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Spin-up in a rectangular container with an internal cylindrical obstacle
Y. K. Suh
Department of Mechanical Engineering, Dong-A University, Pusan 604-714, Korea

G. J. F. van Heijst
J.M. Burgers Centre for Fluid Mechanics, Department of Technical Physics, Eindhoven University of
Technology, Eindhoven, The Netherlands

~Received 6 January 1999; accepted 5 April 2000!

This paper describes a study of the spin-up of a free-surface fluid in a rectangular container in which
an internal cylindrical obstacle is mounted. Laboratory experiments have been carried out for a
variety of obstacle positions. It was found that the flow evolution during the adjustment process
leading to the final state of solid-body rotation is crucially dependent on the obstacle position. As
found in previous studies, in the absence of any obstacle the relative flow becomes organized in a
domain-filling regular cellular pattern, upon which it decays according to the well-known spin-up
mechanism provided by the Ekman layer at the tank bottom. Since the obstacle acts both as a barrier
and as a source of viscously produced wall vorticity, the formation of the cell pattern is in most
cases drastically influenced~either impeded or promoted! by the solid obstacle. Theoretical
predictions of the flow pattern in the starting stage agree very well with the laboratory observations.
© 2000 American Institute of Physics.@S1070-6631~00!01707-4#
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I. INTRODUCTION

The spin-up of a fluid in a container, i.e., the adjustm
of the contained fluid to any change in the rotation speedV
of the system, is an intriguing process, in particular when
container is nonaxisymmetric. Usually ‘‘spin-up’’ refers
the adjustment process owing to an increase in the rota
speed~DV.0!, whereas ‘‘spin-down’’ refers to the case of
decrease in the rotation rate~DV,0!. When DV!V, the
advective terms in the equation of motion are negligible, a
the spin-up process is called ‘‘linear.’’ Greenspan a
Howard1 performed a pioneering study, and constructed
analytical solution for the spin-up of fluid between two pa
allel, infinitely large plates rotating about a common ax
The Ekman boundary layers present at the horizontal fl
boundaries play a crucial role in the spin-up process: T
radially outward motion in the Ekman layers induces a we
secondary circulation~the primary circulation being the ro
tational motion of the fluid!, in the interior, consisting of a
weak radial contraction of the fluid between the layers. C
servation of angular momentum causes the radially contr
ing fluid to acquire a larger angular velocity, until the flu
rotates with the new rotation rate. It was shown that t
stage is reached on a time scalet5H/(vV)1/2, with 2H the
distance between the plates, andv the kinematic viscosity.

The nonlinear spin-up process in a circular tank is mu
more complicated, since an analytical description of the
man layer flow is lacking when the nonlinear terms are n
zero. Aspects of nonlinear spin-up in an axisymmetric c
tainer have been studied both analytically, numerically, a
experimentally~see, e.g., Refs. 2–7!.

The adjustment process becomes even more complic
when the fluid is confined in a nonaxisymmetric tank, ev
for the linear caseDV!V. In a number of studies8–15 the
effects of nonaxisymmetry on the spin-up have been inv
1981070-6631/2000/12(8)/1986/11/$17.00
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tigated for a variety of container shapes, ranging from se
circular, rectangular, circular with radial barrier and annu
with radial barrier. In general, the flow is no longer axisym
metric, and a very complicated flow evolution is observed.
the context of the present paper it is instructive to consi
the case of a rectangular tank, as first studied by Van He
Davies, and Davis9 ~henceforth referred to as vHDD!. It was
found experimentally that during the spin-up of a fre
surface fluid a number of stages can be distinguished:~i! the
initial stage, characterized by a uniform relative vortici
~with value 22DV! and a thin shear layer at the later
boundaries~and, of course, an Ekman layer at the tank b
tom!; ~ii ! the separation stage, characterized by flow deta
ment from the lateral tank walls;~iii ! the organization stage
during which the quasi-two-dimensional motion in the int
rior of the domain is observed to become organized in
linear array of counter-rotating cells that fill the rectangu
domain completely; and~iv! the decay stage, characterize
by the gradual decay of the relative motion in the cells due
the spin-up–spin-down mechanism provided by the Ekm
layer at the tank bottom.

