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Pref ace 

This thesis consists of an introduction and the following eight papers, 
which were written during the period 1986-1990: 

1. G.J.M. VAN WEE, Improved sphere bounds on the covering radius of 
codes, IEEE Tmnsactions on Information Theory 34 (1988), 237-245. 

2. A.C. LOBSTEIN AND G.J.M. VAN WEE, On normal and subnormal 
q-ary codes, IEEE Transactions on Information Theory 35 (1989), 
1291-1295, and 36 (1990), 1498. 

3. G.J.M. VAN WEE, On the non-existence of certain perfect mixed 
codes, Discrete Mathematics 87 (1991), 323-326. 

4. G.J.M. VAN WEE, More bina.ry covering codes are normal, IEEE 
Tmnsactions on Information Theory 36 (1990), 1466-1470. 

5. G.J.M. VAN WEE, Bounds on packings and coverings by spheres in 
q-ary and mixed Hamming spaces, to appear in Joumal of Combina
torial Theory (A) 56 (1991). 

6. J.H. VAN LINT, JR., AND G.J.M. VAN WEE, Generalized bounds 
on bina.ry /ternary mixed packing- and covering codes, to appear in 
Journal of Combinatorial Theory {A) 56 (1991). 

7. G.J.M. VAN WEE, G.D. COHEN' AND S.N. LITSYN, A note on 
perfect multiple coverings of the Hamming space, to appear in IEEE 
Tmnsactions on Information Theory 37 (1991). 

8. R. PELLIKAAN, B.Z. SHEN, AND G.J.M. VAN WEE, Which linear 
codes are algebraic-geometric?, to appear in IEEE Tmnsactions on 
Information Theory 37 (1991). 

As indicated, each of these papers has been a.ccepted for publication 
by an international mathematical journal and has already appeared 
or is about to appear. 1 have listed the papers in the order in which 
they were submitted. This order is the same as the order in which the 
papers appear in the thesis. Each paper, as well as the Introduction, 
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VI PREFACE 

has its own bibliography. 1 have tried to write the lntroduction in such 
a way that it should leave mathematicians who are not familiar with 
coding theory with a fair impression of the topics dealt with in the 
papers, and their relation. 1 do hope, that, to a certain extent, the 
same hoÎds for those who do not have a mathematica! background at 
all. The Abstract gives a very brief outline of the main results. A 
Dutch translation of the Abstract is given at the end of the thesis. 

There are several persons to whom 1 would like to express my grat
itude. First of all 1 thank my supervisor, Prof. dr. J. H. van Lint, 
for his guidance and support. 1 see it as an honour to be a member of 
his research group. 1 would also like to thank Prof. dr. R. Tijdeman, 
who was my supervisor at the time when 1 was a graduating student 
at the University of Leiden; his advices while writing my first paper 
are still most valuable to me. Furthermore, my thanks go to my co
authors Antoine Lobstein, Jack van Lint, Jr., Gérard Cohen, Simon 
Litsyn, Ruud Pellikaan, and Shen Bazhong, for the pleasure 1 had 
working with them. Considerable debt 1 owe to Ruud Pellikaan, for 
his many advices concerning algebraic geometry. To him and all the 
other members of the Discrete Mathematics group 1 owe many thanks 
for the help, of any kind whatsoever, 1 have received during my stay 
among them. Special thanks go to Prof. dr. A. E. Brouwer, Prof. dr. 
G. D. Cohen, Prof. dr. H.C. A. van Tilborg, and, of course, my super
visor, for their constructive comments on the contents of this thesis. 1 
should not forget Iiro Honkala and Heikki Hämäläinen: 1 very much 
appreciated communicating with them about the history of football 
pool systems. 

The manuscripts of the third, the fifth, and the sixth paper were 
typed by Ms. S. P. M. Michiels-den Ouden and Ms. C. C. H. Welten
Verhulst. 1 am very much indebted to these two persons for their 
excellent work. The first four papers in this thesis are reprinted from 
the journals in which they appeared. 1 am grateful to the people at 
IEEE Publishing and at Elsevier Science Publishers for the nice treat
ment of my papers. For the support 1 received during my four years 
of research 1 thank my employer, the Netherlands organization for 
scientific research (NWO). Last hut not least 1 thank the Eindhoven 
student speed skating club ISIS and the Eindhoven student dancing 
club Footloose for making these four years even more enjoyable. 

Eindhoven, April 1991 GERHARD VAN WEE 
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ABSTRACT 

This thesis consists of eight papers and an introductory chapter. The 
topics of these papers make part of the mathematieal research areas 
known as combinatorics and algebraic coding theory. The methods 
and techniques involved are mostly of a combinatorial, algebraic or 
algebraic-geometrical nature. 

The first paper is concerned with lower bounds on the number of 
codewords in covering codes. We use counting arguments to establish 
a significant and rather general improvement on the sphere covering 
hound, which is a well-known lower bound on K(n, R), the minimal 
number of codewords in a binary code of length n with covering ra
dius R. As a corollary, we obtain a new infinite sequence of exactly 
determined values of K(n, R): 

K(2", 1) = 2<2"-") for r = 1, 2, .... 

Related to this result we state a. conjecture concerning perfect codes. 
In the second paper we generalize the concepts of a normal and 

a subnormal code to codes over arbitrary alphabets. We investiga.te 
which q-ary codes are normal or subnormal. We prove that a q-a.ry 
perfect code is normal if and only if it is binary or trivial. We de
rive a. genera.l lower bound on the number of codewords in a ternary 
subnormal code. 

Partly based on the techniques introduced in the first paper a 
nonexistence theorem concerning mixed perfect codes is proved in the 
third paper. 

In the fourth paper we solve in the case R = 1 the conjecture by 
Cohen, Lobstein and Sloane tha.t among the codes of length n with 
covering radius R ha.ving K ( n, R) codewords there is a normal code. 
In fact, we prove that all such codes are norrnal in the case R = 1. We 
also prove that every binary code with minimal distance at least twice 
its covering radius is norrnal, and we generalize Frankl's construction 
of abnormal binary codes with covering radius 1 to arbitrary covering 
radii. 

In the fifth and the sixth paper we investigate how to extend the 
results of the first paper to codes over arbitrary alphabets ( q-a.ry or 
mixed). Moreover, we give useful modifications of the basic idea, and 
we consider applications to error-correcting codes 
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2 ABSTRACT 

The seventh paper is about so-called perfect multiple coverings 
(PMC's). These are codes which are perfect in the sense that for 
fixed numbei"s r and µ every word is within Hamming distance r from 
exactly p. codewords. This generalizes the concept of an ( ordinary) 
perfect code, which we get if µ = 1. We give a short analysis of the 
existence of PMC's, where we mostly restrict ourselves to the case 
r = 1. 

Finally, in the eighth paper we investigate which linear codes can 
be obtained from algebraic curves over finite fields using Goppa's con
struction. It turns out that this question makes sense only if we impose 
a certain condition on the degree of the divisor on the curve concerned, 
since otherwise all linear codes can be constructed this way. lmpos
ing this condition, we prove that the only q-ary Hamming codes that 
are algebraic-geometric in this sense are those with redundancy one or 
two and the hinary [7 ,4,3] code. Moreover, in the case of the hinary 
[7 ,4,3] code we prove that the construction, that is to say, the triple 
(curve,points,divisor), is unique, in a certain sense. 



Introduction 

Consider the following problem. Suppose we haven football matches, 
which have not been played yet. Each match has three possible out
comes: the home team wins, loses, or the match ends in a draw. So, in 
total, there are 3n possible outcomes. Hence there a.re also 3n possible 
forecasts. Here we mean by a forecast a list of n predicted outcomes, 
one outcome for each match. Now suppose that people a.re invited to 
submit forecasts, as many as they like. For each forecast each par
ticipant has to pay a fixed amount of money. In exchange, after the 
matches have been played, part of the money brought together this 
way is returned to those participants who had sent in a forecast with 
only few errors. The amount of money returned for such a forecast 
depends on the number of errors, and on the total number of forecasts 
with the sa.me number of errors. This game, which is played in many 
countries of the world, is called the football pool game. Now the ques
tion is the following: For given n, what is the minimal number K such 
that a collection of forecasts exists with the property that, whatever 
the outcomes of the matches turn out to be, there will always be at 
least one foreca.St in this collection with at most one error? 

The problem just described is a famous combinatorial problem. 
1t is known as the football pool problem. It is a so-called covering 
problem. The adjective "covering" will become clear later, if it is not 
already. Let us consider the case of the Dutch national football pool. 
Nowadays this football pool consists of 12 matches, hut fora long time 
this number was equal to 13. There is quite a difference between the 
cases n = 12 and n = 13. In the case n = 12, at present, we only 
know that 21329 $ [{ $ 29889, where the lower bound is taken from 
Corollary 15 in the fifth paper of this thesis, and the upper bound 
is from [63]. In the case n = 13 the problem has been completely 
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4 INTRODUCTION 

solved: K = 59049; a collection of 59049 forecasts with the desired 
property exists, hut such a collection with less than 59049 elements 
does not. This remarkable fact is well-known among coding theorists, 
hut it might surprise others. It will be explained in the sequel. 

We can state the football pool problem in a more formal and more 
general way. Let Q be an alphabet consisting of q symbols, where q ~ 
2. For instance, Q = z,, the cyclic group of integers modulo q, or, if q 
is a prime power, Q = F ,, the fini te :field with q elements. Let 1t = Q'\ 
i.e., the set of n-tuples of elements of Q. The elements of 1i are called 
words. Define the metric don 1i as follows: for z = (x1 , ••• , Xn) E 1€, 
11 = (yi, · · ·, Yn) E 1€, 

In words, the distance between two words is the number of positions 
( coordinates) where they differ. This metric is really a metric, that is 
to say, it satisfies 

(i) d(z,y) = d(y,z), 
(ii) d(z,y)~O, 

(iii) d(z,y) = 0 ~ z = y, 

(iv) d(z,z) $ d(w,y) +d(y,z), 

for all z, y, z E 'Ji. The metric d is known as the Hamming distance, 
while the metric space 1i is called a Hamming space. A code is any 
nonempty subset C of 'Ji, and its elements are called codewords. More 
in particular, C is called a block code, since all codewords have the same 
number of coordinates. Since we shall not meet any other type of code 
in this thesis, we shall always leave out the word "block". Because 
IQI = q, we say that C is a. q-a.ry code ( binary if q = 2, ternary if 
q = 3, etc.). We call n the length of C. In what follows, a few other 
basic concepts from coding theory will be introduced. However, for 
a real introduction to coding theory the reader is referred to (122] or 
[109]. 

The covering radius CR( C) of a code C is defined by 

CR(C) = max{d(z, C)lz E ?i}, 

where d(z, C) = min{d(z,c)!c E C}. We de:fine 

I<q(n, R) := min{ICI 1 a q-ary code C of length n 
with CR(C) = R exists }. 
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Our problem is: Determine ](9(n, R) for all q, n, and R. It is not 
hard to see that the football pool problem is a restricted case of this 
problem; namely, when we choose q = 3 and R = L The number 
](3 ( n, 1) is the same as the number ]( mentioned before. The problem 
of determining ](9 ( n, R) is a generalization of this problem, where we 
can interpret q as the number of possible outcomes of each match, n 
as the number of matches, and where we want to find the- minimal 
size of a collection of forecasts with the property that, whatever the 
outcornes of the matches are, there is always at least one forecast in 
this collection with at most R errors. We interpret a codeword as a 
forecast, and a collection of forecasts as a code. 

Let zE 1-t.. We define the sphere B"(z) with radius rand center z 
by 

B"(z) = {y E 1-t.ld(z,y) ~ r}. 

So, equivalently, we could have defined ](9 ( n, R) to be the minimal 
number of spheres with radius R needed to 'cover' 1-t.: 

](9 (n, R) = min{ICI I U BR(c) = 1-t.}. 
cec 

Note that 

IB"(c)I = t ( ~) (q - l)i, 
i=O z 

for every c. This immediately gives us a lower bound on ](,i(n, R): 

(1) 

This bound is known as the sphere covering bound. 
The nurnbers q, n, and CR( C) are called parameters of C. A fourth 

parameter is the minimum distance d(C). It is defined only if ICI > 1: 

d(C) = min{d(z, y)lz, y E C and :ç i y}. 

We also have the packing radius, defined for any code by 

PR(C) = max{e E {O, 1, ... , n}I Be(b) n Be(c) = 0, 
for all b,cE C with b:;tc }. 



6 INTRODUCTION 

One easily verifi.es that 

PR(C) :5 CR(C), (2) 

for any èode C, and that 

if ICI > 1. 
A code with packing radius e is usually called e-error-correcting. 

The reason for this is the following. Suppose that C is a code which 
is used to transmit information through a noisy channel. Roughly 
speaking, this means that a sender sends ( arbitrary) codewords of C 
through the channel. During transmission errors can occur: If c is sent 
by the sender, a possibly different word y is received by the receiver at 
the other end of the channel. Each time the receiver receives a word, it 
determines (correctly or incorrectly) which codeword was transmitted. 
When it receives a word y, it uses the following 'algorithm' to output 
a codeword c': 

Choose a c'E C such that d(y, C) = d(y, c'). 

This decoding strategy is called nearest neighbour decoding. Provided 
all codewords are equally likely to be transmitted, and provided certain 
assumptions on the channel hold, this strategy is best possible in the 
sense that it minimizes the probability that the receiver makes a mis
take, and is called maximum likelihood decoding. Now if PR( C) = e, 
and if during the transmission of a codeword at most e errors occur 
(i.e., d( c, y) :5 e, in the preceding), then the receiver decodes the re
ceived signal correctly (i.e., c'=c). 

A code C has CR( C) :5 R if and only if 

LJ BR(c) = 'H, (3) 
CEO 

i.e., if and only if the spheres with radius R centered at the codewords 
of C cover the whole space. A code C with covering radius R is called 
.perfect if, moreover, the spheres BR(c) in the left-hand side of (3) are 
disjoint. In other words, a perfect code corresponds to a partition of 
'H into spheres with radius R. We often speak of a perfect R-code. A 
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code C is perfect if and only if equality holds in (2). Also, for given 
q, n, and R, a perfect code exists if and only if equality holds in (1 ). 

Trivia! examples of perfect codes, for arbitrary q, are the perfect 
codes with R = 0 or R = n, corresponding to C = 1i and C = { c }, 
for some c, respectively. We shall now give infinitely many nontrivial 
examples of perfect codes in the case that q is a prime power. Let 
Q = F9 = {a0,a1 , ••• ,a9_ 1}, where a 0 = 0. Define the maps 1r: 
F(9-t)n -+ F and T · F(9-i)n -+ Fn by q q • q q 

where 

q-1 n 

1r(11) - l:aiLV(i-t)n+;, and 
i=1 j=l 

q-1 

T;(11) = LV(i-1)n+; (1 ~ j ~ n), 
i=1 

and 11= ( vi, v2, ••• , V(q-t)n) E F~q-t)n. For any code C Ç F~, define 
the code C' ç F:n+l by 

C' := {(11jc+T(v)j1r(v)) E F:n+llv E F~q-t)n and c E C}. 

We have IC'I = q<9-t)nlCI. This construction is due to Vasil'ev [176]. 
Now define, inductively, the infinite sequence {H(r,q)}~1 of codes by 

{ 
H(l,q) = {(O)}, 
H(r, q) = H(r - 1, q)', for r > 1. 

(4) 

Each code H ( r, q) is a perfect 1-code of length ( q" - 1) / ( q 1 ). For 
the number of codewords we have 

IH(r, q)I = q(q"-1)/(q-l)-r. 

The codes {H(r,q)}~1 are very well-known, and there are severalother 
ways to construct them than the one described here. The code H(r, q) 
is generally referred to as the q-ary Hamming code of redundancy r, 
named after R. W. Hamming [64], who discovered these codes in 1950. 
The existence of these perfect codes irnplies that 

l<q( q" - l, 1) = q(qr -l)/(q-l)-r, for r = 1, 2, ... , 
q-1 

(5) 
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if q is a prime power. 

Other well-known perfect codes are the binary Golay code and the 
ternary Golay code, corresponding to 

K2(23, 3) = 211 = 2048, and 

K3(11, 2) = 36 = 729, 

respectively. These codes were discovered by M. J. E. Golay [56] in 
1949. If q = 2, the repetition codes of odd length are perfect codes 
with covering radius (n -1)/2. These codes consist of two codewords, 
one with all coordinates equal to O, one with all coordinates equal to 
1. 

Perfect codes have received a lot of attention, as the reader can see 
from this introduction's bibliography. For a survey of the work that 
has been done, see [116). In the early seventies van Lint [110) and 
Tietäväinen [170) showed that, if q is a prime power, the parameters 
q, n, and R of the perfect codes previously mentioned are the only 
parameters for which a perfect code exists. In the case that q is not a 
prime power, it is known that no other perfect codes than the trivial 
perfect codes (those with R = 0 or R = n) exist if R > 2, see the work 
by Reuvers [141), Laakso [102], Best [14), [16), and Hong [77]. 

The determination of Kq( n, R) is a hard combinatorial problem. As 
for our knowledge of Kq( n, R), the state of the art is that, except for the 
cases in which a perfect code exists, and some other special cases, only 
rough lower and upper bounds on Kq( n, R) are known. There are very 
few cases in which the exact value of Kq(n, R) has been determined. In 
the first, the second, and the fifth paper of this thesis new lower bounds 
on Kq( n, R) are obtained. In the first paper we restrict our attention 
to the case q = 2 (and we find new exact va.lues of K2(n,R)). In the 
fifth paper we consider generalizations of these results to arbitrary q. 
We pay special attention to the case q = 3, R = 1, i.e., the football 
pool problem. In the second paper we use linear programming in the 
case q = 3. 

· Now that we have mentioned the football pool problem again, note 
that 

Ka((3" -1)/2, 1) = 3(3'"-l)/2-", for r = 1, 2, . . . , 
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by (5). This sequence begins with 

Ka(l,1) - 30 - 1, 

Ka(4, 1) = 32 - 9, 
Ka(13, 1) = 310 - 59049, 

This explains the "remarkable" fact that we mentioned at the begin
ning: It is caused by the existence of a perfect 1-code for n = 13. 

Again consider a football pool of n matches, hut now suppose that 
for each match in the football pool we exclude one of the three out
comes. That is to say, for each match there is an outcome which we 
assume to be very unlikely, impossible, actually. For instance, if the 
home team is in the top of the league and its opponent is somewhere 
at the bottom, then we may think that the probability that the home 
team loses is very small. In this setting we can ask the question: What 
is the minimal number of forecasts that we need to make sure that, 
whatever the outcomes of the matches are, there is always at least one 
forecast among them with at most one error, provided the assumptions 
made prove to be true. This number is K 2(n, 1). This indicates that 
the case q = 2 is also important for football pools. By (5) we have 
K 2 (7, 1) = 16. A general upper bound on Ki:1(n, R) is 

(6) 

The proof is trivia}: Let Q = {a0 , ai, ... , a,_1}. Let C Ç qn be a code 
with covering radius R. Write down below each other q copies of a list 
of all the codewords of C. Increase the length of all these qlCI words 
by one by placing a0 behind the words in the first copy, a 1 behind the 
words in the second copy, and so on. The list of words obtained this 
way constitutes a code of length n + 1 with covering radius R. This 
proves (6). It follows that 

K2(8, 1) $ 2K2(7, 1) = 32. 

In fact, it is known that 

This was proved in 1969 by Stanton and Kalhfleisch [161], [162], and 
it took them quite some trouble. In the first paper of this thesis we 
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prove the following lower bound on K2(n, R): 

where 

e=(R+l) r~:~l-n-1. 
For R = 1 this bound reads 

K2(n, 1) ~ { ~:~~~ + l), 

With (5) and (6), this implies that 

if nis even, 
if nis odd. 

K2(2",1)=2(2"-"), forr=l,2, .... 

(8) 

(9) 

The only values of r for which this was already known are 1, 2, and 3. 
The sequence begins with 

K 2(2,1) 21 2, 

K 2(4, 1) - 22 - 4, 

K 2(8, 1) - 26 32, 

K 2(16, 1) - 212 - 4096, 

K 2(32, 1) = 221 - 134217728, 

Our proof of (8) also gives an alternative proof of the result by Stanton 
and Kalbfleisch. 

We can interpret ( 9) in the following way: If q = 2 and R = 1, and 
if for a certain length n a perfect code exists, then for length n + 1 one 
cannot do better than the trivia} construction (6). We conjecture that 
this statement is true in general, i.e., for every q and R; see Section 
VII of the first paper. For q = 2 the conjecture holds if and only if 

K2(24, 3) = 8192. 

This has not been solved yet. By (6) and the existence of the binary 
Golay code, we have 

K2(24, 3) ~ 8192. 
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The sphere covering bound (1) gives 

hut by our bound (7) this can be improved to 

K 2(24, 3) ~ 8098. 

So we're close! 
We have seen that, by excluding one of the three outcomes of each 

match, binary codes can be useful for football pools. However, usually 
not each match has the property that at least one of the three possible 
outcomes is very unlikely, hut only a few. We are led to the so-called 
mixed codes (more in particular, "binary/ternary" mixed codes): For 
certain matches we exclude one of the three possible outcomes, for 
others we don 't. Suppose there are b matches of the first category, and 
t of the second. In terms of codes, we are dealing with a new type of 
Hamming space: 11. = FiF;. In total, there aren= t + b coordinates: 
t ternary and b binary. We can define the Hamming distance d on 11. in 
the same way as we did before (and again 11. becomes a metric space). 
The same holds for all the other ba.sic concepts that we introduced, like 
the covering radius and the packing radius, for instance. A function 
similar to K 11 (n, R) can be defined, hut, of course, we have to choose a 
different notation. We choose K(t,b,R). Lower bounds on K(t,b,R) 
are discussed in Section Vof the fifth paper, and in the sixth paper. 

Remember that the covering problem is related to the existence of 
perfect codes. But what about perfect codes in 1f. = FiF;? In the 
third paper we show that in 11. no other perfect codes exist than the 
trivial ones, for any covering radius R. This result is a corollary of 
a more general nonexistence theorem. For the general theorem we do 
not only consider FiF;, hut we allow 1f. to be any mixed Hamming 
space. That is to say, 

{10) 

where the Q, are alphabets consisting of q, symbols. In the third paper 
we prove that, for a nontrivial perfect code with covering radius R in 
1f. to exist, it is necessary that 

q, - q; = 0 (mod R + 1), for all i and j. 
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Earlier results on perfect mixed codes were obtained by Schönheim 
[146), Herzog and Schönheim [74], [75], Lenstra [105), Heden [66], [67], 
Lindström [106], and Reuvers [141]. 

Except for the case rt = F~~' not much is known about good 
covering 'codes in general mixed Hamming spaces ?-(.as in (10). Nev
ertheless, these codes, perfect or not, can be of great interest, as was 
recently shown by Östergard [134]. From a good oovering code in 
F 4F~ he obtained, by carrying out certain substitutions, a binary code 
of length 10 with covering radius 1 and 120 codewords, a new record 
bolder! The mixed code had 60 codewords and covering radius 1, 
and was found by simulated annealing, a computer method which has 
been successfully adopted many times already in the search for good 
covering codes, see [l], [48], [101], and [103]. Östergard's result im
plies that K2(10, 1) $ 120, whereas the best lower bound known is 
K2(10, 1) 2:: 103, by (8). 

In this introduction we described a covering problem in coding the
ory and we have seen that this problem can be formulated for various 
different Hamming spaces rt. However, îf we go back into history, at 
the time of its first appearance in scientific literature and when the 
first results were found, this problem was formulated in a completely 
different context and in a much more restricted sense. In the math
ematica} literature, the problem was mentioned for the first time in 
a paper by Taussky and Todd [163], in terms of abelian groups. We 
quote from [163]: 

"The formulation of the following problems about finite 
abelian groups was suggested by the consideration of cer
tain industrial problems. 

Let G be an abelian group with n base elements 

each of order p (not necessarily a prime). Let S denote 
the set of the v = n(p - 1) + 1 distinct powers of the base 
elements. Let AB, where A and Bare two subsets of G, 
denote the set of all products ab where a E A, b EB. 

Problem 1. Determine the minimal integer u = u( n, p) 
for which there exists at least one set H, consisting of u 
elements of G, such that G = HS. 
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Problem 2. Determine the cases when H can be a subgroup 
of G. 

Specially interesting cases appear to be those in which the 
set H S contains all the elements of G exactly once." 

13 

After this, the paper continues with a discussion of the case n = 
4,p = 3, and the case n = 7,p = 2. The authors conclude their paper 
with a list of values of the function <T that they were able to compute, 
which, in the terminology of this thesis, reads 

K2(2, 1) = 2, Ks(2, 1) - 3, 
K2(3, 1) = 3, Ks(3, 1) - 5, 
/(2(4, 1) = 4, Ks(4, 1) = 9, 

K2(5, 1) = 7, 
K2(7,1) - 16, 

(where K2(3, 1) = 3 must be a misprint, since K2(3, 1) = 2, by (5)), 
and the remark that "the general case seems very difficult to handle." 
lndeed, more than forty years later we know how right they were. 

Since the early work by Taussky and Todd, the topic has been dis
cussed in various papers, by many different persons. We shall not give 
a survey here, hut the bibliography at the end of this introduction 
should give the reader some impression. Over the years, the problem 
has been reformulated and generalized many times. It is only a devel
opment of the last decade that the covering radius of codes has become 
a hot topic in coding theory. Key papers in this development are the 
papers by Graham and Sloane [62], Cohen, Karpovsky, Mattson, Jr., 
and Schatz [34], and Cohen, Lobstein, and Sloane [35]. The interpre
tation in terms of codes gives rise to a problem which slightly differs 
from the covering problem: For a given (class of) code(s), determine 
the covering radius. For instance, the covering radii of Reed-Muller 
and BCH codes have received a lot of attention, see (13], [19], [49], 
[130], [133], [136], [143], [145], [154], and [7], [68], [69], [151], [166], 
[168], [178], respectively. 

However, in this thesis this problem is not our primary interest. 
The main issue of this thesis is the minimal cardinality of a code of 
given length n and given covering radius R. lf we are discussing q
ary codes with q a prime power, then it is possible to impose the 
additional condition that the code must be linear, that is to say, it is 
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a. linea.r subspace of the vector space F;. The first paper also contains 
sorne results for this problem. 

Although the paper by Ta.ussky a.nd Todd wa.s the first scientific 
publica.tion on the subject, the covering problern in terms of football 
pools is rnuch older. In Sweden the football pool game started in 
1934. Soon thereafter, the first issues of Swedish magazines about 
foot hall pools appea.red. The sarne thing happened in Finland in 1940. 
Certain systems, as the codes are often called in the football pool 
terrninology, date back to 1934. These systems probably have Swedish 
constructors. The binary Harnming code H(3, 2) of length 7 with 16 
codewords was known already in 1936! In Finland, the ternary Golay 
code wa.s already constructed as a football pool system in the winter 
of 1946/1947 by Juhani Virtakallio, see [81]. This is more than a 
year earlier than Golay's discovery of this code, see (56] and [165]. 
Virtakallio published his systern in 1947 in the Finnish magazine on 
football pools Veikaaja. Although we only mention the developments in 
Finland and Sweden here, it is very well possible that in other countries 
football pool systems have existed even earlier. 

The search for good football pool systerns in Finland and Sweden 
has continued ever since the football pool game started. There even ex
ist special magazines and booklets on football pools in these countries. 
Two important ( weekly) magazines on football pools in Finland and 
Sweden are Veikkaus-Lotto (the old name is Veikkaaja), which we men
tioned ea.rlier, and Vi Tippa, respectively. Some of the systems that 
were constructed over the years were published in these magazines, or 
somewhere else, some were not. Many of these systems were invented 
by people without a mathematica! background. The inventor is some
times even unknown. Most of these results have never found their way 
to mathematical journals. However, very recently, the best systems 
known at present have been collected in a paper by Hämäläinen and 
Rankinen [63], together with several results of their own. All these 
systems are binary, ternary, or binary/ternary mixed codes. In [63] an 
updated table of upper bounds on K(t, b, R) is given for t + b :5 13, 
R :5 3 (including the cases t = 0 and b = 0). 

A new method to construct good binary linear covering codes was 
introduced by Graham and Sloane (62] in 1986. They showed how two 
binary linear codes A and B, of lengths nA and nB, dimensions kA 
and kB, and covering radii RA and RB, respectively, can be combined 

and result in a new code A EB B, of length nA + nB - 1, dimension 
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kA +kB - 1, and, provided A and B both satisfy a certain condition 
-see later-, with covering radius at most RA +RB. Graham and Sloane 

called the code A ED B the Amalgamated Direct Sum (ADS) of A and 
B. To explain the condition on A and B, we define, for any code C in 

where 
cii) = {(c1, C2,". 'en) E CICï = a}, 

fora E F 2 , and where 
d(:c, 0) := n, 

by convention. The integer N(C) is called the norm of C (Graham 
and Sloane used a slightly different definition). lf 

N(C) ~ 2CR(C) + 1, (11) 

then C is called normal. Otherwise C is called abnormal. The condi
tion on A and B is that these codes must be normal. This condition 
appears to be a very weak condition. Up to the present no abnormal 
binary linear code has been discovered. The ADS-construction has 
proved to be quite successful. Actually, it is one of the best general 
constructions of covering codes known. 

The ADS and the concept of a normal code were extended to non
linear binary codes by Cohen, Lobstein and Sloane [35]. It was shown 
by Frankl that, in contrast with the linear case, nonlinear abnormal bi
nary codes do exist. His construction of abnormal codes was published 
in [100]. Frankl constructed abnormal codes with covering radius 1. In 
the fourth paper we give a generalization of his construction ,to arbi
trary covering radii. These examples are not good covering codes. In 
fact, among the good binary covering codes no :abnormal codes have 
been discovered yet. On the one hand, this leads to an interesting 
conjecture, stated in [35]: 

For all n and R, among the binary codes of 
length n with covering radius Rand K2(n, R) (12) 
codewords, there is a normal code. 

On the other hand, the following interesting theoretica! problem arises: 
For a given length and covering radius, find the smallest abnormal 
covering code. For this see [100] and [82]. The main result of the 
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fourth paper in this thesis is a proof of conjecture (12) for R = 1. A 
further result in this paper is a proof that all binary codes C with 
ICI > 1 and minimum distance d(C) ~ 2CR(C) are normal. The 
question "Which codes are normal?" bas been discussed in several 
other papers than the ones already mentioned, see [80], [84], [87], [91], 
and [99], for example. 

A new concept, that of a subnormal code, was introduced by 
Honkala [79]. Subnormal codes are hinary codes that satisfy a con
dition that is slightly weaker than (11). For the precise definition the 
reader is referred to the second paper of this thesis. Codes which are 
not suhnorrnal are called absubnormal. In (80], by proving that the ah
normal codes of Frankl are subnormal, Honkala showed that the class 
of subnormal codes is strictly larger than the class of normal codes. At 
present, it is not known whether an absubnormal binary code exists. 
In [80] it was also shown that the condition on the codes A and Bin 
the ADS construction is actually stronger than strictly necessary. By 
defining a slightly modified ADS, Honkala showed that it is suflicient 
that one code is normal and the other subnormal. 

So far we have only considered normal and subnormal binary codes. 
The main goal of the second paper is to investigate what happens when 
we try to generalize to arbitrary q. It turns out that, as opposed to 
the binary case, normal and subnormal codes are not at all 'normal' 
if q > 2. That is, for q > 2 ma.ny good q-ary covering codes are 
abnormal, even absubnormal. This is expressed in particular by the 
following result, proved in the second paper: 

A q-ary perfect code is nonnal if and only if 
it is binary or trivial 

(13) 

This immediately disproves the q-ary analogue of (12) for q > 2. Our 
proof of (13) is based on a computation of the norm of an arbitrary 
q-ary perfect code. In fact, (sub)normal codes tend to be bad cover
ing codes. This inspired us to derive a genera} lower bound on the 
cardinality of suhnormal ternary codes with covering radius 1: 

ICI ~ 3n/2n, if CR( C) = 1 and n > 3. 

For a general Hamming space rt, we can reformulate the definition 
of a perfect code as follows. A code C E 11. is perfect if and only if an 
r E {O, 1, ... , n} exists , such that 

IBr(Z) n Cl = 1, for all z E rt. 
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In this case we say that Cis a perfect r-covering of 'H.. In the seventh 
paper we consider a generalization: A code Cis called a µ-/old perfect 
r- covering of 'H. if 

IB"(z) n Cl=µ, for all z E 'H.. 

We speak of perfect multiple coverings (PMC's). We restrict our at
tention to q-ary codes. A natural question to ask is: 

For which q, n, r, and µ. does a µ-fold perfect 
r-covering of Qn exist? 

(14) 

In our paper we give some general constructions of PMC's and we 
thoroughly analyze (14) in the case r = 1. We give a complete solution 
if q is a prime, and a necessary condition if q is a prime power. In 
our analysis, the sequence ( 4) of the q-ary Hamming codes is a basic 
ingredient. Earlier results on PMC's were obtained only by Clayton 
[29], [28], as far as we know. A lot of work remains to he done in this 
area. 

There is one paper in this thesis that we have not mentioned yet. 
This is the eighth paper, the title of which suggests that it has no con
nection to the other papers. However, the Hamming codes, which we 
referred to so frequently in this introduction, and which play an impor
tant role in many of the other papers, will make their reappearence. As 
the title indicates, in this paper we use tools from algebra.ic geometry. 
Although a brief introduction to the construction of codes from alge
bra.ic curves is included in the paper itself, this paper will he difficult 
to read for those who do not have any knowledge of algebraic geome
try. It is not feasible to include a quick course at this point. However, 
a nice introduction into the subject is provided by [117], and by [61]. 
For more on algebra.ic geometry, hut not on codes, see [27], [52], [65], 
and [88}. 

The idea to construct codes from algebra.ic curves dates back to 
1977 and is due to V. D. Goppa. In [59} Goppa described a relation be
tween algebraic curves and linear codes which would have tremendous 
impact on coding theory, and which would motivate the study of vari
ous new problems in algebraic geometry. Further study of this relation 
was clone by Goppa in [60] and [58}. Coding theory has had ample ben
efit of this relation. One of the most exciting results in coding theory 
is based on it. In 1982 Tsfasman, Vládut, and Zink gave a sequence 
of codes over F 9 , with q a square, exceeding the Gilbert-Varshamov 
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bound if q ~ 49. They obtained these codes from Shimura curves. 
Their result carne as a great surprise to coding theorists, among whom 
it was commonly believed that the Gilbert-Varsharnov bound was best 
possible. 

The developments during the last decade suggest that algebraic 
geometry is perhaps more than only a tool for coding theorists. It is 
very well conceivable that the relation is so strong, that we actually 
should regard the theory of linear codes as being part of the theory of 
algebraic curves, or varieties, perhaps. This is emphasized by Theorem 
2 of our paper. Goppa's construction involves a nonsingular algebraic 
curve X of a certain genus g, defined over F 9 , a divisor G on X, and 
a set D of n F 11-rational points on X. Our theorem states that, if we 
do not impose any condition on the degree of the divisor G, then for 
every linear code C there exists a triple (X, D, G) such that Goppa's 
construction yields C. 

Unfortunately, Goppa's construction has the property that, when 
no conditions on the degree of Gare imposed, in general nothing can 
be said about the dimension and the minimum distance of C. This 
changes if we demand that 

deg(G) > 2g - 2, 

in the case that differentials are used, or, more or less equivalently, 
that 

deg(G) < n, 

if rational functions are used. In our paper we call codes which can be 
constructed under this restriction algebraic-geometric (AG). The other 
linear codes are called weakly algebraic-geometric {WAG). With this 
extra condition, the situation becomes completely different. In Section 
IV of the paper we give criteria for codes to be AG. There are various 
examples of codes which are not AG. For instance, the binary Golay 
code is not. For the ternary Golay code we do not know whether the 
same holds. Another question is: Which q-ary Harnming codes are 
AG? In our paper we give a complete answer. The code H(r, q) is 
AG only in the cases when r ~ 2 or (r, q) = (3, 2). In these cases 
a suitable triple (X, D, G) is explicitly given. For (r, q) = (3, 2) this 
required quite some effort. We also discuss the uniqueness of the triple 
(X, D, G) in these cases. 

An urgent question that arises is: What about the covering radius of 
algebraic-geometric codes? Except fora lower bound found by Janwa 



INTRODUCTION 19 

[91], based on the so-called Supercode Lemma, almost nothing is known 
about this. Janwa's bound only applies to AG codes (in fact, only to 
a certain subclass of the class of AG codes). So our paper can be 
helpful when applying this bound. Furthermore, if algebraic geometry 
is really so much related to the theory of linear codes, interpreting 
certain linear codes as codes from algebraic curves may help to find 
the covering radii of these codes. Again the results of our paper could 
be useful then. All this is reading tea-leaves, but it is beyond all doubt 
that the relevance of algebraic geometry for coding theory is growing 
steadily. 
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n ~ 33, R ~ 10 is included. 
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1. INTRODUCTION 

ARECENT paper of Cohen, Lobstein, and Sloane [4] 
(see also [3] and [12]) deals with K(n, R), the minimal 

number of codewords in any binary code, not necessarily 
linear, of length n and with covering radius R. K(n, R) is 
closely related to t[n, kJ, the minimal covering radius of 
any binary linear code of length n and dimension k. The 
latter has been extensively studied by Cohen, Karpovsky, 
Mattson, and Schatz [2], and by Graham and Sloane [7]. 
The sphere bound is a trivia} lower bound on K(n, R) and 
t[n, k]. In the papers mentioned this bound has hardly 
been improved. 
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In the present paper new lower bounds on K(n, R) are 
obtained that improve on the sphere bound for most pairs 
of n and R. The table of K(n, R) (n s 23, R s 4) pre
sented ln [4] is considerably improved and extended using 
these bounds. The new bounds also yield some improve
ments 'on the table of t[n, k] (n s 64) that appeared in [7]. 
Although we concenfrate op binary codes, the fundamen
tal ideas of this paper apply to codes over arbitrary al-
phabets. · 

The problem of determining K(n, R), not only in the 
binary case, is called the covering problem. Several papers 
have preceded [4] in the study of the problem: [5], [6], 
[8]-[10], [13], [15], [16], [19]-[24], and [26]-[28]. Actually, 
the problem was posed by Taussky and T-0dd (23] in 1948 
(less generally and in a different context). The results that 
have been established up to the present mainly apply to 
either ternary codes with covering radius 1 or binary codes. 
In the form er case the problem is known as the football 
pool problem. 

Summary of Results 

Section II gives the definitions and properties that are 
basic in this paper. Section 111 contains a brief survey of 
known bounds on K(n, R). It is a remarkable fact that 
several upper bounds in the table of K(n, R) in [4] can be 
improved simply by carrying out constructions already 
known: direct sums or amalgamated direct sums of codes. 

In Section IV we derive the improved sphere bounds 
(Theorems 9 and 10). As á. special case, we shall find that 

K(n,1) ';?::. 2n/n, neven. 

