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Abstract

A kinematic model is proposed that describes the response of a Bunsen flame to
an acoustical perturbation by accounting for flames with arbitrary cone angles
and for burning velocities with variable direction relative to a stationary flame
front. The results demonstrate that improving the description of the front close
to the burner rim is essential for modeling and understanding the dynamical
response of flames to velocity perturbations.

1 Introduction

Understanding the dynamics of acoustically perturbed flames is of general inter-
est for combustion engineering. To investigate the dynamic response of a flame
to velocity perturbations, here we investigate the flame transfer function (TF).
The flame transfer function is defined as the ratio between the heat release rate
perturbation and the velocity perturbation in the frequency domain. The mag-
nitude of TF is defined as the ratio of the amplitudes of the relative heat release
rate perturbation and of the velocity perturbation as function of excitation fre-
quency. The difference between the phases of the heat release perturbation and
of the velocity oscillation as function of excitation frequency gives the phase
of TF. The existing theoretical models of flame kinematics predict the correct
behaviour of the magnitude of the TF, but give a qualitatively incorrect profile
of the phase of TF. To understand and alleviate the discrepancy between the-
ory and experiments, here we propose an extended kinetical model in which the
flames have arbitrary cone angles and burning velocities with variable direction
relative to the stationary flame front position.

The main features of the flame kinematics can be described with the G-
equation model, in which the flame is treated as a surface (flame front) that
separates the burnt from the unburnt gas. The solution of the G-equation de-
scribes the time evolution of the flame front. The perturbation of the heat
release rate can be considered proportional with the area of the flame. As a
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consequence, the first step in evaluating the flame TF involves computing the
area of the flame, hence solving the G-equation. But because the G-equation is
non-linear, its solution is difficult to obtain analytically. Various approximations
have been used to derive a linear form of the G-equation. For example, linear
forms of the G-equation were obtained by assuming very long flames parallel
with the stream lines [4], or that the laminar burning velocity has a constant
direction, normal to a stationary position of the flame [3].

The linear models of the G-equation ([4, 3]) predict correctly the low-pass
filter behaviour of the magnitude of the flame TF. But, whereas the phase of
the measured TF increases linearly with the frequency increase, the phase of
the theoretical TF saturates to a level of π/2 [3]. The discrepancies between the
theoretical and experimental TF may originate in the simplifications employed
in the theoretical models. To test this hypothesis, here we extend the kinematic
models proposed previously [4, 3] by considering flames with arbitrary cone
angles and burning velocities with variable direction relative to the stationary
flame front position.

In the model proposed here, the flame front is described by the relation
G(r, z, t) = z − ζ(r, t) = 0, where G is a combustion variable (e.g., tempera-
ture), ζ is the location of the flame front, r and z are the axial and the radial
coordinates, respectively, and t gives the time. The flame front moves under the
action of the perturbed gas velocity v and of the laminar burning velocity SL,
whose modulus SL is assumed to be constant. The movement of the flame front
is given by the following kinematic relation,

∂ζ(r, t)
∂t

+ u
∂ζ(r, t)

∂r
− v + SL

√
1 +

(
∂ζ(r, t)

∂r

)2

= 0, (1)

where u(r, z, t) and v(r, z, t) are the radial and the axial components of the gas
velocity, respectively. For the mean gas velocity we assume as in [4] a Poiseuille
profile, i.e.,

u(r) = 0, v(r) = v0

(
1 −

(
r

R

)2)
, (2)

where v0 > 0 and R are the maximum velocity at the centerline and the radius
of the duct, respectively. The perturbation of the gas velocity, is modeled by

u′(r, t) = 0, v′(r, t) = εv0 sin(ωt), (3)

where ω and ε are the frequency and the amplitude of the velocity oscillation,
respectively. Here we consider as in [3, 4] that the amplitude ε is small. To
describe the response of the flame to velocity perturbations, one needs to solve
equation (1). Equation (1) cannot be solved analytically for ε �= 0 [1]. Instead,
we derive a system of linear advection equations which can be easily solved by
applying the following asymptotic expansion for ζ,

ζ(r, t) = ζ0(r, t) + εζ1(r, t) + ε2ζ2(r, t) + · · · . (4)

Substituting expression (4) into equation (1) and collecting terms of the same
order leads to a system of equations. The small amplitude assumption allows
us to take into consideration only the leading and the first order equations.
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After introducing the scaling, r∗ := r/R, t∗ := t/τ , z∗ := z/R, τ := R/SL,
ω∗ = ωR/SL, the system in dimensionless variables (omitting the ∗) reads

∂ζ0

∂t
− v̂(1 − r2) +

√(
∂ζ0

∂r

)2

+ 1 = 0, (5a)

∂ζ1

∂t
−
√

v̂2(1 − r2)2 − 1
v̂(1 − r2)

∂ζ1

∂r
= v̂ sin(ωt). (5b)

where v̂ := v0/SL is typically in the interval v̂ ∈ [2, 10].

