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Summary 

Titln-walled cold-formed steel members are frequently used as structural elements in buildings, for instance 

roof, floor and wall elements. When such a member is subjected to a concentrated load or reaction, its web 

may cripple due to the high local intensity of the load. Titls type of localized failure is denoted as web 

crippling. The current design formulae that predict the ultimate web crippling resistance are based on curve 

fitting of test results rather than on an analytical description of the failure mechanisms. These web crippling 

prediction formulae appear to give inconsistent and sometimes unsafe results (Bakker and Pekiiz, 1985). 

An analytical model that describes the web crippling behaviour based on a physical understanding of the 

failure mechanisms has been developed by Bakker (1992). According to this model the load-web crippling 

deformation behaviour at interior supports of continuous members is elastic until the development of a spatial 

plastic mechanism, where the web crippling deformation is defined to be the decrease in height of the web of 

the member. The load corresponding to this plastic mechanism is denoted as the mechanism initiation load. 

Although the mechanism initiation load may be lower than the ultimate web crippling resistance, Bakker 

argued that it might be a reasonable approach to develop design formulae based on the prediction of the 

mechanism initiation load. In Bakker's model the mechanism initiation load is determined as the point of 

intersection of the elastic curve and a rigid-plastic mechanism initiation curve containing all load-deformation 

combinations where the rigid-plastic mechanism is initiated. 

The rigid-plastic mechanism initiation curve has been derived by Bakker (1992), using generalized yield line 

theory. The subject of this study is the analytical determination of the elastic curve. Since it is assumed that 

thin-walled cold-formed steel members exhibit a linear elastic web crippling behaviour, the elastic curve can 

be fully described by its slope, the web crippling stiffness. The study is restricted to hat sections and first 

generation deck panels. Two different analytical web crippling stiffness models are developed, namely the 

beam on elastic foundation model and the energy model. 

In the beam on elastic foundation model the loaded cross-section of an infinitely small slice of the member is 

schematized to a portal frame (the so-called two-dimensional portal frame model). The web crippling stiffness 

of this slice is determined using Castigliano's law. A first generation deck panel is thought of as a series of 

hat sections that are loaded similarly and connected together at the bottom flanges. The calculation of the 

web crippling deformation of a first generation deck panel may then be reduced to the calculation of one hat 

section, except for some additional boundary conditions due to compatibility requirements of the bottom 

flanges. 

Web crippling results in local deformations. The variation of the web crippling deformations over the length 

of the member are taken into account by means of the theory of a beam on an elastic foundation. According 

to this theory the web of the member can be thought of as a continuous elastic support (foundation) of the 

top flange and a part of the web (beam). Within the application of the beam on elastic foundation theory two 

fundamental different approaches can be distinguished: the effective length approach and the full length 

approach. 



In the effective length approach the web crippling deformations are assumed to stretch out within an effective 

length, whose magnitude is derived with the beam on elastic foundation theory. In the effective length area 

the web crippling deformations are described by a trilinear function. The maximum web crippling deforma

tion is taken equal to the web crippling deformation of the two-dimensional portal frame model. 

The full length approach asserts that the web crippling deformation variations over the length of the member 

can be described properly by the deflection curve of the beam on elastic foundation theory. 

The beam on elastic foundation model requires the definition of a foundation and a beam stiffness. In both 

the full length and the effective length approach the foundation stiffness of the continuous elastic support is 

defined to be the two-dimensional web crippling stiffness of the portal frame model. The beam stiffness 

depends on a model factor a, determining the part of the web that, together with the top flange, constitutes 

the beam. In both approaches this factor a is treated as an empirical parameter with which the model can be 

fitted on experimental results and numerical simulations. In this study the full length approach is preferred to 

the effective length approach. 

The energy model is based upon the principle of stationary total potential energy. The application of this 

extremum principle points the way towards establishing an energy functional. Substituting assumed 

deformation functions in the energy functional, involving adjustable parameters, the stationary conditions are 

determined with respect to these parameters. It is assumed that the geometrical configuration which the 

member takes up is identified by these stationary conditions. This principle provides a direct method for 

obtaining approximate solutions to the web crippling stiffness. 

In the energy model, the member is idealized to be consist of a top flange and two web plates (the bottom 

flange plates are neglected in this idealization, as their deformation variations are negligibly small). These 

plates are connected to each other and hence their deformations need to be compatible. Two different 

compatibility assumptions are made within the energy model, leading to different web crippling stiffnesses. 

The so-called geometrical compatibility approach, is based upon the assumption that the plates are rigidly 

connected at their ends, whereas the hinge compatibility approach is based upon the assumption that the 

plates are connected by hinge-joints. 

Over the cross-section the assumed deformation solution is described by a fourth degree polynomial for both 

the top flange and the web, with a maximum deformation at the centre of these plates. The quotient n of 

these maximum deformations is thought to be a function of the geometrical deformations of the cross-section 

only. The factor n is derived using the above mentioned portal frame idealization. 

Over the length of the member three different deformation solutions are applied for all plates, namely a 

bilinear function, a trilinear function (which has constant deformations underneath the load bearing plate) and 

a fourth degree polynomial. It is assumed that these deformations stretch over an effective length, outside 

where the deformations are negligibly small. 

The potential energy is minimized with respect to the effective length and the maximum deformation of the 

top flange and web plates, which are related to each other by the factor n. 

Apparently, only the bilinear function enables a manageable solution in the application of the energy model 

for both the geometrical and the hinge compatibility approach. Both the trilinear function and the fourth 



degree polynomial give tedious mathematical problems in determining the web crippling stiffness, due to the 

way the effective length is accounted for in the energy functional. Hereby, within the application of the 

trilinear function for both the geometrical and the hinge compatibility approach it is assumed that the 

effective length equals the span length, thus avoiding the above mentioned problems. In case of the fourth 

degree polynomial (for both the geometrical and the hinge compatibility approach), several energy contribu

tions are left out of the energy functional because they are negligibly small compared to others. This results 

in a tractable energy functional. 

Just as in the portal frame model, the calculation of the web crippling stiffness of a first generation deck 

panel in the energy model may be reduced to the calculation of a hat section, except that it has some extra 

boundary conditions. Hence, the resulting web crippling stiffness formulae for hat sections and first 

generation deck panels differ from each other only in the determination of the factor n. 

Both the energy model (six combinations of deformation description functions and compatibility approaches) 

and the beam on elastic foundation model are validated in a parameter study against finite element simula

tions of web crippling tests using a finite element model in the finite element program ANSYS. In simulating 

several experimental tests, the finite element model appears to produce reliable results, except for members 

having small corner radii. This might be caused by the fact that the magnitude of the corner radii has a very 

large influence on the web crippling stiffness, especially in case of small corner radii, while it is difficult to 

determine the exact magnitude of small corner radii in experimental tests. 

According to the parameter study, web crippling is a local phenomenon that is independent of the span length 

of the member. This justifies the introduction of an effective length. Furthermore, the web crippling stiffness 

turns out to be mainly dependent of the corner radii and the wall thickness. The web crippling stiffness is 

more or less inversely proportional to the top flange corner radius and proportional to the wall thickness 

raised to the 5/2 power. 

For a having a constant value the beam on elastic foundation model treats the corner radii, the web and the 

web angle poorly. The poor treatment of the corner radii might be caused by the fact that the bottom flange 

corner radii are not taken into account. To improve this performance, the beam on elastic foundation model is 

adjusted by defming the factor a to be a function of the corner radii. 

In the energy model (i.e. from now on this refers to the combination of the geometrical compatibility 

approach and the fourth degree polynomial, because this combination performs best on the other parameters) 

the corner radii, the load bearing plate the web angle and the wall thickness are poorly accounted for. In case 

of the load bearing plate this is caused by the chosen deformation description over the length of the member 

(fourth degree polynomial), which implies the neglect of some upward curling of the top flange underneath 

the load bearing plate. The wall thickness is poorly take into account, because of the neglect of axial 

deformations. Considering the corner radii and the wall thickness, the model has been adjusted by adding an 

empirically derived correction factor y. Moreover the model has been made independent of the length of the 

load bearing plate, which corresponds to the results of the parameter study. 

Both the adjusted models produce accurate results as far as the influence of the corner radii is concerned. In 

case of the beam on elastic foundation model, especially the poor treatment of the web can hardly be 



adjusted, without affecting the basis of the model, namely the web continuously supporting a part of the web 

and the top flange. 

The poor treatment of the web angle in the (adjusted) energy model might be caused by the fact that the 

maximum deformation of the web not exactly occurs at the centre of the web but somewhat higher. Hereby, a 

better performance can be established by using slightly different deformation descriptions over the cross

section, which are a function of the web. 

It may be concluded that the energy model needs some further adjustments on the treatment of the web angle 

but it is assumed that this model is capable of producing the most reliable approximations of the web 

crippling stiffness, after these adjustments. So far, the adjusted energy model produces reliable web crippling 

stiffness predictions for members with vertical webs and having geometrical dimensions within certain ranges. 
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Geometry 

A 

bbl 

btf 

area 

Notation 

The most frequently used symbols are explained below. Other 

symbols are explained in the text where they occur. 

width of the bottom flange, measured between the points of intersection of the web and flange 

midlines 

width of the top flange, measured between the points of intersection of the web and flange 

midlines 

bw width of the web, measured between the points of intersection of the web and flange midlines 

hw height of the web (=height of the section) 

I moment of inertia 

L,1 effective length 

r; interior corner radius 

ri;bf interior corner radius between the web and the bottom flange 

ri;tf interior corner radius between the web and the top flange 

t wall thickness, plate thickness 

0w web angle 

L1b length of the load bearing plate 

Lrb length of the reaction bearing plate 

L,pan span length of the member 

Displacements and defonnations 

/:J,.hw web crippling deformation 

t:..h,..·2D two-dimensional web crippling deformation 

u, 

v, 

w 

<Jlm,c 

web crippling deformation at the initiation of the plastic hinge mechanism 

stretching actions in x direction 

stretching actions in y direction 

deflection 

maximum deflection of the top flange 

maximum deflection of the web 

mechanism rotation 

rotation arowid i axis 

V 



Stresses, strains and forces 

E strain 

F concentrated load, external force 

F;,.,c mechanism initiation load 

Fu ultimate load 

M bending moment 

Mu ultimate bending moment resistance (Eurocode 3) 

N axial force 

a stress 

T torsion 

Coefficients and factors 

Rayleigh-Ritz coefficient 

part of the web belonging to the beam in the beam in elastic foundation model 

Rayleigh -Ritz coefficient 

constant in beam on elastic foundation theory 

Rayleigh-Ritz coefficient 

y 

k 

correction parameter in energy model 

Rayleigh-Ritz function 

foundation stiffness 

web crippling stiffness 

two-dimensional web crippling stiffness 

Rayleigh-Ritz function 

Rayleigh-Ritz function 

Material and structural properties 

D 

E 

G 

µ 

flexural rigidity of plate 

modulus of elasticity 

shear modulus of elasticity 

Poisson' s ratio 

Energy and work 

U strain energy 

V total potential energy 

W;nr internal work 

W..x1 external work 

Q potential energy of external loads 
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Chapter 1: Introduction 

This chapter gives a general introduction into thin-walled cold-formed steel members, the context 

in which this research project should be placed and the main objectives of the project. 

1.1 General introduction 

This report is the result of a research project on web crippling of thin-walled cold-formed steel members 

which are subjected to a concentrated load. These steel members are a relatively new product: they were not 

widely used until around 1940. In the USA, the first design code for cold-formed steel structural members 

was issued in the 1970s. Today these members are frequently used as structural elements in buildings, such 

as roof, floor and wall elements. 

Cold-formed steel members are composed of cold-formed sections, which are formed by press braking, 

bending braking or roll-forming. Due to the production method they have typical features which distinguish 

them from the familiar hot-rolled shapes, such as the uniform wall-thickness, the curved transition 

between the web, flanges and stiffeners, and a relatively large width-to-thickness ratio of their webs and 

flanges. 

The cold-forming process allows much freedom in forming the shape, often resulting in much more different 

shapes compared to the hot-rolled members. Sections may be formed with inclined webs and with various 

types of intermediate and edge stiffeners in the web and flange elements (figure 1.1). 

Cold-formed steel members may be distinguished into beams, which have only a load carrying function, and 

panels, which have both a load carrying and a space enclosing function. 

Figure 1.1: 

rttttr r beams 

hat section U-section Z-section C-section I-section 

Various types of cold formed steel sections 

1 

first generation 
deck panel 

second generation 
deck panel 

third generation 
deck panel 

panels 
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Beams can be characterized as linear elements. Sometimes these beams are more expensive with respect to 

their weight than the hot-rolled shapes, but due to the larger freedom in forming the shapes, cold-formed 

members can be created with a better stiffness-to-weight ratio and a better resistance-to-weight ratio. Panels 

can be thought of as planar elements. They have a limited width but may be connected to form floors, roofs 

and walls. Based on the connection between the panels they can be classified as deck panels ( connected by 

overlapping flange elements) or as standing seam panels (connected by overlapping web elements). The 

sheets are profiled to obtain sufficient stiffness and resistance. Note that, for the determination of their 

mechanical properties, panels are usually idealized to beams. 

Cold-formed steel members consist of web and flange elements. To increase the load carrying capacity of the 

members these elements may be stiffened with various types of stiffeners that provide stiffness against 

buckling. Stiffened elements may be distinguished into longitudinally stiffened elements (with intermediate 

stiffeners parallel to the stress direction) and transversely stiffened elements (with intermediate stiffeners 

perpendicular to the stress direction). Based on the chronology in the first use of different types of stiffeners, 

Baehre (1982) classified deck panels as first, second and third generation decks. First generation decks have 

plane flange and web elements, second generation decks have elements with longitudinal intermediate 

stiffeners, while third generation decks have both longitudinal and transverse stiffeners. An overview of 

different types of beams and panels is given in figure 1. 1. 

When a thin-walled cold-formed steel member (a panel or a beam) is subjected to a concentrated load, its 

web may cripple due to the high local intensity of the load. This type of localized failure of flexural members 

is denoted as web crippling (figure 1.2). 

1t ,le ,1, J ,le ,k ( w%Je) ,k ,le ,1, J ,k ,11 
, .... ____ .... , 

Figure 1.2: Web crippling at the interior support of a continuous member (Reinsch, 1983) 
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Introduction 

At interior supports of continuous members the concentrated load is accompanied by a bending moment, 

which reduces the resistance of the member against the concentrated load. 

Web crippling is only one of the many failure modes which should be considered in the design of cold

formed steel structures. For many failure modes reliable design formulae have already been developed. These 

formulae, based on research findings and accumulated practical experience, have been compiled into cold

formed steel design codes, such as Eurocode 3 and AISI. The design formulae which predict the ultimate web 

crippling resistance (web crippling prediction formulae) are based on curve fitting of test results and not on 

an analytical or numerical description of the failure mechanisms. In the approach of the current web crippling 

prediction formulae the influence of the concentrated load is described separately from that of the bending 

moment. It is assumed that small bending moments have a negligible influence on the ultimate web crippling 

resistance. The influence of larger bending moments is taken into account by means of interaction formulae, 

whose format is given in figure 1.3. 

Figure 1.3: 

failure by bending 

y !{3 ~ / 

i 
MIM. 

0 

FIF. -

failure by combined bending 
and web crippling 

. .... / \ fail,re by web crippliog 

1 y/a 

Graphical presentation of the format of interaction formulae (Bakker, 1992) 

Here F and M represent the occurring concentrated load and bending moment, F. represents the ultimate web 

crippling resistance of a member subjected to a concentrated load and a bending moment which is assumed to 

be negligibly small and M. is the ultimate bending moment resistance of the member. The constants a, P and 

y are determined from curve fitting of the results of combined bending and web crippling tests. An 

evaluation of these web crippling prediction formulae showed that the formulae for members having single 

unstiffened webs give inconsistent and sometimes unsafe results (Bakker and Pekiiz, 1985). Empirical 

formulae in general have a limited and often not well described range of applicability. Of course, each 

3 



Introduction 

formula correlates well with the test results of its population, but the correlation is worse for test results from 

other populations. 

An analytical model which describes the web crippling behaviour based on a physical understanding of the 

failure mechanisms was developed by Bakker (1992). According to this model the load-web crippling 

deformation behaviour at interior supports of continuous members is elastic until the development of a spatial 

plastic mechanism, where the web crippling deformation t:.hw is defined to be the decrease in the height of 

the web hw underneath the load bearing plate (figure 1.4). Note that only a part of the loaded cross-section of 

a first generation deck panel is given in figure 1.4 because the deformation of the rest of the loaded cross

section is similar to this part. 

loaded cross-section 

Figure 1.4: Web crippling deformation 

The load corresponding to the initiation of the spatial plastic mechanism is denoted as the mechanism 

initiation load. This load is determined as the point of intersection of an elastic curve and a rigid-plastic 

mechanism initiation curve. This rigid-plastic mechanism initiation curve contains all load-deformation 

combinations where the rigid-plastic mechanism of each member might be initiated (the dotted line in figure 

1.5). The load-web crippling deformation behaviour after the development of the mechanism is described by 

a rigid-plastic curve (the solid line in figure 1.5). 

Although the ultimate web crippling resistance may be higher than the mechanism initiation load, Bakker 

argued that it might be a reasonable approach to develop design formulae based on the prediction of the 

mechanism initiation load. 

Most of Bakker's thesis is dedicated to the derivation of the rigid-plastic mechanism initiation curve by using 

generalized yield line theory. The analytical determination of the elastic curve has not been treated. It is 

assumed that thin-walled cold-formed steel members exhibit a linear elastic web crippling behaviour upto the 

initiation of the rigid-plastic mechanism, so that the elastic curve can simply be taken as a straight line and is 

described by its slope. This slope is denoted as 'web crippling stiffness'. 

The web crippling stiffness of a (cold-formed) thin-walled steel member can thus be defined as: 

The required concentrated load on a thin-walled member that results in a decrease in the height of the web 

of the member under the concentrated load that equals unity. 

In Bakker's model the determination of the web crippling stiffness is based upon test results. 
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According to Bakker the simplification of the elastic curve to a straight line is sufficiently accurate for the 

determination of the rigid-plastic mechanism initiation curve and hence, the mechanism initiation load. A 

description of the load-web crippling deformation behaviour in Bakker's model is given in figure 1.5. 

Figure 1.5: 

2· 

1 1 . 

load F 

rigid-plastic curve 

----__ rigid-plastic mechanism 
initiation curve 

1. mechanism initiation load 
2. ultimate load 

web crippling stiffness : behaviour of 1 member 

: initiation curve for all members 

web crippling deformation a.Ii,. 

Load-deformation behaviour according to Bakker's model 

The influence of the bending moment M is linked to the influence of the concentrated load F. Hence, there is 

no need for an interaction formula in this model. For a more detailed description of the model the reader is 

referred to section 2.4. 

1.2 Objective 

This research project was prompted by the lack of a reliable analytical description of the elastic curve in the 

model of Bakker. Furthermore, no analytical or numerical models exist which describes the elastic web 

crippling load-deformation behaviour of cold-formed steel members, subjected to a concentrated load. If both 

the rigid-plastic mechanism initiation curve and the elastic curve are described by an analytical model, then it 

is possible to predict the mechanism initiation load, without the need of test results. Future design formulae 

might be based upon this analytical prediction of the mechanism initiation load. 

The primary object of the research is the development of an analytical model which describes the elastic web 

crippling load-deformation behaviour and thus the web crippling stiffness. 

Two different analytical web crippling stiffness models are developed: The beam on elastic foundation model 

and the energy model. The latter is based upon the principle of stationary total potential energy, while the 

former is based upon the theory of a beam on an elastic foundation. The underlying reason for the develop-
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ment of two different models is that the beam on elastic foundation model, which is developed first, turned 

out to be quite cumbersome in calculating the web crippling stiffness. For the eventual aim of this study 

being the prediction of the web crippling stiffness by means of an analytical model, the object of the study is 

already satisfied with the beam on elastic foundation model. However, the analytical web crippling stiffness 

model need to be as simple as possible in order to establish manageable prediction formulae. A completely 

different approach in the derivation of a web crippling stiffness model might result in a more simple model 

and is therefore thought to be worth trying. 

The developed analytical models are validated in two different ways: 

- Firstly, the models are compared with the results of numerical finite element simulations, which are carried 

out during this project. Basically, a numerical web crippling simulation gives the same kind of information as 

a web crippling test. Each parameter of the analytical model can be validated separately in a parameter study. 

A parameter study gives the opportunity to establish the incompleteness of a model with respect to each 

individual parameter and to optimize the model by adding (empirical) parameters, if necessary. For parameter 

studies numerical simulations are simpler than testing. The elastic web crippling behaviour is investigated 

numerically with a finite element model, using the general finite element program ANSYS [version 5.0 A]. 

- Secondly, the models are compared with test results of experimental studies (Bakker, 1992). 

1.3 Scope 

Web crippling may occur under varying loading conditions. In the AISI specification (1986) the type of load 

application is divided in 'One Flange loadings', in which the force is applied to one flange and resisted by 

shear forces in the web (figure 1.6a), and 'Two Flange loadings', in which the force is applied to one flange 

and transferred through the web directly to the other flange, where the reaction occurs (figure 1.6b). 

(a) 

Figure 1.6: 

( 
.-::::::::::::: 

(b) 

Classification of loading condi.tions (Eurocode 3 & A/SI) 

Furthermore, a distinction is made between 'Exterior loadings', in which the concentrated load is applied near 

the end of the member, and 1nterior loadings', in which the concentrated load is applied somewhere in the 

middle of the member. This results in four types of loading conditions: an Interior One flange (IOF) loading, 

an Interior Two Flange (ITF) loading, an Exterior One Flange (EOF) loading and an Exterior Two Flange 

(ETF) loading (figure 1.7). The current research is restricted to members subjected to an IOF loading because 
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the analytical model developed by Bakker is confined to this type of loading. 

~ i i i i I i i i i i l l i i l I i 
bw I I I 

~Floading EOF loadin~ _ 
;.: 1,5 bw <1,5 bw 

<l,5 bw ;.: 1,5 bw ;.: 1,5 bw ;.: 1,5 bw <1,5 bw 

.::1,5 bw 

.::1,5 bw 

Figure 1.7: Classification of loading condition occurring in practice (Yu, 1985) 

Due to the production method cold-formed steel members contain residual stresses. Residual stresses may 

decrease the ultimate web crippling resistance. However, the residual stresses do not influence the elastic web 

crippling behaviour. Therefore, they are not considered in this project. 

From figure 1.1 it is clear that many different types of thin-walled cold-formed steel members are used in 

practice. This study is confined to members with unstiffened elements because the web crippling behaviour of 

this type of members can be described analytically much easier than that of members with stiffened elements. 

Once an analytical model describing the web crippling stiffness of members with unstiffened elements has 

been derived, it might be generalized for members with stiffened elements. It must be noted however that 

there are no experimental results of web crippling tests on members with intermediate stiffeners, with which 

an analytical model might be compared. Therefore, this study is restricted to cold-formed unstiffened hat 

sections (beams) and first generation deck panels (figure 1.8). 

_fl _r\_ 
hat sections first generation deck panels 

Figure 1.8: Section types included in the research 
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In the derivation of the analytical models describing the elastic web crippling deformation curve, a distinction 

is made between first generation deck panels and hat sections. In these models the first generation deck 

panels are geometrically idealized to hat sections, only with different boundary conditions (see for instance 

the sections 3.2 and 3.3). 

= 

(a) (b) 

Figure 1.9: Loading applications of hat sections and first generation deck panels 

The hat sections and the first generation deck panels are loaded with a doubly supported compression flange 

(figure 1.9a) and not with a singly supported compression flange (figure 1.9b). 

Principally, both the beam on elastic foundation and the energy model are valid for all M/F ratios. However, 

the validation of the analytical models against finite element simulations is confined to M/F ratios from 130 

upto 650. The members corresponding to these ratios tend to show a failure by combined bending and web 

crippling (figure 1.3). 

1.4 Structure of the report 

First, a qualitative description of the web crippling behaviour is given in chapter 2, as well as an overview of 

the existing empirical calculation models describing the web crippling stiffness. This chapter gives a general 

introduction into the phenomena affecting the web crippling behaviour. As mentioned in section 1.3 two 

different analytical models are developed within this study: the beam on elastic foundation model and the 

energy model. For sake of clarity these analytical models and their main validation possibilities (section 1.3) 

are shown graphically in figure 1.10. 

8 



Beam on elastic foundation model . 

Chapters 3 & 4 

Chapter 7 

Energy model 

Chapter 5 

Chapter 7 

Experimental studies 
(Bakker) 

Chapter6 

Chapter 6 

Finite element model 

Chapter6 

Figure 1.10: Analytical models and their validation possibilities; structure of the report 

Introduction 

Both the beam on elastic foundation model and to a less extent the energy model are based upon a two

dimensional model: the portal frame model. Chapter 3 describes the derivation of the portal frame model. In 

chapter 4 the portal frame model is extended to the beam on elastic foundation model. The energy model, 

which is based upon a completely different, energy oriented, approach in the derivation of the web crippling 

stiffness, is treated in chapter 5. Chapter 6 describes the specifications of the finite element model. 

Furthermore, the experimental study of Bakker as well as a comparison between the experimental study and 

the finite element model is also treated in chapter 6. A comparison between the analytical models and the 

experimental study (the dotted lines in figure 1.10) is found to be rather useless, because of existing 

measuring-inaccuracies in the experimental study. The reader is referred to section 6.3 where a more detailed 

description is given of these measuring-inaccuracies. Chapter 7 describes the parameter study and summarizes 

the conclusions on the comparison between the results of the analytical models and the finite element results. 

Finally, the conclusions and recommendations for future research are given in chapter 8. 
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Chapter 2: Web crippling behaviour 

This eh.apter gives a qualitative description of the web crippling behaviour as well as 

an overview of the existing calculation models describing this behaviour. 

2.1 Introduction 

The behaviour of cold-formed steel members subjected to a concentrated load and a bending moment is 

thought to be determined by three important phenomena: the web deformation mode, the formation of a 

plastic hinge mechanism in the member and local buckling. 

The actual web crippling failure is caused by the formation of a plastic hinge mechanism. Since the 

deformations of the flange and web elements need to be compatible, this mechanism is characterized by both 

flange and web deformations. Based on the mode of web deformation, two different mechanisms can be 

distinguished, namely a yield arc mechanism and a rolling mechanism. These two mechanisms are described 

in section 2.2. Both in the yield arc and the rolling mechanism, the flange deformations result in the 

formation of a spatial plastic hinge mechanism (section 2.3). This hinge mechanism affects the global load

deformation behaviour of the member. The concentrated load acting on the member corresponding to the 

initiation of the hinge mechanism is defined to be the mechanism initiation load. The model of Bakker 

(section 2.4) distinguishes an elastic curve, a rigid-plastic mechanism curve and a rigid-plastic mechanism 

initiation curve. The mechanism initiation load is the point of intersection between of the elastic curve and 

the mechanism initiation curve. After the initiation of the mechanism the load-deformation behaviour is 

described by a rigid-plastic mechanism curve. 

Bakker's model is directed to the rolling mechanism. The rigid-plastic mechanism initiation curve of the 

rolling mechanism was derived using generalized yield line theory. The elastic curve (and hence the web 

crippling stiffness) may be described by an analytical model which is valid for both the rolling mechanism 

and the yield arc mechanism. Such an analytical model does not exist today, but there do exist some 

empirical models. These models, which were developed within the last decade, will be treated in section 2.5. 

Local buckling influences the stress distribution in the flange and web elements. Due to the post-buckling 

resistance of the member, the ultimate web crippling resistance (attained after the formation of the spatial 

plastic hinge mechanism) will be larger than the load corresponding to the initiation of local buckling. In 

Bakker's model the influence of local buckling on the elastic curve is thought to be negligible. The influence 

of local buckling on the rigid-plastic mechanism initiation curve is taken into account by means of an 

effective width approach, and will not further be treated here. 

2.2 Web deformation modes 

An important parameter in describing and modelling the web crippling behaviour is the web crippling 
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deformation 11hw, which is defined as the decrease in the height of the web of the member underneath the 

load bearing plate (figure 1.4). The web crippling deformation is not a complete characterization of the web 

deformation, because it does not describe the out-of-plane deflections of the web. 

Two different types of web crippling failure modes can be distinguished: the yield arc mechanism and the 

rolling mechanism. These failure mechanisms are characterized by different web deformation modes and 

seem to be determined primarily by the corner radius between the loaded flange and the web, the yield arc 

mechanism occurring in members with a small corner radius (around 1 mm), the rolling mechanism in 

members with a large corner radius (around 10 mm). 

2.2.1 Rolling mechanism 

In the rolling mechanism, the web crippling deformation is caused by a rolling process, in which the corner 

radius 'rolls down' through the web; a process which can be modelled with two moving yield lines (figure 

2.1). 

F1 i F2 
F1 

~h.,l ~h.,] f- -l l f- - J f- -~ j 

• stationary yield line 0 moving yield line 

Figure 2.1: Rolling mechanism modeled with moving yield lines (Bakker, 1992) 

The first yield line bends the (web) plate into curvature, the second straightens the (flange) plate again. The 

process of winding and rewinding of a metal strip is referred to as a rolling process in the literature 

(Abramowicz and Wierzbicki., 1979). Hence the name rolling mechanism. The load-deformation behaviour of 

a member failing by the rolling mechanism is shown in figure 2.2. 

5 

t 
4 

3 

F[kN] 

1 arctan k.u.. 

0 2 4 6 8 10 12 14 
.6.11,..[mm] -.. 

Figure 2.2: Load-deformation behaviour of a member failing by the rolling mechanism (Bakker, 1992) 
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After a rather sudden decrease in the web crippling stiffness kti.h , the load steadily increases up to the 
w 

ultimate load, whereafter it slowly decreases. Hereby, the rolling mechanism is characterized by a safe 

'plastic' behaviour. The sudden decrease in the web crippling stiffness (marked by a bend in the load-web 

crippling diagram) corresponds to the formation of a hinge mechanism (section 2.3). Note that figure 2.2 

represents the load-web crippling deformation behaviour occurring underneath the load bearing plate. 

2.2.2 Yield arc mechanism 

In the yield arc mechanism the web crippling deformation is caused by a yield arc (curved yield line) in the 

web underneath the load bearing plate (figure 2.3). 

yield arc 

• stationary yield line 

Figure 2.3: Web deformations in the yield arc mechanism (Bakker, 1992) 

This failure mode may be initiated by web buckling but the ultimate web crippling load is not equal to the 

web buckling load (Bakker, 1992). The load-deformation diagram of a member failing by the yield arc 

mechanism is shown in figure 2.4. 

5 

1 arctan k,1.i.. 

0 2 4 6 8 10 12 14 
~hw[mm] ~ 

Figure 2.4: Load-deformation behaviour of a member failing by the yield arc mechanism (Bakker, 1992) 
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The ultimate resistance is attained for small web crippling deformations and flange deformations, after which 

the load suddenly drops. Hereby, the yield arc mechanism is characterized by an unsafe 'collapse' behaviour. 

For large web crippling deformations, when the web underneath the load bearing plate almost contacts this 

plate, the deformation process begins to resemble that of the rolling mechanism. 

2.3 Plastic hinge mechanism 

Web crippling at interior supports results in the formation of a plastic hinge mechanism, which influences the 

bending moment distribution in continuous members. However, in the current approach of the web crippling 

prediction formulae it is assumed that web crippling is a local phenomenon, not influencing the overall force 

distribution. The hinge mechanism results in a non-linear relation between the concentrated load F and the 

rotation of the member, denoted as the mechanism rotation cpmec (figure 2.5). 

The hinge mechanism should not be confused with the simple plastic hinge as known from the theory of 

plastic analysis of frames. In a simple plastic hinge the rotation is caused by in-plane yielding of the flange 

and web elements due to the bending moment while in a hinge mechanism the rotation is primarily caused by 

the web crippling deformation 6.hw. 

rt ~M 
/>-------->-+------,---:7'7 

cpmcc 

Figure 2.5: Plastic hinge mechanism in a cold-formed hat section 

The hinge mechanism may even develop in members subjected to a concentrated load only with no bending 

moment at all (Bakker, 1992). Furthermore, a simple plastic hinge can only partially develop in thin-walled 

cold-formed steel members because the flange and web elements become unstable before the yield stress is 

reached. 

For members failing by the yield arc mechanism, the formation of the hinge mechanism more or less 

corresponds to the attainment of the ultimate resistance (figure 2.4). For members failing by the rolling 

mechanism the formation of the hinge mechanism merely results in a change in the load-deformation 

behaviour, the ultimate resistance being attained after some mechanism rotation (figure 2.2). 

2.4 Model of Bakker 

The web crippling model of Bakker is based on the idea that the web crippling behaviour can be described 

approximately by using two different models: a model describing the elastic behaviour for the first phase of 

loading (elastic curve), and a model describing the initiation of the rigid-plastic behaviour after the formation 
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of the hinge mechanism (rigid-plastic mechanism initiation curve). The mechanism initiation load Fim« is 

determined as the point of intersection of these two curves in a load-web crippling deformation diagram. 

The definition of the mechanism initiation load as the load corresponding to the initiation of the hinge 

mechanism suggests that there is a specific load at which this mechanism is formed. In reality there is a 

gradual progression from the elastic curve to the rigid-plastic mechanism curve. The actual load-deformation 

behaviour of the member will start to deviate from the elastic curve at first yield, and will coincide with the 

rigid-plastic mechanism curve only after the formation of the hinge mechanism (the dotted line in figure 2.6). 

Therefore a sharp intersection point between the two curves does not exist. In figure 2.6 a graphical 

representation of the model is given for both the yield arc mechanism (figure 2.6a) and the rolling mechanism 

(figure 2.6b). 

Figure 2.6: 
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Graphical presentation of Bakker's model 

It is assumed that web crippling deformations smaller than ~hw;im«, corresponding to the initiation of the 

hinge mechanism, do not result in a mechanism rotation. 

The rigid-plastic mechanism initiation curve contains all possible load-deformation combinations where the 

plastic mechanism might be initiated. An analytical model describing this rigid-plastic mechanism initiation 

curve for members failing by the rolling mechanism has been derived by using generalized yield line theory 

(a model for the yield arc mechanism was not developed). This model is based on a simplified work method. 

The work method means that the mechanism (initiation) load is calculated by equating the external incremen

tal work by the applied loads to the internal incremental energy dissipation in the yield lines. 

In Bakker's model it is assumed that the elastic load-web crippling deformations are linear up to the initiation 

of the rolling mechanism, and can therefore be characterized by the initial web crippling stiffness. However, 
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in reality the load-web crippling deformation becomes non-linear before the initiation of the mechanism, due 

to the gradual development of the hinge mechanism. It is not ruled out that this non-linear behaviour is also 

caused by local buckling. Since the mechanism initiation curve is a descending curve in case of the rolling 

mechanism (figure 2.6), it is to be expected that the neglect of the non-linear web crippling deformations 

results in an overestimation of the mechanism initiation load by the model. This overestimation appears to 

amount up to 7% but considering the non-linear web crippling deformations does not result in a consistently 

better prediction of the mechanism initiation load (Bakker, 1992). Since the non-linear web crippling 

deformations at the initiation of the mechanism are expected to decrease with increasing span length, it is 

likely that the influence of these non-linear deformations may also be neglected in longer span tests. An 

analytical model describing this elastic curve is developed within this research project. Here, the non-linear 

web crippling deformations are not taken into account either. 

2.5 Empirical models describing the web crippling stiffness 

Besides Bakker's model, several other analytical web crippling models have been described in the literature. 

The treatment of these models is beyond the scope of this research project but two of these models include 

empirically derived predictions of the initial web crippling stiffness. Since it is assumed in Bakker's model 

that the elastic load-web crippling deformation is given by a straight line, these initial web crippling 

stiffnesses correspond to the web crippling stiffness in the model of Bakker. 

In these models the web crippling stiffness is a function of several (geometrical) parameters. Geometrical 

parameters that might influence the web crippling stiffness are given in figure 2.7. 

1/2 bbl 

Figure 2.7: Geometrical parameters determining the web crippling stiffness 
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The two analytical models which include an empirically derived prediction of the web crippling stiffness are 

the models of Reinsch and Tsai. 

2.5.1 Model of Reinsch 

Reinsch (1983) developed an analytical model to determine the load carrying capacity of continuous multi

span cold-formed steel members. The model includes an empirical prediction of the (initial) web crippling 

stiffness of hat sections with two webs, which is given (in N/mm) by 

(2.1) 

where the values of the plate thickness t and the width of the web bw should be entered in millimetres. 

According to Reinsch, the web crippling stiffness is independent of the comer radius between the web and 

the top flange r;.-tf and the width of the top flange btf. The formula was derived for first generation decks, 

with a length of the load bearing plate Lib =60 mm, a yield strength .t;, =300 N/mm2, and a web angle 8w =90°. 

It is striking that in the tests carried out by Bakker the comer radius r;,tf appeared to be the most important 

parameter in determining the web crippling stiffness, while according to Reinsch the initial web crippling 

stiffness is independent of this comer radius. 

2.5.2 Model of Tsai 

Tsai (1987) developed an analytical model to determine the load-deformation behaviour of members subjected 

to the combined action of a concentrated load and a bending moment. The model is based on Reinsch's 

formulae and the idea to distinguish between elastic and rigid-plastic structural behaviour. The description of 

the elastic behaviour includes an empirical model from which the initial web crippling stiffness of first 

generation deck panels can be calculated (in N/mm) as: 

(2.2) 

where 

k, = 2.22 ·t2
- l.72 ·t+0.5 (0.7 < t < 1.2) (2.3) 

kr. = 0.102·r}-1.52 ·ri+6.28 
I 

(3.0 < r; < 10.0) (2.4) 

kL = 0.563 · Lib +0.437 
lb 100 

(0 < Lib < 180) (2.5) 
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b b 
kb =0.74·(_!!'._) 2 -1.7·_!!'._ +1.91 

w 100 100 
(55 < bw < 100) (2.6) 

8 8 kow = 3.39 ·( 
9
;)2-8.01 ·( 

9
;.) + 5.29 (2.7) 

In these formulae r;, L1b and bw should be expressed in millimetres. It is assumed that the comer radius 

between the web and the top flange is equal to that between the web and the bottom flange; they are both 

represented by r;. According to equations 2.2 to 2.7 Tsai's formula exclude any influence of the width of the 

top flange. The formula is based on curve fitting of finite element simulations. 

The formula of Tsai does not give good results for the tests carried out by Bakker. This may be caused by 

the fact that for most of Bakker's tests the plate thickness was (slightly) smaller than 0.7 mm, and that in 

most of the tests the bottom flange comer radius was smaller than the top flange comer radius, while in 

Tsai's tests the bottom flange comer radius was equal to the top flange comer radius. Comparing the 

empirical formulae of Reinsch and Tsai, it is clear that they do not correspond very well. This is caused by 

basing them upon different tests which are carried out with different values of the parameters t, r;, L1b and bw. 
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Chapter 3: Portal frame model, a 2D approach 

The elastic web deformation behaviour may be analyzed by taking the loaded cross section of a member as a 

portal frame. The resulting two-dimensional model is described in this chapter. 

3.1 Introduction 

In section 2.5 it has become clear that the existing empirical web crippling stiffness prediction formulae do 

not give satisfactory results for tests from other populations than the ones they are based upon. Furthermore 

these prediction formulae are not based on a physical understanding of the elastic web crippling behaviour. 

Evidently, they cannot be used in the prediction of the web crippling stiffness of hat sections and deck 

sections in general, since they only give reasonable good approximations for members which have (geometri

cal) parameters with a magnitude which lies within certain limits. 

In the model of Bakker however, the web crippling stiffness needs to be predicted in order to determine the 

point of intersection between the elastic curve and the rigid-plastic curve (and thus the mechanism initiation 

load). Hence, the need for an analytical model seems clear. 

The approach in the analytical model is based upon the belief that relatively simple models may not be very 

accurate but do give a clear insight in the physical behaviour, from which more complicated models can be 

derived. Initially, a two-dimensional model is developed that offers a clear insight in the parameters of the 

cross section determining the web crippling stiffness. Hereafter, this two-dimensional model is extended to a 

three-dimensional model, taking the length of the member into account (chapter 4). 

Probably the simplest approach to investigate the influence of several parameters of the cross section on the 

web crippling stiffness, is to idealize the cross section that is loaded by a concentrated load to a portal frame. 

Due to this idealization, a 'two-dimensional' web crippling stiffness can be calculated. This may be identified 

as a two-dimensional approach because only the cross section of a small slice of the member is taken into 

account while the length of the member is ignored. Web crippling results in local deformations that have 

maximum values under the concentrated load (figure 1.4). The portal frame model does not take these 

deformation variations over the length of the member into account. Eventually, the portal frame model is 

extended to a three-dimensional model, that does take these deformation variations over the length of the 

member into account, the so-called beam on elastic foundation model, which is treated in the chapter 4. 

In the derivation of the portal frame model a distinction is made between hat sections and first generation 

deck panels. The assumptions that are made in the derivation of both portal frame models are described in 

section 3.2. Section 3.3 gives an overview of the derivation of the model describing the two-dimensional web 

crippling stiffness for hat sections, while in section 3.4 the derivation of the model for first generation deck 

panels is summarized. The influence of the schematisation of the rounding of the top flange corners within 

the portal frame model is discussed in section 3.5. 
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3.2 Assumptions 

In the derivation of the portal frame model several assumptions are made. Some of these assumptions are 

made automatically by applying existing mechanical theories and will not be described here. For example, the 

hypothesis of Bernoulli is assumed to be valid in this model. Therefore, the applied laws of mechanics, which 

enable the calculation of the moment and stress distribution, may be used. The derivation of the model is 

based on these applied laws. The most important assumptions are summarized as follows: 

■ Cross-section of the portal frame 

In the (two-dimensional) portal frame model deformation variations over the length of the member are 

ignored. Only an infinitely small slice dx of the loaded part of the member is taken into account. The 

web crippling deformations are assumed to have a constant value over the length of this slice dx. The 

slice is idealized to a portal frame. The cross-section of this portal frame is characterized by its height 

and width. The height is taken equal to the wall thickness t of the member, while the width equals dx. 

An example of such a portal frame in case of hat sections is given in figure 3.1. 
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cross-section 1-1 · 
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. 9 b,r 
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Figure 3.1: Schematisation of the cross-section to a portal frame 

The schematisation of first generation deck panels to a portal frame differs slightly from the schemati

sation of figure 3.1, because they are thought of as a series of hat sections that are loaded uniformly 

and tied together at their unloaded flanges (section 3.4). 
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■ Supports 

Since the objective of the model is to calculate the web crippling deformation (i.e. the decrease of the 

height of the web hw underneath the load bearing plate), the vertical translation of the member itself is 

of no interest. The frame is modelled with hinged supports at the connection between the web and the 

unloaded flange (figure 3.1). Hence, the web crippling deformation in this model can be defined as the 

deflection at the concentrated loads (points A and B in figure 3.1). As a result from the schematisation 

the web crippling deformations in the portal frame model are composed of bending deformations of 

the top flange corner radius and axial deformations of the web. The horizontal reaction forces, that are 

required to establish equilibrium, are supplied by the unloaded flange. Since the unloaded flanges of 

hat sections can translate freely unlike the coupled unloaded flanges of deck panels, the horizontal 

reaction force is applied at different points for hat sections and deck panels (section 3.3 and 3.4). 

■ Corner radii 

In figure 3.1 it is shown that the loaded cross-section of the member is schematised to a portal frame 

composed of straight beam sections. In describing the geometry of the cross-section the rounding of 

the top flange corners is thus ignored, except that the eccentrical load application of F which is caused 

by the rounding of the corners is taken into account explicitly. The eccentrical load application is 

expected to have a large influence on the web crippling deformations due to the extra bending defor

mations. In section 3.5 it is shown that the geometrical simplification of not taking the rounding of the 

corners into account does not have a significant influence on the calculated web crippling deformation. 

The rounding of the bottom flange corners is not taken into account either. The transmission of the 

load F to the supports of the member occurs mainly by the transmission of shear stresses in the web. 

Although the supports are applied eccentrically with respect to the web, this is expected to have nearly 

no influence on the web crippling deformations of the loaded cross-section of the member and thus on 

the portal frame, because the resulting extra bending deformations due to the eccentrical application of 

the supports will only occur within a small region of the supports. This is confirmed by finite element 

simulations (chapter 7) which indicate that the web crippling deformations are only influenced by a 

small part of the member near the load bearing plate (the web crippling stiffness appears to be 

independent of the span length). Hence, the eccentrical application is not taken into account and the 

supports of the portal frame model are applied right underneath the web. Hereby, the web crippling 

stiffness will not be dependent on the bottom flange corner radii. 

■ Application of the loads 

In figure 3.1 it is shown that in the model the loading is applied by two concentrated loads, while in 

reality the load is applied by a load bearing plate which covers the whole width of the top flange. 
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However, the downward curling of the flange underneath the load bearing plate (the dotted line in 

figure 3.1) results in only two contact points (A and B) between flange and load bearing plate after 

initial loading. Therefore, the transmission of the load F is limited to these points and each point 

transmit Jfl,F. To model this eccentric load application with respect to the web, the contact points are 

located at a distance ri;if·sin0w from the point of intersection of the top flange and web. 

■ Shear deformations 

The portal frame deforms due to shear forces, axial forces and bending moments. In the model it is 

assumed that the shear deformations have a negligibly small influence on the overall deformation and 

are therefore not taken into account. 

