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Electroosmotic Zeta Potential Measurements on Single Crystals 
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A technique by which the ~ potential  of rodlike materials can be measured is described. The  
electroosmosis of the system consisting of a rod placed in a cylindrical hole drilled in a piece of 
P T F E  is measured.  The  method  was tested with vitreous silica. The  isoelectric point  of a synthet ic  
sapphire, grown by the Tyco E F G process, was si tuated a t  p H  3.3. The ~ potential  of P T F E ,  re- 
quired in the calculation, was measured similarly on a rod of PTFE .  The method can be applied to 
any  material  in which a cylindrical hole can be drilled and from which an appropriate rod can be 
formed; the method  can be applied also to materials  from which only rodlike pieces are available. 

I N T R O D U C T I O N  

If one wants to connect the colloid chemical 
properties of solids with their solid-state 
parameters and surface properties, one meets 
the difficulty that the electrokinetic measure- 
ments need crushing of the solids, by which the 
characteristics of the surface are lost. In the 
case of ZnO single crystals f.i., the electrical 
conductivity and the color of the solid change 
on crushing. We therefore investigated the 
possibility of measuring the electrokinetic 
potential on rodlike crystals. 

The method we developed was tested on 
cylindrical rods of vitreous silica (fused 
quartz), of which the ~" potential in dependence 
on the pH is known, measured in a capillary 
(1) as well as on powders (2) at constant 
concentrations of background electrolyte, 
KNO~ and NaC1, respectively. 

In order to demonstrate the potentialities of 
the method, measurements were also performed 
on a sapphire (a-Al~O~ single crystal) grown 
with the c axis parallel to the geometric axis by 
the Tyco E.F.G process (3). 

The essence of the method is that one mea- 
sures the electroosmosis of a system consisting 
of a rod placed in a cylindrical hole in a piece of 
a suitable material f.i. polytetrafluoroethylene 

(PTFE). The method requires knowledge of 
the ~" potential of the material used as wall 
material for the hole. I t  is measured in an 
analogous manner on a rod of the material 
substituted for the crystal. This shows at the 
same time that the ~" potential of any material 
in which a cylindrical hole can be drilled and 
from which an appropriate rod can be formed 
can be measured by the present technique. 

T H E O R E T I C A L  B A C K G R O U N D  

The rod (radius r) whose ~ potential is to be 
measured is placed in a cylindrical hole (radius 
R, length l) in a piece of PTFE,  with both ends 
protruding. A potential difference V is applied 
across the hole. The displacement of the liquid 
under the influence of the applied field can be 
observed in two horizontal precision bore tubes 
(radius r,,,). The electrokinetic potential ~" can 
be calculated from this displacement with a 
modified Helmholtz-Smoluchowski equation, 
which can be derived as follows. In the case 
of an axial-symmetrical position of the rod in 
the hole the differential equation appropriate 
to the system is 
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300 SMIT AND STEIN 

This follows from the balance between the 
electrical and frictional forces upon a layer of 
liquid between two coaxial cylindrical surfaces 
in the stationary state (compare (4)), with the 
use of the Poisson equation in cylindrical 
coordinates. In this differential equation v(p) is 
the velocity of the liquid in the axial direction 
on a distance p from the axis, n is the viscosity, 
~0 is the permittivity of free space, er is the 
dielectric constant, and ~k(p) is the potential 
distribution in the equilibrium double layer 
and is taken as zero in the center of the liquid. 
When the distance between the solid surface 
and the slipping plane is denoted by 3, the 
slipping planes (v = 0) are located at p = r +/~ 
(~ = ~'1) and p = R -- 6 (~b = ~'2). 