This leads to a new sequence of exactly determined values 

r=l 2 · · · ' ' ~ 
(1) 

partially solving open problem 3 in [2]. Stanton and 
Kalbfleisch [21 ], [22] gave a very complicated proof of 
K(8, 1) = 32. For their proof they needed computer assis-
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tance. However, K(8, 1) = 32 is only a special case of (1), 
and we shall see that the proof of Theorem 9, of which (1) 
is an immediate consequence, is surprisingly simple. 

A table of lower and upper bounds on K(n, R), for 
n :s: 33, R :s: iO, appears in Section. V (Table 1). It is an 
improved and extended version of the one given in [4]. 
Sections VI and VII deal with some consequences of the 
new bounds. In Section VI, for n :s: 33, we list all improve
ments on the table of t[n, k] in. [7] (Theorem 11). In 
Section VU, the validity of 

K(n+2,R+l) sK(n,R) (n+R), 

conjectured in [4], is discussed in the case R = 1 (Theorem 
12). Sectio.Q. VII concludes with a conjecture conèerning 
perf eet codes, binary as well as nonbinary. A list of 
symbols is given in the Nomenclature at the end of the 
paper. 

ll. BASIC CONCEPTS 

In this section, let n EN, k, RE {O, 1, · · ·, n }, and x E 
F2. We define 

and 

SR(x)= {yEIFi'ld(x,y)=R}, 

BR(x)= {yEIFild(x,y)sR}, 

(cf. [11, pp. 32, 55]). Hence 
R 

BR(x) = U Si(x), 
i=O 

IBR(x)l=V2(n,R). 

B R( x) is called the sphere with radius R and center x. 

(2) 
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F or a code CC ç f î, the covering radius CR( CC) is de
fined by 

CR{<t) = max { d(x, <t) 1 x E f2}. 
An ( n, M) R code is a binary code of length n, with M 
codewords and covering radius R. An [n, k]R code is a 
binary linear code of length n and dimenSion k and with 
co vering radius R. K ( n, R) and t [ n, k] are defined by 

K(n, R) =min { Mlan {n, M)R code exists }, 

t [ n, k] = min { t 1 an [ n, k] t code exists} 

(cf. [2], [4], [7]). The following properties are obvious: 

if t [ n, k] 5,, R, then K ( n, R) 5,, 2 k, ( 3) 

K(n,R+l~5,,K(n,R) (R=#=n), (4) 

K(n + 1, R) ~ K(n, R). {5) 

111. SURVEY OF KNOWN RESULTS 

We list all bounds on K(n, R) already known. In Sec
tion V we shall use these bounds to build up Table 1. 

A. Trivialities 

Theorem 1 (Sphere Bound): For all n EN, RE 
{0,1,···,n}, 

(6) 

Equality holds in (6) if and only if a perfect R-error-cor
recting code of length n exists. For example, 

r =1,2, · · ·. {7) 

Theorem 2: 

a) K(R, R) =l, R =1,2, · · ·; 

b) K ( n, R) = 2, for all n, R E N 

with R + 1 5,, n 5,, 2R + 1; 

c) K ( n , 0) = 2 n, for all n E N . 
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The next theorem is a consequence of the direct sum 
(DS) construction (see [14, p. 76]). 

Theorem 3: For all n1, n 2 EN, R1 E {0, 1, · · ·, ni}, R 2 
E {0,1,· · ·,n 2 }, 

K(n 1 + n 2 , R1 + R 2 ) ~ K(n 1, R 1)K(n 2 , R 2 ). (8) 

As a special case of (8), we have the following important 
rule: 

K(n + 1, R) ~ 2•K(n, R), (9) 

for all n EN, RE {O, 1,- · ·, n }. The DS of two codes <6'1 
and <6'2 is denoted by <6'1E9<6'2• 

B. Results of Earlier Work 

Theorems 4-8 summarize known results. A ( n, d) de
notes the maximal cardinality of any binary code of length 
n and with minimum distance d (cf. [Il, p. 54] and [14, p. 
523]). A table of A(n, d), for n ~ 23, d ~ 9, is given in [14, 
p. 674]. The improvements on this table made by Best [l], 
Romanov [18], and Tietäväinen [25], do not affect K(n, R). 

a) 

b) 

a) 

b) 

Theorem 4: Let n, REN, n ~ 2R + 1. 

2n -A(n,2R + 1)( 2if) 
K(n,R)~ ( 2R) ; 

V2(n, R)- R 

2n -2·A(n,2R + 1)( 2if) 
K(n,R)~ 

3 
. 

V2 ( n, R) - 2 ( 2if) 
Theorem 5: For R =1,2,- · ·, 

K(2R +2, R) = 4, 

K(2R +3, R) = 7. 

Theorem 6: K(6, 1) = 12, K(8, 1) = 32. 
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Theorem 7: K(ll,1) s;192, K(8,2) 2 9, K(9,2) 213, 
K(l0,3) 2 8. 

Theorem 8: For all n E N, 

K(2n + 1,1) s; 2n·K(n,l). 

Theorem 6 was proved by Stanton and Kalbfleisch [21 ], 
p.2]. An alternative proof of K(6, 1) s; 12 appeared in [4]. 
Theorem 8 is f rom a construction found by Mollard, 
Katsman, and Litsyn (see [4] and [17]). Theorems 4, 5, and 
7 were obtained by Cohen et al. [4]. K{7, 1) = 7 was 
already established in [21], [23]. 

The bounds given so far, together with the bounds 
obtained in the next section, are not sufficient to explain 
Table 1 (Section V) completely. One other result' is needed, 
a construction known as the amalgamated direct sum 
(ADS) of two normal codes. The concept of a normal 
linear code was introduced by Graham and Sloáne [7]. 
They also defined the ADS of linear codes, a variatioh on 
the DS. All this was extended to nonlinear codes in [4]. To 
obtain the upper bounds in Table 1, all possible ADS and 
DS constructions have been checked by computer, thereby 
improving several upper bounds in the table of K(n, R) in 
[4]. Details are given in Section V. The ADS of two codes 
~1 and ~2 is denoted by ~14~2 • The reader who is not 
familiar with normal codes and the ADS construction is 
referred to [4]. 

IV. IMPROVED SPHERE BouNos 

In this section the sphere bound (6) will be improved. 
This is done by estimating, for every code ~ having 
covering radius R, the number of words in f2' that are 
covered by the spheres with radius R around the code· 

words of ~ more than once. To avoid messy proof s, a 
counting formalism is introduced first (Definitions 1 and 2 
and Lemmas 1-4). We omit the proofs of Lemma 1 and 
Lemma 2, which follow immediately from Definition 1. 
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Definition 1: Let nel\!, Re {0,1,-··,n}, VçFi, 'iç 
Fï. The quantity E:(V) e 1\1 u {O} is defined by 

E:(v) == E IBR(c)n Vl-1 U BR(c)n vl. 
ce~ eert 

Furthermore, if 'i + 0 (i.e., 'i is a code), we define 

E<j'(V) == E$R<1f>(V). 

E<j'(V) is called the excess ön V by 'i. 
Lemma 1: Let nel\!, Re {0,1,-",n}, and let 'iÇfi 

be a code with CR('I) =R. 

a) E"(IF:i) =l'llV2 (n,R)-2n. 

b) If { V;} is a finite collection of pairwise disjoint subsets 
of Fi, then 

E"( ~ V;) = ~E"(V;). 
l ' 

c) If V, W ç f 2 and V ç W, then 

E...,(V) ~ E...,(W). 

Lemma 2: Let n e 1\1, Re {O, 1,- · ·, n }, V ç Fi, and 
'i, 'i' ç Fi. 

If 'i' ç 'i, then E:,(v) ~ E:(v). 

Definition 2: Let n e 1\1 and let 'i ç F2 be a code. We 
de fine 

Z; ( 'i) = { z E F i 1 K, ({ z } ) = i} , i = 0, 1, · · · , 

Z ( 'i) = LJ Z, ( 'i) = { z E f Î 1 E'fl ( { Z } ) > 0} . 
i>O 

If it is clear from the context which code is meant, we 
simply write Z;, Z, respectively. 

Lemma 3: Let n e 1\1, Re {O, 1," ·, n }, ze f 2, and let 
'i ç IF2 be a code with CR('i) =R. 

a) For i = 0, 1, · · ·, 

z e Z; ~ 1 B R ( z) n re 1 = i + 1. 
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b) 

Proof- Starting with a), 

zEZ;~ L IBR(c)n{z}l-l=i 
ce~ 

~ IBR(z)n '6'1=i+1. 

Then b) follows from a). 

Lemma 4: Let nEN, RE {0,1,"·,n}, and let '6'çf2 
be a code with CR('6') = R. 

a) E'il'(V) = [ilZ; n VI; 

b) · l"'IV2(n, R)-2n = Li!Zil· 
j 

Proof- a) We use Lemma 1 b) and deduce 

E'il'(V) = E,..( ~z,n v) = ~E'il'(Z;n V) 
1 l 

= L L E'lr( { z}) = L L i 

Then b) follows from a), with V = f2, and Lemma la). 
Lemma 5 is used of ten in the rest of this section. 

Moreover, it is useful when counting the number of words 
in the intersection of spheres. The proof is trivial. 

Lemma 5: Let n EN and x, y, z E f2. Then 

d( x, z) = d(x, y) + d( y,z) {mod2). 

The statements in Lemmas 6 and 7 are obvious by 
intuition. Their proofs, however, are not trivial. The proof 
of Lemma 7 is given in the Appendix. We omit the proof 
of Lemma 6, which is similar and simpler. 
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Lemma 6: Let n E N, s, t E {O, 1,- · ·, n }, and 
x, y, x', y' E f 2. Suppose that d(x', y')::;; d(x, y). Then 

IBs(x')n B,( y') 1 ~ IBs(x) n B,( y) 1. 

Lemma 7: Let nEN, r,s,tE {0,1,···,n}, 
w,x,y,w',x',y'Ef2'. If d(w',x')=d(w,x), d(w',y')= 
d(w,y), and d(x',y')::;;d(x,y), then 

a) 1 S"( w') n Bs( x') n B,( y') 1 

~IS"( w)n Bs(x)n B,( y) 1, 
b) IB"( w')n B9 (x')n B,( y') 1 

~ IB"( w )n Bs(x)n B,( y) 1. 
All preparations have been made now to derive the new 

bounds (Theorems 9 and 10). The basic idea that leads to 
Theorem 9 is the observation that, for most n and R, 
many spheres with radius 1 have to contain words that are 
covered more than once. 

Lemma 8: Let n,REN, n~R. xEfi, and let ~ç;Fi 
be a code with CR(~) =R. If d(x, <6') = R, then 

r 
n + 11 E.,.(B1(x))~(R+l) R+l -n-1. (10) 

Proof" Let c E ~. If d(x, c) > R + 1, then IBR(c)n 
B1(x)I = 0. If d(x, c) E { R, R + 1 }, then IBR(c)n B1(x)I 
= R + 1. Hence from Definition 1, 

and (10) follows (since E.,.(B1(x)) is a nonnegative num
ber). 

Theorem 9: For all n, REN with n > R, we have 

(n - R + t:)2n 
K(n,R)~( ) ) (. )' (11) n R V2 n,R +t:·V2 n,R-1 
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where 

r 
n + 1 l f:={R+l) -- -n-1. 
R+l 

Proof: Let CC ç fï be a code with CR(CC) =R. Put 

4 = { a E fîld{a, CC)= R}. 

Of course, we have 

IAI ~ 2n - ICCIV2{n, R -1). (12) 

From Lemma 4a) and Lemma 8, we obtain 

for alla E A. (13) 

Let z EZ. We estimate IA n B1(z)I. Lemma 3b) states that 
IBR(z)n CCI ~ 2. Therefore, codewords c, d ECC exist such 
that c =I= d, d(z, c) ~ R, and d(z, d) ~R. Words in f2' that 
are within distance less than R from c or d cannot belong 
to A. Hence 

1AnB1(z)l~n+l-À, 

where À= IB1(z)n(BR_ 1(c)U BR_ 1(d))I. We show that 
À~R+l. lf R=l, this is trivial. lf R~2, BR_ 1(c) and 
BR_ 1(d) need not be disjoint. Put d1 = d(z, c) and d 2 = 
d(z, d). One of the following four cases holds (without loss 
of generality (w.l.o.g.)): 1) d1 = d 2 = R, 2) d1 = R -1, d 2 

= R, 3) d1 = d 2 = R -1, 4) d1 ~ R -2, d 2 ~R. Lemma 5 
and Lemma 7b) imply that we may assume that d(c, d) = 
2, 1, 2 in cases 1), 2), and 3), respectively. By calculating À 
in these three configurations of z, c, and d, we find 
À~ 2R -(R -1) = R + 1 (in all three cases). Finally, in 
case 4) we have B1(z) ç BR_ 1(c), so À~ IB1(z)I = n + 1 ~ 
R + 1. We conclude that 

for all z EZ. 

Using (12)-(14) and Lemma 4b), we find 

f:(2n - ICCIV2{n, R -1)) ~ f:IAI 

{14) 
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aeA i 

i aeA 

s Li(n- R)IZ,I 
i 

This yields 

(n-R +E)2n 

l<if I 2 ( n - R) V
2 

( n, R) + E • V
2 

( n, R - 1) . , 

The bound (11) improves on the sphere bound (6) 
whenever E > 0. This is the case if and only if n :;;. - 1 
(modulo R + 1). The new bound is quite good. K(9,2) 213 
(see Theorem 7) was obtained in [4] by linear program-

ming. However, (H) yields K(9,2) 214. A striking im
provement is K(24, 3) 2 8098, for the sphere bound only 
yields K(24,3) 2 7217, and we know that K(24,3) s 8192 
(see Table I). We conjecture that K(24,3) = 8192 (see the 
Conjecture in Section VII). 

In the case R = 1, Theorem 9 establishes a remarkably 
sharp result. 

Corollary 1: 

a) K(n,l)22n;n, ifniseven~ (15) 

b) K(2r,1)=2<2'-r>, r=l,2,···. 

Proof" a) Take R =l in Theorem 9. b) From a) we 
have 

K(2r,l) 2 2<2'-r), 

and from (9) and (7) 

K ( 2', 1) s 2 · K ( 2' - 1, 1) = 2<2' - r >. 
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It should be mentioned here that a very short proof of 
the particular bound (15) can be given, based on the idea 
of Lemma 8. Corollary lb) was already known for r = 1 
(trivial,_ see Theorem 2b)), r = 2 {sphere bound), and r = 3 
(Stanton and Kalbfleisch [21], [22], see Theorem 6). As 
remarked in the Introduction, our proof in the case r = 3 is 
much simpler. 

Instead of estimating excess on spheres with radius 1, we 
shall now take spheres with radius 2. This leads to the 
bound in Theorem 10, which fills up some of the gaps 
n = -1 (modulo R + 1) of the previous bound. The proof 
is similar but a little more complicated. In Lemma 9 and 
Theorem 10 we use the conventions 

( Z) = o, if n < k, 

Sk(x) =Bk(x) =0, if k < 0, 

and 

V2(n, k) = 0, if k < 0. 

Lemma 9: Let n, REN, n ~ 2R, x E f2, and let <t' ç;;; f2 
be a code with CR(<t') =R. lf d(x, <t') ~ R - l, then 

r( n-R+l)l 
E(B())>(R+2) 2 -(n-R+l) 

it 2 x - 2 ( R ;2) 2 . 
(16) 

Proof: There are two possibilities: A) x f/:. Z, and B) 
xEZ. 

Case A: xf/=.Z. Let cE<t'. If d(x,c)>R+2, then 
IBR(c)nB2(x)!=O. If d(x,c)E{R+l,R+2}, then 
IBR(c)nB2(x)l=(R; 2). Finally, if d(x,c)E {R-1,R}, 

then IBR(c)nBi(x)l=l+(n-R+l)R+(~)· Since xf/=. 
Z, there is exactly one codeword d E <t' with d( x, d) E { R 
-1, R }, and all other codewords are at distance greater 
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than R from x. Hence from Definition 1, 

E~( B2 ( x)) = 1 + ( n - R + 1) R + ( ~ )- V2 ( n, 2) 

( mod( R ;
1

) ). {17) 

W ork out the right-hand side of (17) to obtain 
1 

E~(B2(x)) = -Ï(n -R + l)(n - R) 

= _ ( n - ~ + 1 ) ( mod ( R; 2)), 
and (16) follows. 

Case B: x e Z. Then codewords c, de</ exist such that 
c-+ d, d(r., c):::;. R, and d(z, d):::;. R. Put V = B2(x)n 
BR(c)n BR(d). We show that !VI 21 +·R2

• Put d1 = 
d(z, c), d2 = d(r., d). Since d(x, </) 2 R -1, one of the 
following three cases holds (w.l.o.g.): 1) d1 = d2 = R, 2) 
d1 = R-1, d 2 = R, or 3) d1 = d 2 = R-1. Lemmas 5 and 
7b) imply that we may assume that d(c, d) = 2R, 2R-l, 
2R -2 in cases 1), 2), and 3), respectively. By calculating 
IVI in these three configurations of z, c, and d, we find 
IVI ~ 1 + R 2 in cases 1) and 2), and !VI 21 + n +(R -1)2 

~ 1 + R 2 in case 3). Now from Lemma lc), Lemma 2, and 
Definition 1, we obtain 

E~(B2(x)) ~ E~,d}(V) = 21v1-w1=!VI21 + R 2
• 

Observe that 

1 + R1 ~ ( R + 2 )-12 ( R + 2) r ( n - ~ + l) l 
2 2 (R;2) 

-(n-~+1). 
Thus we see that (16) holds in case B as well. 

Theorem JO: For all n, Re N with n 2 2R, we have 
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where 

Proof: Let <f ç Fi be a code with CR('tf) =R. Put . 

A= {aEFild(a,<f)zR-1}. 

Consequen tly, 

From Lemmas 4a) and 9, we obtain 

for alla E A. (19) 

Let z EZ. We estimate IA n B2(z)I. Lemma 3b) states that 
codewords c, d. E <f exist such that c =t= d, d(z, c) ~ R, and 
d(z, d) ~R. Put µ. = IB2(z)n(BR_ 2(c)U BR_ 2(d))I. Then 

1 A n B2 ( z ) 1 ~ V2 ( n , 2) - µ.. 

We show that µ. 2 (1 /2)( R + 2)( R - 1 ). If R = 1 or R = 2, 
this is trivial. Now suppose that R 2 3. Put d1 = d(z, c) 
and d 2 = d(z, d). One of the following four cases holds 
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(w.1.o.g.): 1) d1 = d 2 = R, 2) d1 = R -1, d2 = R, 3) d1 = d2 
= R-1, or 4) d1 5. R-2, d2 5. R. Lemmas 5 and 7b) 
imply that we may assume that d(c, d) = 2, 1,2 in cases 1). 
2), and 3), respectively. By calculating p. in these three 
configurations of z,. c, and d, we find p. ;;::.; 2 ( ~ )-( R; 1 ) = 
(1/2)(R +2)(R-1) (in all three cases). Finaliy, in case 4) 
we apply Lemma 6 and find 

µ. ;;::.; IB2 ( z) n B R- 2 ( c) 1 ;;::.; 1 + ( n - R + 3 )( R - 2) + ( R; 2) 

~1 +(R +3)(R-2)+ (R;2);;::.; (1/2)(R +2)(R-1). 

We conclude that 

1 /\ 
j A n B2 ( z) l 5. Va ( n, 2) - Ï ( R + 2 )( R - 1) ( 20) 

for all ze Z. 
In the same way as in the proof of Theorem 9, we obtain 

from (18)-(20) and Lemma 4b), 

t:(2n - l'G'IV2 (n, R-2)) 

5. t:IAI 
5. :E :EïlZ;nB2 (a)I 

ae A i 

i a e A 

5.~i(V2(n,2}- ~(R+2)(R-1))1zi1 

= ( V2(n,2}- ~(R + 2)(R -1) )(l'G'IV2(n, R)-2n). 
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This yields 

lt does not seem very likely that taking spheres with 
radius greater than 2 will yield drastic improvements on 
Table I. Moreover, the estimation of excess on a sphere 
with radius r, as done in Lemma 8 ( r = 1) and Lemma 9 
( r = 2), rapidly becomes more complicated as r increases. 
The case R = 1 of Theorem 10 is given in the next corollary. 

Corollary 2: Let n EN. If n = 2 (modulo 3), then 

(V2(n,2)+2)2n 
K ( n, 1) 2 V2 ( n '2 )( n + 1) . 

V. TABLE OF K(n, R) 

Table 1 gives the best lower and upper bounds on 
K(n, R) known at present, for n::;; 33, R ;s;lO. 

Key to Tab/e I 

This key indicates the simplest proof of a given result, 
not necessarily the earliest. Here, the sequences 

unmarked, a, b, c, d, e, f, g, h 

and 

unmarked, p, q, r, s, t 

of lower and upper bounds, respectively, are thought of as 
being of decreasing simplicity. An entry such as K(18, 3) = 
e 280-768 q indicates that 280::;; K(l8,3)::;; 768, and that 
K(18,3) 2 280 and K(l8,3)::;; 768 are established by the 
bounds corresponding toe and q, respectively. The bounds 
in Theorem 4 (marked c and d) have been applied only 
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for R = 1, n::;; 19, and for 2::;; R::;; 4, n::;; 23, since in the 
table of A(n, d) in [14] upper bounds on A(n,2R + 1) are 
given only for these values of n and R. 

Lower bounds: 
unmarked: (5) or Theorem 2. 

a: Sphere bound (Theorem 1 ). 
b: Cohen et al. [4] (Theorem 5). 
c: Cohen et al. [4] (Theorem 4a)). 
d: Cohen et al. [4] (Theorem 4b)). 
e: Theorem 9. 
f: Theorem 10. 
g: Cohen et al. [4], by linear programming 

(Theorem 7). 
h: Stanton and Kalbfleisch [21), by linear pro

gramming (Theorem 6). 

Upper bounds: All upper bounds are constructive. 
unmarked: A · linear code from [7]. For example, from 

the table of t[n, k] in [7] we have t[27,9]::;; 7. 
Using (3), we obtain K(27, 7)::;; 29 = 512. 
Sometimes (4) bas been used too. 

p: A DS construction (9). 

q: An ADS construction (see Section 111-B). 
Every code entered into the table bas been 
checked to be normal ( for /inear codes this 
had already been done by Graham and 
Sloane [7]). All codes marked q in the table 
can be constructed by taking one term in the 
ADS equal to one of the following codes: 
(3, 2)1, (5, 7)1, (6, 12)1 or (11, 192)1. For ex
ample, 

{18,768)3=(6,12)@(13, 128)2. 

r: Mollard, Katsman, Litsyn [4], [17] (Theorem 
8). 

s: Cohen et al. [4], a piecewise constant code 
(Theorems 5,6). 

t: Cohen et al. [4] \Theorem 7). 



48 IMPROVED SPHERE BOUNDS 

VI. LINEAR CODES 

From (3) we see that improved lower bounds on K(n, R) 
may affect lower bounds on t[n, k]. Actually, from Table I 
and (3)' we obtain several improvemerits on the table of 
t[n, k] given in [7]. For example, K(32, 7) 21137 > 210 

implies t[32, 10) 2 8, whereas the best lower bound on 
t[32, 10] known up to the present was 7, established by the 
sphere bound. Theorem 11 lists all improvements for n ~ 
33. 

Theorem 11: 

t[23,6] = 7 

t[26, 12] = 5 

t[29,8] 2 8 

t[32,10]28 

t[25,9] = 6 

t[28,6] 2 9 

t[30,7] 29 

t[33,6] 211. 

VII. CONJECTURES 

Cohen et al. [4} made the following conjecture: 

K(n +2, R + 1) ~ K(n, R), for n +R. (21) 

They studied the validity of (21) in the cases R = 1 and 
R = 2. For example, they proved that 

K(n +2,2) ~ K(n,1), 

for n = 2,3,· · ·,8,10,11,- · ·,15 and n 2 28.1 

From Table 1 we see that this can be strengthened. 

Theorem 12: K(n + 2,2) ~ K(n, l) for all n EN, n 2 2, 
n+9. 

To conclude, we shall make a conjecture conceming 
perfect.codes. Without difficulty, the definitions in Section 
II can be generalized for arbitrary alphabets, consisting of 
q 2 2 elements. In particular, for q, n EN, q 2 2, and 
RE {O, 1, · · ·, n }, Vq(n, R) and Kq(n, R) are defined by 

1 In [3, p. 27] they have improved this to: for all n e N, n ~ 2, n "" 9, 16. 
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R 

Vq(n, R) = .L ( 7)(q-1); 
1-0 

(cf. [11, p .. 55]), and 

Kq(n, R) =min { Mla q-nary (n, M)R code exists}. 

TABLE I 
BOUNDS ON K(n, R) FOR n S 33ANDRS10 

Part 1 
n R=l R-2 R-3 

1 1 
2 2 1 
3 2 2 1 
4 a4 2 2 
5 b 7 s 2 2 
6 h 12 s b4 2 
7 a 16 b1q 2 
8 e 32 g 9-12 q b4 
9 c54-64 e 14-16 b1q 

10 e 103-128 e 21-32 g 8-12 q 
11 f 176-192 t c 32-56 q c 10-16 
12 e 342-384 p e 61-96 q e 17-32 
13 c 598-768 p e 96-128 e 25-56 q 
14 e1171-1536p c 157-256 e 38-64 
15 a 211 e 307-512 c 58-128 
16 . e 212 e 509-210 e 111-256 
17 f 7377-i13 c 859-1536 q e 175-448 q 
18 e 14564-214 e 1692-3072 p e 280-768 q 
19 c 26216-215 e 2889-212 f 462-210 
20 e 52429-216 f 5041-213 e 889-211 

21 a 95326-217 e 9893-214 e 1468-212 

22 e 190651-218 e 17261-itS e 2443-212 

23 f 352049-3·217 r f 30613-216 a 212 
24 e 699051-3·218 p e 60350-217 e 8098-213 

25 a 1290556-3·219 p e 107032-3·216 q e 13784-214 

26 e 2581111-3·220 p a 190651-3 · 217 p e 23600-215 

27 a 4793491-3·221 p e 380221-3·218 p a 40623-216 

28 e 9586981-3·222 p e 683042-220 e 80563-217 

29 f 17977788-3·223 p a 1231356-221 e 140212-218 

30 e 35791395-3 · 224 p e 2457076-222 e 245091-219 

31 a 226 e 4459987-223 f 433660-220 

32 e 221 f 8165162-224 e 854890-221 

33 a 252645136-228 e 16207424-225 e 1513112-222 
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R R==4 

4 1 
5 2 
6 2 
7 2 
8 2 
9 2 

10 b 4 
11 b1q 
12. 7-12 q 
13 d 9-16 
14 a 12-32 
IS e 21-56 q 
16 e 31-64 
17 e 46-128 
18 e 69-224 q 
19 c 106-384 q 
20 e 201-512 
21 e 316-210 

22 e 501-211 

23 e 802-3584 q 
24 a 1296-212 

25 e 2533-i12 

26 e 4167-213 

27 e 6901-7·211 q 
28 e 11502-3 · 213 q 
29 / 19506-21S 
30 e 37973-216 

31 e 64469-217 

32 e 109982-218 

33 e188484-3·217 q 

IMPROVED SPHERE BOUNDS 

TABLE 1 
(Continued) 

Part2 
R==5 

1 
2 
2 
2 
2 
2 
2 

.b4 
b1q 
7-12 q 

e 8-16 
e 11-32 
/ 15-56 q 
e 26-64 
e 38-64 
e 55-128 
e 82-256 

f 126-512 
f 201-210 

e 361-1792 q 
e 564-3072 q 
e 890-212 

e 1415-212 

f 2290-213 

/ 3789-7 ·211 q 
e 7126-3·213 q 

e 11690-215 

e 19287-216 

e 31999-7·214 q 

R=6 

1 
2 
2 
2 
2 
2 
2 
2 

b4 
b1q 
7-12 q 
7-16 

e 10-32 
f 14-56 q 
a 18-64 
e 32-64 
e 46-128 
e 67-224 q 
e 99-384 q · 

e 147-512 
/ 223-:21° 
/ 357-211 

e 642-:212 

e 1001-212 

e 1572-213 

e 2487-7·211 q 
e 3962-3·213 q 
e 6353-215 

Conjecture: Let q, n e 1\1, q:.:?: 2, Re {O, 1, · · ·, n }. lf a 
perfect R-error-correcting q-nary code of length n exists, 
then 

(22) 

In other words, for length n + 1 we cannot do better than 
tak.ing ihe DS CC<JJlq (compare (9)), where CC is a perfect 
R-error-correcting code of length n (over the cyclic group 
Zq, for convenience). 
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TABLE I 
(Continued) 

Part 3 
n R-1 R=8 R == 9 R•lO 

7 1 
8 2 1 
9 2 2 1 

10 2 2 2 1 
11 2 2 2 2 
12 2 2 2 2 
l3 2 2 2 2 
14 2 2 2 2 
15 .2 2 2 2 
16 b4 2 2 2 
17 b1q 2 2 2 
18 7-12 q b4 2 2 
19 7-16 b1q 2. 2 
20 e 9-32 7-12 q b4 2 
21 e 12-56 q 7-16 b1q 2· 
22 f 17-64 e 8-32 7-12 q b4 
23 f 23-64 el1-56q 7-16 b1q 
24 e 39-128 f 16-64 e 8-32 7-12 q 
25 . e 56-224 q / 21-64 e 10-56 q 7-16 
26 e 81-384 q f 28-128 el3-64 e 8-32 
27 e 118-512 e 48-224 q f 19-64 e 10-56 q 
28 e 175-210 e 68-384 q f 25-128 e 12-64 
29 f 266-1 '792 q e 98-512 f 34-224 q e 16-64 
30 e 395-211 e 142-210 e 58-384 q f 23-128 
31 / 631-211 e 209-1792 q e 82-512 / 31-224 q 
32 e 1137-212 e 310-211 e 118-itO / 41-384 q 
33 e 1767-213 f 467-211 e 171-1792 q e 71-512 

In the following cases, (22) is known to be valid: 

-q~2. n =1,2,- · ·, R = 0 (obvious); 

-q~2. n=R, for R = 1 2 · · · ( obvious) · ' ' ' 
-q=2, n=2R+l, for R =1,2, · · · 

(Theorem Sa)); 

-q=2, n=2'-l, R =I, for r =1,2, · · · 

{Corol1ary lb)); 

-q=3, n =4, R=I 

(Kamps and van Lint [10]); 
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we have 

K3(5,l) = 27= 3·K3(4,l). 

Note th,at for q = 2 the crucial question is 

K(24,3) = 8192? 

NOMENCLATURE 

N {1,2, · · · }. 
f 2 Field of two elements, 0 and 1. 
IAI Cardinality of the set A. 
~ ·Element of Fi. · 
x; i th coordinate of x. 

d(x, y) Hamming distance between x and y. 
w( x) Hamming weight of x. 

o (O, o" ", O). 
ral min{nez1n~a}. 
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APPENDIX 

Proof of Lemma 7: a) For a,b, c E F2, ISr(a)n B...(b)n B,(c)I 
is determined only by d(a, b), d(a, c), and d(b, ~). Hence we 
may assume that w = w' == 0 and x = x'. Put d. = !1( x, y ), d' = 
d( x, y'). Lemma 5 implies that d - d' = 2g, for some ge Nu 
{O}. We partition the set {1,2," ·,n} of coordinates into four 
subsets: Nap= { ilx1 = a, y1 = P} for a,p E F2• Observe that 
IN10I ~ g and IN0il ~ g. For example, d'~ w(y')- w(x) = w(y) 
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- w(x) = IN011- IN10I = d-21N1ol• so IN10I ~ (l/2)(d-d') = g. 
Now choose g coordinates belonging to N10 and g coordinates 
belonging to N01 • We may assume that y' is the word obtained 
from y by changing y in these 2 g coordinates (for the word thus 
obtained has the right weight and ~e P,ght distaQce to x). In 
short, we have g coordinates i witb 

X; =l Y1 = Ó. y{=l (23) 

and g coordinates j with 

xi=O J'i =1 yj=O {24) 

and d( y, y') = 2g. 
Put /=S,(O)nBs(x)nB,(y) and /'=Sr{O)nB5 (x)n 

B,( y'). To prove a), we have to show that 11'1~111. ft suffices to 
consider the case g = 1. For a complete proof use induction. 

Now suppose g = 1. Put e = y' - y. So «>(e) = 2. The two 
nonzero coordinates of e are a coordinate i satisfying (23) and a 
coordinate j satisfying (24). Define the map <p: l-+ Fi by 

cp(a) =a, if aE/' 

cp(a)=a+e, if a E. I'. 

We show that 1) q>(/) ç; l', and 2) q> is injective. 'flris implies 
II'I ~ 1/1. 

1) Let a e /. If a E !', then VJ(a) = a E /'. If a E. l', then 
c:p(a} = a + e, and we have d(<p{a), y') = d(a + e, y + e) = 
d(a, y) :s; t, so cp(a) e B,(y'). Furthermore, a El - I' implies 
a1 =0, ai=l. ConsequenUy, d(<p(a),x)=d(a+e,x)=d(a,x) 
-2 :s; s -2 :s; s, and w( cp(a}) = w(a + e) == w(a} =r. Therefore, 
<p(a) E B5 (x) and 'cp(a) E Sr(O). We conclude th~t cp(a) E /'. 

2) Suppose that a, a E /, a:;. ~.and cp(a) - cp(ä). If a, a E /' 

or a, ä E. /', we immediately have a contradiction. The remaining 
case is a E /', ä E. l' (w.lo.g.). Then a = ä + e, and we have 
d(q,y)=d(ä+e,y)=d(ä,y')-:>t. This contradicts aeB,(y). 
Part b) follows immediately from a) and (2). 
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' On Normal and Subnormal q-ary Codes 

ANTOINE C. LOBSTEIN ANI> GERHARD J. M. VAN WEE 

Abstract -We extend to the q-ary case the notlons of a nonnal code, a 
subnormal code, and the amalgamated direct sum construction. These 
concepts were defined in lhe binary case to investigate problems related 
to the covering radius of codes. Many nonbinary covering codes appear 
to be absubnormal. In particular, we prove that every nonbinary non
trivial perfect code is absubnormal. We also include some linear pro
grammlng lower bounds on ternary codes with covering radii l or J. 

1. INTRODUCTION 

Let K(n, R) dcnotc the minimal number of codewords in any 
binary (linear or nonlinear) code of length n and covering radius 
R. (In othcr words K(n, R) is the minimal number of spheres of 
radius R nccessary to cover F].1

.) The distance we consider here 
is the Hamming distance. The function K has received much 
attcntion rcccntly (see, for instance, [2], [3], [5]-[8], [17]). 

In [4], Graham and Sloane introduced the notion of a binary 
lincar nonna/ code, and the amalgamated direct sum of two 
binary linear codes. This work was extended to the nonlinear 
case in [2]. The amalgamated direct sum construction, which 
works best when applied to normal codes, off ered several con
structivc improvements on upper bounds for K(n, R). 
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Binary (linear or nonlinear) subnormal codes were introduced 
by Honkala in [6] and were studied in more detail in [7], giving 
alternative constructions for upper bounds on K(n, R). A code 
that is not normal or subnormal is called abnormal or absubnor
mal, respectively. 

In the binary case it has been shown that any Iinear code with 
length n 514 or dimension k 5 5 or minimal distance dmin 5 5 
or covering radius R 5 2 is normal [2]-[4], [12]; so far, no Iinear 
abnormal code is known. Also, no Oinear or nonlinear) absub
normal code is known. 

It is known that abnormal nonlinear codes do exist. Examples 
of such codes were given by Frankl (see [12]). However, these 
.examples were shown to be subnormal by Honkala [7]. 

In Section II we extend these concepts to any q-ary Oinear or 
nonlinear) code. We give a few examples of normal q-ary codes 
(Lemmas 1-3). In Section 111 we investigate which q-ary perfect 
codes are (sub)normal: all binary or trivial perfect codes are 
normal, hut all other q-ary perfect codes are abnormal and even 
absubnormal! 

In Section IV we pay special attention to ternary covering 
codes. We derive an explicit lower bound on the size of a 
subnormal tcrnary code with covering radius 1. We include a 

table of lower and upper bounds on K 3(n, R), the minimal 
number of codewords in any ternary code of length n and 
covering radius R, for n:::; 13, R 5 3, known to us. We improved 
some of the known lower bounds by linear programming. 

11. NoRMAL AND SueNORMAL q-ARY CooEs 

Let a (q, n, M )R code be a Oinear or nonlincar) code of 
length n, with M elcmcnts and covering radius R, over an 
alphabet consisting of q ( ;;:::: 2) syrnbols. For the alphabet we 
take the finite field IF" of q elements if q is a prime power, or 
the integers modulo q otherwise. We shall always denote the 
alphabet by ~,. 

The following is a straightforward generalization of the dcfini
tion of a binary normal code given in [2J. 

Let C be a (q,n,M)R code. For i= 1,· · ·,n and aE F, let 
(

. q 
c"I) = {(c, ... cll) E Clci = a} and 
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N(i> = max" { E d( x .c~o)}, 
xeF,, aEF ,, 

with th~ convention that d(x, 0) = n; N<i> is called the nonn of 
C with respect to coordinate i. lf, for some i, N°> ~ qR + q -1, 
then C is said to be nonna/, and such a coordinate i is called 
acceptable. 

We now generalize the definition of the amalgamated direct 
sum of two normal codes: let A be a (q,nA,MA)RA normal 
code with last coordinate acceptable, and let B be a 
(q, n 8 , M 8 )R 8 normal code with first coordinate acceptable. 
Assume A~n"> and 8~ 1 > are nonempty for all a in Fq. The:n the 
amalgamated direct sum of A and B is given by C = A @B = 
UaeF{(v,a,w)Kv,a)eA,(a,w)eB}. Theorem 1 is a general
ization" of [2, theorem 11]. 

Theorem 1: C is a code of length n = nA + n 8 -1, containing 
Eae F IA~nA>l· IB~l)I elements. C has covering radius Re~ RA+ 
R B• and if Re = RA + R B• then c is normal, with coordinate n A 

acceptable. 

Proof: Let z be an arbitrary element of F:1
: z = (x, u, v) 

with x E F;A- 1, v E F;18
-

1, u E Fq. For s,t E Fq let As.r = 0 if 
s = t, 1 otherwise. Now 

q·d(z,C) ~ E d((x,u,v),C~"A>) 
aEF" 

= E (d((x,u),A~nA>)+d((u,v),B~l>)-A"·"} 
aeF" 

= E d((x,u),A~"A>) 
aeF" 

+ E d( (u,v), B~0)-(q-1). 
aE F,

1 

Thus, because A is normal with coordinate nA acceptable and 
B is normal with coordinate 1 acceptable, 

q. d( z' c) ~ ( qR A + q l) + ( qR B + q - 1) - ( q - 1) 

=q(RA+RB)+q-1. 
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This proves that for all z in F~', d(z,C) s RA+ R 8 • Hence 
Re s RA+ R 8 • Now if Re= RA+ R 8 , we have, for all z in F~', 
LaeFd(z,C~"A>)sqRc·+q-1; thus Cis normal and coordi
nate ~ A is acceptable, which completes the proof. o 

We now extend to the q-ary case the definition of a binary 
subnormal code given in [6]. Let C be a (q,n,M)R code.Cis 
·said to be subnormal if there is a partition of C into q subsets 
ca (a E Fq) such that, for all x in F; La E F d(x, Ca) s qR + q -1. 
(We allow C0 to be empty, putting d(x, 0) = n.) Such a parti
tion is caJJed acceptable. 

