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Synopsis

We numerically investigate the stability problem of the injection molding process. It was indicated
by Bulters and Schepens@Bulters and Schepens~2000!# that surface defects of injection molded
products may be attributed to a flow instability near the free surface during the filling stage of the
mold. We examine the stability of this flow using the extended Pom–Pom constitutive equations.
The model allows for controlling the degree of strain hardening of the fluids without affecting the
shear behavior considerably. To study the linear stability characteristics of the injection molding
process we use a transient finite element algorithm that is able to efficiently handle time dependent
viscoelastic flow problems and includes a free surface description to take perturbations of the
computational domain into account. It is shown that the fountain flow, which is a model flow for the
injection molding process, is subject to a viscoelastic instability. If the various rheologies are
compared, we observe that the onset of unstable flow can be delayed by increasing the degree of
strain hardening of the fluid~by increasing the number of arms in the Pom–Pom model!. The most
unstable disturbance which is obtained after exponential growth is a swirling flow near the fountain
flow surface which is consistent with the experimental findings. ©2004 The Society of Rheology.
@DOI: 10.1122/1.1753276#

I. INTRODUCTION

We have investigated the stability of a generic fountain flow as depicted in Fig. 1:
right which is considered as a prototype flow for the injection molding process. During
injection molding, flow instabilities can cause nonuniform surface reflectivity. This work
is limited to the specific surface defects characterized by shiny and dull bands, roughly
perpendicular to the flow direction and alternating on the upper and lower surfaces~Fig.
2!. These defects, referred to as flow marks, tiger stripes or ice lines, have been observed
in a variety of polymer systems including polypropylene@Bulters and Schepens~2000!#,
acrylonitrile-styrene-acrylate@Chang ~1994!#, ethylene-propylene block copolymers
@Mathieu et al. ~2001!# and polycarbonate/acrylonitrile butadiene-styrene~ABS! blends
@Hobbs ~1996!, Hamada and Tsunasawa~1996!#. The occurrence of these defects can
limit the use of injection molded parts, especially in unpainted applications such as car
bumpers.

From recent experimental findings it is concluded that the surface defects are the result
of an unstable flow near the free surface similar to that shown in Fig. 3@Bulters and
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© 2004 by The Society of Rheology, Inc.
J. Rheol. 48~4!, 765-785 July/August~2004! 0148-6055/2004/48~4!/765/21/$25.00 765



Schepens~2000!, Chang~1994!, Hobbs~1996!, Hamada and Tsunasawa~1996!, Mathieu
et al. ~2001!#. These experiments also revealed that the cause of the instabilities is of an
elastic nature. Due to the limited availability of rheological data, there is no clear under-
standing of the rheological dependence of the instability, though Chang~1994! found that
materials with a higher recoverable shear strain@SR 5 (N1/2txy)# had less severe flow
mark surface defects.

There can be significant difficulties with incorporating elasticity into simulations of
the free surface flow because of the geometric singularity which exists at the contact
point where the free surface intersects the mold wall as summarized by Shen~1992!.
Elastic constitutive equations are known to make geometric singularities more severe
@Grillet et al. ~1999!, Hinch ~1993!#. In order to make elastic injection molding simula-
tions tractable, many researchers have incorporated slip along the wall near the singular-
ity @Sato and Richardson~1995!, Mavridiset al. ~1988!#. Various formulations for the slip
condition do not seem to have a strong effect on the kinematics near the free surface, but
all formulations seem to ease the difficulties associated with the numerical calculations,
especially for elastic constitutive equations@Mavridis et al. ~1986, 1988!, Shen~1992!#.

In a previous paper@Bogaerdset al. ~2003!#, a time marching scheme has been devel-
oped that is able to handle the complex stability problem of viscoelastic flows with
nonsteady computational domains which result from perturbed free surfaces or fluid
interfaces. It was shown that this method is able to accurately predict the stability char-
acteristics of a number of single- and multilayer shear flows of upper convected Maxwell
~UCM! fluids. Several studies that set out to develop numerical tools that are able to
handle complex flow geometries have been troubled by the occurrence of steep boundary
layers and poorly resolved continuous spectra@Keiller ~1992!, Brown et al. ~1993!,
Sureshkumaret al. ~1999!, Smithet al. ~2000!#. From a computational point of view, the
UCM model may be suitable for benchmarking of newly developed numerical methods

FIG. 1. Kinematics of fountain flow region: Reference frame of mold~left! and reference frame of the moving
interface~right!.

FIG. 2. Characteristic pattern for flow mark surface defects.
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but it is a rather poor model to study realistic flows of polymer melts as they have
material functions that cannot be described by the UCM model. The choice of a consti-
tutive relation is not a trivial one. In Grilletet al. ~2002a! and Bogaerdset al. ~2002!#, we
have shown that generally accepted closed form rheological models like the Phan–
Thien–Tanner, the Giesekus and the more recently introduced Pom–Pom model
@McLeish and Larson~1998!, Verbeetenet al. ~2001!# show completely different linear
stability characteristics in simple shear flows. In order to generate results that are physi-
cally meaningful, we need to apply a constitutive set of equations that is able to capture
the dynamics of real viscoelastic melts in both shear and elongation. For our computa-
tions we use the extended Pom–Pom~XPP! model of Verbeetenet al. ~2001! because of
the ability of the XPP model to accurately describe full sets of viscometric shear and
elongational data of a number of polyethylene melts and for limited sets of data of two
polypropylenes@Swartjes~2001!#.

