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Nomenclature

General

a vector
A matrix
a · b inner product of vectors
a × b cross product of vectors
|a| length of vector
[[a]] jump of vector
a∗ complex conjugate
ℜ{} real part
r, ϕ, z cylindrical coordinates
x, y, z Cartesian coordinates
x̃ dimensionlessx
x̄ time-averagedx
x̂ Fourier transform ofx
(·, ·) inner product of functions
1[a,b] characteristic function on the interval[a, b]

Operators

∇ gradient operator
∇· divergence operator
∇× curl operator
∇2, ∆ Laplace operator
∂
∂a

partial derivative toa
Fz Fourier transform operator toz
K integral operator
K

(N) finite rank integral operator
Π projection operator
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Subscripts

i island
r ring
s surface
x, y, z x-, y-, z-component
0 begin position
1 end position

Superscripts

c characteristic scale value
e eddy
imp imposed
ind induced
prim primary field
s source
sec secondary field
(c) cosine mode
(L) per unit of length
(s) sine mode
− inner region
+ outer region

Greek symbols

αn coefficient ofn-th basis function
γ Euler’s constant
δ penetration depth
ǫ0 electric permittivity
κ system parameter
κ̂ characteristic system parameter
λn n-th eigenvalue
µ0 magnetic permeability
µn n-th eigenvalue
ρ electric charge
ρs surface charge
σ electric conductivity
φ electric scalar potential
φn n-th basis function
∆φ phase-lag
χe electric susceptibility
χm magnetic susceptibility
Ψ(0) polygamma function
ψl characteristic function of groupl
ω angular frequency
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Roman symbols

A vector potential
B magnetic induction
c central position of a strip
c0 speed of light
d half the width of a strip
D width of a strip
D dielectric displacement
da surface element
ds line element
dv volume element
∂S curve enclosingS
∂V closed boundary surface ofV
e exponential function
e unity vector
E elliptic integral of the second kind
E electric field
2F1 hypergeometric function
f frequency
fchar characteristic frequency
Fe Coulomb force
Fm Lorentz force
G gradient
Gf momentum of the field
Gmech momentum of moving charges
h thickness of strips
H magnetic field
I total current
Ie effective current
In modified Bessel function of ordern of the first kind
j surface current density
J current density
Jk Bessel function of orderk of the first kind
K elliptic integral of the first kind
K kernel function
Kn modified Bessel function of ordern of the second kind
L number of groups
L̄ self-inductance
L2 space of functions of integrable square
M total number of basis functions
M magnetization field
n normal vector
N number of strips
P polarization field
Pdiss dissipated power
Pind power caused by inductive effects
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Pk Legendre polynomial of orderk
Qk Legendre function of the second kind of orderk
R radius
R̄ resistance
R distance function
Rs radius of plane circular strip
S Poynting vector
S surface
Sc surface of the cylinder
S∪ unified surface of the strips
t tangent vector
t time
T1 longitudinal relaxation time
T2 transverse relaxation time
u length coordinate of central line
Um magnetic energy
un n-th eigenfunction
v width coordinate of strip
V volume
Z̄ impedance
Zk integrated Legendre polynomial of orderk

Abbreviations

BEM Boundary Element Method
CRT Cathode-Ray Tube
CT Computed Tomography
DC Direct Current
FDM Finite Difference Method
FDTD Finite Difference Time Domain
FEM Finite Element Method
FIT Finite Integration Technique
FVM Finite Volume Method
MR Magnetic Resonance
MRI Magnetic Resonance Imaging
PMS Philips Medical Systems
PNS Peripheral Nerve Stimulation
RF Radio Frequency
SAR Specific Absorption Rate
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CHAPTER 1

Introduction

Since 1973, when the first images of an inhomogeneous object were provided by the Magnetic

Resonance Imaging (MRI) technique, the development of clinical MRI has been rapid. Its

greatest impact is in the field of neurology. Apart from (in-vivo) diagnosis of the brain, central

nervous system, and spinal cord, where it has largely becomethe superior method, MRI

has made major contributions in oncology, cardiovascular or abdominal imaging, and the

investigation of musculoskeletal problems. Challenges inMRI research are the improvement

of image acquisition times and the reduction of loss of imagequality due to organ movements

and due to disturbing electromagnetic phenomena such as eddy currents. In the gradient coil,

which is part of the scanner, eddy currents occur due to acquisition sequences. The research

presented in this thesis focusses on the analysis and simulation of these eddy currents.

This research was carried out for Philips Medical Systems (PMS), in the group Magnets and

Mechanics. PMS designs, develops, and manufactures MRI-scanners, see Figure 1.1, and

wishes to gain insight in factors that determine the qualityof the scanner.

Before we discuss the objectives and results of the researchreported in this thesis, an intro-

duction to magnetic resonance imaging is given; see Section1.1. In Section 1.2, we describe

the design of gradient coils and the problems of eddy currents occurring in these coils. The

objectives of this research are to analyze the eddy currentsin the gradient coils and to design a

software tool that simulates the eddy currents. A more detailed description of the objectives,

together with an outline of the thesis, are presented in Section 1.3. In Section 1.4, we present

concluding remarks.

1.1 Magnetic Resonance Imaging

MRI is a revolutionary imaging technique that plays an important role in the medical com-

munity. It provides images of cross-sections of the body without ionizing radiation. Detailed

information is obtained because MR signals are sensitive for several tissue parameters. Its
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Figure 1.1: MRI-Scanner (Philips Intera 3.0T)

excellent soft-tissue contrast makes MRI the ideal technique for viewing the brain, the heart,

and cardiac functions, as well as the muscular, skeletal andabdominal systems. Unlike CT-

scanning (Computed Tomography), MRI can take scans from anyangle. It is noninvasive,

involves no radiation, and no pain. Also, risks for patientsare not reported. We explain

briefly the principles of magnetic resonance and MRI systems. For an extensive overview,

see for example [11], [79].