The self-organization of the flow into a cellular pattern
an intriguing feature, which is attributed to the quasi-tw
dimensional~2D! character of the flow throughout the ad
justment process. It was found recently~see, e.g., Ref. 16!
that the self-organization of quasi-2D flow in a rectangu
container into a cell pattern is a rather autonomous proc
independent of the details of the initial~global! forcing. Ac-
cording to the inverse energy cascade, which character
~quasi-! 2D flows, vortices have the tendency to grow in siz
The width of the rectangular domain, however, puts a phy
cal restriction on the size the vortices may reach. Hig
resolution spectral flow simulations have revealed the cru
role of the lateral no-slip walls in the establishment of t
6 © 2000 American Institute of Physics
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1987Phys. Fluids, Vol. 12, No. 8, August 2000 Spin-up in a rectangular container with an internal . . .
organized flow pattern: Viscously produced wall vortici
filaments are advected by the larger-scale vortices away f
the walls, where they affect the interior flow evolution.

An obvious question that arises concerns the robustn
of the cellular pattern that is formed during the spin-up in
rectangular geometry. It was found both experimentally a
numerically17–19that the presence of bottom topography m
seriously affect the formation of cellular patterns. For e
ample, a steeply sloping bottom may prevent the forming
any stationary flow pattern.17 On the other hand, a suitabl
arranged step-like bottom topography may promote the
mation of a cellular pattern.18

It is anticipated that an internal solid obstacle in the flo
domain may play a similar role: It may either prevent
promote the establishment of a cell pattern. In the form
case, the relative flow is expected to reveal unsteadin
throughout the course of the spin-up to solid-body rotati
while in the latter case, the obstacle may quickly drive
flow into an organized state of a stable array of cells. O
the role of such an internal obstacle is better understoo
may enable one to ‘‘control’’ the flow during spin-up i
rotating containers in order to enhance or decrease its mi
efficiency.

The present paper addresses the effect of a solid obs
on the flow evolution during spin-up for the special case o
rectangular container. The attention is restricted to a cy
drical obstacle with a circular cross section, which is plac
vertically—i.e., axially aligned—in the fluid. It is to be ex
pected that a solid obstacle may play a twofold role in
spin-up process:~i! It acts as a solid barrier, thus possib
hampering~or promoting! the formation of a cellular pattern
and ~ii ! its viscously produced wall vorticity—advected in
filamentary fashion by the larger eddies—may locally aff
the formation of cells. It is obvious that, apart from its re
tive size, the obstacle’s position in the rectangular dom
will be a crucial factor. The aim of the present paper is
examine experimentally how the spin-up process, and in
ticular the self-organization of the relative flow, is influenc
by the presence of the solid cylinder. Once the effect of
obstacle on the flow evolution has been understood, the
may thus be controlled in order to enhance or diminish
mixing efficiency. This latter effect may be of relevance
industrial situations.

The plan of the paper is as follows. The experimen
arrangement is described in Sec. II. In Sec. III a theoret
analysis of the flow pattern in the starting stage is presen
Experimental results, both for the starting pattern and for
subsequent evolution, are presented in Sec. IV. Some
stability considerations are given in Sec. V, and a summ
of the results is finally presented in Sec. VI.

II. EXPERIMENT

The experimental setup is sketched in Fig. 1. The tu
table can be rotated in the counter-clockwise direction wit
rotational speedV that is adjustable in the range from 0
;2 rad/s. A rectangular tank of length 199 cm and width
cm was mounted on the table, its center being adjuste
coincide with the table’s rotational axis. The tank was fill
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
m

ss
e
d

-
f

r-

r
ss
,

e
e
it

g

cle
a
-
d

e

t

in

r-

e
w
s

l
al
d.
e
w

ry

-
a

0
to

with tap water to a depth of 20 cm, and two partition plat
were inserted so that the length~L! of the flow domain be-
came L5120 cm, while the width~B! was kept at B
540 cm; that is, we consider a rectangular domain with
pect ratioa5L/B53. A circular cylinder of diameter 12 cm
and height slightly larger than the water depth was then
serted into the tank at some desired location. In order
obtain a better contrast in the flow visualizations, the flu
was colored with a dark blue dye. Information about t
evolving flow structure was obtained from small paper p
ticles of 2 to 3 mm in diameter that were sprinkled all ov
the water surface. Two fluorescent lamps were moun
along the longer sides of the container, by which the tra
particles were illuminated. A remote-control photocame
was mounted in a co-rotating frame at some distance ab
the water surface.

The experimental procedure is simple. From a quiesc
state the table is suddenly set into rotation: Within one re
lution it reaches a final angular speedV50.47 rad/s, which is
thereafter kept at this value. The corresponding rotation
riod measuresT513.5 s. Trajectories of the tracer particle
are recorded by the camera at chosen intervals. The expo
time was adjusted from 2.5 s until;3 min from starting (t
,14T), 4.5 s after 4.5 min (t.21T) and 3.5 s for the inter-
mediate interval (14T,t,21T).

