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Abstract We present a model for stress-fiber reorganiza-
tion and the associated contractility that includes both the
kinetics of stress-fiber formation and dissociation as well as
the kinetics of stress-fiber remodeling. These kinetics are
motivated by considering the enthalpies of the actin/myosin
functional units that constitute the stress fibers. The stress,
strain and strain rate dependence of the stress-fiber dynamics
are natural outcomes of the approach. Themodel is presented
in a general 3D framework and includes the transport of the
unbound stress-fiber proteins. Predictions of the model for
a range of cyclic loadings are illustrated to rationalize hith-
erto apparently contrasting observations. These observations
include: (1) For strain amplitudes around 10% and cyclic
frequencies of about 1Hz, stress fibers align perpendicular
to the straining direction in cells subjected to cyclic strain-
ing on a 2D substrate while the stress fibers align parallel
with the straining direction in cells constrained in a 3D tis-
sue. (2) At lower applied cyclic frequencies, stress fibers in
cells on 2D substrates display no sensitivity to symmetric
applied strain versus time waveforms but realign in response
to applied loadings with a fast lengthening rate and slow
shortening. (3) At very low applied cyclic frequencies (on
the order of mHz) with symmetric strain versus time wave-
forms, cells on 2D substrates orient perpendicular to the
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direction of cyclic straining above a critical strain ampli-
tude.

Keywords Mechano-sensitivity · Actin/myosin contrac-
tility · Stress fibers · Cytoskeleton

1 Introduction

The cytoskeletal arrangement within cells is sensitive to
their mechanical and chemical environments as well as the
imposed loadings. For example, on stiff continuous sub-
strates (Discher et al. 2005) or on substrates comprising an
array of stiff micro-posts (Tan et al. 2003), cells form a strong
network of actin/myosin stress fibers, while the same cells
when placed on more compliant continuous or micro-post
substrates form weak cytoskeletal networks. Similarly, cells
seeded on substrates with ligand patterns develop specific
actin and focal adhesion distributions that are a function
of the ligand patterns shape and size (Parker et al. 2002;
Chen et al. 2003). In turn, the cell’s cytoskeleton influences a
broad range of cellular activities. For example, cytoskeletal
arrangements in arterial endothelial cells affect intracellular
signaling and gene expression which regulate cellular func-
tions such as apoptosis, proliferation andmorphology (Wang
and Thampatty 2006).

Experiments regarding cytoskeletal arrangements in res-
ponse to cyclic mechanical stimuli were initially performed
on cells seeded on 2D substrates that were stiff relative
to the cells (Neidlinger-Wilke et al. 2001; Kaunas et al.
2005). In these experiments, the cytoskeletal network formed
perpendicular to the imposed cyclic strains and this was
interpreted as strain avoidance (Buck 1980). Typically, this
avoidance increased with increasing imposed strain ampli-
tude at a fixed frequency of loading (Kaunas et al. 2005).
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This was interpreted as a sensitivity to imposed strain rate
(Wei et al. 2008). This hypothesis was further reinforced
by the experiments of Tondon et al. (2012) who demon-
strated reduced sensitivity of cells subjected to fixed strain
amplitudes but reduced frequencies of applied loading. How-
ever, this explanation contrasts with the observations of
Faust et al. (2011) who performed experiments with a fixed
(low) value of applied strain rate and varied the strain
amplitude. The cells they investigated showed an increased
strain avoidance when the imposed strain amplitude was
increased beyond a critical value suggesting a sensitivity
to strain amplitude rather than strain rate. All the observa-
tions mentioned above typically involved triangular (or near
triangular) imposed strain versus time waveforms. Tondon
et al. (2012) reported a strong sensitivity of the observed
cytoskeletal arrangements to the shape of imposed strain
waveform using asymmetrical triangular and square strain
versus time waveforms. Using these observations, Tondon
et al. (2012) concluded that the cytoskeletal arrangements
are more sensitive to the lengthening rate compared to the
shortening rate.

More recently, cells have also been cultured in a 3Dmatrix
or gel. In a static setting, the contractile stresses exerted by
the cells lead to compaction of the unconstrained construct
in all directions (Foolen et al. 2012). If the construct is uni-
axially constrained, the cytoskeleton of the cells orients in
the constrained direction (Nieponice et al. 2007) but surpris-
ingly this preference remains even when cyclic strains are
applied (Gauvin et al. 2011; Nieponice et al. 2007), i.e., in
a 3D setting, cyclic loading the cytoskeleton seems to align
with the imposed strain direction, while in 2D settings the
cells exhibit strain avoidance.

Phenomenological cytoskeleton remodeling models have
been proposed to rationalize such contrasting phenomena.
These models include the stress, strain and strain rate depen-
dence of the stress-fiber kinetics using phenomenological
relations. However, these models are typically unable to
account for the full range of observations. For example, the
models of Deshpande et al. (2006) and Vernerey and Farsad
(2011) accurately predict the strain avoidance for the cyclic
response of cells on 2D substrates but cannotmodel the align-
ment of the stress fibers with the imposed strain in 3D. On
the other hand, the model proposed by Obbink-Huizer et al.
(2014) is able to account for the cyclic response of cells in
both the 2D and 3D settings by including a strain depen-
dence in the stress-fiber kinetics. However, this model has
the critical shortcoming that strain dependence is difficult
to justify over an extended time period when the cells are
expected to remodel and loose strain memory. Moreover,
none of the approaches presented to date can rationalize all
the observations mentioned above together, and especially
the dependence on the shape of the imposed strain versus
time waveforms.

1.1 Review of the key biochemical processes and
experimental observations

In the suspended or resting state, short actin filaments in
the cytoplasm are surrounded by a pool of actin monomers
bound to profilin. Myosin II exists in the bent state in which
the tail domain interacts with the motor head. The formation
of stress fibers in the cell is triggered by an activation signal
in the form of either a nervous impulse, an external signal
or signaling from focal adhesions. Several parallel intracel-
lular pathways are involved. For example, adhesion to the
extracellular matrix triggers a signaling pathway from focal
adhesions through Rho GTPase and ROCK (Rho-associated
protein kinase) with phosphorylation of NMM2 (non-muscle
myosin II). This involves (1) the activation of Rho due to the
clustering of high-affinity integrins, (2) the simultaneous dif-
fusion and de-phosphorylation of Rhomolecules through the
cell, (3) the activation of ROCKby the Rho and finally (4) the
formation of stress fibers comprising actin and NMM2: these
fibers generate tension by cross-bridge cycling between the
actin and the myosin filaments.

These biochemical processes are associated with the fol-
lowing key experimental observations of stress-fiber devel-
opment in cells:

(1) Substantial evidence supports the idea that tension con-
tributes to the formation of stress fibers. For example,
free-floating gels contract over several days, by as
much 90%, even though they lack stress fibers (Bur-
ridge and Chrzanowska-Wodnicka 1996). If the gels are
anchored, isometric tension is generated and the fibrob-
lasts develop prominent stress fibers (Mochitate et al.
1991). Upon release of the tension, the attached gels
rapidly contract.Moreover,when force is applied locally,
an actin filament bundle is induced immediately adja-
cent to its application site (Kolega 1986). Associated
with the tension-dependent stress-fiber assembly is the
development of structural anisotropy. For example, uni-
axially constrained, fibroblast-populated collagen gels
develop a high degree of fiber alignment and mechani-
cal anisotropy, while gels constrained biaxially remain
isotropic (Thomopoulos et al. 2005).

(2) Cells “sense” the stiffness of their substrates and exert
smaller tractions on more compliant substrates (Discher
et al. 2005).

(3) When substrates on which cells are cultured are sub-
jected to cyclic strains, cells “avoid strain” such that
stress fibers form in the direction perpendicular to the
imposed cyclic strain (Kaunas et al. 2005). On the other
hand, when cells cultured in three-dimensional (3D) tis-
sues are subjected to cyclic strain, “strain alignment” is
observed such that stress fibers now form in the direction
of the imposed cyclic strain (Nieponice et al. 2007).
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Fig. 1 Sketches showing the structure of stress fibers. a A single
stress-fiber comprising an arrangement of functional units in series.
The detailed structure of a single functional unit of the stress-fiber is
included in the inset. b The change in the structure of the functional
unit subjected to a stretch and contraction. c A 3D cell with a spherical

RVE of radius nR�0/2 in the undeformed setting. The inset shows the
stress fibers within the RVE. The coordinate system in 3D along with
the definition of the angles (θ, ϕ) are also included. d Sketches showing
the distribution of stress fibers within the RVE with increasing η(θ, ϕ)

(4) A strong stress-fiber network forms in cells subjected to
uniaxial stress states but biaxially constrained cells form
weaker stress-fiber networks (Thavandiran et al. 2013).

In this study,wedevelop amicro-mechanical approach for the
constitutive law for stress-fiber contractility within cells. The
model will employ thermodynamic considerations to moti-
vate the dependence of stress-fiber kinetics on stress, strain
and strain rate.

2 Formulation of a thermodynamically motivated
model

Models for the remodeling of the cytoskeletal stress fibers
such as those of Deshpande et al. (2006), Vernerey and
Farsad (2011) and Obbink-Huizer et al. (2014) are purely
phenomenological in nature. Here, we use thermodynamic
considerations to motivate a model for the stress-fiber kinet-

ics in which the observed stress, strain and strain rate
dependence of stress-fiber dynamics are natural outcomes.

2.1 Continuum description of stress fibers within a cell

Contractile stress fibers comprising proteins such as
α-actinin, actin, myosin and tropomyosin and showing an
alternating periodic arrangement similar to that seen in
muscle sarcomeres have been observed in a range of cells
including endothelial cells (De Bruyn and Cho 1974), retinal
cells (Gordon et al. 1982) andfibroblasts (Byers andFujiwara
1982). We use these observations to describe the structure of
stress fibers with a view to developing a continuummodel for
their reorganization. Consider a single stress-fiber of cross-
sectional area A0 as sketched in Fig. 1a. The fiber comprises
actin filaments, myosin bipolar filaments and other proteins
such as α-actinin. These proteins assemble in a serial repeat-
ing manner similar to a stack of poker chips with the smallest
functional unit of a stress-fiber shown in the inset of Fig. 1a.
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This functional unit has a length �0 in its ground-state state
(statewith lowest internal energy)with an overlap s0 between
the actin and myosin filaments. Immunofluorescence experi-
ments byLanganger et al. (1986) suggest that �0 ≈ 0.4 µmin
chicken fibroblasts. The isometric tension that the functional
unit can exert is maximum in this ground state and reduces
as the functional unit is strained away from this ground state.
When the functional unit is stretched, the overlap between
the myosin and actin filaments decreases, while when it is
shortened the actin filaments interfere with each other which
results in some myosin cross-bridges losing their ability to
interact with the actin filaments. Both these effects are illus-
trated in Fig. 1b.

The aim here is to develop a continuum description of
stress-fiber distributions within the cell. With this in mind,
we now proceed to define volume-averaged quantities over a
representative volume element (RVE). The RVE in the unde-
formed state is assumed to be a sphere of radius nR�0/2 as
illustrated in Fig. 1c with stress-fiber emanating from the
center of this sphere. Thus, each stress-fiber within the unde-
formed RVE comprises nR functional units in their ground
state. The RVE by definition is required to be large compared
to the functional unit length �0 so as to smooth over statistical
fluctuations. Moreover, we assume that the properties at each
material point xi within the cell are representative of those
of the RVE, and thus, we implicitly assume that the property
variations over the cell are occurring over wavelengths large
compared to nR�0.

Now consider a material point located at xi with the RVE
describing the details of the stress-fiber structure at this point.
Recall that stress fibers crisscross the RVE such that they all
pass through the center of the RVE. The unit outward normal
to an infinitesimal area dA on the surface of the undeformed
RVE is given by mi ≡ [

sin θ cosϕ sin θ sin ϕ cos θ
]
,

where θ and ϕ are the polar and azimuthal angles, respec-
tively, as defined in Fig. 1c. We then define an angular stress-
fiber concentration η(θ, ϕ) such that dΠ ≡ η sin θdθdϕ,
where dΠ is the number of stress fibers passing through dA
and sin θdθdϕ the differential solid angle subtending dA.
Then, the total number of stress fibers at location xi follows as

Π =
π/2∫

−π/2

π∫

0

η sin θdθdϕ. (2.1)

Sketches showing the distribution of stress fibers within the
RVE with increasing η(θ, ϕ) are included in Fig. 1d to give
a visual sense of the definition of η.