Roughly, the principle of magnetic resonance imaging comesdown to the following: hydro-

gen protons are stimulated by a strong external magnetic field and additional radio pulses,

resulting in small electromagnetic signals emitted by the protons. The emitted signals are re-

ceived by an acquisition system and processed to become an image with contrast differences.

Specifically, the core of an atom, the nucleus, is a collection of positively charged and neutral

particles that account for the bulk of the atomic mass. Certain nuclei possess an inherent

angular momentum, or spin, which induces a magnetic field with magnitude and direction

represented by the magnetic moment (µ) of the spin; see Figure 1.2 (a). In the absence of an

applied external magnetic field, the individual magnetic moments are randomly oriented due

to the kinetics produced by thermal energy. Thus, the macroscopic magnetic moment (M )

is zero. When an external magnetic field is applied to a collection of protons, the magnetic

dipoles tend to align with the magnetic field, either with (parallel to) or against (anti-parallel

to) the direction of the applied field.

However, the alignment of the magnetic moment with the applied magnetic field is not per-

fect. In the presence of an applied magnetic field, the spin vectors of the nuclei experience

a torque, which causes them to rotate about the axis of the applied field with a specific fre-

quency; see Figure 1.2 (b). This cone-shaped rotation is called Larmor precession. The rate
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(a) Spin

µ

(b) Torque

µ

B0

ω

(c) RF flip

B0

z

x

y

M

θ

B1

Figure 1.2: (a) Each charged nucleus induces a magnetic momentµ due to spin-
ning; (b) In the presence of an applied magnetic fieldB0, the spinning nuclei expe-
rience a torque; (c) A rotatingB1-field causes an RF flip angleθ of the macroscopic
magnetizationM .

of precession is dependent on the specific physical characteristics of the isotope involved and

on the strength of the applied magnetic field. This relationship is expressed asω = γB0,

whereω is the Larmor frequency,γ is a constant of proportionality (gyromagnetic ratio),

which is specific for the nuclei involved, andB0 is the magnetic field strength. Larmor pre-

cession is a resonance phenomenon. If a system has a natural frequency of oscillation, the

energy can be most efficiently transferred to the system at this frequency.

When looking at the sum of the individual magnetic moments, which is called the macro-

scopic magnetic moment, we observe a small excess favoring the low energy (parallel) orien-

tation. The strength of the macroscopic magnetizationM is a function both of the temperature

and of the strength of the applied magnetic field.

In order to obtain imaging information from the spins, they have to induce a current in the re-

ceiver coil. In its equilibrium state, according to Faraday’s law of induction, the macroscopic

magnetization is static and does not induce a current. Thus,the spins must be perturbed or

excited. This can be achieved by irradiating the spin systemwith an RF-pulse, a short burst

of radio frequency, matching the Larmor frequency of the nuclei of interest.

The RF excitation pulse can be represented by an additional magnetic field,B1, which is

perpendicular toB0 and rotates aboutB0 with the Larmor frequency for a short period of

time. The effect of applying theB1-field is that the magnetization precesses about this second

field, and hence spirals away from the longitudinal direction, towards the transverse plane.

This is represented in Figure 1.2 (c).
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Each time, changing of direction of the vector induces an electrical current in a receiver coil.

The received current is the MRI-signal used for creating theimages. The transverse vector

moves towards and away from the receiver coil with the precession frequency. Therefore,

also the resulting MRI-signal has this frequency. The amplitude of the signal depends on the

magnitude of the transverse vector.

When the radio pulse stops, all nuclei return to their original position. The magnetization

returns to its original value. This is called relaxation, where longitudinal relaxation refers

to longitudinal magnetization and transverse relaxation refers to transverse magnetization.

The time required for longitudinal magnetization to returnto 63% of its original value is

the relaxation timeT1. After complete relaxation, the transverse magnetizationis zero. The

relaxation timeT2 is the time it takes for the transverse magnetization to decrease to about

37%. The relaxation timesT1 andT2 are important characteristics for tissues. For example,

water has a highT1 and a highT2. This property of water is used as follows:

• if the receiving time of the signal is long, i.e. a long echo-time, then the water particles

are emitting stronger signals than other particles;

• if the time between two pulses is short, i.e. a short repetition time, then the water

particles are not completely relaxed before they flip again.

x

y

z

z-gradient coils

y-gradient coils

x-gradient coils

static field
magnetic coil

Figure 1.3: Schematic overview of an MRI-scanner.

In the MRI-scanner, the external magnetic field is realized by the so-called main magnet.

This magnet produces a strong static homogeneous field. RF-coils are installed to excite the

nuclei and to detect the re-emitted signals from the nuclei.For the spatial differentiation

of the signals emitted from parts of the human body to be diagnosed, MRI utilizes magnetic

field gradients. A magnetic field gradient is a weak magnetic field, superimposed on the main

magnetic field, which changes linearly with position. The magnetic field gradients in thex,

y, andz directions required for an imaging study are produced by three sets of orthogonally
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positioned coils. A schematic picture of an MRI scanner is presented in Figure 1.3. In

addition to producing gradients oriented along thex, y, or z axes, by powering the gradient

coils in combination, it is possible to generate magnetic field gradients in any direction.

The gradients generated by the gradient coils should be linear over the imaging volume, and

should be stable for the duration of the applied gradient. Together with the change in time

of the gradient of the field, the precession frequency is affected. For the reconstruction of

images, the gradient coils have three important functions:

• selection of a slice;

• location by use of frequency encoding;

• location by use of phase encoding.

(a) Transversal (b) Coronal (c) Sagital

Figure 1.4: Magnetic resonance imaging of slices of the head in three directions,
accomplished by the gradient coils.

First, the slice selection gradient,Gz, is switched on, and together with the RF pulse it de-

fines a slice. To determine the position within the slice, theother gradients are used. If,

subsequently, the phase encoding gradientGy is switched on, the spins will have their reso-

nant frequencies, and hence their rate of precession, altered according to their position along

the y-axis. When the phase encoding gradient is switched off, spins at points along they-

axis again begin to precess at the same frequency. However, their phases will no longer be

the same. The frequency encoding gradientGx, when switched on, causes the excited nu-

clei to precess at increasing frequency along thex-axis. The frequency distribution spectrum

of the response signal provides a one-dimensional profile ofsignal intensity in the subject.

