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Markov games: properties of and conditions for optimal strategies

by

Luuk P.J. Groenewegen

Sununary

In this paper the usual concept of optimality in a two person zero sum

Markov game is studied. A necessary but not sufficient condition for

strategies to be optimal is derived, and also a sufficient but not

necessary condition. The gap between these two conditions is not very

wide, and can be closed quite elegantly in modifying the definition of

optimality. One of these modified concepts for optimality, the so called

persistent optimality, seems to be more akin to the concept of opti

mality in Markov decision processes. Subgame perfectness, another opti

mality concept, is also characterized.

1. Introduction

This paper is a natural sequel to the paper of Groenewegen and Wessels (1976).

In a rather rich class of Markov decision processes (MDP's) the optimality

of a Markov strategy can be fully characterized by the properties v(alue)

conserving and equalizing [see e.g. Hordijk (1974), Groenewegen (1975),

Groenewegen and Van Hee (1976), Rieder (1976)J. In two person zero sum

Markov games (MG's) the value conservingness can be generalized in

different ways. The equalizingness can remain unaltered. However, what

has to be made up for is the loss of the property "anne" (asymptotic non

negative expectation) of the value function [see Hordijk (J974) definition

3.7 and theorem 3.9J. This is done by means of the concept asymptotically

reasonable.

Unfortunately, a necessary but not s~fficient condition for optimality of

a strategy is: the strategy is asymptotically reasonable, equalizing and

saddle conserving. (Saddle conserving is the most straightforward generali

zation of value conserving.) On the other hand, a sufficient but not

necessary condition is: the strategy is asymptotically reasonable and

saddling. (Saddling is stronger than saddle conserving.) The gap between
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these two sets of conditions is caused by the concept of optimality itself.

In MG's optimality does not imply persistent optimality, whereas in MPD's

it automatically does. Namely in MPD's persistent optimality means that

tails of optimal strategies are optimal at those states where the system

can be at the beginning of the tail. And just in the case of the usual

optimality in MPD's this is precisely guar.!1nteed by the analogon of lemma 3

in Groenewegen and Wessels (1976) [see Groenewegen (1975), Gavish and

Schweitzer (1976)J. For persistent optimality in MG's however, a necessary

and sufficient condition is: the strategy is saddling and asymptotically

definite. (Asymptotically definite is the straightforward generalization

of the asymptotic nonnegative expectation.) Another optimality concept

which completely can be characterized, is subgame perfectness. This concept

is originally introduced as perfectness in Selten (1965), but later on he

called it subgame perfectness in Selten (1975).

After a brief description of the contents of each section the rest of this

first section will be devoted to a short introduction to the MG model and

its notations.

In section 2 the definitions of the new concepts we need are given and also

a preliminary result. That equalizing is a necessary but, even together

with saddling, not sufficient condition for optimality, is shown in section 3.

Section 4 handles the asymptotic reasonableness and section 5 shows that this

concept does not completely close the gap between the necessary and the

sufficient conditions for optimality. As is shown in section 6 this gap is

closed rather elegantly by introducing the persistent optimality concept.

Saddling together with asymptotic definite turns out to be a necessary and

sufficient condition for optimality of this type. Also subgame perfectness

is characterized by the more complex properties overall saddling and overall

asymptotically definite. Some final remarks can be found in section 7.

The MG we look at, can be described with a 5-tuple (S,K,L,p,r). (For a some

what more detailed description of this MG we refer to Groenewegen and Wessels

(1976». Here S is the countable state spaoe of the game. K ='~SK(i) is the
1£

aotion space for player A. Here K(i) is the nonempty countable set of

aGtions available to player A in state i E S. Mostly F is used instead of

K, denoting the set of all randomizations of elements from K. In the same

way G is used instead of L, with L the action space for player B. p is a

transition function from S x S x K x L to [O,IJ, with p(i,j,k,t) meaning

the probability to reach J £ S in one step when player A chooses action

k £ K and player B action tEL in state i £ S. Mostly P(f,g) with f E F,
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g ~ G, ~s used, called a decision and denoting the transition matrix with

i,j-th element p(i,j,f,g). Here p(i,j,f,g) is in fact a randomized

transition probability whose randomization corresponds to the randomizations

f and g. The real valued function r, defined on S x K x L, denotes the

reward player A receives from player B, when in state i action k is chosen

by A and action t by B. Again r(i,f,g) with f E F, g EGis a randomized

reward corresponding to the randomizations f and g, and it is supposed

that r(i,f,g) is well defined by assuming absolute convergence of all

convex combinations of r(i,k,t) for fixed i.

