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Summary 

In this research project, three topics related to the calculation of frame behaviour 
with semi-rigid joints have been investigated. The behaviour of beam-to-column 
joints crucially influences the structural frame response and should be modelled 
in frame analysis. Therefore, the influence of some beam-to-column 
representations on the force distribution and stability of steel frames are subject of 
research. The mechanical joint properties are described in a moment-rotation 
characteristic. Joints can be classified according to their strength or stiffness. 
Joints behaving semi-rigid/partial-strength are referred to as semi-rigid joints. One
bay, one-storey and one-bay, multi-storey frames have been selected for analysis. 
For calculating the frame force distribu
tions, the used types of frame analysis 
are summarised in the table below. The 
"reference analysis" is the second order
full type of frame analysis given in the 
table. This reference analysis is intro
duced to indicate the type of analysis 
which will predict the real frame 
response most precisely. 
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The first research subject is a method to perform a physical non-linear calculation, 
named as the "iterative secant stiffness method". The second deals with an 
idealisation of joint behaviour in frame analysis and is called the "half initial 
secant stiffness method". Finally, two methods to perform a second order 
calculation will be analysed. Comparison of frame force distributions as well as 
comparison of their basic principles form the way of investigating these subjects 
in this report. 

Joint characteristic: Full characteristic Half initial characteristic 
Analysis type: (multi-linear) (bi-linear) 
First order First order-full First order-half 
Second order Second order-full Second order-half 

There are two methods to do physical non-linear frame analyses. They are using a 
physical non-linear finite element program or physical linear finite element 
program and the "iterative secant stiffness method". Solutions from the first option 
are considered as best representations of reality. Whether solutions from the 
second possibility result in equal solutions or at least in a good approximation 
may be questioned. Solutions from both solving procedures are compared. For 
frame analysis, a second order-full type of frame analysis has been selected. The 
secant stiffness is taken from the full moment-rotation characteristic. This secant 
stiffness is used in the iterative solving procedure. The principle of the iterative 
secant stiffness method is estimating and adjusting iteratively a chosen secant 
stiffness. As soon as the solution converges, the frame force distribution is 
obtained. The solutions from the reference analysis and the iterative secant 
stiffness method are identical. For the calculated frames in ANSYS, the full 
Newton-Rhaphson solving procedure has been used. This procedure as well as all 
other appropriate solving procedures result in identical solutions. The iterative 
secant stiffness method is one of the alternative solving procedures. The 
application of the iterative secant stiffness method depends on the availability of 
suitable computer software. 

- 1 -



Half initial secant stiffness method 
The second research subject deals with 
the influence of a bi-linear idealisation 
of joint behaviour on the force 
distribution of steel frames. Eurocode 3, 
Annex J allows the half initial secant 
stiffness method as an alternative to 
take into account the full moment
rotation characteristic. For practical 
reasons, this method approximates the 

W [kN] 

! 

7,2 m 

W [kN] 

! 

full moment-rotation characteristic by a bi-linear idealisation. Whether this 
simplification is reasonable can be questioned. Both characteristics are applied to 
joints in frames. Frame force distributions from the reference analysis and a 
second order-half type of frame analysis are compared. Frame properties as joint 
properties, frame geometry and loadratio's have been varied for representing a 
wide range of frame applications. For the varied properties, solutions obtained 
with the half initial secant stiffness method remain an approximation to the 
reference analysis. The frame analyses show that a difference caused by the half 
initial secant stiffness method effectively disappears once the first hinge has 
formed. The increase of frame complexity by analysing the multi-storey frame 
does not affect the behaviour pattern of the joints differently. The more frame 
components involved in the frame behaviour, the less the overall difference will 
be. For engineering purposes, the bi-linear approximation of the half initial secant 
stiffness method is an appropriate method for representing the non-linear joint 
properties in frame analysis. 

REFERENCE ANALYSIS - HALF INITIAL SECANT STIFFNESS METHOD 

C 

Moments (kNmJ 

Amplification method 
The third research subject is the 
amplification method for second order 
elastic-plastic frame analysis. A second 
order frame force distribution can be 
obtained using a: 
• finite element program, including 

stress stiffening effects; 
• first order analysis with the 

amplification factor. 

A first order elastic-plastic frame analysis is allowed in Eurocode 3. The second 
order solution needs to be obtained through multiplication of the first order frame 
force distribution by the current amplification factor. This amplification factor 
depends on the elastic bifurcation load. In case of physically bi-linear frame 
analysis, this load changes after formation of each plastic hinge because of the loss 
of stiffness. When using the amplification factor, the critical buckling load has to 
be changed after each additional plastic hinge has formed. However, the 
amplification method is not intended for elastic-plastic frame analysis. Whether 
the amplification method continues to give a good approximation to the second 
order solution can be questioned. Two methods are suggested to perform such a 
frame analysis. Both methods result in identical solutions. The Adaptive 
Amplification Method is applied to a multi-storey frame analysing it with a first 
order-half type of analysis. Comparisons are made to the second order-half type of 
analysis. The deformations are predicted well. Comparison of moment solutions 
shows some differences in the level of accuracy. It is possible that the Adaptive 
Amplification Method will increase the moment while the moment should be 
decreased. For general assessment, further research is needed to clarify this 
method. 
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Foreword to the project 

This project is part of the research act1v1t1es in the field of steel structures. The 
European code for steel design is Eurocode 3, Design of steel structures. This 
document will become the standard for member countries of the European Union. 
Three aspects of joint behaviour in frames, allowed in this code, are subject of 
research in this report. They have been formulated in three major questions following 
from earlier research at the section Steel Structures of Eindhoven University of 
Technology. 

Because of the international significance of the subject, this project is executed as a 
combined project by the Structural Design department of the Faculty of Architecture, 
Building and Planning at Eindhoven University of Technology in cooperation with 
the Civil Engineering Department of Imperial College London. The project is carried 
out in the period May 2000 until June 2001. During the research, the author of this 
report stayed 6 months at Imperial College London. 

At the same time, the author has adopted this research as graduation project. This 
graduation results in obtaining the grade of "Ingenieur (ir)" and Master of Science 
(MSc) at Eindhoven University of Technology. 
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Chapter 1 Introduction 

1.1 Joints 

The properties of a beam-to-column joint as shown in figure l.la can be described 
using a model as given in figure 1.1 b. Mi;sd is the actual moment on the joint. This 
moment acting on a beam-to-column joint causes a rotation <l>Ect· Beam-to-column 
joint properties are usually shown in a moment-rotation characteristic as given in 
figure l.lc which describes the mechanical properties of the joint as given in Euro
code 3, Annex J. The characteristic is a design characteristic and therefore a repre
sentation of the real moment-rotation relationship as obtained in laboraty tests. The 
key joint properties are strength, stiffness and rotation capacity. Mi,Rd is the design 
moment resistance of the joint. S_i;ini represents the initial rotational stiffness and <l>cct is 
the design rotation capacity of the joint. The angle of the tangent on the non-linear 
moment-rotation (M-<I>) characteristic represents the actual rotational tangent stiff
ness (S) of the beam-to-column joint. A linear relation between moment and rotation 
(Si;inJ was generally found in experiments up to approximately 2/3Mi;Rd• For higher 
moments, the M-<j>-relationship exhibits non-linear behaviour. Si represents the secant 
stiffness corresponding to the moment MJ,sd• 

a) Joint b) Model 

Mnert 

s 

·urmus i 

c) Design moment-rotation characteristic 

Figure 1.1 Moment-rotation characteristic (Annex J) 

Joints can be classified according to their strength or stiffness. For joints classified 
according to their strength, the classification possibilities are full-strength, partial
strength and pinned. Classification according to stiffness includes the following pos
sibilities: rigid, semi-rigid and pinned. 

- 8 -



M [kNm] 

i 
M [kNm] 

i 
full-strength 

partial-strength 

pinned 

--1> ~ [rad] --I>~ [rad] 

Figure 1.2 Classification according to stiffness and strength 

Figure 1.2 shows both methods of classification. Joints acting in the semi
rigid/partial-strength domain are referred to as semi-rigid joints. These semi-rigid 
joints are the subject of this report. 

1.2 Frames 

In frame modelling, a distinction is made between braced and unbraced frames. 
Braced frames rely on a system of braced bays, stiff cores or shear walls to resist the 
applied lateral loading. The lateral resistance in unbraced frames is derived from 
frame action within the frame itself. The force distribution in the frames is deter
mined by a frame analysis. A frame can be considered as sway or non-sway. The dif
ference between non-sway and sway frames depends on the extent to which second
order effects are important. A frame may be classified as non-sway if its response to 
in-plane horizontal forces is sufficiently stiff for it to be acceptably accurate to ne
glect any additional internal forces or moments arising from horizontal displace
ments of its nodes. Application rules are provided in terms of either the design verti
cal load being less than 10% of the sway mode elastic critical load or, in the case of 
beam and column building frames, satisfying a lateral stiffness check. Various ap
proaches to frame analysis are possible. The frames used in this project are modelled 
as unbraced and sway. Figure 1.3 illustrates the well-known comparison between 
several different approaches for analysing a frame. Each approach provides a differ
ent response. The most important distinctions between the analysis methods are: 
• Linear elastic (physical linear) or plastic (physical non-linear); 
• first order (geometrical linear)or second order (geometrical non-linear). 

Elastic or plastic material behaviour reflects either physical linearity or non-linearity. 
A first order or second order calculation represent either geometrical linearity or 
non-linearity. 

The different frame analysis methods in the diagram are: 
1. 1st order elastic analysis (geometrical and physical linear behaviour); 
2. 1st order plastic analysis (geometrical linear and physical non-linear behaviour); 
3. 2nd order elastic analysis (geometrical non-linear and physical linear behaviour); 
4. 2nd order plastic analysis (geometrical and physical non-linear behaviour); 
5. 1'1 order elastic-plastic analysis (geometrical linear and physical non-linear be

haviour); 
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6. 2nd order elastic-plastic analysis (geometrical and physical non-linear behaviour). 
7. Elastic critical load; 

Plasticity may be introduced either at discrete plastic hinges or as gradually spread
ing plastic zones. Geometrical non-linearity, often referred to as second order effects, 
arises from the influence of compressive forces in enhancing frame deformations, 
leading to a magnification of the internal moments. 

F [kN] 

f 

F -
C 

--t> Displacements U [mm] 

Figure 1.3 Comparison of analytical modelling 

Second order approaches are more complex than first order approaches. Elastic mod
elling of frames is less complex than a plastic approach. After first order analysis, sta
bility checks have to be executed. When considering a frame analysis, the more com
plex the approach, the simpler the additional checks to be carried out are. 

1.3 Joints in frames 

The behaviour of a beam-to-column joint crucially influences the structural frame 
response and should be modelled in frame analysis. The joint behaviour can be taken 
into account using the actual non-linear design moment-rotation characteristic of the 
joint or using a linear or bi-linear idealisation using the (half) initial secant stiffness 
method. Another way of dealing with joint behaviour is the application of the itera
tive secant stiffness method. This iterative secant stiffness method is a solving proce
dure for obtaining the frame force distribution. In contrast with that, the (half) initial 
secant stiffness method is a simplified approximation to the full moment-rotation 
characteristic. Taking joint behaviour into account in a frame analysis can be done in 
different ways: 
1. Physical linear program with the iterative secant stiffness method (EC3); 
2a. Elastic joint behaviour using (half) initial secant stiffness method (EC3, Annex J); 
2b. Elastic-plastic joint behaviour using half initial secant stiffness method (EC3, An
nex J). 
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1. Physical linear program with the iterative secant stiffness method (EC3); 

In the case of a semi-rigid joint, its rotational stiffness S.i for use in the global analysis 
should generally be taken as equal to the value of Si, corresponding to the actual 
bending moment Mj,sd• This leads to an iterative procedure using the secant stiffness: 
the iterative secant stiffness method. The execution of this method starts with the 
assumption of a realistic stiffness S0 , as shown in figure 1.4. The assumed stiffness S0 

belongs to the joint moment M0 • The joint in a frame analysis is modelled with the 
stiffness S0• After the frame analysis, an actual joint moment M1 will be found. This 
joint moment M1 can be either greater or lower than moment M0 • If M1 is greater 
than M0 , the assumed joint was too stiff and a lower secant stiffness has to be used in 
the next iteration. However, if M1 is lower than M0 , a greater secant stiffness has to 
be used. The choice of the next secant stiffness will be the secant stiffness belonging 
tot the average of the chosen moment M0 and the found moment M1• 

M [kNm] 
~M, ______________ _ 

Mo > M 1 

increase S 

----t> ,0 [rod] 

I Mo ---------

So 

Figure 1.4 Iterative secant stiffness method [EC3] 

M 0 < M 1 

decrease S 

----t> 9J [rod] 

With the new secant stiffness, again a frame analysis has to be carried out. This itera
tive procedure has to be repeated until the assumed and calculated moments con
verge and only differ by an acceptable percentage. Annex J of Eurocode 3 offers al
ternatives for taking into account joint behaviour. 

2a. Elastic or plastic joint behaviour using (half) initial secant stiffness method (EC3, 
Annex J); 

• Elastic verification of the joint resistance up to 2/3M.i;Rd; the constant stiffness 
is taken equal to the initial stiffness S.i,ini· At the end of the frame analysis, it 
has to be checked that the design moment Mi;Sd experienced by the joint is 
less than the maximum elastic joint moment resistance defined as 2/3Mi;Rd 
(figure l.Sa) 

• Elastic verification of the joint resistance up to Mi;Rd; the constant stiffness is 
defined as Si,in/11. The stiffness modification coefficient 11 is 2 for beam-to
column joints. This idealisation of the rotational stiffness may be taken as 
Si,im/11 for all values up to the moment Mi,Rd as shown in figure l.Sb. 
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Mi,RI +------. 

2/3M j,Rl 

MJ,S:l 

<I> 

Figure 1.5 Elastic and plastic joint verification 

2b. Elastic-plastic joint design using half initial secant stiffness method (EC3, Annex J); 

The moment-rotation characteristic of figure 1.6 describes the half initial secant stiff
ness method with the addition of a horizontal plastic branch. The possible elastic
plastic idealisations are a range from bi-linear, through tri-linear representations up 
to the fully non-linear curve. 

Mi,R:I +------,..------~ 

4>Cd 

Figure 1.6 Joint modelling in an elastic-plastic frame analysis (EC3, Annex J) 

1.4 Methods of solving 

There are different methods to perform a frame analysis. A second order solution can 
be obtained using a: 
• finite element program, including stress stiffening effects 
• first order analysis with the amplification factor. The amplification factor needs a 

bifurcation analysis for obtaining the critical load. 

Physical non-linear frame behaviour can be analysed using a physical non-linear fini
te element program or the application of the iterative secant stiffness method. 
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1.5 Problem statement 

Paragraph 1.3 describes the iterative secant stiffness method as a solving procedure 
for taking into account joint behaviour. The half initial secant stiffness method is 
given as approximation to the full moment-rotation characteristic. It is a different 
approach to deal with semi-rigid joints in frame analysis. Questions are risen after 
analysing frame force distributions obtained from frames with semi-rigid joints. 

Joint characteristic: Full characteristic Half initial characteristic 
Analysis type: (multi-linear) (bi-linear) 
First order First order-full First order-half 
Second order Second order-full Second order-half 

Table 1. 7 Types of frame analysis 

The range of frame analyses is summarised in table 1.7. With respect to geometric 
non-linearities, the type of analysis can be a first order or a second order. Besides, a 
full moment-rotation characteristic or the half initial secant stiffness characteristic 
can be used. In fact, four possible analysis approaches can be adopted and are given 
in the table. Second order effects need to be taken into account. Therefore, a solution 
obtained from first analysis can be increased by an amplification method. 

The problem statement deals with three different issues: 
1. Methods to perform a physical non-linear calculation 
2. Idealisation of joint behaviour 
3. Methods to perform a second order calculation 

1. Methods to perform a physical non-linear calculation 

There are two possibilities to do physically non-linear frame analyses. These are: 
Physical non-linear finite element program and; 
Physical linear finite element program and the iterative secant stiffness method. 

Solutions from the first option are considered as best representations of reality. If 
solutions from the second possibility result in equal or at least in a good approxima
tion to the first may be questioned. 

2. Idealisation of joint behaviour 

Annex J (clause J.2.1.2.3b and 4) allows the half initial secant stiffness method as an 
alternative for taking into account the full characteristic. The full moment-rotation 
characteristic is approximated by a bi-linear characteristic. Figure 1.8 shows the half 
initial secant stiffness method with the full characteristic simultaneously. The stiff
ness is assumed as half the initial stiffness and the joint strength is chosen as the 
moment capacity Mi;Rd• 
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M [kNm] 

--<>~[rad] 

Figure 1.8 Half initial secant stiffness method 

The simplified characteristic does not approach the full characteristic well. This ap
proximation can influence the behaviour of the joints in frame analysis. Whether this 
simplification is reasonable can be questioned. 

3. Methods to perform a second order calculation 

A first order elastic-plastic frame analysis is allowed in Eurocode 3. The second order 
solution needs to be obtained using an amplification method. In that case, the first 
order frame force distribution has to be multiplied by this amplification factor. This 
amplification factor depends on the elastic bifurcation load. In case of physically bi
linear frame analysis, this load changes after formation of each plastic hinge. When 
using the amplification method in physical bi-linear frame behaviour, the critical 
buckling has to be changed in each stage of the structure. However, this amplifica
tion method is not intended for elastic-plastic frame analysis. Whether the amplifica
tion method continues with approaching the second order solution after formation of 
plastic hinges can be questioned. 

1.6 Approach to the problem 

The approaches taken are described in this paragraph. For a limited set of frames, 
analyses will be carried out. This enables us to answer the questions posed in para
graph 1.5. The problem statements are split up into three approaches and discussed 
in chapter 4, 5 and 6. 

1. The first problem statement deals with the iterative secant stiffness method. For 
frame analysis, a second order type of frame analysis is adopted. Therefore, the 
second order-full type of frame analysis is used, mentioned in table 1. 7. Frame 
force distributions are generated using a: 

Physical non-linear finite element program and; 
Physical linear finite element program and the iterative secant stiffness 
method. 

Both solutions will be compared. The iterative secant stiffness method is a solving 
procedure. Alternative solving procedures will be compared to this procedure. Fi
nally, the use of iterative secant stiffness method can be justified. 
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2. The second problem statement deals with the half initial secant stiffness method. 
Firstly, by plotting the bi-linear characteristic and the full characteristic simulta
neously, differences between the characteristics will be analysed. After that, the 
selected frames will be analysed taking into account second order effects. A 
physical non-linear type of analysis has been used. Referring to table 1.7, the 
frame force distributions are obtained using the following methods: 

second order-full analysis; 
second order-half analysis. 

Solutions will be obtained for one-bay by one-storey frames and multi-storey 
frames from both types of frame analysis. Eventually, the half initial secant stiff
ness method can be justified. 

