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Abstract—In this study, we develop a new formulation
for integrated problem of max-plus-linear (MPL) schedul-
ing and control. The transition time plays important role
in the integrated problem. By utilising a decomposition
sequential method, we can maintain the convexity of
MPL scheduling problem in the integrated MPL schedul-
ing problem. However, selecting controller parameters
becomes a crucial step in the decomposition sequential
method. Thus, in terms of economic objective, we present
three methods to select the optimal controller parameters
depending on the transition cost set as a function of the
transition time set. Furthermore, considering the presence
of uncertainties, we develop two on-line reactive action
methods to minimise the impact of uncertainties on the
economic objective. The methods developed are compared
to an integrated problem of state-space (SS) scheduling and
control which is considered as the baseline. The simulation
results show the advantages and the disadvantages of the
presented methods and approaches.

I. INTRODUCTION

Scheduling of operations is an essential activity, especially
when multiple multi-purpose units and a variety of products
are involved to maximise profit, in various type of industries
such as high-tech systems, transportation, manufacturing and
process industry. The process industry is mainly a good
example since it consists of multi-purpose units that are
interconnected with each other. The driving force of process
industry is to maximise the profit margin while respecting
environmental constraints and dealing with customer demand.
Thus, the decisions made by the scheduling (and control
functions) have a significant economic impact. Based on this
observation, this study will be limited to the process industry.

To guarantee the quality of the products, produced by the
processing plant(s), the control of the process units becomes
more and more critical every day. Moreover, the process
industry is forced to lower their operational costs. This sit-
uation has generated a need for increased information sharing
between various decision-support systems. The integration of
scheduling and control is one of the solutions. However, this
field of research is very challenging, as it needs to combine
several problem aspects (i.e., methodological, information
flow, complexity, etc.), scales, research disciplines and parties
(academia and industry) [22].

The operation of processing plant involves a large number
of (complex) decisions, which can be distributed into the so-
called real-time business decision making and control hier-
archy. Fig. 1 shows the (standard) distribution of (business)
decision making in the hierarchy. This hierarchy structure has
been summarised in [1],[8],[37] and generally combined with
many other control hierarchy structures [33].

The planning layer focusses on economic predictions and
gives production objective (i.e., defining ”what to produce”
and ”how much to produce and to buy”). The prediction
periods depends on the nature of the business, typically in
the scale of months.

The scheduling layer addresses the timing of actions and
events, required to execute the plan. Depending on the schedul-
ing case, the decisions can be attributed to when a unit
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Fig. 1: Illustration of the process hierarchical operation

turns ”on”/”off”, when a unit switches its mode, the inter-
unit interconnections switching time, the sequence of product
to produce, or combinations of them. At least, thirteen classi-
fications of scheduling problem have been investigated [18].

Both planning and scheduling send parameters (e.g., prices
of products and raw materials, energy and utility costs) and
limitations information (e.g., amount of raw material, unit
capacity, production time and its constraint) to the real-time
optimisation (RTO) layer. The calculations of both planning
and scheduling are generally obtained using several mixed
integer programming formulations [4],[18],[21].

The (business) decisions selected in the planning and
scheduling layer are provided to RTO and supervisory control
layer. RTO uses the (business) decisions to determine the
optimal operating set-point (or reference trajectory) for the
supervisory control layer. This layer usually uses a non-
linear steady state model of the plants to maximise the profit.
Moreover, by employing real-time data reconciliation and
parameter estimation, an additional profit is obtained [8],[37].

Unlike RTO layer that does not manipulate the input of the
process, the supervisory control layer can adjust the inputs to
drive the process to the optimal operating point given by the
RTO layer. In the last few decades, PID is still considered as
reliable controllers to drive the process and minimise distur-
bances. However, PID controllers have relatively significant
difficulties, i.e., tuning and decoupling the PID controller for
multi-input-multi-output (MIMO) systems. Hence, the optimal
multi-variable control strategies, called Model Predictive Con-
trol (MPC), is introduced in the supervisory control layer.
MPC can handle constraints and it can manage the strong
interaction between the states in large scale and networked
systems [37].

The regulatory control layer is responsible for ensuring
safe operation locally. To the end, PID controllers are reliable
enough to drive the ”local” process and reject disturbances.

For scheduling, control is just a necessary means to im-
plement the planned schedules. Meanwhile, for control, the
schedule provides targets that may be more or less easy
to achieve. In fact, integrating schedule and control may
create additional benefits such as avoiding costly set-ups
and changeovers, reducing the time and the loss of product
during transitions, reducing maintenance needs, improving
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equipment lifetime, avoiding schedules that lead to operational
and economic problems, considering the degree of freedom of
the scheduling decisions, and using more precise and timely
information in scheduling. However, the main challenges for
the implementation of integration of scheduling and control,
such as scheduling representation and efficient computation
time are open problems [14].

It is essential to emphasise that the control layer will not
be the focus of this study. However, the interactions between
scheduling and control layer are going to be discussed in this
study. As a consequence, we may investigate part of the control
layer that plays significant roles in the interactions.

Traditionally, scheduling and control problems are solved
separately, and the information from scheduling layer, e.g.,
starting time and switching time, is usually shared in only
one direction, i.e., top-down. The scheduling layer does not
acquire any information from either RTO or control layer.
This method is known as the classical sequential method.
Nonetheless, some problems occur to deal with this method,
e.g., the solution from scheduling layer is not implementable
and may be suboptimal, that in the end, leading to profit loss.
This problem occurs because of a lack of information about
the control layer that is owned by the scheduling layer.

Aiming to minimise profit loss, integration of scheduling
and control layers is highly motivated. A trade-off of different
objectives between scheduling layer that focus on production
management and business goal, and control layer (both su-
pervisory and regulatory control), that focus on control and
operational goal also plays a vital role in choosing a proper
economic objective representing both scheduling and control
goals.

Based on the computation method, the existing methods,
that capable of solving the integrated problem of scheduling
and control, can be categorised into two major groups, sequen-
tial and simultaneous methods.

In the sequential method, considering certain information
from control layer, i.e. pre-determined constant transition time
and transition cost, the scheduling problem can be solved, and
its policy is shared to control layer. After that, by consider-
ing the information shared by scheduling layer, the control
problem is solved. Thus, scheduling and control problems
are solved separately as two different optimisation problems.
Their respective solutions form the final solution of the whole
problem [1],[38],[41],[42]. This sequential method is easier
and less complex to implement, leading to faster computation
time, compared to the simultaneous method.

In a simultaneous method, both scheduling and control
problem are solved simultaneously as a single large and rel-
atively complex problem. Researchers claim that this method
may produce a better result in terms of the economic objec-
tive because the scheduling problem captures and considers
the process dynamics as one of the constraints in solving
the (integrated) scheduling problem. However, this method
has higher complexity because the type of the optimisation
problem becomes a Mixed Integer Non-Linear Programming
(MINLP) [41].

To reduce the complexity of MINLP so that the integrated
problem solution provides a better (economic) result in reason-
able computation time, many methods have been investigated,
e.g., embedding a non-linear MPC in mixed-integer dynamic
optimization (MIDO) problems of a simultaneous approach
to obtain optimal transition trajectories and to handle distur-
bances [21]. An mp-MPC is also implemented so that an on-
line implementation can be applied [42]. Moreover, applying
scale-bridging model (SBM) in the integrated problem shows
better result both regarding the (economic) objective and
complexity compared to the standard simultaneous method
[13]. Furthermore, a decomposition method produces the same
economic objective but with significantly faster computation
time compared to the simultaneous approach [34].

In the decomposition method, some controller candidates
for certain ranges of transition time are obtained by an off-line

dynamic optimisation. This set of possible transition time is
taken into account in solving scheduling optimisation problem.
Moreover, a state-space (SS) scheduling model representing
an interconnected system plant is included in the optimisation
problem. This decomposition method is the baseline method
to solve the integrated problem that will be compared to the
proposed methods.

The primary challenge of the integrated problem is the com-
putation time and scheduling representation, i.e., scheduling
dynamic model and scheduling optimisation problem formu-
lation.

Scheduling models can be classified by (i) optimisation
decisions, i.e., starting time, unit status decision variables
and switching modes; (ii) modelling elements, i.e., processing
time, batch size; and (iii) modelling of time [26]. Models em-
ploy either continuous time or discrete time models. In discrete
time models, events can take place at the grid timepoints. Even
though having a discrete time-grid may introduce approxima-
tion error, discrete time models have several advantages over
continuous time-grid models [40]. Furthermore, in comparison
with continuous time-grid models, discrete time models are,
in general, at least as effective as continuous time models, and
in fact, are better suited for large-scale problems with several
additional processing features [36].

An SS scheduling model, considering the discrete time-grid
model, is proposed for the chemical production scheduling
problem [35]. By utilising SS scheduling model, scheduling
problem can be solved by control theory approach, i.e. MPC.
Moreover, the two well-known scheduling model, state-task
network (STN) and resource-task network (RTN) can be
transformed into SS scheduling model [19], showing that SS
system can accommodate a large-scale interconnected plant.

In general, two types of processes can be distinguished in
the process industry, namely, the continuous and the batch
production. The continuous processes are often developed for
large quantities of a specific product and, therefore, they are
less dynamic in their capacity and product variations. The
batch processes, which are defined by their start-up and end
of the operation, are generally used for smaller quantities of
specialised products, but often can change their recipes/set up
between the batches to provide a more extensive product range.
This study considers batch processes.

Furthermore, it seems to obtain information every discrete
time instant in batch processing is less necessary because batch
processing mostly pays more attention to starting/switching
and completion time. A discrete event system (DES) time
modelling can suit well.

Much research has also been conducted to exploit the use
of MPL system to solve an interconnected system scheduling
problem [9],[10],[39]. The primary assumption that is mainly
considered reasonable the aforementioned study is that a pro-
duction system has large enough input raw material and large
enough unit capacity. In other words, the MPL scheduling
problem is solved without considering the capacity constraint.
For process system that considers tight constraint, using MPL
scheduling system can be disadvantageous. On the other hand,
the MPL scheduling system can formulate convex scheduling
problems, e.g., the due-date scheduling problems. However,
based on the best of the author’s knowledge, no formulation
has been developed to represent an integrated problem of
scheduling and control using MPL system.

In this study, the time modelling in scheduling is a DES;
therefore, an MPL scheduling model should be considered in
the integration problem. Thus, it is encouraging to investigate
how to formulate the integration of MPL scheduling and
control and solve the integrated problem. It is expected that
this study shows that the proposed formulation and method
outperforms the existing formulation and method concerning
computation time without any loss of financial goal. The
existing formulation considers SS scheduling in the integrated
problem that is solved by the decomposition method. To
support that main investigation, it is also essential to formu-
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Fig. 2: The illustration of the integrated problem formulation

late an appropriate (economic) objective, that includes both
scheduling and control objective (business and operational
objective).

Motivated by the convexity of MPL system, it is encour-
aging to formulate an integrated MPL scheduling problem,
which includes the information from the control layer without
losing the convexity that MPL scheduling problem provides.
This formulation may lead to significant computation time
reduction.

Furthermore, an investigation of the open-loop structure and
closed-loop structure are also conducted. In open-loop struc-
ture, three new sequential methods are introduced to determine
optimal coupled decision variable, i.e., the transition time, that
improve the economic objective. In closed-loop structure, two
new reactive actions are introduced to handle disturbance,
leading to minimising disturbance impact to the economic
objective. Having only repetitive batch processing, reactive
actions allow learning process to identify optimal transition
time in a disturbed scenario. All of the proposed methods are
implemented in the integration of MPL scheduling and control
problem formulation.

Fig. 2 illustrates the steps of formulating the integrated
problem in this work. The plant model and closed-loop system
model, including the controllers, are described in the control
model (box 1). The problems that the control layer is responsi-
ble on, i.e. operating set-point tracking and reference transition
time tracking, are presented in the control problem (box 2).
The scheduling model (box 3) describes the SS and MPL or
Switching-MPL (SMPL) scheduling model. The scheduling
problems (box 4) introduces three groups of the scheduling
problem that can be represented by MPL or SMPL system.
However, this study will focus on a perishable goods schedul-
ing problem. The monetisation of scheduling objective as well
as control objective is described in the economic objective
(box 5). The integration of the aforementioned information
creates the integrated problem. The integrated problem will be
solved by the sequential methods (box 6). A specific sequential
method utilised in this study is the decomposition method. The
obtained solution will be implemented on the plant either in
an open-loop or closed-loop structure.

This report is organised as follows. Section II presents the
problem statement. In Section III, background information
related to control model, control problem and scheduling
model are presented. Section IV presents the integrated SS
scheduling problem as the baseline, and proposes the formu-
lation of the integrated MPL scheduling problem, in which

the convexity remain. The details on new proposed sequential
methods developed to solve the integrated problem both in
open-loop and closed-loop structure is presented in Section
V. The applicability and benefit of the proposed formulation
and solutions for the integrated MPL scheduling problem are
demonstrated in a simple case study and compared to the
integrated SS scheduling problem in Section VI. Finally, the
conclusion and future work are given in Section VII.

The detailed description of the notations used in this study
can be found in Appendix A.

II. PROBLEM STATEMENT

In this work, we have formulated the following problems:
1) What kind of scheduling problems can be solved if we

use MPL scheduling model? (See Section IV-A)
a) What is the benefit of using MPL scheduling model

in solving the aforementioned scheduling problems
in comparison to the SS scheduling model regard-
ing computation time and the scheduling objective?
(See Section VI-B-1)

2) Can we formulate an integrated problem of (S)MPL
scheduling and control? (See Section IV-C-2)

a) Can we create an economic objective that can ac-
commodate both scheduling and control objective?
(See Section IV-B)

b) Can we solve the aforementioned integrated prob-
lem in a sequential method without losing the
convexity of (S)MPL scheduling problem? (See
Section V-A)
i) What kind of information should the control

problem produces, that can improve the solu-
tion of MPL scheduling problem if the MPL
scheduling model takes into account that infor-
mation? (See Section III-B-2)

c) What is the benefit of using MPL scheduling model
in solving the aforementioned integrated problems
in comparison with the SS scheduling model con-
cerning computation time and the economic objec-
tive? (See Section VI-B-2)

3) How is the economic objective influenced by both MPL
scheduling and control objective? What is the appropri-
ate sequential method to solve the integrated problem
better (in open-loop structure)? (See Section V-A-2)

4) Can we handle uncertainties, i.e., plant deterioration
and model mismatch in the integrated MPL scheduling
problem? Can we minimise the impact on the economic
objective? (See Section V-B)

The SS and (S)MPL system are well-known tools to model
an interconnected system. Thus, without loss of generality of
these tools, we consider a single processing unit to give more
emphasis on the integration-related investigation in this study.

III. PRELIMINARIES AND BACKGROUND INFORMATION

A. Control Model (Box 1 Fig. 2)
In this section, a brief information in box one (’1’) (see

Fig. 2) is presented. A non-linear batch reactor is considered
as a plant model. In this study, Assumption 1 applies; thus,
it is necessary to close the loop to drive the process dynamic
reaching the given operating set-point.

Assumption 1: RTO layer informs its economically optimal
operating set-point (or trajectory in more complicated case) to
the control layer. Thus, yrf (q)

i,ii is known.
Control layer that interacts with scheduling can be a regu-

latory (local) control, a supervisory control or a combination
of both. Therefore, we consider Proportional-Integral (PI)
controller(s) to represent the regulatory (local) control that
is regarded as reliable in the industrial practice, and Linear
Quadratic Regulator (LQR) controller(s) or MPC(s), if the
constraints are considered, to represent the supervisory control.

3
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B. Control problem (Box 2 Fig. 2)
The controllers mentioned in Section III-A are responsible

for regulating the plant such that it can reach and track a
given operating set-point (or trajectory in more complex
case) after a specific given reference transition time. It is
important to emphasise that the presence of transition time
will influence the accuracy of the scheduling policy (see Fig.
3). Thus, the controller is also responsible for reaching and
tracking the given transition time.

1. Operating set-point tracking
The optimal operating set-point tracking is not discussed

in detail in this study as it is a standard control problem.
However, some critical equations from the controller(s) that
are necessary to mention are explained in Appendix D. In the
end, those equations produce arbitrary controller parameters
as shown in Eq. (1).

Ω
(q|l)
i,ii =

{
{KP ,KI}(q|l)i,ii , for PI
{Q,R}(q|l)i,ii , for MPC/LQR

(1)

These controller parameters are the minimisers for the
reference transition time tracking optimisation problem
explained in Section III-B-2.

2. Reference transition time tracking
This study also considers Assumption 2 presented in the

following:
Assumption 2: The planning layer informs a set of transition

time for each unit and every possible mode:

ts
(q|l)
i,ii = {ts(q|1)

i,ii , . . . , ts
(q|nl)
i,ii }

Control parameters Ω
(q|l)
i,ii can minimise the difference be-

tween given transition time (ts
(q|l)
i,ii ) and the transition time

obtained by simulations (t̄s
(q|l)
i,ii ). The reference transition time

tracking optimisation problem is presented as follows:

Ω
(q|l)
i,ii

?
= arg min

Ω
(q|l)
i,ii

|ts(q|l)
i,ii − t̄s

(q|l)
i,ii | (2)

where:
t̄s

(q|l)
i,ii

=

{
f(Ω

(q|l)
i,ii , y

rf (q)
i,ii, y0i,ii, bi,ii, Ts), if PI/LQR

f(Ω
(q|l)
i,ii , y

rf (q)
i,ii, y0i,ii, bi,ii, Ts, NMPCi,ii), if MPC

It is important to emphasise that the dynamic behaviour of
the closed-loop control system is dependent on three param-
eters: the initial value of y0i,ii, the set point yrf (q)

i,ii and the
controller parameters Ω

(q|l)
i,ii [3]. Moreover, it is also dependent

on three type of numerical parameters: the tolerable bound
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Fig. 4: Relationship illustration between controller parameters
and transition time

width of steady output condition, bi,ii [in %], sampling time,
Ts, and prediction horizon for MPC controller, NMPCi,ii.

In addition, this study has investigated the relationship
between controller parameters and transition time indicating
no specific mathematical equation relation between them as
illustrated in Fig. 4. Nevertheless, the following methodologies
can be utilised to solve problem (2).
• Gridding searching method.
• Particle Swarm Optimization (PSO).
• Another type of PSO (improved PSO).
Improved PSO is a modified PSO for a problem that has

more than one global minimum point in the region of interest.
The searching activity will stop once one of the (leader) agents
has found one of the global minimum points [12],[20],[23].

As shown in Fig. 4, more than one global optimum exist in
the region of interest. Thus, improved PSO is suitable to use
in this study.

After solving problem (2), we assign Ω
(q|l)
i,ii

?
→ Ω

(q|l)
i,ii . Thus,

we will have a set of controller parameters as follows:

Ω
(q|l)
i,ii = {Ω(q|1)

i,ii , . . . ,Ω
(q|nl)
i,ii }

A brief description about another one interesting method
(but very limited applicability) that we have studied can be
found in Appendix E.

