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Abstract—This thesis proposes a model predictive control
(MPC) method to track the sinusoidal voltage/current reference
of a three-phase inverter in a microgrid. Based on Kirchhoff’s
circuit law, we construct the state-space models of the inverter in
both grid-connected (GC) mode and standing-alone (SA) mode.
In the MPC algorithm, we introduce a scaling parameter to shift
and scale the terminal set at the origin to an arbitrary setpoint,
which not only guarantees stability and recursive feasibility but
also reduces computation complexity. We simulate our presented
MPC controller in MATLAB. The results indicate that the
output voltage/current can reach the steady state very fast in
both modes, and we can achieve good tracking performance by
our controller. Additionally, we also realise the fast switching
between GC mode and SA mode.

Keywords—model predictive control, three-phase inverter, scal-
ing parameter, terminal set

I. INTRODUCTION

A microgrid is an energy distribution system consisting of
distributed energy resources and loads together with power
inverters and energy storage devices [1]. It acts as a con-
trollable entity with respect to the grid and can be operated
in both grid-connected (GC) mode and standing-alone (SA)
mode [2]. The microgrid makes a difference when the grid
does not work and is of great use in remote areas. However,
the generations of a microgrid, such as photovoltaics (PVs)
and wind turbines (WTs), only provide variable DC or AC
voltage, which is not suitable for direct energy injection to the
loads. Then power electronic interfaces (DC/AC or AC/DC/AC
inverters) are required to fix this problem and inverter control
is thus the main concern in microgrid operation [3].

Considerable research on inverter control has been carried
out in the field of microgrid power supplies and uninterruptible
power supplies (UPS) [4]. Several modulation approaches
have been used for three-phase inverters, including pulse
width modulation [5], vector space modulation [6] and unified
voltage modulation [7]. Several control schemes have been
presented for DC/AC inverters. PID control, linear quadratic
regulation, H∞ control [8], and predictive control are some
of these strategies.

Model predictive control has achieved increasing attention
in the field of drives and power converters in recent years [9].
Some advantages of applying MPC in power electronics are
listed next:
• Power electronic devices always have operational con-

straints imposed by transistor switches with semicon-

ductors. Model predictive control has earned a good
reputation in dealing with constraints [10].

• The models of power converters and drives are well
known in both theories and practice, which is important
in MPC design.

• Nowadays, microprocessors are fast and powerful. Con-
sequently, it is possible to perform a large amount of
computation at a very low cost in MPC [11].

Tracking MPC has been applied to provide the three-phase
inverter with AC voltage or current. [12] presents the model
predictive current control of an inverter in GC mode, while
[13] and [14] propose the tracking MPC of the inverter in SA
mode.

In MPC, terminal cost function and terminal constraints are
introduced to ensure stability and feasibility [15]. However,
when we track a sinusoidal reference by MPC, there is a
significant challenge: The setpoint changes all the time, and we
need to recalculate the terminal constraints at every sampling
instant, which leads to a significant amount of computation.
In order to reduce the computation time, [16] brings up an
idea to introduce a scaling variable that dynamically scales the
terminal constraint set and allows it to be shifted to an arbitrary
setpoint without violating the stability conditions. This method
not only guarantees performance but also dramatically reduces
computation complexity. Therefore, we consider applying the
terminal scaling MPC algorithm to track the sinusoidal refer-
ence in inverter control.

On account of the points above, this thesis considers a
problem about sinusoidal reference tracking of a three-phase
inverter. In GC mode, we aim to regulate the current from the
inverter so that it could follow a certain sinusoidal reference
and the inverter could provide specific power to the load. In
SA mode, our objective is to control load voltage so that the
load could operate under Dutch residential voltage.

Besides, we also take the fast switching between GC mode
and SA mode into consideration. When the switching takes
place, the model-based controller can immediately switch and
suit the physical model of the new mode. It implies that
the model-based MPC may have a better performance when
dealing with the switching.

The remainder of this thesis is outlined as follows: In
Section II, we describe the properties of the inverter and our
control objectives. Plus, we define the parameters of electronic
components.



Fig. 1: The structure of microgrid [1]

Section III gives the physical model construction of the
three-phase inverter in both modes. The modelling is based on
Kirchhoff’s circuit law, and model validation is also covered
in this section.

In Section IV, we first describe the standard tracking MPC
algorithm for a fixed reference. Then we introduce the terminal
scaling MPC method to track a sinusoidal reference. The
latter method not only avoids recalculating the terminal set
constraints but also satisfies stability and recursive feasibility
conditions.

In Section V, the simulation studies are carried out. The
simulation result implies that the output can reach steady state
in several milliseconds and the controller tracks the reference
well in both modes. In addition, we realise the fast switching
between GC mode and SA mode.

At last, the thesis ends with our conclusions and thoughts
on future research in Section VI.

The main contribution of this thesis is in two aspects:
• In terms of modelling, we manage to accurately model

the inverter in both modes, with correct physical relation
and appropriate model initialisation.

• The original terminal set scaling tracking MPC algorithm
in [16] was designed for general references. This method
leads to reduced complexity and ensures both stability
and recursive feasibility. In this thesis, we develop an
efficient implementation of this method for periodic refer-
ences, which allows the scaling parameter to be computed
offline.

II. SYSTEM DESCRIPTION AND PROBLEM FORMULATION

A. System Description
The schematic diagram of our proposed microgrid is de-

picted in Fig. 1. The microgrid comprises a PV array, a

storage device, converters, a three-phase inverter, an LC filter
and a consumption load. The parallel-connected PV array and
storage device are connected to the DC link of inverter through
a boost converter and a buck-boost converter respectively,
where the latter is applied to support the intermittent power
generation of PV array.

The three-phase DC/AC inverter has a capacitor on the DC
side, and we denote its DC link voltage as Vdc. There are
two switches in each phase of the inverter. Each of these
switches consists of a transistor with a semiconductor and has
two states: on and off.

The switching rules of the switches are described in TABLE
I, where the symbol ”⇔” means that the events on its left and
right happen synchronously.

TABLE I: The operation rules of switches

S1, S3 and S5 S2, S4 and S6 Voltage

S1 is on ⇔ S2 is off ⇔ Van = Vdc

S1 is off ⇔ S2 is on ⇔ Van = 0

S3 is on ⇔ S4 is off ⇔ Vbn = Vdc

S3 is off ⇔ S4 is on ⇔ Vbn = 0

S5 is on ⇔ S6 is off ⇔ Vcn = Vdc

S5 is off ⇔ S6 is on ⇔ Vcn = 0

In Fig. 1, the LC filter is used to smoothen the output voltage
of the inverter, where R, L and C are respectively power
loss resistance, inductance and capacity of the LC filter. The
inductance current is represented by ia, ib and ic in each phase,
and the current from inverter to load (which is called inverter
current for short) is represented by iMa, iMb and iMc. Then
the filter is connected to the load, where the load resistance
and the load inductance are denoted as RL and LL. The load



voltage is defined as VLa, VLb and VLc in each phase. The
load is considered residential in the Netherlands, with the rated
voltage of 230 V and the utility frequency of 50 Hz. Some
basic AC circuit principles are introduced in Appendix A.

