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Abstract

We discuss the main results obtained in a study of a mathematical model of syn
chronously parallel Boltzmann machines. We present supporting evidence for the
conjecture that a synchronously parallel Boltzmann machine maximizes a consensus
function that consists of a weighted sum of the regular consensus function and a
pseudo consensus function. The weighting is determined by the fraction of units that
can change their states simultaneously. The derived theoretical results are evaluated
on the basis of a numerical study carried out for the knapsack problem.
Keywords: Boltzmann machines, neural networks, synchronous parallelism, combina
torial optimization, simulated annealing.

This note elaborates on material that was presented earlier in the COSOR Memorandum
89-21, titled: Synchronously Parallel Boltzmann machines, a Mathematical Model.

1 Introduction

A Boltzmann machine [1] can be viewed as a probabilistic neural network. Here we
consider a special class of such devices in which the units (neurons) respond simultaneously
in synchronised groups. A so called synchronously parallel Boltzmann machine (SPBM)
8 = (N, peT»~, is given by:

(i) a pseudograph N = (U, C), denoting the underlying network of the Boltzmann machine,
where U denotes the finite set of units and C ~ U xU specifies the connection pattern ofthe
network. With each connection {u, v} E C a connection strength S{u,v} E It is associated.
The configuration (= global state) of a SPBM is denoted by k, a lUI-dimensional vector
whose components k(·) E {O,l} indicate the states of the individual units; 'R, is the set of
configurations. The regular consensus function Cle : 'R, - It is defined as

Cle = L: s{u,v}k(u)k(v).
{u,v}ec
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The objective of a Boltzmann machine is to reach a configuration with maximal consensus.
This is accomplished by using:

(ii) a transition mechanism p(r) =(G, A(r»), consisting of the following two steps. Firstly,
a subset of units is generated that may propose a state transition, with G(U.) denoting
the probability of generating the set U•. Secondly, each unit in the subset evaluates a state
transition based on the current states of all other units, using the well-known probabilistic
acceptance criterion for Boltzmann machines (cr. [2]). These evaluations are performed
in parallel. The acceptance probability A~~)(U.) expresses the probability of accepting all
the (unit) state transitions required to transform k into I, given that the set of units U. is
allowed to make a transition and T is the current value of a control parameter.

Hence, due to our synchronous approach, we can associate with p(r) a transition matrix
p(r), given by

p1;) = L: G(U.)A~~)(U.). (2)
u.r;;u

If G and A(r) are both stochastic, p(r) is the transition matrix of a homogeneous Markov
chain (for fixed T). Under some mild conditions on G and A(r) this Markov chain can be
shown to be irreducible and aperiodic and therefore has a unique stationary distribution
q(r). We now say that the SPBM functions properly if the objective is asymptotically guar
anteed, i.e. iflimr _ oo q(r) =r, where r is a distribution over 'Ropt , the set of configurations
with maximal cOllsensus.

The subject of this paper is a study about the effect of the amount of parallelism applied
in the transition mechanism, upon the functioning of a SPBM. Before dealing with this
subject, we first need to be able to distinguish between different modes of parallelism.
The amount of parallelism applied in the transition mechanism of a SPBM is entirely
determined by G, because we assume that the evaluations in the 'acceptance-phase' are
performed in parallel. In [1], four different modes of parallelism in a Boltzmann machine
were introduced: sequential, limited parallel, unlimited parallel and fully parallel state
transitions. A SPBM is called sequential if always exactly one unit is generated, it applies
limited parallelism if never two connected units are in the generated subset and applies
full parallelism if always all units are generated. From [1] we know that a SPBM applying
limited parallelism functions properly, whereas in case of full parallelism this is generally
not true. There is however a large (open) gap between these two extremes. In order to
fill this gap we propose to describe the amount of parallelism in a SPBM with a single
parameter a E (0,1], denoting the average fraction of the units that are allowed to make
a transition. With B(a) we denote a SPBM which is fixed except for the amount of
parallelism. The following proposition is based upon experimental evidence.

Proposition 1 If a SPBM 8(a) functions properly and & $ a then 8(&) also functions
properly.

This is equivalent to the following.

Proposition 2 For each SPBM 8(·) a critical value a c exists, such that 8(a) functions
properly if and only if a < a c •
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Using that a SPBM 8(a) functions properly if it applies limited parallelism, we find that
Proposition 2 implies a c > 11m, where m is the chromatic number of the graph N. In the
next section we present mathematical evidence to support the propositions. For rigorous
proofs of the presented theorems the reader is referred to [3].

2 Main Results

The problem of deriving results on the behaviour of q(T) is that there does not exist an
explicit analytical expression for q(T), except for those modes of parallelism mentioned in
[1]. We therefore tried to calculate limT -+OO q(T) without such an expression, the result
being the subject of Conjecture 1. Dut first we need the following preliminaries.

