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Abstract 

In this thesis we consider the performance optimization of variable gain controlled linear motion 
systems in the face of external perturbations. Variable gain control has the possibility to improve per
formance when compared to linear control designs, by overcoming, toa certain extent, the well-known 
waterbed-effect. The performance-based tuning of the parameters of a variable gain controller is , how
ever, far from trivia!. Using a user-defined performance objective function , this thesis provides an 
efficient model-based method for tuning the parameters of the varia bie gain controller and optimizing 
the performance of the closed-loop system. 

In this work, we consider a particular benchmark application; namely the z-direction of a short
stroke wafer stage, of which we will try to optimize the closed-loop performance. However, perfor
mance assessment is not trivia! fora nonlinear system such as a variable gain controlled linear motion 
system. For our benchmark system, the variable gain controlled z-direction of the wafer stage, the 
performance of the closed-loop system is linked to the steady-state error (in a performance objective 
function) in the face of specific periodic perturbations. The suppression oflow-frequent disturbances 
benefits from high-gain control, in contrast to the sensitivity to high-frequent disturbances which ben
efits from low-gain control. This performance trade-off can be overcome, to a certain extent, by a 
variable gain controller which switches between low-gain and high-gain control. The question is how 
to tune the parameters of the variable gain controller efficiently, in order to optimize the performance 
of the system fora whole range of disturbance situations. 

In order to define the performance uniquely, it is convenient if the steady-state error response 
is unique and bounded. These two properties are captured by the notion of convergent systems. 
Sufficient conditions are derived fora special type of nonlinear systems, namely the class of Lur'e-type 
systems, ofwhich a variable gain controlled linear motion system is an example. Easy-to-use graphical 
conditions are presented that can be used to guarantee the closed-loop system is convergent. 

In order to develop an efficient model-based optimization routine for performance optimization, 
an efficient algorithm is presented, called the Mixed-Time-Frequency algorithm, in order to compute 
the steady-state responses of the Lur'e-type system disturbed by periodic inputs. The computational 
efficiency is obtained by implementing operations in time domain that can be done efficiently in time 
domain, and implementing operations in frequency domain that can be done efficiently in frequency 
domain (hence the name Mixed-Time-Frequency algorithm) . 

Two optimization parameters, the dead-zone length and an additional gain of the variable gain 
controller, are tuned in order to optimize the performance of the z-direction of the short-stroke waf er 
stage. This is done using a lst-order gradient-based and 2nd-order Quasi-Newton optimization algo
rithm, which both use information on the gradient of the performance objective function with respect 
to the optimization parameters. It is proven that, remarkably, the same Mixed-Time-Frequency algo
rithm can be used for the efficient calculation of these gradients. Different realizations of the distur
bances, containing low- and high-frequent contributions, are considered, depending on the scanning 
length, scanning velocity and realizations of the high-frequent noise. Using the efficient model-based 
optimization algorithm, which uses the Mixed-Time-Frequency algorithm, the optimization converges 
in 198 iterations (24.3 hours calculation time) using the lst-order gradient-based algorithm and in 15 
iterations (1.8 hours calculation time) using the 2nd-order Quasi-Newton algorithm. If forward in
tegration in time would be used for the calculations of the steady-state solutions and gradients, this 
would have taken weeks, which underlines the efficiency of the proposed model-based algorithm for 
performance optimization of varia bie gain controlled linear motion systems. 
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Samenvatting 

In dit afstudeerverslag beschouwen we de prestatie optimalisatie van regelaars met variabele versterk
ing voor lineaire dynamische positioneringssystemen die worden verstoord door externe perturbaties. 
Variabele versterking strategieën hebben de mogelijkheid om betere prestaties te behalen dan lin
eaire regel strategieën, en hebben de mogelijkheid om het waterbed-effect, tot op zekere hoogte, te 
voorkomen. Het afstellen van de parameters van een regelaar met variabele versterking echter, is 
verre van triviaal. Met behulp van een door de gebruiker gedefinieerde prestatie doelfunctie, presen
teert dit afstudeerproject een snelle en efficiënte model-gebaseerde manier voor het afstellen van de 
parameters van een regelaar met variabele versterking zodat de prestatie van het gesloten-lus systeem 
wordt geoptimaliseerd. 

In dit werk, beschouwen we een specifiek benchmark systeem; namelijk de z-richting van de korte 
slag van een 'wafer stage', waarvan we de gesloten-lus prestatie proberen te optimaliseren. Echter, 
het quantificeren van prestatie is niet triviaal voor een niet-lineair systeem zoals een met variabele 
versterking geregeld lineair dynamisch systeem. Voor ons benchmark systeem, het met variabele 
versterking geregelde z-richting van de 'wafer stage', wordt de prestatie gerelateerd aan de steady
state fout (in een prestatie doelfunctie) ten gevolge van specifieke periodieke verstoringen. De onder
drukking van laag-frequente verstoringen profiteert van een hoge-gain regelaar, in tegenstelling tot 
de gevoeligheid voor hoog-frequente verstoringen welke profiteert van een lage-gain regelaar. Deze 
afweging in prestatie kan, tot op zekere hoogte, worden voorkomen door de regelaar met variabele 
versterking, welke wisselt tussen lage-gain en hoge-gain regelactie. De vraag is, hoe de parameters 
van de regelaar met variabele versterking gekozen moeten worden om de prestatie van het systeem te 
optimaliseren voor een hele klasse van verstoringssituaties. 

Om de prestatie uniek te definiëren, is het handig als de steady-state error respons uniek en be
grensd is. Deze twee eigenschappen worden precies gevangen in de notie van convergente systemen. 
Voldoende voorwaarden zijn afgeleid voor een speciaal type niet-lineaire systemen, namelijk de klasse 
van Lur'e-type systemen, waarvan een met variabele versterking geregeld systeem een voorbeeld is. 
Eenvoudig te gebruiken grafische condities zijn gepresenteerd die gebruikt kunnen worden om te 
garanderen dat het gesloten-lus systeem convergent is. 

Om efficiënte model-gebaseerde optimalisatie routines te ontwikkelen voor het optimaliseren van 
de prestatie van met variabele versterking geregelde lineaire systemen, is een algoritme gepresenteerd, 
genaamd het 'Mixed-Time-Frequency' algoritme, wat gebruikt wordt voor het berekenen van steady
state foutsignalen van het Lur'e-type systeem met periodieke inputs. De efficiëntie van het algoritme 
wordt verkregen door berekeningen die snel kunnen worden gedaan in het frequentiedomein worden 
uitgevoerd in het frequentiedomein, en berekeningen die snel kunnen worden gedaan in het tijd
domein worden uitgevoerd in het tijddomein (vandaar de naam 'Mixed-Time-Frequency' algoritme). 

Twee optimalisatie parameters, de '<lead-zone' lengte en de extra gain van de regelaar met vari
abele versterking, worden afgesteld zodat de prestatie van de z-richting van de korte slag 'wafer stage' 
wordt geoptimaliseerd. Dit wordt gedaan met behulp van een le-orde gradiënt-gebaseerde, en 2e
orde Quasi-Newton optimalisatie algoritme, welke beide informatie gebruiken over de gradiënt van 
de prestatie doelfunctie van de optimalisatieparameters. Het wordt bewezen dat, opmerkelijk ge
noeg, hetzelfde Mixed-Time-Frequency algoritme gebruikt kan worden voor het efficiënt berekenen 
van deze gradiënten. Verschillende realisaties van de krachtverstoring, die laag- en hoogfrequente 
inhoud heeft, worden beschouwd, afhankelijk van de scan-lengte, scan-snelheid en realisatie van de 
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hoogfrequente ruis. Met behulp van het efficiënte model-gebaseerde optimalisatie algoritme, welke 
het 'Mixed-Time-Frequency' algoritme gebruikt, convergeert de le-orde optimalisatie in 198 iteraties 
(24.3 uur rekentijd) en het 2e-orde Quasi-Newton algoritme in 15 iteraties (1.8 uur rekentijd). Als 
voorwaartse integratie zou worden gebruikt voor de berekeningen van de steady-state foutsignalen 
en gradiënten, dan zouden de berekeningen verschillende weken hebben geduurd. Dit benadrukt de 
kracht en efficiëntie van het gepresenteerde model-gebaseerde algoritme voor het optimaliseren van 
de prestatie van een met variabele versterking geregeld lineair dynamisch systeem. 
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Chapter 1 

lntroduction 

Linear dynamica! motion systems are nowadays still often controlled by linear proportional-integral
differential (PID) controllers. The design and tuning of PID-type controllers is well-known and widely 
used among control engineers. It is also well-known that linear controllers inherently suffer from 
the waterbed-effect [7]: an inherent trade-off between low-frequency tracking and sensitivity to high
frequency disturbances and measurement noise. To this end, nonlinear PID control, also called vari
able gain control, has been studied the last few years to balance this trade-off in a more desirable 
manner [9], (14], (12], [28], [1], [8], [31], [16]. In these references, it has been shown that variable gain 
control can outperform linear control strategies. However, the tuning of the varia bie gain controllers 
in order to improve the performance, is far from trivia!. Even the definition of performance for a 
nonlinear system is far from trivia!, but crucial in determining the optima! variable gain controller. In 
this thesis we will focus on optimizing the performance of varia bie gain controllers for linear motion 
systems in genera!, and apply the results to the con trol of the z-direction of a short-stroke wafer stage 
of a wafer scanner. 

Two distinct tracks in performance optimization of varia bie gain controllers can be distinguished, 
namely a data-based approach (utilizing experimental data) and a model-based approach (utilizing 
models). Although a data-based approach has recently been developed and implemented in an ex
perimental setup [15], we believe that a model-based approach for performance optimization is also 
needed. In this respect, firstly, one can think of cases in which no machine is available yet (e.g. in 
the design phase of a motion system), such that one has to rely on model-based performance anal
ysis/optimization. Secondly, if it is expected that variable gain control can improve upon linear PID 
control in certain practical situations it will be valuable to show this in a model-based environment first 
before altering the software/hardware for implementation of the nonlinear control strategy. Thirdly, 
since machine time is usually expensive, model-based performance analysis can save time and money. 
Especially if one does extensive parameter studies it may require a large amount of time to do the ex
periments which may be problematic or even impossible. Moreover, a fast and accurate method for 
model-based performance analysis allows for such parameter studies, which gives valuable insight 
into the problem at hand. 

As mentioned, defining performance for a nonlinear controlled system is far from trivia!. For lin
early controlled linear motion systems, the performance is usually assessed by investigating frequency
domain characteristics, such as the sensitivity, process sensitivity, and complementary sensitivity func
tions. The steady-state response of a linear system toa time-varying input is, due to the superposition 
principle for linear systems, fully characterized by the frequency response function of the system. 
Moreover, this response is unique and can be calculated analytically. However, fora nonlinear system, 
such a frequency response function is not defined, and, moreover, the superposition principle does 
not hold. Performance for nonlinear control systems in the face of disturbances can for example be 
assessed through an L2-gain between input and output [29] or I SS-gain between input and state [27], 
for the whole class ofbounded inputs. The benefit of such an approach is that it is valid fora generic 
class of bounded disturbances. However, it will only provide a bound on the response of the system 
and, because we consider such a large class of inputs, the bound tends to be very conservative (even 
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more so since the estimated L2" and ISS-gains for nonlinear systems are generally conservative). 
In many practical situations, we have some knowledge about the magnitude and frequency range 

of the disturbances. Moreover, in many practically relevant cases disturbances can even be modeled 
as being periodic. Tuis is the case, for example, if perturbations are induced by a mass-unbalance or 
disc-defects on a CD [28], or due to narrow-band filtering due to resonances in the system dynamics 
oflinear motion systems. In particular for our wafer stage benchmark system, set-points are periodic 
with a certain period time T , and cause low-frequent disturbances. High-frequent disturbances con
sist of much higher frequencies than 1/ T and can therefore be approximated as being periodic with 
frequencies multiples of 1/ T , such that the full disturbance signal is T-periodic. Moreover, consid
ering the class of periodic disturbances allows us to exactly calculate the response to these specific 
disturbances. The performance of the variable gain controlled system can then be defined by a user
defined performance objective function which is directly linked to the steady-state response of the 
system corresponding to this specific disturbance situation. Even though we might simplify the ac
tual disturbance situation by assuming certain specific disturbance properties (such as approximate 
periodicity) , it is well worth adopting such a simplification, because we can much better quantify the 
performance of the variable gain controlled system, compared to an L2-gain or I SS-gain approach, 
which only gives an upper bound for the response for the whole class of all bounded disturbances and 
therewith totally obscures any frequency dependent effect (which are key in performance tradeoffs in 
linear motion systems). 

Because we consider the class of periodic disturbances, the performance of the variable gain con
trolled system can be defined by a user-defined performance objective function which is directly linked 
to the steady-state response of the system, corresponding to these specific periodic disturbances. How
ever, for genera! nonlinear systems, in contrast to linear systems, the steady-state response to periodic 
disturbances may be non-unique (i .e. depend on the initia! conditions) and/or not periodic, even ifthe 
inputs are periodic. Clearly, this is problematic when we try to uniquely define the performance for 
a certain input. If, however, a nonlinear system falls into the class of uniformly convergent systems 
[24], [4], it exhibits a unique, T-periodic globally asymptotically stable response to bounded T-periodic 
inputs, which is exactly what we need when we try to uniquely define performance of a variable gain 
controller. 

The goal of this thesis is to optimize the performance of a line ar motion system for a whole range of 
(periodic) disturbances, by tuning parameters of the variable gain controller. Tuis will require the cal
culation of many steady-state solutions of the nonlinear con trol system. Therefore, there is a need for 
an accurate and computationally efficient algorithm to calculate these responses. The unique steady
state periodic response of a nonlinear system can be calculated using several methods. Well-known 
methods for calculation of periodic steady-state responses include for example period solvers [2] , [21] 
(e.g. the shooting method and finite difference method) , or routines using simple forward integration 
in time. However, these methods are in genera! computationally rather expensive. A computationally 
less expensive method is to use describing function methods [17], but the disadvantage using these 
methods is that only a single-harmonie approximation of the response is obtained. In this thesis, a 
computationally efficient and accurate algorithm will be presented that can be used to calculate the 
periodic steady-state responses in an accurate and computationally efficient way. Such an algorithm is 
key in the development of an approach for the performance optimization of variable gain controlled 
linear motion systems, which is the main goal of this thesis. 

1.1 Literature Review 

It is widely known that linear controllers inherently suffer from the so-called waterbed-effect [7]: there 
is a trade-off between the low-frequent tracking properties of the system and the disturbance attenua
tion of high-frequent disturbances and measurement noise. In variable gain control (also called N-PID 
control, see [31]), the controller switches between high gain and low gain control settings to balance 
this trade-off in amore desirable manner [9], [14], [12], [28], (10], (1], [8], [31], [16]. On the one hand, the 
suppression of disturbances at low frequencies (below the bandwidth) benefits from high controller 
gains. On the other hand, the limitation of the sensitivity to disturbances at high frequencies (above 
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the bandwidth) benefits from low controller gains. Exploiting the fact that in motion systems, low
frequent disturbances are in genera! relatively large in amplitude, and high-frequent disturbances are 
in general relatively small in amplitude, a variable gain controller can switch between high- and low
gain control settings, based on the error amplitude. If the error exceeds a pre-specified level 8 (often 
called the <lead-zone length), extra controller gain is applied (maximum additional gain a) to improve 
suppression of the low-frequent disturbances. If the error stays within the pre-specified level, no extra 
controller gain is applied in order not to deteriorate the sensitivity to high-frequent disturbances. The 
variable gain control scheme has successively been applied in practice to applications such as optica! 
storage drives, [9], [28], wafer scanners [12], [13], and vibration isolation systems [14]. 

The describing function method has been used to study the unique periodic steady-state response 
of a convergent system to harmonie excitations in a variable gain control setting [28], [rr], [26]. Ifhar
monic excitations are considered, so-called nonlinear frequency response functions can be calculated 
whieh relate the amplitude of the harmonie excitation to the amplitude of the periodic response (in 
genera! nota single harmonie) fora range of excitation frequencies and amplitudes [25], [28]. Weight
ing filters may be used to lift the low-frequent disturbances to levels exceeding the <lead-zone length 8 
which may improve the performance even more [12]. 

Ultimately, the goal is to optimize the performance of the variable gain controlled system by tuning 
the parameters of the varia bie gain controller. Tuis can be done using a data-based approach or using a 
model-based approach. The data-based approach uses measurement data in the optimization routine 
and has first been successfully implemented in [15] to optimize the performance of a short-stroke wafer 
stage of a wafer scanner, whieh will also be our benchmark system in this thesis. Here we will focus 
on a model-based approach which can be used if no machine is available yet, whieh can be used for 
extensive parameter studies, and whieh can save valuable machine time. 

The performance of the nonlinear controlled system could be assessed by calculating some L2-
gain [29] or ISS-gain [27] to calculate an upper-bound on the response for the whole class ofbounded 
inputs. The advantage of such an approach is that it very generie because a complete class of distur
bances is considered. The disadvantage is that only an upper bound on the response is calculated and 
that, because such a broad range of inputs is considered, this upper bound will most likely be very 
conservative. In many practical situations, the disturbances will be (approximately) periodic. In partie
ular for the benchmark system we consider, the short-stroke z-direction of a wafer stage, set-points are 
periodie with a certain period time T. High-frequent disturbances consist of much higher frequencies 
than 1/T and can therefore be approximated as being periodie with frequencies multiples of 1/ T, 
such that the complete disturbance very well can be approximated to be T-periodic. Compared to an 
L2-gain or ISS-gain approach, considering specific disturbance situations allows to exactly cakulate 
the steady-state response, whieh allows for a much better quantification of performance in terms of 
this response (instead oflinking performance to an upper bound of the response for a whole class of 
bounded disturbances, and not using any knowledge about the disturbances). 

If time-varying bounded disturbances act on a nonlinear system (e.g. a variable gain controlled 
linear motion system), the response resulting from these disturbances may be non-unique and/or 
not bounded. Tuis complicates the performance assessment in terms of the steady-state response. 
Moreover, if the input of a genera! nonlinear system is T-periodie, the response of the system is not 
guaranteed to be T-periodic as wel!. A special subclass of the genera! class of nonlinear systems, 
that does exhibit the properties that the response to bounded periodic inputs is unique, bounded, and 
periodic with the same period time, is the class ofuniformly convergent systems [22], [24], [4]. When 
a (non)linear system with time-varying inputs exhibits a bounded and globally asymptotically stable 
steady-state response, the system is called convergent. The class of convergent systems was studied 
by the Russian mathematician Demidovich as early as 1961, see [4], [5]. For uniformly convergent 
systems, a periodic input will generate a unique, steady-state solution with the same period time as 
the input. 

The unique, steady-state response of a uniformly convergent system can be calculated in a straight
forward fashion by simulating the system using forward integration with an arbitrary initia! condition. 
Because the system is convergent, one can simulate the convergent system with a periodie excitation 
from an arbitrary initia! condition until its response converges to the globally asymptotically stable 
periodie response. However, this is a computationally expensive method to obtain the steady-state re-
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Figure 1.1: Graphical representation of a Lur 'e-type system with linear dynamics in the forward 
path and statie nonlinearity in the feedback loop. 

sponse. A method that alleviates the computational burden is to use the describing function method to 
approximate the periodic response (17]. Although this is faster, it only gives a single-harmonie approxi
mation of the response. Other well-known methods for computing periodic steady-state responses are 
periodic solvers. Examples of periodic solvers are the shooting method, the finite difference method, 
or the collocation method, possibly used in combination with a path-following technique [2], [21]. Dis
advantages of these methods are that they are still computationally expensive and, moreover, they re
quire, in genera!, a rather accurate initial guess for the periodic solution for the algorithm to converge. 
An algorithm proposed in [23] overcomes the above problems for the class of convergent Lur'e-type 
systems. A Lur'e-type system consists of a linear dynamica! system in the forward path, with a statie 
nonlinearity in the feedback loop, see Figure 1.1. Inherently, due to the choice of the control structure, 
a variable gain controlled linear motion system falls into the class ofLur'e-type systems. 

The proposed algorithm in [23] converges to the unique periodic steady-state solution of the period
ically excited convergent Lur'e-type system for any initial guess and can be calculated with any desired 
accuracy. Moreover, the calculations can be done very efficiently (fast) by a clever implementation of 
the algorithm. This algorithm will therefore be used in the performance optimization of the variable 
gain controller. A user-defined performance objective function will be minimized, which is directly 
related to the steady-state error. The minimization is performed by tuning parameters of the variable 
gain controller. An automated data-based parameter tuning procedure has been successfully imple
mented on a waf er-stage to tune the a parameter of the variable gain controller (the <lead-zone length 
ö) [15]. An efficient and accurate model-based method for performance optimization of a variable gain 
controller is, however, still missing, and will be presented in this thesis. 