B. Problem Formulation and Control Objectives

This thesis considers the sinusoidal reference tracking prob-
lem of the proposed three-phase inverter under both modes.
As motivated in Section I, we apply the terminal set scaling
MPC algorithm to solve the problem.

In GC mode, the microgrid and the power grid both provide
energy to the load. The load voltage is equal to the power grid
voltage, so it cannot be regulated by the inverter. Therefore,
to inject a certain amount of power from the inverter to the
load, we have to control the inverter current (i.e. iMa, iMb

and iMc).
In SA mode, the microgrid operates alone, and there is no

energy from the power grid. Therefore, we need to control
the load voltage (i.e. VLa, VLb and VLc) so that the load is
working at its rated voltage.

On the other hand, when the transition between different
modes happens, the controller should suit the switched phys-
ical model as well. As can be seen from [1], a challenge of
fast switching in inverter control is that large oscillation of the
load voltage can occur when the switch takes place.

According to the points above, our control objectives are
formulated and described as below:

Problem 1 In GC mode, apply the terminal set scaling MPC
method and drive the inverter to track a computed inverter
current reference. The reference is sinusoidal, with a certain
magnitude and a frequency of 50 Hz. The output should reach
the steady state as soon as possible.

Problem 2 In SA mode, apply the terminal set scaling
MPC method and regulate the inverter to track a load voltage
reference from zero initial states. The reference is sinusoidal,
with a magnitude of 230

√
2 V and a frequency of 50 Hz. The

output should reach the steady state as soon as possible.
Problem 3 Realise fast switching between different modes.

The controller should take action immediately after the switch-
ing takes place. Our proposed method should produce less load
voltage oscillation than the method in [1].

C. Parameters

TABLE II: The parameters of the microgrid

Symbol Description Value Unit

Vdc The DC link voltage of the inverter 657.0436 V
R Power loss resistance 0.0001 Ω

L LC filter inductance 1.2×10−3 H
Ce LC filter capacitance 20×10−6 F
RL Load resistance 10 Ω

LL Load inductance 10×10−3 H
Ts Sampling time 0.2×10−4 s
f Frequency 50 Hz

Since the proposed inverter is a half-bridged, the value of
Vdc should be at least two times of the magnitude of load
voltage. Since the resistor R and the inductor L also consume
energy, the range of the DC-link voltage should be higher
than that of the load voltage. To achieve this, we set Vdc =
2× 230

√
2× 1.01 = 657.0436 V.

The other parameters relevant to the three phase inverter are
listed in TABLE II. The values of R, L, C, RL and LL are
cited from [1].

III. MODEL DERIVATION OF THE THREE-PHASE INVERTER

Unlike PID or some other control methods, we need an
accurate state-space model in the design of MPC. In order
to get the correct physical relation, we apply Kirchhoff’s
circuit law. Plus, pulse width modulation [17] and duty ratio
are introduced to model the averaged output voltage of the
inverter.

Let us take phase-a for example. When S1 is on and S2 is
off, the inverter voltage of phase-a van = Vdc; when S1 is off
and S2 is on, van = 0. The two situations show that Van only
depends on the operation rules of S1 and S2. Therefore, the
output voltage of phase-a, averaged over one sampling period
Ts, depends only on the DC-link voltage Vdc and the duty
ratio ua of phase-a [18]:

Van =
TonVdc + Toff × 0

Ts
= uaVdc, (1)

where Ton and Toff are respectively the on and off intervals of
the switch S1.

Similarly, the averaged inverter voltage and the duty ratio
are introduced in the same reasoning in phase-b and phase-c.

A. GC Mode

1) Physical Modelling: As stated in Section II, the inverter
works together with the power grid in GC mode. The load
voltage is equal to the grid voltage and cannot be regulated.
The control objective is to track the reference of inverter
current (i.e. iMa, iMb and iMc).

Same as in [1], we assume that the values of reference real
and reactive power output in each phase of the inverter are P =
1000 W and Q = 1000 VAr respectively. With the computation
in Appendix B, our tracking reference isIssMa(t)

IssMb(t)
IssMc(t)

 =

 8.6957 sin(2πft− π
4 )

8.6957 sin(2πft− π
4 + 2

3π)
8.6957 sin(2πft− π

4 −
2
3π)

 A.

Based on Kirchhoff’s law, we obtain the following voltage
and current equations:

uaVdc −Ria − L
dia
dt
− VLa − VNn = 0

ubVdc −Rib − L
dib
dt
− VLb − VNn = 0

ucVdc −Ric − L
dic
dt
− VLc − VNn = 0

(2)




Ce
dVLa
dt

= ia − iMa

Ce
dVLb
dt

= ib − iMb

Ce
dVLc
dt

= ic − iMc

(3)

and
ia + ib + ic = 0. (4)

From (2) and (4), we have the neutral voltage

VNn =
1

3
(uaVdc + ubVdc + ucVdc − VLa − VLb − VLc). (5)

Additionally, (3) leads to

diMa

dt
=
dia
dt
− Ce

d2VLa
dt2

diMb

dt
=
dib
dt
− Ce

d2VLb
dt2

diMc

dt
=
dic
dt
− Ce

d2VLc
dt2

(6)

Then the continuous state-space model of the GC-mode
three-phase inverter is{

ẋgc(t) = Agcxgc(t) +Bgcugc(t) +Dgcwgc(t)

ygc(t) = Cgcxgc(t)
(7)

where

Agc =


−RL 0 0 0 0

0 −RL 0 0 0
−RL 0 0 0 0

0 −RL 0 0 0
R
L

R
L 0 0 0

 ,

Bgc =


2Vdc

3L
−Vdc

3L
−Vdc

3L
−Vdc

3L
2Vdc

3L
−Vdc

3L
2Vdc

3L
−Vdc

3L
−Vdc

3L
−Vdc

3L
2Vdc

3L
−Vdc

3L
−Vdc

3L
−Vdc

3L
2Vdc

3L

 ,

Cgc =

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,

and

Dgc =


−2
3L

1
3L

1
3L 0 0 0

1
3L

−2
3L

1
3L 0 0 0

−2
3L

1
3L

1
3L −Ce 0 0

1
3L

−2
3L

1
3L 0 −Ce 0

1
3L

1
3L

−2
3L 0 0 −Ce

 .

In (7), the state vector

xgc(t) = [ia(t); ib(t); iMa(t); iMb(t); iMc(t)],

the input vector

ugc(t) = [ua(t);ub(t);uc(t)],

the output vector

ygc(t) = [iMa(t); iMb(t); iMc(t)],

and the external signal

wgc(t) = [VLa(t);VLb(t);VLc(t); V̈La(t); V̈Lb(t); V̈Lc(t)],

where VLa(t)
VLb(t)
VLc(t)

 =

 230
√

2 sin(2πft)

230
√

2 sin(2πft+ 2
3π)

230
√

2 sin(2πft− 2
3π)

 V.