C. Scheduling model (Box 3 Fig. 2)
In this study, we employ discrete time-grid in the scheduling

model as the baseline (existing) method. Thus, a state-space
(SS) scheduling model will be considered as the baseline.

Not only modelling the time as a discrete time-instant, but
many researchers have also been exploring the paradigm of
time modelling in scheduling by utilising graph based [6],[32]
and timed discrete event system (timed-DES) in the modelling
of time [10],[39]. By considering timed DES, we can construct
max-plus-linear (MPL) scheduling model.

The following subsections present SS scheduling model
and MPL scheduling model. Meanwhile, the detailed
explanation of timed event graph (TEG) and its relation to
MPL scheduling model is presented in Appendix F and G.

1. State-space (SS) scheduling model
A general discrete STN/RTN mixed-integer programming

(MIP) scheduling model can be transformed into an SS
scheduling model. The scheduling disruptions can also be
considered as disturbances in the model [35].

The SS scheduling model has a state x̆ss containing
the amount of resource raw material, the inventory level
(inventory-states) of each processing unit and the past deci-
sions at every time instant of each unit. The input contains the
current scheduling decisions of each processing unit indicating
if the unit is active or idle. Also, this model takes into account

4
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shipments of material as the disturbance in the SS scheduling
model.

It is important to emphasise that by having the information
of resource raw material and inventory level, we can consider
the capacity constraint in the SS scheduling optimisation
problem.

The general form of SS scheduling model (neglecting the
scheduling disruptions) is as follows:

x̆ss(td + Ts) = Ăssx̆ss(td) + B̆ssŭss(td) (3)

with Ăss ∈ Rnx̆ss×nx̆ss , B̆ss ∈ Rnx̆ss×nŭss .

2. (S)MPL scheduling model
A max-plus-algebraic model called MPL system can model

discrete event system (DES) with no concurrency. In this
model, Assumption 3 and 4 apply.

Assumption 3: The raw material at the input of the system
is always enough to supply the first (column) processing unit
in a production line. Moreover, between the processing units,
there are buffers with a capacity that is large enough to ensure
that no buffer overflow will occur. This condition indicates
that capacity constraint is neglected in the interconnected units
system model.

Assumption 4: Each processing unit starts working as soon
as all parts or conditions are available.

If we have only one type of product or mode in a
processing unit, we can directly use MPL scheduling model.
Otherwise, we need SMPL scheduling model. Information
about fundamental of max-plus-algebra (MPA) can be found
in Appendix B.

2.1. MPL scheduling model
The general form of MPL scheduling model is as follows:

x̆i(k) = Ăi ⊗ x̆i(k − 1)⊕ B̆i ⊗ ŭi(k) (4)

y̆i(k) = C̆i ⊗ x̆i(k) (5)

with Ăi ∈ Rnx̆i×nx̆iε , B̆i ∈ Rnx̆i×nŭiε and C̆i ∈ Rny̆i×nx̆iε . It
is important to note that in Eq. (4)-(5), the components of the
input, the output, and the state are event times, and that the
counter k in (4)-(5) is an event cycle counter. For a process
system, u(k) would typically represent the time instants at
which raw material is fed to the system for the (k + 1)

th time
(starting time), x(k) the time instants at which the unit start
processing the kth batch of intermediate products, and y(k)
the time instants at which the kth batch of finished products
leaves the system (completion time).

Due to the analogy with conventional linear time-invariant
systems, a DES that can be modelled by Eq. (4)-(5) will be
called an MPL time-invariant DES.

2.2. SMPL scheduling model
The general form of SMPL scheduling model is as follows:

x̆i(k) = Ă
(qi,ii)
i ⊗ x̆i(k − 1)⊕ B̆(qi,ii)

i ⊗ ŭi(k) (6)

y̆i(k) = C̆
(qi,ii)
i ⊗ x̆i(k) (7)

where the matrices Ă
(qi,ii)
i , B̆

(qi,ii)
i , C̆

(qi,ii)
i are the system

matrices for set of mode qi,ii applied to all units contributing
in production line i. The mode switching allows us to model
a change in the structure of the system, such as changing
the order of the events, changing the type of raw material or
changing the reference set point/trajectory that a processing
unit aims to achieve and maintain. However, we consider that
nx̆i , nŭi , and ny̆i are constant for any mode q in this study.

In this study, we consider that q representing different type
of supplied raw material that will change the optimal operating
set-point of the unit, yrf (q)

i,ii, and the effective production
period of the unit, tp

(q)
i,ii.

Remark 1: In a stand-alone scheduling problem, the transi-
tion time is neglected in each processing unit (ts

(q)
i,ii = 0).

A switching mechanism or policy determine the moments
of switching. A switching policy may depend on the previous
state x̆(k − 1) [39]. In this paper, the switching policy
depends on the variable associated with the expected economic
objective, i.e., the estimated total cost, ω(k). The formulation
of the estimated total cost, ω(k) is described in Section IV-B.
One possible switching policy utilising competitive analysis is
as follows:

q? = arg min
q

ω(q)

3. Comparison of SS and MPL scheduling model
In this section, the summary of comparison of SS and MPL

scheduling model in a batch processing case is presented. By
time modelling definition, SS is a discrete time instant based
model, and MPL is a DES-based model.

Tab. I shows (S)MPL scheduling model outperforms SS
scheduling model in a batch processing in many aspects except
capacity constraint. Therefore, (S)MPL scheduling model will
be utilised for the further sections in the rest of the paper.

Aspects SS (S)MPL Conclusion

Time
modelling

Discrete time
instant

Discrete event
system By definition

Representation Complex Simple Benefit of
(S)MPL

Autonomous
system

More computa-
tion time

Less computa-
tion time

Benefit of
(S)MPL

Capacity
Constraint

Enable simulta-
neous sch. opt.
problem

Require
additional
treatment

Drawback of
(S)MPL

Task switch-
ing

Increase system
dynamic size
significantly

Enable switch-
ing policy im-
plementation

Benefit of
(S)MPL

Disturbance
handling

Handled every
time instant

Less computa-
tion time

Benefit of
(S)MPL

TABLE I: Summary of SS and (S)MPL scheduling model
comparison. The detailed explanation of this comparison is
presented in Appendix H.

IV. FORMULATION OF THE INTEGRATED MPL
SCHEDULING AND CONTROL PROBLEM

A. Batch scheduling problem (Box 4 Fig. 2)
This section presents the information in box 4 (see Fig. 2).

Scheduling problems typically have starting time, switching
policy, production sequence or mode associated with produc-
tion/batch time as decision variables.

Currently, many scheduling problems are represented in
conventional algebra [18],[27]. This study has found that at
least three classes of scheduling problem can be transformed
and represented in MPA. Information about those scheduling
problems can be found in Appendix I.

However, to have a focused study, this section discusses the
MPL scheduling problem: demand pattern-due date perishable
goods [9]. The aforementioned problem is also a convex
optimisation problem.

If the due dates for the finished products are known, every
difference between the due dates and the actual output time
instants has to be penalised; the suitable cost criterion takes
the following form:

J(k) =

Np⊗
j=1

np⊗
i=1

|y̆i(k + j|k)− ri(k + j|k)| (8)

The standard MPC for the MPL systems scheduling problem
is introduced as follows:

min
ˆ̆ui(k)

J(k) (9)

where J , described in Eq. (8), is subject to: (See Appendix I
for the mathematical representation):
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• MPL scheduling dynamic model for Np horizon.
• Scheduling linear constraint for Np horizon.
• Time as non-decreasing input.
• Starting time constraint regulation, to determine the max-

imum and minimum allowable limit of starting time
between cycles.

A well-developed MPC theory for MPL system has also
been introduced in [9]. It is also important to emphasise that
the study of MPL convexity has been conducted by many
researchers [7],[11],[15],[16].

Using SMPL system for multi-product demand case
In this section, this study introduces a simple modification

to utilise SMPL scheduling model, that solves multi-product
due date case, as follows:

min
ˆ̆ui(k),q̂i,ii(k)

J(k) (10)

As a consequence of this modification, one more input
argument, q(k), is introduced, leading to an increase of opti-
misation problem complexity. Thus, a short cyclic prediction
horizon is preferable in a multi-product due-date case. The
detailed study of SMPL has been conducted in [39].

B. Economic objective (Box 5 Fig. 2)
This section presents the information in box 5 (see Fig. 2).

An illustration of the production process is exhibited in Fig.
3. In a more complicated scenario, it is possible to consider
a cyclic production of multi-product, where some products
are manufactured cyclically in a processing unit. The unit
can produce at most one product at a time. Therefore, the
production cycle is partitioned into some time slots and only
one product is assigned to one slot.

Without loss of generality and for simplicity reasons, this
study considers a single product that is manufactured cyclically
in a processing unit so that the completion time of product
satisfies the due date at every cycle given by the planning
layer. The quality of the product may be degraded or improved,
that is represented by the mode, as long as the total cost is
minimised.

The scheduling problem aims to minimise the total cost by
determining the starting time and the unit mode. The transition
time is controlled by a feedback controller which manipulates
the process input so that the output tracks certain set-point
for specific production duration. It is also the task of the
control problem to determine the process dynamics to achieve
a specific transition time. The scheduling problem is coupled
with the control problem. On one hand, the design of the
controller requires information about the optimal transition
time and the unit mode obtained from the scheduling layer and
the set-point obtained from the RTO layer. On the other hand,
the scheduling decisions need the information of the transition
time and the transition cost, received from the process dynam-
ics determined by the control system. This coupling problem
motivates the development of a new sequential method for
solving both scheduling and control problems.

The economic objective function in this study is the total
cost ω as follows:

ω(k) = ω1(k)⊗ ω2(k)⊗ ω3(k) (11)

The expression of the penalty cost or the monetisation of
MPL scheduling objective at every cycle k is as follows:

ω1(k) = J(k)⊗
α

(12)

It is important to emphasise that the (S)MPL scheduling
dynamic model, contributing to J , has a set of transition time
inside the system matrices as follows:

x̆i(k) = Ă
(qi,ii)
i (ts

(q|l)
i,ii )⊗ x̆i(k− 1)⊕ B̆(qi,ii)

i (ts
(q|l)
i,ii )⊗ ŭi(k)

(13)
y̆i(k) = C̆

(qi,ii)
i (ts

(q|l)
i,ii )⊗ x̆i(k) (14)

Jts
(1j1)
1;1

(k)

J

F
(1)
1;1 (k)

δ
(1j1)
1;1 (k)

yrf
(1)
1;1(k)

urf (1)
1;1(k)

ŭ
(1j1)
1;1 (k)

ŭ
(1j1)
1;1 (k)

x̆
(1j1)
1;1 (k)

x̆
(1j1)
1;1 (k)

~̆y
(1j1)

1;1 (k)

~̆y
(1j1)

1;1 (k)

r1;1(k)

r1;1(k)

ts
(1j1)
1;1

(k)

tp
(1j1)
1;1

(k)

tp
(1j1)
1;1

(k)

te
(1j1)
1;1

(k)

te
(1j1)
1;1

(k)

b1;1 %

tp
(1j1)
1;1 (k)

⊗
F

(1)
1;1

(k)

Fig. 5: A visualisation of computing the total cost with Np =
1, np = 1, ns = 1, q = 1, l = 1, i = 1, and ii = 1

Thus, the (S)MPL scheduling problem has been transformed
into an integrated (S)MPL scheduling problem, where one of
the objectives of the control problem is included.

min
ˆ̆ui(k),q̂i,ii(k)

J(k) (15)

subject to:
• (S)MPL scheduling dynamic model for Np horizon Eq.

(13)-(14).
• Scheduling linear constraint for Np horizon.
• Time as non-decreasing input.
• Starting time constraint regulation, to determine the max-

imum and minimum allowable limit of starting time
between cycles.

Furthermore,
The expression of the production cost or the monetisation

of production period and the associated supplied raw material
at every cycle k is:

ω2 =

(
Np⊗
j=1

np⊗
i=1

ns⊗
ii=1

t(q)pi,ii(j)
⊗F

(q)
i,ii

)⊗Cp
(16)

ω2 ≈ Cp
Np∑
j=1

np∑
i=1

ns∑
ii=1

ŭ
(q|l)
i,ii (j)+ts

(q|l)
i,ii (j)+tp

(q)
i,ii(j)−1∑

t̄d=ŭ
(q|l)
i,ii (j)+ts

(q|l)
i,ii (j)

u
(q|l)
i,ii (j|t̄d)

The expression of the transition cost or the monetisation of
the transition period and the associated supplied raw material
at every cycle k is:

ω3 =

(
Np⊗
j=1

np⊗
i=1

ns⊗
ii=1

δ
(q|l)
i,ii (j)

)⊗Cr
(17)

ω3 ≈ Cr
Np∑
j=1

np∑
i=1

ns∑
ii=1

ŭ
(q|l)
i,ii (j)+ts

(q|l)
i,ii (j)−1∑

t̄d=ŭ
(q|l)
i,ii (j)

u
(q|l)
i,ii (j|t̄d)

It seems that the main contributor to the production and
transition cost is the control layer. But in fact, starting time,
controller parameters and set-point mode, which is associated
with production duration, also have significant influence in
these costs. In conclusion, the aforementioned economic ob-
jective (11) representing integrated total cost contributed by
both layers.

Fig. 5 depicts a complete visualisation of how we compute
the total cost in a unit P1,1.

Besides, when we solve problem (2), we can also estimate
a set of initial estimation of unitary transition cost as follows:

δ
(q|l)
i,ii = {δ(q|1)

i,ii , . . . , δ
(q|nl)
i,ii }
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C. Integrated problem

As shown in Fig.2, the integrated problem is the com-
bination of all information provided in box 1 to 5. Much
research states that the integration of scheduling and con-
trol achieves a better overall performance than the classi-
cal sequential method, where the problems are solved sep-
arately without considering the impact on the other layer
[1],[2],[3],[4],[13],[14],[17],[21],[22],[34],[37],[38],[41].[42].

The integrated problem considers the interaction between
the two layers. To illustrate the interaction, the structure of
the integrated problem is shown in Fig. 3 and we monetize the
representation into an economic objective shown in Eq.(11).
As can be seen, the control layer takes some time to reach
certain set-point. This period is called the transition time, that,
in stand-alone scheduling problem, this period is assumed to
be ′0′.

The presence of transition time cannot be ignored; therefore,
the decision variables of scheduling problem should cope
with the existence of transition time. The scheduling problem
requires information of the reachable transition time and the
transition cost from all control problems, while a control
problem in each cycle needs the optimal transition time and
the set-points mode provided by the scheduling problem and
RTO layer (for set-point value).

In general, the integrated problem can be solved either
sequentially or simultaneously (see again Fig.2). To be more
specific, we can categorise sequential method as follows:

1) Classical sequential method.
This method solves (stand-alone) scheduling problem
that does not take into account any information, i.e.,
transition time, from control layer. This method does
not address the integrated problem.

2) Conventional sequential method.
This method solves integrated scheduling problem that
takes into account pre-determined constant information,
i.e., transition time, from control layer. This method
solves the integrated problem because it considers the
interaction between the two layers.

3) Decomposition sequential method.
This method solves integrated scheduling problem that
takes into account a set of information, i.e., transition set,
from control layer. The transition set can be obtained
through historical data or off-line computation. This
method solves the integrated problem because it also
considers the interaction between the two layers.

Besides the above list, more types of sequential methods has
also been investigated. However, we do not include them in
this study.

1. Existing (baseline) formulation for the integrated problem
SS scheduling model is one of the most common scheduling

models. Because it can accommodate STN/RTN scheduling
representation, it is a method that has been used in the
scheduling research domain for decades.

SS scheduling model that is capable of accommodating the
existence of transition, filling and emptying time, forms the
integrated problem. As a consequences, a small modification
in Eq. (3) is required.

The formulation of SS scheduling model is highly depen-
dent on how the units interconnected. Moreover, SS scheduling
is a reliable tool to model those interconnections. Thus,
without loss of generality, we consider a single processing
unit Pi,ii at mode q with controller parameters index l in this
study as follows:

• τ̆
(q|l)
i,ii = tf

(q)
i,ii + ts

(q|l)
i,ii + tp

(q)
i,ii + te

(q)
i,ii

• x̆ss(td) =

[
W̄ 1

T
(q)
i,ii

(td) . . . W̄
τ̆

(q|l)
i,ii )

T
(q)
i,ii

(td)

]>
• ŭss(td) =

[
W
T

(q)
i,ii

(td)
]

• W
T

(q)
i,ii

(td) ∈ {0, 1} is the current key decision variable of

Pi,ii that trigger Pi,ii to execute task T (q)
i,ii at time instant

td.
• W̄ jd

T
(q)
i,ii

(td) ∈ {0, 1} is the key decision variable of Pi,ii

that provide the status of Pi,ii executing the jthd time
instant of task T (q)

i,ii at time instant td and jd ∈ (1, τ̆ (q|l)
i,ii ).

– W̄ jd

T
(q)
i,ii

(td) = 1 means that at time instant td, Pi,ii is

in the transition or production or filling or emptying
period of task T (q)

i,ii .
– W̄ jd

T
(q)
i,ii

(t) = 0 means that at time instant td, Pi,ii is

not in the transition and production and filling and
emptying period of task T (q)

i,ii .

• The element of Ăss and B̆ss depends on how the inter-
connection among units.

In decomposition sequential method, the value of transition
set is obtained through an off-line dynamic optimisation [34].
The transition set is {ts

(q|l)
i,ii (k),Ω

(q|l)
i,ii (k), δ

(q|l)
i,ii (k)}.

2. Proposed formulation method for the integrated problem
Considering Eq. (13)-(14), (S)MPL scheduling model,

where the time modelling is DES, forms the integrated prob-
lem as:

1) A robust (S)MPL scheduling problem [29] due to the
impact of t(q|l)si,ii that disturb the nominal solution of the
scheduling problem; or

2) An MPL scheduling identification problem [3] due to
the presence of ts

(q|l)
i,ii in scheduling (S)MPL system

matrices.
For production line i and Np = 1, the integrated problem

is summarised as follows:

min
ŭi(k),qi,ii(k)

ω(k) (18)

subject to:
• (S)MPL scheduling model (13)-(14).
• Integrated (S)MPL scheduling problem (15).
• Control system model in each cycle for certain transition

time (30), (31), and (33) or (34) or (35).
• Set-point of each mode (Assumption 1).
• Assumption 3-4 apply.
• Transition time is pre-determined constant.
In fact, the pre-determined transition time may not always

be the optimal one. This issue can happen due to:
1) The unique relationship between transition time and cost

created by process dynamics and its control strategies;
2) Uncertainties, i.e., plant model mismatch, plant deterio-

ration, and task delay.
To address that issue an improved integrated problem is

formulated as shown in Eq. (19). By implementing decompo-
sition sequential method (see Fig. 6), it is possible to determine
the optimal transition time as one of the integrated scheduling
policy.

min
ŭi(k),qi,ii(k),ts

(q|l)
i,ii (k)

ω(k) (19)

subject to:
• (S)MPL scheduling dynamic model (13)-(14).
• Integrated (S)MPL scheduling problem (15).
• Control system model in each cycle for certain transition

time (30), (31), and (33) or (34) or (35).
• Set-point of each mode (Assumption 1).
• Assumption 3-4 apply.
• A set of transition time (Assumption 2).
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Scheduling

Scheduling policy

Control

Transition set

Historical data

Offline
dynamic optimization

MPL system
scheduling model

Plant model

Select controller parameters

Fig. 6: Illustration of decomposition sequential method in the
open-loop structure

V. SOLUTIONS FOR THE INTEGRATED MPL SCHEDULING
AND CONTROL PROBLEM (BOX 6 FIG. 2)

Assuming a perfect plant and no disturbance, Sub-section
V-A introduces new sequential methods to determine (the most
economical) optimal transition time(s). The proposed methods
developed based on the transition cost set as a function of the
transition time set. The methods are implemented in open-loop
structure. Typically, the execution of solving problem (19) is
relatively less frequent compared to the control problem(s).