1.2 Motivation and objectives 

lt is known that variable gain control applied to linear motion systems can improve the performance 
compared to linear control. However, the definition of performance for a nonlinear system is far 
from trivial. Moreover, the tuning of the parameters of the variable gain controller to optimize the 
performance is also far from trivial and therefore an automated tuning procedure is proposed. Two 
approaches can be followed when trying to tune the parameters of a variable gain controller for a 
linear motion system: a data-base approach [15] (utilizing experimental data) and a model-based ap
proach. Here, we will focus on a model-based approach, which is needed if no machine is available 
yet, which can save valuable machine time, and which can be used for extensive parameter studies. In 
this model-based optimization approach, we also need to model the disturbances acting on the system. 
Performance for the system can be assessed through an L2-gain or ISS-gain for the whole class of 
bounded inputs, but is most likely to be very conservative. In many practical situations, however, we 
have some knowledge on the disturbances and the disturbances can be modeled as being periodic, see 
the introductory section of this chapter. Moreover, considering specific periodic disturbances allows 
us to exactly calculate the response to these specific disturbances, allowing for a much better perfor
mance assessment. In view of the benchmark system, the variable gain controlled z-direction of a 
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short-stroke wafer stage, we would like to optimize the performance for a whole range of disturbance 
situations, corresponding to different set-points and realizations of high-frequent force disturbances. 
Therefore, we need an efficient and accurate model-based method for performance optimization of 
variable gain controllers for linear motion systems. Summarizing, the following research objective 
can be formulated for this thesis: 

Design of a computationally efficient model-based method for performance optimization of variable gain 
controllers for linear motion systems. 

1.3 Outline of the thesis 

First, the notion of convergent systems will be introduced in Chapter 2. It will be proven that uni
formly convergent Lur'e-type systems excited by bounded T-periodic inputs, exhibit unique, bounded, 
globally exponentially stable, T-periodic steady-state responses. Sufficient conditions will be presented 
that guarantee a Lur'e-type system to be convergent. Graphical frequency-domain conditions will be 
treated that can easily be checked to assure the nonlinear Lur'e-type system is convergent. 

Chapter 3 will focus on an efficient algorithm for calculating the steady-state responses. Popular 
algorithms for calculating periodic responses will be briefly treated first. Subsequently, using the 
Banach fixed point theorem, it will be shown that a periodically excited Lur'e-type system satisfying 
certain conditions similar to the conditions presented in Chapter 2, always has a unique periodic 
steady-state response (possibly unstable). 

Moreover, we will discuss a method for computing the steady-state responses ofLur'e-type systems 
satisfying these conditions: an iterative algorithm can be used for the computation of the steady
state responses, and it will be presented in Chapter 3. Moreover, it will be shown that the algorithm 
converges for any initial guess and can be made as accurate as one desires. The chapter concludes 
with the numerical implementation of the algorithm. Due to a clever implementation of the different 
steps of the algorithm it becomes very computationally efficient. 

The goal of this thesis is to present an efficient model-based method for performance optimization 
of a variable gain controller for linear motion systems. Two gradient-based optimization routines 
will be discussed in Chapter 4 that can be used to tune parameters of the variable gain controller, by 
minimizing a user-defined objective function. An efficient algorithm is already presented in Chapter 3 
to calculate the steady-state output. For gradient-based optimization, also the derivatives of the steady
state output response with respect to the optimization parameters are needed and should be calculated 
in an efficient way. It will be shown that, remarkably, the same efficient algorithm, as presented in 
Chapter 3, can be used to calculate the sensitivities with respect to the optimization parameters. 

Finally, in Chapter 5, all the presented theory comes together in a case-study in which a perfor
mance optimization will be carried out on a model of a variable gain controlled short-stroke wafer 
stage z-direction which is subjected to force disturbances. First, a short introduction into wafer scan
ners will be given and the linear control of the short-stroke wafer state z-direction will be discussed. 
The variable gain control strategy will be discussed and it will be shown that the variable gain con
trolled system is convergent, using the theory presented in Chapter 2. The disturbance modeling of 
the periodic force-disturbances will be treated and the steady-state error signals will be calculated using 
the theory from Chapter 3. The model-based performance optimization of the variable gain controller 
will be carried out using the theory presented in Chapter 4. 

The thesis doses with Chapter 6, which presents conclusions and recommendations for further 
research. 

5 



Chapter 2 

Periodic steady-state responses of 
convergent Lur'e-type systems 

Many nonlinear physical systems can be represented as a feedback connection of a linear dynamical 
system and a statie nonlinearity. These type of systems are called Lur'e-type systems (17] and will be 
studied in this chapter. The mathematical model describing a Lur'e-type system, and the motivation 
for studying this subclass of nonlinear systems, will be presented in Section 2.r. Furthermore, the 
notion of convergent systems will be introduced. Secondly, sufficient conditions will be presented 
in Section 2.2 that guarantee that the Lur'e-type system will be convergent. Finally, in Section 2.3, 

graphical frequency-domain conditions will be presented under which a Lur'e-type nonlinear system 
is convergent. 

2.1 Convergent Lur'e-type systems 

Consider a general nonlinear system of the form 

:i; = f( x, v(t)) , (2.1) 

with state x E lRn and input v(t) E IP'Cm, where IP'Cm is the class of piecewise-continuous inputs 
v(t) : lR --+ lRm which are bounded for all t E R Now consider the following definitions of convergent 
systems [ 24]. 

Definition System (2.1) with input v(t) is called 

• convergent, if for any input v E IP'Cm: 

- there exists a solution xv (t) that is defined and bounded for all t E R 

- xv(t) is globally asymptotically stable. 

• uniformly convergent, ifit is convergent and iffor any input v E IP'Cm, xv (t) is uniformly globally 
asymptotically stable. 

• exponentially convergent, if it is convergent and if for any input v E IP'Cm, xv (t) is globally expo-
nentially stable. 

Note that by writing xv(t), we emphasize the explicit dependency of the steady-state solution xv (t) on 
the specific input v(t). In the remainder of this report, for the ease of notation, we will write x(t) and 
omit the explicit dependency on the input v (t). Furthermore, convergent systems exhibit the following 
interesting properties: 

7 



x = Ax + Bu + Bww(t) 

y = Cx + Dww(t) 

u = -cp(t, y) 

y 

Figure 2.1: Graphical representation of a Lur 'e-type system. 

• If system (2.1) is uniformly convergent, the steady-state solution x(t) is unique, see Property 
2.15 in [24). 

• If system (2.1) is uniformly convergent and the input v(t) is T-periodic, then the steady-state 
solution x(t) is also periodic with the same period T, see Property 2.23 in [24). 

A special type of nonlinear system that falls into the subclass of the general nonlinear system (2.1) 
is a Lur'e-type system. A Lur'e-type system can be modeled by a dynamica! model of the form 

j; 

y 

u 

Ax + B u + Bww(t) 

Cx + Dww(t ) 

-cp(t, y) , 

(2.2) 

(2.3) 

(2.4) 

where x E IRn is the state, y E IR is the output, and w(t) is a bounded scalar piecewise-continuous 
input. We assume that (A , B) is controllable, (A , C) is observable, and the nonlinearity cp : [O, oo) x 
IR ---+ IR is a memoryless, possibly time-varying nonlinearity which is Lipschitz in y. Figure 2.1 gives a 
graphical interpretation of the system. The scalar transfer function of (2.2)-(2 .3) 

Gyu(s ) = C(sl - A)- 1 B (2.5) 

is strictly proper and the controllability and observability assumption ensure that { A , B , C} is a mini
mal realization of G yu ( s). 

One may question why the study of particularly this class of nonlinear systems is valuable. The 
reason for this is that many nonlinear systems can be represented as a feedback connection of a linear 
dynamica! system and a statie nonlinearity. A type of system of particular interest in this thesis is 
the class of varia bie gain controlled linear motion systems, which, due to the choice of the controller 
structure, inherently falls into the class of Lur'e-type systems. Variable gain control can improve 
upon linear PID control by dealing with the trade-off between low-frequent disturbances and high
frequent disturbances in a more desirable manner [12). In this thesis we will try to optimize the 
performance of a variable gain controller applied toa model of a linear motion system. In order to 
quantify performance we could rely on bounds on the response computed using L2-gain type (or ISS
gain) approaches which provide a bound on the response of a system for all bounded disturbances 
w(t). The benefit of such an approach is that we obtain a bound on the steady-state response of the 
system fora whole range of disturbances w(t). However, the estimate of this bound will very likely 
be a very conservative one because no specific information on the disturbances is employed. The 
disturbances acting on a linear motion system such as the wafer stage benchmark, can be modeled as 
being periodic (due to periodic motion profiles and periodic approximation of high-frequent noise) . 
Therefore, in this thesis we will consider specific periodic disturbances for which we will calculate the 
steady-state responses. Fora genera! nonlinear system with periodic inputs, the response may be non
unique and/or non-periodic at all, which complicates the performance assessment because we would 
like to have a unique performance measure fora given input. Moreover, we would like the steady-state 
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response to be bounded for bounded inputs w( t). U niqueness and boundedness of the steady-state 
solution are exactly two properties which are captured in the notion of convergent systems. Sufficient 
conditions fora Lur'e-type system to be exponentially convergent will be presented in the next sections. 

2.2 Periodic response of periodically excited convergent Lur'e-
type systems 

The following theorem formulates the conditions under which system (2.2)-(2.4) exhibits a unique, 
bounded, T-periodic, globally exponentially stable steady-state response x(t) for T-periodic inputs 
w(t) (4), [24), i.e. the system is (exponentially) convergent. 

Theorem 2.2.1 Consider system (2.2)-(2.4), with (A , B) controllable and (A , C) observable, excited by a 
bounded, T-periodic input w(t) E IP'Cm. Suppose 

• The transfer fanction 

G*(s) = Gyu + ! = C(sI - A)-i B + ! (2.6) 

is strictly positive real; 

• The nonlinearity cp( t, y) is locally Lipschitz in y and satisfies the incremental sector condition 

0 
< cp(t,y2) -cp(t, yi) < K ....t. 

, 1:/yi, Y2, t E lR, Yi r Y2 , - Y2 - Yi -
(2.7) 

where K E [0, oo), cp(t, 0) = 01:/t E lR, and cp(t , y) = cp(t + T , y) 1:/t, y ER 

Then, system (2.2)-(2.4) is exponentially convergent and has a unique, bounded, T-periodic, globally expo
nentially stable steady-state response x ( t). 

Proof To show that the system has a unique, bounded, T-periodic, globally exponentially stable steady
state response x(t), we will, firstly, show the existence of a positively invariant set and, secondly, prove 
that the system is exponentially incrementally stable, see Figure 2.2. Incremental stability will ensure 
that all solutions converge to each other for t ➔ oo, and the existence of a positively invariant set 
implies that there exists a solution x(t) which is bounded for all t E R These two properties jointly 
imply convergence. Furthermore we need to show that for each T-periodic disturbance w(t) , there 
exists a unique T-periodic steady-state response x(t). 

Incremental stability 
Consider the following candidate Lyapunov function for incremental stability 

l T Vr = 2(x2 - xi) P(x2 - xi), (2.8) 

where P = pT > 0. The time derivative of this candidate Lyapunov function along solutions of the 
system (2.2)-(2.4) satisfies 

1 1 

2(x2 - xif P(i:2 - ii) + 2(±2 - iif P(x2 - xi) 

l T 

2(x2 - xi) P((Ax2 + Bu2 + Bww(t)) - (Axi +Bui+ B ww(t ))) 

l T + 2((Ax2 + Bu2 + Bww(t)) - (Axi +Bui+ B ww(t))) P(x2 - xi) 

l T T T 

2(x2 - x1) (PA+ A P)(x2 - xi) + (x2 - x1) PB(u2 - ui). (2.9) 
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y Incremental stability 

y Convergence 

y Existence positively invariant set 

Figure 2.2: Ingredients of the proof of exponential convergence. 

Because of the assumption that the transfer G*(s) is strictly positive real (and observability and con
trollability), the Kalman-Yukobovich-Popov (KYP) lemma for strictly proper scalar transfer functions 
(see [17], page 240) implies that there exist matrices P = pT > 0, L, W, and a scalar t > 0 such that 

- tP- LTL 

2/K 
cT - LTW = er - LT fi!K. 

Using the KYP-lemma, (2.9) can be rewritten as 

Using Cx = y - Dww(t) gives 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

Using u = -1.p(t,y) and the incremental sector condition 0::; (1.p(t,y2 ) - 1.p(t,y1))/(y2 -y1)::; K, 
we conclude that (y2 -y1)(u2 - ui)::; -f (u2 - u1 ) 2 ::; 0, see Figure 2.3 (note that Figure 2.3 in fact 
illustrates the 'normal' sector condition 0 ::; 1.p( t, y) / y ::; K ins te ad of the incremental sector condition 
we use here). Using this fact, it can be shown that 
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-K < uru1 < 0 
- Y2-Y1 -

-oo < 1à.=1l!.. < -1/K 
- U2 -U1 -

y 

y y 

Figure 2.3: Illustration of the fact that the incremental sector condition O < ( cp(t , y2 ) -

cp (t,y1)) / (y2 -y1) S:: K implies (y2 -y1)(u2 - u1) S:: --k(u2 - u1)2. 

V1 < -;(x2 - x1f P(x2 - x1 ) 

l TT TT!nï""ï7 l 2 - 2(x2 - x 1) L L(x2-xi) -(x2-x1 ) L v2/ K(u2-ui)- K(u2-u1) 

- ;(x2 - x1f P(x2 - x1 ) 

-~(L(x2 - x1) + JiÏK(u2 - u1)f (L(x2 - x1) + JiÏK(u2 - u1)) 

< -; (x2 - x1f P(x2 - x1) 

-fVi. 

So \/1 ::::; - fVi, which shows global exponential incremental stability. 

Existence of a positively invariant set 

(2.15) 

lt remains to show that there exists a unique solution which is bounded for all t E JR. Note that from 
(2.9) and (2.15) it follows that 

l T T T f T 

2(x2-xi) (PA + A P)(x2-xi)+(x2-x1 ) PB(u2-u1) S::- 2(x2-x1 ) P(x2-x1) , (2.16) 

which will appear to be a useful expression in determining the compact positively invariant set in 
the following part of the proof. To show that there exists a uni que steady-state solution x( t) which 
is bounded Vt E IR, we wil! first show that there exists a compact positively invariant set for system 
(2.2)-(2.4). Hereto, consider the following candidate Lyapunov function 

l T Vi = 2x P x, (2.17) 

where P = p r > 0. The time derivative of this candidate Lyapunov function along solutions of the 
system (2.2)-(2.4) satisfies 

(2 .18) 
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Compact positively invariant set n 

Figure 2.4: Illustration of the compact positively invariant set n to which all solutions converge. 

Now let us add and subtract the term xT P B<.p( t, Dww( t)) from this expression such that 

V2 = ~xT(PA + AT P) x + xT PB(u + cp(t, Dww(t))) + XT PBww(t) - XT PB<.p(t, Dww(t)). (2.19) 

Using this trick, we see that the first two terms of (2.19) are of the same form as (2.16). This is 
true because we can identify x 2 = x , x 1 = 0, such that u2 = -cp(t,Cx2 + Dww(t)) = -cp(t,Cx + 
Dww(t)) = u and u 1 = -cp(t, Cx 1 + Dww(t)) = -<p(t, Dww(t)). Therefore, (2.19) yields 

V2:::; -~XT Px + xT PBww(t) - XT PBcp(t, Dww(t)). 

Using the notation llxlli := xr Px, (2.20) can be written as 

V2 < -~llxll} + ll x ll PII Bww(t) - B cp(t, Dww(t))IIP 

-llxllP GllxllP - IIBww(t) - B cp(t, D ww(t))IIP) 

< - llxllP (~ll x llP - sup IIBww(t ) - B cp(t , Dww(t)) IIP) , 
2 tEIR 

(2.20) 

(2.21) 

suchthatthesetfi = {x E IRlllxllP:::; ~(supt EIRII Bww(t)- Bwcp(t, Dww(t)) IIP)} isacompactpos
itively invariant set, see Figure 2.4. Note that if we consider the situation with the external inputs 
w(t) = 0, the positively invariant set will equal n = {x E IRlllxllP = O} because cp(t, 0) = 0 Vt E IR, 
which shows global exponential stability of the equilibrium point x = 0 for zero-inputs. 

Existence and uniqueness of steady-state solution 
Lemma 2.31 from [24] (see also [30)) guarantees that if there exists a positively invariant set n, then 
there exists a solution x(t) E n that is defined and bounded for all t E R This proves that system 
(2.2)-(2.4) is exponentially convergent. The uniqueness of the steady-state solution x(t) follows from 
the fact that the system (2.2)-(2.4) is uniformly convergent (note that exponential convergence implies 
uniform convergence), see Property 2.15 in [24]. 

Periodicity of the steady-state solution 
In order fora genera! nonlinear system (2.1) to exhibit a steady-state solution x(t) with the same 

12 



period time Tas the periodic input v(t), it is important that f( x, v(t)) = f( x, v(t + T) , t + T) \:/t, see 
Property 2.23 in [24). Let us define i (t) := x (t + T), which is a time-shifted version of the unique 
steady-state solution x(t). Ifwe substitute x(t) in (2.2)-(2.4) we can write 

x = f( x, v(t) , t) := Ax - Bcp(t , Cx + Dww(t)) + Bww(t). (2.22) 

Shifting the time-dependent signals an amount Tin time and using the definition i ( t) = x( t + T) we 
can write 

i = f( i, v(t + T) , t + T) Ai - B cp(t + T , Ci + Dww(t + T)) + Bww(t + T) 

Ai - B cp(t , Ci + Dww(t)) + Bww(t) , (2.23) 

where we have used the fact that, besides periodicity of w(t), also (as required by Theorem 2.2.r) the 
nonlinearity cp(t , y) is periodic with period time Tas well: cp(t, y) = cp(t + T , y) \:/t, y E JR. This 
shows that i ( t) is also a steady-state solution of system (2.2)-(2.4 ). However, because the steady-state 
solution is unique, the solutions x(t + T) = i: (t) = x(t) coincide. From this it follows that the period 
time of the steady state solution x is equal to the period time of the periodic input w(t). This concludes 
the proof. □ 

The first condition of Theorem 2.2.r requires G* ( s ) to be strictly positive real. Conditions to check 
if a scalar transfer function is strictly positive real are given in Section 2.3. Moreover, the nonlinearity 
satisfies the incremental sector condition O ::;: (cp (t ,y2) - cp(t ,yi)) / (y2 - y1) ::;: K. Note that a 
system with a nonlinearity that satisfies a different incremental sector condition, can always be loop
transformed to such a form that the nonlinearity satisfies O ::;: ( cp( t, y2) - cp( t , yi)) / (y2 - y1) ::;: K (as 
presented in the theorem), see Appendix A. 

Remark The conditions on the nonlinearity in Theorem 2.2.r also require cp (0 , t) = 0; however this 
has not been used in the proof of the theorem. The condition ensures that for nonzero inputs w( t) = 0 
the equilibrium point of system (2.2)-(2.4) is x = 0. Moreover, if the incremental sector condition of 
a function 'P equals K1 ::;: (cp(t , y2) - cp(t , y1)) / (y2 - y1) ::;: K2, and cp (t , 0) = 0, it is easily verified 
(by taking y2 = y and y1 = 0) that the 'normal' sector condition K1 ::;: cp(t , y) /y ::;: K2 \:/y, y -=/- 0 is 
automatically satisfied, see Figure 2.5. A function satisfying such a 'normal' sector condition is often 
denoted by cp E [K1 , K 2]. If cp(t , 0) -=/- 0 (but constant), one can always transform the system such that 
the new transformed nonlinearity cj;(t, y) does satisfy cj;(t , 0) = 0, and a coordinate transformation can 
be used to transform the equilibrium point for zero inputs to the origin. 

2.3 Graphical conditions for checking convergence 

In Section 2.2, a theorem has been presented that allows to check if a Lur'e-type system (2.2)-(2.4) 
excited by a bounded, T-periodic input w(t) exhibits a unique, bounded, T-periodic, globally exponen
tially stable steady-state response x (t) . One of the conditions in Theorem 2.2.r requires showing that 
the transfer G*(s ) = Gyu(s ) + 1/ K = C(sI - A)- 1 B + l / Kis strictly positive real (SPR). Recall that 
this is necessary for the employment of the KYP-theorem. The following definition gives the condition 
fora scalar proper rational transfer function to be SPR [17). 