Integration of [17 between these slipping 
planes yields 

~0~r V 
v(p)  = - - -  ( ¢ ,  - ~1) 

L 

~0~ V In r - In p 
+ - - -  (¢1 - -  ~2) • [-23 

L l n r - -  l nR  

The volume of liquid passing per second 
through a cro~s section of the annular capillary 
is given by 

R--8 

D = f +, v(o)2=o& 

_ , r ~ o ~ , V l (  R ' - r  ~ ) 

-~ L t k2 ( lnR- - lnr )  - r~  ~x 

g 2 - -  r 2 

+ ( R~ 2( lnR ~--lnr))~-2} [-3-] 

if we neglect the term 

27r~0~, V [R-~ 
~bpdp, 

L J,+~ 

which is permissible as long as the thickness of 
the layers where ~b differs appreciably from 
zero is small with respect to R -  r [-at 
I = 0.001 M, 6 X (l/K) ~ 5 X 10 -6 cm, where 
K is the Debye-Htickel reciprocal distance~. 

In [-31, ~'1 and ~'2 have the sign of the electrode 
to which the liquid close to the wall concerned 
is streaming. 

Relation [-3-] is also used in the nonaxial 
position of the rod (see the Appendix for a 
justification). In this case there are regions in 
which the thickness of the layers where ~b 
differs appreciably from zero is of the same 
order as the space between the surfaces of the 
hole and of the rod, but a correction term as 
in [-3-] is still negligible for reasons similar to 
those which make the contributions to D of 
the other terms in these regions negligible. The 
condition that D be equal to the volume pass- 
ing per second through a cross section of the 
measuring capillaries (J in Fig. 1) yields the 
relation 

~1= - -  A - ~2B K, [ 4 3  
eOer V 

in which I is the displacement of the menisci in 
the measuring capillaries in t sec and 

i R2 _ r2 } - t  

A - [ 2 ( l n R - - l n r ) - -  r2 ' 

/ B A R 2 
[ - 2 ( l n R ~ - - l n r ) / "  

The factor K accounts for the fact that D is 
lowered by the factor 1/(1 + n) when the 
hydrodynamic resistance of the hole with an 
annular cross section in P (Fig. 1) is 1/n of the 
sum of those of the measuring capillaries (4-6). 
K is given by 

11+ 12 (Reff~4~m , 
K = 1 + - -  [-5-] 

L 

where (ll + 12) is the total length of the liquid 
threads in the measuring capillaries (viscosity 
of the liquid nm) and R.ff is the effective radius 
of the space between rod and plug. The effec- 
tive radius is obtained by putting the resistance 
against the flow of the space between rod and 
plug equal to that of a cylindrical capillary: 

Reff / (R2 - r ')2 ] t  
= - - # + R  4 . [-6-] 

/ln r -- In R 
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I:IG. 1. Apparatus used for the electroosmosis measurements. 

Table I gives the values of Rein K, B, and A, 
calculated for R = 0.110 cm with a varying 
radius r. K = 1 + n has been calculated with 
11+12 = 10 cm; L = 2 cm; rm = 0 . 0 8  cm, 
and nm/rl -- 1. In  this table the K value in the 
case with the rod omitted is also given. With 
increasing R -  r the electroosmotic flow 
decreases and in the limiting case with no rod 
in the hole this flow is only about 5% of that  
calculated by von Smoluchowski's formula. 
Thus, although i% can in principle be deter- 
mined by omitting the rod in the hole, this 
measurement would be impractical, especially 
when ~'2 is small. 

Therefore, we measured ~'2 with a rod of the 
same material in the hole. In  this case ~'1 and ~'2 
are supposed to be equal and ~'2 can be solved 

from [4-]. Table I shows that  A is much more 
dependent on R -- r than B. Each percentage 
of uncertainty in R - r causes an uncertainty 
of about 1°-/o in A and about 0.1% in B. Thus, 
the method requires an accurate determination 
of R and r. 