3. The third problem statement deals with the amplification method in elastic
plastic frame analysis. The two analysed types of frame analysis in table 1. 7 used 
are: 

second order-half analysis; 
- first order-half analysis with use of amplification factor. 

The question is how to deal with the amplification factor in a physical non-linear 
frame analysis. This question is answered by comparison of solutions obtained from 
the two types of frame analysis. 

This report starts with an introduction to the project in this chapter 1. The problem 
statement is formulated and the approach to the problem is explained. Chapter 2 se
lects frames and joints for which the research can be executed. Chapter 3 describes 
the reference analysis. This chapter is written for two purposes. Firstly, the finite 
element calculations in the program ANSYS are clarified. Secondly, the role of the 
reference analysis in the project is explained. Chapter 4, 5 and 6 deal with each sin
gle problem statement, defined in chapter 1. Eventually, this report closes with con
clusions and the significance of the subjects discussed in this project. 
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Chapter 2 Selection of frames and joints 

2.1 Introduction 

2.1.1 General selection criteria 
This chapter describes the structures that are studied. The basic structure is obtained 
from a design procedure. This procedure has similarities to procedures used in 
practical design. In the next paragraph, this design procedure is given. 

In engineering practice, beam-to-column joints are applied to frames. Therefore, a 
commonly used structure needs to be chosen. Paragraph 2.2 generates a design 
example and deals with different types of frames in which the joints are 
implemented. 

The beam-to-column connections will be designed and their behaviour will be 
expressed in moment-rotation characteristics. Again, for practical applications, joint 
behaviour must be determined following design rules in Eurocode 3. Paragraph 2.3 
reflects on methods for the determination of moment-rotation characteristics. 
Furthermore, the used moment-rotation characteristics will be generated in the 
connection program CoP. 

The joints have to be modelled in a frame. Behavioural aspects of joints in frames are 
described paragraph 2.4. A logical combination of a frame and joints is arranged for 
analysis. The location at which the joint in the frame is modelled could be an 
important issue. Therefore, the influence of the connection length will be analysed. 

The research process can be characterised as a step by step approach. During the 
process, the complexity of the design example is increased. In the last paragraph, the 
different examples will be clarified following the research process. 

2.1.2 Design procedure 
The design procedure is used for obtaining a basic frame with joints. The frame and 
the joints represent a design example which can be used for research. The design 
procedure can be summarised as follows and is worked out in the paragraphs 
referred to: 

• Selection of realistic building frames 2.2.1 

• Estimation of dimensions of frame components 2.2.1 

• Determination of frame boundary conditions 2.2.2 

• Design of commonly used joints 2.3.3 

• Assessment of frame with loads 2.4.3 

The design procedure starts with the assumption of a regularly used structure. It is a 
steel structure and a frame is set free from the structure for investigation. The frame 
dimensions are adopted from this structure. The beam and column dimensions can 
be assumed from length and height design rules. When having the beam and column 
sections, a beam-to-column joint can be assembled. Eventually, with the assumption 
of a set of loads, the frame example is formulated in a model. 
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2.2 Frames 

2.2.1 Generation design example 
Figure 2.1 shows the chosen structure of a building in plan. This structure is used 
many times in engineering practice. It consists of a number of frames. They form the 
main structure. The plan in the figure can be applied for one-storey as well as multi
storey buildings. Therefore, a one-storey as well as a multi-strorey frame can be 
obtained from this structure. A commonly used planning module for buildings is the 
measure of 3.6 metres or a multiple of that. The frame dimensions of 7.2 m width 
and a 3.6 m height represent therefore a commonly used structure. An assumption of 
a distance of 2.4 m between the roof girders is the next step. I-sections and H
sections are generally used for beams and columns. An I-section is selected for the 
beam while an H-section is chosen for the columns. 
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" .. , 

root girder 

3600 
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HEA260 
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Figure 2.1 The assumed structure 
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The beam and column dimensions follows from design equations. The following 
dimension range can be used practically for beam depth hbearn: 
L L 

beam 2': hb 2': beam (Stichting kennisoverdracht SG (1993), P105) 
20 earn 40 

L 
heam = 360 mm results in an I-section of IPE360. 
20 

A commonly used combination of a column with this beam is an HEA260-section. 
Steel grade S355 is assumed which has a yield stress of 355 N/mm2

• On the basis of 
these properties, some variations in frames are made as described in the next 
paragraphs. 

2.2.2 Types of frames 
The chosen frame is a one-bay, single-storey frame. The beam and columns are 
connected with beam-to-column joints in the eaves of the frame. These beam-to
column joints are assumed to be classified as semi-rigid corresponding to the 
classification system in Eurocode 3. When assuming semi-rigid joints for the eaves, 
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three basic one-bay, one-storey frame configurations are possible. The models are 
drawn in figure 2.2 in which the springs represent the semi-rigid joints. 

spring 

frame A frame B frame C 

width width width 

Figure 2.2 Boundary conditions of frames 

The base supports of frame A are pinned. The base supports of frame B are taken as 
springs, representing a semi-rigid column base joint. Frame C has fixed base 
supports. A fixed solution for the base supports is not often used in frames because of 
its high costs. Frame B is a more commonly used frame in terms of the assumptions 
for stiffness and strength. Frame A is useful to investigate joint properties in frames 
in a more basic way. In this structure no effects other than additional beam-to
column connection behaviour are present. Once a certain level of understanding of 
the behaviour of frame A is achieved, frame B is taken for analysis. Eventually, the 
number of storeys is increased by adding storeys on top of frame B. 

2.3 Joints 

2.3.1 Theoretical methods M-cp characteristics 
The behaviour of the beam-to-column connections is complex and this makes 
modelling of their behaviour difficult. The complexity includes geometric 
imperfections, residual stress due to welding, stress concentration and local 
secondary effects such as panel zone deformation and strain hardening. A moment
rotation characteristic describes the mechanical behaviour of the beam-to-column 
joint. An M-cp characteristic is a mathematical expression of the relationship between 
the moment and rotation. Exact M-cp characteristics can be obtained from laboratory 
tests. However laboratory tests are expensive. To obtain M-cp characteristics without 
these tests, different models are in use for approaching the actual characteristic. 
Chan and Chui (2000) describe a classification system for moment-rotation 
relationships: analytical, mathematical and mixed models. In the analytical models, 
the characteristic is based on the physical characteristics of a connection. In the 
mathematical models, the relationship is expressed by a mathematical function, in 
which the parameters are determined by curve-fitting of test results. The mixed 
models combine the previous methods of modelling. A large number of different 
models have been generated in the last few decades. Several computer programs are 
available for the determination of the moment-rotation characteristics. For joints 
used in this project, a moment-rotation characteristic with the connection program 
CoP is determinated. 

2.3.2 The component method 
A large number of analytical models are available in the literature. One of them is 
used by most researchers. It is the component method and this method has been 
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2.3.2 The component method 
A large number of analytical models are available in the literature. One of 
them is used by most researchers. It is the component method and this 
method has been followed in Eurocode 3 Annex J (revised). The following 
steps can be identified in the application of the component method: 

1. Identification of the active components 
2. Evaluation of the mechanical characteristics of each individual basic 

component 
3. Collecting results of each individual component to the moment-rotation 

characteristic of the whole joint. 

The component method considers any joint as a set of individual basic 
components. Each of the components possesses its own level of strength 
and stiffness in tension, compression or shear. When evaluating these 
components, one of them will collapse first and determine the joint capacity. 

2.3.3 Obtaining M-<p characteristics 
The component method for obtaining moment-rotation characteristics has 
been implemented into several computer programs. One of them is the 
connection program CoP of ECCS BV Hoofddorp, The Netherlands. It is a 
program that calculates a moment-rotation characteristic in accordance 
with Eurocode 3 Annex J (revised). 

Figure 2.3 Properties beam-to-column joint 1 

4 

Figure 2 .4 Properties beam-to-column joint 2 
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Figure 2.5 Properties beam-to-column joint 3 

Figure 2.6 Properties beam-to-column joint 4 

The procedure of obtaining a moment-rotation characteristic can be defined 
as follows: 
1. Compose the beam-to-column joint in CoP. 
2. Run the analysis and the program starts checking if the design details 

match those required by the code. 
3. The connection program CoP calculates the moment-rotation 

characteristic according to the Eurocode 3 Annex J (revised) 
4. The characteristic is obtained and can be applied to a spring in the 

frame 

The layouts of the used beam-to-column joints are given in the figures 2.3 
till 2.6. The HEA260-section and IPE360 are connected with a bolted flush 
endplate beam-to-column joint. Four different joints have been used. They 
represent the full range of possible joint configurations. These different 
joints are obtained through variation of the joint dimensions or by the 
addition of stiffeners. The joints are single sided beam-to-column joints at 
the top of a column. Point of departure is an unbraced frame. 
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MOMENT-ROTATION CHARACTERISTICS 
obtained from connection program CoP 

300 -----------------------------

200 ---
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Rotation [rad] 

JOINT 2 

JOINT 1 

0.012 0.014 0.016 

Figure 2. 7 Moment-Rotation characteristics 

0.018 0.02 

Further details of the different joints are given in appendix XI. Figure 2. 7 shows the 
four characteristics obtained. Table 2.8 summarises the most important joint 
properties. The joints are numbered according to the numbers of the characteristics. 
The characteristics in figure 2. 7 are suitable for frame analysis and will be used in 
this project. 

T bl 2 8 J . a e omt properties 
Characteristic Initial stiffness SJ;ini 

[kNm/rad] 

Joint 1 19892 
Joint 2 30455 
Joint 3 40594 
Joint 4 90700 

2.4 Joint behaviour in frame analysis 

2.4.1 Location of connection 

Moment at the end of Moment 
initial stage capacity MJ;Rd 

[kNm] [kNm] 
75 111.5 

105 157.2 
125 185.8 
178 266.5 

The location at which the spring element is modelled should be determined. Figure 
2. 9 illustrates two possible locations. It can be stated that the actual connection is not 
located at the intersection of beam and column centroidal axes as illustrated in the 
right joint of the figure. The joint should be located as drawn in the left figure. That 
is, modelling the joint in the beam half the column depth from the intersection. In 
literature, this distance is named the connection length. The left figure has a non
zero connection length. The connection length is usually assumed to be infinitely stiff 
and can be selected from zero to any reasonable value according to the real 
connection layout and the precision requirements of the analysis. To model the joint 
with a connection length implies complications in frame analysis. Therefore, it is 
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preferable to model the joint without connection length. In this research, a zero 
connection length is assumed. The reason for neglecting the connection length will 
be clarified. 

I 
+ 
I 
I 
I 
I 
I 
I 

+4 

modelling with 
connection length x 

Figure 2. 9 The connection length 

modelling with zero 
connection length x 

The assumption that the connection is located at intersection of the centroidal axes 
results in overestimating structural frame response. The normally accepted 
assumption for the connection length is half the column section depth, when column 
local deformations are negligible. Li, Choo and Nethercot (1993) describe elastic 
analyses for zero length compared with non-zero length. They state that a zero 
connection length influences the column and beam end moments. Modelling without 
connection length does not change joint behaviour. For the on-bay, one-storey frame, 
the calculated column moment will be 7% higher than obtained from analysis with 
modelling a connection length. The value for the beam end moment is 3% and the 
horizontal deformation will be affected by 3.4%. The behaviour of the beam-to
column joints is subject of this research and therefore the influence of connection 
length is neglected. The joints are modelled with a zero connection length. 

2.4.2 Selected frames for investigation 
The intention of the one-bay, one-storey frame is to represent a part of a one-bay, 
multi-storey frame. The design example introduced in this chapter is varied in a 
number of alternatives. Five frames, varying from simple to complex, have been 
subjected to research. The range of selected frames is given in figure 2.10. One by 
one, they are discussed in the next paragraph. 
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Figure 2.10 Investigated frames 

Referring to figure 2.10, these frames are: 
1. One-bay, one-storey frame with equal joint behaviour at eaves; 
2. One-bay, one-storey frame with unequal joint behaviour at eaves; 
3. One-bay, one-storey frame with equal joint behaviour and loads at beam; 
4. One-bay, one-storey frame with equal joint behaviour, loads at the beam and 

with semi-rigid column base joints; 
5. One-bay, multi-storey frame with equal joint behaviour, loads at beams and semi

rigid column base joints. 

The selected frames summarised in figure 2.10 will be clarified. They behave slightly 
different. 

1. One-bay, one-storey frame with equal joint behaviour at eaves; 
The loads have been selected in accordance with the building dimensions of figure 
2.1. The use of this set of loads can be considered as a more academic model because 
of the missing vertical beamloads. Analysis of this frame has to give insight in frame 
behaviour. For the left and right springs, equal M-<p characteristics are applied to the 
frame. 

2. One-bay, one-storey frame with unequal joint behaviour at eaves; 
In the majority of the beam-to-column joint applications, the connection is designed 
for tension on top and compression at the bottom of the joint. Practically, this means 
to provide more bolts for tension at the top of the beam. The joint configuration will 
not be symmetrical. The M-<p characteristic differs for positive and negative rotations. 
In the frame, two different moment-rotation characteristics are used in the frame. 
One of them represents positive rotations and the other is valid for negative 
rotations. The left joint has a higher plastic moment capacity than the right joint. 

3. One-bay, one-storey frame with equal joint behaviour and loads at beam; 
Beam loads are added to the beam and this frame represents therefore a more 
realistic example. Both joints will rotate positively. Therefore, equal M-<p 
characteristics have been used. Through application of beamloads, the beam 
behaviour interacts differently with the joints and columns than in previous frames. 
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When analysing this frame, a sway mechanism as well as a beam mechanism can 
cause frame collapse. In the selected frame, the beam is much stiffer than the joint. 
The loads of the structure in figure 2.1 have been used. When selecting a realistic 
combination of loads F and W, a beam mechanism will not appear. 

The frames explained so far are not modelled with column base joints. Frames 
without column base joints are not commonly applied in engineering practice. 
Therefore, a column base joint will be added to the frames. 

4. One-bay, one-storey frame with equal joint behaviour, loads at the beam and with 
semi-rigid column base joints; 

Semi-rigid column base joints are included in the fourth frame of figure 2.10. Base 
joint stiffness is available from the fixation of the column support to the foundation. 
This extension of active frame components results in more complicated frame 
behaviour. 

5. One-bay, multi-storey frame with equal joint behaviour, loads at beams and semi-
rigid column base joints. 

It is a one-bay, multi-storey frame. A multi-storey frame has more possible plastic 
hinge locations. The different joint modelling methods, which are subject of this 
research, can also be analysed in advanced frames like this multi-storey frame. 

The frames present here have been used for frame analysis and form a limited 
number of possible frame configurations. These selected frames are sufficient to 
answer the research questions. 
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Chapter 3 Reference analysis 

3.1 Introduction 
The structural force distribution of the frames is going to be determined. The force 
distribution needs to be subjected to observation and can be obtained from different 
analysis methods. These methods are combined with a joint modelling method. The 
used combination of these methods are desribed in table 1.7. 

The selected frames will be analysed with finite element calculations. These 
calculations are executed in the FEM-program ANSYS version S.S. The representation 
of the frame in an ANSYS model will be explained in paragraph 3.2. Besides, the 
activated way of modelling plastic hinges is described. At the end of this paragraph, 
the representation of the analysis solutions will be clarified. 

The core of this project is to compare different frame analyses to one another. One of 
them is a solution subjected to investigation whereas the other is considered as the 
most precise approach to real behaviour. This real behaviour is the reference 
analysis. The properties belonging to the reference analysis are explained in 
paragraph 3.3. 

Paragraph 3.4 discusses the behaviour of the reference frame analysis. For to obtain 
such a reference solution, the second order elastic-plastic frame analysis method is 
used. The principle of these examples explained in paragraph 3.4 can easily be 
extrapolated to any other reference frame. Appendix I documents detailed the frame 
analyses methods in ANSYS. The appendix is provided with the complete imput-files. 
In conjunction with the ANSYS manuals, the frame analyses can be reproduced. 

3.2 Modelling reference frame in ANSYS 

3.2.1 Representation of mechanical model 
The frame in figure 3.1 has been selected for the explanation of the reference frame 
analysis. The finite element model of figure 3.2 can be the representation of the 
frame. This frame is used for analysis and the model is build up with ANSYS finite 
elements. The model exists of two different elements. Linear beam elements as well 
as non-linear spring elements have been used. The beam element represents the I
section or H-section properties for the beam or columns. The non-linear spring 
elements are used to model the joints and plastic hinges occuring in the beam. 

F [kN] l 
xF [kN] 

D 

A B 
Elastic Bending Moment Diagram 

Figure 3.1 One-bay by one-storey frame 
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The FEM model in figure 3.2 consists of 17 beam elements and 6 non-linear spring 
elements. The column has been modelled with 4 elements while the beam is 
described with 9 elements. This number of elements will give sufficiently accurate 
results in second order calculations. The non-linear spring elements have been 
arranged for taking into account the joint properties. The obtained moment-rotation 
characteristics in previous chapter are applied to the springs. Spring element 18 and 
19 describe base column joint behaviour. The springs at the eaves are modelled with 
the moment-rotation characteristics obtained in CoP. The springs in the beam at the 
loaded points have been set up with rigid-plastic spring characteristics in order to 
model plastic hinge properties. The reason will be motivated in the next paragraph. 

F [kN] l W=F/5 W=F/5 F [kN] j 
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Figure 3.2 FEM model in ANSYS 

3.2.2 Modelling plastic hinges 
In ANSYS, there are two ways of modelling plastic hinges, namely by means of 
elastic-plastic beam elements or by means of rigid-plastic spring elements. Modelling 
a plastic hinge with elastic-plastic beam elements requires a very fine mesh. The 
reason is that the beam element calculates only exact plastic solutions for constant 
bending moments over the length of the element. In principle, the influence of 
normal and shear forces on the plastic moment capacity can be modelled provided 
the beam element has a sufficiently large number of integration points over the 
height of the member. The beam and column behave elastically until first yield 
occurs in the outer fibers, after which a plastic hinge gradually develops. The 
modelling of a plastic hinge with a rigid-plastic spring element does not require a 
very fine mesh, but can only be used when the position of possible plastic hinges is 
know in advance. The influence of normal and shear forces on the plastic moment 
capacity cannot easily be modelled. Using this method, the beam elements between 
the rigid-plastic elements are provided with linear-elastic material properties. The 
frame collapses by spring plastification. This means that the beam and column 
behave elastically until the full plastic moment is reached and instantaneously form 
in the spring element. For the analysed frames, the influence of normal and shear 
forces have been neglected. In this research, it was chosen to model the plastic 
hinges with spring elements, because this method results in much shorter running 
times. 
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3.2.3 Representation of member properties 
The I-sections are described with the ANSYS element BFAM23 2-D Plastic Beam, 
provided with elastic bending properties. For the springs, the COMBIN39 non-linear 
spring is used. This element is able to describe the non linear moment-rotation 
characterstics. The right use of the elements needs to be justified. This is done in the 
appendices II and III for successively the I-sections and the joint characteristics. Using 
a special procedure, the beam element describes the exact behaviour of the !
sections, as reported in appendix II. 

