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Abstract 

Nowadays numerical simulations become of increasing importance to accurately de
scribe the mechanica! behavior of components and processes. The Finite Element 
Method (FEM) has become one of the most commonly used techniques. 

For smooth problems the piecewise continuous polynomial function space of stan
dard finite element methods is usually sufficient to yield good results. 
However, due to the increasing complexity of the models there are situations where 
standard FEM lacks the desired accuracy. When solutions are not smooth or possess 
high gradients, standard FEM approximations require considerable mesh refinement 
or reconstruction to resolve the features. Examples of non-smooth solutions are dis
continuities in the solution (strong), e.g. voids and cracks, or in the gradient of the 
solution (weak), e.g. material interfaces. 

The eXtended Finite Element Method (X-FEM) is based on the partition-of-unity 
method and is able to model arbitrary discontinuities. The key idea behind X-FEM is 
is to expand the approximation function space of standard FEM such that they con
tain prior spatial knowledge of the features. By doing so they improve accuracy and 
convergence of the simulation. 

To model the interfaces of the non-smooth solutions one can try to explicitly track 
the interface. However, geometrical and topological changes are difficult to handle, 
especially in higher dimensions. Another method is to capture the interface implic
itly. This is realised by the Level Set Method (LSM). This method is based on an 
implicit function which uses its zero iso-contour to represent the interface. Topolog
ical changes are handled naturally this way, regardless of the dimension. 

The LSM and X-FEM can be coupled fora model containing discontinuities. The 
level set function is used to model the interface(s) and X-FEM is used to implement 
the interface(s) and the type of discontinuity. This can be clone for both steady state 
and evolution discontinuity modeling. This coupling can also easily extend to higher 
dimensions. 
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CHAPTER I 

INTRODUCTION 

1.1 Background 

Numerical simulations are getting more and more important in the industry since 
they allow engineers to reduce development times and production cost. The technol
ogy in computer science advances rapidly, leading to an increase of computational 
power. As a result, also the complexity of numerical models increases. Three di
mensional non-linear simulations which exhibit large (plastic) deformations are for 
instance routinely done nowadays. 

Another example of the increased complexity of numerical models is the incorpo
ration of damage in simulations, bath at the macro scale (cracks) and at the micro 
scale (e.g. voids) to accurately predict mechanica! failure. Damage is an important 
addition to models, because many products and mechanica! processes (including 
manufacturing processes) are designed to avoid damage. In some other cases, such 
as blanking (1, 2], the process is govemed by the evolution of damage. In order to 
optimize such processes using numerical simulation, the entire damage evolution, 
including the nucleation and growth of cracks, must be captured. 

The Fini te Element Method (FEM) has become one of the most commonly used tech
niques to simulate mechanica! components and processes. Previous work within 
the department to introduce damage and crack growth in two-dimensional [3] and 
three-dimensional [4] FEM models is based on a Lagrangian description and uses 
a remeshing strategy to introduce and trace cracks in the material. After a certain 

I 



2 CHAPTER 1. INTRODUCTION 

number of simulation steps the mesh is re-generated according to the geometry pre
dicted at that moment, such that the evolution of the discontinuities is included in 
the model (Figure 1.1). 

, .. 
'• 

:: 

Figure 1.1: The remeshing technique to model discontinuities (cracks). The 
mesh is periodically adjusted to accommodate the evolving crack. 
Reprinted Jrom [JJ. 

Proven successful in modeling cracks in two dimensions, the remeshing technique 
has some difficulties with the complex topological changes which may occur in three
dimensional crack growth. In two dimensions a crack is represented by a curve and 
its growth can be traced quite easily. However, in three dimensions a crack generally 
consists of one or several non-planar surface segments which intersect the external 
surface of the body. The splitting of surfaces and the intersection of cracks (especially 
with edges and corners), for example, are extremely difficult to handle robustly and 
in an automatic fashion by the remeshing strategy. 

A fundamentally different approach may be required to (ultimately) handle large, 
complex, three-dimensional topological changes in the mechanica} system. This re
port attempts to develop such an approach by considering alternatives for the geom
etry representation, mechanica} description and approximation space on which the 
conventional approach is based. 

1.2 Geometry representation 

Part of the difficulty in the remeshing strategy as discussed above is that it uses an 
explicit representation of the intemal boundaries which describe cracks and voids. 
In an explicit surface representation one explicitly tracks the points that belang to the 
surface. In the FEM implementation a surface mesh is used to represent the inter-
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nal as well as the external boundaries. Tuis has the advantage that discontinuities 
coincide with element edges and are therefore captured naturally. Evolution of the 
geometry however requires repeated modifications of the surface mesh followed by 
remeshing. Particularly the first step is hard to deal with in a sufficiently generic 
algorithm. 
An implicit surface representation defines the surface as the isocontour of some 
function [5]. A drawback is that it needs an extra field, in addition to the mechan
ica! fields, which is of a higher dimensionality than the boundary. However, using 
this function results in a decoupling of the mesh and geometry. If the additional field 
is discretised using an arbitrary mesh, it can be evolved simply by evolving the nodal 
values representing it. The discontinuity does not need to coincide with the mesh, 
removing the need to change the mesh. Perhaps an even bigger advantage is that 
an implicit representation of the internal (or also external) boundary can deal in a 
natural fashion with topological changes in the geometry - precisely the weakness of 
an explicit description. 

1.3 Lagrangian vs. Eulerian 

FEM modeling in solid mechanics usually follows the Lagrange approach (Figure 
r.2). It implies that the finite elements are attached to the material and they follow 
the material's deformation. An important advantage of this approach is that nodes 
and integration points represent the same material points throughout the simulation 
and material history data such as plastic strains can thus be tracked easily. However, 
for large plastic deformations the elements can be distorted, resulting in inaccurate 
calculations. Remeshing can be used to remove distorted elements, but it requires 
nontrivial remapping procedures to transfer history data between meshes (i.e. be
tween material points). 

Figure r.2: The deformation of a material (simple shear) in a Lagrangian 
description. The finite element grid is fixed to the material. 

In the Eulerian formulation (Figure r.3), mostly used in fluid mechanics, the ele
ments are fixed in space rather than to the material. The elements therefore never 
become distorted, even for large deformations. For the use in solid mechanics, how
ever, a serious disadvantage is that a certain element, node or integration point repre-
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sents a different material volume or point at every time instance. As a consequence, 
transfer algorithms akin to those used with remeshing are needed continuously to 
keep track of the material's (local) history. 

Figure 1.3: The deformation of a material (simple shear) in a Eulerian de
scription. The grid is .fixed in space. 

In Lagrangian models which use an explicit representation of boundaries, the me
chanica! effect of these boundaries can be taken into account naturally, since mate
rial boundaries always coincide with element boundaries. However, for a Eulerian 
description and/or implicit boundary representation, this coincidence can no longer 
be guaranteed, since the material boundaries are decoupled from the discretisation. 

The Arbitrary Lagrangian-Eulerian (ALE) method combines the advantages of the 
Lagrangian and Eulerian techniques [6]. lt allows the mesh to move arbitrarily, inde
pendently of the material motion. As a result, part of the mesh may be aligned with 
extemal or intemal boundaries, as in the Lagrangian approach, and these bound
aries can thus be accounted for naturally. Tuis may at the same time however result 
in distortions of the mesh, which are necessary to preserve its original connectivity. 
As a consequence, remeshing operations remain necessary for the large geometrical 
(topology) changes we wish to model. 

1.4 X-FEM 

A method which allows one to account for the mechanica! effect of (intemal or exter
nal) boundaries which are not aligned with the finite element grid is the eXtended 
Finite Element Method (X-FEM) [7]. Tuis method extends the classica! FEM approxi
mation space by including a priori knowledge on the solution by means of additional 
interpolation functions. lt can be used to incorporate the discontinuities which are 
associated with boundaries, even ifthese boundaries do not follow the spatial discreti
sation. As a result, there is no need for remeshing when a discontinuity is inserted 
and evolves, as has been demonstrated in the literature [8, 9, 10]. 
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1.5 Objective & strategy 

Our objective is to create a framework which can deal with complex evolving inter
faces and boundaries in solids and that can handle large (plastic) deformations. The 
formulation must be able to deal with geometrically nonlinear behavior. The geom
etry evolution must be accurate and the numerical framework must be able to deal 
with topology changes of an arbitrary nature, also (and particularly) in three dimen
sions. 
If the treatrnent of geometrical changes and boundary /interface conditions is decou
pled from the spatial discretisation grid, as discussed above, it becomes attractive to 
entirely decouple the material from the discretisation, i.e. to adopt a Eulerian descrip
tion of the mechanical problem. Tuis has the advantage that the large deformations 
which we anticipate can be dealt with in a natural fashion without any element dis
tortion. A major disadvantage is the difficulty which Eulerian approaches have in 
dealing with elastic effects and history data. As the material "flows through" the dis
cretisation grid, stresses and history variables must be convected with it in order to 
keep track of them. Tuis price to pay may however be acceptable, particularly since 
similar operations are required in Lagrangian, as well as in ALE, simulations due to 
the remeshing which is inevitable for large deformations analyses. 
Tuis report is a feasibility study on the use of a Eulerian approach, coupled with 
an implicit geometry representation and X-FEM, in the analysis of damage in solid 
mechanics. Different techniques found in literature are studied and combined to in
vestigate the possibilities and drawbacks of such an approach. We avoid the difficul
ties associated with elasticity and history dependence by adopting a simple, fluid-like 
material model and concentrate on the geometrical aspects. 

1.6 Outline 

Tuis study starts by in-depth discussions on each of the three ingredients as touched 
upon above, i.e. Eulerian mechanics (Chapter 2) , the (implicit) Level Set Method 
(Chapter 3) and X-FEM (Chapter 4) . In Chapter 5 these techniques are combined 
in a single computational framework, the capabilities of which are illustrated by a 
number of example problems. The conclusion and recommendations can be found 
in Chapter 6 . 



CHAPTER 2 

EULERIAN MECHANICS 

2.1 Introduction 

In fluid mechanics the Eulerian approach is widely used, because the interest is fo
cused on the genera! behavior of the flow, not on the individual particles. Therefore 
a domain fixed in space is the most suitable approach. When using a Eulerian ap
proach, the material is considered to "flow" through a fixed domain (Figure 1.3), as 
opposed to the Lagrangian method where the domain is evolved such that material 
points coincides with it (Figure 1.2). 
This fundamental difference has consequences for the finite element discretisation 
of the domain. During motion of a material point its position is dependant on time. 
Therefore, in a Eulerian framework velocities are the degrees of freedom (Figure 
2.1b), unlike the Lagrangian approach where displacements are the degrees of free
dom (Figure 2.1a), because here the domain is fixed to the material. Note also that in 
principle the Eulerian approach does not require a reference state. 
As the material travels through the finite elements, the Eulerian formulation can deal 
with extremely large deformations without any mesh distortion. This advantage has 
led to the use of a Eulerian approach in a limited number of solid mechanic domains: 

• Metal forming simulations focused on a steady-state region of the process [11, 
12, 13, 14]. 