In Sub-section V-B, new sequential methods implemented
in a closed-loop structure. These methods are developed for
the case where uncertainty occurs, i.e., plant model mismatch,
proses disturbance, plant deterioration, task delay or other
types of disturbance(s). The uncertainty results in time de-
viation that is used to trigger a reactive scheduling solution
or re-adjustment of the controller(s) parameter. In reactive
scheduling method, problem (19) becomes an (S)MPL sys-
tem identification problem, and the solution is the transition
time that provides reactive scheduling solution to handle the
uncertainty.

The detailed information of the algorithms can be found in
Appendix J.

A. Sequential methods for the open-loop structure
Two possibilities may occur in this case:
1) The planning layer gives precisely the right optimal pre-

determined transition time, ts
(q|l?)
i,ii and the controller(s)

can reach that.
2) The planning layer only gives a set of transition time,

ts
(q|l)
i,ii (Assumption 2), that the controller(s) possibly

reach each element of the transition time set, ts
(q|l)
i,ii .

In the case where certain ts
(q|l)
i,ii is not reachable by the

controllers, then that ts
(q|l)
i,ii /∈ ts

(q|l)
i,ii .

1. Known optimal pre-determined transition time (ts
(q|l?)
i,ii )

The steps of sequential method to solve problem (18)
in unit Pi,ii with given pre-determined constant ts

(q|l?)
i,ii , is

described in Algorithm 1 or 2.

2. Known transition time set (ts
(q|l)
i,ii (k))

By means of historical data or off-line computation, we
obtain transition set data containing achievable transition time
set, ts

(q|l)
i,ii = [ts

(q|lmin)
i,ii , ts

(q|lmax)
i,ii ], transition cost set and their

associated controller parameters set as follows:

{ts
(q|l)
i,ii (k),Ω

(q|l)
i,ii (k), δ

(q|l)
i,ii (k)} (20)

The problem is determining the element inside ts
(q|l)
i,ii that

leads to the most economic result by selecting the associated
controller parameters. This problem can also be formulated as
shown in equation (19). Fig. 6 illustrates the decomposition
sequential method we use in this study.

It is important to notice that we have a convex (S)MPL
scheduling problem (9) or (10). Thus, by utilising decompo-
sition sequential method, the integrated (S)MPL scheduling
problem (15) with (S)MPL scheduling model (13)-(14) is also
a convex optimisation problem.

This study proposes several methods to select controller
parameters in the following subsections.

2.1 Conventional sequential method (CSM)
The CSM determines a single controller by minimising the

transition time. The controller determines the process dynam-
ics uniquely and thus the transition time and the transition
cost in a transition period are both fixed. Then the scheduling
decisions are calculated based on this fixed information [3].
Thus, even though we receive transition set, this method still
use pre-determined constant information.

The implementation steps of CSM is described in Algorithm
3. The CSM is relatively simple and fast because ts

q|l?
i,ii =

ts
q|lmin
i,ii . The strong assumption of this method is that the

transition cost set is a monotonically non-decreasing function
of a transition time set. In other words, δ(q|l+1)

i,ii − δ(q|l)
i,ii ≥ 0.

The CSM selects ts
q|lmin
i,ii directly because the

aforementioned assumption indicating no conflicting objective
between scheduling and control. For control, selecting the
fastest transition time leads to the lowest transition cost.
For scheduling, selecting the fastest transition time is not a
problem because the starting time can adjust.

2.2 Integration method (IM)
In fact, the transition cost set is not always a mono-

tonically non-decreasing function of the transition time set
(ts

q|lmin
i,ii 6= ts

q|l?
i,ii ). Therefore, the IM is proposed as described

in Algorithm 4. This method is conservative because it checks
all possible scenarios in the transition set.

Remark 2: In case any given transition time in the set is
unachievable due to historical data inaccuracy, then we define
the associated total cost as ω3 =∞.

Indeed, the IM will find the exact optimal transition time
among the given transition time set. However, it requires
extensive computation. It seems that it is preferable to execute
this method off-line. The off-line computation is possible since
the time-scale of solving scheduling problem is less frequent
than the control problem. Moreover, this method is executed
typically after the plant complete one cyclic prediction.

Alternatively, it is possible to implement this algorithm on-
line directly by seeing the whole process as an identification-
like problem in (S)MPL system. In every finished batch,
the time deviation data is taken into account to update the
transition time variable inside Eq.(13)-(14). Besides, if the
actual total cost is lower than the estimated total cost, then the
actual transition set updates the current transition set, feeding
the Integrated (S)MPL scheduling and control optimisation
problem. However, executing this method on-line will cost
a certain amount of money in some initial batches as the
learning curves. As the objective is reducing cost since the
first batch as much as possible, then in terms of the economic
point of view, it is preferable to execute off-line computation
to minimise or eliminate learning cost.

2.3 Constrained deterministic min-max method (CDM)
In many cases, a shorter transition time requires more

raw material in the beginning. This case, apparently, creates
another specific relation between the transition time set and
the transition cost set, where the transition cost set is a
monotonically non-increasing function of the transition time
set. In other words, δ(q|l+1)

i,ii − δ(q|l)
i,ii ≤ 0. This case indicates

a conflicting objective between scheduling and control. For
control, selecting the slowest transition time leads to the lowest
transition cost. However, for scheduling, the slowest transition
time is not always manageable. There is a limitation for
scheduling where the scheduling policy, i.e., starting time, is
not early enough to avoid the delay.

Assuming the transition time set is a bounded set, problem
(19) can be seen as a robust scheduling problem in (S)MPL
system. In robust scheduling problem (deterministic min-
max method), the worst case scenario is when the optimal
transition time is the slowest transition time in the transition

8
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time set [29]. As a monotonically non-increasing function, the
transition cost set will provide the lowest transition cost.

The deterministic min-max method will be optimal when the
due date is still reachable even though by the slowest transition
time in the set. However, the penalty cost may increase in the
integrated problem if the due date is too fast to be achieved.
Therefore, an additional constraint in the transition time set is
required to avoid or, at least, minimise the penalty cost.

The additional constraint for unit Pi,ii at mode q can be
represented as a threshold time, th(q), as follows:

th
(q)
i,ii = ts

(q|lmax)
i,ii ⊗ tf (q)

i,ii ⊗ tp
(q)
i,ii ⊗ te

(q)
i,ii (21)

It is important to note that the formulation of MPL scheduling
model is highly dependent on how the units interconnected.
Thus, the formulation of threshold time also depends on the
interconnection form. For special case such as serial produc-
tion line, we can formulate the threshold time as follows:

th
(q)
i,ii =

ns⊗
ii=1

(
ts

(q|lmax)
i,ii ⊗ tf (q)

i,ii ⊗ tp
(q)
i,ii ⊗ te

(q)
i,ii

)
(22)

Meanwhile, for parallel production line, we can formulate the
threshold time as follows:

th
(q)
i,ii =

np⊕
i=1

(
th

(q)
i,ii

)
(23)

The more detailed implementation steps of CDM is described
in Algorithm 5.

Remark 3: The th(q)(k), updated in step 1 of Algorithm 5,
belongs to one of any unit in the serial production line or a
combination of some of them. While in the parallel production
line, th(q)(k) belongs to the production line that complete the
task last.

Indeed, this method has a relatively faster computation
time compared to the integration method. However, the
drawback is that this method is only applied to a specific
aforementioned case.

2.4 Summary
Tab. II summarises the cost and benefit of the proposed

methods for the open-loop structure.

Aspects CSM IM CDM

Comp. time Relatively fast Extensive Relatively fast

Economic
objective

Only optimal for
monotonically
non-decreasing
δ

(q|l)
i,ii

Optimal in any
cases

Only optimal for
monotonically
non-increasing
δ

(q|l)
i,ii

TABLE II: Summary of the decomposition sequential methods
for given {ts

(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii } in the open-loop structure

B. Sequential methods for the closed-loop structure

In the industrial practice, various types of uncertainty exist.
By creating closed-loop structure, two types of reactive policy
are proposed to handle the uncertainty. An open-loop structure
cannot handle this uncertainty.

Obtaining a scheduling policy, (S)MPL system scheduling
model can estimate when a product is finished y̆?i (k).

x̆?i (k) = Ă
(q?i,ii)

i (ts
?
i,ii)⊗ ˜̆xi(k − 1)⊕ B̆(q?i,ii)

i (ts
?
i,ii)⊗ ŭ?i (k)

y̆?i (k) = C̆
(q?i,ii)

i (ts
?
i,ii)⊗ x̆?i (k)

Meanwhile, the sensor, attached to the plant, captures the
actual time when a product is finished ˜̆yi(k)

When the actual completion time ˜̆yi(k) is either faster or
later than the estimated completion time y̆?i (k), we find the
time difference between the expected completion time and the

actual completion time. We define this case as completion time
deviation which can be expressed as follows:

ĕi(k) = y̆?i (k)− ˜̆yi(k) (24)

Scheduling

Scheduling policy

Control

Transition set

Historical data

Offline
dynamic optimization

MPL system
scheduling model

Plant model

Select controller parameters

Plant

Control policy

Error
(references)

Error
(time)

Time scale of
disturbance

Reactive schedulingReactive control

Sensor

Fig. 7: Decomposition sequential method in closed-loop struc-
ture (Scheduling problem (in MPL): closed-loop; Control
problem: closed-loop)

When the completion time deviation is detected, reactive
scheduling with a fixed controller(s) can be implemented
in the next cycle. Alternatively, reactive control action with
an adjustable controller(s) can also be implemented. Fig.7
illustrates this idea.

1. Reactive scheduling - fixed controller(s)
In this case, re-active policy relies on the scheduling layer

because the controller(s) parameters are fixed. The completion
time deviation is utilised to update the transition time variable
with certain weighting variable W . For single processing unit,
ts
?
i,ii is updated as follows:

t?si,ii(k + 1) = t?si,ii(k)⊗ ĕi(k)
⊗W (25)

For special case such as serial production line, assuming
W = 1, ts

?
i,ii is represented in MPA and updated as follows: t

?
si,1(k + 1)

...
t?si,ns (k + 1)

 =

 t
?
si,1(k)

...
t?si,ns (k)

⊗

ĕ⊗

v1
v1+...+vns

i (k)
...

ĕ⊗
vns

v1+...+vns

i (k)

 (26)

Meanwhile for parallel production line, t?si,1 is updated as
follows:

t?si,1(k + 1) = t?si,1(k)⊗ ĕi(k)
⊗W (27)

where i belongs to the production line that completes the
task last. Afterwards, the (S)MPL system integrated scheduling
model is updated.

Algorithm 6 describes reactive scheduling method in MPL
system scheduling model. This reactive scheduling policy is
indeed able to get the production system back to track the
reference due date in the next cycle, in relatively fast regard-
ing computation time, since solving scheduling optimisation
problem is less complicated in MPL system.

However, this method may not maintain the optimality of
the economic objective; therefore, Algorithm 3 or 4 or 5 is still
necessary to be executed in the (agreed) regular time scale of
the scheduling.

Furthermore, by assuming a fixed controller(s) parameters,
there is no opportunity to switch the mode because switching
the mode requires controller(s) parameters adjustment.

1.1. Learning to estimate the scheduling model
Time deviation is the information to update ts

(q|l)
i,ii variable

in MPL scheduling model system matrices. Thus, feeding back

9
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this information is identifying the scheduling model, which
leads to the identification problem of MPL scheduling model.
Assuming that process disturbance occurs in the actual plant
with a particular pattern in time (periodically), a time-varying
parameter in the system matrices of the scheduling model can
be developed after several batches of learning steps.

In other cases, assuming the plant model mismatch or
plant deterioration, Algorithm 6, where a new MPL system
matrices updated once plant mismatch identified, can directly
be implemented.

Furthermore, assuming a random but bounded time
disturbance, time deviation becomes an essential data to
perform stochastic approach in identifying MPL system
matrices of the scheduling model.

2. Reactive control action - adjustable controller(s)
Instead of updating transition time variable in the (S)MPL

system integrated scheduling model, the presence of uncer-
tainty can also be treated by adjusting controller(s) parameters
so that it can manipulate process dynamic to achieve the
updated reference transition time.

The potential drawback of this method is when the updated
reference transition time is unachievable by the controller;
thus the time deviation may not be completely eliminated
in the next cycle. Moreover, to adjust the controller(s), the
plant model need to be re-identified and updated. Furthermore,
solving problem (2) is relatively time-consuming.

Algorithm 7 presents the implementation step of reactive
control. Tab. III summarises the cost and benefit of the two
proposed methods for the closed-loop structure.

Aspects No action Reactive
scheduling

Reactive
control

Comp. time - Fast Slow
Economic
objective

Charged
penalty cost

Reduce penalty
cost

Reduce penalty
cost

TABLE III: Summary of the reactive actions in the closed-loop
structure

VI. CASE STUDIES

A. Simple case study description

Consider a single processing unit of temperature control of a
non-linear batch reactor[25]. It is assumed that the temperature
of a cooling jacket (u(t)) is directly manipulated.

ẋ1(t) = −θ(x1(t)− u(t))− κck0e
− E
Rx1(t)x2(t)2

ẋ2(t) = −k0e
− E
Rx1(t)x2(t)2

The following values are used for the model parameters:

θ = 0.09 (l/min)
κc = −1.64 (Kl/mol)

k0 = 2.53× 1019 (l/mol min)
E/R = 13, 550 (K)

x(0) = [0 (oC) 2 (mol/l)]>

The continuous version (before discretization) of Eq. (30)
in Appendix C is as follows:

Ac =

[
−θ 0
0 0

]
Bc =

[
θ
0

]
Cc =

[
1
0

]>
Ξc =

[
−κc
−1

]
and as the disturbance w(x(t), u(t)) = k0e

− E
Rx1(t)x2(t)2. Fur-

thermore, consider a perishable scheduling problem described
in Eq. (8)-(9).

B. Comparison to the existing methods
The comparison between SS and MPL system scheduling

model in an autonomous system has been presented in
Appendix H. For further investigation, this sub-section
compares 1) Perishable goods scheduling problem in a
single unit between SS and MPL scheduling model; and 2)
Perishable goods integrated scheduling problem (that include
pre-determined constant transition time) in a single unit
between SS and MPL scheduling model as part of sequential
methods comparison. We apply MPC on the unit.

1. Perishable goods scheduling problem in a single unit
Consider tp = 8 seconds and tf = te = ts = 0 seconds.

The reference due date for nk = 3, is r̂(k) = [15 30 45]
[in seconds]. According to Eq. (3) and (8), the input in the SS
scheduling model can be defined as follows:

ŭss(td) =

0, if

{ ∑tp/Ts
jj=1 W̄

jj
T

r(k)− td 6= tp

1, if otherwise

(28)

The time when ŭss(td) = 1, is the starting time of the unit (the
scheduling policy). In MPL scheduling model, the scheduling
policy is obtained by solving problem (9).

As a result, both SS and MPL scheduling model obtain sim-
ilar scheduling policy, where the unit should start processing
at td = 7, td = 22 and td = 37 seconds for the 1st, 2nd and
3rd production cycle respectively.

The computation time of solving the perishable goods
scheduling problem is a function of sampling time in SS
system scheduling model. In addition, the longer the process-
ing time, the slower the computation time because the more
states required to store the decision variables. The detailed
information about the processing time that influences the
computation time is presented in Appendix H. Both sampling
and processing time influences the size of system matrices.
Therefore, the computation time significantly increases as the
processing time longer and/or as the sampling time smaller.

Meanwhile, in MPL system scheduling model, both sam-
pling and processing time are transformed and treated as
constant variables inside the system matrices.
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Fig. 8: Computation time to solve and simulate perishable
goods scheduling problem in different sampling time (Ts) for
nk = 3

Fig. 8 shows that starting around sampling time 0.007
seconds and smaller, the computation time of SS schedul-
ing model increases extremely. When the sampling time,
Ts = 0.001 seconds, its computation time is slower than
MPL scheduling model. Furthermore, the simulation cannot
be executed when Ts < 0.001 seconds because the memory is
not enough to handle huge system matrices of SS scheduling
model.

Fig. 8 can also show that by increasing the sampling time
will reduce the computation time. However, this method is
undesired because increasing the sampling time results in a
loss of opportunity to capture essential process dynamics,
e.g., the transition time, which may occur within a time span
smaller than the sampling time.
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SS scheduling model will, even more, suffer from this
computational issue if a large scale interconnected system
is considered. Based on this simulation result, it seems that
MPL scheduling model capable of handling a large-scale
and complex interconnected system better concerning the
computation time.

2. Perishable goods integrated scheduling problem in
single processing unit using sequential method

This section compares the proposed CSM (see Sub-section
V-A) to a standard CSM that uses SS scheduling model. In this
case, the pre-determined constant transition times is integrated
into the scheduling model [34].

To accommodate pre-determined transition time, SS
scheduling model uses the formulation explained in Section
IV-C-1. Afterwards, the input in SS system scheduling model
can be defined as follows:

ŭss(td) =

0, if

{∑(ts+tp+te)/Ts
jj=1 W̄ jj

T1

r(k)− td 6= ts + tp + te

1, if otherwise

(29)

Unlike the previous section, we consider transition time, ts =
3 seconds and emptying time, te = 6 seconds. The reference
due date for nk = 2, is r̂ = [19 38] [in seconds].
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Fig. 9: Computation time to solve integrated scheduling prob-
lem in different sampling time (Ts)

Fig. 9 shows that integrated MPL outperforms SS schedul-
ing model even in sampling time, Ts = 0.1 seconds since
the system matrices of SS system model are already relatively
large enough due to facilitating the transition and emptying
time.

SS scheduling model will even significantly computationally
suffer in a large scale and complex interconnected plant,
that requires a relatively time-consuming process with detail
control accuracy. Therefore, utilising MPL system scheduling
model, in which the time is modelled as a DES, will give
significant benefit by reducing the computation time, leading
to the industrial practice benefit.

Furthermore, Fig. 10 shows that both the integrated SS and
MPL scheduling model obtain the same result in both input
and output trajectory which yield to equal economic objective
result.

