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Abstract

We present the results of a comparative study performed with three numerical

methods applied to a flow in a three-dimensional geometry characterized by

weak compressibility and large rarefaction effects. The employed methods, all

based on the kinetic theory of gases, are the Lattice Boltzmann Method (LBM)

in a regularized formulation, the Direct Simulation Monte Carlo (DSMC) ap-

proach and a hybrid method coupling the LBM and the DSMC recently devel-

oped by the authors [J. Comput. Sci. 17, 357 (2016), and Phil. Trans. R. Soc.

A 374, 20160226 (2016)], in this contribution extended to the case of simula-

tions involving many particles and three-dimensional geometries. Owing to the

common kinetic nature shared by the employed methods and to their imple-

mentation in a single code infrastructure, a detailed comparison of the results

can be performed on a quantitative ground. The numerical results permit to

determine, for the studied flow problem, the range of applicability in terms of a

geometry-based Knudsen number for the present LBM formulation. The need

to employ the hybrid method is justified by the very large computational cost
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of the DSMC simulation. Limitations of the current hybrid method formulation

in treating thermal and large compressibility effects are underlined and possible

strategies to overcome them are delineated. Finally, good scalability properties

of the parallel algorithms, as well as the large computational cost reduction

guaranteed by the hybrid method, while providing an accurate solution, are

demonstrated.

Keywords: kinetic theory, Lattice Boltzmann Method, Direct Simulation

Monte Carlo, rarefied gas flows, hybrid method
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1. Introduction

The solution to the standard Navier-Stokes equations accurately reproduces

the real flow behavior under continuum flow conditions and for cases where non-

equilibrium effects can be dealt with perturbatively with respect to the equi-

librium state. Whenever such assumptions are not met anymore, i.e. typically5

when the molecular-level spatial scales (molecular mean free path, λ) are compa-

rable to the macroscopic ones (domain geometry or hydrodynamic characteristic

scale, L), the Navier-Stokes equations fail to provide a reliable description. The

definition of the Knudsen number as Kn = λ/L leads to the usual classification

into hydrodynamic (Kn<0.01), slip (0.01<Kn<0.1), transitional (0.1<Kn<10)10

and free molecular regime (Kn>10). While the Navier-Stokes equations, even-

tually supplemented with adequate slip boundary conditions, can be applied up

to the slip flow regime, [1, 2], for conditions in the transitional flow regime, the

flow description needs to be based directly on a more fundamental ground, the

Boltzmann equation, [3]. Among the several numerical techniques applied to15

approximate the Boltzmann equation in the rarefied regime, the Direct Sim-

ulation Monte Carlo (DSMC) method, [4], has demonstrated to be the most

successful and adaptable to a wide range of applications. However, due to its

particle-based nature and explicitness of the interparticle collision process, the

computational cost becomes prohibitively large for the near-continuum regime.20
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It has to be mentioned that other numerical methods have been proposed to

simulate flows in the transitional regime, such as those based on extended hydro-

dynamic equations using higher-order Chapman-Enskog approximations, [5], or

those originated from moments expansion methods such as the Grad’s method,

[6, 7]. However, difficulties in imposing boundary conditions as well as the25

complexity of the resulting systems of equations hindered their application to

the simulation of flows of industrial interest. In addition to these modelling

considerations, in a non-negligible amount of industrial applications, such as

micro- and nano-electromechanical systems or material processing tools, it is

not possible to clearly and a priori determine that the flow is entirely within30

the continuum limit, but a range of non-equilibrium/rarefaction conditions are

encountered. The approach to simulate a gas flow showing these characteristics

using the DSMC, therefore, faces a very large computational burden. Under

such circumstances, because of the current computational and modelling limi-

tations, a hybrid method coupling continuum and rarefied flow solvers has to35

be employed.

The DSMC method has been already coupled to classical Navier-Stokes and

Euler equations solvers in the past, [8–10]. The main drawback of such coupling

schemes, however, resides in the separation of both temporal and spatial scales

evolved in the two methods, especially when large non-equilibrium effects are40

present. The approach to use LBM as the solver for the continuum part goes

in the direction to reduce such separation, in fact, due to its kinetic theory

roots, shared with the DSMC, the coupling between the two methods can be

performed at the microscopic scales relevant for the single particle velocity dis-

tribution function instead of the macroscopic field scales, as done in the previous45

models. In this view, the LBM has already shown to be able to capture some

phenomena typical of rarefied gas flows, [11, 12].

In [13], we developed the coupling schemes that allow the two-way extraction

and transfer of information at the interface between the LBM and the DSMC,

and in [14] we applied them to a bidimensional flow case using a domain decom-50

position technique, in the limit of isothermal flows and for weak compressibility
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effects. In this work, we extend it to the case of three-dimensional geometries

involving a large number of computational particles and we validate the hybrid

LBM-DSMC model, both in terms of accuracy and computational cost, for an

industrial application where DSMC method is reliable but time consuming and55

the continuum methods are fast but less accurate or even inaccurate.

The rest of the paper is organized as follows: In Section 2, the analogies between

the LBM and DSMC methods and the coupling algorithm are reviewed. Section

3 describes few details about the treatment of complex geometries in DSMC and

hybrid methods, performed in a typical LBM fashion. In Section 4 we present60

the investigated flow problem and the results obtained inidividually by each

method are compared in terms of mean field hydrodynamic quantities. Finally,

in Section 5, the computational cost associated to each method is analyzed.

2. Review of the hybrid LBM-DSMC coupling method

For a comprehensive treatment of the DSMC and LBM methods, the reader65

should refer to the reference books from Bird and Succi, respectively, [4, 15].

Here, we will briefly delineate the analogies, and differences, characterizing the

two methods which are relevant for the hybrid method formulation. Both meth-

ods propose to determine the fluid motion as described by the Boltzmann equa-

tion by making use of a splitting algorithm approach: a free-flight phase, in70

which particles move undisturbed and unaware of the other particles, is followed

by a phase during which the microscopic state changes according to the pre-

scribed collision mechanisms typical of each method. Although the two phases

both occur in the LBM and DSMC, they are enforced in very different ways. In

fact, for the streaming phase, the main feature which clearly distinguishes the75

LBM from the DSMC is the drastic reduction of the velocity space degrees of

freedom: while in DSMC particles are free to stream with any possible velocity,

in LBM they are forced to propagate only along a finite set of directions with a

pre-determined speed. Even more evident, it is the dissimilarity for the collision

phase: in DSMC it involves stochastic binary collisions between close enough80

4



particles, in LBM, under the BGK approximation, which is used in the present

work, [16], it is reduced to a relaxation process towards a local equilibrium. It

can be easily understood that the assumptions made in the LBM allow to boost

numerical efficiency, but they also suggest a qualitative explanation why the

LBM in its classical and minimal formulation cannot go beyond an isothermal85

Navier-Stokes level of representation, [17, 18].

The formalization proposed by Shan and coworkers, [19], which describes the

LBM according to the Hermite expansion representation of the velocity dis-

tribution function and Gauss-Hermite quadratures for the selection of the set

of discrete velocities, is fundamental for the formulation of the hybrid model.90

A further necessary step to treat large non-equilibrium effects, i.e. the reg-

ularization procedure, firstly proposed in [20], is also included in the present

implementations of the LBM and hybrid methods. The main idea behind this

technique is to ensure that the non-equilibrium part of the discrete distribu-

tions lies entirely within the same Hermite polynomial basis over which the95

equilibrium distributions are projected. Conceptually, such process removes

from the non-equilibrium discrete distributions all those moments that cannot

be accurately evaluated by the available quadrature and which could contain

numerical discrete artefacts. The advantage of the application of the regulariza-

tion procedure in increasing the stability properties of the LBM when simulating100

high-Reynolds number flows has been recently demonstrated in [21, 22]. In this

paper, we will rather exploit the properties of the regularization in overcoming

existing defects in conventional LB models when simulating flows characterized

by finite (but still weak) compressibility and rarefaction effects. In particular,

as we will employ a D3Q19 lattice, the regularized LBM model will incorpo-105

rate up to the second-order hydrodynamic moments, and, therefore, it can be

adopted only in the limit of isothermal flows and when compressibility effects

are not strong. Several approaches have been proposed in order to extend the

applicability of the LBM towards high-Ma number flows. Amongst the most

promising ones seems the implementation described in [23], as it provides very110

good comparisons with references also in the case of large supersonic flows. The
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main features of such scheme are the adoption of the entropic LB formulation,

[24], and the construction of the local discrete equilibrium distribution functions

maintaining the exponential form of the Maxwell-Boltzmann equilibrium distri-

bution, rather than the typical polynomial form. Another interesting feature115

of such approach is that the streaming phase and the locality of the collisional

process operations are kept unmodified. The inclusion of such implementation

will be object of future work.

The implementation of the DSMC method adopted in this study features a stan-

dard no time counter (NTC) algorithm, [4], for the evaluation of the number120

of the attempted collision events that will occur between two computational

particles residing at each time step in the same collisional cell. In the present

DSMC implementation, however, the treatment of complex geometries and in

particular of the wall boundary conditions is not standard in the sense that it

has been developed so to mimick the same approach which is adopted in the125

LBM implementation. More details about this aspect will be provided in Sec-

tion 3.

