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Abstract. 
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MONOTONICITY OF THE THROUGHPUT 

OF A CLOSED EXPONENTIAL QUEUEING NETWORK 

IN THE NUMBER OF JOBS 

by 

J. van der Wal 

It ~s shown that the throughput of a closed exponential queueing network 

~s nondecreasing in the number of jobs in the system if the service rate in 

each station is nondecreasing in the number of jobs in that queue. 

The line of proof seems to be extendable to a variety of non separable networks. 

1. Introduction. 

In this note we prove the intuitively obvious result that the throughput of a 

closed exponential queueing network is nondecreasing in the number of jobs in 

the system if in each station the service rate is nondecreasing in the number 

of jobs in that station. 

Two proofs are given. 

The first one is based on the relation between continuous and discrete time 

Markov chains and uses mathematical induction. 

The second proof is based on a reformulation in which the extra jobs in the 

system are given a somewhat lower priority. 

Recently various publications appeared on monotonicity results for queueing 

networks, sometimes in relation to control. 

See e.g. Yao [1985J, Robertazzi and Lazar [1985J, Suri [1985J and 

Van Doremalen and De Waal [1985]. 

These authors all explicitly use the product form solution, which in neither 

of the proofs given here plays a role. 
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The paper 1S organized as follows. In section 2 the model and some notations 

are introduced, and the ma1n theorem is formulated. Section 3 presents some 

well-known results on the relation between continuous and discrete time 

Markov chains with rewards. The first proof, based on the results of section 3, 

is given in section 4. Section 5 contains an outline of the other proof. 

Finally section 6 mentions some extensions. 

2. The model. 

We consider a closed exponential queueing network with N stations 

and queue length dependent service rates ~.(k) if k jobs are present at queue 1. 
1 

The routing of the jobs is determined by the irreducible matrix P with elements 

p .. indicating the probability that a job after its completion at queue i jumps 
1J 

to queue j. The service demands of the jobs are all independent and exponen-

tially distributed with a mean normalized to 1. 

The state of the system can be characterized by the vector ~ = (k
1

, ••• ,kN) 

with k. the number of jobs in station i. The set of all such state vectors 
1 

with k. ~ 0 and I k. = K will be denoted by S(K). So S(K) is the set of all 
1 1 

possible states for the queueing network containing K jobs. The queueing 

network model with states S(K) gives rise to an irreducible continuous time 

Markov chain if P is irreducible (as we already assumed) and if all ~.(k) are 
1 

positive for k > 0 as we will assume from now on. 

The throughput of the network will be defined as the average number of service 

completions per unit time in station 1. 

For K jobs in the system this throughput 1S denoted by T(K). 
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So 

where p(~) is the limiting probability of the network being in state k. 

That the network has a product form solution however is not relevant here. 

Now the monotonicity can be stated as 

Theorem. 

If 

~.(k+1) ~ ~.(k) for all i and k 
~ ~ 

then 

T(K+1) ~ T(K) for all K=O,1, ••.• 

3. Preliminaries. 

Let Q be the generator of an irreducible finite state Markov chain with 

reward rate r(t) the system is in state £. We denote this chain by (Q,r). 

With this continuous time chain one may associate a discrete time Markov chain 

with transition matrix R I + aQ, where a > 0 is a constant such that R ~s 

nonnegative, and with immediate reward per period r(t) if the system is in 

state t. 

The irreducible discrete time Markov chain will be denoted by (R,r). 

Then we have the following well-known results 
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Lennna 1. 

The equilibrium distribution of the chains (Q.r) and (R,r) are identical. 

Hence the average reward per unit time for (Q,r) and the average reward per 

period for (R,r) are equal as well. 

And 

Lennna 2. 

Let (R,r) be an irreducible discrete time Markov chain with rewards, and 

let g be the average reward per period for this chain. 

Let further vn be the n-period reward vector, so 

and also 

(0 n+l 
v 

Then for each state i 

lim n- 1 vn(i) = g. 
n-+<» 

An innnediate consequence of this lennna is 

Lennna 3. 

Let (Pl,r 1) and (P2,r2) be two irreducible }~rkov chains with average reward 

per period g1 and g2 respectively. (The chains need not have the same number 

of states). Let v~ and v~ be the n-period reward vector for chain 1 and 2 

respectively. 
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If for some state 1 in chain 1 and some state j in chain 2 we have 

v~(i) ~ v~(j) for all n , 

then 

Proof. 

-1 n -1 n 
lim n v1 (i) ~ lim n v2(j) = g2 • 
n-+«> n-+«> 

So this lemma enables us to compare different chains, 1n our case networks 

with K and K+1 jobs. 

