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Linear Quadratic Control of Temperature in a
One-Dimensional Beam

K.CHEN
Control Systems Group

Department of Electrical Engineering , Eindhoven University of Technology

Abstract—The heat diffusion equation in a 1D beam
has been used for thermal control by directly using
the governing partial differential equation (PDE). Two
approaches have been applied for controller design
that minimize a suitable quadratic cost in an operator
theoretic framework. These two approaches involve the
design of a Linear Quadratic Regulator over an infinite
time horizon and over a finite time horizon, respectively
and the design of a Linear Quadratic Tracking controller
over a finite time horizon. Analysis of both approaches
and a MATLAB implementation demonstrate their
applicability in various physical scenarios.

Index Terms—thermal control, infinite dimensional
system, PDE, LQ-regulator control, LQ-tracking control

I. INTRODUCTION

The evolution of many physical phenomena in na-
ture is a function of time as well as space and are
typically described by partial differential equations
(PDEs). Over the past decade, infinite dimensional
system theory has been developed to analyze and
control the dynamic behavior of PDEs ([1],[2]). The
mathematical foundation of infinite dimensional sys-
tem theory utilizes the original partial differential equa-
tions without any finite dimensional discretization. In
spite of the difficult tractability in its implementations,
the study of an infinite dimensional system is essen-
tial, as these models are exact and do not rely on
any approximation for analysis, design, and synthesis.
Especially the research of the linear quadratic (LQ)
control problem for an infinite dimensional system
has a compelling significance in the control of PDEs
([3],[4]). Compared to its finite-dimensional counter-
part where LQ control theory is well established, the
same methods in infinite dimension are rather unex-
plored as far as practical applications are concerned.

In this thesis, we present LQ optimal control tech-
niques for an infinite dimensional model of heat dif-
fusion. We present a) a stabilizing or regulatory con-
troller on an infinite time horizon and on a finite time
horizon, respectively, that drives the state trajectory to
its zero state (equilibrium) and b) a tracking controller

in finite time horizon that minimizes the state tracking
error for an arbitrary state reference trajectory under
various actuation scenarios for a 1D heated beam. In
the end, these controllers have been implemented in
MATLAB and have been compared in their perfor-
mance.

In the following sections the items involved in the
modeling and control design are described in more
detail. Section II contains the research questions and
describes the research problem in more detail. The
methodologies of different controller designs are elab-
orated in Section III. Section IV discusses the details
of modeling and controller design. Section V contains
the implementation of the designed controllers and the
performance comparison. Section VI provides the final
conclusions and recommendations for future research.

Before presenting details about the next sections,
some notations are defined first.

• Z: The Hilbert space of functions
f : [0, L] → R equipped with the inner
product 〈f, g〉 :=

∫ L
0
f(x)g(x)dx.

• (Z, 〈·, ·〉): Separable Hilbert Space with inner
product 〈·, ·〉 : Z = Z → R.

• L(U ,Z): Linear bounded operators from U to Z .

• L(Z): Linear bounded operators from Z to Z .

• L2([t0, te];U): Class of Lebesgue measurable U-
valued functions f : [t0, te] → U that are square
integrable on [t0, te], i.e.

∫ te
t0
||f(t)||2dt <∞ .

• L2(0, L): Hilbert space of Lebesgue square
interable functions on (0, L), endowed with the
inner product 〈f, g〉 :=

∫ L
0
f(x)g(x)dx .

• ZK : A sequence of finite dimensional
linear subspaces of Z , with K an integer,
K ∈ {0, 1, 2, ...} and dim(ZK) = K + 1.
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• PK : Z → ZK , canonical orthogonal projection
of Z onto the space ZK .

II. PROBLEM FORMULATION

In this research, a heated beam is considered as a
1D model which can be used to check the potential
of our control strategy. Before details about the mod-
eling and controller design are discussed, we consider
the corresponding heat diffusion equation as a partial
differential equation

∂z(x, t)

∂t
=
∂2z(x, t)

∂x2
+ q(x, t) (1)

where z(x, t) represents the temperature at position
x ∈ [0, L] and time t ∈ [t0, te], q(x, t) represents
the addition of heat along the beam with t ∈ [t0, te]
and x ∈ [0, L]. Here q(x, t) = s(x)u(t) with s(x) an
indicator function for locations x ∈ [0, L] on which
heat is supplied. That is

s(x) =

{
1, if heat is supplied at x
0, otherwise.

(2)

The initial condition is

z(x, t0) = z0(x) (3)

where z0 : [0, L]→ R.
Boundary conditions are

∂z(0, t)

∂x
= 0 =

∂z(L, t)

∂x
(4)

representing complete isolation on x = 0 and x = L.
According to notations in Section I, the solutions

z(x, t) of equation (1) can be viewed as functions
z(·, t) : [0, L] → R belonging to Z for all time t and
we will write z(t) ∈ Z to denote z(·, t), then equation
(1) can be written as a linear evolution equation of the
following abstract form [5]

Σ :


ż(t) = Az(t) +Bu(t)

z(0) = z0

y(t) = Cz(t)

(5)

where z0 ∈ Z is the inital condition at t = t0 and
y(t) denotes a measurement. In this research, we define
ż(t) = ∂z(x,t)

∂t , A = ∂2

∂x2 and [Bu(t)](x) = q(x, t).
Figure II.1 shows the simplified diagram of the 1D

heated beam model.

Figure II.1: Example of a 1D heated beam model

From [6], we know that the state and output trajectories
of the state linear system (equation (5)) are given by

z(t) = S(t− t0)z0 +

∫ t

t0

S(t− s)Bu(s)ds (6)

y(t) = Cz(t) (7)

where S(t) is a linear bounded operator, S(t) : Z →
Z , for linear operator A : D(A) ⊂ Z → Z is
the infinitesimal generator of a strongly continuous
semigroup S(t) on Z , B is a linear bounded operator,
and B : U → Z , C is a linear bounded operator and
C : Z → Y , where the state space Z , the observation
space U and the control space Y are assumed to be
separable Hilbert spaces [7].

We assume that a cost functional is given in a
quadratic form as the following equation, with time
interval t ∈ [t0,∞],

J∞(z0, u) =
∫∞
t0
〈Cz(t), Cz(t)〉Y + 〈u(t), Ru(t)〉Udt

(8)
where z(t) is given by equation (5) and u ∈
L2([t0,∞];U). Furthermore, R is a self-adjoint pos-
itive definitive operator on the control space U .

In this research, the first control problem is to find
an optimal Linear Quadratic Regulator control umin ∈
L2([t0,∞];U) to minimize J∞(z0, u) in equation (8)
over infinite time horizon (PF1).

