >.Eoo - Aoo can also be considered from a geometrie 

point of view. To this end, we note that A00 is regular and Eoo is nilpotent. 

We introduce the matrix N 00 := E00A~1 • We are interested in the index k of nilpo

tency of N 00 and dim Ker( Nf.o) , i ::; k. These integers are completely determined by 

the dimensions of the diagonal blocks in E00 • To be precise, we have 

N 00 has index i of nilpotency, 

and 

(3.3.28) 
i 

dim Ker(N!,) = L d'Ji+l , i::; i. 
i=l 

The reader is referred to Appendix B fora proof of (3.3.28). 
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3.3.3.6 An algorithm for separating >.E,- A, and >.Eoo - A 00 in >.E,00 - A,oo 

Below we present the algorithm that describes the transformations in the Steps 1 up 

to l for separating >.E, - A, and >.Eoo - A 000 

Algorithm 3.3.2. (Separation of >.E,- A, and >.Eoo - A00 in >.E,00 - A,00 ) 

comment Initialization. P and Q are the row and column transformation matrices. 

P :=I; Q :=I; 

comment Start of the reduction process; 

for k = l step -1 until 1 do 

begin comment Reduce E~c,lc+I to a square matrix. 

Pivot position in A is (rA, cA); 

rA := 'E~=l V;j CA := 'E~=l /1-i j 

while Elc,lc+I is nonsquare do 

begin 

for p = k + 1 step 1 until l do 

begin 

comment Annihilate the elements in the last row of the blocks 

E1c,p+1 and A1c,p· Use bottorn diagonal element of A~c,lc as pivot. 

Start with annihilating the first J.l.p - J.~.p+ 1 bottorn row elements of A~c,p; 

for j = 1 step 1 until J.l.p - J.I.P+l do 

begin 

comment cf = column index of element in A to be annihilated. 

Annihilate A(rA,cf) by applying column rotations QcA,c~· 
' Apply the same transformation toE and update Q. 

CA ·- c + J .• A ·- AQ . E ·- EQ . Q ·- QQ . j ·- A ' ·- cA,cf' ·- CA,cf' ·- cA,ct , 
result A(rA,cf) = 0; 

end j-loop; 

comment Annihilate the J.I.P+l bottorn row elements of Ek,P+l and the 

remaining J.l.p+l bottorn row elements of A~c,p by alternately 

applying row and column rotations. Use diagonals of Ep,P+l and 

bottorn diagonal element of A~c,lc as pivots, respectively. 

for j = 1 step 1 until J.~.p+ 1 do 

begin 

comment cf = column index of element in E1c,P+l to be annihilated. 

Annihilate E(r A, cf) by applying row rotations PruB· 
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Apply the same transformations toA and update P; 

cf := L:f;;;11 
JLi + JLp- JLP+l + j ; TE := L:f;;;t1 v; +i ; CE := Ef=t JL; +i ; 

cf :=CE j 

E := P.A .• BE; A:= P.A .• BA; p := P.A .• BP; 

result E(rA.,cf) = 0; 

Annihilate A(rA.,cf) by applying column rota.tions QeA.cf' 

Apply the same transformations toE and update Q ; 

A:= AQCA efi E := EQCA of i Q := QQCA of ; 
t I , J , J 

result A(rA.,cf) = 0; 

end j-loop 

end p-loop; 

comment Annihilate bottorn row of A1c,L+1 ; 

for j = 1 step 1 until JLL+I do 

begin 

comment Annihilate A(rA.,cf) by applying column rota.tions QcA.Cf ' 

Apply the same transformation to E and update Q ; 

cf := 'Ef=l JL; + j; A:= AQeA,efi E := EQeu~i Q := QQeA,e~i 
J J J 

result A(rA.,cf) = 0; 

end j-loop; 

comment Perform cyclic row and column permutations Pc a.nd Qe in A 

such that pivot element A( rA., cA) becomes right most bottorn element 

of current matrix A. Apply the same transformations toE. 

Update P and Q. Reduce A and E by leaving out their bottorn row 

and right most column. Redefine bloclts in new A and E . 

A:= PeAQe; E := PcEQe; P :=PeP; Q := QQc; 

VJc := VJc- 1j JL1c := JLic - 1 

comment End while clause. Now block Elc,lc+l is square; 

end k-loop; 

comment End of Algorithm 3.3.2. 

3.3.3.7 A modified algorithm for separating >.E, - A. and >.Eoo - Aoo 
in >.E.oo - A.oo 

A minor disadvantage of Algorithm 3.3.2 is the presence of cyclic row and column 

permuta.tions. However, the procedure can be modified such that these permuta.tions 

ca.n be avoided without any e:r:tra computational effort. To this end, we determine 
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Givens rota ti ons identically as above but when applying them to a pair of rows ( or 

columns) all elements involved are interchanged simultaneously. 

Thus, when annihilating the component x of the vector (x, y)T by Givens rotations, 

we now determine c and s such that c2 + s2 = 1 and 

I : ~s 11 ~ I I ~~ I instead of I : ~s 11 ~ I = I ~~ I 
(3.3.29) 

Clearly, both transformations require the same number of operations. Notice that now 

in each step Givens rotations are performed on a pair of .mcce33ive rows or columns. 

This feature may speed up the implementation of the procedure in a computer program. 

The algorithm descrihing the transformations just mentioned is given below. 

Algorithm 3.3.3 (Modified Algorithm 3.3.2 ). 

comment Initialization; 

P :=l; Q:=l; 

comment Start of the reduction process; 

for k = l step -1 until 1 do 

begin comment Reduce Elc,lc+I to square matrix; 

while Elc,lc+I is non-square do 

begin 

for p = k + 1 step 1 until l do 

begin 

comment Annihilate the elements originally present in the last row of 

the blocks E1c,P+I and A1c,p· Use original bottorn diagonal element of A~c,lc 

as pivot. Starting position of pivot in A is (rA, cA); 

TA = ~r;;;; 1/;j CA = ~r;;;; P,i j 

for j = 1 step until P,p - Jl-J>+1 do 

begin 

comment cf = current column index of pivot in A. Annihilate 

A(rA,cf) by applying column rotations Q;.. ,c.A+I also interchanging 
1 1 

the elements. Apply the same transformation toE and update Q; 

cf =CA+ j -1; 

A:= AQd.,c~+1 ; E := EQd.,c.A+Ii Q := QQ;._ «'+1 ; 
JJ '' ,,, 

result A(rA,cf) = 0; 

end j -loop; 

comment Annihilate the remaining elements originally present in the last 

row of Elc,J>+l and A1c,p by alternately applying row and column rotations 

also interchanging the elements. Use diagonal elements of Ep,J>+I and 
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original bottorn diagorral elements of A~c,lc as pivots, respectively. 

Starting positions of pivots in A and E are (TA, cA) and (TE,cE); 

TE= TA+ 1;cE = 1 + :L:f=1 J.L;jCA = Lk1 J.L;- Jl.P+1 ; 
for j = 1 step 1 until f-LP+1 do 

begin 

comment (Tf,cf) = current position of pivot in E. Annihilate 

E(TE,cf} by applying row rotations P;l!J,rl!J-1 also interchanging 
J J 

the elements. Apply the same transformation toA and update P; 

Tf = TE+ j - 1; cf = CE+ j - 1; cf = CA+ j - 1; 

E := P;l!Jr1{1-1E; A:= P;l{l,r1{1-1A; p := pr•1!1,ri!-1P; 
,., JJ JJ 

result E(TE,cf) = 0; 

comment A nnihila te A( Tf, cf) by applying column rota ti ons Q;~ ,c-:'+1 
J J 

also interchanging the elements. Apply the same transformation to E 

and update Q; 

A:= AQ~,c~+l; E := EQ;,.,~+1 ; 
J :..J J J 

result A(TI!I c~) = 0 · 
J , J ' 

end j-loop 

end p-loop; 

comment Annihilate the elements originally present in the last row of A~c,L+1 

TA = Lk1 v;; CA = L~=1 J.Li ; 

for j = 1 step 1 until J.Ll+1 do 

begin 

comment Annihilate A(TA,cf) by applying column rotations Q;~,c~+l 
J ) 

also interchanging the elements. Apply the same transformation toE 

and update Q; 

cf =CA+ j - 1; 

A := AQ;,.,c-:'+1; E := EQ~,c-:t+1 ; Q := QQ;,.,c-:t+1; 
J J J J ' J 

result A(TA,cf) = 0; 

end j-loop; 

comment Reduce A and E by leaving out their last row and 

right most column. Redefine blocks in new A and E; 

Vk = Vk - 1; P,lc = J.Lk - 1; 

comment End while clause. Now block E~c,lc+1 is square; 

end k-loop; 

comment End of Algorithm 3.3.3. 
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3.4 Numerical aspects 

In this subsection we look at the numerical aspects of the algorithms developed earlier 

in this section. We give an operation count of the various algorithms, and we discuss 

the numerical stability of these algorithms. 

3.4.1 Operation count for Algorithm 3.2.1 

A Givens transformation acting on a pair of veetors ha ving q elements requires 4q flops 

(neglecting lower order terms, see [WIL65]). Using this, we obtain the following oper

ation count for Algorithm 3.2.1. With respect to Step 0 of Algorithm 3.2.1 (reduction 

to echelon form) we refer to Remark 2.3.3 of the preliminaries. Let us now consider 

Step j (j;:::: 1) in more detail. Here we have 

A;= [ A-· J,J -n;- Pi 

A;,;+I ] } m; , E; = [ -Pi 

0 -n;- Pi 

(3.4.1) 

Matrix A;,; is compressed to full row rank v; while keeping E; in echelon form by 

Algorithm 3.1.1. In Fig. 3.4.1 the situation for the pair (Ai> E;) just before the k-th 

stage of this algorithm is indicated. 

k-1 

Fig. 3.4.1: At the start of stage k in Algorithm 3.1.1. 

In the k-th stage we perform Givens rota ti ons on m;- k pairs of rows oflength n; - k + 1 

in A and oflength at most Pi in E . This results in at most 4( mj-k )( nj-k+1+Pi ) flops . 

Furthermore, there are at most Pi - 1 column Givens rotations needed for restoring 

E~k) to echelon form. It should be noted that these column transformations are carried 

out on the whole matrices E and A. For the column transformations in E and A we 

needat most 
P;-1 

4L (m-l+1) and 4(pj-1)m (3.4.2) 
l=l 
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flops, respectively. With v; =rank (A;,;), the algorithm takes v; stages for transforming 

(A;, E;). Thus, the overall number!; of flops needed for transformation of (A;, E;) is 

less than 

v; p;-1 

!; = 4 L { ( m; - k )( n; - k + 1 + Pi) + L ( m - l + 1) + m(p; - 1)} . (3.4.3) 
lc=l 

We now have (using m;.::::; m, n;.::::; n, Pi.::::; n;.::::; n) 

v; 

f;.::::; 4 L {2m;n; + 2m(p;- 1)}.::::; 16 v; mn. (3.4.4) 
lc=l 

So, the reduction of an m x n pencil >.E- A to the form (3.2.9) using Algorithm 3.2.1 

takes at most 

Lh.::::; 16mn:Ev; = 16m.00mn 
j 

(3.4.5) 

flops, where m.oo is the number of rows of the subpencil >.E.oo - A.oo which was "de

flated" by this algorithm. 

3.4.2 Operation count for Algorithm 3.3.1 

Consider step i of this algorithm in more detail. We first assume that Givens rota

tions are used. In this step A;,; is reduced to upper triangular form using the QR

decomposition. At the beginning of the k-th stage in the reduction of A;,; we have the 

following situation for the blocks A;,; and E;,; (j = 1, ... , i) : 

~k! 
,1 

E(k) 
1,i 

6 i-1 x x 

A(k) E(k) 
i - 1,i i-1,i 

(3.4.6) 
"ck+1 I 

\), A~k! E~k! 
k-1 f 

0 1 1,1 1,1 

J.li J.l· 1 Pck+1 k-1 J.li 
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where s;_1 = L:~:~ Vj • In A~~) we now perform rotations on p.;- k pairs of columns of 

length v;- k + 1. The column transformations needed for reducing A;,; arealso applied 

to the blocks Aj,i and Ej,i (j = 1, ···,i - 1). Therefore, reduction of A;,; plus updating 

the blocks in A and E requires 
v; 

f1(i) = 4 {2: (p.;- k)(v;- k + 1 + 2s;_1)} 
k=1 

Vi v; 

< 4 {2: p.;(v; + 2s;-1)} :5 4 {2: 2n.00m.oo} :5 8 v;n.oom•oo (3.4.7) 
k=1 k=1 

flops, where m.oo and n.oo are the dimensions of the pencil >.E- A(:= >.E.oo- A.00 ). 

The transformed matrix E;_1 ,; ( which has still full column rank) is then reduced by 

row transformations using a QR-decomposition. We have the following situation for 

the blocks E;_1,j and A;-1,3 (j = 1, ... , l) : 

(3.4.8) 

} k-1 
0 x x x 0 0 x 

} vck+1 

k-1 

J./1 J.li-1 J.li J.ll J./1 J.li-1 J.li J.ll 

t. 
l 

where t; = L:~=i Jl.i · Here the blocks A;_1,j (j < i- 1) and E;_1,j (j :5 i- 1) are 

zero. The row transformations needed for the reduction of E;_1 ,; are also applied to 

the blocks E;_1 ,j (j = i, . .. , l) and A;_1,j (j = i - 1, ... , i), which requires 
!-'; 

f 2(i) = 4{2:(vi-1- k)(p.;- k + 1 + t;+l + t;_1 )} 

k=1 
!-'; 

:5 4{ 2: 2m.00 n.oo} = 8 J1.i m.oo n.oo 
k=1 

(3.4.9) 

flops (since v;_1 :5 m.00 , p.; :5 n.00 , t;+l :5 n.00 ). Algorithm 3.3.1 thus requires less 

than 
L L 

2:{J1(i) + f2(i)} :5 8 m.oon•oo 2: {v; + p.;} = 8(m.oo + n.oo)m.oon•oo (3.4.10) 
i= I i=l 

flops. It is obvious that this is a very generous upperbound. If instead of Givens 

transformations one would have used Householder transformations, the operation count 

should be divided by 2. 
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3.4.3 Operation count for Algorithm 3.3.2 

Because this algorithm is very involved we prefer here to give an operation count per 

loop in the algorithm. We reeall tha.t the dimension of the pencil to be transformed is 

First, consider the two inner j-loops in the loop (lor p = k + 1 step 1 until i). 