This case study shows that the (S)MPL scheduling model
can compute faster than SS scheduling model. Moreover,
the (S)MPL scheduling model still can produce the same
economic value as SS scheduling model can obtain. Therefore,
using (S)MPL for further investigation will be more interest-
ing.

C. The economic benefit of integrated problem
This case study shows the benefit of the integrated problem,

where transition time is considered, in comparison with a
stand-alone scheduling problem.

Consider yrf = 30oC and tp = 40 seconds. For simplicity,
tf = 0 and te = 6 seconds. Also, PI controller is implemented
in the plant.

From the planning layer, the due date is r̂(k) =
[76 146 216] [in seconds] for Np = 3 prediction cycle.
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Fig. 10: Both the integrated SS and MPL scheduling model
produce equal trajectory as the solution; x1(t) is controlled
temperature trajectory and u(t) is manipulated jacket temper-
ature trajectory
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Fig. 11: Trajectory performance simulation result; x1(t) is
controlled temperature trajectory and u(t) is manipulated
jacket temperature trajectory

If the unit fails to meet the due date, a penalty of α =
10 euro/0.1 seconds will be charged. The production and tran-
sition cost rate is equal, Cp = Ct = 0.1 euro/0.1 seconds/C.

From the transition set, the required PI controller parameters
are {KP ,KI} = {0.6790, 4.9638} for the unit to reach
yrf with tolerable bound width (b) of 1% in 5 seconds
(settling/transition time).

Model Estimated (ω) Actual (ω̃) Deviation

SASM e 6000.00 e 9353.25 e−3353.25

ISM e 6855.60 e 6853.25 e 2.36

TABLE IV: Economic objective simulation result; SASM:
(Stand-alone) MPL scheduling model; ISM: Integrated MPL
scheduling model.

Fig. 11 shows that the integrated MPL scheduling model
enables the production system satisfying all the due dates. As
the economic impact, Table IV shows that integrated MPL
scheduling model can minimise potential loss. Unlike inte-
grated MPL scheduling model, (stand-alone) MPL scheduling
model naturally produces a scheduling policy that makes a
significant loss for the production system.

D. Comparing methods for selecting controller parameters
As can be seen in Fig. 6, before selecting controller

parameters, we received a transition set data (see Eq. (20))
either from historical data or off-line dynamic optimization.
In this section, we will compare the performance of
the aforementioned proposed methods in three types of
given transition set data, namely, transition cost set as a
monotonically non-decreasing function, as a monotonically

11
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non-increasing function and a random function of transition
time set data. To provide clear explanation, this section
considers tp = 10, tf = 0, and te = 0 seconds. Also, we
consider i = 1, ii = 1 and q = 1.

1. Monotonically non-decreasing function
The transition set data shown in Tab. V is taken from the

2nd off-line computations shown in Fig. 34 (Appendix K). To

l ts
(1|l)
1,1 (sec) Q

(1|l)
1,1 R

(1|l)
1,1 δ

(1|l)
1,1 (e)

1 3.0 0.00001 0.00001 98.59
2 3.1 176.6089 200.0000 100.96
...

...
...

...
...

12 4.1 16.4885 125.9005 124.75
13 4.2 9.4110 81.3716 127.56

TABLE V: Transition set data obtained using MPC controller
to reach ts

(1|l)
1,1 = [3.0, 4.2]

analyse the performance of the proposed methods, we consider
various cases,i.e., early due date, late due date, and in between
of them. Thus, the due date of the 1st cycle is arranged as
follows [in seconds]:

r(1) = {12, 13, 13.6, 14.2, 15}

The prediction cycle horizon, Np = 1.
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Fig. 12: Simulation result if we receive monotonically non-
decreasing transition cost set function; t?s: optimal ts; ĕ:
completion time deviation; ŭ?: optimal starting time; ω̃: actual
total cost.

As shown in Fig.12, both CSM and IM consistently
produce the cheapest integrated production schedule. In terms
of computation time, CSM (' 7.3 sec) is faster than IM
(' 11.0 sec). CSM, IM and CDM yield the same completion
time deviation ĕ in all cases.

2. Monotonically non-increasing function
The transition set data shown in Tab. VI is taken from the

2nd off-line computations shown in Fig. 32 (Appendix K) for
certain range of transition time.

l ts
(1|l)
1,1 (sec) KP

(1|l)
1,1 KI

(1|l)
1,1 δ

(1|l)
1,1 (e)

1 3.0 1.0911 100.0000 124.55
2 3.1 1.3082 31.6280 124.67
3 3.2 14.2015 27.2530 109.83
4 3.3 15.2658 37.3274 99.83
5 3.4 15.7860 48.2721 92.29

TABLE VI: Transition set data obtained using unsaturated PI
controller to reach ts

(1|l)
1,1 = [3.0, 3.4]

The due date is arranged as follows [in seconds]:

r(1) = {12, 13, 13.2, 13.4, 15}

The prediction cycle horizon, Np = 1.
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Fig. 14: Simulation result if we receive monotonically non-
increasing transition cost set function; t?s: optimal ts; ĕ:
completion time deviation; ŭ?: optimal starting time; ω̃: actual
total cost.

As shown in Fig.14, both CDM and IM consistently
produces the cheapest integrated production schedule In terms
of computation time, CDM (' 2.9 sec) is faster than IM
(' 5.1 sec). CSM, IM and CDM yield to the same completion
time deviation ĕ in all cases.

3. Random function
The transition set data shown in Tab. VII is taken from the

2nd off-line computations shown in Fig. 32 (Appendix K) for
certain range of transition time.

l ts
(1|l)
1,1 (sec) KP

(1|l)
1,1 KI

(1|l)
1,1 δ

(1|l)
1,1 (e)

1 3.0 1.0911 100.0000 124.56
2 3.1 1.3082 31.6280 124.671
...

...
...

...
...

12 4.1 15.8419 84.3343 88.84
13 4.2 0.4497 90.3992 163.91

TABLE VII: Transition set data obtained using unsaturated PI
controller to reach ts

(1|l)
1,1 = [3.0, 4.2]

The due date is arranged as follows [in seconds]:

r(1) = {12, 13, 13.6, 14.2, 15}

The prediction cycle horizon, Np = 1.
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Fig. 16: Simulation result if we receive random transition cost
set function; t?s: optimal ts; ĕ: completion time deviation; ŭ?:
optimal starting time; ω̃: actual total cost.

As shown in Fig.16, IM consistently produces the cheapest
integrated production schedule. CSM, IM and CDM yield to
the same completion time deviation ĕ in all cases.

Receiving random relation transition set, the optimal transi-
tion time is considered as an unknown variable to identify in
MPL scheduling model. Therefore, IM computes every possi-
ble scenario and determine the most economical one so that IM
outperforms other methods in terms of the economic objective.
Unfortunately, IM is computationally expensive (IM:' 6.7
sec; CSM:' 2.9 sec; CDM:' 3.0 sec;).
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Fig. 13: Simulation result: the x1(t) trajectory for monotonically non-decreasing transition cost set function; CSM (blue solid
line), IM (red dash line), CDM (green dotted line)
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Fig. 15: Simulation result: the x1(t) trajectory for monotonically non-increasing transition cost set function; CSM (blue solid
line), IM (red dash line), CDM (green dotted line)
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Fig. 17: Simulation result: the x1(t) trajectory for random transition cost set function; CSM (blue solid line), IM (red dash
line), CDM (green dotted line)

E. The benefit of (S)MPL system in the integrated problem

In the industrial practice, it is possible to change the ’mode’
of a unit due to certain circumstances, e.g., a company has to
produce a costly ’class’ product as a consequence to satisfy the
tight expected due date by the customer. This kind of condition
can be modelled by utilising (S)MPL system in the scheduling
model.

To present a clear illustration, we consider tf
(q)
1,1 = {0, 0, 0},

te
(q)
1,1 = {6, 6, 6} [in seconds] and the optimal transition time

for each mode (l?) has been determined . We have three modes
(see Table VIII) applied on the single processing unit described
in Sub-section VI-A. We also use MPC to control the unit.

Mode ts
(q|l?)
1,1 tp

(q)
1,1 δ

(q|l?)
1,1 yrf

(q)
1,1 Contr. Par.

q (sec) (sec) (e ) (oC) {Q,R}(q|l
?)

1,1

1 4.4 5 132 30 {0.0001, 58.2856}
2 3.0 8 72.70 25 {207.0572, 281.4263}
3 2.0 10 38.17 20 {90.4135, 48.9405}

TABLE VIII: Available modes in the unit

The due dates are as follows [in seconds]:

r̂(k) = [15.4 33.4 50.4 68.4 85.4 100.8]

The cyclic prediction horizon, Np, is 1. Thus, we have to
determine the integrated SMPL scheduling policy every cycle.
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Fig. 18: Simulation results: the implementation of MPL and
SMPL scheduling model
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Fig. 18 shows the difference simulation result implementing
MPL and SMPL scheduling model, where x(1)

1 (t) is the result
of a single mode q1,1(k) = 1, x(2)

1 (t) is the result of a single
mode q1,1(k) = 2, x(3)

1 (t) is the result of a single mode
q1,1(k) = 3 and x

(q1,1(k))
1 (t) is the result of a three mode

system using SMPL scheduling model. The resulting switching
mode are as follows:

q̂?1,1(k) = [1 3 2 3 2 1]

As can be seen in Fig. 18, a single mode q1,1(k) = 2
and q1,1(k) = 3 fails to meet the due dates at certain cycles.
Meanwhile, a single mode q1,1(k) = 1 and three modes system
unit successfully satisfy all the due dates for every cycle.

The total cost resulted by SMPL system, mode 1, mode 2
and mode 3 are e1465.4, e1692.0, e1956.2 and e3608.2
respectively. Thus, SMPL system outperforms other single
modes in terms of the economic objective. Although single
mode q1,1(k) = 1 always meet the due dates, its total cost is
not less than what the SMPL system can achieve.

F. Uncertainty handling
Consider a single processing unit described in Sub-section

VI-A and controlled by MPC. Due to plant deterioration at
cycle k = 2, θ decreases to 0.07. This kind of condition
impacts the transition time period. Consider also mode q = 2
described in Table VIII as the standard mode.

Fig. 19 shows that reactive scheduling (see Algorithm 6) is
able to reduce (or eliminate) completion time deviation at cycle
k = 3 by starting the unit earlier. Meanwhile, Fig. 20 shows
that reactive control action (see Algorithm 7) is able to reduce
(or eliminate) completion time deviation at cycle k = 3 by
adjusting controller parameters before executing cycle k = 3.

Table IX shows that both the reactive scheduling and the
reactive control action can minimise the impact of uncertain-
ties. In this case, the reactive control outperforms re-active

Costs Undisturbed Disturbed Reactive Reactive
(e) scheduling control

ω̃1 00.00 200.00 100.00 100.00
ω̃2 540.06 540.11 540.11 540.11
ω̃3 218.10 266.03 266.03 248.07
ω̃ 758.16 1006.14 906.14 888.19

TABLE IX: The comparison of costs produced by the proposed
methods for the closed-loop structure

scheduling in reducing the impact of the uncertainty on cost.
However, this conclusion is not globally valid because the
transition cost is the contributor why reactive control action
can reduce the total cost better than reactive scheduling.
Thus, the global conclusion depends on the transition cost set
function.

Regarding computation time, the reactive control action
requires more significant time than the reactive scheduling
because at least a new plant model identification (e.g., data-
driven modelling) and determining new controller parameters
are necessary for the reactive control algorithm. Unlike re-
active control action, reactive scheduling can perform faster
because the only step that requires computation time is solving
integrated MPL scheduling problem with new MPL scheduling
system matrices.

VII. CONCLUSIONS

This study has developed a new formulation of integrated
problem of MPL scheduling and control with economic ob-
jective. We can maintain the convexity of MPL scheduling
problem in the integrated MPL scheduling problem by in-
serting the transition time into the system matrices of MPL
scheduling model and by utilising a decomposition sequential
method.

This study has also shown that time modelling in DES (MPL
system) enables significant computation time reduction in the
(decomposition) sequential method to solve the integrated
problem compared to a relatively popular approach (discrete
time modelling or SS system). Although the computation time
reduced, MPL system representation maintains the same value
economic objective. This fact shows that MPL system repre-
sentation offers computation time reduction as an improvement
aspect without losing the financial goal.

By means of MPL system, this study has also developed
three methods to improve the economic result by selecting
optimal controller parameters using CSM, IM and CDM. The
comparison of these methods shown in Table II. Also, this
study offers a task switching features using SMPL by selecting
the optimal ’mode’.

Finally, this study proposes two reactive actions for the
integrated problem to handle unexpected disturbances during
the on-line operation. The comparison of these methods shown
in Table III.

As one of the ultimate goal of this research, the recom-
mended future work is determining the appropriate simultane-
ous method to solve the integrated problem using MPL system.
Besides, this study also still considers Assumption 3; thus, it
is also encouraging to include the capacity constraint in the
MPL scheduling problem. Other future work that would worth
to do is transforming as many as possible scheduling class
problem from conventional algebra to MPA that can maintain
the convexity of the problem.
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APPENDIX A
NOMENCLATURE

General variables-1

i ∈ Z+, 1 ≤ i ≤ np; production line

ii ∈ Z+, 1 ≤ ii ≤ ns; process unit contributing
in production line i

j ∈ Z+, 1 ≤ j ≤ Np; (see Section IV-A, Eq. (8))

k ∈ Z+, 1 ≤ k ≤ nk; production cycle

l ∈ Z+, 1 ≤ l ≤ nl; controller parameters index

l?
∈ nl; optimal controller parameter index that
minimize estimated total cost from all controller
parameter candidates ω(l)

NMPC ∈ Z+; process dynamic MPC prediction horizon

NMPCi,ii
∈ Z+; process dynamic MPC prediction horizon
of unit Pi,ii (see Section III-B-2, Eq. (2))

Np
∈ Z+; MPL-MPC prediction horizon (see Sec-
tion IV-A, Eq. (8))

nc ∈ Z+; amount of unit in the column’s code

nk ∈ Z+; maximum production cycle

nl
∈ Z+; amount of controller parameters candi-
dates

nl = {1, ..., nl}; set of controller parameter index

nm ∈ Z+; amount of total unit

nm = {1, ..., nm}; set of all units

np ∈ Z+; amount of production line

np = {1, ..., np}; a set of production line

nq ∈ Z+; amount of mode

nq = {1, ..., nq}; a set of mode

nr ∈ Z+; amount of unit in the row’s code

nrm
∈ Z+; amount of available raw material re-
sources

nrm
= {1, ..., nr}; a set of available raw material
resources

ns
∈ Z+; amount of unit contributing in a certain
production line

ns
= {1, ..., ns}; a set of unit contributing in a
certain production line

P = P1,1; single processing unit

Pi,ii −−−; processing unit

q = q1,1 ∈ Z+, 1 ≤ q ≤ nq ; unit mode

q?
∈ nq; optimal unit mode that minimize esti-
mated total cost from all possible mode ω(q)

(see Section III-C-2)

Ts ∈ R≥0; sampling time

t ∈ R≥0; continuous time instant

td ∈ R≥0; discrete time instant

tdmax
∈ R≥0; discrete time instant maximum simula-
tion time

ts
= ts

(1|1)
1,1 ; (see Section VI-B, Section VI-D,

Appendix D, Eq. (32), Appendix E, Eq. (36))

ts? = ts
(q?|l?)
1,1 ; (see Section VI-D)

ts?i,ii
= ts

(q?|l?)
i,ii ∈ R≥0; optimal transition time of

unit Pi,ii (see Section V-B-1, Eq. (25),(26),(27))

ts
(q|l)
i,ii

∈ R≥0, ts
(q|l)
i,ii ≤ ts

(q|l+1)
i,ii ; transition time of

unit Pi,ii at mode q with controller parameters
index l; (see Section III-B-2, Assumption 2, Eq.
(2), Section IV-B, Eq. (16),(17), Section IV-C-
1, Section IV-C-2, Section V-A, Section VI-D,
Appendix J, Algo. 4)

ts
(q|lmax)
i,ii

∈ R≥0; the slowest transition time in ts
(q|l)
i,ii

(see Section V-A-2, Eq. (21),(22), Appendix I,
Algo. 5)

General variables-2

ts
(q|lmin)
i,ii

∈ R≥0; the fastest transition time in ts
(q|l)
i,ii (see

Section V-A-2, Appendix J, Algo. 3)

ts
(q|l?)
i,ii

∈ R≥0; ts
(q|l)
i,ii with optimal controller param-

eters index l (see Section V-A, Section VI-E,
Appendix J, Algo. 1,3,5-7);

ts(q|l) = ts
(q|l)
1,1 ; (see Appendix K)

ts
(q|l)
i,ii

= {ts(q|1)
i,ii , . . . , ts

(q|nl)
i,ii } =

[ts
(q|lmin)
i,ii , ts

(q|lmax)
i,ii ]; a set of transition

time of unit Pi,ii at mode q with nl controller
parameters candidates; (see Section III-B-2,
Assumption 2, Section IV-C-1, Section V-A,
Section VI-D, Appendix J, Algo. 3-5)

ts
(q|l)
i,ii

= {ts(1|l)
i,ii , ..., ts

(nq|l)
i,ii }; a set of all possible

mode’s transition time in Pi,ii with controller
parameters index l (see Appendix J, Algo. 4)

ts
(q|lmin)
i,ii

= {ts(1|lmin)
i,ii , ..., ts

(nq|lmin)
i,ii }; a set of all

possible mode’s transition time in Pi,ii with
controller parameters index lmin (see Appendix
J, Algo. 3)

ts
(q|l?)
i,ii

= {ts(1|l?)
i,ii , ..., ts

(nq|l?)
i,ii }; a set of all possible

mode’s transition time in Pi,ii with optimal
controller parameters index l (see Appendix J,
Algo. 2-3,5)

ts
(q|l)
i,ii

= {ts(1|l)
i,ii , . . . , ts

(nq|l)
i,ii }; a set of transition

time of unit Pi,ii for all modes with nl con-
troller parameters candidates; (see Appendix J,
Algo. 3-5)

ts?i,ii

= ts
(q?|l?)
i,ii ; a set of optimal transition time in

production line i, each unit Pi,ii has optimal
controller parameters l and optimal mode q (see
Section V-B)

ts
(q|l)
i,ii

= {ts(q|l)
i,1 , . . . , ts

(q|l)
i,ns
}; a set of transition time

of all unit contributing in production line i at
mode q with controller parameters index l; (see
Section IV-B, Eq. (13)-(14), Section IV-C-2, Eq.
(18),(19))

t̄s
(q|l)
i,ii

∈ R≥0, t̄s
(q|l)
i,ii ≤ t̄s

(q|l+1)
i,ii ; transition time of

unit Pi,ii at mode q with controller parameters
index l given by simulations (see Section III-B-
2, Eq. (2))

z ∈ Z+, 1 ≤ z ≤ nr ; the unit’s code of row (see
Appendix I, Eq. (59))

zz ∈ Z+, 1 ≤ z ≤ nc; the unit’s code of column
(see Appendix I, Eq. (59))