We also assume that a cost functional is given in
a quadratic form as the following equation, with time
interval t ∈ [t0, te],

J(z0, u) = 〈z(te), Gz(te)〉Z +
∫ te
t0
〈Cz(t), Cz(t)〉Y

+〈u(t), Ru(t)〉Udt
(9)

where z(t), G and R are defined before. Futhermore,
u ∈ L2([t0, te];U) and z(te) denotes z(·, te), te < ∞
(te > t0).

In this research, the second control problem is to
find an optimal Linear Quadratic Regulator control
umin ∈ L2([t0, te];U) to minimize J(z0, u) in equa-
tion (9) over finite time horizon (PF2).

In fact, this is a special case of a wider class of
problems where it is required that the outputs of the
system follow or track a desired trajectory in some
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optimal sense. Assume that a state reference zref (t)
is given, zref (t) ∈ Z , with t ∈ [t0, te]. Define the
tracking error e(t) = z(t) − zref (t). Then e(t) ∈ Z
for all t ∈ [t0, te] and the cost function becomes [8]

Jr(z0, zref , u) = 〈e(te), Ge(te)〉Z
+
∫ te
t0
〈Ce(t), Ce(t)〉Y + 〈u(t), Ru(t)〉Udt.

(10)

So the third control problem (PF3) is to find for
any zref : [t0, te] ∈ Z an optimal Linear Quadratic
Tracking control urmin ∈ L2([t0, te];U) to minimize
equation (10), which is tracking a desired trajectory.

Thus there are three main interesting research ques-
tions:
• PF1: Find an optimal control umin ∈

L2([t0,∞];U) that minimizes the cost functional
J∞(z0, u) in infinite time horizon.

• PF2: Find an optimal control umin ∈
L2([t0, te];U) that minimizes the cost functional
J(z0, u) in finite time horizon.

• PF3: Find an optimal control urmin ∈
L2([t0, te];U) that minimizes the cost functional
Jr(z0, zref , u) in finite time horizon.

III. METHODOLOGIES

A. PF1: Methodologies for LQR in infinite time hori-
zon

In this subsection, the methodologies for LQR in
infinite time horizon are discussed. The control scheme
is shown in Figure III.1

Figure III.1: Overview of the control scheme for LQR con-
trol in infinite time horizon

From [9], we know that for z1, z2 ∈ D(A) the
algebraic Riccati equation (ARE) is given by

0 = 〈z2,ΠAz1〉+ 〈Az2,Πz1〉+ 〈Cz2, Cz1〉
−〈B∗Πz2, R

−1B∗Πz1〉 ∀z1, z2 ∈ Z.
(11)

Here Π : Z → Z is a symmetric operator in the
sense that 〈z1,Πz2〉 = 〈Πz1, z2〉 for all z1, z2 ∈ Z .

Let us denote by ϕk the normalized eigenfunctions
of A, which means

Aϕk = λkϕk
||ϕk|| = 1

(12)

where ϕk ∈ Z for k = 0, 1, 2, ... and λk ∈ C.
For (z1, z2) = (ϕk, ϕm), the Riccati equation (11)

becomes

0 = 〈ϕk,ΠAϕm〉+ 〈Aϕk,Πϕm〉+ 〈Cϕk, Cϕm〉
−〈B∗Πϕk, R−1B∗Πϕm〉 ∀k,m = 0, 1, 2, ...

(13)
In order to numerically solve the algebraic Riccati

equation for practical problems, we have to find suit-
able finite-dimensional approximations to its solution
Π. In this paper, there are two approaches to solve this
problem.

Approach 1.
In the first approach, we seek a solution of Π

restricted to D(A), then for every z ∈ D(A), as
denoted in [9], we can write

Πz =
∑
k,m

Πkm〈z, ϕm〉Zϕk (14)

where ϕk are the normalized eigenfunctions of A and

Πkm = 〈ϕk,Πϕm〉 (15)

are the Fourier coefficients of Π in the basis ϕk.
From [9], [10], we have that

umin(x, t) = −R−1B∗Πzmin(x, t) (16)

is the optimal solution to PF1.
Furthermore, the state space in closed loop becomes

żmin(t) = (A−BR−1B∗Π)zmin(t) (17)

subject to zmin(t0) = z0.
From [9], [10], we also have that

zmin(x, t) =

∞∑
k=0

eλcl,kt〈z0(·), ψk(·)〉ψk(x) (18)

where zmin(x, t) is the optimal trajectory in closed
loop, ψk are eigenfunctions in closed loop, λcl,k are
eigenvalues in the sense that

(A−BR−1B∗Π)ψk = λcl,kψk (19)

with k = 0, 1, 2, ...
For the first approach, the main task is to find the

solutions λcl,k and ψk. However, in most cases we can
not find the solutions of λcl,k directly since the eigen-
functions in closed loop are different from the eigen-
functions in open loop in most cases. Therefore, we
have to apply the second approach, as [5] mentioned,
in order to numerically solve the operator Riccati
equation (equation (11)). For practical problems, we
have to find suitable finite-dimensional approximations
to Π.
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Approach 2.
Therefore, in the second approach, let ZK ,K =

0, 1, 2..., be a sequence of finite dimensional linear
subspaces of Z (dim(ZK) = K + 1) and PK :
Z → ZK be the canonical orthogonal projection. Now
we can reformulate the LQR problem on ZK instead
of Z (see [3], [7]). Therefore, the control problem
amounts to minimize

JK∞(zK0 , u
K) =

∫∞
t0
〈CKzK(t), CKzK(t)〉YK

+〈uK(t), RKuK(t)〉UKdt
(20)

subject to:

Σ :


żK(t) = AKzK(t) +BKuK(t) t > 0

zK(0) = zK0 = PKz0

yK(t) = CKzK(t)
(21)

where
• YK : are a sequence of finite dimensional linear

subspaces of Y , dim(YK) = K + 1.
• UK : are a sequence of finite dimensional linear

subspaces of U , dim(UK) = K + 1.
• AK : AK = PKA|ZK .
• BK : BK∈ L(UK ,ZK), BK = PKB.
• CK : CK∈ L(ZK ,YK), C|ZK .
• zK0 ∈ ZK .
• zK(t) ∈ RK+1 is given by equation (20).
• żKmin(t) = (AK −BKR−1(BK)∗ΠK)zKmin(t).
• GK ∈ L(ZK).
• RK ∈ L(UK).
From [5], the optimal control is given in feedback

form by

uKmin(t) = −(RK)−1(BK)∗ΠKzKmin(t). (22)

where ΠK is the stabilizing, positive semidefinite, self
adjoint solution to the equation

0 = (AK)
∗
ΠK + ΠKAK + (CK)∗CK

−ΠKBK(RK)−1(BK)∗ΠK (23)

Lemma 1. Define Π
K

= PKΠ|ZK , from [11], we
have Π

K
= ΠK .