Definition A scalar proper rational transfer function H ( s) is strictly positive real if and only if 

• H(s ) is Hurwitz, i.e. all the poles of H(s ) have negative real parts; 

• Re(H(iw)) > 0, \:/w ER 

• H(oo) > 0 or H(oo) = 0 and limw-;cx,w2Re(H(iw)) > 0. 
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Figure 2.5: Lipschitz nonlinearity cp(t, y) satisfying the incremental sector condition K 1 ::; 

(cp(t, Y2) - cp(t , Y1))/(Y2 - Y1) ::; K2. Note that the incremental sector condition together with 
cp(t , 0) = 0 implies the 'normal ' sector condition K 1 ::; cp(t , y)/y ::; K2, often denoted by 
'P E [K1 , K2]-

The second condition can easily be verified by drawing the Nyquist plot of H(iw) and making sure it 
stays in the open right half plane. Note that this condition can only hold if the relative degree of the 
proper transfer function is O or 1 (the relative degree is defined as the order of the denominator of 
H( s) minus the order of the numerator of H(s) ). Moreover, ifthe relative degree equals 0, the third 
condition H ( oo) > 0 is automatically satisfied. 

Let us investigate the conditions for the transfer G*(s) to be SPR for the system considered in 
Theorem 2.2.r. Figure 2.6.a shows a graphical interpretation of the incremental sector condition 
0::; (cp(t,y2 ) - cp(t,y1))/(y2 - y1)::; K (note that Figure 2.6.a in fact illustrates the 'normal' sector 
condition O ::; cp(t , y)/y ::; K instead of the incremental sector condition we use here). The three 
conditions for the transfer G* (s) = Gyu(s) + 1/ K to be SPR are easily checked: 

• The poles ofGyu(s ) are equal to the poles G*(s) = Gyu(s) + 1/ K. Therefore, in order for G*(s) 
to be Hurwitz, we can just check ifthe transfer function Gyu(s) is Hurwitz; 

• The condition Re( Gyu ( iw) + 1 / K) > 0, \/w E lR is equivalent to checking Re( Gyu ( iw) ) > 
- 1/ K, \/w E R Therefore, if the Nyquist plot of Gyu(iw) lies to the right of the line defined by 
Re( s) = - 1 / K the frequency-domain condition is met; 

• The condition G* ( oo) > 0 is automatically met because G* ( oo) = 1 / K > 0. 

Therefore, exponential convergence of a system (2.2)-(2.4) satisfying the incremental sector con
dition O ::; ( cp( t, Y2) - cp( t, y1)) / (Y2 - y1) ::; K can be checked by using the following corollary which 
uses graphical conditions to assure convergence. 

Corollary 2-3-1 Consider system (2.2)-(2.4) excited by a bounded, piecewise-continuous, T-periodic input 
w (t) E lP'Cm. Suppose 

A1 The nonlinearity cp( t , y) is locally Lipschitz in y and satisfies the incremental sector condition 

(2.24) 

where K E [O, oo), cp(t , 0) = 0 Vt E JR, and cp(t, y) = cp(t + T , y), '<lt , y E lR; 

A2 The transfer fanction Gyu(s ) = C(sl - A) - 1 Bis Hurwitz; 
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A3 Re(Gyu (iw)) > -1/ K Vw E IR. 

Then, system (2.2)-(2.4) is exponentially convergent, and it has a unique, bounded, T -periodic, globally 
exponentially stable steady-state response x(t) . 

If the nonlinearity cp( t, y) satisfies a different incremental sector than O ::; ( cp( t , y2 )-cp( t , y1 )) / (y2 -

Y1) ::; K , for example lcp(t , Y2) - cp(t, Y1)I / IY2-y11 ::; K, the linear dynamics can be loop-transformed 
to such a form that the sector condition of the transformed system does become O ::; (cp(t , y2 ) -

cp(t , y1))/(y2 - y1) ::; K. Tuis is illustrated by an example in Appendix A. Using these loop
transformations it can be shown that fora Lipschitz nonlinearity satisfying lcp(t , y2) - cp(t, y1)I /I Y2 -
y1 1 ::; K, see Figure 2.6.b, one has to show that the transformed system G*(s) = (1 + KGyu(s))/ (1 -
K Gyu ( s)) is strictly positive real. One can show that in that case the frequency-domain condition 
Re((l + KGyu(iw)) /( 1 - KGyu(iw))) > 0 boils down to showing IGyu(iw) I < 1/ K Vw E R see 
Section 7.u in [17]. The Jatter observation is formalized in Corollary 2.3.2. 

Corollary 2.3.2 Consider system (2.2)-(2.4) excited by a bounded, piecewise-continuous, T-periodic input 
w(t) E lP'Cm , Suppose 

B1 The nonlinearity cp( t , y) is locally Lipschitz in y and satis.fies the incremental sector condition 

l(cp(t , Y2) - cp(t, Y1))I / l(Y2 - Y1)I :S K, Vy1, Y2, t E JR, Y1 =/= Y2, 

where K E [0, oo), r.p (t, 0) = 0 Vt ER and cp(t , y) = cp(t + T , y) Vt, y E JR; 

B2 The transfer Junction Gyu(s) = C(s1 - A)- 1 Bis Hurwitz; 

B3 IGyu(iw)I < 1/ KVw ER 

(2.25) 

Then, system (2 .2)-(2.4) is exponentially convergent, and it has a unique, bounded, T -periodic steady-state 
response x( t) . 

The frequency-domain conditions of Corollary 2. 3,1 and Corollary 2. 3.2 can be checked graphically 
by inspection of the Nyquist plot of G yu ( iw), see Figure 2. 7. Note that the conditions are similar to 
circle criterion conditions that can be used to show stability of an equilibrium point of a Lur'e-type 
system for all nonlinearities satisfying certain sector conditions [17], [19] (often denoted by absolute 
stability). However, here, an incremental sector condition is used which is needed to prove incremental 
stability (which is in turn used to prove exponential convergence). Also note that these frequency
domain conditions to assure convergence, are practically very important and easy to use because they 
can be used with experimentally obtained FRF data [n]. 

Remark The theory in this chapter can easily be extended to systems with output y = Cx +Du+ 
Dww(t), which do have a direct feedthrough matrix D. In that case, one has to be make sure that the 
feedback connection has a well-defined state model, which is the case when u = -r.p(t, Cx + Du+ 
Dww(t)) has a unique solution for every (t, x) in the domain of interest. Note that this is always the 
case when D = 0, as considered in this thesis. Moreover, the results can be straightforwardly extended 
for systems with multidimensional inputs w(t) . 

The theorem presented in this chapter gives sufficient conditions for the exponential convergence 
of a Lur'e-type system. Additionally, under these conditions, the Lur'e-type system exhibits a unique, 
T-periodic, globally exponentially stable, steady-state solution, when excited with a T-periodic input. 
No methods are treated in this chapter on how to compute this steady-state solution. Chapter 3 will 
present a fast and accurate algorithm that can be used to determine the steady-state solution of the 
system under study. 
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lcp(t ,y2)-cp(t ,y,)I < K 
jy2-Y1I -

cp(y) 

y 

(a) (b) 

Figure 2.6: Visualization of incremental sector conditions for O S:: ( cp(t, y2 ) - cp(t, y1 )) / (y2 - yi) s; 
K and lcp(t , y2) - cp(t, Y1)I / IY2 - Y11 '.'::: K. Note t hat due to cp(t , 0) = 0 the sector condition 
cp(t, y) E [O , K] is automatically satisfied . 

Sector condition O < cp(t ,y2)-cp(t ,yi) < K 
- Y2-Y1 -

Sector condition lcp( t ,y2 )- cp(t,yi) I < K 
l (Yi-Y1) I -

-1/K Im 
Re(Gyu(iw)) ~ -1/K 

Im 

Gyu(iw) 

Re Re 

Figure 2. 7: Graphical frequency-domain conditions to check exponential convergence of a Lur 'e
type system. 
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Chapter 3 

Fast computation of periodic 
responses for Lur'e-type systems 

In Sections 2.2 and 2.3, conditions have been presented that can be used to check if a Lur'e-type 
nonlinear system (2.2)-(2.4) is exponentially convergent. Tuis assures that the steady-state response 
toa T-periodie input is unique, T-periodic and globally exponentially stable. It is important to have 
efficient numerical tools for the calculation of this steady-state response, especially if a large number of 
steady-state responses has to be calculated. Tuis is the case in for example the calculation of nonlinear 
Bode plots fora range of excitation frequencies and amplitudes [23], [28] , [6] , [n]. In the scope of this 
thesis, one can think of the model-based performance optimization of a variable gain controller for 
the z-direction of the wafer-stage. The disturbances acting on the wafer-stage depend on the nature 
of the inherently periodic set-points used in the scan. We would like to optimize the performance for 
a whole range of of set-points , and thus, fora whole range of disturbance situations. Therefore, this 
requires the calculation of a large number of steady-state solutions as we will see when we discuss 
the case-study in Chapter 5. Section 3-1 will briefly review existing numerieal methods that can be 
used to calculate periodic steady-state responses, with the pros and cons of each algorithm. Section 
3.2 considers some notation and mathematica! preliminaries necessary for this chapter. Toen, in 
Section 3.3 a theorem is presented that states the conditions under whieh a periodieally excited Lur'e 
nonlinear system exhibits a unique (not necessarily stable) periodic steady-state response. The proof 
of this theorem allows for the development of an efficient numerical procedure for the computation 
of these periodic responses, whieh is presented in Section 3.4 . The numerieal implementation of this 
algorithm is discussed in Section 3.5. 

3.1 Algorithms for calculating periodic solutions 

The most straightforward way to calculate a steady-state response of a convergent Lur'e-type nonlinear 
system subjected to periodie excitation, is to simply simulate it forward in time. Because the system is 
convergent, for any initia! guess, the solution will converge to the globally exponentially stable unique 
steady-state solution. The benefit ofthis method is that it always works and that it is very simple to use; 
however, the method is very computationally inefficient. A method that relieves this computational 
burden to some extent is the Describing Function Method whieh approximates the output of the system 
by a single harmonie [26]. However, because a single harmonie can only approximate a nonlinear 
response, the method is less accurate. Another class of numerical solvers that can be used is the class 
of periodic solvers such as the shooting method or the collocation method, possibly in combination 
with a path-following technique (2], (21]. Tuis approach was used in [28] to assert performance of 
variable gain controlled optica! storage drives . These methods are especially suitable because the 
period time of the steady-state response is known apriori (because the system is convergent); however, 
these methods are still rather computationally demanding. Moreover, the periodic solvers require, in 
general, relatively accurate initia! guesses of the periodic solution for the algorithms to converge. A 
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method that is fast, accurate, and converges for any initia! guess has been presented by Pavlov and van 
de Wouw in [23]. The proofs and algorithm presented in this chapter will therefore strongly follow the 
lines of this pa per. 

3.2 Notations and mathematica! preliminaries 

Throughout this chapter, the following notation will be used. By Z we denote the set of integer num
bers. By L2(T) we denote the space of piecewise-continuous real-valued T-periodic scalar functions 

y(t) satisfying IIYIIL2 < +oo, where IIYIIL := f J{ ly(t)l2dt . By l2 we denote the space of complex
valued sequences w = {W[m]}mEZ satisfying IIW ll12 < +oo, where 11w11r2 = L mEZ IW[m]l2. Both 
L2(T) and 12 are Banach spaces. 

The sequence of Fourier coefficients of y E L2 (T) is denoted by Y. The elements of this sequence 
are given by 

T 

Y[m] = ~ J y(t)e-iwmtdt , m E Z, 

0 

where w := 271' /T. The inverse Fourier transform is given by 

y(t) = L Y [m]eimwt _ 
mEZ 

(3.1) 

(3.2) 

For any y E L2(T) and its Fourier coefficients Y it holds that the sum of the squares of the Fourier 
coefficients of a function is equal to the integral of the square of the function. This is known as 
Parseval's equality: 

IIYIIL2 = IIYll12 • (3.3) 

Fora linear single-input-single-output system 

x Ax+Bu (3.4) 

y = Cx, 

excited by a T -periodic input u(t), u E L 2 (T), ifthe matrix A has no eigenvalues at imw, for w := 27!' / T 
and all m E Z, there exists a unique T-periodic solution xu(t ) with the corresponding output Yu(t) 
(Yu E L2(T)). Hence, system (3.4) defines a linear operator 9yu : L 2 (T) -+ L 2 (T) according to 
9yuu(t) = Yu(t). Consider for example a simple linear mass-spring system. It is known that for 
this system without any dissipative elements (no damper) , the response amplitude approaches oo if 
the excitation frequency w approaches the eigenfrequency JkTm, of the system. In that case, the 
matrix A has eigenvalues at iw. Moreover, a genera! non-harmonie T-periodic excitation signal can 
have frequency contributions (non-zero Fourier coefficients) at mw, therefore the matrix Ais also not 
allowed to exhibit eigenvalues at imw, for w = 271' / Tand all m E Z. 

In the frequency domain we define the linear operator 9yu : l2 -+ l2 that maps the Fourier coeffi
cients U of the function u(t ) to the Fourier coefficients Yu of the function Yu(t), i.e . 9yuU := Yu. It 
is known that 

(3.5) 

where Gyu(s) := C(sI - A) - 1 B , s E Cis the transfer function of system (3.4) from input u to output 
y. Due to (3.5) it is straightforward to verify that 

IIÓyuUl/12 :S: sup /Gyu(imw)I//U/112 , mEZ 
and, by the Parseval's equality (3.3), we also conclude that 

l/9yuUI/L 2 :S: sup IGyu(imw)l//ul/L2 -mEZ 
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3.3 Periodic response of periodically excited Lur'e-type sys
tems 

Consider again nonlinear Lur'e-type systems with inputs of the form (2.2)-(2.4), whose representation 
is repeated here for convenience, 

± Ax + Bu + Bww(t) 

y Cx + Dww(t) 

u -cp(t,y). 

Let Gyu(s) := C(sl - A)- 1 Band Gyw(s) := C(sl - A)- 1 Bw + Dw, s E C, denote the transfer 
functions from u toy and from w toy, respectively. The next theorem formulates conditions under 
which system (2.2), (2.4) exhibits a unique, T-periodic response x(t) toa T-periodic excitation w(t) . 

Theorem 3.3-1 Consider system (2.2), (2.4) excited by a T-periodic input w(t) E IP'Cm. Suppose 

C1 The matrix A has no eigenvalues at imw,Jor w := 21r /Tand m E Z; 

C2 The nonlinearity cp(t, y) is Lipschitz in y with Lipschitz constant K, i.e. it satis.fies the incremental 
sector condition 

lcp(t, y2)-cp(t, y1)I::; Kly2 -y1I , Vy1,Y2,t E IR 

where K E [O , oo), cp(t , 0) = 0 \/t E IR, and cp(t, y) = cp(t + T , y) \/t , y E IR; 

C3 The transfer function Gyu(s) satisfies 

. 1 
sup IGyu(imw) I =: 1 < K. 
mE Z 

(3.8) 

(3.9) 

Then system (2.2), (2.4) has a unique, T-periodic, steady-state solution x(t) with the corresponding periodic 
output y( t) satis.fying 

(3.10) 

Proof Due to condition C1 ofTheorem 3.3.1, system (2 .2) defines the linear operators 9yu : L2(T) --+ 
L2(T) and 9yw : L2(T) --+ L2(T) that map T-periodic inputs to T-periodic outputs (see Section 3.2). 
Due to linearity of system (2.2), its periodic output y E L 2 (T) corresponding to the inputs u E L 2 (T) 
(note that u E L2(T) because y E L2(T) and cp(t , y) = cp(t + T , y) \/t, y E IR) and w E L2(T) equals 

Y = 9yuU + 9ywW · (3.11) 

Notice that since 9yu is a linear operator, 9yuu1 - 9yuU2 = 9yu(u1 -u2). Applying (3.7) and (3.9) 
to the last equality, we conclude that 

foranyu1 ,u2 E L2(T). 

ll9yuUJ - 9yuu2IIL 2 ll9yu(U1 - u2)IIL2 

< sup IGyu(imw)lllu1 - u2IIL2 
mEZ 

< , llu1 - u2IIL2, (3.12) 

Next, consider the nonlinear operator F: L2(T) --+ L2(T) defined as Fy(t) := - cp(t, y(t)). Since 
cp(t , y) is Lipschitz (see condition C2 ofTheorem 3.3-1), the operator Fis also Lipschitz 
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(3.13) 

From (3.12) and (3.13), we conclude that the operator 9yu o F : L2(T) -+ L2(T) is also Lipschitz. 
Namely, 

ll9yu O Fy1 - 9yu O Fy2IIL2 :S ï llFY1 - Fy2IIL 2 

'.S ï KIIY1 -y2IIL2· 

Since 1K < 1 (see condition C3 in Theorem 3.3-1), 9yu o Fis a contraction mapping. 

(3.14) 

Applying the Banach fixed point Theorem (see e.g. [18] , [17)), we conclude that there exists a unique 
y E L2 (T) satisfying 

Y = 9yu o Fy + 9ywW· (3.15) 

Tuis implies that y(t) is the unique T-periodic output of system (2.2)-(2.4). The corresponding pe
riodic solution x(t) is the unique periodic solution of the linear system (2.2) with the input u(t) = 
-<p(t, y(t)). 

lt remains to show that inequality (3.10) holds. Since y satisfies (3.15), using the triangular in
equality, it holds that 

llfJIIL2 :S ll9yu ° FVII L2 + ll9ywwllL2· 

Applying inequality (3.14) for y1 = y and y2 = 0 gives 

Expressing IIYIIL2, we obtain 
1 

IIV II L2 :S l _ ï K ll9ywwllL2 · 

Finally, application of inequality (3. 7) gives (3.10). Tuis concludes the proof. D 

Remark Using the Parseval's equality (3.3), in the frequency domain the bound takes the form 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

Note that the conditions C1-C3 in Theorem 3.3-1 are very similar to the conditions BI-83 ofCorollary 
2.3.2. However, the conditions on the matrix A are different. Note that in this section no stability 
claims are made, neither about incremental stability, nor about the existence of a positively invariant 
set. The eigenvalues of the system matrix A may even !ie in the open right half plane. As long as the 
conditions of the theorem are met, a T-periodic solution will exist which, thus, can be unstable. Also 
note that if the conditions of Corollary 2-3-2 are met, the conditions of Theorem 3. 3.1 are automatically 
satisfied and the unique periodic solution x(t) will be globally exponentially stable. 

3.4 lterative computation of periodic responses with conver
gence and accuracy guarantees 

The proof of existence and uniqueness of the periodic response in Theorem 3.3-1 is based on the 
Banach fixed point theorem, which also provides a method for iterative computation of the periodic 
steady-state output response y(t). It can be found as the limit of the iterative process Yk+I = 9yu o 
Fyk + 9ywW with an arbitrary initia! value Yo E L2(T), see Figure 3-1. To see this, compare two signals 
y1 and Y2 traveling through the loop and evaluate the L2-norm of their difference through 
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Y2 
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Figure 3.1: Visualization of the iterative process for finding y(t). The factor 1K is the measure 
of contraction of Çyu o F. Since 1K < 1, the iteration II Yk+1(t) - y(t) II L2 converges to zero 
exponentially. 

IIÇyu ° Fy1 + gyww(t) - (Çyu ° Fy2 + Çyww(t) )II L2 IIÇyu ° Fy1 - gyu ° Fy2IIL2 

< 1 K II Y1 - Y2IIL2, (3 .20) 

where we used (3.14) As a particular case consider y1 = Yk(t), the k-th estimate, and Y2 = y(t), the 
steady-state periodic solution. Because 

Yk+I 
y 

it follows from (3.20) that 

Çyu o Fyk + Çyww(t) and 

Çyu o Fy + Çyww(t), 

(3.21) 

(3.22) 

II Çyu O Fy1 - Çyu O Fy2IIL2 = IIYk+1(t) - y(t)IIL2 ::; 1KIIYk(t) - y(t)IIL2· (3 .23) 

Successively applying the same reasoning shows that the convergence of this process is characterized 
by the inequality 

IIYk+1(t) - y(t)IIL2 < hK)2IIYk-1(t) -y(t) IIL2 

< hKl+IIIYo(t) - y(t)IIL2 (3.24) 

such that IIYk+ i (t) - y(t)II L2 converges to zero for k --+ oo since 1K < 1, for any initia! guess Yo(t). 
The factor 1K is the measure of contraction of Çyu o F . Since 1K < 1, this iteration converges 
exponentially. 

To implement this iterative process, we decompose it into the following equivalent one: 

Fyk 

ÇyuUk+l + ÇywW. 

(3 .25) 

(3.26) 

According to the definition of the operator F (see the proof of Theorem 3.3-1) , given a function 
Yk E L 2(T), Uk+1 E L2(T) can be computed according to 

(3.27) 

As follows from the definition of the linear operators Çyu and Çyw (see Section 3.2) , Yk+I ( t) computed 
at step (3.26) is the periodic output of the linear time-invariant system (2.2)-(2.3) with the T-periodic 
inputs w(t ) and u(t) = uk+i(t). 
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lt is possible to implement both steps (3.25) and (3.26) in the time domain with any given accuracy. 
For (3.25) we can use (3.27), while the periodic solution of the linear system (2.2)-(2.4) excited by T
periodic inputs w(t) and u(t) = Uk+1(t) can be found using the Cauchy formula for the general 
solution of a linear system with the boundary condition x(T) = x(O): 

(3.28) 

Yet, it has been noticed that such a method is not computationally efficient. For example, when 
the periodic solution of the nonlinear system (2.2)-(2.4) is globally asymptotically stable (i.e. the 
system is convergent, see Theorem 2.2.1), one can simply simulate the system with a given input 
w(t) until its solution converges to the periodic solution. The computational time of this simple 
simulation-based method is comparable to the computational time of a time-domain implementation 
of the iterative algorithm (3.25), (3.26). For this reason we have opted not to proceed with the time
domain implementation of (3.25), (3.26). 