2 Boundary conditions

To solve (5) the location of the flame front position at the burner rim (r = 1,
in dimensionless variables) needs to be prescribed. The assumed attachment
of the flame front at the burner rim implies ζ(1, t) = 0. Thus from (1) after
scaling the variables and taking into account that the radial velocity vanishes,
we obtain the slope at the flame front at the point r = 1 (omitting the ∗),

∂ζ

∂r
(1, t) = −

√
v(1, t)2 − 1. (6)

Then the boundary condition ζ(1, t) = 0 can be imposed only if the condition

v(1, t)2 − 1 ≥ 0, (7)

is fulfilled. In the case of a Poieuille profile condition (7) becomes

(v̂ε sin(ωt) − 1)(v̂ε sin(ωt) + 1) ≥ 0. (8)

Condition (8) cannot be satisfied for ε independent of t or for a flow speed
smaller than the laminar burning speed. Thus, in order to avoid non-physical
solutions generated by the violation of condition (7), following the ideas from
[1], we restrict the computation of the transient flame position to a physical
interval on which the flow speed is larger than the laminar burning speed and
thus condition (7) is fulfilled. In [1] the evolution of the Bunsen flame in an
unperturbed Poiseuille flow from an initial flat profile to its steady conical shape
was investigated by solving equation (5a) with the initial condition ζ(r, 0) = 0.
To avoid non-physical solutions the domain was restrictd to [0, δ] where δ is
the point at which the unperturbed gas speed equates the burning speed, i.e.,
δ :=

√
1 − 1/v̂ (see [1]). Here we compute the maximum interval [0, rε(t)] on

which condition (7) is fulfilled, and thus the slope at the flame front is well
defined. To avoid the difficulties of working on the time-dependent interval
[0, rε(t)], we restrict the domain further to [0, δε], where δε :=

√
1 − 1/v̂ − ε.

3 Perturbed flame front position

To simplify the calculations we assume that perturbation in the gas velocity is
introduced after the stabilisation of the flame above the burner rim, so that the
leading order term in (4) can be replaced by the stationary position of flame
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front. The stationary position found in [1] recovers the steady solution of ζ0

whose expression in terms of elliptic integrals reads [1, 5],

ζ0(r) =
√

v̂ + 1
3
√

v̂

(
2v̂
(
E(κ) − E(θ(r), κ)

) − 2
(
K(κ) − F (θ(r), κ)

)−
(v̂ − 1) sin θ(r) cos θ(r)

√
1 − λ2 sin2 θ(r)

)
,

(9)

where

θ(r) := arcsin

(
r
√

v̂√
v̂ − 1

)
, κ :=

√
v̂ − 1
v̂ + 1

. (10)

Here F (θ(r), κ) and E(θ(r), κ) are the incomplete elliptic integrals of first and
second kind, respectively and K(κ) and E(κ) are the complete elliptic integrals
of first and second kind, respectively (see [2]).

Equation (5b) can be written as

∂ζ1

∂t
− dr

dB(r)
∂ζ1

∂r
= v̂ sinωt, (11)

where

dB

dr
=

v̂(1 − r2)√
v̂2(1 − r2)2 − 1

. (12)

The function B can be expressed in term of elliptic integrals as follows,

B(r) =
1√

v̂
√

v̂ + 1
((v̂ + 1)E (β(r), λ) − F (β(r), λ)) + c. (13)

Equation (5b) along with the boundary condition ζ1(δε, t) = 0 and the initial
condition ζ1(r, 0) = 0, 0 ≤ r ≤ δε, is integrated using the Laplace transform in
t to yield

ζ1(r, t) =
v̂

ω

(
cos(ω(−B(δε) + B(r) + t)) − cos(ωt)

)
, (14)

for t > B(δε). The first order solution is depicted in Figure 1 (left).
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−0.15