The intensity of the received magnetic resonance signals isa function of several parameters,

including proton density and relaxation timesT1 andT2. The relative contribution of each

parameter is controlled by adjusting the RF pulses, the gradients applied, and the timing of

the data acquisition. These parameters are set in the pulse sequence. The slice selection in

the three directions is represented by Figure 1.4.
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1.2 Gradient coils

The main magnet causes a strong static and substantially uniform magnetic field with a

strength of a few Tesla (T). The gradient system incorporates three spatially independent

and time controllable gradient fields, which are significantly smaller than the main field. The

gradient fields are normally expressed in millitesla per meter (mT/m). The amplitude of the

total field determines the Larmor frequency. Thez-component of the magnetic field is highly

dominant. Therefore, we are only interested in this component. Hence, if we talk about the

magnetic field of the gradient system, we refer to thez-component only, unless explicitly

stated otherwise.

The linearity of the gradient fields is measured by the variation of the gradientsGx, Gy and

Gz. The transverse gradients,Gx andGy, are defined as the gradient of thez-component of

the magnetic field restricted to the variablesx andy, respectively. The derivative ofBz to z is

called the longitudinal gradient,Gz. For imaging purposes, for ideal gradient fields,Gx,Gy,

andGz are uniform within the region of interest. In this section, we discuss some practical

problems that are encountered in the design of gradient coils.

1.2.1 Design of gradient coils

Linearity, self-inductance, resistance, stored energy, dissipated power, external fields, and

region of interest are the multiple aspects we have to take into consideration in the design of

a gradient coil. They are related to functionality, image processing, image quality, and costs.

Issues of the performance of a gradient coil are the following:

• Spatial non-linearity of the gradient results in image distortions. Nuclei are excited that

do not belong to the desired slice. The system detects resonance signals from different

positions and processes them as if they come from the slice. The image appears blurred

and for large non-linearities ghosts appear, which can evenresult in complete organs at

a wrong position.

• The rate of change of the gradient field is proportional to therate of change of the cur-

rent. The voltage is related to the current by means of the self-inductanceL̄ and the

Ohmic resistancēR of the coil. The ratio ofL̄ andR̄ defines the relaxation timeτ .

Assuming a voltage turned on instantaneously at the momentt = 0, with no current

present in the electric circuit before this moment, then thecurrent will rise exponen-

tially. The relaxation timeτ is the time it takes for the current to rise 63% of its full

value. In order to reduce the voltages and to have shorter switching times, the self-

inductance of the coil has to be decreased.

• The stored energy in a gradient coil is defined as the squared amplitude of the magnetic

field, integrated over the volume of the coil. This means thatthe stored energy increases
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rapidly if the magnetic fields and the volume of the coil are increased. Moreover, the

self-inductance is linearly related to the stored energy.

• For a given current, the dissipated power in the coil is proportional to the Ohmic resis-

tance. In order to reduce the energy costs, the dissipated power has to be minimized.

• A coil creates internal as well as external fields. The external fields induce eddy cur-

rents in other conductors, which affect the total field. Therefore, a shielding coil is

included, concentric with the first coil, but on a larger radius, and with a current in op-

posite direction. The total field outside the shielding coilcan thus be made very small.

The disadvantages are that more energy is needed to maintainthe same gradient field

inside the inner coil and that an additional coil has to be installed.

• The region of interest cannot merely be enlarged, because that would affect the feasi-

bility of the requirements on the previous points.

thin slice thick slice

bandwidth
RF pulse

high
gradient

small
gradient

precession
frequency

selection

Figure 1.5: Selection of a thinner slice by using a higher gradient.

The quality of a gradient coil is measured primarily by threefactors. The first factor is thecoil

constant, which is a measure of the field gradient at the center of the coil produced by one unit

of current. A steep gradient is needed to obtain high resolution images; by a steeper gradient,

while using the same bandwidth of the radio frequency pulse athinner slice can be selected;

see Figure 1.5. For example, specialized gradient coils aredeveloped to determine blood

flow shear stress very near a vessel wall, particularly in thevicinity of carotid bifurcation;

see e.g. [12]. The second factor is theself-inductance, which should be as small as possible

to enable low switching rates. The third factor isgradient homogeneity, which is measured

by the difference between the desired field and the field actually achieved over the region of

interest. To properly measure the quality of a gradient coil, Turner [74], [75] defined a figure
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of merit as a relation of the mentioned three factors. To design a coil of high quality is not a

straightforward thing to do. For example, the gradient efficiency and switching speed can be

improved by reducing the physical size of the coil. However,to access the region of uniform

gradient is typically more difficult in smaller coils than inlarger ones.

To createGz, the principle of a Maxwell pair is used. A Maxwell pair, see e.g. [28, Sect.

2.4], consists of two circular loops of wire with a radius ofr meters, separated by a distance

of r
√

3 meters, and carrying the same current in opposite direction. In the vicinity of their

midpointz = 0 thez-component of the magnetic field vanishes, as well as its third and all

even derivatives with respect toz. Therefore, along thez-axis in the neighborhood ofz = 0,

Bz is linear up toz4. A standard example of a coil that creates a magnetic field whose axial

component is linearly increasing in the transversal direction is the Golay coil. The Golay

coil consists of four sets of symmetrically placed saddle coils. The optimal dimensions are

derived using the zonal spherical harmonics. For more details on the Golay coil, see [28,

Sect. 3.4].

In practise, gradient coils are manufactured using copper strips instead of wires. The de-

sign can be formulated as an optimization problem: find the most efficient conductor shape,

subject to geometrical, electrical or electromagnetic constraints. This means that the total

delivered energy should be minimized, such that

• the conductor shape is within a given volume;

• the current density is as high as possible;

• the magnetic field complies with a predetermined shape.