We now proceed to define the material strains and the
strains that the stress-fiber functional units are subjected to
relative to their ground state. Assume that a nominal tensile
strain εn(θ, ϕ) is imposed instantaneously on the surface of
the undeformed RVE normal to dA (i.e., a step change in the

strain). This imposed strain causes a reduction in the overlap
s between the actin andmyosin filaments (i.e., s < s0)within
the functional units of the stress fibers oriented at (θ, ϕ) as
illustrated in Fig. 2. The functional units of the stress-fiber are
now no longer in their ground state, and some cross-bridges
from the bipolar myosin filament now are unable to inter-
act with the actin filaments. This configurational change of
the functional unit can be thought of as creating new surface
within the unit, which in turn increases its internal energy.
The increase in the internal energy of the functional unit is
expected to initiate a remodeling process within the stress
fibers. In the case of an imposed stretch, the remodeling will
normally involve the addition of functional units, as illus-
trated schematically in Fig. 2, in an attempt to increase the
overlap s back to s0. The opposite effect occurs if εn(θ, ϕ)

is a compressive strain with the stress-fiber now undergoing
remodeling, which involves the dissociation of functional
units, such that the functional units can elongate back to near
their optimal length.

Thus, when all the functional units within each stress-fiber
in the bundle with orientation (θ, ϕ) have an overlap s = s0
there are n0 ≡ nR[1 + εn(θ, ϕ)] functional units within the
RVE in direction (θ, ϕ), but in general the stress-fiber com-
prises n �= n0 functional units. Based on this discussion, we
define two strain quantities at orientation (θ, ϕ): (1) themate-
rial nominal strain εn(θ, ϕ) which directly gives the overall
change of length of a stress-fiber in direction (θ, ϕ) and (2)
the nominal strain ε̃n(θ, ϕ) of the stress-fiber functional unit
relative to its ground state. The length of a functional unit
in a stress-fiber comprising n functional units is n0�0/n and
consequently ε̃n and εn are related via

ε̃n = n0

n
− 1 = nR [1 + εn]

n
− 1, (2.2)

so that ε̃n = 0 corresponds to a functional unit in its ground
state with an actin/myosin filament overlap s = s0 and length
�0. In summary, η quantifies the number of stress fibers in
parallel at a particular orientation, while n gives the number
of functional units in series within each of those stress fibers.

To complete the description of the continuum quantities
used to define the stress-fiber structure, we note that the total
number of functional units within stress fibers in the RVE at
location xi is given by

Nb =
π/2∫

−π/2

π∫

0

η n sin θdθdϕ. (2.3)

Further, at xi are also present unbound actin, myosin proteins
and other proteins that can combine to form Nu functional
units. Therefore, the number of stress-fiber functional units
that can exist within the RVE at xi if all the available proteins
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Fig. 2 The remodeling of a stress-fiber subjected to a nominal ten-
sile strain εn . a The stress-fiber in its initial ground state with an
actin/myosin filament overlap s = s0 corresponding to ε̃n = 0.
b Stress-fiber subjected to a tensile strain εn which decreases the over-
lap to s < s0. c The remodeling of the stress-fiber by the contraction

of two function units and the breaking of the bond between these two
units. d The remodeled stress-fiber where an additional functional unit
is inserted into the fiber such that the fiber is now in its low-energy state
with each functional unit strained to ε̃ssn

combined to form functional units is

NT = Nb + Nu . (2.4)

The corresponding volumetric concentrations of these total
and unbound stress-fiber protein packets are then given as

ρT ≡ NT

J 4π
3

(
nR�0/2

)3 and ρU ≡ Nu

J 4π
3

(
nR�0/2

)3 ,

(2.5)

respectively, where J is the Jacobian of the deformation gra-
dient at xi and VR ≡ 4π

3 (nR�0/2)3 is the undeformed RVE
volume.

In the above discussion, we have implicitly assumed that
the structure of the stress fibers is not affected by fibers at
multiple orientations at any given location. However, interac-
tion between stress fibers in different directions is expected.
To illustrate this, consider stress fibers in the 3D cell as shown
in Fig. 3. The structure of the filaments within the functional
units is shown in more detail in the inset of Fig. 3. Clearly
cross-bridges can now form between myosin and actin fila-
ments in different directions. This will tend to destabilize the

stress fibers, and thus, we argue that the structure of stress
fibers favors unidirectional fibers.

2.2 Development of the constitutive model

Thebio-chemo-mechanicalmodel ofDeshpande et al. (2006)
captures the formation and dissociation of stress fibers, as
well as the associated generation of tension and contractility.
In the model, polymerization (leading to stress-fiber forma-
tion in the cell) is governed by three coupled phenomena:
(1) an activation signal, (2) tension-dependent stress-fiber
kinetics and (3) a force-generation mechanism governed by
cross-bridge cycling between actin and myosin filaments.
Here, we present a model (in a finite strain setting) based on
this generic framework but with three critical differences:

(a) Conservation of the stress-fiber proteins and the diffu-
sionof the unboundproteinswithin the cell is considered.

(b) Two kinetics processes are involved in the stress-fiber
dynamics: the kinetics of stress-fiber formation and
dissociation as well as the kinetics of stress-fiber remod-
eling involving the change in the number of functional
units within existing stress fibers.
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Fig. 3 Stress fibers in multiple directions in a 3D cell. The inset shows the disorganized structure of the functional unit at the intersection between
two stress fibers in different directions: cross-bridges from myosin filaments in one stress-fiber interacting with actin filaments in the other fiber
and vice-versa

(c) All these kinetics are motivated by considering the
energy levels of the proteins in their different states rather
than purely phenomenological relations.

Over the timescales being modeled here, we assume that
there is negligible production or destruction of the stress-fiber
proteins and thus ρT integrated over the entire cell volume is
a conserved quantity. Thus, we define a conserved quantity

N0 ≡
4π
3

(
nR�0/2

)3

V0

∫

V
ρT dV, (2.6)

where V and V0 are the current and undeformed volumes of
the entire cell, respectively. Then, we introduce normaliza-
tions with respect to nR and N0 such that

N̂u + N̂b = N̂T , (2.7)

where N̂u ≡ Nu/N0, N̂T ≡ NT /N0 and

N̂b ≡ Nb

N0
=

π/2∫

−π/2

π∫

0

η̂ n̂ sin θdθdϕ. (2.8)

Here, η̂ ≡ ηnR/N0 and n̂ ≡ n/nR and consequently the
normalized number of stress fibers Π̂ is analogously defined
as

Π̂ ≡ ΠnR/N0 =
π/2∫

−π/2

π∫

0

η̂ sin θdθdϕ. (2.9)

With the appropriate continuum quantities now defined, we
proceed to present the different elements of the constitutive
model which include:

(I) The kinetics of stress-fiber formation and dissociation.
(II) The kinetics of stress-fiber remodeling.
(III) Transport of the unbound stress-fiber proteins.

(IV) The activation signal.
(V) Force generation within the stress-fiber.
(VI) Homogenization of the stress-fiber forces to provide a

cell level constitutive relation.

2.2.1 Stress-fiber kinetics

Let μb(θ, ϕ) denote the standard enthalpy of nR functional
units within a stress-fiber at an orientation (θ, ϕ) in the
RVE. Then, the standard enthalpy μ(θ, ϕ) of a stress-fiber
at orientation (θ, ϕ) comprising n(θ, ϕ) functional units is
μ(θ, ϕ) = n̂μb. The corresponding standard enthalpy of
the aggregated unbound stress-fiber proteins that combine
to form nR functional units is denoted as μu .

First, consider the forward reaction (formation of stress
fibers)where unboundproteins combine to forma stress-fiber
comprising n functional units at an orientation (θ, ϕ). We
assume that unbound proteins are equally available to form
stress fibers at any orientation and thus Nu/(2π) unbound
molecules are available. The geometrical arrangements of
functional units within a stress-fiber bundle constrain all
stress fibers in a bundle at a particular orientation to have
the same number of functional units. We thus postulate that
the formation of stress fibers proceeds in two steps. First the
unbound aggregates of proteins cluster into Nu/(2πn) pack-
ets and each of these packets comprise molecules to form n
functional units (the intermediate stage); see Fig. 4. At this
intermediate stage, there is no change in the enthalpy of the
unbound proteins but there may be an entropy change due to
the arrangement of themolecules; see “Appendix” for a statis-
ticalmechanics discussion on the entropy of this intermediate
stage. The clustering reaction is driven by the hydrolysis of
ATP into ADP and a phosphate ion Pi in case the reaction is
endergonic and spontaneous in case it is exergonic, i.e.,

nU + ATP → nUI + ADP + Pi if N̂u
2πη̂n̂ > 1

nU → nUI otherwise,
(2.10)
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Fig. 4 The energy landscape of the stress-fiber proteins (nR = 1).
The sketch shows the standard enthalpies of the unclustered unbound
proteins, one packet of clustered (intermediate stage) unbound proteins
that comprises aggregates to form three functional units and the stress-

fiber comprising n = 3 functional units that forms from this one packet.
The activation barrier between the clustered unbound proteins and the
bound proteins within the stress-fiber is also indicated

whereU andUI denote the unclustered unbound proteins and
the clustered unbound proteins (intermediate stage), respec-
tively.1 (The condition that governs whether the clustering
reaction is endergonic/exergonic is derived in “Appendix.”)
Second, all the n aggregates within a packet of the clus-
tered proteins need to cross an activation enthalpy barrier
(we assume that the number of energy states available to the
activated state is equal to those of the unbound molecules in
the intermediate state and thus the activation free energy is
equal to the activation enthalpy). This barrier is (μa−μu) for
the formation of nR functional units bound within a stress-
fiber as depicted in Fig. 4 and the reaction is written as

nUI � nB, (2.11)

where B denotes bound functional units. Since reaction
(2.10) is either ATP driven or spontaneous with no barrier,
we assume that the second step, i.e., reaction (2.11) is rate
limiting. The Boltzmann distribution specifies that the prob-
ability for a single aggregate of unbound molecules to cross
the activation barrier is

1 ATP hydrolysis driving the growth of actin filaments (F-actin) from
the polymerization of G-actin monomers is widely accepted; see for
example Howard (2001). The reaction (2.10) is motivated from these
understanding.

k+ = exp

[
−μa − μu

nRkBT

]
, (2.12)

and the joint probability for the entire packet of n aggregates
of unbound molecules to cross the activation barrier is k f ≡
(k+)n . The rate of the forward reaction for the formation of
the stress fibers is then

r f ≡ Nu

2πn
ωnk f = Nu

2πn
ωn exp

[
−n̂

μa − μu

kBT

]
, (2.13)

whereωn is the collision frequency of the unboundmolecules
including any steric effects. Now consider the reaction for the
dissociation of a stress-fiber with n functional units (reverse
reaction). This again proceeds in two steps first via reaction
(2.11) and then via the conversion of the clustered unbound
proteins to their unclustered state via

nUI + ATP → nU + ADP + Pi if N̂u
2πη̂n̂ < 1

nUI → nU otherwise,
(2.14)

where the first of reaction (2.14) occurs when unclustering is
endergonic and the second case in case unclustering is exer-
gonic. Again, we assume that reaction (2.11) is rate limiting,
as the proteins need to cross the activation barrier n̂(μa−μb)
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depicted in Fig. 4. Using the Boltzmann distribution for the
energy levels of the stress fibers and assuming the same col-
lision frequency as in the forward reaction, the rate of the
reverse reaction is

rr ≡ ηωnkb = ηωn exp

[
−n̂

μa − μb

kB T

]
, (2.15)

where analogous to k f , kb is the probability for proteins
within the stress-fiber to cross the activation barrier. The net
rate η̇(θ, ψ) in normalized form then follows as

˙̂η = N̂u

2π n̂
ωn exp

[
−n̂

μa − μu

kB T

]

−η̂ωn exp

[
−n̂

μa − μb(θ, ϕ)

kB T

]
. (2.16)

The chemical potentials of the proteins in the unclustered and
clustered unbound states as well as in their bound states are
derived in “Appendix” from statistical mechanics arguments.

It now remains to specify the forms for the standard
enthalpy functionals μu and μb. Consider first the unbound
stress-fiber proteins. These proteins are affected by the acti-
vation signal level and tend to transform into their bound
states more readily when the activation signal concentration
(e.g., concentration of unfolded ROCK) is increased, as dis-
cussed in Sect. 2.1. We model the effect of the activation
signal on the standard enthalpy of the unbound stress-fiber
proteins via the phenomenological relation

μu = μuo + Δμuo C, (2.17)

where following Deshpande et al. (2006), we model the
activation signal via a non-dimensional measure such that
0 ≤ C ≤ 1, μu0 is the standard enthalpy of the unbound
stress-fiber in the absence of a signal (C = 0) and Δμuo

is the increase in the enthalpy of the unbound molecules at
full activation (C = 1). Next, consider a stress-fiber oriented
at (θ, ϕ), comprising n functional units within the RVE and
subject to a tensile stress σ f (θ, ϕ). The standard enthalpyμb

of nR functional units within the stress-fiber is written as

μb ≡ ψ − σ f (θ, ϕ)
[
1 + ε̃n(θ, ϕ)

]
Ω. (2.18)

We shall now discuss each of the terms on the right-hand side
in the above expression. The internal energy of nR functional
units within a stress-fiber isψ . This internal energy increases
as the unit is strained away from its ground state at ε̃n = 0
and we specify a functional form for ψ as

ψ ≡ μbo + βμbo|ε̃n|p + (1 − κ)Δμbo. (2.19)

Here, the internal energy of nR functional units within a
stress-fiber in their ground state is labeledμbo while β and p

are non-dimensional constants governing the rate of growth
of ψ as the functional units are strained away from their
ground state. We emphasize that the increase in ψ , as it
is strained away from its ground state, represents an incre-
ment in the configurational energy of the functional unit due
to the reduction in the ability of the actin and myosin fila-
ments to interact. The conjugate configurational force to this
energy drives the remodeling of the stress-fiber as discussed
subsequently. Thus, βμbo|ε̃n|p should not be interpreted as
strain energy as there is no mechanical stress associated with
this energy. The final term in the internal energy expression
takes into account that functional units are destabilized by
cross-bridges formed between myosin and actin filaments in
different directions (see Fig. 3). We model this by increas-
ing the internal energy of nR functional units by Δμbo in
the limit of an isotropic stress-fiber distribution. The degree
of isotropy of the stress fibers is modeled via the non-
dimensional parameter κ , such that 0 ≤ κ ≤ 1 with

κ ≡ ηmax − ηmin

ηmax
, where

ηmax = max {η,∀ (θ, ϕ)}
ηmin = min {η,∀ (θ, ϕ)} .