2) Model Validation: To validate our model, we simulate
our continuous model with the initial state

xgc(0) = [−4.1053; 7.3775;−6.1488; 8.3994;−2.2506]

and the input

ugc(t) = 0.5 + 0.4974 sin(2πft+ 0.0071).

The values above are calculated under steady state, and the
complete derivation of the values is given in the Appendix B.
With these values, if our modelling is correct, the output can
stay at the steady state all the time.

ode23 is applied in our simulation. Fig. 2 shows the simula-
tion result, from which it can be seen that the peak of inverter
current is very close to that of the reference and the frequency
is 50 Hz. It proves that our modelling is correct.

Fig. 2: The simulated output current (GC mode)

B. SA Mode

1) Physical Modelling: In SA mode, our goal is to track the
sinusoidal load voltage reference with a magnitude of 230

√
2

V and frequency of 50 Hz.
Based on Kirchhoff’s law, (2), (3), (4) and (5) also hold in

SA mode. Besides, we have
VLa = LL

diMa

dt
+RLiMa

VLb = LL
diMb

dt
+RLiMb

VLc = LL
diMc

dt
+RLiMc

(8)



Then the continuous state-space model is derived as follows:{
ẋsa(t) = Asaxsa(t) +Bsausa(t) +Dsawsa(t)

ysa(t) = Csaxsa(t)
(9)

where Asa =

−RL 0 − 2
3L

1
3L

1
3L 0 0 0

0 −RL
1

3L − 2
3L

1
3L 0 0 0

1
Ce

0 0 0 0 − 1
Ce

0 0

0 1
Ce

0 0 0 0 − 1
Ce

0

− 1
Ce

− 1
Ce

0 0 0 0 0 − 1
Ce

0 0 1
LL

0 0 −RL

LL
0 0

0 0 0 1
LL

0 0 −RL

LL
0

0 0 0 0 1
LL

0 0 −RL

LL


,

Bsa =



2Vdc

3L
−Vdc

3L
−Vdc

3L
−Vdc

3L
2Vdc

3L
−Vdc

3L
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0


and

Csa =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0

 .

Since there is no external signal in SA mode, we define
Dsa = 08×1 and wsa(t) = 0.

In (9), it is denoted that the state vector xsa(t) =

[ia(t); ib(t);VLa(t);VLb(t);VLc(t); iMa(t); iMb(t); iMc(t)],

the input vector

usa(t) = [ua(t);ub(t);uc(t)],

and the output vector

ysa(t) = [VLa(t);VLb(t);VLc(t)].

2) Simulation: To validate our modelling, we simulate it
with the initial state

xsa(0) = [− 7.5540; 29.3335; 0; 281.6913;

− 281.6913;−9.5964; 30.3549;−20.7586]

and the input

usa(t) = 0.5 + 0.4994 sin(2πft+ 0.0339).

The values above are calculated under steady state, and the
complete derivation of the values is given in the Appendix C.
With these values, if our modelling is correct, the output can
stay at the steady state all the time.

We simulate the model and depict the result in Fig.3, from
which it can be seen that the peak of load voltage is very close
to that of the reference. The frequency is 50 Hz. It proves that
our modelling of SA mode inverter is correct.

Fig. 3: The simulated output load voltage (SA mode)

IV. THE MPC ALGORITHM TO TRACK A SINUSOIDAL
SIGNAL

Given a continuous state-space model{
ẋc(t) = Acxc(t) +Bcuc(t) +Dcwc(t)

yc(t) = Ccxc(t)
(10)

and its discrete-time counterpart{
x(k + 1) = Ax(k) +Bu(k) +Dw(k)

y(k) = Cx(k)
(11)

where x(k) ∈ Rn, u(k) ∈ Rm, y(k) ∈ Rp and w(k) ∈ Rq ,
our goal is to design an MPC algorithm.

In order to simplify our expression, the following definitions
are made:
• ||x||2P = xTPx
• With the prediction horizon denoted as N , we have

x0|k = x(k), Uk =


u0|k
u1|k

...
uN−1|k

, Ussk =


uss0|k
uss1|k

...
ussN−1|k

,

Xk =


x1|k
x2|k

...
xN |k

, Xss
k =


xss1|k
xss2|k

...
xssN |k

 and Wk =


w1|k
w2|k

...
wN |k

.

A. Tracking MPC Algorithm for a Fixed Reference

First, we discuss the MPC method to track a fixed reference
r. In this situation, w(k) is a known fixed value.

At the steady state, we have{
xss = Axss +Buss +Dw

r = Cxss
(12)

From (12), the steady state xss and the steady input uss is[
xss

uss

]
=

[
A− I B
C 0

]−1 [−Dw
r

]
. (13)



From [19], we define our control problem in tracking MPC
for a fixed reference as

min
Uk

J(x(k), Uk) (14a)

s.t. xi+1|k = Axi|k +Bui|k +Dwi|k (14b)
xi|k ∈ X ⊆ Rn (14c)
ui|k ∈ U ⊆ Rm (14d)
xN |k ∈ T0 ⊆ Rn (14e)

The problem is explained as follows:
1) Cost Function, Prediction Model and Unconstrained

Solution: Our quadratic cost function of system (11) is

J(x(k), Uk) =

N−1∑
i=0

(||xi|k − xss
i|k||

2
Q + ||ui|k − uss

i|k||
2
R)

+||xN |k − xss
N |k||

2
P .

(15)

In (15), ||xi|k − xss
i|k||

2
Q is the state cost function, ||ui|k −

uss
i|k||

2
R is the input cost function and ||xN |k − xss

N |k||
2
P is

the terminal cost function. Q and R are positive definite
weighting matrices. The terminal cost matrice P is calculated
to guarantee stability and recursive feasibility. When xss = 0,
uss = 0 and Dw = 0, we can compute the terminal cost
matrix P and the optimal feedback K through the following
equations:{

P = ATPA−ATPB(BTPB +R)−1BTPA+Q

K = (BTPB +R)−1BTPA
(16)

However, even if xss 6= 0 and uss 6= 0, (16) is still a
good choice to calculate P and K, although stability is not
guaranteed.

The prediction model is designed as

Xk = Φx(k) + ΓUk + ΞWk, (17)

with the prediction matrices

Φ =


A
A2

...
AN

 , Γ =


B 0 . . . 0
AB B . . . 0

...
...

. . .
...

AN−1B AN−2B . . . B

 and

Ξ =


D 0 . . . 0
AD D . . . 0

...
...

. . .
...

AN−1D AN−2D . . . D

.

Writing (15) into the compact form, we have

J(x(k), Uk) = ||x0|k − xss
0|k||

2
Q + ||Xk −Xss

k ||2Ω
+ ||Uk − U ss

k ||2Ψ,
(18)

where Ω =


Q

. . .
Q

P

 and Ψ =


R

. . .
R

R

.

