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ABSTRACT 

In this paper we study an open problem in the context of linear quadratic 

optimal control. the free-endpoint regular linear quadratic problem with 

indefinite cost functionaL It is shown that the optimal cost for this problem is 

given by a particular solution of the algebraic Riccati equation. We characterize 

this solution in terms of the geometry on the lattice of all real symmetric solu

tions of the algebraic Riccati equation as developed by J.C. Willems and W.A. 

Coppel. A necessary and sufficient condition is established for the existence of 

optimal controls. This condilion is stated in terms of a subspace inclusion 

involving the extremal solutions of the algebraic Riccati equation. It is shown 

that the optimal controls are generated by a feedback control law. Finally. the 

results obtained are compared with "classical" results on the linear quadratic 
regulator problem. 
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1. Introduction 

In this paper we are concerned with regular, infinite horizon linear quadratic optimal con

trol problems in which the cost functional is the integral of an indefinite quadratic form. 

In most of the existing literature on the regular linear quadratic problem or LQ-problem, 

it is explicitely assumed that the quadratic form in the cost functional, apart from being posi

tive definite in the control variable alone, is positive semi-definite in the control and state vari

ables simultaneously. In fact, under this semi-definiteness assumption the LQ-problem has 

become quite standard and is treated in many basic textbooks in the field of systems and con

trol [1], [2], [9], [21]. Often, a distinction is made between two versions of the problem, the 

fixed-endpoint version and the free-endpoint version. In the fixed-enpoint version it is required 

to minimize the cost functional under the constraint that the optimal state trajectory should con

verge to zero as time tends to infinity. while in the free-endpoint version it is only required to 

minimize the cost functional. For the case that the quadratic form in the cost functional is posi-
,~--

tive semi-definite lx>th v.emons of the "regularLQ-problem are well-understood and completely -

satisfactory solutions of these problems are available. 

Surprisingly however, for the most general formulation of the regular LQ-problem. that 

is, the case that the quadratic form in the cost functional is indefinite, a satisfactory treatment 

not yet exists. In this case we can again distinguish between the fixed-endpoint version and the 

free-endpoint version. While for the fixed-endpoint version a complete solution has been 

described in [17] (see also [14]). the free-endpoint version has only been considered in [17] 

under a very restrictive assumption. Thus we see that, up to now, the free-endpoint regular 

LQ-problem with indefinite cost functional has been an open problem. In the present paper we 

shall fill up this gap and present a fairly complete solution to this problem. 

It is well-known ([12], [19]) that for the free-endpoint regular LQ-problem with positive 

semi-definite cost functional the optimal cost is given by the smallest positive semi-definite real 

symmetric solution of the algebraic Riccati-equation. We will see that this statement is no 

longer valid in general if the cost functional is the integral of an indefinite quadratic form. It 

will be shown however that also in this case the optimal cost is given by a solution of the 

algebraic Riccati-equation. This particular solution will be characterized in terms of the 

geometry on the set of all real symmetric solutions of the algebraic Riccati-equation as 

described in [17] and [4]. 

Another well-known fact is that for the free-endpoint regular LQ-problem with positive 

semi-definite cost functional the existence of optimal controls is never an issue: under the 

assumption that the underlying system is controllable, for this problem always unique optimal 

controls exist for all initial conditions. This is in contrast with the fixed-endpoint LQ-problem, 

where the existence of optimal controls for all initial conditions depends on the "gap" of the 

algebraic Riccati-equation (Le. the difference between the largest and smallest solution of the 

Riccati-equation). In this paper we will see that also for the free-endpoint regular LQ-problem 

with indefinite cost functional no longer optimal controls need to exist for all initial conditions! 
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Moreover, we will establish a necessary and sufficient condition in tenns of the "gap" of the 

algebraic Riccati-equation for the existence of optimal controls for all initial conditions. We 

will show that for the particular case that the cost functional is positive semi-definite this con

dition is always satisfied, thus explaining the fact that in this special case optimal controls 

always exist. Finally, we will show that also in the indefinite case the optimal controls for the 

free-endpoint regular LQ-problem, if they exist, are given by a feedback control law. 

The outline of this paper is as follows. In the remainder of this section we will introduce 

most of the notational conventions that will be used. In section 2 we give fonnulations of both 

the free-endpoint and fixed-endpoint regular LQ-problems that we shall be dealing with. In sec

tion 3 we will briefly recall the most important facts that we need on the geometry of the set of 

all real symmetric solutions to the algebraic Riccati-equation as developed in [17] and [4]. In 

section 4 we will state the solution to the fixed endpoint regular LQ-problem with indefinite 

cost as established in [17]. Also, we will state its (incomplete) counteIpart. the solution to the 

free-endpoint regular LQ-problem with positive semi-definite cost functional. Then, in section 5 
. -

we will state <and 'PfOveour-main1heorem,~"8·-solution to· the 4'ree..oendpoint "regular LQ:problem. -.: 

In order to establish a proof of this theorem we will state and prove a series of smaller lem

mas. In section 6 we will show how the "classical" results on the free-endpoint regular LQ

problem with positive semi-definite cost functional can be reobtained as a special case of our 

general solution. We will close this paper in section 7 with some concluding remarks. 

We shall use the following notational conventions. For a given n x n matrix A its set of 

eigenvalues will be denoted by a(A). If V is a subspace of R n and A is a n x n matrix then 

A I V will denote the restriction of A to V. V will be called A -invariant if AV c V. In this 

case a(A I V) will denote the set of eigenvalues of A I V and a(A I R n IV) will denote the 

set of eigenvalues of the mapping induced by A in the factor space R n IV (see [21]). We will 

denote subsets of €, by €,-:= {s E €, I Res = O}, €,o := {s Eel Res = O} and 

€,+ := {s Eel Res> OJ. Given a real monic polynomial p there is a unique factorization 

p = p_. Po· p+ into real monic polynomials with p-.Po and P+ having all roots in C-, (£0 and 

