
 

On using the linear programming relaxation of assignment
type mixed integer problems
Citation for published version (APA):
van Nunen, J. A. E. E., Benders, J. F., & Beulens, A. J. M. (1983). On using the linear programming relaxation of
assignment type mixed integer problems. (Memorandum COSOR; Vol. 8320). Technische Hogeschool
Eindhoven.

Document status and date:
Published: 01/01/1983

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/16cf7fb6-f781-4acc-8acb-8b0e0f6c9668


EINDHOVEN UNIVERSITY OF TECHNOLOGY

Department of Mathematics and Computing Science

Memorandum COSOR 83-20

On using the linear programm1ng relax

ation of assignment type mixed integer

problems

by

* **J. van Nunen , J. Benders

*and A. Beulens

* Graduate School of Management, Delft

** Eindhoven University of Technology, Department of

Mathematics and Computing Science

Eindhoven, The Netherlands

September 1983



On using the linear programming relaxation of,
assignment type mixed integer problems

by Jo van Nunen, Jacq Benders and Adri Beulens.

Abstract

paper we combine some results that are published else
We prove that tight upperbounds can be given for the
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1. Introduction

assignment problems, time

In recent papers [1 ], [2], [ 10], we showed that many practical
assignment type problems can be solved almost completely by using
the linear programming relaxation of the problem. Thight bounds
for the number of non-unique assignments were given. The
remaining not uniquely determined assignments could be handled by
using a heuristic. We extensively described an application in the
area of distribution of beer in [1]. Moreover we mentioned some
applications in the area of LP-gas distribution, catalogue space
planning [ 7], and assignment problems [3 ]. In this paper we will
combine some of these results. We will discuss a time table
problem as well as the generalized assignment problem. Moreover
we will describe how dynamic bounds on the requested overcapacity
can be given which enable the classification of easy solvable
problems. Section 2 is devoted to the generalized assignment
problem. In section 3 we discuss certain types of time table
problems while the final section is used to make some concluding
remarks and describe some extensions.

2. The generalized assignment problem

In this section we treat the generalized assignment problem
(GAP) in order to introduce some of the basic ideas about solving
assignment type mixed integer problems by means of the linear
programming relaxation of the problem. For a more detailed
description we refer to

Suppose n jobs have to be assigned to m machines with restricted
capacity. Each job has to be assigned to at most one machine, but
machines can handle several jobs, as long as the capacity is not
violated. Let b i be the capacity of rna·chine i, and let aij be
the required capacity if job j is performed on machine i.
Moreover let Cij be the cost of executing job j on machine i.
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Finally let Xij be the 0-1 variable which equals 1 if job j is
assigned to machine i and 0 if not. Now the GAP can be formulated
as follows:

minimize

subject to

L ci' x. . J ij
J., J

(1)

i = 1, 2, ·.. , m ( 2 )

j = 1, 2, ·.. , n ( 3 )

i == 1, 2, ·.. , m (4 )

j = 1, 2, • •• I n

The linear programming relaxation of this pr6blem is obtained if
condition (4) is replaced by Xij > O. It is well known that the
original problem is NP-hard see e.g. [6 ]. Several heuristic algo
ri thms are deve loped to "solve" that problem we ref er to e. g. [4 ],
[ 7 ], [8]. We will show that in many practical situations the
L.P. relaxation produces a good starting solution for such a
heuristic.

Theorem 1
The number of non-unique assignments in the linear programming
relaxation of the generalized assignment problem is less than or
equal to the number of fully occupied machines.

Proof
Let us consider any b~sic feasible solution of the relaxed
problem. This solution will in general have a number of non
integer assignments. Let the number of nonzero slack activities
with ~respect to the capacity restrictions (2) be m l' So, the
number of fully occupied machines can be given by m2= m-ml' Now,
1 e t n 1 bethenu mbe r 0 f non - s p 1 itt e d j ob s , and 1 e t us den 0 t e by A
the average number of machines to which a splitted job is
assigned. So we have that Ie > 2. If we denote by n2 = n-n 1 the
number of splitted jobs. Then, the number of nonzero activities
equals

nl + Ie n 2 + m 1 = n + (A - 1 ) n 2 + m 1
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On the otherhand the number of constraints in the relaxed problem
and thus the maximum of nonzero variables is n + m. Consequently

this means that
m2

n2<--<m2
- >":"'1

since >.. > 2 o
Since the number of machines is in general small compared with
the number of jobs, this relaxed solution often yields a good
starting point for a heuristic which ass ignes the remaining
splitted jobs. In the practical problems we solved the heuristics
led to solutions that were within .1% of the solution of the
linear programming relaxation and thus withing .1% of the optimal
integer solution. For a rough description of a heuristic see [10] •
We also considered some problems which were of the typical
scheduling type, this means that the available overcapacity was
so small that in fact the problems seemed to be more or less of a
combinatorial type. For these problems it was necessary to
construct more sophisticated heuristics. In the following we will
describe a (dynamic) condition on the required overcapacity which
was used in the heuristics.
If the condition is satisfied it is easy to find Jeasible
solutions to the integer problem, starting from the solution of
the linear programming relaxation.