Alternatively, one can implement the algorithm (3.25), (3.26) in the frequency domain by repre
senting the T-periodic functions uk(t), Yk(t) and w(t) by their respective Fourier coefficients Uk, Yk 
and W, and substituting the operators Yyu, Yyw and F by their frequency-domain counterparts Óyu, 
Óyw and J:, respectively. Then the algorithm (3.25), (3.26) takes the form 

j:yk 

ÓyuUk+l + ÓywW. 

(3.29) 

(3.30) 

Using inequalities (3.12), (3.13) and (3.14) and taking into account Parseval's equality (3.3), one can 
show that the operator Óyu o J: is a contraction on l2 and by the Banach fixed point theorem, the 
iterative process (3.29), (3.30) will exponentially converge to the unique solution Y of the equation 

Y = Óyu O j:y + Óyw W. (3.31) 

The main advantage of such a frequency-domain implementation is the fact that step (3.26), which 
is the most computationally demanding in the time-domain implementation is now substituted by 
the computationally cheap step (3.30), see (3.5), which expresses the fact that only the product of the 
Fourier coefficients of U (W) and the frequency response function Gyu (Gyw) need to be calculated. 
The difficulties arising in this case are twofold. First of all, due to the nonlinear operator J:, the 
number of nonzero entries in Uk+l will, in general, always be infinite despite of the fact that the 
number of non-zero entries in W (the spectrum of the excitation w(t) ) may be finite. This would 
require the storage of an infinite number of Fourier coefficients Uk and Yk. which is impossible. So, 
we need to truncate Uk+l at each step. Another argument for truncation sterns from the difficulty 
in the implementation of the nonlinear operator J: corresponding to the nonlinearity cp( t, y). For a 
general nonlinearity cp( t, y) it is impossible to find an analytic expression for the implementation of 
J:. Therefore, it is suggested to firstly transform the Fourier coefficients Yk to the periodic function 
Yk ( t) in the time do main using the inverse Fourier transform, compute Uk+1 ( t) = - cpk+l (Yk ( t)), and 
then apply the Fourier transform to transform Uk+1 ( t) into U k+i. Because calculations are carried out 
in the time- and frequency domain subsequently we will refer to this algorithm as the Mixed-Time
Frequency algorithm. Numerical implementation of this algorithm can be done very efficiently using 
Past Fourier Transform algorithms. In practice, applying a Past Fourier Transform operation, will 
always imply a truncation ofUk+l· Moreover, the periodic input w(t) will, in general, have a spectrum 
W containing an infinite number of nonzero entries. Therefore, W also has to be truncated. Thus, 
the algorithm becomes 

(FYk)N 

ÓyuUk+l + Óyw(W)N, 
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where ( ·) N denotes a truncation operation: 

(U) N [m] = { U[m] , 
0, 

for 1m l ~ N 
for 1m l > N, 

(3.34) 

and N > 0 is a truncation parameter. In genera!, introduction of truncation in such an iterative algo
rithm can cause large errors in the limit solution and even prevent the convergence of the algorithm. 
However, in the next theorem we prove that, in fact, under the conditions ofTheorem 3.3.r, the itera
tive sequence (3.32), (3.33) will converge for any value of the truncation parameter N . Moreover, we 
obtain an estimate on the accuracy of the algorithm with truncation. 

Theorem 3-4-1 Under the conditions of Theorem 3.3.1 , for any N > 0 there is a unique limit Y N for the 
sequence Yk, k = l , 2, . . . , resultingfrom the iterative process with truncation (3.32), (3.33) . Moreover, 

IIY - y N ll12 ~ { SUPiml>N IGyu (imw)I SUPmEZ IGyw (imw) I ~l~~~2 

+ SUPmEZ IGyw (imw)IIIW - (W)Nl l12} 1-~K -

Proof Notice that, as follows from (3.5) , for any U E l 2 it holds that 9yu (U )N 
( 9yu ) N : l 2 -+ l2 is a line ar operator defined as 

for 1ml ~ N 
for 1ml > N. 

Hence, instead of (3 .32), (3.33) one can consider the equivalent iterative process 

j:yk 

(9yu )NÛk+I + 9yw(W )N, 

(3.35) 

(3.36) 

(3.37) 

(3.38) 

which is of the similar form as (3.29), (3.30) . So, in order to prove its convergence we only need to 
show that (9yu )N o J: is a contraction mapping from l 2 to l2. 

It is straightforward to verify that 

(3.39) 

Taking into account (3.9), we obtain ll(9yu )NU ll12 ~ ,IIU ll12. From this and from the linearity of 
(9yu )N we conclude that for any U1, U2 E l 2 it holds that 

(3.40) 

Using Parseval's equality (3.3) and (3.13) we conclude that 

IIFY1 - FY2ll 12 ~ KIIY1 - Y2ll12, (3.41) 

for any Y1 , Y2 E l2 . In the same way as in (3.14), inequalities (3.40) and (3.41) imply 

(3.42) 

Since , K < 1 (see condition A3 in Theorem 3.3.r) , the operator (9yu )N o J: is a contraction. By the 
Banach fixed point theorem, we can now conclude that there exists a unique Y N E l2 satisfying 

(3.43) 

and this solution y N can be found as a limit of the iterative sequence (3.37), (3.38) or, equivalently, 
of the sequence (3.32), (3. 33). 

It remains to show that (3.35) holds. From (3.31) and (3.43) , we conclude that 
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where we defined (9yu}1J 8 := 9yu - (9yu)N- Taking into account (3.42), we obtain 

Since ,K < l, it follows that 

Notice that (9yu)';J8 is defined as 

(9yu)';JsU[m] = { OG, (' )U[ ] yu imw m , 

Hence it can be easily verified that 

for 1ml :-::; N 
for 1ml > N. 

11(9yu)';J8 Ull1 2 :-::; sup IGyu(imw)IIIUll 12 -

lml>N 

(3.45) 

(3.46) 

Since f: is Lipschitz with the Lipschitz constant K and f:o = 0 (this follows from the condition that 
cp(t, 0) = 0 'rit E R.) we obtain 

(3.47) 

Uniting (3.44), (3.46), (3.47) gives 

Combining (3.19) and (3.48) we obtain 

IIY - yN 111 2 :-::; { SUPlml >N IGyu(imw)I SUPmEZ IGyw(imw)I x;_i~~~2 

+ SUPmE Z IGyw(imw)IIIW - (W)Nll1 2 } 1- ~K' (3.49) 

which concludes the proof. □ 

Remark Using the Parseval's equality (3.3), in the time domain the accuracy estimate (3.35) takes the 
form 

IIY - YNIIL2 :-::; { SUP!ml>N IGyu(imw)I SUPmEZ IGyw(imw )I x;_i~~~2 

+ SUPmEZ IGyw(imw)lllw -wNIIL2 } l-~K - (3.50) 

Note that the algorithm can be made as accurate as we desire. From (3.50) we see that fora given 
input function w(t) and a given tolerance € > 0 one can always choose the truncation parameter N 
such that IIYN - :iïllL2 :-::; € . Namely, the transfer function Gyu(s) is strictly proper such that one can 
always choose N sufficiently large to minimize suplml >N IGyu(imw )I toa desired level. Moreover, 
we can arbitrarily close approximate a periodic signal w E L 2 (T) by again choosing N sufficiently 
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large, such that llw - wN IIL2 is sufficiently small (this follows from the Riesz-Fischer theorem, see for 
example [3]). 

Notice that if W has a finite number of non-zero elements (i.e. the excitation w(t ) has a finite 
spectrum), one can always choose N large enough such that W[m] = 0 for 1ml > N . In this case, 
at each iteration step of the algorithm (3.32), (3.33) the sequences Uk and Yk satisfy Uk[m] = 0, 
Yk[m] = 0 for 1ml > N. Fora certain choice of N , at each step we need to store only two complex
valued 2N + 1-dimensional vectors (for frequencies ranging from -Nw, up to Nw ). Moreover, ifthe 
transfer function Gyu(s ) has good filtering properties and the spectrum W of w(t ) has good roll-off 
for high frequencies , the number N characterizing the dimension of these vectors can be chosen 
rather small without significant deterioration of the algorithm accuracy. Tuis is definitely a benefit for 
numerical implementation of this algorithm since a smaller N implies a smaller number of operations 
at each iteration of the algorithm, which makes the algorithm faster. 

3.5 Numerical implementation of the algorithm 

For a numerical implementation of (3. 32), (3.33) we need to have the following assumptions and 
initia! data. First of all, it is assumed that the truncation parameter N is chosen in accordance with 
(3.35) to guarantee a desired accuracy of the algorithm. In addition to this we will introduce a param
eter Ereltol > 0 for stopping the iterative process (3.32), (3.33) if, for example, 

IIYk - Yk-1 1112 
IIYk- 11112 < fr eltol · 

(3 .51) 

Other meaningful termination criteria (possibly defined in time-domain) may of course also be used. 
Let us also choose a number M = 2b for some positive integer b and satisfying M 2: 2N. Tuis 
parameter will be used in the direct and inverse Fast Fourier Transforms. In genera!, M needs to be 
chosen large enough to guarantee sufficient accuracy of the transformations. To initiate the algorithm, 
we need an initia! guess Yo containing Fourier coefficients. Note that the algorithm will converge for 
any initia! guess Yo of the Fourier coefficients. A better initia! guess Y0 of the steady-state solution Y 
will of course result in a faster convergence of the algorithm (fewer steps). As an initia! guess we can 
choose to compute the response of the linear dynamics to input w(t ) (with u(t) = 0) in the frequency 
domain: 

Yo[m] = Gyw(imw )(W)N, 1ml :S: N. (3.52) 

The computed Fourier coefficients of Y0 correspond to frequencies from - Nw to Nw. Notice that, 
under these assumptions at each step of the iterative process (3.32), (3.33) the sequences Yk and Uk 
have non-zero elements only for indexes from - N to N corresponding to the frequencies from - N w 
to Nw. Therefore, in this section we consider Yk and Uk as complex-valued vectors of dimension 
2N + 1. Notice that since Yk is a (2N + 1)-dimensional vector, the l2-norm in (3.51) becomes simply 
the vector 2-norm. 

At step k + 1 we firstly compute Uk+i according to (3.32). To do this, we transform Yk to the 
time domain, perform the nonlinear operation uk+i (t) = -ip(t,yk( t) ), transform uk+i(t) into fre
quency domain Uk+l and then truncate the elements Uk+l [m] with indexes satisfying 1ml > N. 
Tuis operation can be implemented in the following way. First, define a vector ykxt with the entries 
Y{ xt [m] = Yk[m] for 1ml :::; N and ykxt [m] = 0 for N < 1ml :::; M. Toen transform this vector 
of Fourier coefficients to the time domain using the inverse discrete Fourier transform for sampled 
signals: 

M / 2 
1 '""' ext 2 " ilm Yk(tl) = T ~ Yk [m]e M , l = 0, 1, . . . M - 1, (3.53) 

m=-M/ 2 

where t1 is a discrete grid of M evenly distributed discrete times in [0, At'1T]. The relation between 
the discrete frequencies m w and times t1 is illustrated in Figure 3.2. 

Next, we perform the nonlinear operation 

(3.54) 
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Figure 3.2: Relation between discrete times t 1 and discrete frequencies mw = 21rm/T . 

Subsequently, we trans form the function uk+ 1 ( t) into frequency do main using discrete Fourier trans
form given by the formula 

M- 1 
ext [ ] 1 ~ ( ) _ 2 " i l m M 

uk+l m = M L Uk+l t1 e ~, m = 0, ±1, .. . ± 2. 
l=O 

(3.55) 

Finally, the resulting Uk+l is obtained by taking only the elements of Uktt1 with the indexes within 
1ml ~ N, i.e. Uk+i [m] = Ukt\ [m], for 1ml ~ N. Thus we obtain Uk+ l• Next we compute Y k+l given 
by (3.33) . As follows from (3.5), 

(3.56) 

These operations are continued until a termination condition such as (3.51) is satisfied. The iterative 
computation of the periodic response can be summarized by the following steps, see also Figure 3.3= 

I. Set iteration index k = 0, error > Erelt ol ; 

2. Compute the Fourier coefficients (W)N [m] of w(t ) using the Fast Fourier Transform (FFT); 

3. Choose any initia! guess for the Fourier coefficients Y0 [m]. For example, compute the steady-
state output response of the linear dynamics to input w(t) (with u(t ) 0) in the frequency 
domain: 

Yo[m] = Gyw (imw )W[m], 1ml ~ N; (3.57) 

4. Set Ycfxt[m] = Yo[m] for 1ml ~ N and Y0ext [m] = 0 for N < 1ml ~ M/2; 

5. Compute the time signal Yo(t) corresponding to y0ext [m ] using the Inverse Fast Fourier Trans
form (IFFT) ; 

6. while error > Er eltol, 
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Frequency domain 

Y[m] 

u = - <p(t, y) 
y(t) 

Time domain 

Figure 3.3: Visualization of the algorithm to compute the periodic solutions. Note the switching 
between time domain and frequency domain for computational efficiency, hence the name Mixed
Time-Frequency algorit hm. 

(a) Evaluate the nonlinearity in the time domain: 

(3.58) 

(b) Compute the Pourier coefficients uii \ [m] of uk+l ( t) using the Past Pourier Transform 
(PPT); 

(c) Set uk+l [m] = u:itl for [ml :::; N; 

(d) Evaluate the linear dynamics in the frequency domain: 

(3.59) 

(e) Set Y,:'~i [m] = Yk+l [m] for 1ml :::; N and Yat [m] = 0 for N < [ml :::; M / 2; 

(f) Compute the time signal Yk+I ( t) corresponding to Y,:'~i [m] using the Inverse Past Pourier 
Transform (IPPT); 

(g) Check termination criterion, for example, the condition 

< Ereltol· (3.60) 

(h) set k = k + 1. 

In (3.55) and (3.53) we approximate the direct and inverse Pourier transforms for continuous 
signals by discrete Pourier transform for sampled signals. The inaccuracy introduced by this approx
imation is not accounted for in the analysis in Section 3.4, but it can be reduced by increasing the 
parameter M. 

The direct and inverse discrete Pourier transforms (3.55) and (3.53) can be computed very effi
ciently using Past Pourier Transform (PPT) algorithms, while (3.56) requires only a relatively small 
number of summations and multiplications. Tuis makes the algorithm very efficient. 

If we assume the nonlinearity <p depends continuously on some parameter 0, it appears that if 
we want to know the sensitivity of the steady-state output y(t) toa change in a parameter 0, we can 
use the same algorithm to calculate the sensitivity äy/80. Tuis will be shown in Chapter 4. Tuis is 
important in the practical case-study we consider in Chapter 5, where we want to tune the parameters 
of a variable gain controller in order to optimize a certain performance objective function in terms of 
the steady-state output y(t). Because the calculation of the solution and sensitivities can be done very 
efficiently using the proposed algorithm, an efficient optimization strategy is obtained. 
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Chapter 4 

Performance optimization 

In Chapter 3, a method has been presented for the fast and accurate computation of the steady-state 
response of a Lur'e-type system, satisfying certain conditions, subjected to periodic excitations. In 
this section, the focus will be on the optimization of a user-defined objective function, in which, 
remarkably, again the same Mixed-Time-Frequency algorithm can be used to calculate the necessary 
sensitivities needed in the optimization. A practically important objective function can for example be 
some error related objective function to improve performance in a tracking or disturbance rejection 
problem. If a certain parameter needs to be tuned in a Lur'e-type system setting in order to minimize 
some objective function, the algorithm presented in this chapter can be used. First, two gradient-based 
optimization schemes will be presented in Section 4.1. Secondly, in Section 4 .2 it is proven that the 
algorithm presented in Chapter 3 can be used to calculate the gradients of the objective function with 
respect to certain parameter variations, needed in these gradient-based optimization schemes. 

4.1 Optimization algorithms 

Consider the situation as sketched in Figure 4.r, where the nonlinearity (fJ now depends on some 
parameters 0 = [01 , ... , 0n0 ]T E JRno, i.e. u = - (f} (t , y , 0) . The dynamics of the Lur'e-type system, see 
(2.2)-(2.4) can now be described by 

i; 

y 

u 

Ax + Bu + B ww(t) 

C x + Dww (t) 

-(f}(t, y , 0) . 

( 4.1) 

( 4.2) 

(4.3) 

The unique, steady-state periodic solution fora certain 0 is denoted by x(t, 0) with the corresponding 
steady-state output y(t , 0) (under the assumption that system ( 4.1 )-( 4.3) is exponentially convergent) . 
The optimization problem considered here is the minimization of a certain user-defined objective 
function which weights the steady-state output in a specified time range from start time t 8 to end time 
t e: 

J(y(· , 0)) = -
1-jt" f(y(t , 0)dt , 

te - t s t ., 
(4.4) 

where f(y(t , 0)) is a user defined function of the steady-state output y(t , 0). We define a lower bound 
fli and upper bound Bi for each parameter 0i, i E {l , 2, ... , ne}. The goal is to find the optimal 0* in 
a range 0* E 8, where 8 = { 0 E JRno lfli ::; 0; ::; 0;, i = 1, .. . , n 0 }, which minimizes this objective 
function , i.e. 

J(y(· , 0*)) = min J(y(· , 0)) . 
0E8 

( 4.5) 
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:i; = A x + Bu + Bww(t) 

y = Cx + Dww(t) 

u = - cp(t , y, 0) 

y 

Figure 4.1: Graphical representation of the Lur'e-type system with the nonlinearity cp(y , t , 0) 
depending on some parameters 0. 

Here, two different optimization routines are proposed to find the 0* that minimizes the objec
tive functional J (fi( ·, 0)); one lst-order gradient-based optimization scheme which only uses lst-order 
gradient information, and a 2nd Quasi-Newton optimization which also uses 2nd-order curvature in
formation, see for example [20]. 

lst-order gradient-based optimization 
An initia! guess 0 = 0otd is used as a starting point for the optimization. Toen, the objective function 
l otd := J( fi(·, 0otd)) and sensitivity 8 J /80(00 td) = [8J/801(0otd) , ... , 8J /80n0 (0otd)] is calculated and 
the next point Bnew is chosen in the opposite direction of the gradient as follows: 

_ ( 8J) T 0new = 0otd - (o 
80 

(0otd), (4.6) 

for some step length (o > 0. If lnew := J(fi( ·, Bnew )) < J(y( ·, 0otd)) = l otd and Bnew E 8, the point 
will be accepted as the new point and 0new := Bnew· Otherwise, the step-size (o is reduced (according 
to golden sectioning, so (o = (0 /1.6, [20)) and the procedure is repeated. For sufficiently small (o it 
always holds that J(fi( ·, Bnew )) < J(fi( ·, 00 1d)) (unless we start in a minimum). If the relative change 
of two subsequent values of 0 and J is below some predefined tolerances Eovt ,0 and topt ,J, respectively, 
the optimization algorithm can be terminated when 

1

0new - 0otd 1 < /\ I Jn ew - lotd 1 < 
0 

_ lopt,0 J _ lopl, J • 
~d ~d 

(4.7) 

If in the lst-order gradient-based optimization we reach a boundary f}_i or Bi for some 0i and the gra
dient is pointing outwards 8, the step in 0i is chosen equal to zero, such that we stay inside the set 8 . 

2nd-order Quasi-Newton optimization 
Also in the 2nd-order optimization an initia! guess 0 = 0otd is used as a starting point for the optimiza
tion scheme. Instead ofusing only lst-order information in determining the next point 0new, we will 
use 2nd-order information for determination of the next point 0new . Let us approximate the objective 
function J with a quadratic one using the Taylor expansion around the current 0 = 00 1d 

(4.8) 

where Hotd is a positive definite symmetrie approximation of the Hessian (the square matrix of second
order partial derivatives of J) at the current point 0otd · The minimum of this 2nd-order Taylor expan
sion ( 4.8) can be found from the condition 

(4.9) 
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Because the approximation of the Hessian Hold is positive definite, it is invertible, such that we can 
rewrite ( 4.9) to find the new 0 = ênew as 

(4.10) 

If Jnew := J(y( ·, ênew )) < J (y(·, 00 1d)) = J0 1d and ênew E 8, the point will be accepted as the new 
point and 0new := ênew · Otherwise, a line-search is performed in the direction H;,_j(8J/80(00 1d))r , 
until the conditions Jn ew < Jold and ênew E e are satisfied. 