3.3 Properties reference frame 

The frame analysed in this paragraph has been modelled with properties 
characteristic for the reference frame analysis. Referring to paragraph 1.7, the 
properties result in solutions with the second order-full type of frame analysis. 
Properties given in this paragraph will fit with this type of frame analysis. In figure 
3.3, the properties have been illustrated in a diagram. It consists of non-linear 
characteristics for the base joints, eaves joints and the beam springs. 

M [kNm] 

1361.75 

200 

157.2 

105 

beam 

34000 x 1 o' kNm /rad 

base joint 

eaves joints 

23000 kNm/rad 

30000 kNm/rad 
--I> yJ [rod] 

Moment-Rotation characteristics spring elements 

Figure 3.3 Physical element properties 

The dimensions of the frame are in accordance with the selected frame in chapter 2. 
The properties of the reference frame can be summarised as follows: 

a 

w 
Height 
Width 
Steel grade 
Eaves joints 

Column base 

Springs in beam 

= 0.15 
= F/6 
= 3.6m 
= 7.2m 
= S355 
= Full moment-rotation characteristics obtained from CoP, the 

full characteristic is modelled multi-linear in ANSYS 
= Bi-linear characteristic, sini;pred = 23000 kNm/rad; 

M5;Rd = 200 kNm 
= Bi-linear characteristic, MP1 = 361.75 kNm, 

S = oo (34000-103 kNm/rad) 
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Beam 
ly;beam 

Wy;pl;beam 

Column 
ly;beam 

Wy;pl;beam 

lb/Jc 

Mpl;beam 

Mµl;oJ!11mn 

= IPE360 
= 16270-104 mm4 

= 1019000 mm3 

= HEA260 
= 10450-104 mm4 

= 919771 mm3 

= 1.56 

= 355 · 1019000 = 361.75 kNm 
= 355 · 919771 = 326.50 kNm 

In a column base joint, stiffness is always available. Therefore, the column base joint 
stiffness is obtained from the preliminary prediction method for column-base stiffness 
described in (Wald; Bauduffe; Sokol). This method is given in appendix IV. This 
prediction method predicts a minimum column base stiffness. The calculated column 
base stiffness is 23000 kNm/rad. The column base strength is assumed at a moment 
capacity of 200 kNm. In this paragraph, four reference analyses are given. They differ 
by using another moment-rotation characteristic for the eaves joints. This means, the 
reference frame has been varied with four different moment-rotation characteristic 
for the eaves joints which are given in figure 2.7. 

3.4 Behaviour reference frame 

3.4.1 Representation of results 
The frame calculation takes place in a number of loadsteps. The applied load 
increases step by step and the solution will be calculated in each loadstep. ANSYS 
can store the solution of each loadstep. The solutions can be plotted in a load-history 
diagram. Frame analysis solutions are obtained from ANSYS and imported in EXCEL. 
This spread-sheet program generates diagrams. Two different types of diagrams have 
been used in this report. These are the load-deformation diagram and the moment
load diagram. The model in figure 3.1 has been analysed for four different variations. 
The solution of these four different frame analyses are plotted in figure 3.4 and 3.5 
and describe the way of representing results. All frame solutions in this project are 
visualised using these types of diagrams. 

The first diagram is a load-deformation diagram. The remaining three diagrams are 
moment-load diagrams. In these three diagrams, the moment solutions for the eaves 
joints, the column base moments and the beam moments E and F are illustrated. 
Apart from the eaves characteristics, the remaining frame properties stay the same. 
When providing moment-rotation characteristic 4 for the eaves joint, the strongest 
frame will be found. Using moment-rotation characteristic 1, the weakest frame will 
be found. 

3.4.2 Behaviour one-bay, one-storey analysis 
When assessing the frame in load steps, the plastic hinges will form one by one. As 
can be seen in figure 3.6, a certain sequence of plastic hinge formation is found. In 
the four examples, the right eaves joint behaves plastic as first. The evidence can be 
found in the moment-load diagram of the eaves joints given in the figures 3.4 and 
3.5. The moment increase for the right eaves joint terminates first. 
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Figure 3.4 The reference analysis solutions 
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The next plastic hinge forms in the right base joint. Further, in the left base joint, the 
third hinge is found. Eventually, the last hinge forms in the beam. In the stage after 
the first hinge is formed, the left eaves joints rotate reversely. This results in the two 
subsequent bending moment diagrams. The left eaves joint remains to behave with 
an initial stiffness. Therefore, the joint behaves conservatively and the direction in 
which the joint rotate does not affect the joint behaviour. 

For assessing the frame, more than 200 load steps have been executed for getting the 
solution. Due to convergence problems, the analysis terminates after formation of the 
third hinge. The lack of a complete solution until the ultimate load is not that a 
problem, because of the possibility to follow the behaviour of the eaves joints. The 
research question can be answered using these solutions. Therefore, to spend more 
energy in obtaining more accurate results is not necessary for this project. 
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Figure 3.5 The reference analysis solutions 
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Figure 3.6 Behaviour 2nd order elastic-plastic frame analysis 
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Chapter 4 Validation iterative secant stiffness method 

4.1 Introduction 

This chapter deals with the validation of the iterative secant stiffness method. There 
are two methods for solving a frame physically non-linear. The two methods are 
analysing the frame: 
1. physically non-linear or; 
2. physically linear with the iterative secant stiffness method; 
The first method is used in a physically non-linear program. The second method can 
be used in a physically linear program. This second method is analysed. 

Solutions obtained from the iterative secant stiffness method will be compared with 
the reference analysis, described in chapter 3. Referring to table 1. 7, the second 
order-full type of analysis has been arranged for both analyses. The secant stiffness 
for the iterative secant stiffness method is obtained from the full moment-rotation 
characteristic and applied to the joints in the frame analysis. For the reference 
analysis, the joints have been modelled with the full moment-rotation characteristic. 

The principle of the iterative secant stiffness procedure is described in paragraph 1.3. 
Paragraph 4.2 demonstrates the way of using the iterative secant stiffness method in 
this research. An alternative method to the iterative procedure is suggested in 
paragraph 4.3. In paragraph 4.4, a comparison of the iterative secant stiffness 
method with the reference analysis is made. The iterative secant stiffness method has 
similarities with other existing solving methods. The relations between those 
methods are described in paragraph 4.4. The last paragraph concludes this chapter 
with the validation of the iterative secant stiffness method. 

4.2 Procedure iterative secant stiffness method 

Obtaining the frame force distribution starts with subjecting the frame to a load case. 
After the numerical analysis, the frame force distribution is obtained. The iterative 
secant stiffness method is a possible solving method. When using this solving 
method, the solution can be found with the following procedure: 
• Assume a secant stiffness in the characteristic. Figure 4.1 shows a possible secant 

stiffness. The linear line intersects the full characteristic and the associated 
moment is found; 

• Apply this secant stiffness to the joint in the frame; 
• Obtain the frame force distribution; 
• Compare the joint moment from the obtained force distribution with the moment 

in the characteristic of figure 4.1. These moments will differ but need to be 
approximately the same for having the correct frame force distribution; 

• Assume a new moment in the characteristic. This moment must be closer to the 
joint moment appeared in the previous frame analysis. It can be fixed by taking 
the average of the initially chosen moment and the appeared moment after the 
analysis. A variant for estimating the secant stiffness is taking the appeared 
moment after the analysis. The moment with the current secant stiffness is fixed 
by successive substitution. The new secant stiffness in the characteristic can be 
applied to the joint in the frame. 

• Again, the frame force distribution can be obtained. 
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This procedure has to be repeated until the assumed moment converges with a 
certain accuracy to the calculated moment. As soon as this happens, a reasonable 
solution of the frame force distribution has been found. A generally recognised 
convergence criterion is 1 % of the assumed moment. 

Moment-Rotation characteristic 
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Figure 4.1 M-cp characteristic iterative method 

4.3 Alternative procedure iterative method 

4.3.1 Iterative method in ANSYS 

0.02 

The iterative procedure requires several analyses after which the solution is found. 
The finite element program ANSYS has a useful tool by which the solving procedure 
can be shortened. Using this, an alternative procedure can avoid the execution of 
iterations in this project. The reason for this alternative will be motivated. 
The frame is subjected in ANSYS to a number of loadsteps and the overall frame 
behaviour up to its ultimate capacity is of concern rather than a certain load level. In 
each loadstep, the joint moment is known. As usual for the iterative method, a 
moment and secant stiffness is chosen and applied to the joint. After solving the 
problem, this assumed moment will appear to the joint in a certain loadstep. The 
results in this loadstep form the solution for the assumed secant stiffness and 
moment. A solution with the iterative secant stiffness method is obtained. 

4.3.2 Alternative procedure 
The alternative procedure consists of the following steps: 
• Assume a secant stiffness with a moment in the characteristic. Again, figure 4.1 

illustrates a possible secant stiffness with associated moment; 
• Apply this secant stiffness to a joint in the frame; 
• Obtain the solution in a reasonable number of loadsteps. The number of 

loadsteps depend on the convergence criterion; 
• Search the loadstep in which the assumed moment of figure 4.1 appears in the 

joint. This loadstep is a valid solution for the assumed secant stiffness and 
moment. Remaining loadsteps are only mathematical solutions without a physical 
meanmg. 
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The illogical sequence of analysing the frame is in contrast with the normal 
procedure with a load case as point of departure. Indeed, the iterative procedure 
remains when the frame has to resist a certain load case. Thus, this alternative 
procedure is in use only for the validation of the iterative secant stiffness method in 
this project. This approach can be seen as an alternative to the iterative secant 
stiffness method to avoid iteration. 

4.4 Comparison iterative secant stiffness method - reference analysis 

4.4.1 Properties frame analysis 
Solutions obtained from the iterative secant stiffness method are compared with the 
reference analysis. The frame of figure 2.9 has been chosen for comparison. Solutions 
for the iterative secant stiffness method have been generated using the procedure in 
paragraph 4.3.2. 
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Figure 4.2 Moment-Rotation characteristics 
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It is not necessary to analyse the overall frame behaviour up to its ultimate capacity. 
The eaves joints are modelled with the moment-rotation characteristics of figure 2.3. 
These four characteristics are illustrated in figure 3.2. Four moments in each 
characteristic have been assumed for representing some solutions using the iterative 
method. In each characteristic, following from the assumed moments, four secant 
stiffnesses are given. The frame is varied with these secant stiffnesses and this results 
in 16 solutions. 
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The following properties are applied to the frames: 
Base joints : Bi-linear characteristic, Sini;pred = 23000 kNm/rad, 

MJ;Rd = 200 kNm 
Springs in beam : Bi-linear characteristic, Mr1 = 361,75 kNm, S = oc 

Left eaves : Full characteristic, reason is clarified below 
Right eaves : Different secant stiffnesses, shown in figure 3.2 
The left eaves is modelled with the full moment-rotation characteristic. The reason 
for that is that when analysing the frame, the joint moment in the left eaves remains 
low. The joint moment stays below 2/3MJ:Rd• Knowing this and for practical reasons, 
the full moment-rotation characteristic has been used. 

4.4.2 Comparison of solutions 

In this paragraph, solutions obtained from the iterative secant stiffness method will 
be compared with solutions from the reference analysis. These solutions are plotted 
together in diagrams. The full set of results is given in appendix V. It consists of a 
load-deformation diagram and load-moment diagrams for the eaves joints, column 
base joints and plastic hinge locations at the beam. The load-deformation diagram 
and the right eaves moments are selected for reproduction in this paragraph. They 
are given in the figures 4.3 and 4.4. In these diagrams, the lines represent the 
solutions of the reference analysis. The dots are the 16 solutions obtained from the 
iterative secant stiffness method. 
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Figure 4.3 Load-deformation diagram 

The solutions of the reference analyses and the solutions of the iterative secant 
stiffness method are identical. Because of similar solutions, the solving method of 
ANSYS must deal with similar principles as the iterative secant stiffness method. 
Therefore, to search for similarities, some existing solving methods will be 
considered briefly in the next paragraphs. 
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4.4.3 Comparison of solving methods 

300 

This paragraphs confirms the equality of the solutions from the iterative secant 
stiffness method and solutions from ANSYS. The properties of the iterative method 
and related solving procedures can be summarized as follows: 
• The iterative secant stiffness method, uses a secant stiffness which is chosen by 

division of assumed and calculated moment (given in paragraph 4.2). Another 
approach might be to use a secant stiffness which is chosen by successive 
substitution. (Bakker, M.C.M. (2000)) Those approaches are alternative to the 
iterative secant stiffness method; 

• The full Newton-Raphson procedure, uses actual tangent stiffness in each 
iteration (ANSYS theory manual). Alternatives on the Newton-Raphson 
procedures are the modified Newton-Raphson and the initial stiffness solving 
procedures. 

The two alternatives to the iterative secant stiffness method result in identical 
solutions. The possible difference can be that one of them will converge faster and by 
a higher applied load. For the frame analyses in ANSYS, the full Newton-Raphson 
procedure has been used. As can be seen, there are some differences in dealing with 
the stiffness for the solving methods. Eventually, using any one of these procedure, 
the procedure must lead to the same solution. This confirms the equality of solutions 
in previous paragraph. 
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4.5 Concluding remarks 
Using the finite element program ANSYS, the iterative procedure of the iterative 
secant stiffness method can be replaced by an alternative procedure. This alternative 
procedure is shorter and only useful for investigation in this project. When using the 
iterative secant stiffness method for any purpose, the iterative procedure is still 
necessary. 

The frame force distributions obtained for both solving methods show an identical 
behaviour pattern. The application of the iterative secant stiffness method as solving 
procedure result in identical solutions in comparison with other solving procedures. 
The solving procedures are: 
• variants on the Newton-Raphson procedure as the Full, the modified and the 

initial stiffness Newton-Raphson procedures; 
• variants on the iterative secant stiffness method. The first variant is estimating 

the stiffness using the average of the initially chosen and appeared moment. The 
second variant uses the appeared moment after analysis for the secant stiffness 
which is called successive substitution. 

All variants to the solving procedures are alternative solving procedures which result 
in identical solutions. The comparisons of solutions using the iterative secant stiffness 
method in a second order analysis with the reference analyses confirm this equality 
of the different solving methods. It is reasonable to extend this conclusion for the 
other types of frame analysis. 
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Chapter 5 Validation half initial secant stiffness 
method 

5 .1 Introduction 
The validation of the half initial secant stiffness method is subject of this chapter. 
This joint modelling method approximates the full moment-rotation characteristic by 
a bi-linear characteristic. This simplification is valuable for practical reasons. 
However, when applied in frame analysis, does the bi-linear characteristic 
approaches the non-linear characteristic to an acceptable level of accuracy? 

The frames in this chapter are analysed taking into account second order effects. 
Referring to table 1. 7, the following types of frame analyses have been used: 
• Second order-full 
• Second order-half 
The first is taken as reference analysis and is explained in chapter 3. The solutions 
obtained from a second order type of frame analysis with the half initial secant 
stiffness form the second order-half type of frame analysis. The difference between 
both types of frame analysis can be observed by comparison. Solutions will be 
obtained for one-bay by one-storey frames as well as for multi-storey frames. 

The full characteristic and the half initial characteristic themselves are compared in 
paragraph 5.2. Further, the half initial secant stiffness method is analysed as applied 
in frame analyses in paragraph 5.3 and 5.4. Fifteen comparisons have been made for 
one-bay by one-storey frames. One comparison has been made with a multi-storey 
frame. Paragraph 5.5 concludes this chapter with the justification of the half initial 
secant stiffness method. 

5.2 Considerations to M-<j> characteristics 

5.2.1 Full M-<j> characteristic - half initial M-<j> characteristic 
This paragraph reflects on the bi-linear approximation of the full moment-rotation 
characteristic using the half initial secant stiffness method. An EC3 characteristic and 
the bi-linear characteristic have been plotted together in the diagram of figure 5.1. 
Taken from figure 2.7, joint 4 is used as example in this figure. 

It can be observed, depending on the location in the bi-linear characteristic that the 
tangent stiffness is underestimated or overestimated. Figure 5.2 will be used for 
further considerations to the stiffness. There are three situations for the differences. 
They are stiffness: 

• underestimation (<!><<l>ini and <p 1 <<p<<p2). As can be seen in the figure, Eurocode 3 
Annex J allows the initial stiffness linear up to 2/3 M.i;RJ· In this domain, the half 
initial secant stiffness characteristic is assumed as half the initial stiffness. Up to 
2/3 M.i;Rd of the bi-linear characteristic, the joint stiffness is lower approached and 
therefore underestimated; 

• equality (<p><p2). When the full characteristic reaches the moment capacity M.i;R,i, 

the joint rotates with <pz, the characteristics behave both plastic and the stiffnesses 
are zero; 
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• overestimation (<l>ini<cj><cj>1). In this domain of the figure, the magnitude of the 
differences vary. The overestimation starts after rotation <l>ini· 
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Figure 5.1 Half initial secant stiffness characteristic 

5.2.2 Definition maximum overestimation 

0.014 0.016 

In stead of underestimations of joint behaviour, overestimations will result in unsafe 
predictions sooner. It can be expected that the differences between the bi-linear and 
the half initial characteristics should relate with one another in figure 5.2 but when 
applied in frame analysis too. Therefore, the maximum overestimation will be 
defined as an important quantity. Using figure 5.2, three different approaches for the 
definition will be given. These are considerations to the stiffness, the moments or the 
rotations. 
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----t> 9) [rad] 

Figure 5.2 Different stiffness estimations 

- 38 -



• Stiffness; The linear line with the angle S.i;in/2 represents the modelled stiffness 
up to rotation 4>1. The actual stiffness is the tangent stiffness of the full moment
rotation characteristic, drawn for the rotation 4>1. The tangent stiffness and 
stiffness Si;in/2 are equal for <l>ini· By further rotation of the joint, the angle of the 
actual tangent stiffness becomes increasingly smaller than Si;in/2. This difference 
reaches a maximum just before 4>1 in the joint appears and is characteristic for the 
maximum stiffness overestimation. 

• Moment; The diagram in figure 5.2 shows by comparing the full characteristic 
with the half initial secant stiffness method that the maximum difference in 
moment appears when 4>1 is reached. The real moment is M.p1, while the half 
initial secant stiffness method predicts Mi;Rd• The maximum difference can be 
defined as M.i;Rd - M<1>1 · 

• Rotation; When analysing the approximated rotations, the maximum difference 
occurs when the joint reaches a moment just before Mj;Rd in the bi-linear 
characteristic. The rotation for this moment is 4>2 for the full characteristic while 
the half initial secant stiffness method predicts a rotation 4>1, for which the 
stiffness S.i;in/2 can be used yet. 

In this study, the moment approach has been used. The stiffness and rotations are 
derivatives of the moment and can be calculated easily afterwards. The definition of 
differences between the full characteristic and the bi-linear characteristic give insight 
in the pattern of approximation. This pattern should be traced in the behaviour 
pattern of frame analysis. When using the half initial secant stiffness characteristic in 
frames, the maximum overestimation should result in maximum overestimation of 
the frame force distribution. 