In this section the position of the circular cylinder
specified by two horizontal coordinatesX and Y measured
along the long and short sides of the tank, respectively,
Fig. 2; in Sec. IV, we use dimensionless coordinates for
cylinder’s position. The problem configuration is antisym
metric; for instance, inserting the cylinder atY513 cm, X
540 cm is equivalent to inserting it at the antisymmet
point, that is, atY5(B213)527 cm, X5(L240)580 cm.
We choose two vertical positions for the visualization stud
Y520 and 13 cm, the former corresponding to the case w
the cylinder is on the centerline ‘‘CH’’~Fig. 2!. At Y
520 cm, X is varied as 60, 50, 40, 35, 30, 20, and 14 c
while atY513 cm,X is varied as 100, 80, 60, 40, and 20 cm

The Reynolds number is here defined as Re5VB2/v,
wherev is kinematic viscosity of the liquid. For the exper
ments reported here, it takes a value of approx. Re575 000.

FIG. 1. The experimental setup.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1988 Phys. Fluids, Vol. 12, No. 8, August 2000 Y. K. Suh and G. J. F. van Heijst
III. ANALYSIS OF THE STARTING FLOW

In this section, we will derive the starting flow solutio
The equation for the relative vorticityv5¹3u, whereu is
the velocity field of the relative flow motion within the tank
can be written as~see, e.g., Pedlosky20!

dv

dt
5va•¹u22

dV

dt
, ~1!

whereva5v12V is the absolute vorticity, andV, the an-
gular velocity of the tank, is considered to be a function
time, the final value beingV. In this equation the viscou
terms are neglected in view of the fact that at the beginn
of the spin-up process the viscous effect is confined to
thin boundary layers adjacent to the walls. The last term
added here because this is the only term that generate
relative motion of the inviscid flow; in fact, an impulsiv
start of rotation yields an infinite value ofdV/dt for an
infinitesimal duration of time. SinceV is free of the spatial
coordinates, we can write~1! as

dva

dt
5va•¹u. ~2!

This admits a solutionva50, or

v522V, ~3!

indicating that the starting flow has a uniform vorticity equ
to 22V. We should note that in deriving this simple resu
the fluid is assumed to be inviscid. Furthermore, it is
sumed that the starting flow is 2D, as is evident from
experimental results. Scaling the spatial coordinates byB,
velocities byVB, and the stream function byVB2 results in
the following nondimensional equation:

]2c

]x2 1
]2c

]y2 52, ~4!

where c is now the nondimensional stream function, a
(x,y) are the dimensionless coordinates. The boundary c
ditions are

c50 at x50,a and y50,1, ~5a!

c5constant at~x2xc!
21~y2yc!

25r2, ~5b!

wherea is aspect ratio of the tank,

~xc ,yc!5~X/B,Y/B! ~6!

FIG. 2. Geometry of the tank and the relative position (X,Y) of the circular
cylinder. Here ‘‘CH’’ and ‘‘CV’’ denote the long and short axes of the tan
respectively.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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represents the dimensionless center position of the circ
cylinder, andr is its dimensionless radius.

The analysis of this problem starts by considering
simple basis flow. In the limita→` and with the circle
being absent, the flow is characterized by a uniform sh
flow, i.e., c5y(y21). Inserting a circle to this flow field
then results, by applying Milne-Thomson’s second circ
theorem,21 in

c5~2yc21!ȳF12
r2

x̄21 ȳ2G1F ȳ21
r4~ x̄22 ȳ2!

2~ x̄21 ȳ2!2G , ~7!

wherex̄5x2xc and ȳ5y2yc . Note that the velocity tends
to zero at the centerliney51/2 for uxu→`. Also note that
this flow field satisfies the Eq.~4! and the boundary condi
tion ~5b!. Thus, to satisfy the remaining boundary conditi
~5a!, a potential flow contributioncp must be added.

To obtaincp , we let

cp5Imag@ f ~z!1 f̄ ~r2/~z2 z̄c!1zc!#, ~8!

wherez5x1 iy is a complex coordinate, and

f ~z!5Az21Bz1 iCz1D

1 (
n51

`

~En sinhnpz1Fn coshnpz

1Gn sinhinpz/a2Hn coshinpz/a!, ~9!

where A,B,...,H denote real coefficients. The first fou
terms are added to letc become zero in the four corners, s
that the following series becomes simpler. In terms of r
coordinates, we can compactly writec as

c5cv12A@xy2g~x,y!h~x,y!#1B@y2h~x,y!#

1C@x2g~x,y!#12D1 (
n51

` F ~En sinhnp~a2x!

1Fn sinhnpx!
sinnpy

sinhnpa
1~Gn sinhnp~12y!/a

1Hn sinhnpy/a!
sinnpx/a

sinhnp/aG1ĉ, ~10!

where

cv5 ȳ21
r4~ x̄22 ȳ2!

