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Some might say I was lucky, however I do not think luck exists: 

Geluk dwing je af. 
B eschouw een afgebakend proces. 

E en proces kan j e modeleren. 
Het model kan je simuleren en geeft een verwachting. 

De werkelijkheid kan boven verwachting zijn. 

Coen G rummels. 

Eindhoven, February 2012. 

Men noemt dit geluk ? 
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Summary 

Within literature research is found that focuses on resource allocation and patients 
flow simulation. The created models in research are analyzed and the optimization 
of the process is usually based on so called 'what-if ' scenarios. Due to the fact that 
the simulation model contains stochasticity; the optimization problem can become time 
consuming and computationally expensive. 

This thesis goal is to investigate the applicability of simulation optimization for resource 
allocation in hospitals. An emergency department from literature is used as a casestudy. 
the modeled department contains multiple treatment stations. Within the hospita! setup 
four types of patients are distinguished. each type will follow an predefined path trough 
the department visiting the treatment stations. One of the four types of patients arrives 
by ambulance and is sent to the emergency room immediately. The other three types 
of patients arrive at the recept ion and will follow a defined path trough the department 
based on the type of treatment needed for the patient. This path can contain visiting: 
the doctor. a lab technician, the emergency room or an treatment room. 

Based on the described department two simulation models are created: an analytica! 
model which approximates the mean flowtime of a patient based on the number of 
resources, the number of treatment stations, in the system. The second model is a 
discrete-event simulation model which simulates the path of each patient; after a number 
of patients the mean flowtime is calculated. Again the number of resources in the model 
can be adapted which influences the mean flowtime. To make a good estimation of the 
mean flowtime a Welch 's graphical approach is used to determine the warm up period 
and simulation run length . 

Response Surface Methodology (RSM) is a heuristic approach capable of solving opti
mization problems. RSM uses the output response of a simulation model for a certain 
set of input variables. The input set is based on a design of experiments (DoE) within 
a bounded region and so located in t he feasible domain of the optimization problem. A 
local regression model is made based on the responses of the design of experiments. The 
DoE is created using a 'frac:tional factorial design ' or a 'centra! composite design '; first 
a regression model is made for the factorial design and when rejected by an analysis of 
variance (Anova). the DoE is upgraded to a centra! composite design. Anova is used 
to assess the accurateness of the regression model. When the model is accepted the 
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regression model is used to determine a search direction and step size toward a new 
possible design point. This new design point will be evaluated and the response will 
be compared with the current design point 's response; the new design point is accepted 
when the response if similar or less t han the current response. The iteration proceeds 
up to no new possible design points are found . In case of a rejection of the regression 
model or the rejection of a new design point, the number of replication is increased 
or the region size, the base of the DoE, is decreased both are the parameters of the 
RSM model. Finally the heuristic will terminate when now new design points are found 
and the parameters reached their limits. The last found optimum is presented as the 
optimum set with the best response for the simulation model. 

A number of illustrations are used to test the RSM approach. First a basic quadratic 
analytica! objective function is used. to simulate stochasticity a random error therm E is 
added at each function response. The RSM method was able to solve the optimization 
problems as expected and found similar optimums multiple times. The optimization 
problem is extended with a const raint to only evaluate integer design points. Again 
the RSM method was capable of optimizing the same analytica! problems. An existing 
four-station flow line [Absûl] is optimized to check the capabilities with a stochastic 
simulation model. The results where similar as expected and comparable with the 
results described in the paper. Concluding this the RSM method is capable of optimizing 
a problem linked to a stochastic flowline simulation model and the RSM method will 
be used to optimize the emergency department. 

The objective function of the optimization problem of the emergency department is t he 
sum of flowtime response and total costs of the number of resources. The resources in 
this case are the number of: receptionists. doctors, examination rooms, lab technicians, 
emergency room nurses and treatment room nurses ; in total six independent input vari
ables. The goal is to find the minimal response for the objective. Within the objective 
function a pena lty factor is implemented on the resource costs making the optimization 
problem more or less reactive to a change in the resource costs. First the analytica! 
model is optimized, at first with continuous design variables and a number of preset 
lower bounds on each variable, and second with integer input variables and the same 
lower bounds. The results showed multiple optima! resource setups for a low penalty 
factor all with a relative low mean flowtime. When the penalty factor is increased. costs 
are becoming more important within the optimization problem. A greater penalty fac
tor resulted in more similar setups with a decreased number of resources. The decrease 
of the number of resources results in lower costs while the mean flowtime increases. 
Based on the outcome the most appropriate penalty factors were selected in the opti
mization problem of the discrete-event simulation model. Similar results are obtained 
as explained for the analytica! model. An increase of the penalty factor results in a less 
expensive resource setup while the mean flowtime increases. 

The developed RSM approach is capable of optimizing a simulation model of an emer
gency department with six design variables. Concluding, the RSM approach is appli
cable on resource allocation problems in hospitals regarding the patient flow. Recom-
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mended is to use a rational function regression model instead of used second order 
regression model in this report. 
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Samenvatting (Dutch) 

Simulatie-optimalisering wordt gebruikt voor optimaliseringsproblemen in de context 
van de zorg. Simulatiemodellen worden gebruikt om de verspreiding van virussen te eval
ueren en om de mogelijke invloeden van verschillende soorten zorg te benaderen. Weinig 
onderzoek is specifiek gericht op de toewij zing van middelen en de patiëntendoorstroom. 
De modellen worden meestal geanalyseerd en het optimaliseren gebeurt door een aantal 
mogelijke scenario 's te evalueren. De simulatiemodellen bevatten vaak stochasticiteit . 
waardoor het optimaliseren veelal veel tijd en computerkracht kan innemen . 

Het doel van dit project is het onderzoeken of simulatie optimalisatie toepasbaar is bij 
het toewijzen van middelen in ziekenhuizen. Als voorbeeld is een spoedeisende-hulp
afdeling gemodelleerd. De afdeling bestaat ui t meerdere stations waarin in zorg verleend 
wordt aan de patiënt. Binnen de spoedeisende-hulp-afdeling worden vier categorieën 
gebruikt waarin de pat iënten onderverdeeld worden. De categorie is afüankelijk van de 
klacht van de patiënt en bepaalt het verdere verloop in de afdeling. Één van categorieën 
is voor patiënten die arriveren per ambulance. De patiënt wordt bij aankomst direct 
doorverwezen naar de operatiekamer. Patiënten met een andere categorie komen binnen 
bij de receptie en het pad kan daarna vervolgd worden via een dokter. een laborant. de 
operatiekamer of de behandelkamer. 

Er zijn twee simulatie modellen gemaakt , het analytisch model benaderd de doorlooptijd 
van een pat iënt en is afüankelijk van het aantal middelen. Het tweede model is een 
numeriek model het het pad per patiënt wordt gesimuleerd. Na een aanta l gesimuleerde 
patiënten is het mogelijk om de gemiddelde doorlooptijd te berekenen. Ook hier is de 
doorlooptijd per patiënt afüankelijk van het aant al toegewezen middelen in het systeem. 
De grafische Welch benadering is gebruikt om een goede schatting te maken van de 
gemiddelde doorlooptijd, welke afüankelijk is van de opstarttijd en het totale aantal 
patiënten dat gemeten is. 

Response Surface Methodology (RSM) is een heuristische methode die gebruikt kan 
worden om optimaliseringsproblemen op te lossen. RSM gebruikt de responswaarde 
aan de uitgang van het simulat iemodel en koppelt deze aan de ingegeven ingangswaar
den van het model. De ingegeven ingangswaarden zijn gebaseerd op een statistische 
ontwerpmethode (Design of Experiments, DoE). Een DoE omvat een regio in het opti
maliseringsprobleem. Van de responswaarden die resulteren uit de experimenten wordt 
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een lokaal regressiemodel gemaakt. De experimenten in DoE zijn gebaseerd op een 
'fractional factorial design ' voor het eerste-orde regressiemodel en op een 'central com
posite design ' voor een tweede-orde regressiemodel. Allereerst wordt er een eerste-orde 
regressiemodel gemaakt welke wordt getoetst door middel van een variantie-analyse 
(Anova) . Wanneer het regressiemodel wordt afgewezen. wordt voor de DoE een 'cen
tra! composite design' gebruikt. Anova wordt gebruikt om de nauwkeurigheid van 
het regressiemodel te toetsen. Wanneer het model wordt geaccepteerd kan het wor
den gebruikt om de richting en de stapgrootte naar een nieuw mogelijk optimum te 
bepalen. Het nieuwe punt wordt gevalueerd en de responsewaarde uit de simulatie 
wordt vergeleken met de respons van het huidige punt. Het nieuwe punt wordt geac
cepteerd wanneer de respons gelijk of lager is dan de respons van het huidige punt. 
De optimalisatie stap zoals beschreven gaat door totdat er geen nieuw punt meer geac
cepteerd wordt. Wanneer het regressiemodel of een nieuw punt wordt afgewezen kan 
het aantal replicaties worden verhoogd of the regiogrootte, de basis voor het DoE, wor
den verkleind. Het aantal replicaties en de regiogrootte zijn de parameters in het RSM 
model. Na een aantal iteraties zal het proces eindigen. Dit kan omdat er geen nieuw 
punt meer geaccepteerd wordt of omdat de parameters hun limiet hebben bereikt. Het 
laatst gevonden geaccepteerde punt wordt gegeven als de optimale set van variabelen 
met de beste responswaarde voor het optimalisatie probleem. 

Een aantal verschillende problemen zijn gebruikt om de RSM-methode te testen. Aller
eerst wordt er een kwadratische doelfunctie gebruikt. Om de stochasticiteit te benaderen 
wordt er een willekeurige fout term opgeteld elke keer dat er een responswaarde wordt 
opgevraagd. De RSM-methode kan het probleem oplossen zoals van tevoren was aan
genomen en vond vergelijkbare optimale punten wanneer de RSM-methode meerdere 
keren is gestart. Het probleem is verder uitgebreid waarbij alleen maar integervariabelen 
worden gebruikt en gevalueerd. Ook hier kon de RSM-methode de verwachte optimale 
waarden vinden. In [Absül] is een productielijn met vier stations beschreven en gebruikt 
om het RSM-model te toetsen met een stochastisch simulatiemodel. De resultaten waren 
vergelijkbaar met elkaar en te vergelijken met de resultaten uit de literatuur. Gecon
cludeerd kan worden dat de RSM-methode toegepast kan worden om optimalisatieprob
lemen met stochastische simulatiemodellen op te lossen. De RSM-methode is vervolgens 
worden toegepast in combinatie met de modellen van de spoedeisende-hulp-afdeling. 

De doelfunctie voor het optimaliseringsprobleem in de spoedeisende-hulp-afdeling is de 
som van de doorlooptijd uit het simulatiemodel en de totale kosten voor het aantal mid
delen in de afdeling. De middelen zijn in dit geval het aantal receptionisten , doktors , 
onderzoeksruimtes, laboranten, spoedverpleegkundigen en het aantal verpleegkundigen 
in de behandelkamers. In totaal zijn dit zes onafüankelijke variabelen. Het doel is het 
vinden van de minimale responswaarde van de doelfunctie. Als extra is een weegfactor 
toegevoegd op de totale kosten, dit om de doelfunctie meer of minder gevoelig te maken 
voor een verandering in de kosten. Allereerst is het analytische model geoptimaliseerd, 
met continue variabelen en later met integer variabelen. Het optimaliseringsprobleem 
wordt begrensd door een aantal grenzen op de minimale waarden van de variabelen. 
Bij een lage weegfactor worden meerdere mogelijke opbouwmogelijkheden qua midde-
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len gevonden. allen met een relatief lage doorlooptijd voor de patiënt. Wanneer de 
weegfactor wordt verhoogd worden vaker soortgelijke opbouwmogelijkheden met een 
minder aantal middelen gevonden. Deze mogelijkheden met minder middelen hebben 
als gevolg dat de doorloopt ijd voor de patiënt langer wordt. Gebaseerd op de uitkomsten 
uit het analytische model zijn de meest gepaste weegfactoren gekozen en gebruikt bij de 
optimalisering van het simulatiemodel. De optimalisering van het simulatiemodel gaf 
vergelijkbare resultaten met het analytische model voor de gekozen weegfactoren. Wan
neer de weegfactor verhoogd wordt. worden goedkopere opbouwmogelijkheden verkregen 
die resulteren in een langere doorlooptijd voor de patiënt. 

Met de RSM methode is het mogelijk om een simulatiemodel van een spoedeisende hulp 
afdeling met zes variabelen te optimaliseren.De resultaten voor lagere weegfactoren zijn 
ook vergelijkbaar met de gevonden resultaten in [Ahm09]. Bij hogere weegfactoren 
werdt het regressiemodel veelal afgewezen. Het regressiemodel is niet in staat om de 
daadwerkelijke respons correct te beschrijven. Concluderend, RSM kan toegepast wor
den bij problemen voor het plaatsen van middelen in een afdeling in het ziekenhuis 
waarin de doorlooptijd beschouwd wordt. Hierbij wordt wel een ander regressie model 
aangeraden in plaats van het tweede-orde regressiemodel. 
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Chapter 1 

Introduction 

This report describes the use of simulation optimization within a hospita} environment. 
Currently the demand for qualitative care is increasing combined with increasing cost 
limitations. In 2005 the Minister of Health. Welfare and Sport drs. J.F. Hoogervorst 
[vanü5] demanded more care as well as a decrease in the expenditures. The paper 
by [van05] calls this problem: 'Hoogervorst's Üptimization Problem'. The hospitals 
resources as in the materials, the specialists and other staff can be seen as individual 
functional departments within the hospital. For example the MRI 1-department or the 
radiology department. A patient can encounter long waiting times when sent from a 
doctor to another doctor. In the paper an example is given to outsource the materia l 
sterilization department. In other words a cost reduction in a department not directly 
linked to the patient. 

[OECll] states that the average length of stay in a Dutch hospita! for normal deliv
ery2 is 1.9 days and the worlds average around 3.0 days. Over the years total health 
expenditures of the GDP3 increased. Furthermore the annual average growth in health 
expenditures is greater than the annual average growth rate in GDP. Almost 75% of the 
expenditures on health are related to; inpatient care. outpatient care . and long-term 
care. A share of 19% is dedicated to medical goods. Considering these shares a cost 
reduction in labor intensive care might have more impact on the expenditures than the 
given out-source example in [van05]. Therefore. another possibility is to focus on the 
patient flow and the visited resources. When the number of resources are bet ter allo
cated to the departments a cost reduction could be possible while the pa tients waiting 
time could be unchanged. 

Resource allocation is widely studied in literature; [Tekü4] wrote a comprehensive review 
on the simulation optimization for a number of design problems. It is possible to create 
a simulation model based on data gathered at the actual process. The simulation models 

1 Magnetic Resonance Imagi ng 
2 All patients except patients with an acute myocardial infarction (heart attack) . 
3 Gross Domestic Product 

1 



2 Chapter 1. Introduction 

can have a wide range of input and output variables. Manufacturers are familiar with 
the use of simulation models and linking the results to the actual production line which 
often result in process improvements as [JahlO] states in his review on simulation in 
manufacturing and business. 

A literature review presented in Chapter 2 focuses on the use of simulation modeling 
and optimization in a health care environment. Currently the use of simulation models 
is increasing as [Fowl 1] presents. A number of papers and reviews are summarized , con
cluding that simulation is getting more familiar , although for simulation optimization 
typically 'what-if ' scenarios are considered. Discrete event models are widely used for 
the simulation of resource allocation, mainly because the path of individual lots , prod
ucts or patients can be simulated. Although the simulation of individual patients can 
make the model computationally time consuming, the simulation model can represent 
the true process accurate. 

Within this report the optimization approach Response Surface Method (RSM) is in
vestigated for its appropriateness to solve simulation based resource allocation problems 
in the health care setting. Response surface methodology is a commonly used approach 
in process and product optimization [Mye09]. Optimization in this thesis is defined 
as: "The determination of a set of values for the design variables, which minimize the 
objective. while satisfying all the constraints" [Papüü] . RSM is an iterative process that 
uses a number of statistical techniques to approximate a new possible set of design vari
ables. When response of the approximated set is evaluated the point can be accepted 
as the new optimum or rejected, the iteration proceeds up until no better response in 
the objective. The final accepted set is presented as the optimum of the optimization 
problem. 

Outline 

The main goal of this research is to investigate the applicability of RSM-based simulation 
optimization for the resource allocation in hospitals, regarding the patient flow perfor
mance. Chapter 2 presents a literature review on simulation optimization and concludes 
with a number of simulation optimization cases in the health care environment. The 
emergency department described in the Kuwait case by [Ahm09], is considered as the 
hospital setup used in this report . The complete emergency department is modeled in 
Chapter 3. First an analytical model and second a numerical model are presented. Data 
from the Kuwait case is used to create the model, although they slightly differ in some 
assumptions and interpretations. The analytical model is created mainly to be used as 
a test case model for the RSM model, this because the model can be optimized with 
continuous variables. The numerical model only accepts integer design variables and is 
created using the x-language. In Chapter 4 the RSM approach is extensively described, 
the used statical techniques are described and explained with clear illustrations. To 
t est the applicability of the model a number of cases are considered in Chapter 5. The 
RSM approach is capable of optimizing the cases toward the expected optimum within 
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an acceptable confidence region. The results of the modeled emergency department 
are presented in Chapter 6. bath the analytica! and the numerical model showed some 
interesting results. Finally. conclusions and recommendations for further research are 
given in Chapter 7. 
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Chapter 2 

Literature review 

Currently more process modeling techniques to evaluate processes are used within the 
health care environment. Processes are modeled and can provide information on pos
sible changes within the process. or the effect of the output after a change of an input 
va riable. According to [Fowll] the aim of health care institutes is to discover, design and 
implement novel health care methods and systems which can be more effectively and ef
ficiently deliver high-quality care while controlling costs. The paper identifies industrial 
and systems engineering tools with a potential to transform the healt h care delivery 
system and divides health care systems engineering into the following departments: 

Health Care Operations Management (HCOM) 
HCOM main focus is decreasing health care costs and pursue targets. measured by 
performance indicators. through the development of efficient and effective methods 
of care delivery. 
E.g.: H ow can a process in an em ergency department be improved? 

Socio-Technical Systems Analysis (STSA) 
STSA focuses on qualitative methods and social scienc:e methods regarding the 
human factor within a health care system. 
E.g.: How can the communication during a surgical procedure be improved? 

Health Care Quality Engineering (HCQE) 
T he objec:tive of HCQE is continuous improvement of quality within health care 
processes. Quality regarding for example: medication , treatment types. or a ster
ilization process 
E.g.: How should the 011,tcomes of a new treatment be m easured and controlled? 

Health Care Informaties (HCI) 
The main objective of HCI is the development of informatie solutions and the 
improvement of information flow. 
E.g.: What information and knowledge of a patient is desirable in advance of a 
treatment and how is this stored in a database ? 