3.3 Derivation of the portal frame model of hat sections 

In the following an overview is given of the derivation of the portal frame model of hat sections with 

inclined or vertical webs (web angle 0w s 90°). A more detailed derivation is given in appendix A.I. The 

web crippling deformation is given by the displacement of the points A and B with respect to the supports 

(figure 3.1). Note that in this model the top flange comer radius ri:tf is considered to belong to the web and 

hence contributes to the web crippling deformations. The displacement of A (which equals the displacement 

of B due to symmetry) can be calculated by using Castigliano's law. This law points out that the displacement 

of any point j in the direction of a concentrated force Fj at point j can be calculated by differentiating the 

external work (which equals the internal work) with respect to this force Fj. The general format of this law is 

given by 

aw -=w aF 1 
J 

where the internal work of a beam with a length l equals 

I 
1 N 2 V2 T 2 M 2 

W= --j(-+TJ ·-+--+-)dx 
2 0 E4 GA Glwr Ely 

(3.1) 

(3.2) 

In the portal frame model shear deformations are not taken into account and torsion does not to take place 

due to symmetry. Therefore, in equation 3.2 these terms may be omitted. 

In a portal frame that is divided in n different beams with a certain length l, the displacement of j can thus be 

calculated as 

/. 

an lf'N2 M 2 
w.=- :E -· <-+-)m 1 aF,. i= 1 2 0 E4 El 

(3.3) 
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The statical system of the portal frame in case of hat sections is given in figure 3.2. 

The end of the unloaded flanges of a hat section can rotate and translate freely. In case of hat sections, the 

horizontal support (that is required for equilibrium) is applied at the connection between the web and the 

unloaded flange (at the same place as the vertical support). According to the model the unloaded flange does 

thus not influence the stress distribution in the frame. In reality, that is, in the three-dimensional situation, the 

unloaded flange of a hat section only resists the overall bending moment over the length of the member 

(together with the loaded flange). Hence this model seems to be an acceptable two-dimensional approach. 

Figure 3.2: 
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Statical system of the portal frame model of hat sections 

To calculate the web crippling deformation !::i.hw;2D, that is, the vertical displacement of point A, wA, it is 

necessary to calculate the reaction forces at the supports first. Due to symmetry the vertical reaction forces at 

C and D equal 1/2F. The portal frame is one-fold statically undetermined and the horizontal reaction forces at 

C and D, Rh, can be derived with Castigliano's law, using the condition 

(3.4) 

in which ui represents the horizontal displacement of point i. 

Using equation 3.2 the internal work of the portal frame can be specified as 

b 

f
w (R ·cos8 + 1/2 ·F-sin8 )2 (R ·x·sin8 -1/2 ·F-x·cos8 ' 2 

W= [ h w w + h w w' ] dx 

0 
E4 EI 
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in which 

A=dx-t 

and 

dx·t 3 
I=--

12 

r,,r·sinO., 2 b . O b 2 · R (1/2·Fx-R · ·sm +1/2·F ·cos0) 
+ J [_!:_+ b w w w w ]Ill 

o E4 EI 

1/2 · b,r- r,,f·sinO., 2 • . 2 
· R (1/2·Fb ·cos0 -R ·b ·sm0 +1/2·Fr .. ·sm0 ) 

+ J [-h + W W b W W 1,tf W ] (ll 

0 
E4 EI 

Combining equations 3.1 and 3.4, the reaction force Rh can be calculated by solving 

aw -=u =0 
BR D 

h 

If the deformations due to axial forces are ignored (appendix A.I), Rh becomes 

(3.5) 

(3.6) 

(3.7) 

Strictly spoken, this approach is not reliable for members where 0w has a magnitude around 0, but in that 

case the sections can't be thought of as hat sections anymore. Since it is defmed that 

~ = w = 6.h ·2D 
BI/2·F A w' 

in which 6./zw ;2D represents the (two-dimensional) web crippling deformation of a slice dx, the web crippling 

deformation can be derived by differentiating equation 3.5 with respect to the applied force at A, which gives 

Ah bw·sin0w . F 3 b b2 29 
L.l ·2D= --- ·[2 ·R ·cos0 + Fsm0 ] + - ·[ 1/3 ·b ·coslJ + 1/2 · · ·cos ] w• E4 b w wEI w w tfw w 
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(3.8) 

The web crippling stiffness is defined to be 

(3.9) 

After substitution of equation 3.7 into equation 3.8 and applying equation 3.9, the reciproke two-dimensional 

web crippling stiffness can be specified as 

(3.10) 

For hat sections with vertical webs (0w ""90°) equation 3.10 can be reduced to 

(3.11) 

Equations 3.10 and 3.11 show that the web crippling stiffness is determined by bending deformations and 

deformations due to axial forces. Note that the bending deformations are independent of the magnitude of 0w. 

The deformations due to axial forces in both equations 3.10 and 3.11 are relatively small compared to the 

bending deformations. In fact, they appear to be negligibly small, particularly in case of hat sections with 

rather large corner radii (about 10 mm). From an investigation of the influence of the web crippling deforma

tions due to axial forces (appendix A.4) it becomes clear that this influence mainly depends on the magni

tude of the corner radii and the wall thickness. Apparently, the web crippling deformations due to axial forces 

may be neglected if r;,tf > 2 mm and t < 2 mm. 

3.4 Derivation of the portal frame model of first generation deck panels 

First generation deck panels are assumed to be loaded by a concentrated load over the whole width of the 

panel and to have hinged supports over the whole width of the panel. 

This corresponds with the schematisation of figure 1.4 in section 1.1. Since first generation deck panels are 

uniformly loaded over their width, they can be thought of as a composition of hat sections tied together at the 

unloaded flange (figure 3.3). This is an important assumption in the derivation of the web crippling stiffness 

for first generation deck panels. 
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Figure 3.3: Schematisation of a first generation deck panel as a series of hat sections 

Each of these hat sections will show the same physical web crippling behaviour, because they are loaded 

similarly. An exception has to be made for the two outer hat sections that are not tied together at their outer 

unloaded flange, resulting in a slightly different web crippling behaviour. However, this different behaviour is 

not expected to have a significant influence on the overall behaviour of the panel. Therefore, the calculation 

of the web crippling stiffness of a first generation deck panel can be reduced to the calculation of a hat 

section. Since the hat sections are tied together at the unloaded flanges, the rotations and displacements of the 

ends of the unloaded flanges have to be compatible. Due to the fact that each hat section deforms symmetri

cally, the ends of the unloaded flanges will show opposite rotations and horizontal displacements. Hence, the 

rotation <p E and the horizontal displacement uE of the end of the unloaded flange need to be zero. This may 

be schematized by a fixed end which can displace vertically (figure 3.4). 

Figure 3.4: 
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Statical system of the portal frame model of first generation deck panels 
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The bending moment ME and the horizontal reaction force RE maintain the continuity of the deck panel. 

Except the application of the supports in the statical system, the other assumptions which are made in the 

derivation of the model of hat sections remain valid. 

The portal frame of figure 3.4 is twofold statically undetermined and the determination of RE and ME can be 

established by using Castigliano's law (equation 3.1), whereafter the web crippling deformation can be 

calculated with the same law. 

In this model shear deformations are not taken into account and torsion does not take place due to symmetry. 

Using equation 3.2 the internal work of the portal frame of figure 3.4 can be specified as 

r,.,,-sint1., R 2 (l/2·Fx-R ·b ·sin8 +1/2·Fb ·cos8 +M )2 
+ f [~+ E w w w w E ]tn 

0 
E4 EI 

(3.12) 

RE and ME can be found by solving the equations 

(3.13a) 

and 

(3.13b) 

After proper substitutions (appendix A.2) it follows that 

(3.14a) 

and 

(3.14b) 

Now, the web crippling deformation (i.e. the displacement of point A with respect to the supports) can be 

calculated by differentiating equation 3.12 (the internal work) with respect to the applied force at A, which 
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results in 

b ·sin0 . F 3 2 
flh ·2D= w w·(2·R ·cos0 +P.sm0 )+-·(1/3·b ·cos 0) W' E4 E w WEI w w 

(3.15) 

Using equation 3.10 and substituting equations 3.14a and 3.14b into equation 3.15 gives 

__ 1_ = bb/bw·(3 ·b,/2 · bw) + 3 ·ri;t/Sin0 w·cos0 w·(bbf+ bw) ·(b1F ri;t/Sin0 w)+ b;, ·(2 · b,/ bw) 

kt:,.h -W E4·(bb/(3·btf+2·bw)+bw·(2·btf+bw)) 
•" 

(3.16) 

Equation 3.16 shows that the web crippling stiffness is determined by bending deformations and deformations 

due to axial forces. Note that the bending deformations are independent of the magnitude of 0w (as with hat 

sections). 

The deformations due to axial forces in equation 3.16 are relatively small compared to the bending deforma

tions. In fact, they appear to be negligibly small, particularly in case of hat sections with rather large corner 

radii (about 10 mm). From the investigation of the web crippling deformations due to axial forces (appendix 

A.5) it becomes clear that this influence mainly depends on the magnitude of the corner radii and the wall 

thickness. The deformations due to axial forces may be neglected if ri,tf > 2 mm and t < 2 mm. 

3.5 Influence of the rounding of the top flange comers 

In the derived model the top flange comer radii are taken into account by means of an eccentric application 

of the loads. However, in describing the geometry of the cross-section the rounding of the top flange corners 

is ignored, as can be seen in figure 3.1. In this section the influence of this geometrical simplification on the 

web crippling stiffness will be analyzed. Only hat sections will be considered, since it is assumed that the 

influence in first generation deck panels will not differ much from that in hat sections. If the rounding of the 
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top flange comers is taken into account a different and more complicate approximation of the web crippling 

stiffness will be obtained. This is caused by a different transmission of the concentrated load at the curved 

transitions compared to the linear schematisation of figure 3.1. 

The influence of the rounding of the comers is only investigated for hat sections with vertical webs (0w =90°). 

For members having inclined webs the horizontal reaction force Rh will be larger, which may imply a larger 

influence of the rounding of the comers on the resulting web crippling stiffness. However, for rather regular 

members (0w~45°) this influence is only slightly larger. Hence, if the influence appears to be negligibly small 

for members having vertical webs, this holds also approximately true for members having inclined webs. 

According to the derived model, where the rounding of the comers is ignored, the web crippling stiffness of 

is given by 

(3.17) 

If the curved transitions are taken into account, the statical system of hat sections with vertical webs can be 

specified as in figure 3.5. 

btf 

r;:tf r;:tf ,,_____,, ,,_____,, 

1/2F t t 1/2F 

r iif l A B 

C D 

Figure 3.5: Statical system of hat sections, taking the curved transitions into account 

Now, it can be derived (appendix A.3) that 
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(3.18) 

In appendix A.3 the schematisation of the portal frame model is evaluated by comparing this model (i.e. 

equation 3.19) with the above derived model that takes the curved transitions into account. This comparison 

is carried out by varying each parameter that is involved. The deviations appear to be less than 1 % (appendix 

A.3) for rather regular geometrical dimensions and turns out to be significant only in case of members having 

unrealistic dimensions. 

Therefore, it may be concluded that the derived model is a sufficient accurate approximation compared to the 

model where the curved transition is not ignored. 
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Chapter 4: Beam on elastic foundation model 

This chapter describes the extension of the two-dimensional portal frame model to a 

three-dimensional model, using the theory of a beam on an elastic foundation. 

4.1 Introduction 

The portal frame model (as it was presented in chapter 3) can be thought of as a two-dimensional approach 

in determining the web crippling stiffness: over the length of the member only the length of an infinitely 

small slice dx under the load bearing plate is taken into account. Actually, the resulting web crippling 

stiffness can be thought of as the web crippling stiffness of a member with a small length dx. The member is 

assumed to deform uniformly under this slice dx. This two-dimensional approach underestimates the web 

crippling stiffness. The main reason for this underestimation is that in reality the whole length of the member 

Lspan deforms and not only a slice dx of the member under the load bearing plate. Neglecting the member 

outside this slice dx results in an underestimation of the force F that is required to deform the whole member. 

According to equation 3.9 this underestimation of the required force F corresponds with an underestimation 

of the web crippling stiffness and an overestimation of the web crippling deformations. 

Taking the influence of web crippling deformations over the length of the member into account, a better 

three-dimensional approximation of the web crippling stiffness can be established. Hence, the need for an 

extension from the two-dimensional portal frame model to a three-dimensional model seems clear. 

The influence of web crippling deformations over the length of the member can be modelled in several ways. 

Probably the simplest extension to a three-dimensional model is established by assuming that the member 

deforms uniformly over the length of the load bearing plate and does not have any web crippling deforma

tions beside the load bearing plate. This so-called 'uniform web crippling deformation' approach is treated in 

section 4.2. 

A more complicated extension may be derived if it is taken into account that web crippling results in varying 

deformations over the length of the member. The influence of varying deformations over the length of the 

member may be modelled by means of the theory of a beam on an elastic foundation. According to this 

theory the web of the member is thought of as a continuous elastic support (foundation) of the top flange 

(beam). This approach enables the determination of the resistance of the web as a function of the web 

crippling deformation. In other words, the web holds up the flange over the whole length by means of a 

certain foundation stiffness. The use of the theory of a beam on an elastic foundation was first proposed by 

Bergfelt (1977). Bergfelt has attempted to model the web crippling behaviour of plate girders by considering 

the flange of a plate girder as an elastic beam on an elastic foundation formed by the web. Tsai (1987) 

developed an analytical model to determine the load-deformation behaviour of cold-formed steel members 

subjected to the combined action of a concentrated load and a bending moment. In the model of Tsai it has 

been put forward that the length of the hinge mechanism (figure 2.5) might be approximated using the theory 
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of a beam on an elastic foundation. 

With the use of the theory of a beam on an elastic foundation two extensions to a three-dimensional model 

are derived within this study, namely an 'effective length' approach and a 'full length' approach. For the sake 

of clearness, section 4.3 first summarizes the general theory of a beam on an elastic foundation. A general 

description of the application of this theory in the derivation of the web crippling stiffness of hat sections and 

first generation deck panels that holds true for both the effective length approach and the full length approach 

is given in section 4.4 

In the effective length approach it is proposed to introduce an effective length, where outside the effective 

length area the elastic web crippling deformations are assumed to be negligibly small. The magnitude of the 

effective length has been derive using the theory of a beam on an elastic foundation. The effective length 

approach is treated in section 4.5. 

In the full length approach the variations of the web crippling deformations over the whole length of the 

member are taken into account and described using the theory of a beam on an elastic foundation. The full 

length approach is described in section 4.6. 

Finally, in section 4.7 the full length approach and the effective length approach as an extension from the 

portal frame model to a three-dimensional model are evaluated. 

4.2 Uniform web crippling deformation approach 

From test results of Bakker (1992), Reinsch (1983) and Tsai (1987) it can be concluded that the member 

after the formation of the (plastic) hinge mechanism shows more or less uniform web crippling deformations 

underneath the load bearing plate. It can also be concluded that the web crippling deformations decrease 

beside the load bearing plate to the outer side of the member (figure 1.4). It seems quite reasonable to 

assume that the rather uniform web crippling deformations under the load bearing plate also appear in the 

elastic phase of loading. 

In the uniform web crippling deformation approach (figure 4.1) it is assumed that the member deforms 

uniformly under the load bearing plate. The web crippling deformations beside the load bearing plate are 

neglected. 

Since it is assumed that the member deforms uniformly under the load bearing plate, it is relatively simple to 

extend the portal frame model to the uniform web crippling deformation approach. The two-dimensional web 

crippling stiffness kA/iw-:lD of the portal frame model was derived for a small slice dx under the load bearing 

plate. 
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Figure 4.1: Web crippling deformations in the uniform web crippling deformation approach 

According to the uniform web crippling deformation approach each slice dx under the load bearing plate has 

the same web crippling stiffness and the rest of the member beside the load bearing plate does not contribute 

to the web crippling stiffness. Hence the three-dimensional web crippling stiffness k!lh can be derived by 
w 

multiplying the two-dimensional web crippling stiffness kllhw').D with a factor L1b/dx. Using equation 3.10 this 

gives for hat sections 

Similarly, the web crippling stiffness for first generation deck panels can be specified as 

_1_ = bb/ bw·(3 · b,/2 · bw)+ 3 ·ri;tf·sin0 w·cos0 w·(bbf+ bw) ·(btf-sin0 w ·ri;tf)+ b;, ·(2 · btf+ bw) 

kt.h., E- t· L 1b ·(bb/(3 · btf+ 2 · bw) + bw ·(2 ·btf+ bw)) 

+ sin20 w·rltf·bw·(4 ·sin0w·Ii;ti(btf-bw) + 3 · b,i bw -6·sin20 w•fi71r) 

1/2 ·E·t3 ·L1b ·(bb/(3 ·b,/2 ·bw)+ bw·(2 ·btf+ bw)) 
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These formulae represent a very rough estimation of the web crippling stiffness but nevertheless give some 

insight in how the web crippling stiffness depends on the different parameters. 

In the uniform web crippling deformation approach the web crippling stiffness is still underestimated, which 

can be clarified in two different ways. 

Firstly, the whole length of the member L,pan deforms and not only the part of the member under the load 

bearing plate, as was assumed in the uniform web crippling deformation approach. These deformations beside 

the load bearing plate require some extra work that is needed to establish the same deformations underneath 

the load bearing plate. In other words, a larger load Fis needed to obtain the same web crippling deforma

tions. Hence, the web crippling stiffness is underestimated. 

Secondly, in the uniform web crippling deformation approach the part of the member beside the load bearing 

plate (i.e. the unloaded part) is not taken into account while in reality the unloaded part of the member will 

restrain the loaded part of the member and thus decrease the web crippling deformations. Therefore, the 

uniform web crippling deformation approach underestimates the web crippling stiffness. 

In fact, the uniform web crippling deformation approach is only suitable to members which are uniformly 

deformed over the length of the load bearing plate and not deformed at all beside the load bearing plate. Web 

crippling results in local deformations that vary along the length of the member. These varying deformations 

have a maximum magnitude at the centre of the load bearing plate and decrease to the outer sides of the 

member. Taking the influence of varying deformations over the whole length of the member into account, a 

better three-dimensional approximation can be established. The variation of the web crippling deformations 

over the length the member can be described using the theory of a beam on an elastic foundation. 

4.3 General theory of a beam on an elastic foundation 

The theory of the bending of a beam on an elastic foundation has been developed by Winkler (1867) and 

formed the basis of Zimmermann's classical work on the analysis of the railroad track (1888), in which the 

rails are supported almost along their entire length, by closely spaced sleepers (cross-beams). 

In general, the elastic support is provided by a load-bearing medium, referred to as the foundation, distributed 

continuously along the length of the beam. Though the early investigators thought mainly of soil as the 

supporting medium, it was later found that there are other fields where the conditions of Winkler's assump

tion are much more rigorously satisfied, such as in the construction of floor structures for ships, buildings, 

and bridges and in thin-walled tubes, shells, and domes (Hetenyi, 1946). 

In some of the problems the identity of the beam and the foundation can be easily established, as in the case 

of the railroad track or in the case of actual foundation structures. In other problems however, the concept of 

beam and foundation is of a more abstract nature. For instance in thin walled tubes and shells, the elastic 

foundation for the beam part is supplied by the resilience of the adjoining portions of a continuous elastic 

structure. 
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The theory is characterized by the fact that when the beam is deflected, the continuously distributed reaction 

in the foundation at every point is proportional to the deflection at that point. The reaction is independent of 

reactions or deflections produced elsewhere in the foundation. Such a correlation implies a lack of continuity 

in the supporting medium, just as if it were made up of rows of closely spaced but independent elastic 

springs. Under such conditions the reaction per unit length of the beam can be represented by ky, in which y 

is the deflection and k is a constant usually called the modulus of foundation. This constant denotes the 

reaction per unit length when the deflection is equal to unity. 

Consider an infinitely long prismatic beam supported along its entire length is subjected to a single concen

trated load F, as in figure 4.2. 
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Figure 4.2: Single concentrated load acting on an infinitely long beam 

It can be derived (appendix B.l) that the deflection curve of the right side (x?:0) of the beam is given by the 

function 

y= F-[3 -e-f3"-(cosf3x+sin[3x) 
2·k 

in which 

f3 = ~ k 
4·EI 

and in which k is the foundation stiffness. 

This function with its various derivatives will occur time and again, so that it becomes convenient to 

introduce the following notations 

t;_(f3x) = e-f3:r.(cos{3x+sin{3x) 
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f:i(f3x) = e-fk(cos{3x-sinf3x) (4.3c) 

f,. (f3x) = e-f3x.cosf3x (4.3d) 

With this new notation the solution of the right side of the both way infinite beam subjected to a concentrated 

load F can be expressed as 

F/3 y= - ·f..(/3x) 
2·k 

( 4.4a) 

dv F/3 2 
_,. = --- ·t;(f3x) 
dx k 

(4.4b) 

d 2 F M= -EJ·___z = - ·£,(/3x) 
d_x2 4·/3 3 

(4.4c) 

Equations 4.4 apply only for the right half of the infinite beam; the left half is symmetrical in 4.4a and 4.4c, 

and antisymmetrical in 4.4b. 

The format of the slope (Ji), deflection (ii) and bending-moment (h) diagrams are shown in figure 4.3. Note 

that these diagrams represent the format of the solutions of a beam which is loaded upwards. 

Figure 4.3: 
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Deflection, Slope and bending-moment diagrams of an infinite beam 
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Similarly the solutions of an infinite beam subjected to a bending moment M0 in the origin can be derived. 

The solution of such a beam is given by 

M ·/3 2 
y= _o_ ·fi(/3 ·x) 

k 

d M ·{33 .Jr = _o_ ·f.(/3 ·x) 
dx k 3 

M 
M= - - 0 -f.(/3 ·x) 

2 4 

(4.5a) 

(4.5b) 

(4.5c) 

The general solutions (equations 4.4 and 4.5) can be used for solving problems of infinite beams loaded with 

more than one force by superposing the various individual solutions (Hetenyi,1946). 

The bending of a beam of finite length on an elastic foundation can also be investigated using equations 4.4 

and 4.5 together with the method of superposition. The required solution can then most easily be obtained by 

superposing the solutions of several infinite beams, that form together the (statical system) of the finite beam. 

4.4 Beam on elastic foundation theory in the determination of the web crippling stiffness 

In this section the general extension from the portal frame model to a three-dimensional model using the 

theory of a beam on an elastic foundation is described. Eventually, the extension results in two different 

approaches, namely the effective length approach and the full length approach. However, they are both based 

on the same principles, that are treated in this section. 

To idealize the member to a beam on an elastic foundation, the cross section of the member is divided into a 

beam and an elastic foundation. The top flange and a part of the web abw constitutes the beam, while the 

elastic foundation consists of the web (figure 4.4). 

Figure 4.4: Idealization of the member to a beam on an elastic foundation 
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The major reason for this division into a beam and a supporting elastic foundation is the thought that part of 

the web continuously supports the top flange. The deflection curve of the theory of a beam on an elastic 

foundation describes the variations of the web crippling deformations over the length of the member and will 

be used in both the effective length approach and the full length approach. 

According to equations 4.2 the deflection curve contains two parameters that have to be clarified. 

Firstly, in the theory of a beam on an elastic foundation the resistance of the elastic foundation (i.e. the web) 

against the beam (top flange and part of the web) is characterized by the foundation stiffness k. In the 

extension to a three-dimensional model the two-dimensional web crippling stiffness of the portal frame model 

kM.,;l.D can be thought of as the resistance of the web against deformations of the top flange per slice dx. In 

the extension from the portal frame model to the three-dimensional model the foundation stiffness k is 

approximated by the two-dimensional web crippling stiffness of the portal frame model per unit length. Note 

that this is an important step in the extension from the portal frame model to a three-dimensional model. 

Secondly, the flexural rigidity of the beam in the beam on elastic foundation theory is determined by its 

idealization (figure 4.4). The beam is idealized to consist of the top flange and a part of the web. The 

influence of the rounding of the top flange comers on the moment of inertia of the cross section of the beam 

(and thus the flexural rigidity) is neglected in the same way as it was neglected in the portal frame model 

(section 3.2). This neglect can be justified by a comparison of three different schematisations of the corner 

radii (figure 4.5) in case of a member with vertical webs. 

b,r 

_ _I__ - - - - - - - --- - - - _l __ _l 
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Ti;tf 

abw-T;~f 

b,r 

b 
Figure 4.5: Schematisations of top corner radii 

b,r 
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Schematisation c in figure 4.5 is conform reality. The largest differences between the moments of inertia of 

the schematisations a, b and c are found for members with narrow top flanges, large top flange comer radii 

and small values for a. For example, a member with vertical webs, r;;tf = 10 mm, btf = 20 mm, bw = 50 mm 

and a.=0.2, will be relatively sensitive for the kind of schematisation that is applied. The moments of inertia 

of this member for each schematisation are given in table 4.1. 

Table 4.1: Moment of inertia for different schematisations 

Schema tisation a b C 

Moment of inertia (mm4
) 318 214 298 
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From table 4.1 it becomes clear that schematisation a fits better to reality than schematisation b. Furthermore, 

the differences between schematisation a and c can be thought of as negligible as far as the accuracy 

purposes of this study are concerned. For rather regular members (ri;tf < < btf) the difference between schema

tisation a and c will be even smaller. Hence, the beam can be schematized as in figure 4.6, thus not taking 

the rounding of the top flange corners into account. 

2 

Figure 4.6: Idealization of the cross section of a beam on an elastic foundation 

From figure 4.6 it can be derived (appendix B.3) that the flexural rigidity of the beam is given by 

b ·t3 a2 ·b2+ t2 
EI=E·[-1f-+t-<x·b ·[ w 

12 • 12 

cos28 ·(a2·b 2-t2) t·a·b ·sin28 
w w + w w] 

12 2 

(4.6) 

Apparently, the magnitude of a highly influences the flexural rigidity of the beam, and thus the resulting web 

crippling stiffness. There is no clear physical ground on which the magnitude of a might be based. Tsai 

(1987) proposed to use a =ri:tflbw in approximating the length of the plastic hinge mechanism. 

The reader should note that a can serve as an empirical correction parameter in determining a proper 

prediction formula for the web crippling stiffness. Furthermore, using a as an empirical correction parameter 

is the most reasonable possibility to establish a reliable magnitude of a and simultaneously a reliable web 

crippling stiffness model. 

In this research project a has been determined by fitting the model to results from finite element simulations. 

The finite element simulations as well as the determination of a are treated in chapter 6. 

From the general theory of an infinite beam on an elastic foundation subjected to a concentrated load F, it is 

possible to derive the solutions (deflection, slope and bending moment diagrams) of any other finite beam 

using the method of superposition. 

In the determination of the web crippling stiffness the member will be idealized to a beam on an elastic 

foundation and the web crippling stiffness might be derived using the established deflection curve of the 

member. 

The difference between hat sections and first generation deck panels lies mainly in the fact that the bottom 

flange can rotate freely in case of hat sections and cannot rotate at all in case of first generation deck panels. 
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This difference has already resulted in different two-dimensional portal frame models (chapter 3) and will not 

be of any influence using the theory of a beam on an elastic foundation. Hence, in both the effective length 

approach and the full length approach only one model will be established which is valid for both hat sections 

and first generation deck panels. However, note that the resulting model implies the use of two different two

dimensional portal frame models for hat sections and first generation deck panels, that is, the use of two 

different formulae to determine the foundation stiffness k. 

Due to the deflection over the length of the member under the load bearing plate, only two contact points in 

the length of the member will remain after loading. It is therefore reasonable to idealize the load bearing 

plate to two concentrated forces in the same way as it has been done in the portal frame model. The resulting 

schematisation is given in figure 4.7. 

-Lib 

1/2F I I 1/2F 
G M yOy. M H 

* * * * * * * * * * 
Figure 4.7: Schematisation of a member to a finite beam on an elastic foundation 

The deflection curve of the beam of figure 4.7 can be obtained by superposing the solutions of several 

infinite beams, that form together the (statical system) of the finite beam. 

This deflection curve represents the web crippling deformation variations of the member. The web crippling 

deformation within the beam on elastic foundation model llhw;mod,I is defined to be the deflection of the beam 

at points M. The reader should note that the so calculated web crippling deformation llhw;mod,I differs slightly 

from the web crippling deformation llhw,,,sr, measured in the experimental tests by Bakker (1989), being a 

subtraction of the displacement of the load bearing plate and the maximum deflection of the member. This 

difference is shown in figure 4.8. 

~~- 1
/l}i,. ;test 

Figure 4.8: Different definitions of web crippling deformations 
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According to figure 4.8 the difference between the two definitions lies in the fact that ll hw;mod<1 does not take 

the deflection of the member under the load bearing plate into account, where llhw;usr does take this extra 

deflection of the member into account. The choice to use a web crippling deformation definition in the beam 

on elastic foundation model that differs from the measured web crippling deformations in experimental tests 

has two major reasons. 

Firstly, it is almost impossible to use a web crippling deformation definition in the beam on elastic founda

tion model that corresponds completely to the measured web crippling deformation in experimental tests. For 

llhw;mod,I being the deflection of the beam at points M, the difference is pointed out in figure 4.8. If llhw;mod<l 

was defined to be the maximum deflection at the centre of the member (point O in figure 4.7), the definition 

should neither correspond completely to the measured deformations: llhw;tm does not exactly equal the web 

crippling deformation at the centre of the member because it does not take the downward curling of the top 

flange underneath the load bearing plate into account. From figure 4.8 it may be concluded that llhw;us, does 

not represent the web crippling deformation at one point of the member and can thus not correspond com

pletely to a web crippling deformation that is defined (and measured) that way. 

Secondly, the web crippling deformation definition that is used in the model of Bakker (1992) corresponds 

completely to llhw;mod<l. Eventually, the beam on elastic foundation model is developed to establish an 

analytical model for the web crippling stiffness that can be used in collaboration with the model of Bakker in 

order to predict the mechanism initiation load. In the development of the beam on elastic foundation model it 

is obvious to make use of the same web crippling deformation definition as was applied in Bakker's model. 

For the reasons mentioned above the web crippling stiffness llhw;mod,1is used within the beam on elastic 

foundation model. 

4.5 Effective length approach 

It has become clear that the magnitude of the elastic web crippling deformations diminishes from the centre 

of the member towards the supported ends and may even be negligible near these ends. The effective length 

approach is characterized by the introduction of an effective length L,1 , where outside the elastic web 

crippling deformations are assumed to be negligibly small (figure 4.9). Within the effective length, a certain 

variation of the web crippling deformations is assumed. 

loaded cross-section 

Figure 4.9: Elastic web crippling deformations in the effective length approach 
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The effective length is determined using the theory of a beam on an elastic foundation. From the deflection 

curve of a beam loaded by two concentrated forces 1/2,F as shown in figure 4.7, the effective length is 

chosen rather arbitrary. For example, the effective length can be defined to be the distance between the two 

points at the left and right side of the beam where the second derivative of the deflection curve equals zero, 

in which these points thus represent two hinges where the acting bending moment on the beam equals zero. 

The magnitude of the effective length is mainly influenced by the flexural rigidity of the beam and the 

foundation stiffness. The latter is specified as the web crippling stiffness of the portal frame model of a portal 

frame with a width that equals unity, as mentioned in section 4.4. The flexural rigidity is also determined 

conform section 4.4 

Since the derivation of a deflection curve for the finite beam as shown in figure 4.7 is highly complicated, 

the effective length is determined using a simpler approximation of the statical system of the member. A 

reasonable good approximation of the effective length can be established using the deflection curve of an 

infinite beam loaded by two concentrated forces 1/2F, pointed out in figure 4.10. 

-Lib 

1/2F I . I 1/2F 
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Figure 4.10: Schematisation of the member to an infinite beam, as used in the effective length approach 

This approximation becomes more accurate with an increasing length of the member and is used in the 

determination of the effective length. 

Using equation 4.4a together with the method of superposition, the deflection curve of the beam of figure 

4.10 is given by 

x> 1/2 ·L1b (4.7) 

in which the origin is situated at point O in figure 4.10. Equation 4.7 applies only for the right half of the 

infinite beam beside the load bearing plate; the left half of the beam is symmetrical in 4. 7 and the deflection 

curve under the load bearing plate is of no importance here. The effective length is chosen as the distance 

between the two closest points at the left and right side of the beam outside the load bearing plate where the 

second derivative of the deflection curve equals zero, or 

d2y P./33 ·dx 
-=---'---·[L(/3·(x-1/2·L ))+L(/3·(x+l/2·L ))]=0 
dx2 2 · k 3 lb 3 lb 

~hw;2D 

(4.8) 
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From equation 4.8 it can be derived that 

7T" n·7r 
x = -- + -- + 1/2 · Lib 

4-~ ~ 
n= 0,1,2, ... (4.9) 

under the condition that 

a= 0,1,2, ... 

The more L1b deviates from a ·1r I~ the less accurate the approximation of the effective length (according to 

its definition) will be. However, note that the definition of the effective length was already rather arbitrary, 

resulting in only a rough estimation of the effective length, which undermines the importance of the above 

mentioned condition. Hereby, this condition is assumed to hold true, regardless of the length of the load 

bearing plate and the magnitude of p. The closest point to the origin at the right side of the beam where the 

second derivative of the deflection curve equals zero is given by equation 4.9 for n=O and equals the distance 

to the origin of the closest point at the left side of the beam where the second derivative equals zero, due to 

symmetry. Hence, the effective length can be specified as 

(4.10) 

Once the effective length is known, the varying elastic web crippling deformations within this effective length 

can be calculated. For that purpose the member is divided into infinitely small elements dx. The web 

crippling deformation of such an infinitely small part d.x under the load bearing plate is approximated using 

the portal frame model. Assuming a certain variation of the web crippling deformations over the effective 

length, the concentrated load that causes these deformations can be calculated for each element dx. Summa

rizing these concentrated loads results in the total concentrated load F which corresponds with the web 

crippling deformation under the load bearing plate. Hence, a web crippling stiffness is obtained in which the 

varying web crippling deformations over the effective length are ta.ken into account. Probably the most simple 

variation of the web crippling deformations over the effective length is given in figure 4.11. 

L,r 
Or----~---~--------~r----,-----

Figure 4.11: Variation of web crippling deformations over uf 

43 



Beam on elastic foundation model 

Assuming the variation of web crippling deformations of figure 4.11 and using equation 4.10, the resulting 

web crippling stiffness can be specified as 

(4.11) 

in which kAhw-;l.D is defined to be the web crippling stiffness of the portal frame model for a portal frame with 

a width that equals dx. The flexural rigidity EI in formula 4.11 is defined to be the flexural rigidity of the 

beam, which consists of the top flange and a part of the web a ·bw (section 4.4). Evidently, it is also possible 

to use more complicated descriptions of variations of the web crippling deformations over the effective 

length. However, this corresponds with highly complicated solutions for the web crippling stiffness and will 

not further be treated here. 

4.6 Full length approach 

In the full length approach the variation of the web crippling deformations over the whole length of the 

member is taken into account. It is assumed that the variation of web crippling deformations over the length 

of the member can be described properly by the deflection curve according to the beam on elastic foundation 

theory. The deflection curve is based on the schematisation of the member to a finite beam with hinged ends 

confirm figure 4.12a. This schematisation implies that the web crippling deformations at the ends of the beam 

do not necessarily equal zero nor do the rotations. The bending moment at both ends however, needs to equal 

zero due to the hinged schematisation. Since it is assumed that the variation of web crippling deformations 

over the length of the member can be approximated by the deflection curve of the beam of figure 4.12a, the 

web crippling stiffness is given by the quotient of F and the deflection of the beam at point M, as mentioned 

in section 4.4. In the full length approach the need to derive the whole deflection curve (as in the effective 

length approach) is avoided this way, because an expression for the deflection at M satisfies the solution. 

The deflection curve of the beam in figure 4.12a might be established by superposing the solutions for the 

two kinds of loading of an infinitely beam shown in figure 4.12b and c. In figure 4.12b the two forces 1/2,F 

are acting on an infinitely long beam; MG, M8 denote the bending moments at points G and Hof the 

infinitely long beam in figure 4.12b. In figure 4.12c the infinitely long beam is loaded by bending moments 

M0 , applied outside the portion GH of the beam, but infinitely close to points G and H which correspond to 

the hinged ends of the given beam in figure 4.12a. 
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Figure 4.12: The finite beam (a) as a superposition of infinite beams (band c) 

It is easy to see that by a proper selection of the bending moment M0, the bending moment at the cross 

sections G and Hof the resulting infinite beam from superposition of figure 4.12b and c can be made equal 

to zero. Then the middle portion of the infinite beam will evidently be in the same condition as the finite 

beam represented in figure 4.12a, and all necessary information regarding bending of the latter beam will be 

obtained by superposing the cases shown in figure 4.12b and c. 

Due to symmetry Mc equals MH. Hence M0 must produce -Mc at points G and H on the infinite beam. That 

is, by equations 4.4 and 4.5, and by superposition of M0 

Mo - ·(1 +f,,ffLL )) = -M 
2 411' span G (4.12) 

The bending moment Mc of the infinite beam of figure 4.5b can be obtained using equations 4.4 together 

with the method of superposition, resulting in 

(4.13) 

Now, the deflection curve of the actual finite beam (figure 4.12a) can be obtained by superposing the 

deflection curves of the infinite beams of figures 4.12b and c. Moreover, the deflection of the member at 

point M can be established by superposition of the deflections of the infinite beams of figure 4.llb and c at 

point M. 

The deflection of the infinite beam of figure 4.12b at point M, YM:b can be calculated by superposing the 

deflections due to the concentrated forces 1/2,F using equation 4.4a, and is given by 
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The deflection of the infinite beam of figure 4.12c at point M, YM;c can be calculated by superposing the 

deflections due to the bending moments M0 using equations 4.5a, and is given by 

(4.14) 

(4.15) 

As mentioned above, the deflection of point M of the actual finite beam of figure 4.12a, YM is given by 

superposition of the deflections of point M of the infinite beams of figure 4.12b and c, YM;b and YM;c- That is 

by equations 4.14 and 4.15, 

(4.16) 

If equations 4.12 and 4.13 are substituted into equation 4.16, the web crippling stiffness can be specified. 

However, note that the resulting formulae describing the web crippling stiffness becomes rather complex. 

According to Hetenyi (1946) it is possible to classify beams into three groups, depending on the PLspan value: 

1. Short beams: PLspan < rt/4; 

2. Beams of medium length: rt/4 < PLspan < rt; 

3. Long beams: PLspan > Tt • 

This classification is made from a practical point of view, since it offers the possibility of using approxima

tions and of neglecting certain quantities in particular instances. 

The cold-formed hat sections and first generation deck panels which are used in practice, will all belong to 

the category 'long beams'. Furthermore most of the hat sections on which web crippling tests have been 

carried out by Bakker (1992) belong to this category, although these were relatively short members. 

For the sake of clearness it is assumed in this research project that all hat sections and first generation deck 

panels belong to the category 'long beams'. The reader should note that the approximations that are made as a 

result of this assumption are not valid for short beams and beams of medium length. 

Long beams have a PL,pan value such that the counter effect which the end-conditioning forces have on each 

other is a diminishing one. When investigating one end of the beam, it may be assumed that the other end is 

infinitely far away. In other words, PLspan is so large thatJ; (PLspan) can be taken zero in all formulae, which 

greatly simplifies the computations. 

Considering this and substituting equation 4.12 into 4.16, the deflection of the actual finite beam (figure 

4.lla) can be expressed as 
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Substitution of equation 4.13 into equation 4.17 results in 

After several simplifications and goniometric substitutions (appendix B.2) the web crippling stiffness, which 

is defined to be F/yM, can be specified as 

4 k 
1024 · EI·( M.,·:lD) 3 

k =-----~-----fil ______ _ 
t).h

"' 1 + J;(!3 ·L
1
b)-1/2 ·J;(j3 ·(Lspan-L

1
b))+ 1/2 ·e-/3 (L.pan-L,6) 

(4.19) 

From equation 4.19 it can be seen that the web crippling stiffness in the beam on elastic foundation model is 

determined by the span length of the beam, the length of the load bearing plate, the flexural rigidity of the 

beam and the foundation stiffness (i.e. the two-dimensional web crippling stiffness of the portal frame 

model). 

4. 7 Evaluation of the effective length approach and the full length approach 

The effective length approach can be thought of as an approximation of the full length approach. The full 

length approach takes web crippling deformations over the whole length of the member into account, based 

on the assumption that the variation of web crippling deformations over the length can be described reason

ably well with the beam on elastic foundation theory. The effective length approach takes web crippling 

deformations over an effective length into account, where outside the web crippling deformations are 

neglected. Furthermore, the variation of the web crippling deformations over the effective length is taken 

rather simple (linear), compared to the full length approach. It can be concluded that the effective length 

approach is more simple but less well-founded than the full length approach. 

It is striking that the empirical correction parameter a has a larger influence on the web crippling stiffness of 

the full length approach than it has on the web crippling stiffness of the effective length approach. For 

instance, consider a member with vertical webs, L,pan =290, L,b =50, bt/=60, bw =50, ri;bf=I, r;,tf=lO and t=0.68. 

The web crippling stiffnesses according to the effective length approach and the full length approach are 

given in table 4.2 for varying values of a, as well as the corresponding experimental test, carried out by 

Bakker (1989). 

Both approaches make use of the portal frame model in the approximation of the foundation stiffness in the 

beam on elastic foundation model. Furthermore, the approaches both use the same format with which the 

flexural rigidity of the beam on elastic foundation model is determined. 
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Table 4.2: Web crippling stiffness of the full length versus the effective length approach 

cx=0.2 cx=0.5 cx=l.O 

Full length approach 1536 2418 3617 

Effective length approach 649 1169 1551 

Experimental test (Bakker) 1960 

In this research project the full length approach is thought to be preferable mainly because this approach is 

assumed to be a better physical approximation of reality. Henceforward, the full length approach is denoted to 

as the beam on elastic foundation model throughout this report. However, it is not ruled out that a proper 

selection of the deformation pattern over the effective length in the effective length approach leads to more 

reliable results compared to the linear deformation pattern as it is assumed in section 4.5. 
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Chapter 5: Energy model 

The elastic web crippling behaviour of thin-walled cold--formed steel members can be analyzed 

using the principle of stationary total potential energy. The derivation of the resulting 

model, that is denoted as 'energy model', is treated here. 

5.1 Introduction 

From section 4.6 it is clear that the beam on elastic foundation model (i.e. the full length approach in the 

extension of the portal frame model) is rather complicated. Although it is based on clear physical grounds 

and might be able to produce reliable predictions of the web crippling stiffness (due to the empirical 

correction factor a), calculating the web crippling stiffness is cumbersome. With the beam on elastic 

foundation model the object of this study, the development of an analytical web crippling stiffness model, has 

probably (the reliability of the model is not clear yet) been satisfied. However, the final aim of this study is a 

practical prediction method of the mechanism initiation load, which combines Bakker's model and an elastic 

web crippling stiffness model (figure 1.5) because it might be a reasonable approach to develop design 

formulae based on the prediction of the mechanism initiation load (Bakker, 1992). The underlying models of 

these design formulae need to be as simple as possible in order to establish practical prediction formulae. A 

completely different approach in the derivation of a web crippling stiffness model might result in a more 

simple model and is thus worth trying. Even if the new model appears to be as complicated as the beam on 

elastic foundation model (or even more complicated) it still can be useful validating the two models against 

each other and against the parameter study, whereafter the most reliable model can be chosen as the suitable 

candidate for the web crippling stiffness model. Therefore, a different model is developed in this chapter, 

based on the principle of stationary total potential energy. 

Basically, this principle asserts that of all the geometrically possible configurations which a mechanical 

system can take up, the true one, corresponding to the equilibrium between the applied loads and the induced 

reactions, is identified by a stationary value for the total potential energy (Richards, 1977). The application of 

this extremum principle points the way towards establishing an energy functional. Substituting assumed 

deformation functions in the energy functional, involving adjustable parameters, the stationary conditions are 

determined with respect to these parameters. It is assumed that the geometrical configuration which the 

member takes up is identified by these stationary conditions. This principle provides a direct method for 

obtaining approximate solutions to the web crippling stiffness. In this connection the Rayleigh-Ritz method is 

used in the energy model. Applying the Rayleigh-Ritz method implies the use of kinematic admissible trial 

functions that approximately describe the displacement solutions of the mechanical system. 

Using the principle of stationary total potential energy in combination with the Rayleigh-Ritz method in the 

derivation of the web crippling stiffness of hat sections and first generation deck panels, several appropriate 

trial functions can be used. They each result in a different energy functional and consequently in different 
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solutions for the web crippling stiffness. 

For sake of clarity, first the principle of stationary total potential energy is briefly swnmarized in section 5.2 

whereafter the Rayleigh-Ritz method is described in section 5.3. Section 5.4 describes the general assump

tions that are made within the energy model. The derivation of the energy model , which is based upon the 

principle of stationary total potential energy and the Rayleigh-Ritz method, is treated in section 5.5. In this 

section several descriptions of displacement solutions and their resulting web crippling stiffnesses are 

swnmarized. Finally, an evaluation of these different solutions for the web crippling stiffness is given in 

section 5.6. 

5.2 Principle of statiooory total potential energy 

The principle of stationary total potential energy, which applies only to elastic bodies, is developed from the 

method of virtual work. Elastic bodies are those which recover their original shape completely when 

disturbing forces are removed. In a complete loading-unloading cycle, the internal forces produce zero net 

work since the equilibrium configuration thereby follows a closed path: such forces satisfy the law of 

conservation of energy and consequently are said to be conservative. They have a potential energy of strain 

or strain energy. The total potential energy of a fully conservative system can be written as 

V= U+O (5.1) 

Here, U is the strain energy stored in the system due to internal forces and Q is the potential energy of the 

external loads. 