2r 4 , ~11a!

ĉ52 (
n51

` F ~En sinhnp~a2g~x,y!!

1Fn sinhnpg~x,y!!
sinnph~x,y!

sinhnpa

1~Gn sinhnp~12h~x,y!!/a

1Hn sinhnph~x,y!/a!
sinnpg~x,y!/a

sinhnp/a G , ~11b!
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 3. Theoretical streamlines o
starting flows according to~10! for a
53 andr50.15. The incrementDc in
these plots is in the range 0.007 66
0.008 14 and adjusted such that on
streamline intersects the cylinder su
face.
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r2

r 2 x̄1xc , h~x,y!5
r2

r 2 ȳ1yc ,

r 25 x̄21 ȳ2. ~11c!

In fact, the first term of Eq.~7! has been absorbed in the ter
with the constantB in Eq. ~10!. Evaluation on the circle
givesc5ccir5r2/212D5constant.

The coefficients in Eq.~10! must be determined suc
that the impermeability condition at four sides of the re
angle,~5a!, is satisfied. We used a numerical method to o
tain these coefficients. Although the algebraic equations
these unknowns are basically linear, we found that an ite
tion strategy is most convenient with a fast converge
property. One iteration process is mainly composed of t
steps. In the first, the four unknownsA, B, C, and D are
solved simultaneously with all the others provided with o
values. In the second, the coefficientsEn , Fn , Gn , andHn

shown explicitly in ~10! are solved simultaneously with a
the others@includingEn , Fn , Gn , andHn in the expression
for ĉ, ~11b!# assigned with old values. The computation
procedure is summarized as follows:

~1! Truncate the series up ton5N;
~2! Set all the coefficients zero;
~3! Obtain A, B, C, andD by settingc50 at the four cor-

ners, with En , Fn , Gn , and Hn in ĉ assumed to be
given;

~4! By setting c50 along four sides of the rectangle th
coefficients En , Fn , Gn , and Hn can be obtained
through Fourier series conversion, again withEn , Fn ,
Gn , andHn in ĉ assumed to be given;

~5! Repeat the steps~4! and ~5! until convergence is ob
tained.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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The streamline plots of the starting flow in~6! of the experi-
mental cases are shown in Fig. 3. When the cylinder
placed on the centerline ‘‘CH’’, i.e.,yc50.5 ~see Fig. 2!, the
flow is symmetric with respect to the long axis~CH! of the
tank. Forxc51.5 two small eddies of equal size are situat
on either side of the cylinder@Fig. 3~a!#, while their sizes
become disparate as the cylinder approaches one of
shorter walls@see Fig. 3~b!#. When the cylinder is close
enough to either of the end walls, the smallest eddy dis
pears@Fig. 3~c!#. When the cylinder is located off the lon
axis of the tank, the eddies are detached from the cylin
@Figs. 3~d! and 3~e!#.

When the cylinder size is large compared to the width
the container and the rectangle is close to a square, the b
flow ~11a! is no longer optimal, and the convergence b
comes slow. In this case, it is better to use

cv5 1
2~ x̄21 ȳ2!, ~12!

which corresponds to a solid-body rotation around the circ
It turns out that using this basis function makes the conv
gence much faster than the previous one. We obtained s
tions for the square domain,a51, and it was found that no
eddies are present unlessr is greater than 0.48. Streamlin
plots for the casea51 andr very close to 0.5 are shown in
Fig. 4; these plots show only one quadrant of the squ
since the patterns in the other quadrants are identical.
can see that the eddy is very small atr50.49, but it becomes
large~while ccir , which isc evaluated on the circle, tends t
zero!, asr approaches 0.5. This implies that the flow patte
switches from the type ‘‘flow-around-cylinder’’ passin
through the corner regions to a recirculatory flow in ea
corner region.

Thus, it may be interesting to investigate how t
passing-flow rateccir depends on the gap spacingDr
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 4. Starting flows in a quadrant o
a square, i.e.,a51 with a circular ob-
stacle that is almost touching the side
of the square. The incrementDc in
these plots is in the range 0.000 354
0.000 402.
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by a
50.52r. If the rectangle were replaced by a circle with r
dius 0.5, so that the gap space is uniform along the bound
then the flow rate between these two boundaries would

ccir52
Dr

2
~12Dr!. ~13!

For Dr small, this means

ucciru;Dr. ~14!

A logarithmic plot of the dependence ofucciru on Dr calcu-
lated from the full analytical solution is presented in Fig.
~the circles indicate the calculated values!. From the graph it
is inferred that

ucciru;ADr. ~15!