A proposition to solve such a problem is described by Peeren [46],[47]. Peeren makes use of

the calculation of stream functions. The stream functions determine streamlines, which are

the corresponding equipotential lines. In the practical design of a gradient coil thin strips of

copper are placed along the streamlines. The magnetic field induced by the currents in the

conductor pattern is computed, assuming that the current density is constant and uniform in

the strips. In Chapter 2, Figure 2.1 shows possible designs of an x-coil and a z-coil.

1.2.2 Eddy currents

In MRI scanning coils, the effects of eddy currents are playing an increasingly important

role. The design and operation of electrical devices require detailed knowledge of electrical

phenomena. Some devices are based on the development of eddycurrents such as generators

of high magnetic fields, flaw detectors, devices for magneticforming, material separators,

and so forth. In these applications, eddy currents are desirable and exploited. In other ap-

plications, eddy currents are undesirable as they cause energy losses and should therefore be

minimized. In both cases, the eddy currents need to be accurately described and analyzed.
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One of the major problems in the use of switched gradient coils is the interaction of the

rapidly changing fields with other conducting structures inthe MRI-scanner including the

gradient coils themselves, resulting in eddy currents on the surfaces of these conductors. The

eddy currents cause forces on the conductors that result in noise and reduction of the lifetime.

Moreover, the eddy currents cause perturbations on the expected gradient field, leading to MR

pictures with blurring and ghosting; signals are detected from points outside the field of view,

because they have the same magnetic field value. So, eddy currents should be controlled as

much as possible. In general, the appearance of eddy currents is important in the design of

gradient coils. The way to reduce eddy currents is by active shielding, applying pre-emphasis

currents and cutting slits in the conductors.

Especially inside the gradient coils, it is difficult to predict the eddy currents, because of the

complex geometries of the coils and the mutual inductances between the different parts. For

example, thez-coil is influenced by thex-coil and they-coil, but also by the shielding coils

and the cryostat. The cryostat has the function to cool down the superconductors in the main

magnet.

As we will discuss, eddy current response is greatly affected by the frequencies used. The

electrical conductivity is another direct effect on the eddy current flow; the greater the con-

ductivity, the greater the flow of eddy currents on the surface. Other effects are geometrical

features such as curvature, edges, grooves, and the distances between the conductors.

1.3 Objective and outline of thesis

1.3.1 Objective

The gradient coils are designed to create a uniform gradientin the magnetic field. For that, a

pattern of streamlines is computed that results in the desired magnetic field, subject to design

requirements, such as low energy dissipation, low self-inductance and use of a small amount

of conducting material. On the pattern of streamlines, thinstrips of copper are installed.

The currents in the strips are assumed static, and uniformlydistributed. However, even in

the static case, a uniform distribution is not always a validassumption, especially not for

curved strips. In the non-static case, when gradient coils are switched on and off subse-

quently, the current is not distributed uniformly, becauseeddy currents are induced in the

strips. Eddy currents cause undesirable disturbances in the gradient field. Moreover, the

presence of eddy currents will increase the resistance of the coil, resulting in a higher energy

dissipation. Meanwhile, the self-inductance will decrease, resulting in the need for a smaller

voltage supply.

The main goal of this thesis is to give a detailed analysis anda simulation of the eddy cur-

rents that are present in gradient coils. The analysis will be of support to the overall design

of such coils at PMS. To get to such an analysis, a mathematical model must be derived for
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the current distribution in a gradient coil of a given configuration. The model should incor-

porate changing fields and mutual electromagnetic field coupling. As far as the geometry is

concerned, the model should describe conductors on a cylindrical surface.

In particular, the analysis should lead to the design of a software tool that simulates the cur-

rent distribution and the electromagnetic behavior quantitatively. In the simulation, special

attention should be devoted to time effects (different frequencies) and spatial effects (space

dependent magnetic fields), and in particular to the derivation of characteristics that deter-

mine the system. Time dependence of the current distribution is an important aspect in the

relationship to the question how problem areas can be identified regarding image quality.

Localizing the problem areas is a necessity for the development of a method to eliminate

unwanted perturbations in the gradient field.

The analysis in this thesis provides insight in the behaviorof eddy currents in a gradient

coil. Characteristic quantities of a system are derived, inparticular self-inductance, resis-

tance, characteristic frequency, phase-lag with respect to the source, dissipated energy, stored

energy, variation of the magnetic field, the linearity of thegradient field, and the error of

the achieved field in comparison with the desired field. For all these characteristic quanti-

ties, we investigate their dependence on the frequency of the applied source, the shape of the

conductors, the distance between the conductors, and the conductivity.

1.3.2 Literature

From the numerous books on electromagnetic fields, three books have to be mentioned that

deal with eddy currents. The book by Tegopoulos and Kriezis [68] is concerned with ana-

lytical methods applied mainly to two-dimensional configurations. The book by Stoll [63]

is concerned with both analytical and numerical methods, giving a wide spectrum of eddy

current considerations; especially the finite difference method has been widely documented.

The book by Lammeraner and Stafl [35] is devoted to the analytical approach only and covers

one-dimensional configurations.

Research on eddy currents is mostly devoted to localizing the areas where they occur. From

the devices in which eddy currents are desirable and therefore exploited, we mention the eddy

current waste separation belt. Rem describes in [51] how eddy current separation is used in

the recycling of non-ferrous metals from waste. Due to a changing magnetic field around a

moving belt, eddy currents are induced in the metal particles, which cause these particles to

repel from the belt. Other areas in which eddy currents are desirable are brake systems [58]

and induction heaters [56]. In all these examples, the electromagnetic energy from the eddy

currents is converted to work done by forces or heat dissipation.

In most electromagnetic machines, eddy currents are undesirable. An example of undesired

presence of eddy currents is in Cathode-Ray Tube (CRT) deflection coils; see [24]. The

CRT is the predominant display device for televisions and computers. Eddy currents in the
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deflection coils contribute to heat dissipation and ringing(annoying patterns on the screen).