(2.20)

Thus, κ = 0 for an isotropic stress-fiber distribution with
ηmax = ηmin, and for simplicity, we postulate that ψ

decreases linearly with κ .
The second term in Eq. (2.18) represents the change in the

enthalpy of the functional units due to the work done against
the environment in creating the “space” to accommodate
them. Consider a stress-fiber oriented at (θ, ϕ) comprising
nR functional units and subject to a stressσ f (θ, ϕ).With each
functional unit subjected to a strain ε̃n(θ, ϕ), the length of this
stress-fiber is nR�0[1+ ε̃n(θ, ϕ)]. The change in enthalpy in
creating this stress-fiber with cross-sectional area A0 is then
−σ f (θ, ϕ)[1 + ε̃n(θ, ϕ)]Ω , where Ω ≡ A0nR�0 as spec-
ified in Eq. (2.18). The standard enthalpy of a stress-fiber
comprising n functional units then follows from Eqs. (2.2)
and (2.18) as

μ(θ, ϕ) ≡ n̂μb = n̂ψ − σ f (θ, ϕ) [1 + εn(θ, ϕ)]Ω.

(2.21)

2.2.2 Stress-fiber remodeling

Now, consider the remodeling of an existing stress-fiber at
orientation (θ, ϕ) with n functional units in the RVE. Recall
that the length of functional units within stress fibers in cells
at steady state is a constant and independent of the state of the
cell such as the density of stress fibers, etc. (e.g., as shown by
Guterl et al. (2007) sarcomeres are approximately 2µm in
length in heart muscles under both isometric or under cyclic
shortening conditions). Based on this observation, we pos-
tulate that only changes in the internal energy of the stress
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fibers at a fixed overall strain εn(θ, ϕ) drive the remodeling
process: inclusion of the entropy and mechanical work con-
tributions of the free energy of the stress-fiber would result
in the steady-state functional unit length being a function of
the state of the cell contrary to observations. As discussed in
Sect. 2.2, there are two possible remodeling scenarios involv-
ing either the addition or dissociation of functional units and
we shall consider these in turn:

(1) Addition of functional units occurs when the stress-fiber
can reduce its internal energy by contracting each of its
constituent functional units, thereby making room for
the addition of new units. As shown in Fig. 2, this addi-
tion occurs by an opening of a gap between adjacent
functional units. This involves the breaking of bonds
and the formation of new bonds as a new functional
unit enters the gap to form the remodeled stress-fiber.
This is a dissipative process with the energy required for
this remodeling provided by the reduction in the internal
energy of the stress-fiber.

(2) Dissociationof functional units froma stress-fiber occurs
when the stress-fiber can reduce its internal energy by
extending eachof its constituent functional units, thereby
reducing the number of units within it. Remodeling
with functional unit dissociation occurs by first a bond
breaking between two functional units and then one unit
extending while the other rotates away. The remodeling
is complete when the extending functional unit reforms
a new bond with its new neighbor and the strain within
all the functional units of the stress-fiber in the RVE
readjusts and equalizes. Similar to remodeling involving
functional unit addition, the bond breaking and reform-
ing process is dissipative with the energy for this process
provided by the reduction in the internal energy of the
stress-fiber.

To develop a model for the rate ṅ, we first establish the
rate of change of internal energy of the stress-fiber due to
remodeling and then equate it to the dissipation rate due to
the breakage and reformation of the bonds between the func-
tional units. From Eqs. (2.19) and (2.2), the rate of change
of the internal energy follows as

Ψ̇ = ∂Ψ

∂n
ṅ = ˙̂n

[
ψ(ε̃n) − ∂ψ

∂ε̃n
(1 + ε̃n)

]
, (2.22)

where Ψ ≡ n̂ψ . Note that in the remodeling process, the
number of stress fibers remains constant and therefore η (and
consequently κ) remains constant and thus there derivative
of κ is not included in Eq. (2.22).

We now proceed to propose a constitutive relation for the
dissipation rate during the remodeling process. As a first step,
consider the stretching of the bond between two functional

Increasing δ

δn

σB

δ

δ

(B)(A)
.

Fig. 5 aThe stretching of the bondbetween two functional unitswithin
a stress-fiber by δ. b The variation of the bond stress σB with δ and the
stretch rate δ̇. The bonds break at a stretch δ = δn

units as shown in Fig. 5a. Adhesion in most biological situa-
tions is thermally activated with an activation barrier present
for the formation/dissociation of bonds. This results in a rate-
dependent bond strength/energy (Evans and Ritchie 1997).
Here, we do not model these details but rather specify a sim-
ple phenomenological relation between the bond stress σB

and bond stretch δ (we do not need to consider the com-
pression of the bond for the purposes of this discussion) that
captures the key element of the rate dependence of the bond
strength. This simple relation is specified by

σB =
{

q�0
δn

(
δ̇
δn

)
for δ ≤ δn

0 otherwise,
(2.23)

where q�0/δn is the bond viscosity and δn the bond stretch
at which the bond breaks; see Fig. 5b. Typically, we would
anticipate q to scale as q ∝ [Eb/(kB T )], where Eb is the
activation energy for the breaking of the bonds. This activa-
tion energywill govern the rate of stress-fiber remodeling and
is strongly dependent on the cell type; e.g., Eb is expected to
increase from pluripotent cells to progenitor cells to differ-
entiated cells, thereby increasing the bond viscosity and the
consequently the dissipation rate during remodeling.

The dissipation rate Ḋ over the n junctions between func-
tional units in the stress-fiber is given as Ḋ ≡ nσB A0δ̇. If
the bonds are breaking at a rate ṙ ≡ δ̇/δn, Ḋ follows as

Ḋ ≡ nσB A0δ̇ = n q A0 �0 ṙ
2
B = n̂qΩ ṙ2B . (2.24)

It now remains to relate ṙB to ṅ, and we consider the cases of
functional units addition and dissociation separately. First
consider the case of the addition of functional units. Let
nu functional units not within a stress-fiber (i.e., unbound
functional units) be available for addition to each stress-fiber
during remodeling. With Π stress fibers within a RVE, it is
reasonable to assume that nu = Nu/Π . Over the stress-fiber
length in the RVE, nṙB junctions between functional units
break in unit time with nu/n functional units available to
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enter each of these broken junctions. Thus, ṅ = nuṙB and
the dissipation rate during the addition of functional units is
given by

Ḋ = n̂qΩ

(
Π̂

N̂u

)2

n̂2. (2.25)

Now, consider the case of the dissociation of a functional
unit from a stress-fiber. A functional unit dissociates from
the stress-fiber when the bond at both its ends breaks. Over
the stress-fiber lengthwithin theRVE, nṙB junctions between
functional units break in unit time and on average we would
expect nṙB/2 functional units to dissociate implying ṅ =
nṙB/2. The dissipation rate during remodeling with func-
tional unit dissociation then follows as

Ḋ = 4qΩ

n̂
˙̂n2. (2.26)

The kinetic law for ṅ follows from the balance relationship
−Ψ̇ = Ḋ, i.e., the rate of loss of internal energy from the
stress-fiber during remodeling is equal to the dissipation rate.
Recall that Ḋ is always positive. Therefore, from Eq. (2.22)
it is clear that when ∂Ψ/∂ n̂ > 0, remodeling involves dis-
sociation with ṅ < 0 while remodeling results in functional
unit addition with ṅ < 0 when ∂Ψ/∂ n̂ < 0. Thus, combining
Eqs. (2.22), (2.25) and (2.26) the kinetic law for stress-fiber
remodeling is given by

˙̂n =
⎧
⎨

⎩
− 1

n̂

(
N̂u

Π̂

)2 [
ψ (ε̃n) − ∂ψ

∂ε̃n
(1 + ε̃n)

]
α

μbo
if ∂Ψ

∂ n̂ ≤ 0

− n̂
4

[
ψ(ε̃n) − ∂ψ

∂ε̃n
(1 + ε̃n)

]
α

μbo
otherwise,

(2.27)

where the rate constant α ≡ μbo/qΩ .
Recall that remodeling terminates when ∂Ψ/∂ n̂ = 0. This

specifies that steady state occurswhen the nominal functional
unit strain attains a value ε̃ss given by positive root of the
relation

(p − 1)ε̃ p
ss + pε̃(p−1)

ss − ϑ

β
= 0, (2.28)

where ϑ ≡ 1 + (1 − κ)Δμbo/μbo. Corresponding to this
strain the stress-fiber at steady state comprises

n̂ss = 1 + εn

1 + ε̃ss
, (2.29)

functional units.
The remodeling of stress fibers as proposed herewill result

in stress fibers losing memory to an imposed strain εn as the
functional units relax back to ε̃ss . The model thus presents
a physical rationalization of the so-called fading memory
models used extensively to model the active stress of cardiac
and other cells (Hunter 1995).

2.2.3 Transport of the unbound stress-fiber proteins

To complete the constitutive equations for the concentration
of the stress-fiber proteins, we need to specify the temporal
evolution of N̂T . If the stress-fiber proteins are immobile

within the cell, then ˙̂NT = 0 and the total number of
stress-fiber proteins (unbound and within stress fibers) are
conserved at each material point xi within the cell. How-
ever, fluorescence recovery after photo-bleaching (FRAP)
measurements (McGrath et al. 1998) suggest that unbound
stress-fiber proteins such as actin can diffuse a distance of
about 1.5µm in 1 s and thus are fast relative to the timescales
typically being modeled here. Hence, the transport of the
stress-fiber proteins needs to be considered to evolve N̂T .

The unbound stress-fiber proteins are free to diffusewithin
the cell, while the bound proteins are immobile as they are
connected to a network of fibers that crisscross the cell. The
chemical potential of the unbound stress-fiber protein packets
at location xi in the cell is given byEq. (8.5) (see “Appendix”)
as

χu = kBT ln

(
N̂u

2π N̂L

)

+ μu

nR
, (2.30)

where N̂L are the normalized number of available lattice sites
as defined in “Appendix.” The mean drift velocity of these
proteins is then obtained via the constitutive equation

vi = −�
∂χu

∂xi
, (2.31)

where � is the mobility of the unbound stress-fiber proteins
in the cytoplasm. The net flux of the unbound proteins ji =
Nuvi and the conservation of both bound and unbound stress-
fiber proteins at location xi specifies

ṄT = ∂ ji
∂xi

(2.32)

Equations (2.30)–(2.32) can be combined along with the def-
initions (2.5) to yield the transport equation

˙̂NT = kBT
∂

∂xi

[

�
∂ N̂u

∂xi

]

+ 1

nR

∂

∂xi

[
�N̂u

∂μu

∂xi

]
. (2.33)

Equation (2.33) along with the appropriate initial and
boundary conditions (typically zero flux of N̂u across the cell
membrane) for N̂u will provide the solution of the evolution
of N̂T .

2.2.4 The activation signal

Stress-fiber formation is initiated by a biochemical or
mechanical perturbation that triggers a signaling cascade
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within the cell. We model this signal as an externally ini-
tiated, exponentially decaying pulse having level C given by

C = exp

(
− tI

ζ

)
, (2.34)

where ζ is a constant that controls the decay rate of the sig-
nal and tI is the time measured from the instant the most
recent signal is imposed. In reality, the clustering of high-
affinity integrins in focal adhesions internally initiates the
signaling cascade that results in the formation of stress fibers
by increasing C . The signal subsides due to restoring mech-
anisms that include: (1) the dephosphorylation of Rho and
(2) the refolding of ROCK into its deactivated state in the
absence of the phosphorylated Rho. The complex signaling
pathways that govern the rise and fall of this activation signal
are neglected in this analysis, and we model the activation
process due to the contact of the cell with the ligand pattern
on the substrate through a pre-specified activation signal of
the form given by Eq. (2.34). Readers are referred to Pathak
et al. (2011) and Vigliotti et al. (2015) for more rigorous for-
mulation for the signalC that can also be readily incorporated
into this model.

