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The M=M=1 queue with gated random order of servieJaques ResingEindhoven University of TehnologyP.O. Box 513, 5600 MB Eindhoven, The NetherlandsRonald RietmanPhilips Researh LaboratoriesProf. Holstlaan 4, 5656 AA Eindhoven, The NetherlandsAbstratWe analyse an M=M=1 queueing model with gated random order of servie disi-pline. In this servie disipline there is a waiting room, in whih arriving ustomersare olleted, and a servie queue. Eah time the servie queue beomes empty, allustomers in the waiting room are put instantaneously and in random order in theservie queue. We �nd the joint stationary distribution of the number of ustomersin waiting room and servie queue. Furthermore, we obtain the bivariate Laplae{Stieltjes transform of the joint distribution of the sojourn times of a ustomer in thewaiting room and the servie queue.Keywords: M=M=1 queue, gated random order of servie, two-dimensional Markov pro-ess, ompensation method, sojourn times.1 IntrodutionIn this paper we onsider an M=M=1 queueing model with gated random order of serviedisipline. In this servie disipline ustomers are �rst gathered in an unordered waitingroom before they are put in random order in an ordered servie queue at the moments thatthis latter queue beomes empty.The model is motivated by a situation enountered in multi-aess ommuniation inable networks. Cable networks are urrently being upgraded to support bidiretional datatransport. The system is thus extended with an "upstream" hannel to omplement the"downstream" hannel that is already present. This upstream hannel is shared amongmany stations so that ontention resolution is essential for data transport. An eÆientway to arry out the upstream data transport is via a request-grant mehanism. Stationsrequest data slots in ontention with other stations via ontention trees. After a suessfulrequest, data transfer follows in reserved slots, not in ontention with other stations.1



There are two versions of the ontention resolution mehanism via ontention trees: thefree aess variant and the bloked aess variant (see Mathys and Flajolet [8℄). Essentialfeatures of the bloked aess variant are� requests ompeting in the same tree leave the tree in random order;� new requests arriving when a tree is in progress have to wait until the urrent tree isresolved before they an be part of a tree itself.Exatly these two features lead us to the study of the queueing model with gated randomorder of servie disipline. Here, ustomers in the servie queue represent the requestsurrently ompeting in the tree. Customers in the waiting room represent the requestswaiting until the urrent tree is resolved. Reently, motivated by the same appliation,also a mahine-repair model with gated random order of servie disipline at the repairfaility has been studied by Boxma, Denteneer and Resing [5℄.For theM=M=1 queue with gated random order of servie, we are partiularly interestedin the joint stationary distribution of the sojourn times of a ustomer in the waiting roomand the servie queue. In order to �nd this distribution, we will �rst study the two-dimensional Markov proess desribing the number of ustomers in the waiting room andin the servie queue. The stationary distribution of this two-dimensional Markov proessis found using a ompensation method for queueing problems developed by Adan [1℄.A queueing model with two stages of waiting has been studied before by Ali and Neuts[3℄ (see also Boxma and Cohen [4℄ for a related model). The essential di�erene betweenthe models in [3, 4℄ and our model is that in [3, 4℄ the transfer of ustomers from thewaiting room to the servie queue takes some random transfer time T > 0, while in ourmodel this transfer time is equal to 0. Furthermore, also the feature that ustomers, aftertransfer, are put in a random order in the servie queue is not aptured in the models in[3, 4℄.The rest of the paper is organized in the following way. In setion 2 we desribe indetail the model under onsideration. Next, setion 3 is devoted to the derivation of thejoint stationary distribution of the number of ustomers in the waiting room and in theservie queue. In setion 4 we present an asymptoti result for the stationary distributionof the number of ustomers in the waiting room, given that the total number of ustomersin the waiting room and servie queue together equals N . Finally, in setion 5 we presentresults for the joint stationary distribution of the sojourn times of ustomers in the waitingroom and the servie queue.2 Model desriptionCustomers arrive aording to a Poisson proess with rate � at a single server system. Theservie times of the ustomers are exponentially distributed with parameter �. We assumethat � := �=� < 1. The waiting area in front of the server onsists of two parts: an un-ordered waiting room and an ordered servie queue, both of in�nite apaity. Upon arrival2