Substituting (17) into (18), we obtain

J(x(k), Uk) =
1

2
UTk GUk + UTk F, (19)

where G = 2(ΓTΩΓ + Ψ) and F (x(k)) = 2[ΓTΩ(Φx(k) +
ΞWk−Xss

k )−ΨUssk ]. In this way, the unconstrained solution
is

U∗k (x(k)) = −G−1F (x(k)). (20)

2) Constraints: In this part, constraint sets are written into
inequality matrices so that we could solve our control problem
by using Quadratic Programming. In (14c) and (14d), the state
constraint set is

xi|k ∈ X = {x|FXx ≤ bX } (21)

and the input constraints is

ui|k ∈ U = {u|FUu ≤ bU}. (22)

Besides, the input admissible constraint set at the setpoint
(xssN |k,ussN |k,wN |k) requires two conditions: uN |k ∈ U and
xN |k ∈ X . This is to say, the input admissible constraint set
is

x ∈ T1 = {x|FT1x ≤ bT1}
= {x| −K(x− xssN |k) + ussN |k ∈ U and x ∈ X}.

(23)

In order to satisfy stability and recursive feasibility condi-
tions, the terminal constraint set T0 should meet the following
conditions:

• The terminal set should be invariant, i.e.

(A−BK)T0 ⊆ T0. (24)

• The terminal set should be input admissible, i.e.

T0 ⊆ T1 ⊆ X . (25)

Usually, the largest feasible terminal set can be computed by
the MPT3 Toolbox [20], while this process could take several
seconds or even minutes.

Furthermore, (21)∼(23) can be rewritten into the matrix
inequality below:

Dx(k) +MXk + EUk ≤ c, (26)

where

D =



FX
0
0
...
0
0
0
0
...
0
0



, M =



0 0 . . . 0 0
FX 0 . . . 0 0
0 FX . . . 0 0
...

...
. . .

...
...

0 0 . . . FX 0
0 0 . . . 0 FT0
0 0 . . . 0 0
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0
0 0 . . . 0 0



,



E =



0 0 . . . 0 0
0 0 . . . 0 0
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0
0 0 . . . 0 0
FU 0 . . . 0 0
0 FU . . . 0 0
...

...
. . .

...
...

0 0 . . . FU 0
0 0 . . . 0 FU



and c =



bX
bX
bX
...
bX
bT0
bU
bU
...
bU
bU



.

After we substitute the prediction model (17) into (26), the
constraint matrix inequality becomes

(MΓ + E)Uk ≤ c− (D +MΦ)x(k)−MΞWk. (27)

Defining L = MΓ + E , W = −D −MΦ and V = MΞ,
we can further write (27) into a compact inequality matrix, as

LUk ≤ c+Wxk − VWk. (28)

Then our problem of tracking a fixed reference can be
solved by the QP solver.

In this method, the terminal set is determined by the
setpoint, and it generally has a different shape and size when
the setpoint moves. Therefore, when the reference is sinusoidal
(with xssN |k, ussN |k and wN |k moving all the time), the terminal
constraint set changes all the time and we need to recalculate
it at every sampling instant. The calculation of the terminal set
by MPT function can take a long time, so it is not pragmatic
to compute the terminal set online.

On the other hand, even if we precompute all the terminal
sets offline, the process is still a very complicated and much
memory is needed to store the terminal set. This implies that
the standard MPC algorithm above is not a suitable method to
track the sinusoidal reference. In order to solve this problem,
we apply the method of scaling terminal set [16], [21].

B. Tracking MPC with Terminal Set Scaling

In this part, our objective is to track the sinusoidal reference
by MPC. In (11), w(k) is a sinusoidal external signal that
shares the same frequency with the reference.

The reference throughout the first time period is denoted as

R =


r0

r1

r2

...
rNT−1

 , (29)

where NT stands for the length of R. In our proposed inverter,
we have

NT =
1

fTs
= 1000. (30)

The following equations hold for state reference and input
reference:

xssi+1 = Axssi +Bussi +Dwi

xss0 = AxssNT−1 +BussNT−1 +DwNT−1

rj = Cxssj

(31)

where i = 0, 1, ..., NT − 2 and j = 0, 1, ..., NT − 1. (31) can
be further written in the form of matrix equality:

ML
[
Xss
R

UssR

]
=MR (32)

where

ML =



A −I B
A −I B

A
. . . B
. . . −I

. . .
−I A B
C

C
C

. . .
C



,

[
Xss
R

UssR

]
=



xss0
xss1
xss2

...
xssNT−1

uss0
uss1
uss2

...
ussNT−1


and MR =



−Dw0

−Dw1

−Dw2

...
−DwNT−1

r0

r1

r2

...
rNT−1


.

In this way, we can offline compute the state reference Xss
R

and the input reference UssR throughout the first time period.
The values are repeated periodically. For the sampling instant
k, if k is larger than NT , we have

xssk = xssk−NT

ussk = ussk−NT

rk = rk−NT

(33)

The control algorithm of the terminal set scaling MPC is
described in TABLE III. The derivation of its cost function,
optimal feedback and prediction model is identical to that of
the previous algorithm. However, the terminal constraints are
computed differently.

The terminal scaling method is illustrated in Fig. 4, which
is in 2D for simplicity. In Fig. 4a, X (blue) stands for the
state constraint set and T (orange) is the terminal constraint
set with the setpoint staying at the origin.

In Fig. 4b, the setpoint moves to an arbitray point
(xssN |k,ussN |k,wN |k), which is away from the origin. T1 (yellow)
is the input admissible constraint set computed by (23). The



TABLE III: The control algorithm of terminal set scaling MPC

Algorithm 1

Inputs: A, B, C, D, Q, R, N , X , U , R, x(0) and ksim
Cost function:
min
Uk

J(x(k), Uk) subject to LUk ≤ c+Wxk − VWk

1 State regulation: Computing P and K by discrete LQR based
on A, B, Q and R

2 Computing Xss
R and Uss

R based on A, B, C, D and R
3 Calculating the prediction model with prediction matrices Φ,

Γ and Ξ, and representing the cost functions with the prediction
matrices

4 Computing state constraints, input constraints and terminal
constraints. Deriving the constraint matrices FX , bX , FU , bU ,
FT and bT ,

5 Computing the values of λk
for k = 1 : ksim

6 Computing the matrices of D, M, E and c
7 Computing W and L
8 Deriving the optimal control sequence U∗k by applying QP

solver
9 u∗(k) = U∗k (1:m)

10 Obtaining x(k + 1) and y(k)
11 Back to Step 6

end

recomputation of a brand new terminal set T0 on the basis of
T1 is complicated and time-consuming.

However, after the introduction of the terminal set scaling
method, the computation complexity could be reduced a lot.
As can be seen from Fig. 4b, the part surrounded by the
dashed line is the shifted T , which we denote as T (xssN |k).
Then the scaled terminal set λkT (xssN |k) (green), which stays
in T1 and X , is achieved. The included scaling parameter λk
dynamically scales the terminal set T (whose setpoint is at the
origin) and allows it to be centred around an arbitrary setpoint
without violating the stability conditions [19].