Control layer-1

A
∈ Rnx×nx ; discrete process system matrices
(see Appendix C, Eq. (30), Appendix D, Eq.
(34), Appendix E, Eq. (36))

Ac
∈ Rnx×nx ; process system matrices (see Sec-
tion VI-A)

B
∈ Rnx×nu ; discrete process system matrices
(see Appendix C, Eq. (30), Appendix D, Eq.
(34), Appendix E, Eq. (36))

Bc
∈ Rnx×nu ; process system matrices (see Sec-
tion VI-A)

b = b1,1; (see Section VI-C, Appendix E)

bi,ii
∈ R≥0; tolerable bound width of steady out-
put(s) condition for unit Pi,ii [in %] (see Sec-
tion III-B-2, Eq. (2))

C
∈ Rny×nx ; discrete process system matrices
(see Appendix C, Eq. (31), Appendix E, Eq.
(36))

Cc
∈ Rny×nx ; process system matrices (see Sec-
tion VI-A)

K
∈ R; amplitude of step input (see Appendix E,
Eq. (36))

KI ∈ R; integral gain
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Control layer-2

KP ∈ R; proportional gain

{KP ,KI} = {KP ,KI}1,1; (see Section VI-C)

{KP ,KI}q|l = {KP ,KI}
q|l
1,1; (see Appendix K)

{KP ,KI}i,ii
∈ R; controller parameters for unit Pi,ii; (see
Section III-B-1, Eq. (1))

{KP ,KI}
(q)
i,ii

∈ R; controller parameters for unit Pi,ii at
mode q; (see Section III-B-1, Eq. (1))

{KP ,KI}
(q|l)
i,ii

∈ R; controller parameters for unit Pi,ii at
mode q with controller parameter index l; (see
Section III-B-1, Eq. (1), Section VI-D)

nu ∈ R≥0; amount of process input(s)

nw ∈ R≥0; amount of process disturbance(s)

nx ∈ R≥0; amount of process state(s)

ny ∈ R≥0; amount of process output(s)

{Q,R} —; controller parameters of MPC

{Q,R}q|l = {Q,R}q|l1,1; (see Appendix K)

{Q,R}i,ii
∈ R≥0; controller parameters for unit Pi,ii; (see
Section III-B-1, Eq. (1))

{Q,R}(q)i,ii
∈ R≥0; controller parameters for unit Pi,ii at
mode q; (see Section III-B-1, Eq. (1))

{Q,R}(q|l)i,ii

∈ R≥0; controller parameters for unit Pi,ii at
mode q with controller parameter index l; (see
Section III-B-1, Eq. (1), Section VI-D)

{Q,R}(q|l
?)

i,ii
∈ R≥0; {Q,R}(q|l)i,ii with optimal controller
parameter index l; (see Section VI-E)

u
∈ Rnu ; process input (see Section VI-B, Sec-
tion VI-C, Section VI-D, Appendix C, Eq. (30),
Appendix D, Eq. (33))

u?
∈ Rnu ; optimal process input (see Appendix D,
Eq.(34),(35))

urf = urf
(1)
1,1 ∈ Rnu ; (see Appendix D, Eq. (34))

u
(q|l)
i,ii

∈ Rnu ; process input of unit Pi,ii at mode q
with controller parameters index l (see Section
IV-B, Eq. (16),(17))

urf
(q)
i,ii

∈ Rnu ; process input operating set-point for
unit Pi,ii at mode q

umax
∈ Rnu ; process input constraint upper limit (see
Appendix K)

umin
∈ Rnu ; process input constraint lower limit (see
Appendix K)

w
∈ Rnw ; process disturbance (see Section VI-A,
Appendix C, Eq. (30))

x
∈ Rnx ; process state (see Section VI-B, Section
VI-C, Section VI-D, Appendix C, Eq. (30),(31))

x(q(k)) ∈ Rnx ; process state at mode q at cycle k(see
Section VI-E)

xrf = C−1yrf ∈ Rnx ; (Appendix D, Eq. (35))

y
∈ Rny ; process output (see Appendix C, Eq.
(31), Appendix D, Eq. (33),(34),(35))

yrf = yrf1,1 ∈ Rny ; (see Section VI-C, Appendix
D, Eq. (32),(33),(34), Appendix E, Eq. (36))

yrp
∈ Rny ; K step response (see Appendix E, Eq.
(36))

y0
= y01,1 ∈ Rny ; initial process output (see
Appendix E)

y0i,ii

∈ Rny initial condition of process output for unit
Pi,ii (see Section III-B-2, Eq. (2), Section III-C-
2)

yrfi,ii
∈ Rny ; process output operating set-point for
unit Pi,ii; (see Assumption 1)

yrf
(q)
i,ii

∈ Rny ; process output operating set-point for
unit Pi,ii at mode q ; (see Section III-A, As-
sumption 1, Section III-B-2, Eq. (2), Section
VI-E)

τ ∈ R; 1
θ

and θ is the pole of first order plant
model (see Appendix E, Eq. (36))

Control layer-3

Ω = Ω1,1; controller parameters (see Appendix E)

Ωi,ii
∈ R; controller parameters for unit Pi,ii; (see
Section III-B-1, Eq. (1))

Ω
(q)
i,ii

∈ R; controller parameters for unit Pi,ii at
mode q; (see Section III-B-1, Eq. (1))

Ω
(q|l)
i,ii

∈ R; controller parameters for unit Pi,ii at
mode q with controller parameters index l; (see
Section III-B-1, Eq. (1), Section III-B-2, Eq. (2),
Appendix J, Algo. 4)

Ω
(q|l)
i,ii

?
∈ R; the optimal controller parameters for unit
Pi,ii at mode q with controller parameters index
l which solve problem (2); (see Section III-B-2,
Eq. (2))

Ω
(q|lmin)
i,ii

∈ R; controller parameters that provides the
shortest transition time (see Appendix J, Algo.
3))

Ω
(q|l?)
i,ii

∈ R; Ω
(q|l)
i,ii with optimal controller parameters

index l; (see Appendix J, Algo. 1,3,5-7))

Ω
(q|l)
i,ii

= {Ω(q|1)
i,ii , . . . ,Ω

(q|nl)
i,ii }; a set of controllers

parameter of unit Pi,ii at mode q that reach
ts

(q|l)
i,ii ; (see Section III-B-2, Section IV-C-1,

Section V-A-2, Appendix J, Algo. 3-5)

Ω
(q|l)
i,ii

= {Ω(1|l)
i,ii , ...,Ω

(nq|l)
i,ii }; a set of all possible

mode’s controller parameters in Pi,ii with con-
troller parameters index l (see Appendix J, Algo.
4)

Ω
(q|l?)
i,ii

= {Ω(1|l?)
i,ii , ...,Ω

(nq|l?)
i,ii }; a set of all possible

mode’s controller parameters in Pi,ii with opti-
mal controller parameters index l (see Appendix
J, Algo. 2-3,5)

Ω
(q|l)
i,ii

= {Ω(1|l)
i,ii , . . . ,Ω

(nq|l)
i,ii }; a set of controllers

parameter of unit Pi,ii at all modes that reach
ts

(q|l)
i,ii ; (see Appendix J, Algo. 3-5)

Ω
(q|lmin)
i,ii

= {Ω(1|lmin)
i,ii , ...,Ω

(nq|lmin)
i,ii }; a set of all

possible mode’s controller parameters in Pi,ii
with controller parameters index lmin (see Ap-
pendix J, Algo. 3)

Ω̂
(q|l)?
i,ii

=


Ω

(q|l)?
i,ii (k|k)

...
Ω

(q|l)?
i,ii (k +Np|k)

; optimal controller

parameters at mode q and using controller pa-
rameters l for Np prediction horizon (see Ap-
pendix J, Algo. 4)

Ω̂
(q|l?)?

i,ii

=


Ω

(q|l?)?

i,ii (k|k)

...
Ω

(q|l?)?

i,ii (k +Np|k)

; optimal controller

parameters at mode q and using optimal con-
troller parameters l for Np prediction horizon
(see Appendix J, Algo. 1-2,4)

Ω̂
(q?|l)?
i,ii

=


Ω

(q?|l)?
i,ii (k|k)

...
Ω

(q?|l)?
i,ii (k +Np|k)

; optimal controller

parameters at optimal mode q and using con-
troller parameters l for Np prediction horizon
(see Appendix J, Algo. 4)

Ω̂
(q?|l?)?

i,ii

=


Ω

(q?|l?)?

i,ii (k|k)

...
Ω

(q?|l?)?

i,ii (k +Np|k)

; optimal controller

parameters at optimal mode q and using optimal
controller parameters l for Np prediction hori-
zon (see Appendix J, Algo. 1-2,4)

Ξ ∈ Rnx×nw ; discrete process system matrices
(see Appendix C, Eq. (30))

Ξc
∈ Rnx×nw ; process system matrices (see Sec-
tion VI-A)
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Scheduling layer-1

Ă
∈ Rnx̆×nx̆ε ; system matrices in MPL scheduling
model for parallel batches scheduling problem
(see Appendix I, Eq. (58))

Ăi

∈ R
nx̆i
×nx̆i

ε ; system matrices in MPL schedul-
ing model for production line i (see Section
III-C-2, Eq. (4), Appendix H, Eq. (48), Ap-
pendix I, Eq. (52))

Ă
(qi,ii)

i

∈ R
nx̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Appendix I)

Ă
(qi,ii)

i

∈ R
nx̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Section III-C-2, Eq. (6), Section IV-B,
Eq. (13))

Ă
(qi,ii)

i (ts
(q|l)
i,ii )

∈ R
nx̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i, containing a set of transition time for each
unit in production line i obtained by controller
parameters index l (see Section IV-B, Eq. (13))

Ă
(q?i,ii)

i

∈ R
nx̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, optimal mode qi,ii, for pro-
duction line i (see Section V-B)

Ăss
∈ Rnx̆ss×nx̆ss ; system matrices in SS schedul-
ing model (see Section III-C-1, Eq. (3), Section
IV-C-1, Appendix H, Eq. (47))

B̆i
∈ R

nx̆i
×nŭi

ε ; system matrices in MPL schedul-
ing model for production line i (see Section
III-C-2, Eq. (4), Appendix I, Eq. (52))

B̆
(qi,ii)

i

∈ R
nx̆i
×nŭi

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Appendix I)

B̆
(qi,ii)

i

∈ R
nx̆i
×nŭi

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Section III-C-2, Eq. (6), Section IV-B,
Eq. (13))

B̆
(qi,ii)

i (ts
(q|l)
i,ii )

∈ R
nx̆i
×nŭi

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i, containing a set of transition time for each
unit in production line i obtained by controller
parameters index l (see Section IV-B, Eq. (13))

B̆
(q?i,ii)

i

∈ R
nx̆i
×nŭi

ε ; system matrices in SMPL
scheduling model, optimal mode qi,ii, for pro-
duction line i (see Section V-B)

B̆ss
∈ Rnx̆ss×nŭss ; system matrices in SS schedul-
ing model (see Section III-C-1, Eq. (3), Section
IV-C-1, Appendix H)

C̆
∈ Rny̆×nx̆ε ; system matrices in MPL scheduling
model for parallel batches scheduling problem
(see Appendix I, Eq. (58))

C̆i
∈ R

ny̆i
×nx̆i

ε ; system matrices in MPL schedul-
ing model for production line i (see Section
III-C-2, Eq. (5), Appendix I, Eq. (52))

C̆
(qi,ii)

i

∈ R
ny̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Appendix I)

C̆
(qi,ii)

i

∈ R
ny̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i (see Section III-C-2, Eq. (7), Section IV-B,
Eq. (14))

C̆
(qi,ii)

i (ts
(q|l)
i,ii )

∈ R
ny̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, mode qi,ii, for production
line i, containing a set of transition time for each
unit in production line i obtained by controller
parameters index l (see Section IV-B, Eq. (14))

C̆
(q?i,ii)

i

∈ R
nx̆i
×nx̆i

ε ; system matrices in SMPL
scheduling model, optimal mode qi,ii, for pro-
duction line i (see Section V-B)

ĕ = ĕ1; (see Section VI-D)

ĕi
∈ R; time deviation (see Section V-B, Eq.
(24),(25),(26),(27), Appendix J, Algo. 6)

ĥi
−−−; compact constraint for production line i
for certain Np prediction horizon (see Appendix
I, Eq. (53))

Scheduling layer-2

J
∈ R; MPL scheduling objective (see Sec-
tion IV-A, Eq. (8),(9),(10), Section IV-B, Eq.
(12),(15), Appendix I, Eq. (51),(56),(57),(59))

nŭi

∈ Z≥0; number of scheduling input(s) in
(S)MPL scheduling model for production line
i (see Section III-C-2)

nŭss
= nq ; the width of matrix B̆ss (see Section
III-C-1, Eq. (3))

nx̆i

∈ Z≥0; number of scheduling state(s) in
(S)MPL scheduling model for production line
i (see Section III-C-2)

nx̆ss

= (
∑
i∈np

∑
ii∈ns

∑
q∈nq

τ̆
(q|l)
i,ii /Ts) +

(nm + nrm); size of matrix Ăss (see Section
III-C-1, Eq. (3))

ny̆i

∈ Z≥0; number of scheduling output(s) in
(S)MPL scheduling model for production line
i (see Section III-C-2)

q?i,ii(k)
∈ nq; optimal mode of unit Pi,ii at cycle k;
(see Section V-B)

qi,ii(k)
= {qi,1(k), ..., qi,ns (k)}; (Section IV-C-2, Eq.
(18),(19))

q?i,ii(k) = {q?i,1(k), ..., q?i,ns (k)}; (Section V-B)

q̂i,ii(k) =

 qi,ii(k|k)
...

qi,ii(k +Np|k)

;

q̂?i,ii(k) =


q?i,ii(k|k)

...
q?i,ii(k +Np|k)

;

q̂i,ii(k)
= {q̂1,ii(k), ..., q̂np,ii(k)};(see Section IV-A,
Eq. (10), Section IV-B, Eq. (15))

r
= r1; (see Section VI-B, Section VI-C, Section
VI-D)

ri
∈ R≥0; due dates for production line i (see
Section IV-A, Eq. (8), Appendix I, Eq. (51),
Appendix J, Algo. 4)

r̂(k)
= r̂1(k);(see Section VI-B, Section VI-C, Sec-
tion VI-E)

r̂i(k) =

 ri(k|k)
...

ri(k +Np|k)

;

S = S1,1; (see Appendix H, Eq. (50))

Si,ii ∈ R; inventory level state of unit Pi,ii

SRM
∈ R; recourse material level (see Appendix H,
Eq. (49))

T = T
(1)
1,1 ; (see Appendix H)

T
(q)
i,ii

− − −; task executed by unit Pi,ii at mode q
(see Section IV-C-1)

te
= te

(1)
1,1; (see Section VI-B, Section VI-C, Sec-

tion VI-D, Appendix H,I)

tei,ii = te
(1)
i,ii;(see Appendix F,G,H)

te
(q)
i,ii

∈ R≥0; emptying time of unit Pi,ii at mode
q (see Section IV-C-1, Section V-A-2, Eq.
(21),(22))

te
(q)
i,ii = {te(1)

i,ii, ..., te
(nq)
i,ii }; (see Section VI-E)

tf
= tf

(1)
1,1; (see Section VI-B-1, Section VI-C,

Section VI-D, Appendix H,I)

tf i,ii = tf
(1)
i,ii; (see Appendix F,G)

tf
(q)
i,ii

∈ R≥0; filling time of unit Pi,ii at mode q (see
Section IV-C-1, Section V-A-2, Eq. (21),(22))

tf
z,zz
i,ii

∈ R≥0; = tf
(1)
i,ii after completion of = tf

(1)
z,zz

(see Appendix F,G)

tf
(q)
i,ii = {tf

(1)
i,ii, ..., tf

(nq)
i,ii }; (see Section VI-E)

th
(q) ∈ R≥0; threshold time of system at mode q (see

Section V-A-2, Remark 3, Appendix J, Algo. 4)
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Scheduling layer-3

th
(q)
i,ii

∈ R≥0; additional constraint value of unit Pi,ii
at mode q (see Section V-A-2, Eq. (21), Ap-
pendix J, Algo. 4)

th
(q)
i,ii

∈ R≥0; total additional constraint value of all
unit in serial production line i at mode q (see
Section V-A-2, Eq. (22),(23))

th
(q)
i,ii

∈ R≥0; the additional constraint value for units
in all parallel production lines at mode q (see
Section V-A-2, Eq. (23))

tp
= tp

(1)
1,1; (see Section VI-B, Section

VI-C, Section VI-D, Appendix F,H, Eq.
(45),(46),(49),(50), Appendix I)

t
(q)
p = tp

(q)
1,1; (see Appendix I)

tpi,ii = tp
(1)
i,ii; (see Appendix F,G,I, Eq. (59))

tp
(q)
i,ii

∈ R≥0; effective production time of unit Pi,ii
at mode q (see Section III-C-1, Eq. (3), Section
III-C-2, Section IV-B, Eq. (16), Section IV-C-1,
Section V-A-2, Eq. (21),(22), Section VI-E)

twz,zz

∈ R≥0; the waiting time of unit Pz,zz to effec-
tively deliver a product/service (see Appendix I,
Eq. (59))

ŭ = ŭ1;

ŭ? ŭ?1 ; (see Section VI-D)

ŭs
∈ Rε

def
= R∪{−∞}; unit changeover switching

policy for parallel batches scheduling problem
(see Appendix I, Eq. (57),(58),(59))

ŭi

∈ Rε
def
= R ∪ {−∞}; input(s) in (S)MPL

scheduling model for production line i (see
Section III-C-2, Eq. (4),(6), Section IV-B, Eq.
(13), Section IV-C-2, Eq. (18),(19), Appendix
F,G,H, Eq. (46),(49), Appendix I, Eq. (54),(55))

ŭ?i
∈ Rε

def
= R∪{−∞}; optimal input(s) in (S)MPL

scheduling model (see Section V-B)

ŭ
(q|l)
i,ii

∈ Rε
def
= R ∪ {−∞}; starting time of unit

Pi,ii at mode q with controller parameters l (see
Section IV-B, Eq. (16),(17))

ŭss
∈ {0, 1}; input(s) in SS scheduling model (see
Section III-C-1, Eq. (3), Section IV-C-1, Section
VI-B, Appendix H)

ˆ̆ui(k) =

 ŭi(k|k)
...

ŭi(k +Np|k)

; (see Appendix I, Eq.

(52),(53))

ˆ̆u
(q|l)?
i

=


ŭ

(q|l)?
i (k|k)

...
ŭ

(q|l)?
i (k +Np|k)

; optimal starting

time(s) at mode q and using controller parame-
ters l for Np prediction horizon (see Appendix
J, Algo. 4)

ˆ̆u
(q|l?)?

i

=


ŭ

(q|l?)?

i (k|k)
...

