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ON THE UNIFORM BOUNVEVNESS OF SOLUTIONS OF 

CONTINGENT EQUATIONS 

by 

M. L.]. Ha.Ld:u.o * 

Ab~~~ct. It is proved that under standard conditions (in particular the 

convexity of the velocity set), the boundedness of the individual solutions 

of a contingent equation implies the uniform boundedness of the solutions 

and consequently the boundedness of the reachable sets. This result is 

used to obtain an existence theorem in optimal control theory. By means 

of an example it is shown that the convexity condition cannot be omitted. 

KeyWOJtM. Contingent equations, existence theorems, closure theorems 

1. IntJtoduction. In this paper we consider corttirtgertt'equations, i.e., equations 

of the form 

( I • 1 ) x(t) E V(t,x(t) (0 :5: t :5: T) 

where V is a set valued function. Such equations occur naturally in control 

systems. If Xo is a given initial value one may consider the space of 

solutions of (1.1) and try to prove that this space is compact (in the 

uniform topology). This compactness is of importance in the theory of 

existence of optimal controls. A number of conditions on V(t,x) have to 

be imposed, one of which is that the solutions of (1.1) be uniformly 

bounded. It is the purpose of this paper to weaken this condition and 

replace it by the requirement that each solution be individually bounded. 

Specifically, it will be shown in section 2 that the individual boundedness 

implies the uniform boundedness if V is continuous and has convex compact 

values. An example will show that the result is no longer true if the 

convexity condition is omitted. The result will be used in section 3 to 

obtain a closure theorem for the reachable set in a control system, 

where the set of initial values is closed, but not necessarily bounded. 

* Dept. of Mathematics,Eindhoven University of Technology, Eindhoven, 
The Netherlands. 
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2. The main ~e¢ult. We denote by r the set of nonempty compact convex subsets 

in lR n , made into a metric space by the Hausdooff distance. If N is a 

positive number, we denote by ffiN the set {x E lR nllxl $; N}. Here 1·1 
denotes the euclidean length. 

Assume that we are given a nonempty closed set X C lRn, a positive real 

number T and a continuous function V : [O,TJ x X + f. Then equation (1.1) 

is well defined. A function ~ : I + X, where I ~ [O,TJ is an interval, 

is called a solution of (I. I) on I if it is absolutely continuous and if 

&(t) E V(t,~(t» for almost every t E I. In general solutions of (1.1) 

may be unbounded. Our main result is: 

(2.1) THEOREM. Let Xo E X and assume that ever-y solution ~ of 

(2.2) x = V(t,x) , x(O) = Xo 

-is bounded. Then there exists a nwnber M > 0, such that I ~ (t) I $; M 

;'02' euel>y soZut-ion Of (2.2). 

For the proof of Theorem (2.1) we need a preliminary result: 

(0 ~ t S T) , 

(2.3) LEMMA. Let N be a positive nwnber. Then there exist positive numbers 

eN~ ~~ such that for ever-y to E [O,T]~ and for ever-y solution ~ of (1.1) 

satisfYing 1~(to)1 ~ N and defined on an interval [to,t]], where t] ~ to + eN' 
the following holds 

I ~(t) I ~ ~ (to ~ t ~ t 1) • 

PROOF. Since V is continuous, the set 

S := u {V(t,x)lo $; t $; T, Ixl $; N + t} 

is bounded. Let S ~ ffiK and define ON := l/(K + 1), ~ := N + 1. We show 

that eN and ~ satisfy the requirements. 

Let 0 S to $; T and let ~ be a solution of (1.1) on I :- [t
o
,t

1
] such that 

1~(to)1 S N and assume that there exists tEl such that 1~(t)1 > ~. Let 

t2 := min{t E II 1~(t)1 ~ MNl. Then we must have to < t2 < tl and 

1~(t2)1 • MN' However, since 
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t2 