We do not want to calculate the Hessian by a finite difference approximation because this requires 
again no calculations of the gradients, which is expensive. Instead, we use a Quasi-Newton approach 
in which the Hessian is updated, based on previous gradient information and function values. A pop
ular and effective method for updating the Hessian approximation is the update formula of Broyden, 
Fletcher, Goldfarb, and Shanno, known as the BFGS update [20). Herein, the Hessian is updated as 

T HT T H H - H q q - olds s old 
new - old + T TH , 

q S S oldS 
( 4.11) 

where s = 0new - 00 1d and q = 8J /80(0new ) - 8 J / 80(0otd)- For the initia] Hessian an identity 
matrix Hold = 1n° xno is used. The proposed 2nd-order Quasi-Newton optimization algorithm is 
implemented by using the fmincon. m constrained optimization routine from Matlab (setting large
scale method to 'off' forces Matlab to use the medium-scale Quasi-Newton method with BFGS update 
formula). Note that Matlab uses a more complicated and efficient implementation of the discussed 
Quasi-Newton algorithm as presented here. It is essential that second-order information is used in the 
optimization routine and that this information is constructed using only information on the objective 
function J and the derivatives 8 J / 80. 

4.2 Sensitivity calculation 

In the optimization algorithm presented in Section 4.1, efficient numerical tools for computing the 
objective function J ( 0) and the gradients 8J / 80( 0) are needed. The calculation of J ( 0) is covered 
by the Mixed-Time-Frequency algorithm proposed in Chapter 3. From Equation ( 4.4), the partial 
derivative of the objective function J with respect to 0 can be calculated to be 

(4.12) 

Thus, it is essential to calculate the derivatives 8y / 80i in an efficient way. In fact, we need to calculate 
the sensitivity of the steady-state solution y(t) to a parameter variation in 0i. The sensitivity to a 
parameter 0i can be found by solving the so-called sensitivity equation. For deriving the sensitivity 
equation, we use theory on differentiability of solutions from [17] (Section 3.3, page 99). Consider the 
system dynamics (4.1), with the nonlinearity u = - cp(t , y , 0) 

x (t , 0) = Ax (t , 0) - B cp(t , y(t , 0) , 0) + Bww(t). 

The solution of ( 4.13) for initia! condition x (O , 0) = x0 is given by 

x (t , 0) = x o + f (Ax (s, 0) - B cp(s, y( s, 0) , 0) + B ww(s))ds. 
l to 

Taking partial derivatives with respect to 0i yields 

äx 
80/ t, 0) 1.t [ 8x 8cp 8y 8cp ] A 

80 
(s , 0) - B~(s, y( s , 0), 0) 

80 
(t, 0) - B ,;:i

0
_ (s, y(s, 0), 0) ds 

to i uy i u i 

f [ ( 8cp ) 8x 8cp ] l to A - B äy (s, y( s, 0) , 0)C 
80

i (s, 0) - B 
80

i (s, y( s, 0) , 0) ds, 
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where we used Po; = eg;, and i~~ = 0, since we choose xo independent of 0i. Differentiating with 

respect tot, it can be seen that g;, (t , 0) satisfies the differential equation 

à äx ( äcp ) äx Öcp 
ät äBi (t , 0) = A - B äy (t , y(t , 0) , 0)e oei (t , 0) - B äBi (t , y(t , 0) , 0). (4.1 6) 

Because cp(t , y , 0) is e 1 for y E JR. 0 E 8, and Vt E JR. the terms A - B ~ (t , y(t , 0) , 0) e and 

B ~ (t , y(t , 0) , 0) are continuous in y and 0. Nowletus definethe sensitivityfunction wi(t) := g;, (t), 
then we can write (4.16) as 

( 4.17) 

which is known as the sensitivity equation. We solve for the periodic response y(t , 0) first and sub
sequently use this to solve the sensitivity equation to obtain the sensitivity of y( t) to a parameter 
perturbation in 0i. Therefore, the steady-state solution y( t) is available in the expressions for äcp / äy 
and äcp/ä0i in (4.17). Following this approach, we define the output Ài(t) = ewi(t) = Po; such 
that we can consider the following system of differential equations for the computation of the gradient 
information in Il!;: 

Awi + BUi + BWi(t) 

e wi 

-<I>i (t , Ài ), 

(4.18) 

(4 .19) 

( 4.20) 

where the state wi(t) := g;, , corresponding output Ài(t) = e wi(t) = Po; , the nonlinearity is given 

by<I>i(t , Ài) := ~ (t , y(t , 0) ,0)>.i ,andtheexcitationinputisgivenbyWi(t) =- ~ (t , y(t , 0) ,0). Note 
that we solve for the periodic response y( t , 0) first, before calculating the gradients äJ / 80;. Therefore, 
as mentioned above, the steady-state response y(t ) is available in the expressions for <I>i (t , >.) and 
Wi(t ). 

The sensitivity equation provides us with a differential equation that can be used to find the gradi
ent äy/ä0i. Note that for calculating the complete gradient äJ /80 = [äJ /801 , .•• , äJ /à0n0 ] we need to 
solve n0 sensitivity equations. The following theorem extends Theorem 3.3.1 to give conditions under 
which the Lur'e-type system (4.18)-(4.20) exhibits ais unique, T-periodic response ày/ä0i, such that 
äy/80; can be calculated using the Mixed-Time-Frequency algorithm presented in Chapter 3. 

Theorem 4.2.1 Consider system (4.1)-(4.3) excited by a T-periodic input w(t ) E lP'Cm. Suppose 

C1 the matrix A has no eigenvalues at imw,Jor w := 21r / Tand m E Z; 

C2* The nonlinearity cp(t , y , 0) depends on some parameters 0 = [01 , ... , 0n0 ] E JRno and is e 1 in y E lR 
and 0 E 8 = { 0 E JRno lfli ::::; 0; ::::; 0;, i = 1, ... , n0} , and it satiefies the incremental sector condition 

l äcp(~: , 
0

) 1 :::::: K vy , t E JR, w E e (4.21) 

where K E [0, oo), cp(t, 0, 0) = 0 \ft E JR , 0 E 8 , and cp(t , y , 0) = cp(t + T , y, 0) \ft , y E lR and 
0 E 8 

C3 the transfer fanction Gyu ( s) satisfies 

1 
sup IGyu(imw)I = : 1 < K. 
mEZ 
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Then system ( 4.1 )-( 4.3) has a unique, T-periodic, steady-state solution x( t , 0) with the corresponding periodic 
output y(t , 0) satisfiing 

1 
llfïllL2 :S: K sup IGyw(imw)lllwllL2• 

1 - Ï mEZ 
(3.10) 

Given the de.finition wi(t) := g:,, the sensitivity of the T-periodic output to the parameter 0i, given by 
,\i = äy / 80i, equals the periodic steady-state solution, which exists and is unique, of the following additional 
system excited by a bounded, T-periodic input Wi ( t): 

Awi + BUi + BWi(t) 

cwi 
-<I>(t , Ài), 

( 4.22) 

( 4.23) 

(4.24) 

with \ll i (0) = g:, (0), the output Ài (t) = Cwi(t) = -if. , the nonlinearity is given by <I>i(t , Ài} = 
- ~ (y(t , 0) , 0)Ài, and the excitation input is given by Wi (t) = -Pe: (y(t , 0) , 0). 

Proof First note that the slope restriction of l8cp(t, y, 0) / äyl ::; K (condition C2* of the Theorem) 
automatically implies the incremental sector condition C2 of Theorem 3-3-1 for all 0 E 8, which 
implies that the nonlinearity is Lipschitz with Lipschitz constant K , due to the mean value theorem. 
Therefore, the proof of the existence of a unique, T-periodic, steady-state solution x (t, 0) with the 
corresponding output y(t , 0) satisfying the bound (3.10), repeats the proof ofTheorem 3-3-r. Note that 
the input Wi(t) = äcp/80i(y(t , 0) , 0) of system (4.22)-(4.24) is also always T-periodic, because the 
nonlinearity satisfies cp(t , y, 0) = cp(t + T , y, 0) 'vt , y E IR, and 0 E 8. 

lt has been shown that the sensitivity of the solution äy / 80i to a parameter 0i , can be found by 
solving the sensitivity equation described by the system ( 4.22)-( 4.24). We conclude that this system is 
of the same form as the original system ( 4.1 )-( 4.3). Therefore, if ( 4.22)-( 4.24) satisfies the conditions 
ofTheorem 3.3-1, .\i (t) is the unique, T-periodic output response. lt remains to show that conditions 
C1-C3 ofTheorem 3.3,1 are satisfied for this additional system. 

The system matrix of system ( 4.22)-( 4.24) is again the matrix A such that condition C1 ofTheorem 
3. 3.1 is automatically satisfied for system ( 4.22)-( 4.24). The time-varying nonlinearity <I> i ( t , Ài) = 
~(t , y(t ,0) , 0).>-i satisfies 

l<I>i (t , Ài, i) - <I> i (t , Ài,2 )1 1 ~; (t , y(t , 0) , 0)(Ài, I - Ài,2)1 

1 ~; (t , y( t , 0) , 0) 1 l>-i, l - Ài,21 

< Kl>-i, l - Ài,21 , 

( 4.25) 

( 4.26) 

( 4.27) 

where the incremental sector condition ofC2* has been used. From this we conclude that <I>i (t , À) is 
Lipschitz in Ài with Lipschitz constant K. Moreover <I> i (t , 0) = 0 'vt E IR and <I>i(t , À) = <I>i (t + T , À) 
'vt , Ài E IR (because cp(t , y, 0) = cp(t + T, y, 0) and y(t , 0) = y(t + T , 0)), such that condition C2 of 
Theorem 3.3,1 is also satisfied. Condition C3 is satisfied for system ( 4.22)-( 4.24) because the transfer 
function G .x, u, ( s) : = C ( sf - A )- 1 B is identical to the transfer function G y u ( s ) of the original system. 
Therefore, we conclude that all conditions ofTheorem 3.3,1 have been satisfied such that system ( 4.22)
( 4.24) has a unique, T-periodic, steady-state solution IÎ! i (t) = äx /80i(t) which is bounded on t E IR. 
Note that äx/80i(t) satisfies differential equation (4.22) and because x (t) is bounded fort E IR, 
äx/80i(t) is bounded fort E IR. Because there is only one unique steady-state solution, IÎ! i (t) = 
äx/80i(t) = äx/ 80i(t) Therefore, the steady-state output .\i(t) = äy/ 80i(t) = 8y/ 80i(t). This 
concludes the proof. D 

Note that because all conditions of Theorem 3.3,1 have been satisfied we can use the proposed 
Mixed-Time-Frequency algorithm from Chapter 3 to calculate the unique, T-periodic steady-state sen
sitivity ,\i = 31;. Also note that in Theorem 4.2.1 no claims are made about stability of the solutions. If 
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the system matrix Ais Hurwitz, see Corollary 2.3 .2, the solutions will be globally exponentially stable, 
and will lie in some compact positively invariant set. 

As mentioned before, a variable gain controlled linear system falls into the class of Lur'e-type 
nonlinear systems. The theory presented in this chapter can be used in this context. The variable 
gain controller incorporates some parameters that can be tuned to improve the performance of the 
variable gain controlled linear motion system. A performance driven objective function can be, for 
example, related to the steady-state error. Calculation of this objective function requires calculation 
of the periodic steady-state error which can be clone in a computationally attractive and accurate way 
using the theory of Chapter 3. Tuning the parameters of the additional nonlinear part of the variable 
gain controller can be clone fast and accurately using the theory presented in this chapter. A practical 
case-study, illustrating the theory and methods presented, will be treated in the next chapter. The 
focus will be on a variable gain controlled z-direction of a short-stroke wafer stage exhibiting force 
disturbances. Two important parameters of the variable gain controller, the so called <lead-zone length 
ó and the additional gain a , will be optimized to improve the performance of the motion system. 

Remark If the linear dynamics (the system matrix A in ( 4. 1)) would also depend on 0, additional 
terms should be included in the analysis presented in this section. Moreover, one has to be careful to 
guarantee exponential stability for all Bi in such a situation, because the system matrix A then depends 
on 0 and the transfer function Gyu (s ) = C (sI - A)- 1 B then depends on 0. 
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Chapter 5 

Performance optimization of a 
variable gain controlled short-stroke 
wafer stage 

In the previous chapters, firstly, theory has been presented that can be used to guarantee a unique, 
globally exponentially stable steady-state response of convergent Lur'e-type systems (Chapter 2), sec
ondly, methods for fast and efficient calculation of this steady-state response have been developed 
(Chapter 3), and, thirdly, methods for performance optimization have been developed (Chapter 4). In 
this chapter, the presented theory /methods will be demonstrated for a practical case study, namely, a 
model of a variable gain controlled short-stroke wafer stage z-direction with force disturbances. First, 
in Section 5-1, a short introduction into wafer scanners will be given. Secondly, in Section 5.2, linear 
feedback control of the wafer stage z-dynamics will be discussed. Thirdly, the nonlinear variable gain 
control strategy will be introduced in Section 5.3 . The wafer stage is disturbed by force-disturbances of 
which the modeling will be discussed in Section 5-4- Toen, in Section 5.5, the Mixed-Time-Frequency 
algorithm (as developed in Chapter 3) will be used to calculate the steady-state error signa!. Subse
quently, a performance objective function will be introduced in Section 5.6, which will be used to 
optimize the closed-loop system performance by tuning two parameters of the variable gain controller. 

5 .1 Waf er Scanners 

Wafer scanners are used to produce integrated circuits (IC's); an impression of a wafer scanner is 
given in Figure 5.1. Light, emitted by a laser, falls on a mask or reticle, which contains an image. 
Tuis image is projected onto a wafer by passing through a lens, which reduces the image fourfold . 
Due to this illumination, in combination with a photo-resist on the wafer, a chemica! reaction takes 
place which results in an image on the waf er. Waf ers are silicon discs which, when ready, contain the 
IC's. The wafers are mounted on a wafer stage which are controlled by a dual-stroke motion strategy. 
A long-stroke performs the coarse positioning (µm range) , whereas a short-stroke performs the fine 
positioning (nm range). 

The manufacturing process has two conflicting objectives: high accuracy as well as high through
put. High-bandwidth controllers are used to achieve performance in the nm-range. Due to the 
waterbed-effect [7] , low-frequent performance improvement (i.e. a higher bandwidth) goes hand in 
hand with high-frequent performance deterioration. Variable gain-control can be used to balance 
the trade-off in a more desirable manner, see for example (28], (14] , [12] , [9] and references therein. 
In these references, it has been shown that variable gain control can improve upon linear control; 
however, it is not completely clear how the parameter tuning should be carried out to optimize the 
performance. In the following sections, we will discuss a model-based performance optimization of 
the variable gain controller. 
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light, bcam 

Figure 5.1: Impression of an industrial wafer scanner . Light , emitted by a laser , falls on a reticle, 
which contains an image. The image is projected onto a wafer by passing through a lens. 

5.2 Linear control of the short-stroke wafer stage z-direction 

The control design of the short-stroke wafer stage, contains in genera! six degrees-of-freedom, three 
translational and three rotational degrees of freedom. Due toa fairly good decoupling, the six degrees
of-freedom are controlled using six independent SISO controllers. Here, the focus will be on the 
translational z-direction of the short-stroke wafer stage. A schematic of the linear control structure 
is shown in Figure 5.2. The plant z-dynamics P(s) is controlled by the linear controller C(s) = 
C(s)(l + aF(s )). Here, a = 0 represents a low-gain design and a > 0 represents a high-gain design. 
F(s) is a loop-shaping filter which can be used to add extra gain in dedicated frequency ranges (as 
we will see in Section 5.3, it will also be important in guaranteeing convergence of the variable gain 
controlled nonlinear system). The z-direction of the wafer stage should be kept in focus such that the 
reference signa! r = 0. 

The plant dynamics P( s) is modeled by a fourth-order model of two masses interconnected by 
a spring and a damper, see Figure 5.3. Actuation is on the motor-side of the wafer stage. Defining 
the state of the plant x~ [x1,x2,i:1,i:2], and the output Yv = x2, the dynamics is given by the 
state-space model 

A,,x, + B,u - [ 

0 0 1 0 0 

i:v 
0 0 0 1 0 

(5.1) 
-k/m1 k/m1 -b/m1 b/m1 l x, + [ 0 l u 
k/m2 -k/m2 b/m2 -b/m2 l /m2 

Yv CpXp = [ 0 1 0 0] Xp, (5.2) 
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C(s) 
,------------------------
1 --- --- 1 a F(s) 

ï e 1 
C(s) 

1 ._ _ _., 

------------------------· 
P(s) 

Figure 5.2: Schematic of the linear control structure with plant z-dynamics P(s ) and controller 
C(s) = C(s)(l + aF(s)). 

u 

Figure 5.3: Illustration of the fourth order z-dynamics plant model. 

or by the input-output model described by the transfer function 

P(s)= m 1s
2

+bs+k . 
s 2(m1m2s 2 + b(m1 + m2)s + k(m1 + m2)) 

(5.3) 

The following numerical values are used for the plant model [12]: m 1 = 5 kg, m2 = 17.5 kg, 
k = 7.5 • 107 N/m, b = 90 Ns/m, such that we obtain the Bode-diagram of the plant P(iw) shown in 
Figure 5+ 

The nomina! low-gain (a = 0) controller C ( s) consists of a PID controller C p ID, a second-order 
low-pass filter CiP and a notch Cn to suppress the resonance at 700 Hz, see Figure 5.4. In transfer 
function notation, the nomina! low-gain feedback controller C(s) reads 

(5.4) 

with 

(5.5) 

where kp = 6.9 • 106 N/m is a loop gain, wd = 3.8 • 102 rad/sis the cutoff frequency of the differential 
action, and w i = 3.14 • 102 rad/sis the cutoff frequency of the integral action, 

2 
Wlp 

Cip(s) = 2 2 , (5.6) 
S + 2 /31pWLp S + Wlp 

where w1p = 3.04 • 103 rad/sis the cutoff frequency of the low-pass filter, {31p = 0.08 is the dimension
less dam ping coefficient, 

C ( ) = (Wp) 2 
s
2 + 2 /JzWzS + w; 

n S 2 2/3 2, 
W z s + pWpS + wp 

(5.7) 

where wp = 5.03 • 103 rad/s is the frequency of the poles of the notch with dam ping /Jp = 0.88, and 
W z = 4.39 • 103 rad/sis the frequency of the zeros of the notch with damping f3z = 2. 7 · 10-3 _ 
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Figure 5.4: Bode-diagram of the plant dynamics P(iw). 

The high-gain linear controller uses o: > 0 and is given by ë (s) = C(s) (l + o:F(s)) (see Figure 
5.2), where F( s) is a loop-shaping filter given by 

F(s)= ( Wp )
2

s: +2/32 wzs+w~
1 

( 5_8) 
W z s + 2 /3pW pS + w p 

with Wp = w2 = 2000 rad/s, f3v = 4.8, and /32 = 0.6, see Figure 5.5. The choice for this loop-shaping 
filter still renders the closed-loop stable (with a higher bandwidth, but with increased noise sensitivity) 
and, moreover, will guarantee the closed-loop of the variable gain controlled system to be convergent, 
as we will see in Section 5.3 . The high-gain (o: = 3) and low-gain (o: = 0) controller designs are 
depicted in Figure 5.6. The corresponding open-loop transfer functions 

O1(s) = P(s)C(s)(l + o:F(s)) (5.9) 

are shown in Figure 5.7, again for an additional gain o: = 0 and o: = 3. Note that the achieved band
width is higher for the high-gain controller and it has better disturbance attenuation for frequencies 
below the bandwidth, but worse for frequencies above the bandwidth. This also becomes clear if we 
study the sensitivity S (s ), process sensitivity PS(s ) and complementary sensitivity T( s) defined by 

S (s ) 
1 1 

(5.10) 
1 + P(s )ë(s) 1 + P(s)C(s) (l + o:F(s)) 

P S (s) 
P( s ) P (s ) 

(5.11) 
1 + P (s )ë(s ) 1 + P(s)C(s) (l + o:F (s)) 

T( s ) = 
P ë (s ) P(s)C(s)(l + o:F(s)) 

(5.12) 
1 + P (s )ë (s) 1 + P (s)C(s)(l + o:F(s)) ' 

respectively, and depicted in Figure 5.8. 
The linear controllers discussed in this section can be used to control the z-direction of the short

stroke wafer stage. The choice for the low-gain or high-gain controller may depend on the level of 
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Figure 5.5: Bode-diagram of the loop-shaping filter dynamics F(iw) . 
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Figure 5.6: Bode-diagram of the low-gain and high-gain controller dynamics C(iw). 

robustness required and also on the disturbances that are present. If we would only have low-frequent 
disturbances the choice would obviously be a high-gain controller because then we do not have any 
high-frequent deterioration of the response. On the other hand, if only high-frequent disturbances are 

39 



:=;:: 105 

3 
.:.:::, 
à 10° 

10-5 ~~~~~~-~~~~~-~~~~~-~~~~ 
100 101 102 103 104 

bo' 
~ 200 

3 
.:.:::, 
<5 100 ~---=-=-cc--= -
'-1 

o ~~~~~~-~~~~~-~~~~~-~~~~ 

100 101 102 103 

frequency [Hz] 

Figure 5.7: Bode-diagram of the open loop transfers 0 1(iw). 

present the choice would be a low-gain controller to keep the high-frequent disturbance amplification 
to a minimum. However, if both low-frequent and high-frequent disturbances are present, we may 
want to induce a higher gain only in certain intervals in time when the low-frequent disturbances are 
dominant. A controller which adapts the controller gain to the disturbance situation is called a variable 
gain controller and will be discussed in Section 5.3. 