EXPERIMENTAL 

Electroosmosis apparatus. The electroosmosis 
apparatus is shown schematically in Fig. 1. A 
P T F E  cylindrical body P, the middle section 
of which has a larger outer diameter than its 
ends and in which an axial cylindrical hole has 
been drilled, is clamped between flanges F in 
the middle par t  AFA of the Pyrex glass 
apparatus (clamp C). The rod for which the 
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302 SMIT AND STEIN 

TABLE I 

K,  B, and A Values, Calculated for R = 0.110 cm 
and Varying r 

r B e r f  K a R A 
(cm) (cm) (cm -2) 

0.1000 0.0193 1.017 1.066 984 
0.0998 0.0197 1.018 1.067 966 
0.0996 0.0199 1.019 1.068 949 
0.0990 0.0208 1.023 1.079 902 
0.090 0.0321 1.130 1.143 536 
0.080 0.0430 1.41.8 1.236 392 
0.070 0.0527 1.941 1.349 326 
0.060 0.0614 2.739 1.491 293 

- -  0.110 18.872 - -  - -  

a K = 1 + n calculated with h + 1.~ = 10 cm, L = 2 
cm, ,,, = 0.08 cm, and nm/n = 1. 

~" potential is to be measured is placed in the 
hole. By means of glass bodies B with iron 
cores, situated on both sides of the PTFE 
cylinder, the rod can be kept in place when the 
apparatus is filled. The nongassing electrodes E 
(zinc rods in saturated zinc sulfate solution) 
are separated from the liquid in the central 
part  by compartments D filled with 0.5 M 
KN03 (7). To avoid leakages glass balls with 
iron cores, instead of taps, are used, to prevent 
the mixing of the liquids. The measurements 
can be performed with the balls in the closed 
position; but when necessary they can be 
removed by means of a magnet. 

The displacement of the liquid is observed 
in two Jena glass precision bore capillaries J 
(r,~ = 0.80 ram). Pyrex tubes T are cemented 
perpendicularly on these capillaries at fiat- 
ground and perforated parts. The shorter parts 
of the capillaries are stopped with P T F E  and 
lute. The capillaries are connected to the rest 
of the apparatus through holes with O-ring 
seals in P T F E  stoppers S. Small PTFE vessels 
V are clamped under these stoppers on the 
protruding tubes T. The vessels are provided 
with holes at the tops of their side walls. The 
purpose of these vessels is to prevent the 
liquid from the capillaries, to which a detergent 
is added (see below), from falling down to the 
rod in the P T F E  body P, because of its greater 
density. With a clamp G, provided with bars 

with a V-groove on its jaws, both capillaries 
are exactly aligned. The apparatus is clamped 
on a tripod and located beside a table on which 
a traveling microscope TM (Hilger-Watts) is 
mounted in a horizontal plane. Both adjusting 
screws of the tripod have been lengthened to 
a height well above the table. 

The electroosmosis current is taken from a 
dc power supply and is applied to the electrodes 
via a polarity reversal switch, which can also 
be actuated every 5 or i0 sec by means of an 
electronic flip-flop circuit. With a pair of 
blank platinum wire electrodes, fixed close to 
the PTFE body P, and a digital dc voltage 
meter (Tekelec TA 310-06) the potential across 
the hole in P is measured. With a copper- 
constantan thermocouple, fixed in a hole in 
the flange of the PTFE body P near to the 
axial hole, the temperature in the PTFE 
cylinder is measured. From experiments in 
which a second thermocouple was fixed in a 
PTFE rod in the axial hole, the difference 
between the inner and outer thermocouple 
readings was obtained as a function of the 
power dissipated in the PTFE cylinder. 

S a m p l e s .  The following samples were used in 
the experiments. 

(i) Vitreous silica (fused quartz), Herasil I 
(10-50 ppm A1, reported by the manufacturer), 
two rods, d = 0.1988 cm. 

(ii) Sapphire (a-A1203 single crystal), grown 
with the c axis parallel to the geometric axis by 
the Tyco edge-defined, film-fed growth (EFG) 
method (3). This method is a crystal-pulling 
technique in which melt from a reservoir is 
drawn by capillary action to the tip of a die 
from which growth takes place. The form of 
the growing crystal is determined by the shape 
of the die surface. 