The method of virtual work is the means by which the true equilibrium configuration of a mechanical system 

is identified. It states that a mechanical system is in its equilibrium configuration if the virtual work of all the 

forces acting on it will be zero for a virtual displacement. When the system contains deformable members, 

the method of virtual work is given by 

(5.2) 

in which o Wm, is the virtual work of internal forces and o W ur is the virtual work of external forces. If any 

deformable bodies are elastic, linear or not, so that Hooke's law or some more complicated load-deformation 

law is appropriate, the internal forces will have a potential energy and equation 5.2 takes the form 

(5.3) 

This is the form in which the method of virtual work is frequently quoted in literature on structural analysis. 
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If the external forces are conservative, it holds that 

(5.4) 

and the method of virtual work takes the form 

8V=8(U+O) =0 (5.5) 

Equation 5.5 is an analytical statement of the principle of stationary total potential energy. The principle 

asserts that of all the geometrically possible configurations which a mechanical system can take up, the true 

one, corresponding to the equilibrium between the applied loads and the induced reactions, is identified by a 

stationary value for the total potential energy (Richards, 1977). 

Bodies bounded by flat surfaces whose lateral dimensions are large compared to the separation between these 

surfaces are called plates. Considering this, a hat section or a first generation deck panel can be thought of as 

a series of steel plates that are rigidly connected to each other and obey Hooke's law. 

For thin plates it is reasonable to assume that the hypothesis of Bernoulli holds. According to this hypothesis 

lines normal to the midsurface in the undeformed geometry are assumed to remain normal to this surface in 

the deformed geometry. Such a simplification entails the inclusion of hidden constraints in the plate and the 

equations of equilibrium resulting from the variation process applied to the total potential energy are 

accordingly those for a stiffer system than the actual case (Shames & Dym, 1985). The reader should be 

aware of the fact that, hereby, the energy model will also correspond to a stiffer member than the actual case. 

Consider the plate of figure 5.1 with a thickness t, where the xy coordinate plane corresponds to the midplane 

or middle surface in the undeformed geometry. 

X, u, 

Region R 

y, v, tl 

z, w z,w 

Figure 5.1: Plate of arbitrair shape 

The strain energy U of the plate in figure 5.1 for linear elastic behaviour is found by evaluating the integral 

1/2 

U= l-Jf f a .. ·e--dzdxdv 2 1J !I ._, 
R -1/2 

(5.6) 

51 



Ener model 

In case of a plate it is reasonable to assume that au = 0 , despite the fact that the application of transverse 

loading q(x,y) on the surface z = - t/2 leads to a nonzero stress au, and also in spite of the fact that the 

assumed displacement field with Eu = 0 is not a case of plane stress (the strain Eu is assumed to be 

negligibly small with respect to the rest of the strains, just as in the derivation of the classical theory of plates 

(Shames & Dym, 1985)). Hence, the state of plane stress is employed in evaluating the above expression. 

From Hooke's law it can be derived that 

a = _!i_ .(E +µ ·E ) 
xxl 2= yy -µ 

(5.7a) 

E a = --·(E +µ·E ) 
yy 1-µ2 yy = (5.7b) 

E·E 
a = ~ 

.,y (1 +µ) 
(5.7c) 

in which µ is Poisson's ratio. Substituting equations 5.7 into 5.6 results in 

({2 

U= E ·ff fce2 +2·µ·E ·E +E2 +2·(1-µ)·E 2 ]dzdxdy 
2 ·(1 - 2 ) = = yy yy .,y µ R -tf2 

(5.8) 

The potential energy of the plate in figure 5.1 for the external loads, meanwhile, is given as 

0 = - ff q· wdxdy (5.9) 
R 

where the loads q are assumed to act on the midplane surface of the plate and in which w represents the 

deflection of the plate. Both q and ware functions of x and y. 

Expressing the strains in terms of displacements, it can be derived (Shames & Dym, 1985) that 

(5.10a) 

(5.10b) 

(5.10c) 

in which u, and v, refer to stretching action of the midsurface. Note that u, and v, are functions of x and y. 

Considering equations 5.8 and 5.9 and substituting equations 5.10, the total potential energy of the plate is 

given by 
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1 aus avs a2w 2 ff 
+ 2 ·(1 -µ) ·(- ·(- + -) - z·--) ] dzdxdy- q· wdxdy 

2 ay ax axay R 
(5.11) 

It should be noted that the above energy functional is only valid for displacement functions w satisfying 

dynamic boundary conditions, otherwise the energy functional should be extended with terms including the 

moment and shear forces along the plate boundary. 

It is well known that trigonometric functions satisfy the dynamic boundary conditions because they are part 

of the fundamental solution of the biharmonic plate equation. As the selected kinematic admissible (trial) 

functions resemble the trigonometric functions (see section 5.3) the abovementioned extensions to the energy 

functional (equation 5.11) can be neglected. 

Carrying out the squaring operation and integrating through the thickness while noting that 

m 3 f (1, z, z 2 )dz= (~ 0, _!___) 
-tfl 12 

the total potential energy may be obtained in the form 

V= E·t ·{J[(auS)2+(avS)2+2·µ·aus.avs+ l-µ_(aus+avs)2]dxdy 
2·(1-µ2 ) • R ax ay ax ay 2 ay ax 

E ·t3 a2 a2 a2 a2 a2 
+ ----fj[(~)2 + (~)2 + 2·µ-~-~ +2·(1-µ) ·(~)2]dxdy-ffq·wdxdy 

24·(1-µ2 ) R ax2 ay2 ax2 ay2 axay R 
(5.12a) 

The total potential energy has three dependent variables: the stretching components u, and v, and the vertical 

displacement variable w. Considering the stresses and moments in the plate as a result of transverse loads 

only, the strains due to this action will primarily stem from bending effects rather than stretching effects and 

only the former need to be taken into account. In that case the expression can be rewritten in the following 

form 

(5.12b) 

Using the principle of stationary potential energy, the above total potential energy functional (equations 5.12) 

is minimized. The resulting equations that describe the solution (the stationary conditions for the functional), 

the so-called Euler-Lagrange equations, correspond to the equilibrium configuration the plate of figure 5.1. 
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5.3 Rayleigh-Ritz method 

A mechanical system which has its properties distributed in a continuous manner, such as the plate of figure 

5.1, can assume any one of an infinite number of equilibrium configurations. Such a system is said to have 

an infinite number of degrees of freedom and its response to a given input is given by means of a differential 

equation corresponding to the energy functional of equation 5.12. The solution to this problem can be derived 

in two different ways. 

Firstly, the formal processes of the calculus of variations to determine the stationary conditions for a 

functional can be applied. This yields the above mentioned differential equations, the so-called Euler

Lagrange equations, that lead to an exact solution of the problem. It is in the solving of these equations to 

satisfy prescribed boundary conditions that difficulties are met in engineering analysis. 

Secondly, if certain assumptions are made about the nature of deformation, the real system is approximated 

by one having a finite number of degrees of freedom. This idea seems to have been used first in the 19th 

century by Lord Rayleigh in his vibration studies. Ritz refined the technique, and what has come to be called 

the Rayleigh-Ritz method has been very extensively used to obtain numerical solutions to complex 

engineering problems. Indeed, the finite element method, which can be formulated as a piecewise Rayleigh

Ritz process, is perhaps the most practically significant development in engineering analysis in recent times. 

In the energy model there is made use of the Rayleigh-Ritz method. 

In the Rayleigh-Ritz method the energy functional (equation 5.12) is used to find approximate solutions to the 

corresponding differential equation. Substituting assumed solutions for the displacement field (the stretching 

components us and vs and the vertical displacement variable w)into the functional, involving adjustable 

parameters, and determining the stationary conditions with respect to these parameters, provides approximate 

solutions to the equilibrium configuration that the mechanical system. Within the Rayleigh-Ritz method the 

following approximate displacement field components for expressing the total potential energy are employed 

for a mechanical system such as the plate of figure 5.1: 

k 

(u)k = cf,0(x,y, z) + L a/cf,/x,y, z) 
i= 1 

k 

(v)k= tJ,0(x,y,z) + L b/lJl/x,y,z) 
i=l 

k 

wk= Y0(x,y,z) + L C/Y /x,y,z) 
i=l 

(5.13a) 

(5.13b) 

(5.13c) 

The functions with the subscript zero satisfy the boundary conditions. The coefficients a;, h; and C; represent 

the adjustable parameters which are yet undetermined. The scheme for the Rayleigh-Ritz method is to choose 

the values of these coefficients so as to minimize the total potential energy. When the values of the 

coefficients are thus determined they are called Ritz coefficients. The subscript k in equations 5.13 refers to 

54 



Ener model 

the number of Ritz coefficients that are involved. It can be shown (Trefftz, 1928) that if k-oo in this 

process, then (u, )k, (v, )k and wk converge in energy to the exact solution for the problem provided the 

functions <Pi, Wiand Yi are complete. When n is small still very good approximations to the exact solution 

can be reached if a judicious selection of the functions <Pi, Wi and Yi is made. 

The procedure is to use (u, )k, (v, )k and wk to formulate an approximate total potential energy V, which then 

becomes a function of the 3k undetermined constants. Vis minimized by imposing the 3k requirements: 

i= 1,2, ... ,1 

This yields 3k equations for the unknown coefficients. The solution of these equations then yields the 

aforementioned Ritz coefficients. 

5.4 General assumptions 

(5.14) 

In the derivation of the energy model certain assumptions are made as far as the application of the principle 

of stationary potential energy and the Rayleigh-Ritz method is concerned. These assumptions are summarized 

as follows: 

■ Distinction between hat sections and first generation deck panels 

First generation deck panels can be thought of as a composition of hat sections tied together at the 

unloaded flange (figure 3.3). Each of these hat sections shows the same web crippling behaviour, 

because they are loaded similarly. Moreover, each hat section has the same amount of potential 

energy. Therefore, minimizing the total potential energy of a panel corresponds with minimizing the 

total potential energy of one hat section and will further be referred to that way, The only difference 

between hat sections and deck panels is formed by the deformation magnitudes; a difference that finds 

expression in a factor n which will be discussed later in this section. Although the deformation 

patterns slightly differ from each other, it will become clear that the same format is used in the 

description of the deformation variations. 

■ Idealization of a member to three plates 

To apply the principle of stationary total potential energy the hat section is idealized to be built up of 

a series of plates that are connected to each other. Since hat sections are made out of thin-walled steel 

sheet, the bottom flange, the web and the top flange can be thought of as plates. The derivation of the 

energy model is based upon the assumption that 8w > ±5 ·. 

Web crippling is a local phenomenon that appears near the concentrated load, mainly in the top flange 

and the webs. It is assumed that these local deformations do not occur within the bottom flange. 
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Clearly, in case of hat sections the bottom flanges deflect and rotate due to the fact that they are 

rigidly connected to the webs but it is assumed that the bottom flanges rotate and translate only as a 

rigid body. This means that the deformation variations (u, and v, and w) over the bottom flange equal 

zero and hence have no strain energy (potential energy). This assumption is confirmed by the results 

of finite element calculations for members having the following dimensions (mm): 

L,pan=0-1560, 0w=9O°, bb/=20-12O, bw=30-100, bif=2O-12O, t=O.5-1.3, ri;bf=ri;if=l-10 and L,b=25-300. 

Their deformation formats are shown in the figures 5.2 and 5.3. Figure 5.2 shows the format of the 

deformations u, and v, and w over the bottom flange, the web and the top flange at the centre of the 

member, for hat sections that are rather short (relatively long members show a deformation over the 

length of the member that diminishes within the hinged ends). 

b,r 

0 );.,v, 0 

top flange, 1-1' webs, 1-1' bottom flanges, 1-1' 

Figure 5.2: Deformation variations over the cross section of the member in case of hat sections 

Note that u,, v, and ware local properties: w, for instance, always represents the deflection of the plate 

in conformity with figure 5.1, irrespective of the global direction of that deflection. For sake of clarity, 

the global directions of u,, v, and w for each plate are also given in the figures 5.2 and 5.3. Due to 

symmetry, the deformation pattern of both webs is equal as is the deformation pattern of both bottom 

flanges. 

Figure 5.3 shows the format of the deformations u, and v, and w over the length of the member of the 

midline of the bottom flange, the midline of the web and the midline of the top flange. 

From figure 5.2 and 5.3 it may be concluded that the deformation variations over the bottom flange 

nearly equal zero. The deflection over the length of the bottom flange does show significant variations 

but these variations are not caused by bending of the bottom flange itself. These variations stem from 

the stretching actions v, in the web, which in their turn stem from the bending deflection w in the top 

flange. A comparison of v, in the web with win the bottom flange shows that the deflection of the 

bottom flange can be thought of as a rigid body translation due to the stretching action v, in the web, 

and has thus almost no potential energy. Therefore, the contributions of the bottom flanges to the total 

potential energy are ignored in case of hat sections and the member is idealized to be built up of three 

plates, that is one top flange plate and two web plates. 
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midline of the top flange, 1 

0 
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0 U., v, 
u, 

v, w 

midline of the webs, 2 midline of the bottom flanges, 3 

Figure 5.3: Deformation variations over the length of the member, in case of hat sections 

In case of first generation deck panels it is also assumed that the local deformations occur mainly in 

the top flange and the webs. Here, the bottom flanges of one hat section cannot rotate and translate 

freely because their ends are connected to another hat section. Due to compatibility requirements (see 

for instance section 3.4) the ends of the bottom flanges of one hat section need to have a rotation and 

horizontal displacements that equal zero. These compatibility requirements result in a slightly different 

deformation pattern for u, and v, over the cross section of the member at the bottom flange, but they 

have hardly any influence on the deformation pattern of the rest of the cross section and over the 

length of the member. Considering the deformation pattern of u, and v, over the bottom flange in 

figure 5.2, it can be concluded that the deformation pattern in case of first generation deck panels does 

not differ significantly from that of hat sections. Therefore, the deformation variations over the bottom 

flange are also nearly equal to zero in the case of first generation deck panels and the contributions of 

the bottom flanges to the total potential energy may be ignored. As a result from this assumption first 

generation deck panels can also be idealized to be built up of three plates (two web plates and a top 

flange plate). 

■ Neglecting the contribution of the stretching actions u, and v, 

For both hat sections and first generation deck panels the contribution of the stretching actions u, and 

v, to the total potential energy of each plate are neglected. This assumption does not imply that no 

stretching actions occur in the plates. It only states that the variation of the stretching actions in each 

plate equals zero and that the plates translate as rigid bodies if these stretching actions are considered. 

57 



Ener model 

Figure 5.2 and 5.3 show that this assumption is confirmed by finite element calculations: u, and v, 

have almost a constant value over the web and top flange. 

■ Ritz coefficients 

Due to the neglect of the contribution of u, and v, to the potential energy only the trial function of wk 

(equation 5.13c) remains. Hence the potential energy Vis minimized by imposing k requirements 

i= 1,2, ... ,k (5.15) 

for the unknown Ritz coefficients. 

The trial function wk can be expressed as a function of the maximum deflection in the web and the top 

flange. The maximum deflections are variable and in reality will take up values that belong to the 

equilibrium configuration corresponding to minimum potential energy. Hence, if the maximum 

deflection of the top flange is denoted as w1 and the maximum deflection of the web as w2 , the trial 

function may be composed of the Ritz coefficients w1 and w2 among other Ritz coefficients. Over the 

length of the member the web crippling variations may extend over the whole member in case of 

'short' members, but may also extend over a part of the member in case of 1ong' members, as appears 

from the experimental tests by Bakker and the numerical calculations carried out in this study. In the 

development of the beam on elastic foundation model it was already proposed to introduce an effective 

length over which the web crippling deformations extend and where outside the web crippling 

deformations are assumed to equal zero (section 4.5). The introduction of an effective length L,1 is put 

forward here because the length of the member does not necessarily correspond with the length over 

which the web crippling deformations extend. An extra parameter L,1 is used in the trial function w as 

a domain over which the web crippling deformations extend in the length direction of the member. 

Since the bending deformation pattern of the top flange plate in the energy model represent the web 

crippling deformation pattern, these deformations stretch over the effective length also, and the 

deformations of the top flange plate outside the effective length area are assumed to be negligibly 

small and do not contribute to the total potential energy. This deformation pattern over the length of 

the member is continued over the web. Consequently, the length of the web plates and the top flange 

plate is taken equal to L,1 . Hence, in the development of the energy model three Ritz coefficients are 

used: L,1, w1 and w2 • 

The use of more Ritz coefficients (probably without any physical interpretation) might produce a more 

reliable description of the deflection w. However, it is presumed that sufficient accurate approxima

tions can be established with the abovementioned coefficients. 

Applying L,1 as a Ritz coefficient beneath the coefficients w1 and w2 implies an alternative use of the 
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Rayleigh-Ritz method because the trial fWlction wk is a product of these coefficients as will become 

clear in section 5.5. Moreover, in the trial fW1ctions L,1 may be raised to a certain power. Normally, in 

the Rayleigh-Ritz procedure is a sum of these coefficients (equation 5.13c). 

The reader should be aware of the fact that this alternative use of the Rayleigh-Ritz method implies 

that the lowest approximation of the web crippling stiffness will not be automatically the most reliable 

one, while this does hold true if the method is applied in its original form. 

■ Constant quotient lw1/ w2 I= n 

Applying three Ritz coefficients imposes 3 requirements (equation 5.15) and implies three equations 

that need to be solved simultaneously. 

However, it is assumed that the maximum deflection of the top flange w1 can be expressed in terms of 

the maximum deflection of the web w2 • In other words, the quotient lw1/ w2 I is assumed to equal a 

factor n that is a fW1ction of the geometrical dimensions of the cross section of the member only. 

Hereby, the number of Ritz coefficients is reduced to two which implies that only two equations need 

to be solved simultaneously. This greatly simplifies the solution. 

The expression for n is found using the mechanical schematisation of the two-dimensional portal frame 

model. It is assumed that the maximum deflections of the web and the top flange occur at the middle 

of the web and the top flange respectively. In the application of the portal frame model this assump

tion is approximately true, regardless the geometrical dimensions of the member. However, especially 

in case of the web it is possible that the maximum deflection not exactly occurs at the middle in 

reality. Due to local deformations in the web, the maximum deflection can be located somewhat nearer 

the top flange where the loading is applied. Nevertheless, the finite element simulations indicate that 

the maximum deflection of the web can approximately be taken at the middle (figure 5.2). 

The difference between hat sections and first generation deck panels in the energy model is formed by 

the factor n. For hat sections (with Ow > ±5 ·) the statical system of the cross section is given by figure 

3.2 and it can be derived that (Appendix C.1) 

n = I ri;t/sin0 w ·(ri;tf·sin0 w·(9 · h3- ri;tf·sin0 w·(S · bw + 12 ·btf)) + 6 ·bw·b3) I 
9 · b;, ·rn;sin8 w·(ri'tf·sin8 w - btf) . . 

(5.16) 

In case of first generation deck panels n is derived the same way. Since the statical system of first 

generation deck panels (figure 3.4) slightly differs from the statical system of hat sections, a different 

expression for n is foWld (Appendix C.2), namely 

n = I 4 ·r/tf·sin28 w·(bw·(bw +2 ·(btf+ bb1)) + 3 · bb/ btf) -3 ·b3·(3 · bb1 ·I;;tf·sin8 w + bw·(bw + 2 ·(bb1 + ri;tf·sin8 w))) I 
3 · b,; ·(b11- ½;tf-sin0 ,.,) ·(3 · bb1+ bw) (

5
_ 1

7
) 
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As a result from the application of n only two Ritz coefficients remain and the potential energy Vis 

minimized by solving simultaneously 

(5.18) 

both for hat sections and first generation deck panels. 

■ Compatibility between the plates 

The three plates that are taken into consideration are connected to each other (without taking the 

curved transition of the corner radii into account) and hence need to be compatible. These compatibil

ity requirements can be expressed as boundary conditions for each plate. Two different compatibility 

assumptions are made within the energy model leading to different resulting web crippling stiffnesses. 

The most obvious compatibility requirement is the assumption that the plates are rigidly connected at 

their ends (figure 5.4a), thus ignoring eventual rotations of the corner radii that in reality couple the 

plates. This assumption will be denoted as 'geometrical compatibility'. It states that both the rotations 

and bending moments at the ends of the plates need to be compatible. 

(a): Geometrical compatibility (b ): Hinge compatibility 

Figure 5.4: Compatibility approaches in the energy model 

According to figure 5.4a the geometrical compatibility approach analytically implies that 

<p w;A = <p tf;A (5.19a) 

(5.19b) 

in which the subscripts w and tf refer to web plate and top flange plate respectively. 

A less obvious compatibility requirement is formed by the assumption that the plates are connected by 

hinge-joints (figure 5.4b). This assumption will be denoted as 'hinge compatibility' and implies that the 

bending moment at the end of each plate equals zero, or 
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(5.20) 

There is no physical ground for this assumption but finite element simulations indicate (figure 5.2) that 

if the bending deflection w of each plate over the cross section is considered, the second derivative of 

w more or less equals zero at the connection between the plates. This approach is investigated because 

it is expected to lead to simpler results than the geometrical compatibility approach and therefore 

deserves attention. 

It may be concluded that the geometrical compatibility approach is based on a general assumption that 

is approximately true for all kind of members while the hinge compatibility approach represents a 

more specific assumption that appears to be a good approximation for the members with which the 

finite element simulations are carried out but does not lead necessarily to good results for other 

members. 

For both the hinge and the geometrical compatibility approach it is assumed that in-plane normal and 

shear deformations can be neglected, which means that the deflections w at the end of each plate 

necessarily equal zero, thus 

According to finite element simulations (figure 5.2) this a reasonable assumption that greatly simplifies 

the derivation of the web crippling stiffness. 

The resulting deformation function w(x,y) for both approaches is treated in section 5.5. 

■ Schematisation of the corner radii 

The member is idealized to be built up out of three plates (i.e. two web plates that have a width bw 

and one top flange plate that has a width br/). In describing the geometry of the cross-section the 

rounding of the corners is thus ignored, except that the eccentric load application of F which is caused 

by the top flange corner radii is taken into account. The acceptability of this simplification which is 

also used in the portal frame model has been discussed already in section 3.5.2. 

■ Application of the loads 

Due to the downward curling of the member underneath the load bearing plate, only four contact 

points will remain between the top flange and the load bearing plate after initial loading. The 

transmission of the load Fis limited to these points and each contact point transmits J/4F. To model 

the eccentric load application with respect to the web, the contact points are located at a distance 

½··i/Sin0 w from the line of intersection of the top flange and web plate (section 3.2). Considering an xy 
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coordinate plane covering the top flange, that has its origin at the centre of the top flange, the four 

contact points are thus located at (1/2L1b, 1/2b,r ri;if·sin8w), (-1/2L1b, 1/2b,rr;;if·sin8w), (1/2L1b, -l/2btf 

-ri;tf·sin8w) and (-1/2L1b, -l/2btf-ri;if·sin8w). For members with vertical webs this corresponds 

completely to the application of the loads in the beam on elastic foundation model, where four 

concentrated loads were applied also (figures 3.1 and 4.11). 

■ Definition of the web crippling stiffness 

Due to the fact that the stretching actions are neglected, the web does not translate vertically. Hence, 

the web crippling deformation can be taken equal to the deformation of a contact point, just as in the 

beam in elastic foundation model. If the deformation of the top flange plate is described by wtf, the 

web crippling stiffness can be specified as 

5.5 Derivation of the energy model 

As mentioned in section 5.4 two different approaches in the application of the Rayleigh-Ritz method can be 

distinguished as far as the compatibility of the three plates is concerned, namely the hinge compatibility and 

the more complicated geometrical compatibility approach. In both approaches the kinematic admissible trial 

function w(x,y) is defined to be 

w(x,y) = w(x) · w(Y) 

in which w(x) describes the deformation variations of the plate over the cross-section of the member and w(y) 

represents the deformation variation of the plate over the length of the member. Ideally, the trial functions 

should resemble the web crippling deformation pattern as shown in the figures 5.2 and 5.3, but it will be 

clear that this deformation pattern may only be approximated with varying degrees of accuracy by different 

trial functions. 

Over the cross-section the deformation of both the top flange plate and the web plates is chosen to be 

described by a fourth degree polynomial, mainly because the second derivatives of the deformation curves of 

both plates appeared to approximate zero at the ends of the plates (figure 5.2). Describing the deformation 

curves with a second degree polynomial would imply a second derivative that has a constant value and thus 

never equals zero. The application of a third degree polynomial is out of the question because of the rather 

symmetric deformation pattern. Hence, taking into account that the bending moment (i.e. the second 

derivative of the deformation function) might equal zero somewhere near the connection between the plates, 
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the most simple deformation variation description is formed by a fourth degree polynomial. In both 

descriptions the origin is located at the centre of the plate as in figure 5.1. It is assumed that the deformation 

pattern is symmetrical in the origin resulting in an even function thus without terms of x raised to the first or 

third power. For the web plates this polynomial is given by 

x2 x4 
w (x) = w ·{l + r.._ ·- + r __ ·-) 

w 2 -1,w b2 -2,w b4 
w w 

(5.21a) 

in which the coefficients c1;w and c2;w are determined by the requirements that are imposed by either the hinge 

compatibility or the geometrical compatibility approach. These approaches result in different coefficients. For 

the top flange plate the deformation over the cross-section is given by 

x2 x4 
w 1x) = w; ·n·(l +c. ·- +r... ·-) tf\ 2 1,lf 2 -2,tf b 4 

blf If 

(5.21b) 

in which the coefficients c1;tf and c2;tf are determined by either the hinge compatibility or the geometrical 

compatibility approach also. 

The formats of the functions describing the deformation pattern of the web and top flange over the cross

section (equations 5.21) are given in figure 5.5. 

Figure 5.5: Format of trial functions describing the deformation pattern over the cross-section 

In the following the determination of the abovementioned coefficients for the web plates and the top flange 

plate is treated for both the hinge compatibility and the geometrical compatibility approach. 

Applying the geometrical compatibility approach, equations 5.19 needs to hold true. Noting that 

cp (x) = dw(x) 
dx 

and 

M(x) = - EI· d
2 

w(x) 
dx2 

substitution of equations 5.21 into 5.19 leads to 
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(5.22a) 

b 2 +5 ·b ·b -4 ·n·b2 
If If w w 

S;w= 5/16·b ·(b +b) 
If w tf 

(5.22b) 

(5.22c) 

(5.22d) 

Within the hinge compatibility approach, equations 5.20 need to hold true. In that case it can be derived that 

Comparing equations 5.22 with equation 5.23 it becomes clear that the hinge compatibility approach is 

simpler than the geometrical compatibility approach. 

(5.23) 

Actually, the deformation variations over the cross-section of the member can also be described properly 

using a sine function for each plate. However, the use of a sine function gives transcendental equations in 

minimizing the total potential energy, which cannot be solved algebraically. 

Over the length of the member the deformation variation is described by w(y). The deformation variation of 

the top flange plate and the web plates are assumed to obey to the same format, which is justified by figure 

5.3. Hereby, the only difference is formed by the maximum deflections of these plates that differ from each 

other. However, from equations 5.21 it is clear that this difference is accounted for already in the description 

of the deformation variation over the cross-section of the member w(x). According to equations 5.21 the 

maximum deflection of the cross-section of the top flange plate and the web plates is respectively n ·w2 and 

w2 • Since w(x,y) is defined to be the product of w(x) and w(y) and the maximum deflection of the top flange 

plate and the web plates is respectively n ·w2 and w2 , the maximum deflection of w(y) might simply be 

taken 1 for both the top flange plate and the web plates. Hence, the deformation variations of the top flange 

plate and the web plates are described by the same function w(y). 

As mentioned in section 5.4 the deformations are assumed to stretch out over the effective length. The 

magnitude of this effective length might determined by using it as a Ritz coefficient in the application of the 

Rayleigh-Ritz method. This implies an alternative use of the Rayleigh-Ritz method because the trial function 

is a product of the Ritz coefficients L,1 and w2 while normally, the Rayleigh-Ritz procedure includes the 

development of a series of functions Y; with belonging coefficient c; that are summarized (equation 5.13c). 
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Several kinematical admissible trial functions may be applied in describing the deformation variations over 

the length of the member. The trial functions that are investigated are (with increasing complications): 

- Bilinear function w(y)1 ; 

- Trilinear function w(y)2 ; 

- Polynomial of the fourth degree w(y)3 • 

The formats of the functions describing the (web crippling) deformation pattern of the web and top flange 

over the effective length of the member are given in figure 5.6. 

4',an 4',an 4',an 
Lcr L,r L,r 

:i .. S/7 ~I ...... SJ :1 ... ~ ,.____,, 

w L,b 
(a) Bilinear function (b) Trilinear function 

w 
( c) Fourth degree polynomial 

Figure 5.6: Trial functions describing the deformation pattern over the effective length of the member 

If the origin is applied at the centre of the plate, these functions can mathematically be specified as 

IYI < 1/2 · L,,, (5.24a) 

IYI > 1/2 . Lib (5.24b) 

(5.24c) 

and 

Accordingly, the trilinear and fourth degree polynomial trial functions use the Ritz coefficient L,1 in another 

form than is suggested in equation 5. 13c, beneath the difference that was already mentioned above. Within 

the trilinear function the deformation under the load bearing plate are not a function of the Ritz coefficient L,1 

and the fourth degree polynomial raises L,1 to the fourth power. Hence, both the trilinear function and the 

fourth degree polynomial are not in conformity with equation 5.13c. This alternative use of the Ritz 

coefficient L,1 appears to lead to complicated and sometimes intractable algebraic problems in the derivation 
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of the web crippling stiffness. In case of the trilinear function the deformation under the load bearing plate 

and thus under F is not a function of Lef resulting in an external potential energy that is not a function of L,1 . 

Therefore, minimizing the total potential energy with respect to L,1 leads to an intractable problem because 

the external potential energy falls off in the resulting equation (equations 5.18). In case of the fourth degree 

polynomial describing the (web crippling deformation) the Ritz coefficient L,1 is raised to the fourth power, 

resulting in an intractable equation of the fifth degree in L,1 when the total potential energy is minimized with 

respect to L,1 . 

A solution for these problems can be found in three different ways. 

- Firstly, the parameter L,1 can be ignored completely, assuming that the web crippling deformations stretch 

over the whole length of the member, instead of over the effective length (figure 5.6). In that case, the total 

potential energy is minimized with respect to w2 only. It is to be expected that this solution gives poor 

predictions of the web crippling stiffness in case of longer members, because long members are expected to 

have negligible web crippling deformations near their hinged ends. This solution is denoted as the full length 

solution (jls). 

- Secondly, the parameter L,1 can be approximated using the beam on elastic foundation model. Here, the 

potential energy is not minimized with respect to L,1 , but L,1 is used as a parameter describing the length 

outside where the web crippling deformations are assumed to be negligibly small. Hence the length of the 

plates in the energy model is approximately defined to be the effective length that stems from the effective 

length approach within the beam on elastic foundation model. This solution corresponds to the effective 

length approach and is denoted as the effective length solution (els). 

- Thirdly, the web crippling stiffness can be approximated by neglecting some terms of the resulting 

equations in which the total potential energy is minimized with respect to L,1 and w2 • Neglecting some terms 

in these equations enables the establishment of an algebraically derived solution of the web crippling 

stiffness. Clearly, this solution can only be applied in case of the fourth degree polynomial description of the 

deformation over the length of the member because it does not solve the arising problems if the trilinear 

function is applied. This solution is denoted as the approximate solution (as). 

The bilinear function description of the deformations over the length of the member is the only function by 

which an exact solution for the web crippling stiffness can be determined. Hence, the abovementioned 

solutions are not applied within the application of the bilinear function; the exact solution that is obtained 

using the bilinear function is denoted as the exact solution (es). The application of the bilinear function is not 

expected to produce highly reliable web crippling stiffness formulae. However, it gives clear insight in the 

way the principle of stationary total potential energy is applied to obtain an exact solution for the web 

crippling stiffness. 

For sake of clarity an overview of the different solutions that can be developed is given in table 5.1. 
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Table 5.1: Different solutions within the energy model 

w(y)1 w(y)2 : trilinear function w(y)3 : fourth degree polynomial 

approach es fls els as fls els 

hca* 1 3 - 5 - -

gca* 2 4 - 6 - -
* hca: Hin e corn g pa tibilit a y pp roach; gca: Geometrical compatibility approach. 

According to table 5.1 twelve different web crippling stiffness formulae can be established using several 

combinations of the abovementioned approaches and solutions. Eventually, six of these combinations are 

investigated in this research project. The application of the effective length solution on the trilinear function 

is not investigated for the hinge compatibility approach nor for the geometrical compatibility approach 

because these combinations correspond greatly to the effective length approach within the beam on elastic 

foundation model. Although they are based on different physical models, the assumed deformation variations 

over the length of the member are exactly the same, resulting in similar web crippling stiffness formulae as 

far as the length of the member is concerned. For that, these combinations are not investigated. The 

application of the effective length solution and the full length solution on the fourth degree polynomial are 

not investigated for the hinge compatibility approach nor for the geometrical compatibility approach. The full 

length solution is expected to produce less reliable results compared to the application of the approximate 

solution for the fourth degree polynomial because the web crippling deformations might not stretch out over 

the full length, especially in case of long members. The effective length solution will produce highly 

complicated web crippling stiffness formulae that are not expected to be more reliable than the approximate 

solution and thus not preferable. 

Sections 5.51 to 5.5.3 describe the derivation of the web crippling stiffness for the different trial functions in 

case hinge compatibility is assumed. First, section 5.5.1 summarizes the derivation of the web crippling 

stiffness if the deformation variation over the length of the member is described by w(y)1 (combination 1). 

Thereafter, section 5.5.2 treats the derivation of the web crippling stiffness if w(y)2 is assumed (combination 

3). Finally, the web crippling stiffness using w(y)3 is derived in section 5.5.3 (combination 5). 

Similarly, the derivation of the web crippling stiffness for these different trial functions in case of the 

geometrical compatibility approach is summarized in section 5.5.4 to 5.5.6 (the combinations 2, 4 and 6 

respectively). 

5.5.1 Combination 1: Bilinear function, hinge compatibility approach&: exact solution 

Within combination 1 the deformation variations over the length of the member are described by the bilinear 

function of figure 5.6a and the hinge compatibility approach is applied (equation 5.23). Minimizing the total 

potential energy (equation 5.12) with respect to L,1 and w1 , it can be derived that (appendix C.3) 
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(5.25) 

in which D is called the bending rigidity and given by 

(5.26) 

It is striking that the web crippling stiffness is more or less inversely proportional to the squared top flange 

comer radius. It will become clear that is approximately true for all the combinations. 

5.5.2 Comm.nation 2: Bilinear function, geometrical compatibility approach &: exact solution 

In combination 2 the deformation variations over the length of the member are described by the linear 

function of figure 5.6a, just as in combination 1, but here geometrical compatibility is assumed (equations 

5.22). Combination 2 is expected to produce more reliable results than combination 1 because the hinge 

compatibility approach can be thought of as a special case of the geometrical approach that is only approxi

mately true, where the geometrical approach refers to the true compatibility between the three plates. 

For combination 2 the web crippling stiffness can be specified as (appendix C.3) 

[9/20 ·D· bi-L!b ·(b] ·(btf·(12 ·btf+41 ·bw) + 50 ·b;) 
~h=-------------------------------

w [bw ·sin2 0 w·r}tf·(btf-sin0 w·½;tf) 2 ·(b,; ·(btf·(4 ·sin0 w ·r,,;tf- btf) - bw ·n ·(bw + 5 ·sin0 w ·r,,;tf) 

+ b 3 ·(b ·n·(6 ·b ·n +52 · b ) + b 2 ·n·(25 ·n-78 ))] 
IVJV IV tf. If (5.27) 

Apparently, the main difference between combination 1 and 2 is formed by a more complicated use of bw, btf 

and n, due to the different compatibility approaches. Clearly this is caused by the different constants that are 

used in the description of the deformation of the plates over the cross-section (equations 5.22 and 5.23). 

5.5.3 Comm.nation 3: Trilinear function, hinge compatibility approach &: full length solution 

Within combination 3 the deformation variations over the length of the member are described by the trilinear 

function of figure 5.6b and the hinge compatibility approach is applied. As mentioned before, it is not 

possible to derive an exact solution for the web crippling stiffness when the total potential energy is 

minimized with respect to L,1 and w2 • Therefore, the total potential energy is only minimized with respect to 

w2 • Moreover, it is assumed in this combination that the effective length corresponds to the span length of 

the member L,pan. The web crippling stiffness is then given by (appendix C.3) 

(5.28) 
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It is to be expected that the application of the full length solution produces poor predictions in case of rather 

long members, because this solution assumes that the web crippling deformations stretch out over the length 

of the member, while in reality the web crippling deformations only appear within a certain region of the 

load bearing plate. From equation 5.28 it becomes clear that the web crippling stiffness is proportional to the 

span length of the member. 

5.5.4 Combination 4: Trilinear function, geometrical compatibility approach &: full length solution 

The only difference between combination 3 and 4 is formed by the compatibility approach: combination 4 is 

based on the geometrical compatibility approach where combination 3 uses the hinge compatibility approach. 

In case of combination 4 it can be derived that 

k _ [D· b: ·(b! ·(L1b ·(56/5 + 7 ·n-41/4 ·n 2
) +41/15 ·Lspan) + b1/ b;, ·(L1b ·(12/5 + 15 ·n + 15/2 ·n 2

) + 4/5 ·Lspan)) 

M., - [b! ·sin28 w -i;,~11·(btf-sin8 w ·i;,;tf)2 ·(b: ·(btf·(4 ·sin8 w·ri;tf- btf) - bw ·n ·(bw + 5 ·sin8 w ·ri;tf) - 4 ·sin28 w -i;,~11) 

+ D· b: ·(b;- ·L1b ·(b;, ·(25/4 ·n 2
- 3 ·n-4) + btf·(btf-5 ·bw·n)) + 10 · b;, ·(Lib ·(l -86/50 ·n-n 2

) + 1/3 ·Lspan))] 

+ bu;sin8 w ·ri;tf·n ·(sin8 IV ·ri;tf·(bw + 5 · btf) - bw · btf)) 2
] 

+D·b 5 ·b 1 ·n 2 ·(b ·(129/l0·L +52/15·L )+2/5·b ·L )) If w If lb span w span (5.29) 

It is striking that combination 4 results in a far more complicated web crippling stiffness than combination 3. 

The difference in complexity is much larger than the difference in complexity between combination 1 and 2, 

that differ from each other only in the compatibility approach also. Note that the denominator of equation 

5.29 corresponds almost completely with the denominator of equation 5.27 because they are based upon the 

same compatibility approach. 

5.5.5 Combination 5: Fourth degree polynomial hinge compatibility approach &: approximate solution 

Combination 5 makes use of the fourth degree polynomial that describes the deformations over the length of 

the member. It is based upon the hinge compatibility approach and the total potential energy is minimized 

with respect to L,1 and w2 • As mentioned before it is not possible to derive an exact solution for the web 

crippling stiffness. Therefore, the web crippling stiffness is approximately determined by neglecting some 

terms in the expression of the total potential energy functional which have low energy compared to other 

terms. An overview of the terms that are ignored and the derivation of the resulting web crippling stiffness is 
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given in appendix C.3. 

Toe web crippling stiffness is calculated as 

✓ 3 32 3 2 2 32 2 2 512·D·2·b +b ·n ·(b ·(34·b +252·L )+b ·n ·(17·b +126·L )) k = [ tf w tf w lb w tf lb ] 

Ahw vl · 2 2 3 3 2 2 3 2 2 2 4 525· 7·b ·sm 8 ·r- ·b ·n·(b ·(34·b +490·L )+b ·n ·(17·b-+245·L )) tf w 1;tf w tf w lb w II lb 

(5.30) 

It is remarkable that combination 5 results in a relatively simple web crippling stiffness formula compared to 

combination 4, while combination 5 is based upon a deformation variation over the length of the member that 

is far more complicated. 

5.5.6 Combination 6: Fourth degree polynomial, geometrical compatibility approach & approximate solution 

Combination 6 can be thought of as the most complicated and reliable combination. The deformations over 

the length of the member are described by the fourth degree polynomial and the coupling between the plates 

is established using the geometrical compatibility approach. This combination is expected to be the most 

accurate approximation of all combinations. Just as in combination 5 it is not possible to derive an exact 

solution for the web crippling stiffness. Therefore, the web crippling stiffness is approximately determined by 

neglecting some terms in the expression of the total potential energy functional which have low energy 

compared to other terms, just as in case of combination 5. Moreover, in the derivation of the effective length 

(minimizing the total potential energy with respect to the effective length) it turns out to be impossible to 

determine the effective length analytically, even after the ignorance of the terms mentioned above. This is 

because an equation of the effective length in the fifth degree remains to be solved after this ignorance, while 

combination 5 consists of a less complicated total potential energy functional, resulting in an equation of the 

effective length in the second degree, that can be solved analytically which is the aim of this work The 

difference in complexity stems from the unknown magnitude of the constants c1;w, c2;w, c1;1 and c2;1 in case of 

combination 6, resulting in an impossibility to ignore certain terms. As stated before, the kinematical 

admissible trial function w(x,y) is defined to be the product of two separate functions w(x) and w(y). The 

deformation over the length of the member for combination 5 and 6 are described by the same fourth degree 

polynomial w(y). The only difference is formed by the compatibility approach and thus by the descriptions of 

the deformations over the cross-section of the member w(x). Only w(y) is a function of the effective length. 

Hereby, w(x) can be thought of as a constant in minimizing the total potential energy with respect to the 

effective length, resulting in the same kind of equation (with different constants) for combination 5 and 6, 

from which the effective length can be solved. It is assumed that the difference in the description of w(x) has 

no significant influence on the resulting effective length. Henceforth, the effective length in combination 6 is 
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taken equal to the effective length of combination 5. Now, it is possible to determine the web crippling 

stiffness as (appendix C.3) 

+ bi· b;,. ·(bw·(3150 + 15750 ·n 2
) + 7875 ·blf·n 2 ) + b! ·(b:·L;.·(2400 ·n 2 -768 ·n + 8800) + 6656 · blf•L;•n 2 )] 

+ bw·sin8 w·lj;tf·n·(sin8 w·ri;tf·(bw + 5 · blf) - bw· btf))] 

+ 
[b;, ·(L;r·n 2 ·(768 ·L;.+2400 ·bJ) + bJ·n·(7875 ·bJ·n-8960 ·L;r)-2100 ·b:+4096 ·bw·b,/L;r·n 2

) 

[bw ·sin2 8 w ·1{r·(sin8 w·lj;tf- b,r) ·(b; ·(btf·(4 ·sin8 w ·lj;lf- btf) - bw ·n ·(bw + 5 ·sin8 w ·ri;tf) - 4 ·sin2 8 w ·1;7,r) 

in which 

b:·(34 ·b;,+504 ·L1!) + b!·n 2 ·(17 ·bJ+252 ·L1!) 
14·bJ+7·b;.·n 2 

(5.31) 

(5.32) 

Evidently, the resulting web crippling stiffness of combination 6 is the most complicated formula of the six 

combinations. Note that the denominator of equation 5.31 corresponds almost completely with the denomina

tor of the equations 5.27 and 5.29 because they are based upon the same compatibility approach. 

5.6 Evaluation of the different solutions for the web crippling stiffness 

In section 5.5 six different solutions for the web crippling stiffness are derived, based on different combina

tions of the compatibility approaches and the kinematical admissible trial functions (combinations 1 to 6 in 

table 5.1). As mentioned in section 5.4 it is to be expected that the combinations which are based upon the 

geometrical approach (combinations 2, 4 and 6) produce more accurate results than the combinations which 

are based upon the hinge compatibility approach (combination 1, 3 and 5). Nevertheless, the latter may also 

produce fairly reliable results within certain dimensions of the web and the bottom and top flange. Their 

advantage lies within the complexity of the resulting web crippling stiffness formulae, which are relatively 

simple compared to the ones that are based upon the geometrical approach. The validation of these 

combinations against the finite element model (chapter 7) is meant to point out the dimension areas in which 
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the hinge compatibility approach may be applied without significant reduction of accuracy. Therefore, the 

discussion on the kind of compatibility approach is treated in chapter 7 as well. 

Combination 1 and 2 are based upon the bilinear trial function of figure 5.6a and are not expected to produce 

very reliable approximations of the web crippling stiffness. However, these combinations result in relatively 

simple web crippling stiffness formulae and give clear insight in how the web crippling stiffness depends on 

each parameter, which is certainly not true in case of the other combinations. Moreover, it is not ruled out 

that these combinations can produce accurate predictions of the web crippling stiffness if an empirical 

correction factor is added. The derivation of this factor is beyond the scope of this study but it is put forward 

that these combinations produce elegant web crippling stiffness formulae that should be paid attention to. 

Combination 3 and 4 make use of the trilinear trial function of figure 5.6b and apply the full length solution 

in deriving the web crippling stiffness. It is expected that these combinations produce poor predictions in case 

of rather long members. It seems clear that they produce the most accurate results if the span length more or 

less equals the effective length, whose magnitude can be approximated using equation 5.32. Note that it is 

also possible to use combinations 3 and 4 together with the effective length of combinations 5 and 6 

(equation 5.32). This implies an extra combination that might be considered in the development of a 

relatively simple web crippling stiffness formula, but is further not treated in this study. 

Finally, combination 5 and 6 use the most reliable description of the deformation variations of the length of 

the member: the fourth degree polynomial. They apply the approximate solution in the deviation of the web 

crippling stiffness. Despite the neglect of several terms in the total potential energy functional, they 

apparently still result in complex solutions for the web crippling stiffness. However, some factors of these 

solutions are negligible for certain dimensions of the hat sections or deck panels. Hereby, it might be possible 

to simplify the solution within certain dimension areas of each parameter but the derivation of these 

simplified solutions and the determination under which conditions they hold true is beyond the scope of this 

study. 
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Chapter 6: Finite element model 

In this chapter an overview is given of the developed finite element model that is used in the 

evaluation and the development of the beam on elastic foundation model and the energy model. 