5 
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Medical Decision Making (MDM) 
MDM focuses on the methods and applications to make a quantitative evaluation 
of medical decisions. 
E.g.: How should limited treatment and resources be allocated to achieve maximum 
benefit to a population? 

Health Care Public Policy (HCPP) 
The objective of HCPP is to assist public policy makers in reviewing new policies. 
E.g.: How should limited resources be allocated to control infectious diseases? 

From the subgroups described above the potential application of industrial and system 
engineering methods to improve health care delivery can be seen. This review will focus 
on improvements within a health care system based on a modeling approach. The main 
focus groups can be reduced to: HCOM, HCQE, HCI, MDM. 

2.1 Modeling techniques 

Within the main focus groups described above. different modeling techniques can be 
used. Hospitals and other health care institutions described by [Mie lü] use simulation 
techniques to find solutions to solve their problems. The paper describes Discrete Event 
Simulation (DES) , System Dynamics (SD) and Monte Carlo (MC) simulation techniques 
used within a health care environment. The three different groups can be assigned to 
specific problems within health care. [Mielü] and [Fom07] compare different modeling 
techniques and describe the advantages and disadvantages of each technique within a 
health care system. 

System Dynamics 
SD simulation can be seen as a strategie tool, and does not need much data. 
This technique gives a perspective on the system from a higher abstraction level 
(helicopter view) , and it does not contain information on single objects. The 
technique uses equations and feedback loops to desc:ribe a process with input 
variables and to c:alculate the result possible in continues time. 

Discrete Event Simulation 
DES contains detailed information of the process and can model complex flows. 
A DES model is based on individual objects moving through a system. These 
objects can consume material , financial and personal resources. DES is controlled 
by actions also known as events, each event is actually simulated in time and can 
trigger other events, making a simulation run computationally time consuming. 

Monte Carlo 
MC simulation is based on a tec:hnique that approximates the outcome. The 
outcome is based on multiple input variables which are given by a distribution 
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with a mean and a standard deviation. When the model is simulated multiple 
times the output response can be fitted into a probability distribution with a 
mean and standard deviation. 

[Mielü] assigns the techniques toa specific use within health care simulation. SD mod
els a re assigned to problems evaluating the spread of diseases and the evaluation of 
intervention and treatment programs . Although [Kol08] uses a SD model to simulate a 
pat ient flow and compare five different patient buffer concepts. most patient flow prob
lems are modeled with a DES model. 
DES models are assigned to problems evaluating organizational changes, resource ca
pacity and scheduling of a system. [Jun99] reviews the start of DES models within 
health care. the survey contains papers simulating patient flows. 
MC models are used to evaluate the probability that a specific event occurs after a 
change in an input variable. [Mie lü] gives an MC example that evaluates the relation
ship between a need le-exchange program and a decrease in t he spread of the Human 
Immunodeficiency Virus (HIV). 

Scheduling and planning is another specific subject discussed within papers. Hospi
tals and health care clinics use techniques to minimize the idle time [Car09] of staff 
and resources and try to plan a better utilized time schedule. [Cen00] uses a specific 
schedule as a patient arrival input variable in a simulation model and tries to review 
the impact of different schedules. 

This literature review focuses on patient flow models. [Jun99] and [Jac06] give a survey 
based on papers that describe the use of DES models within a health care environment . 
The papers review articles that analyze single or multi-facility health care clinics .. and 
specifies two groups which can have an impact onto the system performance: 

1. Pat ient flow; 

(a) patient scheduling and admissions, 

(b) patient routing and flow schemes, 

( c) scheduling and availability of resources . 

2. Allocation of resources; 

(a) bed sizing and planning, 

(b) room sizing and planning. 

( c) staff sizing and planning. 

As an example of a patient flow model, [Jac06] describes Emergency Room simulation 
models. Complex patient flows through health care clinics are typically encountered in 
emergency rooms. Patients usually arrive without an appointment, and each patient 
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requires a different treatment. [Jac06] reviews many different papers focusing on DES 
flow models that are used to simulate flow of an emergency room. Besides patient flows, 
[Jun99] and [Jac06] review papers focusing on health care asset allocation. Hospitals 
are maximizing the pat ient throughput while minimizing expenditures, it is important 
to find a correct mix of assets to fulfill t he two goals. Both papers describe the use of 
DES models used to calculate; bed sizing, room sizing and staff sizing. 

All models used to simulate patient flows or asset sizing have to be compared with 
the current situation or with another model. To compare these outcomes, performance 
indicators are used. 

2.2 Performance indicators 

To analyze and compare a model, performance indicators a re used. Literature [Carlü] 
and [Fom07] describe some performance indicators used within health care systems: 

1. Waiting time; 

2. Throughput; 

3. Utilization ; 

4. Leveling; 

5. Financial indicators ( casts, assets. debts). 

These performance indicators are calculated using t he output of a simulation model. 
These indicators can be analyzed and compared with other simulation results. The 
project objectives described in [Car lü] mainly focus on one of these indicators, although 
the comparison of the results and effects of multiple indicators is also possible. 
The question: "How can performance indicators be improved?" . depends on the main 
goal of the project. [Jun99] and [Mielü] describe literature that focuses on new schedul
ing techniques, resource sizing or new patient flows. These new scheduling techniques 
can have an effect on the pat ient 's waiting time and the resource utilization by com
paring different schedules . Resource sizing can improve waiting time by changing the 
number of beds, medical staff or operating rooms. Finally a change in the arrival rate 
of pat ients can be compared with a current arrival rate or an alternat ive patient arrival 
rate using the performance indicators. 

2.3 Optimization 

While hospitals use simulat ion models to compare the effect of changes within their 
system and process, they mostly compare different " what if' scenarios also known as 
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Simulation Optimization Methods 

Local optimization Global optimization 

Discrete Continuous 

1-----1 Small Set 1-----1 Stochastic Approximination 

Large or infinite Set ~--- Others 

Figure 2.1: Simulation optimization methods. 

scenario analysis. [Sei09] describes the challenges and opportunities for health care 
simula tion. and notes that health care simulation is used for more than 40 years but 
optimization is still aften done rnanually. [Carlü] compares different papers and groups 
them within different modeling and optimization techniques. This paper concludes 
that most papers are based on DES models combined with a scena rio analysis as an 
optimization tool. Running multiple sirnulations with some changes on the input vari
ables cannot be seen as proper optimization. [Haclü] explains system optimization as 
a structured approach to system design and configuration when analytical expressions 
for input / output relationships are unavailable . To optimize a process, a problern de
scription has to be defined ; [Haclü] defines a problern containing decision variables, an 
objective function and constraints. The paper gives multiple techniques for sirnulation 
optimization and gives examples of the application within inventory models, logistics 
and manufacturing systems. 

Figure 2.1 gives a number of groups and subgroups whereto multiple simulation opti
mization methods can be linked. Starting with the difference between local and global 
optimization. Local optimiza tion searches for the optima! set within preset conditions, 
considering: current input variables. and changes in the response. Commonly local 
minima or maxima are found. When the true global minimum or maximum is desired 
other techniques are considered which are not discussed in this review. A discrete set of 
variables can be seen as a set of variables that are preset and have to be compared with 
different combinations . When a small and finite number of sets is given then it can be 
compared with scenario analysis. selecting the best of a few alternatives. When more 
combinations are given different techniques are used to derive a subset of variables from 
the total set and reduce the total set until an optimal set of variables remains. 

A discrete set of parameters does not have to give the best optima! solution for the 
optimization problem . the chosen optimum gives the best response compared to the 
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response of the other given parameter sets. Continuous parameters can be adapted 
and set individua lly. any set or combination can be made within the domain of the 
optimization problem, making it possible to find the true optimum. Within optimization 
of continuous parameter sets , stochastic approximation receives the most attention in 
literature. Stochastic approximation is an iterative process of moving from one solution 
to another based on a direction pointed out by the gradient. 

2.4 Simulation optimization cases with a health care set
ting 

To describe the findings in the papers and the use of simulation and optimization 
techniques within a health care system. different papers t hat describe specific cases 
are found. 

[Rohlü] describes a case at the Mayo Clinic. The Mayo Clinic is known because of 
the use of simulation techniques to improve the health care they provide. The paper 
describes an outpatient department within the mayo clinic, patients arrive at for a 
treatment and do not stay overnight. There are four different groups of staff: Clinical 
assistants (CA). Licensed practical nurses (LPN). Physicians (P) and Nurse practi t ion
ers (NP). The P /NPs do much of the documentation work and consult the patients, 
while CA/ LPNs handle patient phone calls. schedule patients and do the check-in and 
check-out activities. The goal of the project was to find the best mix of staff within 
a care team. The simulation model was made with Arena software (Rockwell 2009) 
and consists of some major activities. The activities are, patient check in , rooming. 
pre-consult. consultation. post-consult. patient check out. To compare the results, some 
performance indicators are used; Number of patients waiting , patient waiting time, staff 
utilization . patient throughput and staff traveling dist ance. The final results shows a 
change of patient throughput for different team configurations and gives an optimal 
team configuration to achieve a maximum throughput. 

[Ram08] describes a case within a medical imaging center (MIC), with a goal to improve 
the waiting times and equipment rate of utilization at a research hospital in Chile. The 
major difference described in this paper is the use of a pull strategy instead of a push 
strategy. In traditional modeling, patients request different resources and wait in a 
queue if the resource is unavailable. This paper claims that most health care processes 
respond better to a pull modeling approach. In this case staff will call the patients. 
The MIC is modeled as a simple flow diagram containing some activities, reception, 
preparation room, examinat ion room, image printing and report generation. The model 
can simulate many different configuration sets; it is possible to select the number of 
rooms , number of dressing rooms and the walking distances between the room can be 
set. Seven different scenarios for the staff at the reception area were designed . The staff 
at the reception a rea are assigned to two specific tasks. Receptionists a re responsible 
for patient check-in and cashiers are responsible for the financial administration of the 
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patient . The goal is to find an optimal set of receptionists, cashiers and or a combination 
of staff that can be assigned to both tasks. The final conclusion is tha t with the same 
personnel and assigning both tasks to the personnel, a 35% decrease in the total waiting 
time could be achieved. 

[Baeül] describes a multi-objective case for a cancer treatment center. The paper 
presents a new methodology that is able to find stochastically a global optimum for 
a multi-response simulation optimization problem. The cancer t reatment center con
sists of multiple stages and multiple patient arrivals and exits. The model contains 
four different control variables: number of treatment chairs. number of drawing blood 
nurses. laboratory capacity, pharmacy capacity. The control variables are limited with 
an upper and lower bound. There are four objectives including minimization of waiting 
times and maximization of utilization of the multiple stages. The methodology used 
minimizes the objectives to their optimal values , and gives an optimal set of variables. 
This final set results in an outcome of the objective function 25% lower than the existing 
scenario. 

Finally [Ahm09] describes an emergency department in Kuwait . The goal is to opti
mize the number of resources based on the mean ftowtime of a patient . The emergency 
department has two ent rances for patients and contains receptionists. doctors, examina
tion rooms. lab technicians. emergency room nurses and treatment room nurses. Within 
the paper the total cost of the resources is bounded by a constraint. The hospita! layout 
and the patients path is described extensively, including process times and distributions 
per station. Based on the given data a similar model can be made. The Kuwait case is 
used within this report to create a model and will be optimized by a method described 
in this report. 
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Chapter 3 

Kuwait case 

The literature review described in the previous chapter considered an emergency de
partment that will be used as the main case within this project. Section 3.1 describes 
the major layout of the department and the patients treatment flow. In Section 3.2 
a ana lytical model is proposed able to approximate the patient flowtime as a function 
of the number of resources . The model can be used with continues design variables. 
Finally a numerical x-model is made in Section 3.4 which is analyzed at the end of the 
section. 

3.1 Case 

The case used to develop a correct optimization model is based on an emergency de
partment in Kuwait described by [Ahm09]. The process starts when patients arrive 
through the doors of the emergency department. Patients can arrive by ambulance or 
by own transportation. The pat ient arriving starts at the reception (R) and waits for 
availability of an examination room (X) in buffer (P). Patients who arrive by ambulance 
directly go to the emergency room (E) when it is available. A doctor checks the patient 
within an examination room (X) and decides the path for the patient. Patients are 
grouped within four categories , the first three category patients arrive at the reception. 
the fourth category patients arrive by ambulance: 

1. Critical patients ( 40%). 

2. Non critical patients with a minor treatment (40%). 

3. Non critical patients without treatment , only medication is needed (20%). 

4. Critical patients arriving by ambulance (2 [pat/hl) . 

13 
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Figure 3.1: Kuwait case. 

The arrival rate of regular patients is based on a Poisson process with a mean arrival rate 
of 6.23 [pat / h] (Figure 3.6(a )). Based on these ca tegories it is possible to distinguish 
the specific path of a patient. Within the examination room. the doctor decides if the 
patient needs further tests. such as X-rays or clinical lab tests . or sends the patient to 
the final treatment stage in the department . 50% of the patients in the examination 
room needs an extra test . and will continue visiting a lab technician (L) and return in 
buffer P to wait for a reexamination in the examination room (X) . The pa th continues to 
the emergency room (E) for category 1 patients . to the treatment room (T) for category 
2 patients . Category 3 patients receive medication and leave the emergency department 
directly (0) . Within the emergency room. the patient is treated by emergency nurses 
and sometimes a doctor from the examination room. The doctor is called from a doctor 
waiting room (W) , and patients in need fora doctor are served based on First Come First 
Serve (FCFS) method. After the emergency treatment . t he doctor becomes available 
again. Figure 3.4 gives a visual representation of the patient paths as described. 

3.2 Analytica! model 

The Kuwait case can be modeled in many different ways, for example with an analytical 
queuing approach. For this case the mean flowtime per patient is used as an output 
variable as a function of the number of resources; these resources a re the number of 
doctors , nurses, lab technicians and receptionists . An analytical flow time approach 
described in [Hop08] is used to model the case and can handle the stochastic arrival 
rate and process times . 



3.2. Analytica] model 15 

3.2.1 Queuing approximations 

An emergency department can be modeled as a manufacturing queuing model. Man
ufacturing processes have stochastic inter arrival rates and process times of products , 
similar to the Kuwait case where the pat ients are modeled as products and the number 
of resources represent the number of machines. Both cases have stochastic arrival rates 
and lots are processed in a stochastic process time. 

Queuing relations for a machine workstation 

A basic manufacturing queuing model is used to calculate the mean flowtime as a 
function of the arrival rate and the process time. Both terms are characterized by 
a distribution. with a mean and a coefficient of variation. Figure 3.2 illustrates a 
single machine workstation with an infinite buffer capacity. The rnean flow time can be 
calculated using the Kingman equation , see [Hop08] and [Roo07]. 

Herein, u is the utilization of the workstation defined by: 

to 
U = -

ta 

The squared arrival coefficient of variation equals : 

(3.1) 

(3.2) 

(3.3) 

With t~. the mean arrival time and a~ the standard deviation on the mean arrival time. 
Similarly the squared process coefficient of variation is calculated: 

a2 
( ,2 - _Q ,o - 2 

to 
(3.4) 

The squared departure coefficient is estimated using the workstations utilizat ion and 
squared coefficients: 

(3.5) 

The output. mean flowtime , is defined as the time of arrival in the infinite buffer up 
unt il the departure out of the system after treatment and is a function of the number 
of machines. 

Using (3.1) the flowtime is calculated for a single machine. The goal is to model a 
system with multiple parallel resources. Figure 3.3 shows a workstation of an infinite 
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0 
Figure 3.2: Detailed process step, a single machine workstation. 

buffer and m parallel machines; a patient arrives in a waiting room, the infinite buffer , 
and waits for the first available doctor to be processed. (3.6) is used to calculate the 
flowtime for a workstation with m parallel and identical machines . 

(3.6) 

to 
'U=--

m·ta 
(3.7) 

An approximation for the variability factor becomes: 

(3.8) 

G 

Figure 3.3: Detailed process step, a process can consist of m identical parallel processes 

Queuing relations for a machine network 

By linking single and multi machine workst ations together it is possible to model a 
manufacturing line. With this model the tota l mean flowtime is calculated by taking the 
sum of all approximated flow times of all individual workstations. The throughput and 
coefficient of departure of a machine are respectively the arrival rate and coefficient of 
arrival for the next workstation. The patient flow in the Kuwait emergency department 
illustrated in Figure 3.1 is modeled and an abstraction of the model is visualized in 
Figure 3.4. 
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Figure 3.4: Visual representation of the patient flow in an emergency department. 

Patients arrive from 11 with mean 6.23 [pat/h] based on a Poisson distribution given 
in Figure 3.6 and are sent to reception R. Workstation R consists of an infinite buffer 
combined with r identical parallel receptionists. and is modeled as described in the pre
vious section. After being processed in R the patient continues its path to workstation 
X . where an examination takes place . In X it is decided whether an extra test in Lab 
L combined with a re-examinat ion is needed , or the path c:ontinues to the emergenc:y 
room E, treatment room Tor direc:tly to the exit 0. From workstat ion X 50% of the 
patients is sent to L. 20% is sent to emergenc:y department E. another 20% to treatment 
room T, and the final 10% leaves the system direc:tly. 

Figure 3.1 shows that patients return to X after being treated in L. The analytica! 
model depicted in Figure 3.4 shows a separate proc:ess XL ; this workstation is used 
for re-examination and implemented bec:ause the analytica! model c:annot approximate 
the flowtime for both separate proc:esses when c:ombined in one proc:ess . That is, the 
treatment in the re-examination process XL takes less time on average than the first 
examination in X . 

Patients proc:essed in L and re-examined in XL. are distributed to workstations E. T 
and exit O respectively 40%, 40% and 20% of the patients in XL. In total this means: 
40% of the pa tients passed E, 40% passed T and the last 20% left the system direc:t ly 
after an examination or re-examination. 

Besides the previously desc:ribed patient arrival at workstation E from X and XL , the 
workstation also rec:eives the ambulance patient arrival from h- The ambulance arrival 
rate is desc:ribed by a Poisson distribution with ,\ = 2 [pat/h]. 
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Splitting and merging can occur withing manufacturing lines before and after a process. 
As described the patient flow is split after processes X and XL , while some other flows 
are merged in E and T. All the separate flows are merged into a single arrival flow 
before a process and the departure flow will be split into multiple flows toward the next 
processes. The arrival and departure rates and coefficients of variation for these new 
processes are calculated using an approach described in [Gra93]. 
For splitting a flow into k different flows we have [Gra93]: 

Ài ÀPi 

k 

LPi 100% 
i=I 

(3.9) 

(3.10) 

Herein , Pi is the percentage of the total output À directed to path i where i = 1, ... , k. 
The coefficient of variation is described by: 

2 2 
ei = Pi c + 1 - Pi 

For merging flows the new total arrival rate is given by: 

k 

À= :I:Ài 
i = l 

And the coefficient of variation is approximated by [Gra93]: 

with 

w 

1/ 

[1 + 4(1 - u)2(v - l)t 1 

[:I:(À/ L Ài)2]-l 

(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

Knowing the percentages and flows of patients going from a process to another process 
enable to calculate the arrival rate and approximate the coefficient of variation for each 
flow. 