Clearly, any normal code is subnormal. Theorem 2 generalizes 
[6, Theorem 8]. 

Theorem 2: lf C is a (q, n, M)R subnormal code with an 
acceptable partition without the empty set, then for every natu
ral number p there is a (q, n + pq, M)R + (q l)p code. · 

Proof c = u aEF ca, with Lae Fqd(y,C) s qR + q -1 for 
all y in F;. For everyq a in Fq let 1; be the vector of length k 
containing k times a, and let c; = {(c, 1:q>lc E Ca, a E Fq}. c; 
is a code of length n + pq, containing M words. Let x be any 
vector.in F:;+pq: x =(v,w) with u e Fq" and we F/q, w contain
ing Pa:= p +ra times the symbol a, fora E Fq; we have - p s 
ras(q l)p, and LaeFr0 =0. Suppose that for all ae 

q 

Fq,d(u,C0 )"2. R+r0 +1. Then LaeFd(v,C0 )'::::.qR+q, which is 
a contradiction. Thus there must be ~ome a such that d(v,c) s 
R + 'a• with c E ca. Now (c,J!:q)E c;, and d(x,(c,J::q» s R + 
ra +(pq - Pa)= R +(q l)p. Tuis establishes the desired result 
that c; has covering radius less than or equal to R +(q -l)p. 
In fact, it is clear that the covering radius of c; is exactly 
R+(q-l)p. o 

Beforc we present Theorem 3, which combines Theorems 1 
and 2 and is a generalization of [7, Theorem 9], we state the 
following. 

Lemma 1: For all q and all n, the q-ary repetition code of 
length n is normal. 
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Proof: The repetition code is Crep=UaeF{J:}, with 1: 
the all-a vector of length n. Let w be any ~ector in F;, 
containing Pa times the symbol a. Let p = max{p0 la e Fq}. 
Then p ~ rn/ql and d(w,Cre )= n- p s n-rn/ql and so Cre 
bas covering radius R s n ï rn / q 1. Taking w with p = [ n / q ~ 
shows that R=n-rn/ql. Now, q.rn/qlsn+q-1 and so 
qR + q -1 ~ (q - l)n. For arbitrary we Fqn however we have 
EaeFd(w.J:>=EaeF(n-p0 )=(q-l)n, which proves that 
C ·" 1 q rep ts norma . 0 

We now givc a slight modification of the amalgamated direct 
sum construction, as in [7]. 

Let A be a (q, nA, MA)RA normal code with the last coordi
nate acceptable, and let B be a (q,n 8 ,M8 )R8 subnormal code 
with partition B = U ae FBa acceptable. Assume A~A> and Ba 

q 

are nonempty for all a E Fq. Let ca = {(v, w )Kv, a) e A, w E Ba}. 
Then the amalgamated direct sum of A and B is given by 
C=AEDB= UaeFCa. 

q 

Theorem 3: C is a code of length n = n A + n 8 -1, containing 
Eae F IA~nA>l·IBalelements. C hascovering radius Re s RA+ R8 , 

q 

and if Re= RA+ Rn, then c is subnormal with u aca an 
acceptable partition. 

Proof: Let z be an arbitrary element of F;; z = (u, v) with 
ueF;A- 1 and veFq11

B. For tEFq let 4,=0if t=Oand 4 1 =1 

otherniise. Theo 

q·d(z,C) s E d((u,l'),C.J 

= L { d ( ( u , 0) , A ~;1 1 > ) - A 11 + d ( c, B" ) } 
u E f~1 

= L d((u,O),A~;11 ))+ L d(c,811 )-(q-l) 
ue F" uE 1-;1 

s ( qR A + q - 1) + ( qR Il + q - t) - ( </ - 1) 

=q(RA + Rn)+q-1. 
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Thus Re~ RA+ R 8 • Now if Re - RA+ R 8 , wc have, for all 
zin F~', EaeFd(z,Ca)~qRc+q-1; thus C is-subnormal and 
U aCa is acceptable, which complctes the proof. D 

Theorem 3 contains Theorem l, because any normal code is 
subnormal, and also Theorem 2, because the repetition code is 
normal and can be taken in the amalgamated direct sum con
struction as code A, with length n A = pq + 1 (and covering 
radius RA=(pq+l)-r(pq+l)/ql=p(q-1) (sec proof of 
Lemma 1)). Note that in Theorem 1, as well as in Thcorcm 3, 
we have IA©BI ~ IAllBl/q (after a suitable permutation of the 
alphabet in the·nAth column of A, if necessary). It is easy to add 
more examples of normal codes to the repetition codes of 
Lemma 1. 

Lemma 2: For every q-ary code C the code C ffi Fq := {( c, a )1 
c E C, a E Fq} is normal, with the last coordinate acceptable. 

Proof: Let C have length n and covering radius R. Let 
D = C@Fq. D has covering radius R, and for every w E F:; + 1, 

}: d(w,D!n+l))~R+(q-l}(R+l)=qR+q-1. D 
aEFq 

We conclude this section with one less trivia! example of a 
normal covering code. A code like the (3, 9, 1458)R = 1 code of 
Kamps and van Lint [10], which is still the best known ternary 
code with n = 9, R = 1, can be constructed in genera! as follows. 
Let C be a (q,n,M)R = 1 code. Theo C' := {(x,x + c, y)lx E F;, 
c E C, y E Fq, y * f.j= 1x;} is a (q,2n + l,(q -l)qnM)R = 1 code. 

The following result is due to J. H. van Lint, Jr. We omit the 
proof, which is straightforward. 

Lemma 3: C' is normal, with the last coordinate acceptable. 

III. ABSUBNORMAL CODES 

A q-ary code C with covering radius R is called perfect if 
there are no two different codewords with mutual distance 
smaller than 2R + 1. Examples include the trivia/ perfect codes, 
i.e .• those with R = 0 or ICl-1, q-ary Hamming codes (q a 
prime power). or the binary and ternary Golay codes (see [14, 
ch. 6]). In this section we show that, in contrast with [4, cor. 8], 
perfectness and subnormality do not, in general, go hand in 
hand. 
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Theorem 4: The norm of a perfect R-error-correcting q-ary 
code with respect to any coordinate is qR if ICI = 1 and qR + q 
-1 + (q - 2)R otherwise. 

Proof· .Let C be a perfect R-error-correcting q-ary code of 
Jength n. The case ICI = l, i.e" R = n, is obvious. Assume 
ICI > 1, i.e., n::?: 2R + 1, and consider for instance the first coor
dinate. For an arbitrary x e F;, there is a (unique) codeword c 
such that d(x,c)sR. Let d:=d(x,c). 

First consider the case x1 = c1• For any a E Fq\{c1} a y 0 
E F; 

exists such that YÎ = a, d(c, y 0
) = R + 1 and d(x, y 0

) = R + 1- d. 

A (uniquc) h" E C cxists such that d(h", y") s R. Sincc d(c, b") 
::?:2R+l, wc ncccssarily have d(h",y")=R and d(c,b")=2R 
+ 1. Morcovcr, bi'= a and d(x, b") = 2R + 1- d. Notc that 
d(x.h")= d(x,c:/». Hcncc 

E d(x,C~1 >)=d(x,c)+ E d(x,b") 

=d+(q-l)(2R+l d) 

= qR + q - l + ( q - 2) ( R - d) 

s qR + q - l +(q-2)R, 

with cquality if x is a codcword, i.c., d = 0. 
Sincc c:/ 1 :;i:0 for all a in F,

1 
(as shown previously), the sum 

r." E F d(x, C!' >) does not dcpcnd on the first coordinate of x. lf 
" 

x 1 * c 1, dcnotc by x' the word obtained from x by changing its 
first coordinatc to c 1• Thcn d(x',c)=d-lsR and xj=c 1, 

he nee 

E d(x,C!H)= E d(x',C!'>)sqR+q-l+(q-2)R. 
aEf',, 

This proves that N<'>(C) = qR + q -1 +(q -2)R. D 

Corollary 1: A q-ary perfect code is normal if and only if it is 
binary or trivia!. 

Wc strengthen this rcsult in the following theorem. 
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Theorem 5: If C is a subnormal ( q, n, M) R code with mini
mum di.;tance d, then d .=:;; (q /(q -1))-R + 1. In particular, the 
nonbinary nontrivial perfect codes (for which d- 2R + 1) are 
absubnormal. 

Proof: If c = u a E f:. ca is acceptable, then for any code
word c, qR+q l;;:=:EaqeFd(c,Ca);;::.O+(q-l)d; this is also 
true in cases where Ca -0, because d(c,0)= n :=::: d. The result 
follows. 

Example: The q-ary Hamming codes with parameters (q, n = · 
(qr -1)/(q -1), M = qn-r)R = 1 (r > 1, q > 2 a prime power) 
are absubnormal linear perfect codes. 

As in [17], we denote by Kq(n, R) the minimal cardinality of a 
q-ary code of length n with covering radius R. A (q, n, M)R 
code is cal1ed optima/ if M = Kq(n, R). Conjecture D in [2] 
states that for given n and R it is always possible to find a 
normal code among the binary optimal covering codes. Theorem 
5 and any choice of the parameters of the Hamming codes just 
mentioned can be used to disprove the q-ary generalization of 
this conjecture, even when we replace "normal" by "subnormal." 
lt also shows that [7, Theorem 11], which states that any binary 
optima) code with covering radius 1 is subnormal, cannot be 
generalized to the q-ary case. D 

IV. THE TERNARY CASE 

Let C be a q-ary (sub)normal code of length n with covering 

radius R. The argument in the proof of Theorem 5 shows the 
existence of (a number of) intersections of the spheres with 
radius R around the codewords of C, at least when q > 2 and 
0 < R < n. With this knowledge it is obviously possible to derive 
a lower bound on the cardinality of C which is better than the 
well-known trivial sphere covering bound 

(1) 
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We illustrate this by working out the idca in the case q = 3, 
R = 1. In this case the sphcrc covcring bound rcads ICI :2!: 311 /0 
+ 2n). Wc necd a lemma to take care of a minor detail. 

Lemma 4: lf a subnormal (q,n,M)R code C has an accept
able partition with an cmpty set, then n :s; R + q 1. 

Proof: Choose an x in F~' such that d(x,C)= R. Suppose 
C = U a e F C a is an acceptable partition of C with at least one 
empty set.Then qR+q-1:2!:LaeFd(x,C):2!:n+(q-l)R and 

• </ 

hence n :s; R + q - 1. o 

Theorem 6: For every subnormal temary code C of lcngth 
n > 3 with covering radius 1, we have ICI :2!: 311 /2n. 

Proof: Let C == C0 u C1 U C2 be an acceptablc partition. By 
Lemma 4 there is no empty set. For every c in C there is a 
codeword c' :F c such that d(c,c') :s; 2. For example, if c e C0 
then 5 = 3 · l + 2 :2!: d(c, C0 ) + d(c, C1) + d(c, C2 ) = d(c, C1) + 
d(c,C2 ). 

Now let C' be a maximal 1-error-correcting subcode of C, i.e., 
for every pair a, b E C' (a :F b) we have d(a, b) :2!: 3 and for every 
b E C\ C', d(b, C') :s; 2. One of the following two cases holds: 
IC'I:::;: ICl/2 or IC\C'I < ICl/2. 

In the first case every codeword in C' covers at most 1+2n 
words and every codeword b E C \ C' covers at most 1+2n - 2 
words not alrcady covered by a codeword in C', since the sphere 
with radius 1 and center b intersects in at least two points with a 
sphere with radius 1 around a codeword in C'. Consequently, 
311

:::;: IC'I · (1+2n)+ IC\ C'I · (2n -1) = ICI · (2n - 0+ 2IC'I:::;: !Cl 
·2n. 

In the second case we get the same result 3" :s; ICl·2n if we 
follow the lines of the proof of the first case with C' and C \ C' 
interchanged. Thus in both cases 3" :s; IC!· 2n. o 

A. Upper Bounds 

K 3(n, R) is, in terms of a football pool, the minimal number of 
forecasts necessary to guarantee, for n matches (having three 
possible outcomes). that at least one forecast has at most R 
errors. Table 1 gives lower and upper bounds for K 3(n, R), 
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TABLE 1 
BouNDS FOR K3(n,R), 1:s;n:s;13, 1:s;R:s;3 

n R=1 R=2 

1 1 
2 3 1 
3 5 3 
4 9 3 
5 "27. b6-8c 
6 57_73/ b11-17c 
7 146-1861 b24-35c 
8 386-4861 51-8lc 
9 1036-1458d 121-222c 

10 2812-3645e 294-567c 
11 7703-10935 729 
12 21258-29889c 1839-2187 
13 59049 4704-6561 

Key to Table 
Lower bounds: unmarked (1) or obvious 

a [11] 
b Section IV-B 

R=3 

l 
3 
3 

"s-6c 
"1-12c 
"13-27 
24-54c 

51-108c 
114-243c 
260-729 

607-1215c 

65 

Upper bounds: unmarked Hamming or Golay code or obvi -
ous 

c (5] 
d [10] 
e [1] 
f [13]. 

l s n s 13, 1 s R s 3, collcctcd from, [IJ, [5], [9]-[ J 1 ], [ 13] and 
Scction IV-Bof this corrcspondcncc. In Fig. 1 wc list the words 
of C4•9 , the tcrnary Hamming code of lcngth 4 with nine 
clements and covcring radius J (sec Scction 111). This code is 
unique ,up to pcrmutations and translations (sec [9]). 

To usc the amalgamatcd direct sum construction and improvc 
on the upper bounds on KJ(n, R), one would likc to find normal 
or subnormal codes. For instancc, normality of C4 9 would imply 
(taking C4, 9 Ei> C4,,,) that K3(7,2) s 27, thus imp.roving on the 
entrics in Tablc L However, in the previous section wc already 
saw that, although linear, C4, 9 is abnormal and even absubnor
mal. So far, the only ternary optima! normal codes we have 
found are the trivia! perfect codes, the repetition codes, and a 
(3,5,27)R = 1 code (sec Lemma 2). 
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0000 

0222 

0 1 1 1 

2021 

2210 

·2102 

1 0 1 2 

1 2 0 1 

1 1 2 0 

Fig. 1. C4,.,: (3,4, 9)R = 1 linear code. 

Nonoptimal normal or subnormal codes also can be of inter
est: for instancc, finding a (3,4, ll)R = 1 subnormal code would 
give, by Theorem 2 with p = 1, a (3, 7, 1 l)R = 3 code, improving 
K3(7,3) ::;.12. By Theorem 6 there is no chance of finding a 
subnormal (3,4, M)R = 1 code with M < 11. 

B. Lower Bounds 

In the binary case numerous techniques, simple or sophisti
cated, have been invcstigated with the specific aim of improving 
the sphere covering bound (1) on K(n, R) (see, for instance, 
[2, sec. II], [6], [7], [15]-[l 7]). Here, in the ternary case, we 
simply use the so-called linear programming bound (see [2, theo
rem 9] and [15]); let C be a ternary code of length n, and 
for i = 0, · · ·, n let A; denote the number of codewords with 
weight i. 

lf C has covcring radius 1, then, since every vector of weight i 
must be within distance 1 from the code, we have 

2( n - i + 1) A; 1 + ( i + 1) A; + ( i + 1) A; + 1 ~ 2; · ( 7 ) , 
for i = 0, · · ·, n 

(with the convcntion that Ai= 0 when j < 0 or j > n). 
lf C has covcring radius 2, then 
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+ [ 1 + i + ( ~) + 2i( n - i)] A; + ( i + 1 )
2
A;+ 1 

( i+2) ; (n) + 2 Ai+2;;::; 2. i , fori=O"··,n. 

If C has covering radius 3, then 

8 ( n - i + 3 ) A. + 4( . _ 1) { n - i + 2 ) A . 
3 1-3 ' 2 1-2 

+ [ 2( n - i + 1) [ i + ( i; 1 )] + 4( i - 1) { n - ~ + 1)] A;_ 1 

+ [ 2i 
2 

( n - i) + 1 + i + ( ~ ) + ( ~ ) ] A; 

+ [ ( 1 + i) [ 1 + i + ( ~)] + 2( n - i - 1) ( i ~ l ) ] A;, 1 

+ ( 1+i)(i~2) A;+2 + ( i ~ 3) A;-1 J;;::; 2;. ( ';), 

for i = 0, · · ·, 11. 

To find a lower bound on the cardinality of C, wc minimizc 
Lj'=oA; subject to these linear incqualitics. 

For R = 2 and n = 5, 6, or 7, and for R = 3 and n = 6, 7, or 8, 
this rules out the codes with 5, 10, 23, 4, 6, and 12 words, 

. respectively, showing that K J(5, 2) ~ 6, K 3(6, 2) ~ l 1, K J(7, 2) ~ 
24, K3(6,3)~ 5, K3(7,3)~ 7, and KJ(8,3)~ 13. These rcsults 
improve the sphere covering bound. 

V. ÜPEN PROBLEMS 

1) Find ternary, optima! or nonoptimal, normal or subnormal 
codes improving, by the amalgamated direct sum construction, 
on the upper bounds on KJ(n, R) (cf. Scction IV-A). 
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2) What can be said about the genera! q-ary case? Littlc is 
known about the function Kq(n, R) (see [l], [9J, [15], or [16]): a 
simple lower bound is the sphere-covering bound (1 ); simplc 
upper f?ounds can be derived using inequalities such as Kin 1 + 
n 2, R 1 +R2)5. Kin 1, R 1)- K,

1
(n 2 , R2) (obvious) or Krs(n, R) 5. 

s"- 'Kr(n, R) (see [l]). When R = 1, exact values are known for 
n = 2, n = 3 (see [9]), or when q is a prime power with n(q - l) 
+ l a power of q. 

Notes Added in Proof 

1) The result, mentioned in the lntroduction, that binary 
linear codes with minimum distance dmin 5. 5 are normal, 
has not (yet) been established. X. Hou (University of 
Chicago) has shown that the proof in [12) is incorrect. 

2) For open problem 2), see G. J. M. van Wee, "Bounds on 
packings and coverings by spheres in q-ary and mixed 
Hamming spaces," J. Comhin. Theory (A), to appear.· 
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Abstract 

van Wee, G.J.M., On the non-existence of certain perfect mixed codes, Discrete Mathematics 
87 (1991) 323-326. 

lt is shown that if a nontrivial perfect mixed e-code in Q1 x Q2 x · · · x Q" exists, where the Q1 
are alphabets of size q1, then the q1, e and n satisfy certain divisibility conditions. In particular, 
all differences q1 q1 must be divisible by e + 1. 

1. Introduction 

Let n be a positive integer and for i = 1, 2, ... , n let Q; be an alphabet 
consisting of q;~2 symbols. The elements of the Cartesian product V:= 
Q1 x Q2 x · · · x Q" are called words. V is a metric space by means of the 
Hamming distance d, which for any two words x = (x1> x 2 , ••• , x"), y = 
(y11 J2, ... , y") is defined by d(x, y) = l{i 1 x1 ::F y1}1. Let e be a nonnegative 
integer. Be(x) denotes the sphere with radius e and center x: Be(x) = {y e 
V 1 d(x, y) .s;; e}. A mixed code is a nonempty subset of V. A mixed perfecte-code 
is a mixed code C such that the spheres Be(c) forma partition of V, where c runs 
through C. Examples of mixed perfect codes are those with e = 0 or e = n. We 
call these perfect codes the trivial ones. 

In the special case that all q; are the same, q say, one speaks of a q-ary code. 
· The existence and nonexistence of q·ary perfect codes has been thoroughly 

• This research was supported by the Netherlands organization for scientific research (NWO). 

0012-365X/91/$03.SO © 1991-Elsevier Science Publishers B.V. (North-HoUand) 
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studied by various authors. Fora survey and many references, see van Lint [7). 
One could also consult [8, Ch. <?]. Examples of nontrivial q-ary perfect codes are 
known only when q is a prime power. In the following we shall abbreviate 
'nontrivial mixed perfect e-code' bye-code. We shall use the adjective proper if 
we want to indicate that not all q; are the same. 

The earliest publication on mixed codes and the configurations which we call 
propere-codes, seems to be the conference paper by Schönheim [10]. Later on, 
propere-codes have been studied by Herzog and Schönheim [3-4], Lenstra [5], 
Heden [1-2), Lindström [6] and Reuvers [9]. Except for [1] and [9] the papers 
mentioned mostly deal with the case that the q1 are all powers of the same prime 
and e = 1. By Theorem 1 in [4] a 1-code can be constructed from an abelian group 
that bas a certain partitioning property. As a consequence of Theorem 2 in [4], 
which gives sufficient conditions for a class of abelian groups to have that 
partitioning property, one can easily find many proper 1-codes. We give an 
example: Let q be a prime power and let IF q be the finite field of size q. Let a and 
m be integers with m > a ;ie 2 and put n = 1 + (qm - q j/(q - 1 ). Then there exists 
a 1-code in IFq ... x IF~- 1 , which moreover is a subgroup of IFq ... x f~- 1 (viewed as an 
additive group). 

In [1] and [9, Ch. 6] propere-codes are treated with.e and the q1 arbitrary. 
Reuvers [9] proved the nonexistence of certain proper 2- and 3-codes. lt is not 
known to the author whether proper e-codes exist with e > 1. 

In this note we show that for an e-code to exist, the q1, e and n must satisfy 
certain divisibility conditions (Theorem 1). Tuis leads to Corollary 2, which for 
instance immediately rules out the a priori possible existence of proper e-codes 
with e arbitrary and q1 e {2, 3} for all i. Some of the arguments used in Section 2 
are related to [11, Section IV]. 

2. Divisibility conditions 

Theorem 1. Suppose an e-code in V exists. Then for r = 1, 2, ... , e + 1 and for 
all subsets A of {l, 2, ... , n} of size n -e + r-1 we have 

(1) 

Proof. Suppose that Cis an e-code in V. Let re {l, 2, ... , e + l} and let A be a 
subset of {l, 2, ... , n} of size n - e + r - 1. Let c e C and let x e V be such that 
{i 1 x1 :;il: et}= {l, 2, ... , n} \A. Hence d(c, x) = e - r + 1 and Br_ 1(x) ç Be(c). 
Now one easily verifies that 

IB,(x)- Be(c)I = L; Il (qi 1). 
Rs;;A: IR!=r jeR 

Since Cis perfect, we have for every beC\{c}, Br(x)nBe(b)e {O, (e;.-')}. By 
using the perfectness of C again, (1) follows. 0 
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Remark. For q-ary e-codes Theorem 1 reads 

(n-e;r- l)(q -1)'=0 (mod(e ;r)). 

for r = 1, 2, ... , e + 1. This is a generalization of Theorems (4.3) and (5.4) in [7]. 

, From Theorem 1 we derive the following (weaker) condition. 

CoroUary 2. A necessary condition f or an e-code in V to exist, is that all 
differences qk - 91 are divisible by e + 1. 

Proof. Choose r = 1 in Theorem 1. Since 0 < e < n there exist subsets A 11 A 2 of 
{1,2, ... ,n} of size n-e such that A 1 -A2 ={k}, A 2 -A1 ={l}. By (1) we 
have for i = 1, 2: 

2: (q; - 1) a 0 (mod(e + 1)). 
jeA; 

Subtraction of one equation from the other gives the desired result. D 

If not all q; are the same, Corollary 2 gives an upper bound one: for every 
e-code in V we have 

In particular, if qk - q1=1 for some k and l, there are no nontrivial pedect codes 
in Vat all (see the example at the end of the Introduction). 

3. An applkation 

Some of the proofs of the nonexistence theorems for mixed pedect codes that 
were found by Reuvers [9, Ch. 6] can be much simplified with the aid of 
Corollary 2 of this note. We give one example. Somewhat differently stated, the 
following theorem was proved in [9]. 

1heorena 3. lf q2 = q3 = · · · = qn = 2, then a proper 3-code in V does not exist. 

In the proof of this theorem the following lemma, found by Heden [l], was 
used. 

Lemma 4. Let p be a prime. lf an e-code in V exists and p divides q1 for some i, 
then p divides at least n - e + 1 of the numbers q1• 
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We now give an alternative proof of Theorem 3, which is much shorter than the 
one given in [9]. 

Proof of Tbeorem 3. If a proper 3-code in V exists, then by Lemma 4, q 1 = 2r for 
some r ;;.: 2. By Corollary 2 we then would have that 4 divides 2r - 2, which is 
false. D 

Acknowledgement 

1 would like to thank Prof. J.H. van Lint for his helpful comment on an earlier 
draft, and Peter L. Hammer for suggesting reference [10]. 

References 

[1] 0. Heden, A generalized Lloyd theorem and mixed perfect codes, Memorandum no. 8, 
Matematiska lnstitutionen Stockholms Universitet, Sweden (1974). 

[2] 0. Heden, A new construction of group and nongroup perfect codes, lnfonn. and Control 34 
(1977) 314-323. 

(3] M. Her.rog and J. Schönheim, Group partition, factorization and the vector covering problem, 
Canad. Math. Bull. 15 (2) (1972) 207-214. 

[4] M. Her.rog and J. Schönheim, Linear and nonlinear single-error-correcting perfect mixed codes, 
Information and control 18 (1971) 364-368. 

(5] H.W. Lenstra, Jr, Two theorems on perfect codes, Discrete Math. 3 (1972) 125-132. 
(6] B. Lindström, Group partitions and mixed perfect codes, Canad. Math. Bull. 18 (1) (1975) 

57-60. 
[7] J.H. van Lint, A survey of perfect codes, Rocky Mountain J. Math. 5 (1975) 199-224. 
[8] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes (North-Holland, 

Amsterdam, 1977). 
[9] H.F.H. Reuvers, Some non-existence theorems for perfect codes over arbitrary alphabets, 

Thesis, Eindhoven University of Technology, 1977. 
(10] J. Schönheim, A new perfect single-error-correcting group code. Mixed code, in: R. Guy, H. 

Hanani, N. Sauer and J. Schönheim, eds., Combinatorial Structures and Their Applications, 
Proc. of the Calgary International Conference, June 1969 (Gordon and Breach, London, 1970) 
385. 

[11] G.J.M. van Wee, Improved sphere bounds on the covering radius of codes, IEEE Trans. lnform. 
Theory 34 (1988) 237-245. 



IEEE TRANSACflONS ON INFORMATION THEORY, VOL. 36, NO. 6, NOVEMBER 1990 

, More Binary Covering Codes are Normal 

GERHARD J. M. VAN WEE 

Abstract -lt is shown that every optimal binary code with covering 
radius R = 1 is normal. This (partly) proves a conjecture of Cohen, 
Lobstein, and Sloane. It is also proved that codes with minimal distance 
2 R or 2 R + l are normal. Finally, a generalization of Frankl's construc
tion of abnormal codes is given. 

1. INTIWOUCTION 

Recently much research has been done on the problem of 
detcrmining which (linear or nonlinear) codes are normal (or 
subnormal) (sec [l]-[5], [8]-[10], [12], and [16]). In this corre
spondcnce some further progress towards the solution of this 
problem is made. 

The concept of normality was introduced in [3] for binary 
linear codes and gcneralized in [2] for arbitrary binary codes. 
For the q-ary case, see [12]. In the same papers it was shown 
that normal codes are of interest for at least one reason: two 
normal covering codes can be combined by the so-called amalga
mated direct sum (ADS) construction, yielding a relatively small 
covering code of greater length. 

A slightly different and weaker property that a binary code 
can have is to be subnormal. This notion was introduced in [4] 
and discusscd more thoroughly in [5]. Every normal code is 
subnormal, but not the other way around, as shown in [5]. 
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Although these conccpts can be generalized for nonbinary 
codes (see (12]), in the rest of this correspondence we restrict 
our attention to the binary case only. Codes that are not normal 
or not subnormal are called abnormal or absubnormal, rcspec
tively. 

Nonlinear abnormal binary codes have been shown to exist by 
Frank! (sec [10, Th. 19]). lt is still unknown whethcr linear 
abnormal bînary codes exist. The samc holds for (lincar or 
nonlinear) absubnormal binary codes. 

We shall use the following notation. Let x = x 1x 2 • • • x ", 
y = y 1y 2 • • • y" E IF2. The vector space IF2 is a metric space with 
Hamming distance d(x, y) defined by d(x, y) = l{ilx; * Y;}I. The 
support of x, supp(x), is the set {ilx; '1: O}. The weight of 

x, wt(x), is equal to lsupp(x)I. Furthermore, we define Sr(x) = 

{y E IFïld(x, y) = r}, and Br(x) = {y E IF21d(x, y)::; r }. For a code 
C.ç;; IF2 with ICI > 1, the minimal distance dmin(C) is equal to 
min{d(u,v)lu,vEIF2 and u'1:-v}. The col'ering radius of C, 
CR(C), is defined by 

CR( C) = max { d(x,C)lx E IF2}. 

An (n, M)R code is a binary code of length n, with cardinality 
M and covering radius R. We define 

K(n,R) = min{Mlan (n,M)R code exists}. 

Let us now recall from [2], [5], [9], or [12] the following 
definitions. Let C be a binary code of length n with CR(C) =R. 
For i = 1,2," ·, n and a E 0:2 let C~i) == {c E Clci = a} and set 
N<0(C):=max{d(x,CN>)+d(x,q0 )1xE0:2'}. We use the con
vention that d(x,</J)= n. NCi>(C) is called the norm of C with 
respect to the ith coordinate. If N<i>(C)::; 2R + 1, then coordinate 
i is called acceptable. A code that has at least one acccptable 
cöordinate is called normal. 

Remark 1: This definition of "acceptable" differs. from the 
one in [2] and [9], but it is in accordance with [5] .and (12]. In 
addition, one could define the norm N(C) of Cas the minimum 
of the N°>(c), but this is done differently in [2], [5] and [9]; in 
these papers the norm is defined in such a way that a code has 
more than one norm. Throughout this correspondence the defi
nitions of "acceptable" and "norm" as previously givcn wilt be 
assumed. 
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When it is çlear which code is meant, one simply writes N(i>, 
N, respectively. · 

To conclude, we repeat from [4] the definition of a subnormal 
code. An (n, M)R code C is called subnormal if it has a 
subcodè C1, such that for all x E IF2, we have d(x,C1)+ d 
(x,C\C1) s 2R + 1 (again with the convention d(x,t/>)'= n). 

II. ÜPTIMAL CovERING CooEs WJTH CovERING RA01us 

ÜNE ARE NORMAL 

In view of the ADS construction, 'mentioned in the Introduc
tion, it is of particular interest to know which good (that is: with 
few elements) covering codes are normal. An (n, M)R code is 
called optima/ if M = K(n, R). This section is concerned with 
the following three conjectures: · 

a) K(n + 2, R + 1) s K(n, R), for all n > R, 
· b) for all fixed n and R, among the optimal (n, M)R codes 

there is a subnormal one, . 
c) for all fixed n and R, among the optimal (n, M)R codes 

there is a normal one. 

Conjectures a) and c) were made in [2]. Conjecture b) is a 
weaker version of Conjecture c). Moreover, as shown in [5], b) 
implies a). Conjecture a) is known to be valid in the case R = 1 
(see {1], [2, Th. 34], [6] and [17, Th. 12]). An alternative proof of 
this fact bas been given by Honkala [5, Th. 11], who did this by 
proving the validity of b) for R = 1. 

We shall now prove that c) holds for R = 1 (Corollary 1). In 
fact, a stronger result is established. Of course, Corollary 1 also 
gives an alternative proof of a) and b) in the case R = 1. 

For a code C ç lf 2 we already introduced the notation q,0 

and qil. In addition, for a E IF2 and n > 1, we denote by C!01 

the set of words in IFï 1 obtained from C!0 by deleting the ith 
coordinate. 

Theorem 1: Let C be an optimal (n, M)R = 1 code with 
n ~ 3. Theo for every coordinate i and a E IF2, C!0 '::;:: <P and 
CR( C!il') s 2. 

Proof- Again wc usc the convent ion d(x, </>) = m for all 
m E N and x E lf 2' · Suppose that for some a and i C!i) = <P or 
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CR(C.~01 ) > 2. Without loss of generality i = 1 and a = 0. We 
simply write Có and Ci instead of C{i1>• and q1>•, respectively. 
For every xEIFî- 1 with d(x,Có)'2!2 we have d(Ox,C0 )'2!2, 
hence d(Ox,C 1).:s;;l and d(x,Cl}=O, i.e., xECj. 

By our assumption, Có = </> or an x E IF2 1 exists with 
d(x,C1j)'2! 3. In any case, d(y,Có)'2! 2 for all y E B 1(x), hence 
B1(x)ç;Cj. Choose a fixed yES1(x). Now let D=={Oy}UC\ 
{lx, ly}. This "local change" of C is illustrated by Figs. l(a), 
l(b) (before the change) and 2(a), 2(b) (after the change), where 
the case n = 9 is considered. Small circles iodîcate words in 
1Fî 1, and a particular circle has been filled wîth black if the 
corresponding word is contained in the set mentioned in the 
figure caption. We have 1 Dl < ICI and claim that CR( D) = 1. 
Since C is optima), this gives a contradiction and the theorem 
follows. -

Since, e.g., lx ~ D, CR(D) ;z: 1. We are left with the task to 
prove that for every z E IF2 there is a d E D with z E B1(d). Let 
z E IF2. Since CR(C) = 1, we are in at least one of the following 
three cases. 

1) z E B 1(c) for some c E C\{lx, ly}. Theo c ED and we are 
done. · 

2) z E B 1(1 x) u B 1(1 y) and z 1 = 0. Theo z Ox or z = 0 y and 
hence ZE B 1(0y). 

3) zeB1(1x)UB1(1y)and z1 =1. Put z=lw with wEIFî- 1• 

Then w E B2(x). There are three subcases to consider. 

a) w = x. Then choose any v E S1{x)\{y}. We are in case 1 
for c == lv. 

b) w E s,(x). Then either w y and hence z E B1(0y), or 
w + y and hence w E Cf\{x,y} and ZE D. 

c) w E S2(x). Then IS1(w)n s,(x)I = 2. Hence there is a 
v E S1(x)\{y} with d(v, w) = 1 and we are in case 1 
again for c := lv. 

The next lemma differs slightly from [2, Lemma 17]. 
Lemma 1: Let C be a binary code of length n > 1 with 

covering radius R. Suppose that for some coordinate i c~>·, 
C~O• + </> and that both CR(cg>•)::;; R + 1 and CR(qi>•)::;; R + 1. 
Then C is normal and coordinate i is acceptable. 
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Fig. J(b). B1(x)n q. 

-Fig. 2(b). B1(x)n Df. 

Proof: Let y E IF2- 1 be arbitrary. Put d0 := d(y,C~0·> and 
d 1 := d(y,C1°'). If d0 s R -1, then d0 + d 1 sR-1+R+1 = 

2R. lf d 0 = R, then d 1 s R (otherwise d(ly, C) > R) and d0 + 
d 1 s 2R. Finally, if d0 = R + l, then d 1 s R -1 (otherwise 
d(Oy,C) > R) and again d 0 + d 1 s 2R. We conclude that in all 
cases d 0 +d1 s2R and hence that for all xEIFz, d(x,cg>)+ 
d(x,ejO) s 2R + 1. D 
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Corollary 1: Let C be an (n, M)R = 1 code with M = K(n, 1). 
Then C is normal, with every coordinate acceptable . 

. Proof' In genera!, any binary code C with covering--radius 
R and length n s; R + 1 is normal, with all coordinates accept
able. This is because of the convention that d(x,<P)= n: for all 
x e IF2, and all i, d(x,Ci/>)+ d(x,qi)) s; n + R s; 2R + 1 (com
pare [12, Lemma 4]). This covers the cases n = 1 and n = 2. For 
n ;;?: 3 the result follows from Theorem 1 and Lemma 1. o 

Here a proof of Conjecture c) has been given for the case 
R = 1. At first sight, one might think that the idea of this proof 
can easily be generalized for R > 1, unlike the proof of Conjec-

ture a) in [l], for instance. Unfortunately, this does not sèem to 
be true. Some very detailed and technical problems arise when 
one tries to generalize for R > 1. 

On the other hand, the idea has proved its value in a different 
way, lately; repeating the trick in the proof of Theorem 1 leads 
to lower bounds on the cardinality and length of abnormal 
binary codes with covering radius one, as shown in more recent 
work by Honkala and Hämäläinen [7]. 

111. CODES WITH VERY HtGH MINIMAL DtSTANCE ARE 

NORMAL 

It is known that every perfect binary code, that is a code C 
with ICl=l or dmin(C)=2·CR(C)+l otherwise, is normal (see 
[3, Cor. 8] and [12, Cor. 1]). A stronger result is given in 
Theorem 2. 

Theorem 2: Let C be a binary code with IC!> 1, and suppose 
that dmin(C);;::. 2·CR(C). Then Cis normal, with all coordinates 
acceptable. 

Proof' Put R := CR(C) and Ict n be the lcngth of C. From 
the assumptions it follows that n;;::, 2R. Considcr the first coor
dinate, without loss of gcnerality. For an arbitrary x E IF2 therc 
is a c e C with r := d(x, c) s; R. A word y cxists such that 
d(c,y)=R+l, y 1 :;éc1 and d(x,y) R+l-r. Namcly, put 
w == x + c. This is a vector of wcight r. Choosc any vector w' of 
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weight R+l-r such that supp(w')nsupp(w)=</>, and such 
that wl = 1 if w1 = 0. This is possible, since n >R. Put y := x + 
w'. To continue, there is a b E C such that d(y, b) s;, R. Since 
.d(c,b)-;z;2R, we have b 1 =y 1 (*c 1). Hence d(x,Cfi1>)+ 
Cr,q 1>)'s;, d(x, c)+ d(x, b) 5, r + d(x, y)+ d(y, b) 5, r + R + 1-
+ R = 2R + 1. Since x was arbitrary, the first coordinate is 
acceptable. o 

In the rest of this section, we restrict our attention to linear 
codes. lt is already known that every binary linear code of length 
s;, 14 or of dimension s;, 5, or with minimal distance s;, 4 or with 
covering radius 5, 2 is normal (see [2], [3], [8], [10], [14], and 
[16]). . 

Remark 2: Let s -;z; 1. In general, if it is true that all binary 
linear codes with minimal distance at most s are normal, then 
the normality of all binary linear codes with covering radius at 
most r s /21 follows. 

lndeed, let C be a binary linear code with R := CR(C) s;, f s /21. 
If ICI = 1, then C is normal. If ICI > l, then C has a minimal 
distance d. If d s;, 2R -1, then d s;, 2r s /21-1 s;, s, hence C is 
normal. If d-;z; 2R, then C is normal by Theorem 2. 

In [10, Th. 16] it is claimed that all binary linear codes with 
minimal distance 5, 5 are normal. From this and Remark 2 we 
could deduce the following theorem. 