a ustomer �rst enters the waiting room. Eah time the servie queue beomes empty,all ustomers present in the waiting room at that moment are transferred instantaneouslyfrom the waiting room to the servie queue. They are put in random order into this queueand the order in whih they are put into the queue determines the order in whih theyare taken into servie later on. If there are no ustomers present in the waiting room atthe moment that the servie queue beomes empty, the server waits for the next ustomerto arrive, transfers this ustomer immediately to the servie queue and starts serving thisustomer. It follows that the servie queue annot be empty unless the waiting room isempty. The servie disipline that we obtain in this way, ustomers �rst waiting "behind agate" in the waiting room and after that put into random order in the servie queue, willbe alled gated random order of servie.The number of ustomers in the waiting room at time t will be denoted by X1(t) andthe number of ustomers in the servie queue (inluding the ustomer in servie) at timet will be denoted by X2(t). Clearly, the stohasti proess f(X1(t); X2(t)) : t � 0g is atwo-dimensional Markov proess. The next setion is devoted to the determination of thesteady-state probabilities�(k; n) = limt!1P (X1(t) = k;X2(t) = n);of this Markov proess. In the sequel we denote with (X1; X2) a pair of random variableswith joint distribution given by the probabilities �(k; n). Remark that X1 + X2 has thesame distribution as the stationary number of ustomers in an ordinary M=M=1 queuewith FCFS servie, i.e.,P (X1 +X2 = j) = (1� �)�j; j = 0; 1; 2; : : : : (1)
3 The steady-state probabilities �(k; n)The balane equations for the steady-state probabilities �(k; n) are given by��(0; 0) = �(0; 1); (2)(�+ 1)�(0; 1) = ��(0; 0) + �(1; 1) + �(0; 2); (3)(� + 1)�(0; n) = �(n; 1) + �(0; n+ 1); n � 2; (4)(�+ 1)�(k; n) = ��(k � 1; n) + �(k; n+ 1); k � 1; n � 1: (5)The next theorem states that the probabilities �(k; n) are given by an in�nite sum ofprodut forms.
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Theorem 1 The unique probability distribution whih solves the balane equations (2){(5)is given by�(0; 0) = 1� �; (6)�(k; n) = 1Xm=1 mskmsn�1m�1; k � 0; n � 1; (7)wheresm = �(1� �m)1� �m+1 ; m � 0; (8)and m = (1� �)3 �m(1� �m)(1� �m+1) ; m � 1: (9)Proof of Theorem 1:Clearly, we have �(0; 0) = 1� �. Furthermore, substitution of (2) in (3) gives��(0; 1) = �(1; 1) + �(0; 2): (10)Hene, we are looking for probabilities �(k; n); k � 0; n � 1, satisfying (4), (5) and (10)and suh that1Xk=0 1Xn=1 �(k; n) = �: (11)To �nd these probabilities, we use a ompensation method for queueing problems de-veloped by Adan [1℄ (see also Adan, Wessels and Zijm [2℄). The method attempts to solvethe balane equations by a linear ombination of produt forms. This is ahieved by �rstdetermining a basis of produt-form solutions satisfying (5). Subsequently this basis isused to onstrut a linear ombination that also satis�es (4). The basis of produt-formsolutions ontains unountably many elements. Therefore a proedure is needed to seletthe appropriate elements. This proedure is based on a ompensation argument: afterintroduing the �rst term, ountably many terms are added to ompensate for the errormade in the equations (4). Finally, remark that one (4) and (5) are satis�ed, we auto-matially satisfy the last balane equation (10) due to the fat that the balane equationsare dependent.So, �rst we seek solutions of the form �k�n�1 satisfying the equations (5) for all k andn. Substitution of this produt form into (5) and division by ommon powers yields� = g(�) with g(�) := �1 + �� � : (12)Beause later in the analysis the solution has to be normalized, the fators � and � arerequired to satisfy j�j < 1 and j�j < 1. The points on the urve (12) inside this regiondetermine a ontinuum of produt forms satisfying equations (5).4