From [12], we know that zKmin(t) is the correspond-
ing solution of the state equation (22) with uK(t) =
uKmin(t).

B. PF2: Methodologies for LQR in finite time horizon

In this subsection, the methodologies for LQR in
finite time horizon are discussed. The control scheme
is shown in Figure III.2

Figure III.2: Overview of the control scheme for LQR con-
trol in finite horizon

In this subsection we define for all t ∈ [t0, te], a
symmetric operator Π(t) : Z → Z .

From [9] we know that for z1, z2 ∈ D(A) and
t ∈ [t0, te], the function 〈z1,Π(t)z2〉 is differentiable
for all z1, z2 ∈ Z and satisfies the differential Riccati
equation
d〈z2,Π(t)z1〉

dt = −〈z2,Π(t)Az1〉 − 〈Az2,Π(t)z1〉
−〈Cz2, Cz1〉+ 〈Π(t)BR−1B∗Π(t)z2, z1〉,
∀z1, z2 ∈ Z

(24)
with terminal condition

Π(te) = G. (25)

Here Π(t) : Z → Z is a symmetric operator in the
sense that 〈z1,Π(t)z2〉 = 〈Π(t)z1, z2〉 for all z1, z2 ∈
Z and all t ∈ [t0, te].

Similar as the LQR problem in infinite time horizon,
there are two approaches to solve equation (24), (25)
for Π(t), t ∈ [t0, te].

Approach 1.
Let us denote by ϕk the normalized eigenfunctions

of A. If we take z1 = ϕm and z2 = ϕk for k,m ≥ 0,
then the Riccati differential equation ((24),(25)) be-
comes
d〈ϕk,Π(t)ϕm〉

dt = −〈ϕk,Π(t)Aϕm〉 − 〈Aϕk,Π(t)ϕm〉
−〈Cϕk, Cϕm〉+ 〈Π(t)BR−1B∗Π(t)ϕk, ϕm〉
∀k,m = 0, 1, 2, ...

(26)
〈ϕk,Π(te)ϕm〉 = 〈ϕk, Gϕm〉 = Gkm. (27)

If we seek a solution of Π(t) restricted to D(A),
then for every z ∈ D(A), as [9] denoted, we can write

Π(t)z =
∑
k,m

Πkm(t)〈z, ϕm〉ϕk, where

Πkm(t) = 〈ϕk,Π(t)ϕm〉 (28)

are the Fourier coefficients on Π(t) in the basis ϕk,
K = 0, 1, 2, ...

From [9], [10] we have

umin(t) = −R−1B∗Π(t)zmin(t) (29)
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is optimal solution of PF2.
Futhermore, the state space in closed loop becomes

a time-varying system

żmin(t) = (A−BR−1B∗Π(t))zmin(t) (30)

where
zmin(t0) = z0. (31)

Approach 2.
In finite time horizon, eigenfunctions in closed loop

are definitely different as the eigenfunctions in open
loop. Therefore, we have to apply the second approach,
reformulate the LQR problem on ZK instead of Z .
Therefore, similar as in infinite time horizon, with the
cost functional in finite time horizon

JK(zK0 , u
K) = 〈zK(te), G

KzK(te)〉ZK

+
∫ te
t0
〈CKzK(t), CKzK(t)〉YK

+〈uK(t), RKuK(t)〉UKdt

(32)

and the same operators as in the previous section, the
optimal control is given in feedback form by

uKmin(t) = −(RK)−1(BK)∗ΠK(t)zKmin(t). (33)

where

−Π̇K(t) = (AK)
∗
ΠK(t) + ΠK(t)AK + (CK)∗CK

−ΠK(t)BK(RK)−1(BK)∗ΠK(t)
(34)

with terminal condition

ΠK(te) = GK (35)

and from [5], we know ΠK(t) = PKΠ(t)|ZK .
Futhermore,

żKmin(t) = (AK −BK(RK)−1(BK)∗ΠK(t))zKmin(t).
(36)

C. PF3: Methodologies for a LQ tracking in finite time
horizon

In this subsection, the methodologies for LQ-
tracking controller in finite time horizon are discussed.
The control scheme is shown in Figure III.3

Figure III.3: Overview of the control scheme for LQ-
tracking control in finite time horizon

Theorem 1. For an infinite dimensional system,
given a reference state trajectory zref : t ∈ [t0, te]→
Z and the optimization problem which defined in
equation (10). For any u(t) and z0, the cost functional
Jr(z0, zref , u) is given by

Jr(z0, zref , u) = V (z0, t0)

+
∫ te
t0
〈u+R−1B∗Π(t)z +R−1B∗r,

Ru+B∗Π(t)z +B∗r〉Udt
(37)

where

V (z, t) = 〈z(t),Π(t)z(t)〉Z + 2〈z(t), r(t)〉Z + c(t)
(38)

d〈z2,Π(t)z1〉
dt = −〈z2,Π(t)Az1〉 − 〈Az2,Π(t)z1〉

−〈Cz2, Cz1〉+ 〈Π(t)BR−1B∗Π(t)z2, z1〉,
∀z1, z2 ∈ Z

(39)
ṙ(t) = −[A−BR−1B∗Π(t)]r(t)+C∗Czref (t) (40)

ċ(t) = 〈rBR−1B∗, r〉 − 〈Czref (t), Czref (t)〉 (41)

with terminal conditions

Π(te) = G. (42)

r(te) = −Gzref (te) (43)

c(te) = −〈zref (te), Gzref (te)〉 (44)

Moreover,

urmin(t) = −R−1B∗[Π(t)z(t) + r(t)] (45)

minimizes Jr(z0, zref , u) over u ∈ L2([t0, te];U).
Proof: Similar as the proof for finite dimensional

systems in [13]. From equation (38), for any state
trajectory we have

dV (z,t)
dt = d〈z(t),Π(t)z(t)〉

dt + 2d〈z(t),r(t)〉dt + dc(t)
dt

= 〈ż(t),Π(t)z(t)〉+ 〈z(t), Π̇(t)z(t)〉
+〈z(t),Π(t)ż(t)〉+ 2〈ż(t), r(t)〉
+2〈z(t), ṙ(t)〉+ ċ(t).

(46)
Combine equation (5), (39), (42), we have

V̇ = −〈Cz,Cz〉+ 〈ΠBR−1B∗Πz, z〉
+〈Bu,Πz〉+ 〈z,ΠBu〉
+2〈(Az +Bu), r〉+ 2〈z, ṙ〉+ ċ
= −〈Cz,Cz〉+ 〈u+R−1B∗Π(t)z,Ru+B∗Π(t)z〉
−〈u,Ru〉+ 2〈(Az +Bu), r〉+ 2〈z, ṙ〉+ ċ.