1. loop (lor j = 1 Jtep 1 until J.Lp - J.LP+I): 

The rota ti ons in A and E are applied to columns of length rA ( row index range 

(1:rA]). Hence, the number of flops is less tha.n 

(3.4.11) 

2. loop (lor j = 1 Jtep 1 until J.LP+t): 

For ea.ch j the row tra.nsformations in E and A are applied to the rows rf and 

rf- 1. The corresponding column index ranges in E and A are [cf:n,00 ] and 

[cf:n,00], respectively. Thus with cf = CE+ j - 1 and cf = cA+ j - 1 we find 

that the number of flops is less than 

4( n,00 - c E + 1 - (j - 1)) + 4( n,00 - cA + 1 - (j - 1)) . (3.4.12) 

For each value ofj, column transformations in A and E are applied to the columns 

cf and cf + 1 with row index range (1:rf]. Hence, with rf =rE+ j -1 weneed 

less than 

2 · 4( rE + j - 1) (3.4.13) 

flops. Thus, at the end of this loop we have needed less than ( using 11; ::::; J.Li a.nd 

J.Lp ~ I-LP+1 ~ 1) 

l+1 l+1 p-1 
= 4J.Lp-+1 { :E J.Li + :E J.L; + J.Lp-+1 + 3 + 2 :E 11;} 

i=P+l i=P+l i=l 

Hl p-1 
::::: sJ.Lp+i { :E J.Li + :E J.L;} + 4J.LP+i(J.LP+l + 3) 

i=P+1 i=! 

= 8J.LP+!(n,00 - J.Lp) + 4J.LP+1(J.LP+l + 3) 

::::; 8J.LP+ln<oo + 12J.LP+l- 4J.L!.t-1 ::::; 8J.LP+1(n,00 + 1). (3.4.14) 

Consequently, after the p-loop we find using (3.4.11), (3.4.14) and m,00 2: 1 

l 

JP::::; L {8(J.Lp - J.Lp-+l)m,oo + 8J.Lp-+!(n,00 + 1)} 
p=lc+! 
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l 

:::; 8 I: { m.oof.Lp + n.oof.Lp+l} . 
p=k+l 

3. loop (lor j = 1 Jtep 1 until f.LL+l): 

(3.4.15) 

Here for each j, column transformations forA and E are applied to the columns 

cf and cf + 1 with row index range [1:r A]· Hence, for this j-loop we need less 

than 

(3.4.16) 

flops. Combining (3.4.15) and (3.4.16) we find that eliminating one row in Ek,k+l 

requires 

flops. 

l 

fp +!;:::; 8 I: {m.oof.Lp + n<oof.Lp+l} + 8m<oof.Ll+l 
p=k+l 

l+l l+l 

= 8m.oo 2: f.Lp + 8n.oo 2: J.Lp :S 8n.oo ( m.oo + n.oo) 
p=k+l p=k+2 

4. loop (lork = f. Jtep -1 until1 ): 

(3.4.17) 

The reduction of Ek,k+l toa square matrix (i.e. the while-loop) consistsof elim

inating v1c - f.Lk+l rows. Using (3.4.17) we thus need less than 

flops. 

Finally, we conclude that the operation count for the whole algorithm is 

l 

2:{8(v~e- f.Lk+l)n.oo(m.oo + n.oo)} :S 8(m~oon<oo + m.oon~00 ). 
lc=l 

3.4.4 Numerical stability 

(3.4.18) 

(3.4.19) 

An important property of Algorithm 3.2.1 is its backward stability. For the transfor

mations performed in Step j the following result can be proved (see [WIL65]). In the 

presence of rounding errors, we have for the computed matrices in Step j 

(3.4.20) 

where P; and Q; are still unitary. Let [A; I E;] be the matrix pair at start of Step 

j and let PJ and Qj be the computed transformation matrices in Step j. If € is the 

machine precision of the computer and a threshold 6 of the order of € is used, then 

11 [A; 1 E;]- [Ä; 1 Ë;]IIF:S n1.; 6 11 [A; 1 E;]IIF, 
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(3.4.21) 

where Il1 ,;, Il2,; and Il3,; are polynomial expressions in the dimensions of the cor

responding matrices. Let >.E' - A' be the computed pencil obtained at the end of 

Algorithm 3.2.1. The final computed matrices P' and Q' are the product of computed 

Givens rotation matrices. With respect to the accumulation of rounding errors in 

>.E'- A', P' and Q' we can say that there exist a pencil >..Ê- A and unitary matrices 

P and Q such that 

and (3.4.22) 

where Il1 , Il2 and Il3 are constants depending on the dimensions of the corresponding 

matrices. In other words, the computed transformation matrices P' and Q' are nearly 

unitary and the computed pencil >.E'-A' can beseen as the exact result when applying 

the algorithm toa slightly perturbed pencil >..Ê- A (see also Section 2.3). 

Let us now discuss the numerical stability of the Algorithms 3.3.1-3.3.3. It is clear 

that the same type of unitary transformations are used as in Algorithm 3.2.1. There

fore, using the same arguments it is clear that Algorithms 3.3.1 , 3.3.2 and 3.3.3 are 

numerically backward stable as well. 
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Chapter 4 

Applications of the generalized 
Schur form to systems and control 
theory 

4.1 Introduetion 

In the next sections we shall describe how the algorithms developed in the previous 

chapter can be incorporated in reliable and efficient methods to solve a number of 

problems arising in systems and control theory. The problems to be considered can 

be split into two classes. The first one consists of subjects related to a so-called 

generalized state-space model (GSSM) having the form 

y 

AmnZ + BmpU 

Crn z + D,Pu ( 4.1.1) 

where E, A, B, C and D are constant real matrices with dimensions indicated by the 

subscripts. Here z, u and y are veetors of appropiate dimensions. The parameter >. 
denotes the differential operator or the delay operator. 

Topics related to a GSSM include the computation of controllability, observ

ability, zeros and the deadheat problem. Here we only treat the first and last 

topic. 

Topics belonging to the second class deal with polynomial matrices. Among them 

we mention the embedding of a polynomial matrix into a unimodular one, the 

inversion of a unirnodular matrix and the construction of a minimal polynomial 

basis of the nuli-space of a polynomial matrix. 

At a first glance, there seems to be little conneetion behveen these topics. However, 

we shall show that a unifying approach to them is possible. It consists of formulating 

the original problem to one in which certain rank properties of an appropriately chosen 
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pencil >..E - A have to he determined. Hereby, the computation of the Kronecker 

structure of >..E- A using the algorithms of the previous chapter turns out to he an 

important step in solving the newly formulated problem. 

In each section we start with the problem description and present a short review 

of relevant result available in literature. Then we describe how the problem can he 

related to a pencil ÀE - A . Finally, we indicate how the algorithms of Chapter 3 can 

he used for solving them. 

4.2 Computing controllability of a generalized state
space model 

Here we present a new algorithm for determining controllability of a GSSM having the 

form 

y 

where all matrices are real. 

A..nx + Bnm U 

Cpnx (4.2.1) 

We assume that the corresponding pencil ÀE- A is regular. We shall show that in fact 

the algorithm to he presented is nothing but Algorithm 3.2.1 applied to the pencil 

>..[0 IE] - [-B I A]. However, before going into details some remarks on the notion of 

controllability ought to he made. The reason is that definitions of controllability of a 

GSSM may vary in literature (see for example [ROS70], [PAI81], [VAN81], [VER81], 

[YIP81], [COB84]). They depend on the context in which they are used. The reader 

is referred to [COB84] for an extensive treatment of various definitions and their rela

tionships. Here we shall only mention a few of them. It will then he clear from these 

results that the variety of the definitions can he dealt with by essentially the same 

algorithms. 

We :first give a short introduetion to the notion of controllability of a GSSM having 

the form ( 4.2.1). 

If E is invertible, then by premultiplication with E-1 the GSSM ( 4.2.1) can he trans

formed into the 6tandard state-space model of the form 

y Cx ( 4.2.2) 

For such a system a number of widely used mathematically equivalent results on con

trollability exists (see [PAI81]). For example, we have 
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The pair (E-1 A, E-1 B) is called controllable iff 

rank (E-1 B, >.I- E-1 A) = n for all .À EC 

or, equivalently 

rank ( B, .XE - A) = n for all .À E C . ( 4.2.3) 

Clearly, this condition may be satisfied even in the case that E is singular. This fact 

has inspired a number of authors (see [COB84]) to introduce the notion of controlla

bility by defing a GSSM to be controllable iff condition ( 4.2.3) holds. Furthermore, 

extensions to this definition have been made to include the case .À = oo (see [ROS70], 

[VER81],[YIP81], [COB84]). However, we shall notreeall these definitions in full detail 

here. Instead, we only mention a few results stated by Cobb [COB84]. First, it is im

portant to note that the definitions proposed by Rosenbrock, Yip et al., and Verghese 

et al. are related to two subproblems in which the GSSM ( 4.2.1) can be decomposed 

using Kronecker's canonical form of .XE- A. To be more explicit, for the regular pencil 

.XE - A associated with ( 4.2.1) there e.Jcist nonsingular constant (independent of .À ) 

matrices P and Q such that 

P(.XE- A)Q = diag {U- All .XA2 - I} 

where A 1 is in Jordan canonical form and A2 is nilpotent with index q. 

Then the GSSM 

(8) .XPEQ.Q-1z = PAQ.Q- 1z + PBu 

y = CQ.Q- 1z 

can be decomposed into the two subsystems 

(BI) .À z 1 = A1z 1 + B1u 

Y1 = C1z1 

and 

( 82) .À A2z2 = z2 + B2u 

Y2 = C2z2 

( 4.2.4) 

( 4.2.5) 

( 4.2.6) 

Before summarizing the most important results given in [COB84] we have to introduce 

some notation and definitions. 
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Let r := deg det( ÀE - A). Furthermore, let sl := Q{ [ xo1 
] I XI E Rr} and s2 .

Q{ [ ~2 ] I X2 E Rn-r} he subspaces of Rn. Then sl EB s2 = Rn. 

As Cobb has shown, the following definition of controllability introduced by Yip et al. 

is suitable for relating other definitions to each other. 

Definition 4.2.1 

Let q be the index of nilpotency of matrix A2 in ( 4.2.6). Let G; he the space of i times 

continuously differentiable functions f : Rm --. R. 

The GSSM () in ( 4.2.5) is controllable if for every T > o, xo. E sl and w E Rn there 

exists u E cq-l such that x( r) = w. 

Furthermore, we introduce the subspaces 

r-1 q-1 

R1 := L Im(A~BI), R2 := L Im(A;B2), R := R1 EB R2. ( 4.2.7) 
i=O i=O 

(Here r= dim S1 and Ris called the controllable subspace). 

The following results illustrate the relations between some definitions of controllability 

(see [YIP81],[COB84] Theorems 1, 4 and 5). 

Theorem 4.2.1 

1. Let T > o, xo. E s1 and w E R n. There exist u E cq-1 such that x( T) = w iff 

wER. 

2. 81 is controllable iff Im(ÀE- A) + I mB = Rn for every À E C. 

3. The following statements are equivalent. 

a) 82 is controllable i 

h) R2 = S2 i 

c) Im A2 + lm B2 = S2 i 

d) Im E + Im B = Rn. 

4. The following statements are equivalent. 

a) () is controllable i 

b) 81 and 82 are both controllable i 

c) R=Rn. 
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Notice that the equation in statement 2. is equivalent totherank condition (4.2.3). 

Furthermore, statement 3d) is equivalent to the rank condition 

rank (E,B) = n. ( 4.2.8) 

This rank condition can also be obtained from rank condition ( 4.2.3) by substituting 

À = 1/ J.L and then letting J.L -+ 0 (i.e., À -+ oo ). Some authors including Rosenbrock 

[ROS70] have used this fact when defining controllability at infinity. However, other 

definitions of controllability at oo have been proposed, for example by Verghese et 

al. [VER81]. In order to relate them, Cobb has introduced the notion of impulse 

controllability. This concept is based on solutions of 02 in distributional sense. Here 

we only present the following theorem (see [COB84] Theorem 4). 

Theorem 4.2.2 

The following statements are equivalent. 

1. (} is impulse controllable ; 

2. 02 is impulse controllable ; 

We are now in the position to interpret some of t he definitions given by Rosenbrock 

[ROS70] and Verghese et al. [VER81]. We have 

Theorem 4.2.3 

1. (} is controllable at infinity in the sense of Rosenbrock iff 02 is controllable ; 

2. (} is controllable in the sense of Rosenbrock iff (} is controllable ; 

3. (} is controllable at infinity in the sense of Verghese iff (} is impulse controllable ; 

4. (} is controllable in the sense of Verghese if 01 is controllable and 02 is impulse 

controlla ble. 

Remark 4.2.1. In Theorem 4.2.3 slight liberties with Rosenbrock's terminology 

have been taken. More correctly, the statements 1. and 2. should begin with "(} has 

no input decoupling zeros" instead of "(} is controllable". 
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We see from the above theorems that several definitions of controllability can be 

handled from a computational point of view whenever the Kronecker canonical form 

of the pencil >.E - A can he determined in a numerically reliable way. 

In the remainder of this section we restriet ourselves to the problem of computing 

controllability of a GSSM based on rank condition ( 4.2.3). We shall descri he an al

gorithm for checking this condition. It is closely related to those presented by Paige 

[PAI81] and Van Dooren [VAN81]. 