Another unfavorable aspect of eddy currents is generation of destructive forces [69]. In MRI

applications, eddy currents not only occur in the scanner itself, but they can also be induced

in the patient. The patient might be heated locally due to energy dissipation in tissue. This

phenomenon is measured by the Specific Absorption Rate (SAR); see e.g. [25], [45]. Also,

nerves might be stimulated by the induced currents. This phenomenon is referred to as Pe-

ripheral Nerve Stimulation (PNS); see e.g. [40], [83].

The design of gradient coils is an important subject in the development of MRI-scanners.

As already mentioned in Section 1.2, the principle of a Maxwell pair is used to design a z-

coil. The Maxwell pair consists of two circular loops of wirecarrying a current in opposite

direction. A straightforward approach to obtain a better gradient field is to introduce more

loops or a coil with multiple turns. In [53], [65], methods are described to determine the

positions of the loops and the intensities of the currents. Because of the anti-symmetry of the

configuration, the field and all its even derivatives vanish at the origin. By properly selecting

the positions and the currents, we can systematically remove the third, fifth and higher order

odd derivatives, thus achieving a better gradient field.

In other methods, the values of the currents are fixed and the corresponding positions are

computed. This leads to optimization methods, such as the conjugate gradient method [84]

and the simulated annealing method [15]. Some basic methodsfor the design of x- and y-coils

are described by [17], [57]. Another approach is the target field method [73]. In this approach

the desired field is specified and the corresponding current distribution on the cylindrical sur-

face is computed. Approaches using stream functions to determine optimal surface structures

are reported among others by Peeren [46], [47], and Tomasi [71]. In [46], [47], the optimal

structure is related to a minimization of the magnetic energy. In this approach, currents are

assumed static. Possible displacements of the currents dueto inductive effects are not taken

into account. In [71], the current distribution is discretized by use of one-dimensional wires.

As a result of eddy currents, the gradient homogeneity can bedegraded and the rise and decay

times of the switched field can be increased. A solution to this problem is to place a shield

between gradient coils and their surrounding structures, so that the gradient field is reduced to

zero outside the shield. This technique is often referred toas passive shielding [72]. An even

better solution is to design gradient coils that produce a low intensity magnetic field outside

the coils and thus hardly induce eddy currents in other conducting structures. Such coils must

consist of at least two coils of different sizes. The outer coil, i.e. the shield coil, produces

a field that cancels the one of the primary coil outside the shield coil. This technique is

referred to as active shielding [8], [41]. Another issue in gradient coil design is the reduction

of disturbing sound. Some recent publications on acoustic control in gradient coils are e.g.

by Mansfield et al. [42] and Li et al. [37].

In the mathematical description of dynamic current distributions through strip-like structures,

aspects as skin depth and edge-effects play an important role; see e.g. [36]. In a paper by



12 Chapter 1. Introduction

Genenko et al. [18], the reduction of edge currents due to magnetic shielding is simulated.

Besides in gradient coils, strip-like structures also appear as striplines in electromagnetic

transmission lines used for the excitation of antennas, seee.g. Collin [14]. However, in con-

trast to the low (quasi-static) frequency range in which gradient coils act (less than104 Hz),

the frequencies for antenna systems are very high (≈ 109 Hz), and in the latter case the strips

can be modeled as perfectly conducting. Whether a conductingstrip, dependent on the range

of applied frequencies, can be considered as infinitely thinand/or perfectly conducting, is

indicated by Bekers et al. [6].

It is a trend nowadays to do research on high-frequency applications, such as antennas [5],

circuit simulators and interconnects [54], [55]. Oddly enough, low-frequency applications

seem to be outdated. The author could not find attempts in literature that analytically treat

the rather simple configurations considered in this research. Apart from numerous numerical

packages that use the Finite Difference Method (FDM), the Finite Element Method (FEM),

the Finite Integration Technique (FIT), the Finite Volume Method (FVM), or the Boundary

Element Method (BEM), no calculations have been performed that make use of the properties

of the governing equations, in order to derive a solution by analytical means. In previous

research for Philips Medical Systems, Ulicevic [76] modeled the edge effect in a gradient

coil by use of infinitely long plane rectangular strips. Thismodel was extended in [77], and

forms the basis of the present work. The eddy currents in a setof rings have been determined

by the author [31], [34] and the characteristics of the magnetic field induced by the resulting

currents are investigated by Tas [67].

The analytical approach in this thesis leads to an integral equation of the second kind for the

current distribution. Atkinson [3], [4] proposed methods,such as the Nyström method and

the collocation method to solve such an integral equation. The asymptotic behavior of the

integral kernel is logarithmic and therefore, inspired by the paper of Reade [50], we use the

Galerkin method with Legendre polynomials as the basis functions. Abdou [1] also presents

a method to solve Fredholm-Volterra integral equations with logarithmic singular kernels by

means of Legendre polynomials.

1.3.3 Outline

The modeling starts with the derivation of the governing equations, describing the current dis-

tribution in the conductors of a cylindrical gradient coil;see Chapter 2. These equations are

based on Maxwell’s equations, the constitutive equations for conductors of copper, boundary

conditions restricting the current and a given supplied total current. The resulting equation

for the current distribution is an integral equation of the second kind, valid on the cylindrical

surface of the gradient coil. The configuration of copper strips on this coil is arbitrary.

Before we consider a specific configuration, we first investigate the integral equation. In

Chapter 3, we show that the kernel contains a logarithmic singularity. Induced currents have

a preferable direction and the singularity is logarithmic in the coordinate perpendicular to this
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direction. To determine an approximation of the current distribution, we apply the Galerkin

method. The basis functions that we use are defined globally,i.e. on the whole domain of a

strip, without having limited support. We show that the mostappropriate choice of the basis

functions is Fourier modes in the coordinate representing the preferable direction and Leg-

endre polynomials in the coordinate perpendicular to it. A software tool has been designed,

calledEddy, which simulates the current distribution by use of this method. In Section 3.4,

we present the special case of infinitely long plane rectangular strips. Although this example

is physically not feasible, it contains the characteristics that appear in the realistic geometries

of the following chapters. The integral equation for this special case has a purely logarith-

mic kernel. Exploiting the relations of Special Functions,we are able to calculate the inner

products for the Galerkin method analytically.