Next, we onstrut a linear ombination of these produt forms, whih also satis�es theequations (4). We start with initial term 1�k1�n�11 , where �1 = 0, �1 = g(�1) = �=(1 + �)and 1 is some onstant. If we rewrite equations (4) in the form(�+ 1)�(0; n)� �(0; n+ 1) = �(n; 1); n � 2; (13)and plug in the initial term 1�k1�n�11 into (13), we obtain 0 on the left-hand side and 1�n1on the right-hand side. Hene, we onlude that 1�k1�n�11 does not satisfy equations (13)and to ompensate for this error we have to add a seond term so that we also obtain 1�n1on the left-hand side. This means that we add an extra term 2�k2�n�12 with (�2; �2) onthe urve (12) suh that for all n � 2,2(� + 1)�n�12 � 2�n2 = 1�n1 :This immediately gives�2 = �1; �2 = g(�2); 2 = 1 �1�+ 1� �1 :Of ourse, by adding the term 2�k2�n�12 , we also obtain an extra term 2�n2 on the right-hand side of (13). Hene, we are going to add a third term 3�k3�n�13 to ompensate forthis term 2�n2 . Similarly as before, it follows immediately that�3 = �2; �3 = g(�3); 3 = 2 �2�+ 1� �2 :Continuing in this way, we add extra terms m�km�n�1m where �m; �m and m are de�nediteratively by�m = �m�1; �m = g(�m); m = m�1 �m�1� + 1� �m�1 :If we now an prove that(a) the error terms m�nm go to zero for m!1,(b) P1m=1 m�km�n�1m onverges,then we have that�(k; n) = 1Xm=1 m�km�n�1msatis�es both equations (4) and (5). Both (a) and (b) follow straightforwardly from thefat that the iterates �m; �m and m are expliitly given by�m = ( m timesz }| {g Æ � � � Æ g)(0) = �(1� �m)1� �m+1 ;�m = ( m�1 timesz }| {g Æ � � � Æ g)(0) = �(1� �m�1)1� �m ;m = 1 � m�1Yk=1 �k� + 1� �k = 1�m�1 � 1� �1� �m � 1� �21� �m+1 :5



Finally, the remaining onstant 1 follows from the normalization equation (11). It turnsout that1 = �(1� �)21� �2 :The result of the theorem now follows.Remark 1 From Theorem 1 we see that P (X1 +X2 = 0) = 1� � and for j > 0P (X1 +X2 = j) = j�1Xk=0 �(k; j � k) = 1Xm=1 m sjm � sjm�1sm � sm�1= 1Xm=1(1� �)(sjm � sjm�1) = (1� �)�j;whih was already mentioned in (1).Remark 2 From Theorem 1 we see that the marginal distributions of X1 and X2 are givenby P (X1 = k) = 8>>><>>>:1� � + 1Xm=1(1� �)�m(1� sm); if k = 0,1Xm=1(1� �)�m(1� sm)skm; if k > 0,and P (X2 = n) = 8><>:1� �; if n = 0,1Xm=1(1� �)�m(1� sm�1)sn�1m�1; if n > 0.Remark 3 An alternative proof of Theorem 1 an be given by using generating funtions.If we introdueQ(x; y) = 1Xk=0 1Xn=1 �(k; n)xkyn�1;we obtain from (4), (5) and (10) using straightforward alulations��(1� x) + �1� 1y��Q(x; y) = �1� 1y�Q(0; 0) + 1y (Q(y; 0)�Q(x; 0)) : (14)Next, if we de�ne f(x) = [1 + �(1 � x)℄�1 and substitute y = f(x) in (14), the left-handside of (14) equals zero. Using that Q(x; y) is bounded for jxj � 1; jyj � 1, we onludethat for y = f(x) also the right-hand side of (14) has to be zero, and hene thatQ(x; 0) = Q(f(x); 0) + (f(x)� 1)Q(0; 0):Iteration of this equation yields an in�nite-sum expression for Q(x; 0). After substitutionof this expresssion in (14), we obtain an expression for Q(x; y), from whih after somealulations the results of Theorem 1 an be obtained.6