6.1 Introduction 

The developed analytical models describing the web crippling stiffness (i.e. the beam on elastic foundation 

model and the energy model) have to be validated against test results. Test results are also needed for the 

empirical determination of the parameter ex in the beam on elastic foundation model. These test results may 

be obtained in two different ways. 

Firstly, the results may be obtained from experimental tests. Bakker (1992) carried out an experimental study 

in which the load-deformation behaviour of hat sections subjected to a concentrated load and a bending 

moment was studied. The test program of Bakker included about 60 tests. For each test the web crippling 

stiffness was determined. The analytical models can hence be validated with the experimental results of 

Bakker but this validation is not made within this study because of existing measuring-inaccuracies in the 

experimental tests. The reader is referred to section 6.3 where a more detailed description of these measuring

inaccuracies is given. 

Secondly, test results may be obtained from numerical simulations, using numerical models. In this study, 

the numerical models have been confined to finite element models. The elastic web crippling behaviour has 

been simulated numerically with the finite element program ANSYS. The finite element model is described in 

section 6.2. This model is validated against the experimental test results of Bakker in order to investigate the 

possibility of simulating elastic web crippling tests (section 6.3). 

The developed model has been used for a parameter study to validate the analytical models. This parameter 

study will be described in chapter 7. 

6.2 Specifications of the finite element model 

The finite element model has been developed within the finite element program ANSYS, version 5.0A. Finite 

element calculations have been carried out both on hat sections and first generation deck panels. To establish 

a finite element model of a first generation deck panel, it is idealized to a hat section with extra boundary 

conditions, just as has been done in the portal frame model (section 3.4). 

The finite element model is characterized by several aspects, such as: 

- element type; 

- element shape; 

- modelling of the load application; 

- modelling of the supports; 

- use of symmetry; 
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- definition of the web crippling stiffness; 

- modelling of the corner radii; 

- mesh density; 

- difference between hat sections and first generation deck panels. 

In the following each of the above mentioned aspects will be discussed. 

6.2.1 Element type 

Since web crippling occurs only in thin-walled members whose webs and flanges have a large width-to

thickness ratio, the finite element model can be compiled of shell elements. Web crippling results in local 

deformations (in the web and top flange) that can be described properly either by using a mesh of elements 

with a quadratic deformation shape, or by using a more refined mesh of elements with a linear deformation 

shape. The former requires less memory capacity (1/8=12.5%) if the same density of nodes is used and is 

thus preferred. In the entire model SHELL93 elements are used. SHELL93 is an isoparametric shell element 

that has both bending and membrane capabilities. The element consists of eight nodes (figure 6.1). Hence, the 

deformation shapes are quadratic in both in-plane directions. 

Figure 6.1: 
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SHELL93 has six degrees of freedom in each node: translations in the nodal x, y and z directions and 

rotations about the nodal x, y and z axes. The element is defined by the thickness and the orthotropic material 

properties. It is particularly well suited to model curved shells, such as the rounding of the corners, because it 

is an isoparametric element. 

6.2.2 Element shape 

The choice between rectangular and triangular elements is rather arbitrarily. In the literature, examples can be 

found of finite element models describing the web crippling behaviour which are composed of rectangular 

elements (for instance Tsai, 1987), as well as models which are composed of triangular elements (Santaputra, 

1986). In this study the use of both rectangular and triangular elements has been investigated. No difference 

in the deformation pattern, web crippling stiffness or whatsoever could be observed. Eventually, the finite 
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element model is chosen to be made up of rectangular elements, because this results in a simpler mesh. 

6.2.3. Modelling of the load application 

The developed analytical models in previous sections are based upon the assumption that the member is 

loaded by a load bearing plate that is infinitely stiff. Due to the downward curling of the member underneath 

the load bearing plate, only four contact points between the member and the load bearing plate will remain 

after initial loading and each of these four contact points transmits a concentrated load l/4F (sections 3.2 and 

4.3). The experimental study of Bakker is carried out with a load bearing plate that can be thought of as 

infinitely stiff as well. As the finite element model is developed to serve both the analytical models and the 

experimental study of Bakker, the loading is established by four concentrated loads l/4F, that are applied at 

the four contact points. 

6.2.4 Modelling of the supports 

In the modelling of the supports a distinction is made between the general finite element model, with which 

the parameter study is carried out, and a more specific model that is used to verify the experimental results of 

Bakker. The latter will be discussed in section 6.3. 

The schematisation of the general finite element model is according to figure 1.4, namely a member with 

hinged ends. Over the width of the member the hinged ends are modelled as a continuous hinge over the 

width of the bottom flange. However, the bottom flange corner radii are assumed to be able to rotate and 

translate freely and do not belong to the continuous hinge. It is not quite sure if this is in conformity with 

reality but the schematisation of the hinges at the ends of the member has hardly any influence on the web 

crippling behaviour (web crippling is a local phenomenon). 

6.2.5 Use of symmetry 

In the calculation of the web crippling stiffness of hat sections and first generation deck panels, only one 

quarter of the member needs to be modelled. Due to symmetry in two directions (in the xy-plane and the yz

plane which both contain the midpoint of the top flange, point B in figure 6.2) the deflections and web 

crippling deformations of the rest of the member are similar to the part that is modelled. Taking only one 

quarter of the member into account implies additional boundary conditions that provide compatibility with the 

other three quarters. These additional boundary conditions are numbered 1 and 2 in figure 6.2. Besides, the 

additional boundary conditions which are used in case of first generation deck panels are also shown in this 

figure (number 3). For more detailed information about the modelling of these panels, the reader is referred 

to section 6.2.9. 

Clearly also one quarter of the load bearing plate is modelled for both hat sections and first generation deck 

panels, and only one concentrated load 1/4F remains. 
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Figure 6.2: Boundary conditions and the measurement of the web crippling deformations 

6.2.6 Definition of the web crippling stiffness 

The web crippling deformation in the general finite element model is calculated straightforward as the 

displacement of point A, w,. , with respect to the one of point C, We • Henceforth, the web crippling stiffness 

is given by 

(6.1) 

Note that this corresponds with t:..hw,-mot1,i in figure 4.8. From equation 6.1 and figure 6.2 it follows that the 

web crippling stiffness is calculated roughly in the same way as in the analytical models. 

6.2. 7 Modelling of the corner radii 

Three different possible representations of the comer radii in the finite element model have been investigated. 

These three representations are shown for the top flange comer radii in figure 6.3. 

Representation a models the eccentricity of the applied load due to the comer radii but ignores the rounding 

of the comers. This representation is also used in the portal frame model. In representation b the rounding of 

the corner radii is modelled by a straight line under an angle of 45° with the web and the top flange, while in 

representation c the rounding is modelled by a circle segment. 
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Several finite element simulations are carried out with the above mentioned representations in order to 

compare the resulting web crippling stiffnesses and to evaluate the reliability of each representation for both 

the top flange and the bottom flange corner radii. 

It is to be expected that the differences between the representations vary with the magnitudes of the corner 

radii on which the representations are applied. Therefore, the simulations are carried out on three hat sections 

that differ only from each other in the magnitude of their corner radii: 

- member A 

- member B 

- member C 

ri,-bf = r;,-ir = 10 mm; 

r;,-b1 =1, r;,-ir=lO mm; 

ri,-bf =r;,-ir = 1 mm. 

Considering the rest of the member, these three members have the same following geometrical properties: 

L,pan=290, ew=90°' bb,=100, bw=50, brt=60, t=0.68 and L1b=50. It is assumed that the influence of the 

representations on hat sections does not differ much from the influence on first generation deck panels. 

The results of the simulations are given in table 6.1. 

Table 6.1: The influence of the representation of the corner radii on the web crippling stiffness 

representation of corner radii member A member B member C 

test nr. ri;bf r;,-ir ri,-bf =r;,-ir = 10 index ri,-bf=l, r;.-ir=lO index ri,-bf=r;,-if =1 index 

1 a C 1993 49 1993 96 35597 76 

2 b C 3791 93 2128 102 46280 99 

3 C C 4065 100 2077 100 46871 100 

4 C a 1379 34 1138 55 37629 80 

5 C b 4662 115 2534 122 49164 105 
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Figure 6.4: Geometrical properties of the member B corresponding to table 6.1 

The geometrical properties of member B are once more shown in figure 6.4 as an example. 

The simulations for each member differ from each other in the kind of ~epresentations that are used for the 

bottom flange corner radius (ri;bf) and the top flange corner radius (ri:tf ). Each member is composed of more 

or less square elements that have a width of 8 mm. An exception is made for the corner radii where two 

elements are used over the width of the curved transitions in case of corner radii of 1 mm, and six elements 

in case of corner radii of 10 mm. 

In representation c, the rounding of the corner radii is modelled most accurately. Thus, the tests A3, B3 and 

C3 produce the most reliable and accurate simulations for the test series on the members A, B and C 

respectively. Comparison of Al, Bl and Cl with A3, B3 and C3 shows that applying representation a for the 

bottom flange corner radii underestimates the web crippling stiffness significantly, especially if the top flange 

and bottom flange corner radii have the same magnitude. The application of representation b for the bottom 

flange corner radii gives fairly accurate approximations of the web crippling stiffness for members having 

small bottom flange corner radii. However, the difference between the tests A.2 and A.3 indicate that 

representation b for the bottom flange corner radii is less reliable for large bottom flange corner radii. 

The deviations of the tests 4 from the tests 3 in case of the series A, Band C point out that representation a 

for the top flange corner radii implies significant underestimations of the web crippling stiffness, thus 

representing a less stiff description of the rounding of the corners compared to representation c. Finally, a 
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comparison between the tests 5 and 3 for all the test series indicates that representation b for the top flange 

corner radii produces poor results, especially in case of large top flange corner radii. It is striking that the 

representation of the bottom flange corner radii has a different influence on the web crippling stiffness than 

the representation of the top flange corner radii. 

Note that the larger the top flange corner radii, the larger the influence of different representations on the web 

crippling stiffness will be. It may be concluded that the representations a and b cannot be used properly for 

the top flange corner radii, nor for the bottom flange corner radii. Henceforth, representation c is used 

throughout the finite element model for each corner radius. 

In the finite element model the representations a and c differ from each other significantly considering the 

resulting web crippling stiffnessses, while in the beam on elastic foundation model representation a 

approximately corresponds to c and has thus been used in describing the rounding of the corners. This might 

be caused by the fact that representation c within the finite element model provides additional stiffness over 

the length of the member at the rounding of the corners, compared to representation a. This additional 

stiffness results in smaller deformations We and wA. Clearly, this does not take place in the portal frame 

model, which is confined to the cross-section of a small slice of the member. Although this additonal 

stiffness is also provided in the three-dimensional extension of the portal frame model in case of 

representation c, it has less influence on the resulting web crippling stiffness because only a part of the cross

section is taken into account (the top flange and a part of the web) while the difference between a and c has 

also significant influence on the rest of the cross-section (i.e. on the deformation we). Hence, the 

representations a and c may greatly differ from each other in the finite element model, while this difference 

is less significant in the beam on elastic foundation model. 

It is remarkable that these finite element simulations point out that the magnitude of the bottom flange corner 

radius may have a significant influence on the web crippling stiffness. The results for the test series A and B 

show great deviations for almost every test. It could have been possible that these deviations diminish in case 

of longer (more regular) members. However, if the same simulations of table 6.1 are carried out for a 

member with a span length of 1560 mm and the rest of the parameters are held at the same value, these 

deviations appear to remain large. Hence, the disregarding of the bottom flange corner radii in both the 

energy model and the beam on elastic foundation model turns out to be rather questionable. The reader is 

referred to chapter 7 where this disregarding is discussed on the basis of the results of the parameter study. 

6.2.8 Mesh density 

In the establishment of the mesh density three aspects are distinguished explicitly: 

the element size that is used throughout the entire model (esize), except at the corner radii, the 

supports and the load application; 

the number of elements that are used over the rounding of the corners (n(ri;bf) and n(r;.-tf)); 
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the element size at the supports and the load application. 

Within ANSYS it is possible to determine the maximum magnitude of the length and width of each element 

throughout the finite element model. The size of the elements (esize) refers to the longest dimension of each 

element (i.e. the length or the width) that is applied in the finite element model. Some finite element tests are 

carried out for members having relatively small corner radii (1 mm). To preclude the creation of only one 

element over the rounding of the corners in case of small top flange corner radii, implying a poor 

representation of the curved transitions, the number of elements is determined separately at these roundings 

(n(ri.-bf) and n(ri_-tf)). On the other hand, a large number of elements over the rounding of the corners promotes 

the existence of poorly shaped elements (elements having a length-to-width ratio that exceeds 8), because 

these elements have a rather small width while their length more or less equals the element size. To avoid the 

above mentioned problems, two solutions remain. Firstly, it is possible to use a small element size throughout 

the model. This offers the opportunity of to use a number of elements over the rounding of the corners 

without creating poorly shaped elements. However, this solution implies a very fine mesh that requires much 

memory capacity, especially in case of small corner radii. Secondly, the number of elements over the 

rounding of the corners can be adjusted proportionally to the magnitude of the corresponding corner radii. In 

other words, the larger the corner radii the more elements are used over the rounding of the corners. This 

solution is based upon the knowledge that the representation of large corner radii has a relatively large 

influence on the web crippling stiffness compared to small corner radii (table 6.1). It is to be expected that 

this holds also true for the mesh density at the rounding of the corners. However, this solution implies the 

use of few elements in case of small corner radii. 

The third aspect refers to the problems that might arise at the application of a concentrated load, thus at the 

supports and the load application. The use of concentrated loads might cause sensitivity for the mesh density 

around the locations where these loads are introduced. 

The influence of the general mesh density, the mesh density at the introduction of concentrated loads and the 

number of elements over the rounding of the corners (n(ri.-bf) and n(ri;tf)) is investigated for the members B 

and C. Several finite element tests are carried out for these members varying the element size (esize), which 

is proportional to the mesh density, and n(ri.-bf) and n(r;.-tf). For all tests representation c is applied for both the 

top flange and the bottom flange corner radii. The results are shown in table 6.2. 

Member B has bottom flange comer radii of 1 mm. In the test series B the number of elements over the 

rounding of the bottom flange corners is varied as well as the element size throughout the model. 

Comparison of Bl with B2 shows that halving the element size reduces the web crippling stiffness with less 

than 1 %. Hereby, it is shown that the mesh density barely correlates to the accuracy of the results, starting 

from a relatively fine mesh (esize= 10 mm). Evaluating the tests B2, B3 and B4 on the influence of the 

number of elements over the rounding of the corners, it becomes clear that it is possible to use few elements 

over the rounding of the corners without significant loss of accuracy, in case of small corner radii. 
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Table 6.2: The influence of the mesh fineness on the web crippling stiffness 

esize (mm) n(r;;bf) n(r;,11) refinement kAh. index 

B1 10 1 6 - 2143 101 

B2 5 1 6 - 2134 100 

B3 5 2 6 - 2132 100 

B4 5 3 6 - 2132 100 

Cl 15 3 3 - 56833 111 

C2 7.5 3 3 - 51282 100 

C3 15 3 3 F,l* 54645 107 

C4 10 3 3 F&S,3° 54750 107 

.t, 1: 'eftnement at the application of l' w1tll element size I; 

•• F &; S, 3: Refi~menl at the application of F and at the Supports with element size 3. 

Considering the test series C, C2 represents the most reliable and accurate simulation because it has the finest 

mesh density. Furthermore, C2 produces the lowest approximation of the web crippling stiffness for the test 

series C. From a physical point of view it can easily be seen that a mesh refinement, implying a more 

accurate approximation, corresponds to a reduction of the web crippling stiffness: a reduction of the web 

crippling stiffness implies a reduction of the deflection of the member We • ANSYS calculates the 

deformations and deflection using the principle of minimum total potential energy. A reduction of the 

deflection implies a lower amount of total potential energy that is required to achieve the deflection. This 

lower amount of total potential energy is always a better approximation of the absolute minimum of total 

potential energy that is requisite in reality. 

Comparison of Cl with C2 shows that halving the element size here reduces the web crippling stiffness by 

11 %. However, a further refinement of the mesh appeared not to be possible with the current software at the 

Eindhoven University of Technology: the maximum wavefront of 400 was exceeded that way. The maximum 

wavefront corresponds to the maximum number of equations that can be solved simultaneously. This should 

not be confused with the maximum number of degrees of freedom of the model because ANSYS does not 

solve all the equations at the same time. Comparing these results with the results of the mesh refinement of 

test series B it becomes clear that a further refinement of the mesh density is not expected to give significant 

more accurate results. 

With the aid of 'submodelling', a technique within ANSYS that provides local mesh refinements, the 

influence of mesh refinements at locations of the member that have large stress variations is investigated 

starting from C. l. These large stress variations are caused by the introduction of concentrated loads: they 

occur at the loading application and at the supports. The test C3 can be thought of as a refinement of Cl, 

namely at the application of F with an element size that equals 1. Apparently C3 produces slightly more 
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accurate results than Cl. Generally, it can be concluded that a local refinement of the mesh might influence 

the resulting web crippling stiffness slightly. Note however that a decrease in the element size has a larger 

influence on the web crippling stiffness than has a local refinement From the results of C4 it becomes clear 

that a mesh refinement at the application of the supports does not contribute to a better approximation of the 

web crippling stiffness. 

Eventually, the number of elements over the corner radii in the finite element model is varied from 2, in case 

of comer radii that equal unity, to 6, in case of comer radii of 10 mm. No local mesh refinements are applied 

in the finite element model because of the results in table 6:2, indicating that the best approximations might 

be established by using a small element size (7 to 10), rather than applying local refinements. The element 

size in the numerical simulations is varied from 5 to 10, depending on the capacity restrictions (the maximum 

wavefront). An example of the eventual mesh of member B, with the corresponding deformation plots, is 

given in the figures 6.5 and 6.6. In figure 6.5 the deformation is shown with respect to the undeformed 

member (the dotted line). 
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Figure 6.5: Finite element deformation plot of member B 

A contour plot of the deformations in they direction is given in figure 6.6. Some general remarks can be 

made about this plot. It becomes clear that the axial deformations in the web are indeed negligibly small. The 

colour transitions mark the deformation variations. The deformations of the top flange are concentrated within 

a small region. For We apparently being negligibly small, this indicates the existence of an effective length: 

the deformations of the rounding of the top flange comer radius approach zero near the end of the member. 
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Figure 6.6: Finite element contour deformation plot (y direction) of member B 

6.29 Difference between hat sections and first generation deck panels 

First generation deck panels can be thought of as a composition of hat sections that are uniformly loaded and 

tied together at the unloaded flanges (figure 3.3 in section 3.4). It is assumed that each of these hat sections 

shows the same physical behaviour, because they are loaded similarly. Note however that the outer hat 

sections are not tied together at their outer unloaded flange, resulting in a slightly different web crippling 

behaviour. However, this different behaviour is not expected to have a significant influence on the overall 

behaviour of the panel. Therefore, the simulation of a web crippling test for a first generation deck panel may 

be reduced to the simulation of a web crippling test for a hat section under the condition that the ends of the 

unloaded flanges maintain the continuity of the deck panel. In other words, the rotations <pY, <p, and the 

horizontal displacement u, need to equal zero at the ends of the bottom flanges over the whole length of the 

hat section if the web crippling test of a first generation deck panel is considered. These additional boundary 

conditions are shown in figure 6.2 (number 3). 

6.3 Validation of the finite element model against the experimental tests of Bakker 

The finite element model is validated against the experimental tests of Bakker (Bakker, 1992, Bakker & v. 

Esch, 1989). To establish a reliable validation the finite element model as described in section 6.2 is adjusted 

to the specific conditions under which the experimental tests of Bakker were carried out. These conditions are 

described in section 6.3.l. The adjustments that are made within the finite element model are treated in 
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section 6.3.2. Finally, an overview of the validation of the adjusted finite element model against the 

experimental tests of Bakker is given in section 6.3.3. 

6.3.1 T1u! aperimental test setup of Baklc:t:r 

The experimental study of Bakker was designed to enable the determination of the influence of the various 

parameters on the web crippling behaviour, including the post-failure behaviour. In the tests carried out in 

this experimental study among other things the load and web crippling deformation were measured from 

which the (initial) web crippling stiffness was determined. The web crippling behaviour was studied in three

point bending tests. The test program was restricted to hat sections with doubly supported compression 

flanges without intermediate stiffeners in the flange or web elements. Altogether, 73 tests were performed 

with varying geometrical dimensions. 

Four different materials were used for forming test specimens. Materials 1 and 2 were zinc coated steel 

sheets as normally used for cold-formed deck panels. Materials 3 and 4 were uncoated, gradually yielding 

steel sheets. 

The test specimen was fastened on two reaction bearing plates with a length of 40 mm each. The reaction 

bearing plates had a very large stiffness compared to the test specimens and were hinged to allow for 

rotations in the longitudinal direction of the test specimen. The support conditions at the reaction bearing 

plates are shown in figure 6.7. 

1. load bearing plate 
2. reaction bearing plate 
3. load cell 
4. hydraulic jack 

1 5. clamping plate 
6. support against sway 

M 
2 2 

,JtiL} 
2 

Support conditions 

Figure 6.7: Experimental test setup and support conditions (Bakker, 1992) 

The bottom flanges were clamped between the reaction bearing plate and a clamping plate. Sway of the test 

specimen was prevented at the supports by restraining the top flange from moving sideways by means of a 

screw through the top flange. Spreading of the webs was prevented only at the supports. 

In the tests the load was applied by a hydraulic jack, operated by a hand pump (figure 6.7). The magnitude of 

the applied force was measured by a load cell between the hydraulic jack and the load bearing plate. The 

load bearing plate had a very large stiffness compared to the test specimens. The width of the load bearing 

plate was chosen to be larger than the width of the top flange of the test specimen. The load bearing plate 

was not fastened to the test specimen. Consequently, in all tests, the first clearly visible deformation of the 
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member was the downward curling of the flange underneath the load bearing plate, caused by the eccentric 

application of the concentrated load on the web. As a result the load bearing plate was supported only by the 

webs of the member, just as assumed in the portal frame model and the energy model. From figure 6.7 it 

becomes clear that in the tests of Bakker the length of the member exceeds the span length. 

In the experimental study of Bakker the web crippling deformation was measured as the displacement of the 

load bearing plate wA with respect to the rounding of the bottom flange comers underneath it (the bottom of 

the web) at the centre of the specimen wM (see point Min figure 6.7 and dhw,-r.sr in figure 4.8). For members 

with small comer radii (1 mm), having small elastic deformations, the web crippling deformation was 

difficult to determine. The measurements of wA and wM have an absolute inaccuracy of 0.01 mm. In case of 

small deformations wA and wM this inaccuracy has a large influence on the resulting web crippling 

deformations. Hereby, these web crippling deformations are relatively inaccurate. It may be concluded that 

the tests of Bakker on members with small comer radii contain inaccuracies. 

The hat sections used as test specimens were made by press braking from steel sheets. The geometrical 

dimensions involved were set at certain (varying) values, but due to machine inaccuracies these values 

sometimes deviated slightly from the ones they were set on. After the manufacture of the test specimens the 

geometrical dimensions were measured with sufficient accuracy (0.01-0.1 mm). The magnitudes of the corner 

radii however, were very difficult to measure accurately. The accuracy in forming the comer radii is 

estimated to be ±0.5 mm. Especially, in case of small top flange comer radii, and to a less extent in case of 

small bottom flange corner radii, such a deviation might have a large influence on the web crippling stiffness. 

The actual inaccuracy in the magnitude of the comer radii might even exceed this estimated inaccuracy. 

6.3.2 Adjustments within the finite element model 

Comparing the general setup of the finite element model with the experimental test setup of Bakker it 

becomes clear that certain adjustments within the finite element model need to be made in order to 

approximate the experimental test setup of Bakker as accurately as possible. 

A zinc coated steel cross-section (materials 1 and 2) can be regarded as a composite cross-section. In 

principle the properties of such a cross-section can be calculated from the properties of the composite 

materials (zinc and steel). However, little is known of the mechanical properties of the zinc layer, and it is 

difficult to determine these properties accurately. It is normal practice to idealize a zinc coated steel cross

section to a homogeneous cross-section. In this study the most common idealization is used, based on the 

core thickness. Hence, the stress in the cross-section is determined by dividing the load on the zinc coated 

test specimen by the area of the steel core. Not only the stress, but also the modulus of elasticity of a 

composite cross-section depends on the composition of the cross-section. For the zinc coated sheets used in 

practice, it can be shown that the influence of the zinc layer on the stiffness is rather small. Therefore the 

modulus of elasticity of the composite cross-section (referring to the core thickness is simply taken equal to 
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the steel modulus of elasticity (210000 N/mm2
), regardless of the zinc coating. 

As mentioned in section 6.3.1 the length of the member exceeds the span length in the tests of Bakker. This 

extra length outside the hinged supports has not been modelled in the general finite element model. This extra 

length might slightly influence the resulting web crippling stiffness because it holds up the member against 

web crippling deformations. Therefore, in the validation of the finite element model against the experimental 

tests of Bakker the finite element model is adjusted by modelling this extra length outside the hinged supports 

also. The extra length outside both hinges (figure 6.6) equals 1/2 · L,b + 4 · bw. 

The finite element model has been developed with continuous hinged supports over the whole length of the 

bottom flange while over the length of the member the dimension of the hinges is infinitely small (figure 

6.2). This does not correspond with the reaction bearing plate that was used in the experimental tests of 

Bakker (figure 6.6), which had a length of 40 mm. Hence, the hinges in the finite element model are adjusted 

to the dimensions of the reaction bearing plate in order to establish a better validation: they have a length of 

40 mm and are applied continuously over the whole width of the bottom flange (figure 6.8). 

Figure 6.8: 

Y,w 

Z,v, 

1: v,=0, cp,=0, cpr=O 
2: u,=0, cpr=O, cpz=O 
3: additional conditions for deck panels, u,=0, cpy=O, cpz=O 

1 2 

B 

Boundary condi.tions for the adjusted finite element model, in validating experimental tests 

In the experimental tests of Bakker the web crippling deformation is calculated as the displacement of the 

load bearing plate with respect to the bottom of the web underneath it at the middle of the specimen (point M 

in figure 6.8), while the general finite element model calculates the web crippling deformation as the 

displacement of the load bearing plate with respect to the bottom of the web underneath it at the edge of the 

load bearing plate (point C in figure 6.2). For that reason, in the validation the finite element model is 
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adapted to the experimental tests and the web crippling defonnation is defined to be wA - wM . 

6.3.3 The adjusted finite element model versus the experimental tests of Bakker 

A selection of the experimental tests of Bakker has been simulated within the finite element model to get 

insight in the reliability of the finite element simulations and the possibility to simulate web crippling tests 

numerically with a fmite element program. As mentioned in section 6.3.1 the magnitude of the comer radii 

has an estimated inaccuracy of ±0.5mm. This might have a large influence on the resulting web crippling 

stiffness in case of members with small comer radii. Hence, it is possible that a fmite element simulation 

deviates significantly from the experimental test due to inaccuracies within the experimental test. Therefore, 

all the experimental tests of Bakker that are considered in the validation, are carried out twice within the 

fmite element model: once with the lower limit of the comer radii magnitudes (simulation a) and once with 

the upper limit of the comer radii magnitudes (simulation b). For instance, a top flange comer radius of 5 

mm in an experimental test is taken 5 mm in simulation a and 5.5 mm in simulation b. By that, the web 

crippling stiffness of every experimental test of Bakker that is simulated with the fmite element model is 

compared with the web crippling stiffnesses of two simulations a and b that enclose the domain wherein the 

measured web crippling stiffness of the experimental tests is expected to lie assuming that the fmite element 

model is a good representation of the experimental tests. Table 6.3 shows the results of the validation of the 

fmite element model against a number of experimental tests carried out by Bakker. Note that each 

experimental test had a bottom flange comer radius of 1 mm and that they are thus taken automatically 1 mm 

in each numerical simulation a and 1.5 mm in each simulation b. The measuring inaccuracy of the comer 

radii has a large influence on the resulting web crippling stiffnesses, especially in case of hat sections with 

small comer radii (1 mm). The simulations a and b of both test 11 and 69 include a rather large domain 

wherein the web crippling stiffnesses of the experimental tests 11 and 69 lie. However, this holds not true for 

the tests 52, 60 and 69. These simulations deviate greatly from the experimental tests but it was already 

stated in section 6.3.1 that the inaccuracy of the dimensions of the corner radii is only estimated to be +0.5 

mm and may be larger. Moreover, in the experimental tests it turned out to be difficult to measure the 

defonnations accurately, resulting in relatively large inaccuracies for web crippling defonnations in case of 

members having small comer radii (see section 6.3.1). It is assumed that the deviations of the simulations 

from the tests 52, 60 and 69 are caused either by an even larger measuring inaccuracy of the comer radii, or 

by measuring inaccuracies of the defonnations of the member. It should be noted that the validity of the 

experimental test 69 is questionable. The member that is used in this test corresponds completely to the 

member of test 49, except that the latter has a smaller span length (Bakker, 1992). Since the web crippling 

stiffness is expected to be independent of the span length (which is confirmed by the parameter study), these 

tests should produce more or less the same web crippling stiffnesses. However, the web crippling stiffness 

corresponding to test 49 is almost twice as large as the one of test 69. 
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Table 6.3: Validation of the finite element model against experimental tests of Bakker 

Experimental tests Simulations 

test* mat.* t ew bw btf L,pan Lib ri;tf k!:.hw a index b index 

11 1 0.68 90 50 60 290 50 1 37094 53057 143 33112 89 

14 1 0.68 90 50 60 290 50 5 4298 5344 124 4496 105 

17 1 0.68 90 50 60 290 50 10 1960 2188 112 2120 108 

18 1 0.68 90 50 60 190 50 10 1965 2218 113 2140 109 

52 2 0.62 90 50 60 265 25 1 15615 34566 221 21366 137 

53 2 0.62 90 50 60 265 25 5 3048 3297 108 3002 98 

54 2 0.62 90 50 60 265 25 10 1150 1443 125 1403 122 

60 3 0.58 90 100 160 490 50 1 10579 25582 242 15396 146 

61 3 0.58 90 100 160 490 50 10 813 1247 153 1185 146 

62 4 0.97 90 50 60 290 50 1 44560 90233 202 32554 73 

63 4 0.97 90 50 60 290 50 10 4460 5652 127 5464 123 

69 2 0.62 90 100 160 940 100 1 12316 40306 327 23419 190 

70 2 0.62 90 100 160 940 100 5 3088 3100 100 2793 90 

71 2 0.62 90 100 160 940 100 10 1034 1127 109 1077 104 

73 2 0.62 60 100 160 540 100 5 4332 7182 166 6527 151 

74 2 0.62 60 100 160 540 100 10 1966 2319 118 2186 111 
t, bw, b,, L, , Lib and r;, in mm; k If pan tf Ahw , a and bin N/mm; tJwin - ; index: simulation with respect to experimental test 

* test: Numbering of experimental tests according to Bakker; mat.: Type of material according to Bakker (section 6.3.1). 

The best approximations of the web crippling stiffness are established for members having comer radii of 5 

mm. The deviations of the finite element simulations from these experimental tests are smaller than 5% in 

case of members having vertical webs. It is striking that the member with inclined webs (test 73) greatly 

overestimates the web crippling stiffness. 

Finally, the simulations of hat sections with comer radii of 10 mm overestimate the web crippling stiffness, 

up to 23%. An exception has to be made for test 61 (material 3) where the overestimation appears to be 45%. 

Note that this test has a significant smaller wall thickness than the other tests. 

On the whole it appears to be difficult to verify the web crippling behaviour of experimental tests with finite 

element simulations. Nevertheless, from the performance of the simulations of members having comer radii 

of 5, and to a less extent 10 mm, it may be concluded that the finite element model is capable of simulating 

web crippling tests reasonably well. 
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Chapter 7: Parameter study 
The energy model and the beam on elastic foundation model have been validated against finite element 

simulations using a parameter study. The specifications of the parameter study and the corresponding 

validations are treated here, as well as the development of an empirical correction factor y within 

the energy model and the determination of the factor IX in the beam on elastic foundation model.. 

Zl Introduction 

Within the energy model six different solutions for the web crippling stiffness have been developed, based 

upon different combinations of the compatibility approach and the description of deformation variations over 

the length of the member (section 5.5). These combinations need to be evaluated on their web crippling 

stiffness prediction capabilities. The beam on elastic foundation model (i.e. the full length approach) contains 

a correction factor IX whose magnitude has to be derived empirically by evaluating the model for several 

magnitudes of IX. For this purpose a parameter study is carried out with the finite element model described in 

chapter 6. 

Section 7.2 describes the specifications of the parameter study. It gives an overview of which parameters are 

involved and the ranges within which they are varied. In section 7.3 the results of the finite element 

simulations are compared to those of the analytical models. From this comparison it becomes clear that the 

beam on elastic foundation model performs best if IX made is proportional to the magnitude of the comer 

radii, rather than IX having a constant value. Basically, all combinations of the energy model tend to show a 

web crippling stiffness that deviates significantly from the finite element simulations for small corner radii (1-

3 mm) and large corner radii (7-10 mm). However, it is possible to add an empirical correction factor y to 

the energy model which takes away these deviations, resulting in considerable better predictions of the web 

crippling stiffness. Both the determination of this factor y and the determination of the empirical factor IX, 

are treated in section 7.4, resulting in an adjusted energy and beam on elastic foundation model. In section 

7.5 the results of the finite element simulations are compared to those of the adjusted energy and beam on 

elastic foundation model. Finally, in section 7.6 some concluding remarks on the different models are noted. 

Z2 Specifications of the parameter study 

The parameter study is confined to first generation deck panels because they are used in practice more 

frequently than hat sections. The following parameters are involved: L,pan ' ew, bbl' bw, btf, ri;bf, ri;tf' t and Lib· 

Due to the manufacturing process ri;bf usually equals ri;tf in practice. Hereby, ri;bfis taken equal to ri;t/for all 

tests in the parameter study. The influence of each parameter on the web crippling stiffness is investigated 

emanating from three different general members in which each parameter is varied separately. These three 

general members differ from each other only in the magnitudes of their comer radii: they have bottom and 
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top flange comer radii of 1, 5 and 10 mm respectively. Hence, the whole parameter study is carried out for 

three members with small, medium and large comer radii. The geometrical dimensions (in mm) of the 

general members are: 

- general member 1: L,pan=1560, ew=90°, bb/=60, bw=65, b,r60, ri;bf=l, r;_.if=l, t=0.7 and L1b=lOO; 

- general member 2: L,pan=1560, ew=90°' bb/=60, bw=65, bif=60, ri;b/=5, ri:if=5, t=0.7 and L1b=lOO; 

- general member 3: L,pan=1560, ew=90°' bb/=60, bw=65, bif=60, ri;b/=10, ri:if=lO, t=0.7 and Llb=lOO. 

For each member the parameters (except the comer radii) are varied as follows (in mm): 

- L,pan: 

- ew: 
- bbl: 

- bw: 

520, 1040, 1560, 2080, 2600; 

50°' 60°' 70°' 80°' 90°; 

20, 40, 60, 80, 100, 120; 

30, 50, 65, 80, 100; 

20, 40, 60, 80, 100, 120; 

0.5, 0.7, 0.9, 1.1, 1.3, 1.5; 

25, 50, 100, 150, 200, 250, 300. 

Besides, the influence of the comer radii is once more investigated by varying r;.-if(and thus ri:bf) from 1 to 10 

mm (steps of 1 mm) using the geometrical dimensions of the above mentioned general members (except for 

the corner radii). The test program included 106 tests. 

The ranges of each parameter are based upon the geometrical dimensions of first generation deck panels that 

are commonly used in practice. Moreover, the parameters are varied under the condition that the span length

to-height of the web ratio varies between 8 and 40. The performed three point bending tests described in 

chapter 6 can be regarded as a simulation of the behaviour of a part of a continuous member at an interior 

support, provided the span length L,,sr in the test is chosen in such a way that the occurring M,,sr/F,,sr ratio 

corresponds to the M /F ratio at the interior support of the continuous member. For a two-span member with 

two identical spans (with a length L,paJ, loaded by a uniformly distributed load, it can be derived (Bakker, 

1992) that this span length L,,sr can approximately taken equal to 0.4 ·lspan· The range of the span length in 

the tests stems from the assumption that first generation deck panels have a span of ± 1000-6000 mm when 

hey are used as structural elements, such as roof, floor and wall elements. The modulus of elasticity is taken 

210000 N/mm2
• 

Z3 Discussion of the results 

As mentioned before, the parameter study is carried out on the finite element model (Fem), the energy model 

and the beam on elastic foundation model. For the energy model, all six combinations are involved. However, 

in the discussion of the results the emphasis will lie on the combinations which are based upon the 

geometrical compatibility approach (gca) because the hinge compatibility approach (hca) can be thought of as 
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a simplification of this approach. The beam on elastic foundation model (which will be abbreviated as beef 

model) is evaluated for four different values of cc, namely 0.2, 0.4, 0.6 and 0.8. For sake of clarity the six 

combinations of the energy model are once more given below. 

- Combination 1: Bilinear deformation pattern over the length of the member (bilinear), hca; 

- Combination 2: Bilinear deformation pattern over the length of the member (bilinear), gca; 

- Combination 3: Trilinear deformation pattern over the length of the member (trilinear), hca; 

- Combination 4: Trilinear deformation pattern over the length of the member (trilinear), gca; 

- Combination 5: Fourth degree polynomial deformation pattern over the length of the member (fdp), hca; 

- Combination 6: Fourth degree polynomial deformation pattern over the length of the member (fdp), gca. 

In the sections 7.3.1 to 7.3.8, the results of the parameter study for both the energy model and the beam on 

elastic foundation model are discussed per parameter (for all three general members). For a more detailed 

description of the results the reader is referred to appendix D.l. 

Z3.l Results concerning the corner radii 

The results of the energy model (only the combinations which are based upon the geometrical compatibility 

approach) for the general member with varying corner radii is given in the figures 7.1 and 7.2. 
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Figure Zl: Web crippling stiffness for varying corner radii (1-4 mm) 

According to the figures 7.1 and 7.2 all geometrical compatibility combinations of the energy model perform 

poorly in predicting the web crippling stiffness. Moreover, the hinge compatibility combinations perform poor 

as well (appendix D.1). 

91 



Parameter study 

12...---...---,---~-~-~-~-~-~-~---, 

' 

f ] ·: ···· ... 1····f----i ___ ····I··· i··········I i ··· l··········I ·········· 
~ a 

f ~ : T'''t'"'i•ecI::j::::LJ:::L::I::::. 
l l l l l l l l ! 0+--+--+--+---+---+---+---+---t-----,t----1 

5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0 
corner radii [mm] 

-a- F.e.m. ··-··· bilinear, gca -w-- trilinear, gca -•- fdp, gca 

Figure Z2: Web crippling stiffness for varying corner radii (5-10 mm) 

Combination 6 which is based upon the fourth degree polynomial description of the deformations over the 

length of the member performs relatively best for small corner radii, while combination 3 which is based 

upon the trilinear description of the deformations over the length of the member perform relatively best for 

large corner radii. It may be concluded that the corner radii are not very well accounted for throughout the 

energy model. The energy models result in a web crippling stiffness that is inversely proportional to the 

square corner radii while the finite element simulations tend to show a behaviour in which the web crippling 

stiffness is more or less inversely proportional to the corner radii. This poor performance of each combination 

of the energy model in case of varying corner radii, can be clarified in two different ways. 

Firstly, it might be caused by the chosen descriptions of the deformations over the cross-section of the 

member, which are taken equal for each combination. Especially, the deformation variation over the height of 

the web is rather questionable because it is assumed that the maximum deformation of the web occurs at the 

centre of the web, regardless of the magnitude of the corner radii. In reality, it is possible that the maximum 

deformation of the web is located somewhat higher in the web, nearer to the application of the load. The 

location of the maximum deformation of the web might also depend on the magnitude of the corner radii. It 

is plausible that the larger the top flange corner radii, the more the deformations are concentrated at the 

curvatures, resulting a maximum deformation (of the web) that is located somewhat higher in the web. Future 

research might be directed to the development of proper deformation descriptions, making use of the existing 

solutions for similar local problems in other fields of construction, for instance buckling. 

Secondly, the energy model ignores the geometrical dimensions of the bottom flange corner radii. This 
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neglect is based upon the statement that the load is transmitted mainly via the web. The top flange comer 

radii bring about an eccentrical load application at the load bearing plate but the bottom flange comer radii 

only cause an eccentrical application at the supports. It is at these supports that the web crippling 

deformations are assumed to be negligibly small. The extra bending deformations that occur at the supports 

due to this eccentrical are expected to have almost no influence on the centre of the member, just as the 

eccentrical loading application has almost no influence on the supports. However, according to the finite 

element simulations on the members A and B (section 6.2. 7), the bottom flange comer radii have a 

significant influence on the web crippling stiffness. The members A and B only differ from each other in the 

magnitude of their bottom flange comer radii, having a bottom flange comer radius of 10 and 1 mm 

respectively. Comparing their web crippling stiffnesses on the most reliable representation (test 3) it becomes 

clear that a member with a bottom flange of 10 mm has a web crippling stiffness that is more or less twice 

as large as the web crippling stiffness of the same member with a bottom flange comer radius of 1 mm. 

Hence, neglecting the bottom flange comer radii in case of member A ( ri;bf = 10), and thus assuming zero 

eccentricity of the bottom flange with respect to the web might implies an even larger deviation from the real 

web crippling stiffness. Table 6.1 indicates that the disregarding of the bottom flange comer radii results in 

an significant underestimation of the web crippling stiffness for members with large comer radii. According 

to the results from the parameter study the web crippling stiffness of members with large bottom flange 

corner radii is systematically underestimated throughout the energy model. This clearly supports the above 

mentioned statement. In future research it might be useful to investigate the role of the bottom flange comer 

radius 

separately. The results of the beam on elastic foundation model for the general member with varying comer 

radii is given in the figures 7.3 and 7.4. From the figures 7.3 and 7.4 it becomes clear that the beam on 

elastic foundation model performs somewhat better than the energy model in varying the top flange comer 

radii. A small value of a turns out to produce good approximations of the web crippling stiffness in case of 

members with small comer radii, while the web crippling stiffness of members with large comer radii is 

approximated best by using a large a. Hence, the web crippling stiffness can only be approximated properly 

for a being a function of the comer radii, instead of a having a constant value. This can be clarified in two 

ways. Firstly, the bottom flange comer radii are in this model not taken into account either, bringing about 

the same problems as in case of the energy model. Secondly, it is plausible that the transmission of the 

concentrated load occurs differently for different magnitudes of the comer radii. Hereby, the part of the web 

that belongs to the beam (and actually transmits the load) depends on the top flange comer radii. 

In a way this behaviour more or less resembles to the thought in the energy model that the location of the 

maximum deformation of the web might be a function of the comer radii, because in both cases the web 

crippling deformation behaviour of the web is thought to be a function of the magnitude of the comer radii. 

In other words, in the beam in elastic foundation model the poor covering of the top flange corner radii might 
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also be caused by a poor description of the deformation variations over the height of the web. 

Anyhow, the results on the beam on the elastic foundation model indicate that the corner radii are not 

covered very well, for a having a constant value. 
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Figure Z3: Web crippling stiffness for varying corner radii (1-4 mm) 
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The energy model and the beam on elastic foundation model on the one hand, and the finite element 

simulations on the other, may deviate greatly from each other due to the poor treatment of the comer radii of 

the former. Especially, in case of the general members 1 and 3 (with comer radii of 1 and 10 mm 

respectively) these deviations appear to be very large, anyhow resulting in large deviations for each parameter 

test of these members. Evidently, this does not imply that the other parameters perform poorly also. 

The performance of the rest of the parameters is merely determined by investigating to which extent the 

deviations between the analytical models and the finite element simulations vary. 

Z3.2 Results concerning the bottom flange 

According to the finite element simulations, the web crippling stiffness slightly increases with an increasing 

width of the bottom flange. The influence of the bottom flange on the web crippling stiffness is covered 

reasonably well throughout the energy model. All six combinations tend to show constant deviations from the 

finite element simulations for the whole range over which the length of the width of the bottom flange is 

varied. These constant deviations occur for all general members (see appendix D.l for a plot of this 

behaviour). Hereby, the neglect of the deformation variations of the bottom flanges in the development of the 

energy model is justified. Apparently, taking the influence of the bottom flange into account, only in 

describing the ratio of the maximum deflection of the top flange and the web, is a fair assumption of the 

energy model. 

Considering the beam on elastic foundation model, the influence of the bottom flange on the web crippling 

stiffness is modelled reasonably well, especially in case of large comer radii (the general members 2 and 3). 

The application of several magnitudes of a in the parameter study points out that using a small value of a in 

case of small comer radii (general member 1) and a large value of a in case of large comer radii (general 

member 3) gives the best approximations of the web crippling stiffness. 

Z3.3 Results concerning the top flange 

The finite element simulations tend to show a slightly decreasing web crippling stiffness with an increasing 

width of the top flange. The performance of the energy model in varying the widths of the top flange differ 

for each combination. Only combination 6 results in more or less constant deviations of the finite element 

simulations for the whole range over which the width of the top flange is varied. An exception has to be 

made for members having small comer radii and small top flanges, where increasing deviations from the 

finite element simulations occur. To a less extent the combinations 1 and 2 (bilinear description of the 

deformation variations over the length of the member) produce reliable results also, but only for top flanges 

larger than 30 mm. Although combination 5 is based upon the same effective length as combination 6, it 

shows a completely different dependence of the width of the top flange than the latter. Accordingly, the hinge 

compatibility approach differs greatly from the geometrical compatibility approach, in case of the fourth 
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degree polynomial description of the deformation variations over the length of the member. The hinge 

compatibility approach is no longer valid if the magnitude of the top flange is varied strongly. This can be 

clarified by considering the portal frame of the portal frame model. If the length of the top flange is varied it 

is clear that the bending moment at the connection between the top flange and the web will vary also and 

definitely not necessarily equal zero. 