Theorem 3: Every binary linear code C with CR(C) s;, 3 is 
norm al. 

Unfortunately, this proof is not valid, at least not yet. After 
reading a preprint of this correspondence, in which the previous 
proof was included, X. Hou pointed out to me that there is a 
mistake in the proof of [10, Th. 16]. lt is still unknown whether 
all binary linear codes with minimal distance 5 are normal. He 
álso showed that Theorem 3 is truc nevertheless. In fact, he 
proved the genera! bound N(C) s;, 3R -2, for any binary linear 
code C with covering radius R, (R -;z; 3). In the proof of this 
bound, Theorem 2 is (still) used. For all this, sec [8]. 

Until now, the maxima! s that satisfies the condition in 
Remark 2 is 4. Perhaps this will be improved in the future, 
yielding a short proof of Thcorem 3 (at least). 
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IV. A GENERALIZATION OF FRANKL's CoNSTRUCTION 

OF ABNORMAL BtNARY CODES 
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Frankl's construct ion, published in [ 10, Th. 19], gives exam
ples of abnormal binary codes only with covering radius R = l. 
In view of the problems and conjectures that have comc up 
concerning the normality of codes (such as Conjecture c) in the 
previous section), it would be nice to know whether abnormal 
binary codes with covering radius R exist for all R;;:::. l. We 
generalize Frankl's construction here and show that the answcr 
to this question is affirmative. 

Let R;;:::. 1 and n ~ 4R + 2. Suppose that we have n words 
x<i)elFï (i= 1,- · ·,n) and n subsets Ai of {1,2,- · ·,n} of sizc R 
U= 1,- · ·,n), such that for i = 1,- · ·,n, i E Ai and supp(x<il)n 
A; = </>, and such that d(x<r), x<s>) ~ 4R + 2 if r =t= s (sec Rcmark 
3). Then put 1j := {y E IF21d(y, x<il) s 2R and Yj 0 for somc 
j E Ai} (i = 1,2,- · ·,n), and define C := IF!J\(T1 u T2 u · · · u T,,). 
Note that the 1j are disjoint. 

Theorem 4: 

a) For i = 1,2,- · "n, N 11)(C) ~ 3R + 1, 
b) CR(C)= R. 

In particular, C is abnormal. 

Proof' 
a) For i = 1, 2,- · ·, n, d(x<0 , Cbi>) = 2R + 1 and d(x(i), qo) 

= d(x<il, c<i>) = R, where c<il = x<i) + v(i>, with supp(v(il) = A;. 
Hence N<i>(C) ~ 2R + 1+R=3R + 1. 

b) In the proof of a) we already saw that for any i, 
d(x<il, C) = R. Hence CR(C);;:::. R. Let x E IF2 be arbitrary. lf 
x ~ C, then there is a unique i such that x E '.lj. Put d := 

d(x, x(i>). lf d::::;; R, then let c be the word obtained from x by 
changing x in those coordinates j belonging to A; where xi = 0. 
Then d(x,c)sR. Moreover, d(x<i),c)sd+R::;2R and ci=l 
for all j E Ai• hcnce c E C. lf d ;;:::. R + 1, then the re is a c E C 
with d(xm,c)= 2R + 1 and d(x,c)= 2R + 1-d::::;; R. D 
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Remark 3: 1 For every R ~ 1 there is an n0 such that for all 
n ~ n 0 n words x<i> and n sets A; exist that meet the conditions 
in the description of the construction. One way to prove this is 
the following. Let A(n,d) denote the maxima! number of code
words in any binary code of length n and minimal distance d (cf. 
[11, p. 54] and [13, p. 523]). Fix R ~ 1. By the Gilbert-Varshamov 
bound, 

/

4R+2 

A(n,4R+3)~2n iEl (7) 

(cf. [11, p. 56]). Hence an n 0 exists such that for all n ~ n 0 , 

A(n+1,4R+3)~n+1. Now suppose that yCl>,yC2>1 ."y<11 + 1> 

E IF~ + 1 are n + 1 words with mutual distances ~ 4R + 3. After 
complementing coordinates, if necessary, in addition we have 
Y!il = 0 for all i At least n of them ym · · · yU- •> 

l ' • ' ' ' ' 

yU+ 1)" • "y< 11 + 1> say, have weight < n + 1-(2R + 1). Delete the 
jth coordinate of all these n words, and call the resulting words 
of length n x<•>, x<2>, • • ·, x< 11

', respectively. We have that 
d(x<rJ, x<s>) ~ 4R + 3-1=4R+2 if r =!= s. Moreover, since x~i> = 

0 and wt(x<il) < n + 1-(2R + 1) < n - R, for i = 11 · ·, n, the n 
sets A; of size R can be chosen such that i E A; and supp(xm) 
n A; = q,. 
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1. INTRODUCTION 

Consider the Cartesian product H := Q 1 x Q2 x · · · x Q", with n e N 
and the Qi alphabets of size q; ~ 2. H is a metric space with (Hamming) distance 
d: for every x=<x1tx2. · · · ,x,.), Y=Ó'ltY2• · · · ,y") in H, 
d(x, y) = l{i 1 x; * yi} 1. The sphere with radius r and center x, i.e. the set 
{y e H 1 d(x, y)S r}, is denoted by B,(x). The elements of Hare called words'. 

A nonempty subset C of H is called a code. lts elements are called code
words'. More specifically, in our general setting, C is usually called a mixed 
code, and H a mixed (Hamming) space. When all q; are equal to q, one also 
speaks of a q-ary code and a q-ary (Hamming) space, respectively. We call n the 
lengthof C. 

Now let C be a code. By the packing radius PR (C) of C we mean the max
imal number e e {O, l, · · ·, n} such that for all b, c e C with 
b ':/: c, Be(b) ri Be(c) = 0. The covering radius CR (C) of C is the minimal 
number Re {O, 1, · · ·, n} such that Ucec BR(c) =H. Oearly PR(C)S CR(C). 
A code with packing radius~ eis often called an e-packing of H. Similarly, a 
code with covering radiusS Ris often called an R-covering of H. 

For given e, R and H, the numbers 

N :=max. {IC I l 0-:l:C ç;.H, PR(C)=e} and 

K :=min {IC I l 0 -:1: C ç;.H, CR(C)=R} 

are of great interest. Of course, N only depends on n, the qi and e, and K only 
depends on n, the q; and R. 

The general problems of detennining the values of the functions N and K 
are known as the (sphere) packing problem, the (sphere) covering problem, 
respectively. The covering problem for q; = 3 (for all i) and R = 1 is also well
known as the football pool problem (for n matches). Packing and covering prob
lems have been widely studied during the last four decades; see, e.g. [1-18], 
[20-35]. These problems seem hard to handle. Only few values of N and K have 
been exactly detennined. Mostly, only lower and upper bounds are known, with 
large gaps in between. 

Tuis paper is only concemed with upper bounds on N and .lower bounds on 
K. Por a given Hamming space H let V(r) denote the number of words in a 
sphere with radius r. We shall use this notation in Section II too. Then 
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, 
V(r)= 1 + I, 

j=l 

Now the expression 

1 n 
--Tiqi 
V(r) i=t 

:r, Cqi, - 1>- · · ·cqi1 - t> . 
1Si1< · • • <ifon 

(1) 

is a lower bound ("sphere coverlng bound") on the cardinality of any r-covering 
of H, and an upper bound ("sphere packing bound'') on the cardinality of any r
packing of H. 

In [32) a new method was introduced to obtain lower bounds on binary 
covering codes better than (1) (with all qi = 2). lt was stat.cd in the introduction 
of that paper, that the main idea also applies to nonbinary codes. 1bis (kind of) 
generalization is one of the goals of this paper (and of [19]). In addition, we 
show that a similar idea can be · used to obtain upper bounds for the pacldng 
problem. We shall rely heavily on [32]. 

In Section II we first generalize some notation, definitions and lemmas 
from [32]. In Section III we treat packings and coverings in q-ary Hamming 
spaces. In Section IV we pay special attention to the football pool problem and 
obtain some new lower bounds. In Section V we consider mixed Hamming 
spaces, but, for simplicity, only in the case that all q; e {2, 3}, which is prob
ably the most interesting. To illustrate how these spaces H can be dealt with, we 
derive a lower bound on 1-coverings of JF~ JF~. Por general bounds on R
coverings and e-packings of JF~ JF~. see [19], a work that is completely devoted 
to this subject 

From [8J and [20], for example, it appears that at present there is a growing 
interest in bounds such as presented in the Sections III, IV and V, and in [19]. 

Many of the ideas and results in this paper and [19] were presented earlier 
by us in [18]. Results similar to those in Section IlIA are derived in [3J, a paper 
which was written independently of this paper and [19], but using [18]. 

Il. SOME PRELIMINARIES 

We recall from [32] some definitions and lemmas and generalize for arbi
trary Hamming spaces H = Q1 x Q2 x · · · x Qn. We also introduce some nota
tion for pacldngs. We omit the (straightforward) proofs in this section. 
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We have already defined B"(x). In addition, we define 
S"(x) := {y e H 1 d(x, y) = r }. 

DEFINITION 1. Let r e { 0, 1, · · · , n} and W, C ç: H. the nonnegative 
number Eé(W) is defined by 

Eé(W) := I: 1 B"(c) ri W 1 - 1 v B"(c) ri W 1 . 
c:eC ceC 

(2) 

If C * 0, we define Ec(W) := ~R(C)(W), and we call this number the excess on 
WbyC. 

LEMMA 2. Let C be a code in H with CR (C) = R 

a) Ec(H)= IC I V(R)-Q1Q2 • • · Qn· 

b) For any finite collection { W;} of pairwise disjoint subsets of H we have 

Ec('-! W;) = L Ec(Wi) . 
1 i 

c) IfW 1 ç: W2 ç: H, thenEc(W1)S Ec(Wz). 

LEMMA 3. Let re {O, l, · · · , n} and W, C, C' ç H. 

If C' ç C, then Eé· (W) S Eé(W). 

a) 

b) 

DEFINITION 4. Fora code C in H we define 

Z(C) :={ze H 1 Ec({z}) > O}, and 

G(C) :=H\ v BPR(C)(c). 
o:C 

If it is obvious which code is meant, we simply write Z, G, respectively. 

From (2) and Definition 4a we have 

Z(C)= {ze H 1 1BcR(C)(z)riC1>1} , 

and by Lemma 2a and b, 

(3) 

IZ 1 S Ec(Z) =Ec(H) =IC 1 V(CR (C))- Q1Q2 · • • qn . (4) 

Oearly, 

(5) 
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Also, if W ~ H then 

IG n W 1=IW1 - l: IBPR(C) (c) n W 1 (6) 
CEC 

On the analogy of Definition 1, we could call this number the deficit on W by C. 

m. mE Q-ARY CASE 

In this and the next section we confine ourselves to the case that for some 
q;;::: 2 q 1 = q2 = · · · = q11 = q. One usually takes H = Z; (or JF;, if possible). 
The number of w.ords in a sphere of radius ris now denoted by Vq(n, r) (cf. [32, 
Section VII]). This number equals 

r [n] . ~ i (q -1)' . 

A. Coverings 

The notation K9(n, R) :=min { 1 C 1 1 0 'Î" C !;;;;; H, CR (C) = R} has more 
or less become standard. In this Part A let C be a code in H with CR (C) =R. 
Furthennore, put 

A := {x E H 1 d(x, C) =R}, and 

e := r (n-:~î-l) l (R + 1) -(n -R)(q - 1) . 

LEMMAS. 

a) Ec(B1(x))~ 1 ifxe Z, 

b) Ec(B1(x))~e ifxe A-Z. 

PROOF. a) Obvious. b) There is a unique ce C with d(x,c)=R. Por 
every be C\ {c} we have d(b, x)è!: R + l, and hence 
IBR(b)f"'IB1(x)I e {0,R+l}. Consequently,by(2), 
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Ec(B i(x)) e IBR(c) n B i(x)I - IB 1 (x)I = 
= 1 +R(q-1)-(1 +n(q-1))=(n -R)(q-1) (modR + 1) • 

from which b) föllows 

THEOREM 6. Ift > 0, then 

(n(q-1)-R-1+2t)q" 
Kq(n, R)2'. (n(q-1}-R-l+t)Vq(n, R)+tVq(n, R-1) 

(7) 

PROOF. For every ze Z we have IA n B 1(z)1 S n(q - 1)-R (compare 
with [32, Eq. (14)]). We shall not prove this here, but refer the reader to [19, 
Lemma 10], where a more general situation is considered. We now have 

e(q" - 1 C 1 Vq(n, R - 1)) - (e- 1) ( 1 C 1 Vq(n, R)- q") 

StlA l-(e-1) IZI (by(4)) 

StlAl-(e-1) IAnZI 

=elA-ZI +1· IA nZI 

S :E Ec(B 1 (a)) + L Ec(B i (a)) (by Lemma 5) 
ae A-Z ae A('\Z 

= L Ec(B 1 (a)) 
aeA 

= L L Ec({x}) (by Lemma 2b) 
aeA :seB 1(a) 

L Ec({x}) (by Definition 4a) 

= L L Ec({x}) 
:seZ aeA('\B1(:1) 

= L IA n B1(x) 1 Ec({x}) 
:1eZ 

S L (n(q-1)-R)Ec({x}) 
xeZ 

= (n(q-1)-R) Ec(Z) (by Lemma 2b) 

=(n(q-1)-R)(ICI Vq(n,R)-q") (by(4)). 
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and (7) follows. 

COROLLARY 7. If q and nare even, then 

qn 
Kq(n, 1);;:: n(q-l) 

Here the sphere covering bound (1) reads 

qn 
Kq(n, I);;:: l+n(q-1) 

Corollary 7 is a generalization of [32, Corollary la]. 

Remarks: 

1) If we substitute e = 0 in (7), we get the sphere bound (provided the denom
inator is positive). The condition t: > 0 is equivalent to 
(n - R) (q - 1) ;/=. 0 (mod R + 1), and then (7) is better than (1). 

2) For R > l, Theorem 6 is not really a generalization of [32, Th. 9]. This is 
because of the estimation Ec(B 1 (x));;:: 1 for x e A r. Z that we used. For 
q = 2, Theorem 9 in [32] is always at least as good as (7). A slight 
improvement on (7) could be achieved by considering the case x e A r. Z 
more carefully. 

3) The case q = 3 is of special interest Tables with lower and upper bounds 
on K3(n, R), for n S 13 and R = l, 2, 3, recently appeared in [8] and [20]. 
The new bound (7) improves on the lower bounds in these tables at several 
places. In [19] Theorem 6 for the cases q = 2 and q = 3 is generalized to a 
bound (fh. 5 in [ 19]) which applies to mixed covering codes with all 
q; e {2, 3}. For the computed values of (7) for q = 3, n S 13, R = 1, 2, 3, 
the reader is referred to Table I in [19] (the cases with b = 0). We list the 
improvements by Theorem 6 on [20, Table I] in Corollary 8 (the old values 
of [20] given in brackets). Theorem 6 also gives alternative proofs of 
K 3(6, 2) ~ 11 and K 3(8, 3);;:: 13, results which were already found in [20] 
by linear programming. 
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COROLLARY 8. 

K3(1, 2)~ 25 (24) 

K3(9, 2)~ 128 (121) 

K3(10, 2)2: 322 (294) 

K3(10, 3)~ 56 (51) 

K3(12, 2)2: 1915 (1839) 

K3(12, 3)~ 280 (260) 

K3(13, 2)~ 5048 (4704) . 

B. Packings 

In the case of packings we can use similar arguments as with coverings to 
obtain a genera! bound (fheorem 11) better than the sphere packing bound. 
Throughout this Part B we assume that Cis a code in H with PR (C) = e. We put 

A := { x e H 1 d (x, C) = e} , 

ó:=(n-e)(q-1)-l(n-:~Î-l) J(e+l), and 

ó' :=l n~~~l)J (e + 1) . 

To have a positive denominator in Theorem 11, we make the (nonsignificant) 
assumption that e < n. 

LEMMA9. 

1G()S1(x)1 ~ ó for all x e A . 

PROOF. There is a unique c e C with d(x, c) = e. For every be C \ {c} 
we have d(b, x)~ e + l and hence IB,(b) () S 1(x) 1 e {O, e + 1 }. By (6) we 
have 

IG () S1(X) 15! IS1(X) 1- IB,(C)() S1(X) 1 = 
=n(q-1)-e(q-l)=(n-e)(q-1) (mode+l), 
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and the lemma follows. 

LEMMAlO. 

1 A ("\ S 1 (z) 1 S ö' for all z e G . 

PROOF. Let ze G. Every c e C has d(c, z)(! e + 1. If a e A ("\ S 1(z), 
then ace C exists with d(c,a)=e. For this c we have d(c,z)=e+l, and 
IS,(c) ("\ S 1(z)1 = e + 1. Since PR (C) = e, there are at most 
LIS1(z)l/(e+t)J=Ln(q-l)/(e+l)J such codewords c. Therefore 
IA ("\ S 1 (z)I s; ö'. 

THEOREM11. 

ö' Il 

IC 1 S: ---.........,......,,....----
n 

ö'Vq(n, e)+ö e (q-1t 

PROOF. 

31C I [:] (q-1)' 

=ölA 1 

S :E 1 G ("\ S 1(a)1 
aeA 

= L IA("\ S1(z)I 
:zeG 

(by Lemma 9) 

s ö' 1 G 1 (by Lemma 10) 

= ö'(q 11 
- IC 1 Vq(n, e)) (by (5)) , 

and (8) follows. 

Remarks: 

(8) 

1) The bound (8) improves on the sphere pack.ing bound (1) whenever ö > 0, 
which is the case if and only if (n - e )(q - 1) J! 0 (mod e + 1 ). 
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2) If q = 2 and a > o. then a' = 1 + n - 8. 

3) To get an impression of the performance of (8), the reader is referred to 
[19. Table I]. As was the case with (7), the bound (8) for the special cases 
q = 2 and q = 3 is generalized in [19] toa bound ('Theorem 9 in [19]) for 
packing codes in IF~ P~. The cases with b = 0 in [19, Table I] give the 
computed values of (8) for q = 3. n S 13, R = 1, 2, 3. 

COROLLARY 12. If e = 1 and q and n are even, then 

IC 1 s; 2+n(q-l) . 

It is interesting to compare this with Corollary 7 and the remark that followed it. 

IV. LOWER BOUNDS FOR THE FOOTBALL POOL PROBLEM 

We now consider the q-ary covering problem in the particular case that 
q = 3 and R = 1. A list of the best lower and upper bounds on K3(n, 1) known 
for n s; 13 was given in [20, first column of Table I]. the bound of Theorem 6 
does not give any new results in this case, because for all n we have e: = 0 if 
q=3andR=l. 

Since the football pool problem is of such great interest, we try harder and 
do something that was called "counting excess on spheres with radius 2" in [32]. 
We assume throughout that Cis a code in H with CR (C) = 1. 

LEMMA13. 

a) Ec(B2(x))è? 2 if n = 2 (mod 3) and x e C • 

b) Ec(B 2(x)) è? 1 if n ""' 1 (mod 3) and x il C . 

PROOF. a) If there is a c e C \ (x} with d(x. c)S 2, then 
IB 1(c) n B 1(x)I e {2, 3}; hence, by Lemmas 2c and 3, 
Ec(B 2(x))~E(c,xJ(B 1 (x))~2. If there is no such c, then for all 
be C\{x} IB 1(b)nB 2(x)I e {0,3}.Hence,by(2), 
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Ec(B2(x)) = IB1(x)I - IB2(x)I 

=-[~] · 4 =-2n(n -1) •2 (mod 3) , 

and a) follows. 

b) There is ace C such that d(x,c)=l. We have IB 1(c)f"'IB 1(x)I =3. If 
Ec(B 1 (x))~ 1, then also Ec(B2(x))~ 1 (Lemma 2c). Suppose that 
Ec(B 1 (x)) = 0. Then there are no other codewords than c at distance 1 from x. 
For every be C with d(x,b)=2 we have IB 1(b)r'\B 1(x)I =2. By (2), we 
have 

0 = Ec(B 1 (x)) 

= IB1(c)nB1(x)I + .r, IB1(b)r'\B1(x)l-IB1(x)I 
beC\{c) 

=3+ .r, 2 -(1+2n). 
beC:d(x,b)=2 

Hence the number of codewords b with d (x, b) = 2 is Î (1 + 2n - 3) = n - 1. For 

all such b we have 1B 1(b)r'\B 2(x) 1 = 5. For all de C with d(x, d)~ 3 we have 
1B1 (d) r'\ B 2(x) 1 e {O, 3}. Substitution in (2) gives 

beC:d(x,b)=2 

=(n- l)o s-[~] · 4=(5-2n)(n -1) 

= (n - 1)2 = 1 (mod 3) , 

which implies b ). 

THEOREM 14. 

a) 
(V 3 (n, 2)+ 1) 3n 

K3(n, 1)~ V
3
(n, 2)(1+2n)-l if n =2 (mod 3) , 

b) 
(V3(n, 2)-1)3n 

K3(n, l)~ (V
3
(n, Z)-Z)(l+Zn)+l if n = 0 (mod 3) . 

PROOF.a) 
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21 c 1 + 1 -(3" - 1 c 1) 

S: L Ec(B2(x))+ L Ec(B2(x)) (by Lemma 13) 
xeC xeH'C 

= L Ec(B2(x)) 
IE.H 

= L L Ec({y}) (by Lemma 2b) 
xeH yeB2(x) 

= L L Ec({y}) 
yeH IEB2(y) 

= L V3(n, 2) Ec({y}) 
yeH 

= V3(n, 2) Ec(H) (by Lemma 2b) 

=V3(n, 2)(1C 1 (1 +2n)-311
) (by Lemma 2a) . 

b) PutA :=H\C. Ifz e Z, then IA tl B2(z)I S V3(n, 2)-2 (see (3)). We have 

1 • (311
- IC l)S L Ec(B2(a)) (by Lemma l 3b) 

aeA 

L Ec({x)) (by Lemma 2b and 
aeA xeB2(a}';Z 

Definition 4a) 

= L L Ec({x}) 
xeZ aeAriB 2(x) 

S L (V3(n, 2)-2)Ec({x}) 
xeZ 

= (V 3(n, 2) - 2) Ec(z) (by Lemma 2b) 

=(V3(n,2)-2)(1CI (1+2n)-311
) (by(4)). 

Remarks: 

1) Compare Theorem 14 with [32, Corollary 2]. 

2) According to Lemma 13b the proof of Theorem 14b also holds for 
n = 2 (mod 3). It is, however, easily verified that the bound in Theorem 
14a is better then. 
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3) We list the improvements by Theorem 14 on Table 1 of [20) in the follow
ing corollary. The old lower bounds, all established by the sphere covering 
bound, are given in brackets. 

COROLLARY 15. 

K3(8, 1)~ 390 (386) 

K3(9, 1)~ 1043 (1036) 

K3(11, 1)~ 7736 (7703) 

K3(12, 1)~ 21329 (21258) . 

V. BINARY/TERNARY MIXED CODES 

In this final section we assume that H = D"~ D"~. Coverings of these 
spaces H have an obvious practical importance for football pools. Through the 
last decades many interesting covering codes were found by Finnish football 
pool fans, and often published in Finnish magazins. Also, a recent work of 
Hämäläinen and Rankinen [8] is concerned with this matter. They included a 
table with lower and upper bounds on covering codes in H. 

It is not immediately clear how methods like those in Section m can be 
used in the case H = D"~ D"~. Here, we treat only the special case of 1-coverings 
in detail (1beorem 16). By this example we hope to illustrate in a clear and 
comprehensive way how the idea of counting excess on spheres can be applied. 
For R > 1 things become much more complicated. In a joint work with J.H. van 
Lint, Jr., Theorem 16 is generalized for all covering radii R (see [19, Theorem 
5)). 

The situation for packings is quite different. We leave it as an easy excer
cise to derive Theorem 17 by altering the proof of Theorem 16. In contrast with 
the situation for coverings, here no extra difficulties arise when one tries to gen
eralize for all packing radii e. We refer the reader for the general bound (which 
includes Theorem 17) to [19, Theorem 9). 

Theorem 16 and its generalization [19, Theorem 5) give various improve
ments on the lower bounds in [8, Table I], which were all computed using the 
sphere covering bound (1). In [19) we present a new table with lower bounds on 
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coverings (and upper bounds on packings). We do not give the computed values 
of 1beorems 16 and 17 here. but simply refer to that table (the column 
e=l,R=l). 

a) 

b) 

THEOREM 16. Let C be a code in H with CR (C) = 1. Then 

(2t+b)3126 
1 C 1 ~ if b is even, 

(2t+b )(1 +2t+b )-b 
(2t+b)3126 

1 C 1 > if b is odd. 
- (2t+b)(1+2t+b}-2t 

PROOF. a) Let A' denote the set of words in H that are equal toa code· 
word or can be obtained from a codeword by changing one temary coordinate. 
PutA :=H\A'.Letae A. Then IB 1(c)"B 1(a)I e {0.2} forallce C. Since 
1B 1(a)1 = 1 + 2t + bis odd, B 1 (a) " Z * 0. Therefore 

A ~ v B1(z) . 
:r.eZ 

But then also 

Wegel 

3126 -ICI (1+2t)S IAIS IZI (1+2t+b-2)S 

s ( 1 c 1 (1 + 2t + b) - 312b)(2t + b - 1) ' 

and a) follows. 

b) In this case let A' denote the set of words in H that are equal toa codeword or 
can be obtained from a codeword by changing one binary coordinate. Again we 
put A := H\A'. Suppose a e A. Then there is ace C which differs from a in 
exactly one coordinate, which is ternary. We have IB 1(c)"B 1 (a)I = 3. If 
aé Z, then IB 1(b)"B1(a)I e {0,2} for all be C\{c}. Since 
IB 1(a)I =1+2t+b is even, B 1(a)(JZ;it:0. If ae Z, then again 
B 1 (a) " Z * 0. The rest of the proof is similar to the corresponding part of the 
proofofa)(use IA 1:t!312b -- IC 1 (1 +b)here). 

Theorem 16 generalizes Corollary la of (32]. It is always at least as good 
as the sphere covering bound. 

This last statement also holds for Theorem 17, compared to the sphere 
packing bound. 
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THEOREM 17.LetC be acode inH with PR(C)= 1. Theo 

a) 
(2t+b)3'2b 

IC 1 S (2t+b)(l+2t+b)+b if bis even, 

b) 
' (2t+b)3'2b 

IC 1 s (2t+b)(1+2t+b)+2t ifbisodd. 
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1. INTRODUCTION 

One of the goals of [5] was to illustrate that the ideas of [6] can also be 
successfuUy applied to mixed codes. In Section V of [5] a lower bound on 1-
coverings of IF~ IF~ was derived. Tuis paper may be seen as a supplement to 
that section of [5]. We generalize Theorem 16 of [5] toa bound which holds for 
all covering radii R (lbeorem 5). The proof of [5. Theorem 16] could be kept 
short and easy. For R > 1, however. one meets several complications. Although 
Section IIA might look rather technical. we hope to have put things in a readable 
way. 

So far about coverings. As was mentioned in [5, Section V], the situation 
for packings is quite different. Theorem 17 of [5] already dealt with 1-packings. 
Without any real difficulty. this bound can be generalized to a bound for all 
packing radii e. We fulfil this task in Section IIB (lbeorem 9). 

We assume that the reader is familiar with [5. especially Sections 1, II and 
V], and we shall use the same notation and terminology. In addition. we shall 
denote the number of words in a sphere with radius r in H := IF~ IF~ by 
V(t, b, r) (as in [1]). Hence 

V(t, b, r)= ~;t ~l 21 [l~Jl , 
(with the convention that [:] = 0 lf k >nor k < 0). 

Also, in [ l} the notation 

K (t, b, R) := min { 1 C 1 1 0 ~ C 1;; H. CR ( C) = R} 

wasused. 

The computed values for n = t + b s; 13 of the bounds that we derive in 
Section Il, are assembled in Table 1 in Section III. This table contains many 
improvements on the tables in [l] and [3]. 

Many of our results were already presented in [2]. 
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II. THE BOUNDS 

In this paper (except in the Appendix) we are dealing with the case 
H = F~ F~. First we define the "temary" and "binary" distance between two 
wordsinH. 

DEFINITION 1. Let x, y e H. We define 

d1(X, y) := 1 {i E {l, 2, · • •, t} 1 Xi =#y;} ,, and 

db(x,y) := 1 {i E {t+ l,t+2, · · · ,t+b} 1 Xi :i!yï} 1 

Hence we have d'(x, y) + db(x, y) = d(x, y). The following observation is 
fundamental to our investigations. 

LEMMA 2. Let x, y e H, re {O, l, · · · , n} and d(x, y)2: r. 

Then 

{ 

0 ifd(x,y)>r+l 

IB,(x) n B 1(y)I = r + 1 if d(x, y) =r + 1 

r + 1 +t if d(x, y) =rand d'(x,y) =t . 

A. Coverlngs 

Throughout Part A of this section we assume that C is a code in H with 
CR(C)=Rand ICI =M. 

Put 

A:={xeHld(x,C)=R}. 

Por j = 0, 1, · · ·, R, let 'tj e {O, 1, · · ·, R} be such that 

't'j & 1+2t + b + j (mod R + 1) , 

and put 

(1) 

{2) 