ŭ
(q|l?)?

i (k +Np|k)

; optimal starting

time(s) at mode q and using optimal controller
parameters l for Np prediction horizon (see
Appendix J, Algo. 1-2,4)

ˆ̆u
(q?|l)?
i

=


ŭ

(q?|l)?
i (k|k)

...
ŭ

(q?|l)?
i (k +Np|k)

; optimal starting

time(s) at optimal mode q and using controller
parameters l for Np prediction horizon (see
Appendix J, Algo. 4)

ˆ̆u
(q?|l?)?

i

=


ŭ

(q?|l?)?

i (k|k)
...

ŭ
(q?|l?)?

i (k +Np|k)

; optimal starting

time(s) at optimal mode q and using optimal
controller parameters l for Np prediction hori-
zon (see Appendix J, Algo. 1-2,3)

Scheduling layer-4

ˆ̆u
(q|l)?
i

= {ˆ̆u(1|l)?
i (k|k), . . . , ˆ̆u

(nq|l)?
i (k + Np|k)};

optimal starting time(s) for all modes and using
controller parameters l for Np prediction hori-
zon (see Appendix J, Algo. 4)

ˆ̆ui(k) = {ˆ̆u1(k), ..., ˆ̆unp (k)}; (see Section IV-A, Eq.
(9),(10), Section IV-B, Eq. (15))

vii
∈ R≥0; distribution variable for units contribut-
ing in a serial production line i (see Section V-B,
Eq. (26))

WT (td) W
T

(1)
1,1

(td); (see Appendix H, Eq. (45))

W
T

(q)
i,ii

(td)

∈ {0, 1}; the current key decision variable of
Pi,ii that trigger Pi,ii to execute task T (q)

i,ii at
time instant td (see Section IV-C-1)

W̄ jd
T (td) = W̄ jd

T
(1)
1,1

(td); (see Section VI-B, Appendix H)

W̄ jd

T
(q)
i,ii

(td)

∈ {0, 1}; the key decision variable of Pi,ii that
provide the status of Pi,ii executing the jthd
time instant of task T (q)

i,ii at time instant td (see
Section IV-C-1)

x̆
∈ Rε

def
= R ∪ {−∞}; state(s) of MPL schedul-

ing formulation for parallel batches scheduling
problem (see Appendix I, Eq. (58))

x̆i

= x̆i,ii ∈ Rε
def
= R∪{−∞}; state(s) in (S)MPL

scheduling model for production line i (see
Section III-C-2, Eq. (4)-(7), Section IV-B, Eq.
(13)-(14), Appendix H, Eq. (46),(48), Appendix
I, Eq. (52))

x̆?i
∈ Rε

def
= R ∪ {−∞}; estimated state(s) in

(S)MPL scheduling model (see Section (V-B))

x̆i,ii
∈ Rε

def
= R ∪ {−∞}; state(s) in (S)MPL

scheduling model for unit Pi,ii (see Appendix
F,G,I, Eq. (59))

x̆ss
∈ R; state(s) in SS scheduling model (see Sec-
tion III-C-1, Eq. (3), Section IV-C-1, Appendix
H, Eq. (47))

˜̆xi ∈ Rε
def
= R ∪ {−∞}; actual state(s) in (S)MPL

scheduling model (see Section (V-B))

y̆

∈ Rε
def
= R ∪ {−∞}; output(s) in (S)MPL

scheduling model for the whole system for par-
allel batches scheduling problem (see Appendix
I, Eq. (56),(58))

y̆i

∈ Rε
def
= R ∪ {−∞}; output(s) in (S)MPL

scheduling model for production line i (see
Section III-C-2, Eq. (5),(7), Section IV-A, Eq.
(8), Section IV-B, Eq. (14), Appendix F,G,I, Eq.
(51))

y̆?i
∈ Rε

def
= R ∪ {−∞}; estimated output(s) in

(S)MPL scheduling model (see Section (V-B),
Eq. (24))

ˆ̆yi(k) =

 y̆i(k|k)
...

y̆i(k +Np|k)

; (see Appendix I, Eq.

(52),(53))

ˆ̆y
(q|l)?
i

=


y̆

(q|l)?
i (k|k)

...
y̆

(q|l)?
i (k +Np|k)

; estimated completion

time(s) executed by unit in production line i at
mode q and using controller parameters l for Np
prediction horizon (see Appendix J, Algo. 4)

ˆ̆y
(q|l?)?

i

=


y̆

(q|l?)?

i (k|k)
...

y̆
(q|l?)?

i (k +Np|k)

; estimated comple-

tion time(s) executed by unit in production line
i at mode q and using optimal controller param-
eters l for Np prediction horizon (see Appendix
J, Algo.2)

˜̆yi ∈ Rε
def
= R∪{−∞}; actual output(s) in (S)MPL

scheduling model (see Section (V-B), Eq. (24))
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Scheduling layer-5

βT
= β

T
(1)
1,1

;(see Appendix H)

β
T

(1)
1,1

∈ R; batch size of task executed by unit Pi,ii
at mode q

Di
−−−; compact matrices associated with ˆ̆ui(k)
in scheduling linear constraint for Np prediction
horizon (see Appendix I, Eq. (53))

∆ŭi−

∈ R≥0; minimal starting time difference be-
tween cycle in production line i (see Appendix
I, Eq. (55))

∆ŭi+

∈ R≥0; maximal starting time difference be-
tween cycle in production line i (see Appendix
I, Eq. (55))

Fi
−−−; compact matrices associated with ˆ̆yi(k)
in scheduling linear constraint for Np prediction
horizon (see Appendix I, Eq. (53))

τ̆ = τ̆
(1)
1,1 ; (see Appendix H)

τ̆
(q)
i,ii

∈ R≥0; complete batch time of unit Pi,ii at
mode q

τ̆
(q|l)
i,ii

∈ R≥0; complete batch time of unit Pi,ii at
mode q with controller parameter index l (see
Section III-C-1, Eq. (3), Section IV-C-1)

W ∈ R≥0; weighting variable (see Section V-B,
Eq. (25),(27))

Economic variable-1

Cp
∈ R≥0; production cost rate (see Section IV-B,
Eq. (16), Section VI-C, Appendix J, Algo.1-7))

Cr
∈ R≥0; transition cost rate (see Section IV-B,
Eq. (17), Section VI-C, Appendix J, Algo.1-7))

F = F
(1)
1,1 ;(see Appendix H, Eq. (49),(50))

Fi,ii = F
(1)
i,ii ;(see Appendix J, Algo. 1-7)

F
(q)
i,ii

∈ R; required raw material per time instant for
unit Pi,ii to execute mode q (see Section IV-B,
Eq. (16))

α
∈ R; penalty rate (see Section IV-B, Eq. (12),
Section VI-C, Appendix J, Algo. 1-7))

δ
(q|l)
i,ii

∈ R; initial estimation of unitary transition
cost of unit Pi,ii at mode q with controller
parameters l (see Section IV-B, Eq. (17), Section
V-A-2, Section VI-D, Appendix J, Algo. 4)

δ
(q|lmin)
i,ii

∈ R; δ(q|l)
i,ii with Ω

(q|lmin)
i,ii (see Appendix J,

Algo. 3)

δ
(q|l?)
i,ii

∈ R; δ(q|l)
i,ii with optimal controller parameters

index l (see Section VI-E, Appendix J, Algo.
1,3,5-7,)

δ(q|l) = δ
(q|l)
1,1 ; (see Appendix K)

δ
(q|l)
i,ii

= {δ(q|1)
i,ii , . . . , δ

(q|nl)
i,ii }; a set of estimation of

unitary transition cost of unit Pi,ii at mode q
for nl controller parameters (see Section IV-C-
1, Section V-A-2, Appendix J, Algo. 3-5)

δ
(q|l)
i,ii

= {δ(1|l)
i,ii , ..., δ

(nq|l)
i,ii }; a set of all possible

mode’s estimated unitary transition cost in Pi,ii
with optimal controller parameters index l (see
Appendix J, Algo. 4)

δ
(q|l?)
i,ii

= {δ(1|l?)
i,ii , ..., δ

(nq|l?)
i,ii }; a set of all possible

mode’s estimated unitary transition cost in Pi,ii
with optimal controller parameters index l (see
Appendix J, Algo. 2-3,5)

δ
(q|lmin)
i,ii

= {δ(1|lmin)
i,ii , ..., δ

(nq|lmin)
i,ii }; a set of all pos-

sible mode’s estimated unitary transition cost in
Pi,ii with Ω

(q|lmin)
i,ii (see Appendix J, Algo. 3)

δ
(q|l)
i,ii

= {δ(1|l)
i,ii , . . . , δ

(nq|l)
i,ii }; a set of estimation of

unitary transition cost of unit Pi,ii at all modes
for nl controller parameters (see Appendix J,
Algo. 3-5)

δ̃
(q|l?)
i,ii ∈ R; actual δ(q|l?)

i,ii (see Appendix J, Algo. 6)

Economic variable-2

ω
= ω(1) ∈ R; estimated total cost (see Section
III-C-2, Section IV-B, Eq. (11), Section IV-C-2,
Eq. (18),(19), Section VI-C)

ω1
∈ R; penalty cost (see Section IV-B, Eq. (11)-
(12))

ω2
∈ R; production cost (see Section IV-B, Eq.
(11),(16))

ω3
∈ R; transition cost (see Section IV-B, Eq.
(11),(17), Section V-A-2, Remark 2)

ω(q) ∈ R; estimated total cost with mode q

ω(q|l)?
∈ R; optimal estimated total cost with mode q
and controller parameters index l (see Appendix
J, Algo. 4)

ω(q|l?)?
∈ R; optimal estimated total cost with mode q
and optimal controller parameters index l (see
Appendix J, Algo. 2,4)

ω(q?|l)?
∈ R; optimal estimated total cost with optimal
mode q and controller parameters index l (see
Appendix J, Algo. 4)

ω(q?|l?)?
∈ R; optimal estimated total cost with optimal
mode q and optimal controller parameters index
l (see Appendix J, Algo. 2,4)

ω̃
∈ R; actual total cost (see Section VI-C, Section
VI-D, Section VI-F)

ω̃1 ∈ R; actual penalty cost (see Section VI-F)

ω̃2 ∈ R; actual production cost (see Section VI-F)

ω̃3 ∈ R; actual transition cost (see Section VI-F)

ω(q|l)?
= {ω(q|1)? , . . . , ω(q|nl)?}; a set of optimal es-
timated total cost with mode q and all controller
parameters candidates (see Appendix J, Algo. 4)

ω(q?|l)?
= {ω(q?|1)? , . . . , ω(q?|nl)?}; a set of optimal
estimated total cost with optimal mode q and all
controller parameters candidates (see Appendix
J, Algo. 4)

ω(q) = {ω(1), . . . , ω(nq)}; a set of estimated total
cost (see Section III-C-2)

ω(q|l)?
= {ω(1|l)? , . . . , ω(nq|l)?}; a set of optimal
estimated total cost from all possible mode and
use controller parameters index l (see Appendix
J, Algo. 4)

ω(q|l?)?
= {ω(1|l?)? , . . . , ω(nq|l?)?}; a set of optimal
estimated total cost from all possible mode and
use optimal controller parameters index l (see
Appendix J, Algo. 2)

APPENDIX B
FUNDAMENTAL OF MAX-PLUS-ALGEBRA

In this appendix, we describe important information about
max-plus-algebra required for this study. The notations in this
appendix apply locally.

1. Basic operations of max-plus-algebra
The basic operations of the max-plus-algebra [10] are

maximization and addition, which will be represented by ⊕
and ⊗ respectively:

x̆⊕ y̆ = max(x̆, x̆) and x̆⊗ y̆ = x̆+ y̆

for x̆, y̆ ∈ Rε
def
= R ∪ {−∞}. We also call ⊕ the max-

plus-algebraic addition, and ⊗ the max-plus-algebraic multi-
plication. However that one of the major differences between
conventional algebra and max-plus-algebra is that in general
there do not exist inverse elements w.r.t. ⊕ in Rε. The zero
element for ⊕ is ε def

= −∞: we have a ⊕ ε = a = ε ⊕ a for
all a ∈ Rε. The structure (Rε,⊕,⊗) is called the max-plus-
algebra.

Let r ∈ R. The rth max-plus-algebraic power of x̆ ∈ R is
denoted by x̆⊗

r

and corresponds to rx̆ in conventional algebra.
If x̆ ∈ R then x̆⊗

0

= 0 and the inverse element of x̆ w.r.t. ⊗
is x̆⊗

−1

= −x̆. There is no inverse element for ε since ε is
absorbing for ⊗. If r > 0 then ε⊗

r

= ε. If r < 0 then ε⊗
r

is
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not defined. In this paper, we consider x̆, y̆ and r as ”time”
and ε⊗

r

= 0 by definition.
The rules for the order of evaluation of the max-plus-

algebraic operators correspond to those of conventional alge-
bra. So max-plus-algebraic power has the highest priority, and
max-plus-algebraic multiplication has a higher priority than
max-plus-algebraic addition.

The basic max-plus-algebraic operations are extended to
matrices as follows. If Ă, B̆ ∈ Rm×nε and C̆ ∈ Rn×pε then

(Ă⊕ B̆)ij = aij ⊕ bij = max(aij , bij)

(Ă⊗ C̆)ij =

n⊕
k=1

aik ⊗ ckj = max
k

(aik + ckj)

for all i, j. Note the analogy with the definitions of matrix sum
and product in conventional linear algebra. The matrix Em×n
is the m × n max-plus-algebraic zero matrix: (Em×n)ij = ε
for all i, j; and the matrix En is the n×n max-plus-algebraic
identity matrix: (En)ii = 0 for all i and (En)ii = ε for all
i, j with i 6= j. If the size of the maxplus-algebraic identity
matrix or the max-plus-algebraic zero matrix is not specified,
it should be clear from the context. The max-plus-algebraic
matrix power of Ă ∈ Rn×nε is defined as follows: Ă⊗

0

= En
and Ă⊗

k

= Ă⊗ Ă⊗k−1

for k = 1,2, . . .

APPENDIX C
ADDITIONAL INFORMATION FOR SECTION III-A

This appendix presents detail information that Control
Model Block, box one (’1’), has (see Fig. 2).

The plant can be modelled via a first principle or data-
driven modelling. In industrial practice, first or second order
plant model is preferable. It is not uncommon as well that the
non-linear properties exist in the plant model.

In general, the plant discrete model is as follows:

x(td + Ts) = Ax(td) +Bu(td) + Ξw(x, u) (30)

y(td) = Cx(td) (31)

Instead of taking into account non-linear property in the plant
model, this property is considered as a disturbance in the
non-linear batch reactor in this study. The controller in the
closed-loop system will handle this disturbance. To complete
the dynamic system model, the output is modelled as shown
in Eq. (31).

APPENDIX D
ADDITIONAL INFORMATION FOR SECTION III-B-1

This study consider three types of controller for reference
set-point tracking as follows:

1.1 PI controller(s)
The process control input is:

u(t) =KP e(t) +KI

∫ ŭ(k)+ts

ŭ(k)

e(t̄)dt̄

e(t) =yrf (t)− y(t)

(32)

A discrete or digital version of PI controller is as follows:

u(td) =KP (e(td)− e(td − Ts)) +KITse(td) + u(td − Ts)
e(td) =yrf (td)− y(td)

(33)

Note that arbitrarily chosen controller parameters {KP ,KI}
occurs.

1.2 LQR controller(s)
The process control input is:

u?(y(td)) =KLQR(yrf (td)− y(td)) + urf (td)

KLQR =− (B>PB +R)
−1
B>PA

P =A>PA−A>PB(B>PB +R)
−1
B>PA+Q

(34)

Note that arbitrarily chosen controller parameters {Q,R}
occurs.

1.3 MPC controller(s)
Considering the process input and state constraints, the

process control input is defined as follows:

u?(y(td)) =u?(0|td) = [Inu 0 . . . 0]U?td(y(td))

U?td(y(td)) =arg min
Utd

1

2
U>tdGMPCUtd + U>tdFMPCy(td)

subject to: LMPCUtd ≤ cMPC +WMPCy(td)
(35)

Eq. (35) considers origin point as the reference (xrf = 0) for
simplification.

The methods of developing matrices
Inu , Utd , GMPC , FMPC , LMPC , cMPC and WMPC are
widely known in the research field of MPC. In this study,
those development methods are not discussed. In the end,
arbitrarily chosen controller parameters {Q,R} also occurs.

APPENDIX E
ADDITIONAL INFORMATION FOR SECTION III-B-2

INITIAL GUESS FOR A SEARCHING AGENT

This study has also investigated if it is possible to increase
the searching speed of (improved) PSO by initialising a ’smart’
position, i.e., controller parameters (Ω), of an agent in the
region of interest by considering the closed-loop second-order
model, where Assumption 5 applies.

Assumption 5:
• Initial process output position is the origin (y0 = 0).
• First order plant model G1(s).
• b = 1.
• PI controller(s)
Through some mathematical operations, the controller pa-

rameters (Ω={KP ,KI}) is obtained as follows:

KP ≈
9.6τ − ts
yrf

yrp .K.ts

KI ≈
(1 + yrf

yrp .K.KP )2

4.τ.y
rf

yrp .K

(36)

where:

• G1(s) =
C.B.y

rf

yrp .K

s−A
=
−C.B.

yrf

yrp .K

A

τs+ 1
In the case where Assumption 5 is inapplicable, the con-

troller parameters obtained by Eq. 36 can be considered as an
’initial guess’ position, instead of placing the agents randomly
in solving problem (2).

Even though this approach may benefit in solving problem
(2), this approach is inapplicable for other types of controllers
such as LQR or MPC controller. Due to its limitation, this
approach will not be considered further, and the result of this
study is not presented in this report.
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Fig. 21: A simple production system

APPENDIX F
ADDITIONAL INFORMATION FOR SECTION III-C

GRAPH-BASED SCHEDULING MODEL

A Petri-nets models the time as a discrete event in a
graph called timed event graph (TEG). The TEG has a
single input transition and a single output transition. A single
output transition means that no conflict is considered for
the tokens consumption in the place, in other words, the
attention is restricted to a certain discrete event in which
all potential conflicts have been solved by some predefined
policy. Symmetrically, a single input transition implies that
there is no competition in supplying tokens in the place. In
the end, mostly synchronisation phenomena (corresponding to
the configuration in which a transition has several input places
and/or several output places) can be considered, and this is the
price to pay for linearity.

In the interconnected unit(s) that TEGs can represent, the
Assumptions 3 and 4 apply in this study.

The timed event graphs (TEGs) can capture the class of
stationary MPL systems [5] and subsequent publications by
many researchers who have interest in this domain.

Example
Consider the system shown in Fig. 21. In the view of Petri

Nets, P1,1 can start work if raw material is ready and P1,1 is
idle. The time when raw material is ready to be processed is
ŭ1(k) + tf1,1

= ŭ1(k) + 3. The time when P1,1 is idle is the
time when P1,1 has completed the previous cycle processing,
which is x̆1,1(k − 1) + tp1,1 = x̆1,1(k − 1) + 8. In Petri Nets,
the firing can only be executed if both of those conditions
satisfied, which is equal to the max operations. Using similar
reasoning, we can determine when P1,3 can start work.