• Material behavior in dynamica! problems where the material moves in a repet
itive manner and only a small portion of the process is of interest, e.g. the 
interaction between a tape and recorder [15]. 

7 
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• Extremely large deformation problems, for example ballistic problems [16], 
where material is shattered. 

(a) Lagrange displacement field (b) Eulerian velocity field 

Figure 2.1: Lagrange VS Eulerian. 

At the same time, the method has a number of difficulties, particularly in a solid 
mechanics context. Because velocities are the degrees of freedom, constitutive laws 
in solid mechanics, mostly based on the relation between stresses and strains, are 
difficult to treat by a Eulerian method. 
One solution for the latter problem is an algorithm based on the formal definition of 
the velocity gradient [15]. Constitutive equations are formulated based on the relation 
between stress (rate) and velocity, e.g. based on the rate-of-deformation tensor D. In 
[15] this relation is derived fora solid material (Neo-Hookeian rubber). Based on the 
velocity gradient tensor L = F · F- 1 the constitutive relation is re-formulated as an 
expression based on velocities instead of displacements. The current deformation 
tensor F is expressed in terms of the current velocity gradient tensor L. With the cur
rent deformation tensor the convection of the stress can be calculated and thus the 
current stress tensor in terms of the deformation and the previous stress at the given 
grid point. 
A further problem is that material time derivatives are complicated when using a 
fixed grid. In Section r. 3 of [ n] an overview is presented of previous papers regarding 
the material derivative. Solutions to this problem consist of formulations based on 
energy balance, lumped-mass principle or the principle of virtual work. Referred to 
the current deformed configuration, the latter is described and used in [n]. Both in 
[n, 12] the Jaumann stress rate is applied to ensure material frame-indifferent con
stitutive equations with respect to the present configuration. 
Another problem encountered is the necessity of convection of stresses along the 

grid. The ideal solution is to use a differential constitutive equation, because they 
have the numerical advantage that the evolution of the stress at a certain point in 
time depends only on the current velocity and stress; as a result, there is no need to 
track the complete history of the material. However, many (successful) constitutive 



2.1. JNTRODUCTION 9 

equations are of the integral type. For the calculation of the stresses in the current 
configuration of an integral model, information of the previous stresses is needed. 
Using a Lagrangian approach seems a logical choice for this type of models, hut the 
drawbacks of this method are well known (see the previous chapter). Ina Eulerian 
method there is generally no information on the stress history of material points and 
the only known values are in the current configuration. 
A few solutions for this problem are available. The most straightforward solution in a 
Eulerian method is to evaluate the stress at a certain point by integrating backwards 
along the particle trajectory followed by the material point (17]. Tuis method how
ever is only suitable for steady flows, because when the flow is time dependent the 
particle's trajectory must be reconstructed every time step. Tuis method is therefore 
uncommon for time dependent integral type models. Another solution is to approxi
mate the previous stress tensor by quantities known in the current configuration [15]. 
The method known as the Taylor-Galerkin method [18] uses a Taylor expansion and 
the transport equation to express the previous stress tensor in quantities known in 
the current state. 
Another method is the Deformation Field Method (DFM) as explained in [19]. The 
basic concept of this method is to store relevant deformation history data in fields 
which are updated every time increment. The deformation history integral can then 
be approximated by a finite sum over all fields containing the history of the mate
rial. Tuis method is less efficient than differential models, hut less cumbersome 
than particle tracking, because only the field values at the current position and time 
are needed to compute the stress. lt combines the advantages of the Eulerian and 
Lagrange methods, hut there are still stability problems due to the distortion of old 
deformation fields. 

A final difficulty in the Eulerian approach is the implementation ofboundary condi
tions when defined on surfaces and volumes which evolves within the fixed domain 
and the tracking of those free boundaries and interfaces, as discussed in [20]. The 
method proposed in this reference is to calculate the stiffness matrix by homogeniza
tion of the properties of elements across the boundary. Elements are classified as in
side the material (1) , outside the material (0) or neither (NIO). For the NIO elements 
a homogenized stiffness is calculated by means of the volume fraction of material 
within the element. Tuis method is a rather crude approximation. The accuracy can 
be improved by refining of the mesh, at the cost oflosing the advantage of speed. A 
more rigorous treatrnent of boundaries can be obtained using methods such as the 
eXtended Finite Element Method and the level set method, which are both described 
in the following chapters. 
The difficulties of using a Eulerian description in solid mechanics as discussed above 
can be traced to three main issues: 
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(i) The treatment of elasticity and related solid aspects of the behavior. 

(ii) History dependence of the material. 

(iii) Handling of (free) boundaries. 

In this report the focus is on the handling of (free) boundaries. Therefore, the diffi
culties related to (i) and (ii) are avoided by choosing a constitutive law which does not 
consider these effects. The material model used is that of a compressible Newtonian 
fluid. This model is history independent and has no elasticity. Therefore material 
quantity transportation is not an issue in this model. This constitutive behavior is 
chosen purely for simplicity, to be able to concentrate on issue ( iii ) as discussed 
above. 

2.2 Goveming equations 

Consider a domain V and surface S as seen in Figure 2.2. Let qbe the traction applied 
on the surface St . The Dirichlet boundary conditions are applied on the surface Su. 

Let the domain contain a void which is bounded by the surface Sh . lt is further 
assumed that the hole is traction free. The equilibrium and boundary conditions of 
the medium are given as: 

'\7-u=Ö in V 

v = v on Su 

u -ii =Ö on Sh 

u -ii =q on St 

/IIIIIIIIIIIIIIIIIIIIIIIIUIIII/( 
4 
1 1 S Su ~ 1 ► 1 \_~ e :~q 
~ 1 

~ V • 
)?777777777777777777777777777777) 

Figure 2 .2: A domain with internal hole subjected to loads. 

The partial differential equation which govems the mechanics of solids and fluids 
mechanics is the momentum balance. Neglecting inertia and distributed volume 
(mass) loads, this balance can be written as: 

(2.r) 
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where u is the Cauchy stress tensor and ~ • denotes the divergence operator. Tuis par

tial differential equation must be complemented by boundary conditions in terms of 

the velocity v or the traction vector ij on the domain boundary. 

A constitutive model is needed to characterize the mechanica! behavior of the medium 

studied. A conventional incompressible Newtonian fluid is describes by: 

u = -pi + 277D (2.2) 

where I is the second-order identity tensor and D the rate-of-deformation tensor. Tuis 
material law has the hydrostatic pressure pas an additional, independent variable and 

requires satisfaction of the incompressibility constraint, i.e. ~ · v = 0 in addition to 
(2.2) . Tuis creates the additional difficulty ofhaving to use a mixed formulation. To 

avoid this complication, the material is assumed to behave as a compressible fluid. 

The constitutive equation used is: 

u = l\:tr(D)I + 277Dd 

where tr(D) and Dd are the trace and deviatoric part of D, respectively, and 1\: is a 

viscous compressibility parameter or volumetrie viscosity. When 1\: » 77 the material 

is nearly incompressible. However, (2.3) allows us to use a standard velocity formula

tion as opposed to the mixed formulation required by (2.2). It is convenient to rewrite 

(2.3) as: 

where the fourth-order tensor 4c is defined as: 

4c: =/\:Il+ 277 ( 41s - }11) 
and use has been made of its right symmetry. The simplifications (compressibility, 

Newtonian) made here are quite acceptable as the focus of this report is on the algo

rithmic treatment of boundaries and geometrical changes and not on the physics of 

the material's response. More realistic and complicated constitutive laws can be im

plemented at a later stage, although it is recognized that this may be far from trivial, 

-see the previous section. 

2.3 Numerical implementation 

The implementation of the goveming equations as discussed above in a finite ele

ment environment requires the discretisation of Equation (2.1) . Figure 2.3 shows the 

discretised volume of Figure 2.2. 
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Figure 2.l Eulerian discretisation of the continuum domain V, where the 
mesh remains .fixed. More elements result in a more accurate 
approximation of the continuum body. 

The weighted residuals form of the equilibrium equation reads: 

(2.6) 

where 8v(x ) is a test function and (2 .6) must hold for all 8v. Use has also been made 
of (2.4). Integration by parts and using the divergence theorem gives: 

where the traction vector qhas been defined as q = n • 4c : f:Jv with n(x) the unit 
outward normal on the boundary Sof V. Substitution of (2.7) in (2.6) results in the 
weakform 

(2.8) 

The surface integral on the right hand side of this equation consists of two parts: the 
surface of the hole and the outer surface of the domain: 

f 8v · q dS = f 8v · qÏi dS + f 8v · qÎJ dS 
1s l sh l sb 

The vector qÏi is zero as the result of the assumption that the void surface is traction 
free. Thus the weak form is equivalent to the strong form, including the traction-free 
condition on sh for 8---+ sb [21]. 
The velocity and test function are discretised via approximation fields v'1 and 8i? 
using the finite element shape functions JY(x): 
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Substituting these expressions in the weak form (2.8) and requiring that the resulting 
equation holds for all 8§ we obtain: 

(2.10) 

where Vh and Sh denote the discretised domain and its boundary respectively. Tuis 
equation can be rewritten as: 

(2.n) 

with the system matrix K and the right hand side ij defined as: 

Equation (2.n) is a standard linear system of vector equations. After inserting the 
relevant boundary conditions, it can be solved in the usual way. 

2.4 Example -A tube with uniform inflow 

The implementation as discussed in the previous section is used for a flow problem 
illustrated in Figure 2.4 with the parameters given in the figure. A planar flow is 
assumed, which is constrained by two horizontal plates at which a no-slip condition 
is enforced. The inflow profile is uniform, hut this profile is expected to develop into 
that of a Poiseuille flow along the length of the channel. The Eulerian domain in 
this example is fully occupied by a single phase material. The mesh used for this 
problem can be seen in Figure 2.5. The elements used are two-dimensional, 4-node, 
quadrilateral elements. 

v-v. 1 H = 2.0e-2 

H 
1 L = 8.0e-2 

1----+•• 1 Vo = 5.0e-2 
,-+ 1 l'I = 4 .0e4 
1-+ 1 K = 1.0e8 
1 1 r , 

/ )77777777771.!7777777777777777777 
v • O 

L 

Figure 2.4: Example problem for the Eulerian model. 
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Figure 2.5: Mesh used for the example flow problem. 

The result of the simulation is a vector field of velocities and the corresponding ve
locity profiles, as depicted in Figure 2.6. The flow at the outlet is indeed parabolic as 
is expected for a Poiseuille flow. 