Xt denotes the state of the system at time t E :IN = {O,l, ••• }. Let H be

the set of all histories ht = (xO,kO,tO,xl,k1,t1, ••• ,Xt)' with xO, ••. ,x t E S,

kO'" .,kt - 1 E K, to" .. ,tt-1 ELand t E :IN. A strategy (-rr,p), 1T or p

(respectively for both players, for A and for B) is a function on H with

range respectively F x G, F and G, prescribing which randomized action

when and where has to be chosen. The sets of these strategies are denoted

by TI,rr(A) and TI(B) respectively. A strategy (1T,p),1T or p is called memory

less iff for all h' h" E H with x' = x" one has
t' t t t

The sets of these memoryless strategies are denoted by R, R(A) and R(B)

respectively. In the sequel we will restrict ourselves to strategies (1T,p)

with 1T or p memoryless. By a result in Aumann (1964) and the Derman and

Strauch analogon in Groenewegen and Wessels (1976) this restriction

means that we may even restrict ourselves to (1T,p) E R. These (1T,p) E R,

1T E R(A) and p E R(B) can also be written as (fOf l ••• , gOgl"')' (fOf l ••. )

and (gOgl''') with f t E F, gt E G, t E :IN. Note that in (fOf 1... , gOgl''')

some superfluous parentheses are omitted~ Now any starting state Xo = i E S

and strategy (1T,p) E R together determine a probability measure IP. ( )
~. 1T,p

and hence an expectation operator E. ( ) on the space (S x K x L)OO
~, 1T,P

endowed with the usual a-field structure.
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2. Preliminaries

Assumption 2.1. The reward function r in our model is supposed to have a

aharge struature, i.e. for all (~,p) E Rand i E S

00

E. ( ) I !r(Xk,fk,gk)I < 00 •

1, ~,p k=O

Definition 2.2. The value of a strategy (~,p) ERin state 1 E S 1S

00

v(i,~,p) = E. ( ) I r(X_ ,fk,gk) .
1, ~, P k=O -1<

From the charge structure of the rewards and from the Derman and Strauch

analogon in Groenewegen and Wessels (1976) it follows that the value of

a strategy (~,p) is well defined if ~ E R(A) or p E R(B).

Definition 2.3. A strategy (~*,p*) E R is optimal in i E S iff for all

~ E R(A), P E R(B)

. * * * *
V(l,~,p ) ~ v(i,~ ,p ) ~ v(i,~ ,p) •

* *A strategy (~ ,P ) E R is optimal iff it is optimal in all i E S.

Definition 2.4. The saddle funation v is defined for all 1 E S as

v(i) = sup
1TER(A)

inf v(i,1T,p).
PER(B)

Note that if (~*,p*) E R is optimal, then v(·) = v(·, 1T* ,p *) is usually called the

value of the game.

In Groenewegen and Wessels (1976) it is already established that v(·) and

(P(f,g)v) (.) are finite functions. Here we even need a stronger result.

Lemma 2.5. There exist functions M and N such that for all t E IN, (1T,p) E R

and i E S

- M(i,1T) ~ E. ( )v(X
t

) ~ N(i,p) < 00 •
1, ~,P
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Proof. Define for i € S, (~,p) € R:

<Xl

w(i,~,p) = E. ( ) L !r(Xk,fk,gk)[
~,~,p k=O

and define p(t) = (gt8t+l ••• ) € R(B) if p = (808 t ••• ) E R(B).

