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Abstract

The z-coil of an MRI-scanner is modelled as a set of circular loops of strips, or rings.
Due to induction eddy currents occur which lead to the so-called edge-effect. The edge-
effect depends on the applied frequency and the distances between the strips, and affects
the impedances. The current distribution in the rings is determined and from that the
total resistance and self-inductance of each ring separately, all as far as possible by analyt-
ical means. From the Maxwell equations, an integral equation for the current distribution
in the strips is derived. The Galerkin method is applied, using global basis functions to
solve this integral equation. It turns out that Legendre polynomials as basis functions are
an appropriate choice. They provoke an analytical expression for the integrals with a sin-
gular kernel function, and bring about a fast convergence; only a very restricted number
of Legendre polynomials is needed.

1 Introduction

Magnetic Resonance Imaging (MRI) is a revolutionary imaging technique of high relevance
for the medical community. The main magnet of an MRI-scanner generates a strong static
magnetic field. Hydrogen nuclei in the body align in this field. These nuclei respond to bursts
of additional magnetic fields or RF-pulses. Different types of tissues produce different signals.
This forms the basis of MRI contrast. For space encoding, gradient coils are used. In the
design of gradient coils, the inductance of a gradient coil is an important characteristic. A
coil should have an inductance as small as possible, so that it can be switched on and off
quickly. One of the major problems in the use of switched gradient coils is the interaction
of the rapidly changing fields with the conducting structures in the MRI-scanner including
the gradient coils themselves. Eddy currents occur, causing perturbations on the expected
gradient field, leading to blurring in the MR picture.

This paper is concerned with the mathematical modelling and numerical simulation of the
current distribution in a gradient coil of given configuration, in particular the z-coil, as well as
the frequency-dependent impedances of the strips. From the Maxwell equations an integral
equation is derived and the Galerkin method is used to solve this equation, using global basis
functions.
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Figure 1: The geometry of the model.

2 Model definition

The z-coil consists of a long strip of copper wound around a cylinder. It has the shape of
rings connected in series. For the model, we consider a finite number, N , of coaxial circular
strips; see Figure 1. We use cylindrical coordinates (r, ϕ, z), where the z-axis coincides with
the central axis of the rings. The radius of each ring is R, and each separate ring is of uniform
width. In the model, not all the rings have to be of the same width, and the mutual distances
may be different. The thickness h is assumed to be the same for all rings.

Through the sheets, a time-harmonic source current at frequency ω is prescribed. As the
frequency is small (in the order of kHz), the penetration depth δ, defined as δ =

√

2/µσω, is
much larger than the thickness of the strip (h ≈ 2.5 · 10−3 m). So, the current density can be
assumed to be distributed uniformly throughout the thickness of the strip. Consequently, we
can assume that the strips are infinitely thin, and replace the current density J (in A/m2) by
the current per unit of length j (in A/m), defined as

j =

∫ R+h

2

R−
h

2

Jdr ≈ hJ. (1)

The Maxwell equations are reduced using an electro quasi-static approach; due to the low
frequency the term with the displacement current (∂D/∂t) in Ampère’s law, and the insta-
tionary term ∂ρ/∂t in the law of conservation of charge are neglected. The result of the latter
neglect is a divergence-free current in the strips, i.e. ∇ · j = 0. Argued by the rotational
symmetry of the problem, we assume all fields to be ϕ-independent. We obtain

j = jϕ(z)eϕ. (2)

The source current js induces eddy currents je, so we can write for the total current, using
Ohm’s law

jϕ(z) = js
ϕ(z) + je

ϕ(z)

= js
ϕ(z) + hσEϕ(R, z). (3)

Using a vector potential A, defined by B = ∇× A, and a scalar potential Φ, we can write

E = −
∂A

∂t
−∇Φ = iωA −∇Φ. (4)

2



The scalar potential must be equal to zero, so we are left with

iωAϕ(R, z) +
1

hσ
js
ϕ(z) =

1

hσ
jϕ(z), (5)

for z on the strips. The source current is uniform on each of the strips. We assume that
we have L groups of rings connected to sources with values I1, . . . , IL, where Il is the total
current through the rings of group l.