3.3 Analytical results 

As an example the flowtime for process E with m = 9 [nurses] is approximated, this 
process is used because the arrival flows from the previous processes are split and need 
to be merged into one incoming flow. The approximation of the flowtime for all other 
processes is similar. 
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Figure 3.5: Example process E. 

Figure 3.5 only shows all the processes which are linked with process E. It is visible 
that the sub-flows a and b need to be calculated from the total departure flows from 
the processes X and XL. The total departure flow from X is known. with ,,\ = 6.23 , 
cj = 0.84 and also known is that 20% of the patients is directed toward process E. From 
this ,,\X -+E = 0.2 · 6.23 = 1.25 [pat / h] and c} -+E = 0.2 · 0.84 + 1 - 0.2 = 0.97. The same 
equations are applied on the departure flow from XL which gives ,,\x L-+ E = 1.25 [pat/h] 
and c} L-+E = 0.84. 

To calculate the flowtime in process E all incoming flows need to be merged into one 
arrival flow. The flows from X and XL to E are calculated above and the ambulance 
arrival h is a known Poisson distribution with ,,\/2 -E = 2.0 (Figure 3.6(a)) and c7

2
-+E = 

1.0. this merges to a total arrival flow: 

l/ 

u 

w 

1.25 + 1.25 + 2.0 = 4.5 [pat/h] 

[
1.25 2 1.25 2 2.0. 2]-l - +- +- =2.84 
4.5 4.5 4.5 

90 
9-60/ 4.5 = 

0
·
75 

[1 + 4(1 - 0.75) 2 · (2.84 - l)] - 1 = 0.68 

0.68 · - · 0.97 + - · 0.84 + - · 1.0 + 1 - 0.68 = 0.96 [ 
1.25 1.25 2.0 ] 
4.5 4.5 4.5 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

Since all incoming flows are specified and merged into one arrival flow it is possible 
to approximate the flowtime for workstation E, using the merged arrival rate ,,\ and 
merged arrival coefficient of variation c; . 

With E consisting of m = 9 [nurses] and the treatment time modeled with an uniform 
distribution with 60 [min] and 120 [min] as respectively lower bound and upper bound 
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(Figure 3.6(b) ), we obtain: 
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Figure 3.6: Arrival and process time distributions for h and E. 

(3.21) 

(3.22) 

(3 .23) 

(3 .24) 

The same approximations are executed on all the separate processes using (3.6) com
bined with the approximations for splitted or merged flows. For the calculation of 
the total flowtime for all separate processes the number of resources are set to: R = 
2 [receptionists]. X = 4 [doctors], XL = 2 [doctors] , L = 3 [lab technicians], E = 
9 [Emergency nurses] and T = 3 [treatmentroom nurses]. this results in the approxi
mated flowtimes presented in Table 3.1. All the specific process time distributions with 
their lower and upper bound are added to Table 3.1 

3.3 .1 Analytica! approach per patient path and results 

Figure 3.4 and the patient categories make it possible to define the patient paths per 
pat ient type which are presented in Table 3.2 . When for each process the mean flowtime 
is approximated then the sum of all separate flow times equals the total flowtime a 
patient will be in the emergency department. 

The combination of the path per category and the flowtime per process gives the mean 
patient flowtime. Column 'P in Table 3.3 is the total flowtime a patient spends within 
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Table 3.1: Flowtimes per workstation. 
Process R X XL 

# resources 2 4 3 
Process time uniform(5.10) uniform(l0 ,20) uniform(7J2) 

Flowtime [min] 8.98 15.69 10.20 

Process L E T 
# resources 2 9 6 

Process time triangle(l0,20,30) uniform(60 ,120) uniform(20,30) 
F lowtime [min] 21.31 103.05 25.04 

Table 3.2: Patient path 
! Lab visit ! R I X ! L I XL I E I T 

Catl No lab X X X 

Lab X X X X X 

Cat2 No lab X X X 

Lab X X X X X 

Cat3 No lab X X 

Lab X X X X 

Cat4 X 

the emergency department. per category all visited process times are combined. The 
factor represents the distribution of the categories based on the arrival rate and is used 
to calculate the weighted mean flowtime. 

Above. the mean flowtime per patient is calculated for only one specific set of resources. 
A change in the number of resources or in the patients arrival rate will have an immediate 
effect on the flowtime per workstation and so on the mean flowtime per patient. This 
is because both a high arrival rate À or a low number of machines ( m) result in a high 
utilization factor u = to/(m· ta)- with ta = 60/ À. In Figure 3.7(a) the arrival rate Ii 
is increased from À = 1, . .. , 10; the figure shows the flowtime in workstation E as a 
function of its utilization u = to/(m· ta)-

The flowtime also changes when the number of machines within the workstation changes. 
In Figure 3.7(6) the number of machines m = 7, ... , 15 is changed in workstation E. 
In the optimization step. the number of machines is changed to find the optimal set of 
resources for as a function of the flowtime. This analytica! model will be used within 
the response surface optimization method described in Chapter 4. 
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Table 3.3: F lowtime per category. 
p [min] factor 

CATl Lab visit 159.24 0.15 
No lab visit 127.73 0.15 

CAT2 Lab visit 82.92 0.15 
No lab visit 51.41 0. 15 

CAT3 Lab visit 56.18 0.08 
No lab visit 24.68 0.08 

CAT4 103.05 0.24 
Weighted mean 94.95 1.00 

300 300 

.5 
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0.4 0.6 0.8 1 8 10 12 14 

u 
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Figure 3.7: </> as in E as a function of u( ,\) and m . 
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Figure 3.8: Visual representation of the patient flow in an emergency department. 

3.4 Discrete-event simulation model 

The Kuwait case is also modeled as a discrete-event model using the x -language. The 
model is given by Figure 3.8. It is based on the main process as described in Chapter 2. 
Each workstation is modeled separately and are linked to other workstations by channels 
a, ... , g . Trough channels patients. doctors or data between the different workstations 
can be sent and received. For each patient in the system data is stored : 

type pat= ( ID-number, Entrance time, Patients Category 
, Lab visit, [process times] 
) 

Each patient bas an unique ID number and the patients injury is set based on the 
categories as described in Section 3.1. The entrance time is set and the lab visit is 
initially set 'False', finally a list will be updated after each treatment in a workstation 
with is current time. 

The main model given by x l connects all the subprocesses, defines the channel names 
between the subprocesses and set a number of variables to their initial va lues . Trough 
channels a, . .. , g patients are sent from a workstation to another as visualized in Figure 
3.8. Trough channel pE and pX doctors are sent from waiting room W to respectively 
E or X. af ter a request is received from channels r or s . When a doctor finished the 
t reatment of a patient it is sent back to W trough channel q. 
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The initia! system settings that are set in advance are the upper and lower bounds of 
t he process t imes in t he workstations. To start the model some input variables are 
set: rmmR, numM, numX. numL, numE, numT are the number of resources for 
each workstation for example receptionists and doctors. S1 sets the number of patients 
needed to initialize the system to a steady st ate , S2 is the upper bound which terminates 
t he simulation aft er a number of patients has been treated. 

type pat= (nat,real,nat,bool,[real]) 

model Sys(val numR, numM, numX, numL, numE, numT: nat, S1,S2,S3: nat)= 
1 [ chan a,b,c,d,e,f,g: pat 

11 

11 

, pE,pX: 51 # void 

' q: void 

' 
r,s: nat 

var uaR: real = 5 . 0 
uaX1: real 10.0 
uaX2: real = 7.0 
uaL: real = 10.0 
uaE: real = 60 . 0 
uaî : real = 20.0 

In(a) 11 Ia(e) 
BNC(a,b,uaR,ubR,numR) 
P (b, c) 

ubR : real 
ubX1: real 
ubX2: real 
ubL : real 
ubE: real 
ubî: real 

= 10.0 
20.0 
12 . 0 

= 20.0 , ucL: real= 30 . 0 
120.0 

= 30.0 

11 XComp(c,d,e,f,g,pX,q,r,uaX1,ubX1,uaX2,ubX2,numX) 
II BNL(d,b,uaL,ubL,ucL,numL) 
II BNE(e,g,pE,q,s,uaE,ubE,numE) 
II BNC(f,g,uaT,ubT,numT) 
11 W(pX,pE,r,s,q,numM) 
11 D(g,S1,S2 
J 1 

x 1: chi test example 

In x l all separate workstations are linked by external channels as visualized in Figure 
3.8. Each workstation is modeled as a subprocess which is explained in the next section. 

3.4.1 Modeled workstations 

Processes In , Ia represent the arrival processes, respectively the normal arrival and the 
ambulance arrival. BNC, BN L and BN E are processes that consists of an infinite 
buffer linked to a number parallel machines. P is the pa tients waiting area t hat is 
linked to X the subprocess that represents the (re-)examination rooms. P rocess W is 
the doctors waiting area and O is the patients exit process. 
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Patient arrival 

The two patients arrival streams are modeled by means of two separate processes: In 
and I a. The nonna! patient arrival In includes tree types of patients which are sent to 
R with a Poisson distributed arrival rate with ,\ = 6.23 [pat / h] . 
The ambulance patient arrival Ia only has patients of category 4 which arrive at a rate 
,\ = 2.0 [pat/h]. 
Process In can generate three type of patients . The choice of the patients category 
is based on a uniform distribution u that chooses the category from t uple c. Tuple c 
contains the t hree categories in the correct distribution of patients ( 40% category 1. 
40% category 2. 20% category 3). When the patient is sent a sample is taken from a 
Poisson distribution and used to calculate the delay t ime ta. A sample l = 0 [pat/h] 
will result in an infinite delay, to prevent the infinite delay. ta is limited to one hour 
(ta = 60.0 [min]) . Process In is given in x2. Process Ia is modeled similarly, the 
difference is it can only generate patients of category 4. The difference excludes c and 
the sample u and sets variable c.k to statie value 4. 

proc In(chan a!: pat)= 
1 [ var i: nat= 1, cat: nat 

, ta: real 

J 1 

, c: 10 * nat = < 1, 1, 1, 1, 2, 2, 2, 2, 3, 3 > 
u : ->nat= uniform(0,10), k: nat 
v : ->nat= poisson(6.23), 1: nat 

*( k:= sample u 

) 

a! (i,time,c.k,false, []) 
1 := sample v 
( 1 > 0 -> ta:= 60.0 / 1 
1 1 0 -> ta:= 60.0 
) 

delay ta; i : = i + 1 

x 2: Normal patient arrival 

Reception, Lab technician and Treatment room 

The three processes reception R. lab technician L and treatment room T are almost 
similar to each other. Processes R and T are both based on a uniformly distributed 
process t ime and differ in the lower and upper bound settings and the number of ma
chines . Process L has a triangularly distributed process t ime and differs from R and 
T while in genera! the other statements and structure. except for the process 's initia! 
settings. are similar. 
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All processes R , L , and T consists of a infinite buffer E that receives patients from a 
precious process , and sends pat ients toa component Camp. These components can be 
a receptionist , a lab technician or a treatment room nurse; these components are able 
to receive a patient , treat t he patient and sent the patient to a next process. Process 
ENC in x3 defines t he main settings of the process , and connect s one buffer E to the 
treatment processes N Camp. 

Within process NCamp multiple parallel components Camp are inst antia ted. When in 
process Camp the condition cand = true it can receive patients from the buffer, and 
subsequently treat the pa tient for a time based on a sample from distribution 11, and 
sent the patient to the next process. When cand = f al se the component will black at 
that statement and so it is excluded from treating patients. The condition cand result s 
in a number of active components C omp given by value N. 

The sample of a uniform distribution is based on a lower and upper bound set by two 
variables 'Ua , ub. These variables are defined in the main model, where L is based on a 
triangular distribution and needs tree variables: ua, ub, uc. respectively the lower bound, 
the mean, and the upper bound. Processes Rand T use x -model ENG and process L 
uses x-model EN L with exactly the same structure and differs in the used distribution 
with t ree predefined varia bles instead of two. 

proc BNC(chan a?,b,: pat, val ua,ub: real, N: nat)= 
1 [ chan c: pat : : B(a,c) 11 NCornp(c,b,ua,ub,N) 
] 1 

proc NComp(chan a?,b!: pat, val ua,ub:real, N: nat)= 
1 [ ( 11, j <- 0 .. 50, Cornp(a,b,ua,ub, j <= N) ) ] 1 

proc Cornp(chan a?,b!: pat, val ua,ub: real, cond: bool) 
1 [ var u: ->real= uniforrn(ua,ub), t: real, x : pat 

cond -> skip 
*( a?x; x.4:= x.4 ++ [time]; t:= sample u; delay t; b!x) 

] 1 

X 3: Basic process 

Infinite buffer , as specified in x4 receives patients from a previous process , adds the 
arrival time in the buffer to the patients dat a and places the patient in list x s. When 
a patient is stored in xs then (l en(xs ) > 0) = true and one of the components is able 
to receive a patient then the first patient in x s is sent to the first idle Camp. The first 
patient is the patient that arrived first and has the longest waiting time, also known as 
First In First Out (FIFO). 
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proc B(chan a? ,b! : pat ) = 
1 [ var xs: [pat] = [] , x: pat 

] 1 

*( a?x; x .4 := x .4 ++ [time] ; xs := xs ++ [x] 
1 len (xs ) > 0 -> b!hd(xs); xs:= tl(xs) 
) 

X 4: Basic buffer 

Buffer P 

Buffer P receives patients from the reception Rand patients who visited a lab technician 
in L. The buffer consists out of three separate waiting lines: 

• xs. for patients of category 2 and 3 regardless of a lab visit. 

• ys . for patients of category 1 without a lab visit. 

• zs. for patients of category 1 t hat already visited a lab technician. 

T he patient flow is controlled by urgency: patients of category 1 are more urgent com
pared to patients of category 2 and 3. Category 1 patients that visited L have the first 
priority fora re-examination in X. Buffer Pis given in x5. Buffer P receives a patient 
and adds it into a list based on t he specifications as described above. When a list is non
empty then the process is also able to sent the patient toward an idle (re-)examinat ion 
room X. 

proc P(chan a? ,b! : pat) = 
1 [ var xs: [pat] = [], x : pat 

' 
ys : [pat] = [], y : pat 

' 
zs: [pat] = [], z : pat 

* ( a?x ; x. 4 := x .4 ++ [time] 
( x .2 = 1 and x .3 -> zs := zs ++ [x] 
1 x .2 = 1 and not x.3 -> ys := ys ++ [x] 
1 x.2 > 1 -> xs := xs ++ [x] 
) 

1 len(zs) > 0 - > b!hd(zs) ; zs:= tl(zs) 
1 len(zs) = 0 and len(ys) > 0 -> b!hd (ys) ; ys := tl (ys) 
1 len(zs) = 0 and len(ys) = 0 and len(xs) > 0 -> b!hd(xs ); xs := tl(xs) 
) 

J 1 

X 5: Buffer P 
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Examination and re-examination 

The examination room XComp is slightly different from the previously described pro
cesses BNC. The main structure is similar: the process X camp consists of multiple par
allel components X , that receive patients from buffer P. When component X , as given 
in x6, receives a patient and a request for a doctor is sent to process W trough channel 
r. When the doctor arrives trough channel pX, the examination or re-examination is 
started. In case of an examination, :r:.3 = f alse , the patient is treated with a uniformly 
distributed process time v with ual, ubl as upper and lower bounds. After the treat
ment a decision is made whether or not the patient needs to visit a lab technician by 
taking a sample from y, the patients da ta is updated :r:.3 = sampley. If x.3 = true the 
patient is sent to the lab technician ; if x .3 = f alse the patient continues its path in 
accordance with the patients category x. 2. Based on the category the patient can be 
sent to process E , T or 0. If the patient has been examined before then the patients 
data is updated .T.3 = true in the earlier examination stage. So for a re-examination , 
x .3 = true when the patient enters process X. Now the patient is treated with another 
shorter mean process time, based on a uniform distribution w with ua2, ub2 as upper 
and lower bounds. After each trea tment the doctor is sent back to waiting area W 
trough channel q. 

Emergency room 

Process EN E. as given in x7 consists of an infinite buffer B, as given in x4, which 
receives patients from subprocess X and from the ambulance arrival Ia, Multiple par
allel components Ecomp are instantiated by process E. Process Ecomp describes the 
treatment process of a patient. When a patient is sent to an idle emergency room the 
consideration is made if a doctor doe = true is needed. The choice for a doctor is 
based on a Bernoulli distribution where 50% of the patients need a doctor. In case a 
doctor is needed a request is sent to W using channel s and the doctor received trough 
channel pE. The treatment time is based on a uniform distribution u and can start 
directly when the doctor has arrived. When no doctor is needed the treatment starts 
immediately. Af ter each treatment the doctor is sent back to W using channel q , and 
the patient is sent to the exit process 0. 