After the parameter λk is introduced, our control problem
becomes

min
Uk

J(x(k), Uk) (34a)

s.t. xi+1|k = Axi|k +Bui|k +Dwi|k (34b)
xi|k ∈ X ⊆ Rn (34c)
ui|k ∈ U ⊆ Rm (34d)
xN |k ∈ λkT (xssN |k) ⊆ Rn (34e)

x ∈ X , ∀x ∈ λkT (xssN |k) (34f)

ussN |k −K(x− xssN |k) ∈ U , ∀x ∈ λkT (xssN |k) (34g)

Similar to the previous subsection, we have the state con-
straint set

xi|k ∈ X = {x|FXx ≤ bX } (35)

and the input constraint set

ui|k ∈ U = {u|FUu ≤ bU}. (36)

To get the shifted and scaled terminal constraint set, we first
compute the terminal set T = {x|FT x ≤ bT } whose setpoint
is at the origin. T should satisfy the following conditions:

(a) The terminal set with xssN|k at the origin

(b) The shifted setpoint and the scaled terminal set

Fig. 4: Illustration of terminal set scaling

• The terminal set should be input admissible, i.e.

T ⊆ {x| −Kx ∈ U and x ∈ X}. (37)

• The terminal set should be invariant, i.e.

(A−BK)T ⊆ T ⊆ X . (38)

We can then write (34e) as

xN |k ∈ λkT (xssN |k) = {x|FT (x− xssN |k) ≤ λkbT }. (39)

λk is attained in the following steps. First, we write (34f)
and (34g) into[

−FUK
FX

]
x+

[
FUK FU

0 0

] [
xssN |k
ussN |k

]
≤
[
bU
bX

]
, (40)

which holds for all x ∈ {x|FT (x−xssN |k) ≤ λkbT }. We further
write it as

Gxx+Gppk + d ≤ 0, (41)



which holds for all x ∈ {x|FT (x − xssN |k) ≤ λkbT }. In (41),

Gx =

[
−FUK
FX

]
, Gp =

[
FUK FU

0 0

]
, pk =

[
xssN |k
ussN |k

]
and

d =

[
−bU
−bX

]
. The ith row of (41) can be written as

gTxix+ gTpipk + di ≤ 0, ∀x : FT x ≤ λkbT + FT x
ss
N |k (42)

where gTxi stands for the ith row of Gx, gTpi represents the ith
row of Gp and di denotes the ith row element of d. In (42),
i = 1, 2, ..., 2(m+ n).

Duality theory [22] is applied to determine λk. According
to [21], (42) is equivalent to

(λkbT +FT x
ss
N |k)T ζ + (gTpipk + di) ≤ 0, ∀FTT ζ = gxi, (43)

which yields

λkb
T
T ζ + xssTN |kgxi + (gTpipk + di) ≤ 0, ∀FTT ζ = gxi. (44)

Then the following optimisation problem is required to be
solved:

γi = min
ζ
bT ζ s.t. FT ζ = gxi, ζ ≥ 0, (45)

where γi is the solution in each row, and λk is derived by

min
λk

−λk

s.t. λkΓ +Gxx
ss
N |k +Gppk + d ≤ 0,

(46)

where Γ has γi as its row elements.
In this way, the scaling parameter λk throughout the first

time period can be calculated offline. Since the reference varies
periodically, the values of λk can be repeated periodically. This
is to say, if k is larger than NT , it gives λk = λk−NT

.
Besides, it can be seen that (34f) and (34g) are formulated

as a finite number of linear inequalities via duality theory, so
the MPC problem remains a QP.

After the computation of λk, (35), (36) and (39) can be
rewritten into the matrix inequality

Dx(k) +MXk + EUk ≤ c, (47)

where

D =



FX
0
0
...
0
0
0
0
...
0
0



, M =



0 0 . . . 0 0
FX 0 . . . 0 0
0 FX . . . 0 0
...

...
. . .

...
...

0 0 . . . FX 0
0 0 . . . 0 FT
0 0 . . . 0 0
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0
0 0 . . . 0 0



,

E =



0 0 . . . 0 0
0 0 . . . 0 0
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0
0 0 . . . 0 0
FU 0 . . . 0 0
0 FU . . . 0 0
...

...
. . .

...
...

0 0 . . . FU 0
0 0 . . . 0 FU



and c =



bX
bX
bX
...
bX

λkbT + FT x
ss
N |k

bU
bU
...
bU
bU



.

After we substitute the prediction matrices from (17) into
(47), the constraint matrix inequality becomes

(MΓ + E)Uk ≤ c− (D +MΦ)x(k)−MΞWk. (48)

Defining L = MΓ + E , W = −D −MΦ and V = MΞ,
we write (48) into

LUk ≤ c+Wxk − VWk. (49)

In this way, we can solve the problem by quadratic program-
ming and derive the optimal input u∗(k) at every sampling
instant.

Next, we apply the optimal input u∗(k) to the continuous
model by using ode23 in MATLAB as below:

[T,X] = ode23(@(t,x)

fun(t,x,u∗(k)),tspan,x_k,options),

where fun stands for the continuous model (10). tspan starts
at (k− 1)Ts and stops at kTs. For options, we set relative
tolerance as 10−5 and absolute tolerance as 10−7. This process
is depicted in Fig. 5. For t ∈

[
(k − 1)Ts, kTs

]
, we have

u(t) = u((k − 1)Ts). (50)

Fig. 5: The process of applying u∗(k)



V. MPC DESIGN FOR THE THREE-PHASE INVERTER

A. Tracking Reference Design

As stated in Section III, our reference in GC mode isIssMa(t)
IssMb(t)
IssMc(t)

 =

 8.6957 sin(2πft− π
4 )

8.6957 sin(2πft− π
4 + 2

3π)
8.6957 sin(2πft− π

4 −
2
3π)

 A.

We discretise it and haveIssMa(k)
IssMb(k)
IssMc(k)

 =

 8.6957 sin(2πf(k − 1)Ts − π
4 )

8.6957 sin(2πf(k − 1)Ts − π
4 + 2

3π)
8.6957 sin(2πf(k − 1)Ts − π

4 −
2
3π)

 A.

After the reference is obtained, the state reference and the
input reference are computed by (32).

The control objective in SA mode is to track the load voltage
reference, which isV ssLa(t)

V ssLb (t)
V ssLc (t)

 =

 230
√

2 sin(2πft)

230
√

2 sin(2πft+ 2
3π)

230
√

2 sin(2πft− 2
3π)

 V.

Similarly, we haveV ssLa(k)
V ssLb (k)
V ssLc (k)

 =

 230
√

2 sin(2πf(k − 1)Ts)

230
√

2 sin(2πf(k − 1)Ts + 2
3π)

230
√

2 sin(2πf(k − 1)Ts − 2
3π)

 V.

and compute the input reference and state reference.