The full treatment and validation of the hybrid LBM-DSMC model can be

found in [13, 14]. Here, for completeness and self-consistency of the paper,

only few details are provided. The model consists of two main features: the130

mapping procedures needed to transfer the information about the local flow

properties from LBM to DSMC and vice versa, and the implementation of the

coupling algorithm based on the flow domain decomposition method. In Fig. 1,

a flowchart representing the hybrid model algorithm is shown. The step for the

LBM→DSMC transfer of information requires that at the lattice nodes/DSMC135

cells where the coupling occurs, the velocities of the DSMC particles are sampled

from a continuous distribution function, see Fig. 1 (node a). Taking advantage

of the Hermite formalism, the coefficients a
(n)
LB of the expanded (in Hermite

polynomials) velocity distribution function can be computed via the discrete

non-equilibrium fLB,a(x, t) as:140

a
(n)
LB(x, t) =

d−1∑
a=0

fLB,a(x, t)H(n)(ξa), (1)
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Start

1. Set up the flow do-
main decomposition

2. Populate the DSMC cells
with particles and initial-
ize the LBM populations

3. Perform LBM time
step, m = m + 1

4. Perform DSMC
time step, q = q + 1

q = qDSMC?

5. Project the DSMC
moments onto the LBM
basis (DSMC→LBM)

Solution
converged?

Yes

Stop

Yes

a. Generate particles in the
buffer layer (LBM→DSMC)

b. Move particles and apply bc

c. Evaluate fluxes towards
LBM nodes (DSMC→LBM)

d. Remove particles
outside DSMC domain

e. Perform collisions
between particles

LBM-DSMC hybrid model

flowchart for steady state flow

No

No

Figure 1: Flowchart for the hybrid LBM-DSMC model for steady state flows. For each LBM

time step, m, the DSMC sub-cycles for a number of DSMC time steps equal to qDSMC.

During each substep, both the LBM→DSMC and the DSMC→LBM passage of information

are applied, see nodes a and c. After the DSMC subcycle is completed, the hydrodynamic

moments, as cumulated during the DSMC subcycle, are projected onto the LBM distributions,

see node 5. The computation continues until the solution convergence criterion is met.
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where H(n)(ξ) is the Hermite polynomial of order n and d represents the num-

ber of discrete velocities ξa of the employed lattice. Since the knowledge of the

coefficient is tantamount to know the distribution itself, the DSMC particles ve-

locities can be sampled via an acceptance/rejection algorithm from the velocity

distribution function reconstructed using the coefficients expressed by Eq. (1),145

which assumes the following form:

f(x, ξ, t) = ω(ξ)

∞∑
n=0

1

n!
a

(n)
LB(x, t)H(n)(ξ). (2)

The coupling scheme for the DSMC→LBM communication, see node 5 of the

flowchart in Fig. 1 prescribes, at the end of the DSMC subcycling, to project the

cumulative averages of the DSMC hydrodynamic variables onto the LB discrete

distributions taking advantage of the fact that the coefficients of the velocity150

distribution functions expanded in Hermite polynomials can be evaluated from

the knowledge of the hydrodynamic variables themselves. The expansion coef-

ficients, in fact, are given by

a(n) =

∫
f(x, ξ, t)H(n)(ξ)dξ, (3)

which, for the first coefficients, specializes to

a
(0)
DSMC= ρDSMC,

a
(1)
DSMC= (ρu)DSMC,

a
(2)
DSMC=

[
P + ρ

(
uu− c2sδ

)]
DSMC

,

(4)

where ρ, ρu, P, cs and δ are the density, the momentum, the momentum flux155

tensor, the speed of sound and the Kronecker delta function, respectively. Once

the velocity distribution function constructed from the coefficients of Eq. (4) is

known, it can be evaluated in correspondence of the lattice discrete velocities

ξa and finally supplemented to the LBM solver at the coupling nodes as:

fDSMC→LBM,a(x, t) =
wafDSMC(x, ξa, t)

ω(ξa)
, (5)

where wa are the lattice weights and ω(ξ) is the weight function associated with160

Hermite polynomials.
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Figure 2: Schematic showing a typical domain decomposition. The LBM grid extends over

the whole domain, while the DSMC is solved only in a restricted area (red squares represent

the centers of the DSMC cells, filled with black particles). In this area, the DSMC hydrody-

namic moments are projected onto the LBM lattice. The buffer layer (blue squares) acts as

a boundary condition for the DSMC area as the orange particles are sampled from a velocity

distribution function reconstructed from the information provided by the LBM, i.e. the coef-

ficients of Eq. (1).

It should be emphasized that the order n in Eq. (1) and Eq. (3) is strictly

related to the lattice employed and, in particular, to the algebraic precision of

the corresponding Gauss quadrature. For the present case n = 2 since we will

adopt a D3Q19 lattice. Moreover, in Eq. (4) the following assumption is made,165

p = ρc2s, so to mimick the LBM ideal gas equation of state.

Finally, the hybrid method prescribes the determination of the domain decom-

position, i.e. the allocation of a part of the domain to be solved by the DSMC.

In Fig. 2, a pictorial representation of the domain decomposition is shown. In

the proposed scheme, the LBM extends over the complete simulation domain,170

while the DSMC regions are confined only in those parts of the domain where

non-equilibrium effects are stronger, so that a two-level grid is obtained. As

shown in the scheme of Fig. 1, after the LBM discrete distributions fa(x, t) are

integrated on a coarse time level increment over the whole domain, ∆tLBM, in-

cluding the part below the DSMC area, the DSMC part is advanced to the new175

time at the LBM level through a sequence of fine level time steps, ∆tDSMC. At
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f ∗a (x,m∆tLBM)

qDSMC∑
q=1

∆fa (x, q∆tDSMC) fa(x,m∆tLBM)

Figure 3: Steps involved in the correction of the LBM populations due to the flux of mass and

momentum originated from particles exiting the DSMC area. At each DSMC time substep

q, (left figure), particles may cross the interface between the DSMC and the LBM, and the

related fluxes of mass and momentum are stored during the whole DSMC subcycle composed of

qDSMC DSMC time substeps (center figure). At the end of the subcycle, the LBM populations

are corrected to take into account the stored information via Eq. (7) (right figure).

the beginning of each DSMC time step, particles are generated within the buffer

layer, located at the interface between the DSMC and the LBM, by sampling

the reconstructed velocity distribution function, Eq. (2), obtained from the co-

efficients of Eq. (1). The particles within the DSMC domain, and the buffer180

layer, stream for one ∆tDSMC and proper boundary conditions are applied to

the particles trajectories, see node b of Fig. 1. As soon as a particle crosses

the interface between the DSMC and the LBM areas, it will contribute to the

mass and momentum fluxes for the LBM populations corresponding to the node

where the crossing occurred so that a correction to those populations is applied185

in the form:

fa (x,m∆tLBM) = f∗a (x,m∆tLBM) +

qDSMC∑
q=1

∆fa (x, q∆tDSMC) , (6)

where f∗a are the uncorrected populations at the LBM time step m, and the

correction contribution ∆fa at each DSMC time substep, q, can be evaluated

as:

∆fa (x, q∆tDSMC) = wa

2∑
n=1

1

n!
a

(n)
DSMC (x, q∆tDSMC)H(n) (ξa) . (7)

In Fig. 3, a schematic representation of the steps involved in the correction190

phase is depicted.

After the streaming phase, the particles outside the DSMC domain are removed
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and collisions among the remaining particles are performed, see nodes d and

e of the flowchart of Fig. 1. At the end of the DSMC subcycle, the DSMC

solution is projected at the LBM level in the overlap region. Afterwards, a new195

LBM time step is performed until the convergence criterion, or the prescribed

final time step, is reached.

3. Treatment of complex geometries and wall boundary conditions

Several approaches may be pursued in LBM and DSMC to treat complex

shaped geometries and related boundary conditions, each having advantages200

and drawbacks from computational and accuracy point of view.

For the LBM, the common Cartesian grid implementation prescribes to rep-

resent the solid object walls with a staircase approximation so that they are

assumed to be placed in correspondence of the midpoints of boundary links be-

tween solid and fluid nodes. An improvement of this approach is represented by205

interpolated boundary conditions, [25], which has the aim to reduce boundary

location dependency from the relaxation time and then from the fluid viscosity.

The immersed boundary method has been also introduced, [26], especially in

conjunction with moving objects, for which a Cartesian grid is used and external

forces localized at the object surfaces have to be imposed to satisfy the intended210

boundary conditions. This last approach is also used in DSMC, see e.g. [27],

but, instead of the evaluation of the fictitious forces, it requires to recompute

the effective volumes of the cells cut by the geometry surfaces, to achieve the

correct molecular collision frequencies. Another approach commonly employed

in DSMC, and similar to what is done in LBM, is the staircase representation215

of the geometry for which the object walls coincide with the surfaces of the

Cartesian grid cells, [4, 28]. Finally, non-Cartesian body-fitted meshes can be

localized in proximity of the object so to better approximate its shape, [29].