5.3 Variable gain control 

As discussed at the end of the previous section, depending on the disturbance situation, one may 
want to induce extra controller gain only during certain intervals in time, to optimize performance 
(minimize error) of the motion system. If we are dealing with low-frequent disturbances, the high
gain controller is preferred; if we are dealing with high-frequent disturbances, the low-gain controller 
is preferred. However, a relevant question is how we discriminate between low-frequent and high
frequent disturbances. A common way to do this is by looking at the amplitude of the error signals 
[n], [14] . Por motion systems, low-frequent disturbances are generally larger in amplitude than the 
high-frequent noisy disturbances. Therefore, ifthe error signal exceeds some pre-defined level ó, extra 
controller gain is induced, yielding superior low-frequent disturbance suppression, and if the error 
signa! does not exceed ó the low-gain controller is used to not deteriorate the high-frequent disturbance 
response. To accomplish the switching of the variable gain controller, it is natural to define a so-called 
<lead-zone nonlinearity </)dz (Y) described by 

{ 

a (e+ö) 
</)dz (e) = 0 

a (e - ó) 

if e < -ó; 
ifl el ~ ö; 
if e > ó, 

(5. 13) 

see Figure 5.9. However, as has been discussed in Chapter 4 , in order to optimize the performance 
of the variable gain controller by tuning parameters of the nonlinearity, the nonlinearity should be C 1 
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in the parameters. The <lead-zone nonlinearity 'Pdz is clearly not ei in its parameters, therefore, we 
define the 'smooth' nonlinearity 

r.p (e) = ae - fo t anh G) , (5.14) 

which is ei in e, 6, and a and approximates the functionality of the <lead-zone nonlinearity, see Figure 
5.9. The nonlinearity is used in the loop as shown in Figure 5,10, and depicted in Lur'e-type form 
once more in Figure 5.u . Note that the nonlinearity satisfies O ~ ör.p/öe ~ a, see Figure 5.9, such 
that the incremental sector condition O ~ ( r.p ( e2 ) - r.p ( ei)) / ( e2 - ei ) ~ a holds for all e i , e2, ei -/- e2, 
Moreover, r.p (O) = 0, such that the 'normal' sector condition r.p E [ü, a] is also automatically satisfied. 
In the following, we will still refer to ó as the <lead-zone length and a as the additional gain of the 
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- - smooth 1.p(e) 

Figure 5.9: Sketch of the <lead-zone nonlinearity IPdz(e) satisfying O :::; 'Pd:(e;;=~,d:(e i):::; a and the 

'smooth' nonlinearity 1.p( e) satisfying O :::; 8
~~e) :::; a. 

1.p ( ·) 
-u 

F(s) 

r e C(s) P(s) 

Figure 5.10: Schematic of the variable gain control structure with the nonlinearity 1.p(e). 

e(s) = Gyu(s)u(s) + Gyw(s)w(s) 
e 

u = -1.p(e) 

Figure 5.11: Schematic of the variable gain control structure in Lur'e form, with the nonlinearity 
<p( e). 

nonlinear element 1.p( e ). If the error exceeds the <lead-zone length, additional gain is applied, whereas 
if the error does not exceed the <lead-zone length, only minor additional gain is applied (note that for 
a real <lead-zone nonlinearity IPdz, not any additional gain is applied because IPdz = 0 if lel < ó} . 

In the following we will show that the system is of the form (2.2)-(2.4), where 

j; Ax + B u + B ww(t) (5.15) 

y e = Cx (5 .16) 

u -1.p(e), (5.17) 
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such that we can apply Corollary 2.3.r to determine if the nonlinear system (5.15)-(5.17) excited by 
bounded T-periodic force-disturbance inputs w(t) is exponentially convergent, and it has a unique, 
bounded, globally exponentially stable steady-state response x(t). The input of the nonlinearity is 
y = e = r - YP = -yp = Cx because we have a reference signa! r = 0 (we keep the z-direction in 
focus). Note that Dw = 0 because no external input appears directly in the output y (this could be the 
case if we would model measurement noise or a nonzero reference signa! for example; here, we only 
model a force-disturbance). The linear input-output dynamics is given by 

e(s) = Gyu(s )u(s) + Gyw (s)w(s ), 

where the transfer Gyu(s) between u and y = e can easily be derived from Figure 5-10 to be 

G ( ) _ P(s)C(s)F(s) 
yu 8 

- 1 + P(s)C(s)' 

and the transfer Gyw (s ) between the force-disturbance w and y =eis given by 

P(s) 
Gyw(s) = -1 + P(s)C(s) ' 

(5.18) 

(5.19) 

(5.20) 

such that the system is indeed of the form (2.2)-(2.4). Alternatively, the derivation of the transfer func
tions can also be done by adopting a state-space description for each dynamica! filter, see Appendix B, 
where the matrices A. B, B w, and C of(5.15)-(5.l 7) are given in terms of the state-space representa
tion of each dynamica! filter. Note that fora minimal state-space realization of (5.19) it always holds 
that ( A, B) is controllable and ( A, C) is observable. If we choose a value for the additional gain a = 3, 
the three conditions of Corollary 2.3-1 are easily checked: 

• The nonlinearity cp (t , e) = cp(e) is C1 in e, and thus Lipschitz in e, and because O :S äcp/äe :Sa 
it satisfies the incremental sector condition 

(5 .21) 

where a = 3 E [O, oo), c,o (O) = 0, and T-periodicity of cp(e) is automatically satisfied because the 
nonlinearity is time-invariant; 

Th fi fi . G ( ) P(s)C(s)F(s) . H . b Il h I f P (s)C(s) J' • • e trans er unct10n yu s = I+P(s)C(s) 1s urw1tz ecause a t epo es o I+P(s)C(s) 1e m 
the left-half complex plane (the linear closed-loop is sta bie) and the two poles of the filter F(s ), 
see (5.8), always !ie in the left-half complex plane for any (3p > O; 

• Re(Gyu (iw)) > -1/a Vw E IR is verified by Figure 5.12, 

such that the system is exponentially convergent, and it has a unique, bounded, T-periodic globally 
exponentially sta bie steady-state response x ( t) to any bounded T-periodic force disturbance input w ( t). 
Note that in Figure 5.12 also the frequency response function Gyu(iw) is shown for the situation that 
no loop-shaping filter F( s) is used, from which we can conclude that if F( s) = 1 we cannot guarantee 
the closed-loop system to be exponentially convergent. By including the filter F(s), we shape the 
strictly positive real part of Gyu ( iw) such that it now lies to the right of the line -1 / a = -1 / 3. 
Also note that the result is rather strong, because we can guarantee global exponential stability of the 
bounded solution x (t) for any bounded input and any nonlinearity satisfying the incremental sector 
0 :S (cp(e2 ) - cp (ei)) /(e2 - e1 ) :Sa Vei, e2 E IR, e1 -1- e2. 
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Figure 5.12: Frequency-domain condition which shows Re(Gyu (iw)) > -1/o: Vw E IR. 

5.4 Disturbance modeling 

In the previous section, it has been shown that the variable gain controlled system exhibits a unique, 
bounded, T-periodic, globally exponentially stable response x (t) to bounded T-periodic inputs w(t). 
In this section, we will specify and motivate our modeling for the periodic force disturbance w(t) . 

As discussed in Section 5.2, the focus in this case-study is on the control of the z-direction of 
the wafer stage. The z-direction is kept in focus , so the reference r = 0. Although an accurate 
dedicated modeling of the actual disturbances on a real machine is beyond the scope of this work, it 
is known that variable gain con trol can improve the performance by balancing the trade-off between 
low-frequent and high-frequent disturbances [12), [15). Here, it is assumed that only force-disturbances 
w(t) are present that disturb the z-direction of the wafer stage. The force disturbance is assumed to 
have two contributions UFFz(t) and up(t), such that 

w(t) = Uppz(t) + Up(t), (5.22) 

where UFFz is a mainly low-frequent contribution (below the bandwidth), and up is a high-frequent 
contribution (above the bandwidth). The modeling ofboth will be discussed in the following. 

Low-frequent force disturbance u F F z 

Because the wafer stage is making large accelerations in the x - and y-direction (around 28.5 m/s2 ) , 

the feed-forward forces acting in the horizontal plane to realize such set-points are having an effect 
on the z-direction due to some cross-talk. Based on a 3rd-order polynomial reference signal xd in 
the x-direction, the force-disturbance UFFz in the z-direction is modeled in the following way: the 
reference trajectory is filtered by a feed-forward filter FFx(s) which transforms the position xd toa 
feed-forward force up Fx in the x-direction, and a statie cross-talk factor "Ict is used to link the force 
UFFx in x-direction to the force disturbance UFFz in z-direction, see Figure 5.13. The filter FFx(s) is 
chosen as a 2nd-order high-pass filter, 
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Figure 5.14: Bode-diagram of the feed-forward filter FFx(iw). 

w2 s2 
FFx(s) = 

2 
hp 

2 
, 

S + 2(3hpWhpS + Whp 
(5.23) 

where whp = 40071' rad/s, and f3hp = 0.5, see Figure 5,I4. Here, the choice is made fora 2nd-order 
high-pass filter, and not two pure differentiators to link position information to acceleration, because 
the model is uncertain for high frequencies and because actuators can never implement two pure 
differentiators in practice (due to actuator saturation). The statie cross-talk factor ,et = 4.5 • 10-2 is 
used to link UFFx to UFFz and is chosen such that the error levels of simulations and experimental 
data are of comparable magnitude. 

The T-periodic 3rd-order reference signa! xd is depicted in Figure 5.15; note the symmetry of the 
signa!. We specify the following parameter values, corresponding to values for maximum jerk and 
acceleration used in practice: ]max = 3000 m/s3 , and amax = 28.35 m/s2 . The set-point xd is 
parameterized by the following two variables: 

• Vmax, the scanning velocity during the constant velocity part t3 :S: t :S: t4 ; 

• L, the scanning length during the scanning part. 

Typical ranges for these parameters are Vmax E [0.3, 0.6] m/s and L E [20 • 10-3, 40 • 10- 3] m. The 
scanning takes place during the constant velocity part t3 :S: t :S: t4 , but not all this time is used for 
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scanning, see Figure 5-16. A certain time T win is used to open the entire 'diaphragm' for exposure 
of the wafer (Twin/2 at the beginning and T win/2 at the end of constant velocity part}, and a certain 
settling time T set is allowed for the waf er stage to settle after the acceleration part. The rest of the time 
T scan is used for scanning; therefore, the time span 

(5 .24) 

where T scan = L /Vmax depends on the scanning length L and maximum velocity Vmax , T set = 
2 • 10- 3 s, and the time T win needed to open the 'diaphragm' depends on the scanning velocity Vmax , 

namely 

(5.25) 

where D,.Lwin = 5.5 • 10- 3 m, again in agreement with machine parameters used in practice. Note 
that the scanning is repeated such that the force disturbance up Fz is periodic with period time T, and 
this time T depends on the chosen scanning length Land scanning velocity Vmax · 

Highfrequent force disturbance up 
According to (5 .22), in addition to the force disturbance uppz(t ), we have a high-frequent force dis
turbance up(t ), which contributes to the total force disturbance w(t) , see Figure 5-13. The source of the 
high-frequent noise-disturbance may be, for example, amplifier noise, or possibly other high-frequent 
contributions, of which perturbations stemming from the immersion process taking place on the 
wafer stage could be one (in the immersion process, water is used to avoid the transition from lens to 
air which else disturbs the illumination process. Continuously, water and air is supplied and removed, 
which causes the force-disturbances.). Although a possibly noisy perturbation signa! is in genera! not 
periodic, we will model it as being periodic with period time Tof UFF z· Note that this assumption 
can be justified if the noise is of a significantly higher frequency than the frequency 1 /T of the signa! 
uppz(t ). Because up(t ) is a high-frequent noise signa! UFF z(t), this is indeed the case. We model the 
high-frequent noise as a sum of Np sinusoidal signals of constant amplitude A p, frequencies wp,j and 
random phase angles </>p,j such that 

N" 

Up= L Apsin(wp,Jt + </> p,J), (5.26) 
j=O 

where we choose N p = 50, Ap = 0.12 N is chosen such that the error levels of simulations and 
experimental data are of comparable magnitude, and the phase </>p,J E [0 , 21r] is chosen randomly. 
Note that different values for </>p ,J lead to different realizations of the high-frequent noise up . The NP 
frequencies in the signa! are chosen as multiples of 1/ T such that the total force disturbance w(t) 
is a periodic signa! with period time T. We define a vector of evenly distributed desired frequencies 
Wdes,J in the range 21r [200, 400] rad/s with corresponding desired period times T des,J = 21r /wdes,J· 
Subsequently, the noise frequencies wp,j are chosen as 

floor (T / T des ,j ) 
Wp ,j = T , , (5.27) 

where the operation floor(T / T des,J ) is defined as the largest integer smaller or equal to t / T des ,J. Tuis 
assures that the frequencies 1/ (21rwp,J) are multiples of the frequency 1/ T ofuFFz· Note that for 
increasing Wdes,J , the relative mismatch ( wp,J - Wdes ,J ) / Wdes ,J becomes smaller, which motivates our 
choice for modeling the high-frequent noise as being periodic. 

A plot of the disturbances Uppz(t), up (t) , and w(t) = uppz(t) + up(t ), and their corresponding 
frequency spectra Uff z, Up, and W , according to (3.1), are shown in Figure 5.17. Here, the scanning 
length L = 30 • 10-3 m and scanning velocity Vmax = 0.4 m/s are used, which results in a signa! 
xd (t ) that is periodic with period time T ~ 0.28 s. Note that in the (2N + 1)-point frequency spectra 
the parameter N used for calculating the frequency spectra is chosen rather small here in order to 
keep the plots clear. Also note that the spectrum Ui f z of uppz(t) , in contrast to the spectrum Up, has 
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Figure 5.15: T-periodic 3rd-order reference signal xd of the x-direction, which, due to cross-talk, 
causes a force disturbance UFF z in the z-direction. 
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Figure 5.16: The constant velocity part t3 =::: t =::: t4 is decomposed into parts Twin, Ts et, and Tscan · 
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Figure 5.17: Plot of the disturbances uppz(t) , uµ(t) , w(t) = uppz(t)+uµ(t) , and their correspond
ing frequency spectra Uffz, Up, and W. 

no finite number of Fourier coefficients. However, as is clear from the figure, U1 f z has good high
frequent roll-off properties such that we can choose the parameter N rather small in order to make 
llw - wNIIL2 small enough, see (3.50) . 

The disturbance Uppz has mostly frequency content below the bandwidth, see Figure 5.7. There
fore, this part of the force-disturbance will benefit from high-gain con trol as we can conclude by in-
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vestigating the process sensitivity from Figure 5.8 (which denotes the error from force disturbance to 
error). On the contrary, the disturbance up only has frequency content above the bandwidth. Again 
from the process sensitivity in Figure 5.8 we conclude that a high-gain controller will amplify this force
disturbance, and, thus, a low-gain controller should be preferred for this part of the disturbance. The 
variable gain controller from Section 5.3 will be used in combination with the Mixed-Time-Frequency 
algorithm in the next section to calculate the steady-state error signals due to the force disturbance 
w(t ) presented here. 

5.5 Computation of steady-state error signals using the Mixed
Time-Frequency algorithm 

If we want to use the Mixed-Time-Frequency algorithm to calculate the steady-state error response 
ë(t), we first have to transform the system into the form such that the transformed nonlinearity cp(e) 
satisfies the symmetrical incremental sector condition lcp (e2 ) - cp (ei)l / le2 - e11 :S a / 2 v'e1 , e2 E 

IR , e1 =/- e2 . To accomplish this , we can employ a loop-transformation similar to the one used in 
Appendix A (however now we subtract a e/ 2 from the nonlinearity <p(e)) , which is depicted in Figure 
5-18. U sing ü = -cp( e), we can write the transformed linear input-output dynamics as 

where 

e(s ) = ë yu(s)ü(s) + ë yw (s )w(s), 

1 + Gyu(s)% 
Gyw(s) 

1 + Gyw(s)% 

P(s)e(s) F (s ) 
1 + P(s)e(s)( l + %F(s)) 

P(s) 
1 + P (s)e(s) (l + %F (s) )' 

(5.28) 

(5 .29) 

(5 .30) 

which can readily be found by deriving the transfer functions from Figure 5.18. The transformed 
nonlinearity cp (e), see Figure 5-19 , can now be written in terms of the original nonlinearity <p(e), given 
by (5. 14) , as fellows: 

(5.31) 

and satisfies the syrnmetrical incremental sector condition 18<p (e)/8el :S a/2. In Figure 5.19, also the 
1st derivatives of the nonlinearities with respect to e, a, and b are plotted. Note that the <lead-zone 
nonlinearity <i'd z ( e) is indeed not ei in the parameters e and b and therefore it cannot be used in 
the optimization of the parameters in Section 5.6. The 'smooth' parametrization of the nonlinearity 
<p(e) in (5 .14) is ei in all the parameters and is therefore suitable to be used in the performance 
optimization of the variable gain controller in Section 5.6. 

We already know from the analysis in Section 5.3 that we satisfy the conditions of Corollary 2.3.1 
such that the variable gain control system is exponentially convergent. Alternatively, we can check the 
conditions of Corollary 2.3.2 to prove convergence of system (5 .28) with the symmetrical nonlinearity 
cp( e): 

• The transformed nonlinearity cp(t, e) = cp(e) is ei in e and thus indeed Lipschitz in e, and, 
because l8<p( e) / 8el :S a/2, it satisfies the incremental sector condition 

(5.32) 

where a = 3 E [0, oo), cp(t , 0) = 0, and cp(e) is T -periodic since it is time-invariant; 

• It can be verified that ë yu is Hurwitz; 
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Figure 5.18: Schematic of the variable gain control structure with the symmetrical nonlinearity 
cp(e) satisfying the incremental sector l1P(i~~ =:

1
(j 1 l l :S a/2 v'e1 ,e2 E JR ,e1 i= e2 . 

• 1 ( Gyu ( iw)) 1 < 2/ a \lw E lR, again using a = 3, is verified by Figure 5.20. 

Since all conditions of Corollary 2-3-2 are satisfied, also all conditions of Theorem 3.3,1 are satis
fied and we can use the Mixed-Time-Frequency algorithm to calculate the steady-state error ë(t). The 
algorithm is implemented in Matlab and we use the following parameter values for our calculations: 
the number of points used to describe the response equals M = 2N = 213 = 8192, the tolerance 
criterium (3.51) is used with Er eltol = 1 · 10-8 . Furthermore, the model, controllers, nonlinearity, 
and disturbances as discussed in Sections 5.2-5.4 are used. Below, results are shown for a scanning 
length L = 30 • 10- 3 m, scanning velocity Vmax = 0.4 m/s (note that these values determine the 
cross-talk force disturbance uF Fz ) and certain realization of the high-frequent noise up (the random 
numbers are chosen from a uniform distribution using Matlabs rand function. To make the results 
reproducible the 'state' ( or 'seed') of the random number generator that generates the values for </>p,j, 
see (5.26), equals 1: rand(' state', 1) ). Note that these settings are the same as used in Section 5-4-
Therefore, Figure 5-17 shows the current force disturbances acting on the system. The resulting er
ror is shown in Figures 5.21-5.23 for three situations: , low-gain control, high-gain control and variable 
gain control. The variable gain controller incorporates the nonlinearity (5.14) with a <lead-zone length 
ó = l • 10-8 mand additional gain a = 3. Let us consider first Figure 5.21, which shows the steady
state error response fora situation where only a low-frequent force disturbance coming from the force 
cross-talk UFFz acts. Obviously, the high-gain controller should be preferred when considering only 
the force disturbance u F F z ( t), which can also be concluded from the process sensitivity shown in 
Figure 5.8. The low-gain controller performs worst for low-frequent disturbances. If however, only 
high-frequent disturbances up(t) are considered, see Figure 5.22, the low-gain controller is preferred 
such that the high-frequent force disturbances are not amplified. The high-gain controller performs 
worst and the variable gain controller keeps the high-frequent amplification toa minimum because 
the error stays largely within the <lead-zone length ó, such that minor additional gain is applied. If 
the full force disturbance w(t) = uFFz(t) + up(t) is considered, see Figure 5.23, it is not so straight
forward to see which controller should be preferred. This again motivates the use of an intelligent 
optimization routine as discussed in Chapter 4 for tuning the parameters of the variable gain con
troller for performance optimization. Note that when variable gain control is applied in literature, it is 
often assumed that low-frequent and high-frequent disturbances occur at different intervals in time. 
Here we do not make such a distinction and high-frequent and low-frequent disturbances are present 
at the same time. Also note that because we are dealing with a nonlinear system, the superposition 
principle does not hold, such that the steady-state response to the disturbance w = UFFz(t) + up(t) is 
not equal to the sum of the steady-state responses to the individual disturbances UFFz(t) and up(t) . 