(£+ respectively. If A is a real n x n matrix and if p denotes its characteristic polynomial then 

we define X-CAl := kerp_(A), XO(A) := kerpo(A) and X+(A) := kerp+(A). These subspaces 

are A -invariant and the restriction of A to X-(A) (Xo(A ),X+(A» has characteristic polynomial 

p-(Po.P+)· 

A subset C g of €, will be called symmetric if a + bi E €, g <::::> a - bi E (£ g' If C g is 

given then we define C b := (£ \ q; g' If A is a real n x n matrix and if P is its characteristic 

polynomial then, again, P can be factored uniquely into P = Pg • Pb, where Pg and Pb are real 

monic polynomials with all roots in q;g and Cb respectively. We denote X/A):= kerpg(A) 

and Xb(A) := kerPb(A). Again these subspaces are A-invariant and the restriction of A to 

Xg (A) (Xb (A» has characteristic polynomial Pg (Pb ). If, in addition to A, a real P x n matrix 

C is given then we will denote by <kerC I A> the unobservable subspace of (C ,A) [21, 

sect 3.2]. Given a symmetric subset q;g of (£ a subspace S c R n will be called a detectabil

ity subspace if there exists a real n x P matrix G such that (A + GC) S c S and 
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o(A + GC I RillS) c £, (see [15]), It is well-known that the class of all detectability sub

spaces of Rft contains a smallest element. X del' called the undetectable subspace of (C .A) and 

Xdet = <kerC I A> n Xb(A), The pair (C.A) is called detectable if Xdet = 0 [15]. 

In order to be rigorous on the interpretation of the cost functionals that will be considered 

in this paper. we will now explain what we mean by the statement that the limit of a function 

exists in R', Let R' := R v (--,+ool. Given f: R -+ R we will say that limf(t) exists 
t_ 

if it is equal to a real number in the usual sense. We will say that lim f (t) = -- (+00) if for 
t .... -

all r e R there exists T e R such that t ~ T implies f (t) S r (~ r). Then. we will say that 

lim f (t) exists in R' if either it exists, is equal to -- or is equal to +00. 
t_ 

If M is a real n x n matrix and V is a subspace of R" then we define 
M-1V := {x e Rft I Mx e V}. If V is a subspace of Rft then Vi denotes its orthogonal com
plement with respect to the standard Euclidian inner product. 

Finally. we will denote by L 2Joc(R'1 the space of all measurable vector-valued functions 

on R+ that are square integrable over all finite intervals in R+, L 2( R+) denotes the space of 

all measurable vector-valued functions on R+ that are square integrable over R+, Finally. 

L_(R'1 denotes the space of all measurable vector-valued functions on R+ that are essentially 

bounded on R+. Here, R+ := {t e R I t ~ O}. 

2. The regular LQ-problem 

Consider the finite dimensional linear time-invariant system 

:i = Ax + Bu, x(O) = Xo • (2.1) 

Here, x and u are assumed to take their values in Rft and R m respectively. A and B are real 

n x n and n x m matrices respectively. It will be a standing assumption that (A. B) is con

trollable. We shall consider optimization problems of the type 

-
inf J m(x.u)dt , 

o 
(2.2) 

where m(x.u) is a real quadratic form on RIt X R m defined by ro(x,u):= 

u T Ru + 2u T Sx + X T Qx. Here R • S and Q are assumed to be real matrices such that R = R T 

and Q = Q T, As in [17], no a priori definiteness conditions are imposed on the form ro. For a 

given control function u e L2,Ioc(R'1, let x(xo.u) denote the state trajectory of (2.1) and if 

T ~ 0 let 
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T 

JT(XO,U):= J co(x(xo,u)(t),u(t»dt 

° 
We shall now explain how (2.2) should be interpreted. First, we specify two classes of control 

functions with respect to which the infimization in (2.2) should be performed. Define 

U(xo):= {u E L 2)oc(R+) I lim lr(Xo,u) exists in R e
} , 

T-¥>O 

Us(xo) := {u E U(xo) I lim x(xo,u)(t) = O} . 
t-?oo 

Note that, due to the assumption that (A, B) is controllable, we have U (x 0) ':1= 0 and 

Us (x 0) ':1= 0 for all Xo e R". For u E U(xo) we define 

We note that J (xo, u) eRe .- :Now, -define 

V/(xQJ := inf{J(xo,u) I u E U(xQJl , 

V+(xo):= inf{J(xo,u) I lu E Us(xo)} , 

(2.3) 

(2.4a) 

(2.4b) 

the optimal cost for the free-endpoint problem and fixed-endpoint problem respectively. By the 

fact that (A,B) is controllable we have that V/(xQJ, V+(xo) e R u {-co} for all Xo e R". 

Following [17], we want to exclude the situation that for certain initial conditions Xo the values 

(2.4a) or (2.4b) become equal to -00. It can be shown that a necessary condition for 

V/(xQJ > -00 and V+(xo) > -00 for all Xo to hold is that R ;;z: 0 (see [17], [12]). In this paper a 

standing assumption will be that R > O. Under this assumption the LQ-problems defined by 

(2.4) are called regular. 

The fixed-endpoint regular LQ-problem, defined by (2.4b) , was completely resolved in 

[17] (see also [14 D. There, a satisfactory characterization was given for the optimal cost, 

necessary and sufficient conditions were given for the existence of optimal controls for all ini

tial conditions and these optimal controls were given in the form of a state-feedback control 

law. The problems how to calculate the optimal cost for the free-endpoint regular LQ-problem 

(2.4a), to state necessary and sufficient conditions for the existence of optimal controls and to 

calculate these optimal controls are, up to now, open. In this paper we shall consider these 

problems. 
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3. Geometry of the algebraic Riccati-equation 

A central role in infinite horizon regular linear quadratic control problems is played by 

the algebraic Riccati-equation (ARE) 

(3.1) 

Let r denote the set of all real symmetric solutions of the ARE. It was shown in [17] that if r 
is non-empty then it contains a unique element K+ and a unique element K- such that 

a(A - BR-1(BT K+ + S» c q;- u q;0 , 

a(A - BR-1(BTK- + S» c q;+ u q;0 

Moreover, K+ and K- have the additional property that they are the extremal solutions of the 

ARE in the sense that if K E r then K- S; K S; K+. 