Aj := {xe A 1 Vee C(d(x,c)=R ~ d'(x,c)='tj)} , {3) 

~~~nz, ~ 



104 BINARY /TERNARY MIXED CODES 

(5) 

N9te that (A r. Z) u A ' 0 u A' 1 u · · · u A 'R is a partition of A, and that some 
of the defined sets may be empty. 

LEMMA 3. Let a e A. Then 

{
1 ifa e Ar. Z 

Ec(Bi(a))~ j ifaeA'iforsomej. 

PROOF. The case a e A r. Z is trivial. If a e A'i• then there is a unique 
c e C with d(c, a) =R. By (3) and Lemma 2 1BR(c)r.B 1(a) 1 =R + 1 + "i· For 
all be C\{c} we have d(b,a);;?.R+l, hence (by Lemma 2) 
IBR(b) r. B 1(a) 1 e {O,R + l}. Using [5, Definition 1] and (2), we conclude 
that 

Ec(B 1 (a)) = IBR(c) r. B 1 (a) 1 - IB 1(a)1 

= R + 1 + t i - (1 + 2t + b) = j (mod R + 1) . 

Since O~ j ~ R, the result follows .. 

LEMMA 4. Ifz e Z, then IA r. B 1(z) 1~2t +b-R. 

This lemma is a special case of amore general result, namely Lemma 10, 
that is proved in the Appendix. Lemma 10 is also used in the proof of [5, 
Theorem 6]. 

For j = 0, l, · · ·, R we define 

T· ·- 2i [tl 't [ b l J .- 'tj R - 'tj 
(6) 

(with the usual convention that [:] = O if k >nor k < 0). Note that if x e H, 

then Ti = 1 {y e H 1 d(x, y) = R A d'(x, y) = 'tj} 1. We also define 

Hence 

Li := max(O, 312b - M (V (t, b, R)- Tj)) (j = 0, l, · · · , R) , and 

L:=max(0,3'2b-M(V(Î,b,R-1)+To)). 
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IAi I ;;:: Li (j = O. 1. · · · , R), and 

IA \Aol;:: L . 

Furthennore. let j* e { 1, 2. · · · , R} be taken such that j* = 1 if 

R 
MV (t, b, R)- 31217 > L Lj , and such that 

j=l . 

R R 
L Li s MV(t, b, R)-312hs L Li 

j=j"'+l j=j* 

otherwise. 

THEOREMS. 

(2t + b -R + j* -1) (MV(t, b, R)- 312b) 

j*-1 R 
;;::L + L (j -1) Lj + (j* -1) L Lj . 

j=l j=j* 

PROOF. 

(2t + b-R) (MV(t, b, R)-312b) 

105 

(7) 

(8) 

(9) 

(10) 

= L (2t+b-R)Ec({x}) (by [5, Eq. (4) and Lemma 2b]) 
XEZ 

~ L L Ec({x}) (byLemma4) 
xeZ aeAnB1(x) 

= L L Ec({x}) 
aeA xeB1(a)rlZ 

= L Ec(B 1 (a)) (by [5, Definition 4a 
aeA 

and Lemma 2b]) 

R 
= L Ec(B 1 (a)) + L L Ec(B 1 (a)) 

aeAnZ j=O aeA'1 

R 
;;::t· IAnZl+l:jlA'jl (byLemma3) 

j=O 
R R 

=IA 'uA'j 1 + l: i IA'jl 
j=O j=I 
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R 
=IA \Aol + I, (J-1) (IA;I - IZ;D =: (*) . 

j=I 

Let io e Jl. 2, · · · , R} be such that 

R R 
I, IA;I s I, IZ;I s I, IA;I 

j=Jo+l J=l J•io 

We claim thatj* s j 0 • If j* = l, this is obviously true. If j* > l, then (using [5, 
Eq. (4)], (9) and (7)), 

R 
I, IZ;IS IZISMV(t,b,R)-312b 
j=I 

R R 
S I, L;S I, IA;I , 

j=j* j=j* 

and consequently j* S j 0 • This completes the proof of our claim. 

Wegel 

io-1 R R 

(11) 

(•);;::IA \Aol + I, (j-1) IA;I +üo-l)(I, IA;I - I, IZ;D 
j=I j=Jo j=I 

R 
+ I, (j-l)(IA;l-IA;D 

i=J.+l 

j*-1 ;.-1 

;;:: IA \Ao I + I, (j - 1) IA; I + I, (j -1) IA; I 
J=l j=j* 

R R 
+ (j* -1)( I, IA; 1 - I, IZ; 1) + O (since j* s jo) 

i=io J=l 
j*4 R R 

~ IA \Ao 1 + I, (j - 1) IA; 1 + (j* -1)( I, IA; 1 - I, IZ; 1) 
j=I j=j* j=I 

j*-1 R 
~ L + L (j -1) L; + (j* - 1)( L L; - IZ 1) (by (7) and (8)). 

j=I j=j* 

Substitution of IZ 1 S MV(t, b, R)- 312b (see (11)) gives the desired result. 

Theorem 5 gives a lower bound on K (t, b, R). If, for given t, band R, M 0 
is the minimal M that satisfics (10), then it follows that K(t, b, R);;:: M 0 • The 
only thing that we need now is an easy way to detennine this M 0 . Because the 
L;. Land j* depend on M, it is not immediately clear that M + 1 satisfies (10) if 
M does. That this is true nevertheless is shown by Lemma 6. By this lemma, M 0 
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can be determined very quickly. for instance by a binary search on the interval 
[Lb. Ub], where lh is taken the best lower bound on K(t, b. R) known (or sim
ply the sphere covering bound), and 

Ub =min {2.t • lh 1 k e 'IV u {O} and M =2.t • lh satisfies (10)} . 

The above method is the one that we used to compute Table 1. 

LEMMA 6. If for given t, band R, M satisfies (10), then so does M + 1. 

PROOF. For convenience, we put 

P(M) :=MV(t, b, R)-312b , and 

j*-1 R 
Q(M) :=L + I, U-1) Lj + U* -1)( L Lj-P(M)) . (12) 

j=l i=i* 

In (12) the Lj. L and j* are calculated using M. As with P (M) and Q (M), in the 
rest of the proof we shall write Lj(M), L (M) and j* (M) to indicate that M is 
used. Now "Msatisfies (10)" is equivalent to "(2t+b-R)P(M)~ Q(M)" (see 
the proof of Th. 5). One immediately verifies that P(M + l)~ P(M). 
Lj(M + l):s= Lj(M) for all j. and L(M + l)S L(M). It follows that 
j*(M + l)S j*(M). 

Ifj*(M + l)=j*(M), then 

j*(M)-1 
Q(M + l)=L(M + 1) + L U- l)Lj(M + 1) 

j=l 

R 
+U*(M)-1)( L Lj(M + 1)-P(M + 1)) 

j=j*(M) 

S Q(M). 

If j*(M + 1) < j*(M), then by the first inequality of (9) (which is always true), 

R 
I, Lj(M + 1)-P(M + 1) S Lj*(M+o(M + 1) . (13) 

j=j*(M+l) 

Weget 

j*(M+lH 
Q (M + 1) = L (M + 1) + L u - 1) Lj(M + 1) + 

j=l 
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R . 
(j*(M + 1)-1)( L Lj(M + 1)-P(M + 1)) 

j=j*(M+l) 

j*(M+l) 
s L(M + 1) + L (j -1) Lj(M + 1) 

j=l 

j*(J.1)-1 
S L(M) + L (j -1) Lj(M) S Q (M) 

j=l 

(by (13)) 

(note that all three tenns of (12) are nonnegative). We conclude that in both 
cases Q(M + l)S Q(M). The lemma now follows from 

(2t +b-R)P(M + 1)~ (2t+b-R)P(M)~ Q(M)~ Q(M + 1) . 

Remarks: 

1) As already said, Theorem 5 generalizes [5, Theorem 16]. It also general
b.es the cases q = 2 and q = 3 of [5, Theorem 6]. 

2) Remark 2 of [5, Section IIIA] almost literally applies; i.e., Theorem S is 
nota generalization of [6, Theorem 9]. 

3) Theorem 5 is always at least as good as the sphere covering bound. 

B.Packings 

Here we assume that C is a code in H with PR (C) = e and 1 C 1 =M. For 
j=O, 1, · · · ,elet9i E {O, l, ·" ,e} besuchthat 

9j = 1 + 2t + b - j (mode + 1) . (14) 

We define A, the Ai and Ti (j = 0, l, · · ·, e) as in (1), (3) and (6), with R 
replaced bye and 'tj by 9j, and we put 

ó':=l~:~J(e+l). 
In order to have a positive denominator in Theorem 9, we make the 
(nonsignificant) assumption that e < t + b. 

LEMMA7. 

1 G ('\ S 1(a)1 ~ j if a E Aj . 
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PROOF. Let a e Ai. Then there is a unique c e C with d (c, a) = e. By the 
definition of Ai and Lemma 2, IB,(c) () S 1(a)1 = e + 1 +ei -1 = e +ai. For 
every beC\{c} we have d(b,a)~e+l and hence IB,(b)()S1(a)I= 
IB,(b) () B 1(a) 1 e {O, e + l}. By [5, Eq. (6)] and (14) we have 

IG () S1(a) 1 • IS1(a)l - IB,(c) () S1(a)I 

= 2t + b - (e + 9j) s j (mod e + 1) , 

from which the lemma follows. 

LEMMA 8. Por all ze G 

1 A () S 1 (z) I S ö' . 

PROOF. The proof of [5, Lemma 10] is valid here if we use 
IS1(z)I =2t +b instead of n(q-1). 

THEOREM9. 

f,'3'2b 
ICl:s; , 

PROOF. 
e e 

f,'V(t, b, e) + L )Tj 
j-=<J 

L il c 1 Tj = L j IAj 1 
j-=<J j-=<J 

e 
s E E IG () S1(a)I 

j-=<J aeA1 

= L IA() S1(z)I 
zeG 

s ö'IG 1 

=5'(3'2b- IC IV(t, b, e)) 

(15) 

(by Lemma 7) 

(by Lemma 8) 

(by [5, Eq. (5)]) . 
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Remarks: 

1) Theorem 9 generalizes [5, Theorem 17] and it also generalizes the cases 
q =,2 and q = 3 of [5, Theorem 11]. 

2) The bound (15) is always at least as good as the sphere packing bound. 

m. THETABLE 

Here we present the table that was announced in this paper and in [5] many 
times already. We have computed the bounds in Theorems 5 and 9 for 
n = t + b S 13. We did not include the cases with t = 0. The reason for this is 
that for binary coverings a better table already appeared in [6] (see Remark 2 in 
Section HA), and that for binary packings Theorem 9 does not improve on the 
table in [4, p. 674]. 

The results for the cases with e = 1, R = 1 orb= 0 (ort= 0) were already 
established in [5, Theorems 6, 11, 16 and 17]. All other results in the table are 
due to Theorems 5 and 9 of the present wo1k For comparison, in the table we 
have given the sphere packing bound and the sphere covering bound in brackets 
below the bounds obtained from Theorem 9 and Theorem 5, respectively. 

APPENDIX 

Here we prove a lemma that has been used in the proof of [5, Theorem 6] 
as well as in this paper (Lemma 4). We state it in a general form which applies 
to both situations. Lemma 10 could also be used instead of [6, Lemma 7b] in the 
proof of [6, Theorem 9]. 

Consider a general Hamming space H (as in [5, Sections 1 and Il]). Let C 
be acode in H with CR(C) =Rand putA := {x e H 1 d(x, C) =R}. 
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LEMMA 10. Ifz e Z(C), then 

" IA() B1(z)I S L (qi-1) - R . (16) 
i=l 

PROOF. Let ze Z. By [5, Eq. (3)] there are different codewords b and c 
such that d 1 :=d{z,b)SR and dz:=d(z,c)SR. W.l.o.g. d 1 Sdz. If 
d 1 S R - 2, then B 1 (z) t: BR-t (b), hence IA ""B 1(z)1 = 0, and (16) holds. Now 
suppose that d 1 ~ R -1. Let i be a coordinate such that ei-:;. zi and bi'#. ei. Put 

x :=(z1z2 · · · Zi-tCiZi+t • • • z"), 

and 

F 2 := B 1 (z) () BR-1 (c)- BR-1 (b). 

We have 

IA nB1(z)I S IB1(z) n (BR-1(b)u BR-1(c))I = IB1(z)I - IFtl - IF2 I. 

We claim that 

IFtl + IF2l~R+l. 

To prove this, we distinguish between the cases i) d 1 = R - 1 and b; -:;. z;, and ii) 
d 1 = R orb; = z;. In case i) F 1 contains the R - 1 words 

(z 1 z2 · · · Zj-1 bjZj+t · · • z") , 

where j runs through the coordinates where b and z differ, as well as z and x. 
Hence 

IFil + IF2l~R+l+O=R+l. 

In case ii) we have d(x, z)= l, d(x, b)~ Rand d(x,c)S R -1, hence x e F2 • 

Since IF 1 1 ~ R, we conclude that also in this case 

IF1l+IF2l~R+l. 

Tuis completes the proof of our claim, and (16) follows. 
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TABLEI 
Upper Bounds on Packings and Lower Bounds on Coverings of JF~ F~ 

e=l R•l e-2 R•2 e-3 R•3 
t b 

Th. 9 Th. 5 Th. 9 Th. 5 Th. 9 Th. 5 

1 0 -
(1) (1) 

1 1 1 2 - -
(1) (2) (l} (1) 

1 2 2 3 1 2 
(2) (3) (1) (2) (1) (1) 

1 3 3 5 1 2 1 2 
(4) ( 4) (1) (2) (1) {2) 

1 4 6 8 2 3 1 2 
(6) (7) {2) (3) (1) (2) 

1 5 11 13 2 4 1 2 
(12) (12) {3) (4) (1) (2) 

1 6 19 24 4 6 2 3 
(21) (22) (5) (6) (2) (3) 

1 7 37 40 8 10 2 4 
{38) (39) {8) (9) (3} (4) 

1 8 65 76 12 16 3 6 
{69} (70) (13) (14) (4) (5) 

1 9 125 130 21 24 6 8 
(128) (128) (23) (24) (6} (7) 

1 10 222 253 37 44 10 12 
(236) (237) (39) ( 4 0) (10) (11) 

1 11 433 444 60 74 15 19 
(438) (439) {67) (68} (16) (17) 

1 

1 12 774 869 112 120 23 30 
(819) (820) (117) {118) (26) (27) 

2 0 1 2 - -
(1) (2) (1) (1) 

2 1 2 4 1 2 -
(3) (3) {1) (2) (1) (l) 

2 2 4 6 1 2 1 2 
(5) (6) (1) (2) (1) (2) 

2 3 8 10 2 4 1 2 
(9) (9) (2) (3) 

! 

{1) (2) 

2 4 15 l'7 3 5 1 2 
(16) (16) (4) (5) (1) (2) 

2 5 27 31 6 7 

1 

2 3 
(28) (29) (6) (7) (2) (3) 

Table continued 
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TABLE 1- continued 

e-1 R-1 e-2 R-2 e-3 R•3 
t b 

Th. 9 Tb. 5 Th. 9 Th. S Th. 9 Th. 5 

2 6 49 56 9 12 3 5 
(52) (53) (10) . (11) (3) (4) 

2 7 92 99 16 19 4 6 
(96) (96) (17) (18) (5) (6) 

2 8 168 187 28 32 7 9 
(177) (178) (29) (30) (8) (9) 

2 9 321 337 46 56 12 15 
(329) (330) (51) (52) (13) (14) 

2 10 586 646 83 92 18 23 
(614) (615) (88) (89) (20) (21) 

2 11 1131 1112 149 165 30 35 
(1152) (1152) (154) (155) (33) (34) 

3 0 3 4 1 2 - -
(3) (4) (1) (2) {l) (1) 

3 1 6 8 2 3 l 2 
(6) (7) (2) (3) (1) (2) 

3 2 11 13 2 4 l 2 
(12) (12) (3) (4) (1) (2) 

3 3 20 24 4 6 1 3 
(21) (22) (5) (6) (2) (3) 

3 4 37 41 7 9 2 4 
(39) (40) (8) (9) (2) (3) 

3 5 68 76 12 15 3 5 
(12) (72) (13) (14) (4) (5) 

3 6 128 139 21 24 6 7 
(132) {133) (22) (23) (6) (?) 

3 7 238 256 36 43 9 12 
(246) (247) (38) (39) (10) (11) 

3 8 443 480 61 71 14 18 
( 4 60) (461) (67) (68) (16) {17) 

3 9 841 887 113 123 22 28 
(864) (864) (117) (118) (25) (26) 

3 10 1568 1689 192 223 40 45 
(1626) (1627) (206) (207) (42) (43) 

4 0 9 9 2 3 1 2 
(9) (9) (2) (3) (1) (2) 

Table continued 
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T ABLE 1 - continued 

e-1 R-1 e-2 R-2 e-3 R-3 
t b 

Th. 9 Th. 5 Th. 9 Th. 5 Th. 9 Th. 5 

4 l 14 18 3 5 l 2 
{16) (17) (3) (4) (1) (2) 

4 2 28 30 6 7 2 3 
{29) (30) (6) (7) (2) (3) 

4 3 50 58 9 12 2 4 
(54) {54) (10) (11) (3) {4) 

4 4 97 103 16 18 4 6 
(99) (100) {17) (18) (5) (6) 

4 5 176 194 27 32 7 9 
(185) (186) (29) (30) (1) (8) 

4 6 336 356 46 55 11 14 
(345) (346) (50) (51) (12) (13) 

4 7 625 671 85 92 17 22 
(648) (648) {88) (89) (19) (20) 

4 8 1184 1257 147 168 30 34 
(1219) (1220) (155) (156) (32) (33) 

4 9 2241 2366 257 290 51 58 
(2304) (2304) (276) (277) (53) (54) 

5 0 22 23 4 5 1 2 
(22) (23) (4) (5) (1) (2) 

5 1 37 44 7 9 2 4 
(40) (41) (7) {8) (2) (3) 

5 2 73 76 12 14 3 5 
(74) (75) (13) (14) {3) (4) 

5 3 131 147 21 24 5 7 
(138) (139) (22) (23) {6) (7) 

5 4 254 265 35 42 9 11 
(259) (260) (38) (39) (9) (10) 

5 5 465 508 63 70 13 17 
(486) (486) (67) (68) (15) (16) 

5 6 895 936 112 126 22 27 
(914) (915) (lli) (118) (25) (26) 

5 7 1670 1787 193 222 39 44 
(1728) (1728) (208) (209) (41) (42) 

5 8 3199 3353 359 385 64 76 
(3274) (3275) (372) {373) (68) (69) 

Table continued 
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T ABLE 1 - continued 

e-1 R•l e•2 R•2 e•3 R•3 
t b 

Th. 9 Th. 5 Th. 9 Th. 5 Th. 9 Th. 5 

6 0 56 57 8 11 2 4 
{561 (571 (9) (10) (3) (4) 

6 1 97 112 16 18 4 6 
(104) (1051 (16) (17) (4) (5) 

6 2 192 197 26 33 7 8 
(194) (195) (29) (30) (7) (8) 

6 3 345 384 47 53 10 14 
(364) (365) (50) (51) (11) (121 

6 4 676 697 86 94 17 21 
(686) (687) (89) (90) (19) (20) 

6 5 1244 1349 145 170 30 33 
(1296) (1296) (157) (158) (31) (32) 

6 6 2413 2500 268 290 49 58 
(24551 (2456) (281) (282) (52) (53) 

6 7 4515 4818 486 532 ,80 96 
(4665) (4666) (504) (505) (88) (89) 

7 0 145 146 20 25 5 6 
(145) (146) (22) (23) (5) (6) 

7 1 257 291 34 41 8 11 
(273) {274) (38) (39) (9) (10) 

7 2 510 519 66 70 13 17 
(514) (515) (671 {68) (14) (15) 

7 3 926 1019 110 130 22 25 
(972) (972) (1191 (120) (24) (25) 

7 4 1820 1864 200 220 38 44 
(1841 l (1842) (2121 (213) (40) (41) 

7 5 3368 3634 370 397 61 74 
(3499) (3500) {380) (381) (67) (68) 

7 6 6571 6762 642 729 105 121 
(6665) (6666) (686) (687) (114) (115) 

8 0 385 386 50 51 10 13 
(385) (386) (50) (51) (11) (12) 

8 1 690 710 84 99 16 20 
(729) (729) (89) (90) (18) (19) 

8 2 1373 1390 148 167 30 33 
{1381) (1382) (160) (161) (30) (31) 

Table continued 
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TABLE I - continued 

e•l R•l e-2 R•2 e•3 R•3 
t b 

Th. 9 Th. 5 Th. 9 Th. 5 Th. 9 Th. 5 

8 3 2521 2740 282 295 47 57 
(2624) (2625) (286) (287) (51) (52) 

8 4 4951 5047 485 ·555 80 93 
(4998) (4999) (517) (518) (87) (88) 

B 5 9208 9886 892 964 142 155 
(9543) (9544) (937) (938) (149) (150) 

9 0 1035 1036 109 128 23 24 
(1035) (1036) 1120) (121) (23) (24) 

9 1 1874 2067 215 219 37 45 
(1968) (1969) (216) (217) (39) (40) 

9 2 3731 3768 367 422 61 72 
(3749) (3750) (389) (390) (66) (67) 

9 3 6876 7448 664 731 105 118 
(7157) (7158) (706) (707) (113) (114) 

9 4 13585 13802 1264 1321 191 207 
(13692) (13693) (1285) (1286) (196) (197) 

10 0 2811 2812 279 322 46 56 
(2811) (2812) (293) (294) (50) (51) 

10 l 5134 5611 493 555 78 91 
(5368) (5369) (531) (532) (86) (87) 

10 2 10228 10311 960 983 147 154 
(10269) (10270) (968) (969) (149) (150) 

10 3 18964 20423 1679 1894 243 283 
(19683) (19683) {1769) (1770) (258) (259) 

11 0 7702 7703 729 729 113 114 
(7702) (7703) (729) (729) (113) (114) 

11 1 14171 15376 1271 1436 187 217 
(14762) (14763) (1331) {1332) (196) (197) 

11 2 28249 28439 2297 2528 316 365 
(28343) (28344) (2443) (2444) (341) (342) 

12 0 21257 21258 1708 1915 242 280 
(2125?) (21258) (1838) (1839) (259) (260) 

12 1 39366 42448 3374 3405 415 410 
(40880) (40881) (3384) (3385) (454) (455) 

13 0 59049 59049 4529 5048 606 
(59049) (59049) (4703) (4704) (606) (607) 
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I. INTRODUCTION 

Let q and n be integers, with q~ and ~l. Let Q be an 

alphabet of size q. In this paper we usually take Q equal to :zq, 
the group of integers modulo q. Sometimes, if q is a prime pow

er, we take Q=F q' the finite field with q elements. The set of 

n.:.tuples of elements of Q is a metric space, with the (Hamming-) 

distance d defined by d(x,y)=l{ilxi;i:yi}I, where 

x=(xl'x2,""x
0

), y=(yl'y2,.",y
0
)e<f. Sometimes it is more 

convenient to write x1 x2".xn instead of (x1 ,x2,.",x
0

). The 

elements of <t are usually called words. We also define 

wt(x)=d(O,x), the weight of x, where the word with all coordi

nates equal to zero is denoted by 0. 

Let K be a nonempty set of possible messages, and suppose 

that 

M:=IKISq0
• 

Encoding the set of messages K means that one chooses an injec

tive map 

The subset 

C:=cp(K) 

of Q0 is called a code (hence any nonempty subset of Q0 is a 

code). If q is a prime power, and C is a linear subspace of f~, 

C is called a linear code over f q· When we want to send a mes

sage ke K through a channel, the q-ary symmetrie memoryless chan

nel (see [8, p. 11]), say, the associated word 

x:=cp(k)e <t 
is transmitted over this channel. The receiver receives a word 

y, which might differ from x, because of noise on the channel. 

The word y need not even be in the code C. In general we have 
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y=x+e, 

where ee (f is the error vector. The weight of e is the number of 

errors that occurred during the transmission of x. 

Nearest neighbour decoding (cf. [8, p. 9]) means that the 

receiver determines an x' e C, such that 

d(y ,x')=d(y ,C). 

The outcome of this decoding procedure is this x', or, in fact, 

the unique message k' such that ~(k')=x'. We will not make this 

distinction between codewords and messages anymore. Correct 

decoding in this sense means that x=x'. 

Under certain circumstances a different decoding procedure, 

called list decoding, can be useful. We shall not go into de

tails about the practical purpose of list decoding. For this, 

see [1] and [3]. We only describe the procedure here. Let µ be a 

positive integer. When y is received, in the list decoding pro

cedure the µ codewords in C closest to y are determined. More 

precisely, a set. (list) L of µ codewords in C is determined, 

such that 

d(x',y)$d(c,y), for all x'e L and ce C\L. 

The list L is the output of this decoding procedure. Correct 

decoding means that the originally transmitted word x is in the 

list L. The nearest neighbour decoding procedure described ear

lier is a special instance of list decoding, namely when we 

choose the parameter µ equal to 1. 

For xe Q0
, we denote 

Br(x):={ye Q0 1d(x,y)Sr}, 

and this set is called the sphere with radius r and center x. We 

put 



PERFECT MULTIPLE COVERINGS 121 

Now let µ be fixed. Suppose we want to know how many errors our 

list decoder can hand.Ie. That is, we ask for the maximal number 

r, with I'Sn, such that the following holds: assuming that we 

always have wt(e)Sr, the list decoder decodes correctly, for any 

xe C that is transmitted. One easily verifies that this number 

equals 

max {re { 0, l ,. .. ,n} 1\f xe <f :IBr(x)rCISµ}. 

This brings us closer to the actual subject of this paper. A 

code Cç;,<f with 

IBr(x)rCI~. for all XE <t 
is called a µ-jold r-packing of Qn. We have 

ICIV q(n,r)~qn. 

A code C with 

IBr(x)rC~µ. for all xe Qn 

is called a µ-jold r-covering of Qn. In this case, 

ICIV q(n,r)~µqn. 

(1) 

(2) 

If a code C satisfies both (1) and (2), it is called perfect. We 

then have 

ICIV q(n,r)=µqn (3) 

(the sphere packing or -covering equation). One often speaks of 

(perfect) multiple packings or -coverings. 
By a (q,n,M,r,µ) perfect multiple covering (PMC, cf. [2]) 

we mean a µ-fold r-covering of <f, with IQl=q, that has M code

words. For example, the code C that equals <t is a 

(q,n,qn,r,V q(n,r)) 

PMC, for any re {0,1, .. "n}. Other trivial examples are the codes 

with r=n: every code in Qn is a (q,n,M,n,M) PMC, where M is the 

cardinality of the code. 
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In this paper we investigate for whiph parameters PMC's 

exist. We shall pay most attention to the case r=l. In Section 

Il we give a few simple constructions of PMC's. In Section In 

we deteÎmine all possible parameters of PMC's in the case r=l 

(Theorems 2 and 3), provided q is a prime. This restriction on q 

can be dropped if we restrict ourselves to linear PMC's. We also 

give a result that applies in the case that none of these two 

conditions is fulfilled (Theorem 4 and Corollary 1). After read

ing this paper, it will be clear that in this area there is 

still a lot of work left to be done. One of the goals of this 

paper is to stimulate further research. 

When µ=1 (r arbitrary), we are simply dealing with perfect 

codes in the ordinary sense (see [8, p. 19]). The determination 

of all parameters q, n, and r for which such a code exists is a 

well-known and widely studied problem. Extensive research has 

been done on this. For a survey and many references, see [5]. 

Multiple pack:ings and coverings, perfect or not, are the 

topic of Clayton's thesis [2]. This thesis contains many inter

esting results. In [2], the definition of a PMC is somewhat 

different from the definition given above: Clayton allows a 

'code' to be a multiset, i.e., a code can have repeated code

words. Every PMC by our definition is a PMC by Clayton's defini

tion, but not the other way around. In this context, [2, Corol

lary 4. 7] is most interesting. It says that if the parameters q, 

n, and r admit a PMC (repeated codewords allowed), then there 

also exists a subgroup of :z~ that is a 

(q,n,q0
-
1,r,V q(n,r)/q) 

PMC (without repeated codewords). Therefore, the results in [2] 

concerning the (non-)existence of PMC's also apply if we use our 

definition. For the sake of clearness: we only use our own defi

nition in this paper. 
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Related to bis different definition of a PMC, is the fact 

that Clayton always poses the question as follows: given q,n and 

r, does a (q,n,M,r,µ) PMC for some µ and some M with l<M<q0 

exist? In other words, the parameter µ is not fixed (M follows 

from the parameters q, n, r, and µ, by (3)). In this paper we 

investigate a different problem: For which q, n, r, and µ does a 

(q,n",r,µ) PMC exist? 

Frorn the numerous results in [2], we only mention two (see 

[2, Theorerns 4.8 and 4.9]): 

For given r and q, there always exists a (q,n,M,r,µ) 

PMC for some n, µ and M with r<n and M<q0
• More 

precisely, for given r and q, there exists a PMC 

for n=rq+l, M=qrq=q0
•
1
, and µ=V q(n,r)/q. (4) 

For r=l, a PMC exists for some µ and M with M<q0 if 

and only if n=l (mod q). (5) 

In this introduction we mentioned list decoding in connec

tion to (perfect) multiple packings and coverings. Multiple 

coverings also come up in a different natural way. Suppose we 

have a football pool with 7 matches, each with q=3 possible 

outcomes: win, lose or draw. A forecast wins a prize if for at 

most one of the matches the predicted outcome is wrong. After 

the matches have been played, there is usually more than one 

winning forecast, and in this case the money bas to be split. 

Now if a participant bas µ winning forecasts by himself, and the 

total number of winning forecasts in the pool is much greater 

than µ, then he earns about µ times as much money as when he had 

only one winning forecast. 

Suppose a participant wants to make sure that he wins a 

prize, whatever the outcomes of the matches are. Then he needs a 

1-fold 1-covering of f~. The smallest such covering known at 
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present bas 186 codewords, and is given in [4]. If this partici

pant wants to win µ=5 prizes, he could of course send in five 

times these 186 forecasts. This would take 5· 186=930 forecasts. 

This strategy is not profitable, since for five times the costs 

he earns (less than) five times as much money. However, he can 

reach bis goal in a cheaper way, namely by using a 

6 (3,7,3 =729,1,5) 

PMC, which exists by Theorem 2( a). In this way the costs are 

considerably less than five times as high! By [7, Table I], any 

1-fold 1-covering of f ~ bas at least 146 codewords, so even when 

the number 186 of [4] is improved, the first method still needs 

at least 5· 146= 730> 729 forecasts. 

II. SOME CONSTRUCTIONS 

In this section we mention a few simple ways to construct 

PMC's. The 'constructions' (a), (b), and (c) were already men

tioned in the Introduction. 

(a) Every ordinary perfect code is a PMC with with µ=1. Exam

ples: binary repetition codes of odd length, Hamming codes, 

binary Golay code, ternary Golay code (see [8, p. 179, 

180]). 

(b) The PMC's with r=n: every code C in Q0 is a (q,n,M,n,M) 

PMC, where ICl=M. 

(c) C=Qn; this is a 

(q,n,q0 ,r,V q(n,r)) 

PMC for any re {0,1, ... ,n}. 
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(d) "Complementing": This only works for binary codes. From any 

(2,n,M,r,µ) PMC C with r<n, we obtain a (2,n,M,n-r-1,M-µ) 

PMC, by replacing every codeword of C by its complement 

(that is, replace all zeroes by ones and all ones by ze
roes). 

(e) "Shifting" of a group code: Suppose a (q,n,M,r,µ) PMC C is 

a subgroup of Qn. For any µ' e { 1,2, ... ,qn /M}, we get a 

(q,n,µ'M,r,µ'µ) PMC C' if we take C' equal to the union of 

C and µ'-1 of its cosets. In particular, this works if q is 

a prime power, Q=IF q and C is a linear PMC. 

(f) The "Vasil'ev construction" (see [6, p. 90] and [8, 

p. 77]): Suppose q is a prime power and let r = q 
{O=a

0
,cx

1
,.",<\)· Let C be a code in IF~. Define the 

maps 1t and T by 
( ·l)n q-1 n 

1t: IFqq -+IFq, 1t(V)= L ex. L vCi-t)n+· , 
i=l 

1
j=l J 

and 

where 
q -1 

T.(v)= L v (l~jSn), 
J i =1 (i-l)n+j 

and 

( ) 
(q-l)n 

v= v 1,v2"",v(q-t)n erq . 

Define the code C'~IF~n+t by 

C':={(vlc+ T(v)l1t(v))e IF~n+tlve F~ q-t)n and ce C}. 

We have 

In Theorem 1 we summarize · a few important properties of 

this construction. 
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Theorem 1: Construction (t) has the following properties: 

(a) If C is a µ-fold 1-packing, then so is C'. 

(b) Let re { 1,2, ... ,n}. If C is a µ-fold r-covering, then so is 

C'. 

(c) If C is a (q,n,M,l,µ) PMC, then C' is a 

(q,qn+l,q(q·l)nM,l,µ) 

PMC. 

(d) If C is linear, then so is C'. 

Rem.ark 1: Theorem 1( a) does not generalize to µ-fold r-packings 

with r> 1. For instance, if C is a 1-fold 2-packing with q=2, 

n=3, and ICl=l, then C' is not a 1-fold 2-packing by the sphere

packing bound. 

Proof of Theorem 1: (a): Suppose an xeF~n+t and µ+1 different 

codewords b0 >,bcz>, ... ,b(µ+l)eC' exist such that 

d(x,b(k»s1, for k=l,2, ... ,µ+1. 

Write 

x=(ylzla), 

·th < q·I)n n d F k 1 2 1 . wt ye r q , ze r q an ae r q· or = , , .. "µ+ , wnte 

b(k>:=(v(k>1c(k>+ T(v(k~bt(v(k~). 

where v(k>e F~q-I)n and c(k>e C. We claim that 

l) d(z,c(k>+ T(y))Sl. for k=l,2, .. "µ+ 1, 

and that 

ii) the c(k> are all different. 

This gives a contradiction with 

IB1 (z-T(y))nCISµ. 

Hence 
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i.e., C' is a µ-fold 1-packing. 

First we prove i ). Let ke { 1,2,""µ + 1 } . Put 

From 

d 1 :=d(y,v(k~. 

di:=d(z,c(k>+T(v(k~). and 

d2:=d(z,ctk>+ T(y)). 

d(x,b(k~Sl, 

it follows that dfS:l, d2s1, and d1 ~Sl. If d1 =0, then 

T(y)=T(v<k), 

hence d:i=d2!:a. If d 1 =l, then d2=0 and 

d(T(y), T( vOt>))= 1. 

127 

Hence, by the triangle inequality, dz~+l=O+l=l. So in both 

cases dzSl, which proves i). 

To prove ii), suppose that we had ije {1,2" .. ,µ+1} with i:;i!:j and 

Put 

We have 

c(i)=cu>. 

dl :=d(vCi>,vO), 

di=d( c(i) + T( v<ï~,cu> + T( vu~ )=d(T( v<i\ T(v<i» ), and 

d3:=d(1t(VCi),x(vG)). 

If d1 =O, then 

T(v<ï>)=T(v(D), and 

x( v<i)=X( vG), 
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hence also di=d3=0, contradicting d>O. If d1 =1, then 

d(T(v<i)),T(v<i»)=l, and 

1t(V(i»*1t(V(j», 

hence also d2=d3=1, contradicting ~. Finally, if d1=2, it 

follows from ~ that d2=d3=0. Let (e-l)n+g and (f-l)n+h be the 

two coordinate positions at which v(i) differs from v91, where 

e,fe { 1,2, ... ,q-1} and g,he { 1,2, ... ,n}. Define p,ye F q\{0} by 

(i) (j) 
v(e-l)n+g-v(e-l)n+g=J3, and 

(i) (j) 
v (f-l)n+h-v (f-l)n+h ='Y· 

From <Ii=O it follows that g=h and y=-[i. From ~=() and y=-[i it 

follows that 

ael3=-ar1-at13, 

which implies e=f. Consequently, 

(e-l)n+g=(f-l)n+h, 

a contradiction. This completes the proof of ii), and thereby 

the proof of part (a) of the theorem. 

(b ): Let :xe F~n+ 1. Write 

:x=(ylzla), 

with ye F~q-l)l, ze IF~ and ae IF q· There are µ dîstinct codewords 

(1) (2) (µ) c 
C ,C , ••• ,C E , 

such that 

d(z-T(y),c(k»Sr (k= 1,2, ... ,µ). 

We shall now define µ dîstinct (!) words b(k)e Fqn+t which are 
q 

all in the code C', and which satisfy 

d(x,b(k»Sr (k=l,2, .. "µ). 

Since :x was arbitrary, this proves that C' is a µ-fold r-
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covering. We distinguish between two cases: i) and ii). 

Case i): <X=1t(y). Then, for k=l,2, ... ,µ, define 

b(k>:=(ylc(k>+ T(y)lx(y)). 

Case ii): CX;1t1t(y). For every k such that 

d(z-T(y),c°'~Sr-1, 
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define b(k) as in case i). For the other k, we do the following. 

We have 

d(z-T(y),c(k~=r;;:: 1. 

Let pke {1,2"",n} be a coordinate position at which z-T(y) and 

c(k> differ. Let s(k)e{l,2, .. "q-1} be such, that the pk-tb 

coordinate of 

z-T(y)-c(k> 

is as(k)' Define t(k)e { 1,2, .. "q-1} by 

at(k)as(k)=a-x(y). 

Let w be the word in rF~q-t)n with the ((t(k)-l)n+pk)-th coordi

nate equal to as(k) and all other coordinates zero. We have 

d(z,c(k> + T(y+w) )=r-1, and 

n:(y+w)=a. 

Now define 

b(k>:=(y+wlcCk>+ T(y+w)la). 

(c): This follows immediately from (a) and (b). A different 

way to prove it is by combining (a) (or (b)) and the fact that 

C' satisfies the sphere packing equation (3), because C does: 

IC'IV q(qn+l,l)=q<q-t)nM(l+(qn+l)(q-1)) 

=q<q-t)n+tM(l +n(q-1)) 

=q(q-l)n+lµqn 

=µqqn+t. 
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(d): Trivial. 

Example: The code C={00,01,10,11 }=F2 is a linear (2,2,4,1,3) 

PMC, (cf. Construction (c)). For this C, Construction (f) gives 

C'={OOOOO, 00010, 00100, 00110, 

01011, 01001, 01111, 01101, 

10101, 10111, 10001, 10011, 

11110, 11100, 11010, 11000}, 

a linear (2,5,16,1,3) PMC. 

m. PERFECT MULTIPLE 1-COVERINGS 

In this section we discuss the case r=l. We try to deter

mine all possible parameters q, n, M, and µ for which a 

(q,n,M,1,µ) PMC exists. Of course, it is sufficient to specify 

only q, n, and µ, since M follows from the other parameters, by 

(3). 

Let us first return to the ordinary case, µ= 1. Let q be a 

prime power and let c1 be the code {0} in lf~. This is a 

(q,l,l,1,1) PMC. We apply Construction (f) of the previous sec

tion to C 1, and obtain a linear 

(q,q+ l,q<q·I), 1, 1) 

PMC c2 in lf~+•. If we apply Construction (f) to c2, we get a 

linear 
2 q2+q-2 (q,q +q+l,q ,1,1) 

PMC c3. This can be continued indefinitely. We get an infinite 

sequence of linear PMC's 

where C bas the parameters 
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(q,(qi· l)/(q-l),q(qi-1)/(q-l)-i,l,l). 

This sequence of codes is exactly the well-known sequence of 

Hamming codes over IF q (see [8, p. 193]). In Theorem 2 we gener

alize this, and construct sequences of perfect multiple 1-

coverings for any µ. 

It is also well-known (see [5] or [8, p. 180), for exam

ple), that, for q a prime power, the parameters of the Hamming 

codes are the only parameters for which there exists a (linear 

or nonlinear) perfect 1-error-correcting code over f' q' that is, 

a (q,n,M,l,l) PMC. We shall show that a similar statement is 

true in the case of perfect multiple 1-coverings, i.e., when 

also µ> 1 is allowed (Theorem 3). 

Theorem 2: Let q be a prime power and n,µe IN. 

(a): lf 

n=(µqi-1 )/( q-1) for some ie INU { 0}, 

then a linear (q,n,qn-i,1,µ) PMC exists. 

(b): lf 

(6) 

n=(µ0qi-1)/(q-1) for some ielNU{O} and µ0elN, } 
(7) 

wi th µ0 1 µ and µs;q i µ 0 , 

then a (q,n,tt
0 
qn-i,l,µ) PMC exists. 

Proof: (a): If µ=l, then i~l (since n~l). The sequence {Ci}t=l 

defined in the second paragraph of this section does the job 

then. If µ> 1, then we define a similar sequence {ei} i = 1 of 

PMC's, but we add a c0 in front. By (6), 

µ-l=µqi-l=(q-l)ná> (mod q-1). 

Hence there is an integer n0 such that µ=n0(q-1)+1. Since µ>l, 

we have n0~ 1. Define 
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a linear 
no 

(q,n0,q ,l,µ) 

PMC. Now apply Construction (f) of Section II to c0, call the 

resulting code Cl' apply (f) to Cl' call the resulting code c2, 

and so on Gust as in the case µ=l). We get an infinite sequence 

{C/l=l 

of linear (q,ni'Mi,l,µ) PMC's over f" q' where 

Indeed, 

and if 

then 

Also, 

and if 

then 

ni=(µqi·l)/(q-1), and 

n.-i 
1 

Mi=q . 

0 no=(µq ·1)/(q-1), 

. ·+1 
ni+ 1 =qni+ l=q(µq1-l)/(q· l)+ l=(µq1 -1)/(q-1). 

n.·i 
1 

M.=q ' 1 

(q-l)n. n.-i qn.-i n. 1-(i+l) 
M 1 1 1 1+ 

i+l=q q =q =q 

(b): By part (a) of this theorem (with µ0 substituted for 

µ), a linear 

( q,n=(µ
0

qi-1 )/( q-1),M=qn-\1,µ0) 

PMC C over IF q exists. By (7), 

µJµ 0e {1,2, ... ,q0/M}. 
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Apply Construction (e) of Section II ("shifting") with µ':=µ/~. 

This yields a PMC C' with the desired parameters. 

Theorem 3: 

(a): Let q be a prime power and n,µeN. A linear (q,n,.,l,µ) PMC 

exists if and only if (6) holds. 
(b): Let q be a prime and n,µelN. A (q,n,.,l,µ) PMC exists if and 

only if (7) holds. 

Proof: (a): Suppose a linear (q,n,M,l,µ) PMC exists. Then 

M=cf, 
for some je {0,1, ... ,n}. By (3), 

qi(l+(q-l)n)=µqn. 

Consequently. 
n=(µq1-1)/(q-l), 

where i:=n-je {0,1, ... ,n}. Hence (6) holds. The "if' part is 

Theorem 2(a). 

(b): Suppose a (q,n,M,l,µ) PMC exists. By (3), 

. M(l+(q-l)n)=µqn, 

hence 
1 +( q-1 )n=µ

0
qi, 

for some µ0e IN and ie { 0, l , .. "n} with µ0 1 µ. Also, 

µOqi=µqn~µ. 

The "if' part is a consequence of Theorem 2(b). 

Theorem 3 and the proof of Theorem 2 show that Construc

tions (b), (c), (e), and (f) of Section II are the only con

structions needed to obtain all possible parameters of PMC's 

with µ=l, provided q is a prime, or when we restrict ourselves 
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to linear PMC's. Theorem 3(b) leaves open the cases when q is 

not a prime. For any q, prime power or not, the cases with M=qn 

are trivial: by (3) and Construction (c) of Section II, the only 

possible parameters of PMC' s with M=qn are 

(q,n,qn,l,l+(q-l)n), for n=l,2,3, .... 

These parameters satisfy (7). 

From now on, let q be a prime power. In view of Theorem 