2.2.5 Stress-fiber force generation

Cross-bridge cycling between the actin and the myosin
filaments generates the tension in the stress fibers. This force-
generation mechanism is similar (but not identical) to that in
muscle cells. Here, we do not model the details of the kinet-
ics of the actin/myosin interaction (cross-bridge dynamics)
which requires a consideration of kinetics at single protein
length-scale (Eisenberg et al. 1980). Rather we directly spec-
ify a phenomenological expression for the relation of the
stress-fiber stress to the extension/shortening rate motivated
by the Hill relation (Hill 1938). The stress generated by the
stress-fiber due to cross-bridge cycling between the actin and
myosin is governed by the relative sliding rate between the
actin and myosin filaments. Thus, the relevant strain rate
while considering a Hill-type relation of a single stress-fiber
is the strain rate of a functional unit within the stress-fiber
rather than the overall rate of change of length of the stress-
fiber. The true strain of a functional unit is related to its
nominal strain via ε̃ ≡ ln(1 + ε̃n). Then, using the defin-
ition of ε̃n in Eq. (2.2), the true strain rate ˙̃ε follows as

˙̃ε = ṅ0

n0
− ṅ

n
= ε̇ − ṅ

n
, (2.35)

where again the true material strain ε is related to the cor-
responding nominal strain via ε ≡ ln(1 + εn). A simplified

version of the Hill-like relation is then specified as

σ f (θ, ϕ)

σ0 (ε̃n)
= 1

2

[

erf

(
4 ˙̃ε(θ, ϕ)

ε̇0
+ 2

)

+ 1

]

, (2.36)

which is a smooth version of the piecewise linear function
employed by Deshpande et al. (2006). Here σ0 is the iso-
metric tension of the stress-fiber with functional units at a
strain state ε̃n and the tensile stress in the stress-fiber drops
to approximately zero at a shortening rate ˙̃ε = −ε̇0. The
isometric tension depends on the overlap s between the actin
andmyosin filaments with the isometric tension being amax-
imum at the optimum overlap s0. Following data for muscle
fibers (McMahon 1984), we propose a functional form for
σ0(ε̃n) as

σ0 =
⎧
⎨

⎩

σmax |ε̃n| ≤ εp

σmax exp

[
−

( |ε̃n |−εp
εs

)2]
otherwise,

, (2.37)

where σmax is the isometric tension near the overlap s0 (cor-
responding to ε̃n = 0), while εp and εs govern the rate at
which σ0 decreases as the functional unit is strained away
from its ground state. The strain rate and strain dependence
of the stress-fiber stress as given by Eqs. (2.36) and (2.37),
respectively, is sketched in Fig. 6.

2.2.6 Homogenization and cell level constitutive relations

Consider the RVE of volume V sketched in Fig. 1c. By
adopting Cartesian tensor notation (Einstein summation con-
vention over repeated indices), the average Cauchy stress
σi j over the RVE of volume VR resulting from the fibers is
defined from the stress τi j at any point as

σi j = 1

VR

∫

VR

τi jdV, (2.38)

with respect to the fixed orthogonal basis xi (Fig. 1c). Recall
that η(θ, ϕ) is the angular concentration of stress-fiber at
orientation (θ, ϕ).Wedefine anorthogonal set of base vectors
ei that rotate (but do not deform) with the material. Since ei
are coincident with xi at time t = 0, (θ, ϕ) gives the stress-
fiber orientation in the original configuration. Now write a
unit radial unit vector mi = [

sin θ cosϕ sin θ sin ϕ cos θ
]

for the RVE so that the strain rate in a fiber oriented at (θ, ϕ)

in the undeformed configuration is related to the material
strain rate ε̇i j via

ε̇(θ, ϕ) = ε̇i jm
∗
i m

∗
j , (2.39)

where m∗
i = Ri jm j with Ri j the rotation tensor at xi . The

virtual work statement for the RVE in its deformed state is
then
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Fig. 6 Sketches showing the a strain rate and b strain dependence of the stress-fiber stress as characterized by Eqs. (2.36) and (2.37). In b consistent
with the parameters used in this study, we have assumed εp/εS = 2

1

VR

∫

VR

τi jδε̇i jdV = 1

VR

∫

S
Tiδu̇i dS, (2.40)

in terms of the traction Ti on the surface S of the deformed
RVE and δu̇i the virtual displacement rate corresponding
to the arbitrary variation δε̇i j . The current radius of the
RVE at orientation (θ, ϕ) is r = [1 + εn(θ, ϕ)]nR�0/2
and η(θ, ϕ)/r2 stress fibers emanate from the RVE at ori-
entation (θ, ϕ) per unit deformed RVE surface area. Hence,
Ti = η(θ, ϕ)σ f (θ, ϕ)A0m∗

i /r
2 while δu̇i = rδε̇(θ, ϕ)m∗

i .
Substituting these into Eq. (2.40) with dS = r2 sin θdθdϕ
gives

1

VR

∫

VR

τi jδε̇i jdV

= A0�0nR

J 4π
3 (nR�0/2)3

π/2∫

−π/2

π∫

0

η(θ, ϕ)σ f (θ, ϕ)

×[1 + εn(θ, ϕ)]δε̇(θ, ϕ) sin θdθdϕ. (2.41)

CombiningEq. (2.41)withEqs. (2.38) and (2.39) specifies

σi jδε̇i j

= σ̂max

J

π/2∫

−π/2

π∫

0

η̂(θ, ϕ)σ̂ f (θ, ϕ) [1 + εn(θ, ϕ)]

×δε̇i jm
∗
i m

∗
j sin θdθdϕ, (2.42)

where σ̂ f ≡ σ f /σmax and σ̂max ≡ f0σmax with the volume
fraction f0 defined as

f0 ≡ A0�0N0

4π
3

(
nR�0
2

)3 . (2.43)

Recall that δε̇i j is an arbitrary variation in ε̇i j . Thus, by suc-
cessively allowingone component of δε̇i j to be nonzerowhile
the others are set to zero, the average stress σi j due to the
stress fibers at location xi is given a

σi j = σ̂max

J

π/2∫

−π/2

π∫

0

η̂σ̂ f [1 + εn(θ, ϕ)]m∗
i m

∗
j sinθdθdϕ.

(2.44)

The total stress Σi j is expected to include a contribution
from the passive elasticity provided mainly by the interme-
diate filaments of the cytoskeleton attached to the nuclear and
plasma membranes and the microtubules. Here, for simplic-
ity, we employ a neo-Hookean elasticity model with a strain
energy density function given by

W = E

4(1+ ν)

⎡

⎣J−2/3
3∑

j=1

λ2j − 3

⎤

⎦+ E

6(1 − 2ν)
[J− 1]2,

(2.45)

where λi are the three principal stretches with J ≡ λ1λ2λ3
while E and ν are the Young’s modulus and Poisson’s ratio,
respectively. The associated principal Cauchy stresses are

σ
p
i ≡ λi

J

∂W

∂λi
. (2.46)

The total Cauchy stressΣi j follows from an additive decom-
position as

Σi j = σi j + σ
p
i j , (2.47)

where σ
p
i j is the passive Cauchy stress such that σ

p
kl p

(i)
l =

σ
p
i p(i)

l with p(i)
l being unit vectors in the principal directions.
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The specification for the constitutive model is completed
by requiring that mechanical equilibrium is satisfied, i.e.,

∂Σi j

∂x j
= 0, (2.48)

subject to the appropriate displacement and traction bound-
ary conditions.

2.3 Specialization to a two-dimensional (2D) state

The model developed above can be readily specialized to a
2D state for a planar cell as sketched in Fig. 7 by setting
θ = π/2 and defining an in-plane fiber orientation φ = ϕ as
shown in Fig. 7. Here, we briefly summarize the key elements
of the 2D formulation. The main difference between the 2D
and 3D formulation lies in the RVE definition. In 2D the RVE
is a cylinder of radius nR�0/2 and height b in the undeformed
configuration. Using the RVE sketched in Fig. 7, the stress-
fiber orientation in the undeformed configuration is described
by the angle φ that varies over −π/2 ≤ φ ≤ π/2 and the
RVE comprises ns identical stress-fiber layers through the
thickness b. Similar to the 3D case, we measure the orienta-
tion φ of the stress fibers with respect to an orthogonal set
of base vectors ei that rotate (but do not deform) with the
material with ei are coincident with xi at time t = 0. The
angular concentrations of the stress fibers is now η(φ) and
the analogous to Eq. (2.4) the total number of functional units
that can exist at a location xi is written as

N̂u +
π/2∫

−π/2

η̂ n̂dφ = N̂T , (2.49)

with the total number of stress fibers given by

Π̂ =
π/2∫

−π/2

η̂dφ. (2.50)

Fig. 7 Schematic of a 2D cell with the coordinate systemmarked. The
network of stress fibers with the 2D RVE is shown in the inset

The stress-fiber kinetic relation Eq. (2.16) is modified as

˙̂η = N̂u

π n̂
ωn exp

[
−n̂

μa − μu

kBT

]

−η̂ωn exp

(
−n̂

μa − μb(φ)

kBT

)
, (2.51)

while the stress-fiber remodeling relation remains unchanged.
In 2D, the relation for the stress-fiber strain ε̇(φ) can be sim-
ply written in terms of ε̇i j as

ε̇(φ) = ε̇11 cos
2 φ∗ + ε̇22 sin

2 φ∗ + ε̇12 sin 2φ∗, (2.52)

whereφ∗ is the angle of the stress-fibermeasuredwith respect
to xi and is related to φ by the rotation of the base vectors ei .
The 2D stress state due to the stress fibers then follows from
the homogenization analysis as

[
σ11 σ12
σ12 σ22

]
= σ̂max

J

π/2∫

−π/2

η̂σ̂ f [1 + εn(φ)]

×
[
cos2 φ∗ sin 2φ∗

2
sin 2φ∗

2 sin2 φ∗

]

dφ, (2.53)

where again σ̂max ≡ f0σmax and the volume fraction f0 in
this 2D setting is defined as

f0 ≡ A0�0N0

πb
ns

(
nR�0
2

)2 . (2.54)

The passive stress is given by the neo-Hookean elasticity
model described above: in this 2D setting, we assume plane
stress conditions so that Σ33 = 0 with σ

p
3 = 0. A summary

of the key parameters of the model with a brief description
of each of those parameters is given in Table 1.

3 Simulation of cyclic stretch

Experiments wherein cells have been subjected to cyclic
stretching have typically been performed under two types
of conditions:

Type I (cells cultured on 2D substrates): As sketched in
Fig. 8a, cells are cultured on flat substrates that are stiff
compared to the cells. These substrates are then subjected
to cyclic stretch in one direction and constrained from
contraction in the orthogonal in-plane direction.
Type II (cells constrained in 3D tissues): Cells are cul-
tured in a 3D matrix or gel (Fig. 8b). Left unconstrained
this gel then compacts in all directions due to the
contractile forces exerted by the stress fibers and the
stress-fiber distribution is isotropic. These tissues are
subjected to cyclic stretch in one direction and left uncon-
strained (i.e., free to contract) in the other two orthogonal
directions.
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Table 1 A summary of the key parameters of the model

Parameter symbol Brief description

η Angular concentration of stress fibers at orientation (θ, ϕ)

A0; Ω Cross-sectional area of stress-fiber; volume of nR functional units of the stress-fiber

�0 Undeformed length of a functional unit

n; n0; nR Number of functional units within a stress-fiber; number of functional units within stress-fiber when
functional unit strain ε̃n = 0; reference number of functional units within the stress-fiber in an
undeformed RVE

εn Nominal strain of a stress-fiber

ε̃n Nominal strain of the functional units within a stress-fiber

nss; ε̃SS Number of functional units in stress-fiber at steady state; the functional unit strain at steady state

NT ; Nb; Nu Total number of protein packets in an RVE; number of protein packets in the form of bound functional
units in an RVE; number of unbound protein packets in an RVE

Π Total number of stress fibers within an RVE

μa; μu; μb Activation enthalpy for nR protein packets; enthalpy of nR protein packets in the unbound state; enthalpy
of nR protein packets in bound state

μuo; μbo Standard enthalpy of nR functional units in the unbound and bound states

ωn Frequency of molecular collisions

C Normalized activation signal strength (0 ≤ C ≤ 1)

ψ Internal energy of nR functional units within a stress-fiber

q Viscosity of the bond between functional units in a stress-fiber

Ḋ Dissipation rate during remodeling of a stress-fiber

� Mobility of the unbound stress-fiber proteins within the cytoplasm

σmax Maximum tensile stress of a stress-fiber

σ f Stress-fiber stress

Σi j ; σi j ; σ
p
i j Total Cauchy stress; active Cauchy stress; passive Cauchy stress

κ Parameter characterizing the isotropicity of the distribution of stress fibers with an RVE

x3

x1
x2

E11(t)

E11(t) Σ22= 0

E11(t)

(A) (B)

E11(t) Substrate

Cell

= 0E22 Σ33= 0 Σ33= 0

Fig. 8 Sketches of the cyclic loading of cells a cultured on 2D stiff substrates (type I experiments) and b constrained within a 3D matrix or gel
(type II experiments)

Here, we attempt to use the model developed in Sect. 2 to
predict the response of cells subject to cyclic loading in the
type I and II experiments.