Let n,. := K+ - K-. Denote A __ lJR-1(BT K+ + S) and A - BR-1(BT K"" + S) by A + and -=;~ 
A - respectively. If K E r define AK := A - BR-1(BT K + S). Note that X+(A ~ = 0 and 

X-(A") = O. Let 0 denote the set of all A -·invariant subspaces that are contained in X+(A -). 

The following basic theorem is a generalization by W.A. Coppel [4] of a theorem that was 

originally proven by J.C. Willems in [17] (see also [16), [10]): 

Theorem 3.1. Let (A,B) be controllable and assume that r is non-empty. If V is an A-

invariant subspace of X+(Aj (that is, if V E 0) then En = V e n,.-lVL. There exists a bijec

tion y: 0 ~ r defined by 

y(V) := K-Pv + K+(I - Pv) , 

where Pv is the projector onto V along n,.-lVL. If K = y(V) then 

X+(AK) = V , 

XO(AK ) = ker n,. , 

X-(AK) = X-(A +) (l n,.-lVL o 

Among other things, the above result states that there exists a one-to-one correspondence 

between the set of all real symmetric solutions of the ARE and the set of all A --invariant sub

spaces of X+(A -). Following [3). if K = y(V) then we will say that the solution K is sup

ported by the subspace V. The next theorem from [4] states that this one-to-one correspon

dence in fact respects the partial orderings on the sets r and 0: 

Theorem 3.2. Let (A ,B) be controllable and assume that r is non-empty. Let K 1 and K 2 be 

solutions to the ARE supported by VIand V 2 respectively. Then K 1 S; K 2 if and only if 
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o 

From the above it follows for example that K- is supported by X+(A") and that K+ is 

supported by O. 

4. Classical results 

In the present section we shall briefly summarize the solution of the fixed-endpoint regu

lar LQ-problem with indefinite cost functional as outlined in [17]. Subsequently, we will state 

the well-known result on the free-endpoint regular LQ-problem with positive semi-definite cost 

functional. Finally, we discuss some of the difficulties that can be expected in trying to gen

eralize the latter result to the case that the semi-definiteness assumption is dropped. 

.. ~ .-"Consider.thein6mization.of.(2.3).:ov.erthe class of inputs U,(xo).Fora given Xo an input ..:::'~ 
u* is called optimal if u* E U,(xo) and J(xo, u*) = V+(xo). The following was proven in [17]. 

Theorem 4.1. Let (A • B) be controllable and assume that R > O. Then we have 

(i) V+(xo) is finite for all Xo E Rn. if and only if the ARE has a real symmetric solution 

(Le. r':l: 0). 

(ii) If r ':I: 0 then for all Xo E Rn. V+(xo) = xbK+xo. 

(iii) If r ':I: 0 then for all Xo E Rn. there exists an optimal input u* if and only if A> O. 

(iv) If r':l: 0 and A> 0 then for each Xo E R" there is exactly one optimal input u* and, 

moreover, this input u* is given by the feedback control law u* = _R-1(B TK+ + S)x. 0 

As already mentioned before, an analogue of the latter theorem for the free-endpoint case 

is, up to now, only available for the case that the quadratic fOIm ro(x. u) is positive semi

definite, i.e., for the case that <O(x, u ) ~ 0 for all (x, u) ERn. x R m. In the sequel. let 

r+:= {K E r I K ~ OJ. It is well-known ([8], [12]) that if ro~ 0 and if (A,B) is controllable 

then the ARE has a smallest positive semi-definite real symmetric solution. More precisely, 

there exists a (unique) K such that 

(4.1) 

and 

(4.2) 

The solution K characterized by (4.1) and (4.2) plays the central role in the solution of the 

free-endpoint regular LQ-problem with positive semi-definite cost. In the following, for a given 
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Xo E R n an input u* is called optimal if u* E U (xo) and J (x 0, u*) = V/(xo). 

Theorem 4.2. Assume that (A, B) is controllable, that R > 0 and that ro(x. u ) ~ 0 for all 

(x.u) E R n x Rm. Then 

(i) For all Xo E R n V/(xo) = x'{;Kxo. 

(ii) For each Xo E R n there is exactly one optimal input u* and, moreover, this input u* is 

given by the feedback control law u* = _R-1(B TK + S)x. 

Proof. This follows for example by combining [12, tho 8] and the results from [1. p. 36] (see 

also [19]). 0 

We note that in this theorem the existence of optimal controls is no issue. In contrast with 

the fixed-endpoint problem, the positive semi-definiteness assumption assures that in the free

endpoint problem for every-initial condition1hese exists '3ll optimal 'COntrol. 

In trying to generalize the latter theorem to the case that ro is an arbitrary indefinite qua

dratic form in (x, u) (with of course, as usual, R > 0). the following aspects should be con

sidered. First, due to the indefiniteness of ro, the optimal cost V/(xo) no longer needs to be 

finite. In this paper we want to restrict ourselves to the case that V/(xo) is finite for all Xo. In 

order to establish a condition which assures this, we state the following well-known result. For 

v E R m
, denote Ilv III := vT Rv . 

Lemma 4.3. Let K E r. Then for all U E L2,l()(JR+) and for all T ~ 0 we have 

T 

JT(Xo. u) = J lIu(t) + R-1(B T K + S) x (t)IIJ dt + x&Kxo - x T (T)Kx(T) 
o 

Here, we have denoted x(t) := x(xo. u)(t). 

Proof. For a proof, we refer to [2] or [17]. D 

In the sequel, let r_ := {K E r I K SO}. Using the previous lemma the following is 

immediate: 

Lemma 4.4. Let (A, B) be controllable and R > O. If L ::I: 0 then V/(xo) is finite for all 

Xo ERn. 

Proof. r_::I: 0 implies that K- S O. Applying the previous lemma to K- yields 

h(xo, u) ~ x&K-xo for all u and T ~ O. (] 
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Remark 4.S. In [11] it is suggested that the converse of the above lemma also holds, i.e. that 

finiteness of V/(xo) for all Xo implies that r_ *' 0. We were neither able to establish a proof 

nor to construct a counterexample to this assertion. We were however able to relate the condi

tion r_ *' 0 to an equivalent one in terms of the quantities lr(xo, u) in a slightly different way. 