4 Division of ustomers over waiting room and serviequeueIn Theorem 1 in the previous setion we give the steady-state probabilities �(k; n) as anin�nite sum of produt forms. Although these expressions onverge quite rapidly if � is notvery lose to 1, they are not very pratial if one wants to ompare, for instane, the valuesof �(0; 100), �(50; 50) and �(99; 1). In this setion we use the results from the previoussetion to obtain more knowledge about the division of ustomers over the waiting roomand the servie queue when the total number of ustomers is large. We derive formulas thatonverge rapidly for � lose to 1. These formulas reveal a remarkable osillatory behaviourthat is more pronouned for small �.Let PN(k) be the probability that the waiting room ontains k ustomers, given thatthe total number of ustomers in the system equals N . The probability PN(k) is given byPN(k) = �(k;N � k)(1� �)�N : (15)Sine PN�1k=0 PN(k) = 1, PN(k) will be of the order of 1=N . If NPN (k) with k=N = ��xed would have a limit as N !1, we would not even need all results from the previoussetion to obtain this limit. More spei�ally, if we assume thatlimN!1NPN([N�℄) = f(�) (16)with normalizationZ 10 f(�) d� = 1 (17)then the balane equations (5) imply that for large N(�+ 1)f(�) = �1� 1N��1 f  �1� 1N��1�� � 1N�!+ ��1 + 1N��1 f  ��1 + 1N��1! : (18)Taylor expanding and equating terms of order 1=N gives the di�erential equation(1� �)f(�)� (1� �(1� �))f 0(�) = 0 (19)whih has the properly normalized solutionf(�) = 1� �ln(1=�)(1� �(1� �)) : (20)7



On the other hand, balane equations (4) require that(�+ 1)f(0) = ��1 + 1N��1 "f  �1 + 1N��1!+ f(0)# : (21)Taylor expansion in 1=N gives to lowest order f(0) = �f(1), whih is satis�ed by thefuntion f from (20), and to �rst order f(1)+ f 0(1) = �f(0), whih is not satis�ed by thefuntion f from (20), as that f satis�es f(1) + f 0(1) = f(0)=�2 instead. So the funtion fannot satisfy all relevant balane equations. It follows that NPN ([N�℄) does not have alimit as N !1. This is expressed in the following theorem.Theorem 2 The large N behaviour of NPN(k), with k=N kept �xed at �, isNPN (k) � (1� �)ln(1=�)(1� �(1� �))� 1Xq=�1��1� 2�iqln(1=�)� e2�iq ln[N(1��)(1��(1��))℄= ln(1=�): (22)Proof of Theorem 2:Inserting the expliit formulas for �(k;N � k) givesPN(k) = 1Xm=1 �m(1� �)2(1� �m)(1� �m+2) � (1� �m+1)2(1� �m)(1� �m+2)�k � 1� �m1� �m+1�N= 1Xm=1 �m(1� �)2(1� �m)(1� �m+2) "�1 + �m(1� �)2(1� �m)(1� �m+2)�� �1� �m(1� �)1� �m+1 �#N (23)for k = 0; : : : ; N � 2, � := k=N (so 0 � � < 1) andPN(N � 1) = 1Xm=1 �m�1 � 1� �1� �m�2� 1� �m1� �m+1�N= (1� �)2 1Xm=1 �m�1(1� �m)2 �1� �m(1� �)1� �m+1 �N : (24)The large N behaviour an be obtained using tehniques employed in the appendiesof Janssen and de Jong [7℄. When both N and k beome large, with � = k=N �xed, onlyterms where the fator between square brakets in (23) and (24) is lose to 1 survive, soonly the large m terms for whih �m is small ontribute to the sum. Taking logarithms,Taylor expanding in �m around �m = 0, keeping only the �rst term, and exponentiatingresult in PN(k) � (1� �)2 1Xm=1 �m exp [�N�m(1� �)(1� �(1� �))℄ ; (25)PN(N � 1) � (1� �)2 1Xm=1 �m�1 exp [�N�m(1� �)℄ : (26)8