Doctors waiting room 

The doctors waiting room W is modeled in x8 and distributes the doctors among the 
(re-) examination rooms X and the emergency rooms E. The process receives a request 
from X or E trough respectively channels r and s; the request is stored in a list dr or 
ds , respectively. The number of doctors waiting in W is set by variable m. From each 
received request the specific process and component is known. If m > 0 and one of the 
request lists contain a request then a doctor is sent to that specific component. If both 
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proc X( chan a?,b!,c!,d!,e!: pat, chan p?, q!: void, r! : nat 
, val ua1,ub1,ua2,ub2: real, j: nat, N: nat)= 

1 [ var t: real, x: pat 

] 1 

v: -> real uniform(ua1,ub1) 
w: -> real 
y: -> bool 

j < N -> skip 
*( a?x ; x .4:= 

r!j; p? 
( not x . 3 

( 

1 not 
( 

1 

1 

) 

) 

uniform(ua2,ub2) 
bernoulli(0.5) 

x. 4 ++ [time] 

-> x.3 : = sample y ; t:= sample v; delay t; q! 
x . 3 -> b!x 
x . 3 
x.2 
x.2 
x.2 

-> skip 
= 1 -> c!x 
= 2 -> d!x 
= 3 -> e!x 

x.3 
( 

-> t:= sample w; delay t ; q! 
x.2 = 1 -> c~x 

) 

) 

1 

1 

) 

x.2 = 2 -> d!x 
x. 2 3 -> e!x 

X 6: (Re)-examination process 

29 
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proe BNE( ehan a?,b! : pat, p? : 51 # void ,q!: void, r!: nat 
, val ua,ub: real, numE: nat)= 

1 [ ehan e: pat : : B(a,e) 11 E(e,b,p,q,r,ua,ub,numE) ] 1 

proe E( ehan a?,b!: pat, p?: 51 # void, q!: void, r!: nat 
, val ua,ub: real, numE : nat)= 

1 [ ( 11, j <- 0 .. 50, Eeomp(a,b,p.j ,q,r,ua,ub,j ,numE) ) ] 1 

proc Eeomp(ehan a?,b!: pat, p?,q!: void, r!: nat, val ua,ub: real, j,N: nat) 
1 [ var u : ->real= uniform(ua,ub) 

v : -> bool = bernoulli(0.5) 
t : real, x : pat 

, doe : bool 
j < N -> skip 
*( a?x; x.4:= x.4 ++ [time]; doe := sample v 

( doe-> r!j; p?; t := sample u; delay t; q! 
1 not doe-> t:= sample u; delay t 
) 

b!x 
) 

] 1 

X 7: Emergency room 
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lists contain requests for a doctor then E has the first priority. After each treatment in 
X and E the doctor is sent back trough channel q. and counter m will be updated . 

proc W(chan pX,pE: 51 # void, r?,s?: nat, q?: void, val numM: nat)= 
1 [ var m: nat= numM, dr,ds: [nat], k: nat 

J 1 

*( r?k; dr:= dr ++ [kJ 
1 s?k; ds:= ds ++ [k] 
1 m > 0 and len(dr) + len(ds) > 0 -> skip 

( len(ds) > 0 -> pE.hd(ds)!; ds:= tl(ds) 
1 len(ds) = 0 -> pX.hd(dr)!; dr:= tl(dr) 
) 

m:= m - 1 
1 q?; m:= m + 1 
) 

x 8: Emergency room 

Exit 

Finally all patients will leave the system in the final exit process. given in x9. Parameters 
S1 and S2 set the limits for the dat a gathering: Sl is the number of pa tients in the 
warmup period , and S2 is the total number of patients in a simulation run. Both 
parameters will be statistically determined in the next section. The data which is 
st ored for each patient in x is saved, and can be used for further analysis. Per patient 
its category, its path and all separate process times are known. 

proc O(chan a?: pat, val S1,S2: nat)= 
1 [ var i: nat= 0, x: pat 

J 1 

i < S1 *> (a?x; i:= i + 1) 
i < S2 *> ( a?x; i:= i + 1; x.4:= x.4 ++ [time] ) 
delay -1.0 

X 9: Exit process 

3.5 Statistica! analysis 

The discrete event model described in the previous section is analyzed and verified to 
be able to compare different simulation set ups . From the dat a output it is possible 
to calculate the flowtime per patient and the mean waiting and processing times per 
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process for a patient. To draw conclusions on the output data an estimation of the 
true model characteristics in steady state is preferred. This estimation depends on the 
warmup period l the run length m and the number of simulation replicas n. Parameters 
l can be determined using Welch's Theory, while m and n are determined using a 
replication or batch approach all described in [Kel00]. 

Warmup period 

To determine the lengt h of the warm-up period l , Welch 's theory is used which follows 
four steps: 

1. Make n replications of the same simulation (n > 5), each of length m . Let 
observation ½i be the ith observation from the jth replication (j = 1, ... , n ; 
i=l, .. . ,m). 

n 

L Yji 

2. Let Y; 1=~ for i = 1, ... , m. This means Y; will be the mean of the i t h 

observation over all the n replications. 

3. The goal is to h ave a smooth and steady moving average. This can be satisfied 
using (3.25) , the function fil ters the high frequency oscillations while leaving the 
low-frequency oscillations or trends intact . The moving average as defined in 
(3.25) uses a window w ~ m/4. When i > w the average is calculated over t he all 
the observations within window w, with observation i as the center point in the 
window. It is called moving average since i moves trough the set of observations . 

4. Plot Y;(w) for i = 1, ... , m - w and check whether the moving average smoothes 
out the high frequency oscillations and converges to a steady mean. Increase 
w ~ m/ 4 when high frequency oscillations are still visible. Choose l t o be the 
value where the plot appears to be converged . 

Y(w) = 

S=-W 

2w+ 1 
i-1 

I: Y;+s 
s=-(i-1) 

2i - 1 

if i = w + 1, ... , m - w 

(3.25) 

if i =l , ... ,w 

Figure 3.9 illustrates the outcome of the rnoving average calculated over 9 simulation 
replications with m = 95000. The simulation variables are set with: R = 2, M = 6, 
X = 1, L = 3, E = 7, T = 3. The chosen warmup length is visualized with a red line 
at l = 104 [patients]. 
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Figure 3.9: Moving average ft(w) with m = 95000,n = 9,w = 10000. 

B atch means 

Estimating the mean of a simulation run within a specified confidence interval can be 
done in several ways. The replication/deletion approach is based on several 'short ' simu
lation replications with the same parameter settings. The warmup period l , determined 
using the Welch approach described in the previous section , is deleted from the total 
simulation data set. For every simulation run the mean flowtime is calculated: 

m 

I: } ' j i 
i = l+l 

m-l for _j = 1, .. . , n 
(3.26) 

From the total number of simulation runs a mean flowtime is calculated with a certain 
confidence interval. The confidence interval equation (3.27) can be used if the set of 
X/s is normally distributed. A t -test confirms a normal distributed set and this let us 
use: 

- ✓ S2 (n) 
X(n) ± tn-1 ,1-a/ 2 -n- (3.27) 

with: 

X(n) 
n 

(3 .28) 

n 2 
L [XJ - X(n)] 

i = l 

n-1 
(3.29) 

The term tn - I , I -a / 2 is a nonnal critica! point based on the standard nonnal distribution, 
with n the number of simulation replications and the critica! region defined by o = 0.05. 
When nis increased then tn - l,l -a/2 will decrease and will narrow the confidence interval. 
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Figure 3.10: Minimum value of Pearson 's correlation coefficient. 

The batch means method is another approach to estimat e the mean of a simulation 
run. The advantage of this approach compared to t he replication/ deletion approach is 
the number of simulation replications n . Batch means is based on one 'long' simulation 
run and has to delete it s warmup period only once. Again the first l observations will 
be deleted. The resulting m observations will be divided into n batches of length k 
( assume that m = nk). The mean is calculated for each bat ch separately, similar to t he 
replication/ deletion approach where all the means per simulation are calculated: 

for b = 1, . .. , n 
(3.30) 

To use this approach in a correct way k has to be large enough, such that the set of 
Xj ( k ) 's will be approximately uncorrelated and normally dis tri bu ted . The correlation 
of batches can be estimated using: 

n - j 

L [xb - X(n)] [xb+j - X(n)] 
' b= l cj = -------------

n - _j 
(3.31 ) 

With this equation the batches are evaluated and compared with each other. Where X i 
is the mean flowtime of individual ba tch b, X(n) the total mean over all n batches and 
_j the interval between the random batches tha t are considered to be correlated. The 
outcome, Pj, can indicate a positive correla tion Po,n < Pj < 1.0, a negative correlation 
- 1.0 < Pj < - Po,n or no correlation -po,n ::::; Pj ::::; PO,n · The factor Po,n indicates the 
value of Pearson's correlation coefficient that is significantly different from zero and is 
illustrated in Figure 3.10. 

In genera!, unbiased estimates of Pj will be difficult to obta in unless n is very large and _j 
is small relative to n. With this not iced two long simula tion runs with 1.8 · 106 patients 
are considered . The simulation runs a re divided in a number of batches and checked on 
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Figure 3.1 1: Batch mean correlation. 
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correlation and normal distributed Xj(k)'s. Batch sizes 5000, 10000, 15000, 20000, 25000 
are compared. 

A batch size with k = 15000 [patients] results in n = 119 batches and j = 0, ... , 20 
is used. The upper figure in Figure 3. 11 illustrates the correlation between the bathes 
with an interval j, the horizontal lines indicate the boundaries set by PO,n · For n = 119 
batches with a batch size k = 15000 [patients] no correlation is noticed while the lower 
figure illustrates that the X j(k)'s are still nonnally distributed. 

From this it is possible to use the confidence interval given by (3.27) for the batch means 
method. Instead of using the mean of the multiple replications now the mean per batch 
is used from (3.30). 

Summarized the replication and deletion approach is based on multiple 'short ' simula
tion runs where for each of them the data of the first l patients is deleted . The batch 
mean method is based on one 'long' simulation where the warmup period l is deleted 
and the rest is spli t into n batches. Both methods are visualized in Figure 3.12. For 
this model the batches are uncorrelated and still normally distributed , this indicates 
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Figure 3.13: Confidence interval vs # batches . 

that both methods can be used for a total mean flowtime calculation with a certain 
confidence interval. 

The batch means method is preferred and chosen above of the replication/ delet ion ap
proach. The warmup period l = 10000 is relatively large if compared with batch size 
m = k = 15000, this will benefit in the tot al simula tion time for a similar confidence in
terval. Figure 3.13 illustrat es t he mean ftowtime wit h its confidence interval for mult iple 
number of batches. The preferred confidence interval is based on the absolute error of 
1 % on the tot al mean flowtime. For n = 6 batches with k = 15000 patients a confidence 
interval wi t h ±0 .92 [min] is possible and good enough to analyze the simulation runs . 

For n = 15 batches with k = 30000 patients a confidence interval with ±1.03 [min] is 
possible and good enough to analyze sirnulation runs. 
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Figure 3.14: Throughput vs flowtime. 

3.6 Simulation results 

The numerical model enables us to simula te the emergency department and observe the 
data per patient . Similar to the analytical model it is possible to change the arrival rate 
or the number of resources per workstation and observe the effect on the total rnean 
flowtime cp . Multiple simulations are done with two receptionists (R = 2). six doctors 
(M = 6) , one (re-)examination room (X = 1). three lab technicians (L = 3). seven 
emergency room nurses (E = 7) , three treatment room nurses (T = 3) and a variable 
inter arrival rate À1 = 0.5 , 1.0, . . . , 8.5 [patients/ hour]. Figure 3.14 shows a steady mean 
flowtime for À1 '.S 6.23, and for >. 1 2: 6.23 the mean flowtime is raising rapidly. 

Different simulation runs are executed with a different number of resources. As an 
example. Figure 3.15 shows the mean flowtime as a result of a simulation with a changing 
number of doctors and emergency rooms. It is clearly visible that fora larger number of 
doctors and emergency rooms the flowtime becomes stable and approaches the minimal 
mean flowtime based on the process times. The flowtime fora lower number of doctors 
and emergency rooms is raising rapidly and will turn into an unstable system for lower 
numbers of these resources . An unstable system is defined as a system that is processing 
at a lower processing rate than the arrival rate . This causes infinite long waiting times 
for patients in a buffer and so an infinite flowtime . In the illustrations the impact on 
the mean flowtime is visualized for two variables. As can be imagined all six variables 
can be changed and will have a similar effect on the mean flowtime. When the number 
of a specific resource is increased the flowtime will drop and finally approach the mean 
process t ime, and at a decrease of a resource the flowtime will increase rapidly. 
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Chapter 4 

Response surface method (RSM) 

This chapter describes the basic elements of the RSM approach and combines them into 
a working iterative optimization model. Section 4.1 gives the main principles of the 
RSM approach. Within RSM. a regression model based on the simulation responses is 
created; this is explained in Section 4.2. The regression model is tested on accurateness. 
This is done using an Analysis of Variance desc:ribed in Section 4.3. With the acc:epted 
submodel a search direction is determined in Section 4.4 and a step is t aken toward a 
new possible optimum. The option of inc:luding a boundary on the variables is discussed 
in Section 4.5. Finally the complete RSM method is summarized in Section 4.6. 

4.1 Classic RSM 

Response surface methodology (RSM) is a method that uses statistica! and mathemat
ica! techniques and is useful for optimizing processes. RSM is used in situations where 
a performance measure needs to be optimized tha t depends on several input variables. 
The performance measure is called the response whic:h is based on the input variables 
which are subject to the control of an engineer, scientist or planner. Figure 4.1 shows 
graphic:ally the relationship between f as a func:tion of two variables named x 1 and x 2. 

The optimization problem is given by: 

Üptimizing this graphical problem is very straightforward , note that the function value 
of f is minimized in x 1 = 3 and :r:2 = 5. Unfortunately, in most practical situations 
t he true response func t ion is unknown. RSM consists of a strategy to approximate the 
response as a function of the input variables. 

The RSM method contains a number of steps to determine the optimum. Phase one of 
RSM uses a first order model and an optimization technique c:alled method of steepest 
ascent departing from an initial design point. The steepest asc:ent method indicates a 

39 



40 Chapter 4. R esponse surface m ethod (RSM) 

70 Il 
60 80 f 
50 60 

40 ; 40 

~ 30 20 

10 

20 0 
10 

10 
0 0 2 4 6 8 10 x, 

(a) contour plot (b ) 3D plot 

Figure 4.1: Theoretica! response surface wit h :r 1 and x2 as input variables. 

direc:tion for a line search from the initia! design point toward the optimum. Phase two 
st arts near the optimum; at this point a more accurate second-order model is used to 
model curvature . With the second-order model it is possible to narrow down the region 
size and accura tely analyze t he optimum conditions. The steps in the RSM method 
a re process are based on input variables within the operability region. In Figure 4.l(a ) 
the operability region is 0 S :r:1 S 10 and 0 S x2 S 10. It is unlikely to explore each 
possible combination of input variables in the entire region , instead a region of interest 
which contains a minimal number of responses is used. It is possible to create a large 
region of interest or to create a relative small region of interest ; t he black box in Figure 
4.l (a) visualizes a region of interest. The region of interest is chosen around a design 
point and can give an indication of the direction toward the opt imum. 

4.2 Linear regress1on 

The true response function between the input variables and the response is unknown; 
an approximation model based on the observed dat a is needed. Multiple regression is a 
collection of statistica! techniques that can be used to build a model required in RSM. 

4 .2.1 N atural v s Co ded variables 

In genera! a RSM optimization starts with a response y that depends on a number of 
cont rollable input variables ç1,6 , .. . , Çk - The rela tionship is given in (4. 1) , the true 
response f is unknown , and E represents a variability term that includes measurement 
error, noise and the effect of other va ria bles not t aken into account in f . The so called 
natura! variables çi , 6 , . .. , Çk are expressed in the natura! uni ts of measurement , for 
example degrees Celsius [°C], speed in [m/ s] or arrival rate [units/ min]. Within RSM 
it is convenient to t ransform the variables into dimensionless coded variables. Coded 
variables scale the input variables on a scale from -1, . .. , + 1, [Mye95] proposes a widely 
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Table 4.1: Transformation from natura! variables to coded variables . 
observation j 6 6 X 1 x2 

1 195 4.0 -1 -1 
2 255 4.3 1 -0.166 
3 225 4.72 0 1 
4 255 4. 7 1 0.944 
5 230 4.2 0.167 -0.444 

used coding scheme (4.2) . Table 4.1 shows an example of two natura! input variables 
çi, 6 c:onverted into coded varia bles X1 , x 2. 

y 

4.2.2 Regression 

/(ç1, ç2 ,- ·-,çk) +E 
Çij - [max(f,i) + min(f,i)] / 2 

[max(f,i) - m in (f,i)] / 2 

( 4.1) 

(4.2) 

( 4.3) 

Model ( 4.3) is called a linear regression model , where response variable y may depend on 
2 input variables. also known as regressor variables (4.3). The parameters /31, j = 0, l , 2 
are called the regression coefficients. In genera! any regression model that is linear in 
the paramet ers (/31) is a linear regression model. Consider the second-order model with 
two variables: 

( 4.4) 

(4.5) 

which is still a linear model. RSM st arts with a first-order model, also called the main 
effects model. The final parameter E represents the variability a result of the stoc:hastic 
effects in the model. This variability term is assumed to have a mean of zero E(E) = 0 
and is normally distributed with a 2 . If there is interaction between these variables an 
interaction term can be added /312x1::c2 . Notice that this introduces curvature in the 
response function. Often the curvature in the true response is too strong to model 
adequately. A second order model is required in these situations. The assumption that 
the variability E(E) = 0 make it possible to use the least squares method to approximate 
the /3s. In genera! the first order model is: 

(4.6) 
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the first order model with interaction: 

k 

Y = /3o + L /3jXj + L L /3i jXiXj 
j=l i< j 

and the second order model: 

k k 

y = /3o + L /3jXj + L /3jjXJ + L L /3ijXiXj 
j=l j=l i<j 

with k as the number of input parameters. and j = l , 2, ... , k. 

4 .2.3 Least squares 

(4.7) 

(4 .8) 

The method of least squares is used for the estimation of the parameters in the previ
ously described linear regression models. Take for example an experiment with k input 
variables and n > k observations (Table 4.2). The method least squares chooses the /3's 
by minimizing the E. This method is used in combination with a regression model (4.6) 
rewritten in terms of the observations in Table 4.2 

Yi 

Yi 

/3o + /31 Xi J + /32Xi2 + · · · + /3kXik + Ei 
k 

/3o + L /3j-Tij + Ei 
j=l 

i=l , 2, ... , n 

The least squares function is: 

L 
n , 2 

~ Ei 
i=l 

n k 

L (Yi - /3o - L /3j Xij) 
2 

i= l j = l 

( 4.9) 

( 4.10) 

Minimization of L with respect to /3o, /31, . . . , f3k gives the least squares nonna! equations. 
The solutions to the nonnal equations will be the best estimator for the regression 
coefficients /3o, /31, ... , f3k The normal equations are simpler to solve when written in a 
matrix form. 

y=X/3 + E ( 4.11) 

with 

YI I 
X ~ [! 

Xl] X J2 

XJl 
[j'.] [::1 

Y2 x21 X22 X2k 
y= . , . , /3 = E = 

;n Xn l Xn2 ank 
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Table 4.2: Data with k variables and n observations 
Y :r:I X2 Xk 

yl XJl X12 X 1k 

y2 x21 :r22 :1:2k 

Yn :rn l Xn2 Xnk 

This matrix notation in combination with (4.10) will lead to vector b that contains the 
least square estimators that will give us an approximation model: 

b 

iJ 

(X'X) - 1 X'y 

Xb 
k 

f3o + L /3jXij 
j=l 

i =l , 2, ... ,n 

The difference between observation Yi and Yi is called the residual, ei = Yi - Yi 

4.3 Analysis of variance 

(4.12) 

( 4.13) 

Based on the given data a regression model is made that should describe the data. The 
analysis of variance (Anova) is used to test the significance of the regression models. As 
a result Anova gives the accurateness of the model using a number of statistica} tests. 

4.3.1 Anova 

The significance of the approximation model is to determine if there is a linear relation
ship between the response y and the input variables. This gives the hypotheses: 

Ho : /31 = /32 = ... = f3k = 0 

H1 : /3j i- 0 for a t least one j 

(4.14) 

Rejection of Ho implies at least one of the input variables that contributes significantly 
to the model. 