We consider the GSSM ( 4.2.1) and assume Eis invertible (in caseEis not invertible 

or is not a priori known to be invertible, see Remark 4.2.2 below). First we note that 

the rank condition ( 4.2.8) is satisfied since E is assumed to be invertible. Furthermore, 

the rank condition ( 4.2.3) can be written as 

rank (>.Eo- Ao) = n for all>. E C ( 4.2.9) 

where 

E0 := [ 0 IE] , Ao := [-BI A] 

Here E0 and A0 have dimensions n X (m + n). 

Now we apply Algorithm 3.2.1 to the pencil >.E0 - A0 • Then after Step 0 matrix E0 

is red u eed to an n x ( m + n) matrix E 1 = [ 0 I Ê]. In general, when starting with 

an arbitrary matrix E the transformed matrix Ê is trapezoidal. However, here Ê is 

an n x n upper triangular matrix since E is regular. Consequently, the zero matrices 

in Eo and E1 are identical. In the next step of the algorithm matrix B is compressed 

to full row rank while Ê is kept in upper triangular form. We then obtain for some 

unitary matrices U0 and V0 

Uo[Ao 11 EoJVo Uo[-B I A 11 0 I Ê]Vo 

(4.2.10) 

The procedure is repeated on thematrices A 2 and E2 and so on. 
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At the end of the algorithm we have constructed unitary matrices U and V = diag{V1 , V2} 

such that >.E0 - A0 has the following structure (for some integer k ~ n and no = m) 

U[Ao 11 Eo]V = U[-B I A 11 0 I Ê]V =[BI Ä 11 0 I Ë] 

with 

A1o An Al2 
0 A21 A22 

B := -UBVl = , Ä := UAV2 = 
0 0 

0 0 0 A~e,~e-1 A"·" 

(4.2.11) 

En El2 

Ë UËV2 
0 E22 

.-
0 

0 0 0 E~e,~e 

where 

Ei,i and Ai, i are ni x ni, i = 1, ... , k, 

Ei,i is upper triangular and nonsingular, i= 1, · · ·, k , 

Ai,i-1 is nix ni-l and has full row rank ni, i= 1, · · ·, k- 1. 

The algorithm has been stopped (see Algorithm 3.2.1) when either 

A~e,le-l has full row rank n~e , ( 4.2.12) 

or 

A~e,le-1 = 0. ( 4.2.13) 

Using (4.2.11) we see that the controllability condition (4.2.9) is equivalent to 

rank(B, >.Ë- Ä) = n for all >. E C. ( 4.2.14) 

Clearly, this condition holcis if and only if all matrices A10, · · ·, A~e,le-l in ( 4.2.11) have 

full row rank. Thus, if ( 4.2.12) is true then the GSSM is controllable. 

On the other hand, if we find ( 4.2.13) then the GSSM is not controllable. Indeed, 

in this case condition ( 4.2.14) is not fulfilled for an eigenvalue >. of the generalized 

eigenproblem 

( 4.2.15) 
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Remark 4.2.2. If we have a GSSM ( 4.2.1) where E is not invertible ( or not 

a priori known to be invertible) then we can proceed in an analogous way as above. 

After Step 0 of Algorithm 3.2.1 matrix E0 is now reduced to E 1 = [ 0 I Ê] where Ê is 

trapezoidal and has full column rank. At the end of this algorithm we obtain matrices 

Ë, Á and Ë ha ving the same block structure as in ( 4.2.11 ). The diagorral blocks in 

[Ë, Á] have full row rank. However, the diagorral blocks in Ë need not be invertible, 

but they have full column rank. Consequently, the controllability condition ( 4.2.14) 

can also easily be checked just as in the case with E being invertible. 

Remark 4.2.3. As stated before, the procedure described above is similar to 

that in [PAI81]. In both situations unitary transformations are used and the matri

ces in the intermediate steps of both procedures have the same rank properties and 

forms. Moreover, the algorithms used in both cases are numerically stable. However, 

in [PAI81] the author does not indicate that the upper triangular form of thematrices 

E;,; in the successive steps of his algorithm is maintained, in contrast to the situation 

in our algorithm. Although no operation count is presented in [PAI81] we feel that our 

algorithm is more efficient than that by Paige. For example, application of our and 

Paige's algorithm to [BI >.E- A]= Ln (where Bis n x 1 and Ln is a Kronecker block 

of size n x (n + 1)) requires O(n4
) and O(n3) operations, respectively. 

Remark 4.2.4. In [VAN81] Van Dooren has defined the controllable subspace 

C(E,A,B) of the state-space X of the GSSM (4.2.1) by 

C(E,A,B) := inf{S I dim(ES+AS) = dim(S); 

Im(B) c ES+ AS} . ( 4.2.16) 

The algorithm presented in [VAN81] for computing this subspace is completely analo

gous to the one above. Hence, we can also determine C(E, A, B) by our algorithm. In 

more detail, let c =rank (Ë) =rank (A10) in (4.2.11). Then we have (see [VAN81]) 

C(E, A, B) = Im [ IQc ] 

where Ie denotes the c x c identity matrix. 

4.3 Deadheat control for a generalized state-space 
model 

The aim of this section is to present a method for solving the following problem. 
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Let A and E he square n x n matrices and B an n x m matrix . 

Findan m x n matrix F such that the pencil :>..E- (A+ BF) 

has n eigenvalues at )., = 0 . 

(4.3.1) 

This prohlem is called a generalized deadheat prohlem since it can he interpreted 

as the deadheat prohlem of a generalized states-space model. This is motivated helow. 

We note that if ( 4.3.1) has a salution F then this implies that E is regular hecause 

eigenvalues at infinity and Kronecker indices are not allowed. We assume that the pair 

(E-1 A, E-1 B) is controllahle ( see Section 4.2, condition ( 4.2.3) ). 

Let us now motivate the term generalized deadheat prohlem. 

Suppose Fis a salution to (4.3.1). Then it is clear that E-1(A + BF) is nilpotent, 

say with index k of nilpotency. Consicier the following generalized (discrete-time) 

state-space model 

Yi 

Az; + Eu;, i ~ 0 and z 0 given , 

Cz; ( 4.3.2) 

where A, B and E as in ( 4.3.1) and C Îs a p x n matrix. Suhstituting the controllaw 

u; = Fz1 we ohtain 

Yi 

(A + BF)z;, i~ 0 and z 0 given, 

Cz;. 

Hence, it follows that all z; ( and so all y1) are zero for i ~ k. 

In other words, the y; (i ~ k) are "heaten to death" hy the controllaw u;. 

( 4.3.3) 

Befare presenting a methad for solving the prohlem ( 4.3.1) we note that our ap

proach is a generalization of the methad given hy Van Dooren [VAN84]. It turns out 

that many of the results in [VAN84] arealso applicahle in our situation. Therefore, we 

here adopt the notations used in [VAN84] as much as possihle. 

We note that prohlem ( 4.3.1) is equivalent to the following prohlem. 

Given thematrices A,B and E as in (4.3.1). 

Let Q and U he regular matrices. Find a matrix F such that ( 4.3.4) 

the eigenvalues of the pencil Q(:>..E- (A+ BF))U are all at).,= 0 . 

lnstead of solving ( 4.3.1) we solve prohlem ( 4.3.4) hy constructing unitary matrices Q 
and U and a matrix F using a recursive algorithm such that Q(:>..E - (A + BF))U is 

a regular hlock upper triangular matrix, i.e., 
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__ [ >.E
0
1 

Q(>.E- (A+ BF))U 

x x 
( 4.3.5) 

where the matrices E; are square and invertible. 

We show that the matrices U and F are the same as those derived in [VAN84] if 

they are applied to (E-1 A, E-1B). As a consequence, we here also find the minimum 

(Frobenius) norm solution F. Let us now describe the method in more details. We 

start with introducing the same pencil >.E0 - A0 as inSection 4.2 where the n x ( m+n) 

matrices E0 and A0 are given by 

Eo = [ 0 I E], Ao = [-B I A] ( 4.3.6) 

By assumption, the pair (E-1 A, E-1 B) is controllable. 

Hence, the pencil >.E0 - A0 has full row rank for all >. E C. As explained in Section 

4.2 we thus can compute unitary matrices V and W = diag{W1 , W2 } such that 

V[Ao 11 Eo] W = [Ë I À 11 0 I Ë] 

with 

Àn Ä12 Äl,J, } r1 

À1o Àz1 Ä22 } Tz 

Ë = -VBW1 = 
0 

À= VAW2 = 0 
0 0 Ä.~c, /c-1 Ä"" } r,. 
0 ......,_, ......,_, ......,_, ......,_, 

r1 Tz Tlc-1 r,. 
( 4.3. 7) 

Ên Ë12 Êu } r1 

0 Ë22 } r2 

Ê= VEW2 = 
0 0 Êu } r,. 

......,_, ......,_, ......,_, 
r1 T2 r,. 
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where 

Ë;,; and Ä;,; are T; X T;, 1 s; i s; k , 

È;,; is upper triangular and invertible , 1 s; i s; k , 

Ä;,;_1 is T; x T;_1 and has full row rankT;, 1 s; i s; k . 

Our aim is to construct unitary matrices Q, Ü and a matrix F such that QËÜ is upper 

triangular and invertible whereas Q(Ä + ËF)Ü has the form 

0 A1,2 A1,k } T1 

0 

Q(Ä + ËF)Ü = Ak-1,k } Tk-1 
( 4.3.8) 

0 } Tk 

..__,..., ..__,..., ..__,..., 

T1 T2 Tk 

The matrices required in ( 4.3.4) are then given by Q = QV and U= w2ü. The 

construction is clone by a recursive algorithm consisting of k steps where k is defined 

in (4.3.7). The starting situation for the algorithm is given in (4.3 .7). We show that 

at the end of each step i (1 s; i s; k) we have 

( F ) I A~ I x I } d; I E~ L ! ·I Q;A+B ;U;= ~ }n-d; ,Q;EU;= ~ 
}d; 
}n- d; ' 

- I m I }d; Q;B - B; } n- d; ' ( 4.3.9) 

where Q; and U; are unitary and d; = L:~=1 Tj. 

The subsystem (A~, B~, E~) in ( 4.3.9) is already "beaten to death", i.e., E~ is an in-

vertible upper triangular matrix and 

B; 
1 0 AL2 AL } T1 

0 

rm1A~l = ( 4.3.10) 

AL,i } Ti-l 

B; 
' 

0 } T; 

The subsystem (A:, B;) is still in staircase form and E; is an invertible upper triangular 

matrix, i.e., 
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0 

0 

A~+l,i+l 
A~+2,i+l 

A~+l,k } T;+l 

A~+2,k } T;+2 

(4.3.11) 

At ~e-l A~." } T~e 

Ei+l ,k }Ti+l 

Ei+2,~e } Ti+2 

Ei," }Tie 

where the blocks B41 and A).;_1 (j = i+ 2, · · ·, k) have full row rank and the blocks 

EL (j = i + 1, · · · , k) are invertible. 

Clearly, the situation at the beginning of step 1 (i.e. at the end of step 0) is indeed 

given by ( 4.3.9) - ( 4.3.11 ). We now describe the i-th step of the algorithm. To this 

end, we assume we have the situation in ( 4.3.9) - ( 4.3.11) with i replaced by i- 1. 

Next we construct a unitary matrix u; that transforms A~-l to upper triangular form 

Ri, i.e., 
R~. 

'·' R~" '• 
}T; 

A:-1 u; = R' = 
Ri_" } Tie ( 4.3.12) 

._,_.." ._,_.." 

T; Tie 

Using the special rank properties of A!-1 it can easily be shown (see [VAN84]) that 

thematrices R~.i with j > i (but not necessarily Rt,) are invertible. Before proceeding 

with the descriptions of the transforrnations we mention the following results of matrix 

(U;)T that will be used later. 

Matrix (U;f has the same upper block Hessenberg form as A~-1 , 



Moreover, (U;f has the following rank properties 

uj,j-1 has full row rank, i+ 1 ~ j ~ k . (4.3.14) 

We proceed by solving the equations 

R~. = -B!-1 X 1 <_ i<_ k . 
'·' ' ' 

( 4.3.15) 

Since Bj-1 has full row rank, this equation has a minimum norm solution Gi given by 

Gi = -(B!-1 )+ R~. ' ,,, 

where (Et-I)+ denotes the Moore-Penrose inverse of Bt-1
• 

Define the feedback matrix F; by 

N ote that F; has dimensions m x Ej=i Ti ( = m x ( n - di-l)). 

Then we have 

0 Ri "+! 
'·' 

Ri~c 
'· 

0 R)+I,i+I R)+l.lc 

(Ai-!+ Bi-l pi) Ui . . . . 
R~~c 0 

'-.,-' '-.,-' '-.,-' 

Ti Ti+! TJc , 

( 4.3.16) 

( 4.3.17) 

} Ti 

} Ti+ I 

}TJc 
( 4.3.18) 

We reeall that the same transformations have to he applied to the matrices A and E 

and so to A~-1 and E;-1 (see ( 4.3.9)). Hence, matrix E;-1 is postmul tiplied by u; since 

A~-l is in (4.3.18). Note that the resulting matrix may have no upper block structure 

anymore. However, we can construct a unitary matrix Q~ such that E; := Q~E;-lu; 

has upper block triangular form, i.e., 

Ei. 
'·' 

E!~c '• }Ti 

E; := Q!E:-1 u; = Ei_~c } TJc (4.3.19) 

'-.,-' '-.,-' 

Ti TJc 

Notice that the E;,j (i ~ j ~ k) are invertible since Q~ and u; are unitary and E;-l 

is invertible. Moreover, the EJ.i (i~ j ~ k) are upper triangular due to the special 

construction of Q~. 
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Since E;-l and E; are upper block triangular and (U;)T is upper block 

Hessenberg, it follows from E;(U;)T = Q~E;-l that Q~ has the same structure as (U;)T. 