From the proof of lemma 2 in Groenewegen and Wessels (1976) we have that

- <Xl < - M(i,~) ~ v(i) ~ N(i,p) < <Xl

for all i E S, rr E R(A), P E R(B) and with N(i,p)

sup .) So
pdI(B)

• P(f t _
1
,gt_l)v)(i) ~

bysup
pER(B)

, and also

= sup w(i,~,p) and
~ER(A)

w(i,TI,p). (By the Derman and Strauch analogon sup can be
TIER (A)

E. ( )v(X) = (P(fO,gO) •
~,TI,P t

sup
PER(B)
by sup

TIEJI(A)

M(i, 'IT) =

replaced

*(Note that for all £ > 0 a ~ E II(A) exists such that the first inequality

"<" holds.) This being true for all £ > 0, it follows that

E. ( )v(Xt ) ~ N(i,p) < <Xl. The other half of the proof is anal080us. C
~, 'IT, P

Corollary 2.6. For all i E S, (~,p) E R

- <Xl < - M(i,~) ~ lim inf E. ( )v(Xt):s; lim sup E. ( )v(Xt):s; N(i, p)< <Xl
t+<'" ~,~ ,p t-7<X> ~, ~,p

Now we are in a position to formulate the other definitions.

Definition 2.7. A strategy ('IT,p) E R is saddZe conserving iff

V. V [3. ]P • (X = j) > 0'"
JES tElN ~ES ~,(~,p) t
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This is the most straightforward generalization of value conserving,

Another - more subtle - generalization for which some new notations are

needed, is also given.

Let ('rr,p) = (fOf l ... , gOg1"') E: R, then (7T(t),p(t» = (ftful " 0' gtgt+l''') E: R
for each t t :IN. We will write v+(i) for max (0, v(i» and v-(i) for

max (0, - v( i» as usual. Define also for each t t :IN, 7T E: R(A), p E: R(B)

S(B,p,t)

Set) = {j E: S 13. S 3" ') R]?' (' , ) (X t = j) > O}.
1.E:1.7T,P t 1., 7T ,p

Definition 2.8. Let (7T,p) t R be equal to (fOf l , •• , gOgl'o,) and

(i) (7T,p) L R is saddZing iff S(A,7T,t) C Sl(t) and S(B,p,t) c S2(t).

(ii) (7T,p) E: R is overall saddling if Set) c Sl(t) n S2(t) •

Definition 2.9. A strategy (7T,p) E: R is equaZizing iff for all i E S

lim E. ( )v(Xt ) exists and equals zero.
t-+co 1. , 7T, P

Definition 2.10. A strategy (7T,p) E: R is asymptotically reasonable iff

for all i E: S and all p' E: R(B) with V(i,7T,p') f v(i)

3k~0 lim sup E. (. ,)v(Xt ) S; k[v(i,7T,p') - v(i)] ,
t-+co 1. , 7T, P

and for all itS and all 7f' t R(A) with V(i,7T',p) f v(i)
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Definition 2.11. A strategy (TI,p) E R is asymptotically definite iff

+
V. S V I () lim E. ( I)V (X t ) = a

H pER B ~ ~t TI,p

and

A strategy (TI,p) E R is overall asymptotically definite if for all

t E IN, j E S(t) and (TI I ,p ') E R

+
lim E. «t) I)V (X ) = aJ, TI,p nn-klO

and lim E. (' (t»)v- (X ) = a •J, TI ,p nn-klO

is overall saddling with

be saddle conserving. Then

The concept equalizing 1S the same as in ~illP's, the asymptotic reasonable

ness is new, and the counterpart of asymptotically definite is the asymp

totic nonnegative expectation (see Hordijk (1974».

Definition 2.12. A strategy (TI,p) E R is persistently optimal iff for all

t E IN (TI(t),p) is optimal in j for all j E S(A,TI,t) and (TI,p(t» is

optimal in j for all j E S(B,p,t).

Definition 2.13. A strategy (TI,p) E R is subgame perfect iff for all

t E IN and j E: Set) the strategy (TI(t),p(t» is optimal in j.

In Groenewegen and Wessels (1976) the following results are established:

a) the optimality of (TI,p) E R implies its saddle conservingness (th. 1),

b) the reserv.e of a) does not even hold under the assumption that all

strategies are equalizing, c) if all strategies are equalizing then the

saddlingness of (TI,p) E R implies its optimality (th. 3), d) the optimality

of (TI,p) E R does not imply its saddlingness, e) from each saddle conserving

strategy (TI,p) E: R an overall saddling (TI*,p*) E R can be constructed (th. 2)

in the following way.