(47)
After adding 〈Cz,Czref 〉 − 〈Cz,Czref 〉 −
〈Czref , Cz〉 + 〈Czref , Cz〉 − 〈Czref , Czref 〉 +
〈Czref , Czref 〉 and −〈BR−1B∗r, r〉 +
〈BR−1B∗r, r〉 − 2〈BR−1B∗Πz, r〉 +
2〈BR−1B∗Πz, r〉
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Equation (47) then can be written as

V̇ = −〈C(z − zref ), C(z − zref )〉+ 〈Czref , Czref 〉
−〈u,Ru〉 − 〈BR−1B∗r, r〉
+2〈z, [Ar + ṙ −BR−1B∗Πr − C∗Czref ]〉
+〈u+R−1B∗Π(t)z +R−1B∗r,
Ru+B∗Π(t)z +B∗r〉+ ċ.

(48)
After combining equation (40), (41), equation (48)

can be written as

V̇ = −〈C(z − zref ), C(z − zref )〉 − 〈u,Ru〉
+〈u+R−1B∗Π(t)z +R−1B∗r,
Ru+B∗Π(t)z +B∗r〉.

(49)
Then equation (49) can be integrated over time

interval t ∈ [t0, te] as

∫ te
t0
V̇ dt = −

∫ te
t0

[〈C(z − zref ), C(z − zref )〉
+〈u,Ru〉]dt+

∫ te
t0
〈u+R−1B∗Π(t)z +R−1B∗r,

Ru+B∗Π(t)z +B∗r〉dt
= V (te)− V (t0)
= 〈z(te),Π(te)z(te)〉+ 2〈z(te), r(te)〉+ c(te)
−〈z(t0),Π(t0)z(t0)〉+ 2〈z(t0), r(t0)〉+ c(t0).

(50)
In the end we get

〈z(t0),Π(t0)z(t0)〉+ 2〈z(t0), r(t0)〉+ c(t0)

+
∫ te
t0
〈u+R−1B∗Π(t)z +R−1B∗r,

Ru+B∗Π(t)z +B∗r〉dt
= 〈z(te),Π(te)z(te)〉+ 2〈z(te), r(te)〉+ c(te)

+
∫ te
t0

[〈C(z − zref ), C(z − zref )〉+ 〈u,Ru〉]dt.
= Jr(z0, zref , t)

(51)
Our goal is to minimize Jr(z0, zref , t), and from

equation (51), we can see that∫ te
t0
〈u+R−1B∗Π(t)z +R−1B∗r,

Ru+B∗Π(t)z +B∗r〉Udt ≥ 0
(52)

which means to minimize Jr(z0, zref , t), we need to
make

〈u+R−1B∗Π(t)z +R−1B∗r,
Ru+B∗Π(t)z +B∗r〉 = 0

(53)

which means equation (45) is indeed the optimal
control law (end of proof ).

For suitable implementation, as we discussed before,
only the second approach can be applied over finite
time horizon.

After reformulating the LQR problem on ZK , given
a reference state trajectory zKref : t ∈ [t0, te] → ZK
and the optimization problem amounts to minimize

JKr (zK0 , z
K
ref , u

K) = 〈eK(te), G
KeK(te)〉ZK

+
∫ te
t0
〈CKeK(t), CKeK(t)〉YK

+〈uK(t), RKuK(t)〉UKdt.
(54)

Theorem 2. For any uK(t) and zK0 , the cost func-
tional JKr (zK0 , z

K
ref , u

K) is given by

JKr (zK0 , z
K
ref , u

K) = V K(zK0 , t0)

+
∫ te
t0
〈uK + (RK)−1(BK)∗ΠK(t)zK

+(RK)−1(BK)∗rK , (RK)u+ (BK)∗ΠK(t)zK

+(BK)∗rK〉dt
(55)

where

V K(zK , t) = 〈zK(t),ΠK(t)zK(t)〉Z
+2〈zK(t), rK(t)〉Z + cK(t)

(56)

−Π̇K(t) = (AK)
∗
ΠK(t) + ΠK(t)AK + (CK)∗CK

−ΠK(t)BK(RK)−1(BK)∗ΠK(t)
(57)

ṙK(t) = −[(AK)−BK(RK)−1(BK)∗ΠK(t)]rK(t)
+(CK)∗(CK)zKref (t)

(58)
with terminal conditions

ΠK(te) = GK . (59)

rK(te) = −GKzKref (te). (60)

Moreover,

uKrmin(t) = −(RK)−1(BK)∗[ΠK(t)zKrmin(t)+ rK(t)]
(61)

minimizes JKr (zK0 , z
K
ref , u) over u ∈ L2([t0, te];U),

and the optimal trajectory in closed loop is

żKrmin(t) = (AK −BK(RK)−1(BK)∗ΠK(t))
zKrmin(t)−BK(RK)−1(BK)∗rK(t).

(62)
This theorem is proved in [13].

Notice: Here we need to solve rK(t) over t ∈
[t0, te]. However, here we have terminal condition
instead of initial condition, which means rK(t) can
be computed by solving equation (58), (60) backward
in time. To do this, define τ = te − t, τ ∈ [t0, te], and
define the time reversed trajectories

rrev(τ) = r(te − t) (63)

zrev(τ) = z(te − t). (64)
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Consider the dynamics of rrev(τ). It satisfies

ṙKrev(τ) = d
dτ r

K
rev(τ) = −ṙK(te − τ)

= [(AK)∗ −ΠK(t)BK(RK)−1(BK)∗]rK(te − τ)
−QKzKref (te − τ)

= [(AK)∗ −ΠK(t)BK(RK)−1(BK)∗]rKrev(τ)
−QKzKrev(τ)

(65)
with initial condition

rKrev(t0) = rK(te) = −GKzKref (te). (66)

This can be solved forward in time.
In the end, we can get rK(t) by setting rK(t) =

rKrev(te − t), t ∈ [t0, te].

IV. MODELING

From Section II and Section III, we know that A =
∂2

∂x2 has eigenfunction ϕk, and from [14], we know
that

ϕk =

√
2

L
cos(

kπx

L
) (67)

for k = 0, 1, 2, ...

Then from

Aϕk = λkϕk (68)

we can get eigenvalues λk = −k
2π2

L2 for k = 0, 1, 2, ...

Moreover, in our case, we choose G = 0, R is
identity.