Given such a variety of options, the choice of the method to handle complex

geometries is movitated by the fulfilment of some criteria, keeping in mind that220

the final aim is to simulate flows adopting the already developed hybrid method.
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The first criterion is related to the full compatibility of the implementation for

the LBM and DSMC. This automatically rules out the possibility to adopt a

body-fitted mesh since the LBM, in the present formulation, adopts a Cartesian

grid. The immersed boundary method has also to be excluded due to the fact225

that, for the LBM, the method has been essentially used in conjunction to the

enforcement of a no-slip boundary condition at the geometry walls, while in the

rarefied regime we deal with flows showing a finite slip velocity at the surface.

Also the interpolated boundary conditions approach has to be dropped because,

depending on the order of interpolation, more than one grid spacing is required.230

For the staircase representation, instead, only one node is required to impose

the intended wall boundary condition. Moreover, under this last approach,

the possibility to include a slip velocity in the LBM solution has been already

demonstrated and it can be considered well established, [30, 31]. These con-

siderations drove the implementation to handle complex geometries in LBM,235

DSMC and the hybrid method adopting the staircase implementation.

Under this approach, the definition, from an algorithmic point of view, of a

geometry both in DSMC and LBM corresponds to the proper definition of a

scalar field which attributes the status of fluid or wall to a cell/node. In Fig.

4a-4b a representation of the geometry which will be used in the simulations240

of Section 4 as obtained in the LBM and DSMC code is shown. The location

of the position where the wall boundary conditions are imposed, placed at the

interface between fluid and wall cells/nodes, is the same in the two cases.

The domain, in LBM, DSMC as well as in the hybrid model, is currently stati-

cally decomposed into Cartesian blocks and each block is simulated by a process,245

with inter-process communication performed via the Message Passage Informa-

tion (MPI). In the LBM implementation, when using a D3Q19 lattice, a single

layer of frame nodes surrounding each block is sufficient to perform the stream-

ing phase across the contiguous processes.

We apply to the DSMC code a similar implementation in the sense that parti-250

cles are transferred to contiguous processes only once they land in a frame cell.

In order to do this, however, it is needed to guarantee that a particle streams

12



(a) Geometry as defined in the LBM code

(b) Geometry as defined in the DSMC code

Figure 4: Comparison between the geometry as obtained in the LBM and DSMC codes; as

it can be clearly seen, the walls, present at the interface between the red and blue areas, are

localized exactly in the same position. The only difference, not relevant for the determination

of the wall location, is that in the DSMC code the cells which are not fluid cell nor wall cells,

but are needed to fill in the remaining part of the simulation box, are defined as empty cells,

since particles cannot enter those cells (green area).

at most one cell away. This is possible if one complete time step is divided

into k substeps so that during each substep the particle trajectory along each

coordinate axis direction is not larger than the cell size along that direction.255

In Fig. 5, the distribution of the number of substeps for a time step, set ac-

cording to the DSMC rules-of-thumbs, is evaluated for the conditions of the

simulations of Section 4. Almost all the particles at the conclusion of the time

step still reside in the same cell (k=0) or, at most, have moved to the next

neighbor cell, k=1. Only a limited number of particles — less than 1.5% — will260

have to stream for a larger number of substeps (k>1). Therefore, in practice, the

computational overhead due to the fact that more than one cycle over a (small)

fraction of the particles is needed to complete the streaming phase is limited.

Such overhead can be more than compensated by the possibility to use only one

frame of ghost cells to handle the inter-process communication. In addition, the265

substepping feature allows to verify if an interaction between a particle and a

surface occurred, and eventually apply the particle-surface boundary conditions,

only to the particles residing within the fluid cells adjacent to the walls.

The definition of the interactions between gas molecules and a surface, needed

to determine the related momentum and energy transfer, and therefore to real-270
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 0.4

 0.5

 0.6

0 1 2 3

P
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)

k -- Number of substeps

Figure 5: Distribution of the number of substeps, k, for a typical well-defined time step,

∆tDSMC for the simulations of Section 4. At most, particles, at the end of the time step, will

have streamed to the next neighbor cell (k≤1). Only about 1.5% will stream further (k≥2).

A similar distribution should be found for any other geometry and flow conditions.

ize proper boundary conditions, is very complicated as it requires the complete

knowledge of the scattering kernel, including the molecular structure of the sur-

faces. Such level of detail, though, is not accessible to the DSMC nor to the

LBM. However, from a macroscopic mean field point of view, it is sufficient to

know some average parameters, i.e. the so-called accommodation coefficients275

in order to characterize gas-wall interactions. In particular, as in this work we

deal with flows which can be assumed isothermal, we are interested only in the

tangential momentum accommodation coefficient (TMAC) defined as:

σv =
τi − τr
τi − τw

, (8)

where τi, τr and τw are the tangential momentum of incoming particles, re-

flected particles and of the wall, respectively. Two classical limits, specular and280

fully diffuse wall boundary conditions can be recovered. For the specular case,

the tangential velocity of the particles reflected from the wall is unchanged so

that τi = τr and, therefore, σv = 0. For the fully diffuse case, instead, the
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particles are reflected from the wall with, on average, a velocity equal to the

wall tangential velocity, so that τr = τw, and, therefore, σv = 1.285

Due to the common kinetic theory roots, we can include in the DSMC and the

LBM the just described treatment of the gas-surface interaction in a similar way.

In particular, for the DSMC a particle will be reflected from a wall diffusively

with probability σv or specularly with probability (1-σv). Analogously, for the

LBM we apply a combination of diffuse and specular boundary conditions as:290

fi = σf eq
i + (1− σ) f∗−i, (9)

where f eq
i is the discrete equilibrium distribution function and f∗−i is the post-

collision distribution function corresponding to the population with discrete

velocity specular with respect to the wall.

The value of σ in Eq. (9), however, is not, in general, the same as σv in Eq.

(8), if the intended macroscopic slip velocity is the one provided by a slip model295

such as the well-known Cercignani’s second-order model, [32]. In Appendix B,

a full treatment of the method to correct for this difference and therefore to

correctly reproduce the slip velocity with the LBM is provided.

4. Comparison study: LBM, DSMC and hybrid method

In this Section the results obtained from the simulations performed with the300

regularized LBM, the DSMC and the hybrid LBM-DSMC method, applied to

a flow test case characterized by large rarefaction and moderate compressibility

effects, are compared. In Fig. 6, the top view and a vertical section of the flow

domain geometry are drawn. The geometry basically consists of two circular

parallel disks with radius equal to R2 separated by the distance H. The gas flow305

inlet is realized in the upper disk through a circular duct whose radius is equal

to R1. The outlet is placed at a minimum distance of L/2 from the centerline of

the inlet section. If the inlet radius R1 is taken as reference, then R2/R1 = 15,

L/R1 = 40, and H/R1 = 0.6. The flowing gas is hydrogen and a large pressure

difference across the flow domain is present, reflecting into a large variation of310

15



Figure 6: Simulated geometry: top and side views. The flow inlet is realized through a circular

duct while the outlet is located at the lateral outer surfaces of the simulation box. The height

of the channel between the top and bottom disks is equal to H. Both sketches are taken from

the LBM simulation: red areas represent the wall nodes, while the blue areas represent the

fluid nodes. At the interface between the two areas the wall boundary condition is applied.
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the rarefaction conditions. In fact, using the height H between the disks as the

characteristic length scale and using the variable hard sphere (VHS) model to

compute the gas mean free path, λ, one has Knin ∼=0.07 and Knout ∼=1.6, so

ranging from an almost continuum condition to the transitional flow regime.

For the gas-surface combination of the present test case, a TMAC equal to315

0.83 was found experimentally. Finally, the numerical results obtained from

the three numerical methods (LBM, DSMC and the hybrid method, all fully

three-dimensional) are compared with a reference solution obtained from an

axisymmetric DSMC simulation performed with the dsmcFoam code, [29] and

with experimental data. The pressure levels found in the device are obtained320

via capacitance manometers. Uncertainty on the measurements is estimated to

be in the order of 2%.

LBM results

Before presenting the results of the LBM simulation, it has to be clarified that

while in the DSMC the collision frequency is automatically adjusted according to325

the local conditions, this is not the case for the LBM. In fact, if the relaxation

time τ is kept fixed also when the fluid density changes, then the collision

frequency would also be constant throughout the domain. This microscopic

mismatch has as a consequence that, macroscopically, the dynamic viscosity of

the gas, µ, is a function of the local conditions. More specifically, it is a function330

of the pressure:

µ = ρν = ρc2s

(
τ − 1

2

)
= p

(
τ − 1

2

)
, (10)

which contradicts one result of the Chapman-Enskog theory, [33], i.e. the fluid

transport coefficients, including the dynamic viscosity, are a function of the

temperature only. To be able to respect this requirement, i.e. keeping constant

the dynamic viscosity throughout the domain, as the flow is assumed isothermal,335

the relaxation time τ must be a function of the local density as:

τ(x) =
1

2
+
ρ(x0)

ρ(x)

(
τ (x0)− 1

2

)
, (11)
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where x0 is a reference position at which the reference relaxation time τ (x0) is

defined. Finally, setting the relaxation time is tantamount to define the mean

free path, λ (x0). For VHS particles, [4]:

λ (x0) =
2(5− 2ω)(7− ω)

15
ν (x0)

(
m

2πkBT

)1/2

, (12)

which, in the LBM, becomes:340

λ (x0) =
2(5− 2ω)(7− ω)

15
cs

(
τ (x0)− 1

2

)(
1

2π

)1/2

, (13)

In Eq. (13) ω is the viscosity index equal to 0.67 for hydrogen, [4]. The reference

conditions are those relative to the outlet section.