In the following we first give a short description of the governing set of nonlinear
equations that describe the flow. A more extensive treatment of the Pom–Pom and XPP
equations can be found in McLeish and Larson~1998! and Verbeetenet al. ~2001!,
respectively. The details of the numerical algorithm that is used to study the stability
problem are, together with the applied boundary conditions, presented in the appendix.
Results of the fountain flow problem are presented in Sec. IV. In an effort to relate
material properties to the stability characteristics of the flow, we have studied the behav-
ior of several parameter settings of the XPP model. Also, some of the major problems that
trouble the numerical analysis of the fountain flow problem are discussed.

II. GOVERNING EQUATIONS

We assume incompressible, isothermal, and inertia-less flow. In the absence of body
forces, these flows can be described by a reduced equation for conservation of momen-
tum ~1! and conservation of mass~2!:

“–s 5 0, ~1!

“–u 5 0, ~2!

with “ the gradient operator, andu the velocity field. The Cauchy stress tensors can be
written as:

s 5 2pI1t, ~3!

with an isotropic pressurep and the extra stress tensort. The set of equations is supple-
mented with the kinematic conditions that describes the temporal evolution of the free
surface

n•
]x

]t
5 u–n, ~4!

FIG. 3. Unstable flow may cause surface defects.

767STABILITY ANALYSIS OF INJECTION MOLDING FLOWS



wherex denotes the local position vector describing the free surface andn is the asso-
ciated outward normal vector.

In order to obtain a complete set of equations, the extra stress should be related to the
kinematics of the flow. The choice of this constitutive relation will have a major impact
on the results of the stability analysis@Grillet et al. ~2002a!#. Motivated by the excellent
quantitative agreement of the Pom–Pom constitutive predictions and dynamical experi-
mental data@Inksonet al. ~1999!, Grahamet al. ~2001!, Verbeetenet al. ~2001!#, we use
the differential form of the XPP model to capture the rheological behavior of the fluid. As
is customary for most polymeric fluids, the relaxation spectrum is discretized by a dis-
crete set ofM viscoelastic modes

t 5 (
i 5 1

M

ti . ~5!

For a~branched! polymer melt, this multimode approach introduces a set of equivalent
Pom–Poms each consisting of a backbone and a number of dangling arms.

Verbeetenet al. ~2001! have modified the original Pom–Pom model of McLeish and
Larson ~1998! and effectively combined the set of governing equations into a single
relation for the extra stress. Furthermore, they were able to extend the model with a
second normal stress difference which is absent in the original Pom–Pom formulation.
The XPP model is defined by

t
¹

1H 1

lb
F a

G
t–t1Ft1G~F21!I G J 22GD 5 0, ~6!

with t
¹

as an auxiliary derivative of the extra stress,F as an auxiliary scalar valued
function

F 5 2ren~L21!F12
1

L
G1

1

L2 F12
atr~t–t!

3G2 G , ~7!

and tube stretch~L!:

L 5 A11
tr~t!

3G
. ~8!

The characteristic time scale for relaxation of the backbone orientation is defined by
lb and relaxation of the tube stretch is controlled byls whereas the ratio of both
relaxation times is defined asr 5 lb /ls . The parametern in Eq. ~7! is taken, based on
the ideas of Blackwellet al. ~2000!, asn 5 2/q with q as the number of dangling arms
at both ends of the backbone. The plateau modulus is represented byG whereas the
kinematics of the flow are governed by fluid velocityu, velocity gradientL 5 “uT and
rate of deformationD 5 (L1LT)/2. The second normal stress difference (N2) is con-
trolled with the additional parametera (N2 Þ 0 for a Þ 0! which amounts to aniso-
tropic relaxation of the backbone orientation.@Clemeuret al. ~2003!# showed that for the
XPP model and certain parameter sets~nonzero second normal stress difference!, turning
points can exist for the steady state viscometric functions. In this paper, only parameters
sets that result in regular viscometric functions are taken into account~i.e., a 5 0!.# In
order to study the influence of the second normal stress difference on the temporal
stability of the flow,a can be varied. However, this is beyond the goal of this part of the
work and for the remainder of this paper we will assumeN2 5 0.
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III. NUMERICAL ASPECTS

In this section we discuss the major aspects of the numerical model that is used to
determine the linear stability characteristics of the injection molding process. In general,
linear stability analysis requires an expansion of the governing equations on the compu-
tational domain in which only first order terms of the perturbation variables are retained.
Hence, neglecting higher order terms, we may express the physical variables as the sum
of the steady state and perturbed values. For instance, we can write for the polymeric
stress

t~x,t ! 5 t̃~x!1t8~x,t !, ~9!

wheret̃ denotes the steady state value andt8 denotes the perturbation of the extra stress.
Once the steady state values of the unknowns are obtained, the resulting evolution equa-
tions for the perturbation variables are solved as a function of time with initially random
perturbations of the extra stress variables. The transient calculations are continued until
exponential growth~or decay! is obtained for theL2 norm of the perturbation variables or
until the norm of the perturbation has dropped below a threshold value.