In Chapter 4, we consider the configuration consisting of circular loops of strips, called rings.

This ring model is a good approximation of the z-coil. The general integral equation for

the current distribution of an arbitrary configuration is adjusted to one for an axi-symmetric

current. The kernel can be expressed in terms of elliptic integrals and from their asymptotic

expansion the logarithmic function is established. Thus, Legendre polynomials are appropri-

ate basis functions for the current distribution and the analytical result from Chapter 3 can be

used. We compute the amplitude of the currents in the rings and their phase-lags with respect

to the applied source. Both effects cause a distortion in themagnetic field. The magnitude of

the field changes and the time behavior does not correspond tothe one of the desired field. We

want to get more insight in these effects, because the quality of the images in MRI is highly

susceptible to them. In this chapter, we also compute the magnetic field induced by the cur-

rents in the rings as well as the resulting resistance and self-inductance of such a system of

rings.

As an extension of the ring model, which is axi-symmetric, weintroduce pieces of copper

that are placed between the rings. We call these pieces of copper islands. They are used in

gradient coils to fill up empty spaces for a better heat transfer and a higher stability of the coil.

Another case in which islands can be used in the model is when slits are cut into the strips

to force the current to flow in a certain direction. Even though the islands are not connected

to a voltage source, eddy currents occur due to inductive effects. In Chapter 5, the current

distribution is determined in a set of rings and islands. Here, the Fourier mode decomposition

is useful and the Legendre polynomials are again appropriate to describe the dependence of

the axial coordinate. Furthermore, we show how the islands affect the resistance and the

self-inductance.

In Chapter 6, we consider a set of plane circular loops of strips. This configuration is used to

model the x- and y-coil. Although these coils are installed on a cylindrical surface, the current

distribution is approximately the same as in plane circularstrips. The reason for that is that the

currents are only affected by local influences. We determinethe current distribution in these

plane circular strips by use of Legendre polynomials and compute the resulting magnetic
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field, resistance and self-inductance.

The conclusions are summarized in Chapter 7. We give an overview of the design aspects

that are used in the development of the software toolEddy. This chapter is concluded with a

summary of the most important results of this thesis.

1.4 Concluding remarks

As mentioned, part of the objective is to develop a software tool that simulates the current dis-

tribution in a gradient coil of an MRI-scanner. This tool should be able to predict tendencies

with respect to specific behavior of time-varying currents and the corresponding magnetic

field, such as edge-effects and field distortions. Due to induced eddy currents, the magnitude

of the field changes and the time behavior does not correspondto the one of the desired field.

In MRI, the occurrence of eddy currents is an undesirable phenomenon. The quality of the

images is very much susceptible to these effects. Due to distortions in the magnetic field,

the images become blurred or show wrong information. Apart from high quality of the MRI-

scans, another design aspect of a scanner is economical energy consumption. High switching

rates of a gradient coil require a lot of power to bring the field to a desired strength. Moreover,

energy is dissipated due to heated copper. Quantitative values that represent these energy

aspects are the resistance and the self-inductance of a gradient coil. With our software tool,

eddy currents in a coil can be determined and thus the resistance and the self-inductance of

the coil can be computed.
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Figure 1.6: Examples of MRI scans.





CHAPTER 2

Model formulation

In this chapter, we present a model of a gradient coil. It is the basis of the analysis in this

thesis. We start in Section 2.1 with an overview of the fundamentals of electromagnetic

theory, as introduced in the book by Stratton [64]. The geometry of our model, as specified

in Section 2.2, is a cylinder covered with thin conducting strips. Since we wish to model

different types of gradient coils, we start from a general distribution of strips on the cylinder.

In Section 2.3, the electromagnetic equations are applied to a particular conducting geometry,

leading to an integral equation for the current distribution. The summary of this chapter is

presented in Section 2.4.

2.1 Electromagnetic field theory

2.1.1 Maxwell’s equations

Electromagnetic phenomena are governed by Maxwell’s equations and the continuity equa-

tion (conservation of charge); see [64, Ch.1]. The equations are based on four basic global

conservation laws: Gauss’ law, Ampère’s law, Faraday’s law, and the law of conservation

of magnetic induction. In this subsection, we present the mathematical formulation of these

laws. The electromagnetic quantities used are summarized in Table 2.1.

1. In global form, Gauss’ law is given by
∫

∂V
D · n da =

∫

V
ρ dv, (2.1)

or, in words, the total flux of the dielectric displacement through any closed surface,

∂V, is equal to the total electric charge within the volume,V, enclosed by the surface.

2. In global form, Amp̀ere’s law is given by
∫

∂S
H · t ds =

∫

S
J · n da+

∂

∂t

∫

S
D · n da. (2.2)
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Table 2.1: Electromagnetic field quantities

Symbol Name SI Units
E Electric field Volt/meter [V/m]
B Magnetic induction Tesla [T]
D Dielectric displacement Coulomb/square meter [C/m2]
H Magnetic field Ampère/meter [A/m]
J Current density Ampère/square meter [A/m2]
ρ Charge density Coulomb/cubic meter [C/m3]

In words, this relation states that the work done by the magnetic field along any closed

curve,∂S, is equal to the flux of the electric current through the surface,S, enclosed

by the curve, plus the time rate of change of the total flux of the dielectric displacement

through the same surface.

3. In global form, Faraday’s law is given by
∫

∂S
E · t ds = − ∂

∂t

∫

S
B · n da. (2.3)

In words, this relation states that the work done by the electric field along any closed

curve,∂S, is equal to the time rate of change of the total magnetic flux through the

surface,S, enclosed by the curve.