---- -----
.....____ "- "' \ '\ " " \ \ '\ 

\ \ 
1 1 
1 1 1 

/ / 
/ / / 

/ / / / 

--- .,,-- /"" / / 

Figure 2.6: Velocity profile of the example obtained using the finite element 
code. 

In Figure 2.7 the numerically computed velocity profile at the end of the tube is 
compared with the analytica! solution for the case of an incompressible medium. The 
error is about 7.3%. Tuis can be explained by the fact that the material model used in 
the simulation has a compressibility term, so there is loss of volume. However, for 
our purpose and to experiment with the implementation of the level set method and 
X-FEM the model is adequate. 

o.oe ,---,---.--~-~-,-----,------,----====i 
- AnatyUcal 

Error " 7.2958% -Artemis 

0.07 
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0.01 

-0.008 -0.006 -0.004 -0.002 0 0.002 0.004 0 .006 0 .008 0.01 
poaltlon [m] 

Figure 2.7: Velocity pro.files ofboth the analytical and the numerical solution 
at the end of the tube. 



CHAPTER 3 

LEVEL SET METHOD 

3.1 Introduction 

The Level Set Method (LSM) [5] is a numerical algorithm capable of simulating mov
ing interfaces using an implicit representation based on higher-dimensional func
tions. These interfaces can be for example intemal and extemal boundaries of a 
material, the interface between two phases in a domain or cracks in a material. An 
example of a level set function is shown in Figure 3.1. A moving, closed interface r 
in a fixed domain nis defined as the zero isoline of a function <jJ(x, t). The inner and 
outer regions can be defined by the conditions <p > 0 and <p < 0 respectively. U sually 
the initia} level set function is defined as a signed distance function, i.e. its value in 
a point x equals the smallest distance of that point to the interface r. The sign of 
the function indicates on which side of the interface the point is located. A detailed 
overview ofrecent progress in the field oflevel sets can be found in Reference [ 22 ]. 

There are several advantages to using LSM to capture boundaries and interfaces. It is 
suitable for the simulation of moving surf aces on a fixed grid. The level set function 
can be discretised so its values are only stored on a grid of points, as can be seen in 
Figure pb. Perhaps amore important advantage is that, because the surface is the 
location where the value of the level set function becomes zero, topological changes 
are handled naturally. As stated in [22], 

"topological changes such as breaking and merging are well de.fined and per
formed "without emotional involvement" 
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(b) Level set function (jJ 

Figure 3-1: Graphical representation of an implicit surface (or actually a 
curve in two dimensions) ( a) and a level set Junction (b). The 
black circle represents the zero isoline of cp, which defines the lo
cation of the surface r . 

The evolution of the discretised level set is clone by simple manipulation of the scalar 
values on the grid points. In Figure 3.2 an example can be seen. In this simple exam
ple two circular regions are enlarged by moving the interface between them and the 
surrounding medium at the same, constant velocity. One level set function describes 
both circular regions. Tuis function is defined as the maximum value of two separate 
cones, which each represent one circle in the same fashion as in Figure 3.1. It can be 
seen that when the initia! level set function (Figure 3.2a) is increased (i.e. shifted ver
tically) uniformly the two voids merge automatically. More complicated geometrical 
and topological changes can be dealt with in essentially the same fashion. 

Tuis way of treating the evolution of the interface can be applied in three dimensions 
without any additional difficulty. Tuis is in contrast with an explicit surface represen
tation, which becomes an order of magnitude more complicated to handle in three 
dimensions compared to two dimensions. 

LSM also has some drawbacks. From Figure 3-1b one of the drawbacks is imme
diately clear: to describe a two-dimensional interface a three- dimensional level set 
function is needed. Thus, the method requires a function of a higher dimension than 
the original interface, potentially leading to higher storage and computational cost. 
Updating the level set function also can be computational costly for large areas and 
complex functions when complex geometries are involved. Tuis can be compensated 
for by the use of methods that only take into account the region around the interface 
[23]. For instance, the Narrow Band LSM limits the level set function toa neighbor-
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Figure 3.2: Simulation of the merging of two voids growing with the same 
constant interface velocity. 
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hood (or 'narrow band') of the zero contour, resulting in a significant cost reduction. 
Complex geometries, particularly those with sharp edges or large curvatures, can 
pose a problem ( 24 ]. The value of the level set function is only saved in nodal points. 
Therefore for an insufficient spatial resolution capturing the geometry can be a prob
lem and sharp edges are smoothed. Conservation of mass cannot be guaranteed 
because of these smoothing effects. A solution can be to include particle markers 
attached toa narrow band around the interface [25]. The markers are allowed to pas
sively advect with the flow. They do not cross the interface except when the interface 
is insufficiently captured. When markers are found on the wrong side of the inter
face, the level set function is locally reconstructed using the information contained 
in those markers. 
Because in a fixed grid method nodal points do not constantly coincide with a unique 
material point, it is hard to determine the history of a material point. Tuis history 
may be important to determine the material response. In [26] a solution is proposed 
for the transport and bookkeeping of material history data in relation to the level set 
method. The key idea involves the usage of a single level set function to characterize 
the interface position and an extra associated field suitably extended from the inter
face to keep con trol of the material data. Tuis method can be regarded as the analogue 
to the Deformation Field Method used in fluid dynamics to handle time-dependency 

(19]. 
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3.2 Level set evolution 

The level set function <j)(x, t) is defined as <P = 0 on the interface and <P < 0 and 
<P > 0 on each side of the interface respectively. In order to simulate the motion of 
the interface, while guaranteeing that the interface remains the zero isoline of a level 
set function, the function value of a particle which stays on the interface must always 
be zero, i.e. its material time derivative must vanish: 

where v(x, t) denotes the velocity of the particle. This is a partial differential equation 
(PDE) with a convective term and is called the level set evolution equation. There are 
two major methods to solve the level set evolution, depending on whether the level set 
is regarded as a purely geometrical interface representation or as a function which is 
associated with the material and which must therefore follow the material's motion. 

3.2.1 Evolution using material velocity 

If the level set function is considered to be associated with the material, the velocity 
vector iJ in (3-1) must be interpreted as the velocity of material particles on the inter
face. It cannot be guaranteed that the level set function remains a signed distance 
function using these velocities. This is not always required, so this does not neces
sarily pose a problem. Because the material velocity is dependent on the position of 
its corresponded point, it can contain large gradients when the deformation is large. 
Since the velocity field is defined in the entire domain, Equation (3-1) can be treated 
as a convection problem. Numerically it can be solved by e.g. the Finite Difference 
Method, using upwind differencing, (weighted) essentially non-oscillatory polyno
mial interpolation [(W)ENO], or special higher order schemes used mostly in fluid 
dynamics. Recently, FEM is used more frequently for convection problems with 
schemes such as Streamline/Upwinding Petrov-Galerkin (SUPG) [27] and Least-Squares 
FEM [ 28, 29 ). 

3.2.2 Evolution using interface velocity 

If one regards the level set function as a purely geometrie object, the velocity vector 
iJ in (3-1) can be any vector which follows the interface and it no longer needs to 
be identified with the material velocity at x. In this case, the level set equation can 
be reformulated by defining the interface velocity to always be perpendicular to the 
interface, i.e. 
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where nis the unit norrnal to the interface, pointing from the region where <P > 0 

to that where </J < 0. Note that the velocity Vn is in principle only defined on the 
interface itself and that even there it generally does not coincide with the material 
velocity. If it is furtherrnore assumed that </> ( x, t ) remains a signed distance function, 
the norrnal vector n can be written as: 

(3.3) 

where use has been made of the property IV</>I = 1 of a signed distance function. 
Substitution in Equation (3-1) gives: 

ä<j) 
- - Vn = Ü 
ät 

as the evolution equation for the level set function. Equation (3.4) holds only on 
the interface as Vn is defined only on it. However, the level set function is defined 
and must evolve on the entire domain. The velocity of the interface must therefore 
be extended throughout the domain (30]. By setting a requirement on the extended 
velocity field , it can be guaranteed the level set function remains a signed distance 
function, which simplifies the calculation of the evolution equation. This is done with 
the Past Marching Method [31]. The central idea behind the Past Marching Method is 
to systematically advance the front in an upwind fashion to produce the solution. In 

[32, 33] the extension of the velocity field is implemented in a PEM environment. 

3.3 Example 

In order to analyse the method the problem shown in Pigure 3.3 is solved by LSM. A 
circular void of radius Ro contained in an otherwise uniform infinite two-dimensional 
medium is growing due to an assumed radial velocity field. Tuis example can be 
analysed both as a one and two dimensional problem by either using or ignoring its 

axisymmetry. 

The velocity field is constant in time and is given in terms of the basis sketched in 

Pigure 3.3a by: 

-(-) voRo _ v x = --er 
r 

(3.5) 

where v0 is a constant. The radial velocity is sketched for Ro = va= 1 in Pigure 3.3b. 
Note that the velocity field is divergence free and the deforrnation of the medium is 
therefore isochoric. The velocity of a particle on its trajectory is given by: 

dr voRo 
= dt r 
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(a) Example of growing (b) Analytica! solution of the velocity field 
void in radial flow. used. 

Figure 3.3: Example problem of a growing void in a radial flow (a) to be 
solved by the level set method with the analytica! velocity field 
(b). 

Integrating this differential equation results in: 

When substituting r = Rand ro = Ro in Equation (3.6) we find an expression for 
the position of the interface R( t) in terms of the original position Ro at t = 0: 

R(t ) = J Ro2 + 2voRot (3.7) 

The radius of the void as a function of time is depicted for Ro = v0 = l in Figure 3-4-
The velocity of the interface follows directly by differentiation with respect to time as: 

dR va 
Vn = - = -----;:=== 

dt Ji + 2'ffót 

We now consider the two approaches for the evolution of the level set as discussed 
in Section 3.2. The first is based on insertion of the the material velocity in Equa
tion (3 .1), and essentially couples the level set function value of each particle to its 
initia! position ro . When choosing a signed distance function for the initial level set 
function the relation between 1> and r0 is: 

1> = Ro - ro 

Solving Equation (3.6) for r0 and substituting the result in (3.9) results for this ap
proach in: 
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Figure 3-4= The radius of the void as afanction of time. 

</>(r, t) = Ro - ro = Ro - Jr 2 - 2voRot 

2I 

(3.10) 

It can easily be verified that this expression is indeed the solution of Equation (3-1). 
Note furtherrnore that the level set function does not remain a signed distance func
tion. 