The residuals and the function outcome of the approximation modeL ei = Yi - Yi and Yi 
the results from the Lack of fit test, are the basis of the Anova test. With these outcomes 
it is possible to calculate the residual and total sum of squares (SSE and SSr) which 
is a measure of the variability in the response and error. The regression sum of squares 
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Regression 
Error 
Total 

Table 4.3: Analysis of variance. 
Sum of Squares Degrees of freedom Mean square Fa 

S~ m M~ 
SSE n-m-1 M S E 
SSr n-l 

P-value 

( S S R) is defined as the difference between S Sr and S S E, all are a measure of variabili ty. 

n 

SSr = L(Yi - y) 2 

i=l 
n 

i= l 

(4.15) 

(4.16) 

( 4.17) 

To reject Ho first Fo is to computed, when this exceeds Fa,m,n- m-1 then Ho can be 
rejected. 

Fo = SSR/m 
SSE/(n - m - 1) 

(4.18) 

Alternatively it is possible to reject Ho if the P-value for statistic F0 is less than a , 
which indicates the significance level for example 5% or 1 %. The total test is visualized 
in Table 4.3 , with m the number of ,8-parameters except ,Bo and n the number of 
observations, also known as the degrees of freedom (DoF). 

4.3.2 Lack of fit 

In RSM, usually a model if fitted based on data from a designed experiment . This means 
multiple observations are obtained on the response at the same set of input variables. In 
this case the lack of fit test is used as an indication of the fit on the first order straight 
line model. 

Ho.LOF : E(Y) = f3o + ,81 + ... + ,Bk 

H1 ,LOF : E(Y) =I- /3o + /31 + ... + !3k 

(4.19) 

( 4.20) 

The lack of fit test splits the SSE-term into a pure error term (SSpE) and the lack of 
fit sum of squares ( S SLOF) only based on true replicates for at least one similar set 
of input variables . First SSPE is calculated to exclude the variation due to pure error 
caused by the natura! stochastic error on the response. 
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Table 4.4: Data in Figure 4.2 
X 3 4 5 6 7 8 9 10 
y 5, 78 2, 38 -0, 67 2, 51 4, 36 8,96 16, 35 24, 89 
y 3, 93 1, 74 0, 70 1, 70 4, 33 8, 39 16, 35 25, 81 
y 4, 24 1, 51 0, 36 0, 84 4, 14 8, 60 16, 44 24, 42 
y 3,46 0, 59 -1 , 47 1, 71 4, 16 8, 62 16, 68 24, 14 

m ni 

SSpE L L (Yi j - fli) 2 (4.21) 
i=l j=l 

SSLo F SSE - SSP E ( 4.22) 
771 

DoFpE I:(ni - 1) ( 4.23) 
i = l 

DoFLo F = DoFE - DoFp E ( 4.24) 

Fo,LOF 
SSLo F/ DoFLo F MSLoF ( 4.25) 
SSpE/DoFpE MSLoF 

P arameter n.i gives the number of observation on the response at the i-th level of variable 
Xi - with i = 1, 2, . . . , m . With m the number input variables in the total number 
of observations n. Let Y·ij be the j -th observation on the response for Xi, with i = 
1, 2, ... , m. The hypothesis Ho,t OF is rejected when Fn, DF101 ,DFpe < FLOF· 

Take for example the observations of an experiment in Table 4.4 and Figure 4.2, where 
all observations are repeated four times for input variable X. A normal Anova test is 
done on a first order model Table 4.5. the test rejects Ho so the model is good enough to 
expla in the data . Although the Lack of Fit test rejects the model, caused by the SSLoF 
which is a significant part of SSE. This gives P < 0.0001 and indicates to change toa 
second order model. An Anova t est for the second order model also rejects Ho and the 
error t erm SSE can be direct ly linked to pure error SSP E· which results in an accepted 
model as visualized in Table 4.6. 

In Figure 4.2 the d ifference between both models is clearly visible, both models use the 
same d ata but the difference is visible in the response values of both models . Where the 
first order model gives a change in the correct direct ion in the response as a result of a 
change in the input variables , it is able to approximate the true response. The second 
order model clearly approximates the true response as a result of the input parameters. 
Only the pure error a t each design point has its effect on the significance of the model. 
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Figure 4.2: First and second order fit on the data . 

Table 4.5 : Analysis of variance first order model. 
Sum of Squares DoF Mean square Fa P-value 

Regression 1.5083 · 103 1 1.5083 · 103 73.85 P < 0.0000 
Error 612 30 20.42 

Pure error 15.78 24 0.66 
LOF 596.89 6 99 .48 151.33 P < 0.0000 
Total 2. 120 · 10 31 

Table 4.6: Analysis of variance second order model. 
Sum of Squares DoF Mean square Fa P-value 

Regression 2.1027 · 103 2 1.0514 · 103 1.67477 · 103 P < 0.0000 
Error 18.2 29 0.63 

Pure error 15.78 24 0.66 
LOF 2.43 5 0.49 0.74 0.60 
Total 2.120 · 10 31 
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Figure 4.3: Design of experiments for two variables and two different models. 

4.4 Search direction 

47 

To model the responses and to search toward the optimum a combination of design 
variables in a specific region of interest is chosen. Within this region the responses are 
observed, and from that a regression model is made. With the approximation model it 
is possible to calculate a search direc:tion and a step size to create a new region and the 
process is repeated until no significant decrease in the response is measured. 

4.4.1 Region 

The region is a combination of input variables used to gather the response data for 
the regression model. The regression analysis uses coded input variables, 'high' and 
'low'. as the input to create a model based on all observa tions, with this information 
given it can be used to create a set of experiments that needs to be done to gather the 
responses. For a first order model multiple observations for 'high' and 'low' are needed 
per variable. this means 2k design points. To check the lack of fit an extra design point 
is added, this will be the middle point of the region, the region is visualized in Figure 
4.3(a). 
A second order model needs a minimal of three different experiments per variable to 
correctly approximate the curvature in the model as presented in Figure 4.3(b). The 
region of interest c:ontains the design points based on the model that needs to be fitted. 

4.4.2 Steepest decent 

The optimization steps starts with the assumption that a first order model will be a 
reasonable approximation of the system in the initia! region of interest. So a first order 
design of experiments is created for the region of interest and the responses are used to 
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fit a model. With this the direction of path with its steepest descent can be computed , 
t his is clone so that one m ay expect the maximum decrease in the response. The path is 
created by moving Xk a relative distance that is proportional to the regression coefficient 
bk. The direction is calculated using t he regression coefficients scaled toa unit vector. 

1.0 ( 4.26) 

With the scaled coefficients a step is taken: 

( 4.27) 

Where p = 0 is the initia l design point , and o is a preset step size commonly based on 
the region size. 

Along the path experimental runs are conducted. the results will normally show decreas
ing values of response. The run will continue up until an increase in the response is 
observed. In Figure 4.4 an example of function f = O.l · (x1 -10)2 +0.1 · (x2 -10)2 + 100 
is plotted where the direction is calculated at :ra = [35, 45] and a first order regression 
model with b1 = 4.93 and b2 = 6.51. Figure 4.4(a) shows the path with its search 
direction. Figure 4.4 (b) shows some observations along the path. For every step the re
sponses are observed and compared with the responses of the previous step , by testing 
the hypotheses on t he difference in means of the two sets of responses: 

Ho : µ p+ 1 - µ p :S: öo = 0 

Hl : µ p+ l - µp > öo 

With E (µp+ l ) = Xp+l which is the mean of responses at design point p, and E(JLp ) = 

Xp-1 is the mean of responses at the previous design point p. The hypothesis a re 
accepted or rejected using by performing a t-test: 

To 

52 

Xp+l - Xp - öo 

5J n:+ l + ~k 

(np+1 - l) s~+ l + (np - l)s~ 

np+l + np - 2 

( 4.28) 

( 4.29) 

Where n is the number of observations and s 2 is the variance for both at p + l and p. 
Because a 2 is unknown , estimator 5 2 is used combined with the assumption that the 
variances are equal 1 . Hypothesis H 1 is rejected for To > t a ,np+ i -np - 2 , with o = 0.9 . 
When an increase is observed , Ho is rejected, a new search design of experiments is 
initiated at [xp, l , xp,2 ], in this example the first increase is observed at p = 10 so a new 
region will be initiated at p = 9 with xg = [4.82 , 5.13]. 

1Equal meaning , sample size n p+ I = np 
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Figure 4.4: Path direct ion and steps. 

A second experiment at it s new design point is conducted and another first-order model 
is fitted. Anova and a test for lack of fit will show the significance of the first order 
model. if the tests are significant a second path based on the new model is computed. 
When the model is rejected a second order model is created and the search toward the 
optimum will be based on the newton search method. 

4.4 .3 N ewton m etho d 

Gradient based optimization will be very slow closer to a stationary point, this intro
duces the Newton method that uses higher order terms in its approximation. Newton's 
method wi ll be efficient around the local minimum where local convexity is present. 
The method uses the second order regression model ( 4.8) and uses the first and second 
order derivative: 

1 

EP J j[P x1 82 J / öx1x2 
Ö2j/Öx1X2 Ö2f/ö2x2 

H = . . . . . . 

2 2 Ö J /öx1xk Ö f / öx2xk 

éP f / ö·:r: 1 Xk l 
Ö2f/ÖX2Xk 

Ö2j/Ö2xk 

( 4.30) 

( 4.31) 

Where s gives the search direct ion vector. With the known direction the step size O'.k 

can be calculated using: 

arg min f( xp + 0:sp) 
O:S;a<oo 

Xp + O'.pSp 

( 4.32) 

( 4.33) 
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The computation of X p+ l will only work well fora positive-definite Hessian H , assuming 
a function that is convex and contains a minimum. The regression parameters are 
calculated using a number of statistica! tests, resulting in a Hessian which is not always 
positive-definite. The method will be unstable and inefficient when the Hessian is not 
positive-definite. to stabilize the method M is introduced. M is a positive definite 
symmetrie matrix, making the steps= -M- 1g. A way to construct Mis based on the 
Cholesky factorization of H described in [Papüü] 

( 4.34) 

Where E is a nonnegative diagonal matrix, creating a positive-definite matrix M from 
where a new step can be calculated toward the minimum. 

4. 5 Region and integer constraints 

So far only the tools to optimize a problem are discussed. It is assumed that all t he 
problems have a minimum that can be found with the tools described in the previous 
sections. This assumption is true for convex problems , while it is not t rue for non 
convex problems . For non convex problems the optimization can run infinitely long. 
The goal is to create proper a model that describes the true process and so bounds on 
the operability region are preferred. 

min J(x) 
X 

( 4.35) 

subject to: 

withi=l , . . . , k 

With k the number of variables, and ;r:1, xu respectively the lower and upper bound on 
input variable Xi . 

The added constraints isolate an operability region inside the total design space. The 
set of design variables that satisfy the constraints are within the feasible domain. From 
these feasible variables the one that minimizes f( x ) will be selected as the optimum. 

In Figure 4.5 an optimization problem bounded by two boundaries is visualized. The 
t rue response function is unknown and the objective is to minimize the function as given 
in equation (4.35). The problem is subjected to two boundaries: 

91 X J 2 2 

92 X2 2 4 

The boundaries restrict the full design space and create the operability region. In this 
approach the region of interest will be located in the operability region and will be 
physically bounded by the given lower bounds. 
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The region of interest is placed around design point :r = [x1, ... , xk], this point is the 
design point of interest from where a new search step can be taken. In most situations 
the region of interest is placed around :r:, that makes :r the center of the region. If the 
region can not be placed within the operability region satisfying the limits set by the 
lower boundaries, a new point will be initiated xcente r. This point , xcenter , will be the 

center of the region satisfying the boundaries for the complete region. Design point x 
is unchanged and located within the region of interest and is the point from where a 
following step can be taken. 

The region sizes are initially set per variable, RS = [rs1 , ... , rsk] where rsi is the length 
from xcenter to the side of the region. The two regions given in Figure 4.5 have similar 
region sizes and similar lengths in both directions, RS = [2, 2]. 

For the given lower boundaries :r;center is calc:ulated using Equation ( 4.36) to make sure 
that the region is placed completely in the operability region. Although the assumption 
is made that x will always be within the operability region a check is initiated to satisfy 
this assumption given in Equation ( 4.37). 

xcenter 
1. max{xi - rsi, x;b} + rsi 

max{xi, x;b} 

( 4.36) 

( 4.37) 

If xyenter -/- Xi then the initia! region with Xi in the center of the region was not satisfying 
the boundary set by 9i· The region is placed around xrnter and design point is added 
as an extra design point within the region of interest. 
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F igure 4.6: Possible and updated regions. 

When upper boundaries are considered Equations ( 4.38) and ( 4.39) are used for the 
calculation of the design point and the position of the region of interest. 

Xcenter 
i min{:x;i + rsi, :rib} - rsi 

min { :r:i, :.cib} 

( 4.38) 

( 4.39) 

In case both a lower and upper boundary are exceeded when a region is placed, then the 
region size needs to be decreased to fit t he region within the two boundaries. In this case 
only lower boundaries will be used for the optimization problem so issues considering 
upper boundaries are not considered in this report . 

In Figure 4.6 three cases are visualized . An optimization problem is restricted by two 
lower boundaries 91 and 92 on the two input variables x1 and x2: 

91 X J 2: 1 

9 2 X2 2: 1 

RS [2,2] 

For the first case (green) x = [7, 7] given in Figure 4.6(a) . none of the two boundaries are 
exceeded. This gives us x = xcenter. which results in a region around x in the operability 
region as showed in Figure 4.6(b). 
The second case (orange), where x = [2, 5] is placed in the operability region , does 
not satisfy the limits set by the boundaries for the complete region. Boundary 91 is 
exceeded. For this case a new center is calculated xcenter = [3, 5] and a region is created. 
Design point x = [2 , 5] is added into the region as visualized in Figure 4.6(b). 
In the final case (red) , given in Figure 4.6(a), x = [-2, -2] which is not within the 
operability region. Using equation(4 .37) the design point is updated to x = [1 , 1], using 
equation ( 4.37) to calculate resulting in xcente r = [3 , 3]. 
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Integer constraint 

The integer constraint is different from the earlier described boundaries. It constrains 
all design points to be integer as in x E Z. As described new design points are set 
by calculating a direction and taking a step. Initially it is possible to start within 
the feasible domain at an integer center point with an integer region size. This will 
make sure that initially all design points in the region of interest are integer and can 
be evaluated. The combination of the calculated direction and step size, as described 
in Section 4.4. does not have to result in a new integer design point. The line search 
method and Newton will not be used when integer design points are considered. Another 
approach is used to approximate new possible integer design points. 

A region is placed around an integer design point and a design of experiments with 
integer design points is made. The response for the experiments is used to make a 
regression model. Then the regression model is evaluated for all possible combinations 
of integer design points within the region of interest. The combination that gives the 
minimal response for the regression model will be the new possible design point that 
needs to be evaluated. 

The new chosen possible design point is always a point located in the current region of 
interest and so satisfies all set boundary limits. 

4.6 Response surface model 

In the previous sections all the separate tests and algorithms are described . This section 
combines all these techniques into a model capable of optimizing a problem. 

First the system will be initialized. the first observation with input variables is set, 
Xp ,q = xo ,o- Where x = [x1 , ... , xk], pis the number of accepted iterations and q the 
number of rej ected iterations at point p. As well the lower boundaries are set. The 
model will start with a preset region size RS and a preset number of replications n. 

This a ll is part of the initialization step in block 1 in Figure 4. 7. 

When only integer design points are considered, then the initia! design xo,o and the 
limits set in the boundaries all are integers. 

After initialization the design point is tested if it is located in the feasible domain , if 
not it will be rejected and will be updated as explained in the previous section using 
Equation (4.39). 

When accepted the iteration starts and the steps are visualized in Figure 4.8. A region 
of interest is created based on the design point Xp,q in addition the lower boundaries 
are considered using Equation ( 4.36). This region of interest contains multiple design 
points based on the design of experiments (DoE) as described in section 4.4. 
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Figure 4.7: RSM method initialization 

For all the experiments in the region of interest n replications are evaluated and the 
responses are used to create a regression model. The regression model is made as 
described in Section 4.2 and is tested by an Anova test as described in Section 4.3. 
When the model is rejected based on the outcome of P or PLOF· then a new region of 
interest is set for a second order regression model. If the model is still rejected then the 
number of replications n is increased until n = 50 or the region size is decreased until 
RSi = l for all variables ( i = 1, .. . , k). When the limits on n and RSi are reached the 
model terminates. 

In case a proper regression model is created it is possible to approximate a possible op
timum. The step for the approximation and acceptation of the new possible optimum 
are given in Figure 4.9. For a model with continuous input variables this is done as 
described in Section 4.4, with integer variables the new point is approximated as de
scribed in Section 4.5. For the new approximated point Xpas the responses are evaluated 
n times. 

Point Xpas will be accepted when the null hypothesis is accepted. 

Ho : f (xpas ) S f (xp,q) 

H1 : f (xpas) > f (xp,q) 

The hypothesis is tested using Equation ( 4.28), as given in Section 4.4. 

If the new point is rejected then the number of replications n will be increased or the 
region size wil! be decreased . First n wil! be increased until n = 30 and the region size 
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will be decreased until RSi = l. When when one of the parameters is increased a new 
iteration with q = q + l is started . When both parameters are at their limits the model 
will terminate. 

When Ho is accepted then the a test is done if t he point is previously accepted , as 
given in Figure 4.10. If not, the point will be accepted as the new design point. When 
continuous varia bles are considered the comparison of previously found variables is done 
on the distance D a previous point is found using: 

( 4.40) 

If the point is previously accepted a convergence test is considered using Equation ( 4.28) 
with : 

Ho : f(xpos) = J(xp,q) 

H1 : J(:rpos) -/:- J(xp ,q) 

If Ho is accepted then is considered if the this is already a second iteration that this 
point is considered with q > 0. If so the model terminates. if this is not the second 
iteration or the convergence is rejected the region size RS is decreased. The decreased 
region size should give a new possible optimum in the next iteration and if not q > 0 
and so the model will terminate in the next iteration. 

The optimization proceeds searching for new optimal design points up until a decision 
is made to terminate. This termination can be caused by a rejection of the regression 
model. exceeding the number of replications n. limited by the minimal region size or 
convergence occurred at the response. The model as explained is implemented in MAT
LAB and can be used to find an optimum for a problem. Lower boundaries can be 
added which bound the domain , design points that are smaller than the lower bounds 
are rejected and converted to a feasible design point. The next chapter will describe 
some cases to test the model. 
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Chapter 5 

Optimization illustrations 

To test t he RSM model some illustrations are created to confirm a working model capa
ble of optimizing a function using only the function responses . An analytica! function 
f ( x) is used as the objective function in the illustrations, the true optima! design point 
is of this function is known. To simulate an stochastic response an error term E is added 
which creates: 

(5. 1) 

The error term E will be a random sample of a nonna! distribution wit h mean 0.0 and 
a = 0.5. The RSM model can only extract response data for the design variables set by 
the region. 

