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Abstract

When transit companies need drivers' schedules that cover the
timetable and respect the collective agreement constraints, they face
the bus driver scheduling problem. We describe an approximation and
an optimization algorithm for this problem, and test their performance
on real-world instances.

1 Introduction

Given the daily timetable of a transit company, the bus driver scheduling
problem (BDSP) is to find a set of drivers' duties that covers the timetable,
minimizes a certain cost function, and satisfies constraints specified by com
pany regulations and by the collective agreement between drivers and man
agement. In this note, we describe two algorithms to solve the BDSP, an
approximation algorithm and an optimization algorithm that has been im
plemented using the GENCOL system. We take problem instances of the
Amsterdam transit company (GVB) to compare the algorithms.

In Section 1, the bus driver scheduling problem is explained in more
detail. In Sections 2 and 3, we describe the approximation and the op
timization algorithm, respectively. Section 4 contains our computational
results, and in Section 5 some conclusions are drawn.

General references on scheduling of public transportation are Wren [1981]
and Rousseau [1985]. Examples of the column generation approach to crew
scheduling that will also be used in our optimization algorithm are given
by Crainic and Rousseau [1987], Lavoie et al. [1988], and Desrochers and
Soumis [1989]. The GENCOL system is described by Sanso et al. [1990].
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The present note is a condensed version of the master's thesis of the first
author [Perelaer, 1992].

2 The bus driver scheduling problem

In order to describe the bus driver scheduling problem of the Amsterdam
transit company, we introduce some terminology. A relief point is a point
along a bus route where_ a bus may be taken over by another driver. The
portion of a bus route that falls between two relief points is called a trip.
A timetable is a set of trips. A piece of work refers to a maximal period of
time during which a driver continuously drives the same vehicle. A duty is a
daily assignment consisting of two or three pieces of work, which is feasible
with respect to the company regulations and the collective agreement. The
spread of a duty is the elapsed time between the start of its first piece of
work and the end of its last piece of work. A change-over is the period of
time between two pieces of work when the driver has to change vehicles. A
break is the period of time between two pieces of work when the driver rests
and has lunch. A part refers to the working time before or after the break.

There are both hard and soft constraints on a duty of the Amsterdam
transit company. A duty must satisfy the hard constraints but may violate
some of the soft constraints. A specific constraint of GVB is that each duty
is composed of trips that belong to the same bus line. Consequently, the
problem decomposes into several problems, each dealing with a single bus
line. A bus line requires about twenty vehicles, and a vehicle performs about
fifteen trips per day.

There are two kinds of duties: full-time and part-time. The hard con
straints on a full-time duty are the following:

• the driving time is no more than 8.45 hours;

• the spread is no more than 9.30 hours;

• each duty has exactly one break;

• the duration of the break is between 30 and 75 minutes;

• each duty has at most one change-over;

• the driving time of a part before and after the break is between 2.00
and 5.45 hours.
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The hard constraints on a part-time duty are the following:

• no duty has a break or a change-over;

• the driving time is between 2.00 and 5.45 hours;

• each duty begins or ends in the garage.

The soft constraints are not considered in this paper.

3 Approximation algorithm

Our approximation algorithm for the BDSP is based on the following idea.
Given the timetable, generate a large number of pieces of work, each con
sisting of several trips that can be driven consecutively by the same bus.
Combine pieces of work into feasible duties and choose one of these duties.
Repeat this process until all trips have been included in some duty.

A solution of the BDSP of GVB consists of full-time and part-time du
ties. The quality of a solution generated by the approximation algorithm is
evaluated on the basis of the values of five parameters: the duration of the
break, the duration of the change-over, the driving time before and after the
break, the total driving time, and the spread. Before using the algorithm,
the scheduler has to enter an ideal value or 'aspiration level' for each of these
parameters. The algorithm then attempts to generate a solution for which
the average value of each parameter over all duties is close to the aspiration
level.