The computational domain on which we perform our analysis is presented in Fig. 4.
The governing equations for both the steady state and the stability computations are
solved using the stabilized DEVSS-Ḡ/SUPG method@Brooks and Hughes~1982!, Guén-
ette and Fortin~1995!, Szadyet al. ~1995!#. The spatial discretization based on continu-
ous interpolation for all variables has shown to produce accurate estimates of the stability
problem on several occasions using a fully implicit temporal integration scheme@Brown
et al. ~1993!, Grillet et al. ~2002a!, Bogaerdset al. ~2002!#. Here, we employ an operator
splitting Q scheme for the temporal evolution of the perturbed variables.

Due to the presence of a free surface (G f , Fig. 4! during flow, the computational
domain does not remain constant during evolution of an arbitrary disturbance. Hence, a
temporal integration scheme of the weak formulation of the perturbation equations is
used which is able to take linearized deformations of the free surface into account. The
issue of the boundary conditions is addressed in Sec. III B. A Newton iteration method is
used to obtain two-dimensional steady state results. A description of the finite element
steady state analysis and the finite element stability analysis are given in the appendix.
Here, we only present the major aspects of the numerical modeling.

A. Finite element stability analysis

Time integration~of the DEVSS-Ḡ equations: see appendix! is performed using a
second order operator splittingQ scheme. Application of the operator splitter provides
the basis for efficient decoupling of the constitutive equations from the remaining gen-

FIG. 4. Computational domain for fountain flow. In addition to the solid walls (Gw) there is a free surface (G f )

with outward normalnf . The upstream boundary conditions are imposed on a periodic domain (Gp
1,Gp

2).
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eralized Stokes equations. Details of theQ scheme can be found in Glowinski~1991! and
Glowinski and Pironneau~1992!. The effectiveness of this approach becomes more evi-
dent when real viscoelastic melts are modeled for which the spectrum of relaxation times
is approximated by a discrete number viscoelastic modes. Based on the work of Carvalho
and Scriven~1999!, ourQ scheme was developed in Bogaerdset al. ~2003! together with
a domain perturbation technique for the analysis of viscoelastic multilayer flows or free
surface flows. It is not necessary to consider deformations of the full computational
domain due the fact that only infinitesimal disturbances of the domain in the region of the
interface are considered and it suffices to confine the domain perturbations to the inter-
face or free surface. Hence, in addition to the usual perturbed variables~perturbed kine-
matics and stress!, the normal deviation from the steady state interface position was
introduced as an auxiliary perturbed variable to describe the deformation of the compu-
tational domain.

Following Carvalho and Scriven~1999! and Bogaerdset al. ~2003!, we introduce this
new variableh that describes the perturbation of the steady state free surface. However,
given the impenetrable solid walls, the deformation of the free surface cannot be consis-
tently described by the normal displacements.

This is easily observed if we consider the flow region near the geometric singularities
where the normal displacements should be constrained. On the other hand, without in-
troduction of~numerical! wall slip, the velocity perturbation vanishes in the singularity
but there is no reason to assume that this also holds for the surface deformation. Obvi-
ously, one of the major difficulties for the fountain flow analysis is to find a consistent
formulation for the free surface deformation. Figure 5:left shows the problem that arises
from the surface description using normal displacements. We could constrain the normal
displacement at the singularities as indicated in the figure. However, this would suppress
a mode of deformation which may be important for the stability of the flow and, further-
more, we would need to solve a convection dominated problem with the boundary con-
ditions applied to the ‘‘downwind’’ nodes. As is shown in Fig. 5:right, a consistent
alternative formulation is found by taking into account only the wall parallel deformation
of the free surface. Other formulations will lead to the generation of nonphysical solu-
tions of the stability problem. A description of the numerical scheme is given in the
appendix.

B. Boundary conditions

The analysis is performed in a moving reference frame~Fig. 1: right!. A consequence
of this approach is that the velocity of both confining walls is prescribed which equals the
opposite of the frame velocityV. In order to retain a constant amount of fluid within the
computational domain, the net flux through the upstream channel should be set to zero.
This can be accomplished using different types of boundary conditions. If we consider

FIG. 5. Computational domain near the contact point of the free surface at the mold wall. Different choices can
be made for the surface description. Theleft graph shows the normal displacements whereas the surface
description in theright graph allows only variations of the wall parallel coordinate.
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the computational domain as depicted in Fig. 4, we may simply prescribe the velocity
unknowns on the upstream boundary (Gp

1). However, there are two basic reasons to reject
this approach. The nonlinear character of the constitutive equations prohibits the use of
Dirichlet boundary conditions to obtain true base flow solutions without prior knowledge
of the steady state solutions of viscometric channel flows. Furthermore, from an experi-
mental point of view, prescribing local velocity unknowns is very ineffective. Instead, it
would be much more convenient to prescribe a global unknown like, for instance, the
total flux through the channel which can be measured relatively easy.