5.1 Quadratic example 

The first test is based on a quadratic: function with two variables: 

(5.2) 

As known in advance the optimum is at [O, or so the model has to be capable of 
searching from an init ia! design point toward t his optimum. 

Initially some parameters have to be set; first the initia! start point is set xo = [10, 15r. 
The number of replications n = 5 and the region size = [4, 4]T. Finally the model 
will start by creating a firs t-order regression model so lin = l without any previous 
iterat ions sop = 0 and q = 0. Start point xo can be chosen randomly, in this illustration 
no boundary constraints are added, all input variables are feasible. 

P arameter p indicates the number of accepted design points during the search, and q 
indicates t he number of iterations done after p - 1 to accept p. In the text some design 

59 



60 

p q 

0 0 
1 0 
2 0 
3 0 
4 0 
5 0 
6 0 
7 0 
8 1 
9 1 

10 1 

Chapter 5. Optimization illustrations 

Table 5.1: Accepted design points . 
Xl X2 

10 15 
7.481189 11.21234 
5.603187 8.391757 
4.217744 6.267978 
3.170618 4.69452 

2.3665 3.524497 
1.772623 2.642039 
1.333697 1.970983 
0.895602 1.308201 
0.428861 0.663132 
0.112184 -0.04524 
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Figure 5.1: Search path example. 

J(x) 
324.7516 
181.1539 
102.4681 
57.46414 
31.71334 
17.63687 
10.17153 
5.85962 

2.941598 
0.450958 
-0.40397 

points are discussed and they are labeled X p ,q , so point ::r: 10,0 refers to the row in the 
t able with p = 10 and q = 0. 

In Table 5. 1 and Figure 5.1 all accepted design points during the opt imization run are 
visualized. Up unt il x1,o all new design point are accepted without any changes in the 
parameter settings. Then to accept point :r:s,1 one iteration , q = l , was needed. In each 
iteration a parameter is adjusted , the region size is decreased from [4, 4] to [3, 3] . When 
a decrease in the region size and no increase in the number of replications n occurs, 
t hen the step size t aken is to small . For the last found design points the region size is 
decreased and the last accepted point , :r:10,1 = [0.112184, -0.04524], is presented as the 
optimum for this design problem. 

T he chosen optimum [0.112184, - 0.04524] =/ [0, 0]. Accepting a new design point is 
based on the outcome and variation of the function response at the previous accepted 
point and the current design point . The standard deviation c, = 0.5 on the function 
response has a major influence on the small differences in the final steps. 

To test the statement that the optimum design point can be approximated more precise 
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Figure 5.2: Mean function responses. 

when the standard deviation on the error is decreased a test is done with a = 0.0005. 
The test started at randomly chosen initia! points in the range -25 < :ri < 25. In total 
25 optimization runs are carried out for bath situations. In Figure 5.2(a) and Table 5.2 
all the ·possible optimums for a = 0.5 are visualized and in Figure 5.2(b) the optimums 
for a = 0.0005 are shown. The optimum points for a = 0.0005 are much closer to the 
true optimum [0, 0] compared to the found optimum points for a = 0.5. 

However. E is not a parameter that can be increased or decreased when preferred. 
Therefore it is possible to increase the number of replications in the R.SM method. When 
the response data is visualized for a different number of replications n the difficulties 
in finding the true optimum becomes visible. Figure 5.3 shows the function responses, 
in Figure 5.3( a) the true response, E = 0. for the objective func:tion is visible. Figure 
5.3(b) shows t he mean response for n replications. wherein E based on a distribution 
with mean 0.0 and a = 0.5. It is clearly visible t hat it is hard to find a new design point 
closer to the real optimum for n = 5. When n is increased the contours will become 
smoother and the found optimum will be located closer to the real optimum. 

Finally for the same 25 optimization runs as shown in Table 5.2 t he confidence region 
is calculated with o = 0.95. First the preferred region is calculated , known is the true 
optimum [0, 0]. and the t rue response l = 0.0 ± E. This gives us a confidence limits on 
the function response: 

+ - - s l - l + i c, n- l C , yn 

- s 
1- = l - ic, n - 1 c 

, yn 

a 2 
1+ = - 1- = 0.0 + 1.711 ~ = 0.086 

v25 
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Table 5.2: 25 random tests. 
:ro Xapprox 

X 1 X 2 X J x 2 

1 18 0.0482 0.8084 
-24 20 -0.0532 -0.0199 

3 -17 0.0511 -0.1069 
3 20 0.1323 0.9027 

22 8 -0.0640 -0 .0211 
23 8 -0.0813 -0 .0533 
11 -4 0.0384 0.0638 
-7 -15 -0.011 9 -0 .0519 

-20 -7 0.1282 0.0468 
-19 -23 0.0181 0.0566 
11 13 0.0405 -0 .0896 
-1 7 0.0279 0.0458 

-22 22 -0.0040 0.0716 
24 11 -0 .0058 -0 .0234 
25 -16 0.0426 0.0749 

-13 -23 -0.1068 -0 .0398 
15 16 0.0384 -0 .1066 

-22 4 -0.0279 -0.0956 
-4 -19 0.0030 0.0050 
3 15 0.0803 0.0503 

-1 2 20 -0.0691 -0.0676 
-8 -14 0.0785 -0.1 357 
-8 4 -0.0495 -0.0802 
21 21 -0.0137 -0.0195 
17 -2 -0.0111 0.1221 
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With these limits the input variables can be calculated: 

f = xf + x~ 
2 2 

X 1 = X2 

X1=/r;=0.21 

This result in a confidence circle with center [0, 0] and r = 0.21. 

For the data given in Table 5.2 the mean of all found optimums is calculated. And the 
root squared error for all points compared to the mean is calculated: 

The confidence boundaries for the mean root squared error is calculated which result in 
confidence region for the found optimums. 

- St 
r = l + te, n-1 ;;:: , yn 

(5.3) 

With s1 the variance of the calculated error l and [ the mean of the calculated error. 
The results gives a confidence circle with center [0.01, 0.05] and r = 0.17. 

Both confidence regions and the data are visualized in Figure 5.4. The red circle is the 
preferred confidence with r = 0.21. the confidence circle for the da ta is the blue dotted 
circle. The preferred region is exceeded, this is mainly caused by two data points which 
are highlighted in Table 5.2. When these two points are excluded from the data a new 
confidence region is calculated which gives the green dotted circle. 

The RSM method is able to approximate optimums for the given objective function 
within the preferred confidence region. Although from the 25 optimization runs. two 
found optimums exceeded the preferred confidence region. 

5.2 Region bounds 

The model is capable of approximating the optimum in an unconstrained and unbounded 
domain. Now the boundary conditions as explained in section Section 4.5 are added. 
The goal function (5 .2) is unchanged, while the feasible domain now will be bounded 
by one constraint: 

91 : XJ 2 4 

The initial points are randomly chosen and visualized in column x o in Table 5.3. The 
found optimums are visualized in the second column Xapprox and J is the mean function 
response at the found optimum. It is clear that the found optimums are all bounded at 
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Table 5.3: 10 random tests with boundary 91. 
Xo Xapprox 

X] :i:2 :r l X2 J 
25 -24 4 -0.15317 16.17553 

-18 -5 4 -0.29659 16.2329 
4 -15 4 -0.31328 16.41191 

-4 4 4 -0.27903 15.6225 
-13 -15 4 -0.17154 16.17081 
13 8 4 0.44223 16.26266 
24 12 4 -0.12192 15.99504 
-3 -17 4 0.078851 16.03574 

-24 10 4 0.039526 16.11842 
3 7 4 0.375834 16.39021 
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Table 5.4: 10 random tests with boundary 91 and 9 2 · 

Xo ;i;approx 

X 1 X2 X 1 X2 J 
14 27 4.00 6.63 59.87871 
16 10 4.00 6.00 54.15917 
21 1 4.32 6.00 55.05477 
25 14 4.00 6.00 51.84886 
21 1 4.26 6.00 54.11576 
30 26 4.00 6.00 54.05107 

4 7 4.00 6.00 52.19031 
11 28 4.00 6.00 52.45317 

2 8 4.00 6.16 53.98923 
7 18 4.00 6.18 54.12088 
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Figure 5.5: Outcorne of the tests with boundaries. 

x:1 = 4. When initially an unfeasible start point is set , then the an update couverts t he 
point to a feasible point x 1 = 4. The optimization procedure st arted for the updated 
feasible point. 

A second test includes a second boundary: 

Similar as the previous test , the st art points are randomly chosen for ten individual 
opt imization runs. The results are given in Figure 5.4. For some points the found 
opt imum is not bounded by 91 and 92, nevertheless the found response are near. The 
stochastic function response in the bounded point x = [4, 6] is possibly rejected which 
resulted in this near by optimum. 

For one optimization run in both tests the search paths are visualized in Figure 5.5 . 
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Figure 5.6: Outcome of the integer tests. 

Integer constraints 

The goal is to solve an optimization problem with integer constraints . The integer 
constraint as described in section 4.5 are applied on the test function . The expected 
results will be similar although now only integer design points are accepted. Two paths 
of two individual runs are shown in Figure 5.6(a), where the second test path shown in 
Figure 5.6(6) is also bounded by 91 and 92: 

91 : :r:1 2 2.5 

92: X 2 2 3.5 

The optimum is bounded by the two boundaries and the model perfectly iterates with 
only integer design points and terminates at [3 , 4]. 

5.3 Six variables opt imization 

In the previous sections an analytical fo rmula with two variables was used as the ob
jective function . now a function with six variables is set to be optimized: 

f = 0.1 · ((x1 - 10)2 + (x2 - 12) 2 + (x3 - 5) 2 + (x4 - 2) 2 + (x5 -3)2 + (x6 -1)2) ... 

. . . + 100 + E 

With E is an error term based on a nonnal distribution with mean 0.0 and cr = 0.5 . 
The true minimum is known at [10, 12, 5, 2, 3, 1]. This function is used in two tests . the 
first test is solved with continuous variables and the second test with integer design 
variables. The initial start points are randomly chosen within a range -30 :S Xi :S 30. 
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Figure 5.9: Visual representation four-sta tion production flow line. 

In Figure 5. 7 the optimum results for the unconstrained test are visualized in a boxplot. 
In total the results of 25 optimization runs are presented. The found optimums are all 
located near the true optimum within acceptable boundaries . 

The second test is similar to the first test. except within this test the variables are 
integer constrained. Again 25 optimization runs are c:onsidered all st arted at randomly 
chosen st art points. Figure 5.8 shows the results for the 25 runs, it is clear that the 
range per variable is minimized with occasionally a found optimum at a neighboring 
point which is visualized as an outlier in the figure. 

5.4 Four-station production line optimization 

All previous described t ests are based on an analytical function. this final test will use 
a discrete-event simulation model. The case used for the test is based on a test problem 
described in [Absül] , which describes a four-st ation production line visualized in Figure 
5.9. 

Lots a rrive at the four-station produc:tion flow line according to a negative exponential 
dist ribution with a mean throughput À = 2.5. Eac:h station consists of Xi identical 
machines with a single infinite input buffer. The papers objective is to determine the 
number of machines per workstation that yields the minimum cost constrained by a 
maximum mean c:yc:le time ( CT) of 6 hours. 

4 4 
minimize: F = L FCi + L u ei 

i=l i=l 

subject to: E( CT) :S 6.0 

With FCi the fixed casts and UCi the casts per unit , where i represents the station 
number. 

The cycle time is estimated by a computer simulation model created using the x
language. Each process uses gamma distributed process times with mean MP~ and 
squared coefficient of variation SC¼ given in Table 5.5. 

Because the assumption is made to only implement lower boundaries on the input 
va riables this specific problem can not be optimized with the given constrained on CT. 
The problem is c:onverted to an unconstrained penalty function combining the flowtime 
and the casts, this results in: 
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Table 5 5· Dat a four-station line . . 
Station 

i 

1 
2 
3 
4 

Il :, 10 1:, 20 
:r 

Fixed Cost Unit Cost 

.... 
2 

FC [$] UC[$] 

20 

1:1 

LO 

,, 

225 100 
150 155 
200 90 
250 130 

:, ]() J:, 21) 

:r 

MPT scv 
[lus] [-] 
1.50 1.00 
0.78 1.00 
1.10 3.14 
1.60 0.10 

1.000 
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Figure 5.10: Example of the penalty function. 

P = E(CT) + a · F 

The cycle time is now direct ly included in the objective function. Factor a is added on 
the original cost function F to make a change in the costs more or less reactive in the 
objectives response . 

An example is visualized in Figure 5.10 for x 1 the expected flowtime is plotted as a 
function: 

E(CT) 
25 
-+50 
X J 

F ::r: 1 

a 1, 10, 50 

The chosen factor a for the four-station production line wil! be based on the order of 
magnitude of the change in flowtime per unit and the change in costs per unit . Because 
each st ation bas an individual inftuence on the ftowtime and costs the choice is based 
on the mean cost change per unit and the expected change in ftowtime. A cost change 
per unit bas an order of magnitude of 100 and for ftowtime this is 0.4, factor a bas to 
make both terms comparable, so fora= 0.4/100 = 0.004 both terms will be of the same 
order of magnitude and are equally balanced within the penalty function P. 

Ten optimization runs have been carried out from the same initial point as used and 
described in [Abs0l], x 0 = [4, 2, 3, 5] and initial regions size = 4. The paper uses n = 15 



5.4. Four-station production line optimization 71 

Table 5.6: Calculated optimum design for the four-station flow line. 
Design Frequency 

X 1 X2 X3 :1:4 

6 3 6 5 7 
6 5 6 5 1 
7 4 6 5 2 

for the number of replications. which is initially set in this optimization approach. The 
RSM method used in this report is able to increase n up to n = 30 if a design point is 
rejected. 

In Table 5.6 the ten solutions are given. Generally each optimization takes around nine 
iterations. The paper describes an optimization that converges within four or five cycles, 
this difference can be subjected to the ability of this model to increase the number of 
replications n. 

Based on Table 5.6 the optimum design is x = [6 , 3, 6, 5]. The other solutions are 
neighbors of the suggested optimum design. The suggested optimum design a lso fits as 
a neighbor design point within the found solutions in the paper . 
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Chapter 6 

RSM based optimization of the 
Kuwait case 

In t his chapter the analytica! model as described in Section 3.2 is opt imized using the 
RSM method as described in chapter Chapter 4. In in Section 6.1 t he optimization 
problem is st ated combined wit h the analytical model. The analytica! model is opti
mized wit h cont inuous design variables and integer design variables. Both opt imizat ions 
result in a discussion . Section 6.1.2 describes t he optimization problem and results of 
the optimizat ion of the discrete-event simulation model. 

6.1 Analytical model optimization 

The objective is to find the opt imum number of resources found by minimizing function 
P. Penalty function P contains t he expected flowt ime E (cp(xi )) and t he costs ei given 
in Table 6. 1. The costs used in t his model are simila r to the costs given in [Ahm09] the 
paper reprocessed the budget data and recoded them in t erms of budget uni ts. For this 
optimization problem the same budget units are used. 

Problem definition: 

6 

p = E(cp(x1, ... , X5 )) + a ·Lei.· Xi (6 .1) 
i = l 

Similar as described in the four-st at ion flow line factor a balances both terms in Equation 
(6. 1) and by adjusting a the problem can be more or less sensitive to costs. For different 
values of a the steepness in t he penalty response for greater number of resources is 
adjusted. In Figure 6.1 the combination of E(cp(x 1, ... , x5)) and the cost s are visualized . 
Figure 6.l(a ) illustra tes the flowt ime results for x = [3 , 3, 2, 3, x5 , 3] where is in 7 :S x 5 :S 
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Data of the analytica! model 
X Var C 

1, = name 
1 R 0.4 
2 X 1.2 
3 XL 1,2 
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5 E 0,3 
6 T 0,3 

E 

(b) Cost for E 
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Figure 6.1: Example of the penalty function . 

20, Figure 6.l(b) give the costs for x and Figure 6.l(c) gives the outcome of the penalty 
function P with a = 10. 

Ten optimization runs have been carried out starting from :r:o = [6, 6, 6, 6, 10, 6], each 
with the same factor a. Then a is increased and the results will be gathered for ten 
d ifferent factors. 

a = 0.1,0.5, 1,2,5, 10, 20, 30,40, 50 

For a low factor multiple different optima are expected , because the objective function 
is a lmost cost insensitive which results in a relative high number of resources. For a 
high number of resources the expected flowtime reaches the minimal flowtime. An op
timiza tion step is then dependent on the stochastic responses of the simulated flowtime 
which can result in different actions and steps taken in RSM method. In contrast, for 
a high factor the number of different optima will decrease to more similar optima. 

For the analytica! model with continuous design variables all optima have to be com
pared . T he root mean square error is used to calculate the range in which the optima 
are found. 

6 

Ermse = L )Xopt,i - Xopt,i) 2 

i=l 

(6.2) 
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Herein Xopl ,i is the found optimum design and i indicates the specific variable within 
the optimum. and X opt ,i is the mean off all found optimum designs for one specific a . 
Resuming, for a low factor a multiple different optima are expected resulting in a high 
Ermse · When a is increased the error will decrease because more similar optima are 
expected and which results in an error that approaches Ermse ~ 0. 

6 .1.1 Simulat ion Results 

In total 10 optimization runs are carried out for all different a-factors. As described 
with initia! design xo = [6 , 6, 6, 6, 10, 6] subjected to: 

91 : R 2 0.8 

92: X 2 1.6 

93: XL 2 0.7 

94 : L 2 1.2 

95: E 2 6.4 

96 : T 2 1.2 

The lower boundaries are chosen based on the maxima! utilization per workstation 
'U < 100%. After a number of optimization runs no optimization steps where noticed 
because all regression models where rejected. The lower boundaries where increased 
regarding u '.S 75%, to prevent the regression model using the steep increasing flowt ime 
responses at high utilization levels: 

91 R 2 1.3 

92: X 2 2.1 

93: XL 2 1.2 

94: L 2 1.7 

95: E 2 7.0 

96: T 2 1.7 

Now the model accepted the regression model and was able to take optimization steps 
toward a new design point. 

All found optima for all optimization runs are combined in a Pareto plot showed in 
Figure 6.2(a). In addition the root mean square error Ermse is calculated per penalty 
factor using Equation (6.2). Where Xopt,,i is the optimum value for variable i in the 
found optimum design, and Xopt ,i is the mean value for all optimum designs with factor 
a for the i-th variable. All calculated Ermse are visualized using a box plot in Figure 
6.2(a). Bath figures do not show the expected similar optima when factor a increases. 
The box plot clearly shows a decrease in the similarity of the optima. For high penalty 
factors the optimization procedure halts and terminate at design points with relative 
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J" 

Figure 6.3: Example second order fit. 

high c:osts. In Figure 6.2(c:) the mean optimum value per variable is visualized for eac:h 
penalty factor. 