Thus, we have 
Qi,i ... Qi,ic-1 Qi,ic }Ti 

Qi+l,i } Ti+ I 

Q! ( 4.3.20) 
Qic,ic-1 Qic,ic }Tic 

'-..,.-' '-..,.-' '-..,.-' 

Ti Tic-1 Tic 

By expressing the blocks Qj,j-l (i + 1 ::::; j ::::; k) explicitly in terms of the blocks in 

E;-l, E; and (U;)T and using ( 4.3.14) and the fact that the diagorral blocks of E;-l 
and E; are invertible (see (4.3.11) and (4.3.19)) we find 

Q;,j-l has full row rank, i+ 1 ::::; j ::::; k . ( 4.3.21) 

We finish the transformations in step i by premultiplying thematrices B;-l and (A~-l + 
B;-1 F;)U; by Q~ (see (4.3.11) and (4.3.18)). This gives 

[Q!B;-l 1 Q!(A!-1 + B;-l F:) u:J ( 4.3.22) 

B! 
' 

0 A! "+1 '•' 
A!ic 

'· 
} T; 

Bf+l 0 A~+1.i+l A:+l,ic } Ti+l 

0 0 A~+2,i+l 

0 0 Ai_ le-I Ai_ic } Tic 

'-..,.-' '-..,.-' '-..,.-' '-..,.-' '-..,.-' 

m Ti Ti+l Tic-1 Tic 

It can readily be verified from (4.3.11), (4.3.18) and (4.3.20) that 

B i Q Bi-l d Ai Q Ri . 2 < . < k i+I = i+l,i i an j,j-1 = j,j-1 j-l,j-u t + _ J _ • ( 4.3.23) 

Since Bf-1 and Q j,j-l (i+ 1 ::::; j ::::; k) have full row rank ( see ( 4.3.11) and ( 4.3.21)) and 

the RL (i+ 1 ::::; j ::::; k) are invertible ( see ( 4.3.12) ), it follows from ( 4.3.23) that 

Bf+l and AL_1 (i + 2 ::::; j ::::; k) have full row rank . ( 4.3.24) 

Inserting the results (4.3.19), (4.3.22) and (4.3.24) in the formulas (4.3.9) - (4.3.11) 

(with i replaced by i -1) we see that at the end of step i the forms (4.3.9)- (4.3.11) 
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are retrieved. It can easily be checked that the n x n transformation matrices U; and 

Q; defined in ( 4.3.9) are given by 

where 

U; .- ui-l Û; 
Q; .- Q;Qi-1 Q; 

i~ 1 

i~ 1 

Uo .- I, 

Qo .- I' 

U·~Q·~. i:= IIDYl' i:=~· t~1. 

( 4.3.25) 

Let us now consider the update of the feedback matrices F;. To this end, we introduce 

the m x nmatrices F; (1:::; i:::; k) by 

F; := [ o 
'-.,_-' 

di-l 

Using (4.3.17) and (4.3.25) we find 

F;Û; = [ o 1 F; u; 1 = [o 1 G;, o, ... , o), 1 :::; i :::; k . 
'-.,_-' 

di-l 

At the end of step i (i~ 1) the feedback matrix F; is then given by 

[G1 , • • • ,G;-1!0, · · · ,O]U; + [0, · · ·O,G;,O, · · · ,0) 

[Gll · · ·, G;_1 , G;,O,· · · ,0) 

where F0 := 0. 

( 4.3.26) 

( 4.3.27) 

( 4.3.28) 

Notice that the last n- d;_1 columns of .F;_1 U;_ 1 are zero. Hence, in ( 4.3.28) we have 

F;-1U;_1Û; = F;_1U;_ 1. Thus, we can rewrite (4.3.28) as 

(4.3.29) 

Here the description of step i ends. 

For completeness, we still have to define Q := Q,., Û := u,. and F := F,. where k 

denotes the total number of steps of the algorithm. As noted after ( 4.3.8) thematrices 

Q and U required in (4.3.4) are then given by Q = QV, U = W2Û with V and W 

defined in ( 4.3. 7) . 

Remark 4.3.1. By carefully comparing the above results and those in [VAN84) 

we see that thematrices U; and F; defined in (4.3.25) and (4.3.28) are the same as the 
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corresponding ones in [VAN84]. Therefore, we also find here the minimum Frobenius 

norm solution F. 

We end this section by summarizing the procedure presented above. 

Algorithm for solving the generalized deadheat problem 

1. Construct the pencil >.E0 - A0 defined in ( 4.3.6) ; 

2. Compute the staircase form of >.E0 - A0 as indicated in ( 4.3. 7) 

(see also (4.3.9)- (4.3.11)); 

3. Perform the following recursive procedure: 

comment Initialization; 

U0 := I,Q0 := I,F0 := O,B~ := B,A~ := A,E~ := E,i := 1; 

while i :5 k do 

determine u; such that A!-1U; = R! (see ( 4.3.12)) ; 

determine G; in ( 4.3.16) by solving ( 4.3.15) ; 

compute E;-1 u; ; 
construct Q! such that Q!E;-1u; is upper triangular (see (4.3.19)) ; 

construct Û;, Q; and determine U;, Q; (see ( 4.3.25)) ; 

compute F;U; using ( 4.3.29) ; 

set E;-1 := Q!E;-1 u; ; 
redefine B;-1 and A!-1 as the matrices obtained by leaving out the first 

r; rows in Q!B;-1 and the first r; rows and first r; columns in 

Q!(A!-1 + B;-1 F;)U;, respectively (see ( 4.3.22)) ; 

i:= i+ 1 

end while-clause; 

Then Q(>.E- (A+ BF))U is the required pencil in (4.3.5). 

4.4 Embedding a polynomial matrix into a unimod
ular one 

In this section we present a method for solving the following embedding problem. 
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Let P(.X) he an m x n polynomial matrix (m < n) which has 
full row rank for all fini te À E C . 
Construct a polynomial matrix Q(.X) such that the matrix ( 4.4.1) 

[ 
P(.X) ] . . dul Q(.X) IS ummo ar. 

(a polynomial matrix A(.X) is called unimodular if det A(.X) is a nonzero constant for 

all À EC). 

This problem plays an important role in a number of applications in systems and 

control theory such as determining the right inverse of P(.X) (see [KAI80]). We shall 

return to this at the end of this section. 

A constructive proof of the existence of a Q(.X) as required in (4.4.1) can easily be 

given using the Smith form of P(.X) (see [KAI80]). Such a construction is based on 

elementary operations on rows or columns in P(.X). It is well known that this is nota 

numerically reliable method. 

Surprisingly, in literature not much attention has been paid to the numerical aspects 

of the problem ( 4.4.1 ). However, an exception should be made for the work by Eising 

[EIS85]. His method is based on the construction of a feedback matrix solving the 

deadheat control problem for a generalized state-space system Exk+1 = Ax1c + Bu~c. 
The starting point hereby is a special pencil .XE - A. In our method we shall use the 

same pencil. However, our results are not based on a control problem. In fact, we 

directly construct a pencil .XÊ - A that is equivalent to Kronecker's canonical form of 

.XE- A. The pencil .XÊ- A has a special form obtained after applying the algorithms of 

the previous chapter. Heraft er .XÊ- A is augmented by a matrix F that is independent 

of À. This matrix F can easily be constructed usin& the special structure of .XÊ - A. 
A matrix Q(.X) as desired in (4.4.1) canthen be expressed explicitly in termsof that 

matrix F and the coefficient matrices of P(.X) . 

Let us not describe our approach in more detail. 

We start with writing P(.X) as 

( 4.4.2) 

where each P; (i = 0, · · · , d) is a real m x n matrix. Here d denotes the degree of P( À). 
Since P(.X) has full row rank for all À E C we have 

P0 = P(O) has full row rank . ( 4.4.3) 

We introduce the dm x dm unimodular matrices C(.X) and D(.X) = c-1 (.X) given by 
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C(.~) := ,D(.À) := 

where all matrices I are m x m. 

I 

-U 

-U I 
( 4.4.4) 

Furthermore, using the coefficient matrices of P(.À) we introduce the dm x {(d-1)m+n} 
pencil .ÀE - A by defining the matrices E and A as 

0 -Pu I 

I -Pu-t 
E·-.- 'A:= ( 4.4.5) 

0 -P2 I 
I -Pt Po 

Then the pencil .ÀE- A is closely related to P(.À). lndeed, by straightforward calcu

lations we find 

-C(.À)(.ÀE-A) = C(.À) 

I 

-U 

where .R;(.À) = .ÀRi+1(.À) + .ÀPi, i= 1, · · ·, d and Ru+I(.À) = 0. 

Moreover, R1 (.À) = P(.À). 

I 

I R2(.À) 

P(.À) 

( 4.4.6) 

We note that the result (4.4.6) is the basis for the construction of a Q(.À). It is easily 

seen that the pencil in (4.4.6) bas full row rank for all .À EC. Since C(.À) is unimodular 

we have 

.ÀE - A bas full row rank for all .À E C . 

Hence, using Lemma 2.2.1 we conclude 

The Kronecker canonical form of .ÀE - A bas no fini te 
eigenvalues and no Kronecker row indices . 

( 4.4. 7) 

( 4.4.8) 

Let us now apply Algorithm 3.2.1 to the pencil .ÀE - A. This algorithm separates the 

blocks .ÀE•oo - A.oo containing the infinite eigenvalues and Kronecker column indices 
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from the block >.E1."- A,." containing the fini te eigenvalues and Kronecker row indices. 

As a consequence of ( 4.4.8) the block >.E1."- A1." is notpresent in )..E- A. Thus, after 

applying Algorithm 3.2.1 to >.E- A we obtain unitary matrices U and V such that for 

some integer k s; dm 

B1 >.Et- At X x 
B2 >.E2- A2 

U(>.E-A)V = >.E.oo-A•oo x ( 4.4.9) 

B~c >.E~c - A~c 

B1c+1 

where the blocks B; (i= 1, · · ·, k+ 1) have full row rank and the blocks E; (i= 1, · · ·, k) 

have full column rank (see Chapter 3, (3.2.9)). 

Notice that the blocks in ( 4.4.9) indicated by X are in fact (linear) functions of>... 

The pencil ( 4.4.9) may he reduced further by applying Algorithm 3.3.1. We assume 

that this has already been done. Consequently, we may assume that the B; and E; are 

upper triangular in ( 4.(9). 

Let the matrices B; (i = 1, · · ·, k + 1) and >.E; - A; (i = 1, · · ·, k) have dimensions 

m; x n; (m; s; n;) and m; x n;+1 , respectively. Corresponding toeach nonsquare B; we 

can now easily find and ( n; - m;) x n; matrix F; such that 

[ ~: ] is invertible and does notdepend on).. . ( 4.4.10) 

Thus, by adding block rows of the type 

[o, ... ,o, F,, x, ... ,x] ( 4.4.11) 

to each corresponding block row 

[0, · · ·, O, B,, >.E; - A;, X,···, X] (4.4.12) 

(i= 1, .. ·,k) and adding [o, ... ,o, F~c+l] to [o, ... ,o, Blc+d the pencil (4.4.9) can he 

embedded into a square upper block triangular matrix having the form 

Ft x ... ... x 
B1 >.Et - At x 

F2 

B2 
( 4.4.13) 

F~c x 
B~c >.E~c-A~c 

F1c+1 
Blc+t 
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Clearly, this matrix of order (d- 1)m +nis unimodular since it has full rank for all 

À EC. 

It should be noticed that the blocks indicated by X in ( 4.4.11) can be chosen arbitrarily, 

even as a polynomial function of À. So the matrix ( 4.4.13) is highly non-unique. 

Let F be the matrix containing all the constructed block rows of the type ( 4.4.11 ), i.e., 

F1 x x 
F2 

F·- ( 4.4.14) 

F~c x 
F1c+1 

Matrix F has dimensions I:f~l (n; - m;) x L::~l n; = (n- m) x {(d -1)m + n}. 

By applying row permutations in ( 4.4.13) we find that 

[ 
U(ÀE- A) V ] . . dul F 1s ummo ar. ( 4.4.15) 

Hence, since matrix C(À) is unimodular and the product of unimodular matrices is 

again unimodular we conclude that 

is unimod ular . ( 4.4.16) 

For convenience, we define the matrix K by FVT and partition K as follows . 

( 4.4.17) 

where K; has dimensions (n- m) x m, i< d and Kd is an (n- m) x n matrix. 

We emphasize that matrix K is independent of À if and only if F is. In the remainder 

of this section we shall assume that all blocks X in ( 4.4.14) are zero. Hence, F and so 

K are independent of À. 

Combining ( 4.4.16), ( 4.4.17) and ( 4.4.6), we thus have 

I 

G(À) = I R2(À) is unimod ular . ( 4.4.18) 

0 P(À) 
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Let us now introduce the unimodular matrixHof order (d- 1)m + n by 

H·-

Then premultiplying G(>.) by H gives 

S(>.) := HG(>.) = 

where 
d-1 

P(>.) 
Q(>.) 

is unimodular 

Q(>.) := Kd- L K; Rd-i+l(>.). 
i=1 

( 4.4.19) 

( 4.4.20) 

( 4.4.21) 

Using the recurrence relation for R;(>.) in (4.4.6) , we can express Q(>.) explicitly in 

terms of the coefficient matrices P; of P(>.) as follows. 

d-1 i-1 

Q(>.) = Kd- L K; L >.i-i Pd-; 
i=1 i=O 
d-1 d-1 

Kd - L >." L K; pd+k-i . 
k=1 i=k 

It is obvious from ( 4.4.20) that 

[ P(>.) ] is unimodular. 
Q(>.) 

( 4.4.22) 

( 4.4.23) 

Thus, we may now conclude that formula ( 4.4.22) is the desired result for ( 4.4.1 ). 

For convenience, we summarize the computational procedure as follows. 