0

0.15

0 0.2 0.4 0.6 0.80

3

6

r r

Figure 1: Left: First order solution for v̂ = 9, ε = 10−5, ωt = π/2. Right:
Flame front as function of r at different instants, − stationary flame front for
ωt = 0, ∗ for ωt = π, ◦ for ωt = 2π, v̂ = 9, ε = 0.01.
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By combining ζ0(r) and ζ1(r, t) we found an analytic expression for the
location of the flame front ζ(r, t) see Figure 1 (right). The first order solution is
similar to the first order solution derived in [4], in which the nonlinear equation
(1) was transformed into a linear equation by approximating the square root
term with −∂ζ/∂r. Then, a first order analysis of the linearised equation gives
the following first order perturbation ζf

1 (in our notation)

ζf
1(r, t) =

v̂

ω

(
cos(ω(t − (Bf(1) − Bf(r))) − cos(ωt)

)
, (15)

where Bf(r) = r. The equations above indicate that an eventual difference in
the TF derived with the model proposed here or with the simpler models from
[4, 3], would originate in the difference between the function B, (13) and the
function Bf (see Figure 2, left).
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Figure 2: Left: the functions B(r) and Bf(r) as function of r, ◦: B(r), −: Bf(r),
ε = 0.01, v̂ = 3. Right: the difference |B(δε) − δε| as function of ε, v̂ = 3.

A simple analysis shows that

max
r∈[0,δε]

|B(r) − Bf(r)| < |B(δε) − δε| < |B(δ) − δ|. (16)

We notice that B(δ) = ts, where ts is the time needed for a Bunsen flame to
evolve from an initially flat profile to its stationary conical position [1]. By
using Lemma 6.1 from [1] and taking into account that v̂ ∈ [2, 10], it follows
that 1 ≤ B(δ) ≤ 1.0439 thus 0.0517 ≤ |B(δ) − δ| ≤ 0.3368. The same Lemma
implies that the difference |B(δ) − δ| decreases with increasing v̂. The largest
difference |B(r) − Bf(r)| is at the boundary (Figure 2, left). The difference at
the boundary decreases with increasing ε (Figure 2, right).

4 Flame response to velocity perturbations

Assuming that the heat release rate is proportional with the area of the flame
the transfer function of the flame H(ω) is given by

H(ω) =
A′

A

v0

v′
(ω), (17)

where A and A′ are the mean value of the flame area and its variation, respec-
tively. The area of the flame front is given by

A(t) = 2π

∫ δε

0

r

√(
∂ζ

∂r

)2

+ 1dr. (18)
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In order to derive the area of the flame, the derivative of ζ1 with respect with r
needs to be evaluated. From (14) it follows that

lim
ε→0

∂ζ1

∂r
(δε) = lim

ε→0
−v̂

dB

dr
(δε) sin(ωt) =

⎧⎪⎨
⎪⎩

−∞ if sin(ωt) > ε,

0 if | sin(ωt)| < ε,

+∞ if sin(ωt) < −ε.

(19)

The above analysis demonstrates that both ζ1 and the slope of ζ1 have a bound-
ary layer at δε, except for t = πk/ω, k ∈ Z. However, limε→0 ε∂ζ1/∂r(δε) = 0,
(see (12)) and the integral in (18) is proper.

To derive the transfer function TF we compute the area of the perturbed
flame front corresponding to a dimensionless excitation frequency ω ∈ [1, 100].
A comparison between the TF derived with the model proposed here and with
the model from [4] is depicted in Figure 3.
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Figure 3: The phase difference (left) and the magnitude (right) of the transfer
function as function of dimensionless frequency. ∗ our model; − model from [4].
The following parameters were used v̂ = 8, ε=0.1, δε = 0.8803.

In agreement with experiments, both models give a low-pass filter behaviour
of the magnitude of the TF, and describe correctly the phase of the TF for
values of the dimensionless frequency smaller than ω = 6 [3]. For values of the
dimensionless frequency larger than ω = 6, the model proposed here gives an
improvement of the phase of the TF. Although it does not capture the linear
increase of the phase with the increase of the excitation frequency, the value
for the saturation of the TF phase is larger with the model proposed here than
with the previous models [4, 3]. The improvement in the behaviour of the TF
phase is due to the difference |B(r) − Bf(r)| at the boundary. Consistent with
experiments [6], our finding that an improved representation of the flame at the
burner rim is important for describing the behaviour of the phase of the transfer
function suggests that the discrepancy between the theory and measurements
might originate from the boundary conditions enforcing the flame attachment.
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