In the beam on elastic foundation model the influence of the top flange is covered reasonably well. However, 

for members having small corner radii this model shows a larger dependence of the width of the top flange 

than the finite element simulations. 

Both the energy model and the beam on elastic foundation model perform better for large corner radii than 

for small corner radii as far as the top flange is concerned. This indicates that the schematisation of the portal 

frame model corresponds better to reality in case of larger corner radii. They both perform reasonably well 

for top flanges larger than 30 mm and smaller than 110 mm. 

Z3.4 Results concerning the web 

The finite element simulations show a decreasing web crippling stiffness with an increasing height of the 

web. Considering the energy model, only the combinations 2 and 6 correspond reasonably to the behaviour of 

the finite element simulations when the magnitude of the web is varied (they have almost constant deviations 

for webs larger than 40 mm). It is remarkable that a different description of the deformation variations over 

the length of the member implies greatly different performances on parameters of the cross-section, just as 

occurred in case of the bottom flanges. This is clarified by the application of the principle of minimum total 

potential energy: the second derivatives of the descriptions of the deformations over the length of the member 

interact with the descriptions of the deformations over the cross-section (equation 5.12). 

In general, the beam on elastic foundation model produces a web crippling stiffness that slightly decreases 

with an increasing height of the web, a behaviour that barely corresponds to the finite element simulations. 

Within the beam on elastic foundation model different values of a show a slightly different dependence for 

the web crippling stiffness of the height of the web, especially for members with small corner radii. This 

might be caused by the schematisation of the beam. The larger a, the bigger the influence the web has on the 

web crippling stiffness because a large value of a implies a large influence of the second moment of area of 

the beam on the resulting web crippling stiffness and the magnitude of the second moment of area depends 

mainly on the web. Besides, the web crippling stiffness is dependent on the two-dimensional web crippling 

stiffness, that is also a function of the web. Hence, it is possible that the influence of the web differs with 

varying magnitudes of a. 

Z3.5 Results concerning the web angle 

The finite element simulations point out that the web crippling stiffness increases with a decreasing web 
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angle. Hence, a member with inclined webs has a larger web crippling stiffness than the same member with 

vertical webs. The dependence of the web angle appears to vary with varying comer radii. 

In varying the web angle, both the energy model and the beam on elastic foundation model are only capable 

of proper predictions of the web crippling stiffness for members having web angles larger than 80°. This is 

caused by a poor performance of these models on the web angle in case of members having small comer 

radii. Note that in case of small comer radii the web crippling stiffness quite different depends on the web 

angle than for large comer radii, according to the finite element simulations: it has a decreasing gradient with 

decreasing web angles, while this holds definitely not true for larger comer radii. In case of the energy model 

the most obvious reason for this lack of reliability for members having inclined webs is that the assumption 

of the maximum deflection of the web occurring at the centre is no longer valid. This would imply that the 

factor n is no longer valid nor are the deformation descriptions in the energy model over the cross-section. 

Considering the beam on elastic foundation model it is plausible that the part of the web that belongs to the 

beam should depend on the web angle because different web angles imply a different transmission of the load 

F through the web. For a being dependent of the web angle a better treatment of the web angle might be 

established. 

Z3.6 Results concerning the load bearing plate 

According to the finite element simulations, the web crippling stiffness is proportional to the length of small 

load bearing plates (smaller than 100 a 150 mm) and is independent of the length of long load bearing plates 

(longer than 150 mm). Apparently, the length of the load bearing plate where the independence is initiated 

increases with increasing comer radii (appendix D.l). This type of behaviour can be explained by the 

deformation variation configuration that the top flange takes up. The downward curling of the top flange 

under the load bearing plate causes the proportionality between the web crippling stiffness and the length of 

the load bearing plate for small load bearing plates: the larger the load bearing plate, the more work that has 

to be carried out (due to the extra downward curling) to achieve the same web crippling deformations at the 

edge of the load bearing plate. In case of longer load bearing plates however, some significant upward 

curling occurs under the centre of the load bearing plate (figure 5.3). Hence, the downward curling does not 

take place, so that no extra work is brought about. This results in a web crippling stiffness that is independent 

of the length of long load bearing plates. 

The energy model has a web crippling stiffness that is more or less proportional to the length of the load 

bearing plate. Hence, it may be concluded that the load bearing plate is poorly covered in the energy model. 

This is caused by the chosen deformation descriptions over the length of the member: in these descriptions it 

is assumed that the deformations continuously increase under the load bearing plate, except by the trilinear 

description, that assumes a constant deformation under the load bearing plate. It is this trilinear description 

that relatively produces the best results. For the energy model not taking the upward curling of the top flange 
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under the load bearing plate into account, it seems quite logical that the larger the load bearing plate the 

worse the energy model predicts the web crippling stiffness. 

The beam on elastic foundation model does not take the upward curling of the top flange into account either, 

but uses a different description of the deformation variations over the length of the member than the energy 

model. Apparently, in the beam on elastic foundation model the web crippling stiffness is more or less 

independent of the length of the load bearing plate for small values of a. However, this is contradictory to 

the other parameters for which the beam on elastic foundation model corresponds best to the finite element 

simulations for a being proportional to the corner radii. 

7.3. 7 Results concerning the span length 

The finite element simulations point out that the web crippling stiffness is independent of the span length of 

the member. 

The combinations 1, 2, 5 and 6 are based upon the assumption that the web crippling deformations stretch out 

over an effective length that is a function only of the magnitudes of the bottom and top flanges and the web. 

Therefore, these combinations perform well in describing the influence of the span length on the web 

crippling stiffness. In case of the combinations 3 and 4, the web crippling stiffness is proportional to the span 

length. Within these combinations the full length solution is applied in which the effective length is taken 

equal to the span length. 

From these results it may be concluded that it is justified to introduce an effective length where outside the 

web crippling deformations are assumed to equal zero. 

Despite the fact that the beam on elastic foundation model does take web crippling deformations over the 

span length into account, the resulting web crippling stiffnesses appear to be more or less independent of the 

span length also. Hereby, it follows that the web crippling deformation variations over the length of the 

member can be described properly by the deflection curve of a beam on an elastic foundation. 

7.3.8 Results concerning the wall thickness 

The finite element simulations show that the web crippling stiffness is proportional to the wall thickness 

raised to (about) the 5/2 power (appendix D.1). Throughout the energy model the web crippling stiffness is 

proportional with the wall thickness raised to the third power. It may be concluded that the treatment of the 

wall thickness is not quite so well within the energy model. This is caused by the neglect of the axial 

deformations in the member in this model (only bending deformations are taken into account). Generally, it 

holds true that the larger the wall thickness, the larger the influence of the axial deformations on the resulting 

web crippling stiffness. The axial web crippling deformations are inversely proportional to the wall thickness 

while the web crippling deformations due to bending actions are inversely proportional to the wall thickness 

raised to the third power. Hence, the relative influence of the axial web crippling deformations on the web 
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crippling stiffness increases with an increasing wall thickness. For example, consider the portal frame model 

for first generation deck panels (equation 3.16). From figure A.20 it becomes clear that the axial web 

crippling deformations in this model may have a considerable influence on the two dimensional web crippling 

stiffness, in case of large wall thicknesses. It should be noted that this influence decreases with an increasing 

top flange corner radius, because the web crippling deformations due to bending action are far more larger 

than the ones due to axial forces in case of larger corner radii. 

In the beam on elastic foundation model the web crippling stiffness is more or less proportional to the wall 

thickness raised to the 5/2 power, as are the finite element simulations. In this model the wall thickness 

appears to be fairly accounted for. Note that here, the axial bending deformations are taken into account 

explicitly, namely within the portal frame model. This confinns the argumentation of the poor treatment of 

the wall thickness in the energy model. 

Z4 Adjustment of the energy model and the beam on elastic foundation model 

The energy model and the beam on elastic foundation model (for a having a constant value) perform poorly 

on several parameters (section 7.3). Some of the parameters can be better accounted for by simple 

adjustments. In this section these adjustments are treated for both the energy model (section 7.4.1) and the 

beam on elastic foundation model (section 7.4.2). 

Z4.l Energy model 

The development of the adjusted energy model is confined to combination 6 because this is the only 

combination within the energy model that produces reasonable results for most of the parameters. Principally, 

the derivation of this factor for other combinations is similar. 

In the energy the corner radii, the length of the load bearing plate, the wall thickness and the web angle are 

poorly accounted for. 

In section 7.3 and appendix D.1 it has become clear that the poor treatment of the corner radii in the energy 

and model enlarges the deviations of those models from the finite element simulations in case of several 

other parameters. In the energy model the covering the of the corner radii is improved by the addition of a 

correction factor which is empirically determined. 

According to section 7.3 the wall thickness is poorly accounted for due to the neglect of axial (web crippling) 

deformations. Taking these stretching action into account would greatly improve the energy model concerning 

the wall thickness. However, this also highly complicates the resulting web crippling stiffness. The treatment 

of the wall thickness can be improved relatively simple by adding an empirical correction factor. In the 

current situation this means that the web crippling stiffness should be divided by roughly the square root of 

the wall thickness. 

The correction factor on the corner radii and the wall thickness has been established using a trial and error 
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method with the aid of a spreadsheet program that calculates the consequences of the application of the 

·correction factor for each test of the parameter study. Eventually, this resulted in a correction factor y with 

which the web crippling stiffness has to be multiplied. For combination 6 y is given by 

I0.'12 
y = 1;tf 

4.035 . t 0·65 
(7.1) 

As mentioned before, the poor covering of the length of the load bearing plate stems from the disregarding of 

the upward curling underneath it. This a lack of the model that can be solved on physical grounds by 

adjusting the deformation description of the top flange over the length of the member. The most simple 

solution is to assume that the deformations have a constant value underneath the load bearing plate, applying 

the fourth degree polynomial only outside the plate. A more complicated but physically more relevant 

solution lies in the description of the upward curling of the top flange underneath the load bearing plate. If it 

is possible to establish an appropriate deformation description of the upward curling, the influence of the load 

bearing plate would be covered much better. Finally, a more provisional solution can be applied making use 

of the fact that the web crippling stiffness is independent of L1b, if L1b > 100 mm. Hence, it is possible to 

replace L1b by a constant value. In the adjusted model the length of the load bearing plate is replaced by a 

constant value of 100 mm. 

No adjustment is made on the covering of the web angle. It is recommended to improve the treatment of the 

web angle by using a different deformation description (and thus a different value for n) over the cross

section. 

In the adjusted energy model (combination 6) the web crippling stiffness is given by 

[b4 ·(b 3 ·L 2 ·(8640 +2400·n) +5248 ·L 4 ·b + b ·(L 2 ·(1536 ·L 2 +3936 ·b 2 +2400 ·b 2 ·n)) ·[ If w ef ef w If ef ef w w 

+ b: ·b; ·(bw·(3150 + 15750 ·n 2 ) + 7875 ·btf·n 2
) + b! ·(b: ·L;.·(2400 ·n 2 -768 ·n + 8800) +6656 ·btf·L.,>n 2 )] 

+ bw ·sinO w ·r;;,in ·(sinO w·I;;tf·(bw + 5 · btf) - bw-btf))] 

+ 
[b! ·(L:r·n 2 ·(768 ·L;.+2400 · b};) + b};·n ·(7875 ·b};·n-8960 ·L';)-2100 ·b,~ +4096 · bw·b,/L';·n 2 ) 

[bw·sin 2 0 w ·r,,71r·(sinO w ·r,.;tf- blf) ·(b'/; ·(btf·(4 ·sinO w ·r,.;tf- btf) - bw ·n ·(bw + 5 ·sinO w ·r,.;tf) -4 ·sin20 w ·r,,71r) 

+ b/; ·(b,~ ·(8400 ·n·(b11.+ b,.,) -5250 · b11) ~ Le>b;. ·(b,.:n·(3200 ·n-9984) - btf·(4608 ·n-6400)))] 

+bw·sinOw-ri;tf·n·(sinOw·r1;tf·(bw+5 ·blf)-bw·blf))] ] 
(7.2) 
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b:·(34 ·b~+504 ·10 4
) +b!·n 2 ·(17 ·b,~+252 ·104

) 

14 ·b:+7 ·b;·n 2 

Z4.2 Beam on elastic foundation model 

Parameter study 

(7.3) 

In the beam on elastic foundation model the comer radii, the web and the web angle are poorly accounted 

for. For this model including already a correction factor a, it is unnecessary to add an extra factor with 

which the web crippling stiffness need to be multiplied in order to improve the treatment of the comer radii. 

It is more obvious to determine a, so, that a better treatment of the comer radii is established. According to 

the results of the parameter study, the magnitude of a which provides the best approximations is proportional 

to the magnitude of the comer radii. In deriving a formula for a that provides the best approximations for all 

parameters, a difficulty is formed by the fact that some parameters are contradictory in their optimum for a. 

Therefore, the derivation of this formula turns out to be impossible. Within this project, the derivation of a is 

limited to optimize the treatment of the comer radii. Several formulae can be applied, providing solutions that 

differ from each other in the value of the comer radii where they perform best. The chosen solution is 

directed to the medium and large comer radii as those are thought to be most relevant in practice. The 

solution for a is given by 

(7.2) 

It is difficult to adjust the model as far as the treatment of the web is concerned. The web has a different 

function for each value of a, that in the circumstances cannot be changed easily, without affecting the 

fundamental basis on which the model has been developed. The factor a could be adjusted to the magnitude 

of the web angle. However, it is recommended to get first clear physical insight in how a depends on this 

parameter. Hence, no adjustments are made for the treatment of these parameters. 

Z5 Results concerning the adjusted energy and beam on elastic foundation model 

To investigate the influence of the adjustments in section 7.4, the whole parameter study is carried out once 

more for the adjusted combination 6 of the energy model and for the beam on elastic foundation model with 

the adjusted formula for a. 

Z5.J Results concerning the corner radii 

For varying the magnitude of the comer radii the performance of both adjusted models is given in the figures 

7.5 and 7.6. 
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Figure Z5: Web crippling stiffness for varying corner radii (1-4 mm) 
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Figure Z6: Web crippling stiffness for varying corner radi.i (5-10 mm) 

The adjustments result in very good performances for varying the corner radii. For these corner radii being 

the most important parameter in the determination of the web crippling stiffness this is an important result. 

The only exception is formed by members having a corner radius of about 2 mm weir web crippling stiffness 
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is predicted by the beam on elastic foundation model. However, it was already noted that the adjustment 

within this model is directed to somewhat larger comer radii. 

Z5.2 Results concerning the bottom flange 

For the energy model the results on the bottom flanges are reasonably well. The deviations of the energy 

model from the finite element simulations remain within acceptable limits throughout the whole range in 

which the width of the bottom flange is varied, for the members 1, 2 and 3. On the other hand, the beam on 

elastic foundation model shows quite different dependencies of the bottom flange for the members 1, 2 and 3, 

while the finite element simulations tend to show merely one characteristic behaviour, regardless of the 

comer radii. It is concluded that the beam on elastic foundation model performs reasonably well also in the 

description of the influence of the bottom flange. The finite element simulations point out that the web 

crippling stiffness increases with an increasing width of the bottom flange. However, the gradient of this 

increase diminishes for large corner radii. Although the beam on elastic foundation model exhibits an even 

decreasing web crippling stiffness with increasing bottom flanges in case of members having large corner 

radii, the differences between the model and the simulations remain small over the whole range for which the 

width of the bottom flange is varied. To illustrate this, the web crippling stiffness for varying bottom flanges 

in case of member 2 is given in figure 7.7. The other results are given in appendix E. 

r=5 

20 30 40 50 60 70 80 90 100 110 120 
bottom flange [mm] 

-a- F.E.M simulation --,it,.-- adjusted fdp, gca -w-- adjusted bod 

Figure Z7: Web crippling stiffness for varying bottom flanges 

Note that the energy model performs better for members with large comer radii than for members with small 

corner radii, considering the influence of the bottom flange (appendix E). 
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Z5.3 Results concerning the top flange 

Both the beam on elastic foundation model and the energy model performs reasonably well for the members 

1, 2 and 3 in varying the magnitude of the width of the top flange, except that the web crippling stiffness for 

small top flanges is overestimated. However, for members having top flanges larger than about 35 mm the 

energy model is capable of producing reliable results for varying top flanges. The results on member 1 are 

given in figure 7.8. Note that the energy model, the beam on elastic foundation model as well as the finite 

element model show that dependence of the web crippling stiffness on the top flange is the roughly the same 

throughout the members 1, 2 and 3. (appendix E). 
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Figure Z8: Web crippling stiffness for varying top flanges 

Z5.4 Results concerning the web 

Considering variations in the height of the web, the predictions of the adjusted combination 6 of the energy 

model are sufficient accurate, except that the predictions increasingly deviate from the finite element 

simulations for members with small comer radii and small webs (less than 50 mm). 

It was already noticed in the original parameter study that the influence of the web on the web crippling 

stiffness is poorly covered within the beam on elastic foundation model. Figure 7.9 shows the plot 

corresponding to the variations of the height in the web for member 3. 

Varying the factor a, corresponds to varying the role of the web in the beam on elastic foundation model. 

Hence, it is not surprising that the adjusted beam on elastic foundation model exhibits a different kind of 

behaviour for the members 1, 2 and 3 (they have different comer radii and thus different values for a). 
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Figure 7.9: Web crippling stiffness for varying webs 

7.5.5 Results concerning the web angle 

Parameter study 

The energy model and the beam on elastic foundation model behave rather similar in varying the web angles 

of member 1, 2 and 3. They exhibit a slightly increasing web crippling stiffness with a decreasing web angle. 
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Figure 7.10: Web crippling stiffness for varying web angles 
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The finite element simulations on the other hand show a stronger correlation. For members having vertical 

webs the deviations between the analytical models and the finite element simulations remain small. The 

deviations tend to increase however, with a decreasing web angle. Hence, the adjusted models are only 

capable of producing reliable results for web angles larger than 80°, just as the original models. It is striking 

that both the energy model and the beam on elastic foundation model perform better for large corner radii 

than for small corner radii as far as the influence of the web angle is concerned, mainly because the web 

crippling stiffness has a rather strange bend at an web angle of 60° . 

The characteristic behaviour is shown in figure 7.10 for member 3. 

Z5.6 Results concerning the load bearing plate 

In the adjusted energy model the influence of the load bearing plate is fairly treated. Only in case of small 

load bearing plates (L1b<100 mm) significant deviations from the finite element simulations occur. A solution 

for this might be found in applying a different description of the deformation of the top flange underneath the 

load bearing plate in the energy model (section 7.4). 
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Figure Zll: Web crippling stiffness for varying load bearing plates 

The beam on elastic foundation model uses a different description for the deformation variations over the 

length of the member and performs somewhat better, considering the load bearing plate. However, in case of 

members with corner radii of about 5 mm, it is to be expected that the web crippling stiffness approximations 

of the beam on elastic foundation model satisfy neither in case of load bearing plates longer than 150 mm. 

The differences between the models are illustrated using member 1 (figure 7.11). 
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Z5. 7 Results concerning the span length 

Both the energy model and the beam on elastic foundation model perform well, considering the span length 

of the member. As mentioned in appendix D, the web crippling stiffness appears to be almost independent of 

the span length of the member. The adjustment of the models has not changed the web crippling stiffness 

behaviour with regard to the span length. In figure 7.12 the results are given for member 2. 
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Figure Z9: Web crippling stiffness for varying span lengths 

Z5.8 Results concerning the wall tmckness 

The wall thickness is treated reasonably well within the adjusted energy model. Only for large wall 

thicknesses (t > 1. 1 mm) the model shows increasing deviations from the finite element simulations. 

Especially in case of members having small comer radii great deviations occur for a large wall thicknesses. 

This is caused by the fact that the treatment of the wall thickness has been improved by adding a simple 

correction factor for t that is independent of the magnitude of the comer radii. However, it was already noted 

in section 7.3 that not taking the axial deformations into account has varying influences on the resulting web 

crippling stiffness with varying values of the comer radii (in case of small comer radii the axial deformations 

have a relatively large influence on the web crippling stiffness). Hence, the correction factor has a slightly 

different influence on members with different comer radii. 

The beam on elastic foundation model performs very well on the wall thickness, regardless the magnitude of 

the comer radii. For general member 2 the results concerning the wall thickness are given in figure 7.13. 
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Figure ZJ3: Web crippling stiffness for varying wall thicknesses 

1.5 

Z6 Concluding remarh 

It can briefly be stated that the adjusted energy model performs well on the corner radii, the web, the bottom 

and the top flange, the load bearing plate, the span length and to a less extent the wall thickness, while the 

beam on elastic foundation model performs well on the corner radii, the bottom flange, the wall thickness and 

to a less extent the top flange and the load bearing plate. 

At first sight it seems difficult to adjust the beam on elastic foundation model. The difficulty in adjusting the 

beam on elastic foundation model is formed by the web. Actually, the web has a different function for each 

a, that in the circumstances cannot be changed easily, without affecting the fundamental basis on which the 

model is developed. Besides, the beam on elastic foundation model needs to be adjusted on the influence of 

the web angle. The factor a might be made dependent of the magnitude of the web angle. 

Considering the adjusted energy model, the first priority should be to improve the treatment of the web angle. 

The most obvious reason for this lack of reliability in case of members having inclined webs is that the 

assumption of the maximum deflection of the web occurring at the centre is no longer valid. This would 

imply that the factor n is no longer valid nor are the deformation descriptions in the energy model over the 

cross-section. It is possible to derive an extra model for members with small web angles that is based upon 

different descriptions of the deformation variations. Furthermore, it is also possible to develop a more 

complicated model that is based on a more general deformation variations description, which appears to be 

valid, regardless of the magnitude of the web angle. For instance, a new parameter might be introduced that 
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represents the location of the maximum deformation of the web. This location can be determined by 

minimizing with the maximum deformation of the web respect to this parameter. Hereby, the deformation 

descriptions of the web over the cross-section of the member are determined by this extra parameter. 

In the adjusted energy model the load bearing plate and the wall thickness are treated fairly well, except that 

the model tends to show increasing deviations from the finite element simulations in case of small load 

bearing plates and large wall thicknesses. It is very well possible to apply some further adjustments by which 

these deviations might be taken way. In case of the covering of the load bearing plate a more complicated but 

physically more relevant solution lies in the description of the upward curling of the top flange underneath 

the load bearing plate. Considering the treatment of the wall thickness, the energy model might be improved 

by taking the stretching actions in the plate into account. However, the current adjusted energy model is 

simply not valid for members having small load bearing plates (L1b<l00 mm) or large wall thicknesses (t >1.1 

mm). 
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Chapter 8: Conclusions and recommendations 

This final chapter gives an overview of the conclusions that can be made as a result from this research 

project. Besides, some recommendations for future research are pointed out. 

8.1 Introduction 

On account of this research project on the web crippling stiffness of hat sections and first generation deck 

panels some conclusions can be made. Firstly, section 8.2 describes some conclusions that relate to the 

general characteristics of web crippling stiffness. Secondly, some conclusions can be drawn that are related to 

the simulation of web crippling behaviour using a finite element model (section 8.3). Thirdly, conclusions 

that relate to the beam on elastic foundation model are given in section 8.4. Finally, some conclusions can be 

made, considering the development of the energy model (section 8.5). In section 8.6 a provisional web 

crippling stiffness formula is given, with which the web crippling stiffness can be approximately be 

determined. In addition, some recommendations for future research on web crippling behaviour can be made 

and are summarized in section 8.7. 

8.2 General conclusions concerning the web crippling stiffness 

From the finite element simulations it is possible to draw some general conclusions on the web crippling 

stiffness behaviour, particularly the behaviour of first generation deck panels. The most important ones are 

summarized here. 

- Web crippling is a local phenomenon, which influences the deformation configuration of a member only 

within a certain region (the effective length), and which is independent of the span length of the member. 

The web crippling stiffness appears to be independent of the span length of the member. In other words, the 

length of the member does not affect the web crippling behaviour of the member below the load bearing 

plate. Only, in case of short members the web crippling stiffness shows some slight dependence of the span 

length. This indicates the existence of an effective length over which the web crippling deformations stretch. 

Note that this is in conformity with the results of Bakker (1992). 

- The web crippling stiffness is influenced mostly by the corner radi.i and by the wall thickness. 

Finite element simulations show that the web crippling stiffness is more or less inversely proportional to the 

top flange comer radius. Especially in case of members having small comer radii, this implies that the web 

crippling stiffness is highly sensitive to the magnitude of the comer radii. 

The treatment of the comer radii in an analytical model greatly contributes to the general validity of it. 

Note that this conclusion promotes the use of members having small comer radii, as far as the elastic web 

crippling behaviour is concerned (the failing on web crippling is not considered). 
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The web crippling stiffness appears to be proportional to the wall thickness raised to the 5/2 power. This 

large influence of the wall thickness is not quite surprising. Consider a member to be built up of several 

plates. The moment of inertia of each of these plates is proportional to the wall thickness raised to the third 

power. Bending deformations of plates are inversely proportional to their moment of inertia. Since the web 

crippling stiffness mainly depends on the magnitudes of bending deformations, the web crippling stiffness is 

expected to be proportional to the wall thickness raised to about the third power. 

- The web crippling stiffness is proportional to the length of the load bearing plate in case of small load 

bearing plates and independent of it in case of large load bearing plates. 

This type of behaviour can be clarified by the deformation configuration that the top flange takes up. The 

downward curling of the top flange under the load bearing plate causes the proportionality between the web 

crippling stiffness and the length of the load bearing plate for small load bearing plates: i.e. the larger the 

load bearing plate, the more work that has to be carried out (due to the extra downward curling) to achieve 

the same web crippling deformations at the edge of the load bearing plate. In the case of longer load bearing 

plates however, some significant upward curling occurs underneath the centre of the load bearing plate (figure 

5.3). Hence, the downward curling does not take place, so that no extra work is brought about. This results in 

a web crippling stiffness that is independent of the length of long load bearing plates. 

8.3 Conclusions related to the finite element model 

On the simulations of elastic web crippling behaviour in a finite element program, particularly within ANSYS 

version 5.0A, the following conclusions can be made. 

- The rounding of the corners can best be modelled by circle segments. 

For the corner radii being the most important parameter determining the web crippling stiffness, special 

attention needs to be paid to the modelling of the rounding of the corners in the finite element model. The 

rounding of the corners can be modelled in several ways (figure 6.3), for instance by reducing them to 

straight lines under angle of 45° with the web and the flange. However, it may be concluded (table 6.1) that 

a representation of the rounding of the corners by a circle segment, which is conform reality, produces the 

most accurate results. It is not quite surprising that the differences between this representation and other, 

more simplified representations increase with increasing magnitudes of the corner radii. 

- The first generation deck panels can be meshed properly with a constant element size, except at the comer 

radii. 

The finite element model can be built up out of elements that have more or less the same dimensions. The 

influence of local refinements at areas where large stress variations occur, such as at the loading application 
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and at the supports, is investigated using the 'submodelling' technique within ANSYS. Apparently, these local 

refinements have no large influence on the web crippling stiffness (table 6.2). Hence, the model can be 

meshed properly using elements of the same size throughout the model. An exception is made at the rounding 

of the corners. To preclude the creation of only one element over the rounding of the corners in case of small 

corner radii, implying a poor representation of the curved transitions, the element size is determined 

separately at these rounding. Hence, on one hand relatively small elements should be used at the rounding for 

the abovementioned reason of representation of the curved transitions. On the other hand, a large number of 

elements over the rounding of the corners promotes the existence of poorly shaped elements (elements having 

a length-to-width ratio that exceeds 8), because these elements have a rather small width while their length 

more or less equals the element size that is used throughout the model. A solution to this problem is found 

by adjusting the number of elements over the rounding of the corners proportionally to the magnitude of the 

corresponding corner radii. This solution is based upon the knowledge that the representation of large corner 

radii has a relatively large influence on the web crippling stiffness, compared to small corner radii. 

- The load bearing plate may be modelled by four concentrated loads. 

Due to the downward curling of the top flange underneath the load bearing plate, only four contact points 

between the load bearing plate and the top flange will remain after initial loading. These four contact points 

each transmit one quarter of the total loading that is applied. Note that this idealization of the load bearing 

plate is also used within the portal frame model, the beam on elastic foundation model and the energy model. 

- ANSYS is very well suited for the purpose of parameter studies. 

The finite element program ANSYS offers the possibility of carrying out finite element tests in the interactive 

mode as well as on the background by using batch files (passive mode). Within ANSYS it is possible to 

describe parameters by symbols. After attaching values to these symbols the web crippling tests are carried 

out. Now, with the usement of batch files it is relatively simple to carry out a parameter study using one and 

the same batch file for all tests, except that different values are attached to the symbols. 

8.4 ConclusiollS related to the beam on elastic founda.tion model 

On the ability of the beam on elastic foundation model to produce reliable approximations of the web 

crippling stiffness, the following conclusions, which are confined to first generation deck panels, can be 

made. 

- The corner radii are poorly accounted for within the beam on elastic foundation model. 

The web crippling stiffness of finite element simulations tends to show a significant different dependence of 

the corner radii than the beam on elastic foundation model. The underlying reasons for this poor treatment are 
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twofold. Firstly, the bottom flange corner radii are not taken into account within the beam on elastic 

foundation model, while they appear to have significant influence on the web crippling stiffness. They are 

neglected because otherwise the deformation description of the web in the portal frame model is not conform 

reality. Secondly, the part of the web that is considered to belong to the beam in the application of the beam 

on elastic foundation theory (the factor a) might depend on the magnitude of the corner radii. This is 

plausible because the transmission of the concentrated load occurs differently for different magnitudes of the 

(top flange) corner radii. In the adjusted beam on elastic foundation model, the factor of a is defined to 

depend on the corner radii. Hereby, the covering of the corner radii is greatly improved, resulting in 

satisfactory results as far as the covering of the corner radii is considered. 

- The influence of the web and the web angle is poorly described in the beam on elastic foundation model. 

The beam on elastic foundation model covers the influence of the web poorly. According to the model the 

web crippling stiffness is more or less proportional to the height of the web while the finite element 

simulations exhibit a decreasing web crippling stiffness with an increasing height of the web. This poor 

treatment might be caused by the definition that a part of the web belongs to the beam while the whole web 

continuously supports the beam in the application of the theory of a beam on an elastic foundation. Hence, 

varying the height of the web influences the role of the beam. 

Both the beam on elastic foundation model and the finite element simulations point out that the web crippling 

stiffness increases with a decreasing web angle. However, finite element simulations tend to show a stronger 

dependence. The beam on elastic foundation model is only capable of acceptable predictions (as far as the 

web angle is concerned) for members having a web angle larger than 80°. It is plausible that the part of the 

web that belongs to the beam should depend on the web angle because different web angles imply a different 

transmission of the load F through the web. For a being dependent of the web angle a better treatment of the 

web angle might be established 

- The results of the beam on elastic foundation model with respect to the bottom and top flanges, the load 

bearing plate, the span length and the wall thickness are reasonably well. 

The finite element simulations point out that the web crippling stiffness increases with an increasing width of 

the bottom flange. However, the gradient of this increase diminishes for large comer radii. Although the 

beam on elastic foundation model exhibits a decrease of the web crippling stiffness for increasing bottom 

flanges in case of members having large corner radii, the differences between the model and the simulations 

remain small over the whole range for which the width of the bottom flange is varied. 

The influence of the top flange is fairly well described by the beam on elastic foundation model. Both the 

model and the simulations show that the web crippling stiffness depends on the width of the top flange in a 

decreasing manner when increasing the width. The larger the comer radii, the better this performance turns 
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out to be. 

According to the finite element simulations the web crippling stiffness is proportional to the length of the 

load bearing plate for small load bearing plates and becomes independent of it for larger load bearing plates. 

This behaviour is reasonably well covered in the beam on elastic foundation model, especially in case of 

members having small corner radii. 

Both the model and the simulations show that the web crippling stiffness is independent of the span length of 

the member. This indicates that it is very well possible to apply the theory of a beam on an elastic foundation 

in describing the variations of deformation over the length of the member. 

8.5 Conclusions related to the energy model 

Six different combinations have been developed within the energy model. They differ from each other in the 

deformation description over the length of the member and the compatibility between the plates. Two 

compatibility approaches can be distinguished, namely the hinge compatibility approach (hca) and the 

geometrical compatibility approach. The latter is based upon the assumption that the top flange and web 

plates are rigidly connected to each other, while the former assumes hinge connections between the plates. 

For sake of clarity the six combinations of the energy model are given below. 

- Combination 1: Bilinear deformation pattern over the length of the member (bilinear), hca; 

- Combination 2: Bilinear deformation pattern over the length of the member (bilinear), gca; 

- Combination 3: Trilinear deformation pattern over the length of the member (trilinear), hca; 

- Combination 4: Trilinear deformation pattern over the length of the member (trilinear), gca; 

- Combination 5: Fourth degree polynomial deformation pattern over the length of the member (fdp), hca; 

- Combination 6: Fourth degree polynomial deformation pattern over the length of the member (fdp), gca. 

Eventually, combination 6 of the energy model has been adjusted in order to improve the treatment of the 

corner radii, the length of the load bearing plate and the wall thickness. On the ability of the energy model 

(all combinations and the adjusted model) to produce reliable approximations of the web crippling stiffness, 

the following conclusions, which are confined to first generation deck panels, can be made. 

- The comer radii are poorly accounted for within the energy model for all combinations. 

The web crippling stiffness of the finite element simulations exhibits a significant different dependence of the 

corner radii than the energy model does. The underlying reasons for this poor treatment are twofold. 

Firstly, the bottom flange corner radii are not taken into account within the beam on elastic foundation model, 

while they appear to have a significant influence on the web crippling stiffness. 

Secondly, it might be caused by the chosen descriptions of the deformations over the cross-section of the 

member, especially the description of these variations over the height of the web. These descriptions are 

based on the assumption that the maximum deformation occurs at the centre of the webs and top flange. 
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Moreover, they are established by trial functions which are independent of the comer radii. It is possible that 

in reality the maximum deformation of the web is located somewhat higher in the web, thus nearer to the 

point of load application. Furthermore, the location of the maximum deformation of the web might depend on 

the magnitude of the comer radii because it is plausible that the larger the comer radii, the more the 

deformations are concentrated at the rounding of the comers instead of at the web. 

In the adjusted model a correction factor y is added to the original model. This factor y is a function of the 

comer radii (and the wall thickness). Throughout the adjusted energy model the treatment of the comer radii 

is greatly improved, resulting in satisfactory results as far as the covering of the comer radii is considered. 

- The energy model covers the web angle, the load bearing plate and the wall thickness poorly. 

The dependence of the web angle within the energy model corresponds to this dependence in the beam on 

elastic foundation model. Hence, the finite element simulations tend to depend stronger on the web angle, just 

as is the case in the beam on elastic foundation model. The energy model is only capable of proper 

predictions (as far as the web angle is concerned) for members having a web angle larger than 80°. The most 

obvious reason for this lack of reliability for members having inclined webs is that the assumption of the 

maximum deflection of the web occurring at the centre is no longer valid. This would imply that the factor n 

is no longer valid nor are the deformation descriptions in the energy model over the cross-section. The factor 

n is defined to be the quotient of the maximum deflections of the top flange and the web and used in the 

description of the deformation variations over the cross-section of the member. 

According to the energy model, the web crippling stiffness is proportional to the length of the load bearing 

plate, regardless the length of the load bearing plate. Clearly, this does not correspond not very well to the 

simulations, especially in case of long load bearing plates. The combinations 1, 2, 5 and 6, which consider an 

increase of the deformations underneath the load bearing plate, produce very poor predictions in varying the 

length of the load bearing plate. The combinations 3 and 4, which imply a constant deformation underneath 

the load bearing plate) relatively perform best. For the energy model not taking the upward curling 

underneath the load bearing plate into account in case of all combinations, it seems quite logical that the 

larger the load bearing plate the worse the energy model predicts the web crippling stiffness. 

Each combination performs the same varying the wall thickness, as the wall thickness is uniformly accounted 

for throughout the energy model. According to the energy model, the web crippling stiffness is proportional 

to the wall thickness raised to the third power, while the finite element simulations point out that it is 

proportional to the wall thickness raised to roughly the 5/2 power. However, this poor treatment only has a 

large influence on the resulting web crippling stiffness for members with wall thicknesses larger than 1 mm. 

It is caused by the neglect of axial deformations in throughout the member. 

In the adjusted energy model the influence of the load bearing plate and the wall thickness is better described 

than in the original model. The web crippling stiffness is made independent of the length of the load bearing 
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plate. In the adjusted model the treatment of the length of the load bearing plate is very well for load bearing 

plates larger than about 75 mm. Considering the treatment of the wall thickness, an empirical correction 

factor (y) is added, whereafter the influence of the wall thickness is described accurately for wall thicknesses 

smaller than 1.1 mm. 

- In the energy model the bottom and top flange, the web and the span length are accounted for reasonably 

well for several combinations. 

Considering the bottom flange, the energy model does very well on each combination throughout the whole 

range over which the width of the bottom flange is varied. Therefore, the neglect of the deformation 

variations over the bottom flange, resulting in a description of the member only by one top flange plate and 

two web plates, is justified. Moreover, the introduction of the factor n in the development of the energy 

model is justified also, for members having vertical webs. Since, the deformation variations of the bottom 

flange are neglected, the influence of the bottom flange on the web crippling stiffness is represented by n. 

The performances of the energy model with respect to the top flange differ for each combination. Only 

combination 6 performs reasonably well, regardless of the magnitude of the comer radii. The other 

combinations show a performance that varies with varying magnitudes of the comer radii. 

Only combination 2 and 6 cover the web considerably well, regardless the magnitude of the comer radii. 

The combinations 1, 2, 5 and 6 are based upon the assumption that the web crippling deformations stretch out 

over an effective length that is only a function of the bottom and top flange and the web. Hence, these 

combinations produce web crippling stiffnesses which are independent of the span length, just as the finite 

element simulations indicate. The combinations 3 and 4 apply the so-called full length solution in determining 

the web crippling stiffness. This solution states that the effective length equals the span length and show a 

web crippling stiffness that is proportional to the span length. From the results it may be concluded that the 

introduction of the effective length is justified. 

- The geometrical compatibility approach is preferred to the hinge compatibility approach. 

According to the results of the parameter study, the hinge compatibility approach, which is based upon the 

assumption that the web and top flange plates are connected to each other by hinges, only produces reliable 

results for few parameters. This indicates that the hinge compatibility approach cannot be applied in the 

derivation of a web crippling stiffness model that should be able to produce reliable predictions of the web 

crippling stiffness. The hinge compatibility approach is based upon the assumption that the plates are rigidly 

connected, where the bending moment at these connections not necessarily equals zero Hence, the 

geometrical approach, which can be thought of as a generalization of the hinge compatibility approach, is 

preferred to the hinge compatibility approach. 
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- A fourth degree polynomial description of the deformation variations over the length of the member, 

combined with the geometrical compatibility approach (combination 6), produces the most reliable 

approximations of the web crippling stiffness, throughout the parameter study. 

Of all combinations that have been investigated, combination 6 appears to produce the most reliable results. 

This was to be expected because combination 6 represents the most progressive description of the 

deformation variations over the length of the member. After application of the adjustments, this model even 

treats all parameters considerably well, except that the web angle is poorly accounted for. It should be noted 

that the energy model is very sensitive to the description of the deformation variations over the length of the 

member according to the large deviations between the results of the various combinations. 

- The energy model results in rather complicated web crippling stiffness formulae. 

Compared to the beam on elastic foundation model, the energy model produces web crippling stiffness 

formulae which are far more complicated. Especially combination 6 gives very complicated formulae which 

are not easy to use. 

8.6 ProvisiolUll web crippling stiffness formulae 

Comparing the beam on elastic foundation model and the energy model, it has become clear that the energy 

model can be adjusted in order to improve the treatment of certain parameters, while the treatment of the web 

in the beam on elastic foundation model cannot be improved easily without affecting the fundamental basis of 

the model. Hence, the energy model is preferred to the beam on elastic foundation model. 

So far, the web crippling stiffness described most properly by the adjusted energy model (combination 6), in 

which the web crippling stiffness is given by 

[b 4 ·(b 3 ·L 2 ·(8640 +2400·n) +5248 ·L 4 ·b + b ·(L 2 ·(1536 ·L 2 +3936 ·b2 +2400 ·b 2 ·n)) ·[ tf w ef ef w tf ef ef w w 

+ bJ ·b! ·(bw ·(3150 + 15750 ·n 2
) + 7875 · btr·n 2 ) + b: ·(b:·L;·(2400 ·n 2 - 768 ·n + 8800) + 6656 · btr·L,,~·n 2 )] 

+ bw ·sin8 w 'lj;tf·n·(sin8 w'lj;tf·(bw + 5 · btf) - bw· btf))] 

+ 
[bJ ·(L;.·n 2 ·(768 ·L;.+2400 · h;,) + h;. ·n ·(7875 ·h;. ·n-8960 ·L;.)-2100 ·h1~ +4096 ·hw·htf·L;.·n 2 ) 

[bw ·sin28 w 'lj~1f·(sin8 w'I;;tf- btf) ·(b;. ·(btf·(4 ·sin8 w ·r;;tf- htf) - hw ·n ·(bw + 5 ·sin8 w·ri;tf) -4 ·sin28 w 'lj~tf) 

118 



Conclusions and recommend.itions 

+ b;·(b! ·(8400 ·n ·(btf+ bw) _-5250 · blf) + ~,,>b; ·(bw·n·(3200 ·n-9984) -blf·(4608 ·n-6400)))]] 

+ bw ·sm0 w·lj·lf·n ·(sm0w·ri·lf·(bw + 5 ·btf) - bw·blf))] 
' ' 

in which 

b: ·(34 · b; + 504 · 104
) + b;, ·n 2 ·(17 · b1~ + 252 · 104

) 

14 ·b:+7 ·b;,·n 2 

(8.1) 

(8.2) 

This model is capable of predicting the web crippling stiffness with an accuracy of about 10%, within the 

following dimension ranges (in mm): 

r;=l-10, bw =50-80, bb/=20-120, brr=40-100, L,pan =520-2600, ew =80-90°, t=0.5-1.1 and L/b=l00-300. 

8. 7 Recommendatio11S 

Some recommendations for future research are given below. 

- Improvement of the energy model by a better treatment of the web angle. 

In the development of an analytical web crippling stiffness model, both the energy model and the beam on 

elastic foundation model might be adjusted on the treatment of several parameters, in order to establish 

reliable web crippling stiffness formulae. It is recommended to improve the energy model rather than the 

beam on elastic foundation model for the following reason. The beam on elastic foundation model cannot be 

improved easily on the influence of the web, without affecting the fundamental basis on which the model is 

developed. As mentioned before, within the beam on elastic foundation model the web has a function that is 

twofold due to the fact that a part of it belongs to the beam and the whole web belongs to the elastic 

foundation in the application of the beam on elastic foundation theory. 

The energy model should primarily be improved on the influence of the web angle because it performs 

poorly for web angles smaller than 80°. The most obvious reason for this lack of reliability for rather small 

web angles is that the assumption of the maximum deflection of the web occurring at the centre is no longer 

valid. This would imply that the factor n is no longer valid nor are the deformation descriptions in the energy 

model over the cross-section. It is possible to derive an extra model for members with small web angles that 

is based upon different descriptions of the deformation variations. Furthermore, it is also possible to develop 

a more complicated model that is based on a more general deformation variations description, which appears 

to be valid, regardless of the magnitude of the web angle. It is less convenient to improve the energy model 

analytically (instead of empirical adjustments), concerning the influence of the load bearing plate and the wall 

thickness. In case of the load bearing plate this might be established by using a different description of the 

deformation variations over the length of the member, taking the upward curling underneath the load bearing 

plate into account. Considering the wall thickness, the energy model might be improved by taking the axial 

deformations in the plates into account. However, both adjustments are complicated 

119 



Conclusions and recommendations 

- Simplification of the energy model. 

A disadvantage of the (adjusted) energy model is formed by its complexity. The resulting web crippling 

stiffness formulae are not very practicable. It is very useful to investigate the contribution of each term of the 

energy model on the web crippling stiffness for a series of members. Hereby, it might be possible to simplify 

the energy model for members having parameters weir magnitude lies between prescribed limits, by 

neglecting several terms of the original model. 

-Tuning of the application of the energy model together with Bakker's model describing the rigid-plastic 

mechanism initiation curve. 

Failure by web crippling occurs after the development of a spatial rigid-plastic mechanism (Bakker, 1992). 

The rigid-plastic mechanism initiation curve, for which a mathematical description is derived in Bakker's 

model, contains all load-deformation combinations where the rigid-plastic mechanism is initiated. The 

corresponding load is denoted as the mechanism initiation load. Bakker argued that it might be a reasonable 

approach to develop design formulae based on the prediction of the mechanism initiation load instead of the 

ultimate load. The mechanism initiation load is the point of intersection between the mechanism initiation 

curve and the elastic curve, which is fully described by its slope the web crippling stiffness. The future 

design formulae might be based upon a combination of Bakker's model and an analytical web crippling 

. stiffness model. Two different possible developments can be distinguished. On one hand it is possible to join 

both models, whereafter the resulting web crippling model is simplified in order to establish a practical 

formula. On the other hand, the models may be simplified separately first, after which they are united to one 

resulting web crippling model. Both possibilities should be investigated in further research. 
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Appendix A 

Jn this appendix a detailed description is given of the establishment of the portal frame model both 

of hat sections and deck panels, as well as the influence of the curvatures and the web crippling deformations 

due to axial forces on the resulting web crippling formulae. 

A.l Establishment of the portal frame model of hat sections 

A detailed derivation of the portal frame model of hat sections will be given. 

According the assumptions as stated in section 3.2, the cross section of an infinitely small element dx of the 

loaded part of the member can be idealized as depicted in figure A. l. 