The Mixed-Time-Frequency algorithm converges to the steady-state solution in about 10 ~ 100 
iterations for each error signa!, depending on the particular settings of the problem that is solved. 
Calculating the three solutions from Figure 5.23 takes around 0.25 s using the Mixed-Time-Frequency 
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algorithm (on an Intel Core 2 Duo, 3 GHz processor) . Calculating the solutions with comparable 
accuracy using forward integration in time (ode45 solver in Matlab on the same processor) takes ~ 1 
minute, soa factor ~ 240 longer than with the Mixed-Time-Frequency algorithm. 

If different scanning lengths L, different scanning velocities Vmax , and/or different realizations 
of the high-frequent noise up (different random phase vectors </>p) are used, this will lead to different 
steady-state error responses e(t). We would like to find some 'optima!' controller that performs best for 
a whole range of scanning lengths, scanning velocities, and realizations of high-frequent noise. Tuis 
requires the calculation of many steady-state responses which motivates the use of the Mixed-Time
Frequency algorithm to do this in an accurate, effi.cient and fast manner. The performance of the 
variable gain controllers is captured in an objective function which weights the squared error signa! 
in an important section of the scanning process. In Section 5.6, the performance of the variable gain 
controller wil! be optimized (the objective function will be minimized) by optimizing the <lead-zone 
length ó and additional gain a. of the variable gain controller, using the theory presented in Chapter 4. 

5.6 Performance optimization by tuning of the <lead-zone 
length ö and additional gain a 

In the previous section, we have used the Mixed-Time-Frequency algorithm to calculate the T-periodic, 
globally exponentially stable, steady-state error e( t , a., b) of the z-direction of the waf er stage subjected 
to a T-periodic force disturbance w(t ). Here, we adopt the notation e(t, a., b) to indicate that the 
steady-state error indeed depends on the additional gain a. and <lead-zone length ó. In this section, 
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Figure 5.21: Steady-state error calculated with the Mixed-T ime-Frequency algorithm, for the case 
of only a low-frequent force disturbance Upp2 (t). T he response is shown fora low-gain, high-gain, 
and variable gain controller . 

we consider optimization parameters 0 = [01, 02]T = [a, J]T; so we will adapt the additional gain a 
and dead-zone length ó of the variable gain controller to optimize the performance of the z-direction 
of the short-stroke wafer stage, using the theory presented in Chapter 4. Before we can do this, it 
is essential to define a performance measure which quantifies the performance of the variable gain 
controller. We do not have to rely on some L2- or I SS-gain property fora whole class of disturbances, 
which will most likely be a very conservative estimate of the performance. Also, we do not have to rely 
on an approximation of the response as in a describing function approach [ 26], because we calculate 
the steady-state response ë(t) with any desired accuracy using the Mixed-Time-Frequency algorithm. 
It seems straightforward to link the performance of the controller to the magnitude of the steady
state error ë, such as for example used in (15] . However, the magnitude of the error is not of equal 
importance over the complete time range [O, T], see Figure 5.24. During the start of the acceleration 
parts, for example, the magnitude of the error is not that important because no scanning is taking 
place yet. At the end of the acceleration part at t = t3 , the magnitude of the error is important because 
the scanning is about to start. The most crucial part is therefore located around t = t3 • Here, we 
choose to weigh the error in the performance window specified by 

(5.33) 

where the start time ts = t2, end time te = t3 + T,2i,, + Tset + T,2nn ' see Figure 5.24. Tuis is the 
interval we will consider in our objective-function ( 4.4) . We will try to minimize the integral of the 
squared steady-state error ë2 in this performance window, such that fora certain disturbance situation 
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Figure 5.22: Steady-state error calculated with the Mixed-Time-Frequency algorithm, for the case 
of only a high-frequent force disturbance up(t) . The response is shown for a low-gain, high-gain, 
and variable gain controller . 

(corresponding toa certain scanning length L, scanning velocity Vmax , and realization of the random 
phases c/Jp,J of up( t)), the objective function ( 4.4) can be written as 

t e 

J(ë(· ,a,8)) = -
1

- j ë(t,a,8)2dt. 
t e - t 8 

(5.34) 

t , 

However, the wafer stage will be operated under many different operating conditions, such as different 
scanning lengths and different scanning velocities. Moreover, the noise will vary between subsequent 
operations. Therefore, we would like to optimize the performance for a whole range of disturbance 
situations, i.e. fora whole range of scanning lengths L, scanning velocities Vmax and realizations of 
up, Assuming that the response for each scanning length L and scanning velocity Vmax is equally 
important, looping over Land Vmax assures that we obtain a variable gain controller which performs 
'optimally' for this whole range of operating conditions. The high-frequent force disturbance up can 
have different realizations, depending on the specific realization of the random phase c/Jp of up , There
fore , we will incorporate multiple realizations of up in our objective function . Considering different 
realizations of up is important because the steady-state error may be influenced significantly by the 
chosen realization of up, and, on a real machine, the high-frequent noise will change from operation 
to operation. Consider, for example, the performance curve in Figure 5.25 which shows the objective 
function (5.34) as a function of 8 (and a = 3, L = 30 • 10-3 m, Vmax = 0.4 m/s). Three different 
curves are shown with three different realization of the random phases c/Jp,J of the high-frequent force 
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Figure 5.23: Steady-state error calculated with the Mixed-Time-Frequency algorithm, for the 
case of the full force disturbance w(t) = UFF z(t) + up(t) . T he response is shown for a low-gain, 
high-gain, and variable gain controller . 
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Figure 5.24: Performance window used in the objective function 5.34 to optimize the performance 
of the variable gain controller. 

disturbance up. Note that from Figure 5.25, we can already see the benefit of variable gain control. 
The optima! controller, in terms of the objective function (5.34), is a variable gain controller with 
8 ~ 4 • 10-8 • From the same figure we can conclude that the performance will depend greatly on the 
specific force disturbance at hand. This shows the importance of accurate modeling of the actual dis
turbances acting on the waf er stage. lmproving the disturbance modeling will be a recommendation 
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Figure 5.25: Performance curves showing the performance objective function J as a function of 
ó for fixed values of a = 3, L = 30 • 10- 3 m, and Vmax = 0.4 m/ s. Note the benefit of variable 
gain control and the fact the performance curve depends greatly on the specific high-frequent 
disturbances at hand. 

for future work. 

To incorporate the different scanning lengths L, scanning velocities Vmax, and different realiza
tions of up(t) into one performance measure, we define the objective function 

(5.35) 

where nL = 10 is the number of scanning lengths considered, evenly distributed such that LJ,, E 

[20 · 10-3 , 40 · 10-3 ] m, nv = 10 is the number of scanning velocities considered, evenly distributed 
such that Vmax,jv E [0.3, 0.6] m/s, and np = 20 is the number of realizations of Up considered, 
leading to different realizations of the phase </>p ,j of the high-frequent disturbance up, see (5.26) (the 
random numbers are chosen from a uniform distribution using Matlabs rand function. To make 
the results reproducible the 'state' (or 'seed') of the random number generator that generates the 
values for </>p,J , see (5.26), equals Jp: rand('state' ,j_p)). We will use the objective function (5.35) 
in our optimization of a and ó in the remainder of this section. Note that the derivative 8J / 80 = 
[8J / 801 , 8J / 802] = [8J / 8a, 8J / 86], see ( 4.12), is now given by 
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(5.36) 

Remark From figure 5.25 we conclude that the performance curve J has a suitable shape for optimiza
tion if it is plotted on a logarithmic 6-axis. Therefore, in the actual implementation of the optimization 
we introduce 

(5.37) 

which will be used in the optimization routine. Tuis way, the derivatives f) J / ä61 09 are of comparable 
magnitude, suitable for optimization. We can calculate this sensitivity f) J / Öó109 from the sensitivity 
f) J /äö , which we calculate with from our Mixed-Time-Frequency algorithm, as 

f) J f) J Öó f) J 

Öótog = Öó Öóiog = Öó ó log(lü) , (5.38) 

where it has been used that ó = 1061 0 9 and Öó /ä6109 = 106 109 log(lO) = 6 log(lü). 

Before we discuss the optimization of the de ad-zone length 6 and additional gain a , it will be useful 
to calculate the performance measure J according to (5.35) fora grid ofvalues for 6 and o:, because 
we can use this to validate our optimization procedure. We choose the following range, which we will 
also use as lower and upper limits in the optimization routine, 

o: E [Q, a ] = [0, 3] 
ó E [~,8] = [l · 10-10 , 1- 10- 4

] . 

(5 .39) 

(5.40) 

Note that for these values of o:, the system is always exponentially convergent, see Figure 5.12 or Figure 
5.20. Figure 5.26 shows the performance objective function (5.35) fora 30 x 30 grid of ó and o: values. 
Note that for each combination of (o:, 6) we calculate nLnvnp = 10 · 10 · 20 = 2, 000 steady-state 
solutions. Therefore, in total, we calculate 2, 000 • 30 • 30 = 1, 800, 000 steady-state error signals 
ë. Using the Mixed-Time-Frequency algorithm from Chapter 3, it took 13.8 hours to calculate these. 
Let us recall that the calculation of the three error signals from Figure 5.23 took a factor 240 longer 
with regular forward integration techniques (ode45) compared to using the Mixed-Time-Frequency 
algorithm, see Section 5.5. Therefore, calculation of Figure 5.26 would take around 20 weeks using 
forward integration techniques! Tuis is of course highly unpractical and motivates the use of the 
Mixed-Time-Frequency algorithm. 

From Figure 5.26 we can conclude several things. First of all, we may conclude that there is an 
optimum at the boundary in our considered range for 6 ~ 2 • 10-8 m and o: = 3 (note that the optimal 
controller is not necessarily an optimum at the boundary, for different settings or controllers it can 
also be an interior optimum). Due to the existence of the 'basin' of low objective function values J, 
we may conclude that the role of o: and ó may be interchanged to some extent for the system and 
settings considered here: increasing the <lead-zone length 6 (increasing the region in which minor 
additional gain is applied) may be compensated to some extent by increasing the additional gain o: 
of the variable gain controller. Furthermore, for o: = 0 we see a straight line of the performance 
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Figure 5.26: Performance objective function J according to (5.35) , as a function of ó and a . 

objective J. The setting (a, ó) = (0, ó), for arbitrary ó, corresponds to the low-gain control setting, 
because no additional gain is applied. Finally, for ó > l • 10-6 the objective function J hardly changes 
anymore. This is due to the fact that the complete error stays within the <lead-zone length ó. Therefore, 
hardly any additional gain is applied, such that for large ó the response will equal the response of a 
low-gain controller setting (note that if we would have a true <lead-zone nonlinearity instead of the 
smooth one we use here, see (5 .13) and Figure 5.19, not any additional gain would be applied if the 
maximum absolute error stays within the <lead-zone length. With the smooth approximation (5.14), 
little additional gain is applied if the error stays within the <lead-zone length ó). 

From Section 5.5, we know that we satisfy the conditions of Corollary 2.3.2 to assure exponential 
convergence. Because the nonlinearity <,ï5 (e) from (5.14) is C 1 in a, ó, and e, the conditions from 
Theorem 4.2.1 are automatically also satisfied. Therefore, the steady-state solutions >. 1 = äe/801 = 
äe/äa and >. 2 = äe/802 = äe/àó are unique, T-periodic, globally exponentially stable steady-state 
solutions. Moreover, we can use the Mixed-Time-Frequency algorithm to calculate these sensitivities. 
For calculation of>.1 = äe/ äa , see ( 4.22)-( 4.24), we use W1 (t) and <I> 1 (t , .-\ 1 ) given by 

[) -
-

8
: (e(t , a, ó), a , ó) 

[)-
-

8
: (e(t, a , ó), a , ó).-\1 , 

and for calculation of>.2 = äe/äó, see (4.22)-(4.24), we use W2 (t) and <I> 2 (t , .-\2) given by 
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Note that the input-output dynamics is given by 

-X(s) = ëyu( s)U(s) + ëyu(s )W(s) , (5.45) 

such that the transfer function between inputs U(t), W(t) and output .X(t), which is used in the 
Mixed-Time-Frequency algorithm, is ëyu• 

We can use Figure 5.26 for validation of the optimization procedures. First, we will consider the 
gradient-based lst-order optimization algorithm discussed in Section 4.1. The following numerical 
values are used in the optimization: for the initia! guess we choose (o: , 8) = (0.4, 5 • 10-8 ), the initia! 
step length (o = 5 • 1015 , see ( 4.6) (note that this value is so large because the gradients are very 
small: in the order 10- 16 , see Figure 5.26), the relative error tolerances of the optimization f.opt ,e = 
f.opt ,J = 1 • 10- 4

• The iteration history of the lst-order gradient-based optimization is shown in Figure 
5.27. lt took 198 iterations to converge to the variable gain controller that performs best in terms of 
the performance objective function (5.35) (in 24.3 hours on an lntel Core 2 Duo, 3 GHz processor. 
Note that this is Jonger than the calculation of the surface plot in Figure 5.26, which took 13.8 hours. 
However, if we would like to determine the optimum from the surface plot with the same accuracy as 
our optimization, the grid should be much finer, such that the calculation of the surface would take 
weeks). The optima! values of the smooth <lead-zone nonlinearity are o: = 3.000, and 6 = 2.405 • 10-s 
m, and result in a performance objective J = 4.857 • 10- 16 m2 , see Figure 5.28. Note that Figure 5.28 
is a good validation of the optimization algorithm; moreover, the calculated gradients were verified 
using finite difference approximations. Clearly, for the current system and disturbances under study, 
we outperform the linear controllers (the low-gain and high-gain controller can be found in Figure 5.28 
for o: = 0 and (o:, 6) = (3, 0) respectively). Even though low-frequent and high-frequent disturbances 
are present at the same time, we benefit from the variable gain controller of the wafer stage. The 
low-frequent disturbances are mostly present during O ~ t ~ t3 and are best suppressed using a high
gain controller. Even though we amplify the high-frequent noise during this time period, the squared 
steady-state error e2 decreases because the error caused by the low-frequent disturbances decreases 
more. 

The lst-order optimization scheme took 198 iterations and 24.3 hours to converge to the opti
mum variable gain controller. The 2nd-order Quasi-Newton optimization scheme from Section 4.1 
uses 2nd-order curvature information and can possibly converge in less iterations, and hence, in less 
time. We use the same initia! guess (o:, 6) = (0.4, 5 • 10- 8 ) for the 2nd-order optimization scheme. 
As discussed in Section 4.1, the algorithm uses the BFGS formula (4.11) to update the estimate of 
the Hessian using only information of the objective function J and the gradient of the objective func
tion J (implementation is done using the optimization routine fmincon . m from Matlab. Using the 
medium scale routine while supplying the gradients farces Matlab to use the BFGS update to obtain 
information about the Hessian). No additional calculations at different values of o: or 6 are needed 
(as in for example a finite-difference approximation of the Hessian) because the gradients 8J / 80: and 
8J / 88 are already calculated using the Mixed-Time-Frequency algorithm. The iteration converged in 
15 iterations to the optima! variable gain controller (the same optima! o: and 8 as for the lst-order 
optimization, o: = 3.000, 8 = 2.405 • 10-8 m, J = 4.857 • 10-16 m2). The calculations only took 
1.8 hours versus 24.3 hours using the lst-order gradient-based optimization. The iteration history is 
plotted in Figure 5.27 as a function of o: and 8. Note that much bigger steps can be taken by the 2nd
order optimization scheme because information about the Hessian is available. Clearly, the 2nd-order 
Quasi-Newton optimization scheme should be preferred over the lst-order one because it finds the op
timum variable gain controller in much fewer iterations and is therefore much faster. For validation, 
the iteration history of the 2nd-order optimization is plotted together with the performance objective 
J ofFigure 5.26 in Figure 5.30. 

Remark In the actual implementation of the 2nd-order optimization scheme, the objective function 
value J, its derivatives 8J / 88109 , and 8J / 80:, are scaled up a factor 1-1016 to avoid numerical problems 
with the implementation, since J, 8J /88109 , and 8J/8o:, are of order 10-16 (the reason for using 
81 09 = log10 ( 8) in the actual implementation of the optimization was discussed in the remark after 
(5.36)). The following tolerances are used by fmincon.m in the Matlab optimization routine: the 
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Figure 5.27: Iteration history of the lst-order gradient-based optimization of the variable gain 
controller. The optimization converged in 198 iterations. 

absolute tolerance in ( a, <5109 ) equals 1 • 10- 4 , and the absolute tolerance in (the scaled) objective 
function value also equals 1 . 10- 4 • 

Note that we have obtained an 'optima!' controller fora whole range of scanning lengths L , scan
ning velocities Vmax, and high-frequent noise realizations up. We calculated the steady-state errors 
ë for each specific setting of L, Vmax, and up using the Mixed-Time-Frequency algorithm presented 
in Chapter 3. The same algorithm is used to calculate the sensitivities 81/8<5 and 8J/8a needed in 
the optimization of the <lead-zone length J and additional gain a of the varia bie gain controller. Here, 
we used a uniform weighing of each single steady-state error signa! we calculated, see (5.35). Other 
choices are of course also possible, for example, one could choose to only use the worst-case perfor
mance (for a range of scanning lengths, velocities, and disturbances) and use that for optimizing the 
performance of the varia bie gain controller. Moreover, different realizations of the force disturbances, 
including measurement noise, or considering a tracking problem, will yield different optima! variable 
gain, or possibly, linear controllers. Probably, when considering a different machine as the wafer stage 
considered in this case-study, different objectives will be important, yielding a different performance 
objective function J, again leading to different optimal variable gain (or linear) controllers. Even a 
change in the con trol design of the linear controller C ( s), see Figure 5.10, will result in a different 
optima! variable gain controller design. When designing, optimizing, or evaluating variable gain con
trollers it is good to keep in mind the things mentioned above. 

5. 7 Discussion of the results 

In this chapter, a variable gain control design has been applied to a model of the z-direction of a 
short-stroke wafer stage. Because the performance-based tuning of the <lead-zone length J and ad-
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Figure 5.28: Iteration history of the lst-order gradient-based optimization plotted together with 
the performance objective function J from Figure 5.26 for validation of the l st-order gradient
based optimization algorithm. 

ditional gain a is far from trivial, we used the optimization procedures introduced in Chapter 4 to 
tune these parameters of the variable gain controller in order to optimize performance. A smooth 
parametrization of the <lead-zone nonlinearity (which is C 1 in its parameters) is used which approx
imates the functionality of the true (non-smooth) <lead-zone nonlinearity such that the proposed lst
order gradient-based and 2nd-order Quasi-Newton optimization techniques can be used. 

The performance of the variable gain controlled system is captured in a performance objective 
function J which is defined as the integral of the squared steady-state error signa! over an important 
time window. The performance is optimized for a whole range of disturbance situations, considering 
different scanning lengths, scanning velocities, and high-frequent noise realizations. For an efficient 
model-based optimization, the steady-state errors and the gradients of the steady-state errors with 
respect to the optimization parameters are calculated using the Mixed-Time-Frequency algorithm pre
sented in Chapter 3. The lst-order gradient-based algorithm converged to the optimum (a , <5) in 198 
iterations and took 24.3 hours of calculation time. The optima! variable gain controller outperforms 
the linear controllers: compared to the linear low-gain controller (a = 0) the performance improved 
by 20%, compared to the linear high-gain controller (a = 3, ó = 0) the performance improved by 32%. 
The 2nd-order Quasi-Newton algorithm uses curvature information and can therefore take bigger 
steps in the optimization procedure. The curvature information is obtained using only information on 
previous objective function values and previous gradient information, and thus does not require any 
additional simulations, which makes it so efficient. The 2nd-order algorithm converged (to the same 
optimum controller) in 15 iterations, and therefore only took 1.8 hours calculation time. Most im
portant is a comparison to the situation in which forward integration would have been used to obtain 
the steady-state error signals and gradient information. Keeping in mind that the calculations using 
forward integration take approximately a factor 240 Jonger compared to the Mixed-Time-Frequency 
algorithm, the optimization of the variable gain controller would have taken weeks using forward 
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Figure 5.29: Iteration history of the 2nd-order Quasi-Newton optimization of the variable gain 
controller. The optimization converged in 15 iterations. 

integration routines. Tuis underlines the computational efficiency of the proposed model-based per
formance optimization routine. 
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Chapter 6 

Conclusions and recommendations 

6.1 Conclusions 

In this thesis, the model-based performance optimization of variable gain controllers for linear motion 
systems has been studied. Using variable gain control it is possible to improve upon linear control, 
and to overcome the waterbed effect to a certain extent. However, the performance-based tuning of 
the parameters of a variable gain controller is far from trivial. Using a suitable performance objective, 
this thesis provides a fast and efficient model-based method for tuning the parameters of the variable 
gain controller and optimizing the performance of the closed-loop system. The results are applied toa 
model of a variable gain controlled z-direction of a short-stroke wafer stage of a wafer scanner. Below, 
we formulate conclusions on a range of specific topics addressed in this thesis. 