3.1 Simulation procedure

The cells under both type I and type II loading conditions
are subjected to stretch in the x1 − x2 plane as shown in
Fig. 8 and free to contract in the x3− direction. Thus, the
stress-fiber density out of the x1 − x2 plane is negligible, and
this was confirmed via a few representative 3D calculations.

Moreover, experimental observations typically only visualize
the stress fibers in the x1 − x2 plane. Hence, here we only
present results using the 2D version of the model detailed
in Sect. 2, i.e., only considering stress fibers in the x1 − x2
plane. The critical difference between experiments of type I
and II lies in the boundary conditions imposed on the cells,
and here, we describe each of these in turn.
Simulations of type I experiments: The problem under con-
sideration entails the cyclic loading of cells adhered to
(typically) silicone substrates (Fig. 8a). The cyclic loads are
applied to the substrate and the imposed strains measured by
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imaging the displacements of particles attached to the sub-
strate. We idealize the experimental situation by making two
assumptions:

(1) The focal adhesions between the substrate and the cells
are strong enough that the cell is firmly attached to the
substrate and undergoes straining equal to that of the
substrate.

(2) The in-plane strains in the cell are spatially uniform, con-
sistent with experimental observations; see for example
Neidlinger-Wilke et al. (2001).

With the cells subjected to a spatially uniform state, N̂T = 1

throughout the cell and ˙̂NT = 0, i.e., the solution of
Eq. (2.33) is trivial.Moreover, themechanical boundary con-
ditions reduce to imposing a stress and strain state rather
than displacement and/or traction boundary conditions. In the
2D simulations presented here, we apply a spatially uniform
time-dependent nominal strain E11(t) and E22 = E12 = 0
to the cell. In addition, we impose plane stress conditions in
the x3-direction such that Σ33 = 0 which in this 2D case
reduces to σ

p
33 = σ33 = 0 and E33 directly follows from the

elastic constitutive relation.

Simulations type II experiments: Again consistent with the
cells in the type I experiments, N̂T = 1 throughout the cell

with ˙̂NT = 0. Moreover, we assume that the cells are loaded
in a spatially uniform manner and thus again the boundary
conditions reduce to imposing a stress and/or strain state on
the cell. Recall that in these experiments, the gel is con-
strained and cyclically stretched in one direction and free
to contract in the other two orthogonal directions. Neglect-
ing the stiffness of the gel/matrix,2 we thus idealize this
situation by imposing a time-dependent nominal strain his-
tory E11(t), E12 = 0 as well as the stress-free conditions
Σ22 = Σ33 = 0. Again in this 2D setting, the condition that
Σ33 = 0 reduces to σ

p
33 = 0 but the condition that Σ22 = 0

implies that

σ22 = −σ
p
22. (3.1)

E22(t) is then a solution variable that follows from the impo-
sition of Eq. (3.1).

Initial conditions and signal: Recall that the activation signal
C is initiated by the stretching of focal adhesions on the cell
membrane. Thus, we anticipate that the activation signal is
re-initiated during each cycle. The period of cyclic stretching
T 
 ζ , and thus here for simplicity we assumeC = 1 for all
times t ≥ 0. It now remains to specify initial conditions for

2 See Obbink-Huizer et al. (2014) for a detailed discussion on the effect
of the gel/matrix stiffness.

the cell. These conditions are somewhat arbitrary as the state
of the cell at t = 0 is difficult to quantify. Here, we assume
that at t = 0− the cell is stress-fiber free with η̂(φ) = 0∀φ

and N̂u = 1 and also stress free (Σi j = 0). Moreover, we
assume that the cell is in its ground state with εn(φ) = 0
and n̂(φ) = 1∀φ. We emphasize that the cyclic steady-state
stress-fiber distributions are not sensitive to the choice of the
initial conditions.

In both the situations modeled here, the cell state is spa-
tially uniform and there is no rigid body rotation so φ = φ∗.
Thus, the solution of the model described in Sect. 2 does
not involve partial differential equations but rather a set of
ordinary differential equation for η̂(φ) and n̂(φ) in time.
These were solved in commercial package MATLAB using
an Euler backward time integration scheme with discretiza-
tion in φ done using 36 integration points and the integration
in Eq. (2.53) performed using the trapezoidal rule. While in
the simulations of the type I experiments the Euler backward
solution involved solving a nonlinear set of equations using
a Newton–Raphson method for η̂(φ) and n̂(φ), the simula-
tions of the type II experiments involved E22 as an additional
unknown along with the associated constraint Eq. (3.1).

3.2 Material parameters

All simulations are reported for cells at a temperature T =
310K. Most of the parameters of the model are related to the
properties of the proteins that constitute stress fibers. These
parameters are thus expected to be independent of cell type.
Notable exceptions to this are: (1) the stress-fiber protein
volume fraction f0 that for example is expected to be higher
in smooth muscle cells compared to fibroblasts etc.; (2) the
remodeling rate constant α that depends on whether the cell
is for example a progenitor cell compared to a differenti-
ated cell and (3) the passive elastic properties. In this study,
where possible, we attempt to use parameters calibrated for
epithelial cells from the studies of McGarry et al. (2009) and
Ronan et al. (2012) and emphasize that we anticipate only f0,
α and the passive elastic properties to change significantly
with cell type. The passive elastic parameters are taken to be
E = 5.0 kPa and ν = 0.45, while the maximum contractile
stress σmax = 240 kPa consistent with a wide range of mea-
surements onmuscle fibers (Lucas et al. 1995). Here, we take
the volume fraction f0 = 0.032 which is representative for
cells such as fibroblasts with low-volume fractions of stress
fibers. The critical strain rate in the Hill relation is taken to be
ε̇ = 0.53 s−1 so that the cell retains sensitivity near the phys-
iologically relevant frequency of 1 Hz while εS = 0.3 and
εp = 0.6 (McMahon 1984). There are no definitive data in
the literature on the values of the enthalpies of the unbound
and bound stress-fiber proteins, and we performed a para-
metric study to find appropriate values of these energies. The
values that were found to give good agreement with observa-
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tions for a wide range of loading scenarios and taken as the
reference values areμa = 20 kBT0, (μuo+Δμuo) = 8 kBT0
and μbo = 9 kBT0, where T0 = 310K. The reference vol-
ume of nR functional units is taken to be Ω = 10−7.1 µm3

such that σmaxΩ ≈ 4.4 kBT0 and this retains the mechano-
sensitivity of the stress fibers. Moreover, we take β = 1.2
with p = 2 so that ε̃ssn = 0.35. Thus, ε̃ssn < εp and at steady
state the isometric tension σ0 = σmax. Since we assume
C = 1 throughout the loading history, the parameters ζ and
Δμuo are not invoked in the calculations. Moreover, for the
spatially uniform situation considered here, the mobility �

of the unbound stress-fiber proteins does not enter the calcu-
lations and hence does not need to be specified here. Further,
the spatial homogeneity implies that Δμbo does not qualita-
tively change the results and hence cannot be calibrated based
on the simulations presented here. Thus, we setΔμbo = 0 in
the current calculations. This choice implies that there is no
direct interaction between stress-fiber in different directions,
as thought to be the case for ventral stress fibers. Finally, we
choose the rate constant ωn = 20Hz and present results for
two values of the remodeling rate constant α = 0.01Hz and
200 Hz. Subsequently, we shall refer to these as the slow
and fast remodeling cases, respectively. Actin remodeling
has been shown to be significantly faster in undifferentiated
cells in a stem cell line undergoing differentiation by Aref
et al. (2010). Based on this, we expect that the slow remod-
eling case is representative of differentiated cells while the
fast remodeling case is relevant to pluripotent or progenitor
cells.

3.3 Stress-fiber alignment characterization

The key output parameters from the model are η̂(φ, t),
n̂(φ, t), N̂u, ε̃n(φ, t), εn(φ, t) and the stress state Σi j (t).
These direct outputs are useful in terms of developing an
understanding of the cell physics as predicted by model.
However, to make comparisons with experimental data, we
need to devise metrics from the model that are most con-
sistent with measurements. The experimental assessments
have typically used the following procedure (Kaunas et al.
2005). A large number of experiments are conducted for each
cyclic stretch condition and the cells stained with rhodamine
phalloidin after a steady state is attained (typically after 6–
18 h). The rhodamine phalloidin highlights the actin within
the stress fibers and imaging of the stained cells allows for the
observation of the stress fibers. A mean value for the stress-
fiber orientation is then computed for each cell by means of
an image-processing algorithm based on pixel intensity gra-
dients. Then, circular histograms quantifying the number of
cells observed with a particular mean stress-fiber orientation
are constructed.

The output of the model presented above is not statistical
and hence does not allow an identical metric to be evalu-

ated. However, the product η̂(φ)n̂(φ) gives a measure of the
number of functional units (and therefore actin concentration
as well) at orientation φ. Following Wei et al. (2008) (and
numerous subsequent studies), we envisage that the num-
ber of cells with given mean stress-fiber orientation φ is
proportional to ξ ≡ η̂(φ)n̂(φ). We then construct circular
histograms with the length of individual vector components
proportional to level ξ and these individual vectors are plotted
at φ intervals of 5◦. This provides a direct method to compare
with the circular histograms typically plotted in experimental
studies.

4 Comparison between cyclic loading of cells on
substrates and in 3D tissues

We first consider the differences in the response of cells on
substrates (type I) and constrained in 3D tissues (type II) and
subject to cyclic straining. In both cases, at time t = 0 the
cells are constrained such that E11 = 0 is imposed. This ini-
tial constraint is applied over the period 0 ≤ t < 6 h (static
loading phase) and then cyclic stretch applied for t ≥ 6 h for
another 6 hrs (cyclic loadingphase). The cells are subjected to
a periodic triangular strain versus time history E11 that varies
from 0 to Emax = 0.1 with a frequency f = 1/T = 1Hz.
The loading and unloading rates are equal such that imposed
strain rate is 0.2 s−1. For all time t ≥ 0, the activation signal is
assumed to be at its full level ofC = 1. It is worth emphasiz-
inghere that the initial static phase is employed to create a rea-
sonably realistic set of initial conditions for the cyclic loading
phase.We appreciate that a temporally constant signalmaybe
unrealistic for the initial static phase, but the steady-state
cyclic results are insensitive to these initial conditions, and
hence, for simplicity we use a constant signal for all t ≥ 0.

In order to present the results, we define η̂90 and η̂0 as the
angular stress-fiber concentration η̂ in the φ = 0◦ and φ =
90◦ directions, respectively. Correspondingly, n̂90 and n̂0, ε̃90n
and ε̃0n , ε90n and ε0n and ξ0 and ξ90 are the non-dimensional
number of functional units, nominal functional unit strains,
nominal cell strains and actin concentration in the φ = 0◦
and φ = 90◦ directions, respectively.

First, consider the type I experiments. Predictions of the
temporal evolution of η̂90 , η̂0 and N̂u are included in Fig. 9a,
b for the slow and fast remodeling cases, respectively. At the
initiation of the signal at t = 0, stress-fiber concentrations
η̂90 and η̂0 begin to increase (and consequently N̂u decreases)
rapidly. With both E11 = E22 = 0, the stress fibers grow in
an isotropicmanner and thus over the time period 0 ≤ t ≤ 6 h
and the curves of η90 and η0 are indistinguishable in Fig. 9a, b.
Insets of the circular histograms of ξ are included in Fig. 9a,
b at the end of the static loading phase at t = 6 h and confirm
that actin distribution is isotropic as well. While the temporal
evolution of η̂ is nearly identical for both the fast and slow
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Fig. 9 Predictions of the evolution of η̂90 , η̂0 and N̂u for the a slow
and b fast remodeling cases for cells on substrates (type I experiments)
subjected to cyclic loading with Emax = 0.1 and f = 1Hz. Insets
showing circular histograms of ξ at steady state during the static and
cyclic loading phases are included. The x-axis of the figures is broken
into three groups so as to show the initial phase, the phase when cyclic
loading is commenced and after cyclic steady state has been attained

remodeling cases, the evolution of n̂ and ε̃n is significantly
different in the two cases.We include the temporal evolutions
of ε̃0n in Fig. 10a and n̂0 in Fig. 10b for both the slow and
fast remodeling cases. For the static loading at times t ≤ 6 h,
ε̃n and n̂ are equal in all directions and reach their steady-
state values of ε̃ssn and n̂ss almost instantaneously for cells
undergoing fast remodeling. On the other hand, it takes about
500 s for the cells undergoing slow remodeling to reach these
steady-state values.