2(b ), one could conjecture that the answer to the following 

question is affirmative. 

Open problem 1: Is it allowed to replace "prime" by "prime pow

er" in Theorem 3(b)? 

While studying this problem, we can restrict ourselves to PMC' s 

with M<qn, as previously pointed out. To prove the "only if' 

part of Theorem 3(b), we only used the sphere packing equation 

(3). To this condition, we can add the condition that 

m=l (mod q), 

by (5), which was proved in [2] using properties of Lloyd poly

nomials. These two necessary conditions are still not sufficient 

to rule out all parameters n and µ which do not satisfy (7): the 

parameters 

23 (q=4,n=13,M=2 ,r=l,µ=5) 

satisfy (3) and n=l (mod q), but they do not satisfy (7). In 

fact, this is the 'smallest' instance (according to the values 

.of q, n, and µ, in this order) for which we left the question 

whether a PMC with r=l exists unanswered. 

We conclude with a condition (Theorem 4(c)) on the parame

ters (q,n",l,µ) of a PMC, in the case that they do not satisfy 

(7). As a consequence, we get a lower bound on the parameter µ 
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(Corollary 1). This could be a first step in the investigation 

of the open problem mentioned above. 

Theorem 4: Let p be a prime, m,n,µ,MelN and q=pm. Suppose that a 

(q,n,M,1,µ) PMC exists. Define A.e1N,ke1NU{O} with pfÀ by 

l+(q-l)n=µq0/M=Äl. (8) 

We have the following: 

(a): lf m 1 k, then (7) holds. 

(b): lf A.=l, then m 1 k, and (7) holds. 

(c): lf A.>l, write k=sm+t, where s,t e INU{O} and OSt<m. Then 

À=pm-t+(q-l)a, 

for some ae IN. In particular, 

~+q-1. 

Proof· Equation (8) follows immediately from (3). 

(a): Put i:=k/m and µ0:=Ä.. Then 

pk=qi, 

and by (8), 

n=(µ
0

qi-l)/(q-1). 

Moreover, ie INU{ 0}, µ0e N, µ0 1 µ and 

1\. k.._A / D/I\. k ~ ,.,i Î µ=11.p m1q :::::.Ap ='"! =µoq. 

Hence (7) holds. 

(b): See also [6, Theorem (5.1.1)] or [8, Lemma 34, p.181]. 

By (8), we have 

It follows that 

he nee 

pm-l lpk-1, 

mlk 

(see [8, Lemma 9, p. 102]). By (a), (7) holds. 
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(c): Put n0:=n. For i:=l, .. "s define 

n.:=(n. 1-1)/q. 
1 1-

We hav~ °<)EN and 

1 +( q-1 >no=Äpsm+1
• 

Now if for some ie { 0, l ,.."s-1 } • ni is an integer and 

1 +(q-l)ni=Ä.p(l-i)m+t• 

then 
n.sl (mod q), 

1 

hence ni+ 1 e z. Furthermore, 

1+(q-l)ni+
1 
=1+(q-l)(nr1)/q=(l +(q-l)ni)/q=Ä.p<s-(i+I))m+t. 

This proves that for i=O,l"."s, nie l and 

1 +(q-l)ni=Äp<•-i)n+t. 

Moreover, n?l, since Ä.>l and piÄ.. In particular, 

l+(q-l)n
8
=Äp1

. 

He nee 

Write 

n
8
=ap1+1, 

with ae z. Since n
8
>1, ~l. We get 

Äp1=1 +(q-l)ns=l +(q-l)(ap1+ l)=q+(q-l)ap', 

hence 
Ä=pm-t+(q-l)a. 

Remark 2: In Theorem 4, when Ä.>l and mik, it is possible that 

.C7) holds, nevertheless. Example: By Theorem 2(a), with i=l, a 

(linear) 

(q=4,n=13,M=412,r=l,µ=10) 

PMC exists. Certainly (7) holds; namely, choose i=l and µ0=µ=10. 

But also (8) is satisfied with Ä.> 1 and mik, if we choose Ä=µ/2=5 
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and k=3: 

Corollary 1: Let p be a prime, m,n,µe IN and q=pm. H a 

(q,n",l,µ) PMC exists, and these parameters do not satisfy (7), 

then 

~-1. 

Remark 3: We have been informed by one of the (anonymous) refer

ees that a (4,13,223,1,5) PMC exists. Therefore, the answer to 

open problem 1 is negative. Tuis 5-fold PMC, while obviously not 

linear over r 4• is linear over r 2. 
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Which Linear Codes Are 
Algebraic-Geometric ? 

R. Pellikaan, B.Z. Shen, and G.J.M. van Wee* 

Abstract - An infinite series of curves is constructed in order to show 
that all linear codes can be obtained from curves using Goppa's con
struction. If one imposes conditions on the degree of the divisor used, 
then we derive criteria for linear codes to be algebraic-geometric. 10: 
particular, we investigate the fa.mily of q-ary Hamming codes, and 
prove that only those with redundancy one or two, and the binary 
[7, 4, 3] code are algebraic-geometric in this sense. For these codes we 
explicitly give a curve, rational points and a divisor. We prove that 
this triple is in a certain sense unique in the case of the (7, 4, 3] code. 

Index Terms: algebraic-geometric codes, algebraic curves, divisors, 
generalized Goppa codes, geometrie Goppa codes. 

©1991 IEEE 

1. Introduction 

Since the early papers by Goppa [5], [6], [7], algebraic-geometric codes 
have been in the spotlight of coding theoretic research for about a 
decade. As is.well-known, numerous excitingresults have been achieved 
using Goppa's construction of linear codes from algebraic curves over 
finite fields, both by algebraic geometrists and coding theorists. Be
cause of the difficulty of the subject, several explanatory papers and 
text hooks have appeared, see for instance [9] or [16]. In this paper we 

"All authors are with the Eindhoven University of Technology, Department of 
Mathematics a.nd Computing Science, PO Box 513, 5600 MB Eindhoven, The 
Netherlands. This research was partially supported by the Netherlands organiza
tion for scientific research (NWO). 
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investigate which linear codes can he constructed by Goppa's method. 
It turns out that it makes sense to distinguish between three types of 
codes, according to the degree of the divisor used in the construction. 
For more details, see Section II (Definition 2). 

Although this paper is quite self-contained, a. certain knowledge of 
a.lgehraic geometry is taken for granted. For this, we refer to [2], [4], 
[11], [16] or [22]. For coding theory, see [15], [16], or [17]. 

Outline of the paper 

In Section II we define weakly algebmic-geometric (WAG), algebraic
geometric (AG), and strongly algebmic-geometric (SAG) codes (Defi
nition 2). The class of SAG codes is a proper subset of the class of 
AG codes, and the class of AG codes is a proper subset of the class of 
WAG codes. Furthermore, we also explain what we mean by a WAG, 
AG or SAG representation of a code. Some basic properties are men
tioned. Section II actually serves as an introduction to the rest of the 
paper. At the end of Section II we introduce the notion of a minimal 
representation. We prove that every WAG, AG or SAG code of di
mension at least two bas a minimal WAG, AG or SAG representation, 
respectively. This is useful in Sections IV and V. 

The WAG codes are the codes which can be obtained by Goppa's 
construction when no restrictions are imposed on the degree of the 
divisor used. Inspired by the notion of a covering curve of Goppa [9] 
and a paper by Hansen and Stichtenoth [10], we prove in Section UI 
that every linear code is WAG. In this way we solve problem (3.1.19) 
of (22]. The curves are given explicitly. Goppa [7, p. 78] claimed that 
every linear code is WAG, hut his proof is not sufficient, see Remark 
5. Lachaud [14, (5.10)] made a weaker claim, namely that every linear 
code is a subcode of a WAG code. 

In Section IV we derive several conditions on linear codes to be AG. 
As proved at the end of that section, all binary SAG codes have length 
s 8. By the results of Section III, the class of AG codes therefore seems 
to be the most interesting. Special attention is paid to Reed-Muller 
codes, Hamming codes and the binary Golay code and its extension. 
For example, the conditions on AG codes imply that a q-ary Hamming 
code of redundancy ris not AG if r > 2 and (r, q) =/; (3, 2). 

In Section V we are interested in explicit WAG, AG or SAG rep
- resentations of codes, and in the question whether something can be 
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said about the uniqueness of these representa.tions. As an example, we 
investigate the fa.mily of q-ary Hamming codes in close detail (Section 
V-A). We prove that these codes are SAG in the cases left open in 
Section IV. In the case (r, q) = (3, 2), tha.t is, for the binary [7,4,3] 
code, we obtain the nice result that this code has a unique minimal 
representation as an AG code. In Section V-B we discuss another ex
ample, na.mely a code which was mentioned in [13], and prove that it 
is SAG. 

Notation 

We use F 9 to denote the finite field of q elements. We use P1 to 
denote the l-dimensional projective space; it will be clear from the 
context over which field (usually F9 or the algebraic closure F9 ). If 
any confusion is possible, we use P 1(F9) to denote the finite set of 
(ql+1 - 1)/(q - 1) points over F9 in P1, for instance. Similarly, A1 

denotes the l-dimensional affine space. By a curve over a field k we 
mean a projective, reduced scheme over k of dimension one. As with 
P1 and A1, we sometimes write X(F9 ) to indicate the finite set of F9-

rational points on X. The function field of X over k is denoted by 
k(X). The group of divisors on X is denoted by Div(X). If 

cp: X-+ X' 

is a morphism of curves, then we denote by cp* both the induced ho
momorphism 

k(X')-+ k(X) 

and the induced homomorphism 

Div(X')-+ Div(X), 

see [11, p.137]. If 
f E k(X) \ {O}, 

we denote by (/) its divisor, a so-called principal divisor. The nota
tion div(J) is also used in the literature. Similarly, if w is a nonzero 
rational differential form on X, then we denote its divisor by ( w ), a 
so-called canonical divisor. If P is a place of k(X) over k, that is, P 
is a discrete valuation ring of k( X) over k, then we denote by Vp the 
discrete valuation function at P. In the literature the notation ordp 



142 ALGEBRAIC-GEOMETRIC CODES 

is also customary. If D is a divisor on X, then supp(D) denotes the 
support of D, that is, the set of places with nonzero coefficient in D. 
If D1 and D2 are divisors on a curve X, then we denote by 

that D1 and D2 are linearly equivalent. By [D] we denote the linear 
equivalence class of D, that is, the set consisting of all the divisors on 
X linearly equivalent with D. The complete linear system associated 
to D is denoted by IDI. This is the set of all effective divisors in [D]. 
We denote by Pic(X) the group of divisors on X modulo principal 
divisors, the so-called divisor class group. By Pieo(X) we denote the 
subgroup of Pic(X) consisting of the divisors of degree 0 modulo prin
cipal divisors. By Pic,.,.(X) we denote the coset of Pieo(X) in Pic(X) 
consisting of the divisors of degree m modulo principal divisors. By 
'Dm we denote the set of effective divisors on X of degree m. We define 

h := #Pieo(X). 

In fact, we have h = #Pic,.,.(X) for every m. For all this, see [16]. If 
C is a linear code, we denote by d( C) its minimum distance. 

II. Algebraic-Geometric Codes and 
Representations 

Definition 1 Let X be a projective, nonsingular, absolutely irreducible 
curve defined over Fq. The genus of X is denoted by g(X), or simply 
by g, if it is clear which curve is meant. Let P1 , •.. , Pn be n distinct 
Fq-rational points of X. We denote both the n-tuple 

and the divisor 
P1 + ... + Pn 

by D (the order of the Pi is fixed). Let G be a divisor on X of degree 
m with support disjoint from the support of D. Let Fq(X) be the 
function field of X over F q and 

L(G) = {/ E Fq(X)*l(f);:::: -G} U {O}. 
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Let Ox be the vector space of ra.tional differential forms on X and 

O(G) = {w E Ox \ {O}l(w)? G} U {O}. 

We define the map 

by 
o:L(f) =(/(Pi), ... ,j(Pn)), 

and the map 
o:o: O(G - D) -l- F;, 

by 
o:o(w) = (resp1 (w), ... , resp"(w)). 

We define 
CL(X,D,G) = Image(o:L), 

and 
Co(X,D,G) = Image(o:n). 

·We abbreviate CL(X,D,G) and C0 (X,D,G) by 

and 
Cn(D,G), 
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respectively, if it is clear which curve is meant. See Goppa [5], [6], [7], 
[8], [9], or [16], or [22]. 

Theorern 1 . 
a) Ij m < n then CL(D, G) is a linear [n, k, d] code with 

k ? m + 1 - g and d ? n - m. 

Ij moreover 2g - 2 < m then k = m + 1 - g. 
b) Ij 2g - 2 < m then C0 (D, G) is a linear [n, k, d] code with 

k ? n - m - 1 + g and d ? m + 2 - 2g. 

Ij moreover m < n then k = n - m - 1 + g. 

Prooj: See [5], [16], or [22]. 
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Proposition 1 The linear code Cn(D, G) is the dual of CL(D, G). 

Proof: See [8), [16], or [22]. 

Definition 2 We call a q-ary linear code C weakly ·algebra ic-geometrie 
(WAG) if there exists a projective, nonsingular, absolutely irreducible 
curve X defined over F, of genus g, and n distinct rational points 
Pi, ... , Pn on X and a divisor G with support disjoint from the sup
port of D, where 

D = P1 + ... +Pn, 

such that 
C = CL(X, D, G). 

We call the triple 
(X,D,G) 

a weakly algebraic-geometric representation (WAG representation), or 
shortly, a representation of C. An algebraic-geometric representation 
(AG representation) is a representation (X, D, G) with 

deg(G) < n. 

We call a code algebraic-geometric (AG) if it has an AG representation. 
A strongly algebraic-geometric representation (SAG representation) is 
a representation ( X, D, G) with 

2g - 2 < deg( G) < n. 

A code is called strongly algebraic-geometric (SAG) if it has a SAG 
representation. 

Remark 1 There exists a differential form w with a simple pole at 
each Pï and such that 

resp,(w) = 1fori=1, ... ,n. 

We have 
Co(X, D, G) = CL(X, D, (w) - G + D), 

see [21, Corollary 2.6] or [16, Lemma 3.5]. As a consequence we have 
that Cis WAG if and only if 

C = Co(X,D,G) 
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for some curve X and divisors D and G (without the constraints on 
the degree of G). The code Cis AG if moreover 

2g - 2 < deg(G). 

The code Cis SAG if moreover 

2g - 2 < deg( G) < n. 

In view of Proposition 1 we therefore have the following corollary. 

Corollary 1 IJ C is WAG or SAG, then CJ.. is WAG, SAG, respec
tively. 

Remark 2 There exist codes which are AG while the dualis not. For 
an example, see Remark 13. 

Definition 3 Let n > 1. Let 

,,,., • 'l:\ft -+ F"-1 
",. i:q q 

be the projection defined by deleting the ith coordinate. If C is a code 
in F; then define C;. by 

C;. = 1ri(C). 

We say that Ci is obtained from C by puncturing at the ith coordinate. 

Lemma 1 IJ C is WAG then C;. is WAG. 

ProoJ: Suppose that C = CL(X, D, G), where D = (Pi, ... , Pn)· Let 

Rernark 3 If C is AG or SAG, then C;. need not be AG, SAG , 
respectively, see Remark 19. 

Definition 4 Let C be a linear code in F; and O' a permutation of 
{1, ... , n }. Define 

uC = {(x"(l)l ... , Xq(n))l(xi, ... , Xn) E C}. 
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Two linear codes C1 and C2 in F~ are called equivalent if C2 = uC1 

for some permutation u of { 1, ... , n}. Let 

be an n-tuple of nonzero elements in F 9 • Define 

The codes C1 and C2 are called generalized equivalent or isometrie if 
there is an n-tuple À = (..Xi, ••• , Àn) of nonzero elements in F 9 and a 
permutation u such that 

Lemma 2 IJ C1 and C2 are isometrie codes and C1 is WAG, AG or 
SAG, then C2 is WAG, AG, SAG, respectively. 

Proof: Suppose C1 = CL(X, D, G) and C2 = ..XuC1 for some non zero 
elements À1, ... , Àn in F 9 and a permutation u. There exists a rational 
function f such that 

f(Ptr(i)) = ..X, for all i, 

by the independence of valuations, see [2, p.11]. Let 

uD = (Pu(t), ... , Ptr(n))· 

Then the divisor G - (!) has disjoint support with uD, since all the 
Àï are nonzero. We have 

C2 = CL(X, uD, G - (!)), 

and C2 is WAG. The degrees of G and G - (!) are equal. So, if C1 is 
AG or SAG, then C2 is AG, SAG, respectively. 

Definition 5 We call a q-ary linear [n, k] code projective if every two 
columns of a generator matrix of C are linearly independent. Thus if 
we view the columns of a generator matrix as points in the ( k - 1 )
dimensional projective space plc-t, expressed in homogeneous coor
dinates, then we get n distinct points. This definition is obviously 
independent from the generator matrix chosen. By S(r,q) we denote 
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any q-a.ry projective code of dimension rand length (q" - 1)/(q - 1). 
Such a code is called a Simplex code. By H(r,q) we denote the dual 
of S(r, q). This is a q-ary Hamming code of redunda.ncy r. If all the n 
points of a projective code lie in the complement of a hyperplane then 
we call the code affine. 

Remark 4 If n ~ 3, then a code C is projective if and only if 
d( CJ.) ~ 3. The code C is affine if and only if C is projective and there 
exists a codeword with weight equal to the word length. The maxima! 
word length of a projective code of dimension r is ( q" - 1) / ( q - 1 ). For 
fixed r and q all q-ary Simplex codes of dimension r are isometrie. The 
same holds for Hamming codes. The maximal possible word length of 
an affine code of dimension r is q"-1• For fixed q and r all affine q-ary 
codes of dimension rand word length q"-1 are isometrie and are called 
q-ary first order Reed-Muller codes. 

Remark 5 Suppose C is an affine code and we want to show that 
it is WAG. By Lemma 2, we may assume after an isometry, that the 
all one vector is a codeword and it is the first row of a generator ma
trix of C. Let the n points Qi, ... , Qn in plt-l correspond to the n 
columns of the generator matrix. Suppose there exists an absolutely 
irreducible, projective curve X over F 9 in plt-l, which goes through 
Q1 , .•• , Qn. The curve may be singular, hut suppose there exists a 
rational point Pi in n-1(Qi), for every i, where 

n:X-+X 

is the normalization. Let x0 , ••• , X1t-i be homogeneous coordinates of 
plt-l corresponding to the first up to the kth row of the generator 
matrix. Then none of the points Qi, ... , Q"' lies in the hyperplane H, 
given by Xo = 0. Let 

G = n*(X · H) 

be the pull back of the intersection divisor X · H to the normalization. 
Let 

Then 

Jo,··., f1c-1 E L( G), 
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and they are linearly independent, since the rank of the generator 
matrix of Cis k. So l(G) ~k. lf l(G) = k then 

C = CL(X, D, G), 

where 
D =(Pi, ... ,Pn), 

that is to say C is WA G. In other words, we are looking for a curve 
X in p•-1 going through Q1 , ••• , Qn such that the linear system of 
hyperplane sections of X is complete, and such tha.t for every i there 
is a rational point in n-1(Q,). In the next section we show that indeed 
there exists such a curve, going through all the q•-1 rational points of 
p•-1 outside a hyperplane. Such curves were called covering curves 
by Goppa [9, Ch.4, Sect.10]. Goppa [7, p.78] claimed that every linear 
code is WAG. In the proof he only mentioned that if Qi, ... , Qn are 
n distinct points in plc-t, then there exists a curve passing through 
Q17 ••• , Qn. First of all this reasoning only applies to projective codes, 
and secondly, the linear system of hyperplane sections of this curve 
does not need to be complete. This would only prove that every pro
jective code is a subcode of a WAG code, see Lachaud [14, (5.10)]. 

Rem~rk 6 Let C be a q-ary projective code of dimension at least 
2. Suppose 

for some curve X and divisors D and G. If 

L(G) = L(G - P) 

for some point P of X, then P is not in the support of D. Otherwise 
P = ·Pi for some i E { 1, ... , n}, so all the codewords have a zero at 
place i, contradicting the assumption that Cis projective. Thus G-P 
has disjoint support with D and 

C = CL(X,D,G- P). 

Repeating this procedure we may assume without loss of generality 
that G is a divisor such that 

L(G) :f L(G - P) 
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for all points P, tha.t is to say G has no base points. Let IG) = l and 
let f 0 , ••• , fl-l he a basis of L( G). Consider the morphism 

f.PG : X --+ pl-l, 

given by the collection of morphisms 

{r.p; : X \ supp(G;)--+ p'-1}~~' 

where 
G; = G + (/;), 

and where r.p; is defined by 

fo( !1-1 ( r.p;(P) = ( f; P): ... : f; P)), for P EX\ supp(G;), 

see [12, p.128]. Then 

f.PG(P) = (/o(P): ... : fz-1(P)), for P EX\ supp(G). 

This holds in particular for the Pï. The morphism f.PG depends only 
on the linear equivalence class of G, and on the choice of the basis 
f 0 , •• • , /1-1 of L( G). A different choice of a basis of L( G) gives a 
morphism which differs by an autornorphism of pl-l (see [11, p.158]). 
Let X0 he the reduced image of X under the morphism f.PG· Then 
X0 is not a single point. Even stronger, X0 is not contained in any 
hyperplane. This follows from the fact that / 0 , / 1 , ... , /1-1 are linearly 
independent. Hence 

f.PG : X --+ Xo 

is a finite dominant morphism of curves. Since X is absolutely irre
ducihle, X0 is absolutely irreducible too. Finally, we have 

deg( G) = deg( r.pa) • deg( Xo), 

since G bas no base points, see [12, p.213] . 

Definition 6 Let C be a projective code of dimension at least 2. 
If (X,D,G) is a (WAG, AG or SAG) representation of C and Gis a 
divisor without base points and deg( f.PG) = 1, then we call ( X, D, G) a 
minimal (WAG, AG or SAG) representation of C (respectively). 
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Proposition 2 Suppose C is a projective WAG code of dimension at 
least two. IJ ( X, D, G) is a representation of C, with G base point free, 
then there exists a minimal representation ( X0 , i>, G) of C and a finite 
morphism c.p : X --+ X0 with the f ollowing properties: 

i) i> = (c.p(P1), ... , c.p(Pn)). 
ii} c.p*( G) ,..., G, where c.p*( G) is the pull back of G under e.p. 

iii} deg(c.p) = deg(c.pG)· 
iv) deg( G) = deg( G) / deg( c.p) $ deg( G). 
v) g(X0 ) $ g(X), with equality ij and only ij deg(c.p) = 1. 

vi} IJ ( X, D, G) is an A G representation, then so is ( X0 , i>, G). 
vii) IJ ( X, D, G) is a SA G representation, then so is ( X0 , i>, G). 

Proof: Let l(G) = l. The kemel of the linear map aL is L(G- D), see 
Definition 1. We have 

k = dim(C) = l(G) - l(G - D). 

Let / 0, ... , /1-l be a basis of L( G) such that /1c, ... , /1-l is a basis of 
L(G - D). Let A be the (l x n)- matrix 

(/;(Pi) );=o, ... ,1-l;i=l, ... ,n· 

The first k rows of A form a generator matrix of C. The remaining 
l - k rows have only zero entries. Let the morphism 'PG be defined by 
this basis of L( G). The reduced image X0 of X under 'PG is possibly 
singular. Let 

n: Xo--+ Xo 

be the normalization of X0 • Then n is a birational morphism. Hence 
we have a rational map 

cpa : X --+ Xo 

such that 
no c{;G = 'PG· 

The curve X is nonsingular, hence cj;G is a morphism. The n points 

c{;a(Pi) (i = 1, ... , n) 

are rational and we claim that they are all distinct. lndeed, if 

c{;a(P.) = c{;a(Pt), 
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then 
"Pa(P.) = <.pa(Pt)· 

Bµt <.pa(P.) corresponds to the sth column of the matrix A, and C is 
projective, hence s = t. Put 

and 
iJ =(Pi, ... ,P"). 

For j = O, ... , l - 1, we denote by g; the function x;/x0 , which is a 
rational function on X0 such that 

f;/ fo = 9i 0 "PG· 

We denote g;on by[/;. Let H be the hyperplane in pl-l with equation 
x0 = 0 and let H · Xo be the intersection divisor of H with X0 • Define 

Go := G + (/o). 

The pull back cpê;(H • X0 ) is equal to G0 • Let 

Go= n*(H · Xo)· 

Then 'Pa induces an injective map 'Pê from the function field of X0 

into the function field of X, and maps L(G0 ) injectively into L(G0 ). 

This map is also surjective since 

for j = 0, ... , l - 1, and since 

1, /i/ fo, · · ·, /1-1/ Jo 

is a basis of L(Go). Let <pt;
0 

be defined by the basis 90 , ••• ,91-1 of 
L( G0 ). Note that 'Pt'Jo is equal to the normalization map n. There 
exists a divisor G which is linearly equivalent with G0 and has disjoint 
support with fJ, by the theorem of independence of valuations, see [2, 
p.11). We have "PtJ = "Pao, where 'Pa is defined by a suitable choice of 
a basis of L( G). Hence 

'Pa( Pi)= no $a(Pi) = r.pa(H), 
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for i = 1, ... , n. All these points have their last l - k coordinates equa.l 
to zero. Thus there is an n-tuple 

À= (À1, ... ,Àn) E F~, 

with all À1 :f:. O, such that 

As we see from the proof of Lemma 2, we may assume without loss of 
genera.lity that 

In the proposition choose c.p = <Pa. We have 

and 

deg(c.pa) = deg(n) = 1, 

deg( c.p) = deg( 'PG), 

- - deg( G0 ) deg( G) 
deg(G) = deg(Go) = d ( ) = d ( ) :5 deg(G), 

eg c.p eg 'PG 

see the end of Remark 6. Since G is base point free and c.p* restricts to 
an isomorphism 

L(Go)-? L(Go), 

G is base point free too. Since c.p* preserves linear equivalence and 
G ,....., G0 , we have 

c.p* ( G) "" c.p* ( G0 ) = G0 ,.., G. 

This proves everything in the proposition, except v), vi), and vii). Note 
that vi} is an immediate consequence of iv). Part v) and part vii} will 
follow by the genus formula of Zeuthen-Hurwitz, see [16, p.52] or [11, 
p.301]. First we prove that c.p is separable. The morphism c.p: X-? X0 

factorizes into c.p = e.p. o 'Pii where 

is purely inseparable and 
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is separahle, see [11, p.303, Example 2.5.4). The morphism 'Pi induces 
an inclusion 

'Pi : F9(.:ti) <-+ F9(X), 

and the image is equal to 

where 
p?' = deg( 'Pi), 

p is the charactaristic of F 9 , and r is some nonnegative integer. The 
curve Xi is isomorphic with X, see [11, p.302, Prop.2.5]. Let 

be the isomorphism (of curves) which in duces the isomorphism (of 
function fields) 

Put 
G• := cp:(Go). 

Define the divisor Gi on X by 

Then 
Go= cp*(Go) = cpi(cp:(Go)) = c;i(G,) = p?'G~. 

The map 'Pi maps L( Gi) injectively into L( G0 ). The morphism cp, 
induces an inclusion 

and <p: maps L(G0 ) injectively into L(G,). Thus 

But, as we saw earlier in the proof of this proposition, 

1( Go) = l( Go), 
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hence 
l( G1) = l( G0). (1) 

Now suppose that deg('Pï) > 1, that is to say r > 0. Let 

P E supp(GD. 

Then 
G~ $ (p" - 1 )G~ $ p" ~ - P = Go - P $ Go. 

Hence 
L(GD Ç L(Go - P) Ç L(G0 ). (2) 

On the other hand, 'l/J* restricts to an isomorphism 

hence 

and by (1), 
l(Go) = l(GD. 

This implies that the inclusions in (2) are equalities, and hence that 
P is a basepoint of G0 , a contradiction. Thus deg( 'Pi) = 1, and 'P is 
separable. So we can a.pply the genus formula. of Zeuthen-Hurwitz to 
rp: 

2g(X) - 2 = (2g(X0 ) - 2)deg(ip) + deg(R), 

where R is the ramifica.tion divisor of <p, which is effective. As shown 
in [11, p.303, Example 2.5.4], it follows that 

g(X) ~ g(Xo). 

Note tha.t if deg(ip) = 1, then R 0. One easily verifies that 

g(X) = g(Xo) 

if and only if 
deg(ip) = 1, 

or 
g(X) = O, 

or 
g(X) = 1 with 'P unramified. 
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However, in our situation, the second and the third case are included 
in the first. N amely, suppose that 

g(X) = g(Xo) =: g :5 1. 

We have 
2 :5 k :5 l(G) = l(Go), 

hence 
deg( G) > 0 ~ 2g - 2, 

and 
deg(G0 ) > 0 ~ 2g -2. 

By Riemann-Roch, 

l(G0 ) = deg(G) + 1 - g, 

l(G0 ) = deg(G0 ) + 1 - g. 

Since l(Go) = l(G0 ), we get 

deg(Go) = deg(Go) = deg(Go)/deg(<p), 

hence deg(<p) = 1. This proves v). Finally, if 

deg( G) > 2g(X) - 2, 

then 
d (G) = deg(G) 2g(X) - 2 > 2 (X.) _ 2 

eg deg(<p) > deg(<p) - ~ 0 
• 

This proves vii) and completes the proof of the proposition. 

Corollary 2 Suppose that (X, D, G) is a WAG representation of a 
projective code C of dimension at least two, with G base point free, and 
such that g(X) is minimal, that is to say, for all WAG representations 
(X',D',G') ofC we have g(X) :5 g(X'). Then (X, D,G) is a minimal 
WAG representation of C. This corollary is also true ij 'WAG' is 
replaced by 'AG' everywhere, or by 'SAG'. 

Proof: Let (X0 , Î>, G) be a minimal WAG representation of C with the 
properties as in Proposition 2. By the assumption on g(X), and by 
Prop. 2(v), we have 

g(Xo) = g(X), 
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and hence 
deg(cpc) = deg(cp) = 1, 

by Prop. 2{iii). Since Gis base point free, moreover, (X,D,G) is 
minimal. The two assertions in the second part of the corollary are 
proved similarly, using Prop. 2{vi} and 2{vii}, respectively. 

111. All Linear Codes are Weakly 
Algebraic-Geometric 

Remark 7 Hansen and Stichtenoth [10] considered the curve X in P 2 

defined by the homogeneous equation 

xqo(xq + xzq-1) = zllo(yll + yzq-1 ), 

where q0 = 2n and q = 22n+i. This curve is absolutely irreducible, has 
exactly one (singular) point P00 at the line z = O, and goes through 
all the rational points outside the line z = 0. The linear system of 
hyperplane sections of this curve is complete. lnspired by their result 
we consider the following series of curves. 

Definition 7 Let p be a prime number and q a power of p. Let X ( l, q) 
be the closed subscheme over F P in P 1 defined by the homogeneous 
ideal 

I(l ) ( q+l 2 q-1 q q • 1 l 1) ,q = x, -x,x0 +xï+1x0 -xi+1xo,i= , ... , -

Proposition 3 The scheme X(l, q) is a projective, absolutely irre
ducible, reduced curve over F P. It has exactly one point P 00 at the 
hyperplane H with equation x0 = 0, the curve is nonsingular outside 
P 00 and goes through all the q1 rational points of P 1 outside the hyper
plane H. 

Proof: The scheme X ( l, q) is defined by l - 1 equations, hence all the 
irreducible components are at least one dimensional. 

Poo = (0: ... : O: 1) 
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is the only point in the intersection with H, which follows directly from 
the equations. Let 

f - q+l 2 + q 
Ji - '!h - Yi Yi+1 - Yi+i for i = 1, ... , l - 1. 

Then 
/1 = ... = !1-1 = 0 

are the equations of X ( 1, q) on the complement of H, which is isomor
phic with affine 1-space with coordinates Y1, ... , y1, where y;. = x;./xo. 
For every fixed y1 there are exactly q1- 1 solutions y = (yi, ... , yi) in 
F~ as well as in~ of the equations / 1 , ... , fi- 1 = 0. Hence X(l, q) has 
dimension one and is a complete intersection. Let 

f = (!1, ... '!1-1). 

Computing the derivative off gives 

( 

y~ - 2y1 1 
df= . 

0 Yf-1 - 2y1-1 :) 
Hence dj has maximal rank at all points not equal to P00 of X(l,q) 
over F9 • Thus the curve is nonsingular outside P00 • Thus X(l,q) is 
reduced outside P 00 and a complete intersection, and therefore it is 
reduced. Let 

n: X(l,q) ~ X(l,q) 

be the normalization of X ( l, q) and P 00 any point in n-1 ( P 00 ). Let 
v00 be the discrete valuation at P 00 • Let z, = Yi o n. Then z1 , ••• , z1 

are rational functions on X(l,q) and have no poles outside n-1(P00). 

Furthermore 

Thus 
(q + l)v00 (zi) = qvoo(Zï+t) 

Now z1 has a pole at f>00 , hence v00 (z1 ) is negative. Hence by induction 
one shows that there exists a positive integer a such that 

Consider the map 
<.p: X(l, q)-+ y, 
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which is the projection of the curve in P' with center with equations 

Xo = Xt = 0, 

onto the' line Y defined by the equations 

X2 = ... =XI= 0. 

Then t = x0 / x1 is a local parameter of the point 

Q00 = (0: 1: 0: ... : 0) 

in Y. Let the map 
<7': X(l,q) _.. y 

be defined by 
<jJ = c.p on. 

Then P00 is a point of ijJ-1(Q00 ) and 

v00(t) = aq1
- 1 , 

so the ramification index el>. of <jJ at P00 is at least q1- 1• For every 
- 00 

other point Q of Y(F4 ) not equal to Q00 , the inverse image ijJ-1(Q) 
consists of exactly q1- 1 points over F 4 , all with ramification index one, 
since the map 

d<jJ: T~(X(l, q))-+ Tq(Y) 

between the tangent spaces, is surjective, as one sees from the deriva
tive dj of/. Thus 

deg(ijJ) = ql-l 5 ep
00

• 

Therefore X(l, q) is absolutely irreducible and 

by the following lemma, and thus X ( l, q) is absolutely irreducible. This 
proves the proposition. 

Lemma 3 Let X and Y be projective, nonsingular curves over an al
gebraically closed field. Suppose Y is irreducible. Let 

c.p:X-+Y 
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be a finite morphism. Suppose there exist points P 00 in X and Q 00 in 
Y such that 

cp(Poo) = Qoo 

and such that the ramification index ep
00 

of cp at P 00 is at least deg( cp). 
Then 

deg(cp) = ep
00

, 

X is irreducible, and 

Proof: Suppose X1 , ... , X. are the irreducible components of X. Let 
epi be the restriction of cp to Xi. Then 

• 
deg(cp) = L: deg(cpi) = L: ep, 

i=l Peip-l(Q) 

for every point Q of Y. Suppose P00 E X1 • Then 

Thus 
deg(cp) = deg(cp1) = ePoo· 

So 

and X1 is the only irreducible component of X, that is to say X is 
irreducible. This proves the lemma. 

Proposition 4 The normalization of X ( l, q) has genus g(l, q), where 

1 l-1 
g(l,q) = -{L: ql+l-i(q + l)i-1 - (q + 1)1-1 + 1} 

2 i=l 

Proof: It follows from the proof of Proposition 3 that 

and n-1(P00 ) consists of exactly one point P00 • Let 

( 
/ -1 ) 

l i - 1 (-t)l-1-i 

u =II zi 
i=l 
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Then u is a local parameter of P00 , since 

v00(u) = t. ( ! = ~ ) (-l)l-l-iv00(zi) 

= }: ( r-: 1) (-q)•-1-i(q+ l)Î 
i:O i 

= [-q + (q + l)]l-1 = 1. 

Di:fferentiating the equation 

for 1 :5 i :5 l - 1, with respect to Zi, gives 

Hence we get by the chain rule and induction 

dz· j-l 

d ' = Il (2zi - z1). 
Z1 i=l 

Let t = zï1
. Then t is a local parameter of Q00 in Y. Thus 

du 2 du 
dt - -z1 dz1 

-z:d:rr Zj( J _ ~ )(-l)'-H ( ~ = l ) (-1)1-1-i 
i=l j:f.i i 1 

( l-1) . (-1)1- 1-•-1 
i -1 dz, 

x z, . dz1} 

_ 2{~ ( 1- 1 ) (-l)l-l-i :-l dz,} 
- Z1 L,, . 1 uz, d . 

i=l i - · Zt 

Now 

d i-1 d 
( ;-1 Zi) = 1-i( + l)i-1 _ '"°' 1-j( + l)j-1 > ( ;-1 Zi+t) V 00 z, d q q L,, qq q V00 z,+1 d . 

~ ~ ~ 
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Therefore 

( du) ( 2 _ 1 dz1) 
V00 -d = V00 z1 UZI -d . 

t Z1 

And we conclude 

dt 1-1 
Voo(-) = L q'+l-i( q + 1 )i-1 + 2ql-1 _ l _ ( q + 1)'-1. 

du i=l 

The map ij; is separable, has degree q1- 1 and is only ramified at P 00 • 

Let g = g(l,q). Then 

2g - 2 = -2deg(i.j;) + v00 (:~), 
by the theorem of Hurwitz-Zeuthen, see [16]. Thus 

1 l-1 
9 = -{E q'+1-•(q + 1)•-1 _ (q + 1)1-1 + i}. 

2 i=l 

This proves the proposition. 

Remark 8 Let P be a point on a nonsingular, absolutely irreducible 
curve X of genus g over a field. Let 

Nn = dim(L(nP)), 

for n EN. Then 

1 = No $ Nl $ ... $ N29-1 = g, 

so there are exactly g numbers 

0 < n1 < ... < n 9 < 2g 

such that 
L(nïP) = L((ni - l)P). 

These ni are called Weierstrass gaps of P. Furthermore, if m EN then 

Nn = #{m E Nlm $ n and mis nota gap at P}. 

See [4]. 

Definition 8 Let 
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be the set of all gaps of P00 on the curve X(l,q) of genus g = g(l,q). 

Definition 9 Let 

l 
'P(l,q) = {E k,q'-'(q + 1)'-1 1 k, E Z and k, ~ O}. 

i=l 

Proposition 5 

Q(l,q) = N \ 'P(l,q) 

To prove this proposition we need the following lemmas. 

Lemma 4 For every m E Z, there are unique u, v E Z, such that 