An even more important reason not to apply Dirichlet boundary conditions concerns
the linear stability analysis. For a fiber drawing flow, it is known that there is a strong
dependence of the linear stability on the type of boundary conditions applied, see Pearson
~1985!, and references therein. Even for this reatively ‘‘simple’’ fiber drawing flow it is
quite unclear which degrees of freedom should be prescribed. For our generic fountain
flow, using a moving frame of reference, we also expect a strong dependence on the
boundary conditions if Dirichlet boundary conditions are applied to other boundaries than
the two confining walls.

Still, we may regard the upstream region as a planar channel flow. Hence, instead of
specifying the necessary upstream degrees of freedom, we consider a part of the upstream
flow domain to be periodic on which the volumetric flow rate is prescribed. The major
advantage of this approach is that the stability of planar channel flows can be determined
separately. In Bogaerdset al. ~2002!, the stability characteristics of planar channel flows
of the XPP model using both one-dimensional eigenvalue analyses across the channel gap
as well as periodic finite element analyses have been computed. The disadvantage of this
approach lies in the fact that an internal periodic boundary condition increases the com-
plexity of the governing equations for both steady state computations and stability analy-
ses. We will enforce the volumetric flow rate by prescribing the velocity of the reference
frame at the mold walls and simply assumeQ 5 0 for both the steady state and stability
calculations. This is discussed in more detail in the appendix.

IV. RESULTS

The stability of the fountain flow problem is examined using the XPP model. As was
already discussed in Sec. II,a Þ 0 falls outside the scope of this paper, and hence, we
assumeN2 5 0 for simple shear flows. The structure of the equivalent Pom–Pom is then
fully determined by the nonlinear parameterr ~ 5 ratio of relaxation times! and q
~ 5 number of arms!. The stability of the flow is studied as a function of the relative
elastic flow strength, i.e., the dimensionless Weissenberg number We which is defined as

We 5
2lbQ

H2
, ~10!

and is based on the imposed volumetric flow rateQ and a characteristic length scale~half
the channel widthH/2).

It is well known that most rheological models based on tube theory can show exces-
sive shear thinning behavior in simple shear flows. This holds for the original Pom–Pom
equations for which the steady state shear stress decreases with increasing shear rate
when lbġ 5 O(1). However, it also holds for certain combinations of the nonlinear
parameters of the XPP model although, compared with the original Pom–Pom equations,
this maximum is shifted several orders to the right depending on the material parameters.
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We use a single mode model to investigate the influence of the rheology of the
polymer melt on the stability behavior of the injection molding process. Therefore, the
nonlinear parameters should be chosen in such a way that the shear stress remains a
monotonically growing function for the shear rates that fall within the range of the
investigated flow situations. In this work we will model differences in polymer melt
rheology by variations of the parameterq. Figure 6 shows some of the steady state
viscometric functions for different values of the number of arms attached to the backbone
(q 5 5,9,13) and constant ratio of relaxation times (r 5 2). This choice of parameters
has a major impact on the extensional behavior of the model where extensional hardening
is increased significantly with increasing number of arms. The influence of the viscomet-
ric functions in simple shear is much less severe, although it can be seen that the maxi-
mum in the shear stress-shear rate curve shifts to the left when the number of arms is
decreased.

A. Steady state results

In this section we present computational results of the viscoelastic fountain flows of
the previously described XPP fluids. Table I gives the characteristics of the meshes that
were used to analyze both the steady state results as well as the linear stability charac-

FIG. 6. Steady state viscometric functions~a! shear stress-shear rate,~b! viscosity-shear rate, and~c! planar
elongational viscosity-extension rate, for different numbers of armsq and r 5 2.

TABLE I. Characteristics of the grids used for the fountain flow compu-
tations.

Mesh 1 Mesh 2 Mesh 3

No. of elements 892 1468 2202
No. of elements on free surface 20 30 40
Total length to wetting point 14H
Length periodic inflow 3.5H
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teristics. In the remainder of this section steady state results are presented that are com-
puted on the most refined mesh~mesh 3! which is shown in Fig. 7.

Starting with an initially circular shape of the free surface and using the technique
described in the Appendix Sec. A to compute the steady state of the free surface, Fig. 8
shows the base flow solution of the fountain flow surface for various rheologies and
Weissenberg numbers. In the left graph, one half of the free surface is shown for (r ,q)
5 (2,9). Comparing the shape of the free surface as a function of We, it can be observed

that for small Weissenberg numbers as well as for higher We the shape of the surface is
flattened. Moreover, the relative position of the stagnation point on the free surface
exhibits a maximum for varying We@Fig. 8 ~right!#. Due to the differences in the rhe-
ologies of the XPP fluids, this maximum shifts considerably to the left for the extensional
hardening fluid.