Besides the slip flow boundary conditions applied at the walls as expressed in

Eq. (9), at the inlet and outlet sections, we impose that the non-equilibrium

discrete distributions are set equal to the equilibrium distributions evaluated at345

the local conditions:

f = f eq (ρ,u) . (14)

Sensitivity analysis has been performed in order to determine the simulation

grid resolution able to provide an accurate solution. The analysis is based on

the fact that a sufficient resolution shoud be guaranteed for the flow within the

channel between the two disks. 24 nodes along the channel height were found350

to guarantee a sufficient accuracy, see also Fig. B.32 where it is shown that a

good agreement with Cercignani’s second order slip model is found for σ = 1.

Once this discretization is established, then also the discretization for all the

other relevant geometrical features are automatically set since in the LBM the

grid nodes are equispaced. In total, the test geometry is discretized with a355

1600×52×1600 grid. This discretization will be also used for the DSMC and

hybrid method full scale simulations.

In order to compare the LBM simulation results with the reference DSMC sim-

ulation results, we analyse three main mean field hydrodynamic quantities: the

velocity magnitude and pressure profiles taken at half-height of the channel be-360

tween the two disks, y = H/2, and the pressure profile taken at the floor of the
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flow domain, y = 0. In this last case, experimental data are also available. It

has also to be noted that while the reference DSMC data are taken from an

axisymmetric simulation, the LBM, as well as our DSMC and hybrid method

simulations, employs a cubical box and, therefore, the outflow section is not365

equidistant from the radial position, r = R2. To reduce this difference, which

can potentially lead to mismatches, we perform an average over the angular

positions with a 1◦ angular discretization. Even if it is expected that the out-

flow boundary condition has a small influence on the flow within the disk, as at

least 200 nodes are present between the radial position r = R2 and the outflow370

section, we nonetheless applied the procedure described above.

The simulation is stopped, and data are analysed, once the steady-state condi-

tion is established, i.e. the following criterion is met:

N∑
i

|u(xi, t)− u(xi, t− 1)|
|u(xi, t− 1)|

· 1

N
< 10−6, (15)

where the sum extends over the grid nodes i.

In Fig. 7, the flow velocity magnitude at the central section, y = H/2, ob-375

tained with the LBM when using σv = 1 and the experimentally found value

σv = 0.83 are compared with the reference DSMC axisymmetric simulation (for

which, indeed, σv = 0.83 is enforced). A close agreement is found for the LBM

simulation up to about Kn=λ/H=0.1. For radial positions at which Kn>0.1,

the profiles start to diverge and a smaller velocity magnitude for the LBM is380

found. The large value found in correspondence of the radial position r = R1 is

very well reproduced. If we define an error as

|udsmcFoam − uLBM|
|udsmcFoam|

, (16)

then the maximum error, for radial positions such that Kn<0.1, is localized in

proximity of r = 0. The influence of the application of the correct accommo-

dation coefficient in reducing the error is evident. However, up to a 30% error385

is found in proximity of r = R2. This mismatch can be largely attributed to

the fact that the D3Q19 lattice is used, and it cannot well reproduce large non-

equilibrium effects especially present in proximity of the walls. For comparison
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Figure 7: Velocity magnitude profile measured at y = H/2 along the radial direction, r, within

the flow domain. The results obtained with the regularized LBM for σv = 1 (red continuous

line) and σv = 0.83 (blue dashed lined) are compared with the DSMC data (orange dash-

dotted line) obtained using dsmcFoam. The radial position at which Kn=λ/H=0.1 is reached

is also shown. Larger velocities are obtained when applying the partial slip wall boundary

condition, as expected. r represents the radial distance from the centerline of the inlet section.

Up to a 30% error is detectable in the area of the disk in proximity of r = R2. Note that the

LBM velocity magnitude data have been converted into SI units as explained in Appendix

A. Also the data from the commercial CFD solver (NS-Slip) are reported (green dashed line)

and lower velocity values are found throughout the domain.

purpose with classical Navier-Stokes equations solvers, we performed a simu-

lation of the same flow set-up using a commercial CFD solver (Star-CCM+)390

where a second-order slip boundary condition is applied at the walls. The ob-

tained velocity magnitude profile is also reported in Fig. 7. It is clear that

the two peaks in correspondence of the sections at r = R1 and r = R2 are

recovered. However, an appreciable gap is present and the CFD solver provides

smaller velocity values throughout the domain. In Fig. 8 and 9, the pressure395

profiles obtained at y = H/2 (centerline section) and y = 0 (floor section) are

compared with the reference simulation data. For this last profile, the available

experimental data are also plotted. For the y = H/2 profile, the LBM profile

20



 0

 5

 10

 15

 20

 25

R1 R2

Kn=0.1

P
re

ss
u
re

 [
P

a
]

r

LBM σv=0.83

dsmcFoam

Figure 8: Static pressure profiles measured at y = H/2 along the radial direction, r. The

error in the LBM data with respect to the DSMC data, at the location where Kn=0.10, is

less than 5%, but it increases with the radial distance. Note that the LBM data have been

converted to SI units so to be easily compared with DSMC results. Also note that, even if

the error looks, at first sight, limited, nonetheless it causes a large difference in the velocity

profile.

follows closely the reference one and for the radial position at which Kn=0.1

the error, defined analogously to Eq. (16), is about 5%. As found for the ve-400

locity magnitude, while the radial position gets further from the inlet the error

increases, and the pressure level is always higher. For the pressure profile at the

floor, a good accordance is found for the LBM with respect to the experimental

data also for positions much further than the one at which Kn=0.1. However,

for radial positions at mid-way between the inlet and the position r = R2, the405

error in comparison with the experimental data becomes relevant.

Finally, it is important to underline that the LBM results are taken from a

simulation where the regularization has been applied. We show in Appendix B

the importance of this procedure in reducing the artefacts related to the rarefac-

tion effects. Now we show that the regularization is beneficial also in reducing410

artefacts due to non-negligible compressibility effects. In Figs. 10a-10b, the
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Figure 9: Comparison of the static pressure profiles measured at the floor of the device, y = 0,

among the LBM, reference DSMC and experimental results. The LBM results show a good

agreement with experimental data in the area close to the inlet.

flow velocity magnitude field in a region in proximity of the inlet is shown. The

suppression of the discrete artefacts, due to the limited number of the speeds of

the employed lattice, and related to the expansion of the gas in correspondence

to the inlet edge is evident. This result is even clearer when comparing, as done415

in Figs. 11a-11b, the field of a local Knudsen number defined as:

Knl,v = λ

∣∣∣∣∇|u|cs

∣∣∣∣ , (17)

which, indeed, makes use of the spatial derivatives of the velocity magnitude

and, therefore, it is particularly sensitive to discontinuities in that field. Note

also that this parameter will be used to provide a guideline for the determination

of the flow domain decomposition when applying the hybrid method.420

DSMC results

Before presenting the results related to the DSMC simulation, few words

about the inlet and outlet boundary conditions are due. In the DSMC simula-

tion, we impose the pressure boundary conditions for subsonic flows as proposed
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(a) Detail of the inlet region for the simulation without the regularization

(b) Detail of the inlet region for the simulation with the regularization

Figure 10: Comparison between the Mach number field: (a) when using a standard LBM

model, (b) when using a regularized LBM model. The reduction of the discrete effects related

to the expansion of the gas at high-Ma number in proximity of the inlet section, caused by

the finiteness of the lattice set of speeds, is evident. Note that these snapshots are taken at

an early stage of the simulation.
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(a) Detail of the inlet region for the LBM simulation without the regular-

ization

(b) Detail of the inlet region for the LBM simulation with the regularization

Figure 11: Comparison between the fields of the local Knudsen number, Knl,v , defined in

Eq. (17): (a) when using a standard LBM model, (b) when using a regularized LBM model.

Compared to Fig. 10, the effectiveness of the regularization in reducing artefacts related

to the high-Ma number flow in correspondence of the inlet section is even more evident.

The velocity gradient magnitude, in fact, due to a rather discontinuous velocity field present

when the regularization is not applied, is very large at the outer edge of the jet originated

from the inlet section. The maximum value of the Knl,v when not using the regularization

(Knl,v ∼= 0.74) is about twice the value found when applying the regularization (Knl,v ∼= 0.38).

This quantity will be also used to define a guideline to determine the domain decomposition

for the hybrid method. When the regularization is applied, the largest values of Knl,v are

found in proximity of the walls.
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Figure 12: Comparison between the DSMC (black symbols) and the analytical solution (red

dashed line) derived in [36] for the pressure profile in a planar channel flow with pressure

ratio pi/pe = 2.5 and aspect ratio AR = L/H = 25. For comparison purpose only, a linear

profile (blue continuous line) and the analytical solution for Kn=0 (green dot-dashed line) are

included. The non-linearity of the found pressure profile is essentially a compressibility effect.