B. GC Mode

1) Prediction Model: The prediction model of the GC
inverter is got by discretising (7):{
xGC(k + 1) = AGCxGC(k) +BGCuGC(k) +DGCwGC(k)

yGC(k) = CGCxGC(k)
(51)

where

AGC =


L−RTs

L 0 0 0 0
0 L−RTs

L 0 0 0
−RTs

L 0 1 0 0
0 −RTs

L 0 1 0
RTs

L
RTs

L 0 0 1

 ,

BGC =


2TsVdc

3L
−TsVdc

3L
−TsVdc

3L
−TsVdc

3L
2TsVdc

3L
−TsVdc

3L
2TsVdc

3L
−TsVdc

3L
−TsVdc

3L
−TsVdc

3L
2TsVdc

3L
−TsVdc

3L
−TsVdc

3L
−TsVdc

3L
2TsVdc

3L

 ,

CGC =

0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

 ,
and

DGC =


−2Ts

3L
Ts

3L
Ts

3L 0 0 0
Ts

3L
−2Ts

3L
Ts

3L 0 0 0
−2Ts

3L
Ts

3L
Ts

3L −CeTs 0 0
Ts

3L
−2Ts

3L
Ts

3L 0 −CeTs 0
Ts

3L
Ts

3L
−2Ts

3L 0 0 −CeTs

 .

2) Simulation: It is known that a smaller R or a larger
Q can result in faster response. After making trade-off be-
tween the control performance in each phase, we choose
the weighting matrices as Q = blkdiag(5, 1, 5, 1, 15) and
R = blkdiag(1, 1, 10). Then P and K are computed accord-
ingly. After tuning, we determine that the prediction horizon
is N = 10. In order to further simplify our computation
complexity, we add the control horizon Nu = 4, which implies

u3|k = u4|k = u5|k = ... = uN−1|k (52)

The states constraints are

xmax = −xmin = [50; 50; 50; 50; 50] (53)

and the input constraints are{
umax = [1; 1; 1]

umin = [0; 0; 0]
(54)

Besides, due to the fact that neutral voltage VNn is a fixed
value, the equality constraint

uai|k + ubi|k + uci|k = 1.5 (55)

holds for all sampling instants k. After equality constraints are
added, the problem remains a QP.

For the simulation, the initial state is x0 =
[0; 0;−2.0437; 1.0218; 1.0218]. The initial values of iMa,
iMb and iMc are not zero because they already vary with the
grid voltage before the microgrid operates.

MATLAB and MPT3 Toolbox is applied in the simulation.
We use the QP solver to solve our tracking MPC problem.

By applying our presented MPC algorithm, we obtain the
control performance in Fig. 6, with the scaling variable λk
plotted in Fig. 6a, the inverter current plotted in Fig. 6b and
the three-phase input drawn in Fig. 6c.

As can be seen from Fig. 6a, λk varies between 0.82 and 1,
which implies that the terminal set is not scaled down much.

We observe good tracking performance of the MPC con-
troller in Fig. 6b and Fig. 6c. The inverter current tracks its
reference very well, with its peak value very close to 8.6956
A, which is the same as that of its reference. Additionally, the
input also corresponds to the input reference.

For the computation complexity, the size of the QP of our
proposed MPC controller has 12 variables, 132 inequality
constraints and four equality constraints. Compared to the
standard tracking MPC algorithm, the significant progress
comes from the terminal constraints set. We only have eight
terminal constraints in our presented scaling MPC, but we have
to deal with hundreds of terminal constraints in standard MPC
due to the recalculation of terminal set. The large difference
implies reduced complexity of solving the QP problem.

Comparisons are made between our proposed MPC con-
troller and linear quadratic regulator (LQR). The values of
parameters and initial state for LQR are the same as those for
MPC.

In LQR, we compute our input in the following way:

ulqr(k) = −K(x(k)− xss(k)) + uss(k) (56)



(a) The terminal set scaling variable λ

(b) The output vs the inverter current reference

(c) The input vs the input reference

Fig. 6: The implementation of grid-connected inverter

where K is computed by (16).
However, (56) is not a sufficient condition because the

input constraints (54) and the equality constraints (55) are not
included. In order to include these constraints, we proceed the
computation in TABLE IV.

TABLE IV: The calculation of LQR input

ulqr(k) = −K(x(k)− xss(k)) + uss(k);
for i = 1 : 3

if ulqr(i, k)∗ ≥ 1, ulqr(i, k) = 1;
else, if ulqr(i, k) ≤ 0, ulqr(i, k) = 0;
end

end
end % All input elements ahould be between 0 and 1
addi = ulqr(1, k) + ulqr(2, k) + ulqr(3, k);
for i = 1 : 3

ulqr(i, k) = 1.5 ∗ ulqr(i, k)/addi;
end % This ensures that the sum of input elements is 1.5
for i = 1 : 3

if ulqr(i, k) >= 1 % if any input element is larger than 1,
decrease it to 1 and keep the sum 1.5

[val,ind] = min(ulqr(:, k));
ulqr(ind, k) = ulqr(i, k)− 1 + ulqr(ind, k);
ulqr(i, k) = 1;
else, if ulqr(i, k) <= 0 % if any input element is
smaller than 0, increase it to 0 and keep the sum 1.5

[val,ind] = max(ulqr(:, k));
ulqr(ind, k) = 0− ulqr(i, k) + ulqr(ind, k);
ulqr(i, k) = 0;

end
end

end

∗Note: ulqr(i, k) stands for the ith element in ulqr(k).

The tracking error comparison between the two control
methods is plotted as Fig. 7. It can be seen that both methods
can track the reference without errors. The MPC drives the
output to steady state in 0.18 ms, but it takes the LQR
approximately 0.3 ms to do the same thing. Apart from this, in
Phase-c, the tracking error of MPC controller directly draws
towards zero, but the tracking error of LQR increases at first.
The simulation result implies that our presented controller and
the LQR can both drive the inverter to track the sinusoidal
current reference without tracking error under GC mode.
Aside from this, the MPC controller has faster and better
performance in reaching the steady state than LQR.

When it comes to the computation time, we find that the
CPU time of computing the MPC input is much larger than
that for the LQR input. However, if we implement the MPC
controller in optimized C-code, the computation can be 10
times faster.

C. Standing-alone (SA) Mode

1) Prediction Model: We obtain the prediction model of
the standing-alone inverter by discretising (9):{
xSA(k + 1) = ASAxSA(k) +BSAuSA(k) +DSAwSA(k)

ySA(k) = CSAxSA(k)
(57)



Fig. 7: Tracking error (GC mode)

In (57), ASA =

L−RTs

L 0 − 2Ts

3L
Ts

3L
Ts

3L 0 0 0
0 L−RTs

L
Ts

3L − 2Ts

3L
Ts

3L 0 0 0
Ts

Ce
0 1 0 0 − Ts

Ce
0 0

0 Ts

Ce
0 1 0 0 − Ts

Ce
0

− Ts

Ce
− Ts

Ce
0 0 1 0 0 − Ts

Ce

0 0 Ts

LL
0 0 β 0 0

0 0 0 Ts

LL
0 0 β 0

0 0 0 0 Ts

LL
0 0 β


where β = LL−RLTs

LL
,

BSA =



2VdcTs

3L
−VdcTs

3L
−VdcTs

3L
−VdcTs

3L
2VdcTs

3L
−VdcTs

3L
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0


,

CSA =

0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0

 ,
and DSA = 08×1.