4. Proof of the theorem. 

In order to prove T(K+1) ~ T(K) we consider the two continuous time Markov 

chains with rewards (QK,r K) and (QX+1,rK+1). Here QL is the generator for 

the network with L jobs and r L is the reward structure defined by 

r L <.~) 

Related to these continuous time chains we define the discrete time chains 

with a > 0, but sufficiently small for I + aQK and I + aQK+1 to be 

nonnegative. 

o 
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Now define v~ and v~+l to be the n-period reward vectors for the two 

chains. Then according to lemma 3 it suffices to show that for some state 

x E C(K) and some state y E S(K+l) 

By induction we will prove for all m 

where ~t denotes the ~-th unit vector: (0, ..• ,0,1,0, ..• ,0) with the 1 on 

place ~. It might seem that proving it for one pair k , ~~ would be sufficient 

but for the induction step we need all such pairs. 

For m = ° (2) trivially holds. Assuming that (2) holds for m n we prove 

it for m = n+ 1 • 

, () n+ 1 ( ) d vn
K

+ 1 (k) Using the recurS10n 1 we can express v
K

+
1 
~ + ~t an 1n terms of 

n n 
v

K
+

1 
and V K . 

First vn+1 (k) K -' 

And with 01£ 

+ a " ~.(k.) I p .. vn(k + e. - e.) 
~ 1 1 1J K - -J 1 
1 j 

+ (1 - a I ~.(k.» V~(k). 
ill -

1 if t 1 and ° elsewhere, 



Using 

(3) 

(4) 

+ a 
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\. ~.(k.) \. p .. vK
n 

1(k + en + e. - e.) 
l 1 1 l 1J + - -N -J -1 
1 J 

VKn+1(~ + ~n + ~J' - e.) ~ vn(k + e. - e.) 
N -1 K - -J -1 

(the induction hypothesis for ill = n) 

(1 - a L ~i (k i » v~(~) 
i 

(the induction hypothesis for ill = n) 

we see that 

So (2) holds for all ill, whence, by lemma 3, 

T(K+1) ~ T(K) o 
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5. Another proof. 

An alternative way to derive a proof of the monotonicity 1S the following. 

Consider the K+l-job system. Color in this system K jobs red and the 

remaining one blue and organize the servicing of the jobs as follows 

If in station i there are k red jobs and no blue ones, then 

service the red job at the head of the queue at the rate ~.(k). 
1 

If in station i there are k red jobs and also the blue job, 

then service the red job at the head of the queue at the rate 

~.(k) and the blue one at the rate ~.(k+l) - ~.(k) which 1S 
111 

nonnegative. 

It is intuitively clear that the red jobs in the K+1-job system behave 

exactly the same as the K jobs in the K-job system. So the throughput of 

the red jobs in the (K+1)-job system is the same as the throughput of the 

whole K-job system. It is only a matter of technique to show that the 

marginal distribution of the red jobs over the stations is at each time t 

the same as the distribution in the K-job system, provided they are given 

the same initial distribution. 

Clearly, since ~.(k+1) ? ~.(k), the blue job always receives a nonnegative 
1 1 

amount of attention and thus has a nonnegative throughput. 

Hence the total throughput of the K+l-job system is at least equal to the 

throughput of the K-job system: T(K+l) ? T(K). 

This type of argument can also be exploited to treat monotonicity 1n net-

works with priorities. 
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For instance, take a network with two types of jobs, where one of the 

types, say the red ones, has absolute priority over the other type, the 

blue ones, in each station. Adding one blue customer does not influence 

the behaviour of the red jobs. And if we paint the added job yellow and 

give the blue jobs priority over the yellow one then it is clear that blue 

jobs behave as if no yellow one is present. From this one may conclude 

that the total throughput increases. 

6. Extensions. 

Looking at the proof one sees that the line of proof in section 4 may be 

used to establish the monotonicity of other system characteristics. 

For any reward structure for which r(~ + ~t) ~ r(~) the average reward per 

unit time with K+1 jobs is at least equal to the average reward for K jobs. 

This 1S easily seen by looking at the proof of the theorem. For the net-

work we considered (4) and (5) can always be shown from the induction 

assumption. So the monotonicity follows if also (3), i.e. r(~ + e
t

) ~ r(k) 

holds. 

Examples. 

The average queuesize 1n station 1. (Take r(k) = k.). 
- 1 

The probability of having at least k jobs 1n station 1. (Take r(k) 

if k. ~ k and 0 elsewhere). 
1 

The busy fraction in station 1. 

The average serV1ce rate in station i. 

Further note that the monotonicity result also holds for networks with 

nonexponential service times and processor sharing discipline, because the 

throughput of such a network is equal to the throughput of an exponential 

network with the same mean job sizes. 

t· 
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