Rarefaction, instead, acts to smear out the non-linearity.

in [34]. With respect to the original implementation, however, we generate at425

each time step, as suggested in [35], a number of particles whose value is sam-

pled from a Poisson distribution with the mean given by the targeted number of

particles according to the local flow conditions. In Fig. 12, the pressure profile

as obtained by the current implementation (black solid circles) in a channel flow

test case is compared with the analytical profile obtained in [36] (red dashed430

line), showing a good agreement. A very important aspect of large DSMC sim-

ulations, moreover characterized by a large variation of the pressure level, as in

the present test case, is to properly set up the initial conditions so to limit the

duration of the transient phase, but still preserving an accurate simulation.

In Appendix C, we treat in more details how we defined the initial pressure field435

within the flow domain in order to reduce the simulation computational cost.

Here, we only assert that we chose to initialize the simulation with an exponen-
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Figure 13: Visualization of three possible initial pressure profiles imposed within the flow

domain. The total number of particles for each initial configuration is proportional to the

area below the curves and it directly reflects in the required computational cost associated

with the transient phase. Note that the case of constant profile but at a pressure equal to

zero, which corresponds to an initially empty domain, has been ruled out due to computational

reasons: as soon as the number of particles increases, it is needed to reallocate memory, which

is computationally a very expensive operation.

tial pressure profile. This option is chosen so to have a starting configuration

closer to the final expected one. In Fig. 13, in fact, the initial exponential pro-

file (blue dash-dotted line) is compared with the final pressure profile (orange440

dotted line) as well as two other possible initial choices. As the initial number of

particles is proportional to the integral along the radial coordinate of the men-

tioned curves, it can easily be envisaged the advantage to start with the pressure

field set according to the exponential profile. Another aspect to be considered

is the total number of particles evolved in such a large simulation. According445

to the rules-of-thumb of the method, in order to reproduce the correct physi-

cal collisional frequency, to avoid the possibility of repeated collisions for the

same couple of particles and to reduce the number of samples to obtain a given

statistical uncertainty on the measurement of the hydrodynamic moments, 20

particles per cell should be present. If we set for the cells in proximity of the450
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outflow, where the pressure is about 1 Pa, the requirement to have 20 particle,

then, for the cells in proximity of the inflow, where the pressure is about 25

Pa, on average, 500 particles per cell will be present, forcing the total number

of particles to be in the order of ten billions, making the simulation extremely

expensive from a computational point of view. Therefore we relax this require-455

ment, setting the number of particles at the outflow cells to eight. Clearly, this

will impact the solution: in fact a larger number of samples will be needed to

reach the required statistical uncertainty (about 60% more time steps, but the

total number of particles will be reduced by a factor 2.5). For what concerns

the repeated collisions issue, we can assume that it is not very compelling as460

in the outflow region the Kn number is very large and therefore the number of

collisions is rather small.

With the initial set-up, as determined by the cited computational requirements,

it is possible to run the full scale DSMC simulation.

The fully resolved DSMC simulation grid has the same discretization used for465

the LBM simulation so to have a one-to-one comparison, i.e. it comprises

1600×52×1600 cells and in total more than 133 milions of cells. The initial

number of particles is Nparticles ≈ 2.6× 109. Note that the proposed discretiza-

tion fully respects the common prescriptions to have the cell size smaller than

the collisional mean free path also for the conditions present at the inlet, where470

the largest values of the pressure are found.

The simulation convergence criterion is set differently with respect to the LBM

case. In fact, the DSMC simulation is stopped after having cumulated enough

statistics so to reach 1% fractional error on the smallest velocity magnitude

(∼150 m/s occurring at a section half-way between r = R1 and r = R2). Using475

equilibrium statistical mechanics considerations, [37], it is possible to estimate

a fractional error for a velocity component as:

Eui
=
σui

|ui|
=

√
< δu2

i >√
S|ui|

≈ 1√
SN

1

Ma
, (18)

where N is the average number of particles, S is the number of required samples

and Ma=ui/cs is the Mach number. Using Eq. (18) with the above mentioned
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conditions, it can be seen that at least 40000 samples are needed. Since a sample

is taken every 5 time steps, at least 200000 time steps should be completed. To

this number, the time steps needed to extinguish the initial transient phase

have also to be added. The duration of such phase is determined based on the

evaluation of an advective scale for the particles to move within the flow domain

from the inlet to the outlet:

tadv ∼
L
2

vmp
,

where vmp is a characteristic microscopic velocity (the most probable value for a

Maxwell-Boltzmann distribution). From this relation, it is possible to consider

the transient phase completed after 80000 time steps. Therefore, at least 280000480

time steps are needed to fulfill the criterion of Eq. (18).

In Fig. 14, the flow velocity magnitude profile evaluated at the centerline, y =

H/2, and obtained with the in-house DSMC code is compared with the reference

simulation data. As done for the LBM results, the profile is obtained averaging

over the angular positions. A very good agreement is found between the current485

and the reference axisymmetric DSMC simulations also in correspondence of the

stagnation area at r = 0. The largest error, similarly defined as for the LBM

data, is found in proximity of the second peak at r = R2 and it is equal to about

8%.

In Fig. 15, the pressure profile is compared with the reference DSMC solution490

for the centerline section y = H/2. The behavior is well reproduced, including

the change of concavity occurring at r = R1, but the pressure is slightly shifted

towards higher values. The same occurs when comparing the pressure profile for

a section at y = 0. In this case, however, a closer agreement to the experimental

data with respect to the reference solution is found, at least in the central495

part of the domain. For the stagnation area, r = 0, a difference of about

1 Pa, corresponding to about 4% error, is found when comparing with the

experiments.

Finally, in Fig. 17, a visualization of the pressure field at the section y = H/2

is shown, from where it is possible to see that the cubic simulation domain has500
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Figure 14: Velocity magnitude profile measured at y = H/2. A very good agreement between

the reference (red dashed line, named dsmcFoam) and the in-house DSMC simulation (blue

continuous line, named DSMC present study) is found up to r close to R2. At this radial

position the error, defined in a way similar as in Eq. (16) is about 8%. The profile is still

noisy due to the convergence criterion. To have a profile as smooth as in the LBM solution

would require a much larger number of samples and therefore much longer simulations.
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Figure 15: Comparison of the static pressure profiles measured at y = H/2 for the in-house de-

veloped code (DSMC present study) and the reference axisymmetric one (dsmcFoam). While

the shape is well reproduced, slightly larger values are found.

little influence on the flow. This is also confirmed in Fig. 18, where the difference

between the pressure along the directions a and b of Fig. 17, normalized with the

pressure profile averaged over the angular positions, (see blue continuous line

in Fig. 15), is shown. At most, a pressure difference equal to 1.2% is measured

for r = R2.505

We also verified the validity of the isothermal assumption implicitly adopted

when using a D3Q19 lattice in the LBM: from the DSMC simulation, in fact,

the temperature difference with respect to the initial one is at most equal to 2

K and it occurs in proximity of the expansion at r = R2. This, indeed, confirms

the validity of the assumption.510

Hybrid LBM-DSMC method results

In order to apply the hybrid method to this test case, the last step to be

specified is the definition of the decomposition of the domain and the related

allocation to each method of the different parts of the flow domain. At this

aim, the location at which the coupling between the LBM and DSMC methods515
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Figure 16: Comparison of the static pressure profiles measured at the floor of the device,

y = 0, for the in-house developed code (DSMC present study) and the reference axisymmetric

one (dsmcFoam). Available experimental data are also included and a close agreement is

found for the in-house DSMC.

Figure 17: Visualization of the pressure field for the section at y = H/2. The fact that the

simulation domain is a cubic box does not appear to affect the flow within the disk. This is

also confirmed in Fig. 18.
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Figure 18: Pressure difference between the measurements along the directions a and b of

Fig. 17 and normalized with respect to the pressure averaged over the angular positions. For

r = R2, the maximum difference is found. Noise is still present because of the finiteness of

the number of statistical samples.

occurs is based on the simultaneous fulfilment of two criteria: the geometry

based Knudsen number, Kn, is larger than 0.1 and the local Knudsen number,

Knl,v, as expressed in Eq. (17), is also larger than 0.1. While the first crite-

rion is based on the already demonstrated capability of the LBM to accurately

simulate the flow field up to the mentioned level of rarefaction, the second one520

may seem arbitrary as it should be based on a clear and precise metric to define

the breakdown of the Navier-Stokes equations level of representation. However,

this last aspect is still object of study and a universal criterion has not been

found yet, but it seems to be a function of the particular flow problem under

investigation. It has to be noted, moreover, that in literature several breakdown525

parameters are presented and most of them are based on the evaluation of the

local density gradient, see e.g. [38]. This approach, which is suitable for hybrid

models applied to compressible flow problems, it seems to be not appropriate

for the LBM, as, in its usual formulation, it is a solver for weakly compressible

flows.530
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To verify this statement, we compare two possible definitions of the local Knud-

sen number: the one given in Eq. (17) and the following one:

Knl,ρ = λ

∣∣∣∣∇ρρ
∣∣∣∣ . (19)

While the definition given in Eq. (17) considers the scale over which the veloc-

ity magnitude field encounters relevant variations as the proper hydrodynamic

scale, in Eq. (19) such scale is determined according to the variation of the535

density field. In Fig. 19a and 19b, we plot the distributions of the Knl,v and

Knl,ρ at two radial positions, r = R1 and r = (3/4)L, respectively.