Now, consider the cyclic loading of these cells which com-
mences at t = 6 h. In both the fast and slow remodeling cases,
η̂90 increases while η̂0 decreases and there is a negligible
change to N̂u (Fig. 9). The final steady-state distributions of
the actin concentrations as parameterized by ξ are included
as circular histograms in insets of Fig. 9. Clearly, the actin
distributions are now anisotropic and, consistent with obser-
vations (e.g., Kaunas et al. 2005), the model predicts that
stress fibers form primarily in the direction perpendicular to
the direction of cyclic straining. To understand this recall that
the stress-fiber stress drops as per the Hill-like relation (2.36)
during the unloading phase Ė11 < 0 which increases the

enthalpies of the stress fibers around theφ = 0◦ direction and
thus preferentially increases the dissociation of these stress
fibers. By contrast, stress fibers around the φ = 90◦ direc-
tion are subjected to relatively small strain rates even during
the cyclic loading phase and thus do not undergo enhanced
dissociation.

The temporal evolution of ε̃0n is included in Fig. 10a for
the last five cycles of loading and the corresponding variation
of n̂0 plotted in Fig. 10b. These detailed evolutions are plot-
ted in insets in Fig. 10 using the axis t̄c ≡ f tc, where time
tc = 0 corresponds to the start of the first of the first of the
five cycles plotted. For cells undergoing fast remodeling, ε̃0n
increases in a nonlinear manner during the stretching phase
of the loading but decreases rapidly (and linearly) back to
ε̃ssn and then remains at this value during the remainder of
the unloading phase of the cyclic loading. To understand this
asymmetry recall that ˙̂n is proportional to N̂u when functional
units are being added to a stress-fiber. With N̂u → 0, the rate
˙̂n is limited by the availability of unbound functional units
during the stretching phase and hence ˙̂n is relatively slow. On
the other hand, during unloading, functional units are being
dissociated from stress fibers and this process is very rapid.
In the slow remodeling cases, nearly no addition or dissocia-
tion of functional units takes place over the period of a single

cycle and hence ˙̂n0 ≈ 0 and consequently ˙̃ε0n ≈ ε̃0n ≈ ε̃0n i.e.,
ε̃0n has the same imposed triangular form as E11.

Next consider the type II experiments. The time evolution
of η̂90 and η̂0 as well as N̂u are included in Fig. 11a, b for
the slow and fast remodeling cases, respectively. Very early
in the initial static phase, η̂90 rises rapidly and then starts
to decay while η̂0 increases monotonically from its initial
value of zero. At the steady state during the static loading
phase, η̂0 > η̂90 and the corresponding circular histogram
of the non-dimensional actin concentration ξ is included as
insets in Fig. 11. Unlike in the type I experiments, a strongly
anisotropic distribution is observed with a high concentra-
tion of both stress fibers and the actin concentration around
the φ = 0◦ direction. To rationalize these results consider
the corresponding variations of ε0n and ε90n in Fig. 12a, ε̃0n
and ε̃90n in Fig. 12b and n̂0 and n̂90 in Fig. 12c for the slow
remodeling case. Early in the loading history ε90n reduces
as stress fibers start to form and contract the cell in the x2-
direction (recall that Σ22 = 0). This results in increase in
the enthalpy of the fibers in the φ = 90◦ direction com-
pared to those in the φ = 0◦ direction. Thus, stress fibers
in the φ = 0◦ direction are more stable and with increas-
ing time η̂0 continues to increase with the functional units
to form these fibers resulting from the dissociation of fibers
around the φ = 90◦ direction. Importantly, at steady state
during the static loading phase ε̃0n = ε̃90n = ε̃ssn and thus
the stress fibers which are under isometric conditions in all
directions are under a tensile stress σ0 = σmax. The above
arguments are also true for the fast remodeling case, albeit
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Fig. 10 Predictions of the
temporal evolution of a ε̃0n and b
n̂0 for both the slow and fast
remodeling cases for cells on
substrates (type I experiments)
subjected to cyclic loading with
Emax = 0.1 and f = 1Hz. The
x-axis of the figures is broken
into three groups so as to show
the initial phase, the phase when
cyclic loading is commenced
and after cyclic steady state has
been attained. Insets showing
the detailed temporal variations
over 5 cycles after cyclic steady
state has been attained are
included in a for both the slow
and fast cases and in b for only
the fast case as there is
negligible variation of n̂0 over a
cycle in the slow case
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the timescales are shorter and hence curves corresponding to
Fig. 12 for the fast remodeling case are omitted for the sake of
brevity.

Now, consider the cyclic loading phase in these type II
experiments. Cyclic strain in the x1− direction results in a
reduction in η̂0 , in a small increase in η̂90 (Fig. 11) and neg-
ligible changes in n̂90 and n̂0 (Fig. 12). The reduction in η̂0

is due to the fact that the stress-fiber stress drops as per the
Hill-like relation during the Ė < 0 phase which increases
the enthalpy of the stress fibers around the φ = 0◦ direction
relative to those around the φ = 90◦ direction. However, the
imposed cyclic strain levels are relatively small and do not
appreciably affect the number of functional units within the
stress fibers as seen in Fig. 12. Circular histograms of ξ at
steady state during the cyclic loading phase are included as
insets in Fig. 11.While there is some reduction in the level of
anisotropy compared to the steady state during the static load-
ing phase, it is clear that unlike in the type I experiments stress
fibers and actin concentrations are higher in the direction of
the imposed loading consistent with a range of experimental
observations; see for example Nieponice et al. (2007). It is
worth emphasizing here that even under cyclic steady-state
conditions the stress fibers in the φ = 90◦ direction are under
isometric conditions with functional unit strain ε̃90n = ε̃ssn
and thus generate a tensile stress σ0 = σmax. Therefore, the

reason for these stress fibers to be less stable compared to
those around the φ = 0◦ direction (i.e., η̂90 < η̂0 ) is that
n̂90 < n̂0.

The model thus accurately predicts the apparently contra-
dictory observations in the type I and type II experiments.
The key to the difference is that in the type I experiments
straining is prevented in the direction perpendicular (φ = 90◦
direction) to the imposed cyclic strain. Thus, the length of the
stress fibers in both directions are approximately equal. How-
ever, the negative strain rate imposed in the φ = 0◦ direction
during the shortening phase increases the enthalpy of the
stress fibers in the φ = 0◦ direction relative to the φ = 90◦
direction. This results in stress fibers preferentially forming
perpendicular to the imposed cyclic strain. By contrast, in
the type II experiments the cell contracts significantly in the
φ = 90◦ direction. This implies that these fibers have fewer
functional units compared to the fibers in the φ = 0◦ direc-
tion. This decreases the stability of the fibers in the φ = 90◦
direction relative to the φ = 0◦ direction. The increase in the
enthalpy of the stress fibers in the φ = 0◦ direction during
the Ė11 < 0 phase of the cyclic loading is relatively small
compared to the difference in the enthalpies due to the differ-
ences in the number of functional units. Thus, in the type II
experiments stress fibers preferentially form in the direction
of the imposed cyclic strain.
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Fig. 11 Predictions of the evolution of η̂90 , η̂0 and N̂u for the a slow
and b fast remodeling cases for cells constrained in 3D tissues (type
II experiments) and subjected to cyclic loading with Emax = 0.1 and
f = 1Hz. Insets showing circular histograms of ξ at steady state during
the static and cyclic loading phases are included. The x-axis of the
figures is broken into three groups so as to show the initial phase, the
phase when cyclic loading is commenced and after cyclic steady state
has been attained

5 Dependence of response of cells on substrates
(type I) on the cyclic waveform

There are a range of experimental observations which
demonstrate the strong dependence of the response of cells on
substrates to the precise nature of the cyclic loading. While
a range models have been developed to rationalize some
of these observations here, we demonstrate that the model
developed in Sect. 2 predicts all these sometimes apparently
contradictory observations in a single framework. In all sim-
ulations presented subsequently, the cells are first allowed to
reach a static steady state by imposing Ei j = 0 over the time
period 0 ≤ t ≤ 6 h and cyclic straining is then imposed for
a further 6h.

5.1 Effect of the shape of the cyclic waveform

Tondon et al. (2012) demonstrated a strong dependence on
the shape of the cyclic waveform on the response of U2OS
osteosarcoma cells cultured on substrates. In particular they
considered four imposed strain waveforms as sketched in
Fig. 13. In all cases, the frequency of loadingwas f = 0.1Hz

and the imposed strain varied between 0 and Emax = 0.1.
When the imposed strainwaveformwas triangularwith equal
loading and unloading rates (Fig. 13a), the cells did not show
any sensitivity to the loading with the stress fibers arrang-
ing randomly. However, with a fast lengthening rate and
slow shortening rate, (Fig. 13b) the stress fibers aligned per-
pendicular to the straining direction and this behavior was
also present for the square imposed strain versus time his-
tory (Fig. 13d). However, similar to the symmetric triangular
imposed strain history, when the cells were subjected to a
waveform with a slow lengthening rate but fast shortening
rate (Fig. 13c), the cells again did not show any sensitivity
to the imposed loading with the stress fibers arranging ran-
domly. We attempt to explain these observations using the
model developed in Sect. 2.

The U2OS osteosarcoma cells were originally derived
from a moderately differentiated sarcoma of the tibia, and
thus, we expect the fast remodeling limit to be more appro-
priate for these cells. Hence, we first consider this limit. A
summary of the predictions of themodel for the four different
imposed strain waveforms is shown in Fig. 14 and includes
(1) circular histograms of ξ at steady state after cyclic load-
ing; (2) the variation of ε̃0n and ε̃90n with time over five cycles
during the steady-state phase and (3) the corresponding vari-

ations of n̂0 and n̂90. In all cases, ˙̃ε90n = ˙̂n90 = 0 as the
imposed strain rate in the φ = 90◦ direction is zero and thus
the state of the stress fibers at cyclic steady state does not
vary over the period of a cycle.

For the imposed symmetric triangularwaveform (Fig. 13a),
the distribution of ξ (Fig. 14a) is seen to be approximately
isotropic, consistentwith the experimental observations. This
is due to the fact that the relatively slow imposed strain rate
allows for the stress-fiber to remodel at a rate approximately

equal to the imposed strain rate and thus ˙̃ε0n ≈ 0 (Fig. 14)

with ˙̃ε0n ≈ ˙̂n0, i.e., the stress-fiber strain rate in the φ = 0◦
fibers in approximately zero even though the cell is subjected

to a nonzero strain rate ˙̃ε0n . Since the stress-fiber strain rate
is approximately zero in all directions, the cells display no
sensitivity to the imposed cyclic loading, i.e., ξ distribution
remain is isotropic.

Now, consider the case of fast lengthening (Fig. 13b).
We model this by imposing an instantaneous lengthening
from E11 = 0 to E11 = Emax followed by shortening at
a rate Ė11 = − f Emax. Now, consistent with the exper-
imental observations, the distribution of ξ at steady state
is strongly anisotropic with alignment predicted perpen-
dicular to the direction of imposed loading. To understand
this, now recall that the fast lengthening implies that the
stress fibers now cannot remodel at a rate equal to the
imposed loading and thus ε̃0n increases rapidly over the
lengthening phase of the loading (Fig. 14b). Then, during
the relatively slow shortening phase, ε̃0n decreases back to
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Fig. 12 Predictions of the
temporal evolution of a ε0n and
ε90n , b ε̃0n and ε̃90n and c n̂0 and
n̂90 for the slow remodeling case
for cells constrained in 3D
tissues (type II experiments) and
subjected to cyclic loading with
Emax = 0.1 and f = 1Hz. The
x-axis of the figures is broken
into three groups so as to show
the initial phase, the phase when
cyclic loading is commenced
and after cyclic steady state has
been attained. In a and b, we
include insets showing the
detailed temporal variations of
εn and ε̃n over five cycles after
cyclic steady state has been
attained
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Fig. 13 Sketches showing the
different waveforms employed
to investigate the response of
cells on substrates (type I
experiments) subjected to cyclic
loading with Emax = 0.1 and
f = 0.1Hz. a Symmetric
triangular waveform; b
triangular waveform with fast
lengthening; c triangular
waveform with fast shortening
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Fig. 14 Predictions of the
response of cells (fast
stress-fiber remodeling) on
substrates (type I experiments)
subjected to cyclic loading with
a symmetric triangular, b fast
lengthening, c square and d fast
shortening waveforms and
Emax = 0.1 and f = 0.1Hz.
Results are shown for (1)
circular histograms of ξ at
steady state after cyclic loading;
(2) the variation of ε̃0n and ε̃90n
with time over five cycles during
the steady-state phase and (3)
the corresponding variations of
n̂0 and n̂90
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its steady-state value of ε̃ssn , and thus, the stress fibers now
are subjected to a large negative strain rate over a time
period on the order of 1/α. The stress-fiber stress decreases
in this period as per the Hill-like relation which in turn
increases the enthalpy of these fibers, thereby increasing
their dissociation rate. No such dissociation takes place in
the φ = 90◦ direction and this results in the anisotropic ξ

distribution with an alignment perpendicular to the imposed
loading.