The line without symbols in the figure corresponds to
approximating solution~13!. The graph reveals that in th
limit Dr→0, the passing-flow rate is higher than in the ca
where the rectangle is replaced by a circle of radius 0
Interestingly, the situation is reversed forr less than 0.465
which is ther-value at which the two lines in Fig. 5 inter
sect.

It should be stressed that the analysis of the star
flow, as presented in this section, is only valid for the ve
first stage of the spin-up process, in which the bound
layers at the lateral boundaries of the flow domain are
very thin. Of course, the boundary layers will quickly gro
and flow separation will set in—thus invalidating the analy
cal approach taken here.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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IV. EXPERIMENTAL RESULTS

Figure 6 shows streak photographs of the experime
starting flow patterns as observed in six different configu
tions ~corresponding with those in Fig. 3!. The characteris-
tics of the observed patterns are in good agreement with
corresponding theoretical streamline patterns~cf. Fig. 3!. For
the cylinder positionsyc50.325, i.e., the sets~d!–~f!, slight

FIG. 5. The passing-flow rate vs the gap spacing in the starting flow aa
51 andr50.15 calculated from~10! ~line with symbols!. The line without
symbols corresponds to the case when the square domain is replaced
circle of radius 0.5 for which the approximating solution~13! is derived.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1991Phys. Fluids, Vol. 12, No. 8, August 2000 Spin-up in a rectangular container with an internal . . .
discrepancies are observed on the left-hand side of the in
nal cylinder: In the experiment the visualized cells are som
what larger than those predicted theoretically. The larger
size is attributed to the feeding of negative vorticity from t
lower side of the cylindrical obstacle, associated w
boundary-layer separation, during the initial stage of the
periment.

The subsequent evolution of the flow during spin-up
the symmetric configuration (xc ,yc)5(1.5,0.5), i.e., with
the cylindrical obstacle positioned in the center of the tank
illustrated by the streak photographs shown in Fig. 7. T
pictures reveal that—soon after the initial starting sta
shown in Fig. 6~a!—two larger cyclonic cells are formed i
the corners downstream of the longer side walls, see

FIG. 6. Streak photographs of experimental starting flow patterns in a
angular tank (L53B5120 cm) with the inner cylinder~diameter 12 cm!
positioned atyc50.5 andxc51.5 ~a!, 1.0 ~b!, 0.5 ~c! and atyc50.325 and
xc51.5 ~d!, 1.0 ~e! and 0.5~f!. Rotation rateV50.47 rad/s. The exposure
time was 2.5 s in all cases.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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7~a!, similar to what one observes during spin-up in abse
of an internal obstacle~see vHDD!. For convenience the lef
and right corner cells are referred to asL1 andR1, respec-
tively, with the plus-sign indicating the cyclonic circulatio
of these cells. Next, the cellsL1 and R1 are seen to grow
quickly @Fig. 7~b!#, causing the central cell (C2) to split.
While growing, the cellsL1 andR1 move to the center of
the tank@Fig. 7~c!# where they finally merge@Fig. 7~d!# into
a single cell centered around the cylindrical obstacle. At t
stage, the flow has become organized into a quasi-ste
pattern of three equally sized cells: The central cyclonic c
is flanked by two anticyclonic cells. These anticyclonic ce
originate from the splitting of the original central cell@see
Fig. 7~b!#, and were subsequently fed by viscously produc

t-

FIG. 7. Sequence of streak photographs illustrating the flow evolution in
case (xc ,yc)5(1.5,0.5) fort515 s~a!, 30 s~b!, 45 s~c!, 55 s~d!, 1 min 20
s ~e!, 2 min ~f!. The exposure time is 2.5 s.
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negative wall vorticity associated with the cyclonic cellsL1

andR1. Once the three-cell pattern has been established
topological changes are observed, and the flow gradu
slows down due to the spin-up–spin-down mechanism p
vided by the Ekman layer at the tank bottom. In this case
overall evolution of the flow pattern is very similar to th
encountered in the absence of the cylindrical obstacle~see
vHDD!.

Experiments were also carried out for the cylinder po
tioned slightly off-center, at (xc ,yc)5(1.25,0.5) or (X,Y)
5(50 cm,20 cm)@in the following, we use (xc ,yc) only to
indicate the cylinder position; the corresponding dimensio
coordinates (X,Y) can be obtained by Eq.~6!#, and the evo-
lution was found to be roughly the same as in the symme
case shown in Fig. 7, only with the central cell~around the
cylindrical obstacle! slightly displaced.

