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Introduction. This report is intended as a supplement to the paper 

"Nonexistertce theorems for perfect codes" published in the proceedings of 

the A.M.S. Symposium on Computers in Algebra and Number Theory 1970. We 

shall give the details of the proofs of nonexistence for the codes mentioned 

in the title. Numbers used indicate formulae and theorems of the paper men

tioned above (which consists of the sections 1 to 4). 

5. An extension of theorems 2 and 3 

a. Let us assume that e is a prime, p = e and q = p > e and that a perfect 
(l-l 

code exists with these parameters. By (3.5) we have n = e (mod p ). Let 
(J It (J-I P It (n-e). Then the first term in the sum in (3.7) is divisible by p 

exactly. Hence (J ~ 0.+1 ~ 3. The terms with 0 < j < e are divisible by 

p(J+l+o. j and the last term by pae exactly. Since the sum must be divisible by 
~l e . 

q we find that (J-I = ae and hence n-e = 0 (mod pq ). Just as in the proof 
, 2e h' h e. ~ e w ~c of theorem 1 this implies that Xl ~ e! and then (3.4) yields 

/ 

is a contradiction. We have proved 

(l 
THEOREM 3': If e is a prime~ q = p and if a nontriviaZ perfect e-error-

correcting code over GF(q) exists then p < e or q = e. 

We now study the case q = p = e. First remark that for any 3-tuple 

e,q,n the following formulae are consequences of (3.7): 

(5. 1) eT (n-2) (n-3) ••• (n-e)[(qe-l)(n-l) + qeJ = 0 (mod q2) , 

(5.2) eT (n-3)(n-4) ••• (n-e)[(n-l)(n-2) -qn(n-2)e+ !q2n (n-l)e(e-l)J = 0 (mod q3: 

Now if q = p = e exactly one of the factors n-j (j = 1,2, ••• ,e) is 

divisible by q. Then (5.2) implies that n = 3,4, ••• ,e (mod q4) or 

n = q2 + 1 (mod q4) or n = q3 + 2 (mod q4). Since n > e we find 

(5.3) If a nontrivial perfect e-error-correcting code exists over 

GF(q) where q = e (prime) then n = q2 + 1 or n = q3 + 2 or 

n > q4. 
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6. Nonexistence of perfect 5-error-correcting codes 
" Ci 

By theorem 1 we need only study q = p where p ~ 5. If P = 5 then the-

orem 3' shows we need only consider q = 5. If P = 2 or 3 then theorem 2 

shows that only q ~ 4 is possible. 

(a) If q = 5 then the first term on the right-hand side of (3.2) is either 

not divisible by 5 or divisible by 25 as was shown above. Since the 

second term is is there is a zero of Ps which is not divisible by 2S 

and therefore xl ~ 120. Together with (3.4) this implies n < 273 and by 

(S.3) we then have n = 26 or n = 127. The values e = q = 5 and n = 26 

or 127 do not satisfy (1.1). 

(b) If q = 4 then by (3.5) n = (mod 4). If we substitute this in (S.l) 

we find n = 5 (mod 8). Then by (3.2) P has an odd zero and therefore 
e 

xl ~ 15. Then (3.4) yields n ~ 42. In [8J these possibilities were ex-

cluded. 
// 

(c) If q = 3 then by (3.S) n = 2 (mod 3). If we substitute this in (5.2) 

we find n = 5 or 11 (mod 27). Then by (3.2) the sum of the zeros of P 

is not divisible by 9 and hence xl ~ 120 and once again by (3.4) we 

have n ~ 421. This leaves a range covered by [8J. There were no solu

tions to (l. 1). 

(d) If q = 2 we refer to [12J Theorem 7, Corollary 2 and [8J. 

Since all possibilities have been considered we have proved: 

THEOREM 6: There are no nontriviaZ perfect 5~error-correcting codes over 

GF(q). 

7. Nonexistence of perfect 6-error-correcting codes 

In a search for 6-error-correcting codes over GF(q) we must consider 

only q < 6, q = 2Ci > 6 and q = 3Ci > 6 by theorems 1 and 2. 

(a) If q = 2Ci 
> 6 then by theorem 3 we have n ~ 95. From (3.5) we find 

n _ 2 (mod 4) and then (S.2) yields n - 2 or 6 (mod 27) and therefore 

n = 6, i.e. only the trivial one word code is possible. 

(b) If q = 3Ci > 6 then we use the method of theorem 3. The bound M3 (6) is 

too large since in the proof it was show~ that there is a zero of P3 
with at most one factor 3. Hence xl ~ 240 and hence by (3.4) n ~ 424. 

e 
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By (3.5) we know n is divisible by 3 and from (5.2) it then follows 

that n - 3 or 6 (~od 37 ), i.e. n = 6 (trivial code), 

(c) If q 5 then from (3.5) we find n - 1 (mod 5) and then from (5.1) it 

follows that n = 6 (mod 25). By (3.2) there is a zero of P6 which is 

not divisible by 5 and therefore xl ~ 144 and hence n ~ 363. The values 

e = 6, q = 5, n ~ 363 were excluded in [8J. 

(d) If q = 4 then by (3.5) n LS even. From (5.1) it follows that n = 4 

(mod 26 ) or n = 2 or 6 (mod 25). For each of these cases we find from 

(3.2) that not all the zeros of P6 are divisible by 8 and therefore 

Xl ~ 180 and hence n ~ 543. The values e = 6, q = 4, n ~ 543 were ex

cluded in [8J. 