Computational procedure fortheembedding problem ( 4.4.24) 

1. Express P(>.) as a matrix polynomial (see( 4.4.2)) ; 

2. Construct the pencil >.E - A defined by ( 4.4.5) ; 

3. Apply the Algorithms 3.2.1 and 3.3.1 to >.E- A giving ( 4.4.9) with upper trian

gular matrices B; ; 
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4. Construct matrices F; satisfying ( 4.4.10) ; 

5. Compute matrix K given in ( 4.4.17) ; 

6. Determine matrix Q(>.) by (4.4.22). 

Remark 4.4.1. We can also use the following alternative procedure for solving 

the embedding problem. Perform the three first steps as in ( 4.4.24). Apply Algorithm 

3.3.2 to the pencil obtained in ( 4.4.9). Then we have for some unitary matrices P and 

Q 
P(>.E- A)Q = [ >.E.-A. I X ] 

0 >.Eoo- Aoo 
( 4.4.25) 

where >.E.-A. and >.Eoo- Aoo contain the Kronecker column indices and the infinite 

elementary divisors, respectively. The pencil >.Eoo - Aoo is already unimodular since 

Aoo is upper triangular with nonzero diagonal and Eoo is upper triangular with zero 

diagonal. Consequently, we can restriet ourselves to solving the embedding problem 

for >.E. - A •. Since this pencil has a similar structure as >.E.oo - A.oo in ( 4.4.9) we can 

proceed analogously as described above. 

Notice that after step 3 in (4.4.24) (and thus before applying Algorithm 3.3.2) the 

dimensions of the blocks in ( 4.4.25) can be determined. Hence, the choice between the 

two procedures may be based on the amount of operations needed in a specific case. 

Remark 4.4.2. lt is obvious from ( 4.4.22) that Q(>.) has degree at most d- 1 

sineeK was assumed to be independent of>.. Hence, the unimodular matrix in ( 4.4.23) 

has the same degree as the given matrix P(>.). This property may be important in 

some applications, for example when dealing with the inversion of this matrix (see next 

section). 

Remark 4.4.3. It is well known that in general there is no unique solution 

Q(>.) to the problem (4.4.1). Indeed, the method described above does not yield a 

unique solution Q(>.). This is clearly re:flected by the freedom in choosing the block 

rows in (4.4.11). Moreover, this is also true if we restriet ourselves to rows of the 

form [0 · · · 0 F; 0 · · · 0]. Even in this case different solutions Q(>.) can be obtained by 

selecting different matrices F; in ( 4.4.14). 

A possible selection criterion could be the amount of computational effort for deter

mining matrix K in ( 4.4.17). Since the m; x n; matrices B; in ( 4.4.10) are assumed to 

be upper triangular, the ( n;- m;) x n ; matrices F; (i :::; k + 1) might then be chosen as 

F; = [I,OJ (i:::;k+1). ( 4.4.26) 

In that case, the determination of K is trivia!. 
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Remark 4.4.4. Note that Algorithm 3.2.1 is also a suitable tooi for testing 

whether or not an m x n polynomial matrix P(>.) with m < n has full row rank for 

all).. EC. Indeed, construct the pencil )..E - A as in (4.4.5) . We know that P(>.) has 

full row rank for all ).. EC if and only if >.E - A has no finite eigenvalues and no 

Kronecker row indices. Since the Kronecker structure of >.E - A can be determined 

using Algorithm 3.2.1 we can directly check the rank property of P(>.). 

We end this section by presenting an application of the embedding problem de

scribed above. It concerns the determination of a right inverse of a full row rank 

polynomial matrix. For example, this problem arises when solving certain polynomial 

matrix equations in linear system theory (see [KAI80] Chapter 6). 

Computing a right inverse of a full row rank polynomial matrix 

Let P(>.) denote an m x n polynomial matrix (m < n) which has full row rank for all 

).. EC. Our aim is to construct a polynomial matrix R(>.) such that P(>.)R(>.) = Im. 
Matrix R(>.) is then called a right inverse of P(>.). 
We start with constructinga Q(>.) such that 

U(>.) := [ P(>.) ] 
Q(>.) 

is unimodular . ( 4.4.27) 

This is done using the procedure described above. Hereafter wedetermine the inverse 

V ()..) of U ()..) in a numerically reliable way. To this end, we use the method presented 

inSection 4.5. It is well known (see [KAI80] Le=a 6.3-1) that V(>.) is a polynomial 

matrix. We partition V(>.) as V(>.)= [M(>.) IN(>.)] where Mand N have dimensions 

n x mand n x (n-m), respectively. Obviously, we have U(>.)V(>.) = In , or equivalently, 

Hence, 

[ P(>.) ] [M(>.) I N(>.)] = [_!".j___<>_] 
Q(>.) ~ 

P(>.)M(>.) 

Clearly, M(>.) is a right inverse of P(>.). 

4.5 Inversion of a unimodular matrix 

( 4.4.28) 

( 4.4.29) 

In this section we consider the problem of inverting a unimodular matrix from a nu

merical point of view. Throughout this section we denote by P(>.) an n x n polynomial 

matrix of degree d 2: 1 that is assumed to be unimodular, i.e. such that 

det P()..) = a nonzero constant . (4.5.1) 
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The determination of p-1(..X) is an important step in several prohlems dealing with 

polynomial matrices. For example, this inversion prohlem arises when solving certain 

polynomial matrix equations or when determining the right inverse of a full row rank 

matrix (see Section 4.4). The reader who is not familiar with these topics is referred 

to [KAISOJ. 

From an algehraical point of view the computation of P-1(..X) is rather simple. Indeed, 

let Q(..X) = p-1(..X) then we have to solve 

P(..X)Q(..X) = In = the identity matrix. ( 4.5.2) 

Matrix P(..X) can he reduced by elementary row operations (represented by the unimod

ular matrix U(..X)) to a triangular form R(..X), the so-called Hermite form (for details 

see [KAI80], Section 6.3). This means that ( 4.5.2) is converted into 

R(..X)Q(..X) = U(..X) ( 4.5.3) 

with U( ..X) unimodular and R(..X) is upper triangular with constant diagonal. 

This equation can now easily he solved for Q(..X) hy hackward suhstitution. Of course, 

other methods for determining p-1(..X) can he applied including those for inverting 

arhitrary polynomial or rational matrices (see [MUN70J, [EMR74]). However, most of 

these methods are not recommended from a numerical point of view. The main reason 

is that in fact they rely on the Euclidean division algorithm (when reducing to Herrnite 

form) or on formulas which can cause severe loss of accuracy. This has motivated us 

to develop a new algorithm for computing p-1(..X) whose numerical properties are 

expected to he better. Moreover, we shall derive an explicit formula for p-1 (..X) in 

terms of the elements in P(..X). 

Before going into further details we first outline the remainder of this section. We start 

with presenting the new algorithm. To this end, we introduce a pencil ..XE- A that is 

closely related to P(..X). It turns out that the computation of the Kronecker structure 

of ..XE - A is a crucial step for determining p-1(..X). Using the special form of the 

transformed pencil ..XE- A we can explicitly express p-1 (..X) as a matrix polynomial 

whose coeflicient matrices can easily he computed. Finally, the proposed method is 

illustrated hy two numerical examples. 

A new algorithm 

As stated hefore, we denote hy P(..X) an n x n unimodular matrix of degree d ~ 1. We 

can express P( .À) as a matrix polynomial 

( 4.5.4) 
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where the matrices P;, (i = 0, · · · , d) are real matrices, independent of .À. 

Clearly Pd -:f. 0 since P(>.) has degree d ~ 1. Moreover, Pd is Jingular since otherwise 

pd-l P(>.) = G(>.) with G(.X) = >.dJ+ I:f~~ pd-l P;>.i. Hence, det P(.X)/det Pd = det 

G(>.). This would contradiet the fact that det P(>.) and det Pd are both nonzero 

constants, independent of>., whereas det G(>.) = O(>.d) as .À-+ oo. 

Furthermore, P0 = P(O). Thus, P0 is invertible. 

Define the dn x dn matrices E0 , A0 , C(>.) and D(>.) by 

0 -Pd I 

I -Pd-1 
Eo := 

' 
Ao := 

0 -P2 

I -P1 

I I 

u -U 

C(>.) .- ).2[ 
' 

D(>.) .-

>.d- lJ ).2[ u I 

Here I denotes the n x n identity matrix. 

It should be noted tha.t C(.X) is unimodular and 

c-1 (>.) = D(>.). 

Clearly, matrix Ao is invertible and E0 is singular with 

rank (Eo) = (d- l)n + rank (Pd). 

By simple calculations we can see that 

I 

Po 

I 

( 4.5.5) 

I 

-U I 

( 4.5.6) 

( 4.5. 7) 

T(>.) := -C(>.) (>.Eo- Ao) ( 4.5.8) 
I R 2(>.) 

where R;(>.) = >.Ri+1 (.X) +.XP;, i= l,···,d and Rd+l(>.) = 0. 

Note that R 1(.X) = P(>.). 
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It is easily seen that T( .X) is unimod ular since P( À) is. Hence, the pencil .XEo - Ao is 

unimodular. 

It follows from ( 4.5.8) that 

p-1 (-X) [O,···,O,J] T-1 (-X) [O,···,O,Jf 

-[O,···,O,J] (.XEo-Aot 1 c-1 (-X) [O,···,O,Jf 

-[O,···,O,J] (.XEo-Ao)-1 D(.X) [O,···,O,Jf 

-[O,···,O,J] (.XE0 -Aot1 [O,···,O,Jf. (4.5.9) 

Our aim is now to present a numerically reliable methad for computing p-1 (-X) 
based on expression ( 4.5.9). First we note that the Kronecker canonical form corre

sponding to the pencil .XE0 - A 0 merely consists of the matrix Idn- .XN0 where N0 is 

a nilpotent matrix. lndeed, since .XE0 - Ao is unimodular, it is a regular pencil and 

det (.XE0 - A 0 ) =/= 0 for all À EC. Thus, .XE0 - A0 has no finite eigenvalues and no 

Kronecker indices. 

This means that by applying Algorith.m 3.2.1 to .XE0 - A 0 in order to separate the 

blocks .XE.oo - A.oo and .XE," - At" we have that .XE," -At" = 0. 
(We reeall that .XE.oo -A.oo contains the infinite elementary divisors and Kronecker col

umn indices whereas .XE1"- A1" contains the finite elementary divisors and Kronecker 

row indices). 

Moreover, we have .XE.oo - A.oo = .XE00 - Aoo since there are no Kronecker indices at 

all .. Thus, after applying Algorithm 3.2.1 to .XE0 - A0 there are unitary matrices Q0 

and Zo such that for some integer I. with 2 5 I. 5 dn we have 

-A1,1 .XE1,2 - A1,2 ... x 

-A2,2 

Qo(.XEo- Ao)Zo = ÀEL-l,l - Al-l,l 

-AL,L 

( 4.5.10) 

Here the v; x p,; matrices A;,; (i = 1, · ··,I.) have full row rank v; and the v;_1 x p,; 

matrices E;_1,; (i = 2, ···i) have full column rank p,;. 

Since the pencil in ( 4.5.10) is square we have L: v; = L: p,;. Using this and the fact 

p,1 :2: v1 :2: • · · :2: I'L :2: vl (see Section 3.2) we conclude that p,; = v; (i= 1, ···,I.). In 

other words, all blocks A;,; in ( 4.5.10) are square and invertible. 

By applying Algorith.m 3.3.1 to the pencil ( 4.5.10) we can transform. the blocks A;,; 

and E;- 1 ,; to upper triangular matrices. Thus, we can find unitary matrices Q and Z 
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such that 

>.E- A := Q(>.E0 - A0 )Z = 

0 } "1 

À 

0 } "t 

"1 "t "1 "t 

Here matrix E has zero diagonal blocks E;,; of dimension v; x v; (i= 1, · · ·, l). 

Let us introduce 

(4.5.11) 

N := EA- 1
• ( 4.5.12) 

Then N has exactly the same structure as E. Thus, N is nilpotent. Moreover, it can 

easily be shown that N has index l of nilpotency. 

Consequently, we have 

l-1 

-A-1(1- )..N)-1 = -A-1 L )..iNi. 

i=O 

Combination of (4.5.9), (4.5.11) and (4.5.13) gives 

l-1 

p-1(>.) = L )..ÎM; 

i=O 

where 

M; := UN;V, (i= o, .. ·,l-1) 

and 

U := [0, · · ·, O, I] ZA - 1 
, V := Q [0, · · ·, O, Jf . 

Here U and V have dimensions n x dn and dn x n, respectively. 

( 4.5.13) 

( 4.5 .14) 

(4.5.15) 

( 4.5.16) 

Remark 4.5.1. It follows from ( 4.5.14) that p-1(>.) has a degree ó = l-1 with 

1 ~ ó ~ dn- 1 since 2 ~ l ~ dn in (4.5.10). Of course, this is rather poor result. 

However, there exist unimodular matrices P(>.) such that p-1(>.) has degree 1 and 

there also exist unimodular matrices P(>.) such that p-1(>.) has degree dn-1. lndeed, 

let 
->. 

1 1 ( 4.5.17) 
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Then Pï1 = P2 • Define P(À) = P1(À). We now have d = degree P(À) = 2, degree 

P-1 (À) = 1. When defining P(À) = P2(À) we find n = 3, d = degree P(À) = 1, degree 

P-1 (À) = 2 = dn- 1. 

We now summarize the procedure described above. 

Algorithm for invertinga unimodular matrix 

1. Express P( À) as a matrix polynomial ( see ( 4.5.4)) ; 

2. Construct the pencil ÀE0 - A 0 defined in ( 4.5.5) ; 

3. Apply the Algorithms 3.2.1 and 3.3.1 to ÀE0 - A 0 gjving ( 4.5.11) ; 

4. Determine matrix N defined in ( 4.5.12) ; 

5. Compute thematrices M; in (4.5.15) yielding P-1 (À) . 

Numerical examples 

We now present two numerical examples of the method described above. They were run 

on a VAX-750 computer with relative machine precision EPS = 2-56 ~ 0.14 * 10- 16. 