The approximation algorithm is an iterative procedure, with four steps
in each iteration.

In the first step, a set of feasible pieces of work is generated for the
timetable. A piece of work consists of several trips that can be driven
consecutively by the same bus. Note that a trip may appear in more than
one piece of work.

In the second step, each combination of two or three pieces of work is
checked to see whether it constitutes a feasible full-time duty.

In the third step, each feasible full-time duty is evaluated using three
criteria and a quality measure is associated with it. With respect to the
first criterion a norm value is introduced for each of the five parameters
mentioned above. In the beginning of the scheduling process the norm value
of a parameter is higher than its aspiration level, but during the process
it decreases. The first criterion measures for a duty the deviation of the
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parameter value from the norm value. It is used to ensure that the average
value of each parameter in the solution set approximates the aspiration level.
The second criterion measures the likelihood that the remaining trips can
be covered by full-time and part-time duties. The third criterion prefers
'difficult' trips to be removed from the timetable first. Trips are difficult if
they can be covered by only a small number of full-time duties.

In the fourth step, the duty with the highest quality measure is chosen
and the trips in this duty are removed from the timetable. After this, the
entire four-step cycle is repeated. When no feasible full-time duty can be
created in the second step, the trips that remain in the timetable are driven
in part-time duties.

For a detailed description of the approximation algorithm, see Perelaer
[1992]. The procedure has been implemented and turns out to be quite fast:
constructing a solution for a timetable of a single bus line of GVB, with
fifteen buses, takes one to several minutes.

4 Optimization algorithm

The BDSP is the problem of finding a least-cost set of duties covering each
trip exactly once. Let T be the set of trips, D the set of feasible duties, Ck

the cost of duty k (k E D), and ajk a constant indicating whether trip j is
covered by duty k (ajk = 1) or not (ajk = 0). Furthermore, let Yk (k E D)
be a decision variable indicating whether duty k is selected (Yk = 1) or not
(Yk = 0). The BDSP can now be formulated as a set partitioning problem:
minimize

L CkYk
keD

subject to

L ajkYk = 1, JET,
keD

Yk E {O, I}, kED.

This problem can be solved by a linear programming based branch-and
bound algorithm. However, as each column represents a feasible duty and
the number of feasible duties can be extremely large, the linear programs
should be solved by a column generation approach.
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The basic idea of a column generation approach is to work with a subset
of the columns and generate additional columns only when they are needed.
The column generation subproblem can usually be formulated as a shortest
path problem on a specific network.

GENCOL [Sanso et al., 1990] is a sophisticated tool for the solution of
routing and scheduling problems that can be formulated as set partitioning
problems and for which a column generation subproblem can be defined as
a constrained shortest path problem on a network. GENCOL produces a
solution in two phases. In the first phase, the linear programming relax
ation of the set partitioning problem is solved using the column generation
approach. In the second phase, a depth-first branch-and-bound algorithm is
used to find an integral solution. At each node of the branch-and-bound tree
the linear program is again solved using the column generation approach.
GENCOL requires two input files that define the network for the column
generation subproblem: a node file and an arc file.

As the BDSP has been formulated as a set partitioning problem and it
is also possible to define the column generation subproblem as a constrained
shortest path problem, GENCOL seems an obvious choice as an implemen
tation tool.

However, since for the problem instances of GVB, the number of feasible
full-time and part-time duties is relatively small, we have actually imple
mented a simpler version of the algorithm. The following network is set up
for the column generation subproblem. There is a duty node for each feasi
ble full time and part-time duty, a source, and a sink. There is an arc fr~m

the source to each duty node and an arc from each duty node to the sink. A
cost is associated with each duty node based on several duty characteristics.
The cost associated with a full-time duty depends on

• the change-over time,

• the difference between the driving time before and after the break,

• the difference between the total driving time and its associated aspi
ration level.

The cost associated with a part-time duty depends on

• the difference between the driving time and its associated aspiration
level.