(e) If q = 3 the reasoning used up to now will lead to values of n not 

covered by the computer search in [8J. SO we proceed a little more 

carefully. From (5.2) we find that n = 3 or 6 (mod 81). If n = 6 

(mod 81)/then from (3.2) we find in the usual way that Xl ~ 240 and 

therefore n ~ 962 which is still in the range excluded by [8J. If on 

the other hand n = 3 (mod 81) then we consider the first 4 terms in the 

sum of (3.7). The sum of these terms is divisible by 34 which implies 

n = 165 (mod 243). If we then compute the powers of 3 which divide the 

last three terms of the sum in (3.7) they turn out to be 3 9 , 310 and 

39 respectively. Hence also the sum of the first 4 terms in (3.7) is 

divisible by 39 which then implies n = 1623 (mod 37). From (3.2) we now 

find that Xl ~ 720 and therefore by (3.4) n ~ 2882. Apparently 

n = 1623 is the only possibility ~n this case. Substitution in (3.7) 

shows that this value of n is also excluded. 

(f) If finally q = 2 then (3.2) yields Xl + x2 + .•• + x6 = 3(n+l) and 

n = -I (mod 8) would make the first term in (3.7) odd which is im

possible. So at least one zero is not divisible by 8, i.e. Xl ~ 180 and 

therefore n ~ 1260. These values were excluded in [llJ. 

Now (a) to (f) show that we have 

THEOREM 7: There are no nontriviaZ perfect 6-error-correcting codes over 
GF(q). 
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8. Nonexistence of perfect 7-error-correcting codes 

It is clear that we cannot go on in this way indefinitely. So as a last 

attempt to come up with a new perfect code we treat the case of 7 errors. By 

theorems 2 and 3' there are only 5 cases to be studied, namely q = 2, 3, 4, 

5 or 7. 

(a) If q = 7 and n t 0 (mod 7) then by (3.2) there is a zero not divisible 

by 7 and hence xl $ 6! = 720 and n $ 264. By (5.3) this implies that 

(b) 

n = 50 and by [8J there is no perfect code with e = q = 7, n = 50. If 

n - 0 (mod 7) then from (3.7) we find n - 7 (mod 77) and by (3.2) and 

(3.4) we then have in the usual way: xl $ 7! and n $ 10924. Therefore 

n = 7, i.e. the code is trivial. 

Hq = 5 then by (3.5) we have n == 2 (mod 5). From (3.7) it follows 

that n - 2 or 7 (mod 25) and then we see from (3.2) that there is a 

zero not divisible by 5 and hence xl $ 1008. From (3.4) it follows that 

n $ 2776. Since this is not covered by [8J we must find a sharper con-

gruence condition on n from (3.7). First assume n == 2 (mod 25). Then in 

(3.7) all the terms with j ~ 3 are divisible by 56 and so is the right

hand side. Considering the sum of the first 3 terms then shows that 

n == 3577 (mod 56) disposing of the possibility n == 2 (mod 25). Next we 

consider n == 7 (mod 25). In that case just as in the proof of theorem 1 

we see that the first term and last term of the sum in (3.7) are divis

ible by the same power of 5, i.e. n == 7 (mod 57) and therefore the code 

is trivial. 

(c) If q = 4 then by (3.5) n == 3 (mod 4). Substitution in (3.7) yields 

n == 3 (mod 26) or n == 7 (mod 214). In the second case there is an odd 

zero of P7 and hence xl $ 315 and n $ 1053, i.e. n = 7 and the code is 

trivial. In the first case 26 II n-3 and then by (3.2) 24 ![ (x1+x2+· •• +X7). 

Therefore there is a zero which ~s not divisible by 32 and hence 

Xl $ 24 ,315 = 5040. We now find n $ 16803. Since again this is outside 

of the range of [8] we are once more forced to do a more detailed 

analysis. All terms in (3.7) with j > 3 are divisible by 214. So the 

sum of the first four terms must also be divisible by 214. This implies 

n == 13251 (mod 214) and therefore n must be 13251 • We substitute this 

~n (3.7). The result is not a power of 2 (in fact not divisible by 215). 
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(d) If q = 3 then from (3.5) we have n = 1 (mod 3). Then considering the 

first two terms of the sum in (3.7) we find n = 4 or 7 (mod 35), By 

(3.2) there is a zero of P7 which is not divisible by 3. Therefore 

xl ~ 560 and n ~ 2522. By now we are not surprised that a sharper look 

at (3.7) is necessary. By taking the first five terms of the sum in 

(3.7) the possibility n = 4 (mod 35 ) is excluded and we find n = 7 

(mod 312 ) i.e. n = 7 and the code is trivial. 

(e) If q = 2, the hardest case to study, we do not use our methods but 

refer to the attack described in [12J. By [12J Theorem 7 one of the 

numbers m := n+l or m6 - 21m5 + 217m4 - 1155m3 + 3934m2 - 6384m + 8448 

is a divisor of 28 '315. On the other hand it was found in [11J that n 

is at least 270. These requirements are contradictory and the last 

possibility is disposed of. 

Once again the result is negative: 

THEOREM 8: There are no nontrivial perfect 7-error-correcting codes over 

GF(q). 

At the moment it seems more interesting to find a new idea which would 

make calculations of the type discussed in this report superfluous or to 

generalize Lloyd's theorem to the case of nonfield alphabets. For practical 

purposes the computer search in [8J has a1ready excluded all possibilities 

where the alphabet is a field. 