We reeall that the relevant formulas for computing p-1 (À) are ( 4.5.4), ( 4.5.5), ( 4.5.11), 

( 4.5.12) and ( 4.5.14)-( 4.5.16). For brevity, we only list the nontrivial matrices. The 

formulas ( 4.5.14)-( 4.5.16) were computed using the interactive matrix manipulation 

package MATLAB (MOL80]. 

Example 4.5.1 

1 
P(À) := 

À À2 

1 À 

1 

Here the author found with a= V'i/2, f3 = .J3/3, 'Y = VS/6 (with at least 15 correct 

digjts) 

E-

0 0 0 311 0 0 0 -11 0 0 0 11 
-311 0 

2C< 0 
-1 0 

2y y 
1 0 

1 0 
1 0 

-.. 
0 
0 
0 
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-1 

A= 

+1 
-1 

-1 
-1 

+1 
-1 

+1 
-1 

-1 
+1 

+1 



Q-

6 . 

y • 

6 . • . . 6 . 
Cl •• • Cl •• 

. . -1 . . . 
. . . 1 

y • • -2y . 
. -ex . a 

. . 1 

. -1 . 
a • • -a 

. -1 
. . -1 . 
. 1 . . 

z = 

In this case Nlc =/= 0, k :::; 3, Nlc = O, k > 3 and 

-6 . • -y • 

"' -ex 
-6 -y 

"' "' -6 2 y 
-1 

-1 

• -Cl • • • 

-1 

. . . 1 
• • -1 . 
. 1 

"' 

~. ~· l ' 
M, ~ 0, M, ~IOC" • [ 

0 

Neglecting the term >.3M3 , we indeed find 

0 0 -0.~939] 
0 . 

0 

Example 4.5.2. 

->. 
1 

0 
->. 
1 

In this case it was found (up to 16 correct digits) 

0 - 1 7 0 1 0 -1 0 -3 
-1 0 0 0 1 0 

E= 
1 0 0 

,A = 
1 

1 0 
- 1 
0 

0 -1 7 0 1 0 
-1 0 0 0 

N= 
-1 0 0 

1 0 
1 
0 
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0 -7 0 
0 0 0 
0 0 0 

-1 0 0 
1 0 

-1 



0 0 0 0 0 1 0 0 0 -1 0 0 

0 0 -1 0 0 0 0 0 0 0 0 1 
0 0 0 -1 0 0 ,Z= 0 -1 0 0 0 0 

Q= 1 0 0 0 0 0 -1 0 0 0 0 0 

0 0 0 0 -1 0 0 0 0 0 -1 0 

0 -1 0 0 0 0 0 0 -1 0 0 0 

Moreover, Nlc 1- O, k :::; 5, Nlc = O, k > 5 and 

[ ~3 
-7 

~ l [ ~7 
-1 

~ l [ ~1 
3 

~ l Mo= 1 , M1 = 0 , M2= 0 
0 0 -1 

[ ~ 
7 

~ l [ ~ 
1 

~ l , M, ~ ,.-u , [ ~ -0.3469 0 l 
Ma= 0 , M4= 0 0 0 

0 0 0 0 

Hence, when neglecting the term À5 M 5 ( reeall EPS ~ 0.14 * 10-16
) we indeed find the 

exact formula fortheinverse of P(À), i.e., 

[ 

( -À2 - 7.À - 3) 

p-l(À) = 0 

1 

(À 4 +na+ 3À2
- À- 7) 

1 

4.6 Computing a right nuli-space of a polynomial 
matrix 

4.6.1 Introduetion 

In this section we consider the problem of computing a polynomial basis for the right 

nuli-space of a polynomial matrix P(À). In many applications it is desirabie that the 

degree of each basis vector is as small as possible. Below we show how to compute a 

basis satisfying such a degree property. A number of results and methods presented 

in the two previous sections will he used when solving this problem. In particular, 

the computation of the Kronecker structure of a pencil ÀE- A associated with P(À) 

is essential for solving the nuli-space problem. The pencil ÀE. - A. then found is of 

crucial importance. This pencil contains all right Kronecker indices of ÀE - A. We 

show (see also [FOR75]) that these indices are equal to the degrees of the polynomial 

veetors in a minimal basis for the right nuli-space of P( À). U sing the special structure 

and rank properties of ÀE - A we demonstrate how such a basis can be constructed. 

We start with reviewing some definitions and theorems concerning the notions just 

mentioned. The reader is referred to work by Forney [FOR75], Verghese, Van Dooren 
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and Kailath [VER79] and Kailath [KAI80J for more details. Next we construct a 

minimal basis for the right nullspace of P(À) being a pencil ÀE- A. Hereafter we turn 

to the general problem where P(À) is an arbitrary polynomial matrix. We end this 

section by indicating how the procedures just presented can be applied to a problem 

arising in systems and control theory. This problem deals with the computation of 

coprime matrix fracti<ln descriptions of a transfer matrix. 

4.6.2 Preliminaries 

Let C(À) be the field of rational functions over C. We denote the vector space of all 

n-tuples over C(À) by C"(À). 

A set of veetors { v1 , • • • , v~o} in a vector space over C( À) is said to be linearly inde~ 

pendent over the field C(À) if 

" L a; v; = 0 and a:; E C( À) , 1 ~ i ~ k => a; = 0 , 1 ~ i ~ k . 
i= I 

Otherwise, the { v;} are said to be linearly dependent. 

In particular, polynomial veetors are linearly dependent over C(À) if and only if 

they can be made linearly dependent using only polynomial coefficients. lndeed, if 

2:::7=1 a;v; = 0 then by multiplying this equation by the least common multiple of the 

denominators of the veetors { v;} we find that the { v;} are linearly dependent with 

polynomial coefficients. 

A basis of a vector space V in C"( À) is a set B of linearly independent veetors in V 

such that every vector in V is a linear combination of elements of B. 

A polynomial basisfora vector space over C(À) is a basis consisting of only polyno

mial basis vectors. 

It is easily seen that besides rational bases there also exist polynomial bases for a 

finite-dimensional vector space in C"(À) since we can multiply all veetors v;(À) in a 

rational basis by the least common multiple of the denominators of v;(À ). 

Furthermore, wedefine (see [FOR75]) 

Definition 4.6.1 

The index i ( or degree) of a polynomial vector p( À) is the largest power of À occurring 

in its components. The highest degree vectorpis the constant vector consisting of 

the coefficients of the term À; in the components of p(À). 

Example 4.6.1 

Let p(À) = (2À2
- 3À, À+ 1, À2

- 6)T. The index ( degree) of p(À) is 2 and p = (2, 0, 1)T. 
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Defl.nition 4.6.2 

The indices of a polynomial basis {q1(.\), ... ,qk(.\)} in C"(.\) are the indices of its 

elements q;(.\). The order of a polynomial basis {q1(.\), ... ,qk(.\)} is the sum of the 

indices of its elements q;(.\). 

We have (see [FOR75] or [KAISO] Section 6.5.4) 

Theorem 4.6.1 

1. For each linear subspace of C"(.\) there exists a minimal polynomial basis, 

i.e., a basis whose order is minimaL 

2. The indices ( or degrees) of two minimal polynornial bases for a vector space V are 

equal (up to permutations). 

3. A polynomial basis {q1(.\), ... ,qk(.\)} is minimal iff 

(i) the veetors { q1( .\0 ), ••• , qk(.\0)} are linearly independent over C 

for all À0 E C and 

(ii) the corresponding highest degree veetors { q1 , •• • , qk} are linearly 

independent over C. 

Defl.nition 4.6.3 

0 

The indices of a minimal basis for a vector space V in C"(.\) are called the minimal 

indices of V. 

The corresponding order is called the minimal order of V . 

In the remainder of this section we denote by P(.\) an arbitrary m x n polynomial 

matrix. Wedefine N~(P) := {v(.\) E C"(.\) I P(.\) v(.\) = 0}. 

Clearly, N~(P) is a finite-dimensional vector space over C(.\). We call N~(P) the right 

nullspace of P(.\). Analogously, we define the left nullspace Nt(P) and left null 

veetors of P(.\). 

Definition 4.6.4 

The indices of the nuli-spaces Nt(P) and N~(P) of P(.\) are c;illed the left and right 

minimal indices of P(.\), respectively. 

Remark 4.6.1. Let Q(.\) be the polynomial matrix whose columns are the 

veetors of a polynomial basis {q1(.\), ... ,qk(À)} in C"(.\). Furthermore, let Qh be the 

constant matrix formed by the corresponding highest degree veetors {q1, ... ,qk}· Ma

trix Qh is called the leading column coefficient matrix of P(.\). (A leading row 

coefficient matrix is defined analogously ). 

The conditions (i) and (ii) in statement 3 of Theorem 4.6.1 are sometimes formulated 

as (see for example [KAISO]) 
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1. Matrix Q(.X) is irreducible, i.e., Q(.X) has full column rank for all À EC; 

2. Q(.X) is column reduced, i.e., the leading column coefficient matrix Qh has full 

column rank. 

Remark 4.6.2. Let Q( À) be an n x k polynomial matrix. Then Q( À) is called 

a basis if its column veetors forma basis. 

Let us now consider the problem of constructing a minimal basis for the special 

case where P(.x) is a pencil .XE- A. Then the right minimal indices of P(.X) coincide 

with the right Kronecker indices of P(.X). (see [GAN59], (KAI80] Section 6.5.4). We 

show this result by explicitly constructinga minimal basis for Nr(.XE- A). 

4.6.3 Constructing a minimal basis for Nr(>..E- A) 

Let .XE - A be an arbitrary m x n pencil. 

Compute the generalized Schur form of .XE - A using the algorithms described in 

Chapter 3. Then we have for some unitary matrices U and V 

U( .XE- A)V = [ .XE,- A. i X ] 
0 ÀEoof~ - Aoof~ 

(4.6.1) 

where .XE,-A. contains allright Kronecker indices of .XE-A. The pencil .XE00J17 -Aoof'l 

conta.ins the remaining Kronecker elementsof .XE-A (see Section 3.2, formula (3.2.16)). 

Since ÀEoof~- Aoof~ has full column rank for almost all À EC, we have 

( 4.6.2) 

Hence, if N,(.X) is a minimal polynomial basis for the right null-space of .XE,- A, and 

N(.X) is defined by 

then we have 

N(.X) := V [ N,~.X) ] , 

N(.X) is a minimal polynomial basis for the 

right null-space of .XE - A . 

We now describe how N,(.X) can be constructed. 

114 

( 4.6.3) 

( 4.6.4) 



4.6.4 Constructing a minimal basis for Nr (ÀE€- A€) 

We consider a pencil >.E,- A, of full row rank for all>. E C and where E, has full row 

rank. Then it follows from Lemma 2.2.1 that >.E,- A, only contains Kronecker column 

indices. By applying the Algorithms 3.2.1, 3.3.1 and 3.3.2 to an arbitrary pencil >.E- A 

we obtain a subperreil >.E, - A, with these properties. Moreover, >.E, - A, has then 

the following structure. 

-At,t >.E1,2 - A1,2 ... >.Et,l - At,l 
-A2,2 >.E2,t - A2,l 

>.E,- A, 
-At,t 

(4.6.5) 

where the blocks A;,; have full row rank v; ~ 0 (i = 1 · · ·, l) and the blocks E;- 1,; are 

invertible with rank J.L; ~ 0 (i= 2, · · ·, l). Note that vl = 0 since E, has full row rank. 

We assume l ~ 1. Thus J.Lt ~ v1 = J.L 2 ~ • • • = J.Ll 2: vl = 0. Wedefine J.Ll+t = 0. Note 

that according to Lemma 3.2.1 there are J.L;- v; Kronecker blocks L;_ 1 of size (i- 1) x i 

and v; - J.Li+t infinite elementary divisors of degree i, i = 1, · · ·, l. Since v; = J.Li+J 

(i = 1, · · · , l) we in deed have that >.E, - A, only contains Kronecker column indices. 

Since >.E, - A, has full row rank L:f=t v; for all >. E C we have 

l 

dim N~ (>.E.- A,) = L (J.L;- v;) . ( 4.6 .6) 
i=l 

N otice that dim Ker (A;,;) = J.L; - v;, i = 1, · · · , l. 

Let us now turn to the construction of a minimal basis for N~(>.E,- A,) . 

To this end, we introduce the matrices K;; whose columns form a basis for Ker(A;;), 

1 ::=; i ::=; l. By Aij we denote a right inverse of .A;;, 1 ::=; i ::=; l. We define the block 

upper triangular matrix v.(>.) by 

Vu(>.) V12(>.) ... Vtt( >.) 
V22(>.) Vu(>.) 

V.(>.):= 
Vu(>.) 

( 4.6. 7) 

where the matrices V;;(>.) are specified by 
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j 

V;;( À) = Aii L (ÀE;,.- A,,.) V,.;( À) ' 1 :::; i :::; j- 1, 2 :::; j :::; l. ( 4.6.8) 
k=i+1 

Notice that the V;;(À) can be determined colurnnwise with decreasing row index i = 

j-1,· ··,i. 

Remark 4.6.3. When constructing the matrices V;;(À) we may choose the 

Moore-Penrose inverse At for the matrix Aii in ( 4.6.8). lf the pencil ÀE.- A. in ( 4.6.5) 

has been obtained after applying Algorithms 3.2.1 and 3.3.1 then all the matrices A;; 

are upper triangular. Let A;; = [0 I .R;] with .R.; square and upper triangular. The 

matrix At is now given by At = [ R~r ] which can easily he computed. 

In Theorem 4.6.2 below we show that V.(À) is a minimal ba.sis for ÀE,- A,. 

Thus we may then take N,(À) = V.(À) in (4.6.2). 

First we mention some properties of the matrices V;;( À). 

Lemma 4.6.1 

We have for each j E {l, · · ·, l} 

Proposition P(j) 
The matrix Vi;(À) is a matrix polynomial of degree j- i, 1 :::; i :::; j. 