It is evident that large variations of both the local Knudsen numbers occur for

r = R1. However, since at this section the global Knudsen number, based on

the domain height is equal to 0.07, we assume that the flow can be accurately540

described by using a Navier-Stokes level of representation, and, therefore, LBM

is in charge to solve the flow in this section. Moving downstream, instead, the

behaviour of the two local Knudsen numbers is sensibly different. In fact, at

r = (3/4)L, where the global Knudsen number is equal to 0.4, the Knl,ρ profile

is essentially constant throughout the domain height, while the profile of Knl,v545

is able to capture the non-equilibrium effects associated with the wall presence.

The superiority of Knl,v over Knl,ρ in detecting the non-equilibrium effects,

therefore, is clear.

The threshold of Knl,v = 0.1, as already mentioned, is somewhat arbitrary.

However, it is based on the balance between accuracy and computational effi-550

ciency and on the results of low resolution simulations of the same flow set-up.

It is evident, in fact, that a larger value of the threshold, allowing a smaller area

to be solved by the DSMC, would provide a more efficient calculation, but at

the expense of the solution accuracy. On the contrary, a smaller value of the

threshold, while guaranteeing a more accurate solution, would require larger555

computational resources.

Finally, it should be noted that also other definitions of the local Knudsen num-

ber have been investigated in [39]. In particular, the criterion there proposed is

based on the difference between the hydrodynamic near-equilibrium fluxes and
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Figure 19: Profiles of the local Knudsen number defined according to Eq. (17), Knl,v (red

continuous line) and to Eq. (19), Knl,ρ (blue dashed line) evaluated at two radial positions:

(a) r = R1; (b) r = (3/4)L. At r = R1, the global Kn number based on the domain height,

is lower than 0.1, and, therefore, the flow is solved by the LBM only. At r = (3/4)L, instead,

Kn=0.4 and the DSMC solver is adopted when Knl,v ≥ 0.1. The vertical dashed lines are

placed in correspondence of the nodes where Knl,v = 0.1. It is clear that the definition based

on the density variations is not a suitable one for the present flow set-up. In fact, Knl,ρ is

nearly constant throughout the domain height, thus not detecting the non-equilibrium effects

due to the wall presence.

the actual values of the stress and heat flux as evaluated from the molecular560

solver.

The evaluation of such local Knudsen numbers and the comparison with the

definitions of Eqs. (17) and (19), will be object of future work.

The application of the two criteria cited above, i.e. the geometry based Knud-

sen number larger than 0.1 and the local Knudsen number based on the velocity565

magnitude gradient larger than 0.1, allows to define a domain decomposition

where the DSMC is essentially limited to the regions close to the walls. In Fig.

11b and 19b, it was already evident that the Knl,v shows the largest values in

proximity of the walls. This finding can be further understood qualitatively

comparing the velocity profiles at the radial position r = (3/4)L obtained from570

the LBM and DSMC simulations as done in Figs. 20a-20b. It is evident that

the LBM has a velocity profile with lower velocities in proximity of the walls

with respect to the DSMC solution. Applying such criteria to the same grid
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used for the LBM and DSMC simulations (1600×52×1600), the number of cells

within the DSMC domain is about 19 millions, while the LBM extends over 92575

millions of nodes, meaning that the fraction of the number of DSMC cells over

the number of LBM nodes is α ∼= 0.2.

Finally the buffer layer between the pure LBM and DSMC domains is only 1 cell

wide. As it was already understood in [14], one cell is sufficient to accurately

generate the DSMC particles from the LBM fields. This is essentially due to580

the fact that the time step duration is chosen based on physics arguments such

that only very few particles can move further than two cells away and there-

fore, according to the proposed algorithm, only very few particles could reach

the DSMC area starting from a buffer layer cell placed further than one cell

away from the DSMC area. The total number of buffer layer cells is about 2.5585

millions.

In order to have a fair comparison, in terms of computational cost, with the

DSMC simulation, the initialization of the fields of the hybrid simulation is

done in a way similar to the one used in the DSMC simulation: the initial

pressure profile is an exponential function of the radial coordinate. This will590

also induce an exponential variation with the radial coordinate of the number of

particles in the cells occupied by the DSMC method so that the initial number

of DSMC particles is about 500 millions. As done in the LBM simulations, we

will stop the hybrid method simulation when the following convergence criterion

is fulfilled:595

N∑
i

|u(xi, t)− u(xi, t− 1)|
|u(xi, t)|

· 1

N
< 10−6, (20)

where the sum extends over the whole grid nodes i.

The effects of the fluctuations proper of the DSMC method, in fact, are largely

reduced when using the hybrid method, and so it is possible to use a criterion

as that of Eq. (20).

As done for the LBM and the DSMC simulations, we will evaluate the accuracy600

of the final hybrid solution comparing it with the reference solution provided by

the DSMC axisymmetric code.
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Figure 20: Velocity profiles along the disk channel height measured at a radial position r =

(3/4)L. On the left, the velocities normalized with the maximum velocity in the section for

in-house DSMC and LBM simulations. LBM velocity profile shows smaller values in proximity

of the walls. On the right, the non-normalized profiles are shown. The vertical dashed lines

represent the location at which the coupling should occur according to the defined criteria.
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Figure 21: Velocity magnitude profile measured at y = H/2. A very good agreement between

the reference DSMC results and the hybrid simulation is found. The largest error occurs,

as for the LBM and the in-house DSMC, in proximity of the expansion part of the domain

localized at r = R2.
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Figure 22: Comparison between the static pressure profiles measured at y = H/2 as obtained

by the reference DSMC axisymmetric code (red dashed curve) and the hybrid model code

(blue continuous curve). Slightly larger values for the static pressure are found with the

hybrid method.

In particular, in Fig. 21, the flow velocity magnitude measured at y = H/2 is

shown. As usual, the plotted profile is an average over the angular positions.

It can be seen that the profile is very close to the reference one throughout the605

domain. The largest error occurs, as in the LBM and DSMC simulations, in

correspondence of the radial coordinate r = R2. The hybrid model, therefore, is

able to provide a solution with an accuracy comparable to the one provided by

the in-house DSMC code. This is also confirmed when comparing the pressure

profiles at y = H/2 and y = 0 as done in Fig. 22 and 23. For this last case, the610

hybrid model is able to reproduce the experimental data in a large part of the

domain in a closer way than the reference DSMC can provide. In Fig. 24a and

24b, the pressure field obtained from the hybrid method simulation in a vertical

section is shown. The smooth passage from one method to the other is visibly

guaranteed.615

Finally, in the series of Figs. 25-27, in the same plot the results obtained from

the different numerical methods are collected. The main result is that the hybrid
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Figure 23: Comparison between the static pressure profiles measured at the device floor,

y = 0, as obtained by the reference DSMC axisymmetric code (red dashed curve) and the

hybrid model code (blue continuous curve). Experimental data are also included. The hybrid

method provides a comparable profile to the in-house DSMC simulation and a good agreement

with the experimental data is found.

(a) Complete section: pressure field.

(b) Detail of the inlet region: pressure field.

Figure 24: Pressure field in a section at x = L/2. It is not possible to clearly identify the areas

where DSMC or only LBM is applied, meaning that the solution is smooth when passing from

one method domain to the other.
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Figure 25: Comparison among the velocity magnitude profiles provided by the three different

numerical methods employed in this study. The three solutions are close to the reference one

(orange dot-dot-dashed line) when Kn≤0.1. After this section the LBM solution (blue dashed

line) starts to largely diverge, while the in-house DSMC code (black continuous line) and

the hybrid LBM-DSMC method (red dot-dashed line) are closely reproducing the reference

solution.

method is able to provide a solution which has an accuracy comparable to the

one provided by the in-house DSMC implementation over large part of the flow

domain.620

In the next section, the computational cost associated with each method and

their parallel performance are discussed.

5. Computational costs

When dealing with hybrid continuum-DSMC methods — but the same rea-

soning can be applied to any hybrid method coupling a fast, but not accurate625

enough numerical scheme with a more computationally expensive, but accurate

method — aside the requirement that the hybrid method provides a solution

with an accuracy comparable to the DSMC solution, we also require it is sensibly

less computationally demanding than the DSMC itself, when this last method is
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Figure 26: Comparison among the static pressure profiles provided by the three different

numerical methods employed in this study. All the methods provide larger values of the

pressure; however, the hybrid method show a pressure profile very close to the in-house DSMC

code.
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Figure 27: Comparison of the numerical solutions with the experimentally determined pressure

measured at the floor of the flow domain.
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applied to the whole simulation domain. Actually, any hybrid method owes its630

existence only because of this last feature. In this section, we will analyze the

computational costs associated to each of the three employed numerical meth-

ods as well as their parallel efficiency.

As a remark, all the following considerations are architecture-dependent. There-

fore, all the simulations whose results have been reported in this paper were run635

on the broadwell partition of the Dutch national supercomputer, Cartesius.