3 Dimensionless equations

To write the equations in dimensionless form, we scale all lengths to R and introduce the
average current

j∗ =

∑L
l=1 Il

∑L
l=1Dl

, (6)

where Dl is the sum of the widths of all rings in group l, to obtain

Aϕ(1, z) = −iǫjϕ(z) + iǫ

L
∑

l=1

Clψl(z), (7)

where

ǫ =
1

hσµωR
, (8)

and the last term in (7) expresses the source current, modelled as a series of uniform functions
with dimensionless values C1, . . . , CL; the characteristic functions ψ1, . . . , ψL are equal to one
on the rings of the corresponding group and equal to zero otherwise.

From Faraday’s law and Ampère’s law, we can derive a convolution integral for Aϕ (see
[1]). Equation (7) then becomes

∫

∞

−∞

jϕ(ζ)K(z − ζ)dζ = iǫjϕ(z) − iǫ
L

∑

l=1

Clψl(z), (9)

where

K(z) = −
1

π

∫

∞

0
I1(p)K1(p) cos pzdp, (10)

with I1 and K1 the modified Bessel functions of order one of the first kind and second kind,
respectively.

4 Choice of basis functions

For further computations we need to investigate the behaviour of the kernel function. The
power series expansion of K(z) for z close to zero up to terms of order one is given by

K(z) ≈
1

4π
(2log|z| − log4 + 2Ψ(0)(

3

2
) + 2γ), (11)

where Ψ(0)(3/2) ≈ 3.65 · 10−2, and γ ≈ 5.77 · 10−1. So, K has a logarithmic singularity. If we
want to approximate the current distribution by a series expansion of global basis functions,
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then this fact immediately draws our attention to the Legendre polynomials. Namely, if we
apply the Galerkin method, then we obtain integrals of which we know the analytical solution:

d2
q

2π

∫ 1

−1

∫ 1

−1
Pk(z)Pk′(z) log(dq|z − ζ|) dζ dz (12)

=







































8d2
q

2π(k + k′)(k + k′ + 2)[(k − k′)2 − 1]
,

0,

d2
q

2π
(4 log dq + 4 log 2 − 6).

The first solution is valid for k + k′ > 0 even; the second solution for k + k′ odd; and the
third solution for k = k′ = 0. Other integrals without the logarithmic singularity can easily
be computed numerically as they are regular.

5 Results

We first consider the case of one ring. The total current flowing through the ring is prescribed.
The amplitude of the current as a function of z and for the frequencies ω = 100 (line), 400
(dotted), 700 (dashed), 1000 (dash-dotted) rad/s is shown in Figure 2 (a). We observe
an edge-effect, which becomes stronger if the frequency is increased. Furthermore, a phase
difference occurs. The currents at the edges are ahead in phase with respect to the source,
whereas currents at the center are behind in phase.

We are also interested in the total resistance and the self-inductance of the ring. In Figure 2
(b), we see how the total resistance increases with increasing frequency, while Figure 2 (c)
shows how the self-inductance decreases with frequency.

The next example is a set of three rings, each of width 4 cm, and at a mutual distance of 5
mm, see Figure 3. We again observe an edge-effect in the rings, but also a global edge-effect.
These effects are caused by induction.

If we consider rings with very large radius the solution of the current distribution will tend
to the one for an infinitely long strip in a plane (see [2]). The kernel function in that case is
exactly the logarithmic function. So, the difference between the kernel function in (10) and
the logarithmic function is due the curvature in the ring.

Knowing the current distribution, we can determine the magnetic field by use of Biot-
Savart’s law. It is clear that the edge-effects, as well as the phase differences, cause distur-
bances in the gradient of the magnetic field, which affect the quality of the MRI-pictures.

Note that the model of the z-coil consisting of rings only does not depend on the tangential
direction ϕ. Taking into account the x-coil and the y-coil, the model will also depend on the
ϕ-direction and will therefore become more complex. The eddy currents that occur in that
case are being investigated in the work of [3].
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Figure 2: One ring. (a) Amplitude of the current (A/m); (b) Total resistance
against frequency; (c) Self-inductance against frequency.
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Figure 3: Amplitude of the current (A/m) in three rings
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