I t (t)dt 

and ~(t) E V(t,~(t» c S almost everywhere on [to,t2], we have the 

following inequality 

which is a contradiction. 0 

PROOF OF (2.1). For every m E lli denote by T the infimum of the numbers 
m 

t E [O,T] for which there exists a solution ~ of (2.2) on [O,t] such that 

~(t) > m. If for no t E [O,T] such solution exists, define T := T. Then 
m 

it follows that the solutions of (2.2) are uniformly bounded by m on the 

interval [O,T ]. It follows from Lemma (2.3), that for sufficiently large m 
m, say for m ~ mO' we have Tm > O. Also, it. is clear that T) ~ T2 ~ ••• ~ T, 

so that T* := lim T exists. We will complete our proof by showing that 
m 

for some m* we have T * = T* = T. 
m 

* . Assume that Tm < T for every m. Then there eX1sts for every m > mO a 

number t E (T ,T*), and a solution ~ on [O,t J such that I~ (t )1 > m. m m m m mm 
Since the solutions of (2.2) are uniformly bounded on [O,T J, the space 

m 
of solutions on [O,T J is compact with respect to the uniform topology m 
(see [IJ, theorem (3.3». Therefore, for fixed m! > mO' the sequence of 

functions ~m (m > m), restricted to [O,t
m 

J, has a uniformly convergent 

subsequence. Using a standard diagonal pro!edure (compare [3J, VIII-4, 

Lemma) we construct a subsequence nk of 

every interval [O,tm ] (m) > rna). This 

although not necessatily uniformly. Let 

Thenn is obviously a solution of (2.2) 

n is bounded on [O,T*), say jn(t)1 ~ N -

~ that converges uniformly on 
m * 

sequence converges also on [O,T ), 

us denote the limit function by n. 
on [O,T*) and hence, by assumption, 

for 0 ~ t < T*. Choose m2 such 
* that T - tmz < eN (see Lemma (2.3» and subsequently choose m3 > ~ 

that t > t and I~ (t ) - net )1 ~ I. Then, since I~ (t )1 ~ 

such 

m3 m2 m3 m2 m2 m3 m2 have by Lemma (2.3) that I~ (t)1 ~ K_ for m3 --N 

Nt we 
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(Note that * eN)' i;; (t ) t :::; t ::s; t t - t < T - t --: However, > m) ..., ~1N m2 m3 m3 m2 m2 In3 m3 
which a contradiction. * 1S Hence, there exists m such that T * = T . m 
Now assume that T * < T. Since I~(T*)I * :s m holds for every solution of (2.2), 

we may appeal again to Lemma (2.3) and find numbers e *, M * such 
m m that the 

inequality 1~(t)1 S Mm* on some interval [T*,T] with T* < T S T* 

holds for every solution of (2.2). 

* This implies that T > T for m > M *, which is a contradiction. m m 

+ e *, m 

The result is not valid if the convexity condition is omitted. The following 

example 1S a slight modification of an example due to Philippov (see [4J (14), 

and [2] Example on p. 265). 

(2.4) EXAMPLE. Consider the control system 

(2.5) 
x = u 

222 Y = (u - x )y , 

x(O) o 

yeO) = 

where u satisfies the condition lu(t)1 :S 

Hence 

(0 S t :S 1). 

is nonempty, compact, continuous but not convex. since the function yet) = 0 

(0 S t :S I) satisfies the second differential equation of (2.5), it follows 

from a uniqueness theorem in the theory of ordinary differential equations, 

that the solution yet), satisfying Yo = I, is positive for 0 :S t :S I. There

fore the function 

z := I - l/y 

15 well defined. The functions x and z satisfy the following equations 

x = u 
(2.6) 

.22 
z = u - x 

x(O) = 0 

z(O) = 0 

As is shown in [4J (14), we must have z(l) < I for every solution of (2.6). 

Consequently for every solution of (2.5), the function y is bounded. On the 



- 5 -

other hand, there exists a sequence of controls u , such that for the 
n 

corresponding solutions z of (2.6) we have z (1) ~ 1, and hence 
n n 

y (1) ~ <Xl, so that the solutions of (2.5) are not uniformly bounded. 
n 

3. Ex.i6.te.nc.e. .the.oJteJM .in optima£. c.on.tJtol .the.oJty 

We apply Theorem (2.1) to an optimal control problem governed by the 

equation 

(3. I) i(t) = f(t,x(t),u(t» (0 ::;; t ~ T) 

where f : [O,TJ x X x U ~ JRn is continuous and locally Lipschitz continuous 

with respect to x, T > 0, X ~ m,n is closed, U c JRm is compact. We define 

(3.2) V(t,x) := f(t,x,U) := {f(t,x,u)\u E U} • 

Then V(t,x) is compact for every (t,x) € [O,T] x X and the map V is con

tinuous with respect to the Hausdorff distance. We denote by n the set of 

measurable functions u : [O,TJ ~ U. If Xo E X, 0 ::;; to ~ T, u € n, let 

~u(t,to'xO) be the solution of (3.1) with initial value ~u(to,to'xO) = xo. 