We now impose a square strain waveform by imposing
an instantaneous lengthening from E11 = 0 to E11 = Emax

then Ė11 = 0 for a time period 1/(2 f ) and then instanta-
neously decreasing the strain from E11 = Emax to E11 = 0
again followed by Ė11 = 0 for a time period 1/(2 f ). Sim-
ilar to the fast lengthening case, the stress fibers around the
φ = 0◦ direction are subjected to a large negative strain rate in
the period immediately after the imposed lengthening which

results in their dissociation. However, in addition in this case,
they are also subjected to a large lengthening rate following
the imposed shortening. This lengthening does not result in
any significant change to their enthalpy as the in the Hill-
like relative we assume that the stress-fiber stress remains
at its isometric value for positive strain rates. Thus, again
similar to the fast lengthening (and consistent with experi-
mental observations) a ξ distribution aligned perpendicular
to the imposed loading direction is predicted (Fig. 14c) due
to dissociation of stress fibers around the φ = 0◦ direc-
tion immediately after the lengthening phase of the imposed
loading.

Finally, consider the case of fast shortening (Fig. 13c).
Here, as seen in Fig. 14d, we predict negligible sensitivity to
the imposed loading consistent with the experimental obser-
vations. This is rationalized by noting that now the stress
fibers around the φ = 0◦ direction are subjected to a large
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Fig. 15 Predictions of the
response of cells (slow
stress-fiber remodeling) on
substrates (type I experiments)
subjected to cyclic loading with
a symmetric triangular, b fast
lengthening, c square and d fast
shortening waveforms and
Emax = 0.1 and f = 0.1Hz.
Results are shown for (1)
circular histograms of ξ at
steady state after cyclic loading;
(2) the variation of ε̃0n and ε̃90n
with time over five cycles during
the steady-state phase and (3)
the corresponding variations of
n̂0 and n̂90
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positive strain rate over a finite time period following the
imposed instantaneous shortening. This does not affect the
enthalpy of these stress fibers and hence their dissociation
rate is not affected. This results in the insensitivity of the
cells to this type of imposed cyclic loading and the pre-
dicted isotropic distribution of ξ . We note in passing that we
have also conducted simulations at a frequency f = 0.01Hz
and confirmed that, consistent with the results of Tondon
et al. (2012) for the symmetric and fast shortening cases,
the stress-fiber alignment was near perfectly isotropic while
strong alignment perpendicular to the direction of straining
was predicted in the other two cases.

The corresponding predictions for the slow remodeling
case are summarized in Fig. 15. Now, unlike the observations
of Tondon et al. (2012), the model predicts negligible sensi-

tivity of the cells to all the four cases of the imposed loading.3

To understand this recall that the sensitivity of the cells in the
fast remodeling case resulted from the negative strain rates
that the stress fibers around the φ = 0◦ direction were sub-
jected to over a time period of 1/α following the fast length-
ening. However, in the slow remodeling case the stress fibers
remodel over a period significantly longer than the imposed
cyclic loading period 1/ f and thus the stress fibers φ = 0◦

direction are always subjected to strain rate ˙̃ε0n ≈ ε̇0n . With
ε̇0n << ε̇0, the stress fibers are near isometric conditions for
all the loading histories imposed here, and hence, the cells in
the slow remodeling case display negligible sensitivity to the

3 A mildly anisotropic distribution of ξ with alignment perpendicular
to the imposed loading for the fast lengthening and square waveform
cases.
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Fig. 16 Predictions of the
response of cells (slow
stress-fiber remodeling) on
substrates (type I experiments)
subjected to cyclic loading with
symmetric triangular waveform
and strain rate |Ė11| = 0.02 s−1

for strain amplitudes a
Emax = 0.1, b 0.2 and c 0.4.
Results are shown for (1)
circular histograms of ξ at
steady state after cyclic loading;
(2) the variation of ε̃0n and ε̃90n
with time over five cycles during
the steady-state phase and (3)
the corresponding variations of
n̂0 and n̂90
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imposed cyclic loading. We thus predict that differentiated
cells (for which the slow remodeling limit is most applicable)
will not display the sensitivities observed by Tondon et al.
(2012): this prediction requires experimental verification.

5.2 Effect of strain amplitude

The studies of Kaunas et al. (2005) and Jungbauer et al.
(2008) have demonstrated that the propensity of stress fibers
to align perpendicular to the loading direction increases
with increasing applied strain rate for a triangular imposed
strain waveform. For example, as seen above with a strain
amplitude of 0.1, the stress fibers align perpendicular to
the imposed loading direction when the cyclic frequency
f = 1Hz but the stress-fiber distribution is approximately
isotropic when f = 0.1Hz. Equally if the frequency was
fixed at f = 1Hzand the strain amplitude decreased from0.1
to 0.01 (Kaunas et al. 2005), the model predicts that consis-
tent with observations the alignment of stress fibers reduces
(not shown here for the sake of brevity). This suggests that
with decreasing imposed strain rate the sensitivity of cells
to cyclic loading decreases. However, Faust et al. (2011)
demonstrated that for umbilical cord fibroblasts subjected

to cyclic straining at low frequencies (on the order of mHz),
the stress fibers reorient in a direction perpendicular to the
imposed loading when the applied strain amplitude exceeds
a critical value. This suggests these fibroblasts develop sen-
sitivity to cyclic loading at large applied strain amplitudes
even at applied strain rates 
 ε̇. We now proceed to present
results for symmetric triangular imposed strain histories with
the loading/unloading strain rate magnitude kept fixed at
|Ė |11 = 0.02 s−1 and the cells strained from E11 = 0 to
E11 = Emax and the amplitude Emax varied.

Umbilical cord fibroblasts are differentiated cells, and
hence, the slow remodeling limit is more applicable to these
cells. We thus first present results for the slow remodeling
limit. The predictions of themodel are summarized in Fig. 16
for three values of Emax = 0.1, 0.2 and 0.4 corresponding
to cyclic frequencies f = 0.1Hz, 0.05 Hz and 0.025 Hz,
respectively. In Fig. 16 (similar to Figs. 14, 15), we show the
predictions of the circular histograms of ξ at cyclic steady
state and the variation of ε̃0n and ε̃90n with time over five cycles
during the cyclic steady-state phase and the corresponding
variations of n̂0 and n̂90. Again, since imposed strain rates
are zero in the φ = 90◦ direction, there is no variation of
ε̃90n and n̂90 at steady state. Consistent with the observations
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of Faust et al. (2011), the model predicts isotropic stress-
fiber distributions when Emax = 0.1 but the distribution of
ξ becomes more anisotropic with increasing Emax with a
clear alignment of stress fibers perpendicular to the loading
direction predicted in the Emax = 0.4 case. To understand
this strain dependence at these very slow imposed cyclic fre-
quencies, let us consider the Emax = 0.4 case corresponding
to f = 0.025Hz, i.e., a cyclic period of 40 s. Remodeling of
the stress fibers occurs on the timescale of about 1/α = 100 s
and thus even at their very low imposed loading frequencies
˙̃ε0n ≈ ε̇0n and

˙̂n0 ≈ 0 as seen in Fig. 16. Thus, the stress fibers
in all directions are near isometric conditions as |Ė11| << ε̇0.
However, the large imposed strain amplitudes now imply that
ε̃0n now exceeds εp + εs . Thus, via Eq. (2.37), the isometric
stress σ0 reduces significantly and consequently the stress-
fiber stress also reduces even though the imposed strain rates
are small. This reduction in the stress-fiber stress increases
the enthalpy of the stress fibers and consequently the dis-
sociation rate of fibers around the φ = 0◦ direction. Stress
fibers around the φ = 90◦ direction are not subjected to large
strains and hence remain relatively unaffected. This preferen-
tial dissociation of stress fibers around the φ = 0◦ direction
results in the anisotropic distribution of ξ with stress fibers
aligned perpendicular to the loading direction. This behavior
at low applied frequencies only occurs when the stress-fiber
strains exceed εp, and this gives rise to the critical strain
amplitude observed by Faust et al. (2011) above which cells
have a sensitivity to cyclic loading at low frequencies.

Now, consider the fast remodeling case. We again con-
sider the same three cases presented in Fig. 16 but add an
additional (albeit unrealistic) loading case of Emax = 1.0 cor-
responding to f = 0.01Hz. The predictions of the model are
summarized in Fig. 17 in the manner analogous to Figs. 14,
15 and 16. Consistent with observations, an isotropic distri-
bution of ξ is predicted in the Emax = 0.1 case. However,
for Emax = 0.2 and 0.4, the stress fibers are predicted to
preferentially align with the loading direction although this
alignment is relatively weak at least in the Emax = 0.2 case.
In order to understand this behavior, consider the ε̃0n his-
tory for the Emax = 0.4 case shown in Fig. 17. Recall that
we anticipate remodeling to take place on a timescale on
the order of 1/α = 5ms, i.e., much faster compared to the
imposed cyclic loading period and thus we would anticipate
˙̃ε0n ≈ 0. However, remodeling on this timescale can only
occur if functional units are available for remodeling. We
include in Fig. 18a the predictions of the temporal evolu-
tion of η̂0 , η̂90 and N̂u for this Emax = 0.4 case over the
five cycles corresponding to the results in Fig. 17. It is clear
that N̂u → 0 over the stretching phase of the loading. This
implies that even though the stress fibers φ = 0◦ direction
are being stretched and addition of functional units would
reduce their enthalpy no functional units are available for

this purpose. This results in an increase in ε̃0n during the
stretching phase, but ε̃0n drops rapidly back to its steady-
state value of ε̃ssn during the unloading phasewhen functional
units can readily dissociate from the stress fibers and result
in an increase in N̂u . Thus, during the stretching phase, ε̃0n
reaches a maximum value of approximately 0.54. While
this is greater than εp, it is less than εp + εs , and there-
fore, the stress-fiber stress does not drop significantly and
the resulting increase in the enthalpy of the stress fibers
around the φ = 0◦ direction is small. However, a con-
sequence of the significant growth in length of the stress
fibers around the φ = 0◦ direction is that n̂0 increases sig-
nificantly as seen in Fig. 17. This increase in the number
of functional units in the stress fibers stabilizes the stress
fibers around the φ = 0◦ direction due to an increase in
n̂(μT − μb) and reduces their dissociation rate relative to
the fibers around the φ = 90◦ direction. Therefore, the dis-
tribution of ξ is anisotropic in this Emax = 0.4 case with
stress fibers predicted to preferentially align with the loading
direction.

Now, consider the extreme case of Emax = 1.0 with fast
remodeling of the stress fibers. The distribution of ξ at cyclic
steady state is now predicted to have a “butterfly” shape with
a low stress-fiber concentration in both the φ = 0◦ and 90◦
directions with ξ maximum at φ ≈ ±45◦. To rationalize,
recall that stretching of the cell to large strains results in
the cell running out of functional units to remodel the stress
fibers. This effect is now very significant as seen in the plot of
N̂u in Fig. 18b and the corresponding increase in ε̃0n seen in
Fig. 17. For the imposed Emax = 1.0, ε̃0n reaches a maximum
value of 0.8 which is greater than εp+εs , and thus, the stress-
fiber stresses in the fibers around the φ = 0◦ direction drops
significantly and their enthalpy therefore increases resulting
in dissociation of stress fibers around the φ = 0◦ direction.
However, the strain values ε̃n(φ ≈ ±45◦) are smaller than
εp + εs and thus the stress-fiber stress around φ ≈ ±45◦
is not significantly reduced similar to the fibers around the
φ = 90◦ direction. However, the stress fibers around the
φ ≈ ±45◦ direction are longer compared to the stress fibers
around the φ = 90◦ direction. This implies that n̂(μT − μb)

of the stress fibers around the φ ≈ ±45◦ direction is higher
compared to their counterparts around theφ = 90◦ direction,
and thus, these fibers have a lower dissociation rate. It is this
combination of effects that results in the stress fibers around
the φ ≈ ±45◦ direction having the lowest dissociation rate
resulting in the butterfly-shaped ξ distribution.

The results presented in Sects. 5.1 and 5.2 demonstrate
that the model developed here is capable of capturing the
full range of reported observations. In particular, the model
predicts that sensitivity of the response of cells to the shape
of the imposed strain waveform will occur for cells with
a fast stress-fiber remodeling rate (undifferentiated cells).
By contrast, the strain sensitivity of cells at low imposed
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Fig. 17 Predictions of the
response of cells (fast
stress-fiber remodeling) on
substrates (type I experiments)
subjected to cyclic loading with
symmetric triangular and strain
rate |Ė11| = 0.02 s−1 for strain
amplitudes a Emax = 0.1, b
Emax = 0.2, c Emax = 0.4 and d
Emax = 1.0. Results are shown
for (1) circular histograms of ξ

at steady state after cyclic
loading; (2) the variation of ε̃0n
and ε̃90n with time over five
cycles during the steady-state
phase and (3) the corresponding
variations of n̂0 and n̂90
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cyclic frequencies is predicted to occur in cells with a slow
stress-fiber remodeling rate (differentiated cells). The model
prediction that cells that display strain sensitivity will not
display waveform sensitivity and vice-versa requires exper-
imental validation.