5.3 One-bay by one storey frames 

5.3.1 Properties frame analysis 
The fourth frame from paragraph 2.4.2 has been selected for investigation in this 
paragraph. This is a one-bay by one-storey frame with equal joint behaviour, loads at 
the beam and with semi-rigid column base joints. The frame is loaded with vertical 
column- and beam loads plus a horizontal load located at the left eaves. Together 
with its behaviour, this frame is given in figure 5.3. 
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The frame is analysed using the second order-half approach obtained from table 1.7. 
With respect to geometrical non-linearities, the frame is analysed taking into account 
second order effects. The following properties have been applied to this second order
half type of frame analysis: 

a = 0.15, W = F/6, 
Height= 3.6 metre, Width = 7.2 metre 
Eaves joints = bi-linear moment-rotation characteristic 
Column base stiffness = 23000 kNm/rad, Mi;Rd = 200 kNm 
Beam = IPE360, Column = HEA260 
Relation between beam and column stiffness: Ii/le = 1.56 

The base joint moment-rotation characteristic has been obtained from Wald his 
preliminary prediction method and remains the same for all frame analyses. This 
prediction method is described in appendix IV. The characteristic for the base joint is 
given in figure 3.4. For the frame behaviour, the behaviour pattern of the reference 
frame in chapter 3 can be used. This reference frame behaves similar. 

5.3.2 Variation frame properties 
When analysing one frame, a solution in a specific case for a specific situation will be 
found. For general assessment, we need to generate an overall view to the joint 
modelling method in a wide range of possible applications. Therefore, some of the 
frame components are varied. The varied frame properties are: 
• Joint properties 
• Geometry 
• Load ratio a. 

Firstly, the joint properties have been varied. The four moment-rotation 
characteristics are obtained from figure 2.3. Each characteristic relates to a beam-to
column joint. They represent the full range of possible connections for the assumed 
beam and column. The strongest, characteristic 4, is a joint assembled with stiffeners 
as upper bound possibility while joint 1 represents the weakest solution possible. 

Secondly, variations to the geometry have been executed. The geometry of the 
frames in figure 5.3 is varied according to the 6 combinations of table 5.4. Figure 5.5 
illustrates the different frames in proportion to each other. 

Frame height Frame width Width/height 
[ml [ml 

1 3.6 3.6 1.0 
2 3.6 7.2 2.0 
3 3.6 10.8 3.0 
4 1.8 7.2 4.0 
5 5.4 7.2 1.33 
6 9.0 7.2 0.8 

Table 5.4 Geometry variables 

Frame analysis 2 in table 5.5 is the basic frame with the geometry of 7.2 metre width 
and 3.6 metre height. Apart from the geometry properties, the magnitude of loads, 
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Jomt properties, beam stiffness, column stiffness remains constant. The chosen 
dimensions are in proportion to frame 2, the basic frame and represent a wide range 
of frame applications. When changing the frame dimensions the stiffness relations 
between joint stiffness and member stiffness will be covered. It should be noted that 
not all varied frames represent practical applications. These solutions can be 
considered as more mathematical and are investigated as exceptional cases. 

basic frame 

Figure 5.5 Geometry frames 

Eventually, the load ratio a, the relation between the vertical and horizontal load 
shown in figure 5.3, will be varied. Of course, the horizontal load aF represents 
windload, but is arranged for taking into account imperfections affecting second 
order effects. The a-factors are taken as 0.1, 0.15, 0.2, 0.3 and 0.5. 

5.3.3 Comparison half initial secant stiffness method - reference analysis 
The comparisons will be described in this paragraph. The diagrams in figures 5.6, 5. 7 
and 5.8 illustrate five variations with the a-factor. These diagrams represent only a 
selection of the full range of varied frames. Figure 5.6 describes the load-defamation 
behaviour of the frame. The diagram in figure 5.7 illustrates the left eaves moment 
behaviour while figure 5.8 represent the moment behaviour in the right joint. 
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The results of the reference analysis are drawn thick lined and the solution for the 
half initial secant stiffness method is the other curve. These diagrams show the 
characteristic behaviour of the difference between the reference analysis and analysis 
using the half initial secant stiffness method. Appendix VI presents the variations 
with joint properties, geometry and load ratio analysed for the one-bay by one-storey 
frame. One set of variations exists of five diagrams. The first diagram is the load
deformation diagram. The horizontal displacements of the right eaves joint are taken 
as displacements in the diagram. Other diagrams are load-moment diagrams for 
different frame components. 

Together with figure 5.3, some behavioural facts for the comparable solutions can be 
observed. For the different variations, the frame behaviour follows an equal pattern. 
In all diagrams, the overall frame behaviour of the half initial secant stiffness method 
remains an approach to the reference analysis. The bi-linear pattern of the half initial 
secant stiffness method can be traced in the diagrams. The first hinge forms in the 
right eaves joint. The formation of this first hinge is located at a clear change over in 
all diagrams. In paragraph 5.2, the maximum overestimated situation was expected 
when Mi;Rd is reached in the bi-linear characteristic. This is also the case in the frame 
analysis, as can be seen in the load-deformation diagram and the right eaves joint 
diagrams. The next plastic hinges are less clear but still traceable. After the formation 
of the right eaves joint, the behaviour pattern coincides to the reference analysis. 
Generally, it can be concluded that the solutions of the half initial secant stiffness 
method approaches the reference behaviour to an acceptable level of accuracy. 
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5.4 Multi-storey frames 

5.4.1 Properties frame analysis 
In this paragraph, an extension to the complexity of the frame analysis is made. The 
multi-storey frame is formulated and the number of frame components is increased. 
Figure 5. 9 depicts the multi-storey frame with the bending moment diagram and 
deformations. The frame is loaded with vertical column- and beam loads plus a 
horizontal load located at the left beam-to-column joints. The behaviour will be 
explained in paragraph 5.4.2. 
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Figure 5.9 Multi-storey frame 

Deformation structure 

The frame is analysed using the second order-half type of frame analysis as defined in 
table 1.7. With respect to geometrical non-linearities, the frame is analysed with 
taking into account second order effects. The following properties have been applied 
to this second order-half type of frame analysis: 

a = 0.15, W = F/6, 
Storey height= 3.6 metre, Width = 7.2 metre 
Storey joints = bi-linear moment-rotation characteristics 
Column base stiffness = 23000 kNm/rad, MJ;Rd = 200 kNm 
Beams = IPE360, Columns = HEA260 
Relation between beam and column stiffness: Ii/le = 1.56 

The base joint moment-rotation characteristic has been obtained from Wald his 
preliminary prediction method and remains the same for all frame analyses. This 
prediction method is described in appendix IV. The characteristic for the base joint is 
given in figure 3.3. 

5.4.2 Frame behaviour 
Figure 5.9 shows the elastic bending moment diagram and the deformations of the 
structure. The extension of storeys includes an increase of plastic hinge locations. 
The load-deformation diagram of the multi-storey frame is given in figure 5.11. The 
thick lined solution represents the full moment-rotation characteristic while the half 
initial secant stiffness method solution is plotted by the remaining line. In accordance 
to the one bay, one storey frame, the plastic hinges will form one-by-one too. The 
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sequence of plastic hinge formation is shown in figure 5.10. Five hinges appear after 
frame analysis in ANSYS. They can be traced in the moment-load diagrams of figure 
5.12 and 5.13. These diagrams show the moment behaviour of the joints. A full 
collapse mechanism is not reached in the generated frame analysis. The frame can 
collapse due to a partial collapse mechanism. Which of them is of concern can be 
guessed or calculated. For investigations in this paragraph, the half initial secant 
stiffness can be justified using the generated frame solutions. The behaviour of the 
right eaves joint is known. Therefore, further refinement of the frame analysis 
solution is not necessary. 

,----------./ol 3 

1----------41'\ 2 

() 5 04 

Figure 5.10 Sequence of plastic hinges 

5.4.3 Comparison half intial secant stiffness method - reference analysis 
Solutions with the reference analysis and the half initial secant stiffness method have 
been generated and are plotted together in the diagrams. Besides the given diagrams 
in the figures 5.11, 5.12 and 5.13, the full set of diagrams for the multi-storey frame 
is given in appendix VII. The load-deformation diagram illustrates the horizontal 
displacements in each floor. Moment-load diagrams are generated for the right as 
well as left eaves joints, the column base joints and at the loaded point at the beam. 
Similar conclusions to the multi-storey frame analysis can be drawn as given by the 
one-bay, one-storey comparisons. The increase of frame complexity does not affect 
the behaviour pattern. The half initial secant stiffness method applied in frame 
analysis remains an approach to the full moment-rotation characteristic. After 
formation of a plastic hinge, the solutions converge. The more frame components 
involved in the frame behaviour, the less the overall differences will be. Again, it can 
be concluded, the solutions of the half initial secant stiffness method approaches the 
reference behaviour to an acceptable level of accuracy. 
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5.5 Concluding remarks 
The half initial secant stiffness method is a bi-linear approximation of the full 
moment-rotation characteristic. Paragraph 5.2 shows the domains in which 
overestimations or underestimations appear in the characteristics themselves. The 
maximum overestimation is traced and appears when the plastic moment capacity 
M.i;Rd is reached in the bi-linear approximation. 

The half initial secant stiffness method applied in frame analysis is compared with 
the reference analysis. Referring to table 1.7, the comparison took place between a 
second order-full, the reference analysis, and a second order-half type of frame 
analysis. Considerations to the one-bay by one-storey frame are based on 15 
comparisons. This one-bay by one-storey frame is varied with joint properties, 
geometrical properies and different a-factors. Besides, a multi-storey frame has been 
compared. These comparisons together form the representation of a wide range of 
applications of the half initial secant stiffness method. 

For the different variations with the one-bay by one-storey frame, the behaviour 
follows an equal pattern. In all diagrams, the overall frame behaviour of the half 
initial secant stiffness method remains an approach to the reference analysis. The 
frame analysis shows that a difference caused by the half initial secant stiffness 
method effectively disappears once the first hinge has formed. After that, the results 
from the different methods will converge. 

The increase of frame complexity by analysing the multi-storey frame does not affect 
the behaviour pattern of the joints differently. The half initial secant stiffness method 
applied in frame analysis remains an approach to the full moment-rotation 
characteristic. Again, after formation of a plastic hinge, the solutions converge. The 
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more frame components involved m the frame behaviour, the less the overall 
differences will be. 

It can be concluded that the solutions of the half initial secant stiffness method 
approach the reference behaviour to an acceptable level of accuracy. The 
approximation of the full moment-rotation characteristic by the bi-linear half initial 
secant stiffness characteristic results in sufficient precise frame force distributions. 
Therefore, for engineering purposes, the half initial secant stiffness method described 
in Eurocode 3, Annex J is an appropriate method which results in acceptable frame 
force distributions. 
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Chapter 6 Amplification method in physical non-linear 
analysis 

6.1 Introduction 
There are two methods for obtaining the second order frame force distribution. The 
first is to use a geometrical non-linear computer program which takes into account 
second order effects. The second possibility is to obtain the first order frame force 
distribution and the increase of this solution by an amplification factor. 

A first order frame analysis is characterised by the formulation of equilibrium in the 
non-deformed state of the structure. In engineering practice, this first order theory is 
used normally. For taking into account second order effects, an amplification method 
is used. The amplified solution is an approach to the second order solution. 

The amplification method will be explained in paragraph 6.2. After that, the 
amplification method is applied to first order frame force distributions and is 
compared with the solution for one-bay by one storey frames, directly obtained from 
a second order analysis. Referring to table 1.7, paragraph 6.3 compares this 
amplified first order-half type of frame analysis with the second order-half type of 
frame analysis. 

Paragraph 6.3 concludes with the need of somw extra considerations to the accepted 
amplification method. Therfore, alternative amplification methods are suggested in 
paragraph 6.4. Two alternative methods are distinguished and one of them is used 
for further research. This method is the Adaptive Amplification Method. Next, this 
method is justified using a simple structure. After that, the Adaptive Amplification 
Method is applied to a multi-storey frame in paragraph 6.5. New solutions are 
obtained using a first order-half, with the Adaptive Amplification Method and 
compared with a second order-half type of frame analysis. Finally, this chapter draws 
conclusions on first order elastic-plastic frame analysis with an amplification method. 

6.2 Amplification of first order solutions 

6.2.1 Amplification method 
A first order analysis does not take into account second order effects. Therefore, the 
first order solution needs to be modified with an amplification method. An 
amplification method is a mathematical method for approaching the second order 
solution. 

There are different amplification methods. In this project, one of them has been 
selected. This method is allowed in Eurocode 3. The amplification factor can be 
defined as: 

I 

V 
1-~ 

Ver 

Eurocode 3, paragraph 5.2.6.2.(3) 

where Vsd is the value of the total vertical load 
and Ve, is its elastic bifurcation load for failure in sway mode. 
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6.2.2 Amplification procedure for first order solutions 
Taking into account second order effects in frame analysis directly, approaches the 
real behaviour more precisely than to multiply the first order solution by an 
amplification factor. However, the use of the amplification factor is generally 
considered as an acceptable approach. 

When carrying out second order frame analysis, the procedure can be defined as 
follows: 

1. Define the model which truly represents the structure; 
2. Apply the loads to the structure; 
3. Obtain the first order frame force distribution; 
4. Calculate the elastic bifurcation load; 
5. Define the amplification factor; 
6. Multiply the first order frame force distribution, the bending moment included by 

the amplification factor. 
7. In case of a physical linear frame analysis, check the members of the frame on 

their capacity. 

6.2.3 Sensitivity to loss of stiffness 
A second order frame analysis deals with the change of stiffness in each individual 
frame component. It is known that all frame components do not have the same 
sensitivity to loss of stiffness during increasing the applied load. For example, when 
analysing the one-bay by one storey frame, second order effects do influence the 
moments in the column much more than the moments along the beam. However, 
when using an amplification method, all moments are going to be increased by the 
same amplification factor. This fact will influence comparisons between analysis of 
second order solutions directly obtained from an FEM-program and second order 
solutions obtained from amplified first order solutions. There exist some alternative 
methods. None of them have been used in this chapter. This chapter is limited to 
investigate frame analysis without these alternative methods. 

6.3 One-bay by one-storey frame analysis 

6.3.1 Properties frame analysis 
This paragraph describes the properties of a one-bay, one-storey frame. The frame 
used is the frame described in paragraph 5.3.1. All frame properties described in that 
paragraph are adopted. The eaves joints are modelled with the bi-linear half initial 
secant stiffness characteristic. The frame has been varied with the different a-factors, 
described in paragraph 5.3.2. The frame behaves similar to the one-bay, one-storey 
frame taken as reference analysis in chapter 3. 

In contrast with the one-bay, one-storey frame in paragraph 5.3, the frame solutions 
are generated with a first order type of frame analysis in this paragraph. This is in 
accordance with the first order-half type of frame analysis in table 1. 7. The solutions 
are multiplied by the amplification method, described this chapter. The amplification 
factor used is described in paragraph 6.2.1. When assessing the frame in loadsteps, 
the amplification factor is adjusted continuously. In each load step, the actual load is 
taken into account in the amplification factor. 
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6.3.2 Comparison amplified solution - second order-half analysis 
This paragraph compares the solution of the first order-half with the second order-half 
type of frame analysis. The latter is the reference analysis, described in chapter 3, 
with the exeption that the moment-rotation characteristic for the eaves have been 
taken according to the half initial secant stiffness method. The diagram in figures 6.1 
and 6.2 represent the horizontal deformations and the eaves joint moment 
behaviour. In each diagram, five variations with the a-ratio factor are plotted. Again, 
the second order-half analyses solutions are drawn thick lined while the remaining 
line represents the solutions with the amplification factor. Appendix III reports the 
remaining diagrams. For the amplified solution in these diagrams, the amplification 
factor changes in each loadstep by using the actual vertical load Vsd which is in the 
amplification equation described in paragraph 6.2.1. 

For these comparisons, the differences are greater than differences in chapter 5, 
because of the approximation of second order effects by the amplification method 
and due to the approximation of the full characteristic by the bi-linear half initial 
characteristic. Further, after the first hinge is formed, the elastic bifurcation load of 
the frame changes. This elastic bifurcation load is in the amplification factor and the 
solutions become less appropriate after the hinge is formed. In fact, the amplification 
method is not designed for elastic-plastic frame analysis. 
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Figure 6.1 Load-deformation diagram 
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It is the approximation due to estimating second order effects through using the 
amplification factor that accounts for the great majority of differences in the results 
from the reference solution. 
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Figure 6.2 Load-moment diagram right eaves joint 

6.4 Amplification-hinge approach 

6.4.1 Amplification method in elastic-plastic analysis 

150 

As already concluded in the previous paragraph, the amplification factor becomes 
unsuitable after the first hinge is formed because of the new state of the structure 
with another elastic bifurcation load. Although originally not intended to be used in 
this way, it is possible to change the amplification factor depending on the state of 
the analysis. This means practically to calculate the actual bifurcation load for each 
state of the analysis. After that, the amplification equation should be provided with 
the actual bifurcation load in each state of the analysis. The name of the elastic 
bifurcation analysis changes when a certain element of the model behaves plastic. 
The elastic bifurcation analysis changes into the elastic-plastic bifurcation analysis 
and results in the elastic-plastic bifurcation load. 

During this research, two possible approaches for dealing with the amplification 
method after the formation of a plastic hinge are suggested. The first one is called 
the Adaptive Hinge Modelling Method. The second one is the Adaptive Amplification 
Method. These methods will be explained in the next paragraphs. 

6.4.2 Elastic modelling of plastic hinge 
The Adaptive Hinge Modelling Method is an analysis procedure after which the 
frame force distribution will be obtained. This method is illustrated in figure 6.3 and 
the procedure can be defined as follows: 
1. Frame A should be analysed with a first order elastic analysis. As soon as the first 

hinge forms, the first analysis terminates. 
2. For this frame, the elastic bifurcation load needs to be obtained with an elastic 

bifurcation analysis. 
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3. The first order solution up to the first hinge can be multiplied by the 
amplification method using the elastic bifurcation load of step 2. 

4. Referring to the figure, the next step is to change the frame to model a hinge at 
the plastic hinge location. This is illustrated in frame B. The existing frame force 
distribution of the terminated analysis must be kept. Further, the plastic moment 
capacity of the hinge should be attached to the frame as can be seen in the beam
end and column-top. 

5. After that, a new first order frame analysis has to be executed and a new force 
distribution can be obtained. This second frame analysis terminates as soon as 
the second plastic hinge forms. Besides, a new elastic bifurcation load has to be 
determined. 

6. The principle of this cycle has to be repeated until the frame collapses due to the 
final plastic hinge. 

This procedure is intensive labour. In each state, the elastic bifurcation load needs to 
be calculated and implemented in the amplification factor. Besides, the model must 
be changed for each state and the force distribution need to be kept continuously. 
This method requires a 2H number of different frame analyses, in which H equals the 
number of plastic hinges. This Adaptive Hinge Modelling Method can be considered 

! ! ! 
M ! . - ,---------------, - ,--------------+n hinge 

frame A frame B 

before first hinge forms after first hinge formed 

as a long-winded method and not attractive for engineering practice. 