Due to the simple structure of this network, the column generation subprob
lem is precisely that of finding the minimum of a set of values.
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Summarizing, our optimization algorithm consists of two stages. In the
first stage, all feasible full-time and part-time duties are generated and the
associated node and arc files defining the subproblem are created. In the
second stage, GENCOL is called to solve the thus defined set partitioning
formulation of the BDSP.

5 Computational results

To compare the performance of both algorithms, we solved two problem
instances of GVB with both algorithms. Our purpose is to compare the
approximate solutions with the optimal ones. Therefore we generated opti
mal solutions with the same number of full-time and part-time duties as the
approximate ones.

Despite the fact that there are no objective criteria on which a solution
can be judged, a difference in quality is noticeable. We judge the solutions
on the mean and the variance of the driving time. A comparison of the
cost of the solutions is not very meaningful, since approximate and optimal
solutions are evaluated on the basis of quite different cost criteria.

5.1 Results for the first bus line

The approximate and the optimal solutions for the first considered bus line
of GVB are presented in Table 1.

Table 1: Results for the first instance.

solution name part-time duties full-time duties
mean vanance mean variance

approximate apl 3.47 5608 7.47 2511
ap2 3.56 3281 7.41 1703

optimal op1 3.34 307 7.38 1979
op2 3.34 249 7.38 2027
op3 3.34 307 7.38 2399

Two approximate solutions are compared with three optimal solutions.
The table is divided in a part for part-time duties and a part for full-time
duties. Each part gives the mean driving time and the variance of the driving
time. It appears that, for the set of full-time duties, the mean as well as the

6



variance of the driving time of the approximate solutions do not differ much
from the optimal solutions, For the set of part-time duties, the means are
again close to each other, but the variance of the optimal solutions is much
smaller than of the approximate solutions.

5.2 Results for the second bus line

The approximate and the optimal solutions of the second considered bus
line of GVB are presented in Table 2. It appears that, for the set of full-

Table 2: Results for the second instance.

solution name part-time duties full- time duties
mean varIance mean variance

approximate ap1 3,34 3750 8,01 1496
optimal op1 4,02 1098 7.45 1488

op2 4,00 241 7.50 1149
op3 3,55 600 7,55 620
op4 3,59 709 7.51 668

time duties, the mean driving time of the approximate solutions does not
differ much from the optimal solutions. The difference in the variance of the
driving time is not considerable. For the set of part-time duties, the mean
is smaller for the approximate solutions, but the variance is much smaller
for the optimal solutions.

6 Conclusions

We have presented two methods for solving the bus driver scheduling prob
lem of the Amsterdam transit company: an approximation method and an
optimization method. The two methods have been used to solve real-world
problem instances. The differences between both the mean and the variance
of the driving time in the approximate and optimal solutions are small for
the set of full-time duties and somewhat larger for the set of part-time du
ties; especially the variance of the driving time for the set of part-time duties
is larger in the approximate solutions. The larger variance for the part-time
duties in the approximate solutions is probably a result of the fact that in
the approximation algorithm part-time duties are only created at the end
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of the solution process using the remaining trips. As a consequence of the
computational experiments, we have a better understanding of how the ap
proximation algorithm works and we believe that its effectiveness can be
improved by fine-tuning the evaluation criteria.

Apart from the difference in quality, there are some obvious but notewor
thy differences between both algorithms. First, producing an approximate
solution takes a couple of minutes, whereas producing an optimal solution
usually takes more than one hour. The efficiency of the optimization al
gorithm can probably be somewhat improved by tuning GENCOL for this
specific application. Second, due to the iterative nature of the approxi
mation algorithm, it is possible to change the aspiration values during the
solution process. This flexibility provides a control mechanism that can be
used to generate solutions with certain desired characteristics. The opti
mization algorithm is less flexible since the parameter values can only be set
once, at the beginning of the solution process.
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