1/2F t t 1/2F 

A B 

bw 
1/2bbf 

~ /ow 
Rh----. A 

I 
t--Rh 

1/2F 1/2F 

Figure A.1: Statical system of the portal frame model of hat sections 

From figure A.1 it becomes clear that the curvatures between the webs and the top flange are taken into 

account by means of an eccentric application of the loads. Hence, the bending deformations due to this 

eccentric application are taken into account while the curvatures themselves are neglected For more detailed 

information about the schematisation of an infinitely small slice dx of the loaded part of the member to a 

portal frame, the reader is referred to section 3.2. 

In the portal frame model the (two-dimensional) web crippling deformation is given by the displacement of 

the points A and B with respect to the supports. The displacement of A (which equals the displacement of B) 

can be calculated using Castigliano's law. This law points out that the displacement of any pointj in the 

direction of a concentrated force 0 at point j can be calculated by differentiating the external work (which 

equals the internal work) with respect to this force 0· The general format of this law is given by 

125 



A endix A 

aw -=w. 
aF- ' 

J 

(A.1) 

Furthermore, the rotation of any point j is can be calculated by differentiating the external work with respect 

to the bending moment at j ~ , or 

aw 
aM. = <pJ 

J 

(A.2) 

In the elastic stadium, the internal work of a beam with a length / equals the amount of accumulated elastic 

energy in the beam. The accumulated energy can be specified with the help of the acting forces on each cross 

section of the beam and is given by 

1 
1 .N2 V2 T2M2 

E = - -J (- +TJ ·- + - + -) dx 1 2 0 E4 GA GI,.T Ely 
(A.3) 

In the model shear deformations have not been taken into account and torsion does not to take place due to 

symmetry. Therefore in equation A.3 these terms may be neglected, resulting in 

(A.4) 

In a portal frame which is divided in n different continuous beams with a certain length l; , the displacement 

of j can thus be calculated as 

J. 
a nl

1

N2M2 

i~= - L --J <-+-)ru a0 i=l 2 0 E4 EI 

or 

J. 

n JI N2 aN M2 aM ~=L <-·-+-·-)ru 
r-1 0 E4 a0 EI a0 

(A.Sa) 

(A.Sb) 

To establish the displacement of point A in the portal frame of figure A.1, it is necessary to determine the 

internal work W of the portal frame first. Due to symmetry, the portal frame may be divided in four different 

continuous beams which all appear twice in the portal frame itself, as shown in figure A.2. Note that the 

vertical reaction forces at the supports have a magnitude of 1/2F, due to symmetry. 
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Division of portal frame into four different beams 

A endix A 

4 

Now, the acting forces and bending moments on the ends of each beam can be derived from the overall 

equilibrium of the portal frame and are given in figure A.3. 

Figure A.3: 

1/2b,1-r;;,1sin0., 
~ 
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~ 
R.sinO., -1/2Fcos0., 

~ R.sin0.,-1/2Fcos0., 

R.cosO., + 1/2Fsin0., \ 

1/2bbf 

4 

Acting forces and bending moments on the five different beams (hat sections) 

The internal work of the portal frame can be calculated by summarizing the internal work of the four 

127 



A endixA 

different beams of figure A.3, and double it, as each beam appears twice in the portal frame. Using equation 

A.4 the internal work of the portal frame can then be specified as 

b 

f
w (R ·cos0 + 1/2 ·F-sinO )2 (R -x-sin0 -1/2 ·F-x-cosO )2 

W= [ h w w + h w w ] dx. 

0 
E4 EI 

r;..-·sin9 w 2 b 2 · R (1/2·F-x-R · ·sin0 +1/2·F·b ·cos0 ) 
+ f [2+ h w w w w ]dx. 

0 
E4 EI 

(A.6) 

To calculate the vertical displacement of point A in figure A.1, wA, it is necessary to calculate the reaction 

force at the supports first. 

The portal frame is onefold statically undetermined and the horizontal reaction force at C and D, Rh, can be 

derived with Castigliano's law, using the condition 

(A.7) 

in which u; represents the horizontal displacement of point i. Combining equations A.1 and A.7, the reaction 

force Rh can be calculated by solving 

(A.8) 

Using equation A.6, equation A.8 can be expressed as 

(A.9) 

From equation A.9 it follows that 
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2·R ·(l/2·b +b ·cos28 )+P.b ·sin8 ·cos8 b 3 -sin8 ·(2/3·R ·sin8 -1/3·P.cos8) b tf w w w w w+ w w b w w 

E4 EI 

b ·sin28 ·r. ·(2·R ·b ·sin8 -3/2·F·(r. ·sin8 +2·b ·cos8 ) + w w 1;tf b w w 1;tf w w w 

EI 

from where it can be derived that 

P.sin8 ·(E4·(b ·cos8 ·(3·b +2·b )-3·r. ·sin8 ·(r. ·sin8 -b ))-6·EJ-cos8) 
R _ W W W If W 1;tf W 1;tf W tf. W 

b-
2·(E4·b2·sin28 ·(3·b +2·b )+3·El·(2·b ·cos28 +b)) w w tf w w wtf. 

(A.lla) 

From equation A.1 la it becomes clear that Rh approaches zero if 8w approaches zero. This is as expected; in 

this case the problem is reduced to a four-point-bending-test where R,, is zero. 

Unfortunately the expression for Rh is rather complex, due to both bending deformations and deformations 

due to axial forces. However, for rather regular hat sections, with a wall thickness t<btf and t<bw, and with 

8.., ;;,:5°, the deformations due to axial forces are negligible compared to the bending deformations. Hence, 

equation A.10 might be simplified by not taking the deformations due to axial forces into account, which 

results in a more simple expression for Rh , namely 

(A.llb) 

Using equation A.1 the (two-dimensional) web crippling deformation (and thus the vertical displacement of 

point A) can be expressed as 

11h ·2D = w = ~ 
w> A a112 ·F 

(A.12) 

Therefore, the web crippling deformation can be derived by differentiating equation A.6 with respect to the 

applied force at A, which gives 

b 

J
,. sin8 ·(R ·cos8 + 1/2 ·F·sin8 ) x·cos8 ·(1/2 ·F·x·cos8 -R ·x·sin8 ) 11h ·2D = 2 . [ w b w w + w w b w ] dx 

w> E4 EI 
0 

ri.tr·sin8., · f (x+b ·cos8 )·(1/2·P.(x+b ·cos8 )-Rb·b ·sin8 ) +2· [ w w w w w w ]tu 
o EI 
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(A.13) 

After integration this results in 

b ·sin0 F 3 2 
l!,,.hw·,2D = w w ·[2 ·R ·cos0 + P.sin0 ] + - ·[ 1/3 ·b ·cos0 + 1/2 · b · b ·cos20 ] .E4 h w w EI w w tf w w 

(A.14) 

Substitution of equation A.llb into equation A.14 gives 

l!,,.h ·2D = p. bw·sin20 w + P.cos0 w ·[ 2/3 · b,! ·cos0 w + lj;tf· bt/Sin0 w + btf-bw·cos0 w - r/if·sin20 w] 
w• .E4 .E4 btf+ 2/3 · bw 

(A.15) 

Since it is defined that 

k = F 
'llh.,;2D t::..h ·2D 

w• 

(A.16) 

the reciproke two-dimensional web crippling stiffness can be specified as 

(A.17) 

For bat sections with vertical webs (8w=90°) equation 3.10 can be reduced to 

(A.18) 
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A.2 Establishment of the portal frame model of first generation deck panels 

In this section a detailed derivation of the portal frame model of first generation deck panels will be given. 

According to the asswnptions as stated in section 3.2, the cross section of an infinitely small element dx of 

the loaded part of the member can be idealized to figure A.4. 

Figure A.4: 
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Statical system of the portal frame model of first generation deck panels 

The bending moment ME and the horizontal reaction force RE maintain the continuity of the deck panel. 

The portal frame of figure A.4 is twofold statically undetermined and the determination of RE and ME can be 

established using Castigliano's law (equations A.1 and A.2), where after the web crippling deformation can be 

calculated with the same law. 

In this model (as well as in the model of hat sections) shear deformations have not been taken into account 

and torsion does not take place due to symmetry. Hence ME, RE and the web crippling deformation can be 

determined using equations A.4 and A.5. 

Due to symmetry, the portal frame of figure A.4 may be divided in four different continuous beams that all 

appear twice in the portal frame itself (i.e. the same division as in the portal frame model of hat sections; see 

also figure A.2 for the format of this division). Note that the vertical reaction forces at the supports have a 

magnitude of 1/2F, due to symmetry. The acting forces and bending moments on the ends of each beam can 

be derived from the overall equilibrium of the portal frame and are given in figure A.5. 

The internal work of the portal frame can be calculated by summarizing the internal work of the four 

different beams of figure A.5, and double it, as each beam appears twice in the portal frame. 
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Figure A.5: 
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Acting forces and bending moments on the four different beams (deck panels) 

Using equation A.4 the internal work of the portal frame can then be specified as 

1/2 ·bw 2 2 bw • 2 • 2 

J 
Rs Ms J (Rs·cos8w+l/2·F·sm8w) (Rs·x·sm8w-lf2·Fxcos8w-ME) ,$_ 

W= [-+-]dx+ [--------+-----------]UA 
0 

.E4 EI 
O 

.E4 EI 

r;,,.·sin9., 2 2 
· R (1/2 ·F-x- R · b ·sin8 + 1/2 ·F-b ·cos8 + M) 

+ J [~+ E iv w w iv E ]df 

0 
E4 EI 

(A.19) 

To calculate the vertical displacement of point A in figure A.4, W,1, it is necessary to calculate the reaction 

forces and moments at the supports first. RE and ME can be found by solving the equations 

(A.20a) 

and 

(A.20b) 

Using equation A.19, equation A.20a can be expressed as 
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b 
"' x·sin8 ·(R ·x·sin8 -1/2 ·Fx·cos8 - M ) 

+ 2-f [ w E w w E ] dx 
0 

EI 

rr.tf·sinBw • 
· R b ·sm8 ·(R ·b ·sin8 -1/2·F-x-1/2·F-b ·cos8 -M) 

+2· J [~+ w w E w w w w E ]dx 

0 
E4 EI 

For rather regular first generation deck panels, with a wall thickness t<btf and kbw, and with 0w ;::5°, the 

deformations due to axial forces are negligible compared to the bending deformations. Hence, equation A.21 

might be simplified by not taking the deformations due to axial forces into account, which has also been done 

in determining the reaction force in case of the hat sections. 

Now, after integration equation A.21 becomes 

(A.22) 

Similarly, using equation A.19, equation A.20b can be expressed as 

l/2·bw bw . 
a W 

O 
J MEdx J (ME- RE·x·sm8 w + 1/2 · Fx·cos8 w> 

- = =2· - +2· r---------Jru 
aME 

0
EI O EI 

rr.tf·sin9., · J M - R ·b ·sin8 + 1/2 ·F-x+ 1/2 ·F-b ·cos8 ) +2· [ E E w w w w ]dx 
o EI 

(A.23) 

After integration ME can be specified as 

(A.24) 

Equations A.22 and A.24 can be thought of as two equations with two unknown parameters RE and ME. After 

proper substitutions of these equations it follows that 
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(A.25a) 

and 

F-ru1 · bw·sin8 w ·(lj.1/Sin8 w - b11)) M =- . , 
E 2·(b ·(3·b +2·b )+b ·(2·b +b )) bf tf w w tfw 

(A.25b) 

Now, the web crippling deformation (e.g. the displacement of point A with respect to the supports) can be 

calculated by differentiating equation A.19 (the internal work) with respect to the applied force at A, which 

results in 

b 

fl.h ·ZD=~ =Z·fw sin8w·(RE·cos8w+l/2·F-sin8w)]dx 
w• al/2·F 

O 
[ .E4 

b •• 
x·cos8 ·(M -R ·x·sin8 + 1/2 ·F-x·cos8 ) 

+ 2 -j[ w E E w w ]@ 

0 
EI 

ritf·sinOw 
· (x+b ·cos8 )·(M -R ·b ·sin0 +1/2·F-x+l/2·F-b ·cos8 ) +2• J [ w w E E w w w w ]@ 

0 
EI 

which after integration becomes 

A bw·sin0w F 3 2 
uhw;2D=---·(2·R ·cos0 +F-sin0 )+-·(1/3·b ·cos 0) E4 E w WEI w w 

(A.27) 

Using equation A.16 and substituting equations A.25a and A.25b into equation A.27 gives 
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+ 4tf·sin28w·bb/(f;;,/Sin8 w·(6 ·btf-9 ·ri;t/Sin8w) + bw·(6 ·btf-8 "f;; 1/Sin8 w)) 

6 · EI-(bb/(3 ·btf+ 2 ·bw) + bw·(2 ·btf+ bw)) 

A.3 Influence of the rouruling of the comers 

A endix A 

(A.28) 

In the derived model the comer radii are taken into account by means of an eccentric application of the loads. 

However, the rounding of the comers is ignored as can be seen in figure A.1 and A.4. In this section it is 

shown that the influence of the rounding of the comers is negligibly small and may therefore be neglected. 

Only hat sections will be considered, since it is assumed that the influence in first generation deck panels will 

not differ much from that in hat sections. If the rounding of the top flange comers is taken into account a 

different and more complicate approximation of the web crippling stiffness will be obtained. This is caused 

by a different transmission of the concentrated load at the curved transitions compared to the linear 

schematisation of figure A.1. 

The influence of the rounding of the comers is only investigated for hat sections with vertical webs (0w=9O°). 

For members having inclined webs the horizontal reaction force Rh will be larger, which may imply a larger 

influence of the rounding of the comers on the resulting web crippling stiffness. However, for rather regular 

members (0w~45°) this influence is only slightly larger. Hence, if the influence appears to be negligibly small 

for members having vertical webs, this holds also approximately true for members having inclined webs. 

According to the derived model, where the rounding of the comers is ignored, the web crippling stiffness of 

is given by 

(A.29) 

If the rounding of the top flange comers is taken into account, the portal frame with vertical webs may be 

schematised as in figure A.6. 
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b,1 

r;;t1 r;;t1 
/------/ /------/ 

1/2F ~ ~ 1/2F 

r;;tf l A B 

b,. 

C D 

Figure A.6: Statical system of the portal frame with curvatures 

The displacement of point A (i.e. the web crippling deformation) may be calculated using Castiglianos's law. 

Therefore, the portal frame of figure A.6 is divided in four different beams, all appearing twice in the portal 

frame itself, as shown in figure A.7. 

1/2F ~ 
/2 1 1 

3 3 

1/2F 1/2F 

Figure A.7: Division of portal frame into four beams, taking the rounding of the corners into account 

Now, the acting forces and bending moments on the end of each beam can be derived from the overall 

equilibrium of the portal frame and are given in figure A.8. 
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3 

4 

Figure A.8: Acting forces and bending moments on the four different beams 

The internal work of the portal frame can be calculated by summarizing the internal work of the four 

different beams of figure A.7, and double it, as each beam appears twice in the portal frame. Using equation 

A.4 the internal work of the portal frame can then be specified as 

The web crippling deformations may be determined using equation A.12, which gives 

Making use of the goniometrical equation 

cos2 <p = cos(2·<p)+l 
2 
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equation A.31 becomes after integration 

r. ·(1/2 ·7r ·R + (1/4 ·rr -1) · F) + F-b 
D.h ·2D = 1;tf b w 

w• E4 

r. ·(r2 ·(3/4·7r-3)·F+(7r-3)·R )+r. ·(1/2·F-b +(4-7r)·R ·b )-R ·b ·b) + 1;tf 1;tf b 1;tf If b w b w If. 

EI 
(A.32) 

Using equation A.16 and substituting equation A.llb, the web crippling stiffness may be given by 

(A.33) 

Comparing equation A.29 with equation A.33, the influence of the curvatures can be determined. The 

influence of the curvatures on the web crippling stiffness may be expressed as the percentual deviation of the 

web crippling stiffness if the curvatures are taken into account (pdwcs), or 

The influence of the curvatures may only be neglected if pdwcs is less than 1 to 5 % for rather regular hat 

sections. The magnitude of pdwcs may be investigated by the determination of the web crippling stiffness, 

varying each geometrical parameter. Combining the influences of each geometrical parameter, the maximum 

magnitude of pdwcs might be established. The influence of each parameter on pdwcs is given in figures A.9 

to A.12. In the investigation of the influence of each parameter, the top flange corner radius has been varied 

from 1 to 10 mm and the other parameters have been set a constant value, b,r60, bw=50, 0w=9O° and t=O.68. 
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Figure A.12: Influence of ri;tf on pdwcs 

From figures A.9 to A.12 it becomes clear that the influence of the top flange comers is negligibly small 

(considering the accuracy purposes of this study) if r;;tf < 20 mm and bw > 20 mm. Since it has already been 

stated that the influence of the rounding of the comers only slightly increases with a decreasing web angle 

0w, they may also be neglected for hat sections with inclined webs, where r;;tf < 20 mm and bw > 20 mm. 

Fmally, the influence of the rounding of the comers in case of hat sections is not assumed to differ 

significantly from the influence in case of first generation deck panels, so there they may be neglected under 

the same conditions, too. 

A.4 Neglect of the web crippling deformations due to axial forces in case of hat sections 

The deformations due to axial forces in both equations A.17 and A.18 are relatively small compared to the 

bending deformations. In fact, they appear to be negligibly small, particurally in case of hat sections with 

rather large comer radii (about 10 mm). To investigate the influence of web crippling deformations due to 
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axial forces on the overall web crippling deformations and thus on the web crippling stiffness, the web 

crippling deformations due to axial forces are calculated as a percentage of the overall web crippling 

deformations for various hat sections. In the investigation of the influence of each parameter, the top flange 

comer radius has been varied from 1 to 10 mm and the other parameters have been set a constant value, 

bt/=60, bw=50, 0w=9O° and t=O.68. The results are given in the figures A.13 to A.17. 
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Figure A.16: Influence of ri;tf 

The figures A.13 to A.17 show an influence of the axial deformations that is rather large for members having 

top flange corner radii of 1mm (up to 140%) in case of various parameters. However, for members having 

top flange comer radii larger than 2 mm the influence is smaller than 10% for every parameter, except that 

members with very large wall thicknesses have relatively large axial deformations. Hence, the influence of 

web crippling deformations due to axial forces on the overall web crippling deformations mainly depends on 

the magnitude of the comer radii and the wall thickness. The deformations due to axial forces in case of hat 
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sections are less than one-tenth of the overall deformations if ri,tf > 2 mm and t < 2 mm. Considering the 

accuracy purposes of this study they may be neglected in that case. 

Influence of web crippling 
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Figure A.17: Influence of btf 

A.5 Neglect of the web crippling deformations due to axial forces in case of deck panel,s 

The deformations due to axial forces in equation A.28 are relatively small compared to the bending 

deformations. In fact, they appear to be negligibly small, particurally in case of hat sections with rather large 

corner radii (about 10 mm). To investigate the influence of web crippling deformations due to axial forces on 

the overall web crippling deformations and thus on the web crippling stiffness, the web crippling deforma

tions due to axial forces are calculated as a percentage of the overall web crippling deformations for various 

first generation deck panels. In the investigation of the influence of each parameter, the top flange corner 

radius has been varied from 1 to 10 mm and the other parameters have been set a constant value, bt/=6O, 

bw=5O, 0w=9O° and t=O.68. The results are given in the figures A.18 to A.22. 
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Figures A.18, to A.22 show an influence of the axial deformations that is rather large for members having top 

flange corner radii of 1mm in case of various parameters. However, for members having top flange corner 

radii larger than 2 mm the influence is smaller than 10% for every parameter, except that members with very 

large wall thicknesses have relatively large axial deformationslt may be concluded that here also the influence 

of the deformations due to axial forces on the web crippling stiffness mainly depends on the magnitude of the 

corner radii and the wall thickness. The deformations due to axial forces in case of first generation deck 

panels may be neglected if r;,tf > 2 mm and t < 2 mm. 
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Appendix B 

This appendix gives an overview of the general theory of beams on elastic foundations and describes the 

derivation of the web crippling stiffness of the beam on elastic foundation model. Finally, this 

appendix deals with the derivation of the flexural rigidi,ty of the beam in the latter model. 

B.l General theory of beams on elastic foundations 

Consider a straight beam supported along its entire length and subjected to vertical forces q, acting in the 

plane of the symmetrical cross section. Because of these forces the beam will deflect, producing continuously 

distributed reaction forces in the supporting medium. If an infinitely small element is taken under consider

ation, which is enclosed between two vertical cross sections a distance dx apart, the forces acting on such an 

element can be given by figure B.l. Note that it is assumed that the slope is so small compared to unity that 

cross sections (normal to the elastic line) can be replaced by vertical cross sections. 

dx 

► 
)M+dM 

Figure B.l: Forces acting on an infinitely small element of a beam on an elastic foundation 

Considering the vertical equilibrium of the element in figure 4.3, it follows that 

dQ =k-y-q 
dx 

Making use of the relation 

dM Q=
dx 

equation B.1 can be expressed as 

m'Q d 2M -=-=k-y-q 
dx dx2 

Using the differential equation of a beam in bending, 

EI·d2Y = -M 
dx2 
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and differentiating it twice, it can be obtained that 

d 4 d 2M EI-_z_ = --- = -ky+q 
dx4 dx2 

(B.3) 

This is the differential equation for the deflection curve of a beam supported on an elastic foundation. 

Along the unloaded parts of the beam, where no distributed load is acting, q=O, equation B.3 will take the 

form 

d4 
EI·-= -k-y 

dx4 

Introducing a parameter P with 

the general solution of equation B.4 can be represented as follows: 

(B.4) 

(B.5) 

y = efh ·(A ·cos{3x + B·sin{3x) + e -fh ·(C·cos{3x + D·sin{3x) (B.6) 

In particular cases the constants A, B, C and D of the solution must be determined from the known conditions 

at certain points. 

Consider the case of a single concentrated load F acting on an infinitely long prismatic beam, taking the 

origin of coordinates at the point of application of F. Because of the apparent symmetry of the deflection 

curve, only that part of the beam to the right of F needs to be considered (figure B.2). 

tF 
f f f f f f f f f f f f f f 

0: X .... ► 
yY 

Mo~ t f f f f f f f 
F/2 X ► 

Figure B.2: Single concentrated load acting on an infinitely long beam 

In applying the general solution, equation B.6, to this case, the arbitrary constants must be found first. It is 

reasonable to assume that at points infinitely distant from the force F the deflection approaches zero. This 

condition can be fulfilled only if the constants A and B in equation B.6 are taken equal to zero. 
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The two remaining constants C and Dare found from the condition at the origin, x=O. At this point, from the 

condition of symmetry, the deflection curve must have a horizontal tangent; therefore 

or using equation 4.7 and the condition that A=B=O, 

e-f3x·(C·cosf3x + D·sinf3x + C·sinf3x- D·cosf3x)x=O = 0 

from which it becomes clear that C=D. The constant C can be obtained from the consideration that the sum 

of reaction forces will keep equilibrium with the load F, that is, 

00 

2-Jk-y dx= F 
0 

After substitution of equation B.6 and integration, this results in 

F·/3 C=-
2·k 

Substituting equation B.7 in B.6 and using A=B=O as well as C=D, the deflection curve of the right side 

(x;,:O) of the beam is given by 

y= F-/3 -e-f3x ·(cos{3x+sinf3x) 
2·k 

The left half of the beam is symmetrical with the right half in y. 

B.2 Establishment of the full length approach in the beam on elastic foundation model 

(B.7) 

(B.8) 

The portal frame model is extended to a three dimensional model using the theory of a beam on an elastic 

foundation. In order to take the varying web crippling deformations over the length of the member into 

account, the member is idealized to a beam (top flange and part of the web) on an elastic foundation (the rest 

of the web) as shown in figure B.3. 
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Figure B.3: Idealization of a member to a beam on an elastic foundation 

Substituting the two-dimensional web crippling stiffness for the foundation stiffness, it can be derived 

(section 4.3) that for the finite beam of figure B.3 the deflection at point Mis given by (equation 4.18) 

in which 

t;_(f3x) = e-fk(cos{3x+sin{3x) (B.lOa) 

1"z (/3x) = e ~f3x ·sin{3x (B.lOb) 

J;, (/3x) = e -f3x ·(cos{3x- sin{3x) (B.lOc) 

Substitution of equations B.10 into equation B.9 results in 

-1/2 ·/3 ·(L +L ) 
+ e spsn z, ·(cos (1/2 ·/3 ·(Lspan + Lib)) -sin (1/2 ·{3 ·(Lspan + La,))))] (B.11) 

which becomes after expanding 
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Noting that 

sina ·(cosa -sina) = .!.-(sin(2 ·a) +cos(2 ·a) -1), 
2 

sin (a+ y) = sin a ·cosy + cos a ·sin y 

and 

sina ·sin y = .!.-(cos(a-y)-cos(a + y)) 
2 

equation B.12 may be simplified to 

Using the notation of equations B.10, the deflection at point Mis given by 

A endix B 

(B.13) 

yM= :: ·dx ·[1 + fi_(/3 ·Llb)- l/2 ·fi.(/3 ·(Lspan -Lib))+ 1/2 ·e-P·<L,pt111-Llb> _ fi_(f3 ·Lspan) + e-P·LSJJIID•cos(/3 ·L1b) 

6.b.::w 

(B.14) 
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It is assumed that the cold-formed hat sections and first generation deck panels which are used in practice, 

belong to the category 'long beams' (section 4.3), according to the classification of Hetenyi (1946). Long 

beams have a PLspan value such that the counter effect which the end-conditioning forces have on each other 

is a diminishing one. When investigating one end of the beam, it may be assumed that the other end is 

infinitely far away. In other words, PL,pan is so large that_t; (PL,panJ can be taken zero in all formulae. Hence 

_t; (Px) in which x> PL,pan can also be taken zero. Therefore equation B.14 may be reduced to 

YM = :: · dx ·[1 + t; (f3 ·Lib) -1/2 ·t; (/3 ·(Lspan - Lib))+ 1/2 ·e -{3 ·(L,pan-L!b)] 

t..h.,;2D 

The web crippling stiffness in the beam on elastic foundation model is defined as 

(B.15) 

Using equation B.14 and substituting equation B.5 into B.14, the web crippling stiffness can be expressed as 
4 k 

1024 ·EI·( ~h,.:.
2
D) 3 

dx k~h., = -------'-------------
1 + t; (f3 · Lib) - 1/2 · t; (/3 ·(Lspan - Lib)) + 1/2 · e -{3 ·(L,pan- Lib) 

B.3 Derivation of the flexural rigidity of a beam in the beam on elastic foundation model 

(B.16) 

In the beam on elastic foundation model the beam is idealized to consist of the top flange and part of the 

web, as in figure B.4. 

Figure B.4: Idealization of the beam on an elastic foundation 

To calculate the flexural rigidity El of the beam in figure B.4, the distance between line l and the centre of 

gravity of the beam, z, needs to be determined first. Dividing the beam into three pieces, the centre of gravity 

can be found by solving 
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3 3 
~d.·A.=z-~A. £...J11 L..t1 
i=I i=I 

in which d; represents the distance between the centre of gravity of part i and line /. 

For the beam in figure B.4 equation B.17 can be specified as 

t·b ·(a·b ·sin8 +l/2·t)+a2 ·b 2 ·sin0 ·t=z·t·(h +2·a·b) If w w w w If w 

from which it follows that 

A endix B 

(B.17) 

(B.18) 

Now, the moment of inertia I, can be calculated using the same division of the beam into three pieces and is 

given by 

3 

I= L (~+a/ ·A) (B.19) 
i=I 

in which a; represents the distance between the centre of gravity of part i and the centre of gravity of the 

beam itself and in which I; is defined to be the moment of inertia of the centre line of piece i that is parallel 

to line /. For the parts 1 and 3 I; can be calculated as (Gere & Timoshenko, 1987) 

a2 ·b2 + t2 
l=l=t·a·b ·[ w 

I 3 w 24 
cos20 ·(a2 ·b2 - t 2

) t·a ·b ·sin20 
w w + w w] 

24 4 
(B.2O) 

Using equation B.19 and equation B.2O it follows for the beam of figure B.4 that 

cos28 ·(a2 ·b 2 -t2) t·a·b ·sin20 
w w + w w] 

12 2 

+ btf· t·(a · bw ·sin8 w + 1/2 · t- z)2 + 2 -a· bw · t·(l/2 ·a· bw ·sin0 - z)2 (B.21) 

After substitution of equation B.18 into equation B.21, the flexural rigidity can be expressed as 

b ·t3 a 2·b2+t2 
El=E·[-tf-+t·a·b ·[ w 

12 w 12 
cos28 ·(a2 ·b 2 -t2) t·a·b ·sin28 

w w + w "'] 

12 2 

(B.22) 
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Appendix C 

The derivation of the factor n for both hat sections and first generation deck panels is described 

in this appendix. A detailed description of the derivation of the energy model in case of 

several kinematical admissible trial functions is also given here. 

C.1 Derivation of n for hat sections 

According to section 5.4 it is assumed that the quotient of the maximum deflection of the top flange w1 and 

the web w2 equals a factor n that is a function of the geometrical dimensions of the member. Due to the fact 

that both w1 and w2 are located at the centre of the member and lie within the same cross-section, only the 

geometrical dimensions of that cross-section are involved in a description of n. The cross-section at the centre 

of the member was already schematised properly in the derivation of the portal frame model. Hence, an 

expression for n can be found using the mechanical schematisation of the two-dimensional portal frame 

model. The underlying assumptions to this schematisation are stated in section 3.2 and assumed to hold here 

too, for the same reasons. The mechanical schematisation in case of hat sections is given in figure C.1. 

btr 

,,______,,, ,,______,,, 

RF 

1/2F I I I 1/2F 
y y • 

A F B 

Ra~ 
G 

C 

Rh_. t t~Rh 

1/2F + 1/2Rp+ Racos0w 1/2F + 1/2Rp+ Racos0w 

Figure C.l: Portal frame schematisation in the derivation of n for hat sections 

In this model n is defined to be 

lf'i Wp 
n= 1-1 = 1-1 

JVi Wa 
(C.1) 

in which Wp and Wa represent the displacement perpendicular to the top flange at point F and perpendicular to 

the web at point G respectively (figure C.1). The displacement of F and G can be calculated by introducing 
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two fictive forces RF and Re, that both equal zero, as in figure C.1. Now, Castigliano's law (appendix A.1) 

states that 

aw -=w aR F 
F 

(C.2) 

and 

aw --=w aR G 
G 

(C.3) 

and wF and wG can be derived similar to w,. in appendix A.1. 

The internal work W of the portal frame of figure C.1 needs to be determined first. Due to symmetry the 

portal frame may be divided in five different continuous beams that all appear twice in the portal frame itself, 

as shown in figure C.2. 

Figure C.2: 

5 

1/2F I 
y 

~ 2 
Ra~ /j 

f 
~t 

1/2F + 1/2Rp+ Racos0w 

t 1/2F 

1 1 
2 ~b. 

lfR::· 
tY-

1/2F + 1/2Rp+ RaCOS0w 

Division of portal frame into six different beams 

Note that the vertical reaction forces at the supports have a magnitude of ..!. .p+..!.-RF+R0 ·cos8w due to 
2 2 

symmetry. 

The acting forces and bending moments on the ends of each beam can be determined from the overall 

equilibrium of the portal frame and are given in figure C.3. 
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Figure C.3: Acting forces and bending moments on the different beams (hat sections) 

The internal work of the portal frame can be calculated by summarizing the internal work of the five 

different continuous beams of figure C.3 and double it, as each beam appears twice in the portal frame. Using 

equation A.4 (appendix A.1) and gathering the terms of beam 3 and 4 under the same integral, the internal 

work of the portal frame is specified as 

(R ·x·sin0 -x·cos0 ·(l/2·F+l/2·R +R ·cos0 ))2 
+h w w FG w 

EI 

(R ·x·sin0 -(l/2·F+l/2·R +R ·cos0 )·(x·cos0 +l/2·b ·cos0 )+R ·x+l/2·R ·b ·sin0 )2 
+ h w F G w w w w G h w w ]tn' 

EI 

r;,rr·

1
sino., (b ·cos0 ·(1/2·F+l/2·R +R ·cos0 )-1/2·R ·b -R ·b ·sin0 +1/2·x·(F+R ))2 

+ [w w FG w Gwhw w F 

o EI 
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(b ·cos0 ·(1/2 ·F+ 1/2 ·R + R ·cos0 ) -b ·(1/2 ·R + R ·sin0 ) + 1/2 ·(r .. ·sin0 ·(F+ R ) + R ·x))2 
+ w w F G w w G h w ,,tf w F F ] d(C.4) 

EI 

In the derivation of wF and wG the reaction force at the supports Rh needs to be calculated first. The reaction 

force Rh can be determined just as this force was calculated in appendix A.1. Hence, using equations A.7 and 

A.8, the derivation of Rh is established by solving 

x·sin0 (R ·x·sin0 -x·cos0 ·(l/2·F+l/2·R +R ·cos0 ))+1/2·R ·b ·sin20 ·(x+l/2·b) + wh w w FG w hw w w 
EI 

sin0 ·(x+l/2·b )·(R ·x·sin0 -(1/2·F+l/2·R +R ·cos0 )·(x·cos0 +1/2·b ·cos0 )+R ·x) + w w h w F G w w w w G ]fil 
EI 

r;,,tsin9w 
· b ·sin0 ·(l/2·R ·b +R ·b ·sin0 -b ·cos0 ·(l/2·F+l/2·R +R ·cos0 )-1/2·x·(F+R )) +2· f [ w w G w h w w w w F G w F 

0 
EI 

b ·sin0 ·(1/2·R ·b +R ·b ·sin0 -b ·cos0 ·(1/2·F+l/2·R +R ·cos0 )) + w w G w h w w w w F G w ]fil 
EI 

From equation C.5 it can be derived that 

R ·sin0 ·b ·(E4·(3·b 2 +b ·cos0 ·(12·b +8·b ))-24·EI·cos0) R= F WW tf w w tf w w 
h 2 • 2 2 8·(E4·b ·sm 0 ·(2·b +3·b )+3·EI·(b +2·b ·cos 0 )) w w w tf. tf w w 

+ R0 ·sin0 w·(E4 ·bw·(l/4 ·b;, + bw·cos20 w·(2/3 ·bw + btf)) -2 ·EI·(btf+ bw(l +cos20 w))) 

2/3 ·(E4 · b;, ·sin20 w·(2 · bw + 3 ·btf) + 3 ·EI·(btf+2 ·bw·cos20 w)) 

F-bw·sin0w ·(E4 ·(1;.tf·sin8 w·(btf-1;·tf·sin8 11,) + btf·bw ·cos0w +2/3 ·b; ·cos0w) -2 ·EI·cos0w) 
+ ' ' 

2/3 ·(.E:4 · b;, ·sin20w ·(2 · bw + 3 ·btf) + 3 ·EI·(btf+2 ·bw·cos20 w)) 

(C.5) 

(C.6a) 

For rather regular hat sections with t< <btf and t< <bw, and with 0w "?.5°, the deformations due to axial forces 

are negligible compared to the bending deformations and equation C.6 might be simplified to 
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(C.6b) 

Taking into consideration that both RF and Ra equal zero, equations C.6 correspond to equations A.11 in 

appendix A. l. 

Using equation C.2 the maximwn deflection of the top flange wF can be derived by differentiating equation 

C.4 with respect to RF, resulting in 

x-cos0 ·(x-cos0 ·(1/2·F+l/2·R +R ·cos0 )-R ·x·sin0 ) + w w FG w h w 

EI 

(x-cos0 +1/2·b ·cos0 )·(R ·x+l/2·R ·b ·sin0 ) _ w w w G h w w]trr 

EI 

r
r,d·fsino., (b ·cos0 +x)·(b ·cos0 ·(1/2·F+l/2·R +R ·cos0 )-1/2·R ·b -R ·b ·sin0 +1/2·x·(F+R )) 

+ [w w w "' FG w Gwhw w F 

o EI 

(b ·cos0 +r. ·sin0 +x)·(b ·cos0 ·(1/2·F+l/2·R +R ·cos0 )-1/2·R ·b -R ·b ·sin0 ) + w w 1;tf w w w F G w G w h w w ] Irr (C. 7) 
EI 

Taking into consideration that both RF and Ra equal zero, equation C.7 after integration becomes 

EA·F·b 2 ·(4·b +6·b )+24·EI·R ·b ·sin20 +3·EA·P.b 2 ·r ·sin0 
W 

_ w w If b w w tf 1;tf w 
p-

48·EA·EI 
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P.(b ·cos0 ·(3·b 2 +12·r. ·sin0 ·(b -r. ·sin0 ))+4·r.3 ·sin30 +b2 ·cos20 ·(4·b +6·b )) + W W If 1;/f W If 1;/f W 1;tf W W W W If. 

48·EI 

12·EI·P.b ·(1-cos20 )-6·EA·R ·b ·(sin0 ·b 2 +b ·sin20 ·(4/3·b +2·b )) + w w hw wtfw w w If. 

48·EA·EI 
(C.8) 

Similarly, the maximum deflection of the web We is derived by differentiating equation C.4 with respect to 

Ra, resulting in 

2·x·cos20 ·(x·cos0 ·(1/2·F+l/2·R +R ·cos0 )-R ·x·sin0 ) + w w FG w h w 

EI 

2·(cos0 ·(x·cos0 +l/2·b ·cos0 )-x)·(R ·x+R ·sin0 ·(1/2·b +x)) 
- w w IV w G h w w ]dr 

EI 

r;,tf·sinOw 2·b •(cos20 -1/2)·(b ·cos0 ·(1/2·F+l/2·R +R ·cos0 )-1/2·R ·b) +J[ w IV w w FG IV Gw 

0 
EI 

2·b ·(cos20 -1/2)·(1/2·r. ·sin0 ·(F+R )+1/2·R ·x-R ·b ·sin0) + w w 1;tf w F F h w w ] dr 
EI 

(C.9) 

Taking into consideration that both RF and Ra equal zero, it may be verified that 

F· b ·(b ·(7 · b ·cos0 + 6 · b ) + 12 ·r. ·sin0 ·cos20 ·(b - r. ·sin0 ) + b ·cos30 ·(4 · b + 6 · b )) W = IV W W W If. 1;/f W W tf 1;/f W W W W If 
0 48·EI 
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R ·b ·(b ·sin0 ·(b +6·b )-b ·sin30 ·(4·b +6·b )) +hww ww If. w w w If. 

24·EI 

+ F-bw ·(cos0 w -cos30w)+2 ·Rh ·(sin0w·(bw +2 · btf) + bw·sin30w) 

4·.E4 
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(C.10) 

For rather regular hat sections with t< <btf and t< <bw, and with 0w ~5°, the deformations due to axial forces 

are negligible compared to the bending deformations. Neglecting the deformations due to axial forces and 

substituting equations C.6b, C.8 and C.10 into equation C.l while noting that RF and Re; equal zero, n can be 

specified as 

(C.11) 

C.2 Derivation of n for first generation deck panels 

The factor n for first generation deck panels is derived in the same way as it was derived for hat sections in 

appendix C.l. Moreover, its derivation is analogous to the derivation of the web crippling deformation in the 

portal frame model for first generation deck panels that is treated in appendix A.2. A first generation deck 

panel can be thought of as a series of hat sections that are tied together at the unloaded flanges. Each of these 

hat sections is loaded similarly and shows the same deformation pattern. Obviously, this implies that their 

maximum deflections of the top flange and webs are the same also. Hence, only one such a hat section need 

to be taken into account explicitly. The mechanical schematisation of the cross-section of such a hat section 

out of which the first generation deck panels are composed is given in figure C.4. 

The bending moment ME and the horizontal reaction force RE maintain the continuity of the deck panel. 

The portal frame is twofold statically undetermined and ME and RE can be derived using Castigliano's law, 

whereafter wF and wG can be calculated with that same law. 

The portal frame can be derived in the same way as it was derived in the derivation of n for hat sections 

(figure C.2) and the vertical reaction forces at the supports have a magnitude of .!. ·F+ .!. .RF+ RG ·cos Ow due 
2 2 

to symmetry. 
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Figure C.4: 

r;;tfsin0w 
,,____, 

1/2F t 
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Ra~ 
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1/2bbf 
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btf 

RF 
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I 1/2F 
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B 

Portal frame schematisation in the derivation of n for first generation deck panels 

The acting forces and bending moments on the ends of each of the five beams can be derived from the 

overall equilibrium and are given in figure C.5. 

Figure C.5: Acting forces and bending moments on the different beams (first generation deck panels) 

Since each beam appears twice in the portal frame, the internal work of the frame can be calculated by 

summarizing the internal work of each beam in figure C.5 and double it. Using equation A.4 and gathering 

the terms of the beams 3 and 4, this results in 
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(R ·x·sin8 -x·cos8 ·(1/2·F+l/2·R +R ·cos8 )-M ) 2 
+E w w FG w E 

EI 

((x+l/2·b )·(R ·sin8 -cos8 ·(1/2·F+l/2·R +R ·cos8 ))+R ·x-M ) 2 
+ w E w w F G w G E ]tn 

EI 

r;,tf·

1
sintl

w (b ·cos8 ·(1/2 ·F+ 1/2 ·R + R ·cos8 )-1/2 ·R ·b - R ·b ·sin8 + 1/2 ·x·(F+ R )+ M )2 
+ [w w FG w GwEw w FE 

0 
EI 

+ (bw·cos8w·(l/2 ·F+ 1/2 ·RF+ R 0 ·cos8w)-bw·(l/2 ·R0 + RE·sin8w)+ 1/2 ·(lj;t/sin8 w·(F+ Rp)+ Rp·x)+ ME) 2
] tn 

EI 
(C.12) 

Now, RE and ME can be determined, using equations A.20 and C.12. Hence, RE can be calculated by solving 

l/2·bw l/2·b., 

_a_w = O = 2 · f _R_E tn+ 2 · f [2 •_co_s_8_w_·_(R_E_·_co_s_8_w_+_(l_f_2_·F_+_1_/_2_·R_F_+_R_o_·_co_s_8_w_)_·s_in_8_w_) 

aRE o .E4 o .E4 

x·sin8 (R ·x·sin8 -x·cos8 ·(l/2·F+l/2·R +R ·cos8 )-M)+l/2·R ·b ·sin28 ·(x+l/2·b) + wE w w FG w E Ew w w 
EI 

sin8 ·(x+l/2·b )·(R ·x·sin8 -cos8 ·(x+l/2·b )·(1/2·F+l/2·R +R ·cos8 )+R ·x-M) + w w E w w w F G w G E]tn 
EI 

Tttf·sinllw · J b ·sin8 ·(1/2·R ·b +R ·b ·sin8 -b ·cos8 ·(1/2·F+1/2·R +R ·cos8 )-1/2·x·(F+R )) +2· [ w w G w E w w w w F G w F 

o EI 

b ·sin8 ·(1/2·R ·b +R ·b ·sin8 -1/2·R ·x-b ·cos8 ·(1/2·F+l/2·R +R ·cos8 )-M) + w w G w E w w F w 1v F G w E]tn 
EI 

(C.13) 
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From equation C.13 it can be derived that 

R ·sin0 ·b ·(E4·(1/4·b 2 +b ·cos0 ·(b +2/3·b ))-2·EI-cos0 )+2·E4·M ·b ·(b +b) +F ww tfw wtf w w Ewwtf. 

2/3·(E4·b 2 ·sin2 0 ·(2·b +3·b)+3·EI·(b +b +2·b ·cos20 )) w w w If bftf w w 
(C.14a) 

For rather regular hat sections with t< < btf and t< < bw , and with 8w :?:.5°, the deformations due to axial forces 

are negligible compared to the bending deformations and equation C.14a might be simplified to 

+ R0 · bw·(l/4 · bw + cos20w·(btf+2/3 ·bw)) + F·(r,;tf·sin0w·(btf-r,;tf·sin8 w) + bw·cos8 w·(btf+2/3 ·bw)) 

2/3 · bw·sin0 w·(3 · btf+2 · bw) 
(C.14b) 

Taking into consideration that both RF and Ro equal zero, equations C.14b correspond to equation A.22 in 

appendix A. 1. 