Figure 6.3 Addition of hinge in frame 

6.4.3 Adaptive Amplification Method 

M 

The next suggested method is the Adaptive Amplification Method. The principle of 
this approach is given in figure 6.4. In this load-deformation diagram, a first order 
elastic-plastic solution is given. The changes over represent the formation of a 
particular plastic hinge resulting in loss of stiffness. As can be seen in the diagram, 
there are different stages. For this method, the procedure will be: 

1. Analyse the frame with the first order elastic-plastic frame analysis method. The 
diagram of figure 6.4 will be obtained. 

2. Choose a load level Fx in each stage of the structure. For example, the applied 
load Fl can be obtained in stage 1. 

3. Obtain the elastic-plastic bifurcation load from an elastic bifurcation analysis for 
each state. For this analysis, the applied load F2 is the load needed for getting 
elastic-plastic bifurcation load of the structure in the second stage of figure 6.4. 

4. Apply the found elastic-plastic bifurcation loads to the amplification equations for 
the different stages of the structure. Next, the second order solution can be 
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obtained in each stage by multiplication of the first order solutions by the 
appropriate amplification factors. 

It should be noted that the used characteristics for the joints must be bi-linear. 
Otherwise, the state of the structure changes continuously by the change of stiffness. 
In that case the elastic-plastic bifurcation load changes and become unsuitable for 
use in the whole stage. This Adaptive Amplification Method is more attractive for 
use. 

applied 
load F r 

F2 

F1 

second hin e 

stage 2 

first 

stage 

--t> hor. displacements 

Figure 6.4 Principle first order elastic-plastic analysis 

The Adaptive Amplification Method is most appropriate and will be discussed in the 
next paragraphs. 

6.4.4. Justification Adaptive Amplification Method 
Before applying the Adaptive Amplification Method to some frames, the principle of 
this method needs to be justified. The question is whether the amplification method 
can be used after formation of plastic hinges. Appendix X describes the analysis of a 
basic column in which second order and first order effects can easily be calculated. 
This column is illustrated in figure 6.5. In this column, a plastic hinge forms in one of 
the two springs and the elastic-plastic bifurcation load changes. To this column, the 
Adaptive amplification approach can be applied. The appendix demonstrates the 
validity of the amplification factor n/n-1 after the formation of the hinge. Besides, 
this column has been compared with a finite element analysis and the example is 
justified in an ANSYS analysis. The appendix concludes that the amplification 
method remains applicable after formation of a plastic hinge in the structure. The 
buckling load can simply be adjusted taking spring formation into account. 
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Figure 6.5 Mechanical model column 

6.4.5 Change-over effect Adaptive Amplification Method 
When using the Adaptive Amplification Method, another phenomenon appears. To 
understand this, figure X-5 of appendix X is given in figure 6.6. It is the load
deformation diagram obtained from different types of analyses with the column 
illustrated in figure 6.5. In this diagram, three types of frame solutions of the column 
are given. The diagram gives the first order solution, the second order solution and 
the first order solution increased by the Adaptive Amplification Method. 

Load-Deformation diagram 

1000 

900 
Second oraer soluffon obtained 
from amplificatoin factor 

800 

700 

[ 600 

"O 

"' .!! 500 
"O 
.!! 
Q. 

400 0. 
<( 

300 

200 

100 

0 

0 10 20 30 40 50 60 70 

Deformations [mm] 

Figure 6.6 Change-over effect 
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As can be seen in figure X-2 of appendix X, the plastic moment capacity of the spring 
on top is 200 kNm. This spring cannot receive more moments than its moment 
capacity. As can be seen in the diagram, the plastic moment of 200 kNm appears in 
the first order as well as second order solution by approximately 43 mm deformation. 
The solution obtained from the Adaptive Amplification Method is thick drawn. The 
amplification factor increases the first order solution up to its plastic moment. As can 
be seen in the figure, the first order solution will be increased by the amplification 
factor until the plastic hinge forms in the first order solution. After that, the new 
amplification factor will predict immediately the second order solution in the next 
stage. When using the Adaptive Amplification Method, this change-over effect should 
be expected. For engineering practice, it is likely to assume that this phenomenon 
will be overlooked. 

6.5 Multi-storey frame analysis 

6.5.1 Properties frame analysis 
Paragraph 5.4.1 and 5.4.2 describe the properties and behaviour of a multi-storey 
frame. This frame is adopted for investigation of the Adaptive Amplification Method. 
The frame is analysed using the first order-half type of frame analysis in table 1.7. 
With respect to geometrical non-linearities, the frame is analysed without taking into 
account second order effects. Further, the bi-linear characteristic obtained from the 
half initial secant stiffness method is applied to the joints. 

6.5.2 Application of the Adaptive Amplification Method 
The procedure for the Adaptive Amplification Method, described in paragraph 6.4.3 
has been used. Following this procedure, the first order elastic-plastic solution is 
obtained using the first order-half type of frame analysis. The plastic hinges appear at 
a certain load level. These load levels are given in the second column of table 6. 7. 

Table 6.7 Properties Elastic-plastic amplification procedure 
Number of Load level Stage of the Load F for Eigen Elastic bifur-

plastic hinge [kN] analysis bifurcation value A cation load 
between analysis AF 
hinges [kN] [kN] 

1 388.5 0-1 330 5.7683 1903.6 
2 396.4 1-2 390 3.6335 1417.1 
3 474.2 2-3 420 2.7884 1171.1 

4=5 614.8 3-4 480 2.0615 989.5 
540 1.8324 989.5 

The stages of the frame analysis are named in the third column. In each stage, a load 
F has been chosen for calculation in the elastic bifurcation analysis as can be seen in 
the fourth column of the table. From the bifurcation analysis, the eigenvalue A is 
obtained. Multiplication of the eigenvalue A by the applied load F result in the 
elastic-plastic bifurcation load AF. In each stage of the structure, this load will be 
used in the amplification factor. 
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6.5.3 Comparison amplified solution - second order-half analysis 
The second order-half type of frame analysis will be compared with the first order-half 
type of frame analysis as given in paragraph 1. 7. The difference between both frame 
analyses can be spotted in diagrams. Figure 6.8 and 6.9 illustrate the horizontal 
deformations and the moment behaviour of the joints. The full set of diagrams is 
given in appendix IX. 
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Figure 6.8 Load-deformation diagram 
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For each joint, three solutions are plotted. The thick plotted line represents the 
solution of the second order-half type of frame analysis. The continuous line is the 
first order-half type of frame analysis itselves. The dotted line represents the first 
order-half type of frame analysis with the Adaptive Amplification Method. The latter 
should be an approach to the second order-half type of frame analysis. The change
over effect, discussed in paragraph 6.4.5, can be spotted easily. When comparing the 
solutions, the deformations are predicted well. The moment approached differs in 
accuracy. The amplification factor is intended to increase the first order solution but 
a decrease is sometimes necessary. This is the case for the left eaves joint moment by 
the one-bay, one storey frames. Further, the first order amplified solution continues 
with predicting an increase of moments after the plastic hinges have formed. Using 
this method, the moment can be predicted until the moment capacity of the frame 
component is reached. This restriction needs to be realised. Generally, the Adaptive 
Amplification Method can be an acceptable approach to the second order-half type of 
frame analysis. However, further research needs to answer the just posed questions. 
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Figure 6. 9 Load-moment diagram second storey and third storey joints 

6.6 Concluding remarks 

200 

This chapter deals with approaching the second order frame force distribution by 
using the first order frame force distribution with an amplification method. The 
second order solution can be found through multiplication of the first order solution 
by an amplification factor. The amplification factor increases all frame components 
with the same factor. However, each frame component responds differently to second 
order effects. The amplification method does not deal with these different 
magnitudes of loss of stiffness. 

A one-bay by one-storey frame is analysed. Solutions for a first order-half type of 
frame analysis are multiplied by an amplification factor. These solutions are 
compared with solutions obtained from a second order-full type of frame analysis. The 
differences are caused by the approximation of second order effects by the 
amplification method and due to the approximation of the full characteristic by the 
bi-linear characteristic. It can be concluded from this comparison that the 
amplification method becomes less appropriate after formation of the first hinge. 
This is caused by the change of the elastic-plastic bifurcation load, part of the 
amplification factor. 

Two alternative approaches to the amplification method are suggested. They are 
called the Adaptive Hinge Modelling Method and the Adaptive Amplification Method. 
Both methods result in identical solutions. The first is a long-winded method and 
therefore not very attractive. The second method is more attractive and is justified in 
a more basic way using simple a column. This method matches with the basic 
principles of the amplification method. 
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Using this Adaptive Amplification Method, an important accompaning effect is the 
change-over effect. The user of this method needs to realise the appearance of this 
effect. The Adaptive Amplification Method is applied to a multi-storey frame and 
comparisons are made. The Adaptive Amplification Method is applied to the first 
order-half solution. After that, the obtained second order solution is compared with 
solutions obtained from the second order-half type of frame analysis. These 
comparable solutions result in the conclusion that the Adaptive Amplification Method 
can be considered as an approach to the second order-half type of frame analysis. The 
deformations are predicted well. Comparison of moment solutions show some 
differences in the level of accuracy. It is possible that the Adaptive Amplification 
Method will increase the moment while the moment should be decreased. Further 
research needs to answer this. 

Several thoughts are important whether recommending the use of the amplification 
method after plastic hinge formation. In the first place, to analyse a frame physically 
non-linear, that is to permit the formation of plastic hinges, is an advanced type of 
frame analysis. The amplification method is a simplified approach as alternative for 
taking into account second order effects. The combination of a simplified method 
and an advanced method in one analysis is not a quite logical combination. In 
engineering practice, structural designers could be familiar with physical non
linearities but not with geometrical non-linearities. For this purpose, this approach 
can be appropriate. 
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Chapter 7 Conclusions 

7 .1 Basic issues 
In this research, three issues, dealing with joint behaviour in frame analysis, were 
submitted to investigation. The issues have been formulated in individual problem 
statements. The first issue was the iterative secant stiffness method as alternative 
solving method in frame analysis. Secondly, this report discusses the approximation 
of the full moment-rotation characteristic by an bi-linear characteristic. This 
simplified joint modelling method is known as the half initial secant stiffness method. 
Lastly, for approaching the second order frame force distribution, a first order elastic
plastic frame analysis in combination with an amplification method is suggested. The 
next paragraphs give the main conclusions. 

7.2 Iterative secant stiffness method 

7 .2.1 Essential conditions for validation 
Chapter 4 describes considerations to the iterative secant stiffness method. Physically 
non-linear frame behaviour can be analysed using a physical non-linear finite 
element program or using a physical linear finite element program with the iterative 
secant stiffness method. The difference between those methods have been 
investigated by means of comparisons. 

7.2.2 Conclusions to iterative secant stiffness method 
The application of the iterative secant stiffness method as solving procedure results 
in identical solutions in comparison with other solving procedures. The solving 
procedures are: 
• variants on the Newton-Raphson procedure as the Full, the modified and the 

initial stiffness Newton-Raphson procedures; 
• variants on the iterative secant stiffness method. The first variant is estimating 

the stiffness using the average of the initially chosen and appeared moment. The 
second variant uses the appeared moment after analysis for the secant stiffness 
which is called successive substitution. 

The comparisons of solutions using the iterative secant stiffness method with the 
reference analyses confirm the equality of the different solving methods. It is 
reasonable to extend this conclusion for other types of frame analysis. 

7.2.3 Significance 
For engineering purposes, the iterative secant stiffness method can be appropriate for 
taking into account non-linear joint behaviour in linear frame analysis. The 
application of this method relates to the availability of suitable computer software. 
Generally stated, because of the simplified half initial secant stiffness method 
allowed in EC3, the iterative secant stiffness method will not be very attractive. The 
iterative secant stiffness method can be used for research activities. The availability 
of advanced software frequently used in research does not make this method very 
relevant but still usable. 
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7.3 Half initial secant stiffness method 

7.3.1 Essential conditions for validation 
The half initial secant stiffness method is a bi-linear approximation of the full 
moment-rotation characteristic. The half initial secant stiffness method applied in 
frame analysis is compared with the reference analysis. Referring to table 1.7, the 
comparison took place between a second order-full type of frame analysis, the 
reference analysis, and a second order-half type of frame analysis. Considerations on 
an one-bay by one-storey frame are based on 15 comparisons. This one-bay by one
storey frame is varied in its joint properties, geometrical properies and load 
distribution. Besides, solutions from a multi-storey frame have been compared. These 
frame examples are representative for a wide range of applications. 

7.3.2 Conclusions to the half initial secant stiffness method 
For the different variations of the one-bay by one-storey frame, the behaviour of the 
comparable analyses follow an equal solution pattern. In all diagrams, the overall 
frame behaviour according to the half initial secant stiffness method remains an 
approach to that of the reference analysis. The frame analysis shows that a difference 
caused by the half initial secant stiffness method effectively disappears once the first 
hinge has formed. The solutions using the different methods will converge. 
The increase of frame complexity by analysing the multi-storey frame does not affect 
the behaviour pattern of the comparable frame force distributions differently. The 
half initial secant stiffness method applied in frame analysis remains an approach to 
the full moment-rotation characteristic. Again, after formation of a plastic hinge, the 
solutions converge. The more frame components involved in the frame behaviour, 
the less the overall differences will be. 

7.3.3 Significance 
For reasons of simplicity, it is preferable to take into account a bi-linear moment
rotation characteristic in stead of a full moment-rotation characteristic. Because of 
the validated accurate level of accuracy, this method can be recommended for 
application in engineering practise. The half initial secant stiffness method described 
in Eurocode 3, Annex J is an appropriate method which results in acceptable frame 
force distributions. 

7.4 Amplification method in physical non-linear analysis 

7 .4.1 Essential conditions for validation 
A one-bay by one-storey frame is analysed. Solutions from a first order-half type of 
frame analysis are multiplied by an amplification factor. These solutions are 
compared with solutions obtained from a second order-half type of frame analysis. 
The differences are due to the approximation of second order effects by the 
amplification method. Two alternative approaches to the amplification method are 
suggested. Both methods result in similar solutions. They are named the Adaptive 
Hinge Modelling Method and the Adaptive Amplification Method. The Adaptive 
Amplification Method is applied to a multi-storey frame in a first order-half type of 
frame analysis. After that, the approximated second order solution is compared with 
solutions obtained from the second order-half type of frame analysis. 
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7.4.2 Conclusions to the amplification method 
When using the amplification method in a first order elastic-plastic frame analysis, 
plastic hinges form one by one. The elastic bifurcation load is part of the 
amplification factor. Because of the change of the elastic bifurcation load after 
formation of the each hinge, the amplification method become less appropriate. 

The Adaptive Hinge Modelling method is a laborious method and therefore not very 
attractive. On the contrary, the Adaptive Amplification Method is more attractive and 
justified. This method matches with the basic principles of the amplification method. 

Using this Adaptive Amplification Method, two important accompaning effects 
appear. It is the change-over effect and the need to stop the moment increase of the 
joint after plastic hinge formation. The user needs to realise the appearance of these 
effects. Comparable solutions obtained from a multi-storey frame analysis result in 
the conclusion that the Adaptive Amplification Method can be considered as an 
altenative to the second order-half type of frame analysis. The deformations are 
predicted well. Comparable moment solutions show some differences in level of 
accuracy. Further research needs to investigate the properties of this method in more 
detail. 

7.4.3 Significance 
In case of an available physical non-linear finite element program, geometrical non
linearity can be taken into account in an approximate way by using the Adaptive 
Amplification Method, taking plastic hinge formation into account. 
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Appendix I Documentation of a frame analysis 

1-1 Introduction 
A large number of frame analyses have been used for answering research questions 
in this project. The force distribution in a frame can be generated using any one of a 
number of different types of frame analysis methods. These methods are illustrated 
in figure 1-1. Five of them are used in this project. In order to permit research 
reproduction, this appendix documents the detailed considerations involved in the 
use of these frame analysis methods. 

F [kN] 

f FE -i---r-------:::::::::= 

F -
C 

---1> Displacements U [mm] 

Figure I-1 Load deformation diagram for sway frames 

Appendix I discusses the following cases where the reference numbers m the list 
below correspond to the different characteristics given in figure I-1: 
• Solutions from frame analysis 
• Modelling the frame in ANSYS 
• First order elastic frame analysis (1) 
• Elastic bifurcation analysis (7) 
• Second order elastic frame analysis (3) 
• First order elastic-plastic frame analysis (5) 
• Second order elastic-plastic frame analysis (6) 

For the frame analyses, the Finite Element Program ANSYS has been used. Its use 
requires an understanding of the AN SYS terminology. An illustrative frame, which is 
one of those analysed in this report, is used as the basis for the description. Figure I-2 
illustrates the static system of this example. 
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Figure 1-2 Static model for example frame analysis 

The frame chosen for reproducing full detailed frame analyses represent an actual 
frame. The frame properties are assumed as: 

Beam : I-section IPE360 
Column : I-section HEA260 
Strenght grade: S355 
Frame width : 7.2 m 
Frame height : 3.6 m 
Applied loads : x = 0.15 and w = F/6 
Eaves joints : Full M-<p characteristic of joint 2 (discussed in paragraph 2.3) 
Base joints : Bi-linear characteristic, Sini;µred = 23000 kNm/rad, obtained from 

preliminary prediction method for column-base stiffness described in 
Wald; Bauduffe; Sokol (2000) given in appendix IV; M.i;Rd = 200 kNm 

All just listed properties are general and therefore independent of the type of frame 
analysis. The remaining properties are given in the paragraph discussing the 
individual frame analyses. 

1-2 Results of frame analysis 
This paragraph presents the physical frame analysis results largely by means of 
diagrams. These results will be discussed in the next paragraphs. The frame in figure 
1-2 has been analysed using different methods. Figure 1-3 shows the set of load
deformation diagrams. The horizontal deformations of the eaves joints are selected 
as the representative deformations in this figure. 

The corresponding development of the moment patterns are given in the diagrams 1-
4 till 1-6. Figure 1-4 presents a moment-load diagram for the left and right eaves joint, 
the moments C and D in figure 1-2. The diagram in figure 1-5 and 1-6 cover 
respectively the base joint moment-load diagram (moment at A and B) and the 
moment behaviour for the beam at the loaded points (moment at E and F). Taken 
together figures 1-3 and 1-4 till 1-6 demonstrate the very different forms of response 
that result from the different frame representations. 
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I-3. Modelling the frame in ANSYS 

I-1 Pre-processing 
The static system of figure 2 is translated into ANSYS finite element modelling 
terminology. The model is given in figure X-7 and will be explained in this 
paragraph. It consists of 17 plastic elements BEAM23 and 5 non-linear COMBIN39 
spring elements. For sufficient accuracy of the results, the beam is divided in 9 beam 
elements while the columns have each been modelled with 4 beam elements. This 
number is accepted as sufficient. 