Indeed, if (A , B) is controllable and R > 0 then the following equivalence can be proven: 

r_ *' 0 ¢:;> inf {liminf lr(xo, u) I U E L 2,loc (l~+)} is finite for all Xo E R". (4.3) 
T--¥>O 

Note that if one would be able to prove the above equivalence with Lz,loc (JR+) replaced by 

U(xo) one would be done. Indeed, for U E U(xo) we have liminfJT(xo,u) = lim lr(xo,u) 
T-+oo T-+"" 

=J(xo.u), so the infimum in (4.3) would then be equal to V/(xQ). We close this remark by 

concluding that finding tractable necessary and sufficient conditions for finiteness of V/ 
remains a difficult open problem (see also [18], [llJ, [13]). 

A final point we· want .. to put forward ·here istbat for the free-endpoint problem with 

indefinite cost, even if the optimal cost is finite for all initial conditions, it is not true in general 

that optimal controls exist for all initial conditions. We will illustrate this in the example 

below. It should therefore be clear that part of our problem is to formulate necessary and 

sufficient conditions for the existence of these optimal controls (as was also done in theorem 

4.1 (iii». 

Example 4.6. Consider the controllable system .i = -x + u, x (0) = x ° with indefinite cost 

functional 

J(xo,U) = J -x (t)2 + u(t)2 dt , 
o 

that is, take A = -l.B = 1, Q = -1, S = 0 and R = 1. The corresponding ARE is given by 

-2K - K2 - 1 = O. Consequently, K- = K+ = -1. We claim that V/(xo) = -xJ. We will 

show this "from first principles". Let U E L 2,loc (R~. For every T ;;:: 0 we have 

T T T 

J - x2 + u2 dt = J (x - u)2dt + 2 J x(-x + u) dt 
° 0 0 

T T T 

= J (x - u)2 dt + 2 J xX dt = J (x - U)2 dt + x 2(T) - x 6 
000 

Consequently, J(xo. u);;:: -xJ for all U E U(xo). On the other hand, for £ > 0 define 

U = (1 - £)x. Then.i = --£X and 

--~, 
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If follows that V/(xo) = inf{J(xo, u) I u E U(xo)} = -xJ. Thus, we see that the optimal cost 

is finite (as could also be deduced from the fact that K- = -1 ::;; 0). We claim however that no 
optimal control exists! Indeed, assume u* is optimal. Let x* be the corresponding trajectory. 

We have 

T 

-xJ =J(xo,u*)=-xJ + lim (J (x*-u*)2dt +x*(Ti) 
T-+oo 0 

From this it follows that J (x* - U *)2 dt = 0 and that, consequently, u'" = x*. However, 

° using this feedback control law yields J (xo. u *) = O. If Xo :t: 0 this yields a contradiction. 

S. The free-endpoint regular LQ-problem with indefinite cost 

In this section we will resolve the free-endpoint version of the regular LQ-problem with 

indefinite cost functional. In the sequel, an important role will be played by the subspace 

(5.1) 

By definition of A-it is immediately clear that, in fact, 

N = <kerK- I A - BR-1S > (\ X+(A - BR-1S) (5.2) 

Obviously, N is equal to the undetectable subspace of (K-, A -; with respect to the stability set 

q:g = q:- u q:o. We also note that N is an A--invariant subspace of X+(A-;. By theorem 3.1, 

N corresponds to a real symmetric solution y(N)of the ARE. Let PN be the projector onto N 

along tJ.-1Nl.. Then this solution yeN) is given by 

(5.3) 

It will tum out that K/. the solution of the ARE supported by the subspace N, is the 

bottleneck in the problem we want to resolve. The following theorem is the main result of this 

paper. 

Theorem 5.1. Let (A, B) be controllable and assume that R > O. Then we have 
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(i) V/<xOJ is finite for all Xo e nn if the ARE has a negative semi-definite real symmetric 

solution (Le. r _ '* 0). 

(ii) If r_ '* 0 then for all Xo e R n V/(xo) = x'{;K/xo, 

(iii) If r_ '* 0 then for all Xo e R n there exists an optimal input u* if and only if 

ker I:l c ker K-. 

(iv) If L '* 0 and if ker I:l c ker K- then for each Xo E R n there is exactly one optimal 

input u * and, moreover, this input is given by the feedback control law 

u* = -R-1(B TK/ + S)x. [J 

In the remainder of this section we will establish a proof of this theorem. In order to 

streamline this proof, we will state some of the most important ingredients as seperate lemmas. 

In the first three lemmas, we will formulate some general structural properties of linear sys

tems. 

Lemma 5.2. Consider the system x = Ax, Y = Cx. Let q; 1 and q; 2 be symmetric subsets of q; 

such that q; 1 (j 1:2= 0. Let (C ,A) be detectable with respect to I: \ 1:2, Assume that 

VeRn is A-invariant and let a(A I V) c q;1 and a(A I R n IV) C 1:2, Then 

< ker C I A > c V. 

~rtA~3:dR; ::;'~C:2' :: :~~;~ ::~:~ :us~:yd:::~:S::~: 
exists a matrix T such that -A llT + TAn + A 12 = O. We claim that the pair (C 2 - C IT ,Aw 

is observable. Assume the contrary. Then there is A. E I: and a vector z2'* 0 such that 

A 22Z2 =A.z2 and (C 2-C 1T)z2=O ([21. ex. 3.9]). By assumption we must have AE q;2' 

Now, define 20:= [-~:2l Then CZo = 0 and Azo = ).,zo, Since (C ,A) is detectable with 

respect to q; \ q; 2. this implies Z 0 = 0, which contradicts the fact that z 02 '* O. This proves our 

claim. Define a matrix S by 

[
II 

S:= 0 ;,j , 
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We will now prove the claim of me lemma. Let Xo = [::] e <ker C I A >. Then 

CeAtxo = 0 for all t and thus we have CleAllt(xOl + TxfY2) + (C 2 - C1T)eAnJ 
x02 = 0, for all 

t. Since a(A 11) (j a(A n) = 0 the latter implies that both tenos in this expression are zero for 

all t and hence (C 2 - CIT) eAnJ xfY2 = 0 for all t. From the obseIVability of (C 2 - C IT ,A2~ 
it then follows that xfY2 = O. Thus Xo E X I = V. D 

Lemma 5.3. Consider the system x = Ax + 11, Y = Cx. Assume that (C ,A) is obseIVable. Let 

v E L 2(R.+),y E Loo(R+). Then for every initial condition Xo we have x E Loo(R+) . 