The crystal, obtained from Tyco, Saphikon 
Division, was an as-grouaa rod. Thus, the 
crystal has not been shaped by cutting, grind- 
ing into a rod, and flame polishing. The cross 
section of the crystal was not exactly circular. 
After chemical polishing (see the next section) 
the mean of measurements of the diameter 
with a micrometer at six axial positions in five 
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directions (6 X 5 measurements) was d 
= 0.1369 cm (the extreme values of the 
individual measurements were 0.1360 and 
0.1390 cm). 

(iii) PTFE cylinders in which holes with 
diameter and length of 0.2210 and 2.10 cm, 
respectively, in case (i) and of 0.1600 and 2.20 
cm, respectively, in case (ii)were drilled. The 
diameters of the PTFE rods were (i) 0.2026 
and (ii) 0.1380 cm. 

Chemicals. The NaC1 used was of analytical 
grade. All the solutions used had a 10 -3 M NaCI 
background. A 0.1 N HC1 solution was used 
for pH adjustment. All water used (conduc- 
tivity <0.7 X 10 -6 ohm -1 cm -1) was triply 
distilled, the second stage being from alkaline 
permanganate. 

Purification Procedures 

Samples (i). Two rods, each 6 cm long, were 
treated with 45% HF at room temperature 
during 20 rain with rotation. After washing 
with water the rods were stored until use in 
distilled water. The various steps in measuring 
the ~" potential were : (a) wiping with dry filter 
paper, (b) cleaning in condensing vapor of 
carbon tetrachloride for 30-45 min (8), (c) 
flaming in a colorless Bunsen burner flame (8), 
(d) immersing in 5% HF for 10 rain, (e) wash- 
ing with water and wiping with filter paper, 
(f) cleaning in condensing vapor of carbon 
tetrachloride, (g) flaming and cooling, (h) 
equilibrating the solution to be measured in a 
weighing bottle for at least 20 hr. In half of 
experiments steps c, d, e, and f were omitted. 

Samples (ii). A common EFG phenomenon 
is an array of microvoids 50~m below the 
surface (3). We, therefore, treated a piece of 
length 3 cm with phosphoric acid of about 
340°C (9) with rotation of the crystal. After 
2 X 25 min, 0.012 g was etched away, corre- 
sponding to 23 ~m if the etching were uniform ; 
however, etch pits had been formed scattered 
over the surface. After its washing with water, 
the crystal was stored overnight in an NaOH 
solution (pH 10.8) and thereafter and each 
time after use it was stored in distilled water. 

The various steps in measuring the ~" potential 
were: (a) wiping with dry filter, (b) cleaning 
in condensing vapor of carbon tetrachloride for 
30 min, (c) drying at l l0°C for 30 rain, (d) 
rinsing with and storing in distilled water for 
1 hr in a weighing bottle, (e) pouring off the 
water and rinsing with the solution to be 
measured, (f) equilibrating in the latter for at 
least 20 hr. 

Ad (iii). The wall of the hole in the cylinder 
was steamed for 1 hr by pulling steam through 
the assembled central part  AFA of Fig. 1, 
under reduced pressure, which was adjusted 
so as to let steam escape on the steam input 
side of AFA also. The PTFE rod, when its ~" 
potential was to be measured, was steamed at 
the same time by suspending it with a platinum 
wire holder in the steam input side of AFA. 