The evolution is different, however, for the case of t
obstacle positioned further off-center. This is illustrated
Fig. 8 for the configuration (xc ,yc)5(1.0,0.5). A striking
difference with the symmetric case shown in Fig. 7 is the f
that the corner cellsL1 and R1 that arise soon after th
starting stage@Fig. 6~b!# have unequal sizes:R1 is a little
larger thanL1 @Fig. 8~a!#. As a result, the splitting of the
original central cellC2 takes place in a different way, an
the overall flow pattern soon loses its symmetry. The cor
cells L1 and R1 again move towards the cylindrical ob
stacle, where they merge@Figs. 8~b! and 8~c!#, although in a
complicated way: At some stage three cyclonic satellite c
are observed around the cylinder@Fig. 8~c!#. Subsequently,
the merged central cell is then seen to move away from
cylinder, and finally occupies a position close to the cente
the container@Figs. 8~d! and 8~f!#, where it remains. As in
the symmetric case~Fig. 7!, in the final stage the centra
cyclonic cell is accompanied by two anticyclonic cells th
forming a three-cell pattern, with the cylinder now in b
tween the left-hand and central cells. The flow at this st
shows a stronger unsteadiness than in the symmetric cas
particular in the region around the cylinder: As a result
viscously generated vorticity at the cylinder wall, smal
eddies are formed continuously, which are subsequently
vected by the larger cells, causing perturbations in partic
to the left-hand cell.

The flow evolution changes dramatically when the cyl
drical obstacle is positioned further off-center, as shown
Fig. 9 for the case (xc ,yc)5(0.75,0.5). As in the previous
cases, two cyclonic corner cells arise soon after the in
starting stage, but now theR1 cell becomes considerabl
larger than theL1 cell, whose growth is hindered by th
presence of the cylinder@Fig. 9~a!#. The original central cell
C2 is squeezed into three parts: Two at the end walls of
tank and one in the center. The left-hand corner cellL1

quickly moves towards the cylinder and soon surround
@Figs. 9~b! and 9~c!#, upon which cellR1 moves towards the
cylinder as well, where it merges withL1 @Figs. 9~d! and
9~e!#. During this merging process, the central part of t
original cell C2 is seen to disappear@Fig. 9~c!#. The quasi-
steady final stage is composed of mainly two cells: One
clonic cell around the cylindrical obstacle, and the other
ticyclonic. Some weaker flow structures are visible near
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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end walls of the tank, but they are considerably less energ
than the main cells.

It is interesting to note that, although the obstacle po
tions in Figs. 8 and 9 differ only slightly, the final flow state
are remarkably different. Apparently, when the cylinder
placed too close to the end wall~as in Fig. 9!, the anticy-
clonic cell that is split off from the initial cellC2 is no
longer able to grow and push the corner cell away towa
the center of the tank~as observed in Fig. 8!. In order to
examine how critical the flow evolution depends on the o
stacle position, laboratory experiments were performed
slightly different cylinder positions (xc ,yc): While yc50.5

FIG. 8. Sequence of streak photographs illustrating the flow evolution in
case (xc ,yc)5(1.0,0.5) fort530 s ~a!, 50 s~b!, 1 min ~c!, 1 min 20 s~d!,
2 min ~e!, 2 min 30 s~f!. The exposure time is 2.5 s.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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was kept fixed,xc was changed around the valuexc51.0. It
was found that forxc51.11 and 1.08 the cylinder captures
cyclonic cell, as in the casexc51.5 shown in Fig. 7. For
xc50.93 the cylinder does not capture any cyclonic cell, a
the flow evolution is similar to that in the casexc51.0,
shown in Fig. 8. For a smallerxc-value (xc50.83) we ob-
served the capturing of the cyclonic corner cells and the s
sequent formation of a two-cell pattern as in the casexc

50.75 shown in Fig. 9. Apparently, the final flow pattern
critically dependent on the cylinder’s position.

In all the cases considered thusfar the cellR1 was ob-
served to move from its origin~the upper right corner of the

FIG. 9. Sequence of streak photographs illustrating the flow evolution in
case (xc ,yc)5(0.75,0.5) fort530 s~a!, 40 s~b!, 50 s~c!, 1 min 10 s~d!, 1
min 50 s~e!, 5 min ~f!. The exposure time is 2.5 s for~a!–~e! and 4.5 s for
~f!.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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rectangular domain! towards the cylindrical obstacle, where
it finally merged with the cellL1. When the cylinder is
located even further away from the center, however, the c
R1 is no longer able to reach the cylinder, and merging wit
L1 does not take place. The flow evolution then follows
different scenario, as illustrated in Fig. 10 for the cas
(xc ,yc)5(0.5,0.5). Initially,R1 is seen to drift towards the
center@Figs. 10~a!–10~d!# while C2 shrinks as in the previ-
ous cases. At some stage@see Fig. 10~d!# the position ofR1