6 Comparison with existing models

The model presented here falls in a class of continuum mod-
els for stress-fiber remodeling initiated by Deshpande et al.
(2006) and then extended and modified by Vernerey and
Farsad (2011) andmore recentlyObbink-Huizer et al. (2014).
It is instructive to compare and contrast both the formulations
and the predictions of these models. The model of Obbink-

Huizer et al. (2014) combines the models of Deshpande et al.
(2006) and Vernerey and Farsad (2011) and in many ways
supersedes these models. We thus restrict the comparison of
the current model with that of Obbink-Huizer et al. (2014).

The critical difference between the Obbink-Huizer et al.
(2014) model and that presented here is that here we have
attempted to motivate the model from thermodynamical
considerations while Obbink-Huizer et al. (2014) follow a
phenomenological approach. The two key differences that
emerge from these different approaches are:

(1) Obbink-Huizer et al. (2014) model the stress-fiber as a
single entity and do not consider the functional units that
constitute the stress-fiber. Thus, they inherently assume
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Fig. 18 Predictions of the temporal variation of η̂0 , η̂90 and N̂u over
5 cycles corresponding to the results in Fig. 17 for cells on substrates
(type I experiments) subjected to cyclic loading with a Emax = 0.4 and
b Emax = 1.0. Cyclic loading is via a symmetric triangular wave with
the magnitude of the applied strain rate fixed at |Ė11| = 0.02 s−1

that the macroscopic imposed strain is equal to the strain
within the stress-fiber.

(2) The stress dependence in the stress-fiber kinetics is intro-
duced in the formation rate constant in theObbink-Huizer
et al. (2014) model. However, as shown here, thermody-
namic considerations dictate that the stress dependence
originates from the enthalpy lost in creating stress fibers.
Hence, it is the dissociation rate constant in the stress-
fiber kinetics that is stress dependent.

The main consequences of these two key differences in the
formulation on the predictions are summarized as follows.
First, the Obbink-Huizer et al. (2014) cannot predict the
dependence of the response of cells on substrates to the shape
of the imposed cyclic waveform. The key in understand-
ing the sensitivity of cells to the shape of the waveform is
the recognition that the strain rates within the stress fibers
need not be equal to the macroscopic strain rates that the
cell is subjected to. Second, the Obbink-Huizer et al. (2014)
model predict that stress fibers align with the direction of
loading in the type II experiments because the stress fibers
contract perpendicular to the loading direction and thus have
a reduced stress level due to the strain dependence of the
stress-fiber stress. However, even in differentiated cells with
a slow remodeling rate the stress fibers will remodel over
the timescale of typical experiments and the isometric value
of the stress-fiber stress in all directions will be approxi-
mately equal. The physics invoked by the Obbink-Huizer
et al. (2014) model to explain the observations in the type II
experiments is thus questionable. On the other hand, in the
currentmodel the stress fibers alignwith the imposed loading
because contraction in the perpendicular direction implies

that those stress fibers are shorter and comprise fewer func-
tional units. Thermodynamics dictates that these stress fibers
with fewer functional units are less stable and hence stress
fibers form preferentially in the loading direction.

In spite of these differences, the Obbink-Huizer et al.
(2014) and current model give qualitatively similar pre-
dictions in the limit of slow remodeling. In this limit,
the stress-fiber strain is approximately equal to the strain
imposed on the cell as assumed a priori by Obbink-Huizer
et al. (2014). However, as discussed above even in this limit,
the physical basis for the predictions are different. For exam-
pleObbink-Huizer et al. (2014) predicted that at cyclic steady
state the stress-fiber stress perpendicular to the loading direc-
tion in the type II experiments is approximately zero while
the current model will predict that the stress-fiber stress is
equal to its initial isometric value of σmax.

7 Concluding remarks

A model for stress-fiber dynamics that includes both the
kinetics of stress-fiber formation and dissociation as well
as the kinetics of stress-fiber remodeling is presented. The
stress-fiber kinetics is motivated by considering the energy
states of the bound and unbound stress-fiber proteins, while
the remodeling of the stress fibers is driven by the balance
between the loss of internal energy of the stress fibers and the
dissipation resulting from remodeling. These two processes
naturally establish the stress, strain and strain rate depen-
dence of the stress-fiber dynamics. The model is presented
in a general 3D framework and includes the transport of the
unbound stress-fiber proteins.

Predictions of the model are presented for a wide range
of cyclic loadings. First, the model is shown to accurately
capture the apparently contrasting observations for cells sub-
jected to cyclic straining on substrates and constrainedwithin
a three-dimensional (3D) tissue. Specifically, stress fibers
align perpendicular to the straining directions for cells on 2D
substrates, while the stress fibers align along the straining
direction for cells constrained in a 3D tissue. These con-
trasting observations are rationalized by noting that the cell
can contract in the direction perpendicular to the loading in
the case when it is constrained in a 3D tissue but is con-
strained against contraction on the 2D substrate. The model
predicts that differences in enthalpies develop between the
stress fibers in the different directions due to these different
boundary conditions that results in the apparently contrasting
observations.

Second, the model was shown to accurately predict a
range of observations for the strain, frequency and wave-
form dependence of the response of cells on 2D substrates
subjected to cyclic loading. In line with experimental obser-
vations, cells with a fast stress-fiber remodeling rate (rep-
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resentative of undifferentiated cells) are predicted to be
sensitive to the imposed lengthening rate, while cells with a
slow stress-fiber remodeling rate (representative of undiffer-
entiated cells) are not sensitive to shape of the waveform. By
contrast, consistentwith other experimental observations, the
model predicts that stress fibers in differentiated cells align
perpendicular to the loading direction for imposed strain
amplitudes above a critical value even at relatively low val-
ues of the imposed strain rate. Undifferentiated cells with a
fast stress-fiber remodeling rate are predicted to not display
this sensitivity.

In summary, this thermodynamically motivated model
rationalizes a wide range of observations for cells subjected
to cyclic loading and predicts some key differences between
the anticipated responses of differentiated and undifferen-
tiated cells. These predictions require future experimental
validation.
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8 Appendix: Chemical potentials of the stress-fiber
proteins

Here, we derive expressions for the chemical potential χu

of the aggregate of unbound molecules that form a single
functional unit and the chemical potential χb of a func-
tional unit within a stress-fiber comprising n units. These
chemical potentials are derived using the enthalpies and the
constraints imposed on the formation of stress fibers in deriv-
ing the kineticEq. (2.16).We shall employ classical statistical
mechanics using the assumption of non-interacting particles,
i.e., an ideal system.

Consider a segment subtending a unit solid angle within
the RVE. Within this segment, there are η stress fibers each
comprising n functional units and aggregates of unbound
molecules that form Nu/(2π) functional units. For notational
simplicity, we denote N̄u ≡ Nu/(2π), N̄b ≡ ηn and N̄T ≡
N̄u + N̄b. First consider the mixing between the N̄L lattice
sites and the N̄u unbound aggregates of molecules. The N̄u

identical aggregates ofmolecules and the (N̄L−N̄u) identical
empty lattice sites in the mixture can be arranged in

W = N̄L !
N̄u !(N̄L − N̄u)!

, (8.1)

ways and Boltzmann’s entropy formula then gives the
entropy of mixing as

ΔSu = kB lnW. (8.2)

Using Stirling’s approximation (lnM ! ≈ M lnM − M for
large M) we have

ΔSu = −kB
[
N̄u lnN̄u+(N̄L− N̄u)ln(N̄L− N̄u)− N̄L lnN̄L

]
.

(8.3)

Upon assuming that the entropy of the unboundmolecules
prior to mixing with the lattice is zero, the chemical potential
of the unbound molecules is given by

χu ≡ μu

nR
−T

∂ΔSu

∂ N̂u
= μu

nR
+ kBT ln

⎡

⎢
⎣

N̂u

2π N̂L

(
1 − N̂u

N̂L

)

⎤

⎥
⎦ ,

(8.4)

where N̂L ≡ N̄L/N0. Since N̄u 
 N̄L (i.e., dilute assump-
tion), χu simplifies to

χu = μu

nR
+ kBT ln

(
N̂u

2π N̂L

)

. (8.5)

Now consider the stress fibers. In deriving the kinetic
Eq. (2.16), we have assumed that there exists an intermediate
stage where the unbound molecules first cluster into packets
comprising unbound molecules that can form n functional
units and some of these packets react to form stress fibers
also comprising n functional units. To calculate the chemi-
cal potentials of the bound molecules within stress fibers and
the unbound molecules in the intermediate stage, consider
the following two mixing processes. First consider the mix-
ing between N̄u/n identical packets of unbound proteins and
N̄b/n identical packets boundproteinswhere N̄T ≡ N̄u+N̄b.
Using Boltzmann’s entropy formula, the entropy of mixing
in this process is

ΔSb = kB ln

[(
N̄b/n + N̄u/n

)!
(
N̄b/n

)! (N̄u/n
)!

]

, (8.6)

which simplifies using Stirling’s approximation to

ΔSb = −kB

[(
N̄b

n

)
ln

(
N̄b

n

)
+

(
N̄u

n

)
ln

(
N̄u

n

)

−
(
N̄T

n

)
ln

(
N̄T

n

)]
. (8.7)

The chemical potentials of the bound proteins and unbound
proteins after this first step are

χb1 ≡ μb

nR
− T

∂ΔSb
∂ N̄b

= μb

nR
+ kBT ln

(
2πη̂ n̂

N̂u

) 1
n

(8.8)

123



A. Vigliotti et al.

and

χI1 ≡ μb

nR
− T

∂ΔSb

∂ N̂u
= μu

nR
+ kBT ln

(
N̂u

2πη̂ n̂

) 1
n

, (8.9)

respectively, where ∂ N̄u/∂ N̄b = −1 as the mixing process
occurs at constant N̄T . Second, recall that the unbound aggre-
gate of proteins occupy lattice sites and thus we mix the N̄u

unbound protein aggregates with the N̄L lattice sites lattice
while not mixing the N̄u/n and N̄b/n packets. The entropy
of mixing of this process is given by Eqs. (8.1) and (8.2).
Again using the dilute assumption (N̄u 
 N̄L), the chemi-
cal potentials of the bound and unbound molecules in their
intermediate stage follow as

χb ≡ χb1− T
∂ΔSu

∂ N̂b
= μb

nR

+ kBT ln

[(
2πη̂ n̂

N̂u

) 1
n
(

N̂u

2π N̂L

)]

, (8.10)

and

χI ≡ χI1 − T
∂ΔSu

∂ N̂u
= μu

nR

+ kBT ln

⎡

⎣
(

N̂u

2πη̂ n̂

) 1
n
(

N̂u

2π N̂L

)⎤

⎦ , (8.11)

respectively. In deriving Eqs. (8.10) and (8.11), we have used
the fact that now ∂ N̄u/∂ N̄b = 1 as in this step we do not
change the number of bound and unbound molecules with
respect to each but rather calculate the variation in the entropy
while changing the number of stress-fiber protein molecules
with respect to the fixed number of lattice sites.

Comparing the chemical potentials χI and χu , we see that
the clustering reaction is endergonic and the unclustering
reaction is exergonic when N̂u/(2πη̂n̂) > 1 and vice-versa
when N̂u/(2πη̂n̂) < 1. This is rationalized by the fact that
when the stress-fiber concentration is small compared to the
unbound protein concentration, the geometrical constraints
imposed by the stress fibers are small and clustering requires
an entropy reduction but the situation is reversed at high
stress-fiber concentrations. We emphasize that the unbound
proteins in their intermediate clustered state are unstable (due
to their low entropy compared to their unclustered counter-
parts) and not physically present in the system at any given
time. Rather this intermediate state is a transient state in the
reaction for the formation/dissociation of the stress fibers.

Equilibrium between the bound and unbound proteins
occurs when their chemical potentials equalize, i.e., χu =
χb. Setting ˙̂η = 0 in Eq. (2.16) and simplifying reduces
Eq. (2.16) to the condition χu = χb consistent with the
chemical potentials derived here from statistical mechanics
considerations.

Finally, we note that the free energy of the stress-fiber
proteins within a RVE is given as

g = Nuχu +
π/2∫

−π/2

π∫

0

(ηnχb)sinθdθdϕ, (8.12)

and this expression can be integrated over the entire cell vol-
ume V0 to give the free energy of the stress-fiber proteins in
the cell as

G = 1
4π
3 (nR�0/2)3

∫

V0

g dV . (8.13)
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