Using similar reasoning but with additional conditions, we
can determine when P1,2 can start work. The conditions are
as follows:
• If both P1,1 and P1,2 are idle, and the raw material is not

ready yet, then ŭ1(k) + tf1,1
+ tp1,1

+ t1,1f1,2
= ŭ1(k) + 13

• If both P1,3 and P1,2 are idle, and the raw material is not
ready yet, then ŭ1(k) + tf1,3

+ tp1,1
+ t1,3f1,2

= ŭ1(k) + 12
• If P1,1 is still working on the previous production cycle

and P1,2 is idle, then x̆1,1(k− 1) + tf1,1 + tp1,1 + t1,1f1,2
+

tp1,2 = x̆1,1(k − 1) + 18.
• If P1,3 is still working on the previous production cycle

and P1,2 is idle, then x̆1,3(k− 1) + tf1,3
+ tp1,3

+ t1,3f1,2
+

tp1,2
= x̆1,3(k − 1) + 21.

• If P1,2 is still working on the previous production cycle,
then x̆1,2(k − 1) + tp1,2

= x̆1,2(k − 1) + 5.
Finally, the time when finished product leaves the whole
processing system is x̆1,2(k) + tp1,2 + te1,2 = x̆1,2(k) + 6.

The following equations are obtained to summarise the
above descriptions in mathematical representation.

x̆1,1(k) = max(x̆1,1(k − 1) + 8, ŭ1(k) + 3) (37)

x̆1,3(k) = max(x̆1,3(k − 1) + 10, ŭ1(k) + 1) (38)

ŭ1

x̆1;2

5

8

10

3

1

8 + 2

y̆1

5 + 1

x̆1;1

x̆1;3
10 + 1

Fig. 22: TEGs representation of a simple production system
in Fig. 21

x̆1,2(k) =max(ŭ1(k) + 13, ŭ1(k) + 12,

x̆1,1(k − 1) + 18, x̆1,3(k − 1) + 21,

x̆1,2(k − 1) + 5)

(39)

y̆1(k) = x̆1,2(k) + 6 (40)

Fig.22 depicts the TEG of the above explanation. If Eq.
(37)-(40) are rewritten in max-plus-algebraic matrix notation,
the MPL system form is obtained. This procedure concludes
that a TEGs can be transformed into a max-plus-linear (MPL)
system model.

APPENDIX G
ADDITIONAL INFORMATION FOR SECTION III-C

MPL SCHEDULING MODEL EXAMPLE

To provide better explanation of how developing an MPL
scheduling model, this appendix present the following exam-
ple.

Consider again the system in Fig. 21. This production
system consists of 3 processing units: P1,1, P1,2, and P1,3.
Raw material is fed to P1,1 and P1,3, processed, and sent to
P1,2 where assembly takes place. The processing times for
P1,1, P1,2, and P1,3 are tp1,1

= 8, tp1,2
= 5, and tp1,3

= 10
time units respectively. It is assumed that it takes tf1,1 = 3
time units for the raw material to get from the input source
to P1,1 and that it takes t1,1f1,2

= 2 time unit for the finished
products of processing unit P1,1 to reach P1,2. In addition, it
takes tf1,3

= 1 time units for the raw material to get from
the input source to P1,3 and that it takes t1,3f1,2

= 1 time unit
for the finished products of processing unit P1,3 to reach P1,2.
Finally, it takes te1,2 = 1 time unit for the finished products
of processing unit P1,2 to leave the whole production line.

Initially, all buffers are empty, and none of the processing
units contains raw material or intermediate products. More-
over, Assumption 3 applies.

A processing unit can only start working on a new product
if it has finished processing the previous one and assumption
4 is applied.

Consider processing unit P1,1. If raw material is fed to the
system for the kth time, then this raw material is available at
the input of processing unit P1,1 at time td = ŭ1(k) + tf1,1

=
ŭ1(k) + 3. However, P1,1 can only start working on the new
batch of raw material as soon as it has finished processing the
previous, i.e., the (k−1)st, batch. Since the processing time on
P1,1 is tp1,1

= 8 time units, the (k− 1)st intermediate product
will leave P1,1 at time td = x̆1,1(k−1)+tp1,1

= x̆1,1(k−1)+8.
Since P1,1 starts working on a batch of raw material as soon
as the raw material is available and the current batch has left
the processing unit, this implies that:

x̆1,1(k) = max(x̆1,1(k − 1) + tp1,1 , ŭ1(k) + tf1,1)

x̆1,1(k) = max(x̆1,1(k − 1) + 8, ŭ1(k) + 3)
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which is equal to Eq. (37) and can be modeled in MPL system
as follows.

x̆1,1(k) = (8⊗ x̆1,1(k − 1))⊕ (3⊗ ŭ1(k)) (41)

for k = 1, 2, .... The condition that initially processing unit
P1,1 is empty and idle corresponds to the initial condition
x̆1,1(0) = ε since then it follows from (41) that x̆1,1(1) =
ŭ1(1)+3, i.e., the first batch of raw material that is fed to the
system will be processed immediately (after a delay of 3 time
units needed to transport/fill the raw material from the input
to P1,1). It is important to notice that this transport/filling time
is not equal to transition time.

Using a similar reasoning, the following equations express
the time instants at which P1,2 and P1,3 start working for the
(k+1)st time and for the time instant at which the kth finished
product leaves the system:

x̆1,3(k) = (10⊗ x̆1,3(k − 1))⊕ (1⊗ ŭ1(k)) (42)

x̆1,2(k) =(tp1,2
⊗ x̆1,2(k − 1))

⊕ (tp1,1
⊗ t1,1f1,2

⊗ x̆1,1(k))

⊕ (tp1,3
⊗ t1,3f1,2

⊗ x̆1,3(k))

x̆1,2(k) =(18⊗ x̆1,1(k − 1))⊕ (21⊗ x̆1,3(k − 1))

⊕ (5⊗ x̆1,2(k − 1))⊕ (13⊗ ŭ1(k))
(43)

y̆1(k) = x̆1,2(k)⊗ 6 (44)

for k = 1, 2, ... The condition that initially all buffers are
empty corresponds to the initial condition x̆1,1(0) = x̆1,3(0) =
x̆1,2(0) = ε.

It is important to emphasize that equations (41)-(44) are
equal to (37)-(40). This proves the equality of TEGs and
MPL system model since both of them utilize the principle
of discrete event system (DES).

By rewriting the resulting equations in MPA matrix notation,
the following equation is obtained.

x̆1(k) =

[
8 ε ε
ε 10 ε
18 21 5

]
⊗ x̆1(k − 1)⊕

[
3
1
13

]
⊗ ŭ1(k)

y̆1(k) = [ε ε 6]⊗ x̆1(k)

where x̆1(k) = [x̆1,1(k) x̆1,3(k) x̆1,2(k)]
>. Note that this

is a model of the form (4)-(5).

APPENDIX H
ADDITIONAL INFORMATION FOR SECTION III-C

DETAIL EXPLANATION OF SS AND MPL SCHEDULING
MODEL COMPARISON

In this appendix, SS and MPL scheduling model in a
batch processing case are compared. To provide consistent
notations, we consider the following definitions: P1 = P1,1;
tf 1 = tf ; te1 = te; tp1 = tp;

1. Computation time
For further investigation, consider a single processing unit

in Fig. 23. and neglect the filling and emptying time (tf = 0
and te = 0). The P1 unit can only execute one type of task
(nq = 1). Thus, we do not need SMPL scheduling model. The
following assumption is applied.

Assumption 6: Once the unit completes the current batch,
it immediately starts executing the next batch without any
waiting time in between. This defines autonomous system.
In SS scheduling model, Assumption 6 is indicated by

WT (td) =

{
1, if td = 0 ∪ td = k.tp, k > 0

0, otherwise
(45)

P1

tp1

OutputInput

Fig. 23: Single processing unit

P1

tp1

RM 1

tf1 te1

Fig. 24: Graphical representation of SPU in SS system
scheduling model

In MPL scheduling model, Assumption 6 is indicated by

ŭ1(k) =

{
0, if k = 1

x̆1(k − 1)⊗ tp, if k > 1
(46)

The SS scheduling model representing the case in Fig.24
can be transformed into the general form of SS scheduling as
shown in Eq.(3).

The components inside Eq.(3) representing Fig.24 are as
follows:

• Ăss =



0 0 . . . 0 0

1
. . . . . . 0 0

0 1
. . .

... 0
...

. . . . . . 0 0
0 . . . 0 1 0

; B̆ss =


1
0
...
0
0


• τ̆ = tp

• x̆ss(td) =
[
W̄ 1
T (td) . . . W̄ τ̆1−1

T (td) W̄ τ̆1
T (td)

]>
• ŭss(td) = [WT (td)]
• W̄ jd

T (td) ∈ {0, 1} is the key decision variable of P1 that
provide the status of P1 executing the jthd time instant of
task T at time instant td and jd ∈ (1, τ̆).

– W̄ jd
T (td) = 1 means that at time instant td, P1 is

executing the jthd time instant of task T .
– W̄ jd

T (td) = 0 means that at time instant td, P1 is not
executing the jthd time instant of task T .

Eq. (45) can be rewritten into WT (td) = W̄ τ̆
T (td) meaning

that once P1 is executing the last time instant of task T at
time instant td, P1 is ready to execute the next batch of task
T at time instant td + Ts. This mathematical representation
will lead to an autonomous system as follows.

x̆ss(td + Ts) = Ăssx̆ss(td) (47)

where Ăss =



0 0 . . . 0 1

1
. . . . . . 0 0

0 1
. . .

... 0
...

. . . . . . 0 0
0 . . . 0 1 0


The MPL scheduling model representing the case shown

in Fig. 25 can be transformed into the general form of MPL
scheduling as shown in Eq.(4)-(5).

The components inside Eq.(4)-(5) representing Fig.24 are
as follows:
• Ă = tp; B̆ = 0; C̆ = 0
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P1

tp1

ŭ1(k) y̆1(k)

tf1 te1

Fig. 25: Graphical representation of SPU in scheduling MPL
system model

Incorporating Eq. (46), the following autonomous system
in MPL scheduling model is obtained.

x̆1(k) =

{
0, if k = 1

Ă1 ⊗ x̆1(k − 1), if k > 1
(48)

Given various values of unit processing time or batch time
(tp) and number of cycle (nk) that maintain the same length
of simulation time (tdmax ), Table. X shows the computation
time comparison of autonomous system between SS and MPL
scheduling model. Indeed, the longer the batch time, the
more computation time reduction obtained in MPL scheduling
model.

The computation time refers to the time required to compute
the solution of all scheduling problem simulated from td = 0
to td = tdmax .

tp tdmax nk CT ?SS CT ?MPL %Red

20 100 5 0.016986 0.001293 92.4%
10 100 10 0.014121 0.001468 89.6%
5 100 20 0.013025 0.002009 84.6%

TABLE X: Computation time comparisons; CT ?SS that is
computation time with SS scheduling model, CT ?MPL that
is computation time with MPL scheduling model, %Red =
CT?SS−CT

?
MPL

CT?SS
.

It is also important to emphasise that the size of system
matrices in Eq. (47) or, in general, (3) significantly increases
if the batch time and/or the amount of unit increases. This
significant increase does not apply to MPL scheduling model,
leading MPL outperforms SS in computation time aspect.

2. Capacity constraint
SS scheduling model can consider capacity constraint by

incorporating the information of raw material and inventory
level in the state of the model and adjust the system matrices
to incorporate the dynamic of material [35].

Consider the standard form of SS scheduling model shown
in Eq. (3) with the following modifications to incorporate
capacity constraint:

• Ăss =



0 0 . . . 0 0 0 0

1
. . . . . . 0 0 0 0

0 1
. . .

... 0
...

...
...

. . . . . . 0 0 0 0
0 . . . 0 1 0 0 0
0 . . . . . . . . . 0 1 0
0 . . . . . . . . . βT 0 1



• B̆ss =



1
0
...
0
0
−βT

0


x̆ss(td) =



W̄ 1
T (td)

W̄ 2
T (td)

...
W̄ τ̆−1
T (td)
W̄ τ̆
T (td)

SRM (td)
S(td)


• ŭss(td) = [WT (td)]

Note that in the above modification, the (incoming/outgoing)
shipments are neglected in the model. By defining the con-
straints of raw material resource and inventory capacity, and
including them in solving scheduling optimisation problem
simultaneously, the scheduling policy that considers capacity
constraint is obtained.

In MPL scheduling model, Assumption 3 and 4 normally
applies[10],[28]. Thus, an additional treatment is required to
incorporate capacity constraint in MPL scheduling model for
an interconnected process that has a tight capacity constraint
in each sub-process.

It is possible to define the dynamic of inventory and raw
material resources in MPA as follows:
• For k > 0

SRM (td + Ts) =

{
SRM (td)⊗ (−tp(td))⊗

F

, if td = ŭ1(k)

SRM (td), if otherwise
(49)

• For k > 1

S(td + Ts) =

{
S(td)⊗ tp(td)⊗

F

, if td = x̆(k)

S(td), if otherwise
(50)

Therefore, solving scheduling optimisation problem
simultaneously that considers capacity constraint like SS
scheduling model capable of doing so, is attractive for further
investigation.

3. Task switching
Task switching is possible for both SS [35] and SMPL

scheduling model [39]. It is important to notice that having
more tasks in the interconnected process means increasing
the computation time significantly in an SS scheduling model
because it integrates all the dynamic of possible tasks in
one model. Unlike SS system, SMPL scheduling model
only executes the selected task (or ’mode’ according to the
definition in Eq. (6)-(7)) and additional switching algorithm
to select the best mode.

4. Disturbance handling
This study considers a batch processing; thus, it is possible

to sense or measure the time deviation (error of time) when a
processing unit starting or completion time deviates from the
scheduling policy and its estimation. This type of measurement
identifies whether a unit starts late (or earlier) or complete the
task late (or earlier). Time deviation may occur due to various
type of uncertainties, e.g., task delay or task yields (due to
process disturbance).

SS scheduling model enables rescheduling policy to deal
with uncertainties every (discretised) time instant [35].
Whereas, MPL scheduling model enable rescheduling policy
after obtaining deviation information at the beginning or end
of a task, which is enough and computationally effective for
a batch processing case.

APPENDIX I
ADDITIONAL INFORMATION FOR SECTION IV-A
FURTHER STUDY OF SCHEDULING PROBLEM IN

MAX-PLUS-ALGEBRA REPRESENTATION

This appendix presents the following MPA scheduling prob-
lems: 1) demand pattern-due date, these are tardiness and
perishable goods [9], 2) unit changeover, these are completion
time [28] and total effective equipment performance (TEEP),
and 3) product sequence.

Inspired by the completion time MPA scheduling problem,
this study introduces a new batch MPA scheduling problem
objective (or cost criterion) that focus on maximising total
effective equipment performance (TEEP) indicated by min-
imising unit’s waiting or idle period.

Furthermore, this study also introduces the idea to develop
MPA representation of a popular scheduling problem objective
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(or cost criterion), product sequence scheduling problem.

1. Demand pattern-due date scheduling
If the due dates for the finished products are known and if

every delay has to be penalized, a well-suited cost criterion is
the tardiness:

J =

Np⊗
j=1

np⊗
i=1

(y̆i(k + j|k)− ri(k + j|k))⊕ 0 (51)

If the due dates for the finished products are known, and if
the goods are perishable such that every difference between
the due dates and the actual output time instants has to be
penalised, a perishable cost criterion is well-suited as shown
in Eq.(8).

The standard MPC for the MPL systems scheduling problem
is shown in Eq.(9). Where J described either in Eq. (51) or
(8), is subject to:
• Scheduling dynamic for Np horizon [9].

ˆ̆yi(k) = H⊗ ˆ̆ui(k)⊕ G ⊗ x̆i(k) (52)

where:

H =

 C̆i ⊗ B̆i . . . ε
...

. . .
...

C̆i ⊗ Ă⊗
Np−1

i ⊗ B̆i . . . C̆i ⊗ B̆i



G =

 C̆i ⊗ Ăi
...

C̆i ⊗ Ă⊗
Np

i


• Scheduling linear constraint for Np horizon [9].

Di ˆ̆ui(k) + Fi ˆ̆yi(k) ≤ ĥi(k) (53)

• Time as non-decreasing input [9].

∆ŭi(k + j) ≥ 0 for j = 0, ..., Np − 1 (54)

• Starting time constraint regulation, to determine the max-
imum and minimum allowable limit of starting time
between cycles.

∆ŭi− ≤ ∆ŭi(k + j) ≤ ∆ŭi+ (55)

It is important to notice that in 1-D case, cost criterion (51) has
multiple solutions while (8) has a unique solution. Therefore,
in case of tardiness problem, normally, an additional input
cost criterion is required to regulate the solution [9].

1.1. Global minima
The study of MPL convexity has been conducted by many

researchers [7],[11],[15],[16]. This section illustrates the con-
vexity through a simple example.

Consider a single processing unit shown Fig. 25, in which
np = 1, tf = te = tf1

= te1 = 0 and tp = tp1
= 5.

The initial condition is ŭ1(0) = 0 and x̆1(0) = ε. The MPL
system scheduling model is as follows:

x̆1(k) = 5⊗ x̆1(k − 1)⊕ 0⊗ ŭ1(k)

y̆1(k) = 5⊗ x̆1(k)

For simplicity reasons, neglect constraints stated in Eq. (53)
and (55) and the scheduling prediction horizon Np = 1.

The first cycle finished product due date is exactly at r(1) =
12 time instant. Thus, the applicable cost criterion is perishable
goods as shown in Eq. (8). Fig. 26 shows that only one global
minimum exists (and no local minima exists).

Considering a 2-D case shown in Fig. 27 and with initial
condition of ŭ1(0) = [0 0]

> and x̆1(0) = [ε ε ε]
>, Fig.

28 is obtained, which shows the existence of global minima
(and no local minima).
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Fig. 26: Cost criterion curve of perishable goods with 1-D
case showing the convexity of the problem. (ŭ1 is the starting
time of unit P1)
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ŭ1(k)
0 0

P1;3

tp1;3 = 3
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Fig. 27: A simple production system with two starting times
(2-D case)

1.2. Using SMPL system for multi-product demand case
This section supports the explanation about SMPL schedul-

ing model for multi-product demand case in Section IV-A.
As can be seen in Eq.(10), we have additional input argu-

ment qi,ii(k) representing the type of raw material supplied
to create certain product. In this study, the input argument
qi,ii(k) influences (either add or subtract) the element inside
system matrices Ă(qi,ii)

i , B̆
(qi,ii)
i and C̆(qi,ii)

i . This addition and
subtraction operation causes a shift in unit starting time ŭi(k).
Therefore, it seems that the convexity remains in this case
because having one more decision variable means increasing
one degree of the problem dimension.