Experimental Procedure 

After the steaming procedure and cooling, 
the central part  AFA was rinsed with the solu- 
tion to be measured. The rod to be investigated 
was placed in the hole in P and after rinsing 
once more, the central part  AFA was half-filled. 
Care was taken that no air remained in the 
hole. Air in the hole can be removed by moving 
the rod to and fro in the hole with the help of 
the glass bodies B and a magnet. The upper 
parts of the electrode assemblies were rinsed 
with the solution and joined with the central 
part. The apparatus was filled, starting with 
the central part,  up to the upper sleeves, The 
voltage from the dc power supply was applied 
to the zinc electrodes. The potential difference 
across the plug was adjusted to a value such 
that the increase in temperature in the plug 
would be less than 3°C even when the solution 
with the highest conductivity in our experi- 
ments (pH 2.2) was measured, in which case 
about 60 V was applied. In experiments with 
solutions of lower conductivity this potential 
difference was raised to about 200 V. Previous 
measurements in 10 -a M HC1 showed that the 
~'-potential values found were within 10% of 
the same value on varying the electric field 
from 40 to 130 V/cm, provided that the 
viscosity and dielectric constant values at the 
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FIG. 2. The results obtained for the ~" potential of 
vitreous silica with (®) and without (X) pretreatment 
steps c, d, e, f, and PTFE (O, first system; 0 ,  second 
system) as a function of pH with 10s  M NaC1 back- 
ground electrolyte. Quartz: II, Jedna~ak et al. (2); 
y ,  Li and De Bruyn (12). 10 -3 M KNO3 (HNO3): 
[~, Wiese et al. (1). 

temperature (24-31°C) prevailing in the plug 
were used in the calculation. 

After the passing-by of the current for 30-60 
rain, with automatical reversal of the current 
direction every 5 sec, the capillaries, with the 
filled vessels V clamped on the tubes T, were 
put  in place. The tubes T were pushed in the 
stoppers until the capillaries were completely 
filled and were on the same level. Next, they 
were raised until the menisci were about 1 cm 
from the outer openings of the capillaries. 
Then, drops of detergent (RBS 25) were 
injected in the openings, so that air bells re- 
mained between the drops and the menisci. 
The tubes T were pushed to and fro in the 
stopper to clean the outer 4 cm of the capillaries 
by the detergent. After this, the detergent was 
pushed out of the capillaries and the tubes T 
were raised until the capillaries were on the 
same level with the menisci 2-3 cm from the 
openings, and the clamp G was applied. 

The aligned capillaries were brought into a 
horizontal plane by means of the adjusting 
screws of the tripod. This was indicated by the 
difference of the times the meniscus required 
for traveling a given distance in both directions. 
After this adjustment, the times required for 
the meniscus in one capillary to travel a given 
distance were measured in a sequence of at 
least three pairs of reversals of the current 

direction. These measurements were repeated 
on the other capillary, after which the whole 
measuring procedure was repeated at least 
once more. Generally, the distance to be 
traversed was so chosen that 10-20 sec was 
required for it. Depending on the ~" potentials 
and the applied potential difference, this 
distance was 0.10 to 2.00 ram. We also noted: 
the polarity of the electrode to which the 
liquid in the hole was streaming, the total 
length of the liquid threads in the capillaries, 
the current strength for the calculation of the 
power dissipated in P, and the thermocouple 
electromotive force. 

The application of a detergent in the capil- 
laries may contaminate the liquid in the 
apparatus. However, without a detergent the 
electroosmotic displacement of the meniscus is 
usually retarded. The cleaning of the capil- 
laries, using the procedure of Rose and Heins 
(10), as suggested by Dukhin and Derjaguin 
(11), takes considerable time and is only 
temporarily effective. Even when a detergent 
has been applied, the cleaning procedure 
usually has to be repeated after one or two 
complete sets of measurements. Before the 
apparatus is assembled for the next experi- 
ment, the upper parts of the electrode assem- 
blies, which are not steamed as the part AFA, 
must be rinsed thoroughly with distilled water. 
With the procedure described, the application 
of a detergent is harmless. The measurements 
were performed in a room in which the tem- 
perature was fairly constant (±0.2°C) during 
any 1 day, but in a set of measurements the 
temperature varied from 20 to 23°C. Com- 
bined with the increase in temperature owing 
to the dissipation of heat in the hole, the tem- 
perature of the liquid in the hole varied from 
20 to 25°C in a set of measurements. Obviously, 
in the calculation of the ~" potential with [4], 
the viscosity and the dielectric constant of 
water at the temperature in the hole had to 
be used. 