. Proof. Since (C ,A) is obseIVable 1here exists a matrix Lsuch that a(A + LC) c (£-. Con

sider the differential equation 

£. =(A +LC)£ -Ly +v,£(O)=O 

Then, using the variations of constants fonoula together with some straightforward estimates, it 

can be shown that £ E Loc(R+). Now define e(t):= jet) - x(t). Then e satisfies 

e = (A + LC) e, e(O) = Xo and therefore e E L.",,(R+). It follows that x = £ - e E Loo(R~. D 

By combining the previous two lemmas we arrive at the following result that will be one 

of the main instruments in the proof of theorem 5.1. 

Lemma 5.4. Consider the system x = Ax + 11. Y = Cx. Assume that (C ,A) is detectable with 

respect to (£- u (£0. Let the state space Rft be decomposed into Rft = X I ED X 2• where X I is 

A-invariant. In this decomposition, let x = ~:l Assume that o(A IX,) c CO and 

a(A I Rft IX I ) C (£+. Then for every initial condition Xo we have: if v E L2(R.~ and 

y E Loc(R+) then X2 E L.,.,(R+). 

Proof. From lemma 5.2, applied to V =X1, (l1 = (l0, (l2 = (l+ we obtain 

<kerC I A>cX1• Decompose X1=X n ED X 12• with Xll :=<kerC I A> and X 12 arbi-

trarily. Accordingly, let Xl = rXll]. We then have R. TI =X u ED X I2 ED X2 with 
lX12 

x = (Xfl ,Xf2,Xrf. In this decomposition, let 
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Al2 A 13] 
A 22 A 23 ,C = (0, C 2' C 3), 

o A33 

Obviously, the system « C 2' c ,), r 0
22 ~:]> is observable. Moreover, 

[
iI2]_ [A22 A Z3 ] [XI2] [v 12] _ [VIZ] 
. - 0 A x + v ,Y - (C Z' C3) v . X2 33 2 2 2 

It thus follows from lemma 5.3 that [:':] e L_{R"'}, which of course implies that 

X2 E Loo(R~. o 

Another important instrument in the proof that we will establish is the following result: 

Lemma 5.5. Consider the system i = Ax + Bu , x (0) = x 0. Assume that (A, B) is controllable 
and O'(A) c (t- u (to. Then for all E> 0 there exists a control u E L 2(R+) such that 

J lIu(t)lIz dt < E and X (x 0, u)(t) ~ 0 (t -t 00). 

° 
Proof. For the given system consider the fixed-endpoint regular LQ-problem 

00 

inf{ J lIu(t~12dt I u E Lz(R+) and x(xo.u)(t) ~ 0, t ~ oo} 

° 
It is well-known (see also tho 4.1) that the above infimum is equal to xVc+xo, where K+ is the 

maximal solution to the ARE: AT K + KA = KBB T K. We claim that K+ = O. Assume K+ ¢ O. 
Since K = 0 is a solution to the ARE, we must have 0::;; K+. so, K+ ~ 0 and K+ ¢ O. Conse-

quently, there exists an orthogonal matrix S such that SK+ST - [:' ~]. with K, > O. Denote 

K := SK+ST , if := SAST, if := SB. Then we have xr K + Kif = K if jff K. Decompose 

A; [~:: ~: 1 and if - ~ J It is easily seen that A f,K, + K ,A II ; K ,B ,B TK ,. Also, 

K }A 12 = O. Since K I > 0 this implies A 12 = O. Define P := K 11 . Then P > 0 and satisfies the 

Lyapunov equation PA II + A 11P = BIB r . Since (A 11, B 1) is controllable. this implies 
O'(A 11) c (t+ (see e.g. [21, lemma 12.2]. This however contradicts the fact that 
O'(A 11) c 0'(.4) = O'(A) c (t- u (to. We conclude that the above infimum is zero. 0 
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We have now collected the most important ingredients that we need in the proof of our 

main theorem. In order to give this proof. we shall make a suitable direct sum decomposition 

of the state space. Let K/ be the solution of the ARE (3.1) defined by (5.3). Denote 

A/ := A - BR-1(B T K/ + S). By theorem 3.1 we have 

X+(A/) =N , 

XO(A/) = ker!J. , 

X-(A/) = X-(A +) (\ !J.-INi 

Define Xl :=X+(A/),X2 :=XO(Al andX3 :=X-(A/). Then R" =X l E& X2 e X 3• Since Xl 

is A --invariant and since also X 2 is A --invariant (ker !J. = XO(AK ) for all K E r) we have 

(5.4) 

for given matrices Aij . We also have K/x = K-x for all x E N and hence 

A/ I Xl=A-1 Xl' Also, since ker!J.c!J.-INi and therefore ker!J.ckerPN , for all 

x E ker!J. we have K/x = K+x = K-x. Hence A/I X2 = A-I X 2• Consequently, 

A+f -
[

All 0 

o A22 

o 0 

(5.5) 

for a given matrix A '33' Note that a(A 11) c ~+, a(A 2z} c (£0 and a(A' 33) c ~-. Since 

Xl c ker K- and K- is symmetric, 

[

0 0 0 1 K- = 0 Ki.z Ki3 . 

o K21 Kn 
(5.6) 

Furthennore, we claim that !J. has the fonn 

[

!J.
11 

0 0 1 
!J.= 0 0 0 . 

o 0 !J.33 

Indeed, by theorem 3.1 we have X 2 e X 3 = !J. -IX t and therefore we must have !J.13 = O. The 

other zero blocks are caused by the fact that X 2 = ker !J. and by the symmetry of !J.. Combining 

the representations for K- and !J. we find 
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Kil 0 0 

K+ = 0 Ki2 Ki3 

o Ki; Kt3 

for given matrices Kij (note that. in fact. K i3 = K:i3 and K i2 = K:ii). Combining all this. we 

find that 

(5.7) 

We now proceed with the following lemma which states that Kl gives a lower bound for 

the optimal cost of the free-endpoint regular LQ-problem. In fact, 

Lemma 5.6. Assume that (A,B) is controllable, R > 0 and r_ *' 0. For all Xo E R" and for 

all u E U(xo) we have 

J(xo,u)~x[;Klxo+ J lIu(t)+R-1(B T K/+S)x(t)111dt 

° 
Here, we have denoted x (t) := x (Xo. u)(t). 