becomes more or less stationary, andC2 re-establishes itself

e

FIG. 10. Sequence of streak photographs illustrating the flow evolution
the case (xc ,yc)5(0.5,0.5) fort520 s ~a!, 30 s~b!, 1 min ~c!, 1 min 50 s
~d!, 3 min ~e!, 4 min ~f!. The exposure time is 2.5 s for~a!–~d! and 3.5 s for
~e! and ~f!.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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@Fig. 10~e!#. The final state@Fig. 10~f!# is characterized as
three primary cells~the central cell being cyclonic! plus one
weaker cyclonic cell around the cylindrical obstacle.

Laboratory experiments were also performed with cyl
der positions off the container’s long axis CH~i.e., yc

Þ0.5). Figure 11 shows the flow evolution for the ca
(xc ,yc)5(1.5,0.33). After the starting stage, the cyclon
corner cells arise as before, but the cellR1 grows much
more rapidly than its counterpartL1 @Fig. 11~a!#. Cell R1

moves towards the cylinder@Figs. 11~b! and 11~c!#, passes it
and merges with cellL1 @Fig. 11~d!#. In the meantime an
intense anticyclonic cell has formed at the right-hand e
wall off the container@Figs. 1~a! and 1~b!#, which is persis-
tent and remains there during the further evolution. In

FIG. 11. Sequence of streak photographs illustrating the flow evolutio
the case (xc ,yc)5(1.5,0.33) fort530 s~a!, 50 s~b!, 1 min 10 s~c!, 1 min
30 s~d!, 1 min 50 s~e!, 4 min ~f!. The exposure time is 2.5 s for~a!–~e! and
3.5 s for~f!.
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
-

d

e

final stage the flow has become organized into two m
cells ~a cyclonic cell on the left-hand side, and an antic
clonic one on the other side!, while some irregular weake
structures are observed in the vicinity of the obstacle.

Additional experiments were carried out foryc50.33
while the xc-position of the cylinder was varied:xc50.5,
1.0, 2.0, and 2.5. In neither of these cases we observed
formation of a cell around the cylindrical obstacle during t
quasi-steady final stage of the evolution. This noncaptur
of a main cell is presumably owing to the tendency of t
main cells to occupy a position on the longer axis CH of t
container, which is incompatible with the off-axis position
the cylinder.

V. DISCUSSION

The laboratory experiments have clearly revealed t
the presence of an obstacle in the container plays a cru
role in the spin-up process. Firstly, because an obstacle
as abarrier in the flow, its impermeability locally imposing
the condition of zero normal velocity. Secondly, because
obstacle acts as asource of viscously produced vorticity, the
no-slip condition implies the presence of a boundary lay
This latter property is of importance to the flow evolutio
both in the initial stage and in subsequent, later stages.
example can be found in the starting flow, as visualized fo
number of different obstacle positions in Fig. 6. The barr
effect is clearly visible from these streak photographs~com-
pare with the starting flow pattern in absence of any obsta
see vHDD!; the shape of the starting flow pattern is reaso
ably well predicted by the inviscid ‘‘potential flow’’ solution
presented in Sec. III. As discussed in the beginning of S
IV, however, some discrepancies can be observed for
cases in which the obstacle is placed off the long axis of
container, see Figs. 6~d!–6~f!: On the left-hand side of the
obstacle~i.e., downstream, with respect to the overall antic
clonic motion of the fluid! the cells in the laboratory experi
ment are larger than theoretically predicted. This feature
attributed to ‘‘feeding’’ by negative vorticity originating
from the boundary layer at the obstacle, which is stripped
by the primary flow.

In order to appreciate the role of the obstacle as a sou
of vorticity in the starting stage of the adjustment process
is useful to compare the vorticity distributions in the cas
with and without obstacle. In the absence of any inter
obstacle, the starting flow is characterized by a relative fl
with uniform vorticity v0522DV ~with DV the increase in
rotation speed! all over the domain, while a boundary layer
present at the lateral boundaries; the vorticity in this bou
ary layer is positive. The no-slip condition at the latera
boundaries implies that the total circulation of the relati
flow is zero

R
c
v•dr5E E

A
vzdA50, ~16!

with dr an element of the contourC ~which corresponds with
the lateral boundary! and A the area of the domain. Appar

in
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ently, the total~i.e., area-integrated! amount of positive vor-
ticity present in the boundary layer is 2DVBL, in order to
satisfy ~16!.