Figure 9 shows some base state variables along the steady free surface. Since the
fountain flow surface varies in shape and has therefore variable length, we have scaled
the position on the surface by its total length. The left graph shows the tangential velocity
along the surface. We observe that in the stagnation point where the fluid deformation is
purely extensional, the extension rate is somewhat higher for the strain hardening mate-
rial. Also, from the right graph, a strong build up of the tangential stress (t tt) is seen near
the walls of the mold whereas the tangential stress is relatively constant for a large part
of the free surface. Contour plots for the different rheologies at We5 2.5 are presented
in Figs. 10–12. Although there are only minor differences between these graphs, we

FIG. 7. Finest mesh used for the computations~mesh 3!, full mesh and detail of the fountain flow region.

FIG. 8. Shape of the steady state free surface~left! for (r ,q) 5 (2,9) and various values of the Weissenberg
number. The position of the stagnation point is located aty 5 0. Position of the stagnation point relative to the
intersection with the wall as a function of Weissenberg number~right!.
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observe that the viscoelastic stress decay more rapidly forq 5 5. Due to the increasing
shear thinning behavior of the fluid withq 5 5, the streamlines are somewhat more
compressed as compared to the more extensional hardening rheologies.

B. Stability results

Results of the linear stability analysis of the fountain flows are presented in this
section. Starting with an initially random perturbation of the extra stress tensor, we track
theL2 norm of the perturbed variables in time. Assuming that the most important eigen-

FIG. 9. Steady state velocity~left! and the tangential stresst tt ~right! on the free surface for We5 2.5 and
various values of the number of armsq. The position on the free surface is scaled with the total surface length.

FIG. 10. Steady state result of the XPP fluid for We5 2.5 and (r ,q) 5 (2,5).
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modes are excited in this way, exponential behavior will be obtained when all rapidly
decaying modes have died out. Hence, the norm of the perturbed variables can grow
exponentially in time, in which case we will call the flow unstable, or the norm can decay
and the flow will remain stable for the limit of small perturbations. From the temporal
growth ~or decay! of the perturbation norm, the approximate leading growth rate of the
flow is determined which will be larger than zero when the flow is unstable.

In addition to an estimate of the most dangerous growth rate, information is obtained
about the structure of the leading eigenmode from the solution of the perturbed variables
after exponential growth.

Figure 13 shows the estimated growth rates (ŝ) for the fountain flow simulations. For
the meshes described in Table I and (r ,q) 5 (2,9) stability results are given in the left
graph. We observe that the results converge with decreasing grid size. It should be noted
though that for all three meshes the grids are relatively coarse in the vicinity of the
geometrical singularity. This proved necessary due to the fact that the stability equation
for the perturbation of the free surface is very sensitive to disturbances of the wall normal
velocity close to the wall when]h̃/]y → ` @Eqs.~A17! and~A25!#. Still, the estimated
growth rates converges towards a single curve. In the remainder of this paper we will
present results that are computed on mesh 3~Table I!.

For the XPP fluid with (r ,q) 5 (2,9) which corresponds to the moderate strain hard-
ening material, we observe that the flow loses stability at We' 2.8.

Similar trends of the stability curves are plotted in the right graph for the other fluids
with (r ,q) 5 (2,5) and (r ,q) 5 (2,13). From this figure it is clear that the point of

FIG. 11. Steady state result of the XPP fluid for We5 2.5 and (r ,q) 5 (2,9).
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FIG. 12. Steady state result of the XPP fluid for We5 2.5 and (r ,q) 5 (2,13).

FIG. 13. Comparison of the estimated growth rates for the meshes described in Table I and (r ,q) 5 (2,9) as
a function of the inverse Weissenberg number~left! as well as linear stability results for several fluid rheologies
on mesh 3 andr 5 2 ~right!.
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instability is shifted toward lower Weissenberg numbers whenq 5 5. Although the
steady state computations failed to converge for We. 2.5 andq 5 13, the estimated
growth rates are considerably below the other curves which suggests that the flows may
be stabilized whenq is increased.

After exponential growth or decay, the characteristic eigenfunction of the flow is
obtained. For the unstable flow (r ,q) 5 (2,5) at We5 2.5 the perturbation velocity
vectors are shown in Fig. 14. It can be seen that this eigenfunction corresponds to a
swirling motion very similar to the unstable flows that were observed by Bulters and
Schepens~2000!. The periodic motion that may be expected from these experiments was
not observed during the temporal integration of the disturbance variables. Instead, the
perturbation is either clockwise or counter clockwise depending on the initial conditions.
If the shape of the perturbed free surface is inspected by adding to the base flow free
surface, an arbitrary constant times the surface perturbationh, we obtain the upper right
graph of Fig. 14. Summarizing the other flow situations~both stable and unstable!, the
observed characteristic spatial eigenmode was always similar to the swirling flow near
the fountain flow surface.

V. CONCLUSIONS

We have investigated the linear stability of a model injection molding flow by means
of a transient finite element algorithm. This work is an extension of earlier work@Grillet
et al. ~2002b!# in which we investigated a similar flow on a fixed computational domain
using the Phan–Thien–Tanner model. It is shown that allowing the computational do-
main to deform due to perturbations of the flow field is an essential feature for the
modeling of this viscoelastic instability.