4. In global form, conservation of magnetic induction is represented by the relation
∫

∂V
B · n da = 0. (2.4)

In words, the total flux of the magnetic induction through anyclosed surface,∂V, is

zero.

The local form of (2.1) - (2.4) is presented by the set of differential equations (D = D(x, t),

etc.)

∇× H = J +
∂D

∂t
, (2.5)

∇× E = −∂B
∂t

, (2.6)

∇ · D = ρ , (2.7)

∇ · B = 0 . (2.8)

From the differential equations (2.5) and (2.7), we deduce the equation of continuity of charge

∂ρ

∂t
+ ∇ · J = 0. (2.9)
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The global form of this equation is given by
∫

∂V
J · n da = − ∂

∂t

∫

V
ρ dv. (2.10)

In words, conservation of electric charge reveals that the flux of the current density,J, through

any closed surface,∂V, is equal to the time rate of change of the free electric charge density

contained inV.

2.1.2 Boundary conditions

The global balance laws formulated in the preceding subsection are also used in the derivation

of jump conditions over a surface of discontinuity. For the normal field components, these

laws are applied to thin volumes (pill boxes), which enclosea part of the surface. There-

after, the thickness of each volume tends to zero; see [64, Sect.1.13]. For the tangential field

components, contours are used that cross the surface. LetS be a fixed surface that separates

mediumG− and mediumG+, where mediumG− and mediumG+ have different electro-

magnetic characteristics. The unit normal onS, pointing from mediumG− into mediumG+,

is denoted byn. With a superindex−, we denote the electromagnetic quantities at the side

of mediumG− and by the superindex+ the electromagnetic quantities of mediumG+. We

introduce the jump of a vector functionG acrossS by [[G]], according to

[[G]] = (G+ − G−)|S . (2.11)

Further, we define[[G · n]] = [[G]] · n and [[G × n]] = [[G]] × n. Discontinuities in the

electromagnetic fields can occur when material parameters,characterizing the media, have

different values in mediumG− and mediumG+. From (2.1) and (2.4) we derive the jump

conditions

[[B · n]] = 0, [[D · n]] = ρs, (2.12)

acrossS, respectively. Here,ρs is the surface charge density, the charge per unit of area atS.

From (2.2) and (2.3) we derive

[[E × n]] = 0, [[H × n]] = −js, (2.13)

acrossS, respectively. Here,js is the surface current flowing alongS, the current per unit of

length inS. Finally, from (2.10) we derive

[[J · n]] = 0, (2.14)

atS.

To conclude this subsection, we mention the classical conditions at infinity. We demand that

|H| ∼ r−2, for r → ∞, wherer = |x|, when currents are only located within a finite

distance to the origin. From Faraday’s law, it then follows that also the magnitude of∇× E

is proportional tor−2, for r → ∞.
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2.1.3 Constitutive equations and driving source

The Maxwell system (2.5) - (2.9) consists of 7 independent equations for the 16 unknowns:

E,D,H,B,J, andρ. Therefore, we need 9 constitutive relations to make the system com-

plete. These relations express the influence of matter on theelectromagnetic fields and vice

versa. In free space, we have

B = µ0H, (2.15)

D = ǫ0E, (2.16)

J = 0, (2.17)

whereµ0 = 4π · 10−7 H/m andǫ0 = 1/(µ0c
2
0) = 1/(36π) · 10−9 F/m are the magnetic

permeability and the electric permittivity in free space, respectively, andc0 is the speed of

light in free space.

In the presence of matter, we have

B = µ0(H + M), (2.18)

D = ǫ0E + P, (2.19)

where we have introduced the polarization fieldP and the magnetization fieldM. We now

distinguish primary fields and secondary fields; see [7, Sect.2.2]. A primary field is used

to represent the physical sources of the electromagnetic fields. Primary fields are enforced

externally and will be used as the driving sources in our problems. A secondary field is the

result of the interaction betweenE andH and the charged particles in the medium. We

use superscriptsprim and sec to indicate the difference. Thus, we arrive at the following

representations:

ρ = ρprim + ρsec, (2.20)

J = Jprim + Jsec, (2.21)

P = Pprim + Psec, (2.22)

M = Mprim + Msec. (2.23)

For linear, homogeneous, isotropic, and stationary media,we use the constitutive relations

Jsec(x, t) = σE(x, t), (2.24)

Psec(x, t) = ǫ0χeE(x, t), (2.25)

Msec(x, t) = χmH(x, t). (2.26)

The material constantsσ, χe andχm are known as conductivity, electric susceptibility, and

magnetic susceptibility, respectively. For the secondarychargeρsec a separate relation is not

needed; for givenJprim,Jsec andρprim, the secondary charge can directly be determined
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from the equation of continuity (2.9). We now arrive at

B = µH + µ0M
prim, (2.27)

D = ǫE + Pprim, (2.28)

J = σE + Jprim, (2.29)

whereµ = µ0(1 + χm) is the permeability andǫ = ǫ0(1 + χe) is the permittivity of the

medium. Equation (2.29) is also referred to as Ohm’s law.

Table 2.2: Values of electromagnetic constants for copper.

Symbol Name Value
σ Electric conductivity 5.88 · 107 Ω−1m−1

µ Magnetic permeability 1.26 · 10−6 Hm−1

ǫ Electric permittivity 8.85 · 10−12 Cm−1

In Table 2.2, the numerical values ofσ, µ, andǫ are listed, as they are used in this thesis.

Here,σ, µ(= µ0) andǫ(= ǫ0) are the electric conductivity, the magnetic permeability,and

the electric permittivity of copper, respectively.