(5.8) 

Proof. Since r _ *' 0 we have K-::;; O. let u E U (xo). It follows from lemma 4.4 that J (XO, u) 

is either finite or equal to +00. Indeed, J (xo. u) = -00 would imply V/(xo) = -00, which would 

contradict r_ *' 0. Of course, if J(xo, u) = +00 then (5.8) trivially holds. Now assume that 

J (x 0' u) is finite. By the fact that K-::;; 0 it follows from lemma 4.3 that for all T ~ 0 

T 

J Ilu(t) + R-1(BT K- + S)x(t)lIi dt::;; lr(xo,u) - xYCxo . 
o 

-
Denote v (t) := u (t) + R-1(B T K- + S) x (t). It then follows that J Uv (t )111 dt < +00 and 

° hence that v E Lz(R+). Again using lemma 4.3 and the fact that -K- ~ 0 this implies that 

lim x T (T)K-x(T) exists (and is finite). Thus K-x must be bounded on R+. Denote 
T-4"'" 

y (t) := K-x (t). Since i = Ax + Bu, we have that x, v and y are related by the equations 

i = A -x + Bv, y = K-x . 

Now let R" be composed into R" =X 1 $ X 2 $ X3 as introduced above. Write 

K- = (O,K2 ,Ki), B = (Bf,BI,Brl and x = (xf,xI,xrl. Since Xl = N is the undetect

able subspace (reI. q;- u ([~ of (K-, A -), it is easily verified that the pair 

~--
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is detectable (rel. q;- u q;~, Since O'(A -) c q;+ u q;0 and since X 2 = XO(A J, it can be 

[ rA 11 A 13]] 
verified that 0' l 0 A33 C q;+, Hence, 0'(A 22) c q;0 and 0'(A 33) c q;+, Also, we have 

Since v E L 2(R+) and Y E Loo(R~, by lemma 5.4 we have that x3 E Loo(R+). 

By again applying lemma 4.3, this time with K = K/, we find that for all T ~ 0 

T 

JT(xQt u)= J Ilu(t)+R-1(BTK/ +S)x(t)lIi dt +xbK/xo-XT (T)K/x(T) . 
0-· 

(5.9) 

Denote wet) := u(t) + R-1(BTK/ + S)x(t). Combining (5.6), (5.7) and (5,9) yields that for 

allT~O 

T 

JT(xQt u) = J IIw(t)lIi dt + x6K/xo - xI (T)Ll3JX3(T) - xT (T)K-x(t) . (5.10) 
o 

Recall that lim lr(xo,U) was assumed to be finite. Thus, JT(xO,U),X3(T) and xT(T)K-x(T) 
T-+oo 

are bounded functions of T. Consequently, J IIw(t~li dt < 00. It follows that w E L 2(R+). 
o 

T 

Again consider (5.10). since now lr(xo. u), f IIw(t)lIl dt and xT (T)K-x(T) converge 
o 

for T -t 00 it follows that lim xI (T) Ll3JX3(T) exists. Since Ll33 > 0 this implies that IIX3(T)1I 
T -+co 

converges as T -t 00. Now, since x = Ax + Bu, the variables x and w are related via 

x = A/X + Bw and hence (see 5.5) X3 = A '3JX3 + B 3w. Since w E L 2(R+) and O'(A '33) c q;

we have that x3 E L2(R+). A fortiori, since IIX3(t)1I converges as t -t 00, this yields 

lim X3(t) = O. Using this, and the fact that -K- ~ 0 it then follows from (5.10) that (5.8) 
1-+"" 

holds. o 

Our next lemma states that, by choosing the control properly, the difference between K/ 
and the value of the cost functional can be made arbitrarily small: 

Lemma 5.7. Assume that (A ,B) is controllable, R > 0 and r;f:. 0. Then for all Xo E R n and 

for all e > 0 there exists an input u E U (x 0) such that J (x 0, u) S x bK / x 0 + e. 
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Proof. Again, let R7I be decomposed as aoove. It follows from (5.7) and (5.9) that for all 

u E L2,loC<R~ and for all T ~ 0 

T 

Jr(xo. u) = f IIw (t )111 dt + x'{;K/xo 

° 

[
K22 K23] [X2(T)] -(xI (T).xI (T» J' + x3(T) 
K 23 K33 

(5.11) 

Here. w := u + R-1(B T K/ + S) x. Since i = Ax + Bu, the variables x and w are related by 

i = A/X + Bw and hence (see (5.5»: 

Note that a(An) c a:o,a(Aj3) c €- and that this system is controllable. Now let e> O. It 

follows from lemma 5.5 that there exists a control w E L 2(R+) such that f IIw(t)1I1 dt < e 

° 
and such that x2(T) -+ 0 and x3(T) -+ 0 as T -+ 00. Define u := _R-1(BT K/ + S)x + w. 

Then we have 

o 

We will now give a proof of our main theorem. 

Proof of theorem 5.1. (i) This was already stated seperately in lemma 4.4. 

(ii) Lemma 5.6 yields ](xo. u) ~ x'{;K/xo for all u E U(xo). Together with lemma 5.8 this 

implies V/(xo) = x'{;K/xo for all xo. 