The second approach is to extend the interface velocity Vn to the entire domain and 
use it to convect the level set function according to Equation (3.4). Tuis results in 
the level set function being equal to the distance between the current position of the 
interface Rand the material position r, i.e. </> = R - r. Note that this is exactly te 
expression for a signed distance function, as a result of the extension of the interface 
velocity, which is in this case trivial. Substituting the evolution of the interface R 
obtained from Equation (3-10), the level set function becomes: 

</>(r, t) = J Ro2 + 2voRot - r (3.11) 

The two solutions, according to Equations (3.10) and (3-11), are shown in Figure 3.5 
for vo = Ro = 1 and t = 0, 0.5 and 1. The diagram shows that although both types 
of evolution of the level set function allow one to correctly track the interface, as its 
zero-level, the remaining function is quite different, whereas the geometrie approach 
ensures that the level set function remains a signed distance function, and thus linear 
in this example, the material approach shows an emerging non-linearity due to the 
nonlinear velocity field. Indeed, the singularity of the velocity at r = 0 creates a 
problem in this approach, in the sense that the solution develops a moving vertical 
asymptote. Tuis is a peculiarity of the particular, non-physical, velocity distribution 
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used here, but it illustrates that the material-based approach may result in strong 
gradients in regions with extreme deformations. 

-Anatytical 
- Anaty1icaltign9,ddiûnce 

1.5 

0.5 

-0.5 

- 1 

-1 .5 

Figure 3.5: Analytica! solutions of the 1-D radial flow example problem. 

While the material-based approach immediately shows a drawback, one must be 
aware that the geometrical approach introduces its own difficulties. The velocity Vn 

is easily found and extended in a one-dimensional case, but in two and three di
mensions this becomes much more difficult. For a complex geometry determining 
the interface velocity and especially its extension is no longer straightforward. In 
the material-based approach, on the other hand, the velocity is already defined ev
erywhere by the solution of the FEM simulation. Tuis approach also has the option 
to couple the level set values to other material quantities, such as damage. There
fore , the material-based approach is chosen for further study over the geometrical 
approach for an easier numerical implementation, at the cost of the possibility of a 
distorted level set function. 

3.4 Numerical implementation using Least-squares FEM 

The classica! Galerkin-based FEM is not suitable for transient convection equations. 
Oscillations may appear because local errors, due to rapid changes in the solution, are 
amplified throughout the domain. A greater numerical stability can be achieved by 
adding an artificial diffusion via methods such as the Streamline/Upwinding Petrov
Galerkin method and Least-Squares Finite Element Method. In [34] a comparison 
is made between the Galerkin method, SUPG and LSFEM. For smooth solutions, 
SUPG and LSFEM give similar results. For discontinuous solutions SUPG gives 
better resolution, while LSFEM offers better stability of the solution. An advantage 
of LSFEM over SUPG is the absence of a tuneable parameter and a simpler system 
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to solve, because LSFEM results in symmetrie and positive definite matrices. We 
therefore adopt the LSFEM approach here. 
LSFEM is based on the minimization of a residual in the least-squares sense. To this 
end Equation (3-1) is first discretised in time using the the 0-method: 

,1,.n+I ,1,.n 
'I' b.; 'I' + (0v- v<1>n+1 + (1 - 0)v- v1n) = o 

Different choices of the parameter 0 result in different time discretisation schemes: 
for 0 = 1 the backward-Euler scheme is recovered, for 0 = 0 forward-Euler and for 
0 = ½ Crank-Nicolson. The solution <1>n+ 1(x) ofthis equation at time tn+I minimises 
the functional I defined as follows: 

Minimizing this functional with respect to </> yields: 

or, by rearranging terms and multiplying by b.t: 

[ ( 5</> + b.t0v . v 5</>) ( </> + b.t0v. v </>) dV = 

i ( ó</> + b.t0v · V ó</>) ( </>n - b..t(l - 0)v. ,fj </>n) dV 

Discretising using a standard finite element interpolation and using the fact that the 
resulting equation holds for all ó</>, we obtain: 

with: 

K = [ ( IY + b.t0v · v IY) ( IY + b.t0v. v JY) r dV 

c = [ ( IY + b.t0v · v IY) ( IY - b..t(1 - 0)v. v IY) r dV 

Solving the linear system (3.12) successively for all time increments n allows one to 
numerically compute the evolution of the level set function. 
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3.5 Numerical results 

The example of Section 3.3 (Figure 3.3) has been analysed in one and two dimen
sions using the numerical implementation as discussed above in order to illustrate 
the computational level set methodLSM and to compare results with the analytica! 
solution. The result of the one-dimensional numerical simulation with 50 elements 
using linear interpolation is shown in Figure 3.6 with Ro = v0 = l. The evolution 
of the interface and of the level set function beyond the void radius are captured well 
by the numerical algorithm. Oscillations appear however within the void due to the 
singularity of the assumed velocity field. Note that the analytica! solution is partially 
undefined here. 

-Analytica! 
- Numerical 
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z:. 
·g 0,------........ .---------'-------
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Figure 3.6: The evolution of the level set using LSFEM using 50 elements 
over the entire domain. Only a small region is considered, con
taining the interface. 

The error of the interface location is in the order of i6o %, showing that the LSFEM
based method is able to capture the interface with good accuracy. The example has 
also been computed in two dimensions, as shown in Figure 3.7. The velocity field 
used here is 

with Ro = vo = 1, instead of the field in Equation (3.3). This change has been 
made to circumvent the problems with the singularity in the origin, which lead to 
the deviations in the void region in the one-dimensional example. In Figure 3.7 the 
result of the two-dimensional simulation for Ro = v0 = 1 is plotted. The shape of the 
growing void, i.e. the zero-contours of the level set, is shown here from time t = 0 
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until time t end = 2, with time steps of l:l.t = 0.05. Use has been made of symmetry 
to limit the analysis to a quarter of the entire domain. The computational domain is 
shown in the figure; it was discretised by 40 x 40, 4 node quadrilateral elements. The 
number of elements seems high, but the initial void has a small radius compared to 
the size of the domain, therefore sufficient spatial resolution is needed to capture the 
circular shape of the void in the initial state. 

Figure 3.7= The evolution of the level set using LSFEM in two dimensions on 
a mesh with 4ox40 elements. 

An analytica! result can be obtained similar to that of the one-dimensional example of 
Section 3.3 by using the fact that the problem is axisymmetric. The numerical results 
seem to accurately predict the growth of the void. The numerical evolution for the 
radius of the void measured in three directions is shown in Figure 3.8. In Figure 3.9 
a comparison is made between the analytica! evolution in those directions. 

Figure 3.8: The three directions to be examined in the error analysis. 

lt can be seen that the radius on the edges is predicted quite accurately. However, the 
radius in the diagonal direction deviates slightly from the analytica! radius. Tuis is 
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probably due to the fact that in horizontal and vertical direction linear interpolation 
takes place along element edges, whereas the evolution in diagonal direction is given 
by bi-linear interpolation in the elements' interior. When using higher order inter
polation, or more elements, the deviation decreases. For the horizontal and vertical 
directions the error is under 1 % and for the diagonal direction in the order of 1 %. 

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 

Time 

Figure 3.9: The numerical evolution of the radius compared with analytical 
results. 

Different shapes of voids have also been considered. In the introduction it was men
tioned that sharp edges may be problematic. In Figure 3-10 two shapes with sharp 
edges, i.e. a square (a) and a rectangle (b), are evolved using the same velocity field 
as for the circular void. 

7 
(a) Square void (b) rectangular void 

Figure 3.10: Two shapes with sharp edges are evolved on a mesh with 2ox20 

elements. 
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Smoothening of the sharp edges occurs, as expected. Initially the corner coincides 
with a node and is therefore perfectly sharp. However, with each increment of evolu
tion it becomes more rounded.When using higher order interpolation, as well as for 
higher number of elements, this effect will decrease, but not vanish. 

3.6 Concluding remarks 

The Level Set Method uses an implicit function to model an arbitrary geometry and 
its evolution on a fixed domain. For the evolution of the level set function a geometri
cal approach and a material-based approach can be used. In this report the material
based approach is adopted and LSFEM is used to evolve the level set function. For 
a given velocity field the level set evolves without problems, but the gradients can 
become large as a result oflarge deformations. Complex geometries can be modeled, 
however sharp edges remain difficult to capture. They are smoothed. 
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EXTENDED F INITE ELEMENT METHOD 

4.1 Introduction 

The eXtended Finite Element method (X-FEM), also known as Generalized Finite Ele

ment Method (G-FEM) [35] is based on the Partition Of Unity Method (PUM) [36, 37]. 
It is an extension to the standard FEM technique which uses additional nodal inter
polation functions to solve boundary-value problems. X-FEM extends, or enriches, 
the approximation space in elements so that it is able to naturally reproduce "special 
geometrie variations in the solution", e.g. discontinuities, material boundaries or 
singularities. Special functions describing the field behavior are included locally into 
the FEM approximation space. A detailed overview of recent progress in the field of 
X-FEM can be read in [38]. 

The combination oflevel sets to describe interfaces and X-FEM to capture their me
chanica! effect is natura!, as the two methods can be coupled easily in a FEM envi
ronment [32 ]. The level set representation of interfaces simplifies the selection of the 
enriched nodes, because the value of the level set function at each node can be used 
to determine its position with respect to the interface. Vice versa, X-FEM offers the 
ability to include the interfaces captured with the level set in the mechanica! system, 
even if they are not aligned with the discretisation. In particular applications, e.g. the 
modeling of multiple phases in a material, the enrichment functions are constructed 
completely in terms of the level set function [ 10 ]. The evolution of the interface level 
set function can be computed on a fixed mesh. U sing the level set method to describe 
the interface guarantees the interface remains continuous. In X-FEM discontinuities 
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are included in the discretisation without the need to remesh. The combination of 
bath methods can be used to avoid the difficulties in the Lagrangian approach for 
solid mechanics. 

A major application of X-FEM is crack modeling. The X-FEM algorithm enables 
the modeling of crack growth without remeshing [7]. In order to incorporate stress 
and displacement fields which are discontinuous across the crack, the mesh in con
ventional finite element methods has to be adjusted in such a way that the crack 
coincides with the element edges. X-FEM allows the crack to pass arbitrarily through 
elements by including enrichment functions to handle the discontinuities in the el
ements. As a result the mesh can remain unchanged throughout the evolution of 
the crack. The discontinuities however must be continuous across element edges. 
One way to impose this is by the use oflevel sets to represent the crack. Because the 
crack is an open interface with a crack surface and a crack front, multiple level sets, 
perpendicular with respect to each other, are used to describe these parts of the crack. 
For crack modeling the level set evolution must be such that the existing part of the 
crack remains fixed with respect to the material and the crack front evolves. Tuis 
requires special techniques to "freeze" the crack in the solution procedure. A new 
method was developed in References [39 , 40) to simplify the evolution of the crack. 
Instead of solving a PDE, simple geometrie functions are used for the evolution, be
cause the components of the closest point projection to the surface are stored as a 
vector [41). The evolution is calculated by means of an advancement vector. For rep
resenting cracks this method seems promising in terms of computational speed and 
simplicity, however it appears to be less suitable for free surfaces where the interface 
itself is evolving. 