RESULTS 

The results obtained for the ~" potential of 
vitreous silica in dependence on the pH at a 
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constant background of 10 -~ M NaCI are given 
in Fig. 2, and those of synthetic sapphire 
(a-A1208 single crystal) in Fig. 3. The results 
for the ~" potentials of both the PTFE  cylinders 
with the P TF E  rods belonging to them are also 
given in Fig. 2. The straight line along the 
PTF E  data has been drawn by linear regres- 
sion. The linear regression lines of each series 
separately are somewhat shifted with respect 
to this line. The ~" potentials of vitreous silica 
and of the sapphire have been calculated, in 
most cases, with the measured ~'-potential 
values in the same solution. 

DISCUSSION 

The results obtained for vitreous silica show 
no systematic differences between the series 
with and without additional HF treatment in 
the purification procedure. They are dou'n to 
pH 3, in fair agreement with the results of 
Jedna~ak et al. (2) and Wiese el al. (1) in solu- 
tions acidified with HNO3 at a constant back- 
ground of 10 -3 M KNO3. However, below pH 3, 
some discrepancy seems to appear. Wiese el al. 

extrapolated their curves, measured at different 
constant background concentrations of KNO3, 
to an isoelectric point of pH 2.5 4-0.2. The 
lowest pH at a background electrolyte concen- 
tration of 10 -3 M NaC1 employed by Jedna~ak 
et al. in the case of vitreous silica is pH 3.2. 
For quartz they reported a ~" = +13  mV at 
pH 2.2, giving an isoelectric point at pH 2.8. 
According to these authors crushed quartz and 
vitreous silica are indistinguishable from one 
another within the experimental error. How- 
ever, Li and De Bruyn's (12) measurements 
on quartz support the correctness of our 
results on vitreous silica. Li and De Bruyn's 
data at 10 -3 M NaC1 are also shown in Fig. 2, 
and one can see that their and our measure- 
ments are in good agreement. An ioselectric 
point of quartz lower than pH 2 is also reported 
by Deju and Bhappu (13) and by Cases (14). 
Moreover, Jedna~ak el al.'s remark that a low 
signal-to-noise ratio prevented their measure- 
ments from being reproducible at pH values 
in the vicinity or beyond the point of zero 

-~0 

E-20 

c 
~0 

d 

~+20 

O "\ 
\ ..%\ 

"oO • x o  
i "- 

i 
3 2 

÷&0 I [ 
6 5 

pH 

FIG. 3. The results obtained for the ~" potential of 
synthetic sapphire as a function of pH with 10-~ M 
NaC1 background electrolyte. 0, Sample not treated 
with phosphoric acid; I ,  natural corundum; [2], 
a-Al20, according to Van Schuylenborgh and S~inger 
(16). 

potential throws some doubt on the reliability 
of their measurements at pH < 3. 

In our opinion the measurements on vitreous 
silica prove the correctness of the method 
proposed, including the use of the formula for 
the axial-symmetrical position of the rod in 
the case of the nonaxial position. From the 
linear regression line in Fig. 3 (slope --15.2 
mV/pH) the iep value pH 3.3 is found for 
synthetic sapphire. This value is very different 
from the values recorded in the literature (15), 
with the exception of Van Schuylenborgh and 
S~[nger's (16) values. This cannot be attributed 
to the phosphoric acid treatment since a 
measurement with the untreated sample gave 
the same result. Van Schuylenborgh and 
S~inger's electrophoresis data, converted into 

potentials, for natural corundum and syn- 
thetic oe-A1203 in solutions acidified with HC1 
are shown in Fig. 3. These authors attributed 
their low iep values to the better crystallinity 
of their samples. 