A. Modeling heat equation in infinite time horizon

In infinite time horizon, with defined R, G and from
equation (68), the Riccati equation (13) becomes

0 = λk〈ϕk,Πϕm〉+ λm〈Πϕk, ϕm〉+ 〈Cϕk, Cϕm〉
−〈B∗Πϕk, B∗Πϕm〉 ∀k,m = 0, 1, 2, ...

(69)
Here since B : U → Z is an operator, C : Z → Y

is an operator, we define

B(·) =

∞∑
l=0

〈B(·), ϕl〉ϕl (70)

C(·) =

∞∑
p=0

〈C(·), ϕp〉ϕp (71)

and consider the following cases.

1) B is Identity, C is Identity: To define B is
Identity and C is Identity, we choose U = Z and
Y = Z .

Lemma 2. With B is identity, C is identity, R
is identity, we claim that ϕn = ψn, where ϕn are
eigenfunctions in open loop, ψn are eigenfunctions in
closed loop (Proof see following).

After defining B is identity and C is identity,
from lemma 2, we know that the eigenfunctions of
(A− BR−1BTΠ) in closed loop are the same as the
eigenfunctions of A in open loop, solve equation (69)
without finite dimension approximation first, then with
definition of equation (70), we have

〈B∗Πϕk, B∗Πϕm〉

= 〈
∞∑
l=0

〈Πϕk, ϕl〉ϕl,
∞∑
l=0

〈Πϕm, ϕl〉ϕl〉 (72)

and with definition of equation (71), we have

〈Cϕk, Cϕm〉 = 〈
∞∑
p=0

〈ϕk, ϕp〉ϕp,
∞∑
p=0

〈ϕm, ϕp〉ϕp〉

= 〈ϕk, ϕm〉 = δkm =

{
1, if k = m

0, if k 6= m.
(73)

Further, since ϕk, ϕm are orthogonal, equation (69)
becomes

0 = λkΠkm + λmΠkm + δkm − 〈
∞∑
l=0

〈Πϕk, ϕl〉ϕl,
∞∑
l=0

〈Πϕm, ϕl〉ϕl〉 ∀k,m = 0, 1, 2, ...

(74)
With the definition of inner product, it follows that

when k 6= m, Πkm = 0 is a solution of equation (74),
when k = m, equation (74) becomes

0 = 2λkΠkk + 1−Πkk
2 ∀k = 0, 1, 2, ... (75)

then we can solve equation (75) by hand to result in

Πkk = λk ±
√
λk

2 + 1 (76)

With the definition of Π, we know that the solution
must be non-negative, then combine with equation (28)
to

Π =

∞∑
k=0

(−k
2π2

L2
+

√
(−k

2π2

L2
)2 + 1)〈·, ϕk(·)〉ϕk.

(77)
Proof of lemma 2: ϕn = ψn
Define eigenfunctions in open loop are ϕn, then we

have Aϕn = λnϕn.
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Consider (A − BR−1B∗Π)ϕn, then since B is
identity and with defined R, we have

(A−BR−1B∗Π)ϕn = (A−Π)ϕn = Aϕn −Πϕn
= λnϕn

−
∞∑
k=0

(−k
2π2

L2
+

√
(−k

2π2

L2
)2 + 1)〈ϕn(·), ϕk(·)〉ϕk

= λnϕn − (−n
2π2

L2 +
√

(−n2π2

L2 )2 + 1)ϕn

= [λn − (−n
2π2

L2 +
√

(−n2π2

L2 )2 + 1)]ϕn.

(78)
Conclude that (A−BR−1B∗Π)ϕn = λcl,nϕn, and

we can see from this proof, C has no influence on this
conclusion.

Hence, ψn = ϕn, and

λcl,n = λn − (−n
2π2

L2
+

√
(−n

2π2

L2
)2 + 1). (79)

The optimal control is then given by

umin(x, t) = −R−1B∗Πzmin(x, t) (80)

where the optimal state trajectory is given by

zmin(x, t) =

∞∑
k=0

eλcl,kt〈z0(·), ϕk(·)〉ϕk(x). (81)

2) B is Identity, C is Non-identity: As we said
before, when C is non-identity, the eigenfunctions in
closed loop will not be the same as in open loop no
matter whether B is identity or non-identity, so here we
applied the second approach to reformulate the LQR
problem on ZK instead of Z .

Here we define C = d2

dx2 , then with definition of
equation (71), we have

〈Cϕk, Cϕm〉

= 〈
∞∑
p=0

〈d
2ϕk
dx2

, ϕp〉ϕp,
∞∑
p=0

〈d
2ϕm
dx2

, ϕp〉ϕp〉

= (−k
2π2

L2 )(−m
2π2

L2 )δkm ∀k,m = 0, 1, 2, ...
(82)

Further, since ϕk, ϕm are orthogonal, equation (69)
becomes

0 = λkΠkm + λmΠkm + (−k
2π2

L2 )(−m
2π2

L2 )δkm

−〈
∞∑
l=0

〈Πϕk, ϕl〉ϕl,
∞∑
l=0

〈Πϕm, ϕl〉ϕl〉

∀k,m = 0, 1, 2, ...
(83)

With the definition of inner product, it follows that
when k 6= m, Πkm = 0 is a solution of equation (83).
When k = m = 0, Π00 = 0 is a solution of equation
(83). When k = m 6= 0, equation (83) gives

0 = 2λkΠkk + λk
2 −Πkk

2 ∀k = 0, 1, 2, ... (84)

Here from equation (14) and define ZK :=
span{ϕ0, ..., ϕk}, PK : Z → ZK , we have

ΠK =


Π00

Π11

. . .
Πkk

 (85)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (86)

CK =
[
− 02π2

L2 − 12π2

L2 · · · − k2π2

L2

]
(87)

with B is identity.
From previous discussion, we know after we solved

Πkk through equation (84), then ΠK (equation (85))
can be applied to equation (22) to find uKmin.

3) B is Non-identity, C is Identity: As we said
before, when B is non-identity, the eigenfunctions in
closed loop will not be the same as in open loop no
matter whether C is identity or non-identity, so here we
applied the second approach to reformulate the LQR
problem on ZK instead of Z .

Here we define B = d2

dx2 , with the definition of
q(x, t), we know

q(x, t) = (Bu)(t) =
d2s(x)

dx2
u(t). (88)

Since now B is a non-identity operator, with the
definition of equation (70), we have

〈B∗Πϕk, B∗Πϕm〉 = 〈d
2Πϕk

dx2 , d
2Πϕm

dx2 〉
= (−k

2π2

L2 )(−m
2π2

L2 )〈Πϕk,Πϕm〉 ∀k,m = 0, 1, 2, ...
(89)

In the end, equation (69) becomes

0 = λkΠkm + λmΠkm + δkm

−(−k
2π2

L2 )(−m
2π2

L2 )〈
∞∑
l=0

〈Πϕk, ϕl〉ϕl,
∞∑
l=0

〈Πϕm, ϕl〉ϕl〉 ∀k,m = 0, 1, 2, ...