The leading coefficient matrix lÎ;; of V;;( À) is given by 

j-1 

V.; = II (Aï;,.Ek,k+l) K;; . 
k=i 

This matrix lÎ;; has full column rank. 

Proof: 

Choose j E {1, · · ·, l}. We prove Proposition P(j) by induction on i. 

The assertion in P(j) is true for i= j since V;;( À) ::: K;; · 

( 4.6.9) 

Next, suppose V,.;(À) is a matrix polynomial of degree j- k for all k with i :::; k :::; j. 
A • 1 A 

Moreover, suppose V,.; = n:.:,,. (A;;-nEn,n+l)K;; and V,.; has full column rank for all k 

with i :::; k:::; j. Then we can write V,.;( À) = V,.; Ài-1< + W,.;(À) with W,.;(À) a matrix 

polynomial of degree < j- k. lt is now ea.sily seen that 

j 

Ai-1.1-1 I: (ÀE;-1 ,,.- A,-1,,.) v,.j(À) 
k=i 

( 4.6.10) 

where wi-1,j(À) is a matrix polynomial of degree < j- i+ 1. 
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Thus V;_1,j{.X) is a matrix polynomial of degree i- i+ 1. 

Clearly, its leading coefficient matrix V;_1,; is given by 

j-1 

V.- 1,j = Ai-1,i-1 Ei-1,i V..; = II ( Aï;"Ek,k+1) K;; . 
l=i-1 

(4.6.11) 

Since Ai-1,;_1 , E;_1,; and V.,; have full column rank, we see that V;_1,; has also full 

column rank. Thus, the assertion in P(i) is also true for i - 1. 

This completes the proof. D 

Theorem 4.6.2 

Matrix V.( À) in ( 4.6. 7) is a minimal basis for the right nullspace of the pencil .XE,- A. 

given in ( 4.6.5). 

Proof: 

Since V;;(.X) := K;; and K;; has full column rank JJ-; - v; (1 :5 i :5 l) we see that 

l 

V.( .X) has full column rank L (J.t;- v;) for all À E C . ( 4.6.12) 
i=l 

Furthermore, it can easily be checked that 

(.XE.- A.) V.( .X) 0. ( 4.6.13) 

It f91lows from ( 4.6.6), ( 4.6.12) and ( 4.6.13) that 

V.( .X) is a basis for the right nullspace of .XE,- A •. (4.6.14) 

We now show that V.(.X) is column reduced, i.e., its leading column coefficient matrix 

vh has full column rank. 

Using Lemma 4.6.1 it is easily seen that 

'CI2 
0 

0 Tl ( 4.6.15) 

To avoid notational complexity, we restriet ourselves to the case ( = 3. However, this 

case perfectly illustrates the general situation. 

If e = 3 we have 

AiiE12K22 A}1EuA2"2E2aKaal 
0 0 
0 0 

( 4.6.16) 
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Suppose Vhx = 0 where x = ( xf, xf, xf)T is a vector partitioned conformally with Vh. 

Then we find 

Kux1 + A}1E12K22x2 + A}1E12A;2E23K33X3 = 0. ( 4.6.17) 

Premultiplying this equation by A 11 gives (recall that A11K 11 = 0) 

(4.6.18) 

Hence, since E 12 has full column rank 

( 4.6.19) 

Next, multiplying this equation by A22 and using that A22K 22 = 0, E 23 and K33 have 

full column rank, we find that x3 = 0. Backsubstitution of this result into ( 4.6.19) 

gives K 22x 2 = 0. Hence, x 2 = 0. It follows then from ( 4.6.17) that X1 = 0. Thus, 

x = 0. Consequently, we have 

vh has full column rank. ( 4.6.20) 

It follows from Theorem 4.6.1, ( 4.6.14) and ( 4.6.20) that V,(>.) is a minimal basis for 

the right nullspace of >.E, - A,. D 

Remark 4.6.4. Using Lemma 4.6.1 and formula (4.6.15) for Vh it is easily 

seen that the minimal indices of V,(>.) are the p,1 - v1 integers 0, p,2 - v 2 integers 

1, · · · , IJ-l - Vt integers l - 1. In other words, the minimal indices of >.E. - A. coincide 

withits Kronecker column indices. By choosing N,(>.) = V,(>.) in ( 4.6.2) we have that 

N(>.) has the same minimal indices as V.(>.). We conclude that the right minimal 

indices of an arbitrary pencil coincide with its Kronecker column indices. 

Example 4.6.2 

Consicier the 2 x 5 pencil >.E - A defined by 

>.E - A := [0 0 -1 >. 0]. 
0 -1 0 0 >. 

Clearly, >.E- A has full row rank for all >. EC and E has full row rank. By Lemma 

2.2.1, >.E- A has only Kronecker column indices and no other Kronecker structure 

elements. Furthermore, >.E- A has the form as indicated in ( 4.6.5), i.e., 

>.E- A = __ --:A::-'l:..:.l _ _,_>._E....:l:..:.2-:-,--A-=1:..:.2_1 } vl = 2 
0 -A22 } v2 = 0 

'-v-" 

IJ-l = 3 
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with 

[001] [10] [00] Au = 0 1 0 ' E12 = 0 1 ' A12 = 0 ·o ' A22 = [- -] . 

It follows from Lemma 3.2.1 that >.E - A has p,1 - v1 = 1 Kronecker block Lo of 

dimension 0 x 1 and J.l-2 - v2 = 2 Kronecker blocks L1 of dimension 1 x 2. 

lndeed, by permuting some columns in >.E- A we see that 

The latter pencil clearly displays the blocks L 0 and the two blocks L1 = [>.. - 1]. 

We have dim Ker(A11 ) = 1 and dim Ker (A22 ) = 2. We choose K 11 = (1,0,0)T and 

K22 = 12 • Then 

and 

where A{1 denotes the Moore-Penrose inverse of A11 • 

Hence, 

1 0 0 
0 0 )" 
0 )" 0 
0 1 0 
0 0 1 

[Hl· 

We now turn to the problem of constructing a minimal basis for the right nullspace 

Nr(P(>.)) of an arbitrary m X n polynomial matrix P(>.). 

4.6.5 Computing a minimal basis for Nr(P(>.)) 

We first formulate a lemma ([VER79], Lemma 2) needed below. 

Lemma 4.6.2 

Let X1, X 2 , Y1 and Y2 be complex matrices such that 
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If X 1 and [ i ] have full column rank, then Y2 has also full column rank. D 

Furthermore, weneed a number of matrices related toP(>.) (see also the Sections 4.4 

and 4.5). We start with expressing P(>.) as an m x n matrix polynomial, i.e., 

( 4.6.21) 

Wedefine the dm x dm unimodular matrix C(>.) by 

I 

C(>.) .- ( 4.6.22) 

where all matrices I are m x m unity matrices. Furthermore, we introduce the dm x 

((d- 1)m + n) pencil 

- U >.Pa-1 

.XE- A := - ( 4.6.23) 

I >.P2 

-U .XP1 +Po 

and 

M(>.) := -C(>.)(>.E- A) = 

P(>.) 

(4.6 .24) 

The polynomial matrix P( >.) and its corresponding pencil .XE - A have the following 

important properties. 
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Theorem 4.6.3 

The polynomial matrix P( À) and the associated dm x ( ( d - 1 )m + n) pencil ÀE - A 

defined in ( 4.6.23) have the same right minimal indices. 

Let N(À) be a minimal basis for N~(ÀE- A). Partition N(À) as 

N(À) = I N1(À) I }(d- 1)m 
N2(À) }n 

Then N 2(À) is a minimal basis for N~(P(À)). 

Proof: 

Let N(À) be a minimal polynomial basis for N~(ÀE- A). Clearly, 

(ÀE-A)N(À) = 0 . ( 4.6.25) 

Since C(À) defined in (4.6.22) is unimodular, it follows from (4.6.24) and (4.6.25) that 

Hence, 

N(À) is a minimal polynomial basis for the 

right null-space of M(À). 

M(À) N(À) = 0. 

Let N(À) = [ z:g~] be partitioned conformably with M(À) in (4.6.24). 

It follows from ( 4.6.24) and ( 4.6.27) that 

and 

It is easily seen from ( 4.6.28) that 

N2(À) has full column rank p for all À E C 

and 

rank N(À) = rank N 2(À). 

It follows from ( 4.6.26), ( 4.6.27) and ( 4.6.31) that 

Using ( 4.6.24) we see that 
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Combination of ( 4.6.29), ( 4.6.30), ( 4.6.32) and ( 4.6.33) gives 

N 2(>.) is a basis for the right nuli-space of P(>.). ( 4.6.34) 

We now prove that N 2 (>.) is column reduced. 

Let Lh be the leading row coefficient matrix of >.E- A. Furthermore, we denote the 

leading row coefficient matrix of [I, >.Pa] by [Xa, Ya]. (In case Pa has no zero rows then 

[X a, Ya] = [0, Pa]). 
Then we have 

X a 0 0 Ya 

-I 0 Pa-l 

Lh = -. [Lhl I Lil,] ( 4.6.35) 

-I 0 p2 

-I pl 

where the dm x (d- 1)m matrix Lh
1 

has the following property: 

Lh1 has full column rank . ( 4.6.36) 

Let Nh be the leading column coefficient matrix of N(>.) . Partition Nh conformably 

with N(>.) as follows 

( 4.6.37) 

It follows from ( 4.6.25) by equating the terms with the highest degree of>. that LhNh = 
0, i.e., 

[Lhl I Lh, ] [ Z:: ] = 0. ( 4.6.38) 

By assumption, N(>.) is column reduced, i.e., 

N h has full column rank p . ( 4.6.39) 

Combination of ( 4.6.36), ( 4.6.38), ( 4.6.39) and Lemma 4.6.1 gives 

N h, has full column rank p . ( 4.6.40) 

In other words, N 2(> .. ) is column reduced. 

Since Nh and Nh, have both full column rank p, we have 

N(>.) and N 2(>.) have the samecolumn indices . ( 4.6.41) 
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We conclude from ( 4.6.34) and ( 4.6.41) that 

the column veetors of N2(~) forma minimal polynomial 

basis for the right nuli-space of P(~) . ( 4.6.42) 

Hence, using Theorem 4.6.1 and definition 4.6.4 we find that ~E- A and P(~) have 

the same right minimal indices. 

This completes the proof. 0 

Remark 4.6.5. Since the right minimal indices of a pencil are identical to its 

right Kronecker indices (see Remark 4.6.4) we conclude from Theorem 4.6.3 that the 

right minimal indices of a polynomial matrix P()) are equal to the right Kronecker 

indices of its associated pencil ~E- A. 

As a consequence of Theorem 4.6.3, the problem of computing a minimal basis for the 

right nullspace of P(~) can be formulated in terros of computing a minimal polynomial 

basis for the right nuli-space of the pencil ~E- A associated with P(~). Hence we can 

present the following computational procedure. 

ATgorithm for computing a minimal basis for the right nuli-space of P(~) 

1. Construct the pencil ~E- A in ( 4.6.23) associated with P(~); 

2. Determine the pencil ~E.-A. in the generalized Schur form of ~E- A using the 

Algorithms 3.2.1, 3.3.1 and 3.3.2 (see also (4.6.1)) ; 

This also yields the unitary transformation matrices U and V. 

3. Construct a minimal polynomial basis N.(~) = V.()) for ~E.-A. as indicated 

above. (see (4.6.7), (4.6.8) and Theorem 4.6.2); 

4. Compute N(~) = V [ N.~~) ] 

5. Partition N(~) as follows : 

Then the column veetors of N2(~) forma minimal basis of N,(P(~)). (see (4.6.3), 

( 4.6.4) and Theorem 4.6.3). 

We end this section by presenting an application of the method described above. It 

concerns the computation of coprime matrix fraction descriptions of a proper transfer 

matrix ( for example, see [KAI80] Chapter 6). Solving this problem is a basic step 

when designing robust controllers (see [VID86], [KWA85]). 
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4.6.6 Computing coprime matrix fraction descriptions of a 
proper transfer matrix 

Let H(>-.) denote a proper rational mxn matrix. Let d(>-.) betheleast common multiple 

of all denominators of the entries in H(>-.). Then we can write H(>-.) as a left matrix 

fraction 

where Al(>.) = d(>-.)Im and El(>.) is a polynomial m x n matrix. 

Our aim is to express H(À) as a right coprime matrix fractian, i.e., 

where the pair (A.,E.) is right coprime, i.e., 

[ ~:~î~ ] has full column rank for all À E C . 

The problem ( 4.6.44) can be solved as follows. 

Introduce the m x (m + n) polynomial matrix P(>-.) by 

P(>-.) = [AL(>.) I El(>.)]. 

( 4.6.43) 

( 4.6.44) 

( 4.6.45) 

( 4.6.46) 

Construct a minimal polynonrial basis N(>-.) of P(>-.) using the methad presented above. 

Nate that P(>-.) has rank m far almast all À E C since AL(>.)= d(>-.)Im. Consequently, 

N(>-.) has full column rank n far all À E C. 

Partitian N(>-.) = (Nt(>-.), N'{(>-.))T conformably with P(>-.). 

Then accordingly to ( 4.6.45) we have that 

the pair (N1 (À),N2 (À)) is right coprime. 

It follows from P(>-.)N(>-.) = 0 that 

Furthermore, AL( À) and N(>-.) have full column rank for almost all À E C. 

(4.6.47) 

( 4.6.48) 

Using Lemma 4.6.2 we find that N2 (À) has also full column rank for almost all À E C. 

Since N 2(À) is a square matrix, we conclude 

N2 (À) is invertible for almost all À E C. ( 4.6.49) 

Combination of ( 4.6.48) and ( 4.6.49) gives 

-H(>-.). ( 4.6.50) 
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Finally, by defining A.(.À) := N2(.À) and B.(.À) := -N1(.À) the problem (4.6.44) is 

completely solved. 