To illustrate the relevant ideas we consider a simplified version
of the generalized assignment problem for which a ij = aj for all
machines i. If for the overcapacity oc of all the machines, which
°is equal to oc = ~ bi - or: aj, it holds that

~ J

oc ~: (m- 1) a 1 ( 6 ,

then it is easy to find a feasible integer solution. We suppose~

here that the jobs are ordered according to there requested
capacity, so alis the biggest job, a2 the second biggest and so
on. Clearly conditions (6) enables the construction of a feasible
solution since in the L.P. relaxation at most (m-1' jobs are
splitted. They all have a capacity less than or equal to al • It
is easily seen that these (m-1) jobs can be assigned since the
overcapacity is sufficient.
Often so much overcapacity will not be available. However, if the
overcapacity equals

oc > (m-1) a*

with a* the largest splitted job that remains after the linear
programQing relaxation solution of the problem then it is also
easy to find a feasible integer assignuent. This means that if
only small jobs remain to be assigned, it is easy to find a
solution. Such a solution occurs some times in practice since for
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the big jobs it might be clear on which machine they have to be
performed. On the otherhand if the cost structure is not such
that the big jobs are directly assigned it will often happen that
the big jobs are splitted in the relaxed solutions because of
their size. In that case a heuristic can be developed, see [10J,
which incorporates in each iteration step a mixed integer option
of the computer package that is used to assign a small number of
big jobs. The assigned big jobs are fixated and the solution
procedure is continued with the remaining jobs. For a detailed
description see [1 OJ.

3. Time table problems

As we mentioned before the idea that was illustrated in the
previous section can be used in many more complicated practical
situations. We first used it in a decision support system for
location allocation problems within a brewery, see [lJ , [2J •
In this section we will show that similar results hold for time
table problems. Let us therefore consider a time table scheduling
problem as it occurred for planning of secundary schools in the
Netherlands where a solution for a so called clustering problem
is required.

There are s students each of which must choose a package of p
courses out of a set of c possible courses. The problem is to
make clusters of courses that are given at the same time. Each
course that is chosen by a student must be assigned to one of the
clusters. Of course each student should not be scheduled twice in
the same cluster. Moreover the classroom capacity m of the r
available classrooms can not be exeeded.

Let Xijk be the assignment variable which is equal to 1 if
student i who has chosen course j is assigned to
cluster k for this course, and 0 otherwise.

Zjk is an assignment variable which is equal to 1 if course
j is assigned to cluster k, and 0 otherwise.

lij is equal to one if student i has chosen course j, and
is 0 otherwise.

The above problem can now be formulated as: find a feasible
solution for the following pure integer programming problem

k
L Xijk lij i = 1 , • ••• I S ( 7 )

k=l j 1 , • ••• I C

c
L Xijk + xik 1 i := 1 , s ( 8 )·.. . ,
j=l k = 1 , · ... , k

s
L Xijk - In Zjk < 0 j 1 , • ••• I C ( 9 )

i=l k 1 , ·... , .k
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c
1: Zjk < r

j=l
Xijk E {O, l}

k = 1, •••• , k (10)

( 1 1)

Zjk E {a, 1} ( 12)

a separate paper [4], here we
that the clusters are known

have already be assigned 0 or
The above problem is clearly

A detailed study will appear in
restrict ourselves to the case
beforehand. Hence the variables Z

1, and satisfy the conditions (10).
of the following type.

maximize pt x + q t y ( 13)

A x + By b ( 14)
Dy = e ( 15 )

x > a ( 16 )

YiE { 0, 1} ( 17)

Where, y should be interpreted as a multiple choise type variable

n
1: Yij

j=1
= 1 i = 1, •••• , m

m

1: y ij
i= 1

+ Yoj j = 1, •••• , n

Now, the correspondence with the classroom scheduling problem
will be clear if A is the negative unit matrix corresponding to
the slack variable in the classroom capacity restriction (9). For
the above problem we can show (see [4]) that for any basic
feasible solution (~, y) of the relaxed problem, the number of
indices i that are assigned to indices j does not exceed the
number of restrictions involved in (14) minus the number of
nonzero x-components.

In terms of the classroom scheduling problem this means that the
total number of courses that are not uniquely assigned to
clusters does not exceed the number of fully occupied classrooms.

3. Conclusions and comments

We gave two examples of mixed integer problems which in practical
situations can be solved adequately by using the linear
programming relaxation. We also indicated a condition on the
requested overcapacity to call a problem easy. In several
practical situations it appeared that it was rather easy to find
practically acceptable solutions. For the classroom scheduling
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problem acceptable solutions were obtained just by adding at most
one student to a cluster. For a brewery problem as described in
[2], such practical solutions were obtained by a simple round off
of fractions, which meant practically that minor changes occured
in the throughput time of beer.

In a multi-period brewery problem with inventory control similar
results could be achieved. The lesson that can be drawn from this
study is that in many practical situations one can prove
beforehand that only a relatively small number of non-unique
assignments will remain after solving the linear programming
relaxation of the problem. Moreover, this solution proves to be a
good starting point for a heuristic. While the quality of the
solution can be judged by comparing ~t with the L.P. solution
which is lowerbound for the optimal integer solution.
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