(90)

Similar as with B is identity, when k 6= m, Πkm = 0
is a solution of equation (90). When k = m = 0,
Π00 = 0 is a solution of equation (90). When k =
m 6= 0, equation (90) gives

0 = 2λkΠkk + 1− λk2Πkk
2 ∀k = 1, 2, ... (91)
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Here from equation (14) and define ZK :=
span{ϕ0, ..., ϕk}, PK : Z → ZK , we have

ΠK =


Π00

Π11

. . .
Πkk

 (92)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (93)

BK =


− 02π2

L2

− 12π2

L2

...
−k

2π2

L2

 (94)

with C is identity.
From previous discussion, we know after we solved

Πkk through equation (91), then ΠK (equation (92))
can be applied to equation (22) to find uKmin.

4) B is Non-identity, C is Non-identity: As we said
before, when B is non-identity, the eigenfunctions in
closed loop will not be the same as in open loop no
matter whether C is identity or non-identity, so here we
applied the second approach to reformulate the LQR
problem on ZK instead of Z . Here we define B = d2

dx2 ,
C = d2

dx2 , then we have

〈B∗Πϕk, B∗Πϕm〉 = 〈d
2Πϕk

dx2 , d
2Πϕm

dx2 〉
= (−k

2π2

L2 )(−m
2π2

L2 )〈Πϕk,Πϕm〉
(95)

and

〈Cϕk, Cϕm〉

= 〈
∞∑
p=0

〈d
2ϕk
dx2

, ϕp〉ϕp,
∞∑
p=0

〈d
2ϕm
dx2

, ϕp〉ϕp〉

= (−k
2π2

L2 )(−m
2π2

L2 )δkm ∀k,m = 0, 1, 2, ...
(96)

In the end, equation (69) becomes

0 = λkΠkm + λmΠkm + (−k
2π2

L2 )(−m
2π2

L2 )δkm

−(−k
2π2

L2 )(−m
2π2

L2 )〈
∞∑
l=0

〈Πϕk, ϕl〉ϕl,
∞∑
l=0

〈Πϕm, ϕl〉ϕl〉

∀k,m = 0, 1, 2, ...
(97)

Similar as before, when k 6= m, Πkm = 0 is a
solution of equation (97). When k = m = 0, Π00 = 0

is a solution of equation (97). When k = m 6= 0,
equation (97) gives

0 = 2λkΠkk + λk
2 − λk2Πkk

2 ∀k = 1, 2, ... (98)

Here from equation (14) and define ZK :=
span{ϕ0, ..., ϕk}, PK : Z → ZK , we have

ΠK =


Π00

Π11

. . .
Πkk

 (99)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (100)

BK =


− 02π2

L2

− 12π2

L2

...
−k

2π2

L2

 (101)

CK =
[
− 02π2

L2 − 12π2

L2 · · · −k
2π2

L2

]
(102)

From previous discussion, we know after we solved
Πkk through equation (98), then ΠK (equation (99))
can be applied to equation (22) to find uKmin.

B. Modeling heat equation in finite time horizon

In finite time horizon, as we discussed, the eigen-
functions in closed loop are definitely different as
the eigenfunctions in open loop. Thus the second
approach, reformulating the LQR problem on ZK
instead of Z has to be applied independent no matter
whether B is identity or non-identity and no matter
whether C is identity or non-identity.

1) B is Identity, C is Identity: Similar as in the case
of infinite time horizon, with defined G,R, equation
(26), (27) now becomes

d〈ϕk,Π(t)ϕm〉
dt = −〈ϕk,Π(t)Aϕm〉 − 〈Aϕk,Π(t)ϕm〉

−δkm + 〈
∞∑
l=0

〈Π(t)ϕk, ϕl〉ϕl,
∞∑
l=0

〈Π(t)ϕm, ϕl〉ϕl〉

∀k,m = 0, 1, 2, ...
(103)

with terminal condition

Π(te) = 0. (104)
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Thus, with Πkm(t) := 〈ϕk,Π(t)ϕm〉,

Π̇km(t) = −λmΠkm(t)− λkΠkm(t)− δkm

+〈
∞∑
l=0

〈Π(t)ϕk, ϕl〉ϕl,
∞∑
l=0

〈Π(t)ϕm, ϕl〉ϕl〉

∀k,m = 0, 1, 2...
(105)

with terminal condition

Πkm(te) = 0 ∀k,m = 0, 1, 2... (106)

Similar as in infinite time horizon, when k = m = 0,
Π00 = 0 is a solution of equation (105), (106). When
k = m 6= 0, equation (105), (106) gives

Π̇kk(t) = −2λkΠkk(t)− 1 + Πkk(t)
2 ∀k = 0, 1, 2...

(107)
with terminal condition

Πkk(te) = 0 ∀k = 0, 1, 2.... (108)

Here from equation (14) and define ZK :=
span{ϕ0, ..., ϕk}, PK : Z → ZK , we have

ΠK(t) =


Π00(t)

Π11(t)
. . .

Πkk(t)

 (109)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (110)

With B is identity, C is identity, we can obtain
Πkk(t) by solving equation (107), (108), the solution
shows in [15] (add co-state). Then we can get ΠK(t)
(equation (109)), which can by applied to equation
(33).

2) B is Identity, C is Non-identity: Similar as when
C is identity, here we define C = d2

dx2 , then equation
(26), (27) becomes

Π̇km(t) = −λmΠkm(t)− λkΠkm(t)

−(−k
2π2

L2 )(−m
2π2

L2 )δkm

+〈
∞∑
l=0

〈Π(t)ϕk, ϕl〉ϕl,
∞∑
l=0

〈Π(t)ϕm, ϕl〉ϕl〉

∀k,m = 0, 1, 2, ...
(111)

with terminal condition

Πkm(te) = 0 ∀k,m = 0, 1, 2, ... (112)

Similar as in infinite time horizon, when k 6= m,
Πkm = 0 is a solution of equation (111), (112), when
k = m, equation (111), (112) gives

Π̇kk(t) = −2λkΠkk(t)− (−k
2π2

L2 )2 + Πkk(t)
2

∀k = 0, 1, 2...
(113)

with terminal condition

Πkk(te) = 0 ∀k = 0, 1, 2.... (114)

Here from equation (14) and define ZK :=
span{ϕ0, ..., ϕk}, PK : Z → ZK , we have

ΠK(t) =


Π00(t)

Π11(t)
. . .