In addition to modeling the crack growth problem [9], the combined level set and 
X-FEM methods were also used to model holes and material inclusions [10) as well 
as for modeling failure in multi-scale approaches [8]. If a crack is small compared 
to the element size, enrichment is useless. To overcome this, a local multi-grid ap
proach is implemented in a X-FEM environment in Reference [42), using level sets 
to define the crack. 

4.2 Theory 

X-FEM includes prior spatial knowledge on the solution of a BVP in the FEM calcu
lation by means of enrichment functions containing the known features . By using 
the properties of the Partition Of Unity Method, one can construct the enrichment 
locally. To illustrate this, assume that the solution is known to be periodic and the 
function '1/; = sin ( x ) ca ptures this periodicity well. Instead of using '1/; ( x ) directly as 
a shape function, we multiply it by a partition of unity. A partition of unity function 
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has the following property: 

for all values of x . 

--Enrichment function 
-- Partition-of-unity function N, 

--Partition-of-unity function N
4 

■ :~ ■ 

--N3 · sin(x) 
-- N4 · sin(x) 

■ 

-- I::1- :i N4, · sin(x) ., oof\jirAI\ A.ji"o A .. ■ 

Figure 4.1 : Illustration of the partition of unity local enrichment. The func
tion sin ( x) is scaled for better visual representation. 

JI 

Note that the standard FEM shape functions also form a partition of unity. Multiply
ing the periodic function with a partition of unity gives: 

'1/J (x) = I: Nk(x)sin(x) 
k 

Each function Nk(x)sin(x) is now considered as a shape function and is multiplied 
with a degree of freedom. These function are shown in Figure 4.1. The enrichment 
can be implemented in the discretisation locally using partition of unity, improving 
the accuracy and convergence of FEM simulations. The implementation is clone in 
an extrinsic or an intrinsic way. 
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4 .2 .1 Extrinsic X-FEM 

Extrinsic X-FEM [7] enrich the approximation space by adding extra shape functions 
containing the known features of the solution. This is done by using additional de
grees of freedom associated with these extra shape functions. The approximation uh 
can thus be written as: 

n n enr 

uh(x ) = UFEM (x) + uenr(x ) = L Ni(x)ui + L Nk(x)'lj; (x)ak (4.3) 
i=l k=l 

The function 'lj; (x ) is dependent on the type of known feature and ak are the extra 
degrees of freedom resulting from the enrichment. Nk(x) are the partition of unity 
functions. A linear partial differential equation can now be discretised to the linear 
set of equations: 

where K uu is the normal FEM stiffness matrix and K ua• K.au and K.aa are the addi
tional X-FEM stiffness matrices, y is the column of nodal variables and q, the addi-

tional enrichment variables. 

4.2.2 Intrinsic X-FEM 

I t is also possible to include the enrichment without sol ving the additional unknowns. 
The enrichment is then implemented by altering the shape functions instead of 
adding extra nodal values. 

nenr 

uh(x) = uenr (x) = L Ni (x)'lj; (x )ui 
i=l 

Here the shape functions are standard FEM shape functions in normal elements and 
altered shape functions in the neighborhood of the interfaces. This method does not 
introduce extra nodal values in the linear system and is called an intrinsic method 
[43]. The enrichment is implicitly incorporated in the FEM basis, resulting in the 
conventional linear set of equations: 
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4.2. 3 Strong discontinuities 

When the approximation of the solution contains a jump (e.g. the displacement 
field across a crack) it is said to have a strong discontinuity. A one-dimensional 
case is considered and the enrichment function '1/; is chosen as the Heaviside sign 
function. For an easy representation of the interface a level set function </> can be used 
to determine the position of a point x with respect to the position of the interface x0 • 

The level set is constructed as a signed distance function: 

</>(x ) = x - xo 

Tuis results for the extrinsic X-FEM in: 

n n enr 

uh(x ) = L Ni (x )ui + L Nk(x)H (</>(x)) ak 
i=l k= l 

with </>(x) the level set function and H defined as the sign function: 

H( </>(x )) = sign( </>(x )) = { 
1 V </>(x ) > O 

-1 V </>(x) < 0 

The Heaviside function is only dependent on the sign of the level set and is piecewise 
continuous. Tuis does not require the level set to remain a signed distance function, 
only the correct position of the interface xo is important. The intrinsic X-FEM for
mulation is obtaned by dropping the first, standard term in (4.7). 
The standard Heaviside sign function does not represent interpolation [44]. When 
the value of the approximation on a node i is considered, the result is 

which means (4.7) is not an interpolation, because the term ai is added to the degree 
of freedom Ui associated with the node at Xi . Therefore the enriched shape functions 
are shifted around the corresponding node Xk to guarantee the interpolation property. 
The X-FEM approximation is then: 

n n e nr 

uh(x) = L Ni (x )ui + L Nk(x){ H (</>(x )) - H(</>(xk )) }ak (4.9) 
i=l k=l 

The enrichment functions by the second term in (4.9) can be seen in Figure 4.2 for 
the one-dimensional example. 
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Figure 4.2: Linear shape fanctions as in the eXtended Finite Element 
Method to include the strong discontinuity using two additional 
variables ( ak )with their corresponding discontinuous enrich
ment fanctions. 

The conventional FEM shape functions belonging to the degrees of freedom Ui are 
plotted. The shape functions of the enrichment variables are identical to the cor
responding node of the FEM dofs, because FEM shape functions already form a 
partition of unity to include the enrichment, in this case the Heaviside sign func
tion. Below the local enrichment is shown when the shape functions of the enriched 
nodes are multiplied with the enrichment. This results in a jump in the solution 
inside the enriched element. 

lt is also seen the influence of the enrichment is limited to the element containing 
the discontinuity, so it is sufficient to enrich only the nodes inside these elements. 
This also holds for the two-, and three-dimensional cases. Fora two-dimensional case 

this is depicted in Figure 4-3. 

4.2.4 Weak discontinuities 

If the approximation of the solution contains a discontinuity in its gradient, e.g. the 

velocity field in two-phase fluids with different material properties, it is called a weak 
discontinuity. The enrichment part can again be constructed in terms of the level set 
function <p. A convenient choice for the enrichment function is '1/; = l</J I [rn]. Again 
assuring interpolation the approximation fora weak discontinuity in extrinsic X-FEM 
reads: 
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Figure 4.3: Graphical representation of the XFEM approach with a body 

containing a strong discontinuity. The nodes in red are enriched 
nodes of the elements containing a discontinuity. 

n n enr 

uh(x) = LNi(x )ui + L Nk(x){l <t>(x)l-1</>(xk )l}ak 
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The effect of multiplying the shifted enrichment function by the finite element shape 
functions is shown in Figure 4.4. 

- Enrid1111ent - N, 
- N2, Nu 1 

- N3.Na , 
- N, 

0 

-1 

- N., . (1/J(,) - \/!(,,)) 
- N., . (\/!(,) - \/!(,,)) 

Figure 4+ Linear shape functions as in the eXtended Finite Element 
Method to include the weak discontinuity using two enriched 
variables with their corresponding continuous enrichment func
tions. 

The diagram reveals that, unlike the strong discontinuity, including a weak disconti
nuity introduces an influence in the neighboring elements. In the case of a strong 
discontinuity the Heaviside function is zero in elements with the same sign as the 
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level set. In the case of a weak discontinuity this is not the case, creating a link be
tween the enrichment terms ak and the neighboring element. These elements are 
called "blending" elements [45]. This "blending" effect has negative consequences on 
the approximation and convergence rate, because in the blending elements the local 
partition of unity is no longer satisfied: 

nenr 

L Nk(x )-/= 1 
k=l 

This means the enrichment function 'lj; (x) cannot be represented exactly in these 
elements. A local partition of unity enrichment improves the approximation in the 
enriched elements, hut is lacking overall due to the presence of the blending ele
ments. Special care must be taken when dealing with blending elements and some 
solutions are available [46, 47]. 
A second observation which can be made in Figure 4.4 is that the enrichment func
tion is no longer piecewise constant. This implies that it is important that the level 
set function is - and remains - a signed distance function, since otherwise the enrich
ment function becomes distorted. 

4.3 Discretisation of the mechanics problem using X-FEM 

In Chapter 2 the weak form of the equilibrium equation was derived (2.8). To solve 
this numerically, the weak form is discretised. The goal of the discretisation is to 
approximate the continuum volume with finite element. In conventional methods 
(both Lagrangian and Eulerian) these are located inside the domain, as can be seen 
in Figure 2.3. Here, the discretised volume and surfaces, with Sh = st U Sf US~, 
are clearly identified, making the applying ofboundary conditions easy. 
In this report the goal is to discretise a domain, including arbitrary free boundaries 
arbitrary. The key here is to identify the continuum volume in the approximation 
area including the continuum volume and any free boundary or region, as depicted 

in Figure 4.5. 

h 

Su 
\.. 

Figure 4.5: Eulerian discretisation of the continuum domain. A.fixed discre
tised domain Vh is constructed around the volume V. 
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The difficulty of the identification of the volume Vh remains when the domain Vh is 

discretised. A solution is to define the veloci!l iJh ( x) on the total discretised domain 
v\ while considering a subdomain Vh c V where the weak form holds, as in Fig
ure 4.5. As recalled, X-FEM enrich the approximation space with prior knowledge of 
the solution. In Figure 4.6 the volume Vis inside the domain V. If Vis discretised, 
hut the weak form is only defined on Vh then intrinsic X-FEM is used with a Heav
iside enrichment, i.e. vh(x) = JYT H(x)y_, to provide the solution of Vh in a larger 

domain Vh and ensures only the relevant part of the approximation is calculated. 

··-··- -----®------ ··-··-·· 

H=O 

H 
0 ---' - - - - - - _ ______, _ - - - - - - - _.__ __ 

v" 

Figure 4.6: Body in a Eulerian domain. The Heaviside function is used to 
identify the material region in the domain. 

Formally we can still write the discretisation as derived in Chapter 2, even when iJh is 
defined based on the shape functions lj and nodal values il. spanning a larger domain 

Vh than Vh. However, Vh must be interpreted as the domain where, according to the 
discretised level set function, the constitutive law is defined and Sh as the boundary 
of this domain. We assume here that the boundary sh of vh and sh of vh coincides 
where essential or non-homogeneous dynamica! boundary conditions are defined, 
e.g. solid walls, inflow openings etc. Furthermore we assume this part of the bound
ary is defined explicitly, i.e. not described by the level set. Tuis means the "free" part 
of the boundary - in this example the surface of the void S~ - are traction-free. Tuis 
implies that the boundary integral over S~ in the discretised weak form only needs 
to be considered on the part Sh = st U Sf and that S~ has no contribution to Sh. 