Similarly, using equation C.12, equation A.20b can be expressed as 

M -(x+l/2·b )·(R ·sin0 -(1/2·F+l/2·R +R ·cos8 )·(x+l/2·b ))-R ·x + E w E w F G w w G ]lll' 
EI 

1/2 ·(r,•.t/sin0w·(F+ Rp) + Rp·x) + ME 
+ • ]lll' 

EI 
(C.15) 

160 



After integration ME can be specified as 

Rp·(l/8 ·b';+ 1/2 · bw·cos8 w·(bw+ blf))+ R0 ·bw·(l/4 · bw+ 1/2 ·cos28 w·(bw+ blf)) 

bb/2·bw+blf 

A endix C 

(C.16) 

in which RF and Ro both equal zero. Equations C.14b and C.16 can be thought of as two equations with two 

unknown parameters RE and ME. After proper substitutions of these equations it follows that 

(C.17a) 

and 

(C.17b) 

Using equation C.2 the maximum deflection of the top flange wF is derived by differentiating the internal 

work (equation C.12) with respect to RF, resulting in 

x·cos8 ·(x·cos8 ·(1/2·F+l/2·R +R ·cos8 )-R ·x·sin8 +M) + w w FG w E w E 
EI 

cos8 w ·(x+ 1/2 ·b,..) ·(cos8.., ·(x+ 1/2 · bw) ·(1/2 ·F+ 1/2 ·RF+ R0 ·cos8 w)- RE·x·sin8..,) 
+----------------------------

EI 

cos8 ·(x+ 1/2 ·b ) ·(R ·x+ 1/2 ·R ·b ·sin8 -M) _ w w G E w w E ]tu 
EI 

ru,-·sin9., · f (b ·cos8 +x)·(b ·cos8 ·(1/2·F+l/2·R +R ·cos8 )-1/2·R ·b -R ·b ·sin8 ) + [w w w w FG w GwEw w 

o EI 
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which after integration gives 

_ F-(3 · b;. ·lj;tf-sin8 w + bw ·cos8 ";(3 · b';. + 12 ·lj;1/Sin8 w ·(btf- lj;1/sin8 w)) + b; ·(1 + cos28 w) ·(4 · bw + 6 · blf')) 
Wp- 48·EI 

12-EI-F-b ·(1-cos28 )-6·EA·R ·b ·b 2 ·sin8 +b ·sin28 ·(4/3·b +2·b ))+4·EA·F-r.3 ·sin38 + ____ w _____ w ____ E __ w_tf ___ w __ w ___ w ___ w __ tf. _____ ,..c..;tf ___ w 
48 ·EA·EI 

(C.19) 

Similarly, the maximum deflection of the web wG is derived by differentiating the internal work with respect 

to Re; , resulting in 

2 ·x·cos28 ·(x·cos8 ·(1/2 ·(F+ R ) + R ·cos8 ) -R ·x·sin8 + M) + w w F G w E wE 

EI 

2·(cos8 ·(x·cos8 +1/2·b ·cos8 )-x)·(R ·x+R ·sin8 ·(1/2·b +x)-M) _ w w w w G E w w E ]d,r 
EI 

r;,,,fsin0.,2·b ·(cos2 8 -1/2)·(b ·cos8 ·(1/2·F+l/2·R +R ·cos8 )-1/2·R ·b +M) + [ w w w w FG w Gw E 

0 
EI 

l{l ·b 
2·b ·(cos28 -1/2)·(1/2·x·(F+R)-R ·b ·sin8) f,,.2·sin8 ·(R +R ·sin8) 

+ w w F E w w]d,r+ [ w E G w]d\'. 
EI 

O 
EA 

l{l · b,r r- ,fsin 0 

f
r. "'2·b ·(cos28 -1/2)·(b ·cosB ·(1/2·F+l/2·R +R ·cos8 )-1/2·R ·b) 

+ [ w w w w FG w Gw 

o EI 
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2·b ·(cos28 -1/2)·(1/2-r. ·sin8 ·(F+R )+l/2·R •x-R ·b ·sin0 +M) + w w 1;/f w F F E w w E ] dx 
EI 

(C.2O) 

From equation C.20 it follows that 

P.b ·(b ·(7·b ·cos0 +6·b )+12·r. ·cos28 ·sin8 ·(b -r. ·sin0 )+b ·cos30 ·(4·b +6·b )) W = W W W W tf. 1;/f W W If ,;If W W W W tf. 
o a-EI 

R ·b ·(b ·sin8 ·(b +6·b )-b ·sin38 ·(4·b +6·b ))+12·M ·b ·(cos28 ·(b +b )+l/2·b) +Eww ww If w w w tf. Ew wwtf. w 
24·EI 

P. bw ·(cos8 w -cos38 ,.,)+2 ·RE·(sin8 w ·Cbw +2 ·btf)+ b,.:sin30 w) 
+----------------------

4·£4 
(C.21) 

Considering equation C.1 and substituting equations C.19 and C.21, it may readily be verified that 

4 ·r,-2tf·sin28 w ·(bw ·(bw + 2 ·(btf+ b.r)) + 3 · b1,/ btf)- 3 · b'/; ·(3 · b1,r·I;-tf·sin8 w + bw·(bw + 2 ·(bbf+ Ij.tf·sin0 w))) I o=I , w , , 

3 · b; ·(btf- I;;tf-sin0 w) ·(3 · bbf+ bw) (C.22) 

It is striking that the web crippling stiffness is more or less inversely proportional to the squared top flange 

comer radius. It will become clear that is approximately true for all the combinations. 

C.3 Derivation of the energy model 

The derivation of the six combinations of the energy model is established with the aid of the computer 

program Mathematica (Wolfram, 1988). This program is used in minimizing the total potential energy with 

respect to the coefficients w2 and L,1 . The program is capable of solving algebraic equations and integrals. 

First, the working of this program has been checked by making use of it in the derivation of the two-dimen

sional web crippling stiffness in the portal frame model. 

The derivation of the web crippling stiffness for the combinations 1 to 6 of the energy model is briefly 

summarized in the sections C.3.1 to C.3.6. 

C3.J Combination 1: Bilinear function, hinge compatibility approach & exact solution 

Within combination 1 the deformation variations over the length of the member are described by the bilinear 

function of figure 5.6a and the hinge compatibility approach is applied. Taking into account that 

W jx,y) = w jx) · w(y) (C.23) 

163 



A endix C 

and combining the equations 5.21 and 5.24, the deformation functions ww(x,y) and wu(x,y) for combination 1 

are given by 

x2 x4 2· lyl w (x,y) = w; ·(1 + r.. ·- + r__ ·-)-(1 - ) w 2 ~1,w 2 -2,w 4 L 
bw bw et 

(C.24a) 

x2 x4 2·lyl w rx,y) = W, ·n·(l + r.. ·- + r... ·-) ·(1 - ) 
If'- 2 -1.tt b2 -2,tt b4 L 

If If et 

(C.24b) 

in which 

(C.24d) 

Note that the deformations equal zero for x or y having values that are not within the abovementioned 

specifications. This holds true for every combination in the energy model and will not further be mentioned 

explicitly in the derivation of each combination. The total potential energy is given by (equation 5.12) 

ff a2w a2w a2w a2w a2w ff V= 1/2·D· [(-)2 + (-)2 + 2 ·µ·- ·- + 2·(1-µ) ·(-)2 ] in-dy- q·win-d; 
R ax2 ay2 ax2 ay2 axay R 

(C.25a) 

in which D is called the bending rigidity and given by 

(C.25b) 

The strain energy of the member is formed by the strain energy of the two web plates and the top flange 

plate. The potential energy of the member for external loads is formed by four concentrated loads which are 

located at (1/2L1b, 1/2b,r sin0w-'i;if), (-1/2L1b, 1/2b,rsin0w·lj;tt), (1/2L1b, -1/2b,rsin0w·r;;if) and (-1/2L1b, -

1/2b,rsin0w·lj.r,)- Due to symmetry the magnitudes of the four loads as well as their corresponding 

deformations equal each other. From here, the total potential energy can be specified as (equation 5.12) 

1/2 ·Ld 1/2 ·blf 

f f 
a2 W Jx,y) a4 W Jx,y) a2 W Jx,y) 

+ 1/2 ·D· [(---)2 + 2·--- + (---)2
] in-dy- F-wJl/2 ·LJb,1/2 ·btf-r

1 
.• tf·sin0w) 

a 2 a 2a 2 a 2 • -1/2·Ld -1/2·blf X X ry' ry' 
(C.26) 

After substitution of the equations C.24 into equation C.26, the total potential energy can be written as 

2048·w/·D·L 1024·w2 ·D·n 2 ·L V= - et+ 2 et 

125·b! 125·bi 
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64 ·F-Wz ·n ·r,;tf·sin8 w·(l - Llb/Le1) ·(b:-2 · btf·r/,/sin2 8w+ r,>sin3 8 w) 

5·b: 

A endix C 

(C.27) 

Now, the total potential energy needs to be minimized with respect to the coefficients w2 and L,1. Minimizing 

the total potential energy with respect to w2 gives 

4096 · w. ·D·L 2048 · w ·D·n2 ·L ___ 2 ___ ef + 2 et 

125 ·b; 125 ·b: 

_ 64 ·F-n·r,;tf·sin8 w·(l - L~Let) ·(b:-2 ·b1p/tf·sin28w + ri>sm.38 w) = O 

5·b: 

Minimizing the total potential energy (equation C.27) with respect to L,1 results in 

2048·wtD + l024·Wz
2

·D·n 2 
_ 64·F·w2 ·n·ri;tf·sin8w·L1b·(b;-2-b,/r,~tf·sin2 8w+r/tf·sin38w) =O 

125 ·b; 125 ·bJ 5 ·b:·L! 

(C.28) 

(C.29) 

After solving the equations C.28 and C.29 simultaneously with respect to the coefficients w2 and L,1 , these 

coefficients can be specified as 

(C.30a) 

and 

(C.30b) 

The web crippling stiffness is defined to be 

(C.31) 

After substitution of the equations C.30 into equation C.24b, it may be readily verified that, according to the 

abovementioned definition, 

(C.32) 
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C.3.2 Combination 2: Bilinear Junction, geometrical compatibility approach & exact solution 

In combination 2 the deformation variations over the length of the member are described by the linear 

function of figure 5.6a, just as in combination 1, but here geometrical compatibility is assumed. 

The deformation functions ww(x,y) and wg(x,y) for combination 2 are given by 

x2 X4 2• lul 
w (xv)= m ·(l +c. ·- + r __ ·-) ·(1- -=:__!Ll) 

w v. 2 l,w b2 -2,w b4 L 
w w et 

(C.33a) 

x2 X4 2-1 ul 
w 1x,y) = m ·n·(l + ~- ·- + r __ ·-) ·(1- -=:__!Ll) 

If\ ' 2 -1,tf b2 -2.tt b4 L 
If tf et 

(C.33b) 

in which 

2·n·b 2-5·b ·b -3·b2 
C = w w tf tf 

l;w 5/S·b·(b+b) tf w tf 

(C.33d) 

b 2+5·b ·b -4·n·b2 
tf tf w w 

S;w= 5/16·b ·(b +b) 
tf w tf 

(C.33e) 

(C.33f) 

(C.33g) 

Substituting the deformation functions of equations C.33a to C.33c into the total potential energy (equation 

C.26) gives 

Similar to combination 1, the total potential energy (equation C.34) is minimized with respect to the 

coefficients w2 and L,1 . After proper calculations it may be derived that 
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and 

+ 5 · F-b;, ·n ·(b;. ·r}tf·sin28 w·(16 ·c1;tf+24 "'1;tf)-32 · bt/'1;tf·ri;u,-sin38 w + 16 "'1;tf·r,,~t/Sin4 8 w) 

6 ·D· btf·L1b ·(br(40 ·ei~w+40 "Ci;w"'1;w + 18 ·c/w) + b; ·n 2 ·(20 ·ei~tf+20 "Ci;t/'1;tf+9 ·c/tf)) 

Substitution of the equations C.35 into C.33b and using equation C.31 results in 

C.3.3 Combination 3: Trilinear function, hinge compatibility approach & full length solution 

A endix C 

(C.35b) 

(C.36) 

Within combination 3 the deformation variations over the length of the member are described by the trilinear 

function of figure 5.6b and the hinge compatibility approach is applied. 

It is not possible to derive an exact solution for the web crippling stiffness when the total potential energy is 

minimized with respect to L,1 and w2 • Therefore, the total potential energy is only minimized with respect to 

w2 • Moreover, it is assumed in this combination that the effective length corresponds to the span length of 

the member L,pan . 

The deformation functions ww(x,y) and wu(x,y) for combination 3 are given by 

x2 x4 2 { IYI -1/2 ·L ) 
ww(x,y) = n2 ·(1-24/5 ·- + 16/5 ·-} ·(1- lb ) 

b 2 b4 L -L 
w w span lb 

( lxl S 1/2 · bw n IYI > 1/2 · Lib) (C.37a) 

x2 4 2·(Jyl-1/2·L ) 
wJx,y) = w2 ·n·(l -24/5 ·- + 16/5 -~ )-(1- lb ) 

b'; bi Lspan - Lib 
( lxl S 1/2 ·btf n IYI > 1/2 ·Llb) (C.37b) 

(C.37c) 

x2 x4 
wJx,y) = w.: ·n·(l-24/5 ·-+ 16/5 ·-) 

2 b2 b4 
tf tf 

(C.37d) 

After substitution of the equations C.37 into equation C.26 and substituting L,1 for L,pan, the total potential 

energy can be written as 
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64 ·P. w2 ·n·~;t/sin0 w ·(b;-2 · btf-r/ff·sin20 w + 1/ff·sin30 w) 

5-b: 

Now, the total potential energy needs to be minimized with respect to w2 , resulting in 

4096·w.:·D·(L +3·L) 256·w.:·D·n 2 ·(b 4 ·(8·L +9·L )+L ·(45·b 4 -30·b 2 ·b 2
) 2 span lb+ 2 w span lb lb ff ff w 

125 ·b 3 125 ·b 3 ·b 4 
w tf w 

From equation C.39 it follows that 

(C.38) 

(C.39) 

(C.40) 

Substituting equation C.40 into equation C.37d and using equation C.31, the web crippling stiffness can be 

calculated as 

(C.41) 

C.3.4 Combination 4: Trilinear function, geometrical compatibility approach & full length solution 

The only difference between combination 3 and 4 is formed by the compatibility approach: combination 4 is 

based on the geometrical compatibility approach where combination 3 uses the hinge compatibility approach. 

Just as in case of combination 3, it is not possible to derive an exact solution for the web crippling stiffness 

when the total potential energy is minimized with respect to L,1 and w2 • Therefore, the total potential energy 

is only minimized with respect to w2 • Moreover, it is assumed in this combination that the effective length 

corresponds to the span length of the member L,pan (full length solution). 

The deformation functions ww(x,y) and wg(x,y) for combination 4 are given by 

x2 x4 2 ·{ IYI - 1/2 . L ) 
w(x,y)=JVi·{l+q. ·-+£:i. ·-)·(1- lb) 

w ,w b2 ,w b4 L -L 
w w span lb 
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(C.42c) 

x2 x4 
w 1x,y)= w.: ·n·(l+c. ·-+r.... ·-) 

tt'- 2 l,tf b(r -1.,tf b: (C.42d) 

in which the coefficients c1;w, c2;w, c1:tf and c2:tf are given by equations C.33d to C.33g. 

After substitution of the equations C.42 into equation C.26 (and taking into account that the effective length 

equals the span length), the total potential energy can be written as 

V= D· · w,.2 ·(Lspan + 3 ·L!b) ·(20 ·c/w+20 ·q;w·'2;w+9 ·s~w) + D·Lspan ·n 2 
• ~} ·(20 ·c/«+ 20 ·c1;«·'2;tt+ 9 ·c/tf) 

15·b; 30·bJ 

(C.43) 

Minimizing the total potential energy with respect to w2 gives 

(C.44) 

Substituting equation C.44 into equation C.42d and using equation C.31, it may be readily verified that 

[D· b:·(b; •(L1b ·(56/5 + 7 ·n-41/4 ·n 2) +41/15 ·Lspan) + b«·b; ·(L1b ·(12/5 + 15 ·n+ 15/2 ·n 2) +4/5 ·Lspan)) 

[b! ·sin28 w ·r-/«·<b«-sin8 w "/';;«)2 ·(b;- ·(b«·(4 ·sin8 w'/';;«- b«)-bw ·n ·(bw + 5 ·sin8 w ·ri;tf)-4 ·sin28 w·r/tf) 

+ D·b:·(bi •L!b ·(b; ·(25/4 ·n 2- 3 ·n-4 )+ btf·(b«-5 ·bw·n))+ 10 ·b;, ·(L1b ·(1-86/50 ·n-n 2
) + 1/3 ·Lspan))J 

+ bw·sin8 "' 'I;;«·n·(sin8 w·ri;tf·(bw +5 · b«)-bw· btf)) 2J 

+ [D·bZ· b;, ·n·(-12/5 · btf-Lspan + bw·(L/b ·(39/4 ·n-98/5)+ Lspan ·(5/3 ·n-26/5))) 

[b! ·sin28 w ·r;~«·Cb«-sin8 w'/';;«) 2 ·(b; ·Cb«·(4 ·sin8 w·I;;tF b«)- bw·n·(bw + 5 ·sin8 w'I;;«)-4 ·sin28 w ·r/«) 

+D·b'f5 ·b 1 ·n 2 ·(b ·(129/IO·L +52/15·L )+2/5·b ·L )) l w If lb span w span 
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C.3.5 Combination 5: Fourth degree polynomial, hinge compatibility approach & approximate solution 

Combination 5 makes use of the fourth degree polynomial that describes the deformations over the length of 

the member. It is based upon the hinge compatibility approach and the total potential energy is minimized 

with respect to L,1 and w2 • 

The deformation functions ww(x,y) and wg(x,y) for combination 5 are given by 

x 2 x 4 16 2 w (xy) = W- ·(1-24/5 ·-+ 16/5 ·-) ·- ·(y2 -1/4 ·L )2 
w ' 2 b2 b4 4 ef 

w w Lef 

Substituting these deformation functions into the total potential energy (equation C.26) gives 

131072 ·D· W-
2 ·(42 ·L 4 + 102 ·b 2 ·L 2 +217 ·b 4

) V= 2 ef w ef w 

275625 ·b;,,·L}r 

65536 ·D· W-
2 ·n 2 ·(42 ·L 4 + 102 ·b 2 ·L 2 +217 ·b 4

) + 2 ef If ef If 

275625 ·b;·L;f 

64 ·P. w2 ·n·Ii;t/sin0 w·(L1;-L;f)2 ·(b;-2 · btf·lj;tf·sin20 w + lj;1/Sin30 w) 

5-b:·L~ 

(C.46a) 

(C.46b) 

(C.47) 

Just as in case of the combinations 3 and 4, it is not possible to derive an exact solution for the web crippling 

stiffness. Therefore, the web crippling stiffness is approximately determined by negelecting some terms out of 

the total potential energy functional which are thought to have a negligible influence on the web crippling 

stiffness compared to other terms. It is assumed that the effective length is much larger than the height of the 

web and the width of the top flange. Moreover, it is assumed that the width of the top flange greatly exceeds 

the magnitude of the comer radii for every member. For a large series of members the influence of each term 

of equation C.47 on the total potential energy has been calculated. In these calculations the effective length is 

taken equal to the eventual effective length for combination 5, which is based upon the neglect of some terms 

(equation C.50). From these calculations it may be concluded that the total potential energy may be approxi

mated by 

131072 ·D· W-
2 ·(42 ·L 4 + 102 ·b2 ·L 2 ) 65536 ·D· W-

2 ·n 2 ·(42 ·L 4 + 102 ·b 2 ·L 2) V= 2 ef w ef + 2 ef tf ef 
275625 ·b 3 ·L 3 275625 ·b 3 ·L 3 

w ef tf ef 

64 ·P. w2 ·b:·n·ri;t/Sin0w·(L1;-L~)2 

5-b:·L~ 
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Now, the approximated total potential energy is minimized with respect to the coefficients w2 and L,1 . After 

proper calculations it may be derived that 

and 

b:·(34 ·b;,+504 ·L1!) +b! ·n 2 ·(17 ·b:+252 ·L1) 

14·bJ+7·b;·n2 

Substitution of the equations C.49 and C.50 into C.46b and using equation C.31 results in 

512 ·D·1/2 · b 3 + b 3 ·n 2 ·(b 3 ·(34 · b 2 +252 ·L 2 )+ b 3 ·n2 ·(17 · b 2 + 126 ·L 2 )) k = [ tf w tf w lb w tf lb ] 

tJ.bw IJ • 2 2 3 b3 b2 2 3 2 b2 2 2 4 525· 7·b ·sm 0 -r- ·b ·n·( ·(34· +490·L )+b ·n ·(17· + 45·L )) tf w 1;tf w tf w lb w tf lb 

(C.49) 

(C.50) 

(C.51) 

C.3.6 Combination 6: Fourth degree polynomial, geometrical compatibility approach & approximate solution 

Combination 6 can be thought of as the most complicated and reliable combination. The deformations over 

the length of the member are described by the fourth degree polynomial and the coupling between the plates 

is established using the geometrical compatibility approach. 

The deformation functions ww(x,y) and w.jx,y) for combination 6 are given by 

(C.52a) 

(C.52b) 

in which the coefficients c1;w, c2;w, c1;tf and c2;tf are given by equations C.33d to C.33g. 

After substitution of the equations C.52 into equation C.26, the total potential energy can be written as 

_ 4 ·D· w/ ·b;, ·L~·(53760 ·cl;w+4480 ·q~w+26880 "'2;w+4704 "li;w"'2;w+ 720 ·q~w) 

11025 ·b 3 ·L 3 
w ef 
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+ 2 ·D· w} ·b:·(564480+94080 "'i.;tt+7056 ·q~tt+ 14112 ·q;1/2520 ·q;t1"Ci/245 ·q~tf) 

11025 ·bJ-L; 

2 ·D· w} · b:·L;/(53760 ·c1;tt+4480 ·q~t/+26880 "Ci;tf+4704 ·q ;t1"Ci;t1+ 720 ·ei~tt) 

11025 ·b:·L~ 

+ 2 ·D· w,} •L;.•(4480 ·q\1+4480 ·c1;tt.Ci;tt+2016 ·q\1) 

11025 ·b1~-L~ 

2 2 2 'i.·tt·(l/2·btf-ri·tf·sin8w)2 Ci-tt·(l/2·btf-ri"tf·sin8w) 4 

4·FJVi·n·(L1b-Le1) ·(1+ ' 
2

' + ' 
4

' ) 

btt btf 
(C.53) 

Just as in combination 5 it is not possible to derive an exact solution for the web crippling stiffness. There

fore, the web crippling stiffness is approximately determined by negelecting some terms out of the total 

potential energy functional which are thought to have a negligible influence on the web crippling stiffness 

compared to other terms. It is assumed that the effective length is much larger than the height of the web and 

the width of the top flange. Moreover, it is assumed that the width of the top flange greatly exceeds the 

magnitude of the comer radii for every member. For a large series of members the influence of each term of 

equation C.53 on the total potential energy has been calculated. In these calculations the effective length is 

taken equal to the eventual effective length for combination 6, which is based upon the neglect of some terms 

(equation C.56). From these calculations it may be concluded that the total potential energy may be approxi

mated by 

_ 4 ·D· w} · b;, ·L~·(53760 ·cl;w+4480 ·q~w+26880 "Ci;w +4704 "'i.;w"Ci;w+ 720 "Ci~w) 

11025·b 3 ·L 3 
w ef 

_ 2 ·D· JVi2 
• b:·L';·(53760 ·c1;tf+4480 -q~t/+26880 "Ci;tt+ 4704 "'i.;t1"Ci;tt+ 720 ·q\1) 

11025 ·b:·L~ 

2 4 2 2 
+ 2 ·D· w2 ·Le1·(4480 ·q;tf+4480 ·c1;tt·Ci;tt+2016 "Ci;tf) 

11025 ·b:·L~ 
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(C.54) 

The approximated total potential energy (equation C.54) is minimized with respect to the coefficients w2 and 

L,1 . From here, it may be derived that 

_1 = 16 ·D· bff·L~·(bJ ·(8960 ·q;w ·(q;w+ Ci;w)+4032 ·ei~w) + b; ·(4480 ·cl;ff·(cI ;ff+ Ci;ff)+2016 ·4ff)) 

Wi 11025 ·F-b; ·(b: ·(16 +4 ·q ;ff+ Ci;ff)-b: ·r;;ff·sinO w·(16 ·q ;ff+ 8 · Ci;ff) 

16 ·D· b:-L;• b; ·(8960 "C1~w+ 107520 "Ci.;w +53760 "Ci;w +9408 "Ci.;w "Ci;w + 1440 "Ci~w) 

11025 · F-b; ·(b; •(l6 +4 ·cI ;ff+ Ci;ff)- bJ ·r,,;1/sinO w ·(16 ·q ;ff+ 8 ·ei;it) 

16 ·D· b: ·L;1 • b;, ·n 2 ·(4480 ·q~ff+53760 ·c1;ff+26880 ·ei;ff+4704 ·cI ;ff·Ci;ff+ 720 ·ei~ff) 

11025 · F- b; ·(b1j ·(16 +4 ·cI ;ff+ Ci;ff)- b: ·ri;ff·sinO w ·(16 ·cI ;ff+ 8 ·ei;ff) 
(C.55) 

In the derivation of the effective length (minimizing the total potential energy of equation C.54 with respect 

to L,1) it turns out to be impossible to determine the effective length analytically. This is because an equation 

of the effective length in the fifth degree remains to be solved after differentiating the total potential energy 

with respect to L,1 . 

Combination 5 consists of a less complicated total potential energy functional, resulting in an equation of the 

effective length in the second degree, that can be solved analytically, after the neglect of some terms (section 

C.3.5). The difference in complexity between the combinations 5 and 6 stems from the unknown magnitude 

of the constants c1;w, c2;w, c1✓ and c2✓ in case of combination 6, resulting in an impossibility to ignore certain 

terms. The kinematical admissible trial function w(x,y) is defined to be the product of two separate functions 

w(x) and w(y). The deformation over the length of the member for combination 5 and 6 is described by the 

same fourth degree polynomial w(y). The only difference is formed by the compatibility approach and thus by 

the descriptions of the deformations over the cross-section of the member w(x). Only w(y) is a function of the 

effective length. Hereby, w(x) can be thought of as a constant in minimizing the total potential energy with 

respect to the effective length, resulting in the same kind of equation (with different constants) for combina

tion 5 and 6, from which the effective length can be solved. It is assumed that the difference in the descrip

tion of w(x) has no significant influence on the resulting effective length. Henceforth, the effective length in 

combination 6 is taken equal to the effective lenth of combination 5 and given by 

(C.56) 

Substitution of the equations C.55 and C.56 into C.52b and using equation C.31 results in 
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[b:·(b;, ·L,,2f·(8640 +2400 ·n) +5248 ·Le>bw + blf·(L~·(1536 ·L;f+ 3936 · b! +2400 ·b; ·n)) 
·[---------------------------------

[bw ·sin 20 w ·1/lf·(sin0 w ·r,,;iF blf) ·(bi •(b1/(4 ·sin0 w ·r,;lf- btf)-bw ·n ·(bw + 5 ·sin0 w ·r,,;tt.)-4 ·sin20 w ·r,flf) 

+ bi·b;, ·(bw·(3150+ 15750 ·n 2 ) + 7875 · blf·n 2 ) + b! ·(b:·L~·(2400 ·n 2 - 768 ·n+8800) +6656 ·blf·L;_·n 2 )] 

+ bw·sin0 w ·ri;lf°n·(sin0 w"1i;lf·(bw + 5 · btf)-bw · blf))] 

[b 5 ·(L 2 ·n 2 ·(768 ·L 2 +2400 ·b 2
) + b 2 ·n·(7875 · b 2 ·n-8960 ·L 2 )-2100 ·b 4 +4096 · b ·b ·L 2 ·n 2 ) + IV ef ef If If If ef If wtfef 

[bw·sin2 0 w·r/lf·(sin0 w ·ri;tf- btf) ·(b1; ·(btf·(4 ·sin0 w ·r,,;iF btf)- bw·n·(bw + 5 ·sin0 w·ri;lf)-4 ·sin20 w ·r,,~1f) 

+ b1;·(h! ·(8400 ·n·(b1/ bw) ~5250 ·btf) + ~~·b; ·(bw·n·(3200 ·n-9984)-blf·(4608 ·n-6400)))]] 

+ bw ·sm0 w ·r,•;lf·n·(sm0 w"1i;tf·(bw + 5 · blf)- bw· bd))] 
(C.57) 

Equation C.57 is thought to represent the most accurate approximation of the web crippling stiffness in the 

energy model. 
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Appendix D 

This appendix gives an overview of the results of the parameter study that is carried out on the 

finite element model, the energy model and the beam on elastic foundation model, as well as 

specifications of the batch file that is used within ANSYS to carry out the parameter study. 

D.1 Results of the parameter study 

The whole parameter study is carried out for three members with small, medium and large comer radii 

(section 7.2). The geometrical dimensions (in mm) of the general members are: 

- General member 1: L,p,,,,=1560, 0w=90°' bb,=60, bw=65, bt/=60, ri;bf=l, ri;tf=l, t=0.7 and L,b=lOO; 

- General member 2: L,p,,,,=1560, 0w=90°, bb,=60, bw=65, bt/=60, ri;b/=5, ri;t/=5, t=0.7 and L,b=lOO; 

- General member 3: L,p,,,,=1560, 0w=90°, bb,=60, bw=65, bt/=60, ri;b/=10, ri;tf=lO, t=0.7 and L,b=lO0. 

For each member the parameters (except the corner radii) are varied as follows (in mm): 

520, 1040, 1560, 2080, 2600; 

- ew: 

- bbl: 

- bw: 

50°' 60°' 70°' 80°' 90°; 

20, 40, 60, 80, 100, 120; 

30, 50, 65, 80, 100; 

20, 40, 60, 80, 100, 120; 

0.5, 0.7, 0.9, 1.1, 1.3, 1.5; 

- Lib: 25, 50, 100, 150, 200, 250, 300. 

Besides, the influence of the comer radii is once more investigated by varying ri;tf(and µius ri;bf) from 1 to 10 

mm (steps of 1 mm) using the geometrical dimensions of the abovementioned general members (except for 

the comer radii). 

The parameter study is carried out on the finite element model (FEM), the energy model and the beam on 

elastic foundation model. For the energy model, all six combinations are involved. They differ from each 

other in the deformation variation description over the length of the member and the kind of approach which 

is applied in describing the connection between the plates (hinge compatibility approach (hca) and geometri

cal compatibility approach (gca)). The beam on elastic foundation model (boef) is evaluated for four different 

values of a, namely 0.2, 0.4, 0.6 and 0.8. For sake of clarity the six combinations of the energy model are 

once more given below. 

- Combination 1: Bilinear deformation pattern over the length of the member (bilinear), hca; 

- Combination 2: Bilinear deformation pattern over the length of the member (bilinear), gca; 

- Combination 3: Trilinear deformation pattern over the length of the member (trilinear), hca; 

- Combination 4: Trilinear deformation pattern over the length of the member (trilinear), gca; 

- Combination 5: Fourth degree polynomial deformation pattern over the length of the member (fdp), hca; 

- Combination 6: Fourth degree polynomial deformation pattern over the length of the member (fdp), gca. 
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Considering the energy model the emphasis of the discussion of the results will be on the combinations which 

are based upon the geometrical compatibility approach as the hinge compatibility approach is only a simpli

fied version of the former. The results are grouped per parameter. The web crippling stiffnesses of the 

general member with varying corner radii are given in table D.l. These results are shown once more in the 

figures D.1 and D.2. 

Table D.J: Web crippling stiffness against corner radii for the general member 

Fem Beam on elastic foundation model Energy model 

ri a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

1 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136670 

2 20305 22661 28368 32874 37162 48196 31937 85434 73009 29766 33529 

3 12384 11509 14498 17173 19714 20795 13819 36134 32027 13006 14643 

4 8811 7032 9031 10865 12586 11414 7558 19454 177784 7207 8107 

5 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

6 5706 3530 4699 5768 6757 4897 3174 8050 7722 3123 3510 

7 4872 2731 3688 4557 5357 3558 2268 5749 5620 2271 2552 

8 4251 2194 3000 3726 4391 2705 1691 4299 4271 1722 1938 

9 3756 1815 2507 3128 3693 2130 1303 3333 3357 1350 1522 

10 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

From figure D.1 and table D.1 it becomes clear that the energy model produces poor results for small corner 

radii (1-2 mm). The combinations 5 and 6 which are based upon the fourth degree polynomial description of 

the deformations over the length of the member give poor approximations for members with comer radii 

larger than 5 mm, while the combinations 3 (figure D.2) and 4 are relatively worse for corner radii smaller 

than 6 mm. The models which are based upon the bilinear description of the deformation variations over the 

length of the member perform badly for almost all comer radii. It may be concluded that the influence of the 

corner radii is poorly covered in the energy model. It is striking that the combinations 3 and 4 which are 

based upon the trilinear deformation description over the length of the member give the best approximations 

for large corner radii. The results of the beam on elastic foundation model and combination 3 of the energy 

model for varying corner radii are given in figure D.2. 

Combination 6 which is based upon the fourth degree polynomial description of the deformations over the 

length of the member performs relatively best for small corner radii, while combination 3 which is based 

upon the trilinear description of the deformations over the length of the member perform relatively best for 
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large comer radii. 

-a- F.e.m. ··-··· bilinear, gca -M-- trilinear, gca -•- fdp, gca 

Figure D.la: Web crippling stiffness for varying corner radii (1-4 mm) 
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Figure D.Jb: Web crippling stiffness for varying corner radii (5-10 mm) 

It may be concluded that the comer radii are not very well accounted for throughout the energy model. The 

energy models result in a web crippling stiffness that is inversely proportional to the square comer radii while 
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the finite element simulations tend to show a behaviour in which the web crippling stiffness is more or less 

inversely proportional to the corner radii. 
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-•- l>oef, alpha=0.6 ... :e: ... l>ocf, alpha=0.8 

Figure D.2a: Web crippling stiffness for varying corner radii (1-4 mm) 
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Figure D.2b: Web crippling stiffness for varying corner radii (5-10 mm) 

From the figures D.2 and table D.1 it is clear that the beam on elastic foundation model does not perform 
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very well over the whole range for a having a constant value. However, if a is taken proportional to the 

magnitude of the comer radii it is possible to produce reliable web crippling stiffness approximations for the 

general member with varying corner radii. 

The other parameters are varied for the three general members. First the results for each parameter are 

discussed separately for the general member with comer radii of 1 mm, whereafter the results for the 

members with comer radii of 5 and 10 mm respectively are treated. 

General member 1 (r=l): 

Influence concerning tlze bottom flange 

The influence of the bottom flange on the web crippling stiffness in case of general member 1, according to 

the several models is tabulated in table D.2. 

Table D.2: Web crippling stiffness against bottom flange for general member 1 

Fem Beam on elastic foundation model Energy model 

bbf a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

20 38462 58604 78027 88526 97821 180253 116345 307821 273317 115475 127245 

40 41667 61089 81745 92719 102360 192386 125644 341252 287108 119135 133030 

60 43478 62679 84140 95425 105289 199667 130953 361316 295745 121352 136671 

80 44944 63784 85813 97317 107335 204512 134379 374665 301576 122828 139133 

100 45977 64596 87047 98713 108846 207965 136771 384180 305758 123878 140900 

120 46512 65219 87995 99787 110007 210549 138535 391302 308897 124663 142228 

These results are shown once more in the figures D.3 and D.4. 

From figure D.3 it is clear that all combinations overestimate the web crippling stiffness greatly. However, 

this overestimation is caused by the fact that the comer radii are not covered very well in the energy model. 

The deviations between the finite element simulations and the energy model combinations are more or less 

constant over the whole range of the bottom flange. This indicates that the energy model performs reasonably 

well as far as the influence of the bottom flange is concerned. Hence, it can be concluded that the neglect of 

the deformation variations over the bottom flange is justified by these results. It is remarkable that combina

tion 4 produces large deviations from the finite element simulations compared to the other combinations of 

the model in varying the width of the bottom flange. 
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Figure D.3: Web crippling stiffness for varying bottom flanges 
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-•- boef, alpha=0.6 ···E··· boef, alpha=0.8 

Figure D.4: Web crippling stiffness for varying bottom flanges 

In figure D .4 it is shown the beam on elastic foundation model performs not very good for a >0.2. It is to be 

expected that a =0.1 produces good results. Note that the deviations between the finite element simulations 

and the beam on elastic foundation model have a constant value over the whole range of the bottom flange, 
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implying that the influence of the bottom flange is fairly taken into account. 

Influence concerning the top flange 

The influence of the top flange on the web crippling stiffness in case of general member 1, according to the 

several models is tabulated in table D.3. These results are shown once more in the figures D.5 and D.6. 

Table D.3: Web crippling stiffness against top flange for general member 1 

Fem Beam on elastic foundation model Energy model 

btf et=0.2 et=0.4 et=0.6 et=0.8 1 2 3 4 5 6 

20 54054 91434 134950 155384 169968 397521 620595 505989 463293 59830 225306 

40 47059 71310 98367 111540 122430 248547 220320 390028 335816 90247 160318 

60 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136671 

80 42105 57599 76253 86706 96097 175330 99982 365036 285505 152787 124218 

100 40816 54120 71055 81030 90141 160755 86534 394023 294000 184478 116568 

120 40404 51510 67256 76907 85824 151049 79760 449525 318378 216400 111459 

r=l 
100,...--,----,--~-~-,----,--~-~-,-----, 

0-+--t--r--·,-' --+-, --+-' --+'--+-' --+--t----t 
20 30 40 50 60 70 80 90 100 110 120 

top flange [mm] 

-a- F.e.m. ··-·· bilinear, gea -M-- trilinear, gea -•- fdp, gea 

Figure D.5: Web crippling stiffness for varying top flanges 

It should be noted that the combination which produces the smallest web crippling stiffness does not automat

ically represent the most reliable solution (as was the case in comparing the finite element simulations). Due 

to the different deformation variation descriptions, different solutions for the web crippling stiffness cannot be 
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compared that way. 

r=l 

-a- F.c.m. ··-··· bocf, alpha=0.2 -H-- bocf, alpha=0.4 

-•- bod, alpha=0.6 ···11·•• bocf, alpha=0.8 

Figure D.6: Web crippling stiffness for varying top flanges 

According to figure D.5, only combination 6 produces results that have a rather constant deviation from the 

finite element simulations. The other combinations do not give reliable results for the influence of the top 

flange on the web crippling stiffness. It is striking that combination 5 which is based upon the hinge compati

bility approach depends differently on the magnitude of the top flange than the combination 6 which is based 

upon the geometrical compatibility approach. Apparently, the hinge compatibility approach is no longer valid 

if the magnitude of the top flange is varied strongly. This can be clarified by considering the portal frame of 

the portal frame model. If the length of the top flange is varied it is clear that the bending moment at the 

connection between the top flange and the web will vary also. From figure D.6 it becomes clear that the 

beam on elastic foundation model performs somewhat better than the energy model, as far as the negotiation 

of the top flange is concerned However, both the energy model and the beam on elastic foundation model 

tend to deviate extra from the finite element simulations for small top flanges. 

Influence concerning the web 

The influence of the web on the web crippling stiffness in case of general member 1, according to the several 

models is tabulated in table D.4. These results are shown once more in the figures D.7 and D.S. 
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Table D.4: Web crippling stiffness against web for general member 1 

Fem Beam on elastic foundation model Energy model 

bw a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

30 54795 53542 89170 114675 130321 328928 174011 1084006 735945 490927 229892 

50 47059 59974 89124 102415 111920 233347 134912 480702 375850 192562 161308 

65 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136671 

80 41365 62861 76253 91447 102212 178743 134547 297636 250999 85366 121017 

100 39254 61272 71055 88930 100902 160877 143970 246965 214071 59480 107411 

Apparently, only the combinations 2 and 6 correspond to the behaviour of the finite element simulations if 

the magnitude of the web is varied (they have almost constant deviations for webs larger than 40 mm). 

Due to the fact that the trilinear-hca-approach deviates greatly from the finite element simulations it is 

difficult to investigate the influence of the webs on the beam on elastic foundation model. However, from 

table D.4 it is clear that the beam on elastic foundation model shows a significant different behaviour for 

a=0.2 than for other magnitudes of a. This might be caused by the schematisation of the beam on the elastic 

foundation, which implies a use of the web in the model that depends on the magnitude of a. A better 

insight in this problem is established for general member 2. 
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Figure D.7: Web crippling stiffness for varying webs 
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Figure D.8: Web crippling stiffness for varying webs 

Influence concerning the web angle 

The influence of the web angle on the web crippling stiffness in case of general member 1, according to the 

several models is tabulated in table D.5. 

Table D.5: Web crippling stiffness against web angle for general member 1 

Fem Beam on elastic foundation model Energy model 

ew a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

50 66667 85819 120400 136797 150025 343340 224368 624372 505395 207783 207783 

60 67797 74702 102674 116471 128048 267594 175150 485603 394966 162243 182706 

70 62500 67723 91829 104133 114707 226639 148511 410642 335169 137595 154958 

80 52632 63891 85975 97500 107534 205994 135073 372883 304996 125163 140962 

90 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136671 

These results are shown once more in the figures D.9 and D.10. Both the energy model (all six approaches) 

and the finite element simulations tend to show an increasing web crippling stiffness with a decreasing web 

angle. This seems quite logical because the smaller the web angle, the smaller the eccentricity of the load 

which corresponds to an increasing web crippling stiffness. However, the gradients of the combination of the 

energy model and the finite element simulations differ greatly from each other. 
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Figure D.9: Web crippling stiffness for varying web angles 

The beam on elastic foundation model (figure D.10) performs somewhat better than the energy model: the 

approximations are reasonably more accurate, but this might also be caused by the different negotiation of the 

comer radii. 
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Figure D.10: Web crippling stiffness for varying web angles 
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Influence conceniing tlze load bearing plate 

The influence of the load bearing plate on the web crippling stiffness in case of general member 1, according 

to the several models is tabulated in table D.5. 

Table D.6: Web crippling stiffness against load bearing plate for general member 1 

Fem Beam on elastic foundation model Energy model 

L,b a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

25 37383 35450 51832 66052 78889 49917 32738 320677 263312 44218 53054 

50 42105 46724 60547 73263 85143 99834 65477 334223 274123 66941 76376 

100 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136671 

150 43956 61823 98943 117974 129503 299501 196430 388408 317367 178391 200464 

200 43478 60459 100432 130058 148856 399335 261906 415501 338989 236141 265158 

250 43956 60383 98135 131912 158230 499168 327383 442594 360611 294181 330216 

300 43478 60460 96678 129824 159675 599002 392860 469687 382232 352366 395455 

These results are shown once more in the figures D.11 and D.12. 
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Figure D.11: Web crippling stiffness for varying load bearing plates 
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Figure D.12: Web crippling stiffness for varying load bearing plates 
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It may be concluded that the load bearing plate is poorly covered in the energy model. Probably, this is 

caused by the chosen deformation descriptions over the length of the member: in these descriptions it is 

assumed that the deformations continuously increase under the load bearing plate, except by the trilinear 

description. It is this trilinear description that relatively produces the most constant deviations. In reality the 

top flange curls downward under the load bearing plate but simultaneously some upward curling occurs under 

the centre of the load bearing plate (figure 5.3), especially in case of longer load bearing plates. For this 

decrease in the deformation of the top flange not taking into account, it seems quite logical that the larger the 

load bearing plate the worse the energy model predicts the web crippling stiffness. 

Apparently, the beam on elastic foundation model, in which the deformation variation over the length of the 

member is described by the deflection curve of the beam on elastic foundation theory, performs slightly better 

as far as the load bearing plate is concerned. For large load bearing plates the web crippling stiffness is more 

or less independent of the magnitude of the load bearing plate, just as the finite element simulations tend to 

point out. 

Influence concerning the span length 

The influence of the span length on the web crippling stiffness in case of general member 1, according to the 

several models is tabulated in table D.7. 
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Table D.7: Web crippling stiffness against span length for general member 1 

Fem Beam on elastic foundation model Energy model 

L,pan a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

520 43568 62679 84150 95297 104514 199667 130953 156562 127411 121352 136671 

1040 43526 62679 84150 95426 105286 199667 130953 258939 211578 121352 136671 

1560 43478 62679 84150 95426 105286 199667 130953 361316 295745 121352 136671 

2080 43479 62679 84150 95426 105286 199667 130953 463693 379912 121352 136671 

2600 43479 62679 84150 95426 105286 199667 130953 566069 464079 121352 136671 

These results are shown once more in the figures D.13 and D.14. 

The assumption that the web crippling deformations tend to concentrate in a rather small region around the 

load bearing plate is confirmed by the finite element simulations. The web crippling stiffness appears to be 

independent of the span length. Hence, the introduction of an effective length is justified by these simula

tions. 

The combinations 1, 2, 5 and 6 have a constant deviation from the finite element simulations and perform 

well as far as the span length is concerned. 
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Figure D.13: Web crippling stiffness for varying span lengths 

Similarly, the beam on elastic foundation model performs well also as far as the span length is concerned. 
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Note however, that the web crippling stiffness here is not completely independent of the span length. 

r=l 
110-,------r-,----,-.----,-.----,-.------, 

S 11··········•·········!H ................... !.H ................. +.H ................ + .. z 
S 100 .................... ; ..................... ; ..................... ; ..................... ; .................. .. 
~ .,_ _________ ; ... ---------; .., ________ ;-•--------; -.& 

:: ,...._ 90 ..................... : ..................... ;············ .. ·· ..... ; ..................... ; ................... . 

~ ] so ~ ...... ~ .......... 1*···· .............. f* ................. i .. * ....... ~ ........ l··~ .............. . 
;.§ J 70 .................... i ..................... 1··· .. ··· .. ···· ....... i" ................... : ................... . 
. ~ --- 60 .. :::::::::::::: ..... r ........... :.::.::r ................. f~ ... : .. ::: ........ i.::-............... . 
; 50 ..................... ; ..................... ; ..................... ; ..................... ; .................... . 
~ : :_ : - : -

:- : - : -40-+------+-----+-------t-----+-----< 
SOO 1000 1500 2000 2500 3000 

span length [mm] 

-a- F.c.m. ..-... bocf, alpha=0.2 -w-- boef, alpha=0.4 

-•- bocf, alpha=0.6 ... J[ ... bocf, alpha=0.8 

Figure D.14: Web crippling stiffness for varying span lengths 

Influence concerning the wall thickness 

The influence of the wall thickness on the web crippling stiffness in case of general member 1, according to 

the several models is tabulated in table D.8. 

Table D.8: Web crippling stiffness against wall thickness for general member 1 

Fem Beam on elastic foundation model Energy model 

t cx=0.2 cx=0.4 cx=0.6 cx=0.8 1 2 3 4 5 6 

0.5 20000 28014 36003 41110 45864 72765 47723 131675 107779 44224 49807 

0.7 43478 62679 84140 95426 105289 199667 130953 361316 295745 121352 136671 

0.9 74074 109285 152364 172978 189721 424366 278323 767928 628566 257917 290475 

1.1 111732 165132 236747 269872 295095 774802 508159 1402074 1147628 470902 530346 

1.3 152672 227763 332924 381320 416365 1278918 838788 2314317 1894320 777289 875410 

1.5 197044 295212 437153 502945 548855 1964656 1288533 3555221 2910027 1194060 134479~ 

These results are shown once more in the figures D.15 and D.16. 