The main goal of this work was to investigate the influence of the fluid rheology on
the stability characteristics of the injection molding flows. It was found that a linear

FIG. 14. Results of the linear stability analysis for an XPP fluid for (r ,q) 5 (2,5) and We5 2.5. Shown are
the perturbation velocity near the free surface~left!. Also shown are the linearly perturbed shape of the free
surface and a schematic drawing of the swirling flow~right!.
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instability sets in at We' 2.8 for (r ,q) 5 (2,9). Also, the occurrence of an instability
can be postponed when the number of arms in the extended Pom–Pom model is in-
creased. Although this has some effect on the shear properties of the different XPP fluids,
the major influence of varying the number of arms can be found in the extensional
behavior of the fluids. This would indicate that the flows might be stabilized by fluids
with increased strain hardening.

The structure of the leading eigenmode turns out to be a swirling flow near the
fountain flow surface. This seems to be consistent with the experimental observations of
Bulters and Schepens~2000!.

Some care should be taken into account with regard to the singularities where the free
surface intersects with both mold walls. From an experimental point of view, the work of
Bulters and Schepens~2000! does not show special behavior of the flow around these
singularities. However, they do impose a number of numerical difficulties. In this work,
all the spatial meshes that have been used are rather coarse near the singularities and
although this seems to be justified by the experiments, further investigation of the influ-
ence of these points on the overall stability might be necessary.
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APPENDIX

A. Finite element steady state analysis

Using the DEVSS-Ḡ/SUPG equations, the original three field formulation (u,t,p) is
transformed into a four field formulation (u,t,p,Ḡ) by considering the velocity gradient
as an additional dependent variable. If the finite element approximation spaces for
(u,t,p,Ḡ) are defined by (Uh,Th,Ph,Gh), the full set of nonlinear DEVSS-Ḡ equations
are defined as:

Problem DEVSS-Ḡ/SUPG: FinduPUh, tPTh, pPPh, andḠPGh such that for all
admissible test functionsFuPUh, FtPTh, FpPPh, andFġPGh:

HFt1
he

uuu
u–“Ft, u•¹t2Ḡ–t2t–ḠT1

1

lb
F a

G
t–t1Ft1G~F21!I G2G~Ḡ1ḠT!J

5 0, ~A1!

@¹Fu
T ,t1b~“u2ḠT!#2~“–Fu ,p! 5 0, ~A2!

~Fp ,“–u! 5 0, ~A3!

~Fġ,ḠT2“u! 5 0, ~A4!

with b taken asb 5 lbG and~•,•! the usualL2-inner product on the domainV. With he

some characteristic grid size, additional stabilization is obtained by inclusion of SUPG
weighting of the constitutive equation@Brooks and Hughes~1982!#. A Newton iteration
method is used to obtain two-dimensional steady state results.

The shape of the steady state free surface is solved decoupled from the weak formu-
lation described by Eqs.~A1!–~A4!. Each iteration therefore consists of a Newton itera-
tion of Eqs.~A1!–~A4! on a fixed domain~say Vn21) after which the position of the
nodal points in the computational domain are updated following a new approximation of
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the free surface (G f ). In order to find this new estimate of the free surface, only varia-
tions of thex position of the nodal points on the fountain flow surface are considered.
Since the computations are performed in a moving reference frame, the steady state
position of the wetting point~wetting line in three dimensions! remains fixed with respect
to the frame velocity (V, Fig. 1!.

Thenth iteration of the free surface shape is obtained in the following way. If the local
x position of the free surface of thenth iteration is denoted byHn(y) ~Fig. 15!, the steady
state formulation of the kinematic condition@Eq. ~4!# can be expressed as

uy
n ]Hn

]y
2ux

n 5 0, ~A5!

where un denotes the new velocity approximation on the previous domain (Vn21).
Since the wetting point is fixed, Dirichlet boundary conditions (H 5 constant) are
applied on both mold walls. Obviously, this formulation provides the desired shape of the
free surface except for the stagnation point region whereH is undetermined since there,
both velocity components vanish. On the other hand, it can be seen that near both
geometrical singularities,]H/]y approaches6` since onlyuy vanishes.

In order to resolve the problem associated with the approximate surface near the
stagnation point, we define an auxiliary equation forHn. If the new approximate surface
position is found by a displacement in the surface normal direction~Fig. 15! then

Hn~y01Dy! 5 Hn21~y0!1@e~un
–nn21!nx

n21#y0
, ~A6!

wherenx denotes thex component of the normal vector andDy 5 e(un
–nn21)ny

n21. In
generalu–n will be small ande denotes anO(H/V) parameter withH as a characteristic
length scale. In addition, the first order Taylor expansion forH(y) neary0 is considered

Hn~y01Dy! 5 Hn~y0!1S]Hn

]y D
y0

Dy, ~A7!

which can be combined with Eq.~A6! to yield the expression

Hn1
]Hn

]y
e~un

–nn21!ny
n21 5 Hn211e~un

–nn21!nx
n21. ~A8!

Of course, this expression is not consistent asy approaches the mold walls but, unlike
Eq. ~A5!, it does provide an efficient way to update the free surface near the stagnation
point.