- ku is the configuration that is obtained from k by changing the state of unit u.

- ACk(U) =Ck.. - Cko

- Ukl = {u E U Ik(u) :f; I(u)} is the set of units that should change their states in
order to transform configuration k into I.

Next the acceptance probability is given by (see [1], [3]):

(T) {II [1 +exp( -TACk(u))t1 II [1 +exp(+TACk(u))t1

Akl (Us) = UEUIcI uEU.\UIcI
o

It can be shown (cf. [3]) that for Ukl ~ Us (3) is equivalent to:

otherwise.
(3)

(4)

(5)

( ) exp(TDkl)
Ak~ (Us) = -=.....:..;'---~--,L exp(TDkm)

mE'R.Ic (U.)

where 1lk(Us) = {m E 1l IUkm ~ Us} denotes the set of all configurations that can be
reached from k by a state transition of one or more units in Us, note that 1lkO = {k} and
1lk(U) = 1l. The matrix D is given by:

Dkl =2 L 8{u.v}k(u)/(v) + L 8{u,u}lk(u) -1(u)l·
{u,v}EC uEU

As a special case we have Dkk =2Ck'

Fix U. for a moment and let the configuration i E 1lk(U.) be defined such that for all
IE 1lk(U.) we have Dkl :5 Dkio From (4) it is clear that at large values of T, i has a large
probability of being selected from 1lk(Us)' Hence, it is very probable to observe that the
SPBM is in a configuration with a large value of the generalised pseudo consensus function
defined by

Sk(U.) = max Dkl'
IE 1lk(U.)

3
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An explicit formulae for Sk(U/J) can be derived (see {3]), the result being the following
expression:

Sk(U/J) = 2Ck + L: [ht(u) - k(u)hk(u)] ,
ueU.

(7)

where hk(u) = Ever
u

s{u.v}k(v) + s{u,u} and f u is the set of all the units connected to
unit u, excluding u itself.

Applying the above ideas to the situation in which U/J is not fixed, but selected with
probability G(UIJ ), we come to the following:

Conjecture 1 A SPBM 8 converges asymptotically to a distribution over the set iiopt
for which the extended consensus function given by Ck = E G(UIJ)Sk(UIJ ) is maximal.

U.f;;U

Conjecture 1 is supported by the following theorems.

Theorem 1 For a SPBM applying limited parallelism, Conjecture 1 is true.

Theorem 2 For a SPBM applying full parallelism, Conjecture 1 is true.

In order to relate Conjecture 1 to the Propositions 1 and 2 we define the notion of a fair
SPBM, by adding a very 'natural' condition for the generation probability: A SPBM is
called fair if the probability that a unit is allowed to make a transition is equal for all
units. One can easily verify that this probability then equals the average fraction 0 of the
units that are allowed to make a transition. We now have

Theorem 3 For a fair SPBM 8(0) the extended consensus function satisfies

Ck = (1 - 0)Sk(0) +OSk(U), (8)

(9)

Note that Theorem 3 implies that the extended consensus function consists of a weighted
contribution of Sk(0) = 2Ck and Sk = Sk(U),

Theorem 4 Assume Conjecture 1 is true and let Oc be defined as

. {CoPt - Ck Ik \ S C}OC = 2mm Sk _ 2Ck E"R "Ropt! k ~ 2 opt •

Then Proposition 2 is true.

It is not hard to derive lower and upper bounds for Oc. Let 0 denote the configuration
with all units "off", define Sopt =max {Sk IkE "R}, Cnop =max {Ck IkE "R \ "Ropt } and
assume Sopt ~ 2Copt > 0, then it can be shown (cr. [3]):

2Copt-Cnop :5oc:52 Copt . (10)
Sopt - 2C"op So

In some rare cases these bounds can coincide (see [3]), but experiments indicate that
in general the upper bound is much sharper than the lower bound. Since it is often
impossible to calculate Oc given by (9), we therefore use the upper bound as an estimate
for 0c' Further research might indicate the quality of this estimate and possibly provide
tighter bounds.
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3 Numerical Experiments

We will now apply the results obtained so far to a SPBM designed to handle the 0-1
knapsack problem which is defined as follows: Given n integers Wj, j = 1, ... , n, and an
integer value M, is there a subset T of {I, ... , n} such that EjET Wj = M? This problem
is shown to be NP-complete in [4]. We have chosen the knapsack problem as a subject
of our study for the following three reasons: (i) it is quickly translated into a formulation
using a SPBM, (ii) the critical value oc can be easily adjusted, and (iii) the numerical
results clearly demonstrate the effect of the amount of parallelism on the functioning of
the SPBM.