The energy model treats the wall thickness badly. This might be caused by the neglect of the axial deforma

tions. In the sections A.4 and A.5 it has become clear that the influence of the axial deformations on the web 
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crippling stiffness might be considerable, especially in case of large wall thicknesses. Throughout the energy 

model these axial deformations are neglected. 

r=l 

-a- F.c.m. ··-··· bilinear, g~a -H-- trilinear, g~a -•- fdp, g~a 

Figure D.15: Web crippling stiffness for varying wall thicknesses 
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Figure D.J 6: Web crippling stiffness for varying wall thicknesses 

According to figure D.16 and table D.8 it is to be expected that the beam on elastic foundation model 

produces fairly reliable results for a=O.l. 
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General member 2 (r=5): 

Influence concerning the bottom flange 

The influence of the bottom flange on the web crippling stiffness in case of general member 2, according to 

the several models is tabulated in table D.9. These results are shown once more in the figures D.17 and D.18. 

Table D.9: Web crippling stiffness against bottom flange for general member 2 

bbl 

20 

40 

60 

80 

100 

120 

Fem 

6309 

6689 

6897 

7005 

7080 

7143 

Beam on elastic foundation model Energy model 

a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 

4942 6460 7855 9155 6536 4033 10258 10347 

4854 6351 7726 9007 6925 4453 11332 10886 

4803 6288 7652 8922 7162 4701 11982 11244 

4770 6247 7603 8866 7320 4865 12418 11492 

4747 6218 7569 8827 7433 4981 12729 11673 

4729 6196 7544 8798 7517 5067 12963 11811 
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Figure D.17: Web crippling stiffness for varying bottom flanges 
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The deviations between the finite element simulations and the energy model combinations are more or less 

constant over the whole range of the bottom flange. This indicates that the energy model performs reasonably 

well as far as the influence of the bottom flange is concerned, just as was assumed in case of general 
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member 1. It is striking that the beam on elastic foundation model resulted in constant deviations over the 

whole range of the bottom flange for each value of a in case of general member 1 but results in slightly 

increasing deviations with an increasing bottom flange for each value of a in case of general member 2. For 

a having a magnitude of 0.5 the best approximations of the web crippling stiffness are established. 
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Figure D.18: Web crippling stiffness for varying bottom flanges 

hifluence concemillg the top flange 

The influence of the top flange on the web crippling stiffness in case of general member 2, according to the 

several models is tabulated in table D.10. 

Table D.10: Web crippling stiffness against top flange for general member 2 

Fem Beam on elastic foundation model Energy model 

btf a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

20 9975 9308 11609 13680 15685 18182 25581 20667 20221 2459 8929 

40 7576 5805 7454 8972 10402 9343 8068 13258 12759 3458 5960 

60 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

80 6557 4325 5735 7030 8230 6159 3595 12178 11119 5678 4700 

100 6349 4044 5411 6668 7831 5579 3144 13406 11873 6824 4451 

120 6221 3859 5197 6431 7572 5202 2933 15674 13425 7985 4288 
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These results are shown once more in the figures D.19 and D.20. 
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Figure D.19: Web crippling stiffness for varying top flanges 
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Figure D.20: Web crippling stiffness for varying top flanges 

According to figure D.19, only combination 6 produces results that have a rather constant deviation from the 

finite element simulations. The other combinations do not give reliable results for the influence of the top 
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flange on the web crippling stiffness, just as for general member 1. It is remarkable that a different descrip

tion over the length of the member results in strongly different dependencies of a parameter of the cross

section. Again, combination 5 which is based upon the hinge compatibility approach depends differently on 

the magnitude of the top flange than the combination 6 which is based upon the geometrical compatibility 

approach. Apparently, the hinge compatibility approach is no longer valid if the magnitude of the top flange 

is varied strongly. 

From figure D.20 it becomes clear that the beam on elastic foundation model performs somewhat better than 

the energy model, as far as the treatment of the top flange is concerned. However, both the energy model and 

the beam on elastic foundation model tend to deviate extra from the finite element simulations for small top 

flanges. 

Influence co11cer11i11g the web 

The influence of the web on the web crippling stiffness in case of general member 2, according to the several 

models is tabulated in table D.11. These results are shown once more in the figures D.21 and D.22. 

Considering the energy model, only the combinations 2 and 6 correspond to the behaviour of the finite 

element simulations if the magnitude of the web is varied. This behaviour correspond to the behaviour of 

general member 1. 

Table D.11: Web crippling stiffness against web for general member 2 

Fem Beam on elastic foundation model Energy model 

bw a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

30 10127 5348 6911 7893 8802 10098 5861 35116 33397 16841 8503 

50 7767 5014 6348 7558 8699 8022 4712 15443 14468 7039 6011 

65 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

80 6296 4707 6354 7847 9226 6589 4935 10157 9559 3258 4549 

100 5767 4690 6532 8175 9667 6074 5382 8680 8204 2307 4058 

From table D.11 and figure D.22 it is clear that the beam on elastic foundation model shows a slightly 

different behaviour for different values of a. It may be concluded that this is caused by the schematisation of 

the beam on the elastic foundation, which implies a use of the web in the model that depends on the magni

tude of a. The larger a, the bigger the influence the web has on the web crippling stiffness because a large 

value of a implies a large influence of the second moment of area of the beam on the resulting web crippling 

stiffness and the magnitude of the second moment of area depends mainly on the web. Besides, the web 

crippling stiffness is dependent on the two-dimensional web crippling stiffness, that is also a function of the 
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web. Hence, it is possible that the influence of the web differs with varying magnitudes of a. 
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Figure D.21: Web crippling stiffness for varying webs 
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Figure D.22: Web crippling stiffness for varying webs 
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Influence concerning the web angle 

The influence of the web angle on the web crippling stiffness in case of general member 2, according to the 

several models is tabulated in table D.12. 

Table D.12: Web crippling stiffness against web angle for general member 2 

Fem Beam on elastic foundation model Energy model 

ew a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

50 16064 7572 9691 11634 13458 12496 8283 21367 19437 7879 8865 

60 12539 6138 7934 9585 11130 9671 6389 16382 15113 6889 6889 

70 9975 5339 6950 8432 9812 8155 5370 13720 12779 6121 5817 

80 8163 4929 6444 7836 9133 7394 4858 12389 11603 5174 5280 

90 6897 4803 6288 7652 8922 7162 4701 11982 11244 4697 5116 

These results are shown once more in the figures D.23 and D.24. In case of the energy model, all combina

tions perform reasonably well for general member. It is striking that the general members 1 and 2 tend to 

show different deviations from the finite element simulations. Here, the energy model seems to treat the web 

angle reasonably well. 
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Figure D.23: Web crippling stiffness for varying web angles 
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r=5 
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Figure D.24: Web crippling stiffness for varying web angles 

The beatn on elastic foundation model performs reasonably well also, in predicting the web crippling stiffness 

for varying web angles, in case of general member 2. It is to be expected that for a=0.7 the best approxima

tions are established. This is contradictory to the rest of the paratneters where merely a=0.5 performs best. 

Influence conceming the load bearing plate 

The influence of the load bearing plate on the web crippling stiffness in case of general member 2, according 

to the several models is tabulated in table D.13. 

Table D.13: Web crippling stiffness against load bearing plate for general member 2 

Fem Beam on elastic foundation model Energy model 

Lib a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

25 4890 3342 5198 6758 8151 1790 1175 10659 10041 1654 2000 

50 6033 3699 5448 6959 8322 3581 2351 11100 10442 2508 2860 

100 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

150 6932 5941 7428 8640 9797 10742 7052 12865 12045 6691 7504 

200 6908 6571 8643 9816 10875 14323 9402 13747 12846 8858 9926 

250 6908 6683 9670 11039 12076 17904 11753 14629 13648 11035 12362 

300 6908 6583 10332 12152 13299 21485 14104 15512 14449 13218 14805 
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These results are shown once more in the figures D .25 and D .26. 
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Figure D.25: Web crippling stiffness for varying load bearing plates 
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Figure D.26: Web crippling stiffness for varying load bearing plates 

Similar to general member 1, it may be concluded that the load bearing plate is poorly covered in the energy 

model. As mentioned before it is to be expected that this is caused by deformation descriptions over the 
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length of the member that show increasing deviations from reality with longer load bearing plates. 

The beam on elastic foundation model, in which the deformation variation over the length of the member is 

described by the deflection curve of the beam on elastic foundation theory, performs slightly better as far as 

the load bearing plate is concerned. For large load bearing plates the web crippling stiffness is more or less 

independent of the magnitude of the load bearing plate, for small values of a, just as the finite element 

simulations tend to point out. 

Influence concerning the span length 

The influence of the span length on the web crippling stiffness in case of general member 2, according to the 

several models is tabulated in table D.14. These results are shown once more in the figures D.27 and D.28. 

The assumption that the web crippling deformations tend to concentrate in a rather small region around the 

load bearing plate is also confirmed by the finite element simulations of general member 2. The web 

crippling stiffness appears to be independent of the span length. Note that the full length solution which is 

applied in combination 3 and 4 produces poor results. 

The combinations 1, 2, 5 and 6 have a constant deviation from the finite element simulations and perform 

well as far as the span length is concerned. The deviation is caused by the poor covering of the comer radii. 

Table D.14: Web crippling stiffness against span length for general member 2 

Fem Beam on elastic foundation model Energy model 

L,pan a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

520 6887 4796 6151 7440 8719 7162 4701 5171 4816 4551 5116 

1040 6881 4803 6288 7649 8887 7162 4701 8576 8030 4551 5116 

1560 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

2080 6885 4803 6288 7652 8922 7162 4701 15388 14457 4551 5116 

2600 6885 4803 6288 7652 8922 7162 4701 18794 17671 4551 5116 

Similarly, the beam on elastic foundation model performs well also as far as the span length is concerned. 

Note however, that the web crippling stiffness here is not completely independent of the span length. The 

best approximations of the web crippling stiffness are established for a=0.5. 
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Figure D.27: Web crippling stiffness for varying span lengths 
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Figure D.14: Web crippling stiffness for varying span lengths 
Influence concerning the wall tlzick11ess 

The influence of the wall thickness on the web crippling stiffness in case of general member 2, according to 
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the several models is tabulated in table D.15. The results are shown once more in the figures D.29 and D.30. 

Table D.15: Web crippling stiffness against wall thickness for general member 2 

Fem Beam on elastic foundation model Energy model 

t o:=0.2 o:=0.4 o:=0.6 o:=0.8 1 2 3 4 5 6 

0.5 2909 1911 2586 3199 3763 2610 1713 4367 4098 1658 1864 

0.7 6897 4803 6288 7652 8922 7162 4701 11982 11244 4551 5116 

0.9 13115 9592 12274 14736 17047 15221 9992 25467 23897 9672 10873 

1.1 21966 16655 20992 24917 28627 27790 18243 46497 43630 17660 19852 

1.3 33642 26302 32847 38613 44092 45871 30112 76750 72018 29149 32769 

1.5 48193 38781 48196 56197 63820 70467 46258 117902 110633 44779 50339 

It seems that the combinations 2, 5 and 6 are better predictors of the web crippling stiffness than the other 

combinations: they have a smaller deviation of the finite element simulation. However, the treatment of the 

wall thickness is equal throughout the energy model. The different performances are caused by the differ

ences between the deviations for general member 2 with a wall thickness of 0.7 mm. These deviations are 

intensified for members with a larger wall thickness and vice versa, implying a rather poor treatment of the 

wall thickness that overestimates the influence of the wall thickness. 
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Figure D.29: Web crippling stiffness for varying wall thicknesses 
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Despite this poor treatment figure D.29 indicates that it is possible to apply the energy model in describing 

the influence of the wall thickness, but only for members having wall thicknesses smaller than 1 mm. 

According to figure D.30 and table D.15 it is to be expected that the beam on elastic foundation model 

produces fairly reliable results for a=0.4 a 0.5. 

r=5 
10...----~~-~-~-~-~~-~-~-------. 

60 ···········:··········;-·········:··········:-·········:··········:··········:·········:··········:·· ... ····· 

0 
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 

wall thickness [mm] 

--e- F.e.m. ··-··· boef, alpha=0.2 -w-- boef, alpha=0.4 

-•- boef, alpha=0.6 ···R··· boef, alpha=0.8 

Figure D.30: Web crippling stiffness for varying wall thicknesses 

General member 3 (r=lO): 

Influence concerning the bottom flange 

The influence of the bottom flange on the web crippling stiffness in case of general member 2, according to 

the several models is tabulated in table D.16. The results are shown once more in the figures D.31 and D.32. 

Table D.16: Web crippling stiffness against bottom flange for general member 3 

Fem Beam on elastic foundation model Energy model 

bbl a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

40 3231 1551 2161 2705 3198 1676 968 2523 2630 1075 1206 

60 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

80 3442 1527 2129 2666 3151 1759 1075 2753 2769 1094 1244 

100 3490 1520 2120 2655 3138 1783 1106 2819 2813 1099 1257 

120 3524 1515 2113 2647 3129 1801 1130 2869 2846 1104 1266 
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Figure D.32: Web crippling stiffness for varying bottom flanges 

A endix D 

The deviations between the finite element simulations and the energy model combinations are more or less 

constant over the whole range of the bottom flange. This indicates that the energy model performs reasonably 

well as far as the influence of the bottom flange is concerned, just as was assumed in case of the general 

member 1 and 2. The neglect of the deformation variations over the bottom flange is justified by these 

results. 

It is striking that the beam on elastic foundation model resulted in constant deviations over the whole range 

of the bottom flange for each value of ex in case of general member 1 but results in slightly increasing 

deviations with an increasing bottom flange for each value of ex in case of general member 3. as well as 

member 2. For ex having a magnitude of ±0.9, probably the best approximations of the web crippling 

stiffness are established. Although the deviations between the beam on elastic foundation model and the finite 

element simulations differ with varying magnitudes of the bottom flange, these deviation variations are 

relatively small. It is to be expected that it is still possible to establish sufficient accurate results for varying 

magnitudes of the bottom flange because the deviations only slightly differ. 

Influence concerning the top flange 

The influence of the top flange on the web crippling stiffness in case of general member 3, according to the 

several models is tabulated in table D.17. 
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Table D.17: Web crippling stiffness against top flange for general member 3 

Fem Beam on elastic foundation model Energy model 

btf a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

40 4044 1954 2660 3297 3884 2538 1942 3286 3351 851 1497 

60 3364 1537 2141 2781 3170 1726 1032 2660 2711 1086 1228 

80 3065 1356 1917 2415 2862 1412 775 2637 2679 1334 1119 

100 2905 1255 1791 2267 2691 1244 682 2922 2954 1589 1061 

120 2805 1191 1711 2173 2582 1140 644 3483 3498 1850 1026 

These results are shown once more in the figures D.33 and D.34. 

According to figure D.33, only the combinations 1, 2 and 6 produce results that have a rather constant 

deviation from the finite element simulations. The other combinations do not give reliable results for the 

influence of the top flange on the web crippling stiffness, just as for the general members 1 and 2. Just as in 

case of the general members 1 and 2, combination 5 (which is based upon the hinge compatibility approach) 

depends differently on the magnitude of the top flange than the combination 6 which is based upon the 

geometrical compatibility approach. It may be concluded that the hinge compatibility approach is no longer 

valid if the magnitude of the top flange is varied strongly. 
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Figure D.33: Web crippling stiffness for varying top flanges 
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Figure D.34: Web crippling stiffness for varying top flanges 
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From figure D.34 it becomes clear that the beam on elastic foundation model performs somewhat better than 

the energy model, as far as the negotiation of the top flange is concerned. The extra deviations that were 

noticed in case of small top flanges for general member 2 do not appear here. 

Influence concerning the web 

The influence of the web on the web crippling stiffness in case of general member 3, according to the several 

models is tabulated in table D.18. 

Table D.18: Web crippling stiffness against web for general member 3 

Fem Beam on elastic foundation model Energy model 

bw a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

30 5602 1664 2089 2470 2832 2172 1146 7956 9100 3750 1991 

50 3964 1555 2086 2572 3019 1871 989 3355 3481 1644 1431 

65 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

80 2985 1547 2213 2794 3310 1623 1121 2310 2332 789 1099 

100 2658 1583 2316 2938 3485 1526 1259 2027 2032 567 987 

These results are shown once more in the figures D .35 and D .36. 
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Figure D.35: Web crippling stiffness for varying webs 

Only the combinations 5 and 6 correspond to the behaviour of the finite element simulations if the magnitude 

of the web is varied; note that in case of the general members 1 and 2 this holds true for the combinations 2 

and 6. 
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Figure D.36: Web crippling stiffness for varying webs 
From figure D.36 it is clear that the beam on elastic foundation model performs poorly in describing the 

206 



A endix D 

influence of the web on the web crippling stiffness. Here, the different values of a result web crippling 

stiffnesses which only slightly different depend on the height of the web. 

Influence concerning the web angle 

The influence of the web angle on the web crippling stiffness in case of general member 3, according to the 

several models is tabulated in table D.18. These results are shown once more in the figures D.37 and D.38. 

Table D.18: Web crippling stiffness against web angle for general member 3 

ew 
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Fem 
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5270 

4995 

3887 

3364 

Beam on elastic foundation model Energy model 

a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 

2354 3206 3976 4682 2956 1861 4724 4669 

1930 2657 3311 3907 2302 1419 3621 3631 

1695 2349 2936 3468 1953 1185 3038 3075 

1574 2191 2742 3240 1779 1068 2749 2796 

1537 2141 2681 3170 1726 1032 2660 2711 
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Figure 37: Web crippling stiffness for varying web angles 
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The finite element simulations nearly have constant deviations from each combination of the energy model 

for the whole range over which the web angle is varied. Reliable results were also established for general 

member 2 in varying the web angle. Hence it can be concluded that the treatment of the web angle is rather 

well in case of members having large comer radii. 
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Figure D.38: Web crippling stiffness for varying web angles 
The beam on elastic foundation model turns out to perform reasonably also in varying the web angle for both 

general member 1 and 2. However, for small web angles the results of the beam on elastic foundation model 

tend to deviate increasingly from the finite element simulations. 

Influence concerning the load bearing plate 

The influence of the load bearing plate on the web crippling stiffness in case of general member 3, according 

to the various models is given in table D.20. The results are shown once more in the figures D.39 and D.40. 

Table D.20: Web crippling stiffness against load bearing plate for general member 3 

Fem Beam on elastic foundation model Energy model 

L,b a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

25 2305 1217 1914 2497 3014 431 258 2373 2428 394 480 

50 2701 1291 1964 2538 3048 863 516 2469 2522 598 685 

100 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

150 3670 1855 2396 2893 3351 2588 1548 2852 2900 1597 1802 

200 3717 2161 2702 3158 3582 3451 2065 3044 3089 2114 2384 

250 3693 2373 3030 3461 3851 4314 2581 3236 3277 2634 2970 

300 3673 2469 3341 3785 4147 5177 3097 3428 3466 3155 3557 
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Figure D.39: Web crippling stiffness for varying load bearing plates 

Similar to the general members 1 and 2, it may be concluded that the load bearing plate is poorly covered in 

the energy model. As mentioned before it is to be expected that this is caused by deformation descriptions 

over the length of the member that show increasing deviations from reality with longer load bearing plates. 
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Figure D.40: Web crippling stiffness for varying load bearing plates 
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According to the finite element simulations the web crippling stiffness is more or less independent of the 

magnitude of the load bearing plate, for large load bearing plates. In the beam on elastic foundation model 

this independence holds true for small values of et, in case of general member 3. This is contradictory to the 

other parameters for which the beam on elastic foundation model corresponds best to the finite element 

simulations for et=±0.9. 

Influence concerning the span length 

The influence of the span length on the web crippling stiffness in case of general member 2, according to the 

several models is tabulated in table D.21. These results are shown once more in the figures D.41 and D.42. 

Table D.21: Web crippling stiffness against span length for general member 3 

Fem Beam on elastic foundation model Energy model 

L,pan et=0.2 et=0.4 et=0.6 et=0.8 1 2 3 4 5 6 

520 3472 1514 2084 2642 3176 1726 1032 1143 1155 1086 1228 

1040 3362 1536 2139 2656 3116 1726 1032 1902 1933 1086 1228 

1560 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

2080 3364 1537 2142 2681 3174 1726 1032 3419 3489 1086 1228 

2600 3364 1537 2142 2681 3174 1726 1032 4178 4267 1086 1228 
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Figure D.41: Web crippling stiffness for varying span lengths 
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The assumption that the web crippling deformations tend to concentrate in a rather small region around the 

load bearing plate is also confirmed by the finite element simulations of general member 3. The web 

crippling stiffness appears to be almost independent of the span length, except for very small span lengths. 

This may be occasioned by the existence of an effective length in practice, where outside the web crippling 

deformations are negligibly small (just as in the energy model). If the span length exceeds this effective 

length the web crippling stiffness is independent of the span length but if the span length is smaller than the 

effective length the web crippling stiffness may vary with a varying span length. 

Note that the full length solution which is applied in combination 3 and 4 produces poor results. 

The combinations 1, 2, 5 and 6 have a constant deviation from the finite element simulations and perform 

well as far as the span length is concerned. The deviation is caused by the poor covering of the comer radii. 

Similarly, the beam on elastic foundation model performs well also as far as the span length is concerned. 

Note however, that the web crippling stiffness here is not completely independent of the span length. The 

best approximations of the web crippling stiffness are established for a=±0.9. 
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Figure D.42: Web crippling stiffness for varying span lengths 

Influence concerning the wall thickness 

3000 

The influence of the wall thickness on the web crippling stiffness in case of general member 3, according to 

the several models is tabulated in table D.22. 

These results are shown once more in the figures D.43 and D.44. 
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Table D.22: Web crippling stiffness against wall thickness for general member 3 

Fem Beam on elastic foundation model Energy model 

t a=0.2 a=0.4 a=0.6 a=0.8 1 2 3 4 5 6 

0.5 1381 623 895 1132 1341 629 376 970 988 396 448 

0.7 3364 1537 2141 2681 3170 1726 1032 2660 2711 1086 1228 

0.9 6483 3038 4131 5120 6028 3668 2194 5654 5762 2308 2610 

1.1 10899 5257 7007 8604 10082 6696 4006 10324 10520 4214 4765 

1.3 16736 8320 10903 13277 15487 11053 6612 17041 17365 6956 7865 

1.5 24125 12344 15950 19277 22387 16979 10157 26178 26676 10685 12083 

r=10 

-a- F.c.m. ··-··· bilinear, gca -w-- trilincar, gca -•- fdp, gca 

Figure D.43: Web crippling stiffness for varying wall thicknesses 

In contradictory to general member 2, combinations 2, 5 and 6 appear to produce poor results in case of 

general member 3, as far as the wall thickness is concerned. Nevertheless, it was already stated that this 

change in reliability of the predictions might mainly be caused by the poor covering of the corner radii and a 

negotiation of the wall thickness that overestimates its influence. However, according to figure D.43 it is 

possible to use the energy model in describing the influence of the wall thickness on the web crippling 

stiffness for members having wall thicknesses smaller than 1 mm. 
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Figure D.44: Web crippling stiffness for varying wall thicknesses 

According to figure D.44 and table D.22 it is to be expected that the beam on elastic fmmdation model 

produces fairly reliable results for a=0.8 a 0.9. 

D.2 Batch file 

The parameter study is carried out using a batch file within ANSYS. The format of the batch file is the same 

throughout the parameter study, only the values which are assigned to the parameters differ from each other 

for each test. The batch file for the web crippling test of general member 2 is given below. 

/BATCH 

/UNITS, SI 

/PREP7 

: the setting of the parameters 

*AFUN, DEG 

t=0.7 

bw=65 

bbr=6O 

btr=60 

0w=9Q 
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rttf=5 

Lspan=1560 

L1b=lOO 

: number of elements over the bottom and top flange rounding of the comers, as well as their element size 

numebf=3 

numetf=3 

esizebf=3.14*rcbf/(2*numebf) 

esizetf=3.14*rctf/(2*numetf) 

: general element size 

esizege=8 

: calculation of the midline comer radii out of the inner comer radii 

rcbf=ri;br + l/2*t + 0.02 

rctf=rtir + 1/2*t + 0.02 

: calculation of width of bottom flange plate and the height of the web plate 

hbbffl=bbr- rcbf*(COS(90 - 0w)) 

hbtffl=btf- rctf*(COS(90 - 0w)) 

bwrest=bw- rcbf*(l - SIN(90 - 0w))/SIN(0w) - rctf*(l - SIN(90 - 0w))/SIN(0w) 

: setting of keypoints that are used in the development of the curved areas at the rounding of the top flange 

corners 

k202x=l/2*bbr+ bwrest*COS(0w) + rctf*(COS(90 - 0w)) 

k202y=bw *SIN(0w) - rctf 

: setting of the element parameters 

ETYPE 

STAT 

ET, 1, shell93 

R, 1 

RMOD, 1, 1, t 

MP, EX, 1, 210000 

: building up the bottom flange 

WPRO, 0, 90, 0 

RECTNG, , hbbffl, , 1/2*(L,pan - 1-iJ 
KWPA, P50X 

1 

4 

RECTNG,, hbbffl,, 1/2*Llb 
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: building up the rounding of the bottom flange comers 

K, 104, hbbffl, rcbf 

K, 105, hbbffl, rcbf, 100 

AROTA T, 2, , , , , , 104, 105, 0w 

AROTA T, 6, , , , , , 104, 105, 0w 

: building up the web 

KWPA, P50X 

1 

9 

WPRO, 0, 0, 0w 

RECTNG, , bwrest, , 1/2*(Lspan - ½b) 

KWPA, PS0X 

1 

10 

RECTNG,, bwrest,, l/2*L1b 

: building up the rounding of the top flange comers 

K, 102, k202x, k202y 

K, 103, k202x, k203y, 100 

AROTA T, 16, , , , , , 102, 103, -0w 

AROTA T, 20, , , , , , 102, 103, -0w 

: building up the top flange 

KWPA, PS0X 

1 

21 

WPRO, 0, 0, 0w 

RECTNG, , hbtffl, , 1/2*(Lspan - L1J 

KWPA, PS0X 

1 

22 

RECTNG,, hbtffl,, 1/2*Llb 

: connecting the areas together 

AGLUE, ALL 

FINISH 

: type of analysis 

/SOLU 
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ANTYP, 0 

STAT 

: symmetry conditions 

DL, 30, 14, SYMM 

DL, 47, 17, SYMM 

DL, 48, 17, SYMM 

DL, 28, 15, SYMM 

DL, 46, 16, SYMM 

DL, 14, 13, SYMM 

DL, 7, 11, SYMM 

DL, 38, 11, SYMM 

DL, 4, 1, SYMM 

: degrees of freedom constraints of the supports 

DK, 1, UX, , , 1, UY, ROTY, ROTZ 

DK, 2, UX, , , 1, UY, ROTY, ROTZ 

: application of a load F that equals 100 N 

FK, 22, FY, -100 

FINSH 

: establishment of the element shape and size 

/PREP7 

ESHAPE, 2, 0 

EZISE, esizege 

: establishment of the element size at the rounding of the corners 

LESIZE, 10, esizebf 

LESIZE, 11, esizebf 

LESIZE, 14, esizebf 

LESIZE, 24, esizetf 

LESIZE, 25, esizetf 

LESIZE, 28, esizetf 

: meshing the solid model 

MAT, 1 

REAL, 1 

TYPE, 1 

AMESH, ALL 

FINISH 
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: establishment of the solution 

/SOLU 

SOLVE 

FINISH 

A endix D 

: copying of the deformations with which the web crippling stiffness is calculated, to the file 'disp.uit' 

KSEL,S,KP,, 22 

KSEL, A, KP, , 3 

nslk, s 

/output, disp, uit 

PRNSOL,U,Y 

/output 

FINISH 

EXIT 

Basically, this batch file enables the simulation of any elastic web crippling test. Note that the file is based on 

an almost constant element size throughout the member. The magnitude of the element size should depend on 

the dimensions of the member itself and the maximum wavefront of the software in each particular case. 
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Appendix E 

This appendix treats the results of the parameter study if a factor y is added to the energy model and the 

results of the beam on elastic foundation model if a is defined to be a function of the comer radii. 

E.1 Adjustment of energy model (y) & Usement of varying a in Boef-model 

The energy model and the beam on elastic foundation model (for a having a constant value) perform poorly 

on several parameters (section 7.3). Some of the parameters can be better accounted for by simple 

adjustments. 

The development of the adjusted energy model is confined to combination 6 because this is the only 

combination within the energy model that produces reasonable results for most of the parameters. Principally, 

the derivation of this factor for other combinations is similar. In the energy model the comer radii, the length 

of the load bearing plate, the wall thickness and the web angle are poorly accounted for. 

In section 7.3 and appendix D.1 it has become clear that the poor treatment of the comer radii in the energy 

and model enlarges the deviations of those models from the finite element simulations in case of several 

other parameters. In the energy model the covering the of the comer radii is improved by the addition of a 

correction factor which is empirically determined. 

According to section 7.3 the wall thickness is poorly accounted for due to the neglect of axial (web crippling) 

deformations. Taking these stretching action into account would greatly improve the energy model concerning 

the wall thickness. However, this also highly complicates the resulting web crippling stiffness. The treatment 

of the wall thickness can be improved relatively simple by adding an empirical correction factor. In the 

current situation this means that the web crippling stiffness should be divided by roughly the square root of 

the wall thickness. 

The correction factor on the comer radii and the wall thickness has been established using a trial and error 

method with the aid of a spreadsheet program that calculates the consequences of the application of the 

correction factor for each test of the parameter study. Eventually, this resulted in a correction factor y with 

which the web crippling stiffness has to be multiplied. For combination 6 y is given by 

0.92 
I;-tf y= . 

4.035 . t 0·65 
(E.l) 

As mentioned before, the poor covering of the length of the load bearing plate stems from the disregarding of 

the upward curling underneath it. This a lack of the model that can be solved on physical grounds by 

adjusting the deformation description of the top flange over the length of the member. The most simple 

solution is to assume that the deformations have a constant value underneath the load bearing plate, applying 

the fourth degree polynomial only outside the plate. A more complicated but physically more relevant 

solution lies in the description of the upward curling of the top flange underneath the load bearing plate. If it 
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is possible to establish an appropriate deformation description of the upward curling, the influence of the load 

bearing plate would be covered much better. Finally, a more provisional solution can be applied making use 

of the fact that the web crippling stiffness is independent of L1b, if L1b > 100 mm. Hence, it is possible to 

replace L1b by a constant value. In the adjusted model the length of the load bearing plate is replaced by a 

constant value of 100 mm. 

No adjustment is made on the covering of the web angle. It is recommended to improve the treatment of the 

web angle by using a different deformation description (and thus a different value for n) over the cross

section. 

In the adjusted energy model (combination 6) the web crippling stiffness is given by 

[b; •(b; ·L;f·(8640 +2400 ·n) +5248 ·Le~· bw+ btf·(L;/(1536 ·L;f+ 3936 · b; +2400 ·b; ·n)) 
·[---------------------------------

[bw ·sin20 w ·1/tf·(sin8 w'l'i;tf- btf) ·(b'/; ·(btf·(4 ·sin0 w·ri;tf- b,f)- bw ·n ·(bw + 5 ·sin0 w ·r;;tf)-4 ·sin20 w·r;~tf) 

+ b 5 
• b 3 ·(b ·(3150 + 15750 ·n 2 ) + 7875 · b ·n 2 ) + b 4 ·(b 3 ·L 2 ·(2400 ·n 2 - 768 ·n+ 8800) +6656 · b ·L 4 ·n 2 )] tfw w tf w tfd tfef 

[b 5 ·(L 2 ·n 2 ·(768 ·L 2 +2400 ·b 2
) + b 2 ·n·(7875 · b 2 ·n-8960 ·L 2 )-2100 ·b 4 +4096 · b ·b ·L 2 ·n 2 ) + w ef ef tf tf tf ef tf wtfef 

[bw·sin20 w·r/tf·(sin0 w'l'i;tf- btf) ·(b!f ·(btf·(4 ·sin0 w 'l'i;tf- btf)- bw·n·(bw + 5 ·sin0 w·ri;tf)-4 ·sin20 w ·r;~1f) 

in which 

b:·(34 · b;,+504 · 104
) + b! ·n 2 ·(17 ·b,~+252 ·104

) 

14 •b;:.+7 ·b;,·n2 
(D.3) 

In the beam on elastic foundation model the comer radii, the web and the web angle are poorly accounted 

for. For this model including already a correction factor a, it is unnecessary to add an extra factor with 

which the web crippling stiffness need to be multiplied in order to improve the treatment of the comer radii. 

It is more obvious to determine a, so, that a better treatment of the comer radii is established. According to 

the results of the parameter study, the magnitude of a which provides the best approximations is proportional 

to the magnitude of the comer radii. In deriving a formula for a that provides the best approximations for all 

parameters, a difficulty is formed by the fact that some parameters are contradictory in their optimum for a. 

Therefore, the derivation of this formula turns out to be impossible. Within this project, the derivation of a is 
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limited to optimize the treatment of the comer radii. Several formulae can be applied, providing solutions that 

differ from each other in the value of the comer radii where they perform best. The chosen solution is 

directed to the medium and large comer radii as those are thought to be most relevant in practice. The 

solution for a is given by 

a= 0.118 ·r/:9 (D.4) 

It is difficult to adjust the model as far as the treatment of the web is concerned. The web has a different 

function for each value of a, that in the circumstances cannot be changed easily, without affecting the 

fundamental basis on which the model has been developed. The factor a could be adjusted to the magnitude 

of the web angle. However, it is recommended to get first clear physical insight in how a depends on this 

parameter. Hence, no adjustments are made for the treatment of these parameters. 

The parameter study is once more carried out for the energy model and the beam on elastic foundation model 

applying these adjustments. 

The influence of the comer radii on the web crippling stiffness is tabulated in table E.1. 

Table E.l: Web crippling stiffness against comer radii for the adjusted models 

r; 1 2 3 4 5 6 7 8 9 10 

Fem 43478 20305 12384 8811 6897 5706 4872 4251 3756 3364 

Boef 43465 23398 13286 9080 6944 5672 4831 4234 3784 3432 

Energy 42710 19825 12573 9070 7028 5702 4778 4103 3591 3192 

These results are shown once more in figure E.1. From table E.1 and figure E.1 it is clear that the treatment 

of the comer radii in the energy model is very well. Apparently, the web crippling stiffness is more or less 

inversely proportional to the comer radii, where the original energy model assumes an inverse proportionality 

to the square comer radii. The comer radii are reasonably well covered within the beam on elastic foundation 

model but this model still slightly deviates from the finite element simulations for comer radii around 2 mm. 

The addition of the factor a of equation E.2 in the beam on elastic foundation model implies a different 

proportionality of the web crippling stiffness to the comer radii also: now. the web crippling stiffness is here 

more or less inversely proportional to the comer radii too. 
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Figure E.I: Web crippling stiffness for varying corner radii, adjusted models 

The results of the rest of the parameters are described for general member 1, 2 and 3 simultaneously. The 

influence of the bottom flanges on the web crippling stiffness for the general members 1, 2 and 3 is tabulated 

in table E.2. 

Table E.2: Web crippling stiffness against bottom flange for the adjusted models 

Fem Beam on elastic Energy model 

bbf foundation model 

r;=l r;=5 r;=IO r;=l r;=5 T;=lO T;=l r;=5 r;=lO 

20 38462 6309 - 40864 7131 - 39764 6612 -

40 41667 6689 3231 42450 7012 3463 41572 6859 3135 

60 43478 6897 3364 43465 6944 3432 42710 7028 3192 

80 44944 7005 3442 40259 6899 3413 43479 7147 3234 

100 45977 7080 3490 38086 6868 3399 44031 7235 3266 

120 46512 7143 3524 36462 6845 3388 44446 7301 3292 

These results are shown once more in the figures E.2, E.3 and E.4. 
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Figure E.2: Web crippling stiffness for varying bottom jla,nges 
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Figure E.3: Web crippling stiffness for varying bottom jla,nges 

A endix E 

According to the figures E.2, E.3 and E.4, the energy model performs reasonably well as far as the bottom 

flange is concerned. Only in case of small comer radii the web crippling stiffness behaviour of the energy 

model slightly deviates from the finite element simulations. The beam on elastic foundation model on the 
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other hand, shows greatly varying performances with varying comer radii. Hereby, it may be concluded that 

the bottom flange is not covered very well in the beam on elastic foundation model. 
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Figure E.4: Web crippling stiffness for varying bottom flanges 

The influence of the top flange on the web crippling stiffness is tabulated in table E.3. 

Table E.3: Web crippling stiffness against top flange for the adjusted models 

Fem Beam on elastic Energy model 

btf foundation model 

r;=l r;=S r;=lO r;=l r;=S r;=lO r;=l r;=S r;=lO 

20 54054 9975 - 62740 12594 - 70408 12266 -

40 47059 7576 4044 49032 8182 4205 50099 8187 3892 

60 43478 6897 3364 43465 6944 3432 42710 7028 3192 

80 42105 6557 3065 40259 6358 3100 38818 6456 2809 

100 40816 6349 2905 38086 6017 2916 36427 6115 2758 

120 40404 6221 2805 36462 5792 2800 34831 5890 2667 

These results are shown once more in the figures E.5, E.6 and E.7. 

It is striking that both the energy model and the beam on elastic foundation model perform better for large 

corner radii than for small comer radii as far as the top flange is concerned. This indicates that the 
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schematisation of the portal frame model corresponds better to reality in case of larger comer radii. They 

both perform reasonably well for top flanges larger than 30 mm and smaller than 110 mm. 
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Figure E.7: Web crippling stiffness for varying top flanges 

The influence of the web on the web crippling stiffness is tabulated in table E.4. 

Table E.4: Web crippling stiffness against web for the adjusted models 

Fem Beam on elastic Energy model 

btf foundation model 

r;=l r;=5 r;=lO r;=l r;=5 r;=lO r;=l r;=5 r;=lO 

30 54795 10127 5602 37947 7391 3033 71841 11680 5176 

50 47059 7767 3964 40559 6927 3264 50409 8258 3720 

65 43478 6897 3364 43465 6944 3432 42710 7028 3192 

80 41365 6296 2985 46091 7074 3586 37818 6249 2856 

100 39254 5767 2658 48188 7327 3780 33566 5575 2565 

These results are shown once more in the figures E.8, E.9 and E.10. According to these figures, the 

negotiation of the web in the beam on elastic foundation model is poorly established. As mentioned in 

appendix D this may be caused by the definition of the beam and the elastic foundation, because with varying 

a (and a now varies with varying corner radii and web angles) the influence of the web on the web crippling 

stiffness varies. This varying influence of the web is confirmed by the figures E.8, E.9 and E.10. 
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Consequently, the influence of the web on the web crippling stiffness is poorly covered. 

The energy model performs much better as far as the influence of the web is concerned. Just as in case of the 

influence of the top flange, the energy model performs best for large comer radii. It may be concluded that 

for webs larger than 40 mm reliable approximations are established, especially in case of large comer radii. 
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Figure E.9: Web crippling stiffness for varying webs 
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Figure E.10: Web crippling stiffness for varying webs 

The influence of the web angle on the web crippling stiffness is tabulated in table E.5. 

Table E-5: Web crippling stiffness against web angle for the adjusted models 

Fem Beam on elastic Energy model 

0., foundation model 

r;=I r;=5 r;=IO r;=I r;=S r;=IO r;=I r;=S r;=IO 

50 66667 16064 6515 49114 9590 4416 57217 9530 4311 

60 67797 12539 5270 46518 8230 3924 50019 8285 3750 

70 62500 9975 4995 44789 7464 3635 45731 7547 3421 

80 52632 8163 3887 43788 7067 3481 43434 7152 3247 

90 43478 6897 3364 43465 6944 3432 42710 7028 3192 

These results are shown once more in the figures E.11, E.12 and E.13. 

It is striking that both the energy model and the beam on elastic foundation model perform better for large 

comer radii than for small comer radii as far as the influence of the web angle is concerned, mainly because 

the web crippling stiffness has a rather strange bend at an web angle of 60°. The figures E.11, E.12 and E.13 

point out that the finite element simulations depend stronger on the web angle than the energy model and the 
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beam on elastic foundation model. It may be concluded that the results are only reliable for members which 

have average or large corner radii and web angles larger than 60°. 
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Figure E.11: Web crippling stiffness for varying web angles 
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Figure E.12: Web crippling stiffness for varying web angles 
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Figure E.13: Web crippling stiffness for varying web angles 

The influence of the load bearing plate on the web crippling stiffness is tabulated in table E.6. 

Table E.6: Web crippling stiffness against load bearing plate for the adjusted models 

Fem Beam on elastic Energy model 

Lib foundation model 

r;=l r;=5 r;=IO r;=l r;=5 r;=IO r;=l r;=5 r;=IO 

25 37383 4890 2305 27890 5960 3291 42710 7028 3192 

50 42105 6033 2701 39407 6183 3321 42710 7028 3192 

100 43478 6897 3364 43465 6944 3432 42710 7028 3192 

150 43956 6932 3670 42216 8009 3600 42710 7028 3192 

200 43478 6908 3717 42267 9224 3813 42710 7028 3192 

250 43956 6908 3693 42285 10395 4064 42710 7028 3192 

300 43478 6908 3673 42282 11333 4344 42710 7028 3192 

These results are shown once more in the figures E.14, E.15 and E.16. 

The adjusted energy model treats the load bearing plate reasonably well, except that the model shows 
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increasing deviations for load bearing plates smaller than 100 mm. 

The beam on elastic foundation model uses a different description for the deformation variations over the 

length of the member and performs somewhat better, considering the load bearing plate. However, in case of 

members with comer radii of about 5 mm, it is to be expected that the web crippling stiffness approximations 

of the beam on elastic foundation model satisfy neither in case of load bearing plates longer than 150 mm. 
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Figure E.14: Web crippling stiffness for varying load bearing plates 
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Figure E.15: Web crippling stiffness for varying load bearing plates 
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Figure E.16: Web crippling stiffness for varying load bearing plates 

The influence of the span length on the web crippling stiffness is tabulated in table E.7. 

Table E. 7: Web crippling stiffness against span length for the adjusted models 

Fem Beam on elastic Energy model 

L,pan foundation model 

r;=l r;=5 r;=lO r;=l r;=5 r;=lO r;=l r;=5 r;=lO 

520 43568 6887 3472 43465 6759 3472 42710 7028 3192 

1040 43526 6881 3362 43465 6945 3369 42710 7028 3192 

1560 43478 6897 3364 43465 6944 3432 42710 7028 3192 

2080 43478 6885 3364 43465 6944 3444 42710 7028 3192 

2600 43478 6885 3364 43465 6944 3443 42710 7028 3192 

These results are shown once more in the figures E.17, E.18 and E.19. 

According to the figures E.17, E.18 and E.19 both the energy model and the beam on elastic foundation 

model perform well, considering the span length of the member. As mentioned in appendix D, the web 

crippling stiffness appears to be almost independent of the span length of the member. Hereby, the effective 

length approach in the energy model is justified. 
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Figure E.17: Web crippling stiffness for varying span lengths 
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Figure E.18: Web crippling stiffness for varying span lengths 
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Figure E.19: Web crippling stiffness for varying span lengths 

The beam on elastic foundation model makes use of the span length in describing the deformation variations 

over the length of the member, but the web crippling deformations diminish towards the hinge ends, so the 

span length has no significant influence in the beam on elastic foundation model either. 

The influence of the wall thickness on the web crippling stiffness is tabulated in table E.8. 

Table E.8: Web crippling stiffness against wall thicknesses for the adjusted models 

Fem Beam on elastic Energy model 

btf foundation model 

r;=l r;=5 r;=IO r;=l r;=5 r;=IO r;=l r;=5 r;=IO 

0.5 20000 2909 1381 20187 2882 1453 19369 3187 1448 

0.7 43478 6897 3364 43465 6944 3432 42710 7028 3192 

0.9 74074 13115 6483 74820 13455 6522 77092 12686 5761 

1.1 111732 21966 10899 112874 22871 10894 123541 20329 9232 

1.3 152672 33642 16736 156155 35605 16706 182938 30103 13671 

1.5 197044 48193 24125 203373 52024 24110 256066 42136 19136 

These results are shown once more in the figures E.20, E.21 and E.22. 
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Figure E.20: Web crippling stiffness for varying wall thicknesses 
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Figure E.21: Web crippling stiffness for varying wall thicknesses 

235 



A end.ix E 

r=lO 
35~-~-~-~-~-~-~-~~~~~~ 

i' 
E 

30 ' ' ' . ' ' . . ' . 

--~ 
:: ,-.. ., .. 
s:: ",:I - s:: 
~ "' .. 

::s 
"° Q 

.!3 .<: 
~ p,, ,_, 

15 

.e-.. 10 
"' ,&> ., 
~ ' ' . . ' ' ' ' ' ' . . ' . . . ' . . ' . ' ' ' . ' ' ' ' ' ' . ' . . . . . . . . . . ' 

0+---+---..--.... · --.-· ---.-· ---.-· ---.-· _ _,·,-____,·,---
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 

wallthkkness [mm] 

-a- F.E.M simulation ··•·· adjusted fdp, gca -*- adjusted bocf 

Figure E.22: Web crippling stiffness for varying wall thicknesses 

The wall thickness is better treated within the beam on elastic foundation model than it is within the energy 

model. In the beam on elastic foundation model the web crippling stiffness is proportional to the wall 

thickness raised to the 5/2 power, while in the energy model it is proportional to the wall thickness raised to 

the third power. The energy model only produces reliable results for wall thicknesses smaller than 1 mm. 
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