Let us now consider the configuration with the intern
obstacle. The starting flow is again characterized by a r
tive flow with uniform vorticity v0522DV ~for which an
analytical description is given in Sec. III! all over the do-
main, with a boundary layer containing positive vorticity
the lateral boundaries, but now with an additional bound
layer at the obstacle’s surface. In contrast to the bound
layer at the container walls, however, the obstacle’s bou
ary layer contains a net amount ofnegativevorticity, because
the primary-flow direction around the obstacle is count
clockwise~Fig. 3!; the perimeter of the circle that is in con
tact with the eddies has positive vorticity but it is in over
weaker than that the primary flow has. In order to clarify th
point, we assume for convenvience that the boundary la
are still extremely thin, and that the distance between
obstacle and the nearest lateral boundary is large comp
to the boundary layer thickness. In that case, it is assu
that the lateral boundary layer has approximately the sa
structure as in the case without any internal obstacle,
thus contains a total~area-integrated! amount of positive vor-
ticity 2DVBL. Due to the presence of the cylindrical o
stacle, the area-integrated vorticity in the interior flow
outside the boundary layers—measures22V3area
522V(BL2pa2), with a the cylinder radius. In order to
satisfy the condition~16! of zero net vorticity, the boundary
layer at the obstacle has to carry a total vorticity22Vpa2.

The sign of this vorticity is in contrast with that in th
boundary layer at the outer wall, which contains posit
vorticity. In order to appreciate the subtle differences b
tween inner and outer boundaries, we may change the to
ogy of the flow by adding a barrier that connects the obsta
with the outer boundary: The flow configuration the
changes from a doubly connected to a singly connected
main. In the latter case, the obstacle forms a part of the o
boundary~and so do either sides of the barrier!, and hence
will carry a boundary layer containingpositivevorticity. In
that case, the initial flow pattern and the subsequent ev
tion will be completely different from those in the doub
connected configuration.

Until now we have mainly considered the initial stage
the spin-up process, i.e., the starting flow. Separation of
boundary layers will occur very rapidly, leading to filame
tary structures that roll up into larger vortex structures. F
the boundary layer at the container walls this leads to
formation of the corner cells (R1 andL1), as visible, e.g., in
Fig. 7~a!. For the case that the obstacle is placed off the lo
axis of the container, the flow separation at the obstacle~i.e.,
the stripping of its negative-vorticity boundary layer! results
in the feeding of the cell at its downstream side, as can
seen in the streak photographs Figs. 6~d!–6~f!. At later
stages, the larger cellular structures in the flow show a c
plicated interaction with the obstacle. As a rule, a neighb
ing cell with positive~negative! circulation gives rise locally
to a boundary layer with negative~positive! vorticity. It may
be expected that these boundary layers are stripped of
obstacle, leading to thin filamentary vorticity structures th
Downloaded 02 Jun 2010 to 131.155.100.2. Redistribution subject to AIP
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are advected into the interior of the flow domain. In th
sense, the obstacle acts as a continuous source of small-
vorticity. Of course, these features cannot be observed f
the flow visualizations shown in Figs. 7–11, but their occ
rence is anticipated from high-resolution spectral simulatio
of 2D turbulent flows near rigid no-slip walls.22

During the course of the experiments it was noticed t
whenever the cylinder was enclosed by a vortex, in the m
jority of cases it was a cyclonic one, while only in a very fe
cases it was a comparitively weak anticyclonic vortex. F
instance in Fig. 10, the cylinder is at first surrounded by
primary anticyclonic cell@Fig. 10~a!#. This cell is soon de-
tached@Fig. 10~b!# and instead a cyclonic cell encompass
the cylinder@Fig. 10~c!#. In fact in this case the cylinder is
located exactly where an anticyclonic cell would be pres
if the spin-up were taking place in the absence of the cy
drical obstacle~this also applies more or less to the expe
ment shown in Fig. 9!. This suggests that there exists som
difference in stability characteristics between the cyclo
and anticyclonic vortices around the cylinder subjected t
background rotation.

Kloosterziel and van Heijst23 extended Rayleigh’s cen
trifugal instability criterion to explain why it is extremely
difficult to create a single anticyclonic barotropic vortex
the laboratory. The extended criterion for stability of an a
symmetric flow with azimuthal velocityvu(r ) in a frame that
rotates with angular speedV reads

d

dr
~rvu1Vr 2!2>0, ~17!

or, in slightly different notation

~vu1Vr ! ~vz12V!>0, ~18!

with vz5@(1/r )(d/dr)#(rvu). From this criterion, it can be
easily verified that a swirling flow encircling the cylindrica
obstacle in cyclonic sense~with vu.0 andvz.0) is gener-
ally stable for moderate Rossby numbers, while an anti
clonic swirling motion~with vu,0 andvz,0) is not.
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