To illustrate the aforementioned explanation, consider
a single processing unit shown Fig. 25, where np = 1,
tf = te = tf1

= te1 = 0, Np = 1 and five modes of
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Fig. 28: Cost criterion curve of perishable goods with 2-D
case showing the convexity of the problem. (ŭ1 is the starting
time of unit P1,1 and ŭ2 is the starting time of unit P1,3)

25



26

7

6

0
5

t
p

1

q(1)0 1 2 3 4

2

5

Starting time of unit P
1

46 7 8 9 10

4

11 12 313 14

C
os

t c
rit

er
io

n 
of

 
P

er
is

ha
bl

e 
go

od
s 

(J
(1

))

6

8

10

Fig. 29: Cost criterion curve of perishable goods with 1-D
(SMPL) case shows the convexity of the problem. (ŭ1 is the
starting time of unit P1)

x̆nr
(k)

x̆1(k)

x̆1(k + 1)

x̆nr
(k + 1)

P1;1 P1;nc

Pnr;1 Pnr;nc

ŭ
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Fig. 30: The illustration of unit changeover scheduling prob-
lem formulation

the processing unit where t
(1)
p1 = 3, t(2)

p1 = 4, t(3)
p1 = 5,

t
(4)
p1 = 6 and t

(5)
p1 = 7 (Note that tp

(q)
1 = tp

(q)). As a result,
Fig. 29 shows that the convexity remains in this specific
multi-product-perishable goods due date case.

2. Unit changeover scheduling
Unit changeover scheduling is another class of scheduling

problem. Its fundamental problem is finding the right
’switching’ such that the cost criterion (or scheduling
objective) is maximised or minimised. To formulate this
scheduling problem, we encode the units as illustrated in Fig.
30.

2.1 Completion time
One MPL scheduling model of this class of problem,

focusing on minimising completion time, [28] introduces the
following cost criterion:

J = y̆(Np − 1) (56)

The scheduling problem is:

min
ŭs(k)

J (57)

subject to:
• MPL scheduling dynamic model of the parallel batch

processes.

x̆(k) =Ă⊗ x̆(k − 1)⊕ B̆s ⊗ ŭs(k)

y̆(k) =C̆ ⊗ x̆(k)
(58)

• Constraints of switching variables
It is important to notice that in this case, the starting time
depends on the switching policy ŭs. Moreover, Assumption
3-4 are employed.

2.2 TEEP
In this case, Assumption 3-4 are still employed. The main

problem is finding the optimal switching policy that maximises
all units capacity utilisation by minimising waiting time of
each processing unit. This definition leads to the following
cost criterion:

J =

Np⊗
j=1

nr⊗
z=1

nc⊗
zz=1

twz,zz(k + j|k) (59)

subject to:

• Waiting time definition.
twz,zz(k)⊗ (tpz,zz−1 ⊗ (x̆z,zz−1(k)⊕ ŭsz,zz−1(k + 1)) =

x̆z,zz(k)⊕ ŭsz,zz(k + 1)

• MPL scheduling dynamic model of the parallel batch
processes as shown in Eq.(59).

• Constraints of switching variables.
The scheduling problem can also be written as in Eq. (57).

If an SMPL system scheduling model is considered, then a
switching mode qz,zz(k) is required as an additional decision
variable.

It is important to emphasise that this class of scheduling
is practical for a large-scale industrial interconnected plant
because frequent starting up and shutting down a processing
unit are not preferable in industrial practice.

In fact, both MPL scheduling problem shown in equation
(9) and (57) have a similar idea of an optimisation problem.
Identical to the SMPL system scheduling problem, unit
changeover scheduling problem also ends up with equation
(10) for its associated optimisation problem.

3. Product sequence scheduling
Product sequence scheduling problem is the most popular

scheduling problem investigated in an integrated problem, see
[3] and [41] to name a few. In this scheduling problem,
Assumption 3-4 are employed. Moreover, a cyclic or periodic
scheduling is considered, that is, the production wheel is
divided into Np slots and nq products are produced in the
wheel.

This study only considers a single processing unit, leads
to no (interconnection) switching policy ŭs that is required.
Moreover, no due date is applied in the product slot within
a production cycle, leads to no starting time policy ŭ that is
required for specific mode/product. Thus, there is only one
decision variable left for the scheduling problem, that is the
unit ’mode q(k)’ at every product slot.

If the transition time is neglected, then whatever the se-
quence of the product (or mode q(k)), the time when a cycle
finishes and the amount of required raw materials are always
the same. Thus, no scheduling optimisation problem exists.

The sequence of the product matters if the transition time is
considered because different sequence results in the different
amount of total raw materials to supply. Moreover, the differ-
ence of sequence creates different transition period that finally
will impact production cycle’s completion time

In fact, the scheduling problem depicted in Eq. (10) also
considers ’mode’ as one of its decision variables. Besides,
this scheduling problem also contributes to the integrated
scheduling problem described in (15). Thus, without loss of
generality, perishable goods with SMPL system scheduling
problem may be utilised to represent this class of scheduling
problem.
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4. The importance of the convexity
As mentioned in Section I, having a convex optimization

problem in MPL scheduling representation is essential to
obtain a convex integrated MPL scheduling problem. Based on
the aforementioned explanation, the demand pattern-due date
MPL scheduling problem is a convex optimization problem.
Unfortunately, there is no proof showing the convexity of
either completion time, TEEP or product sequence scheduling
problem in MPL system. Based on this observation, we
continue with the demand pattern-due date MPL scheduling
problem, especially the perishable goods MPL scheduling
problem, for the rest of the study.

APPENDIX J
ADDITIONAL INFORMATION FOR SECTION V-A

ALGORITHMS

Algorithm 1 Known optimal pre-determined transition time
(ts

(q|l?)
i,ii ) - Decomposition sequential method (MPL)

Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set: {ts(q|l?)

i,ii ,Ω
(q|l?)
i,ii , δ

(q|l?)
i,ii }

• mode, q = 1;
• MPL system scheduling model, (13)-(14);
• precise plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

1. Integrate ts
(q|l?)
i,ii to (13)-(14);

2. Obtain ˆ̆u?i and Ω̂?
i,ii;

2.1 ˆ̆u
(q|l?)?

i ← solve problem (15);
2.2 ˆ̆u?i ← ˆ̆u

(q|l?)?

i ;
3. Obtain Ω̂

(q|l?)?

i,ii from the transition set;
3.1 Ω̂?

i,ii ← Ω̂
(q|l?)?

i,ii ;
4. Implement ˆ̆u?i and Ω̂?

i,ii in the plant for Np prediction
horizon;

Algorithm 2 Known optimal pre-determined transition time
(ts

(q|l?)
i,ii ) - Decomposition sequential method (SMPL); q > 1

Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set: {ts

(q|l?)
i,ii ,Ω

(q|l?)
i,ii , δ

(q|l?)
i,ii }

• (S)MPL system scheduling model, (13)-(14);
• precise plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);
• define switching mode policy, i.e, competitive analysis;

1. Integrate ts
(q|l?)
i,ii to (13)-(14);

2. Obtain ˆ̆u
(q|l?)?

i and ω(q|l?)? ;
For q = 1 : nq

2.1. ˆ̆u
(q|l?)?

i ← solve problem (15);
2.2. ˆ̆y

(q|l?)?

i ← use Eq. (13)-(14);
Run simulation;
2.3. Obtain Ω̂

(q|l?)?

i,ii from the transition set;
2.4. Simulate ˆ̆u

(q|l?)?

i and Ω̂
(q|l?)?

i,ii in the closed-loop
model for Np prediction horizon;

2.5. ω(q|l?)? ← use Eq. (11);
End

3. Execute switching mode policy;
3.1 [q?, ω(q?|l?)? ] =min ω(q|l?)? ;
3.2 ˆ̆u?i ← ˆ̆u

(q?|l?)?

i ;
3.3 Ω̂?

i,ii ← Ω̂
(q?|l?)?

i,ii ;
4. Implement ˆ̆u?i , q? and Ω̂?

i,ii in the plant for certain Np
prediction horizon;

Algorithm 3 CSM
Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set:

– For MPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

– For SMPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

• (S)MPL system scheduling model, (13)-(14);
• precise plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

If q = 1 (MPL)
1. Get optimal transition set;

1.1. ts
(q|l?)
i,ii ← ts

(q|lmin)
i,ii ;

1.2. Ω
(q|l?)
i,ii ← Ω

(q|lmin)
i,ii ;

1.3. δ(q|l?)
i,ii ← δ

(q|lmin)
i,ii ;

2. Execute Algo. 1;
End
If q > 1 (SMPL)
1. Get optimal transition set;

1.1. ts
(q|l?)
i,ii ,← {ts

(q|lmin)
i,ii ;

1.2. Ω
(q|l?)
i,ii ← Ω

(q|lmin)
i,ii ;

1.3. δ(q|l?)
i,ii } ← δ

(q|lmin)
i,ii ;

2. Execute Algo. 2;
End
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Algorithm 4 IM
Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set:

– For MPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

– For SMPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

• (S)MPL system scheduling model, (13)-(14);
• precise plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

For l = 1 : Nl
If q = 1 (MPL)

1. Get transition set: {ts(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

2. Integrate ts
(q|l)
i,ii to (13)-(14);

3. Obtain ˆ̆u
(q|l)?
i and ω(q|l)? ;

3.1 ˆ̆u
(q|l)?
i ← solve problem (15);

4. Obtain Ω̂
(q|l)?
i,ii from the transition set;

5. Simulate ˆ̆u
(q|l)?
i and Ω̂

(q|l)?
i,ii in the closed-loop

model for Np prediction horizon
6. ω(q|l)? ← use Eq. (11);

End
If q > 1 (SMPL)

1. Get transition set: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

2. Integrate ts
(q|l)
i,ii to (13)-(14);

3. Obtain ˆ̆u
(q|l)?
i and ω(q|l)? ;

For q = 1 : nq
3.1. ˆ̆u

(q|l)?
i ← solve problem (15);

3.2. ˆ̆y
(q|l)?
i ← use Eq. (13)-(14);

Run simulation;
3.3. Obtain Ω̂

(q|l)?
i,ii from the transition set;

3.4. Simulate ˆ̆u
(q|l)?
i and Ω̂

(q|l)?
i,ii in the closed-

loop model for Np prediction horizon;
3.5. ω(q|l)? ← use Eq. (11);

End
4. Execute switching mode policy;

4.1 [q?, ω(q?|l)? ] =min ω(q|l)? ;
4.2 ˆ̆u

(q?|l)?
i ← ˆ̆u

(q?|l)?
i ;

4.3 Ω̂
(q?|l)?
i,ii ← Ω̂

(q?|l)?
i,ii ;

End
End
If q = 1 (MPL)

7. Select the most economically optimal controller
parameters;
7.1 [l?, ω(q|l?)? ] =min ω(q|l)? ;
7.2 ˆ̆u?i ← ˆ̆u

(q|l?)?

i ;
7.3 Ω̂?

i,ii ← Ω̂
(q|l?)?

i,ii ;
8. Implement ˆ̆u?i and Ω̂?

i,ii in the plant for Np prediction
horizon;

End
If q > 1 (SMPL)

5. Select the most economically optimal controller
parameters;
5.1 [l?, ω(q?|l?)? ] =min ω(q?|l)? ;
5.2 ˆ̆u?i ← ˆ̆u

(q?|l?)?

i ;
5.3 Ω̂?

i,ii ← Ω̂
(q?|l?)?

i,ii ;
6. Implement ˆ̆u?i and Ω̂?

i,ii in the plant for Np prediction
horizon;

End

Algorithm 5 CDM (for a single processing unit)
Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set:

– For MPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

– For SMPL: {ts
(q|l)
i,ii ,Ω

(q|l)
i,ii , δ

(q|l)
i,ii }

• (S)MPL system scheduling model, (13)-(14);
• precise plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

Initialize: y̆i(0) = 0;
If q = 1 (MPL)

1. Identify the critical path as serial production line i←
use Eq. (23);

2. th(q)(k)← th
(q)
i,ii (see Eq. (21));

If ri(k) < th
(q)(k)⊗ y̆i(k − 1)

3. ts
(q|l?)
i,ii (k)← ts

(q|lmax)
i,ii (k)− th(q)(k) + ri(k)
−y̆i(k − 1);

else
3. ts

(q|l?)
i,ii (k)← ts

(q|lmax)
i,ii (k);

End
4. Get optimal transition set: {ts(q|l?)

i,ii ,Ω
(q|l?)
i,ii , δ

(q|l?)
i,ii }

5. Execute Algo. 1;
End
If q > 1 (SMPL)

For q = 1 : nq
1. Identify the critical path as serial production line
i← use Eq. (23);

2. th(q)(k)← th
(q)
i,ii (see Eq. (21));

If ri(k) < th
(q)(k)⊗ y̆i(k − 1)

3. ts
(q|l?)
i,ii (k)← th

(q)(k)− ri(k) + y̆i(k − 1);
else

3. ts
(q|l?)
i,ii (k)← ts

(q|lmax)
i,ii (k);

End
End
4. Get optimal transition set: {ts

(q|l?)
i,ii ,Ω

(q|l?)
i,ii , δ

(q|l?)
i,ii }

5. Execute Algo. 2;
End

Algorithm 6 Reactive scheduling
Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set: {ts(q|l?)

i,ii ,Ω
(q|l?)
i,ii , δ

(q|l?)
i,ii }

• mode, q = 1;
• MPL system scheduling model, (13)-(14);
• possibly mismatch plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

For k = 1 : Nk
1. Execute Algo. 1;
2. Get ĕi(k)← see Eq. (24);
If ĕi(k) 6= 0

3. Update ts
(q|l?)
i,ii (k + 1)← see Eq. (25);

End
If ĕi(k − 1) 6= 0

4. Update δs
(q|l?)
i,ii (k + 1)← δ̃

(q|l?)
i,ii (k);

End
End
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Algorithm 7 Reactive control actions
Given:
• cost related variables: Fi,ii, Cp, Cr, α;
• transition set: {ts(q|l?)

i,ii ,Ω
(q|l?)
i,ii , δ

(q|l?)
i,ii }

• mode, q = 1;
• MPL system scheduling model, (13)-(14);
• possibly mismatch plant model, (30);
• control system model, (30), (31), and (33) or (34) or (35);

For k = 1 : Nk
1. Execute Algo. 1;
2. Get ĕi(k)← see Eq. (24);
If ĕi(k) 6= 0

3. Re-identify and update plant model;
4. Re-run off-line dynamic optimization (see solve

prob. (2));
5. Update Ω

(q|l?)
i,ii (k + 1);

6. Update δ(q|l?)
i,ii (k + 1);

7. Update ts
(q|l?)
i,ii (k + 1);

End
End

APPENDIX K
ADDITIONAL INFORMATION FOR SECTION VI

A. Taking into account constraints and multivariable states
Fig. 11 shows the benefit of using integrated scheduling

model. However, an extremely high input temperature in the
beginning appears. In many cases, a unit has both input
and state constraints. Thus, this section also considers input
constraint, umin = 0o C and umax = 45o C. The input of
saturated PI controller saturates in the input constraints.

Not only comparing unsaturated and saturated PI controller,
but this section also examines the performance of MPC,
that can deal with constraints and multiples states and input
simultaneously. Moreover, MPC has also been widely used in
industrial practice. For this comparison, the transition time is
tighter than the previous section, ts = 4.4 seconds.

After solving problem (2) and by considering the con-
straints, the obtained saturated PI controller parameters are
{KP ,KI} = {0.0001, 96.9911}. While for MPC, the obtained
controller parameters are {Q,R} = {0.0001, 58.2856}. In
addition, the controller parameters of unsaturated PI controller
are {KP ,KI} = {0.6403, 31.0859}.
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Fig. 31: Trajectory performance simulation result (first cycle);
x1(t) is controlled temperature trajectory and u(t) is manip-
ulated jacket temperature trajectory

Fig. 31 shows that unsaturated PI controller extremely
violates the input constraint, while saturated PI and MPC
controller can satisfy the input constraint. As the economic
impact, Table XI shows that MPC controller outperforms
both PI controllers in terms of minimising transition cost
significantly.

Cost Estimated (e) Actual (e) Deviation (e)

Unsaturated PI

ω1 0.00 0.00 0.00
ω2 6000.00 5998.10 1.90
ω3 808.43 808.43 0.00
ω 6808.43 6806.53 1.90

Saturated PI

ω1 0.00 0.00 0.00
ω2 6000.00 5998.08 1.92
ω3 737.47 737.47 0.00
ω 6737.47 6735.56 1.92

MPC controller

ω1 0.00 0.00 0.00
ω2 6000.00 6000.00 0.00
ω3 660.00 660.00 0.00
ω 6660.00 6660.00 0.00

TABLE XI: Economic simulation results
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Fig. 32: Relationship between controller parameters set
{KP ,KI}(q|l), transition time set ts

(q|l) and unitary transition
cost set δ(q|l) resulted by unsaturated PI controller (2 of 5
simulation results); (b) δ(q|l) is a function of ts

(q|l)

The advantages of MPC both in constraint satisfaction and
multiple states control, in fact, has a price on computation
time. It takes 9.63 seconds to complete the simulation for MPC
controller. Meanwhile, both PI controllers take 3.00 − 3.50
seconds to complete the simulation.

B. The relationship between controller parameters, transition
time and transition cost

The planning layer provides a set of transition time ts
(q|l)
1 =

[1, 4.7] seconds. Five simulations are executed to achieve each
element of the given transition time set.

As the result of simulations, Fig. 32 shows that unsaturated
PI controller produces an inconsistent relationship between
controller parameters and transition time. A linear pattern
appears on the relation between transition time and transition
cost. However, assuming linear relation may lead to profit loss.
A noticeable trend is that the longer the transition time, the
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Fig. 33: Relationship between controller parameters set
{KP ,KI}(q|l), transition time set ts

(q|l) and unitary transition
cost set δ(q|l) resulted by saturated PI controller (2 of 5
simulation results); (b) δ(q|l) is a function of ts

(q|l)
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Fig. 34: Relationship between controller parameters set
{Q,R}(q|l), transition time set ts

(q|l) and unitary transition
cost set δ(q|l) resulted by MPC (2 of 5 simulation results); (b)
δ(q|l) is a function of ts
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higher the variance of associated controller parameters and
transition cost.

Meanwhile, Fig. 33 shows that saturated PI controller can
reduce the variance of associated controller parameters and
transition cost in longer transition time. Furthermore, Fig. 34
indicates that MPC controller can reduce the variance even
further that cost on the MPC’s ability to achieve specific
transition time. As can be seen, MPC controller is not able to
reach transition time less 3 seconds or more than 4.2 seconds.

From this investigation, it seems that the relation between
transition cost and transition time depends on controller pa-
rameters, process dynamics, process constraints and range of
transition time set. Thus, it is crucial to obtain exact data
containing transition time set and the associated controller pa-
rameters, and the resulting transition cost set in the beginning
before deciding which method to use to solve the integrated
problem.
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