F [kN] l w [kN] W [kN] F [kN] l 
@® ® ® ® @i@ @@@ _. 

xF [kN] © 56 7 10 11 12 13 14 11 
~ IPE260 

4 17 

@ @ E 
0 0 E 

3 (0 
I") ~ 18 0 

® 
<( <( @ 0 
w 3 node number w (0 

I I I") 

2 © element number 
19 

7200 mm 

Figure 1-7 Static system described as ANSYS model 

The spring element has only one degree of freedom. All spring elements in this model 
have been arranged for in plane rotations. Element 20 is assembled between node 1 
and 21. The in-plane rotation of node 21 and the vertical and horizontal 
displacement of node 1 have been constrained to zero. This principle is applied also 
for element 21. Spring element 22 connects the rotation degree of freedom between 
beam element 7 and 8 and is placed between node 23 and 9. The remaining 2 
translational degrees of freedom of nodes 23 and 9 have been coupled. The spring 
element 22 has been provided with plastic hinge properties. The use of that spring 
element is necessary to achieve exact elastic-plastic solutions in frame analysis. This 
will be discussed later in this appendix. 
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The input-file~' data is: 

!POSTPROCESSING 
/PREP7 
/TITIE,2nd ORDER ELASTIC-PLASTIC 
FRAME ANALYSIS 
ET,1,BEAM23 
ET,2,COMBIN39 
KEYOPT,1,4,1 
KEYOPT,1,6,4 
KEYOPT,2,3,6 
KEYOPT,2,6, 1 
MP,EX, 1,2. le5 
R, 1,250,45462.032,4825.182,698.27 
R,2,360,32498. 723,4604.429, 1842. 95 
R,3,0,0,0.0035, 105e6,0.006, 121e6 
RMORE,0.01, 140E6,0.013, 150E6,0.0l 74, 15 
7.2E6 
RMORE,0.04, 157.2E6 
R,4,0,0,0.0035, 105e6,0.006, 121e6 
RMORE,0.01, 140E6,0.013, 150E6,0.0l 74, 15 
7.2E6 
RMORE,0.04, 157.2E6 
R,5,0,0,0.00864,200E6,0.08,200E6 
R,6,0,0,0.00864,200E6,0.08,200E6 
R, 7,0,0,0.0017226,361. 75E6,0.08,361. 75E6 

!SETTING UP STATIC MODEL: 
N,1 
N,5,,3600 
Flll.,1,5 
E,1,2 
EGEN,4,1,1 
REAL,2 
N,6,,3600 
N,7,800,3600 
N,8,1600,3600 

1-3 Post-processing 

N ,23,2400,3600 
E,6,7 
E,7,8 
E,8,23 
N,9,2400,3600 
N,15,7200,3600 
Flll.,9,15 
E,9,10 
EGEN,6,1,8 
REAL,l 
N, 16, 7200,3600 
N,20,7200 
Fill, 16,20 
E,16,17 
EGEN ,4, 1, 14 
1YPE,2 
REAL,3 
E,5,6 
REAL,4 
E,15,16 
CP,1,UX,5,6 
CP,2,UY,5,6 
CP,3,UX,15,16 
CP,4,UY,15,16 
N,21 
N,22,7200 
REAL,5 
E,1,21 
REAL,6 
E,20,22 
REAL,7 
E,9,23 
CP,5,UX,9,23 
CP,6,UY,9,23 

After solving the problem, the post-processor POSTl generates the detailed solution 
information. For this project, the bending moment diagrams and the deformation 
diagrams are most important. The deformations, reactions solutions, element nodal 
loads, bending moment diagram and shear force diagram can all be generated with 
the following ANSYS commands: 

!POSTPROCESSING: 
/POSTI 
PWISP,1 
PRRSOL 
PRNLD 
PRNSOL,U 

ET ABLE,MOMZI,SMISC,6 
ET ABLE,MOMZJ,SMISC, 12 
PLLS,MOMZI,MOMZJ,-1 
ET ABLE,FORYI,SMISC,2 
ETABLE,FORY J,SMISC,8 
PLLS,FORYI,FORY J,-1 

* These lists need to be read in conjunction with the ANSYS manuals. 
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1-4 History post-processing 
The diagrams in figure 1-3 till 1-6 have been generated with the history processor. 
The processor can reproduce the solution for every loadstep. The ANSYS commands 
used for listing the solutions are: 

/POST26 
NSOL,2,5,U,X,DISPL_TOP_NODE 
ESOL,3, 18,5,M,Z,M _ SPR _ L 
ESOL,4, 19, 16,M,Z,M _SPR _ R 
ESOL,5,22,23,M,Z,MOM _ LW 
ESOL,6, 10, 12,SMISC, 12,MOM _ RW 
ESOL, 7,20,21,M,Z,L _ BOTTOM 
ESOL,8,21,22,M,Z,R _ BOTTOM 
PRV AR,2,3,4,5,6, 7,8 
PLVAR,2 

1-5 First order elastic frame analysis 
First order elastic analysis assumes that deflections are proportional to the applied 
forces. Thus, the relationship between the applied load and the deflection at any 
point of the structure is a straight line. In physical terms, this idealisation means the 
use of an infinite linear characteristic for joint properties as well beam and column 
properties. Figure 1-8 shows the Moment-Rotation diagram and the Moment
Curvature diagram, which have been used for first order elastic frame analysis. First 
order frame analysis ignores instability effects caused by changes of stiffness with 
increasing applied load. 

M [kNm) 

i 
eaves joints 

sprin9 modelling 
plastic hinge 

23000 kNm/rad 

30000 kNm/rad 
----t> /3 [ rad] 

Moment-Rotation characteristics spring elements 

Stress 
(N/mm2] 

i 

----t> Strain 

Stress-Strain diagram beam elements 

Figure 1-8 Element properties elastic frame analysis 

Table 1-9 lists the stiffnesses used for the elements. Although not strictly necessary, 
for reasons of unification of the ANSYS model, spring element 22 has been used in 
the elastic frame analysis. The spring element has negligible elastic deformation 
provided the stiffness is chosen sufficiently high. 
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Table 1-9 Element stiffnesses 
Element number Stiffness 

[kNm/rad] 
1- 17 210000 
18-19 30000 
20- 21 23000 

22 34000-103 

For elastic frame analysis, whether or not a spring element is used, the same 
solutions are obtained. All the physical element properties are applied to the 
elements in the pre-processing part of the input-file, while geometrical and 
calculation related adjustments have been described in the solving part of the input
file. The ANSYS input-data to produce a ist order elastic solutions is: 

!PREPROCESSING 
/PREP? 
/TITIE,lst ORDER ELASTIC FRAME 
ANALYSIS 
!ELEMENT AND ELEMENT PROPERTIES 
DEFINED: 
ET,1,BEAM23 
ET,2,COMBIN39 
KEYOPT, 1,4, 1 
KEYOPT,1,6,4 
KEYOPT,2,3,6 
KEYOPT,2,6, 1 
MP,EX, 1,2. le5 
R, 1,250,45462.032,4825.182,698.27 
R,2,360,32498. 723,4604.429, 1842. 95 
R,3,0,0,0.06666,2000E6,0. l,2000E6 
R,4,0,0,0.06666,2000E6,0. l,2000E6 
R,5,0,0,0.0864,2000E6,0.1,2000E6 
R,6,0,0,0.0864,2000E6,0. l,2000E6 
R, 7,0,0,0.009523704,2000E6,0. l,2000E6 

!SOLVING: 
/SOLU 
!PROPERTIES OF CALCULATION METHOD: 
ANTYPE,STATIC 
NSUBST,20,40, 10 
CNVTOL,F, 1000000,0.001,0 
CNVTOL,M,30000000,0.001,0 
NEQIT,100 
OUTPR,ALL 
OUTRES,ALL,ALL 
!DEFINING LOADS AND CONSTRAINTS: 
D,1,UX 
D,l,UY 
D,20,UX 
D,20,UY 
D,21,ROTZ 
D,22,ROTZ 
F ,5 ,FX, 900000 
F ,5 ,FY ,-6000000 
F, 16,FY,-6000000 
F, 9 ,FY, -1000000 
F, 12,FY,-1000000 
SOLVE 

The frame will behave in accordance with figure 1-10. The physical magnitudes of the 
moments and deformations are given in the figures 1-3 till 1-6. In the case of 
deformations, the first order elastic frame analysis results in a linear elastic 
development as can be seen in figure 1-3. The moments at the different frame 
locations also increase linearly as shown in the bending moment diagram of the 
figure and the moment-load diagrams 1-4 till 1-6. Every increase of the applied load 
results in a corresponding linear increase of moments and horizontal deformations. 
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Figure I-10 Behaviour 1st order elastic frame analysis 

I-5. Elastic bifurcation analysis 

Curve 7 in figure I-1 is the elastic bifurcation load O"crP), which can be calculated 
using ANSYS from an elastic bifurcation analysis. This analysis assumes an elastic 
initially perfect structure subjected to member axial loads and is based on a 
mathematical idealisation that the structure deforms only in the loaded directions. AB 
soon as the axial load reaches a certain magnitude, the bifurcation of equilibrium will 
be reached and the structure deforms out of plane. This point marks the boundary 
between stable and neutral equilibrium. The axial load that defines this boundary is 
referred to as the critical load Per or the Euler load Pe. 

The calculation procedure for the determination of the bifurcation load (AcrP) is an 
eigenvalue buckling analysis. The equation 

in which KL is the linear stiffness matrix, ~ is the geometric stiffness matrix and Acr is 
the load factor, has to be solved. The determinant search technique sub-space 
iteration procedure is used for solving the equation. The solving procedure in ANSYS 
consists of three steps: 

1. Obtain the static solution; the geometric stiffness matrix ~ will be defined. The 
input data for obtaining the static solution is: 
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!PROPERTIES CALCillATION METHOD: 
/SOLU 
AN1YPE,STATIC 
PSTRES,ON 
NEQIT,100 
!DEFINING LOADS AND CONSTRAINTS: 
D,l,UX 
D,1,UY 
D,20,UX 
D,20,UY 

D,21,ROTZ 
D,22,ROTZ 
F,5,FX,300000 
F,5,FY,-2000000 
F, 16,FY,-2000000 
F,9,FY,-333333.3333 
F, 12,FY,-333333.3333 
SOLVE 
FINISH 

2. Obtain the eigenvalue buckling solution; after an iterative calculation Acr appears 

as soon as I KL + A er KG I = 0 become singular. The in put data for getting the 

buckling load factor Acr: 

/SOLU 
AN1YPE,BUCKLE 
BUCOPT,SUBSP 
MXPAND,1 
OUTPR,NSOL,ALL 
OUTRES,ALL,ALL 
SOLVE 
FINISH 

In the calculation of the frame in figure 1-2, the applied vertical column load is 2000 
kN. After the calculation, the buckling load factor is Acr = 2.811. Thus, the elastic 
bifurcation buckling load will be: AcrP = 2.8112000 = 5622 kN 

3. Review the buckled mode shape 
It is impossible to obtain physical deformations from the elastic bifurcation analysis. 
However, the relation between deformations is known from the buckled mode shape. 
Figure 1-11 shows the buckled mode shape in ANSYS. This buckled shape corres
ponds to the deformed shapes observed in all other frame analyses, e.g. figure 1-10. 
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Figure 1-11 buckled mode shape 
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I-6 Second order elastic frame analysis 
The effects of initial imperfection, the P-o and the P-~ effects can all be included in a 
rigorous frame analysis. That means, this method takes into account the changes of 
stiffness caused by instability effects. Like the previous analysis, the physical 
behaviour of the beam, columns and joints remains still elastic. Therefore, the 
description of the beam, column and joint behaviour in figure 1-4 remains unchanged 
when using second order elastic frame analysis. The solving part of the input-file for 
second order frame analysis is: 

!PROPERTIES CALCULATION METHOD: 
/SOLU 
AN1YPE,STATIC 
SSTIF,ON 
NSUBST,120,140,80 
CNVTOL,F,2000000,0.001,0 
CNVTOL,M,30000000,0.001,0 
NEQIT,100 
OUTPR,ALL 
OUTRES,ALL,ALL 

!DEFINING LOADS AND CONSTRAINTS: 
D,1,UX 
D,1,lN 
D,20,UX 
D,20,UY 
D,21,ROTZ 
D,22,ROTZ 
F ,5,FX,300000 
F,5,FY,-2000000 
F,16,FY,-2000000 
F, 9,FY,-333333.3333 
F, 12,FY,-333333.3333 
SOLVE 

The essence of the frame behaviour for 2nd order elastic frame analysis is given in 
figure 1-8 while the physical magnitudes have been drawn in the figures 1-3 till 1-6. 
When the applied load increases, the stiffness of the frame is continuously affected. 
The greater the applied load, the smaller the frame stiffness will be. It is known that 
stiffer parts of a structure will attract more load than weaker parts. Due to the loss of 
stiffness in the right joint, the left joint in figure 1-4 initially develops negative 
moments but changes as load is increased to develop positive moments. The form of 
bending moment diagram now depends on the level of applied load is as can been 
seen in figure 1-12. 
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Figure 1-12 Behaviour 2nd order elastic frame analysis 

I-7 First order elastic-plastic frame analysis 
Elastic-plastic frame analysis incorporates the non-linear bending behaviour of the 
beam, columns and joints. The left diagram of figure 1-13 illustrates the moment
rotation characteristic for the spring elements, while in the right diagram the 
moment-curvature characteristic for the beam elements have been drawn. 
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Figure 1-13 Element properties elastic-plastic analysis 

Table 1-14 lists the stiffnesses for the elements. Again, the moment-rotation 
characteristic for element 22 is a stiffness of 34000-103 kNm/rad and represents the 
beam element. This is needed to currently represent the formation of the plastic 
hinge. The ANSYS element does not give exact solutions for plastic beam elements 
when the moment is not constant along the whole element. The generated moments 
are only exact in the case of a constant moment in the whole element. The use of a 
spring element at a location where a plastic hinge is expected results in exact 
moment solutions. The plastic moment capacity My;pt can be calculated from: 

Steel grade S355: fv = 355 N/mm2 

Wy;pI = 1019000 m~3 

My;pI = 355 1019000 = 361.75 kNm 

Although drawn in the moment-rotation and moment-curvature diagram of figure 1-
13 and used in the frame analysis, the characteristic is not bi-linear in reality. The 
transition for I-sections is curved. The shape factor for I-sections is 1.15, while the 
factor for the bi-linear curve is assumed as 1.0. For this research, this assumption is 
considered as sufficiently accurate. Besides, this assumption is used for all frame 
analyses, so solutions are directly comparable. 

Table 1-14 Element stiffness 
Element Stiffness 
number [kNm/rad] 
1-17 210000 
18-19 30000 
20-21 23000 
22 23000-103 

The eaves joints have been modelled with the real moment-rotation characteristic 
obtained from calculations using the component method. For these joints, the initial 
stiffness is 30000 kNm/rad. The stiffness of the base column joints is obtained from 
the preliminary prediction method for column-base stiffness described in Wald; 
Bauduffe; Sokol (2000). This method does not provide a limit. This limit is assumed 
at a moment of 200 kNm. This moment is chosen in such a way that a logical 
sequence of plastic hinge formation in the frame analysis will occur. The 
characteristic input-data for 1st order elastic-plastic frame analysis is as follows: 
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!POSTPROCESSING 
/PREP? 
/TI1LE, 1st ORDER EIASTIC-PLASTIC 
FRAME ANALYSIS 
!ELEMENT (PROPERTIES) DEFINED: 
ET, 1,BEAM23 
ET,2,COMBIN39 
KEYOPT,1,4,1 
KEYOPT,1,6,4 
KEYOPT,2,3,6 
KEYOPT,2,6, 1 
MP,EX, l,2. le5 
R, 1,250,45462.032,4825.182,698.27 
R,2,360,32498. 723,4604.429, 1842. 95 
R,3,0,0,0.0035, 105e6,0.006, 121e6 
RMORE,0.01, 140E6,0.013, 150E6,0.0174, 15 
7.2E6 
RMORE,0.04,157.2E6 
R,4,0,0,0.0035, 105e6,0.006, 121e6 
RMORE,0.01, 140E6,0.013, 150E6,0.0174, 15 
7.2E6 
RMORE,0.04,157.2E6 
R,5,0,0,0.00864,200E6,0.08,200E6 
R,6,0,0,0.00864,200E6,0.08,200E6 
R, 7,0,0,0.0017226,361. 75E6,0.08,361. 75E6 

!SOLVING: 
/SOLU 
!PROPERTIES OF CALCULATION METHOD: 
AN1YPE,STATIC 
NSUBST,20,40, 10 
CNVfOL,F, 1000000,0.001,0 
CNVTOL,M,30000000,0.001,0 
NEQIT,100 
OUTPR,ALL 
OUTRES,ALL,ALL 
!DEFINING LOADS AND CONSTRAINTS: 
D,1,UX 
D,l,UY 
D,20,UX 
D,20,UY 
D,21,ROTZ 
D,22,ROTZ 
F,5,FX,300000 
F,5,FY,-2000000 
F,16,FY,-2000000 
F,9,FY,-333333.3333 
F, 12,FY,-333333.3333 
SOLVE 
FINISH 

The principle of the frame behaviour for 1'1 order elastic-plastic frame analysis is 
given in figure I-15 while the physical magnitudes have been drawn in the figures I-3 
till I-6. In the diagrams, a frame component cannot absorb more moment than its 
ultimate capacity, which results in a restriction of moment increasing. The 
appearance of the different plastic hinges implies a sequence in formation. In this 
frame analysis, the sequence is given in figure I-15. The magnitude of the associated 
plastic moments are the moment capacities given in figure 1-13. 
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Figure 1-15 Behaviour 1'1 order elastic-plastic frame analysis 
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I-8. Second order elastic-plastic frame analysis 
The Second order elastic-plastic frame analysis is the most precise frame analysis 
method. This method takes into account the changes of stiffness with increasing the 
load as well as the physically non-linear behaviour of the frame components. For the 
full survey, the following input-data have been used: 
!POSTPROCESSING !SOLVING: 
/PREP? /SOLU 
/TITLE,2nd ORDER ELASTIC-PLASTIC FRAME !PROPERTIES OF CALCULATION METHOD: 
ANALYSIS AN1YPE,STATIC 
!ELEMENT (PROPERTIES) DEFINED: SSTIF,ON 
ET, 1,BEAM23 NSUBST,20,40, 10 
ET,2,COMBIN39 CNVTOL,F, 1000000,0.001,0 
KEYOPT, 1,4, 1 CNVTOL,M,30000000,0.001,0 
KEYOPT, 1,6,4 NEQIT, 100 
KEYOPT,2,3,6 OUTPR,ALL 
KEYOPT,2,6, 1 OUTRES,ALL,All 
MP,EX,l,2.le5 !DEFINING LOADS AND CONSTRAINTS: 
R, 1,250,45462.032,4825.182,698.27 D, 1,UX 
R,2,360,32498. 723,4604.429, 1842. 95 D, 1,UY 
R,3,0,0,0.0035, 105e6,0.006, 121e6 D,20,UX 
RMORE,0.01, 140E6,0.013, 150E6,0.0174, 157. D,20,UY 
2E6 D,21,ROTZ 
RMORE,0.04, 157.2E6 D,22,ROTZ 
R,4,0,0,0.0035, 105e6,0.006, 121e6 F,5,FX,300000 
RMORE,0.01, 140E6,0.013, 150E6,0.0174, 157. F,5,FY,-2000000 
2E6 F,16,FY,-2000000 
RMORE,0.04, 157.2E6 F, 9,FY,-333333.3333 
R,5,0,0,0.00864,200E6,0.08,200E6 F, 12,FY,-333333.3333 
R,6,0,0,0.00864,200E6,0.08,200E6 SOLVE 
R,7,0,0,0.0017226,361.75E6,0.08,361.75E6 FINISH 

Figure I-13 shows the physical frame properties, which have been used. Again, the figures 13 
till I-6 illustrate the physical magnitudes of the frame analysis. In this frame analysis, the 
sequence of plastic hinge formation is given in figure I-16. 
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Figure I-16 Behaviour 2nd order elastic-plastic frame analysis 
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Again, the physical magnitudes have been drawn in the figures 1-3 till 1-6. In comparison with 
the previous analysis, the sequence of the plastic hinge formation differs slightly. For this 2nd 

order elastic-plastic frame analysis, the third hinge forms at the left base joint and the frame 
collapses when the fourth and last hinge forms at the left loaded point of the beam. 