Sufficient and easy-to-use conditions which guarantee that a Lur'e-type system is convergent 

• The notion of convergent systems has been introduced in Chapter 2, which guarantees that a 
perturbed nonlinear system exhibits a bounded, globally asymptotically stable steady-state re
sponse. For a specific class of nonlinear systems, namely the class of Lur'e-type systems to 
which a variable gain controlled linear motion system belongs, sufficient conditions are pre
sented that guarantee that the Lur'e-type system is exponentially convergent. Tuis is proven 
using a Lyapunov-based analysis in Chapter 2. Additionally, easy-to-use graphical frequency
domain conditions are presented for checking exponential convergence. 

• Due to exponential convergence, it is possible to uniquely define a quantitative performance 
measure in terms of the unique steady-state response. Tuis performance objective supports the 
tuning of the variable gain controller parameters in order to optimize the performance. 

An efficient method for calculating steady-state responses of periodically excited Lur' e type systems 

• Periodic inputs are considered which form an important practical subclass of general bounded 
inputs. For our benchmark system, the short-stroke wafer stage, low-frequent disturbance farces 
are present due to T-periodic reference trajectories. High-frequent force disturbances can be 
modeled as being periodic with frequencies which are multiples of 1/ T, such that the complete 
disturbance is T-periodic. Due to exponential convergence, the steady-state output of the con
vergent Lur'e-type system will also be periodic with the same period time. Well-known methods 
for calculating periodic solutions, such as periodic solvers (shooting methods, finite difference 
method) and forward integration in time, are rather computationally expensive (and the periodic 
solvers may require accurate initia! guesses for the algorithm to converge). Computationally 
efficient methods such as the describing function method only provide single-harmonie approx
imations of the response. 
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• The Mixed-Time-Frequency algorithm is presented in Chapter 3, and overcomes the above prob
lems. The Banach fixed point theorem provides a method for iterative computation of the steady
state response. Calculations that can be clone efficiently in time-domain are performed in time
domain and calculations that can be clone efficiently in frequency-domain are carried out in 
frequency-domain. This makes the algorithm computationally very efficient, and, moreover, it 
can be made as accurate as one desires, and converges for any initial guess of the periodic re
sponse. 

An efficient model-based method for performance optimization 

• Chapter 4 introduces a lst-order gradient-based and 2nd-order Quasi-Newton optimization rou
tine that can be used for performance optimization of a variable gain controlled linear motion 
system. In general, performance assessment is far from trivial for a nonlinear system (for linear 
systems it is usually assessed by investigating, in the frequency domain, the sensitivity function, 
and/or process sensitivity function, and/or complementary sensitivity function) . An L2-gain or 
I S S -gain between inputs and outputs will most likely be very conservative because it gives an 
upper bound for the outputs for a whole class of bounded inputs, without using any knowl
edge (on the frequency content and amplitude) of the disturbances. In many situations, the 
disturbances acting on a linear motion system can be modeled as being periodic. In our bench
mark system, as mentioned, the set-points are periodic and the high-frequent disturbances are 
modeled as being periodic. The performance can then be linked to the steady-state error corre
sponding to these specific disturbances. Even though the modeling of the disturbances might 
represent a simplification of the actual disturbances present on the system, it is worthwhile to 
do this because it allows for a much better performance assessment than with an L2-gain or 
I SS-gain approach. Specifically, the performance is defined as the integral of a user-defined 
function, related to the steady-state response of the Lur'e-type variable gain control system. 

• The steady-state response itself can be calculated very efficiently using the Mixed-Time-Frequency 
algorithm presented in Chapter 3. The lst-order gradient-based routine and the 2nd-order 
Quasi-Newton routine both require knowledge of the derivatives of the objective function with 
respect to the optimization parameters. It is proven that, remarkably, the same Mixed-Time
Frequency algorithm can be used to calculate the necessary derivatives needed for minimizing 
the performance objective function. Herewith, we obtained an efficient, model-based optimiza
tion routine that can be used to tune the parameters of a variable gain controller for performance 
optimization of the closed-loop system. 

Efficient model-based performance optimization of a variable gain controlled wafer stage 

• In Chapter 5, all the presented theory has been employed in a case-study in which a perfor
mance optimization is carried out on a model of a variable gain controlled short-stroke wafer 
stage z-direction which is subjected to force disturbances. The force-disturbances are modeled 
consisting of two contributions; a low-frequent contribution related to force cross-talk with the 
feed-forward farces acting in the x - and y-direction, and a high-frequent contribution which 
models amplifier noise and other kinds of high-frequent force disturbances. 

• The performance objective for the z-direction short-stroke wafer stage is defined as the integral 
of the squared steady-state error during an important time window when the scanning takes 
place. Because the wafer stage is operated under different conditions, i.e. different scanning 
lengths, scanning velocities and different types of noise, the performance is optimized for a 
whole range of disturbance situations. 

• The <lead-zone nonlinearity lies at the heart of the variable gain control design guaranteeing that 
errors that stay within the <lead-zone length (very likely coming from high-frequent noise) do 
not induce any additional gain. The functionality of the <lead-zone nonlinearity is approximated 
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using a smooth approximation which is continuous in its parameters such that it can be used 
for performance optimization using the techniques developed in this thesis. 

• Using the theory presented in Chapter 2, it is shown that the variable gain controlled z-direction 
of the wafer stage is exponentially convergent. Moreover, the conditions presented in Theo
rem 3-3-r are then satisfied, such that the Mixed-Time-Frequency algorithm can be used for the 
efficient calculations of the steady-state error signals. 

• Linear control and variable gain control are discussed and it is shown that variable gain control 
can outperform the linear control. Two parameters of the variable gain element, the <lead-zone 
length ó and the additional gain a, are optimized using the theory from Chapter 4. The model
based performance optimization is carried out (and validated) using the lst-order gradient-based 
algorithm, which converged in 198 iterations (24.3 hours computation time), and using the 2nd
order Quasi-Newton algorithm (which builds up curvature information using only previous ob
jective function values and previous gradient information) and converged in 15 iteration (1.8 
hours computation time) . If forward integration in time was used for the calculations of the 
steady-state solutions and gradients, this would have taken weeks, which underlines the effi
ciency of the proposed model-based algorithm. 

Tuis brings us back to the original research objective of this thesis, 

Design of a computationally efficient model-based method for performance optimization of variable gain con
trollers for linear motion systems, 

which we believe is therefore reached. 

6.2 Recommendations 

In this section, recommendations for future research are made. 

• A true (non-smooth) <lead-zone nonlinearity can not be used in the presented theory, and, there
fore, a smooth approximation of the <lead-zone nonlinearity was used. It will be interesting 
to investigate if the presented theory for optimization of the performance of the variable gain 
controller can be extended for nonlinearities which are not continuously differentiable in its 
parameters. Attempts have been made in this direction, however, non-uniqueness of the deriva
tives have shown to give problems in the analysis: if the error equals the <lead-zone length ó it 
is not clear how the derivatives with respect to e and ó should be taken into account, see Figure 
5.r9. 

• In this thesis, the presented theory has only been applied to our benchmark system of the vari
able gain controlled z-direction of the short-stroke wafer stage. lt will be valuable to apply the 
presented theory to other benchmark systems. 

• The theory for performance optimization has been presented in the scope of varia bie gain con
trol oflinear motion systems. However, also outside the scope of variable gain controlled linear 
motion systems, the theory can be applied. It will be interesting to use the theory in other areas 
of interest. 

Furthermore, the following recommendations can be made regarding the wafer stage benchmark 
regarded in this thesis: 

• First of all, it should be investigated if the disturbance modeling can be improved. In Section 
5.4, we motivated the chosen disturbance model from a practical viewpoint. However, we note 
that it is not guaranteed that the chosen disturbances are an accurate modeling of the actual 
disturbances acting on the actual machine. In this thesis, the choice was made to only model 

67 



force disturbances, however, very likely there will also be measurement noise present in an 
experimental setting. The chosen disturbance model directly influences the steady-state error, 
and, thus, the optima! variable gain control design, which makes it so important. 

• The performance objective chosen in this thesis was the integral of the squared steady-state error 
over an important time window. Other choices for this objective function are of course possible 
and will lead to a different optima! variable gain control design. Possibly another time window 
can be more important, or specific frequencies contained in the error signal are especially im
portant. In the context of the waf er stage, it is important to link the error to the physical quality 
of the IC's if possible, and, hence, to try to capture this in an objective function. Attempts are 
being made (by other students) to link the Critica! Disc Uniformity (CDU) , a measure for the 
physical quality of the waf er, to measured error signals. lt will be interesting to investigate the 
effects of a different objective function (related to the CDU for example) on the optima! variable 
gain controller. 

• Experimental validation of the obtained optima! variable gain controller on the z-direction of 
the wafer stage will be valuable. Also, a comparison to the data-based optimization approach 
presented in [15] will be interesting. 
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Appendix A 

Loop-transf ormation 

In Theorem 2.2.1, a nonlinearity is considered that satisfies the incremental sector condition 0 :::; 
(cp (t , y2) - cp(t , y1)) /(y2 -y1) :::; K. If, fora Lur'e-type system, the nonlinearity satisfies a different 
incremental sector condition, the dynamics can always be loop-transformed to such a form that the 
nonlinearity satisfies 0 :::; (cp (t, y2) - cp(t, y1)) /(y2 - y1) :::; K, as presented in the theorem, see 
(17), page 266. Here, such a loop-transformation will be performed fora system with a nonlinearity 
satisfying a symmetrical incremental sector -K/2:::; (cp (t , y2) - cp(t,yi)) / (y2 - y1) :::; K / 2, which 
will be an important sector condition in Chapters 3 and 5. 

Consider the visualization ofsystem (2.2)-(2.4) with - K/2 :::; (cp(t , y2) - cp (t , y1))/(y2 - Y1) :::; 
K / 2, K > 0, depicted in Figure A.1.a (note that because cp(t , 0) = 0 the global sector condition 
is also satisfied, thus <p E [-K / 2, K / 2]). First, a factor K y /2 is added and subtracted, see Figure 
A.1.b. Note that this does not alter the system dynamics because the two terms cancel. Subsequently 
the transformed nonlinearity <j; : = <p + K y /2 is defined that now satisfies the incremental sector 
0:::; (<j;(t , y2) - <j; (t, yi)) / (y2 - yi):::; K, see part c of the figure. The output y can now be written as 

y(s) = Gyw(s )w(s) + Gyu(s )(ü(s ) + Ky(s) / 2) , s E C. (A.1) 

Expressing y, we obtain 

( ) Gyw(s) ( ) Gyu(s) _( ) 
y 

8 = l - KGyu (s) /2 w 8 + l - KGyu(s)/2 u 
8 

' 
(A.2) 

which is illustrated in Figure A.1.d. Here ü = -<j;(t, y) with the transformed nonlinearity satisfying 
the incremental sector 0 :::; (<j; (t , y2) - <j; (t , y1)) / (y2 - y1) :::; K. Therefore, see Theorem 2 .2.1 , the 
transfer function G*(s) := 1_J1c:,)2 + 1/K should be strictly positive real. Fora positive scalar 
K > 0, the following statements are equivalent 

➔ 
Gyu l 

is SPR (A.3) +-
1- KGyu/2 K 

KGyu 
is SPR (A.4) ➔ + 1 

1- KGyu/2 

➔ 
1 + KGyu / 2 

is SPR. (A.5) 
1 - KGyu/2 

Therefore, fora nonlinear system of the form (2.2)-(2 .4), and a nonlinearity satisfying a symmetrical 
incremental sector condition -K:::; (cp(t, y2) - cp(t , y1))/(y2 - y1) :::; K, one has to show that the 
transfer G* ( s) := ~~zg::: is strictly positive real. Tuis is true if the transfer Gyu is Hurwitz and if the 
frequency-domain condition IGyu(iw)I < l/K \:/wis met, see Section 7.1.1 in [17). These conditions 
are used in Corollary 2.3.2. 
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Figure A.l: Visualization of the loop-transformation of the symmetrical incremental sector 
-K/2 :s; (<p(t , Y2) -<p(t , yi)) / (y2 - yi) :s; K/2 into the sector O :s; (<p(t, Y2)- <p(t, Y1))/(y2-y1) :s; K 
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Appendix B 

State-space representation variable 
gain control 

In Section 5.3, the transfer functions Gyu(s) = C(sl -A)- 1 Bof (5.19) and Gyw(s) = C(sl -A)- 1 Bw 
of (5.20) are given in terms of the transfer functions of the plant P(s), controller C(s), and loop
shaping filter F(s). Here, the matrices A , B, B w, and C will be given explicitly by adopting a state
space description for each dynamical filter. 

The closed-loop variable gain control scheme is depicted here once again in Figure B.r, see also 
equations (5.1)-(5.2). Let the dynamics of the strictly proper plant P(s) be described by the minimal 
state-space realization 

Apxp + Bp( w + Yc) 

Cp Xp, 

(B.l) 
(B.2) 

where xp is the state of the plant P( s). Let the dynamics of the controller C ( s) be described by the 
minimal state-space realization 

Yc 

A cXc + B c(e + YJ) 

CcXc + Dc(e + YJ ), 

(B.3) 

(B.4) 

where Xc is the state of the controller C(s). Let the dynamics of the loop-shaping filter F(s) be de
scribed by the minimal state-space realization 

±1 

YJ 

A1x1 + B1(-u ) 

C1x1 + D1(-u), 

where Xf is the state of the loop-shaping filter F( s) . 

(B.5) 

(B.6) 

Using (B.1)-(B. 6) , we can write all the dynamics in terms of the states Xp , Xc , Xf, and the inputs 
u and w, such that we obtain the following differential equation for the plant dynamics, 

Apxp + Bp(w + yc) 

ApXp + B p(w + CcXc + Dc(e + YJ )) 

ApXp + Bp(w + CcXc + Dc([-Cpxp] + [CJXJ - D1u])) 

(Ap - BpDcCp)Xp + Bpw + BpCcXc + BpDcCJXf - BpDcDJu, 

the following differential equation for the controller dynamics: 
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(B.7) 

(B.8) 

(B.9) 

(B.10) 



Xc AcXc + B c(e + YJ) 

A cXc + B c([-Cpx p] + [CJ XJ - D1u]) 

AcXc - B cCpXp + BcCJ XJ - BcDJU, 

and the following differential equation for the loop-shaping filter dynamics: 

x1 = A1x1 - B1u. 

(B.11) 

(B.12) 

(B .13) 

(B.14) 

Defining the total state vector x := [xp, Xc, x fjT, the complete dynamics is described by 

y 

u 

Ax + Bu + B ww(t) 

e = -yp = Cx 

-<p( e) 

where the matrices A , B, Bw, and C are given by, 

A 
[ 

A p - BpDcCp BpCc BpDcCJ l 
- BcCp Ac B cCJ 

O O A1 

B [ -BpDcDJ -BcDJ - B1 f 
[ B p O O ]T 

C [ -CP O O ] , 

(B.15) 

(B .16) 

(B.17) 

(B.18) 

(B.19) 

(B .20) 

(B .21) 

such that the transfer functions Gyu(s) and Gyw(s) in terms of the matrices A, B, B w, and Care 
given by 

Gyu(s) = C(sl - A) - 1 B , 

Gyw(s) = C(sl - A) - 1 B w. 

(B.22) 

(B.23) 

Note that for the use of the Mixed-Time-Frequency algorithm, the linear dynamics should be trans
formed such that the transformed nonlinearity cp(e) = <p(e) - a.e/2 lies in the incremental sector 
l( <p (e2) - <p (e2))l/l(e2 - e1)I :S a./2. Equivalently, in terms of u, u(e) = u(e) + a.e/2. The linear 
dynamics can be transformed in the following way: 

<p( ·) 

r e 

Ax + Bu + Bww(t) 
a. a. 

Ax + B(u + 2e) - B 2e + Bww(t) 

a. a. 
Ax + B(u + 2e) - B 2Cx + Bww(t) 

a. 
(A - 2BC)x + Bu + Bww(t) 

Äx + Bu + Bww(t) , 

-u F(s) 

(B.24) 

(B.25) 

(B.26) 

(B.27) 

(B.28) 

P( s) 1---'Y'+P_,. 

Figure B.l: Schematic of the variable gain control structure with the nonlinearity <p (e). 
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where we defined Ä := A - ~BC. Therefore, the transfer functions Gyu(s) and Gyw(s) used in the 
Mixed-Time-Frequency algorithm, see (5.29)-(5.30), in terms of the matrices Ä, B, Bw, and Care 
given by 

C(sl - Ä)- 1 B , 

C(sl - Ä)- 1 Bw. 
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(B.30) 
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lntroduction 

Variable gain control can improve performance of linear mo
tion systems when compared to linear control designs, by 
overcoming, to a certain extent, the well-known waterbed
effect. The performance-based tuning of the parameters of 
a variable gain controller is, however, far from trivial. This 
poster shows the results of an efficient model-based method 
for the tuning of the parameters of a variable gain controller 
for linear motion systems to optimize performance in terms of 
the sensitivity to perturbations. 

Benchmark system 

A particular benchmark system is considered, namely the vari
a bie gain control of the z-direction of a short-stroke wafer 
stage of a wafer scanner, see Figure 1. The suppression of low
frequent disturbances w benefits from high-gain control, in 
contrast to the sensitivity to high-frequent disturbances which 
benefits from low-ga in control. This performance trade-off can 
be overcome, to a certain extent, by a variable gain controller 
with dead-zone nonlinearity<p(e) , see Figure 1, which switches 
between low-gain and high-gain control. 

<p(e) r: reference 
w: periodic perturbat ion 

o:: additional gain 
e ó: <lead-zone lengt h 

Figure 1: Varia bie gain contra/ scheme wi th plant model P (s ), linea, controller 
C(s), filter F(s) , and nonlinearity cp(e). 

Performance optimization 

Performance assessment of a nonlinear system is far from triv
ia 1. In our benchmark system, the z-direction is disturbed by 
T-periodic disturbance forces w. Adopting such a model class 
of disturbances allows for accurate performance assessment 
and can be well-motivated for the benchmark under study. 
The performance of the closed-loop system is linked to the 
squared steady-state error e2 (in a performance objective func
tion J) in face of specific T-periodic perturbations. Unique 
quantification of the performance is possible using the con
vergence property of the closed-loop system, which guaran
tees that the steady-state response is unique, bounded, and 
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T -periodic as well. Easy-to-use graphical conditions exist for 
Lur'e-type systems, to which a variable gain controlled system 
belongs, which guarantee that the closed-loop system is con
vergent. 
A computationally efficient Mixed-Time-Frequency algorithm, 
proposed in (1), can be used for calculation of the steady-state 
errors e of a convergent Lur'e-type system. Remarkably, the 
same Mixed-Time-Frequency algorithm can be used to calcu
late the gradients ae/88 and ae;aa efficiently. 

Results 

Two gradient-based optimization routines (which use the gra
dients ae/88 and ae;aa) are used to tune the dead-zone 
length 8 and additional gain a in order to optimize the closed
loop performance: 

• a lst-order gradient based algorithm which converged 
in 198 iterations (24 hours calculation time); 

• a 2nd-order Quasi-Newton algorithm which converged in 
15 iterations (2 hours calculation time). 

Figure 2 shows the performance objective J fora range ofval
ues of a and 8, together with the Quasi-Newton optimization 
history. Performance improves around 25% compared to the 
linear low-gain (a = 0) and high-gain (a = 3, 8 = 0) control 
settings. lf the calculations of e, ae/88 and ae;aa would be 
carried out using forward integration routines (e.g. o de 4 5 in 
Matlab), instead of the Mixed-Time-Frequency algorithm, this 
would take weeks, which underlines the computational effi
ciency of the proposed optimization strategy. 

N 
X 10- 16 s 

~ 
(l.) 
u 
~ 
i:,j 

6 

s ... 4 .·· 
t8 3 ... 10-4 

(l.) 
p.. 

a[-] ó[m] 
0 10-10 

Figure 2: 2nd-order Quasi-Newton optimization history. 
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