(iii) Assume r_:I= 0 . (~) Assume for all Xo there exists a control u* E U(xo) such that 

] (xo. u*) = V/(xo) = x'{;K/xo. Let Xo E J?71 be arbitrary and let u* be the corresponding 

optimal control. Denote x* := x (xo. u*). By lemma 5.6 

xbK/xo = ](xo. u*) ~ x'{;K/xo + J lIu*(t) + R-1(B T K/ + S)x*(t)1I1 dt 

° 
It follows that u* must be given by the feedback control law u* = -:-R-1(BTK/ + S)x*. This 

implies that x* satisfies the equation i* = A/x * . In tenns of the decomposition introduced 

aoove this of course yields it = A22Xf and it = A'33X3" (see 5.5), Since a(A'33) c q;- we 

must have x3" (t) -+ OCt -+ 00). By (5.10), 

~-
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JT(xo, U*) = xbK/xo - xt (T) A3~f (T) - X*T (T)K-x*(T) 

By the fact that h(xo, u*) ~ xbK/xo we obtain that X*T (T)K-x*(T) ~ 0 (T ~ 00). Since 

K- is semi-definite, a fortiori this implies K-x*(T) ~ 0 (T ~ 00). Using (5.6) this yields 

K22X~ (T) + K:nxf (T) ~ 0 (T ~ 00) . 

Since xf (T) ~ 0 (T ~ 00) the latter implies K22X~ (T) ~ 0 (T ~ 00) or, equivalently, 

K22 exp (A 22T)X2(O) ~ 0 (T ~ 00). Now, X2(O) was completely arbitrary and therefore we 

find that 

Consequently, K 2Z (/s - AZ:z>-l has all its poles in q;-. On the other hand however, since 

cr(A Z2) c q;O, it has all its poles in q;o. Thus, K 2Z (Is -AnTI = 0 and hence K22 = O. Since 

K-' is semi-definile;tbis· impliesK TJ' = O .... It.follows,that Jeer A = X 2 c. ker K-. ~-_ 

(<=) Conversely, assume ker Acker K-. Then K'n = 0 and K 23 = O. Define 

u = -R-1(BTK/ + S)x. We claim that this feedback law yields and optimal u. Indeed, by 

(5.11) 

Moreover, X3 = A '3~3. Since cr(A '33) c q;- we have x3(T) ~ 0 (T ~ 00). Thus 

J(xo, u) = xbK/xo = V/(xo>, so u is optimal. 

(iv) The fact that u* = _R-1(B T K/ + S)x* is unique was already proven in (iii) (=». This 

concludes the proof of our theorem. IJ 

Remark 5.8. At this point we would like to mention that, in addition to the option we have 

chosen in section 2, there is still another very natural and appealing way to formulate the regu

lar LQ-problem. Instead of restricting the class of controls to U (x 0) in order to guarantee that 

the indefinite integrals in (2.2) are well-defined, it is also possible to choose L2)oc(R~ for the 

class of admissible controls and to consider the following cost functional: 

j (xo. u) := limsup h(xo. u) . 
T~"" 

Obviously, on the subclass U(xO> c Lz).oc(R+) the functionals j(xo.·) and J(xo.·) coincide. 

Corresponding to this choice of cost functional, one can now consider the following version of 

the free-endpoint regular LQ-problem: 

V/(xo> := inf{j(xo.u) I u E Lz)oc(R+)} 

It turns out to be possible to develop a theory around this version of the problem completely 

parallel to the one we developed in this section. In fact, theorem 5.1 remains valid if in its 



- 19 -

statement we replace V/ by VI! In particular, both problems yield the same optimal controls 

u*. Consequently, if u* is optimal for the problem with functional j(xo,·) then in fact 

u* E U(xo) and V/(xo) = j(xo,u*) = lim h(xo,u*). Similar remarks hold for the fixed-
T~oo 

endpoint problem. 

6. Comparison and special cases 

In this section we will discuss some questions that arise if we compare the optimal costs 

and optimal closed loop systems resulting from the free-endpoint and fixed-endpoint problem 

respectively. In particular, we will establish conditions under which the respective optimal 

costs are the same. Also, conditions will be found under which the free-endpoint optimal 

closed loop system is asymptotically stable. Finally. we will show how our general results can 

. be specialised to reobtaintbe .most important results on the free..,endpoint regular LQ-problem 

with positive semi-definite cost functional. First, we have the following theorem: 

Theorem 6.1. Assume that (A , B) is controllable, R > 0 and r *" 0. Then we have 

(i) K/ = K+ if and only if the pair (K-,A - BR-1S) is detectable with respect to the stabil
ity set q;- u q;o. 

(ii) cr(A/) c q;- if and only if the pair (K-, A - BR-1S) is detectable with respect to q;- and 

.6. > O. 

Proof. (i) By (5.2), N is equal to the undetectable subspace of (K-,A - BR-1S) w.r.t. 

q;- u q;o. Since K+ is supported by the zero subspace, by theorem 3.1 we have K/ = K+ if 

and only if N = O. (ii) (<=) Detectability w.r.t. q;- implies detectability w.r.t. q;- U q;o. Hence 

Kl = K+ and A/ = A +. By [17, tho 5] .6. > 0 if and only if cr(A +) c q;- (:::}) Conversely, 

assume cr(Al) c q;-. By [17, tho 5] there is exactly one K E r, namely K = K+, such that 

cr(AK ) c q;- u q;o. Hence K/ = K+,Al = A +. Consequently,.6. > O. Also, from (i) we obtain 

that the pair (K-,A - BR-1S) is detectable w.r.t. q;- u q;o. Since.6. > 0, cr(A-) c q;+. Hence 

XO(A"") = ° so (K-,A - BR-1S) is in fact detectable w.r.t. q;-. [] 

We will now discuss how our results can be specialised to rederive some important "clas

sical" results on the special case that the quadratic form ro is positive semi-definite. We have 

the following characterization of the positive semi-definite solutions of the ARE: 

Theorem 6.3. Assume that (A ,B) is controllable, R > 0, L *" 0 and r+ *" 0. Let K E r be 

supported by V. Then K E r+ if and only if V c ker K-. 

~-
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Proof. By tho 3.1 we have V e ~-lVl = nn. (<=) Assume that V c ker K-. Then 

~-lVi = {x E R n I yTK+x =0, '<:Jy E V} and K =K+(l -Pv ). Let x E nn,x =Xl +x2 

with Xl E V and x2 E ~-lVi. It is easily seen that xT Kx = xiK+Xl' Since r+ ¢ 0 we have 

K+ ~ O. It follows that K ~ O. (<=) Conversely, if K ~ 0 then for all X E V we have 

OS xT Kx = x T (K-Pv + K+(l - Pv»x = xT K-x . 