1-9 Concluding remarks 
This appendix demonstrates the very different forms of response that result from the different 
types of frame analysis. Each frame analysis method can be used as a simulation of the actual 
frame behaviour. One of them can be chosen, depending on the desireable precision of the 
solution. 
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Appendix II Representation of I-sections in ANSYS 

II-1 Introduction 
I-sections are used as beam and columns for the investigated frame. For 
implementing I-sections, a finite element, representing the I-sections, need to be 
chosen. ANSYS has elastic as well as plastic elements in its element library. The 
BEAM3 2-D Plastic Beam element can be arranged behaving elastic as well as plastic. 
The element has been used elastically only. This element will be explained in the next 
paragraph. The procedure for exact description of the I-sections in the beam element 
will be given in paragraph 11-3. In paragraph 11-4, the properties of the used HEA260 
and IPE360 sections will be transformed into ANSYS data. Finally, the solution of the 
HEA260 section will be verified with a parallel calculation by hand and with ANSYS. 

11-2 The BEAM3 2-D Plastic Beam element 
This element can be adjusted as a rectangular section, a thin walled pipe, a round 
solid bar or a general section. However, the I-section cannot be represented as a 
rectangular beam, because of the inseparable relation between the second moment of 
area and the height. The only solution when using element BEAM23 is representing 
the I-section as a general section. The element is able to describe I-section behaviour 
exact. The plastic element BEAM23 behaves elastic when the non-linear properties 
are replaced by elastic properties. Using the same element for physical linear as well 
as physical non-linear behaviour makes comparison more reliable. Further details can 
be found in the ANSYS element library. 

11-3 Representation of I-section in ANSYS 
The element manual describes a trial and error method for getting the right input 
data. By way of weighted area distributions at integration points, the solution can be 
determined approximately. However, the exact solution for describing an I-section in 
a general section can be obtained through using the given equations and solving 
simultaneously. 
The required input perimeters are ASO, A30, AO and h. The equations for symmetric 
cross-sections are: 

Area= 0,125 · A50 + 0,5787037 · A30 + 0,29629630 · AO 

Second moment of area IY = (0,03125 • A50 + 0,052083333 • A30)h 2 

Plastic modulus WP1 = (0,0625 · A50 + 0, 17361108 · A30)h 

. Iv 
Elastic modulus W eI = --" -

(h/2) 

The procedure is as follows: 

(1) 

(2) 

(3) 

(4) 

1. When ly as well as Wei has to be exact, the perimeter h has to be the height of the 
I-section. The substitution of equation 2 in equation 3 results in the exact 
solutions for ASO and A30. 

2. The obtained values ASO and A30 can be inserted in equation 1 to obtain the 
solution for AO. This procedure leads to the exact solution for an I-section. 
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II-4 Calculation imput-data I-sections 
The chosen HEA260 and IPE360 sections are translated for use in ANSYS by 
following the procedure given in previous paragraph. The calculation procedure will 
be executed for both sections which is done below. 

HEA260: A = 8682 mm2 

Iy = 10450 104 mm4 

Wy;pi = 919771 mm3 

h = 250mm 

_I_= 0.03125 · A50 + 0.052083333 · A30 
250 2 

w 
_pl =0.00625 · A50+0.17361108- A30 
250 

Equation (2) multiplied by 2: 
3344=0.0625 · A50+0.10416666 · A30 

3679=0.0625 · A50+0.17361108 · A30 

-335= -0.06944-A30 

IA30 = 4825.1821 

3344 = 0.0625 · A50 + 0.10416666 · A30 

0.0625 · A50 = 3344 - 502.6 

IA50=45462.0321 

(2) 

(3) 

A= 0,125 · A50 + 0,5787037 · A30 + 0,29629630 · AO 

8682 = 0, 125 · 45462 + 0,5787037 · 4825 + 0,29629630 · AO 

IA0=698.27I 

Input properties for the BEAM23 element: 
R, 1,250,45462.032,4825.182,698.27 

IPE360: A = 7273 mm2 

ly = 16270 104 mm4 

Wy;pI = 1019000 mm3 

h = 360mm 

-
1
-=0.03125 · A50+0.052083333 · A30 

360 2 

w 
_pi= 0.00625 · A50+0.17361108 · A30 
360 
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Equation (5) multiplied by 2: 
2511=0.0625 · A50+0.10416666 · A30 

2831 = 0.0625 · A50+ 0.17361108 · A30 

- 320 = -0.06944 · A30 

IA30 =4604.4291 

2511=0.0625 · A50+0.10416666 · A30 
0.0625 · A50= 2830.55 - 799.38 

IA50=32498.721 

A= 0, 125 · A50 + 0,5787037 · A30 + 0,29629630 · AO 

7273 = 0, 125 · 32498.72 + 0,5787037 · 4604.43 + 0,29629630 · AO 

IAO= 1842.95 I 

Input properties for the BEAM23 element: 
R,2,360,32498. 723,4604.429, 1842.95 

II-5 Justification BEAM23 input data 
The use of the applied procedure will be justified in this paragraph by some simply 
supported beam analyses. This is done for the HEA260 section. Firstly, an ANSYS 
analysis will be given for a beam with two supports. In this mechanical model, 
bending behaviour can be verified by comparing ANSYS analysis with analysis by 
hand. The system is illustrated in figure II-1. The moment and the deformations will 
be compared. Because of the elastic use of the BEAM23 element, varifications for the 
integration points will be neglected. 

q = 100 kN/m 

t t t 
2 @ 3 Q} 4 

10,0 m 

~ ~ 
M3 [kNm] 

~ ~ 
U3 [mm) 

Figure II-1 Beam with two supports 

The Imput-file for ANSYS wille be: 

/PREP? 
ET,1,BEAM23 
R, 1,250,45462.032,4825.182,698.27 
BEHAVIOUR 
KEYOPT,1,4,1 
KEYOPT, 1,6,4 
MP ,EX, 1,2. lES 

! ELEMENT SELECTED 
! CALCULATED EXACT HEA260 

! ELEMENT PROPERTIES 

! YOUNG MODULES 
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N,1 
N,5,10000 
Fill 
E,1,2 
EGEN,4,1,1 
FINISH 

/SOLU 
AN1YPE,STATIC 
D,1,UX 
D,1,UY 
D,5,UY 
OUTPR,ALL 
OUTRES,ALL,All 
SFBEAM, 1,,PRES, 100,100 
SFBEAM,2,,PRES, 100,100 
SFBEAM,3,,PRES, 100,100 
SFBEAM,4,,PRES, 100,100 
SOLVE 
FINISH 

/POSTl 
PLDISP,1 
PRRSOL 
PRNLD 
PRNSOL,U 
ET ABLE,MOMZI,SMISC,6 
ETABLE,MOMZJ,SMISC, 12 
PLLS,MOMZI,MOMZJ,-1 
FINISH 

! DEFINITION NODES 

! DEFINITION ELEMENTS 

! 1YPE OF FRAME ANALYSIS 
! CONSTRAINTS 

! STORAGE DATA 

! LOADS ELEMENT 1 

! START SOLVING 

! DRAW DEFORMATIONS 
! PRINT REACTION SOLUTION 
! PRINT NODAL LOADS 
! RPINT DEFORMATIONS 
! OBTAIN MOMENT IN LEFT SUPPORT 
! OBTAIN MOMENT IN RIGHT SUPPORT 
! DRAW BENDING MOMENT DIAGRAM 

The generated ANSYS solutions are summarised below. The deformation and the 
bending moments are thick printed. 

NODE FX 
1 0.0000 
5 0.0000 

NODE TJX 
1 0.0000 
2 0.0000 
3 0.0000 
4 0.0000 
5 0.0000 

FY MZ 
0.50000E+06 0.0000 
0.50000E+06 0.0000 

UY 
0.0000 

-422.75 
-593.34 
-422.75 
0.0000 

uz 
0.0000 
0.0000 
0.0000 

0.0000 
0.0000 

STAT CURRENT CURRENT 
ELEM MOMZI MOMZJ 

1 0.15646E-06 0.93750E+09 
2 0.93750E+09 0.12500E+10 
3 0.12500E+10 0.93750E+09 
4 0.93750E+09-0.12740E-05 

USUM 
0.0000 
422.75 
593.34 

422.75 
0.0000 
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Calculation of the simply supported beam by hand: 

M_ =_!_qt2 =_!_ · 100-10.0 2 =1250kNm 
' 8 8 

U __ 5 __ ql-1 _5__ 100-104 -1012 =593.3mm 
' 384 EI 384 210000 -10450 · 10 4 

Table II-2 Comparison comparable analyses 
By hand ANSYS 

Deformation [mm] 593.34 593.30 
Bendin~ moment [kNm] 1250 1250 

As can be seen in table II-2, the solutions for the ANSYS analysis as well as that 
calculation by hand agree. The results of the deformations are justified. However, the 
structure is a statically indeterminate skeletal structure. For this type of structure, the 
moment is dependant on the cross-section properties. Therfore, the moment solution 
is not justified. 

Table II-3 Numerical integration properties 

HEA260 section 
Numerical Effective Effective Element Location numerical Yield stress 

weighting factor area width height integrationpoint [N/mm2
] 

[H(i)] A(x) [L(i)] =A(x)/h h [mm] [P(i)] 

0.0625 45462.032 181.85 250 -0.5 355 

0.28935185 4825.182 19.30 250 -0.3 355 

0.2962963 698.27 2.79 250 0 355 

0.28935185 4825.182 19.30 250 0.3 355 

0.0625 45462.032 181.85 250 0.5 355 

ANSYS generates the moments by numerical integration of the stresses in the 
integration points. For the exact bending moment and normal force, the area, the 
second moment of area, the elastic modulus and plastic modulus need to be exactly 
described by the BEAM23 element. Using the next equations, these values can be 
determined. For the used HEA260 section, the values in the equations are given in 
table 11-3. 

5 

Area A= LH(i)L(i)h 
i=l 

5 

Plastic modulus wp1 = I:HCi)LCi)h[hPCi)] 

5 

Second moment of area IY = LH(i)L(i) h [hPCi)]2 

Elastic modulus 

Full plastic moment 

i=l 

Iv w __ ._ 
el - (h/2) 

5 

MP1 = LH(i)L(i)h[hP(i)]cr(i) 
i=l 
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Table II-4 HEA260 section modelled in ANSYS 

HEA260 section 
Contribution to Area Second Elastic Plastic Moment 

Integration points A[mm2
] moment of Modulus Modulus Mi,1 [kNml 

area ly [mm 4] We1 [mm3] Wpl [m3] 

-50 2841.377 44396515.63 355172.125 355172.125 126086104.4 

-30 1396.17534 7853486.278 62827.8902 104713.1504 37173168.38 

0 206.894817 0 0 0 0 

30 1396.17534 7853486.278 62827.8902 104713.1504 37173168.38 

50 2841.377 44396515 .63 355172.125 355172.125 126086104.4 

8682 104500004 836000 919771 326518546 

Using the equations, the contribution in each integration point can be calculated. 
This is done in table II-4. The sum of these individual values results in the used area, 
second moment of area, the elastic modulus, the plastic modulus and the plastic 
moment. These values are identical to the known properties of the HEA260 section. 

HEA260: A 

ly 
Wy;e1 

Wy;pl 

h 

= 8682 mm2 

= 10450104 mm4 

= 836400 mm3 

= 919771 mm3 

= 250 mm 

Mpl =fy · wy;pl =355 · 919,8 · 10 3 =326,75kNm 

Using the BEAM23 element, the element describes the exact I-section properties. 
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Appendix III Representation of M-<I> characteristics in 
ANSYS 

III-1 Introduction to COMBIN39 nonlinear spring element 
The element COMBIN39 Nonlinear Spring has possibilities for describing non-linear 
characteristics. It is an element with one adjustable degree of freedom. The 
characteristic can be described as a linearisation of a fully curved characteristic. 
Figure III-1 shows the selected type of characteristic. The spring is chosen behaving 
conservative. Possibilities are adjusting the element with a linear, bi-linear or multi
linear characteristic. 

,/i 
/, 

.", ; 

, ___ _,/;;' i 
I 

! \ 
; J ! 

'1 •::::_~--..___,1,,l:,]p,•[~'' I)' ,,/ ----........ ' iJ..... ...... . 
... ...__ lk:~lncd 

~~Y()PT·; ~ (i :··c;Jnscrvanve\ 

~:::E.YOPT1: 

Ll 

Figure III-1 Selected type of characteristic 

Both axes in the figure can be taken as force-deflection or moment-rotation, 
depending on the used degree of freedom of the element. Taken is the moment
rotation variant. The working of this spring element has been verified using a simple 
analysis. This will be described in next paragraph. 

III-2 Justification spring element 
Figure III-2 shows the input properties for the test calculation. The depicted bi-linear 
moment-rotation characteristic is adopted. The co-ordinates of nodes 1 and 2 are 
located at point (0,0). Node 1 is fixed for rotation in the Z-direction (cp1 = 0.0 rad). 
Node 2 has been presented with a rotation of cp2 = 0.0128 rad. See input data below. 

M [kNm] 

t310 

210 
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Figure 111-2 Adjusted properties 
Input data: 

/PREP? 
ET, l,COMBIN39 
KEYOPT,1,6,1 
KEYOPT, 1,3,6 
KEYOPT, 1,2, 1 
R, 1,O,O,.OO28,21Oe6,.O128,31Oe6 
N,l 
N,2 
E,1,2 

/SOLU 
ANTYPE,STATIC 
NSUBST,4, 12,2 
CNVTOL,ROT,.002,0.001,0 
D,1,ROTZ,O.O 
D,2,ROTZ,O.O128 
SOLVE 
FINISH 

/POSTl 
ET ABLE,MOMENT,NMISC, 1 
ET ABLE,ROTA TION ,SMISC, 1 
PRETAB 
FINISH 

ANSYS solutions: 

! SELECTION ELEMENT 
! ELEMENT PROPERTIES 

! BI-LINEAR CHARACTERISTIC 
! NODES 

! ELEMENT 

! TYPE OF FRAME ANALYSIS 
! NUMBER OF LOADSTEPS 
! CONVERGENCE CRITERION 
! CONSTRAINTS 

! START SOLVING 

! MOMENTS 
! ROTATONS 
! WRITE RESULTS IN TABLE 

***** POSTl ELEMENT TABLE LISTING***** 

STAT CURRENT CURRENT 
ELEM MOMENT ROTATION 

1 0.12800E-01 0.31O00E+09 

In the characteristic of figure 111-2, the moment for <I> = 0.0128 rad is 310 kNm. That 
means, for the prescribed rotation in the ANSYS analysis, the moment has to be 310 
kNm. It can be seen in the listed solutions that the prescribed rotation results in the 
corresponding spring moment. The working of the spring element is proved. 
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Appendix IV Preliminary prediction method for 
column-base stiffness 

IV-1 Introduction 
This appendix decribes the preliminary prediction method for a column-base stiffness 
estimation. The method is given in Wald, Bauduffe and Sokol (2000). The principle 
of the prediction method is to obtain a minimum column-base stiffness which will be 
always available. 

Figure IV-1 Column-base joint 

Referring to figure IV-1, the equation for the stiffness is: 

Ezpred 2 t 
S J;irn;pred = <; 

in which: t = thickness end-plate 
kp,ed = coefficient depending on type of column base 

VI-2 Application of prediction method 
By filling the equations, the stiffness can be predicted. 

E = 210000 N/mm2 

h1 = 200 + 0.5 - 250 + 0.5 · 12.5 = 331.25 

S. . = 210000-331.25 2 20 23000 kNrn / rad 
pm;pred 

20 
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Appendix V Diagrams iterative secant stiffness method 
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Figure V-1 Load-displacement diagram 
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Appendix VI Diagrams half initial secant stiffness 
method - one bay by one storey frame 
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Appendix VII Diagrams half initial secant stiffness 
method - Multi-storey frame 
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Appendix VIII Diagrams amplification method - One
bay by one-storey frames 
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Figure VIII-1 Variation ratio, load-displacement diagram 
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Figure VIII-2 Variation ratio, Load-moment diagram left eaves joint 

- 102 -

80 

150 



1200 

1000 

BOO 

~ 600 
"C .. 
0 
--' 

400 

200 

0 

0 

-400 

20 

MOIi/ENT -LOAD DIAGRAM 
SECOND ORDER - FIRST ORDER ANALYSIS WITH AMPLIFICATION 11/ETHOD 

right joint at eaves 

FIRST PLASTIC HINGE 

Ratio= 0.3 

Second order-Haw 
First order half amplificated 

40 60 80 100 120 140 160 

Moment [kNm] 

Figure VIII-3 Variation ratio, Load-moment diagram right eaves joint 

-300 

MOIi/ENT -LOAD DIAGRAM 
SECOND ORDER - FIRST ORDER ANALYSIS WITH AMPLIFICATION 11/ETHOD 

beam moments 

Ratio= 0.3 

Ratio= 0.2 

-200 -100 0 

Moment (kNm] 

Second order-Haw 
First order half amplificated 

100 200 300 

Figure VIII-4 Variation ratio, Load-moment diagram beam 

- 103 -

180 

400 



[ 
"D .. 
0 

..J 

-250 -200 

MOIi/ENT-LOAD DIAGRAM 
SECOND ORDER - FIRST ORDER ANALYSIS WITH AMPLIFICATION 1\/ETHOO 

bottom joint moments 

-150 -100 -50 0 

Moment [kNm] 

50 100 150 200 

Figure VIII-5 Variation ratio, moment-load diagram column base joints 

- 104 -

250 



Appendix IX Diagrams amplification method - Multi
storey frame 
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Appendix X Justification Adaptive amplification method 

X-1 Introduction 
The amplification of first order analysis solutions is an established method for taking 
into account second effects of the structure. A specific application of this method is 
discussed in chapter 6. Considerations in chapter 6 refers to this appendix for further 
clarification. The question is whether the amplification method can be used after 
formation of plastic hinges in the structure. This appendix deals with this question. 