As a result of t he previous findings. the step size 0: used in the Newton method is 
considered. In the previous test, step size 0: depends on the derivative of the regression 
model. In Figure 6.3 an example is given for a regression model which is fitted on the 
response data for the number of emergency room nurses (E) . The fit is based on x 5 = 12 
with region size rs5 = 2. in short the responses for x5 = 10, 12, 14 are considered in the 
fit. The model gives us an array with the parameters b = [610 , 9, 0.22] which can be 
used in the second order model: 

y = 610 + 9 · X5 + 0.22 · xg 
The model response y is visualized in Figure 6.3 by the red line. When the Newton 
method is used to calculate a new possible design point Xpos = -14.21 is found. The 
optimization problem is bounded by 95 : E ~ 7.0 so :r;pos = 7.0, which gives a true 
response significantly greater than the current response at x = 12. The possible design 
point will be rejected although the approximated fit of the regression model will not 
change when the region size or the number of replications are changed in the next 
iterations . To prevent relat ive large step sizes which directly result in possible designs 
at the lower boundaries the step size will be dependent on the region size RS. 

To decrease the step size the region size will be used , after all the regression model is 
fitted on data gathered within the current region of interest. The calculation of the 
direction and step toward the optimum is unchanged except now the maximum step 
size possible will be 0: = 2 · RS. 

Ten new optimization runs with the updated step size are carried out for each penalty 
factor a. The optima and Ennse are visualized in respectively Figure 6.4(a) and Figure 
6.4(b). Now a clear trend is visible in both figures when a increases. The optima found 
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for a relative high factor a are more similar and result in optimum with relative low casts. 
Although when the results in Figure 6.4(b) are compared with the results in Figure 
6.2( a) it is clear that some found optima in the previous test uses less resources regarding 
the cast s in both figures. This is mainly caused by the step size O:' in the previous test. 
Some directly take a step and are placed at the boundaries from where no new step is 
taken. The new calculation prevents a step taken directly toward the boundaries and 
so iterates toward the boundaries. As a result the RSM method terminates in an earlier 
stage because some paramet ers reached their limits during the search path. Figure 
6 .4( c) gi ves the optimal val ues per variable for each penalty factor. Com pared wi th the 
previous test now the variables are more equally optimized toward a more inexpensive 
optimum. 

6.1.2 Integer constraint 

When the model is restricted by the integer constraint on the variables, then similar op
timum designs are expected , making it possible to count the frequency that an optimum 
design occurs after 10 simulations. Again, for a change in factor a simila r conclusions 
are expect ed compared with the continues results. A low factor a can result in multiple 
different optimums and when a is increased the frequency for a unique optimum will 
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increase and the number of different unique optimum designs will decrease. The initial 
conditions are similar to the conditions in the previous test without integer constraints. 

The unexpected results that occurred in the continues simulation with unbounded step 
size a are not expected in this simulation run. A new possible design point is approx
imated by calculating the response of the regression model for all integer design point 
combinations within the current region; the approximation of the new design point does 
not depend on the derivatives . When the created regression model is accepted and cor
rect then the new chosen design point, will be chosen correctly based on the minimum 
response of the regression model. 

6.1.3 Results 

The model is simulated 10 times with an integer constraint with: 

a = 0.1 , 0.5 , 1, 2, 5, 10, 20 , 30, 40,50 

In Appendix B .l all found optimums are visualized in tables combined with a frequency 
plot of the found optima. Again a low penalty factor a on the costs. results in multiple 
different optima . When ais increased the number of unique optima decrease and result 
in a number of optimum sets which have lower investment costs combined with an 
increased flow time. 

All the results are visualized in Figure 6.5, where a Pareto plot is created for all found 
optima in Figure 6.5(a). In Figure 6.5(b) shows the root mean square error for of the 
optimum design compared with the mean optimum design per penalty factor. The mean 
optimum values per variable are shown in Figure 6.5(c) per penalty factor. 

From the figures can be conc:luded that for a penalty factor a 2: 2 the mean optimum de
signs do not differ munch anymore. Except for variable E which decreases significantly 
compared to the other variables for an increasing penalty factor a. For each optimiza
tion run with penalty factor a 2: 40 the RSM method terminated and presented an 
unexpected optimum. From the search path of the optimization run can be conc:luded 
that RSM method was unable to accept a proper regression model. When a ll limits on 
the parameters, the number of replications n and the region size RS, where exceeded the 
method terminated. An increasing number of optima with rejected regression models 
is observed for penalty factor a =2: 5. 

6.1.4 Discussion 

The analytica! model with continuous va riables can optimize the given problem for low 
penalty factors a :'S 2. When the penalty factor is increased more rejections of the regres
sion model occur. To prevent unwanted optimization steps being taken which certainly 
result in rejected regression models the lower boundaries are increased. The solution 
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Figure 6.6: Example second order fit. 

does not solve the problem. it is less likely that the issue of the rejected regression model 
occurs. 

The other solution is to maximize the step size. this resulted in more optimization steps 
toward the true optimum . Although the rejected regression model still occurred when 
the optimization path reaches the lower boundaries. 

As is visualized in Figure 6.3 the second order regression model does not accurately 
describes the true response. In the linear zone, for a high number of resources, t he 
model fits on the response data. Although it lacks the ability to model the rapidly 
increasing flow time for a lower the number of resources. A second order regression 
model is created on the responses for different regions located at the lower boundaries 
visualized in F igure 6.6 . It is clear that the minimal response of the regression models 
does not correspond with the true minimum of the data. Even when the true data 
response in x = 8 is used for the regression fit as visualized by the blue line. 

6.2 Numerical model optimization 

The optimization problem of the x-discrete-event simulation model has some minor 
changes compared to the analytica! model. Both models have six variables although t he 
specific context of the variables is different. In the analytica! model X and XL represent 
the number of doctors respectively for the examination and the re-examination room. 
Within the x -model the number of doctors are combined in one variable X , and XL 
represents t he number of examination rooms. An examination room is assumed to be 
less expensive compared to a doctor; t he budget of an (re)-examination room will be 
assumed C3 = 0.2, all other costs are similar and visualized in Table 6.2 . 
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Table 6.2: Data of the analytica l model 
X Var C 

i = name 
1 R 0,4 
2 X 1.2 
3 XL 0,2 
4 L 0,5 
5 E 0,3 
6 T 0,3 

The problem definition is not changed , the simulation will be constrained to work with 
integer input variables and have a lower boundary const raint on each variable: 

91: R 2 l 
92: X 2 5 

93 : XL 2 1 

94 : L2l 
95: E 2 6 

96 : T2l 

Factor a is chosen using the result s of the analyt ica! model. The goal is to opt imize the 
problem and show the balance between the casts and the mean flowtime. The analytica! 
results will not be exact ly similar , nevertheless the response is of the same order of 
magnitude and so the penalty factors can be compared. Penalty factor a = 0.5, 1, 2, 5 
are chosen becau se these factors where in the critical area which resulted in acceptable 
optima toward the unexpected termination of the regression model. 

For each factor 5 simulat ion runs are carried out with x o = [5, 9, 5, 6, 10, 6] and region 
size = 4. The init ial design point is already restricted by all lower bounds. One ext ra 
optimizat ion run is carried out for a = 2 combined with xo = [5, 9 , 8, 6, 10, 6] and 
93 : XL 2 4. 

6.2 .1 Simulation results 

The simulation results are visualized in Figure 6.7 and given in Table 6.3. The results 
are as expected similar to the results from the analytical model. Similar as in noticing 
a similar trend. 

Although t he x -simulat ion model is adapted and not exact ly describes the simulat ion 
model used in t he paper, the low penalty factors a = 0.5, 1 resulted in acceptable opt ima 
comparable wit h the optima found in [Ahm09]. In the pa per optima :r: = [2, 4, 4, 7, 3] 
is found for a similar pa t ients throughput. In the pap er 5 variables are used while the 
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Figure 6. 7: Pareto plot for the numerical model. 

Table 6.3: Results of the optimization runs. 
pen factor Cost R X XL L E T freq 

0.5 16.3 2 8 4 3 9 3 4 
0.5 16.6 2 8 4 3 10 3 1 

1 14.6 2 7 4 2 9 3 5 
2 15.8 3 7 3 4 8 4 5 
2 13.6 1 7 4 2 8 2 5 
5 15.8 3 7 3 4 8 4 2 
5 13.6 1 5 7 2 14 2 3 
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x -model uses 6 variables. the paper does not make a distinction between the number of 
doctors X and the number of examination rooms XL. The variables used in the paper 
can be compared with the variables used in the x-model using: 

X[Ahm09] = [R, XL , L , E, T] 

The range on the found optima varies with ±1 for each variable depending on the 
patients throughput. Similar as observed in the found optima for the models described 
in this report , the the optima in [Ahm09] also minimizes all variables except for the 
number of emergency room nurses E. The number of emergency room nurses decreases 
significantly when the costs are highly constraint. similar as in the results found in the 
analytical model visualized in Figure 6.4(c) and Figure 6.5(c) . The found optima for the 
x -model show a similar trend. variable E and X are minimized and amore significant 
decrease is observed for high penalty factors. 

For a penalty factor a 2 2 the previously described trends are observed , although now 
the frequency of optima based on rejected regression models increases . The influence of 
the factor combined with the lower boundaries is visualized in Table 6.4. Both rows in 
the t able give the found optima for two different tests . As earlier described two tests 
with a = 2 are considered one subjected to 93 : XL 2 1 and the other 93 : XL 2:'. 4. 
The test with 93 : XL 2 1 terminated caused by rejected regression models, the RSM 
method was unable to create a regression model for the fast increasing true response. 
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Table 6.4: Results of the optimization runs for a = 2. 
pen factor Cost R 

2115.8 1 3 
2 13.6 1 

X 
7 
7 

XL 
3 
4 

L 
4 
2 

E 
8 
8 

T freq 
5 
5 

The second test with 93 : XL ~ 4 excluded the fast increasing true response and was 
able to better approximate the true response in the regression model. With penalty 
factor a = 5 two runs terminated caused by a rejected regression model. The other 
three runs gave an optimum where R, X , L and T are minimized and some reached 
their lower boundaries. A combination that results in an significantly increase of the 
mean flowt ime for patients of category 1. 2, and 3. As a result the number of emergency 
room nurses is increased to balance the increased flowtime. The increase in the number 
of examination rooms XL can be dedicated to the relative low costs per room and to 
make sure the flow can continue. 

In conclusion. for different penalty factors multiple optimums are found. For low penalty 
factors the found optima are comparable with the optima found in [Ahm09]. When the 
factor is increased more difficulties occur in finding the true optimum caused by the 
chosen regression model. The solutions used to prevent the rejections do help although 
they do not solve the problem. 



Chapter 7 

Conclusions and 
recommendations 

In the previous sections, an emergency department is modeled , the Response Surface 
Methodology (RSM) is investigated , and both are linked together to solve a resource 
allocation problem in the emergency department. In this chapter. the conclusions are 
sununarized in Section 7.1 and in Section 7.2 recommendations for further research are 
proposed. 

7.1 Conclusions 

The objective of this research was to investigate the applicability of simulation opti
mization for resource allocation in hospitals, in particular regarding the patient flow 
performance. 

This research is departed from a literature review presented in Chapter 2. The review 
concludes that simulation and modeling tools are getting more widely used within the 
hospital environment. Simulation-based optimization is rarely used in health care set
tings. Often a simulation model is 'optimized ' by comparing multiple 'what-if' scenarios. 
In the li terature a case is presented named: 'Kuwait case' [Ahm09]. The emergency de
partment described in the paper optimizes the number of six different resources while 
limiting the maximal patients flowtime and the casts. 

In Chapter 3 the 'Kuwait case ' is modeled using an analytica! approach. The analyti
ca! approach is based on multiple basic queueing models which are linked together to 
represent the emergency department . In addition , a discrete-event simulation model is 
created using the x-language. Both models are based on the emergency department 
as described in the case, although some assumptions are added as a result of the lack 
of some specific information in the paper. First in the analytica! model , the resource 
sharing of the doctors between the emergency room and examination room is discussed 

85 



86 Chapter 7. Conclusions and recommendations 

and not modeled. The rework loop for patients who visited a lab technician and return 
to the examination room is modeled as a parallel path with a re-examination room 
instead of returning to the exarnination room. Within the 'Kuwait case' four types of 
patients are distinguished in categories. Within the discrete-event simulation model 
the assumption is made that patients of category 1 have the priority above all other 
patients in the queue in advance of a (re-)examination. Another added assumption 
specifies, that the request for a doctor from the emergency department has the priority 
above the request for a doctor in the (re-)examination room. All assumptions resulted 
in sorne minor changes when compared with the initia! case. Although the changes 
affected the flowtime per patient, the change in the mean flowtirne for a great number 
of patients can be neglected. After an analysis of both models can be concluded that 
both models are capable of correctly approximating the mean patients flowtime as a 
result of the resources based input variables. 

Chapter 4 describes the used RSM-based optimization approach. The goal was to 
investigate the suitability of the RSM approach to do simulation optimization. RSM is a 
collection of statistica! and mathematical techniques. The RSM optimization approach 
is modeled using MATLAB; some techniques where already present in a MATLAB 
tool box and some techniques are implemented. The result is a model, capable of creating 
a regression model based on the simulation function responses of the evaluated design 
points . The created regression model is a linear regression model, which can use first 
order terms or add second order terms when the first order regression model is rejected ; 
rejection occurs when limits on the significance test (P) or the Lack of Fit (PLOF) is 
exceeded. Based on the regression model an approximation is made what a new design 
point could be. After an evaluation of the true response in the new design point , it is 
accepted or rejected as a new optimum. The process iterates multiple times until no 
new design points are accepted. The model can be adapted to use continuous design 
variables or integer design variables. This is implemented because the final goal is to 
calculate an optimum with an integer number of resources. 

Multiple illustrations are presented in Chapter 5 to illustrate and test the capabilities 
of the RSM application. First an analytical function is tested which responded on a 
variable with a preset error E. Tests showed that the model was capable of making 
optimization steps toward the true optimum for the tested objective function within a 
certain confidence region. More tests where done to test the capability of using more 
input variables and to test the implementation of the lower boundaries on the input 
variables. The results showed that the model was capable of optimizing a problem 
with up to six input variables, with or without lower boundaries on the variables. 
Finally a four-station production line was studied as a test case [Absül]. The case was 
modeled using the x-language and was linked to the MATLAB application. For multiple 
optimization runs multiple optimums were found similar to the found results reported 
in the paper. 

Based on the Kuwait case a optimization problem is proposed. The problem combines 
the mean flowtime and the total costs of the number of resources within the system . 



7.2. R ecommendations 87 

A penalty factor is applied to influence the weight of the costs in the optimization 
problem. First the analytica] queuing model with continuous variables is used and 
results are found for multiple different penalty factors. The first results obtained for 
the continuous variables where as expected for lower penalty functions, although the 
rejection of the regression model and the calculation of the new design point resulted 
in some unexpected results for high penalty factors. The calculation of the step size is 
limited to a maximum step size and the lower boundaries on the variables are increased. 
The solution gave the expected results for the continuous variables. An optimal resource 
combination is found for each penalty factor and the costs of the found optima decrease 
when the penalty factor increases . The same model was simulated again with integer 
input variables. the results were similar for smaller penalty factors. while for greater 
factors the results were less satisfying . The optimum results where found after a number 
of iterations and finally the RSM model terminated because the regression model was 
rejected. The regression model was unable to approximate the true response of the 
queuing model in each input variable. This resulted in a less accurate determination of 
a new possible design point or even in a termination of the model. 

Finally the simulation model is optimized. The goal is to find the optima! set of re
sources regarding the patients flowtime. The smaller penalty factors used in the ana
lytica! model which gave acceptable results are used. For the smallest penalty factors 
acceptable results were gained which were comparable with the results given by [Absül] . 
Although the results for the high penalty factors did not satisfy, again the rejection of 
the regression model was the main cause of the termination of the RSM method. In 
addition. for one factor two tests were started with different lower boundaries, this re
sulted in a better optimization run resulting in more satisfying optima. Nevert heless 
t he increasing the lower boundaries is not the solution which can solve the rejection of 
the regression models. 

7.2 Recommendations 

The RSM approach proved to be useful to find t he optimum of a problem based on 
response data. Although in some specific situations t he created regression model can be 
improved . In this report the created model is a linear regression model with second order 
terms. The objective function can be split into two parts; a deterministic linear part 
which describes the costs for the number of resources, and a part based on stochastic 
flowtime data. Both terms are combined in the objective function and a regression 
model is fitted on the objectives response. 

A recommendation is to fit a regression model on the flowtime response. Therefore the 
second order regression model is inadequate and a rational function regression model 
is preferred. This model will describe the true flow t ime response more adequately, 
however the approximated pa rameters need the attention. Unconstrained fitting can 
result in undesired vertical asymptotes . When the fitting of the parameters is con-
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strained in combination with the known lower boundaries for each variable, then the 
vertical asymptotes can be placed near the desired steep increasing flowtime responses. 
The objective function will be a combination of the flowtime regression model and the 
deterministic cost function . 

For the optimization of the emergency department a link is made from MATLAB to 
Python which started the x-model for the given design of experiments created in MAT
LAB. In the optimization run an increase in the number of replications occurs often. 
This result in the start of a completely new simulation run. It is preferred to pause 
the x-simulation model, and wait until the RSM method in MATLAB confirms that 
the simulation can be terminated. In addition a small database wit h response data is 
preferred , this eliminates double simulat ion runs with similar parameters settings. 

The first recommendation will improve the RSM method to optimize the given simula
tion model. And the second recommendation would decrease the simulation time and 
speeds up the data gathering. 
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Appendix A 

Response surface Matlab code 

This appendix conta ins t he Matlab functions that are used to describe the Response 
Surface Method used in this report . 