Πkk(t)

 (115)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (116)

CK =
[
− 02π2

L2 − 12π2

L2 · · · −k
2π2

L2

]
(117)

with B is identity.
In the end, we can obtain Πkk(t) by solving equation

(113), (114), the solution shows in [15] (add co-state).
Then we can get ΠK(t) (equation (115)), which can
by applied to equation (33).

3) B is Non-identity, C is Identity: Similar as when
B is identity, here we define B = d2

dx2 , then equation
(26), (27) becomes

Π̇km(t) = −λmΠkm(t)− λkΠkm(t)− δkm

+(−k
2π2

L2 )(−m
2π2

L2 )〈
∞∑
l=0

〈Π(t)ϕk, ϕl〉ϕl,
∞∑
l=0

〈Π(t)ϕm, ϕl〉ϕl〉∀k,m = 0, 1, 2, ...

(118)
with terminal condition

Πkm(te) = 0 ∀k,m = 0, 1, 2, ... (119)

Similar as in infinite time horizon, when k 6= m,
Πkm = 0 is a solution of equation (118), (119), when
k = m, equation (118), (119) gives

Π̇kk(t) = −2λkΠkk(t)− 1 + (−k
2π2

L2 )2Πkk(t)
2

∀k = 0, 1, 2...
(120)
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with terminal condition

Πkk(te) = 0 ∀k = 0, 1, 2.... (121)

With previous definition, we also have

ΠK(t) =


Π00(t)

Π11(t)
. . .

Πkk(t)

 (122)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (123)

BK =


− 02π2

L2

− 12π2

L2

...
−k

2π2

L2

 (124)

with C is identity.
In the end, we can obtain Πkk(t) by solving equation

(120), (121), the solution shows in [15] (add co-state).
Then we can get ΠK(t) (equation (122)), which can
by applied to equation (33).

4) B is Non-identity, C is Non-identity: Similar as
when B is identity, C is identity, here we define B =
d2

dx2 , C = d2

dx2 , then equation (26), (27) becomes

Π̇km(t) = −λmΠkm(t)− λkΠkm(t)

−(−k
2π2

L2 )(−m
2π2

L2 )δkm

+(−k
2π2

L2 )(−m
2π2

L2 )〈
∞∑
l=0

〈Π(t)ϕk, ϕl〉ϕl,
∞∑
l=0

〈Π(t)ϕm, ϕl〉ϕl〉 ∀k,m = 0, 1, 2, ...

(125)

with terminal condition

Πkm(te) = 0 ∀k,m = 0, 1, 2, ... (126)

Similar as in infinite time horizon, when k 6= m,
Πkm = 0 is a solution of equation (125), (126), when
k = m, equation (125), (126) gives

Π̇kk(t) = −2λkΠkk(t)− (−k
2π2

L2 )2

+(−k
2π2

L2 )2Πkk(t)
2 ∀k = 0, 1, 2...

(127)

with terminal condition

Πkk(te) = 0 ∀k = 0, 1, 2.... (128)

With previous definition, we also have

ΠK(t) =


Π00(t)

Π11(t)
. . .

Πkk(t)

 (129)

and

AK =


− 02π2

L2

− 12π2

L2

. . .
−k

2π2

L2

 (130)

BK =


− 02π2

L2

− 12π2

L2

...
−k

2π2

L2

 , CK =
[
− 02π2

L2 − 12π2

L2 · · · −k
2π2

L2

]
(131)

In the end, we can obtain Πkk(t) by solving equation
(127), (128), the solution shows in [15] (add co-state).
Then we can get ΠK(t) (equation (129)), which can
by applied to equation (33).

V. IMPLEMENTATION

Implementations are applied with the models in
Section IV to demonstrate the discussed methodologies
from Section III. Section V.A contains the implemen-
tation of the Linear Quadratic Regulator control in
infinite time horizon and with step initial temperature
trajectory z0. Based on this step initial temperature, we
implemented four cases: B is identity, C is identity;
B is identity, C is non-identity; B is non-identity,
C is identity; B is non-identity, C is non-identity.
Section V.B includes the implementation of the Linear
Quadratic Regulator control in finite time horizon and
with step initial temperature trajectory z0. In Section
V.B we only consider the case: B is identity, C is
identity (reason will be shown later). Section V.C
provides the implementation of the Linear Quadratic
Tracking control with step initial temperature trajectory
z0, defined in finite time horizon.

Moreover, all cases we implemented are based on
L = π and step initial temperature trajectory

z0(x) =

 1, 0 ≤ x < 1
3
2 , x = 1
2, 1 < x ≤ π

(132)
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Figure V.1: Trajectory of initial temperature z0

is showed in Figure V.1.

A. Implementation of LQR in infinite time horizon

1) B is Identity, C is Identity: With previous dicus-
sions, we know in this case the first approach should be
applied, the optimal trajectory zmin(x, t) and optimal
control law umin(x, t) are illustrated as plots in 3
dimensions and shown in Figures V.2, Figure V.3.

Figure V.2: Optimal trajectory zmin(x, t) of temperature
in closed loop with step initial temperature z0
and with identity B, identity C in infinite time
horizon

Figure V.2 shows the optimal temperature trajectory
zmin(x, t) in closed loop with step initial temperature.
We can see from Figure V.2, the temperature diffuses
to 0 around t = 5.

Moreover, following Figure V.3 shows the optimal
control law umin(x, t), it returns to 0 around t = 5.

Figure V.3: Optimal control law umin(x, t) with step ini-
tial temperature and identity B, identity C in
infinite time horizon

2) B is Identity, C is Non-identity: As we discussed
before, when C is non-identity, we can only apply
the second approach, in that case, the optimal control
law umin(t) and the optimal trajectory zmin(t) are
illustrated as plots in 2 dimensions.

Figure V.4: Optimal trajectory zmin(x, t) of temperature in
closed loop with step initial temperature and
with identity B, non-identity C in infinite time
horizon

Figure V.4 shows the optimal temperature trajectory
zmin(x, t) in closed loop with step initial temperature.
We can see from Figure V.4, the most trajectories
of temperature diffuse 0 before t = 1. Compared to
Figure V.2 (identity B and identity C), we can see
that control process become faster.

Moreover, following Figure V.5 shows the optimal
control law umin(x, t).
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From Figure V.5 we can see that umin(x, t) returns
to 0 around t = 0.5, control process becomes faster
compared to Figure V.3 (identity B and identity C).

Figure V.2 compared to Figure V.4 and Figure V.3
compared to Figure V.5 show changing operator C
from identity to non-identity makes control process
faster.

Figure V.5: Optimal control law umin(x, t) with step initial
temperature and identity B, non-identity C in
infinite time horizon

3) B is Non-Identity, C is Identity: As we discussed
before, when B is non-identity, we can only apply
the second approach no matter whether C is identity
or non-identity, in that case, the optimal control law
umin(t) and the optimal trajectory zmin(t) are illus-
trated as plots in 2 dimensions.