CHAPTER 4. EXTENDED FINITE ELEMENT METHOD 

In Figure 4.5 where the free boundary S~ is inside the domain V h, it means the in
tegration is only performed on the outside surf aces st and Sf. 
In terms of implementation of this linear system we can distinct three types of ele
ments: 

(i) Elements inside the domain y h, i.e. </>h > 0 in all nodes; these are treated as 
in standard FEM using Gauss integration. 

(ii) Elements outside the domain V h, i.e. </>h < 0 everywhere within the element; 
these elements do not contribute to the volume-integral and can be left out of 
the assembly of .K 

(iii) Elements which are partially in y h, i.e. containing both values </>h > 0 and 
</>h < 0. The part where </> > 0 contributes to the volume-integral, soa special 
integration routine is used (see Section 4.4). 

The presence of element types (ii) and (iii) results in degrees of freedom which are 
undefined, because they are multiplies by zero in vh (x) = JJT H(x)y. These are 

eliminated from the system of equations by removing the corresponding rows and 
columns. The remaining system is then solved. An additional difficulty when re
garding element type (iii) is when only a small part of the element has a contribution 
to the volume-integral. The element system matrix is then small compared to the 
global system matrix, resulting in undesired velocity peaks. 

4.4 Numerical Integration 

For the numerical integration, Gauss quadrature is used. However, exact for polyno
mial integrands, the accuracy is reduced when using non-polynomial approximations 
as for example the Heaviside function. For the element of type (iii), a modified in
tegration scheme is practiced in X-FEM. The split element is subdivided in triangles 
constructed around the interface, using the level set function in the element to de
termine the position of the interface and for the subdivision Delaunay triangulation 
is used. The determination of the interface location is more difficult if the level set 
function is not a signed distance function. In that case, the accuracy of determining 
the interface location is reduced due to the linear interpolation of </>h in the element, 
where </> can be non-linear. A routines not using the level set function to determine 
the subdivision is an altemative, e.g. the subdivision in sub-quads instead of trian
gles. While this method seems more simple caution must be taken, because unlike 
the triangulation it cannot be guaranteed that the interpolation is clone sufficiently. 

After the element is partitioned, the integration of the weak form of the subdivided el
ements is performed by replacing the loop over an element by loop over sub polygons/sub
triangles. The partitioning of an element is clone only for the integration purpose and 
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Figure 4.7= Subdivision in triangles of elements split by an interface. 

no extra degrees of freedoms are added to the system, unlike the usual finite element 
method with remeshing. 

4.5 Example - Radial flow 

Recalling the example of the growing void in Chapter 3 (Section 3.3, Figure 3.3) where 
the level set function is evolved with a prescribed velocity field, the focus is now on 
the construction of that velocity field including the discontinuity. We assume the 
velocity field is only meaningful in the material region. Tuis example is simulated in 
both one and two dimensions. These simulations are performed fora given interface 
location R = Ro, evolution is considered in Chapter 5. 

4.5-1 One-dimensional simulation 

Fora one-dimensional simulation, the velocity field is formulated for an incompress
ible axisymmetrical medium. The weak form of the equilibrium equation is derived 
in Appendix I, the result thereof is as follows, with the prescription of a Dirichlet 
boundary condition on R: 

/li döv ( dv + ~) dr = 0 
}Ro dr dr r 

The velocity is prescribed at Ras v(R) = v~ with va = 1, Ro = 3 and R = 10. 
Note the boundaries of the weak form correspond with boundaries of the material. 
Tuis means when using a traditional FEM discretisation the mesh needs to coincide 
with these boundaries. To resolve this, the classica! FEM approximation is enriched 
with prior knowledge of the solution. In this case, the velocity in the void region is 
undefined, thus the solution contains a jump. Tuis can be represented by a Heavi
side function. 
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Figure 4.8: Formulated problem of a growing void in one dimension. 

When the weak form (4.12) is discretised using the intrinsic X-FEM (4.4), the result
ing linear system is: 

K y_ = 0 

with the system matrix K defined as: 

1
Rt 

K= 
0 (

dN dNT l dN ) ___.:::_ ___.:::_ + - ___.:::_ NT H ( cp ( r)) dr 
dr dr r dr ~ 

where use has been made of the level set function cp( r) = r - Ro. The intrinsic 
method leads to a stiffness matrix containing rows of zeros, due to the Heaviside 
enrichment. To solve the linear system of equations these unknowns correspond
ing with these rows of zero's are left out of the calculation. The velocity of these 
unknowns are undefined, but do not influence the approximation solution. 

As shown in Figure 4.9 both methods includes the material-void interface in the solu
tion, with an error of2% with five elements, which can be decreased with refinement 
of the mesh. However, the extrinsic method decouples the nodes of the split element. 
U sing interpolation and the values of the additional unknowns ak the speed of the 
interface can be calculated. 
Because of the including of the Heaviside function in the stiffness matrix in the 
intrinsic method the nodal values are coupled in the split element, leading to the 
calculation of the node present in the void. Tuis value has no physical meaning, but 
using the level set these nodes can be identified and removed. 



4.5. EXAMPLE - RADIAL FLOW 

3 

2.5 

2 

> 1.5 

0.5 

3 5 

X 
7 

discontinuity 
analytica! 

-A,- extrinsic X-FEM . 
-A,- intrinsic X-FEM · 

Figure 4. 9: Solution of the 1 D radial flow example for both the extrinsic and 
the intrinsic methods. 

4.5.2 Two-dimensional simulation 

The governing equations of the two-dimensional void growth example were derived 
in Sections 2.2 and 2.3 and the X-FEM implementation in Section 4.3. Note that 
because of the implementation of the a simple constitutive law the medium is no 
longer considered as incompressible, however the analytica} solution assumes the 
medium is. The mesh consists of 20 x 20 two-dimensional, 4-node, quadrilateral el
ements. In Figure 4.10 the solution is shown. In Figure 4.10a the interface is plotted 
as the zero isoline of the level set function rp (x ). The velocities in the void region 
are not defined, except on the nodes of a split element. Here we have (numerical) 
degrees of freedom, hut they only influences the velocity field in the medium. In the 
one-dimensional case it was explained that in the intrinsic X-FEM these nodes are 
calculated, because these nodes have a contribution to the system matrix of a split el
ement. With the level set method these nodes can be identified and removed, but the 
interface velocity can be retrieved by interpolation in the split elements using these 
velocities. In Figure 4.10b the velocity profile is plotted of the bottom edge of the do
main, both for the analytica} and numerical results. The position of the interface is 
quite accurate, but there is a deviation in the order of 1 % between both results, which 
can be explained by the simplified constitutive law used in this simulation, especially 
when the analytica} formulation approaches incompressible behavior. 
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(a) Solution of the simulation plotted as a vector (b) Comparison between the analytical and nu-
field merical velocity profiles at the bottom edge 

Figure 4.10: The solution of the X-FEM simulation of a void in a radial flow. 

4.6 Concluding remarks 

X-FEM is a method capable of including arbitrary geometry in the finite element ap

proximation by extending the approximation space by including prior knowledge on 

the features of the solution. Tuis report considered a body with an intemal hole, the 
boundary of which is modeled as a strong discontinuity, i.e. a jump in the solution. 

It is shown that X-FEM and the Level Set Method indeed couple naturally. In one

dimensional applications the location of a point x with respect to the interface is 
easily determined. In two, or even three, dimensions and with more complex shapes 

the level set function provides an easy solution for the modeling of the geometry. The 
enrichment is then also easily determined as a function of the level set function. 

In this report intrinsic X-FEM is used to model problems containing a jump in the 
solution, i.e. a strong discontinuity. Intrinsic X-FEM is more suitable for discretising 

domains including multiple phases. The Heaviside function is used as enrichment 
in intrinsic X-FEM to model the material/void interfaces considered in the examples. 

The void region is left out the calculation, because degrees of freedom are not defined 
in that region, except in the elements containing the interface, where these numerical 

degrees of freedom are used to interpolate the solution of the domain where it is 
defined. 

The including of weak discontinuities is not considered in this report, because of the 

problems with "blending" elements and the application considered required. 



CHAPTER 5 

COMBINED FRAMEWORK 

5.1 Introduction 

To model arbitrary discontinuities, i.e. voids and cracks, there is need fora numerical 
framework. In the previous chapters the theory is explained of Eulerian mechanics, 
the Level Set Method and the X-FEM. Combining these methods a numerical model 
can be created which performs well on the handling oflarge and complex topologi
cal changes during the evolution of the considered geometry. Figure 5.1 outlines the 
combined framework. The modeling of the mechanica! problem is done in a Eule
rian fashion. The Eulerian mechanics relates the stresses in the mechanica! system 
to te velocities instead of displacements, leading to the usage of a fixed mesh. X-FEM 
is used here to include the (evolving) geometry in the mechanica! system when using 
a discretised, Eulerian domain larger than the considered volume, where the inter
faces do not coincide with the mesh initially of during evolution. These interfaces, 
both interior and exterior, are represented by alevel set function. This functions im
plicitly captures the location of the interfaces based only on nodal information. This 
nodal information is used to locate the elements where the interface is positioned. 
These elements receive special treatrnent with the X-FEM by including information 
to the approximation. Important here is that an explicit coupling is used between the 
fluid mechanics and the evolution of the geometry in the simulation. The solution 
obtained from the mechanica! system are used to evolve the level set. The evolved 
level set values are then fed back to the mechanica! system. 

43 
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Figure 5.1: Schematic overview of the numerical framework to model arbi
trary voids. 

5.2 Level Set Evolution 

The LSFEM is used for this advection as might be recalled from Section 3+ The 
difference here is that the velocities in the void region are undefined due to the use 
of intrinsic X-FEM. Therefore, these velocities cannot be used to evolve the level set 
function. The LSFEM algorithm is changed to be able these undefined velocities. The 
same approach is used as in Section 4J Tuis means the level set is only defined on 
Vh, while the discretised volume is V containing Vh. In this X-LSFEM however, 
nodal values are outside Vh where the level set function is undefined. This has 
a major consequence on the level set evolution. When the normal vector on the 
interface points in the direction of the region Vh there is no problem. However, 
when pointing towards the region in Vh a problem occurs with the evolution. The 
level set is undefined in the void region, so it has no value (N aN). When the level 
set evolves in the next time step and enters an element previously marked as a void 
element, the interface disappears in that region. Tuis is illustrated in one dimension 
in Figure 5.2 for explanation. Here it can be seen the interface is lost when evolving 
towards the void region. 

Therefore, an algorithm is implemented to check if the interface is maintained. 
When in a previously labeled split element the interface disappears after evolution, 
the level set is extended in the void region around that element to ensure the preser-
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Figure 5.2: One-dimensional example of the disappearance of the level set 
when evolving towards the void region. 
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vation of the interface. Tuis algorithm is visualized in Figure 5.3. In the X-FEM part 
of the routine, the split elements were located. After every time step these elements 
are checked if the interface has evolved into the void region (Figure 5.3a). The level 
set value in the material region is positive, so when the values of the level set in the 
split element are all positive, it means that the interface has evolved towards the void 
region (see also Figure 5.2). 