This appendix demonstrates the suitability of stability theory by analysing a simple 
static system by simple exact calculations. It starts with the description of the 
example column in paragraph X-2. Paragraph X-3 generates the first order 
equilibrium relations for that column. In the next paragraph, this will be done for 
second order relations. Paragraph 3.5 derives a amplification factor. Finally, the 
example has been verified by ANSYS analyses. Both solutions are compared and form 
the validation of the presented approach. 

X-2 Example column 
The example is an infinite stiff column with a length L spanned between two springs, 
given in figure X-1. Because fo the infinite stiff column, the springs are of concern. 
During loading of the column, one of them has to terminate with contributing with 
stiffness by becoming plastic, so that the nature of the structure changes and the 
presented amplification approach can be analysed. 

The springs are both provided with moment-rotation characteristics given in figure X-
1. Up to MP1 in the characteristic on top, the springs behave identical. When starting 
to load the column, both springs contribute to resisting the applied load. As soon as 
MP1 appears in the spring on top, a plastic hinge will form. In that spring, the moment 
cannot increase anymore. When carrying on with loading, the base spring has to 
carry all moments. Then the stiffness of the system changes being lower than the 
original stiffness. The buckling load of the structure is changed. Therefore, the 
analysis can be divided into two stages. These are when <!>actual ::; <pp1 and when <!>actual > 
'Ppl• 

M [kNm] 

i Mpl 

------<> 9J [rad] 

Mom-Rot characteristics on tap 

M [kNm] 

t 

------<> 9J [rad] 

Mom-Rot choracteristics at the base 

Figure X-1 Column with two springs 
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In the next paragraphs, first order and second order equations have been set up. For 
taking into account second order effects, a horizontal force cx.F is used. The first order 
horizontal deformation is the 01 variable while 02 is the quantity of additional 
deformations due to second order effects. 

X-3 First order equilibrium relations 
The derivations of first order relations start with defining equilibrium of the 
structure. The first order external moment cx.FL equals the internal moments M10P + 
Mbase• After that, the expression is divided into two domains of validity. In the first 
domain, both springs contribute to the structural capacity. In the second domain, the 
spring on top behaves plastically and the moment capacity MP1 remains. 

8 -S 8 -S 2-8 -S f =-1-+_l_= I 

a£2 a£2 a£2 

2-8 -S 
F = I (1) 

a£2 
a-F-£2 

8 1 = 
2

_S (2) 

or when <p 1 • S > MP1 : 

Fae2-M -£ 
8 = pl 

I s 

X-4 Second order equilibrium relations 

(81 ·S+Mpl ·£) 

a£2 

£(Fa£-MP1) 
8 =----

! s 

(3) 

(4) 

Moment aFL + Fo2 forms the external moment in a second order equilibrium 
definition. Again, the external moment equals Mwp + Mbase and can be divided into 
two domains of validity. 
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a.Fe+ Fo2 = Mtop + Mbase = <P2 · S + min(<P2 • S; MPJ 

F(a.f.+o:J= <P2 -S+min(<P2 ·S;Mpl) 

O 2- • S + min(m · S · M ) e 't' 2 , pi 

F = ---------
(a.£+ 0,,) 

When (1) 1 -S:s;MP1 : 

o,, 0,, 02 
--~ · S + _-::_ · S 2 · - · S 

= F= e e e = 
(a.£+02) (ae+o 2 ) f.(a.e+o,,) £(?-e+I) 

0,, 

2S 
F=----

(af.~-+£) 
0,, 

(5) 

or when (1) 1 • S > MP1 : 

0,, 
F=-; S+Mpl = 02 -S+Mplf. _ (02 -S+Mp/) 

(ae + 02) (a.£ 2 + 02£) - £(a.£+ 02) 
(7) 

F£(a.e+oJ=o 2 -s+Mp1e ⇒ Fa.e 2 +0 2Fe=o2 -S+Mrl ⇒ 

Fa.€ 2 -MP/ = 8 2 ·S-82FR ⇒ R(Faf-MP1) =8 2 (S-F€) 

e(Fa.£-M 1) 

o 2 = (S _ F €) p (8) 

X-5 Derivation of amplification factor 
The relation between first order and second order approach can be expressed in an 
amplification factor. Generally, this amplification factor has the form of (n/n-1). It is 
known, the first order solution multiplied by the amplification factor results in the 
second order solution for the stage in which both springs contribute to the column 
capacity. If this principle remains for the stage after reaching the moment capacity in 
the spring on top can be varified. Using the equations for &1, 02 and FE and expressing 
them simultaneously, the (n/n-1) expression can be obtained. By using the buckling 
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load FE for the second stage of the structure, another expression can be obtained. If 
this expression has the same form, the amplification method gives still the right 
solution. The question can be answered whether the amplification method remains 
valid after formation of a plastic hinge by simply changing the buckling load in the 
amplification expression. 

When <p 1 • S s: Mr1 : 

a-F -e 2 

01 =---
2-S 

o,, = aFe 

~ 2S-F 
e 

(2) 

(6) 

o 2S 
F·◊=2·cp·S ⇒ F-8=2·-·S ⇒ F=F = 

f, E e 

02 = nlststage . 01 (10) 
nlststage -1 

(9) 

= O . nlststage 
I 

n 1st stage - 1 

The well known form of equation (10) is obtained. The first order solution in this 
state of the problem can simply be multiplied by the amplification factor to obtain 
the second order solution. It can be concluded that the amplification method is 
applicable in the first stage of the analysis. 

or when <p 1 • S > Mr1 : 

The state of the structure changes and requires another buckling load. This is 
equation (11). Again, the different equations can be expressed in the form of the first 
order solution multiplied by an amplification factor. 

C(Fa£-Mri) 
0 =-----

1 s 
o,, = f(Faf.-Mr1) 

- (S-Fe) 

F- 00 =<p 0 • S+MP 

F-01 =<p1 -S+Mp 

(4) 

(8) 

F(o 0 -8i}=(<p0 -<p 0 )S=(
80 

;
81 )s ⇒ F=FE =7 (11) 
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When analysing the column, after plastification of the spring on top, a plastic hinge 
will form in this spring. In equation (11), this plastic hinge is assumed as a normal 
hinge. The actual moment has been neglected. Because of the infinite stiffness of the 
column, it does not have any influence and the theory remains. 

s f(Fae -Mpl) 
------•S 

s <5=: = -------
8 -S l 8 . e =8 . FE 

l s l (S - Ff) (S - Fe) ( - - F) (FE - F) 
t 

s: . Il 2nd stage Il 2nd stage . s: 
u 1 ----- ⇒ 82 = U 

( I) ( 2 -1) 1 
Il 2nd stage - Il nd stage 

(12) 

Again, the well known form for equation (12) is found. Also for the second state of 
the frame analysis, the 2nd order theory remains valid. For this structure, all first 
order solutions can be multiplied by the amplification factor. Indeed, the 
amplification factor has to be adjusted with the actual buckling load. 

X-6 Comparison derived equations in ANSYS analysis 

The suggested approach to the amplification factor in previous paragraph can be 
verified by a analysis with ANSYS. Therefore, a comparison will be made. Figure 2 
shows the same structure with some physical magnitudes. The properties of the 
frame are: 

Elements 
Supports 

: 1 beam, 2 springs 
: Base rotation, vertical and horizontal deformations restricted 

Top, rotations restricted 

M [kNm] 

i 200 

----<> ~ [rad] 

Mom-Rot chorocteristics on top 

M [kNm] 

i 

----<> ~ [ rad] 

Mom-Rot characteristics at the base 

Figure X-2 Physical magnitudes of analysed structure in ANSYS 

The results of first and second order finite element analyses of the structure in figure 
X-2 are illustrated in figure X-5 and X-6 and summarised in table X-3. The diagram in 
figure X-5 shows the load-deformation development of the 1 st and 2nd order analyses. 
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In each curve, a change over can be identified and represents the plastic hinge 
formation in the spring on top of the structure. Two possible load levels in each state 
of the structure are analysed with the expressions given in preious paragraph: 

pt order cp-S s Mp1 F = 696.0 kN 

0 =a·F-t
2 

=696-0.1-5.0
2 

= 37_83 mm 
I 2 · S 2 • 23 000 

F = 898.4 kN 

0 
= €(Fa£-MP1) = 5.0(0.1-898.4-5.0-200) =

54
_
2

mm 
1 s 23000 

2nd order cp·S s MP1 F = 696.0 kN 

0,,= aFf = 0.1-696-5.0 = 40_92 mm 

~ 2~-F (2-
23

000 -696) 
5.0 

cp-S > Mpl F = 898.4 kN 

f(Fa.€ - M pi) 5.0 · (898.4 · 0.1 · 5.0 - 200) 
8,, =-----=----------=67.32mm 

~ (S- Fe) (23000- 898.4- 5.0) 

Other properties of the analysed column are: 

Buckling load: 

<.p·S s Mpl 

Amplification factor: 

F = 2 · S = 2 · 23000 = 9200 kN 
E f 5.0 

F =~= 23000 =4600 kN 
E f. 5.0 

n= FE= 9200 =l3.l 4 
F 700 

_n_= 13.14 =1.0824 
n-1 13.14-1 

n = FE = 4600 = 5.1 l 
F 900 

_n_ = 5.11 = l.243 
n-1 5.11-1 

From the ANSYS analyses, the solutions are summarised in table X-3. 
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T bl X 3 ANSYS 1 . a e - so ut1ons o analyses f 
Applied load F Deformation Moment 

[kN] [mm] [kNm] 
r 1 order 696.0 37.85 174 

898.4 54.23 249 
2 nd order 696.0 40.95 188 

898.4 67.42 310 

Table X-4 lists the solution obtained from the analysis methods. When comparing 
solutions of ANSYS with the analytical expressions, the results are identical. The 
amplification approach is verified with numerical analyses. 

T bl X 4 C a e - ompanson ANSYS d an 1 . 1 I . ana yt1ca so ut1ons 
Applied load F Deformation Deformation 

[kN] [mm] [mm] 
analytical ANSYS 

1st order 696.0 37.83 37.85 
898.4 54.20 54.23 

2nd order 696.0 40.92 40.95 
898.4 67.32 67.42 

It can be concluded that the amplification method remains applicable after formation 
of a plastic hinge in one of the springs. The buckling load can simply be adjusted 
taking spring formation into account. The appropriate buckling load shoul be used in 
the amplification factor. 

Load-Deformation diagram 
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Figure X-5 Load-Deformation diagram ANSYS analyses 
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Figure X-6 Load-moment diagram ANSYS analyses 
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Appendix XI Selected beam-to-column connections 

Project: Research project on Semi-Rigid joints 
vvint: 1 

General data 
Structural characteristics Unbraced 
Corrosive environment ...•.. : No 

Page 1 
27-6•2001 

Joint configuration •....... : Single sided beam-to-column - top of the column 
Beam .•................•.... : IPE 360, S 355, o. = 0°, ½:, = 8000 mm 
Column ....•................ : HEA 260, S 355 
Type of connection ......... : Flush endplate connection 
Calculation procedure ...... : Eurocode 3, Annex J 
Design procedure ............ PP - Plastic frame analysis/ plastic joint design 

Elevation Section 

M20 8.8 

r-
l\.ar= 10 mm 

IPE360 

r,._aw= 10mm 

200/390112 

HEA260 -

Components 
End-plate .....•.• : b/h/t=200/390/12 mm, S 355 
Bolts ....... _ ...• : 6 M2 0 8 • 8 
Welds 

Beam ••••••••••• : af = 10 mm, a,, = 10 mm 

Results 
Positive moment 
Besistance 
Mj.Rd 99.6 kNm < 100.0 kNm not O.K. 
VJ.Rd 295. 7 kN > 160.0 kN O.K. 
Stiffness 
Si,i•i = 19892 JtNm/rad 
Cl.assification 
Strength: partial strength 
Stiffness: semi-rigid 
Rot. cap.: no information in EC3-Annex 

J 
J!'ai.l.ure 
Column web in compression 

CoP VefSion 2000R12 
'P e RWTH Aachen, MSM Liege, tees Hoofddorp 
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M20 8.8 

IPE360 

HEA260 

Detail 

....... 
'E> 

0 

0 

-

0 

0 

0 

0 

'o--

"i'--..af= 10mm 

' 

0 

0 

aw= 10mm 

200/390/12 

EducatJonal Version 



Project: Research project on Semi-Rigid joints 
JrJint: 2 

General data 
Structural characteristics Unbraced 
Corrosive environment ...... : No 

>age 

27•· ')t) 

Joint configuration ....•... : Single sided beam-to-column - top of the column 
Beam ....................... : Il'E 360, s 355, u = o•, L,, = 8000 mm 
Column ..................... : HEA 260, S 355 
Type of connection ......... : Flush endplate connection 
Calculation procedure ...... : Eurocode 3, Annex J 
Design procedure ............ PP - Plastic frame analysis/ plastic joint design 

Bevation Sect.ion 

M20 8.8 
~ 

~af=10mm 

IPE360 

l's.aw= 10mm 

225/96/20 

200/390120 

HEA260 

Components 
End-plate ........ : b/h/t=200/390/20 mm, S 355 
Bolts •......•.... : 8 M20 8.8 
Stiffener ........ : l/b/t=225/96/20 mm, S 355 
Welds 

Beam ........... : a, = 10 mm, aw = 10 mm 
stiffener ...... : a= 8 mn 

Results 
PositiYe moment 
Resistance 
M;.F.d 137.8 kNm > 100.0 kNm O.K. 
·1o\,Rd 349.4 kN > 160.0 kN O.K. 
Stiffness 
SJ,ini = 30455 kNm/ rad 
C1assification 
Strength: partial strength 
Stiffness: semi-rigid 
Rot. cap.: sufficient for plastic 

analysis 
Fail.ure 
Column web panel in shear 

CoP Version 2000R12 
C RWTH Aachen; MSM Liege, ICCS Hoofddorp 
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M20 88 

IPE 360 

HEA260 

Detail 

-
"'E) 

0 

0 

0 

-

0 

0 

0 

0 

0 

0 

~ 

I'--.. al= 10 mm 

aw= 10mm 

' I'\. 200/390/20 

0 

0 

0 

Educational v,, : ... 



Project: Research projeCt on Semt-Rigid joints 
Joint: 3 

General data 
Structural characteristics Unbraced 
Corrosive environment ...... : No 

F, 
27-E-2001 

Joint configuration ........ : Single sided beam-to-column - top of the column 
Beam ........•.............. : IPE 360, s 355, a= 0°, L,,= 8000 mm 
Column ......•.............. : HEA 260, S 355 
Type of connection ......... : Flush endplate connection 
Calculation procedure ...... : Eurocode 3, Annex J 
Design procedure ............ PP - Plastic frame analysis/ plastic joint design 

Elevation 

M20 8.8 

i\af= 15mm 

210/350/8 
IPE360 

,aw=10mm 

225196120 

200/410/20 

HEA260 

Components 
End-plate ...•.•.. ; b/h/t=200/410/20 mm, S 355 
Bolts .......•.... : 8 M20 8.8 
Stiffener ......... l/b/t=225/96/20 mm, S 355 
Web plate ........ : b/h/t=210/350/8 mm, S 355 
Welds 

Beam ........... : af = 15 mm, ad = 10 mm 
Stiffener ....... a 8 mm 
Web plate .•.... :a= 10 mm 

Results 
Positive moment 
Resistance 
M;,Rd 157 .4 kNm > 100.0 kNm O.K. 
Vj,Rd 215.0 kN > 160.0 kN O.K. 
Stiffness 
S;.in: = 40594 kNm/ rad 
C1a.ssification 
Strength: partial strength 
Stiffness: semi-rigid 
Rot. cap.: not sufficient for plastic 

analysis 
Failuxe 
Column flange in bending 

-::_..__ CoP Version 2000R12 

-~p © RWTH Aachen, MSM Liege, ICCS Hoofddorp 
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Section 

M20 8 8 

fPE360 

HEA260 

Detail 

...__ 

'O 0 "-. af=15mm 

0 0 

0 0 

0 ro-... aw= 10mm 

' 
\2001410/20 

, 
a[ ,, 

0 0 

' 0 0 ,_ 
' 30 

0 0 ·~ .. 
,,., 

0 0 ... 
'b 

Educational Version 



D.-oject Re'-'~ard• project on Semi-Rigid joints 
Joint: 4 

General data 
Structural characteristics Unbraced 
Corrosive environment ...... : No 

Pa1;-, , 
27--6-2001 

Joint configuration ........ : Single sided beam-to-column - top of the column 
Beam ..•......•.......•...•. : IPE 360, s 355, ex = 0°, Lt, = 8000 mm 
Column ..................... : HEA 260, S 355 
Type of connection ......... : Flush endplate connection 
Calculation procedure ....•. : Eurocode 3, Annex J 
Design procedure ............ PP - Plastic frame analysis/ plastic joint design 

Ewvat~n Section 

M20 8.8 

210/52018 

225'96/20 

HEA260 

Components 
End-plate ........ : b/h/t=200/570/20 nm, s 355 
Bolts ........••.. : 10 M20 8.8 
Stiffener ....••.. : l/b/t=225/96/20 mm, S 355 
Web plate .....•.. : b/h/t=210/520/8 mm, S 355 
Haunch . . . . . . . . • . • . b,, = 170 mm, t, = 13 :mm, s 355 
Welds 

Beam •••••..••.•• a;; = 10 mm, a~ = 10 mm 
Haunch ......... : a,,= 10 mm, a.= 10 mm 
Stiffener ....... a 8 mm 
Web plate ...... : a= 10 mm 

Results 
Positiw moment 
ReE.stance 

237.1 kNm > 
537.6 kN :> 

Mj,R,j 

Vj,RC 

Stiffness 

100.0 kNm O.K. 
160.0 kN O.K. 

Sj,ini = 90700 kNm/rad 
c1assification 
Strength: partial strength 
Stiffness: semi-rigid 
Rot. cap. : no information in 

J 

EC3-Annex 

Fai1ure 
Beam web in compression 

":-. CoP Version 2000R12 
p @ RWfH Aachen, MSM liege, ICCS Hoofddorp 
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M20 88 

IPE 360 

HEA260 

Detail 

-
-e 0 t--....af= 10mm 

0 0 

0 0 

0 ~ aw= 10mm 

-
0 0 

' 
\.200/570120 

"IL lt5 ❖ «; 'f'r 

0 0 

0 0 

0 0 

0 0 

0 0 
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