A.1 Optimization Model 

The file. optimizat ion model.m. is the main model which contains the heuristic of the 
RSM model as visualized in Section 4.6.The model call many specific designed functions, 
the main functions are described in the next sections. 

xO = [2 3 2 3 10 2] '; % choose a start point 
n_var = length(xO); 
region_size = 4 * ones(n_var,1); 

directions the same 
cost= [0.4 1 . 2 1.2 0 . 5 0 . 3 0 . 3); 

5 a = 1; 

% size of the region in all 

lin = 1; % start wi th first order regression, if O then second order . 

p 
10 q 

0; 
O· 

' 

% Check if the start point xO is feasible 
[x_center] = boundaries_v2(x0,region_size,n_var); 
feasible = abs(xO-x_center) <= region_size; 

15 x = xO.*feasible + x_center . *(ones(n_var,1)-feasible); 
n = 15; 
data_point (1, : ) = [p q xO' region_size' n]; 

if x == xO 
20 else 

data_point( end +1, : ) 
e n d 

[p q x' region_size' n]; 

93 
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Close= O; 
25 termination = O; 

% Run n r e pli c ati o n s f o r x 
x data= kron(x, ones(1 , n))'; 
[f_pq] = gather_func_data(x_data); 

30 f_pq = f_pq + a*( x_data*cost' ) ; 

data_point( end , end +1) = mean(f_pq); 
data_point_q = []; 

35 while Close < 1 
reason = 0 ; 
while reason < 3 

40 

45 

% Place a s ubreg io n ar ound x 
[region] = sim_data_region_v2(x,region_size ,n_var,lin , n); 

% Get Fun c t io n da t a f o r a ll de s i g n p o int s in th e r eg i o n 
[f_region] = gather_func_data(region(: ,1 : n_var)); 
f_region = f_region + a*region( : ,1:n_var)*cost '; 
region(: ,2*n_var+1) = f_regi on; 

% c r e at e a s ubpr o ble m 
[reason,b] = subproblem ( region,n_var,lin,n); 

% Re a so n fl ags 
"0 => c han ge t o 2nd o rd er mo d e l % r easo n 1 

55 

60 

65 

70 

end 

% r e a so n 2 

% r e as o n 3 
% r easo n 4 

if reason == 1 
lin = O; 

=> in c r e a s e th e nu mber of repli ca tion s 
=> Te r mi n a t e 
=> Acc e p t e d 

disp( ' Submodel lin adjustment ' ) 
elseif reason == 2 

n = n+ 5; 
di s p ( ' Submodel n adjustment ' ) 

elseif reason == 3 && max(region_size) > 1 
region_size = region_size - 1 . *(region_size > 1) ; 
reason = 2; 
disp( ' Submodel region adjustment ' ) 

elseif reason == 3 
disp( ' Subm odel Terminate ' ) 

elseif reason == 4 
else 

reason = 3; 
disp( ' Submodel Terminate ' ) 

end 

75 if reason == 3 
Close= 1; 

else 
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90 

95 

100 

105 

110 

115 

120 

125 

A.l. Optimization Model 

% Solve the subproblern 
% Solve with integer constraints 
x_new = solve_subproblern(b,region,region_size ,n_var,lin); 

% Solve without integer constraints 
%1 = region(find ( isrnernber(region( : ,1:n_var), x', ' rows ' ) 

) ,n _v ar+1 :2 *n_var); 
%x_new = 

95 

step ( region_size,x,1(1,1:n_ var) ,f_pq,n,n_var,b,lin,cost,a); 

% Get Function data for x_new 
x_data = kron(x_new, ones(1,n)) 
[f_new] = gather_func_data(x_data); 
f_new = f_new + a*( x_data*cost' ); 

% Previously found 
I, J] = find( isrnernber(data_point( : ,3:2+n_var), x_new', 

' rows ' ) ) ; 
if isernpty (I) 

found 
else 

found 
end 

O· 
' 

% Pre v iously f o und for continuous v ariables 
dist = [x_new - x] '* [x_new - x]; 
if dist> 0 . 5 

found 0; 
else 

found 1; 
end 

% Accept new design x_new 
[next_step ,region_size ,n,p,q] 

accept_design(f_pq,f_new,n,region_size,p,q,found); 

% Nex t_step flags 

% Next_step 1 = > accepted 

% Nex t_step 

% Next_step 
2 
3 

=> rejected q = q + 1 
=> Terrninate 

% Next_step 4 => accepted and converged 

f _rnean = rnean(f_new); 

if next_step == 1 
data_point( end +1,:) 
x = x_new 
f_pq = f_new; 
q = 0; 
clear f_new 

elseif next_step == 2 
data_point_q( end +1,:) 

elseif next_step == 3 
Close= 1; 

[p q x new' region_size' n f_mean] ; 

[p q x new' region_size' n f_mean]; 



130 

135 

96 

e nd 

e nd 

A.2 

elseif next_step == 4 
data_point( e nd +l, : ) 
Close= 1; 

else 
disp ( ' error ' ) 

end 

Appendix A. R esponse surface Matlab code 

[p q x new' region_size' n f_mean]; 

Listing A.l: RSM optimization model 

Boundaries 

The function boundariesv2.m is called to check if the possible region is located within 
the feasible domain. If one of the boundaries is exceeded then the center of the region 
will be updated . 

fun c tion [x_center] = boundaries_ v2 (x, region_size, n_ var) 

ï.% 
min_resource = [1.6 2 2 1.6 8 . 0 1 . 9)' ; 

5 % 11 !' 111 with integer constraint 1 !!! 11 ! ! 
min_resource = ceil(min_resource); 

conl = x - region_size <= min_resource; 

10 x center x + (min_resource - x) . •con1+(region_size).•con1; 

Listing A.2: Boundaries 

A.3 Region 

The region around a design point is created based on type of submodel that needs to 
be created. For a first order model lin = l and for the second order model l in = 0. 

function region = sim_data_region_v2(x,region_size ,n_var,lin,n) 

[x_center] = boundaries_v2(x,region_size ,n_var); 

5 if lin >= 1 

string ' a b c d e f g h i ' ; 
generators= fracfactgen(string(1 : (n_var•2-1)),3); % a b . . => number 

of variables 
[dfF] = fracfact (generators); 

10 dfF( end +l, : ) = zeros(l,n_var); 



15 

A.4. Anova 

region = zeros(length(dfF)*n,2•n_var+1); 

for i = 1 : length(dfF) 
f or j = 1 : n 

end 

regio n ( ( i - 1) * n + j , 1 : n _var ) 

end 

x_center' + dfF(i,:).•region_size' ; 

20 else 

dCC = ccdesign(n_var, ' type ' , ' faced ' ); 

if n_ var < 5 
25 dCC dCC(1 : 2-n_var+2•n_var+4, : ); 

else 
dCC dCC (1 : 2- (n_var-1) +2•n_var+4,:); 

end 

30 region = zeros(length(dCC)•n,2•n_var+1); 
f o r i = 1:length(dCC) 

for j = 1:n 
region((i-1)•n+j,1 : n_var) x center'+ dCC(i,:).•region_size'; 

end 
35 end 

end 
% Add x if x is not x_center 
if x_center == x 

40 else 

end 

for j = 1:n 
region( end +1,1 : n_var) 

end 

45 % calculate the coded variables 
for i = 1:n var 

x· 
' 

region( : ,i+n_var) = (region( : ,i) -
(min(region( : ,i))+max(region( : ,i)))/2) / 
(abs(min(region(: ,i))-max(region( : ,i)))/2); 

end 

Listing A.3: Data region 

A.4 Anova 

97 

The anova function is a preset function within Matlab only this standard function is 
not able to calculate the lack of fit . Chosen is to recreate the anova function completely 
and add the lack of fit test into the function. 

function [P,P_lof ,b,y_hat ,lin,r_sq_adj] 

y = region( :, end ); 

anov(region,n_var,lin) 
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5 if lin >= 1 % 1st order 
X = [ones(length(y),1) region(:,n_var+1 : n_var*2)]; 

%region(: ,n_var+1 : 2*n_var) 

10 

else % 2nd order 
z= 1; 
for i 1: n_var-1 

for j= i+l:n_var 

end 
end 

X_cross (1: length(y) ,z) 
region( : ,n_var+i) .*region(: ,n_var+j); 

z=z+l; 

15 X = [ones(length(y),1) region(:,n_var+1 : 2*n_var) 

20 

25 

region( : ,n_var+1:2*n_var) . *region( : ,n_var+1:2*n_var) X_cross]; 
end 

b = (X'*X)\X'*y; 
y_hat X*b; 

res = y - y_hat; 

SS_e res'*res; 
SS t (y-rnean (y)) '* (y-rnean (y)); 

SS r 

vars 
DF_r 

30 DF_e 
DF t 

SS_t - SS_e; 

size (X); 
vars (2) -1; 
vars(l) - vars(2); 
DF_r + DF_e; 

MS r 
MS_e 

35 MS t 

SS_r/DF_r; 
SS_e/DF_e; 
SS_t/DF_t; 

F = MS_r/MS_e; 
f_vall = finv(O.95,DF_r,DF_e); 

40 P = 1 - fcdf(F,DF_r,DF_e); 

r_sq_adj = 1-MS_e/MS_t; 

H = X*inv(X'*X)*X'; 
45 for i=l:length(res) 

r_stud(i,1) = res(i)/sqrt(MS_e*(l-H(i,i))); 
end 

%% LACK OF FIT 
50 i = 1; 

LOF = [] ; 
data = region; 
datal= data ; 
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55 while length ( data ) >= 1 

60 

65 

70 

75 

80 

I, J] = find( ismember( data ( : ,n_var+1 : 2•n_var), 
data (1,n_var+1:2•n_var), ' rows' ) ); 

set= I; 
if length(set) > 1 

LOF(i,1) = ( data (set,n_var•2+1) -
mean ( data ( set , n_ var •2+ 1) ) ) '* ( data ( set , n_ var* 2+ 1) -
mean( data (set,n_var•2+1))); 

LOF(i,2) = length(set)-1; 
data (set,:) = [] ; 

clear set 
i=i+1 ; 

else 
data (1,:) 

end 

[] ; 

end 

SS_pe 
DF_pe 

ss lof 
DF lof 

MS_pe 
MS lof 

F lof 
f_val 
P_lof 

A.5 

sum(LOF( : ,1)); 
sum(LOF( : ,2)); 

SS_e - SS_pe; 
DF_e - DF_pe; 

SS_pe/DF_pe; 
SS_lof/DF_lof ; 

MS_lof/MS_pe; 
finv(0.95,DF_lof ,DF_pe); 
1 - fcdf(F_lof ,DF _lof ,DF_pe); 

Listing A.4: Anova including lack of fit 

Step 

The step function is used when continues variables are used and the calculation of 
the new step is based on or the line search method or the Newt on method used for 
respectively the first order model and second order model. 

l function [x_new] = step(region_size,x_new,I,f,n,n_var,b,lin,cost,a) 

alpha region_size; 

i=1; 
5 data_gather = []; 

10 

if lin >= 1 
while i >= 1 % Line search, linear model 

x _cur = x_new; 
x = x_cur - alpha . •b(2 : end )/norm(b(2 : end )); 

% check boundaries 
[x_center] = boundaries_v2(x,region_size ,n_var); 
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end 
e l se 

feasible = abs(x-x_center) < region_size; 
x_new = x.*feasible + 

(x_center-region_size) .*(ones(n_var ,1)-feasible); 
data_gather( end +1,:) = [x' x_new']; % s ub data gat h ering to check 

the boundary constraints 

Ï, gat her data 
x data = kron (x_new, ones (1, n)) '; 
[f(: ,2)] = gather_func_data(x_data); 
f( : ,2) = f(: ,2) + a*x_data*cost '; 

[h] = ttest2(f(:,2),f( : ,1),0.9, ' right ' , ' unequal ' ); 

%% 
if h == 0 

else 

end 

f ( : , 1) f (: , 2) ; 

i = O; 
x new= x_cur; 
f = f( : ,1); 

% Newto n Met h od, 2nd order mode l 
H = zeros(n_var,n_ v ar) ; 

35 stp = n_ v ar-1; 

40 

nd = n_var*2+1; 
for i = 1 : n_var-1 

st = nd+1 ; 
stp = stp-1; 
nd = st + stp; 
H(i,i+1 : n_var) = b(st:nd)/2; 

end 
H1 = diag(b(n_var+2 : n_var*2+1,1)); 
b 

45 H = H+H'+H1 
[L, D] =mchol (H); 

M L*D*L' 

g = M*I' + b(2:n_var+1); 
50 syms alpha; 

55 

60 

s = -inv (M)*g ; 

x_a = I ' + alpha*s; 

z= 1; 
for i 1 : n var-1 

end 

for j= i+1:n_var 
X_cross(z,1) 
z=z+1 ; 

end 

f_a = b(1) + diag(M) ' * x_a .- 2 + b(2:n_var+1)'*x_a + 
nonzeros(triu(M,1) ')' * X_cross*alpha; 
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65 %f_a = b(1) + diag(M)' * x_a . ~2 + b( 2: n_ var+1) ' *x_a + 
nonzeros ( triu(M,1) ') '; 

df da diff(f_a ,alpha); 
alpha = eval(solve(df_da,alpha)); 

if max(abs(alpha•s)) < max(region_size) 
70 x = x_new + alpha*s; 

else 
x = x_new + region_size . *s/norm(s); 
end 

75 % check boundaries 
[x_center] = boundaries_v2(x,region_size ,n_var); 
feasible = abs(x-x_center) < region_size; 
x_new = x . *feasible + 

(x_center-region_size) .*(ones(n_var,1)-feasible); 
end 

Listing A.5: Step 

A .. 6 Solving subproblem 

101 

Function solving subproblem is used when the variables are restricted by an integer 
constraint. The function calculates and new design point by evaluating the response of 
the subproblem for all design variables, the design point with minimal response in the 
eva1uation will be chosen to be the new possible design point . 

5 

function x_new = solve_subproblem(b,region,region_size,n_var,lin) 

for i = 1 : n_var 

end 

if region_size 
combi{i} 

else 
combi{i} 

end 

== 4 
-1:1/2:1; 

-1: 1/region_size (i): 1; 

10 combinations = allcomb(combi{ : }); 

if lin >= 1 % 1st order 
X = [ones(length(combinations) ,1) combinations]; 

else % 2nd order 
15 z= 1; 

20 

for i 1: n_var-1 
for j= i+l:n_var 

X_cross(l:length(combinations),z) 

end 
end 

combi nat ions (: , i) . * combinat ions ( : , j); 
z=z+l; 

X = [ones(length(combinations) ,1) combinations(: ,1:n_var) 
combinations (:, 1: n_var). *combinations (:, 1: n_var) X_cross]; 
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end 

25 combinations(: ,n_var+1) = X*b; 

combinations = sortrows(combinations ,n_var+1); 

x_new_cond combinations(1,1 : n_var); 

30 [ I, J] = find( ismember(region( : ,n_var+1 : 2*n_var), zeros(1,n_var), 
' r o ws ' ) ) ; 

x new= round( region(I(1),1:n_var) + x_new_cond . *region_size' )'; 

Listing A.6: Solve subproblem 

A .7 Accepting 

When a new possible design point is approximated t hen is can be accepted or rejected . 
Function accept design performs a test and accepts or rejects t he new design point . 

function [next_step ,region_size ,n,p,q] = 
accept_design(f_pq,f_new,n,region_size,p,q , found) 

[h] = ttest2 (f_new , f_pq, [], ' ri g h t ' ) ; 

5 if h == 0 && found == 0 % FOU ND == 0 BIJ I NTE GER DESIG N 
accepted 1; % ac c ept e d 
p = p+1; 

elseif h==O && found == 1 % FOU ND == 1 BIJ I NTEGER DE S I GN 

JO 
accepted = 2; 
[converg , p,q] converged(f_pq,f_new,p,q); 

else 
accepted = 0; % rej e c t e d 
[terminate, region_size, n, q] 
disp( ' F _new n o t < F _pq ' ) 

rejected(n,region _size,q); 

15 end 

20 

% Nex t _ s tep fla gs 
% Ne x t _st e p 1 
% Ne x t _s t e p 2 

% Next _st e p 3 
i', Ne x t_ s t e p 4 

if accepted == 1 
ne x t_step = 1; 

25 disp ( ' acce pted ' ) 

=> a ccept e d 
=> reje c t e d q = 
=> Te r minat e 
=> a c cepted and 

elseif accepted == 0 && terminate 0 
next_step = 2; 
disp ( ' reje c t e d' ) 

elseif accepted == 0 && terminate 1 
30 next_step = 3; 

disp( ' reje c ted ' ) 

q + 1 

c o n ver g ed 



A. 7. A ccepting 

elseif accepted == 2 && converg 1 
next_step = 4; 
disp( 'c on v erged ' ) 

35 elseif accepted == 2 && converg 0 
n1 = n; 
n = 30; 
[terminate,region_size,n,q] 
n = n1; 

rejected(n,region_size,q); 

40 if terminate == 0 

45 

end 

next_step = 2; 
disp( ' reje c ted ' ) 

else 

end 

next_step = 3; 
disp( ' t e rminate ' ) 

Listing A. 7: Accept new design point 

103 
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Appendix B 

Analytica! results 

The results given in this appendix is based on the outcome of the optimiza tion problen1 
giveu in Chapter 6. In Section B .l the results of the optimization problem c:ombined 
with the analytic:al model of the emergenc:y department are given . In the section the 
model of the emergenc:y department is optimized with c:ontinues design variables and 
with integer design va riables 

B .1 Results w it h integer const raint 

Table B .l: Calculated optimum design with a = O.l. 
R X XL L E T n 

1 4 5 3 6 16 5 
2 4 6 3 4 16 5 
3 4 6 3 5 17 5 
4 5 5 3 5 16 8 
5 5 5 3 6 15 5 
6 5 6 3 5 16 5 
7 5 6 3 5 17 6 
8 5 6 3 5 18 5 
9 5 6 4 5 16 5 
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Table B.2: Calculated optimum design with a = 0.5. 
R X XL L E T 11 

1 3 4 2 3 14 4 
2 3 4 2 4 13 4 
3 3 4 2 4 14 4 
4 3 4 2 4 14 5 
5 4 4 2 4 14 4 

Table B.3: Calculated opt imum design with a = I.O. 
R X XL L E T n 

1 3 4 2 3 13 3 
2 3 4 2 3 13 4 

Table B.4: Calculated optimum design with a = 2.0. 
R X XL L E T n 

1 2 3 2 3 12 3 
2 3 3 3 3 12 3 

Table B.5: Calculated optimum design with a = 5.0. 
R X XL L E T n 

1 2 3 2 2 11 3 
23 3 3 3113 

Table B .6: Calculated optimum design wit h a = 10.0. 
R X XL L E T n 

1 2 2 
2 3 3 

2 2 10 2 
3 3 10 3 

Table B . 7: Calculated optimum design with a = 20.0. 
R X XL L E T n 

1 2 2 2 2 9 2 
2 3 3 3 3 9 3 



B.1. Results with integer constraint 

Table B.8: Calculated optimum design with a = 30.0. 
R X XL L E T n 

1 2 2 2 2 9 2 
2 3 3 3 3 9 3 

Table B .9: Calculated optimum design with a = 40.0. 

1 R X XL L E T I n 
14 4 4 48 4 

Table B.10: Calculated optimum design with a = 50.0. 

1 R X XL L E T In 
14 4 4 48 4 
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Figure B.l: frequency plots of the optimum designs for several different factor of a . 