The complete set of equations that describes the shape of the free surface is defined
using both Eq.~A5! and the inconsistent Eq.~A8!. A common approach to obtain a

FIG. 15. The x position of the free surface@H(y)# is determined from the local normal velocityu–n.
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solution for this overdetermined system is a so called general least squares minimization
algorithm @Bochev and Gunzburger~1998!#. It is easily observed that combining Eqs.
~A5! and~A8! leads to the desired shape of the interface despite of the fact that Eq.~A8!
loses validity near the mold walls. This can be seen since the iterative process is aborted
when theL2 norm of the iterative change of the interface position has dropped below
some small value (iHn2Hn21iG f

, 1029) and Eq.~A8! only converges wheniu–niG f

approaches 0:

iHn2Hn21iGf
5 eI~u–n!Fnx2

]H

]y
nyG I

G f

5 eI u–n

nx
I

G f

, 1029, ~A9!

since]H(y)/]y 5 2ny /nx .
The global iterative process is also aborted when both theL2 norms of the iterative

change as well as the residual of the governing equations have dropped below 1029.

B. Finite element stability analysis

A short description of the numerical scheme is given; more details can be found in
Bogaerdset al. ~2003!. TheQ method allows decoupling of the viscoelastic operator into
parts that are ‘‘simpler’’ which can be solved more easily than the implicit problem.
Hence, if we write the governing linearized equations as

]x

]t
5 A~x! 5 A1~x!1A2~x!, ~A10!

with x the perturbation variables, theQ scheme is defined following Glowinski and
Pironneau~1992!:

xn1Q2xn

QDt
5 A1~xn1Q!1A2~xn!, ~A11!

xn112Q2xn1Q

~122Q!Dt
5 A1~xn1Q!1A2~xn112Q!, ~A12!

xn112xn112Q

QDt
5 A1~xn11!1A2~xn112Q!, ~A13!

with time stepDt andQ 5 121/& in order to retain second order accuracy. Formally,
only the constitutive equation and the perturbation equation for the free surface contain
the temporal derivatives which implies that the left-hand side of Eq.~A10! should be
multiplied by a diagonal operator with the only nonzero entrees being the ones corre-
sponding to these equations. The remaining problem is the one that defines the separate
operatorsA1 and A2 . In essence, we like to chooseA1 and A2 in such a way that
solving Eqs.~A11!–~A13! requires far less computational effort as compared to solving
the implicit problem. It is convenient to defineA2 as the advection problem for the extra
stress andA1 as the viscous generalized Stokes problem. With these definitions forA1
and A2 and following Bogaerdset al. ~2003!, the weak formulation of our numerical
scheme reads:

Problem Q-FEM step 1a: Given the base flow~ũ,t̃,G! ! on V0 , t̂ 5 t(tn) and ĥ
5 h(tn), find uPUh, pPPh, ḠPGh, andhPHl at t 5 tn1Q such that for all admis-

sible test functionsFuPUh, FpPPh, FġPGh, andFhPHl :
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H¹Fu
T ,P21

•F 1

QDt
t̂2F1~u,Ḡ!2F2~ t̂!G1b~¹u2ḠT!J 2~“–Fu ,p!2E

G0

“Fu
T:P21

•S ũy

] t̃

]G
1

] ỹ

]G
L̃D hdG1E

G0
S ]Fu

y

]G
eyey1

]Fu
x

]G
exeyD : t̃hdG2E

G0

]Fu
y

]G
p̃hdG

5 0, ~A14!

~Fp ,“–u!1E
G0

Fp

]ũy

]G
hdG 5 0, ~A15!

~Fġ,ḠT2“u! 5 0, ~A16!

E
G0
SFh1le

ũy

uũyu

]Fh

]G
DSh2ĥ

QDt
1ũy

]h

]y
1uy

]h̃

]y
2uxDdG 5 0, ~A17!

with the functionals

F1@u~ t !,Ḡ~ tn1Q!# 5 u–“ t̃2Ḡ–t̃2 t̃–ḠT2G~Ḡ1ḠT!, ~A18!

F2@t~ t !# 5 ũ–“t2G! –t2t–G! T, ~A19!

and

P 5
1

QDt
I1

]F3~t!

]t
U

t 5 t̃

, ~A20!

whereF3(t) denotes the function between brackets in Eq.~6! while the Jacobian of this
functional (]F3 /]tu t̃) is evaluated around the base flow. The Lagrangian residual of the
stationary constitutive relation is defined as

L̃ 5 2~G! –t̃1 t̃–G! T!1F3~ t̃!2G~G! 1G! T!. ~A21!

The additional integrals in Eqs.~A14! and~A15! on the steady state free surface (G0)
result from the surface deformations of these free surfaces whereas the new surface shape
is determined from the kinematic Eq.~A17!. For this equation, special weighting func-
tions have been applied in order to produce nonoscillatory results. Upwinding is per-
formed with the weighting functions

Fh1Dy
ũy

uũyu

]Fh

]y
' Fh1le

ũy

uũyu

]Fh

]G
, ~A22!

whereDy is some characteristic length in they direction of the free surface. Here, we
have used the actual lengthl e of an element on the surface and the derivatives in the
direction of the steady state free surface sinceDy ' nxl e and]/]y ' (1/nx)]/]G.