To determine the direction of the interface evolution, the elements are identified sur
rounding the split element using each of its nodes (Figure 5.3b). Next, in the neigh
boring elements it is checked if there is a void node, i.e. a node with an undefined 
(N aN) level set value. If such a node exist, the gradient of the level set function is 
calculated in a Gauss near the considered node in the split element, here node x 1 in 
Figure 5.3c. To extrapolate the level set value on x 1 to Xvoid the distance between both 
nodes is required (Figure 5.3d). 

The value on the node is estimated by the product of the gradient and the distance 
between the nodes Xvoid and x 1 plus the level set value on node x 1, which is used 
to shift the estimated value so that the level set function remains smooth according 
to the gradient. It can also be seen in Figure 5.2 why this value is necessary. The 
estimation of the new level set value reads: 

In Figure 5.4 the result of the re building algorithm is shown in two dimensions. The 
first plot shows the level set function in the time step before the interface enters the 
void region. The second plot shows the next step, including the rebuilding of the 
level set, such that the interface is preserved. The level set function does not remain 
a signed distance function 
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Figure 5.3= Graphical representation of the rebuilding of the level set. 

" 

(a) Time step before rebuilding (b) Time step after rebuilding 

Figure 5+ Two-dimensional example of the rebuilding of the level set. 

" 
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5. 3 Numerical Examples 

5. 3-1 One-dimensional evolution of radial flow 

In Section 4.5.1 the example was given for a void in a one-dimensional radial flow 
in the initial state, in a combined X-FEM/level set simulation. Now the evolution of 
this void is considered. The same velocity is prescribed on R. Both flow directions, 
i.e. growing and shrinking of the void, are simulated, with the latter included to 
see if the level set function is rebuild accurately. It is expected that the error of the 
interface position in the backwards flow is larger, because in the rebuilding algorithm 
assumptions are made for the interface position, thus introducing the possibility for 
error. For the velocity field calculation the intrinsic X-FEM is used. The analytica! 
velocity field for this example is plotted in Figure ??. The example uses 15 linear 
elements and the level set is evolved with time steps of 0.05, where Figures 5.5 and 
5.6 show the evolution of the level set function in intervals of IO time steps for both 
flow directions. 

"·~ -I l 
'" 

- " ~ 

"'} '" 1 . 

c:: ooe 

time 

(a) Flow outwards (b) Error 

Figure 5. 5: Evolution of the void in the one-dimensional radial flow problem 
with a growing void. 

It is clearly visible the evolution in one dimension is quite accurate. With the inwards 
flow the level set is rebuild when entering the void region. Because the change in 
gradients is small, the error of the interface position is small. For the inwards flow 
the error is indeed increasing in time, as was expected. In this case the error is 
relatively large, up to two times, compared to the outwards flow. Tuis is due to the 
large difference in gradients in the elements, which can be also be seen beforehand 
when looking at the analytica! velocity field, i.e. Figure ??. The difference in gradients 
in the elements determine the magnitude of error when estimating the interface 
position. However, in this one-dimensional example the error remains below 1 % for 
the considered time duration. 
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(a) Flow inwards (b) Error 

Figure 5.6: Evolution of the void in the one-dimensional radial flow problem 
with a shrinking void. 

5. 3.2 Two-dimensional evolution of radial flow 

The radial flow problem of the previous section is extended to two dimensions. In 
Section 3.5 an example can be seen of the growing void with a predefined steady-state 
velocity field. In this example the evolution is considered including the calculation 
of the velocity field with the intrinsic X-FEM. U se has been made of symmetry and 
the prescribed velocity vo(r ) is applied on the boundaries of the domain, which is 
dependent on the radius. 

(a) Flow outwards 

U 7 :u 3 H, • 4.1 5 
time 

(b) Error 

Figure 5. 7= Evolution of the void in the two-dimensional radial flow problem 
with outwards flow. 

The outwards flow simulation shows good correlation with the analytical result. How
ever, the error increases in time. Tuis is explained by the calculation of the velocities 
in the split element. The velocities on the nodes inside the void area are also calcu
lated in the intrinsic X-FEM. When the material region is a small part of the element 
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(a) Flow inwards (b) Error 

Figure 5.8: Evolution of the void in the two-dimensional radial flow problem 
with inwards flow. 
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cut by the interface, the element system matrix becomes small compared to the global 
system matrix. Therefore, when calculating the velocities in the void region of that 
element, the velocities can be much higher due to the low contribution of the ma
terial region, as is depicted in Figure 5.9. Tuis can lead to an error in the interface 
evolution. Therefore, an additional constraint is implemented to the level set evolu
tion. Comparing the evolved level set to its initial state (or state in the previous time 
step), the large peaks are removed when above a certain threshold and replaced by 
the value of the initial (or previous) state . 

. - . ~ " 
2"""'~ e e 

' ' ' 

Figure 5.9: Two-dimensional problem with a growing void in a radial flow. 
Large peaks occur due to elements with a low contribution to the 
global system matrix. 

The error in the inwards flow simulation is larger. Tuis is explained by the rebuild
ing of the level set. Compared to the one-dimensional case the rebuilding based on 
the gradient of the level set is more difficult, because there are multiple nodes and 
directions involved. The location of the interface is "estimated" in the rebuilding al
gorithm (see Section 5.2), so there is already a possibility for errors, especially if the 
gradients of neighboring elements are different. 
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5. 3. 3 Two-dimensional growing void 

In this example a growing void is modeled in a tube with an outflow of the medium 
at both sides, as depicted in Figure 5-10 . 

. ( 

/ llll 

' 1 1 V 

., 

Figure 5.10: Two-dimensional problem with a growing void. 

Figure 5-11 shows the evolution of the void in the medium and Figure 5.12 the solution 
of the velocity field obtained from the X-FEM algorithm in the first and last time 
increment, with time steps of 0.05. It seems the evolution of the level set is going 
quite well, however in the previous examples the problem of level set disturbances 
was mentioned. Tuis is a huge disadvantage using the material velocity and the 
intrinsic X-FEM to evolve the level set function. 
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Figure 5-11: Evolution of the void in a two-dimensionaljlow. 
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(b) Last time increment 

Figure 5.12: Solution of the velocity field in the two-dimensional growing void 
example, both for the first and last time increment. 
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5. 3.4 Two-dimensional evolution of merging voids 

In this example the material contains two voids. The purpose is to merge the voids 
during evolution, illustrating the natural handling of topological changes by the LSM 
in combination with the intrinsic X-FEM and Eulerian mechanics. 
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Figure 5-1} Two-dimensional problem with two growing and voids. 

Figure 5-14: Simulation of two growing voids. The voids are merging dur
ing the evolution, showing the natura! handling of topological 
changes. 

The voids grow and merge without extra interfacial constraints or conditions. As ex
plained in Chapter 3, the Level Set Method can handle topological changes naturally. 
The combination with X-FEM for the evolution seems to perform quite well. How
ever, the previous example showed that level set disturbances in the void region cause 
problems with the interface evolution, so a constraint was implemented on the level 
set evolution. 

An additional problem in this example is the merging of the voids. The choice of 
element size and the size of the time steps is critical here. Unfortunately, in the 
current state of this combined framework they cannot be chosen arbitrary for the 
merging of the voids to occur correctly due to the mentioned problems. In Figure 
5-15 an example can be seen of a distorted elvel set function. The evolution was such 
that the level set function failed to merge completely due to small time steps and then 
"created" new interfaces in the void region by the disturbances. 
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In the example for Figure 5-14 the time stepping is predetermined, such that the 
voids merge without level set disturbances. The current implementation is at the 
moment not sufficient to model complex problems such as the merging of voids in 
an automated fashion . 

. 
' 
' ,-\~ " 

0 0 , 2 3 • 5 1 

(a) Level set function (b) Interface evolution 

Figure 5.1s; Level set Junction and evolution of two voids in a tube. It is 
shown that in this current setup problems occur in the void re
gion with the level set. 



CHAPTER 6 

CONCLUSIONS & RECOMMENDATIONS 

The objective of this report is to investigate a different approach than current La
grangian/remeshing methods to model complex topological changes in solid me
chanics, because commonly used remeshing techniques do not handle these changes 
well, especially in three dimensions. Three topics are examined in detail to come up 
with a method able to meet the requirements: 

• Mechanica! description 
• Geometry representation 
• Finite Element approximation 

A combined framework has been created which consists of a Eulerian mechan
ica! description, implicit interface description and enrichment of the FEM approxi
mation space to include arbitrary interfaces in the mechanica! system. 

6.1 Summary 

To prevent element locking and distortion, without the need to remesh, a Eu
lerian formulation is chosen for the mechanica! description. Velocities are used as 
degrees of freedom and the relation between stress and velocity is based on a Newto
nian fluid which is history independent, however with a compressible term instead 
of the (incompressible) pressure term to avoid the difficulties of a mixed system. 
In a Eulerian approach using a fixed mesh a method must be constructed to model 
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the geometry of intemal and extemal boundaries. Tuis method must also deal with 
the topological changes of this geometry while evolving. The Level Set Method uses 
an implicit description of the geometry, i.e. the location of the interface is captured 
by the zero iso-contour of a function of higher dimensional order. Tuis decouples 
the interface from the mesh. Complex geometries can be described by this method 
easily with simple geometrical functions. 
The evolution of the interface is govemed by a convection equation. Using the Least
Squares Finite Element Method the level set is evolved with a velocity field obtained 
as a solution of the mechanica! system. In his way, the level set function is attached 
to material points. 
To obtain this solution, including the effects of the geometry on the mechanica! sys
tem, the eXtended Finite Element Method is used. The X-FEM is a method enriching 
the FEM approximation space with prior knowledge of the solution. Tuis can be done 
both in an intrinsic and an extrinsic fashion. Combining the Level Set Method to rep
resent the location of the interfaces with X-FEM, arbitrary geometries can be added 
to the mechanica! solution. Tuis not only leads toa higher convergence rate, hut is 
also necessary to include the interface in the approximation solution if the mesh does 
not conform to the geometry. 
The current model can handle intemal boundaries as strong discontinuities, e.g. 
material-void interfaces where the velocity field inside the void is not determined. 
The enrichment of the elements containing an interface is done in an intrinsic way, 
i.e. the enrichment is implemented in the shape functions, adding no extra variables 
in the discretised system, as opposed to the extrinsic X-FEM. A Heaviside function is 
used to include the resulting displacement jump in the FEM approximation. 
The coupling of LSM and X-FEM is done in an explicit manner. The level set is ini
tialized as a signed distance function to represent the geometry of the interface. A 
signed distance function is an easy way to fulfill the requirements of the LSM. With 
the level set function the enrichment is determined for the X-FEM. When solving 
the system including the enrichment, a velocity field is obtained. The solution is 
then used to evolve the level set, which is used in the next time step to determine 
the enrichment in the mechanica! system. Where needed the level set function is 
extended. Tuis is necessary because in this simulation the velocities and level set 
are not determined in the void region due to the heaviside enrichment. When the 
interface evolves towards the void region, the level set needs to be initialized in that 
region. 
Numerical simulations, in one and two dimensions, using a radial flow to represent 
both a growing and a shrinking void shows that the result comply with the analyti
ca! solution for both forward and backward flow. Other simulations demonstrate the 
easy topological changes with this method, despite the encountered difficulties, e.g. 
the rebuilding of the level set function and the choice of element and time step size. 
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6.2 Discussion 

6.2.1 Eulerian description 

This report shows that it is possible, by using a Eulerian description on a fixed 
mesh, to evolve an interface using the velocity degrees of freedom. A major difficulty 
in the approach is to actually determine the correct constitutive law for a realistic 
material behavior in a Eulerian description. The constitutive law here is very simple 
and avoids the problems concerning the history of the material and realistic material 
behavior. The reason for this approach is that in this report the complete implemen
tation is considered. The combination of the level set method with X-FEM on a fixed 
mesh was investigated first to determine if the method shows potential. Therefore, 
an important addition will now be a realistic material behavior. Large deformations 
and history dependency are important aspects to be investigated and implemented 
in a Eulerian description. 