Since L ¢ 0 we have K- S O. It follows that xT K-x = 0 and hence that x E ker K-. 0 

Our next result states that, under the assumption that L ¢ 0, if the ARE has positive 

semi-definite solutions at all, then it has a smallest positive semi-definite solution and this solu

tion is equal to the one supported by N. 

Theorem 6.4. Assume that (A ,8) is controllable, R > 0 and r_ ¢ 0. Then the following 

holds: if r +4: o then {i) K,+,e ~r-+.and {ii) K·E r~jmplies K/ S ,K. . ~--

Proof. Since N c ker K- it follows from tho 6.3 that K/ E r+. Assume now that K E r+ and 

that K is supported by the A --invariant subspace V c X+(A -). Since K E r+ we have 

V c ker K-. Hence V c < ker K- I A - > (the latter is the largest A --invariant subspace in 

ker K-, see (21]). It follows that V eN. But then, by tho 3.2., K/ S K. 0 

From the above deduce the following remarkable fact. Consider the free-endpoint regular 

LQ-problem with indefinite cost functional. Let (A, 8) be controllable. We already saw that the 

optimal cost is finite if we have r _ ¢ 0. Assume this to be the case. Then theorem 6.4 says 

that if the ARE has at least one positive semi-definite solution, then the optimal cost is given 

by the smallest of these solutions! The case that the cost functional is positive semi-definite, Le. 

that ro(x, u ) ~ 0 'V (x , u), is in fact a special case of this general principle. Indeed, if (A ,8) is 

controllable and if ro ~ 0 then r+ ¢ 0 (see [5]). Moreover, applying the latter to the controll

able system (-A ,-8) and the same form ro ~ 0, it can also be seen that r_ ¢ 0. Thus we have 

reobtained tho 4.2 (i). 

Our next result shows that the fact that for the case ro ~ 0 optimal controls exist for all 

initial conditions is also a special case of a more general principle: 

Proposition 6.5. Assume that (A,B) is controllable, R > 0, r_ ¢ 0 and r+ ¢ 0. Then 

ker L\ c kef K-. 

Proof. r _ ¢ 0 is equivalent to K- S 0 and r + ¢ 0 is equivalent to K+ ~ O. Assume x E kef~. 

Then 0 S xT K+x = xT K-x S O. Thus xT K-x = 0 and hence K-x = O. 0 
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By combining this with the above remarks and by applying tho 5.1 (iii) and (iv) we reob

tain tho 4.2 (ii). 

To conclude this section, we will briefly discuss what statements can be obtained from 

theorem 6.1 for the case that our cost functional is positive semi-definite. In the rest of this 

section, assume that ro(x ,u);::: 0 for all (x, u). We claim that in this case 

(6.1) 

First, we claim that ker K- is (A - BR-1S)-invarlant. Indeed, if ro;:;: 0 then Q - ST R-tS ;:;: O. 

Also it is straightforward to verify that 

(A -BR-1slK-+K-(A -BR-1S)+Q _STR-1S -K-BR-1BTK-=0 . (6.2) 

Let Xo E ker K-. Then from (6.2) xb(Q - ST R-1S)xo = 0 and hence (Q - ST R-1S)xo = o. 
Thus, again from (6.2), K-(A - BR-1S)xo = 0 so (A - BR-1S)xo E ker K-. It follows that 

<ker K- I A - BR-1S > = ker X-:'. Now~ by using .the.interpretation ofK-'as .the optimal cost 

for a ftxed-enpoint LQ-problem in "reversed time", see [21, tho 7], it 'Can be proved that 

ker K- = <ker(Q - STR-1S) I A - BR-1S > 

(6.3) 

Thus (6.1) follows immediately from (5.2). We have now shown that if ro;:;: 0 then K/ is in 

fact supported by the undetectable subspace of the pair (Q - ST R-1S ,A - BR-1 S) w.r.t. to 

q;- U q;o. (See also [3, tho 1]). By applying theorem 6.1 (i) we may then conclude that 
K/ = K+ if and only if (Q - ST R-1S, A - BR-1S) is detectable w.r.t. q;- u q;0 (see also 

[12, cor., p. 356]). 

Finally, we will re-establish the well known fact that cr(A/) c q;- if and only if 

(Q - STR-1S, A - BR-1S) is detectable w.r.t. q;- (see [6], [20], [12]). Assume that ro;:;: O. 

We claim that if (K-,A - BR-1S) is detectable w.r.t. q;- then 11 > O. Indeed, if 

(K-,A - BR-1S) is detectable w.r.t. q;- then (K-,A) is detectable w.r.t. q;-. The latter is 

equivalent to 

(6.4) 

By tho 3.1, XO(A -) = ker 11. Also, since ro;::: 0, ker 11 c ker K-. Hence, by (6.4), 

ker 11 + «ker K- I A-> tl X+(A-) = 0 whence ker 11 = O. It follows that 11 > O. We may 

now conclude from theorem 6.1. (ii) that cr(A/) c q;- if and only if the pair (K-, A - BR-1S) 

is detectable w.r.t. q;-. Using the fact that ker K- is (A - BR-1S)-invariant and (6.3) the latter 

condition is however equivalent with the statement that the pair (Q - ST R-1S, A - BR-1S) is 
detectable with respect to q;-. 
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7. Concluding remarks 

In this paper we have studied just one of the many open basic questions that still exist in 

the context of linear quadratic optimal control. To name but a few of these open problems. we 

mention for example the question about the relationship between the finite-horizon free

endpoint problem and the infinite-horizon free-endpoint problem. It is well known that if the 

cost functional is positive semi-definite then the finite-horizon optimal cost converges to the 

infinite-horizon optimal cost ([1], [2], [9]). It would be interesting to investigate whether this is 

also true for the indefinite case. Anther open problem still is the singular LQ-problem with 

indefinite cost functional, that is, the problem studied here without the assumption that R is 

positive definite. Recently [19], this problem was treated for the case that the cost-functional 

is positive semi-definite. However, for both the free-endpoint case as well as the fixed-endpoint 

case the indefinite version of this problem still remains to be solved. 

.;::;~
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