To implement the 0-1 knapsack problem on a SPBM we introduce the complete graph
.N =(U ,e) consisting of n units, U ={Ul,"" Un}. The problem can now be formulated
as finding the maximum of Ck, with

Ck = M 2 _ ('tWik(Ui) _ M)2
,=1

n n n

= L 2Mwi k(Ui)- LLWiWjk(Ui)k(Uj)
i=1 i=lj=1

= L S{ui,Uj}k(Ui)k(Uj),
{ui,u)}EC

where S{Ui,Ui} =2Mwi - wl and S{Ui,U)} = - 2WiWj for i 'f: j.

Since CoPt::; M 2 and So = EUiEU stui,Ui}' we find using (10) the following upper bound
for oc

2M2
°c ::; 2M Ei=1 Wi - Ei=1 wl' (11)

which has the following interpretation: the average number of integers that is simultaneosly
tried to fit in the knapsack no, has to be smaller than the expected number of items that
fits in the knapsack M/~Ei::l Wi. The term Ei=1 W[ corrects for the variance in the
integers Wi. By varying M, the upperbound gi ven by (11) can be easily tuned for testing.

The experiments have been carried out for a small instance of the 0-1 knapsack problem,
since we are not so much interested in solving the problem, as in investigating whether or
not our conjectures are true. We considered the problem with n = 10 and the following
(randomly chosen) numbers Wj : 5,6,6,8,8,10,10,11,12,12 giving Ei=1 Wj = 88 and
Ei=1 w1 = 834. The value of M was set to 33, to obtain Q c ::; 0.44 from (11). The
observed behaviour was typical, Le. experiments done with other values of Wj showed
similar results.

During the simulations we wanted to approximate the stationary distribution q(T) as close
as possible, hence we used very long Markov chains (of length up to a 10000 trials) and
a small value f3 = 1.04 in the simple cooling schedule Tk+I := f3 • Tk, TO = 1/600. The
amount of parallelism varied between 0 and 1 in 10 steps (Q = 0.1,0.2, ... ,1.0). The
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generation mechanism satisfying this average fraction of the units that are allowed to
make a transition has been implemented as follows. At the beginning of each trial a
subset of an units is selected, each subset of this size having the same probability of being
selected.

(a) (b)

..r-m
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Figure 1: Average values of the deviation from optimum (a) and the extended concensus
function (b) plotted against liT for ten values of a =0.1,0.2, ... ,1.0.

In Figure 1 the average deviation from optimum {/(k)) = (I Ef:l Wik(Ui) - MI) and the
average extended consensus function (GIi:) are plotted against the value of liT in (a) and
(b) respectively. The averaging was done by taking the average over all values obtained
during one Markov chain (of length 10000) at the specific value of the cooling parameter
T. Notice that liT ranges from 600 to 0 (Figure 1 has to be read from right to left).

The curves in the plots correspond to a = 0.1 for the lowest curve, a = 0.1 for the second
lowest curve, and so on, increasing to a = 1.0 for the highest curve. Figure 1a shows that
the average deviation from optimum has a tendency to increase for a ~ 0.6 and to go
down for a::; 0.4, at least for liT between 500 and 50 (still reading from right to left). For
a = 0.5 there is a slight increase between 150 and 50. For a ::; 0.4 the average deviation
converges to zero, wheras for a ~ 0.8 it converges to a large value.

For 0.5 ::; a ::; 0.7 the results seem to be unpredictable, but we expect that in theory
the average deviation converges to a positive value in those cases (like the behaviour for
a ~ 0.8) which we have indicated by dotted lines. We attribute the observed behaviour
for 0.5 ::; a ::; 0.7 to the 'rapid' cooling at small values of liT. This also holds for the
other cases, but let us examine equation (8) for the extended consensus function, which
is the function being maximized if our conjecture is true. If a is small GIi; ~ 2Ck, if
a is large Gk ~ Skl in both cases the maximization is relatively easy. If Q ~ a c the
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distinction between the contribution of 2Ck and Sk becomes very small and therefor the
maximization tricky (same valued optima located very far apart) and making a very slow
cooling schedule necessary. These remarks are further supported by the almost straight
line for the extended consensus function for a =0.5 in Figure lb.

Since our (upperbound) estimate for a e was 0.44, the numerical results made us very
optimistic about the validity of our conjecture. For c1earity the the average deviation from
optimum (f(k») = (I Li:l w,k(u,)-MI) and the average extended consensus function (Ck)
are also plotted against time, measured in the number of Markov chains. These plots are
shown in Figure 2a and 2b.

(a) (b)

5000,-----,-"'"""'"!::::=~-..............- .......---..........,

4500

4000

D~8·····1····

_~_-:...i .:::;O_~.,..- __:_~_

5
~.1

0 15000 II 040 iI *' 100 120 1040 lSI 0 II 040 iI *' 100 1Il 1040 160

Figure 2: Average values of the devia.tion from optimum (a.) and the extended concensus
function (b) plotted against the Markov chain number for ten values of a = 0.1,0.2, ... ,1.0.
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