Obviously, we can also construct a left coprime matrix fraction of H(.À) in an analogous 

way. 
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Appendix A. Pro of of Lemma 3.3.3 

Proof: 

By repeatedly applying (3.3.16) and using the definitions in (3.3.15} we find 

J.L~lc := J.L~Ic+l ( d~k+l) = J.L~k+l - d~k+l ' 

J.Lr == J.Lr+l(d~lc+l) = J.L~Ic+l(o) = J.L~Ic+l (i -1= k) . 

Analogously, 
~Ie ·- ~lc+l (d~lc+l) - ~lc+l d~lc+l - ~lc+l vk ·- vk 1c - vk - 1c - l'1c+1 • 

vr := vr+l(d~k+l) = vr+1(0) = V;~lc+l (i-/= k). 

(The last equality in (A-3) follows by definitions of d~k+l). 

(A -1) 

(A- 2) 

(A-3) 

(A-4) 

Since the block columns and rows with index i :::; k - 1 are not reduced when trans

forming Ek,k+l, we have 

(A-5) 

By assumption, the formulas stated in Proposition G(k) in Theorem 3.3.1 are correct. 

Combination of (A-5) and Proposition G( k) gives 

It follows from (A-1), (A-2) and Proposition G(k) that 

J.Lr = J.Li - d~+l (i ~ k) . 

Using (A-4), Proposition G(k) and (A-2) we find 

>Ie >lc+l >lc+l >Ie (. > k ) v1 = v1 = I'IH = 1'1+1 t _ + 1 . 

Combination of (A-3) and (A-2) gives 

>Ie >lc+l >Ie 
Vjè = J.Lii+l = l'ïi+l · 

Thus, equation (A-8) is also true for i= k. 

Finally, let us prove the formula for "'k· By construction, we have 

d>k+l "'k = 'Yic+l + ïi 

(A- 6) 

(A- 7) 

(A- 8) 

(A - 9) 

(A -10) 

where 'Yic denotes the order of matrix M1c+1 (and N~c+l) before reducing E~c,lc+l· 

Combination of (A-10) and Proposition G(k) gives 
l l l l 

"'k = 'L d~i+l + d~k+l = 'L d~i+1 = 'L 'L (v;- 1';+1) = 
i;:/c 

l 

= L (j- k + 1)(v;- J.L;+I). (A- 11) 
i=k 

This completes the proof. 0 
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Appendix B. Proof of the geometrie results in Remark 3.3.8 

Consicier the pencil >.Eoo - A00 as defined in Theorem 3.3.2. 

Define the matrix N 00 := EooA;;,;. We have the following geometrie results. 

N 00 has index l of nilpotency, 

i 

dim Ker(N~) = I: ifi+l , i s; l . (B -1) 
j=l 

Proof: 

Apply Algorithm 3.2.1 to >.Eoo - A00 • This algorithm separates the Kronecker column 

indices and infinite eigenvalues from the Kronecker row indices and finite eigenvalues. 

Since >.Eoo - A00 only contains infinite eigenvalues, this pencil is transformed to the 

form 

-~,1 ÀE -~ 1,2 . ,2 ÀEl,k - ~.k } al 

-~,2 (B- 2) 

-"-l,k-1 ~-l,k - "-l,k ak-1 

-",k ak 

'1 '2 'k-1 'k 

As a consequence of Algorithm 3.2.1, the blocks A;,; have full row rank u; (i= 1, · · ·, k) 

and the blocks E;_ 1,; have full column rank T; (i = 2, · · ·, k ). 

Hence, r1 ~ u1 ~ · · · ~ -r,. ~ u,. ~ 0. We define rl<+1 = 0. Since >.E00 - Aoo is square 

we have u; = T; , i= 1, · · ·, k. Thus, all blocks A;,; in (B-2) are invertible. 

By Lemma 3.2.1 the pencil in (B-2) has u; - T;+ 1 infinite elementary divisors of degree 

i where i = 1, · · ·, k. By Theorem 3.3.2 the pencil >.Eoo - A00 (and so the pencil in 

(B-2)) has dfi+l - dfi+2 infinite elementary divisors of degree i where i = 1, · · ·, l. We 

conclude that k = l and dfi+l - df;{2 = u; - Ti+l = r; - Tï+ 1, i = 1, · · · , l. Since 

TL+1 = rk+l = 0 = d~.;{ 2 it follows then that r; = dfi+ 1, i= 1, · · ·, l. 

By applying Algorithm 3.3.1 to the pencil in (B-2) we obtain a pencil >.Êoo - A00 

having the same block structure as in (B-2) but with all the matrices A;,; and E;- 1 ,; 

being upper triangular with nonzero diagonal, i.e., 

132 



A.., 11 E.., (B- 3) 

Clearly, matrix A00 is regular. It is then easily seen that N00 := Ê00A;;,1 has the same 

structure and rank properties as Ê<». Hence, N00 is nilpotent with indexlof nilpotency 

and dim Ker (N~) = L~=l iJ-i+\ i ~ l. Since >.Êoo - A00 = U(>.Eoo - Aoo)V 

forsome unitary matrices U and V we haveN~ (E00 A;;,1 )i = UH N~ U for 

all i 2: 1. Thus, N00 is nilpotent with index l of nilpotency and dim Ker (N~) = 
E;=l dyi+1 

, i ~ l. This completes the proof. 0 
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Samenvatting 

In dit proefschrift worden de berekening van de Kronecker-struktuur van een matrix
bundel en verscheidene hiermee verwante problemen in de systeem- en regeltheorie 
behandeld. 

In de eerste twee hoofdstukken worden een inleiding en een overzicht van een aantal 
theoretische en rekentechnische aspecten betreffende de Kronecker-struktuur van een 
matrix-bundel gegeven. 

In hoofdstuk 3 worden nieuwe algorithmen ontwikkeld voor de berekening van de 
Kronecker-struktuur van een matrix-bundel >.E - A. Hierbij wordt de bundel getrans
formeerd tot gegeneralizeerde Schur vorm. De algorithmen zijn numeriek stabiel omdat 
alle gebruikte transformaties unitair zijn. Aan de hand van het ben9digde aantal be
werkingen tonen we aan dat deze algorithmen efficienter zijn dan eerdere methoden 
gebaseerd op unitaire transformaties. De grotere efficientie wordt verkregen doordat 
>.E - A getransformeerd wordt tot een ijle struktuur waarbij de vorm die verkregen 
is in voorafgaande stappen van de algorithme, behouden blijft. De eerste algorithme 
transformeert >.E- A tot zogenaamde "staircase" vorm >.E1 - A1 • Vervolgens wordt 
een duale algorithme toegepast op >.E1 - A1 waardoor een gegeneralizeerde Schur vorm 
verkregen wordt waarin alle Kronecker-struktuur elementen gescheiden zijn. 

Hierna worden verfijnde algorithmen beschreven om Kronecker-struktuur elementen 
te scheiden. Zij buiten de speciale struktuur en rang-eigenschappen van de bundel 
>.E1 - A1 uit. Het gebruik van Givens rotaties is hierbij essentieel. De mat rices van de 
resulterende bundel hebben een bovendriehoeksvorm waarin weer driehoekige deelma
trices voorkomen. We bewijzen dat de dimensies van de deelmatrices in deze bundel 
de Kronecker-struktuur van >.E - A volledig bepalen. 

In het laatste hoofdstuk worden oplossingsmethoden voor uiteenlopende rekentech
nische problemen in de systeem- en regeltheorie gegeven die gebaseerd zijn op eenzelfde 
principe. Ze bestaan uit het formuleren van deze problemen in termen van een geschikt 
gekozen matrix-bundel. Doordat de beschreven algorithmen op die bundel toegepast 
worden en doordat expliciet gebruik gemaakt wordt van de speciale struktuur en rang
eigenschappen van de getransformeerde bundel, kunnen de originele problemen vervol
gens makkelijk opgelost worden. 

We beschouwen twee belangrijke klassen van problemen. Tot de eerste klasse be
horen problemen die gerelateerd zijn aan gegeneralizeerde toestandsruimte-modellen. 
We behandelen hier de bepaling van de bestuurbaarheid en het zogenaamde "deadheat" 
probleem. Tot de tweede klasse behoren problemen die gebaseerd zijn op polynoomma
trices . Hiervan beschouwen we het probleem van het inbedden van een polynoommatrix 
in een unimodulaire matrix, de inversie van een unimodulaire matrix en de constructie 
van een minimale basis voor de nulruimte van een polynoo=atrix. Tenslotte geven 
we aan hoe coprieme matrix-fracties van · een eigenlijke overdrachtsmatrix berekend 
kunnen worden. 
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STELLINGEN 

behorende bij het proefschrift "N ew algorithm& for computing the K ronecker &tructure 
of a pene i/ with application& to &y&tem& and control theory" van Th.G .J. Beelen. 

-1-

Indien de nulpunten van een polynoom numeriek berekend worden met behulp van stan
daard programmatuur, dan kan men in vele gevallen door toepassing van het Borner 
schema. op de verkregen waarden een schatting van de numerieke fout en de multi
pliciteit van de nulpunten verkregen worden. Hiermee kunnen resultaten verkregen 
worden die nauwkeuriger zijn dan de oorspronkelijke. 

-2-

De a.lgorithme gepresenteerd in [1], bedoeld om voor een multivariabel systeem een 
in LQG-zin optimale multipurpose regelaar te construeren die tevens aan een aantal 
randvoorwaarden voldoet, werkt niet indien het systeem een stabiele eigenlijke over
dra.chtsmatrix bezit (zie ook .[2]). 

[1] B. S. Chen, W.J. Wang, "Multipurpose controller synthesis in LQG optimal 
systems", lEE Proceedings, Vol. 131, Pt. D, no. 5, 1984. 

[2] L. L. M. van der Wegen, "Design of a mul ti purpose controller", Ma.ster's thesis, 
Eindhoven University of Technology, Dept. of Mathernaties a.nd Computing 
Science, 1986. 



-3-

Wanneer de wand van een industriëel geproduceerde glazen buis in een wiskundig model 
door twee ellipsen beschreven wordt, dan kan de positie en grootte van de minimale 
en maximale wanddikte bepaald worden door de unieke positieve wortel x+ van een 
vierde-graads vergelijking van de vorm 

waarin a0 > 0, a1 > 0, a3 < 0, a4 < O, te berekenen. Deze wortel x+ kan op efficiënte 
en nauwkeurige wijze benaderd worden door een monotone, convergente reeks {x;}. 

-4-

Het is twijfelachtig of de methode beschreven in [3) die dient om de glastemperatuur 
in een feeder te bepalen, geschikt is om de temperatuur van het glas in de stationaire 
situatie te berekenen. 

[3) E. Franz, G. Woelket al., Fuehrung eines Glasspeisers mit einem Prozessrechner, 
PDV-Berichte, KfK-PDV 162, Kemforschungszentrum Karlsruhe, 
Oktober 1978. 



-5-

Laat P(.X) een willekeurige m x n polynoom matrix zijn. Schrijf P(.X) als een matrix 
polynoom: 

P(.X) =Po+ P1.X + · · · + PdÀd, 

met P; E cmxn, 0 ~ i ~ d, Pd # 0. 
Definier de matrix bundel .XE - A door 

I 
-U I 

.XE-A.-
-U I .XP2 

-U ÀP1 +Po 

waarbij I de m x m eenheidsmatrix is. 
Dan geldt: 

De canonieke Smith-vorm van .XE - A is gelijk aan 

waarbij S(.X) de canonieke Smith-vorm van P(.X) is. 

[ 

I(d-l)m 0 ] 

0 S(.X) ' 

Bovenstaande resultaat is een generalisatie van Theorem 14.1.1 in [4]. 

[4] P. Lancaster, M. Tismenetsky, The theory of matrices, Second edition, 
Academie Press, 1985. 

-6-

De algorithme in [5] voor de berekening van nulpunten van een toestandsruimte-model 
{A,B,C,D} kan, op een wijze analoog aan die welke in Sectie 4.3 van dit proefschrift 
beschreven is, gemodificeerd worden om nulpunten te berekenen van een gegene
raliseerd toestandsruimte-model {E,A,B,C,D} waarin E inverteerbaar is. 

[SJ A. Emami-Naeini, P. Van Dooren, "Computation of zerosof linear multivariable 
systems", Automatica, Vol. 18, no. 4, 1982, pp. 415-430. 



-7-

Zij H(>..) = C(>..I- A)-1 B + D de overdrachtsmatrix van het toestandsruimte-model 
{A,B,C,D} waarin A E cnxn, BE cnxm, CE cmxn, DE cmxm. 

Zij S(>..) = [ )..[-~A ~ ] de corresponderende systeemmatrix. Laat H(>..) inverteer

baar zijn. Door gebruik te maken van het door Rosenbrock [6] ingevoerde begrip 
systeem-equivalentie en door toepassing van Algorithme 3.2.1 uit dit proefschrift ka:n 
de bepaling van H-1 (>..) op numeriek betrouwbare wijze gereduceerd worden tot het 
inverteren van twee reguliere matrix-bundels K(>..) en L(>..) van dimensie k x ken f. x f. 
waarbij k + l = m + n = orde van S(>..) . Hierbij is K-1 (>..) een polynoom-matrix en 
L - 1 ( >..) een eigenlijke rationale matrix. 

[6] H.H. Rosenbrock, State-space and multivariable theory, Wiley, New York, 1970. 

-8-

Teneinde verwarring bij het bestuderen van de QZ-algorithme aan de hand van het 
voorbeeld in [7] op pp. 258-259 te voorkomen, dient de matrix 

x x x x x 
0 x x x x 

x x x x x 
0 x x x x 

0 0 x x x vervangen te worden door 0 0 0 x x 
0 0 0 x x 0 0 0 0 x 
0 0 0 0 0 0 0 0 0 0 

[7] G. H. Golub, C. F . Van Loan, Matrix computations, Oxford, 1983. 