m = uq + v( q + 1 )'-1 and 0 :5 v < q. 

Moreover, m E 'P(l,q) ij and only ij u E P(l-1,q). 

Proof: Since 

we have that 

for every m EN, furthermore there exist a, b EN such that m = aq+b 
and 0 :5 b < q, so 

. l-1 ( l - 1 ) . 
m = {a(q + 1)1- 1 - m L: . q'-1}q + b(q + 1)1

-
1

. 
i=l i 

Let 

u = a(q + 1)1
-

1 
- m E ( 1-: 

1 
) q•-1 and v = b, 

i=l i 

then 
m = uq + v(q + 1)1-1, 

and 
0 :5 v < q. 
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If there is another pair ( U1, V1) E Z2, such tha.t 

m = uiq + v1(q + 1)1
-

1 

and 
Û :5 V1 < q, 

then we ca.n a.ssume without loss of generality tha.t u1 ;;;::: u, thus 

(ui - u)q + (v1 - v)(q + 1)1- 1 = O, 

. 163 

so q divides ( v1 - v ), so v1 = v, and u1 = u as well. Therefore such u 
and v are unique. 
Now suppose 

m = uq + v( q + 1 )'-1
, 

and 
0 :5 v < q. 

lf m E P(/, q), then 

l 

m = :E kiq'-i(q + l)i-1, 
i=l 

where ki is a non negative integer for i = 1, ... , l. But k1 = aq + b, 
where a, b EN and 0 :5 b < q, so 

1-1 
m = {L kiql-1-i(q + l)i-1 + a(q + l)(q + 1)'-2}q + b(q + 1)1-1, 

i=l 

hence 
1-1 

u = :Eiiq1-1-i(q + l)i-1, 
i=l 

by the uniqueness of u, where ji = ki for i = 1, ... , l - 2 and 

i1-1 = k1-1 + a(q + 1). 

Thus u E P(l - 1, q). 
Ifu E P(l-1,q), then u = E~;;Îjiql-t-i(q+l)i-i for somenonnegative 
integers j 1 , ... , iz-i, so 

1-1 

m = {Ljiql-1-i(q + l)i-l}q + v(q + 1)1-1 E P(l, q). 
i=l 

This proves the lemma. 
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Lemma 5 

#(N \ 'P(l,q)) = g(ltq). 

Proof: By induction on l. 
(i) We have 

'P(2, q) = {iq + j(q + 1) 1 i,j EN}, 

80 

q-2 

N \ 'P( 2, q) = LJ { kq + ( k + 1), kq + ( k + 1) + 1, ... , ( k + 1 )q - 1}, 
k=O 

which is a union of mutually disjoint sets. Hence 

1 
#(N \ 'P(2,q)) = (q- 1) + (q -2) + ... + 2+1 = '2q(q-1), 

which satisfies the conclusion. 
(ii) Assume the conlusion is true for l - 1. By Lemma 4 we have 

N = {uq+v(q-1)'-1 1u<0,0 $ v < q} U 

{uq+v(q+ l)l-t 1u~0,0 $ v < q}, 

where the two sets are disjoint . We denote the first set by N 17 and 
the second by N 2 • Then 

N \ 'P(l, q) = (N1 \ 'P(l, q)) U (N2 \ 'P(l, q)). 

1) For each 
uq + v(q -1)1

-
1 E N 2 \ 'P(l,q) 

we have 
u EN\ 'P(l-1,q), 

by Lemma 4, so 

#(N2 \ 'P(l, q)) = q#(N \ 'P(l - 1, q)) 

2) For each 

1 l-2 
= -q{~=ql-j(q + l)j-1 - (q + l)l-2+1}. 

2 j=l 

uq + v(q -1)1
-

1 E N 1 \ 'P(l,q) 
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we have u < 0 and 0 ~ v < q. Hence 

uq + v(q + 1)1
-

1 ~ 1 # -uq ~ v(q + 1)1
-

1 
- 1 

# -uq ~ v{~ ( l -: 
1 

) q'} + v - 1 
i=l i 

.......... - < ~ ( l - 1 ) i-1 .....,.. 'U_VL.J • q ' 
i=l i 

since v - 1 < q - 1. Hence 

#(N1\1'(1,q)) = 
q-1 l-1 ( l - 1 ) . LVL . q'-1 
v=l i=l i 

1 l-l ( l - 1 ) . - -q( q - 1) E . . q'-1 
2 i=l i 

1 _ Ï{q(q + 1)'-1 _ (q + l)r-1 _ q + l}. 

Combining 1) and 2) gives 

1 l-2 . . 
#(N \ 1'(1, q)) = -{L q'+i-'(q + l)'-1 - q(q + 1)'-2 + q 

2 J=l 

+q(q+ l)l-1 -(q+ l)l-1 - q + 1} 
1 l-1 

= -{L: ql+l-i(q + l)i-1 - (q + l)l-1+1} 
2 i=l 

= g(l, q). 

This proves the lemma. 

Proof of Proposition 5: If m E P(l, q) then 

l 

m = z:: k,Q'-'(q + 1)', 
i=l 

where k, is a non negative integer for i = 1, ... , l. Now 

l 

v00 ( z:1 z~ " . z?') = - L k,q'-'( q + 1 )' = -m, 
i=l 

s1nce 
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for i = 1, ... , l. So 
lc1 "2 lii z1 Z2 •• , Zi 

is an element of L(mÎ'00 ) and not of L((m - l)Î'00), hence mis nota 
gap of f> oo' so 

Q(l, q) ç N\'P(l, q). 

But by Lemma 5 we have 

#Q(l,q) = g(l,q) = #(N\'P(l,q)). 

Therefore 

Q(l,q) = N\'P(l,q). 

This proves the proposition. 

Proposition 6 The vector space L(mÎ'00 ) is generateà by 

l 

{z~1 ... zt'I E k,ql-i(q + l)i-t s; m}. 
i=l 

Proof: This follows from Proposition 5 and Remark 8. 

Corollary 3 IJ 

then 1, z1 , ••• , Zi is a basis of 

Proof: It follows from Proposition 6 and the assumption that 

generate the vector space we consider. The valuations at P 00 of these 
i + 1 elements are mutually distinct, so they are independent. 

Corollary 4 A q-ary first order Reed-Muller code of dimension 3 is 
AG. 
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Proof: A q-ary first order Reed-Muller code of dimension 3 is repre
sented by 

(X(2,q), D, G), 

by Corollary 3, where P1 , ••• , P92 are the q2 rational points of the 
complement in P 2 of the line with equation x0 = O, 

and 
G = (q + 1)Poo. 

The divisor G has degree q + 1 which is smaller than q2• This proves 
the corollary. 

Proposition 7 If C is a q-ary linear code which has a codeword of 
weight equal to the word length, then C is WAG. 

Proof: Let C have dimension k. We may assume that the all one vector 
is a codeword, by Lemma 2. Choose a generator matrix of C such that 
the all one vector is the first row. Let Qi, ... , Q" be the points of p/c-l 
corresponding to the n columns of the generator matrix. Define 

s = max{tl there exist i 1 < ... < Ît such that Qii = ... = Qi1 }. 

Let 

Then 
s :::; ql-lc+l' 

and there are n distinct points Pi, . .. , P", rational over F "' in P1 such 
that 7r(Pi) = Qi, where 

?r: p' \ H--+ p•-1 

is defined by 
7r(xo: ... : x1) = (xo: ... : X/c-1), 

and H is the hyperplane with equation x 0 = O, since the fibres of 11' are 
isomorphic with Al-/c+l. Choose a power q0 of q such that 
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Let 
x = X(l,qo), 

G = q~-"(qo + l)la-l P00 , 

and 
D =P1 + ... +Pn. 

Then C = CL(X, D, G) by Corollary 3, and C is WAG. This proves 
the proposition. 

Theorem 2 Every linear code is WAG. 

Proof: Let C be a linear code. Then the dual of the extended code 
C of C, has word length n + 1 and the all one vector is an element of 
(C)..L. Thus (C)..L is WAG by Proposition 7, so Cis WAG by Corollary 
1. But C can be obtained from C by puncturing at the last coordinate. 
Therefore C is WA G, by Lemma 1. This proves the theorem. 

IV. Criteria for Linear Codes to be 
Algebraic-Geometric 

We first mention a few well-known theorems (Theorems 3, 4, and 5) 
and bounds on the genus of a curve. 

Definition 10 For any divisor D on a nonsingular, absolutely irre
ducihle curve X over a field we define 

l(D) = dimL(D), 

and 
i(D) = dim11(D). 

Remark 9 If deg(D) < 0 then l(D) = 0. If deg(D) > 2g - 2 then 
i(D) = 0, where g is the genus of the curve. The Riemann-Roch 
Theorem states that 

l(D) = deg(D) + 1 - g + i(D). 

So it gives a lower bound on l(D) in terms of the degree of D. The 
following theorem gives an upper bound. 
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Theorem 3 (Clifford) IJ l(D) > 0 and i(D) > O, then 

1 
l(D) :$ Ïdeg(D) + 1. 

Proof: See [11]. 
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Remark 10 A hyperelliptic curve is an absolutely irreducible, non
singular curve of genus at least two, which has a morphism of degree 
two to the projective line. The pull back under this morphism of a 
point of degree one on the projective line is called a hyperelliptic divi
sor. A hyperelliptic curve over F 11 has at most 2q + 2 rational points. 
We have equality in Clifford's theorem if and only if D is a principal 
or a canonical divisor or the curve is hyperelliptic and the divisor D 
is linearly equivalent with a multiple of a hyperelliptic divisor, see [11, 
p.343]. 

Deflnition 11 Let N4 (g) be the maximal number of rational points 
on a nonsingular, absolutely irreducible curve, over F 11 of genus g. 

Theorem 4 (Serre's bound) 

Furthermore, 
N2(g) :$ 0.83g + 5.35. 

Proof: See [20]. 

Remark 11 Table I gives some exactly determined values of N4 (g ). 
See [16, p.34], [19], and [20]. 

Table I 
Some known values of N4 (g) 

g 0 1 2 3 4 5 6 7 8 9 15 19 21 39 50 

N2(9) 3 5 6 7 8 9 10 10 11 12 17 20 21 33 40 
N3(g) 4 7 8 10 
N4(g) 5 9 10 14 
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Tbeorem 5 (Castelnuovo's bound) Let l ~ 1. IJ X is an abso
lutely irreducible curve, over F q, in P1 and not contained in any hy
perplane, then 

g(X) :5 7r(m, l). 

Here m is the degree of X in P1, and 11'( m, l) is defined by 

7r(m, 1) = O, 

t( t - 1) 
7r(m,l)= 

2 
(l-l)+te, ifl>l, 

where t is an integer such that 

m - 1 = t(l - 1) + e and 0 :5 e < 1-1. 

Proof: See [1], where the proof is given for curv~s over the complex 
numbers. In [11] the proof is given in arbitrary characteristic for l = 3. 
One can easily make a proof for arbitrary l and in any characteristic, 
by a combination of [1] and [11]. 

Remark 12 It is easily verified that 7r(m, l) :5 7r(m', 1), if m :5 m'. 

The following proposition is hidden in a remark of Katsman and 
Tsfasman, see [13]. 

Proposition 8 Let C be an [n, k] code. IJ C is AG, then 2k :5 n + 
dl. - 1, where dl. = d.L( C) is the minimum distance of CL. 

Proof: If c.t is MDS then d.L = k + 1, hence 2k :5 n + d.L - 1. So 
we may assume that c.t is not MDS, that is to say dl. :5 k. If C is 
an AG code, then C = CL(D, G) for some divisor G of degree m < n 
and k = l(G). Now Cl.= C0 (D,G), so there exist dl. distinct indexes 
i 1 , ••. , idJ. and a differential w E O(G - D), such that 

resp;. (w)-::/ 0 for j = 1. .. dl., 
1 

and 

Put 
dJ. 

D1 = L:~r 
i=l 
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Then wis an element of n(G - D1 ) and not of fl(G). But fl(G - D1 ) 

contains fl(G), so 

i(G - D1 );::::: i(G) + 1 > 0. 

Hence 
l( G - D1) = m - dl. + 1 - g + i( G - D1) ;::::: 

;::::: m + l - g + i(G) - dl.+ 1 = k - dl.+ 1 > 0, 

using the Riemann-Roch Theorem twice. We have 

m-dl. 
k - dl. + 1 $ l( G - D1 ) $ l + 

2 
, 

by Clifford's Theorem. Therefore 

since m $ n - 1. This proves the proposition. 

Remark 13 The q-ary first order Reed-Muller code C of dimension 3 
has length q2 and minimum dista.nce q(q- 1), see [3]. By Corollary 4 
this code is AG. If q;::::: 7, then Cl. is not AG, by Proposition 8, since 

Thus we have examples of codes C such that C is AG and Cl. is not 
AG (see Remark 2). 

Definition 12 let gq(n) be the minimal genus of a nonsingular, abso
lutely irreducible curve X over F 9 , with at least n rational points. 

Remark 14 Serre's bound implies 

n $ q + 1 + gq( n )[2Jq) for all n. 

Proposition 9 Suppose { X, D, G) is an A G representation of a q-ary 
[n,k] code and let m = deg(G) (< n). 
a) IJ m $ 2g - 2, then k $ [(n + 1)/2]. 
b) IJ m > 2g - 2, then gq(n) $ g $ n - k. 
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Proof: a) If k = O, then there is nothing to prove. So assume k > O, 
hence l(G) = k > 0. 
If g :5 n - k, then 

k = l(G) = m + 1 - g + i(G) :5 g-1 + i(G) :5 n - k - 1 + i(G), 

hence 
2k :5 n - 1 + i( G). 

It follows that i( G) > 0 or k :5 ( n - 1 )/2. 
lf g > n - k, then 

k = l(G) = m + 1 - g + i(G) < m + 1 - n + k + i(G) :5 k + i(G), 

bence i( G) > 0. 
If i( G) > O, then 

k = l(G) :5 m/2 + 1 :5 (n + 1)/2, 

by Clifford's Theorem. Thus in every case k :5 [(n + 1)/2]. 
b) If m > 2g - 2, then i(G) = 0. Hence 

k = m + 1 - g :5 n - g. 

This proves the proposition. 

Corollary 5 There exists a q-ary [n, k] SAG code if and only if 

g9 (n) :5 min{k, n - k}. 

Proof: If a q-ary [n, k] code has a SAG representation, then g9(n) :5 
n-k, by Proposition 9b. The dual of this code is a SAG [n, n-k] code, 
by Corollary 1. Hence, again by Proposition 9b, g9 ( n) :5 k. Conversely, 
by definition, there exists a nonsingular, absolutely irreducible curve 
X over F 9 of genus g = g9 (n), having (at least) n distinct rational 
points, P1, ... , Pn say. Put D = P1 + ... + Pn. There exists a divisor G 
of degree k + g - 1 and with disjoint support with D, by the theorem 
of independence of valuations. Now 

2g - 2 < <leg( G) = k + g - 1 < n, 

since g $ k and g $ n - k. Thus (X,D,G) represents a SAG [n,k] 
code. This proves the corollary. 
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Corollary 6 IJ there exists a q-ary [n, k] AG code, then 

k :5 [n; 1
] , ij g9 (n) > n - k, 

and 

k < [([2vq'] - l)n + q + 1] if 9
11
(n) :5 n - k. 

- [2vq'] ' 
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Proof: Suppose (X, D, G) is an AG representation of a q-ary [n, k] code. 
Let m = deg( G). If 911 ( n) > n - k, then m :5 29 - 2, by Proposition 
9b. Thus k :5 [(n + 1)/2], by Proposition 9a. If g11(n) :5 n - k then 

n :5 q + 1+911 (n)[2Jq] :5 q + 1 + (n - k)[2Jq], 

by Serre's bound, so 

k < [([2y'ij'}- l)n + q + 1] 
- [2y'ij'] . 

Remark 15 Here and in Section V we shall investigate which Ham
ming codes H(r,q) are AG. The code H(r,q) is only determined up to 
isometries (see Definition 5), hut this question makes sense anyway, by 
Lemma 2. 

Corollary 7 IJ r ~· 3 and the Hamming code H(r,q) is AG then 
(r,q) = (3,2). 

Proof: Let r ~ 3, 
n = (q" - 1)/(q - 1), 

and k = n - r. Then H( r, q) is an [n, k] code, see Definition 5. The 
minimum distance of its dualis q"-1. If H(r, q) is AG then Proposition 
8 implies that 

q" -1 q" -1 
2(-- - r) :5 --+ q"-1 

- 1, 
q-1 q-1 

so 
P-1 1 q -
---<2r. 
q-1 

This is only possible in case the pair ( r, q) is equal to (3,2), ( 4,2), (3,J) 
or (3,4). To exclude the last three possibilities, observe that 92(15) > 4, 
g3 (13) > 3 and g4 (21) > 3, by Table 1, hence 

g9 (n) > r = n - k, 
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in these three cases, and apply Corollary 6. Since in all three cases 
k > [(n + 1)/2], we get a contradiction. This proves the corollary. 

Remark 16 In Section V we shall see that H(l, q) and H(2, q) are 
SAG, for every q, and that H(3, 2) is SAG. 

Proposition 10 Let k 2: 2. Let (X,D,G) be a minimal representa
tion of a projective q-ary [n, k] code. Let I = l(G). Then 

g9(n) $ g(X) $ 1r(deg(G), l -1). 

In particular, if ( X, D, G) is A G, moreover, then 

g9 (n) $ g(X) $ 1r(deg(G), k - 1). 

Proof: By assumption, the divisor G has no base points and the mor
phism 

'PG: X ~ pl-1 

bas degree one. Hence deg(Xo) = deg(G), where X0 is the reduced 
image of X under 'PG, see Remark 6. Since X has (at least) n rational 
points, we have g9 (n) $ g(X). Since deg(cpG) = 1, we have g(X) = 
g(X0 ). The result now follows from Castelnuovo's bound, applied to 
the curve X0 , which is absolutely irreducible and does not lie in any 
hyperplane. The second part of the proposition follows from the fact 
that deg( G) < n implies l = k. 

Corollary 8 Let k 2: 2. IJ there exists a q-ary projective AG [n, k] 
code, then 

g9(n) $ 1r(n - 1, k - 1). 

Proof: If a q-ary projective AG [n, k] code exists, then there exists a 
minimal AG representation 

(Xo,D,G) 

of this code, by Proposition 2. The result now follows from Proposi
tion 10, applied to this minimal representation, and Remark 12, using 
deg(G) $ n -1. 

Proposition 11 IJ there exists a binary projective A G [ n, k] code, then 
a) IJ n 2: 14 or n = 12 then k < [n/2], 
b) lfn = 11orn=13 then k < n/2. 
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Proof: If k < [n/2], then there is nothing to prove. Suppose k ~ [n/2]. 
If 92(n) :5 n - k then 

n 
n :5 0.83(n - ['2]) + 5.35, 

by Serre's bound, which implies n < 10. Suppose n ~ 10. Then 
92(n) > n - k. So by Corollary 6, we have 

[i-] :5k:5[n;1]. 

There are the following possibilities, apriori: 

i} k ~ 5 and n = 2k, 
ii) k ~ 5 and n = 2k + 1, 
iii} k ~ 6 and n = 2k - 1. 

In the first case 7r( n-1, k-1) = k+2. Hence g2( n) :5 k+2, by Corollary 
8. So 2k :5 0.83(k + 2) + 5.35, by Serre's bound. Thus k :5 5, and 
n :5 10, and there is nothing to prove. Similarly we get k :5 6, n :5 13 
in the second case, hut now k < n/2. Finally, we get k :5 5, n :5 9 in 
the third case, which therefore cannot occur. Combining these we get 
the desired result. 

Corollary 9 The binary Golay code and its extension are not AG. 

Proof: As we know, the minimal distances of the dual codes of the 
binary Golay code and its extension are greater than 3, see [17]. The 
binary Golay code is a [23,12] code and its extension is a [24,12] code, 
so they are not AG, by Proposition ll. 

Remark 17 Our results do not yield a similar result concerning the 
ternary Golay code and its extension. The question whether these 
codes are A G is still unanswered. 

Corollary 10 For every t ~ 2, r ~ t, and e E {O, 1}, the r-th order 
binary Reed-Muller code RM(r, 2t + e) of length 22t+e is not AG. 

Proof: Let r > 1 and m = 2t + e, where t ~ 2 and e E {O, 1}. The 
code RM(m - r - 1, m) is the dual code of RM(r, m). The length of 
the codewords of RM(r,m) is n = 2m, the dimension of RM(r,m) is 

1+(7)+."+(~), 
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and the minimum distance of RM(r,m) is 2m-r, see [3] and [17]. So 

d.l.(RM(r, m)) = 2"+1 > 3. 

lf RM(r, m) is AG then, since n ~ 16, 

dim RM(r, m) ~ [i] - 1 = 2m-l - 1, 

by Proposition 11. However, if m = 2t or m = 2t + 1, and r ~ t, then 

dim RM(r, m) = 1 + ( 7 ) + ... + ( ~ ) ~ 2m-l > 2m-l - 1, 

which gives a contradiction. This proves the proposition. 

Lemma 6 . Suppose (X, D, G) is an AG representation of an [n, k] 
cod~. Then deg(G) ~ k + g-1. IJk f= 0 and deg(G) < k + g -1, then 
deg(G) ~ 2k - 2. 

Proof: By the Riemann-Roch Theorem, 

k = l( G) ~ deg( G) - g + 1, 

so deg( G) ~ k + g - 1. If deg( G) f= k + g - 1, then by Clifford's 
Theorem k ~ ideg(G) + 1, since l(G) = k > 0 and 

i( G) = k - deg( G) + g - 1 > 0. 

Thus deg( G) ~ 2k - 2. 

Corollary 11 . lf(X, D, G) is an AG representation of an [n, k] code, 
and g ~ n - k and k > [n/2], then deg( G) = k + g - 1. 

Proof: If deg( G) f= k + g - l then 2k - 2 ~ deg( G) < k + g - l ~ n - 1, 
by Lemma 6, so k ~ [n/2]. This contradicts the assumption on k. 

Proposition 12 (See Table II). Let C be a binary [n, k] code with 
4 ~ n ~ 10. Let k0 and k' be given by Table Il. 
a) IJk> k0 , then C is not AG. 
b) Suppose that Cis AG and projective, and that k = k'. Let (X, D, G) 
be a minimal AG representation of C. Let g be the genus of X and let 
m = deg(G). Then (g,m) = (g',m') /or one of the pairs (g',m') given 
in the last column. 
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Table II 
Restrictions on 

binary AG [n, k] codes, see Proposition 12 

10 5 5 (6,9) (7,9) 
9 5 5 (5, 8) 
8 4 4 (4,6) (4, 7) (5, 7) (6, 7) 
7 4 4 (3,6) (4,6) 
6 4 4 (2, 5) 

3 (2,4) (3,4) (3,5) (4,5) (5,5) (6,5) 
5 4 4 (1, 4) 

3 (1, 3) (2, 4) (3, 4) 
4 3 3 (1, 3) 
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Proof: a) For every n, the proof goes as follows. If k > k0 , then 
k > [(n + 1)/2], while 

n - k < n - ko :5 92 ( n), 

by Table 1. By Corollary 6, C cannot be AG. 
b) We shall only give the proof for the case n = 6, k = 3. The proofs 
in the other cases are analogous, and sometimes simpler. So let n = 6 
and k = 3. By Table I, 92 (6) = 2, hence 9 ~ 2. We have m < n = 6. 
If m = 5, then 

2 :5 g :5 7r(5, 2) = 6, 

by Proposition 10. The case (g,m) = (2,5) is excluded by Lemma 6. 
If m = 4, then 

2 :5 9 :5 7r(4,2) = 3, 

by Proposition 10. Since 

7r(3, 2) = 1 < 2 :5 9, 

it is not possible that m $ 3, by Proposition 10 and Remark 12. 

Remark 18 In Proposition 12b we do not claim that for every pair 
(g', m') given in the table a minimal AG representation with (g, m) = 
(g', m') actually exists. As a matter of fact, in the next section we shall 
prove that for n = 7, k' = 4, the case (g', m') = ( 4, 6) is impossible! 
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Proposition 13 The.re exists a binary SA G code of length n if and 
only if n :'.5 8. 

Proof: By Proposition 11, SAG codes of length n ;::: 11 do not exist, 
since a SAG code is AG and its dual is too, hut they ca.nnot both have 
dimension smaller than n/2. The cases with n :'.5 10 a.re dealt with by 
Corolla.ry 5 a.nd Table 1: only for n :'.5 8 there exists a k such that 

92(n) :'.5 min{k,n- k}. 

Remark 19 (See Remark 3) There exists a binary SAG [5, 4] code, 
by Corolla.ry 5, since g2(5) = 1, by Table 1. This code is a fortiori AG. 
Puncturing this code gives a binary [4, 4] code, which is not AG (a.nd 
not SAG), by Proposition 12. 

V. Explicit Representations 

In part A of this section we shall give a complete a.nswer to the question: 
for which rand q is the Hamming code H(r,q) AG? In the affirmative 
case we shall give an explicit A G representation, a.nd discuss unique
ness. In part B of this section we shall discuss an example of a code 
which was mentioned in a. different pa.per, a.nd prove that it is SAG. 

A. Hamming Codes 

Re mark 20 Suppose that C is a linear code and that ( X, D, G) is a 
representation of C, where D =(Pi, ... , Pn)· Now let G' be a divisor 
on X which is linearly equivalent with G, and which has disjoint sup
port with D too. Let C' = CL(X, D, G'). Let f be a rational function 
on X such that G = G' + (/). Then fis defined at Pi and !(11) # 0, 
for all i. In the special case (which is the only possible case if C is 
binary), that !(11) = f(P;) for all i and j, we have C = C'. This 
is a sufficient, hut, in general, not a necessary condition, by the way. 
By the theorem of independence of valuations, see [2, p.11), there are 
infinitely many rational functions f on X with f(Pi) = 1 for all i. 
Hence C has infinitely many representations CL(X, D, G'). Now re
turn to the general case, where G' and f are arbitrary. Then C' = ..\C, 
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where ,\ = (,\1,"., .Àn) and .Ài = /(Pi) E F9 \ {O}. If u is a per
mutation of {1, ... ,n}, then CL(X,uD,G) = uC. For the definition 
of ,\C, uC and u D, see Definition 4 and the proof of Lemma. 2. We 
have CL(X ,uD, G) = C if and only if <T EAut(C). Here Aut(C) is 
the automorphism group of C, see [17, p.229]. We see that the triple 
( X, a D, G') represents a code that is isometrie with C. The proof of 
Lemma 2 shows that every code isometrie with C can he represented 
this way, tha.t is to say, by a triple (X,uD,G') fora suitable permu
ta.tion a and a divisor G' linearly equivalent with G. If X' is a curve 
and 

<p: X'-+ X 

is an isomorphism, then 

CL(X', <p*(D), <p*( G)) 

is also a representation of C. Here <p*(D) and <p'"(G) denote the pull 
backs of D and G to X' under <p, respectively. When discussing unique
ness of representations of codes, one doesn't wish to distinguish be
tween isomorphic curves, nor between linearly equivalent divisors G, 
nor between divisors D which can be obtained from each other by 
a permutation of the rational points in their support. By the above 
reasoning, it is therefore more convenient and more useful to think of 
a representation as a representation of the whole collection of codes 
isometrie to a particular code, rather than to consider it as a repre
sentation of a single code. For given X and D it is actually suflicient 
only to specify the linear equivalence class of G, since in the linear 
equivalence class of any divisor there is a divisor which has disjoint 
support with D, by the independence of valuations. 

Therefore, we introduce the following concepts. 

Definition 13 a) If two linear codes C and C' are isometrie, we denote 
this by C ,..., C'. We define the isometry class of a linear code C to 
be the set of all codes which are isometrie with C, and we denote this 
class by [C]. 

b) Let ( X, D, G) and ( X', D', G') be representations (not nece~sarily 
of the sa.me code). Let D = (P1, ... , Pn) and D' = (Qi, ... , Qn)· We 
call these representations isometrie, denoted by 

(X, D, G) ""(X', D', G'), 
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if there exists an isomorphism r.p : X' ~ X and a permutation u of 
{1,".,n}, such that r.p(QO'(i>) = P,, for all i, and such that the pull 
back r.p*(G) of Gis linearly equivalent with G'. We define the isometry 
class of a representation ( X, D, G) to be the set of all representations 
isometrie with this representation, and denote it by [(X, D, G)]. 

c) We call an isometry class [ ( X, D, G)] of representations a rep
resentation class of an isometry class [C] of codes if CL(X,D,G) is 
isometrie with C. 

Remark 21 a) lsometry of codes and isometry of representations are 
equivalence relations in the sets of codes and representations, respec
tively. The isometry classes defined in Definition l3a} and b} are the 
equivalence classes under these equivalence relations. 

b} We call a representation class (WAG), AG, SAG or minimal 
a.ccording to whether there is a representation in this class which is 
(WAG), AG, SAG, or minimal, respectively. This definition is ob
viously independent from the choice of the representation. Besides, 
deg(G) and g(X) do not depend on this choice either. Similarly, we 
can speak about a WAG, AG, or SAG isometry class of codes, by 
Lemma 2. 

c) As pointed out in Remark 20, isometrie representations represent 
isometrie codes, and if a code Cis represented by (X, D, G), then for 
every code in [C] there is a representation of this code in [(X, D, G)]. 

d) To specify a representation class it is of course sufficient only to 
give one of the representations in this class. 

eJ We shall not be too careful with the language we use to express 
that a (class of) code( s) is represented by a (class of) representation( s). 
But by Remark 20 there will never be misunderstandings about the 
right interpretation. 

Remark 22 Recall from Section II (Definition 5 and Remark 4) that 
H(r, q) denotes any q-ary linear code with parameters 

[n = (q" - 1)/(q - 1), n - r, 3] 

(codes of the same length and dimension, hut with minimum distance 
greater than 3 do not exist ). All such codes are isometrie. From now 
on, we shall use the notation H(r,q) also to denote the isometry class 
oonsisting of all the q-ary linear codes with these parameters. It is well
known and easily deduced from Definition 5 and Remark 4 that a q-ary 
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linear code is a Simplex code S(r, q) if and only if it has parameters 

[n = {qr -1)/(q-1),r,qr-t]. 

Similar to the case of the Hamrning codes, we shall also use the notation 
S(r, q) to denote the isometry class consisting of all the q-ary linear 
codes with these parameters. 

In Section IV ( Corollary 7) we already saw that the only Hamming 
codes that can possibly be AG are those with r = 1, r = 2, or (r, q) = 
(3, 2). The cases r = 1 and r = 2 are dealt with by the following 
proposition. 

Proposition 14 For every q, H(I,q) and H(2,q) are SAG. 

Proof: Let X = P1 , the projective line over F 9 • Let P1 , ••• , P9+1 be 
the F9-rational points on X. We have 

H(l, q) = {O} = CL(X, D, G) 

if we choose D = P1 , G = - P2 • In this case 

2g - 2 = -2 < -1=deg(G)<1 = n. 

Hence H(l,q) is SAG. To prove that H(2,q) is SAG, take the sarne 
curve X, hut now take D = P1 + · · · + P9+1, and let G be any divisor 
of degree q - 2, with support disjoint from the support of D. Since 
g = 0, CL( X, D, G) is an MDS code with parameters 

[n = q + 1, k = q - 2+1=q-1,d=q+1- (q -2) = 3], 

by Theorem 1, i.e., CL(X,D,G) is a Hamming code H(2,q). We have 

2g - 2 = -2 < q - 2 = <leg( G) < q + 1 = n. 

Hence H(2, q) is SAG. 

Remark 23 a) The number of SAG representation classes of a given 
code is always finite, because the genus g is upper bounded by 2g- 2 < 
m < n, hence g ~ n/2, and because there are only finitely many noniso
morphic curves of a given genus, and the number hof linear equivalence 
classes of divisors of degree m is finite for each curve. 
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b) The number of minimal AG representation classes of a given 
projective code of dimension at least two is finite, since the genus g is 
upper bounded by g $ 7r(n -1, k -1), by Proposition 10 and Remark 
12. 

Remark 24 a) The SAG representation class of H(l, q) given in the 
proof of Proposition 14 is unique, that is to say, H(l, q) has no other 
SAG representation classes. N amely, suppose that ( X, D, G) is a SAG 
representation of 11(1, q) and let m = deg( G). Then 

2g -2 < m < n = 1 

implies g = 0 and m E {-1, O}. lf m = O, then the dimension of 
CL( X, D, G) is one. Hence m = -1. All divisors of degree -1 on X 
are linearly equivalent. 

b) There are infinitely many AG representation classes of H(l, q). 
Namely, choose any curve X over F 9 having at'least one rational point, 
P1 say. Put D = P1 • Let G be any divisor on X with P1 't supp(G) 
and deg(G) < 0. Then L(G) = {O} and CL(X,D,G) is an H(l,q). We 
could also let G be a divisor of degree 0 on X which is not principal 
(such a G exists if and only if h > 1). 

c) For example in the case q = 2 we find infinitely many AG rep
resentation classes of H(2, q) as follows. Choose any curve X over 
F2 having at least three rational points, Pi,P2 and P3 , say, and put 
D = P1 + P2 + P3 • Take G = 0. Then L(G) = {O, 1}, hence 

CL(X, D, G) = {000, 111}, 

which is an H(2, 2). lf there is a fourth rational point on X, P4 say, 
then we could also take G = P4 (and the same D). Namely, it follows 
that g > 0, and by Riemann-Roch and Clifford's theotem (see also [11, 
p.138, Example 6.10.1]), l(G) = 1, hence again L(G) = {O, 1}. lf we 
choose for X an elliptic curve with at least four rational points, this 
latter example gives a representation which is not only AG, hut even 
SAG, which shows that the SAG representation class of H(2, q) given 
in the proof of Proposition 14 is not unique (at least for q = 2). 

Let us now concentrate on H(3, 2). We shall prove that H(3, 2) is 
indeed AG (we shall even prove that it is SAG), and, moreover, that 
it has a unique minimal AG representation class. The latter statement 
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is not true if we replace AG by WAG, as we shall see. To do so, let us 
first try to find a triple ( X, D, G) such that the code CL( X, D, G) is a 
binary code with parameters [7,4, 3], hence is equal to an H(3, 2). First 
of all, we need a nonsingular, absolutely irreducible projective curve 
defined over F 2 , having at least seven rational points. Such a curve 
cannot he hyperelliptic (since then it would have at most six rational 
points), and it has genus at least three (see Tahle 1). If it has genus 
equal to three, such a curve, since not hyperelliptic, is isomorphic to a 
nonsingular and ahsolutely irreducible plane projective curve of degree 
four. Let S he the set consisting of all the (not necessarily nonsingular 
or absolutely irreducible, a priori) plane projective curves X of degree 
four, which have the following property: X goes through all the seven 
F 2-rational points of P 2 , and none of these seven points is a singularity 
of X. The set S is easily computed. It has 24 elements. 

One of the curves in S is the following one, which we call X1 , defined 
by 

xy(x + y)(x + z) + xz2(x + z) + y 2z(y + z) = 0. (3) 

This curve was mentioned earlier by Serre (20). We have checked that 
X1 is nonsingular. By Bézout's theorem it is also absolutely irreducible. 
Let L be one of the seven lines defined over F 2 in P 2 • By Bézout's 
theorem, the degree of the intersection divisor L · X1 is 4. There are 
three rational points on L, which are also on X1 . It follows that X1 

intersects L with multiplicity 2 at exactly one of them, and that the 
intersection is transversal at the two remaining points. In other words, 
the tangents to X1 at the seven rational points are precisely the seven 
lines defined over F 2 • We have named these points and lines, and 
computed the intersection divisors with the curve in Table III. We 
shall denote by Li the tangent line to X1 at Pi, and by Li; the line 
through Pi and P;. 
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Table III 
The F 2-rational points P, on the curve X1 , 

the tangents L, to X1 at these points, 
and the intersection divisors L, • X1 

pi L, Li · X1 

P1 = (0: O: 1) x=O 2P1 + P2 + Pa 
P2 = (0: 1 : 0) z=O 2P2 + P• + Pa 
Pa= (0: 1 : 1) y+z=O 2Pa + P-1 + P1 
P4 = (1 : o: 0) y=O Pi + 2P4 + Pr. 
Pr.=(1:0:1) x+z=O P2 + 2P5 + P1 
p6 = (1 : 1 : 0) x+y+z=D Pa + Pr. + 2P6 

P1 = (1 : 1: 1) x+y=O Pi + p6 + 2P1 

The group PGL(2, F 2 ) of F 2-automorphisms of P 2 acts on the set 
S, and has order 168. It also acts on the set {Pi, ... , P1} of F2-rational 
points, and on the set {L1 , ••• , L1} of lines over F 2• Put 

This is a subgroup of PGL(2, F 2 ) of order 24. 

Lemma 7 1-t acts transitively on S. 

Proof: Suppose T E 1-t is such that T X1 = X1 • Evidently, 1-t acts on 
the group Div( X1 ) of divisors on Xi, and for every i we have 

r( L, • X1) = TL, · T X1 = T Li · X1 = L; · X1, 

for some j. Since there is only one line L, with Vp1 (Li · X1) = 2, L1 

namely, we must have rL1 = L1 • Hence either i) r(P2 ) = P2 and 
r(Pa) = Pa, or ii) r(P2 ) = P3 and r(Pa) = P2 • For similar reasons, 
in case i), r L2 = L2 and r La = La, and in case ii} r L2 = La and 
r La = L2 • In both cases we get 

In case i} we now have three non-collinear points P1, P2 , P4 fixed by r, 
which implies that T is the identity. Case ii) cannot occur, because in 
this case it follows that r(P6 ) = P7 and r(P1 ) = P6 , and we get 

r(L1 · X1) = r(P1 + P6 + 2P1) = P1 + 2P6 + P1, 
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which is not an intersection divisor L;·X1 , a contradiction. This proves 
that the ?t-stabilizer of X1 is trivia!, and hence that the ?t-orbit of X1 

has order 24. This proves the lemma. 

By this lemma, all the 24 curves in the set S are isomorphic (even 
stronger: they only differ by a projective change of coordinates), and 
they are all nonsingular and absolutely irreducible, since X1 is. By the 
preceding discussion we have the following result. 

Lemma 8 Any absolutely irreducible nonsingular curve defined over 
F2 , of genus three, having at least seven rational points, is isomorphic 
to the curve X1 . 

So now we already have a curve X1 and a divisor 

The remaining problem is to find a suitable divisor G on Xi, provided 
it exists. 

Remark 25 The following lemma does not only apply to our situ
ation, hut it is true for a genera! triple ( X, D, G). It is an analogue of 
Lemma 6. 

Lemma 9 IJ (X, D, G) is a representation of a q-ary [n, k] code and 
m := deg(G) ~ n, then k = n or k ~ (m + n)/2 - g. 

Proof: (See Definition 1 ). We have 

k = l(G) - dim(kernel aL) = l(G) - l(G- D) ~ n, 

by the Riemann-Roch theorem. If inequality holds, then necessarily 

dim f!(G - D) > O, 

and by Clifford's theorem, 

l(G - D) ~ 1 + (m - n)/2. 

Hence 

k = l(G) - l(G - D) ~ m + 1 - g - 1 - (m - n)/2 = (m + n)/2 - g. 
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Returning to the specific curve X1, let 

c := CL(X1, D1, G) 

have dimension k. If k = 4, then necessarily deg( G) = 6 or deg( G) = 
7, by Lemmas 6 and 9. If deg( G) = 6, then indeed k = l( G) = 
6 + 1 - 3 = 4, by the Riemann-Roch theorem. lf deg( G) = 7, then 
l(G) = 7 + 1 - 3 = 5, and we have k = l(G) - l(G - D1), while 
deg( G - D1 ) = 0. Hence k = 4 in this case if and only if G - D1 is a 