6.2.2 Level Set Method 

In this report it is explained that the level set function can be represented in two 
ways. The first is to treat the level set as a material property. The level set is evolved 
using a convection equation. The second method is to treat the level set as a geomet
rical property. The fundamental difference is the velocity used for the evolution. The 
material-based method uses the velocity field obtained from the mechanica! system, 
whereas the geometrical method needs an interface velocity and then extend it to the 
entire domain, such that the level set function remains a geometrical representation. 
This report follows the route to treat the level set function as a material property. The 
primary reason is the assumption that the extension and determination of the veloc
ity requires more work compared to the solving of a convection equation, because the 
velocity field is already present. Another reason is that the level set values could be 
used in combination with other material-related fields, e.g. damage, and to make it 
easier for history effects to be implemented. 
This method however has some problems during evolution of strong discontinuities, 
as in void-material regions. In the void region the velocities are undefined. However, 
for the correct evolution of the level set sufficient detail of the velocity surrounding 
the interface must be known. Using the intrinsic X-FEM is a solution, however the 
velocity is calculated on nodes inside in the void region. These velocities have no 
physical meaning. Therefore, disturbances can occur in the solution because of split 
elements with low stiffness when the contribution of the material volume becomes 
much smaller compared to the void volume. In these elements the interface evo
lution can contain errors due to unwanted velocity peaks. To avoid this, the time 
stepping or the element size needs to be changed or adding a constraint to the level 
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set value such that it cannot evolve more than a certain threshold, e.g. based on the 
velocity in the solution and the time step. The other problem is when an interface is 
evolving towards the void region. Because the velocity field and the level set are un
defined in this region, the interface can disappear when evolving into a void element. 
A rebuilding algorithm is implemented to construct the level set in a void element. 
The current re building algorithm itself can be a point of discussion, therefore further 
refinement on such an algorithm of rebuilding and constraining the level set func
tion is necessary. Reinitialisation of the level set function is also a possibility to avoid 
these disturbances, but then one of the primary reasons to choose for this method is 
lost, i.e. the coupling with the material. Also the reason of simplicity no longer holds 
in this case. 

Another feature which can be looked into is the possibility to use higher order evo
lution schemes instead of the Least-Squares FEM used in this report. In [31, 5] the 
level set is evolved with higher order schemes based on the Finite Difference Method. 
These schemes can be used on a separate, Finite Difference mesh for the level set, or 
higher order schemes for use in FEM can be investigated for better shape preserva
tion for bath simple and complex geometries. 

Because of the difficulties in the material-based method, the second method is worth 
investigating. The level set then remains smooth and continuous, e.g. a signed 
distance function, avoiding the problems that occur in the material representation. 
However, the problem here is that the velocity on the interface is required and a 
velocity field must be "extended" through the domain in order for the level set to re
main a signed distance function. In two and three dimensions this can be difficult, 
especially with complex geometries. Still, it is worth investigating to see if it com
pensates for the drawbacks in the material-based method. Another reason is that 
in the combination with X-FEM certain enrichments are based on geometrical data, 
e.g. crack-tip enrichment in linear elastic fracture mechanics and the modeling of 
multi-phase interfaces inside a domain. 

6.2.3 eXtended Finite Element Method 

In this report the modeling of void-material interfaces as strong discontinuities 
is realized using intrinsic X-FEM. The advantage over the extrinsic approach in this 
type of problems is that there are no additional degrees of freedom and it is easier 
to distinguish the material and the void regions. The disadvantage is that additional 
velocity values are calculated inside the void region without physical meaning. How
ever, when considering the evolution of the interface the velocities on these nodes 
are required for an accurate interface evolution, thus with the intrinsic X-FEM these 
velocities are calculated directly. In the extrinsic X-FEM these velocities are not di-
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rectly available. Tuis method is a better choice when the complete velocity field is 
calculated and the enrichment is only needed locally, i.e. weak discontinuities and 

cracks. 
Modeling of weak discontinuities must be investigated for the modeling of problems 
where there is a discontinuity in the gradient of the solution, e.g. multiple-phase sim
ulations. The problems examined in this report did not require a weak discontinuity. 

However, it was explained that the modeling of a weak discontinuity is not as straight
forward as a strong discontinuity. The enrichment for a weak discontinuity does not 
limit its effect in the element containing the interface, hut also in the neighboring 

elements. In these elements the enrichment shape functions do not forma partition 
of unity anymore, causing a bad convergence rate. Tuis effect is called blending and 
special care must be taken when constructing the elements in the neighborhood of 
an element containing a weak discontinuity. 
A major area where X-FEM is used, and not considered here, is the simulation of 
cracks and crack growth. Tuis is also an area where further investigation is needed. 

The combination oflevel sets and the X-FEM can also be used in these simulations. 
Multiple level sets are used for the modeling of the crack front and the crack sur
face. Special techniques are needed to "freeze" the level set representing the crack, 
and evolve the crack front at the same time. There is even a special formulation to 
model the crack with only one level set, and evolve the crack with simple geometrical 
formulas (41] called the Vector level Set Method. 

6. 3 Recommendations 

The coupling between the Level Set Method and the X-FEM on a fixed mesh 
shows a lot of potential. However, there remain a few problems and areas for im
provement. Based on the conclusion and discussion of this report the following rec
ommendations are given. 

• Formulating an improved/new constitutive law in a Eulerian format for more 
a realistic material behavior. Large deformations and history dependency are 
important aspects to be investigated and implemented [15, 13, 11, 12, 19]. In 
literature some of these methods are explained in an X-FEM environment [48, 

49, 5o, 511-

• The refinement or improvement of the rebuilding and constraining algorithm 
in the X-LSFEM. However, it is better to investigate if there is a method which 
can be implemented making these algorithms obsolete. 

• The investigation and implementation of a geometry-based level set function. 
For the evolution of such an approach algorithms are needed for the extension 
of the interfacial velocity [31, 23, 30]. 
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• The implementation of an enrichment scheme, such that the X-FEM can be 
used for crack growth simulations. Tuis can be combined with the level set 
method, with multiple level sets for the crack modeling, i.e. for the crack front 
and the crack surface [21 , 7, 44, 40, 39, 9), or using the vector level set method 
[41] which represents the crack and its evolution with one level set and simple 
geometrical formulas. 

• Investigation and implementation of enrichment schemes for the X-FEM to 
model weak discontinuities [45, 46, 47), e.g. material interfaces. Tuis in order 
to model multiple-phase materials. 

• Investigation on the usage of higher order level set schemes based on a finite 
difference mesh [31, 5) or to find higher order finite element techniques for the 
evolution of the level set function. 

• Ultimately, the statement has to be proven that this method is easily extend
able to three dimensions. The theory is available, but proof is needed to show 
that numerically this method can handle complex geometries and topological 
changes in three-dimensional simulations. 
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APPENDIX A 

DERIVATION OF THE INCOMPRESSIBLE 

RADIAL FLOW PROBLEM 

A.1 Goveming equations 

The considered one-dimensional radial flow, depicted in Figure 4.8, is a special case 
of the equilibrium equation and, using the properties which comes with an axisym
metric example and with only one velocity component v = vr(r)êr, gives: 

d<7rr <7rr - <700 O -+---= 
dr r 

(A.1) 

The constitutive law for the Eulerian description is derived in Section 2.2. From this 
constitutive law the relevant stress components, <7rr and <700 are derived: 

(
dvr Vr) 1 ( 2dvr Vr) <7rr = K, - + - + -TJ - - -
dr r 3 dr r 

(A.2) 

When the medium is assumed to be incompressible, this leads to the assumption 

that in the constitutive law "' » T/· Tuis has the consequence that in the stress 
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PROBLEM 

components CTrr and CT(J(J the 17-term vanishes. The term CTrr - CT00 in the equilibrium 
equation (A.1) also vanishes, because the terms associated with K- are similar for both 
stress components. The differential equation (A.1) then becomes: 

A.2 Analytical velocity field 

dCTrr = O 
dr 

The analytica! solution of the velocity field can also be derived from the strong form 
of the equilibrium equation (A.4). This can be rewritten, assuming incompressibility, 
as: 

.!}__ ( dvr + Vr ) = O 
dr dr r 

The genera! solution of this differential equation reads: 

l d 
Vr =-er + -

2 r 
(A.6) 

with c and d integration constants. For lim Vr 0, resulting in the integration 
X-+00 

constant c = 0. When defining the boundary condition that on the radius of the void 
Ro the velocity is vo, then the second integration constant d = vo Ro- The expression 
for the velocity becomes: 

voRo 
Vr (r ) = -

r 
(A.7) 

Tuis is the analytica! solution of the velocity field for the one-dimensional axisym
metrical radial flow. 

A. 3 Weak form 

To lower the continuity requirements on the solution of the strong form (A.4) for the 
numerical implementation in a finite element environment the weak form must be 
derived. First, the weighted residual formulation is used: 



A.3. WEAK FORM 

(A.8) 

where 8v(r) is a test function and (A.8) holds for all ov. Integration by parts gives: 

{R döv -
}Ro dr Cirrdr = ÖVCirr (R) - ÖVCirr (.Ro) 

From the boundary conditions formulated in Section 2.2 it is known that the traction 
on the void surface is zero: 

(A.IO) 

so the remaining equation, with the substitution of (A.2) and (A.rn) in (A.9) and 
dividing by K,, is: 

(A.n) 

This is the resulting weak form which can be discretised and implemented in a finite 
element environment. 