This partition has 32-processors nodes with E5-2697A v4 Intel Xeon Processor

(2.6 GHz clock frequency) and with 64 GB of memory. Inter-node communica-

tion is guaranteed by a Mellanox ConnectX-3 InfiniBand adapter providing 4×

FDR resulting in 56 GBit/s bandwidth. Note also that different architectures640

may provide different results.

LBM computational cost

We start our consideration from the LBM case. As already mentioned,

the LBM has proved itself, due to its intrinsic nature, to be a very efficient

fluid-dynamic solver. Moreover, the same reasons allow to obtain a very good645

parallel scaling performance. In Fig. 28, the scaling properties of the code used

to simulate the flow within the studied geometry are shown.

As the simulation is very large, in fact more than 133 millions nodes defined the

grid, we ran it on 256 processors and, therefore, a total of 8 broadwell nodes

was needed. With such resources, the simulation took about 10 hours to fulfil650

the convergence criterion defined in Eq. (15).

DSMC computational cost

The DSMC method is, in general, a very expensive method due to its

particle-based and Monte Carlo nature. Moreover, this also leads to difficul-

ties in reaching very good parallel scaling performances, as a large amount of655

inter-processor communications may be required. Since the present DSMC code

has been newly developed, we performed several tests to verify the parallel scal-

ing efficiency of the algorithm. Such verification includes two tests: one to verify
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Figure 28: Scaling parallel efficiency for the LBM code. In LBM, the parallelization efficiency

is defined in terms of MLUPS (Million Lattice Updates per Second) and, aside the code

implementation, it depends also on the domain size and physics features involved in the test.

The data refer to simulations under the same flow and domain configuration of Section 4. The

scaling exponent with the number of CPU cores is 0.88.

the strong scaling efficiency of the DSMC code and one to assess the influence

of the number of particles per cell.660

In Fig. 29, the results of the strong scaling parallel efficiency test are plotted

for two different configurations: the blue triangles refer to the data obtained for

the flow configuration of Section 4 (called 3D complex flow in the legend); the

red circles refer to the data obtained from a simple three-dimensional box in

equilibrium conditions at T=300 K and with Ar as gas (called 3D box). In both665

cases, a good scaling performance is achieved. The larger value of the scaling

exponent found for the 3D complex flow case (0.9) with respect to the 3D box

case (0.8) can be explained considering that the 3D complex flow case is much

more computational intensive than the 3D box case and, therefore, the inter-

processor communication costs can be more easily compensated. In Fig. 30,670

instead, we plotted the results for the test about the influence of the number of

particles per cell for a smaller bidimensional flow setup which confirmed a good
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Figure 29: Strong scaling parallel efficiency for the in-house DSMC code: wall clock time per

time step as a function of the number of CPU cores. The data refer to two different set-ups:

a three-dimensional box in equilibrium conditions at T=300 K and with Ar as gas, composed

of more than 16.7 millions of cells and more than 335 millions of particles (red circles, called

3D box in the legend), and the configuration of Section 4 (blue triangles, called 3D complex

flow). The data are normalized with respect to the Np=128 case for the 3D box and for

Np=400 for the 3D complex flow case. For the 3D box case, the scaling exponent is 0.8 and

it is maintained up to 4096 cores. For 8192 cores, the performance degrades sensibly because

only 40960 particles are evolved in a single core and the run time is completely dominated by

inter-processor communication. For the 3D complex case, instead, the scaling exponent is 0.9

and it is constanly maintained over the whole range of the investigated number of CPU cores.
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Figure 30: Strong scaling parallel efficiency for the in-house DSMC code: influence of the

number of particles per cell (ppc in the legend) on the wall clock time per time step as a

function of the number of CPU cores. The data refer to a bidimensional force-driven channel

flow with Ar as flowing gas (Kn=0.1), and are normalized with respect to the Np=16 case.

More than 500,000 cells are used and at least 5.2 millions of particles are evolved. The same

scaling exponent found in the 3D box case is found also under this configuration. All the

curves follow the same trend, apart from the case with the smallest number of particles per

cell, 10 ppc, that saturates after Np = 1024.

scaling efficiency. Adopting such configuration allowed to span a large range of

parameters using a small amount of computational time on the Cartesius super-

computer. Finally, about the computational cost, to run the DSMC simulation675

over the studied geometry required much larger resources than the LBM one. In

fact we ran the same grid resolution on 1600 processors and, therefore, a total

of 50 nodes was needed. With such resources, the simulation took about 120

hours to fulfil the defined convergence criterion of 1% fractional statistical error

on the velocity magnitude measurements. We can therefore say that the DSMC680

simulation required about 75 times more resources than the LBM simulation:

1600 Np×120 h / (256 Np×10 h) ∼= 75. A similar ratio was also found for the

test reported in [14].

44



Hybrid method computational cost

The computational cost of the hybrid LBM-DSMC method is largely depen-685

dant on the flow domain decomposition and in particular on the fraction of the

domain occupied by the DSMC method. In [14], we found that a very large

speed-up was guaranteed by the application of the hybrid method. In fact, for

the particular flow setup there investigated, which was characterized by α = 0.2,

i.e. the DSMC occupied 20% of the total number of grid cells, we found a 6-fold690

speed-up, even larger than the expected value of 4.8 based on the simple addi-

tion of the time spent by DSMC and LBM to evolve 0.2 and 0.8 part of the total

domain, respectively. The hybrid simulation of the present geometry, for which

α ∼= 0.2, was run with the same number of processors as the DSMC simulation:

1600 processors. In order to fulfil the convergence criterion in Eq. (20), it took695

about 29 hours. This number essentially tells that it was possible to achieve a

∼4.15 factor in the reduction of the computational time with respect to the full

DSMC simulation. Even if it was not possible to replicate the very good results

of [14], it is still a quite remarkable achievement.

Several reasons may be put forward to explain the non-perfect scaling of the700

reduction of the computational cost, but the most probable one is essentially

related to the domain decomposition imposed by the hybrid algorithm. i.e. to a

load balance issue. In fact, due to the proposed domain decomposition, a certain

amount of processors may not be involved at all in the code routines related

to the hybrid method, in the sense that they fully reside within the area where705

only DSMC or LBM is used. This means that those processors will just wait

the other processors performing the operations related to the hybrid algorithm.

This clearly introduces an overhead which may result in a loss of efficiency. In

the case of [14], instead, all the processors had exactly the same workload and,

therefore, this issue was not present at all.710

Another, more physical reason, apart from the just mentioned load balance is-

sue, may be related to the fact that, in the present case, the DSMC area is

concentrated in proximity of the walls, where the velocities are smaller, while

in [14], due to the different flow test setup, the DSMC area was present where
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the velocities were the largest. This reflects directly in the amount of time steps715

required to meet the convergence criterion.

Despite the non-perfect scaling, it should be emphasized that the hybrid model

was able to provide an appreciable speed-up also for a very large simulation. In

Table 1, the just mentioned results are collected.

Method CPUs Comp. Time [h] Scaling

LBM - D3Q19 256 (1600) 10 (1.9) 0.013 (0.016)

DSMC 1600 120 1

Hybrid LBM-DSMC 1600 29 0.242

Table 1: Collection of the information related to the computational cost of the three different

numerical methods. If the cost in terms of Np × h for the DSMC is normalized to 1, then

the hybrid method costs 0.242 and the LBM 0.013. This last evaluation does not take into

account the fact that the LBM simulation used 256 cores. If the information contained in Fig.

28 are used, then the data for 1600 cores can be extrapolated (see data in parenthesis for the

LBM case). It is evident the advantage provided by the hybrid method with respect to the

DSMC case, as well as that LBM is much faster. All the data refer to a 1600x52x1600 grid.

Finally, as done for the LBM and the DSMC code, we performed a parallel720

scaling efficiency test also for the hybrid code. We ran the same flow set-up

presented in Section 4 using an increasing number of CPU cores. The results of

such test are shown in Fig. 31. Also in this case, a good scaling property of the

implemented code is obtained.

6. Conclusions725

In this paper, a comparative study employing three numerical methods based

on the kinetic theory of gases, namely the Lattice Boltzmann Method, the Direct

Simulation Monte Carlo approach and a hybrid LBM-DSMC method, applied

to a flow in a three-dimensional geometry, is presented. Due to the common

implementation in a single code infrastructure, the comparison of the results730

can be performed in a more rigorous and simpler way, as demonstrated, for

example, by the fact that the same routines are used to define the scalar field

46



 0.1

 1

 256  512  1024  2048  4096

Np
-0.9

t t
w

al
l 

cl
o

ck
/t

w
al

l 
cl

o
ck

,m
ax

Number of CPU cores

Hybrid LBM-DSMC
Fit

Figure 31: Strong scaling parallel efficiency for the hybrid code. The data refer to the set-up

of the simulation of Section 4 and are normalized with respect to the wall clock time needed

to perform a single time step with Np=512 cores. The scaling coefficient is 0.9, similar to

those already found for the LBM and DSMC solvers.

representing the geometry of the flow domain.