The isoelectric points referring to synthetic 
sapphire are pH 9.4, reported by Modi and 
Fuerstenau (17), and pH 6.7, reported by 
Dobi~g et al. (18). To explain the difference 
between their and our iep values we consider 
their pretreatment of the synthetic sapphire 
boules. After crushing and sizing, most of the 
iron impurity introduced during crushing was 
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removed with a hand magnet and the last 
traces were removed by treatment with hydro- 
chloric acid (60°C). The material was next 
washed with distilled water till free from 
chloride ion and then stored under conduc- 
tivity water (Modi) or dried at 120°C 
(Dobi~g). 

According to Somasundaran (19), however, 
comminution, screening, and other mechanical 
methods used in the preparation of particles 
of desired size deform the surface layer of as 
much as 300/~ in thickness. Particles with such 
a disturbed surface layer are not likely to show 
the crystalline properties of the material (for 
data on SiO2, see Refs. (20, 21)). I t  is well 
kno~al that the presence of such layers yields 
a more reactive surface with increased solu- 
bility and increased surface hydration. Con- 
sequently a shift of the isoelectric point toward 
higher pH values is an observed result of 
mechanical surface disruption. 

In Somasundaran's terminology Modi and 
Fuerstenau's iep of 9.4 refers to a hydroxylated 
surface, Dobigg' iep of 6.7 to a dehydrated 
surface, and Van Schuylenborgh and Siinger's 
iep of 3.0 to a polymerized and partially 
dehydrated surface. Our iep represents that of 
a completely polymerized and dehydrated sur- 
face, as may be supposed to exist on a single 
crystal with an unconverted (nondisturbed) 
surface layer. 

APPENDIX 

When (R -- r ) / R  = AR/r  << 1, the expan- 
sion of In (p/r)/ ln (R/r)  in [-2-] into a power 
series and the dropping of terms after the 
first power yield 

~OEr V 

L 

~oe~- V p - -  r 
+ - - -  (~'1 - -  ~ ' 2 ) -  [-2'-1 

~ L  R - - r  

In this expression 

eo,er V eo~r V 
- - - - ~ ' l = v t  and - - - - f 2  =v2 

n L n L 

can be interpreted as the velocities of the 
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liquid at distances only a few times the Debye- 
Htickel distance from both wails. Since ~b is 
already practically zero at these distances from 
the walls, [-2'] expresses the fact that the axial 
velocity of the liquid falls linearly in the radial 
direction from Vl to v2. Integration with the 
use of [-2'] yields 

D = ~r(vl + v2)raR + ½7r(vt + 2v=)(&R) 2. [-3'] 

The last term in [-3'] is negligible as long as 
AR << r. Relation [3 ' ]  without this small term 
can also be obtained via the integration 

D = 2 v,~dS = 27rvmr~R, [3"]  

in which dS = (R -- r)rd$ is an infinitesimal 
sector of the ring between the two concentric 
circles of radii r and R. vm is the axial velocity 
averaged over the radial direction : v,~ 
= (Vl + v2)/2. In the case of a system that 
consists of a rod resting on the wall of the 
canal (Fig. A1), D can be approximated in a 
similar way, 

= 2v,~{--r2~r + 2RrE(k,  7r/2)}, [3 ' " ]  

( 
FIGURE A1. 

fo  ~r D ~. 2 v,,srd~ 
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in which E(k,r/2) is the complete elliptic 
integral of the second kind with k = 2~R/R. 
The substitution z,,~ = (vl-k v2)/2 is again 
made for vm, i.e., v averaged over the distance s. 

In our two cases (i) R = 1.2 ram, r = 1.0 
mm, and (ii) R =  0.80 mm, r - - 0 . 6 9  ram, 
substitution of these values in [-3'"-] and [-3"~ 
yields D[-3'"]/D[3"~ = 0.96 and 0.97, respec- 
tively. Thus, the results of the approximate 
calculations for the systems with and without 
axial symmetry do not differ much. Since for 
axial symmetry the results of the exact and of 
the approximate calculations, using [-3-] and 
~3"-], respectively, are also much the same, we 
conclude that the value of D calculated with 
1-3-~ is a good approximation for the system 
without axial symmetry. 
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