De�ning K = N(1� �)(1� �(1� �)), multiplying and dividing by K, we obtainPN(k) � (1� �)2K 1Xm=1K�me�K�m: (27)This expression is also valid (for large N) for PN(N � 1) (with � = 1 and K = N(1� �)�),sine 1Xm=1 �m�1e�K�m�1 = e�K + 1Xm=1 �me�K�m (28)so the error made dereases exponentially in K. In fat now the summation range of man be extended to all integers with negligible error, sine for m � 0 and 0 < � < 1 itholds that �m � 1, so the summand dereases very rapidly as K inreases. Only the largem terms (m! +1) ontribute to the sum in the large K limit. De�ning t = � ln(�) > 0and s = ln(K), the sum beomes1Xm=1K�me�K�m � 1Xm=�1K�me�K�m = 1Xm=�1 es�mt�es�mt : (29)Viewed as a funtion of s, the rightmost expression is periodi with period t, so it an bewritten as a Fourier series:1Xm=�1 es�mt�es�mt = 1Xq=�1 e2�iqs=taq(t); (30)with aq(t) = 1t Z t0 e�2�iqs=t 1Xm=�1 es�mt�es�mt ds= 1t Z 1�1e�2�iqs=tes�es ds= 1t Z 10 y�2�iq=te�y dy= 1t��1� 2�iqt � : (31)Substituting this expression for aq(t) into equation (30) and making use of equations (29)and (27), the theorem follows.Beause of the well-known reetion property of the Gamma funtion,j�(1� iy)j2 = �ysinh(�y); (32)the amplitudes jaq(t)j of the Fourier oeÆients derease exponentially with exponentialfator exp(��2jqj=t), so for small �, i.e., large t, more terms are needed to obtain auratenumerial answers. For � lose to 1, i.e., small t, only a few terms are needed. Theamplitudes of the osillatory terms in the right-hand side of equation (22) depend on jqj,� and �, they are independent of N . The phases depend on all these variables.9



5 Sojourn time distributionLet S1 and S2 be the stationary sojourn time of a ustomer in the waiting room and theservie queue, respetively. We are interested in the bivariate Laplae-Stieltjes transformof these stationary sojourn times.Theorem 3 The bivariate Laplae{Stieltjes transform �(u; v) = E(e�uS1�vS2) is given by�(u; v) = (1� �) ��+ v (33)� �2uv 1Xm=1 msm ln�1� sm � uu+ �(1� sm�1) � vv + �(1� sm)� :Proof of Theorem 3:Aording to the PASTA property, an arriving ustomer sees with probability �(k; n) thesystem in state (k; n). If (k; n) = (0; 0) the ustomer is immediately taken into servie. If(k; n) 6= (0; 0), the ustomer �rst has to wait in the waiting room while the n ustomers inthe servie queue are proessed. If during this waiting time r additional ustomers arrive,our ustomer will then be in the `th (` = 1; : : : ; k + 1 + r) position in the servie queue,with probability (k + 1 + r)�1. This gives�(u; v) = �(0; 0) ��+ v + 1Xk=0 1Xn=1 �(k; n)�Z 10 (�x)n�1(n� 1)!�e��xe�ux 1Xr=0 (�x)rr! e��x 1k + 1 + r k+1+rX̀=1 � ��+ v�` dx:Now, using the formulask+1+rX̀=1 � ��+ v�` = �v � "1� � ��+ v�k+r+1# ; (34)1Xn=1 �(k; n) (�x)n�1(n� 1)! = 1Xm=1 mskme�xsm�1 ; (35)and Z 10 xre�xdx = r!�r�1; (36)we obtain after straightforward alulations�(u; v) = (1� �) ��+ v+ �2v 1Xm=1 mm 1Xk=0 1Xr=0 1k + r + 1skm � �m�r "1� � ��+ v�k+r+1# ; (37)10



where m is de�ned asm = �+ �(1� sm�1) + u: (38)Finally, the sum over k and r in (37) an be evaluated using1Xk=0 1Xr=0 1k + r + 1xkyr = ln(1� x)� ln(1� y)y � x : (39)This results in�(u; v) = (1� �) ��+ v + �2v 1Xm=1 m�� msm ln (1� sm)(1� �m � ��+v )(1� �m )(1� sm � ��+v )!= (1� �) ��+ v � �2uv 1Xm=1 msm ln�1� sm � uu+ �(1� sm�1) � vv + �(1� sm)�and hene the theorem follows.From (33), after substitution of v = 0 and u = 0, respetively, and using� ln(1� x) = 1Xk=1 xkk ; (40)we obtainE(e�uS1) = (1� �) + 1Xm=1 m(1� sm)(1� sm�1) � �(1� sm�1)u+ �(1� sm�1)= (1� �) + 1Xm=1(1� �)�m � �(1� sm�1)u+ �(1� sm�1)= (1� �) + � 1Xm=0(1� �)�m � �(1� sm)u+ �(1� sm) (41)and E(e�vS2) = (1� �) ��+ v + 1Xm=1 m(1� sm)(1� sm�1) � �(1� sm)v + �(1� sm)= (1� �) ��+ v + 1Xm=1(1� �)�m � �(1� sm)v + �(1� sm)= 1Xm=0(1� �)�m � �(1� sm)v + �(1� sm) : (42)Remark 4 Both the sojourn time in the waiting room, given that this sojourn time isgreater than zero, and the sojourn time in the servie queue are equal to the same geometrimixture of exponentials. 11