2) Simulation: We choose the weighting matrices as Q =
7.2I8 and R = 300I3, where Is stands for a s-dimensional
identity matrix. Then P and K are computed based on the
tuned parameters.

After tuning, we pick the prediction horizon N = 30. In
order to simplify the computation complexity, we further set
the control horizon Nu = 15, which imdicates

u14|k = u15|k = u16|k = ... = uN−1|k (58)

Initially, the state values are all assumed to be zeros. For
all sampling instant k, the states constraints are

xmax = −xmin = [50; 50; 500; 500; 500; 50; 50; 50] (59)

(a) The terminal set scaling variable λ

(b) The output vs the inverter current reference

(c) The input vs the input reference

Fig. 8: The implementation of standing-alone inverter



the input constraints are identical to (54) and the input equality
constraints are as (55).

By applying our presented algorithm, the scaling variable
λk is illustrated in Fig. 8a. It can be seen that the value of
λk oscillates between 0.34 and 0.44, which implies that the
scaled terminal set is small when the setpoint changes.

In addition to this, we plot the three-phase load voltage in
Fig. 8b and the three-phase input in Fig. 8c. In Fig. 8b, the
acquired load voltage shares the same peak value (230

√
2V )

and frequency (50 Hz) with the load voltage reference. In Fig.
8c, the input corresponds well to the steady-state input. The
result indicates our MPC controller tracks the load voltage
reference well.

For the computation complexity, the analysis is similar to
that in GC mode. The size of the QP of our proposed MPC
controller has 45 variables, 675 inequality constraints and
15 equality constraints. Compared to the standard tracking
MPC algorithm, the significant progress comes from the
terminal constraints set. We have 105 terminal constraints
in our presented scaling MPC, but we have to deal with
much more terminal constraints in standard MPC due to the
recalculation of terminal set. The large difference leads to
reduced complexity of solving the QP problem.

Then we simulate the performance of LQR and plot the
tracking errors of our MPC controller and LQR in Fig. 9.
In LQR, the parameter values and initial state are identical
to those in MPC, and the input is computed by the method
in TABLE. It can be observed that the outputs of the two
methods both achieve the steady state in 2.2 ms. The MPC
output has less oscillation than the LQR output. In phase-a and
phase-c, the MPC overshoot is larger than the LQR overshoot;
but in phase-b, the MPC overshoot is smaller than the LQR
overshoot.

Additionally, we also check the computation time of the two
methods. The CPU time of computing the MPC input is around
0.2 s, but that for the LQR input is only 0.003 s. Hopefully,
after we implement the MPC controller in optimised C-code,
it can be much faster to compete with LQR.

Fig. 9: Tracking error comparison (SA mode)

D. Switching between Different Modes

1) Switching from GC Mode to SA Mode: Assume that
our microgrid operates at GC mode in the beginning and
the switching from GC mode to SA mode takes place at
t = 0.025 s (i.e. the power grid is disconnected from the load
at t = 0.025 s). When the inverter switches from GC mode
to SA mode, the MPC controller should switch synchronously
and operates immediately.

(a) By our proposed MPC controller

(b) By the controller in [1]

Fig. 10: Performance when swiching from GC mode to SA
mode

The switched load voltage and the inverter current are
depicted in Fig. 10, where Fig. 10a represents the performance
by our MPC method and Fig. 10b is the result derived in [1].

Our observation is listed as follows:



• Before the transition, the inverter is under GC mode,
where the objective is to track the inverter current ref-
erence. As can be seen from Fig. 10, both methods are
performing well.

• After the transition, the inverter is under SA mode, where
our objective is to track the load voltage reference. In Fig.
10a, the voltage drops after the switching, but it manages
to track the voltage reference again in 1 ms. In Fig. 10b,
the load voltage in [1] experience a strong oscillation for
5 ms before it tracks the reference.

• After the transition, the inverter current changes mildly
in Fig. 10a, but it changes immediately in Fig. 10b.

According to the inspection above, we know that when the
inverter switches from GC mode to SA mode, our method has
better tracking performance, reacts much faster and produces
far less output oscillation than the method in [1].

2) SA Mode to GC Mode: Similar to the subsubsection
above, we assume that our microgrid operates at SA mode in
the beginning and it is connected to the load at t = 0.025
s. Under this circumstance, when the inverter switches from
SA mode to GC mode, the MPC controller should switch
synchronously and operates immediately. Additionally, the in-
jected power grid voltage in GC mode has the same magnitude,
frequency and phase as the load voltage in SA mode.

Fig. 11: Performance when swiching from SA mode to GC
mode

The transition is plotted in Fig. 11. Before the transition,
our controller stays in SA mode and manages to track the load
voltage reference. After the inverter switches to GC mode, the
inverter current sharply drops and tracks the inverter current
reference, with a magnitude of 8.6957 A. The load voltage
remains mild without oscillation. As far as we are concerned,
our MPC controller can track the new reference in a very short
time (smaller than 1 ms) after the transition takes place from
SA mode to GC mode.

E. Analysis
Based on our simulation and observation, we list the

advantages and disadvantages of our MPC controller and

LQR in TABLE V. According to the information in this
table, we recommended that our proposed MPC controller
should be used in the three-phase inverter control, because
of its good tracking performance in both modes. However, if
the implementation environment is restricted, LQR is more
suitable due to its very short computation time.

In addition to this, the robustness analysis is carried out
to our MPC controller. We assume that there are model mis-
matches in the LC filter. We set the values of R, L and C 20%
larger than their previous values, and simulate the mismatched
inverter in GC mode, while the weighting matrices, horizon
parameters and constraints remain unchanged.

Fig. 12: Model mismatch simulation

The model mismatch simulation is plotted in Fig. 12, from
which it can be seen that our MPC controller does not
behave well when there are unexpected changes in the inverter.
Therefore, robust control should be taken into consideration,
or we have to reconstruct the inverter model whenever there
exist model mismatches.

VI. CONCLUSION

In this thesis, we applied the terminal set scaling MPC
algorithm to track the sinusoidal reference, which contributes
to the control of the three-phase inverter in a microgrid.

First of all, we modelled the three-phase inverter under both
GC mode and SA mode. Then in the design of the MPC
algorithm, a scaling parameter was introduced to scale the
terminal set offline, so that stability and recursive feasibility
are guaranteed and the recalculation of the terminal set is
not required. The simulation results in MATLAB indicate
that we can achieve good tracking performance with our
proposed controller and the output can reach the reference
in milliseconds in both modes. Moreover, we also realised the
fast switching between different modes.

Based on our work, some further research can be done.
For example, the robust MPC algorithm is worth considering.
Moreover, observers could be built under both modes, because
some state variables (i.e. current states) are not measurable at
a cheap cost.