Let (7T,p) = (fOi]. ",

( * * * *TI ,p ) = (fOf 1•.• ,
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g~ (j)

if 3. _S ]P. ( ) (X- = j) > 0
~t:. ~, 1T,P -t<

otherwise •

if 3 .. S ]P. ( ) (Xk = j) > 0
~t:. ~, 1T,P

otherwise •

Constructed this way (1T*,p *) is called the corresponding overaU saddling

strategy of (1T,p) •

3. Equalizing

In the remaining sections of this paper we want to investigate how things

are changed by omitting the additional condition that all strategies are

equalizing. Therefore we start examining whether equalizing is necessary

for optimality. Also we ask ourselves if equalizing ·together with something

like saddling is sufficient for optimality.

Theorem 3.1. The optimality of (1T,p) E R

convergence (with respect to the measure

t + 00. Hence (1T,p) is equalizing.

Proof. Choose i E S. Then

implies for all i E S the L 1

]P. ( )) to zero of v(X ) for
~, 1T,p t

o ~ Ei ,(1T,p)!v(xt )j = I ]p i,(7T,p)(xt = j)IV(j)1 •
jES

Using the optimality of (7T(t),p(t)) in those j £. S with lP. (X
t

= j) > 0
~,(1T,p)

(Groenewegen and Wessels (1976), lemma j) this may be written as

00

I ]P. ( ) (x
~, 1T,p t

J

00

by the charge structure.

for t + 00

o
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Theorem 3.2. Counterexample. Let (~,p) E R be optimal. Then the corresponding

overall saddling strategy (~*,p*) is not optimal in general.

Proof. We will use the following notation for a game r.:
~

r(i,k,t) +

k

Lp(i,j,k,t)r.
jES J

r.
~

This means: r. is the game which starts in state i. If A chooses action k
~

and B chooses t then A receives r(i,k,t) from B and state j is reached

with probability p(i,j,k,t). Then in j game r. is played.
J

We consider the game

2

2

0+ 0+

r
l

r
l

0+ 0+

r l
r 2

The strategies will be given only for state 2, nothing being to decide else

where. It can easily be verified that (~,p) = (211 ••• , 122 ••• ) is optimal.

* *The corresponding overall saddling strategy (~ ,p ) = (22 ••• , II ..• )

however is not optimal. 0

Corollary 3.3. (Overall) saddling together with equalizing is not sufficient

for optimality. Hence saddle conserving togehter with equalizing does not

suffice either.
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Proof. For instance by inspection of the counterexample given.

So there is an essential difference between the optimality concept of MG's

and that of MDpls, where value conserving and equalizing together is equi

valent with optimality. The cause of this difference brings also about,

as will be shown, the lack of the asymptotic definiteness of optimal

strategies in general. Now first the much weaker concept asymptotically

reasonable will be studied instead.

4. As~ptotically reasonable

o

Consider the game

We want to start with giving some insight in the formulation of the definition

o~ asymptotically reasonable.

Theorem 4.1. Counterexample. Even if (TI,p) E R is optimal, lim E. ( I)V(Xt )
t~ ~,TI,p

and lim E. (I )v(X) do not exist in general for any i ~ S, TIl E R(A),
t~ ~,TI ,p t

pI E R(B).

Proof. It is sufficient to prove the assertion for lim E. ( I )v(Xt ).
t~ ~,TI,p

1 2

lbJ 2+ 10+ 1+ 0+ 0+

f O f O f 2 f O f 3
f 2

fa f
l

f
2+2

2

fa

f
3

The strategies will be g~ven only for the states 1, 2 and 3 in this order.

The optimality of

[

1 I • • • ,
11 0 ••

221 1•••

11 0 0 oj
11 .. 0

11•••
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can easily be verified, and also that v(O), v(I) = 2, v(2) = 1, v(3) = 2.

Now define

[
22 ••• ]

p' = 22. • • •
11. ..