Let us now onentrate on �nding the �rst two moments of S1, S2 and S = S1 + S2. Themoments of S2 follow from (42),E(S2) = 1Xm=0(1� �)�m 1�(1� sm) = 1� 1Xm=0 �m(1� �m+1) = 1� � 11� �2 ; (43)E(S22) = 1Xm=0(1� �)�m 2�2(1� sm)2 = 2�2(1� �) 1Xm=0 �m(1� �m+1)2= 1�2 � 2(1 + �2)(1� �2)(1� �3) : (44)Furthermore, the moments of S1 follow diretly from Remark 4,E(S1) = �E(S2) = 1� � �1� �2 ; (45)E(S21) = �E(S22) = 1�2 � 2�(1 + �2)(1� �2)(1� �3) : (46)Adding (43) and (45), we obtainE(S) = 1� � �1� �2 + 11� �2� = 1� � 11� �; (47)whih is of ourse equal to the mean sojourn time in the standard M=M=1 queue withFCFS servie. In order to �nd E(S2), we �rst alulate E(S1S2) by using (33) and (40).We obtainE(S1S2) = �2�u �v�(u; v)ju=v=0= 1�2 1Xm=1 m(1 + 12sm)(1� sm�1)2(1� sm)2= 1�2 �(2 + 3�+ �3)2(1� �2)(1� �3) ; (48)where the seond equality follows from a Taylor series expansion of �(u; v). Combinationof (44), (46) and (48) now givesE(S2) = 1�2 2 + 4�+ 5�2 + 2�3 + �4(1� �2)(1� �3) ; (49)and so the variane of the total sojourn time is given by�2(S) = 1�2 � 1(1� �)2 �1 + �2(1 + �2)(1 + �)(1 + � + �2)� : (50)12



In omparison, the variane of the sojourn time in the model with FCFS servie disiplineand in the model with random order of servie are given by (see, e.g., Cohen [6℄)�2FCFS(S) = 1�2 � 1(1� �)2 ; (51)�2ROS(S) = 1�2 � 1(1� �)2 �1 + 2�22� �� : (52)From (50), (51) and (52) we see that the variane in the model with gated random orderof servie disipline is larger than in the model with FCFS servie disipline but smallerthan in the model with random order of servie.AknowledgementsWe thank Onno Boxma and Dee Denteneer for stimulating disussions.Referenes[1℄ Adan, I.J.B.F. (1991) A ompensation approah for queueing problems, Ph.D. thesis,Eindhoven University of Tehnology.[2℄ Adan, I.J.B.F., Wessels, J, and Zijm, W.H.M. (1993). A ompensation approah fortwo-dimensional Markov proesses. Adv. Appl. Probab. 25, 783-817.[3℄ Ali, O.M.E. and Neuts, M.F. (1984) A servie system with two stages of waiting andfeedbak of ustomers. J. Appl. Probab. 21, 404-413.[4℄ Boxma, O.J. and Cohen, J.W. (1991) The M=G=1 queue with permanent ustomers.IEEE J. Sel. Areas Commun. 9, 179-184.[5℄ Boxma, O.J., Denteneer, D. and Resing, J.A.C. (2002) Some models for ontentionresolution in able networks. In: Proeedings Networking 2002, Pisa, Italy.[6℄ Cohen, J.W. (1982) The Single Server Queue, North-Holland, Amsterdam.[7℄ Janssen, A.J.E.M. and de Jong, M.J.M. (2000) Analysis of ontention tree algorithms.IEEE Trans. Inform. Theory 46, 2163-2172.[8℄ Mathys, P. and Flajolet, Ph. (1985). Q-ary ollision resolution algorithms in random-aess systems with free or bloked hannel aess. IEEE Trans. Inform. Theory 31,217-243.
13