TABLE V: The pros and cons of our presented MPC controller and LQR

MPC controller LQR

Pros 1. Considers all the constraints in the design of MPC controller 1. Very easy to implement
2. Provides optimal solution while reducing the complexity 2. The computation time of the input is very small
3. The output reaches the steady state in 0.2 ms in GC mode 3. The output can reach the steady state in around 0.3 ms in GC mode
4. The output reaches the steady state in 2.5 ms in SA mode 4. The output can reach the steady state in 2.5 ms in SA mode

Cons 1. Requires relatively large computation time of the input 1. Not taking input constraints into account as a priori
2. Does not provide any guarantee of state constraints and may result in

instability due to saturation

APPENDIX A
CIRCUIT PRINCIPLES

In order to clearify our computation, the following defini-
tions are made based on [23]:
• In time domain, we define the current and the voltage in

an AC circuit as

I(t) = Ipeak sin(2πft+ φ1) (60)

and
V (t) = Vpeak sin(2πft+ φ2) (61)

respectively, where Ipeak is the peak value of current, Vpeak
is the peak value of voltage, f is the frequency, φ1 is the
phase of current and φ2 is the phase of voltage.
In the form of polar coordinates, they can be written as

I = Ipeak∠φ1 (62)

and
V = Vpeak∠φ2. (63)

Besides, we denote the root mean square voltage as Vrms
and the root mean square current as Irms. We have

Vpeak =
√

2 Vrms (64)

and
Ipeak =

√
2 Irms. (65)

• We denote real power as P , reactive power as Q and
apparent power as S, where

S =
√
P 2 +Q2. (66)

The real power is

P = VrmsIrms cos(φ2 − φ1), (67)

the reactive power is

Q = VrmsIrms sin(φ2 − φ1), (68)

and the apparent power is

S = VrmsIrms. (69)

• We denote resistance as R, reactance as X and impedance
as Z, where

Z =
√
R2 +X2. (70)

In terms of polar coordinates, we rewrite Z into Z =
Z∠φ3, where φ3 = arctan X

R .

• Additionally, only the electric values of phase-a are
computed. The reason is that the three-phase system is
balanced. The only difference between phase-b/c and
phase-a is their phases. Phase-b is 2

3π ahead of phase-
a and phase-c is 2

3π behind phase-a.

APPENDIX B
DERIVATION OF INITIAL STATE FOR MODEL VALIDATION

IN GC MODE

In GC mode, the load voltage is equal to the grid voltage,
so we have VLa(t) = 230

√
2 sin(2πft + φ2) V, where f =

50 Hz and φ2 = 0. Putting it in polar coordinates, we have
VLa = 230

√
2∠φ2 V.

As in [1], we assume that the values of reference real and
reactive power output in each phase of the inverter are P =
1000 W and Q = 1000 VAr respectively.

The power factor pf is then

pf =
P√

P 2 +Q2
=

√
2

2
.

The phase difference between load voltage and inverter
current is then

φ2 − φ1 = arccos pf =
π

4
.

The apparent power is

S =
P

pf
= 1000

√
2 W,

which gives the root mean square inverter current

Irms =
S

Vrms
= 6.1488 A.

So the peak inverter current in each phase is

Ipeak =
√

2Irms = 8.6957 A.

As a result, the inverter current reference

IssMa(t) = Ipeak sin(2πft+ φ1),

where φ1 = −π4 . In terms of polar coordinates,

Iss
Ma|gc = 8.6957∠− π

4
A.

Since the capacitor impedance

ZCe =
1

jωCe
= −j159.1549 Ω = 159.1549∠− π

2
Ω,



the capacitor current reference is

Iss
Ce|gc =

Vss
Ce|gc

ZCe

=
Vss

La|gc

ZCe

= 2.0437∠
π

2
A.

Hence the current reference of R and L is

Iss
RL|gc = Iss

Ma|gc + Iss
Ce|gc = 7.3932∠− 0.5887 A.

With the impedance of R and L

Z = R+ jωL

= (0.0001 + j0.3770) Ω

= 0.3770∠1.5705 Ω,

the reference voltage that R and L consume is

Vss
RL|gc = Iss

RL|gcZ = 2.7872∠0.9818 V.

so the reference voltage generated by the DC-link should be

Vss
total|gc = VLa|gc + VRL|gc = 326.8257∠0.0071 V.

The steady-state duty cycle is therefore computed as

uss(t) = 0.5 + a sin(ωt+ φ4),

where a =
2|V ss

total|
Vdc

− 0.5 = 0.4974 and φ4 = 0.0071.
The initialisation in model validation should correspond to

the steady state. From the values above, we pick
• ia(0) = 7.3932 sin(−0.5887) = −4.1053 A
• ib(0) = 7.3932 sin(−0.5887 + 2

3π) = 7.3775 A
• iMa(0) = 8.6957 sin(− 1

4π) = −6.1488 A
• iMb(0) = 8.6957 sin(− 1

4π + 2
3π) = 8.3994 A

• iMc(0) = 8.6957 sin(− 1
4π −

2
3π) = −2.2506 A

APPENDIX C
DERIVATION OF DC-LINK VOLTAGE AND INITIAL STATE

FOR MODEL VALIDATION IN SA MODE

From TABLE II, we have the load resistor impedance

ZRL = RL = 10 Ω,

the load inductor impedance

ZLL = jωLL = j3.1416 Ω,

and the load impedance

ZL = ZRL + ZLL = 10.4819∠0.3044 Ω.

According to the control objective in SA mode, our refer-
ence load voltage is

Vss
La|sa = 230

√
2∠0 V.

Since the load only receives energy from the microgrid in
SA mode, the steady-state inverter current

Iss
Ma|sa =

Vss
La|sa

ZL
= 31.0316∠− 0.3044 A

is given based on Ohm’s Law, and the capacitor current is

Iss
Ce|sa =

Vss
La|sa

ZCe

= 2.0437∠
π

2
A.

Then we obtain the reference current of R and L by
applying Kirchhoff’s current law:

Iss
RL|sa = Iss

Ma|sa + Iss
Ce|sa

= (29.5104− j7.5527) A
= 30.4616∠− 0.2506 A

With the impedance of R and L

Z = 0.3770∠1.5705 Ω,

the voltage that R and L consume is

Vss
RL|sa = Iss

RL|saZ = 11.4840∠1.3199 V.

So the steady-state voltage generated by DC-link should be

Vss
total|sa = Vss

La|sa + Vss
RL|sa = 328.3088∠0.0339 V.

The steady-state duty cycle is therefore computed as

uss(t) = 0.5 + a sin(ωt+ φ4),

where a =
2|V ss

total|sa|
Vdc

− 0.5 = 0.4994 and φ4 = 0.0339.
The initial state in model validation should correspond to

the steady state. From the values above, we pick
• ia(0) = 30.4616 sin(−0.2506) = −7.5540 A
• ib(0) = 30.4616 sin(−0.2506 + 2

3π) = 29.3335 A
• VLa(0) = 230

√
2 sin(0) = 0 V

• VLb(0) = 230
√

2 sin(0 + 2
3π) = 281.6913 V

• VLc(0) = 230
√

2 sin(0− 2
3π) = −281.6913 V

• iMa(0) = 31.0315 sin(−0.3144) = −9.5964 A
• iMb(0) = 31.0315 sin(−0.3144 + 2

3π) = 30.3549 A
• iMc(0) = 31.0315 sin(−0.3144− 2

3π) = −20.75866 A
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