Starting in state I leads to

for t = 0,2,4, •••

for t = 1,3,5, •••

So lim E] ( ,)v(Xt ) does not exist.
t-+oo ' 71', P

However, a sufficient condition can be given for the existence of such

limi ts.

o

Theorem 4.2. If (71',p) E

lim E. ( ,)v(X) and
t-+oo ~, 71', P t

R is saddling then for all

lim E. (' )v(Xt ) exist.
t-+oo ~, 71' , P

~ E S, 71" E R(A), ~' E R(B)

Proof. Choose p' = (gogi ••• ) E R(B). Define for all i E S, k E lli

By the saddlingness we know that d(i,fk,gk) ~ 0 for all i E S(A,71',k).

=

Since r has a charge structure and only nonpositive values of d are summed

up actually, we get the existence of lim of the first term of the righthand
side. So t-+oo
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lim (P(fO,gO) •
t-+<><>

exists. Analogously lim E. ( , )v(Xt ) exists.
t-+<><> 1. , 'IT, P

The next theorem shows why in the definition of asymptotically reasonable

nothing is said about those i € Sand p' E R(B) with v(i,'IT,p') = v(i)

(and also nothing about those i E S and 'IT' E R(A) with v(i,'IT',p) = v(i».

Theorem 4.3. Counterexample. Even if (n,p) E R is optimal and overall

saddling, v(i,'IT,p') = v(i) for some i E S, p' E R(B) does not imply

the existence of a k ~ 0 such that

lim E. ( ,)v(Xt ) ~ k[v(i,n,p') - v(i)] •
t-+<><> 1., 'IT, P

Proof. Consider the game

1 1 2

ICJ 0+ ICIJf O f 1 f 1 f°
f O 1+ f 2

2
f O

f 1

Strategies will be given only for the states 1 and 2 in this order.

It is easy to see that

o

__ . [2 11 ••• ,
(-rr,p)

11• •• ,

11 ••• ]

22 •••

is optimal and overall saddling, and that v(O) = 0, v(l) = 1, v(2) = 0.

Now define

p' = [11 ...]
11 • • • •
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Then v(2,~,p') = 0 and for all k ~ 0

lim E2 ( ,)v(Xt ) = 1 > k[v(2,1T,p') - v(2)] =
t~ , 1T,p

o . D

The asymptotic reasonableness happens to be a necessary condition for.

optima1i ty.

Theorem 4.4. The optimality of (1T,p) E R implies that (~,p) is asymptotic

reasonable.

Proof. Choose p' E R(B). By corollary 2.6 we have lim sup E. ( ,)v(Xt )
t~ ~, ~,p

is finite for all i E S. By the optimality of (~,p) we have that

v(i,~,p') > v(i) for those i E S where v(i,~,p') ~ v(i) •

Hence

3k~O lim sup E. ( ,)v(Xt):S; k[v(i,1T,p') - v(i)].
t~ ~, ~,p

The other part of the proof is analogous.

5. The gap

Summarizing results from foregoing sections we get the following necessary

set of conditions for optimality.

Corollary 5.1. The optimality of (~,p) E R implies that (1T,p) is saddle

conserving, equalizing ans asymptotically reasonable.

Proof. Combine tho I in Groenewegen and Wessels (1976) with tho 3.1 and

tho 4.4 of this paper.

o

D

But it turns out that this set of conditions is not sufficient for optimality.

Theorem 5.2. Counterexample. Let (1T,p) E R be saddle conserving, equalizing

and asymptotically reasonable. Then (1T,p) is not necessarily optimal.
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Proof. Consider the game

1 I 1 2

lCJ lCJ 0+ IT]fa f O f
l fir2

fa f l '1 -10+ f 3
.t.

f O

r
2

The strategies will be given only for the states 2 and 3 in this order.

First note that v(O) = v(l) = v(2) = v(3) = 0, so all strategies are

equalizing, and hence, taking k = 0, asymptotically reasonable.

Define

[

122 ••. , II ••• ]
(rr,p) =

11 ••• , II ...

The saddle conservingness of (rr,p) is easily checked. But (rr,p) is not

optimal, since for

p' = [11. ..]
22 ••.

we have

v(3,rr,p') = - 9 < v(3,rr,p) = 0 = v(3) •

Rather close to this necessary set of conditions a sufficient set of

conditions exists, which is not necessary though.

o

Theorem 5.3. A sufficient but not necessary set of conditions for optimality

of (rr,p) E R is: (rr,p) is saddling and asymptotically reasonable.