For the particular, challenging, flow problem here studied, where both strong

rarefaction and compressibility effects are present, it is recognized that the regu-735

larized LBM D3Q19 model is able to accurately reproduce the reference solution

up to Kn=0.1. The application of the regularization procedure is fundamental

in removing discrete artefacts due to excessive rarefaction and compressibility

effects which cannot be accurately resolved with the employed lattice. The

DSMC novel implementation specifically developed to treat 3D complex ge-740

ometries shows a very good agreement with the reference DSMC axisymmetric

solution over the whole flow domain. Finally, the application of the hybrid

LBM-DSMC method allowed to sensibly reduce the computational cost, more

than a four-fold reduction, while providing equally accurate results with respect

to the case of the DSMC applied to the whole flow domain.745

In the near future, it is planned to extend the range of applicability of the

hybrid method both in terms of computational optimization and physical mod-
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eling. In particular, an adaptive dynamic load-balancing can be beneficial in

further reducing the computational cost, while the inclusion of thermal and

compressibility effects into the LBM side of the method can enlarge the range750

of applicability of the present model towards, for example, high-Ma number

flows.
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Appendix A. Conversion of units from LB to SI and vice versa

In [13], we already presented the method to pass from lattice units to SI

units. Here, we formalize the procedure.

For the problem object of investigation in this paper, it is sufficient to take into760

account three basic physical dimensions: mass [M], length [L] and time [t]. Any

physical quantity φ is characterized by its dimension [φ], which, in turn, can

be expressed as a product of the basic dimensions, i.e. [φ] =MαLβtγ . To start

with, the first step of the procedure is the selection of the characteristic scales

for the basic physical dimensions. The most natural characteristic length, mass765

and time scales are the following: H, representing the channel height between

the two disks, ρg,inH
3, where ρg,in is the gas density at inflow conditions, H/cs,

with cs the speed of sound of the gas (H2 at the reference temperature of 295

K). Using these scales, any physical quantity [φ] can be made dimensionless via

the following relation:770

φ∗ =
φ

(ρg,inH3)
α

(H)
β

(H/cs)
γ

(A.1)

where φ∗ now is dimensionless and the exponents α, β and γ are determined

according to the dimensions of the physical quantity φ.

We can now assign to the parameters used to define the characteristic scales
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their values in SI units: H=6 mm, ρg,in=2.05 · 10−5 kg/m3, cs=1305.4 m/s,

and in LU: H = 24, ρg,in=3, cs=1/
√

3. Note that the value of the density in LU775

is arbitrary while the value of H is chosen so to have enough resolution along

the height of the expansion channel.

Finally, the values of H, ρg,in and cs in LU and SI units can be used to determine

the scaling rules between LB and SI and vice versa.

Appendix B. Implementation of slip boundary conditions in LBM780

In Section 3, we cited that the tangential momentum accommodation coef-

ficient, σv, cannot be directly used within the LBM boundary condition rep-

resented by Eq. (9). This is due to the fact that an artificial excessive slip is

produced by the discretized version of the diffuse boundary condition as demon-

strated in [30]. This is also shown in Fig. B.32, where the slip velocity for a785

force-driven laminar channel flow is plotted as a function of the parameter σ

of Eq. (9). The theoretical curve present in Fig. B.32, derived in [30] for the

classical LB equation and for the channel flow case, is given by the relation:

Us =
us
u0

= 4
2− σ
σ

√
6

π
Kn +

32

π
Kn2 −∆2, (B.1)

where u0 = aH2/(8ν) is the centerline velocity obtained in the continuum limit

and us is the slip velocity. Here, a is the forcing magnitude on the fluid, H is790

the number of nodes along the channel height and ν is the kinematic viscosity.

From Eq. (B.1), the linear and quadratic dependence from the Kn=λ/H as

well as the quadratic dependence from the the grid resolution, ∆ = 1/H are

evident. As already mentioned, since we are using a D3Q19 lattice, we want to

reproduce a second-order slip boundary condition for which the usual relation795

between the slip velocity and the Kn number is provided by:

Us = 4A1Kn + 8A2Kn2. (B.2)

Comparing Eq. (B.1) and Eq. (B.2), therefore, it is possible to derive the diffuse

reflection fraction, σ, and consequently the specular reflection, 1− σ, needed to
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Figure B.32: Force-driven channel flow with a height discretization equal to H=24 nodes for

Kn=0.1: the slip velocity normalized with the hydrodynamic limit (Kn→0) of the centerline

velocity as a function of the fraction of specular and diffuse reflection is compared when using

the regularization (blue dashed line and square symbols) and without regularization (red line

and circle). The blue symbol in corresponce of σ = 1 shows that the found slip is close to

the result of the 2nd order model from Cergignani, [32], when applying the regularization

procedure. The difference is about 5%. The slip velocity, instead, is about 22% larger if the

regularization is not used, this meaning that, in general, σ 6= σv . As reference, the slip velocity

obtained from Maxwell 1st order model is also included. The red continuous line represents

the theoretical values provided by the LBE (Theo), while the blue dashed line represents the

fit of the data from regularized LBE simulations (Fit REG). The application of regularization

is effective in reducing the excessive slip velocity.

reproduce the intended slip velocity model characterized by the coefficients A1

and A2:800

σ = 2

[
1 +

√
π

6

(
∆2

Kn
+A1 +

(
2A2 −

8

π

)
Kn

)]−1

. (B.3)

There is a vast literature about the determination of the coefficients A1 and A2

as a function of the σv, based both on theoretical considerations and experimen-

tal evidences. A thorough treatment of the subject is available in [40]. Here we

choose to follow the analytical approach developed by Cercignani and co-workers

in [41, 42], where a variational technique is applied to the integrodifferential form805
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of the Boltzmann equation based on the linearized collision operator. In partic-

ular, two different kinetic models of the collisional operator are compared: the

Bhatnagar-Gross-Krook (BGK) model and the Cercignani-Lampis kernel for a

hard-sphere gas (CL-HS).

In Figs. B.33a and B.33b, the first- and second-order slip coefficients as a func-810

tion of the accommodation coefficient σv obtained in [41] and [42] for the two

collision kernels are plotted. While the different kernels do not significantly

influence the first-order coefficient, the second-order coefficient is particularly

affected by the chosen model.

For affinity with the LB method we are using, which also adopts the BGK ap-815

proximation for the collision process, we employ the results of this model to

calculate the two coefficients.

As underlined in [42], in order to take into account the Knudsen layer contribu-

tion to the flow rate for a Poiseuille flow, the second-order coefficient should be

modified so that Ã2 = A2 + ξ and ξ ' 0.296. From the so-obtained coefficients,820

evaluated in correspondence of the accommodation coefficient σv proper of the

gas-surface combination, the fraction σ of the diffuse reflection can be computed

from the analytical relation of Eq. (B.3) when using the classical LBE or from

the fit present in Fig. B.32 (blue dashed line) when using the regularized LBE.

An analytical relation also for the regularized LBE is object of a future study.825

It is important to mention that, while the approach to combine two different

boundary conditions in order to recover a second-order slip boundary condition

at Navier-Stokes level of representation has been originally developed consid-

ering a planar channel flow, it has been adopted with success also for more

complex flows, such as in [43] and [31], where a cylindrical Couette flow in the830

slip flow regime is investigated, or in [44], where the transport of finite-size

particles in a rarefied gas is studied.
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Figure B.33: First- and second-order slip coefficients as a function of the accommodation

coefficients σv . Red symbols represent the analytical expressions in the case of BGK collisional

operator as obtained in [41]. Blue symbols represent the analytical expressions in the case

of CL-HS kernel as obtained in [42]. It is clear the small effect of the different kernels on

the first-order coefficient, A1, while a much larger effect is present in the case of the second-

order coefficient, A2. The vertical lines are drawn in correspondence of the accommodation

coefficient σv = 0.83, which is the value experimentally found for the gas-surface combination

of the geometry investigated in Section 4. The intersections with the plotted curves for the

BGK model provide the values of A1 = 1.573 and A2 = 0.605 and therefore, taking into

account the Knudsen layer contribution, ξ ' 0.296, Ã2 = 0.901.
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Appendix C. Set-up of initial conditions to speed-up the DSMC sim-

ulation

As mentioned in Section 4, the proper definition of the initial pressure field835

is very important to reduce the time steps needed to extinguish the transient

initial phase. Several small resolution simulations were conducted to investigate

such aspect before running the fully resolved simulation. In Fig. 13, three

possible initial profiles were shown: the case of a constant pressure, equal to

the maximum pressure value, the case of a profile linearly changing along the840

radial distance, between the maximum and the outflow pressure and a profile

exponentially changing with the radius. In Fig. C.34, the number of particles

evolved in the simulation for each of the tested initial pressure profiles is plotted:

in the transient phase, a very large number of particles is removed, especially

for the case of a constant pressure profile. The simulations, moreover, ran for845

2 hours using the same computational resources, and, while the case with an

exponential profile ran for more than 7000 time steps and the case with a linear

profile performed 5000 time steps, the constant initial profile performed only

about 2000 time steps. The exponential case, therefore performed 40% more

time steps than the linear case and 350% more time steps than the constant case.850

Once the transient phase will be extinguished, the computational wall clock time

per time step will be the same since the same final solution will be generated

regardless of the initial condition, but the cumulated duration will be smaller

for the exponential case. The full scale simulation, therefore, is initialized with

an exponential pressure profile.855
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