Using the earlier approach, the kinematics of the flow att 5 tn1Q are obtained from
Eq. ~A14! to ~A17!. An update for the polymeric stress is now readily available using
these kinematics:

Problem Q-FEM step 1b: Given the base flow~ũ,t̃,G! ! on V0 , t̂ 5 t(tn), u
5 u(tn1Q), G 5 Ḡ(tn1Q) andh 5 h(tn1Q) find tPTh at t 5 tn1Q such that for all

admissible test functionsFtPTh:
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FFt1
he

uũu
ũ–“F

t2 t̂

tQDt
1F1~u,G!1F2~ t̂!1

]F3

]t
U

t̃

•tG
1E

G0
S Ft1

he

uũu
ũ–“FtD :S ũy

] t̃

]G
1

] ỹ

]G
L̃D hdG

5 0. ~A23!

The second step of theQ scheme@Eq. ~A12!# involves the transport problem of the
polymeric stress:

Problem Q-FEM step 2: Given the base flow~ũ,t̃,G! ! on V0 , t̂ 5 t(tn1Q), û
5 u(tn1Q), Ḡ 5 Ḡ(tn1Q) and ĥ 5 h(tn1Q), find tPTh and hPHl at t
5 tn112Q such that for all admissible test functionsFtPTh andFhPHl :

FFt1
he

uũu
ũ–“FT

t2 t̂

~122Q!Dt
1F1~ û,GR !1F2~t!1

]F3

]t
U

t̃

• t̂G
1E

G0
S Ft1

he

uũu
ũ–“FtD :S ũy

] t̃

]G
1

] ỹ

]G
L̃D ĥdG

5 0, ~A24!

E
G0
SFh1le

ũy

uũyu

]Fh

]G
DF h2ĥ

~122Q!Dt
1ũy

]ĥ

]y
1ûy

]h̃

]y
2ûxGdG 5 0. ~A25!

The third fractional step@Eq. ~A13!# corresponds to symmetrization of theQ scheme
and is similar to step 1.

A choice remains to be made for the approximation spacesUh, Th, Ph, Gh, andHl . As
is known from solving Stokes flow problems, velocity and pressure interpolations cannot
be chosen independently and need to satisfy the Babus˜ka–Brezzi condition. Likewise,
interpolation of velocity and extra stress has to satisfy a similar compatibility condition.
We report calculations using low order finite elements using similar spatial discretizations
as were defined by Brownet al. ~1993! and Szadyet al. ~1995! ~continuous bilinear
interpolation for viscoelastic stress, pressure, andG, and continuous biquadratic interpo-
lation for velocity!. We have used linear interpolation functions for the free surface
deformationh. Except for the fact that this choice for the approximation space produces
nonoscillatory results for the fountain flow problem, there is not yet a mathematical
framework available that supports this choice.

C. Boundary conditions

The volumetric flow rateQ is enforced using a Lagrangian multiplier method. If at
first we consider a periodic channel flow~for instance the flow depicted in Fig. 1 without
the downstream fountain flow! with periodicity for all variables except pressurep. Using
the Lagrange multiplier method we need to solve the additional equation on the periodic
boundary~Fig. 4!:

E
Gp

2
u–ndG2Q 5 0, ~A26!
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which determines the flow rate. As a consequence there is a symmetric addition to the
momentum equation

LE
Gp

2
Fu–ndG, ~A27!

whereL denotes the Lagrange multiplier andn is the outward normal. If the boundary
terms in the weak form of the momentum equations are omitted, it is easily verified that
L equals the pressure drop over the periodic channel. The boundary contribution can be
written as

RFu ,s–ndG 5 E
Gp

11Gp
2
Fu ,t–n2pndG 5 ~p12p2!E

Gp
2
Fu–ndG, ~A28!

sinceFu 5 0 on Gw , np
1 5 2np

22 and t(Gp
1)–np

11t(Gp
2)–np

22 5 0. Hence, the con-
stant pressure dropp12p2 is represented by the Lagrange multiplier. For the internal
periodic boundary of the fountain flow, this procedure is somewhat more complicated
since the sum of the boundary terms now equals

RFu ,s–ndG 5 E
Gp

11G f

Fu ,s–ndG. ~A29!

Clearly Gp
1 and G f are not periodic and the earlier analysis fails. However, we may

write the right-hand side of Eq.~A29! as

E
Gp

1
Fu ,s–np

1dG1E
Gp

2
Fu ,s–np

22dG1E
Gp

2
Fu ,s–np

21dG1E
G f

Fu ,s–nfdG.

~A30!

SinceGp
2 is periodic withGp

1 the sum of the first two terms of Eq.~A30! is similar to
Eq. ~A28!. The last term vanishes since we weakly enforce the stress balance~s–n 5 0!
on the free surface. This leaves only the additional term

E
Gp

2
Fu ,~t2pI !–np

21dG, ~A31!

which should be included in the governing equations together with Eqs.~A26! and~A27!.
We will enforce the volumetric flow rate by prescribing the velocity of the reference
frame at the mold walls and simply assumeQ 5 0 for both the steady state and stability
calculations.
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