The domain of ~u(·,to'xO) depends of course on to' Xo and u. We define 

the reachable set by 

Then we have the following result: 

(3.3) THEOREM. Let Xo E X and assume in addition to the foregoing that 

(i) V(t,x) is convex for every t E [O,T], x E x. 
(ii) for every u E n the function t ~ ~u(t,O,xO) is bounded on its 

domain. 

Then the set W(XO) is compact. 

PROOF. According to [IJ Theorem (3.3), it suffices to show that the solutions 

are uniformly bounded. It follows from Philippov's selection theorem ([4J) 

that for every solution ~ of 

~(t) E V(t,~(t», 

there exists u E n such that ~(t) = ~u(t,O,xO)' Consequently,the uniform 

o 

boundedness of the solutions follows from Theorem (2.2). 0 
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(3.4) REMARK. We may omit the Lipschitz condition on f. Condition (ii) 

of Theorem (3.3), then has to be replaced with: For every u E ~, every 

so~ution ~ of (3.1), with initiaZ value ~(O) = xo' is bounded. 

(3.5) REMARK. The boundedness condition (ii) may be replaced with: 

For every u E n, the funotion ~u(·,OtXO) is defined on [O,T]. If there 

are no state constraints, i.e., if X = lRn , then this condition is equivalent 

to (ii). o 
If Xo = lRn 

we define 

W(XO) := u {W(xo)lxo E XO} • 

The following result gives a condition for W(Xo) to be closed. For simplicity 

we assume that there are no state constraints. 

(3.6) THEOREM. Suppose that X = lRn. Assume further that 

(i) Xo is o~osed~ 

(ii) V(t,x) is oonvex for every t E [O,T], x E lRn , 

(iii)For every to E [O,T], Xo E lR n , u € n the soZution ~u(t,to'xO) is 

defined for 0 :s; t :s; T. 

Then W(Xo) is oZosed. 

PROOF. It follows from Theorem (3.3) that W(XO) is compact for each Xo and 

it is known (see [IJ Theorem (3.3» that the map xO~ W(XO) is 

continuous with respect to the Hausdorff topology. In addition we may 

apply Theorem (3.3) with the time direction reversed, since ~u(t,T,yO) 

is defined on [O,TJ for every yo E lRn , u E n. Hence, using the notation 

we may conclude, that l-l(yO) is compact for every yo an~ that yo t+ W(yO) 

is continuous. It is clear, that YO E W(xo) iff Xo E W(yO)' 

Now let Yk E W(XO) be a sequence of points convergent to the vector y. 

We prove that y € W(XO). Choose points xk E Xo such that Yk E W(xk). Then 
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x
k 

E W(Yk) and hence the sequence x
k 

is bounded. Therefore there exists 

a convergent subsequence x with limit x E XO' By the continuity of W 
- - ~ 

we have y E W(x) = W(XO)' 

The condition (iii) of Theorem (3.6) cannot be replaced with the condition 

(ii) of Theorem (3.1) as follows from the following example. 

(3.7) EXAMPLE. Consider the I-dimensional control system 

o 

x = 
2 -ux (0:;; t:;; 1), + x(O) E Xo == lR := [0,(0), :;; u(t) ~ 2 • 

Like in Example (2.4) one shows that x(t) > ° if x(O) > 0. Since x ~ ° 
it follows that ~u(t,O,xO) is always defined on [O,IJ. It is easily shown, 

e.g. by computing the solution 

t 

tu(t,O,xO) = xO(1 + Xo f 
o 

-1 
u('r)dT) 

that W(XO) = [0,1). 
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