Proof. That saddling is not necessary for optimality can be seen in counter

example 5.2 by modifying r(2,2,1) from -10 into -1. Then (rr,p) as defined

in the example is optimal but not saddling.
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Now suppose (1T,p) lS saddling and asymptotically reasonable. Choose ~ E S

and p' ( , , ... ) E R(B). Defining d(i,fk,gk) in the proof of th. 4.2gOgl as

and using that d(Xk,fk,g~)
:0:;; ° lP. ( ,)-a.s. we get

1., 1T,p

v(i)

$ v(i,1T,p') + k[v(i,1T,p') - v(i)] •

Note that lim E. ( ,)v(Xt ) exists by tho 4.2. Now we have for k ~ °
t~ l, 1T,p

(k + l)v(i) $ (k + l)v(i,1T,p') ,

hence for all i E S, p' E R(B)

v(i) $ v(i,1T,p') •

Analogously for all 1 € S, 1T' E R(A)

v(i,1T'tp) $ v(i)

The cause of the gap between these two sets of conditions can be found

by noting, that tails of optimal strategies can be really suboptimal.

Actually there are two cases. By a suboptimal action of one player, say B,

player A has received more than he could expect. From then on A can allow

himself either one or more suboptimal actions, or a strategy which for

ever postpones a part of his profits. These two types of reaction - or a

combination of both - do not des troy the optimality for A, as long as his

loss is compensated by what he has got too much already. An example of

the first case is given in the proof of tho 5.3: the modified example 5.2.

An example of the second case can also be given by modification of the

original example 5.2: r(l,l,l) = I, r(2,2,1) = 0, p(2,2,2,1) = 1 and

consequently p(2,0,2,1) = O. Then again (1T,p) as defined in the example

is optimal, but lim E3 ( ,)v(Xt ) = 1.
t~ , 1T ,p

As a direct result of this modified example 5.2 we have
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Corollary 5.4. Counterexample. Optimality of a strategy does not imply its

asymptotic definiteness.

With an additional condition however the asymptotic definiteness follows

quite easily.

Theorem 5.5. If (n,p) E R is optimal and for all j E S, t E ~ there exists

an i E 5 such that F. ( )(X = j) > 0, then (n,p) is asymptotically
1., n,p t

definite.

Proof.

t E ~

i E 5,

By lemma 3 in Groenewegen and Wessels (1976) we know that for all

(f
t
f

t
+ 1••• , gtgt+l"') is optimal in each j E S. So for all

t E ~, p' E R(B)

00

v(i) ~ L (P(f ,g') •
k=t t t

Now we have

Olt

• P(f t - 1,g~-l)).I (P(ft,g~)' ••• 'P(fk- 1,gk-l )r~' ,fk,gk) Hi) =
k=t

00

= Ei (n ~') L r+(~'~k,gk') ~ 0 for t ~ 00 •

, ,,., k=t

So for all i E 5, p' E R(B)

+
lim E. ( ,)v (X ) = 0 •
t~ 1., n,p t

Here the existence of the limit is assured by tho 4.2 and the observation,

that the optimality of (n,p) and the other condition imply its saddlingness.

Analogously for all i E 5, n' E R(A)

c
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6. Persistent optimality and subgame perfectness

Looking once again at the conditions of tho 5.5 one gets the feeling that

the crucial point is: the conditions imply that (f t f t +1••• , gtgt+1 .•. )

is optimal in each j E S for all t E ]N. This observation together with

the remarks after the 5.3 made us introduce the concepts subgame perfect

and persistently optimal. Indeed it turns out that these concepts of

rather strong optimality both can be characterized.

Theorem 6.1. A strategy (1T,P) E R is subgame perfect iff it is overall

saddling and overall asymptotically definite.

Proof .