Figure V.6 shows the optimal trajectories zmin(t)
in closed loop. We can see from Figure V.6, most
trajectories of temperature return to 0 before t = 1,
which means compared to Figure V.2 (identity B and
identity C), temperature diffuses faster when B is non-
identity.

Figure V.6: Optimal trajectories zmin(t) of temperature in
closed loop with step initial temperature and
non-identity B, identity C in infinite time hori-
zon

Moreover, Figure V.7 shows the optimal control law
umin(t).

The trajectory of the optimal control law umin(t)
return to 0 around t = 2.5, which is also faster
compared to Figure V.3 (identity B and identity C).

Figure V.2 compared to Figure V.6 and Figure V.3
compared to Figure V.7 show changing operator B
from identity to non-identity makes control process
faster.

Figure V.7: Optimal control law umin(t) with step initial
temperature and non-identity B, identity C in
infinite time horizon

4) B is Non-Identity, C is Non-identity: As we
discussed before, when B is non-identity, we can
only apply the second approach no matter whether C
is identity or non-identity, in that case, the optimal
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control law umin(t), the optimal trajectory zmin(t) are
illustrated as plots in 2 dimensions.

Following Figure V.8 shows the optimal trajectories
zmin(t) in closed loop. We can see from Figure V.8,
most trajectories of temperature return to 0 before t =
1.

Figure V.8: Optimal trajectories zmin(t) of temperature in
closed loop with step initial temperature and
non-identity B, identity C in infinite time hori-
zon

Figure V.9: Optimal control law umin(t) with step initial
temperature and non-identity B, identity C in
infinite time horizon

Figure V.9 shows the optimal control law umin(t).
The trajectory of the optimal control law umin(t)

returns to 0 around t = 0.4. We can conclude that
control process become faster and needs more addition
heat compared to Figure V.7 (B is non-identity, C is
identity).

Moreover, from previous discussions and previous
figures, we already know that changing B from iden-
tity to non-identity makes control process faster and
changing C from identity to non-identity also makes
control process faster, when B and C both become
non-identity, control process become even faster.

B. Implementation of LQR in finite time horizon

As we discussed before, when time is on a finite
time horizon, we have to apply the second approach
no matter whether B is identity or non-identity.

Because we already aware the temperature diffuses
very fast during implementation of LQR in finite time
horizon, in the end, we choose t ∈ [0, 0.05].

Figure V.10: Optimal trajectories zmin(t) of temperature in
closed loop with step initial temperature and
identity B, identity C in finite time horizon

We can see from Figure V.10, temperature trajec-
tories return to 0 around t = 0.007, which means
temperature diffuses much faster in finite time horizon
compared to Figure V.2 (infinite time horizon with
identity B and identity C).

Figure V.11 shows the optimal control law umin(t).
We can see from Figure V.10, the trajectory of the

optimal control law umin(t) returns to 0 around t =
0.006, which also much faster compared to Figure V.3
(infinite time horizon with identity B and identity C).

Figure V.2 compared to Figure V.10 and Figure
V.3 compared to Figure V.11 show in this research,
changing time horizon from infinite to finite makes
control process much faster.
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Figure V.11: Optimal control law umin(t) with step initial
temperature and identity B in finite horizon

Overall, in this research, during process of design a
LQ-Regulator controller, changing time horizon from
infinite to finite will causes control process become
faster, changing operator B, C from identity to non-
identity will also causes control process become faster.

Moreover, in finite time horizon, only when B is
identity and C is identity is considered.

From the implementations in infinite time horizon,
we can see that B, C both have impact influence on
control process. Compared to B is identity, control pro-
cess become faster when B is non-identity. Compared
to C is identity, control process become faster when
C is non-identity. However, when B is identity, C is
identity, control process already much faster in finite
horizon. In that case, a non-identity B or a non-identity
C is hard to implement, since the control process will
become even faster.

C. Implementation of LQ-Tracking in finite horizon

As we discussed before, in many practical applica-
tions, not always want to return a system to its zero
state but to track certain trajectory.

Figure V.12 shows the reference trajectory that the
system will track, here

zref (t) = sin(200t). (133)

Figure V.13 shows the optimal trajectory zmin(t)
with tracking control, Figure V.14 show the tracking
error. From Figure V.13, Figure V.14, we can see that
tracking error decrease fast during t ∈ [0, 0.01], and
when t ∈ [0.01, 0.05], tracking error barely can be
seen, since tracking error is pretty large at beginning.
After using data cursor, we can see that tracking error
still exist but small enough.

Figure V.12: Reference trajectory zref

Figure V.13: Optimal trajectories zmin(t) of temperature
compared with reference trajectory zref (t)
with identity B, identity C in finite time hori-
zon

Figure V.14: Tracking error with step initial temperature
and identity B in finite time horizon
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VI. CONCLUSIONS AND
RECOMMENDATIONS

Two mathematical approaches have been analyzed
and implemented with a 1D heated beam. The first ap-
proach can obtains the explicitly result of Π, however
the main task is how to obtain the eigenfunctions in
closed loop, in few cases, the eigenfunctions in closed
loop are the same as the eigenfunctions in open loop,
then the first approach can be applied, otherwise, the
second approach has to be applied.
B,C in the state linear system Σ(A,B,C) are

linear bounded operators and have impact influence
on controller design. In the implementations of LQ
controller, we can see from comparison of Figure V.2
and Figure V.6, comparison of Figure V.3 and Figure
V.7, changing B from identity to non-identity makes
control process faster. Moreover, from comparison of
Figure V.2 and Figure V.4, comparison of Figure V.3
and Figure V.5, we can see that change C from identity
to non-identity makes control process faster.

From the implementation of finite time horizon,
we aware that the controller we designed with this
1D heated beam model is very ideal, in practical
applications, it’s very hard to implement, but the
methodologies are same.

As we discussed above, a special case of wider class
of problems where it is required that the outputs of
the system follow or track a desired trajectory in some
optimal sense.

Figure V.13 shows the output of the system track a
reference trajectory (Figure V.12), Figure V.14 shows
the tracking error, from these figures, we can conclude
that with our control strategy, the output of the system
can track a desired trajectory.

Future research on this topic could be:
• Expand model from 1 dimension to 2 dimension

or 3 dimension, and apply same methodologies.
• Change B, C to an arbitrary B and an arbitrary
C, which can be applied to practical applications.

• Since the controller we designed in finite time
horizon is very ideal (temperature diffuses too fast
and required addition heat too large), find a way
to slow the control process.
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