principal dîvisor, i.e., G,...., D1. We have proved the following lemma. 

Lemma 10 The dimension of C = CL(Xi, Di, G) equals 4 if and only 
if deg(G) = 6 or G,..., D 1 (provided supp(G) n supp(D1 ) = 0). 

The thing left to do is to settle the problem that C might have 
the wrong minimum distance. Any binary [7,4] code has minimum 
distance at most 3. Hence d( C) :5 3. 

The following lemma applies to the curve X1 • 

Lemma 11 Let X be a non-hyperelliptic curve of genus g 2:: 3. IJ B is 
an effective divisor on X of degree at most two, then l(B) = 1. Hence, 
if two effective divisors on X of degree at most two are equivalent, then 
they are equal. 

Proof: The case B = 0 is trivial. Suppose that deg(B) > 0. Since B 
is effective, we have 

1 :5 l(B) = deg(B) + 1 - g + i(B), 

by the Riemann-Roch Theorem. Since deg(B) :5 2 and g 2:: 3, it follows 
that i(B) > 0. Since 

O < deg( B) < 4 :5 2g - 2, 

B is not principal or canonical, hence 

l(B) < 1 + deg(B)/2 :5 2, 

by Clifford's Theorem, Remark 10, and the assumption that X is not 
hyperelliptic. This proves the lemma. 

Proposition 15 lfG,...., D1 (and supp(G)nsupp(D1 ) = 0), then C = 
CL(X1 ,Di,G) is a binary [7,4,3] code. 
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Proof: The only thing left to prove is tha.t d( C) 2:: 3. Let G = D1 +(Jo), 
with Jo a. nonzero rational function on X1 • Since supp( G) n supp( D1 ) = 
0, 

vp,(10 ) = -1 for i = 1, 2, ... , 7. 

A nonzero codeword of weight ~ 2 exists if a.nd only if an 

f E L(G)\L(G - D1) 

exists such tha.t 

for some distinct a, b, c, d, e. 

Since G = D1 + (10 ), this is equivalent to 

(!) 2:: -(/0 ) - P. - P,, for some distinct s and t, 

that is to say, 
J Jo E L(P. + Pt)· 

But this cannot happen, since we would have f fo = 1, by Lemma 11, 
and hence 

vp,(!) = -vp,(!0 ) = 1, 

for i = 1, 2, " . , 7, contradicting f ri, L( G D1 ). 

Remark 26 As already pointed out in Remark 20, divisors GE [D1] 

with supp( G) n supp( D1 ) = 0 exist, by the theorem of independence of 
valuations. To give the representation explicitly, we need an explicit 
example of such a divisor. Let fo be the rational function on X1 defined 
as follows: 

where 
H1 = xaz + x2y2 + x2z2 + xya + yaz + yza, 

H2 = x3 + xy
2 + x 2

z + xz2 + y2 z + yz 2 + xyz, 

H3 = x3 + y3 + x 2y + xy2 + xz2 + yz2 + xyz. 

The equations of the lines L1 and L6 are x = 0 and x + y + z = 0, 
respectively, see Table III. For convenience, we use the same notation 
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for a form and its zero set. Let Q be the place of degree 3 on X1 that 
oorresponds to the orbit 

{( a 2 
: a : 1), ( a 4 

: a 2 
: 1), ( a : a 4 

: 1)} 

of the Fs-rational point {(a2 : a: 1)} on Xi, where Gal(F8/F2) is the 
group acting, and F8 = F 2(a) with 

a 8 + a+ 1=0. 

Let T and R be the places of degree 8 on X1 oorresponding to the 
orbits of the F 266-rational points (/36: {31 : 1) and ({3215 : {387 : 1) on X1 , 

respectively, where Gal(F256/F2 ) is the group acting, and F266 = F2({3) 
with 

For the intersection divisors with the curve X1 , we have 

H2 · X1 = Pi + P2 + Ps + Pe + T, 

Hs·X1 = P1 +Ps+Ps+Ps+R, 

Li · X1 = 2P1 + P2 + Ps, 

Le • X1 = Ps + Ps + 2Pe. 

The curve H1 is one of the curves in the set S. Put 

Then 
G1=T+R-3Q. 

We have G1 ....., D1 and supp(G1 ) n supp(D1 ) = 0. Consequently, 
(X1 , D1 , G1 ) is a WAG representation of an H(3, 2). 

This settles the case G ....., D1 . We shall now investigate the case 
deg( G) = 6. This case requires more work. For r := 1, 2, ... , let N" be 
the number of points (of degree one) on X1 over F 2". Let Vi denote 
the set of all effective divisors on X1 of degree i, and let ai := #'Di. 
One computes that N1 = 7, N2 = 7 and N8 = 10. Hence there are 
no places of degree 2, and there is exactly one place of degree 3 on 
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X1• This is the place Q mentioned in Remark 26. From Ni, N2 and 
N3 the zeta-function of X1 can be computed. The function Z(Xi, t), a. 
rational function of t, is defined by 

One computes that the polynomial 

P(t) = 1+4t + 9t2 + 15t8 + 18t4 + 16t5 + 8t8 

satisfies 

It follows that 

and that 

P(t) 
Z(Xi, t) = (1 - t)(l - 2t)" 

h = #Pi<:-o(X1 ) = P(l) = 71, 

a0 = 1, a1 = 7, a2 = 28, a3 = 85. 

For the underlying theory of zeta functions, see [16, p.66 a.f.), for 
instance. 

Lemma 12 Let B be a divisor of degree 3 on X1 • 

a) IJ B ,...., Pa. + P" + Pc /or three distinct collinear rational points 
Pa., Pr,, Pc, then l(B) = 2. Otherwise, l(B) = 1. 

b} Suppose B is eff ective, moreover. IJ B ~ Li · X1 /or some i, then 
l(B) = 2. Otherwise l(B) = 1. 

Proof: a} Consider the map 

</>:Va~ Pics(X1), </>(B) = [B], 

where [B] is the linear equivalence class of B. Let B be a divisor on 
X1 of degree 3. By the Riemann-Roch theorem, l(B) ~ 1, and by 
Clifford's theorem, l(B) $ 2. The number of inverse images of [B] 
under </> equals 

#IBI = #P(L(B)) = 2'(B) - 1, 

which is 1 or 3. In particular, </>is surjective. Here IBI is the complete 
linear system associated to B, that is, the set of effective divisors lin
early equivalent to B. Now suppose that a, b, care distinct numbers 
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such that P0 , P,. and Pc are collinear. Without loss of generality we 
may assume that the line through these three points is the line L0 • We 
can choose d, e, f, g such that 

{a,b,c,d,e,f,g}= {1,2, ... , 7} 

and 
L. ·X1 = 2P0 + Pi. + Pc, 
L, ·X1 - Pa + 2P.i1 + P., 
L1 ·X1 - Pa + 2P1 + P •. 

Now 0, 1, L.i1/ L0 , L1/ La are four distinct functions in L(Pa + P,. +Pc)· 
Hence 

and 

We have 

Hence 

L(Pa + P, +Pc)= {O, 1, L.i1/ La, L1/ La}, 

l(Pa + Pb +Pc)= 2, 

( ~:) = 2Pd + P. - Pa - pb - Pc, 

( ~:) = 2P1 + Pg - Pa - pb - Pc. 

</>-1([Pa + Pb +Pc]) - IPa + Pb +Pel 
- {Pa+ pb +Pc, 2Pd +P., 2P1 +Pg}• 

Since there are seven lines over F 2 in P 2 , there are seven possibilities 
for P0 + Pb +Pc. These seven divisors represent seven distinct elements 
of Pic3 (X1 ), each having three inverse images under <fo. All the other 
h- 7 = 71-7 = 64 elements of Pic3(X1 ) must have exactly one inverse 
image, since 

as = 85 = 7 · 3 + 64 · 1. 

So, for every divisor B not equivalent to one of the seven divisors 
Pa+ P, +Pc, we have #IBI = 1, hence l(B) = 1. This proves a). 

b) This follows immediately from the proof of a). 
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Lemma 18 The group PGL(2, F2 ) has an element T of order 7 such 
that r( X1 ) = X1 • For any such T, the subgroup < T > of PG L( 2, F 2 ) 

generated by T acts transitively on the set {Pi, P2 , ••• , P7} of rational 
points. 

Proof: The automorphism 

T: (x: y: z) H> (x + y + z: x + y: y + z) 

has order 7. One easily verifies that r(X1) = X1• Let T be an auto
morphism, not necessarily this one, of order 7 with r(X1 ) = X1 . Then 
the < T >-orbit of P1 has order 1 or 7. But, as we saw in the proof of 
Lemma 7, from r(X1 ) = X1 and r(P1) =Pi, it would follow that T is 
the identity, a contradiction. Hence the < T >-orbit of Pi has order 7. 
This proves the lemma. 

Proposition 16 Suppose deg(G) = 6 (and supp(G) n supp(D1 ) = 0). 
Then C = CL(X1 , Di, G) is a binary [7, 4, 3] code if and only if 

G,....,2Q. 

Proof: A nonzero codeword of weight :::;; 2 corresponds toa 

90 E L(G)\{O} 

with 

(go) ~ -G +Pa.+ P.,,+ Pc+ Pd + Pe for some distinct a, b, c, d, e. 

Si nee 
deg( -G + Pa. + · · · + Pe) = -1, 

there is a rational point P1 such that 

Define the set of divisors A by 

A :={Pa.+ P.,,+ Pc+ Pd + Pe + P1la, b, c, d, e distinct} 

It follows that d( C) = 3 if and only if 

G rf E for all E E A. (4) 
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The set A has 112 elements. Let us determine the number t of equiva
lence classes in A under the (induced) linear equivalence relation. For 
E E A we denote by E its equivalence class. Write 

A = A * U A1 U •.• U A1, 

(disjoint union), where 

A * = {Pa+ Pr, +Pc+ Pd + Pe + P1la, b, c, d, e, f distinct }, 

and 

AI = {Pa + pb + Pc + pd + Pe + P11 
a, b, c, d, e distinct and f E { a, b, c, d, e} }. 

Then #A* = 7, and 

for every f. 
For every E E A"' we have #E = 1. Namely, if 

for an 
E' =Pa•+ P11 +···+Pr E A, 

with 
a', b1

, c', d', e' distinct, 

then 
#({a,b,c,d,e,f}n {a1,b1,c1,d',e'}) ~ 4. 

Without loss of generality a = a', b = b', c = c', d = d'. Hence 

By Lemma 11, 

and hence E = E'. 
For f := 1, ... , 7 and every i, define 

Wi(f) := #{E E A1l#E = i}. 
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We shall determine these numhers. By Lemma 13, 

for all i and f, hence it suffices to consider the case f = 1. Suppose 
that 

E' E A, E 1 E', and E,...,E'. 

Then E' E Al' for some /'. Write 

E' = Pa' + p", + · · · + Pr. 

Then 

#({a, b, c,d, e} n {a', b', c', d', e'});:.::. 3. 

Without loss of generality, c = c', d = d', e = e'. Hence 

These two divisors are unequal, because E and E' are unequal. Hence 

Using Lemma 12 and Table III, one readily finds out that there are five 
possihilities for the divisor Pa + Pr, + P1 • They are listed in the second 
column of Table IV. For each of them, following the proof of Lemma 
12, one easily determines all the possible divisors Pa•+ P,,. +PI'. Except 
in the two cases 

and 

there is only one choice off' and { c, d, e}, such that both a, b, c, d, e and 
a', b', c, d, e are five distinct numbers. In each of the two exceptional 
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cases, there are three such choices. 

Table IV 
' This table is used in the proof of Proposition 16 

All E E Ai with #E > 1 are listed 

{a, b} P.+J\+P1 P.•+J\•+Pr I' {a',1.>'} {c,d,e} E= 
P0 +J\+Pe+P.i+P11+P1 

2,3 P1+P2+Ps 2P.+Pr; 4 4,5 1,6,7 2P1 + P2 + P3 +PG+ P., 
PG+2P1 7 6,7 1,4,5 2P1+P2+P3+P"+P5 

4,5 Pi+P.+Ps 2P2+P& 2 2,6 l, 3, 7 2P1 +P3+P.+P1t+Fr 
2P3+J'.r 3 3,7 1,2,6 2P1+P2+P.+Pr;+P6 

6,7 P1+P&+Fr 2P3+Pt 3 3,4 1,2,5 2P1+P2+Ps+P5+P1 
P2+2Pr; 5 2,5 1,3,4 2P1+P3+P-1+P5+P1 

1,2 2P1+P2 P3+Pt+P1 3 4,7 3,5,6 2P1 +P2+P3+Ps+P5 
4 3,7 4,5,6 2P1+P2+P-1+Ps+P6 
7 3,4 5,6,7 2P1 +P2+Pr;+P&+Fr 

Pr;+2P5 6 5,6 3,4,7 2P1 + P2+P3 + P-1 + P1 
1,3 2P1+P3 P2+P.+P& 2 4,6 2,5,7 2P1+P2+P3+Pr;+P1 

4 2,6 4,5,7 2P1 +Pa+P.+Pr;+P1 
6 2,4 5,6,7 2P1 + P3 +Pr;+ P5 +P1 

2Ps+P1 5 5,7 2,4,6 2P1+P2+P3+P.+Ps 

Of the fifteen elements of A1 , there are four which do not appea.r 
in the last column of Table IV, eight which appear once, and three 
which appear twice. Taking also the column with the va.lues of f' into 
consideration, we see that w1 = 4, W2 = 8, and w3 = 3, and that Wi = 0 
for i· > 3. Let ti be the number of equivalence classes in A which have 
exactly i elements. We have 

7 

f1 = #A * + L W1 (f) = #A * + 7w1 = 7 + 7 . 4 = 35, 
f=l 

1 7 
t2 = - L w2(f) = 7w2/2 = 7 · 8/2 = 28, 

2 /=1 

1 7 
ts = - L ws(f) = 7ws/3 = 7 · 3/3 = 7, 

3 /=1 

t, = 0 for i > 3. 

Hence t =Ei ti = 35 + 28 + 7 = 70. But h = #PiCtJ(Xi) = 71. Hence 
there is a unique divisor G of degree 6 (up to linear equivalence) which 
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satisfies (4). We claim that 2Q is such a divisor. To prove this, let 
r be the automorphism mentioned at the beginning of the proof of 
Lemma 13. The group < r > acts on the set Div( X1 ) of divisors on 
X1 • Observe that rQ = Q, and that for any E E A, the < r >-or bit 
of E is contained in A and has order 7. Now suppose that 2Q ,..., E, 
for some E E A. Then 2Q = r•2Q ,..., r• E, for all i. Hence the seven 
divisors in the < r >-orbit of E are equivalent elements in A. But we 
have just seen that all equivalence classes in A have less than seven 
elements, a contradiction. This completes the proof of Proposition 16. 

Remark 27 We find a basis of L( 2Q) and a generator matrix of 
CL(X1 , D1, 2Q) as follows. Define the forms 

Then 

H4 := x2 + y2 + z2 + xy, 

H5 := y2 + z2 + xy + xz + yz 

H4 • X1 = Ps + Pr. + 3P1 + Q, 

Hr.· X1=P4 +3Pr. + P6 + Q. 

Define the following rational functions on X1 : 

f ·- Hr.L1Ls 
1 .- ' Hi 

f ·- LsLsL~ 
2 .- Hl ' 

1 ·- L4L~L6 
J3 .- Hi . 

The form H1 was already defined in Remark 26. The lines L3 , L5 , L1 

and L4 , L5 , L6 are the three lines through P1 and P5 , respectively, see 
Table III. Now {1,/1,/2,/3 } is a basis of L(2Q). Indeed, we have 

(1) = o, 

(/1) = P1 + 2Ps + P4 + 2P5 - 2Q, 

(/2) = 2P1 + P2 + P. + 2P6 - 2Q, 

(/s) = P1 + 2P2 + Ps + 2P1 - 2Q. 
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Hence 1, Ji, /2, fs are in L(2Q). It is easily verified that they are lin
early independent. This basis of L(2Q) gives the generator matrix 

( 

1 1 1 1 1 1 1 ) 
0 1 0 0 0 1 1 
0 0 1 0 1 0 1 
0 0 0 1 1 1 0 

of CL(Xi, D1 , 2Q). This should be a generator matrix of a (7,4, 3] code, 
and indeed it is. 

Remark 28 In Proposition 16 we gave a SAG representation of an 
H(3,2): CL(Xi,D1 ,2Q) is an H(3,2). As pointed out in Remark 1, 
we can also give this code as a Co(Xi, Di, G) code, equivalently. Fol
lowing (an adjusted version of) the proof of [4, Ch.8, Prop.8, p.207], 
we find that the differential 

z
3 (x) Wt := d -

y2z + x3 + x2z z 

has divisor 

(w1) = L2 · X1 = 2P2 + P4 + P6. 

N ote that y2 z + x3 + x2 z is the parti al derivative to y of the left-hand 
side of (3). Define the forms 

H7 := y3 + z3 + x2 z + y2 z + xyz. 

Then 

H6 · X1 = Pi + P4 + Q + U, 

H1 · X1 = P4 + Pr. + V, 

where U is the place of degree 7 on X1 corresponding to the orbit of 
the F 12s-rational point ('y90 : "Y

23 
: 1), with Ga/(F128/F2) acting, and 

where Vis the place of degree 10 on X1 corresponding to the orbit of 
the F 1024-rational point (61817 : 6159 : 1), with Gal(F1024/F2) acting. 
Here F 12s = F2("Y) with 

"Y7 + 'î3 + 1 = o, 
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and F1024 = F2(6) with 

610 + 63 + 1 = o. 

Put 
HeH1 

w := H1L2L4 Wi. 

Then ( w) = U + V - 2Q - D1 • Hence w has a simple pole at P, and 
res.Pi(w) = 1 for i = 1, ... , 7. Define G~ by 

2Q = (w) - G~ + D1. 

Then 
G~ = U + V-4Q. 

By Remark 1, Cn(Xi, D1 , G~) = CL(X1 , Dli 2Q). 

Remark 29 We have proved that H(3, 2) has exactly two (WAG) 
representation classes with g = 3. These are 

the Jatter of which is SAG, moreover. This shows that H{3, 2) has 
more than one WA G representation class. 

Lemma 14 The {SAG) representation (Xi, Di, 2Q) is minimal. 

Proof: As noted already at the beginning, after Remark 24, the genus 
g(X1 ) = 3 is minimal. The divisor 2Q is base point free, since its degree 
is 6 !:'.: 2g, see [11, p.308, Cor.3.2]. The result follows by Corollary 2. 

If [(X, D, G)] is a minimal AG representation class of H(3, 2), then 
(g, m) = (3, 6) or ( 4, 6), by Proposition 12 and Table IL By Lemma 8, 
Lemma 10 and Proposition 16, there is exactly one AG representation 
class of H(3,2) with (g,m) = (3,6), [(Xi,D1 ,2Q)] namely, and this 
representation class is minimal by Lemma 14. From the next proposi
tion it follows that there exists no AG representation class of H(3, 2) 
with (g,m) = (4,6) (minimal or not). To avoid any misunderstand
ings: the definitions of Pi, Q, etc., that we used until now do not apply 
to Proposition 17 and Lemma 15 and their proofs. 

Proposition 17 IJ (X, D, G) is an AG representation of an H(3, 2), 
then g(X) # 4. 
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Proof: Suppose that (X, D, G) is an AG representation of a binary 
[7,4, 3] code, D = P1 + · · · + P7 and g = 4. The curve X is not 
hyperelliptic, since it has more than 2q + 2 = 6 F 2-rational points. lf 
m = deg~ G) < 6, then 

4=l(G)=m+1 - 4 + i(G), 

hence i(G) > 0, by the Riemann-Roch theorem. But then 

l(G) ~ 1 + m/2 < 4, 

by Clifford's theorem. Hence m 2:'.: 6, and because m < n = 7, m = 6. 
So G is a divisor of degree 2g - 2 with i( G) = 1. In other words, G is a 
canonical divisor, that is to say, G = (w0 ) fora differential w0 • Because 
CL(X,D,G) is an H(3,2), Co(X,D,G) is an S(3,2), see Proposition 
1 and Definition 5. By Remark 1, there is a divisor G' on X such that 
G',...., D and 

CL(X,D,G') = C0 (X,D,G). 

So CL(X,D,G') is a [7,3,4] code. 
We claim that 

for all a, b, c E {1, ... , 7} 

with a =/; b, a =/; c, b =/; c. 

The proof of this claim is actually more or less the reverse of the 
proof of Proposition 15. Namely, write G' = D + (!0 ). Suppose that 
l(Pa + Pb +Pc) > 1 for some distinct a, b, c. Let /1 E L(Pa + Pb +Pc) 
with /i =/; 0, 1. Put f := /i/ fo. Then f <t L(G' - D) = L((Jo)), since 
otherwise (!) = -(!0 ), and consequently f 1 = f Jo = 1, which gives a 
contradiction by the choice of f 1 . On the other hand, 

implies that 

where 
P" + P. + Pt + Pu = D - Pa - pb - Pc. 

1t follows that f E L( G') \ L( G' - D), and that aL(J) is a nonzero 
codeword in CL ( X, D, G') of weight at most three, see Definition 1. 
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This contradicts the fact that CL(X, D, G') is a. [7, 3, 4] code. 
We proceed with the proof of the proposition. Suppose tha.t there 
exists a.n effective divisor E of degree three on X with 1( E) > 1. Then 
Eis obviously ba.se point free, see Lemma. 11. The morphism 

'f!B: X-+ pl 

ha.s degree three, see Rema.rk 6, and we have cp.s(Pi) E P 1 (F2 ) for 
i = 1, ... , 7. Since #P1(F2) = 3, there exists a Q E P 1 (F2 ) with at 
least three points in 

'f!Ë1(Q) n {Pi, ... , P1}, 

Pa.,Pb,Pc say. Since deg(cpB) = 3, the pull back cpi;(Q) of Q under 'fiB 

is equal to Pa.+ Pb +Pc, see [11, p.138, Prop.6.9]. This implies that 
E "' Pa. + Pb + Pc, and hence that 

l(Pa. + Pb +Pc) = l(E) > 1. 

But this contra.diets the previous claim. We conclude that l(E) = 1 
for all E 2 0 with deg(E) = 3. By the following lemma, however, 
this is not true, and hence the assumption that (X, D, G) is an AG 
representation of an H(3, 2) is wrong. This proves the proposition. 

Lemma 15 IJ X is a nonsingular, absolutely irreducible curve over 
F2 of genus 4 with at least seven F2 -rational points, then there. exists 
an effective divisor E on X with deg(E) = 3 and l(E) = 2. 

Proof: Let K be a canonical divisor and let Po be a rational point 
on X. We have l(I<) = 6 + 1 - 4 + 1 = 4, by Riemann-Roch. Put 
G := K - P0 • Then deg( G) = 5. Since X is not hyperelliptic, K is 
very ample, see [11, p.341, Prop.5.2]. Hence l(G) = l(K) -1 = 3 and 
G is base point free. Let X0 be the reduced image of X under the 
morphism 

see Remark 6. We have 

5 = deg(cpa) · deg(X0 ). 

As pointed out in Remark 6, X0 is not a line, hence deg(X0 ) ::/: 1. It 
follows that deg(X0 ) = 5, and that deg(cpa) = 1, i.e., 'PG is a birational 
morphism. We have 

4 = g(X) = g(Xo) =!es - 1)(5 - 2) - E öpdeg(P), (5) 
2 PEXo 
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where bp is the delta invariant at P, see [18]. We have 

lip;;:: mp(mp - 1)/2, 

where mp is the multiplicity of X0 at P. From (5) it follows that 

L bpdeg(P) = 2. (6) 
PEXo 

Hence X0 has two rational singular points, each with delta invariant 
1, or one rational point with delta invariant 2, or one singular point of 
degree two with delta invariant 1. In every case, the singular point(s) 
have multiplicity 2 (since if mp ;;:: 3, then lip ;;:: 3(3 1)/2 = 3, 
contradicting (6)). 
We claim that X0 has a rational singular point. To prove this, suppose 
X0 has no such point. Then X0 has a singular point Q of degree 2. 
There is exactly one line through Q in P 2 , defined over F 2 • We call 
this line L1 • By Bézout's theorem, L1 intersects X0 at 5 points, counted 
with multiplicities. The intersection multiplicity at Q is even and at 
least 4, hence equal to 4, and there is exactly one rational point P1 

in L1 n X0 • Let L2 and L3 be the other two lines through P1 in P 2 , 

defined over F 2 • Then "PG maps every rational point of X to a rational 
point in 

(L1 n Xo) u (L2 n Xo) u (Ls n Xo). 

But L1 nX0 contains exactly one rational point, P1 namely, and L2 nX0 

and Ls n Xo each contain at most two rational points not equal to P1• 

Hence "PG maps (at least) 7 rational points of X to at most 5 rational 
points of X0 • Thus there are two rational points Q1 , Q2 on X such that 

and l.{)G(Q1) is a rational singular point of X0 , a contradiction. This 
proves the claim. 
Thus X0 is a plane model of degree 5 of X, with at least one rational 
singular point, which we call Q0 • As noted earlier in the proof, the 
multiplicity of X0 at Q0 is 2. Hence there is an effective divisor B of 
degree 2 such that 

Xo·M;;:: B 

for every line M through Q0 , defined over F 2• Besides Q0 , there is at 
least one other rational point on X0 , since otherwise "PG would map (at 
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least) 7 rational points of X to Q0 , and mQ0 ~ 7 > 2, a contradiction. 
Let Q~ be such a.nother rational point on X0 • Let M1 be the line 
through Q0 and Q~, and let M2 be one of the other two lines through 
Q0 defined over F2 • Then Q~ fl. M2• Put 

R; := Xo · Mi - B 

for i = 1, 2. Then R; ~ 0 and deg(R;) = 3 for both i. Put 

f := M2/M1. 

Then 
f E L(R1), 

(f) = R2 -Ri, 

and fis not a constant, since it has a pole at Q~. Hence l(R1 ) ~ 2. In 
fa.et, we have equality, by Riemann-Roch and Clifford's theorem. To 
prove the proposition, choose E := cp(;(R1 ), the pull back of R1 under 
'PG· 

We summarize our main results concerning the Hamming codes in 
the following theorem. 

Theorem 6 a) H(l,q) and H(2,q) are SAG, for every q. 
b) H(3, 2) is SAG. 
c) H(r,q) is not AG ifr ~ 3 and (r,q) f:. (3,2). 
d) [(X1 , D1 , 2Q)] is a minimal SAG representation class of H(3, 2). 
e) [(Xi, Di, 2Q)] is the only minimal AG representation class of H(3, 2). 
Here X1 is defined by (3), D1 is defined after Lemma 8, and Q is 
defined in Remark 26. 

B. Another Example 

L~t C be the binary [6,4,2]-code with generator matrix 

( 
1 1 0 0 0 O·) 
0 1 1 0 0 0 
0 0 0 1 1 0 
0 0 0 0 1 1 

This code was mentioned by Katsman and Tsfasman in [13], where 
they more or less raised the question whether this code is algehraic
geometric. We shall give the answer to this question here. 
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Proposition 18 The code C is SAG. 

Proof: Let X2 be the plane projective curve of degree four de:fined 
over F 2 by the equation 

As is easily verified, this curve has exactly one singularity: the point 
P := (0 : 0 : 1) is an ordinary double point. The tangents to X2 at 
P ate x = 0 and y = 0. It follows, by Bézout's theorem, that X2 is 
absolutely irreducible. The curve is a hypereliptic curve, of genus 2. 
Besides the singular point P, there are four other rational points on 
X2: 

and 

P1 := (1 : O : 0), 

P2 := (1 : 1 : 0), 

Pa := (0 : 1 : 0), 

P4 := (1 : 1 : 1). 

The singular point P gives two rational points on the nonsingular 
model of X2 • Or, to put it differently, it corresponds to two places 
(=discrete valuation rings) of degree one in the function field of X2 
over F 2. We call these places P5 and P6 • Let L and M be the lines 
z = 0 and x + y + z = 0, respectively. The line L is the tangent to X2 

at P2. We have 

The only rational point in M n X2 is P2, and the intersection at this 
point is transversal. Define the divisor G2 by 

M ·X2 = P2 +G2. 

Then G2 ~ 0, deg(G2 ) = 3 and supp(G2 ) n supp(D2) = 0. Here we 
have put D2 := P1 + P2 + · · · + P6 • (Although we do not need this, it 
follows that G2 is a place of degree three. This place turns out to be 

{(1 : a: 1 + a), (1 : a 2 
: 1 + a 2

), (1 : a 4
: 1 + a 4

)}, 

where Fa= Fz(a) with a 3 + a + 1 = 0). 
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By the Riemann-Roch theorem, l{G2) = 3 + 1 - 2 = 2. The ra
tional functions 1 and L/M (= z/(x + y + z)) are in L(G2), and they 
(obviously) forma basis. This basis of L(G2) gives 

( 
1 1 1 1 1 1 ) 
0 0 0 1 1 1 

as a generator matrix of the binary [6,2,3] code CL(X2 , D2 , G2). Since 

2 = 2g - 2 < 3 = deg(G2 ) < 6 = n, 

CL(X2, D2, G2) is SAG. Since 

CL(X2, D2, G2).l = c, 

Cis SAG too, by Corollary 1. This completes the proof of the propo
sition. 
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NEDERLANDSE SAMENVATTING 

Overdekkende Codes, Perfecte Codes en 
Codes van Algebraïsche Krommen 

Dit proefschrift bestaat uit een achttal artikelen en een inleidend hoofd
stuk. De in deze artikelen behandelde onderwerpen vallen binnen de 
wiskundige onderzoeksgebieden die bekend staan als de combinato
riek en de algebraïsche coderingstheorie. De gebruikte methoden en 
technieken zijn voornamelijk van combinatorische, algebrrusche of al
gebrrusch-meetkundige aard. 

Het eerste artikel gaat over ondergrenzen voor het aantal codewoor
den in overdekkende codes. Door middel van telargumenten komen 
we tot een significante en tamelijk algemene verbetering van de bol
bedekkingsgrens, welke een bekende ondergrens is voor K(n, R), het 
minimale aantal codewoorden in een binaire code van lengte n met 
overdekkingsstraal R. Als gevolg hiervan verkrijgen we een nieuwe 
oneindige rij van exact bepaalde waarden van K(n, R): 

K(2", 1) = 2(2" -r) 1 2 voor r = , , .... 
Hiermee samenhangend wordt een vermoeden over perfecte codes uit
gesproken. 

In het tweede artikel generaliseren we de begrippen normaal en 
subnormaal naar codes over willekeurige alfabetten. We onderzoeken 
welke q-aire codes normaal of subnormaal zijn. We bewijzen dat een q
aire perfecte code normaal is dan en slechts dan als hij binair of triviaal 
is. We leiden een algemene ondergrens af voor het aantal codewoorden 
in een ternaire normale code. 

Deels gebruikmakend van de in het eerste artikel geïntroduceerde 
technieken wordt in het derde artikel de nonexistentie van zekere zo
genaamde 'gemengde' perfecte codes bewezen. 

In het vierde artikel wordt voor het geval R = 1 het vermoeden 
van Cohen, Lobstein en Sloane, dat zich onder de codes van lengte n 
met overdekkingsstraal Ren K(n, R) codewoorden een normale code 
bevindt, opgelost. Er wordt zelfs bewezen dat alle dergelijke codes 
normaal zijn als R = 1. Tevens bewijzen we dat iedere binaire code met 
minimumafstand tenminste tweemaal de overdekkingsstraal normaal 
is, en generaliseren we de constructie van Frankl van abnormale binaire 
codes met overdekkingsstraal 1 naar willekeurige overdekkingsstralen. 
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In het vijfde en zesde artikel onderzoeken we hoe de resultaten uit 
het eerste artikel uit te breiden zijn tot codes over willekeurige alfa
betten (q-air of gemengd). Bovendien komen nuttige yariaties op het 
basisidee naar voren, en wordt gekeken naar toepassingen op fouten
verbeter~nde codes. 

Het zevende artikel gaat over zogenaamde 'perfect multiple cove
rings' (PMC's). Dit zijn codes die perfect zijn in de volgende zin: voor 
vaste getallen ren µ zijn er voor iedèr woord preciesµ codewoorden 
binnen Hamming afstand r. Het betreft hier een generalisatie van de 
gewone perfecte codes, welke we krijgen in het geval µ = 1. We geven 
een korte analyse van het bestaan van PMC's. Hierbij beperken we 
ons voornamelijk tot het geval r ::::i 1. 

Tenslotte onderzoeken we in het achtste artikel welke lineaire codes 
verkregen kunnen worden via algebraïsche krommen over eindige licha
men door middel van Goppa's constructie. Het blijkt dat deze vraag 
slechts zinvol is als we een zekere beperking opleggen aan de graad van 
de betreffende divisor op de kromme, daar anders iedere lineaire code 
op deze wijze geconstrueerd kan worden. Met deze restrictie bewijzen 
we dat de de q-aire Hamming codes met redundantie 1 of 2 en de bi
naire [7,4,3] code de enige q-aire Hamming codes zijn die in deze zin 
algebraïsch meetkundig zijn. In het geval van de binaire [7,4,3] code 
bewijzen we bovendien dat de constructie, dat wil zeggen het drietal 
(kromme, punten,divisor), in zekere zin uniek is. 
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I 

Let J(0 (r~., R.) and Vq(n, R) bc defined as on page~ 5 and 49 of this thesis. L<J~ Ak), d) 
be the maxîmum cardinality of a q-ary code of length n with minimum distance d. For 
ever)' iütt>ger n with n :;;; 5 (mod 6) we havl' 

This yieldB 

..... ( ) > 2"(5 + \S(n, 2))- 3(A2(n, 3)- l)(n + l) 
"z n, I ( ) . 

- 1~ + J v~(n,2) 

[{2(11, 1) :2: 177, /{2(17, 1) :2: 7116, !(2(23, 1) 2::352611, 

and K 2 (29, 1) ~ l79R5484, 

where the low~,r bounds on A 2(n, d) at·e taken from 

A.E. Brouwer, J. 13. She<'rer, N. J. A. Sloo.ne, <>nd W. D. Smilh, A ncw table of 
constant weight c.odcs, IEEE ïhms_ Inform. Thwry 36 ( 1990), 1331-1:180_ 

11 

Analogou$ to Theorem l in 

G. D- Cohcn, A.C. Lob•t•Ürl, and N. J. A. Slo:;>,~u:', F1rrther resultR on th•~ covcring 
radius of çodes, lEEE Tra!ls. ln/orm_ Thawy 32 (1986), 680-694, 

wc have 

3"- A3 (n,2R + l) ( 
21~) 

K 3 (n, R) :2: 
2

R 

Va(n, N)- ( R ) 

A~ a r.onscquence, 

/(3 (6, l) 2: .58, [\3 (7, I) 2: 117, K2 (8, l) ~ 303, 1\':J.(I), l) ~ 1018, 

/\3 (10, l);:: 2812, K3(ll, l);:: 7767, .lnd [{3 (12,1) :::': 21305, 

whcrf! the uppcr bonnds nn A3 (n, d) are taken fr0111 

R_ J_ M. Vaess~ns, E. 11. L. Aart", and J_ 11. van Linl., GnnHic algorithms in 
codin11; th~<)ry- A table for As(7:,d). Preprint, 1900. 



Ill 

Let n, RE Z with n ~ 2R + ( ~ l. Define <: as on page 10 of lhiB thesis. Let 

fh :"" (2n + 1- 2R)(n- R + 2<:- 1), 11 := ~(2n- R + 15- 1) ( ~) , 
fJ2 := (n + 15)(n- R) + e, 1 2 :=En ( ~) , 

ft~:= (n- R + l)(n- R- l + 2é), 13 := 12 , 

j3., := (n ~ R)(R- 1d 1) + e, 14 := 15(R- e + 1) ( ~), 
(i5 := n- 2R + 2e, 15 := e ( ~) , 

fi~ := (n- 2R + 1 + e)(n + 15- R- 1) + (e- 1 )(n- e), 

-y6 : ... e(n +e-R~ 1) ( ~) . 

Th en 
•' ( R) 2"{1, 

1\2 n, . 2:: ( R)/3 , v2 n, ; --y; 

for i = 1 , 2, ~ üd for 

{ 

3,1 if e < (R+ 1)/2, 
i= 5 ife;:-::(R+l)/2, 

6 ife:>(R+I)/2, 

improving ~cveral of the lower bour1ds of Table 1 in the :tlr~t. pa pet in this thesis. These 
improvemcnts are listed in the following table•, where the marks a.,b,c,d,e,fcorrcspond 
to i = 1, ... , 6, respectively. 

tj. R=2 R=J R=4 R=5 R=6 R"'7 R=8 R=9 R =IQ 

13 97 a 26 e 
11 
IS 22a 
16 511 c 112ll 
17 177" 8 c 
18 1693 a 282 c 27 b 
19 l898 ç 

20 891 .. 202 a 56 ~ 

21 9897 b 1475 e 318 0 84 c 33 b 
22 17298 c 2454 c 506 c 47 a !.la 
2J 808 c 68 e 
21 60368 b 8108 b 363 .. !OOa 40 a 
25 107210 c 13832 c 2540 b 569 [ 149 c 57 a llc 
26 23675 c 4188 f 899 e 224 c 82 0 Ha 
27 380298 b 5942 c H28 e 121 e 49 .. 
28 683945 c 80629 b 11551 c 617 .~ l76c 69 .. 13 .. 
29 140567 • 1009 f 100 { 17a 
:JO 2157139 b 245672 c 38039 b 7152 b 1588 f 398 c 145 e 59 a 
Jl 4464778 c 64695 f 117&1 ( 2513 ( 213 c 84 .. 
32 %5357 b 110442 c 19413 c 3996 c 1147 b 315 ç 120 " 
33 !6209225 b 1515050 c 189050 (. 32191 ç 6386 < !7S3 { 470 c )11. 72" 
• Witli tha11ks tof. C. IIIIHH~'HI~.ker for COlllJllllÎilg th,-, t:lltl·il! •. 



IV 

For all integers q and n with q 2: 2, n 2: 2, and ( n- 2)(q -1) "1- 0 (mod 3), thefollowing 
relation between K,(ll, l) and K9 (n, 2) holds: 

f( (r 2) > q" + J(,(n, 1) 
q 

1
' - Vq(n, 2) + 1 

V 

Let n, q EN with q 2: 2. Ford, R1 , R2 E {0, 1, ... , n} define 

(with the convention that ( k) '"'0 if n < 0 or k < 0 or k > n). 

VI 

Let C be a subnorm1;1J q-ary code of length n with covering radius R. Suppose that 
n > R + q - l. Thcn 

2q" 
JCJ;?: ....,2V.,..,...

9
(.,-n--,, R=)-~--=l'"'"'(R=-,-=R'"", l-qR:::-/-;-;-(q---1--,--)J,-+-----.-,-l)' 

where the function I in the denominator is as previously defined_ 

vu 
The question raised by Janwa whdher the [6, 4, 3) Hamming code over F& can bc 
constructed from an algebrak curve of genus 0, and more generally, whether a code 
from a curve of genus 0 with covering radh1s smaller than its rcdundancy exi~to at all, 
haa been answcr<Xl in the affirmatîvc in the eighth paper of this tlwsis (Proposition 
14). 

JI. Janwa, Som<' optima! codes from a.lgebraic gcometry and their covcring rlldii, 
Europ. ]_ Cornbin. 11 (1990), 219 266. 

VIII 

Let C be a linear [n, k, (~code over F q with covering radlus R. Let CJ. bc the dual co<k 
of C and let d.I. bc the minimum distance of CJ. _ Supposc that dj_ = q and l' < n- I_ 
lf c.L aLlains the Gri<:'&mcr bound, then U < n - k. 



IX 

lf C iö a. linear [n, k, (~ code over F0 that is not MDS, then th(:re exisls a linear 
[n- dl_, k- <ll_ +I, dJ co<k, wiJ(: re dl_ is l.h(; minimum diHt.ance of G'j_, t.he du~tl co<k of 
(,'. 

x 

For m ~ 4, let G'(rrt) b<' the binary linear code of length m(m- !)(m- 2)/2 t.hat is 
generakd by the charadt.•ristic vedorH of the cutsets of the triangular graph T(m) on 
m(rn-1 )/2 verti<:e~. The proof giwm hy Bas<u-t a.nd Iluguct that the minimum distance 
of C(m.) cquals 2(m- 2) is incompkk. Their proof that Uw n\tmber of codewordsof 

wcight 2(m- 2) i u C(m} <"quals rr~(m-1 )/2 i~ incorrect. N<::V<~rtheless, hoth staternent.s 
are tnw . 

.1. M. Bo.~art :<nd L. llugu.-:t., Frorn T(m) triangulo.r graphs lo •ingle·error· 
corr<:<:ting cod~•ij, ir< "Applica.bl" Algebra, Enor-Corrcc.tin!l Codes, Comhiii<Ltotic.s 
and Cornput.N Algebra" (Th. Dcth an\1 M. Clausen, Gds.), Proc. 1th Int. Cot.f. 
i\ABCC-4, Karlsruhe, Gerrna.ny, 1986, Ledure Notes i11 Comp. Sc., vnl. 307, pp, 

[, ... J2, Springer- Verlag, ll•·di,l, 1988. 

XI 

Indien d<; >Lannames in h<:t hoofdstuk "2. Waar de prestat.i1~ v~tn aD1<111gt" van het 
hit,.·ondcr g<~noemde boek, met name in lwt deelhoo[dsl.tlk "2.1. A het mechanika," juist 

:.:ijn, dal! w·ldt hd V<>l!';<'l'ldc: E~;J) '~haatser di<~ tijdens e<~n langcba<>.I\Wedstrijd op 
een 100 ""'t"r ijsba"" m1dcr con~t;~.lll.c omsta.mlighcden en 1nd een con~tante techniek 
(d.w.7.. "'"' .-:onstanl,<~ ho<'veelhcid dfectieve arb<,id per abc!., e<1n con~tante zi\, I.•Cn 
COIIHI.a.nte romphotlding, de.) achter elk<I<Lr st<leds cxad dezelfd<: !'cmdetijden rcaliseert, 
rijdt., ;,fgc~i('n van fluctuntic.~ tijdc!ls het doorlopen van acht.crecnvolgcns inz;d-, glij

<'n afzdf<>.S<', niet. rnd <'<"n constante snelheid. 

IL G<'In"'r <•n G. J. va.11 lngcn Sch<•llau, "llamlbo.;,k Wcd~trijdschaatsell," Eisma 
!I.V., Lccuwanl<>n, l!lH7. 

XII 

c;,,zien h<.:t. f<•it dat bd ter verv;ow~;ing van hd oude skhd van wci.<:nschapp<;lijk assi
sknkn ir1 l~l8() aan de Nederland~<: univ<'rsiteiten ingevoerde stebd van assisLcn!.t~n- en 
OIHi<'l'Zoekn~ ;"opleiding (ht't AIO/OIO .. stebd) gebaseerd i~ op de v<.,dwrting tot. vier 

jam v<tn de nomin~l.: duur v~n op of "" 1 ~eptemlwr HJ82 a<lnJ!;<'v~tngcn universiL<\iri' 
~(u .I i<·~. g<•kt op <k nomirw.le duur V<lll minsten~ vijf jaar van st.udi<ls di<:: vó5r gcno(•tnde 

datum a,anviug<'n, gdd in lic•t. hijzond(•r op de nominale afstudecnhtum van alumni 

vil.ll d<• llrhting 1!\81 inl'<~lat.ie lot d<' datum v;~.n invoering van hd AI0/010-~t<:lsel, en 

!!;dd <.!P h<•t. aa.nzicnlijk~: vn~dlil t.ussc11 de arheid~voOI'Waardcn va.n de AlO of OIO en 
dit: V<l.ll hun voorganger~, ka.n men nid. <mderh (Oncludereu d1u1 dat Ollf('c.ht. is gedaan 

<H\11 d(~ hclan!(<'n van <·ndc•r !!;<:nocul<k groep alttrnni. 