.. : Assume (1T,p) is subgame perfect. Choose t E IN and J E S(t). Then for

all g E G

(6.1.1) v(j) s V(j,1T(t),gp) = r(j,ft,g) + (P(ft,g)v(. ,1T(t + 1),p))(i) ~

And analogously for all f E F

(6.1.Z)

So (1T,p) is overall saddling.
+

Using that hI S h
Z

implies hi :s; Ih
Z

\ , we have also that for all p , E R(B)

(6.1.3)

s: lim sup E. ( () ,)Iv(x ,1T(t + n),p'(n))! = 0 .
n~ J, 1T t ,p n

And analogously, using that hi ~ hZ implies hi s: Ihzl, we have that for all

1T' E R(A)

(6.1,4) o s: lim sup E. (' (t))v (X ) ::;
rrNO J, 1T ,p n

lim sup E. (' ())Iv(x ,1T'(n),p(t+n))!=(
J, 1T ,p t n

n+oo

So (1T,p) is overall asymptotically definite.
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_ Now assume (~,p) is overall saddling and asymptotically definite. The

proof of the subgame perfectness proceeds along the same lines as the

proof of tho 5.3. Choose t E: :IN, j E S(t) and p' = (gbgi···)

Defining again d(i,ft+k,gk) as in the proof of tho 4.2 and using that

d(~,ft+k,gk) S; 0 lP j,(if(t),p,)-a.s. we get

(6.1.5)

And analogous ly

v(j) ~ V(j,if',p(t» • o

Theorem 6.2. A strategy (TI,p) E: R is persistently optimal iff it is saddling

and asymptotically definite.

Proof •

• : Choosing t E: :IN and j E S(A,TI,t) we have (6.1.1) for all g E G. Analogous

ly for all j E S(B,p,t) we have (6.1.2) for all f E F. So (TI,p) is

saddling •

For t = 0 the formula (6.1.3) with p instead of p(t + n) is true and

in the same way the corresponding modification of (6.1.4) applies.

Hence (~,p) is asymptotically definite.

- First note that asymptotic definiteness implies asymptotic reasonableness.

So by tho 5.3 we have already the optimality of (TI,p).

Choosing t E :IN and j E S(A,~,t) formula (6.1.5) holds and trivially

v(j,TI',p) S; v(j) for all TI' E R(A). So (TI(t),p) is optimal in j.

Analogously (TI,p(t» is optimal in j with j E S(B,p,t). 0

7. Remarks

. it Theorem 5.5 is a direc t consequence of theorem 6.2. The second par t

of corollary 3.3 follows already from example 4.1 in Groenewegen and

Wessels (1976). Theorem 5.2 follows in fact also from that same

example 4.1, since equalizingness of all strategies implies the

asymptotic reasonableness of all strategies, taking k = O. The

reason that we gave proofs as we did, is the following. In the cases
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of corollary 3.3 and theorem 5.2 we did so to make this paper more

se1fsupporting. Moreover, counterexample 5.2 is also needed to derive

other examples from. In the case of theorem 5.5 we precisely tried

to prepare the results of section 6.

ii. Since the concept subgame perfect ~s already introduced in Selten

(1975) the characterization of it seems interesting in itself. It

is however a rather complex characterization. The ana10gon of a sub

game perfect strategy in MDP's is a Markov strategy rr, which is not

only optimal in those j E S such that there exists an i E S with

lP. (Xt = j) > 0, but also optimal in those j E S such that there
~,rr

exists an i E S and a Markov strategy rr' with lP. ,eXt = j) > O.
~,rr

And the characterization of this stronger type of optimality in MDP's is

a straightforward translation of the characterization, given in

theorem 6.1.

iii. The MDP ana1ogon for persistent optimality as well as for the usual

MG optimality is the usual optimality in MDP's. But in a way the

persistent optimality in MG's seems to be more akin to the optimality

in MDP's: if a player, say A, plays for ever his part of the persistent

ly optimal strategy, then he never makes an unrepairab1e loss (saddling)

and he receives at least all he could expect (asymptotically definite),

whatever strategy is chosen by B.

iv. Dubins and Sudderth (1976) introduced persistent multiplicative E-optimal

strategies in gambling situations. A strategy of this type, say rr,

is multiplicatively £-optima1 not only from time t = 0 on, but also

for all t from time t on in all the states the system can be at time t,

if strategy rr is chosen. This idea, conveyed to MG's (an optimal

strategy being also optimal for one of the players from time t on ~n

all the states the system can be at that time, if at least this same

player was playing his part of the optimal strategy up to that time)

is precisely what we introduced in our definition of persistent

optimali ty •
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