2.1.4 General solution of Maxwell’s equations in free space

The media used in this thesis are copper and air. The materialparameters of air are equal to

the ones of free space and the copper is assumed to be non-polarizable and non-magnetizable

(ǫ = ǫ0, µ = µ0, everywhere). We consider the electromagnetic system without having any

interaction with other objects, i.e. we assume that the system is in free space. Since the

divergence ofB is zero, we introduce the vector potentialA = A(x, t), according to

B = ∇× A. (2.30)

With (2.30), using Stokes’ theorem, we can write Faraday’s law (2.3) as
∫

∂S
E · t ds = − ∂

∂t

∫

S
(∇× A) · n da = −

∫

S
(∇× ∂A

∂t
) · n da

= −
∫

∂S

∂A

∂t
· t ds. (2.31)

Thus, for any∂S, the vector fieldsE andA satisfy
∫

∂S
(E +

∂A

∂t
) · t ds = 0. (2.32)

This is the necessary and sufficient condition for the existence of a scalar potentialφ =

φ(x, t), for the fieldE + ∂A/∂t, such that

E +
∂A

∂t
= −∇φ. (2.33)
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Since we are dealing with a physical system, the current density J(x) and the charge density

ρ(x) are finite and confined to a finite volumeV. Substituting (2.33) into (2.7), we obtain the

relation

−∇2φ− ∂

∂t
(∇ · A) =

ρ

ǫ0
, (2.34)

while (2.5) becomes

−∇2A + ǫ0µ0
∂2A

∂t2
+ ∇

[

(∇ · A) + ǫ0µ0
∂φ

∂t

]

= µ0J. (2.35)

Thus, both the electric and the magnetic field are put in termsof the vector potentialA and

the scalar potentialφ. Note that there is no unique solution forA andφ. Namely,

A′ = A + ∇ψ, φ′ = φ− ∂ψ

∂t
, (2.36)

is also a solution. We restrict the number of solutions,A andφ, by imposing a gauge. One

option is the Lorentz gauge, defined by

∇ · A = −ǫ0µ0
∂φ

∂t
, (2.37)

which decouples (2.34) and (2.35) forA andφ resulting in the inhomogeneous wave equa-

tions

∇2φ− ǫ0µ0
∂2φ

∂t2
= − ρ

ǫ0
, (2.38)

∇2A − ǫ0µ0
∂2A

∂t2
= −µ0J. (2.39)

A favorable aspect here is thatA andφ satisfy similar equations.

Another option is the Coulomb gauge

∇ · A = 0, (2.40)

which yields the Poisson equation

∇2φ = − ρ

ǫ0
, (2.41)

and the wave equation

∇2A − ǫ0µ0
∂2A

∂t2
= −µ0J + ∇

[

ǫ0µ0
∂φ

∂t

]

. (2.42)

Provided that there are no electric charges outsideV, the solution of the Poisson equation

(2.41), satisfying the condition thatφ = O(r−1), r → ∞, is given by (see [64, Sect.3.4])

φ(x, t) =
1

4πǫ0

∫

V

ρ(ξ, t)

|x − ξ| dv(ξ). (2.43)

The vector potentialA can be solved from (2.42), whenφ is meanwhile a known function.
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In our problem, a quasi-static approach may be applied (see (2.99) further on, for explana-

tion), implying that we may replace (2.42) by

∇2A = −µ0J. (2.44)

Similar to (2.43), we have (see [64, Sect.4.15] and note thatthere are no electric currents

outsideV)

A(x, t) =
µ0

4π

∫

V

J(ξ, t)

|x − ξ| dv(ξ). (2.45)

From the definition ofA in (2.30), the solution forB can be derived as

B(x, t) =
µ0

4π

∫

V
J(ξ, t) × x − ξ

|x − ξ|3 dv(ξ), (2.46)

which is also known as the law of Biot-Savart.

In case we are dealing with a surface current densityjs(x, t) or a surface charge density

ρs(x, t), confined to a finite surfaceS (ρ = 0,J = 0 in V) the equations (2.41) and (2.44)

are replaced by

∇2φ = 0, ∇2A = 0, (2.47)

and they should hold everywhere inIR3 except onS. Additionally, we have to impose jump

conditions atS. For instance[[∂φ/∂n]]|S = −ρs/ǫ0 and[[B × n]]|S = −µ0js. The solutions

of φ andA in the quasi-static approach are then (again see [64, Sect.3.4] and [64, Sect.4.15])

φ(x, t) =
1

4πǫ0

∫

S

ρs(ξ, t)

|x − ξ| da(ξ), (2.48)

and

A(x, t) =
µ0

4π

∫

S

j(ξ, t)

|x − ξ| da(ξ). (2.49)

For a volume current densityJ and a surface current densityj, the normal components at the

boundary of the conductors are equal to zero.

2.1.5 Energy flow and electromagnetic forces

From conservation of energy, it is apparent that a change in time of the field intensity and

the energy density must be associated with a flow of energy from or towards the source. In

global form, the balance of energy is given by; see [64, Sect.2.19],
∫

V
E · J dv +

∫

∂V
(E × H) · n da = −

∫

V

(

E · ∂D
∂t

+ H · ∂B
∂t

)

dv, (2.50)

for any volumeV. In differential form, (2.50) reads

E · J + ∇ · (E × H) = −E · ∂D
∂t

− H · ∂B
∂t
, (2.51)
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which is also obtained when pre-multiplying (2.5) byE, pre-multiplying (2.6) byH, and

subtracting the results. The interpretation of (2.50) is asfollows: the first term on the left-

hand side is the total dissipated power,Pdiss(t), which is partly accounted for by the heat loss

and partly compensated by energy introduced through impressed forces. The second term on

the left-hand side stands for the flow of electromagnetic energy across the surface∂V. It can

also be expressed as
∫

∂V
S · n da, with S = E × H. (2.52)

VectorS is called the Poynting vector, which can be interpreted as the density of the energy

flow in the field. Together, the two parts of the left-hand sideof (2.50) form the total loss of

available stored energy. The integral in the right-hand side represents the rate of decrease of

electric and magnetic energy stored within the volumeV.

In case of a quasi-static approach with time-harmonic currents and frequencyω, we can write

(here,J∗ is the complex conjugate ofJ)

J(x, t) = ℜ{J(x)e−iωt} =
1

2
(J(x)e−iωt + J∗(x)eiωt), (2.53)

and with this

Pdiss(t) =

∫

V
E(x, t) · J(x, t) dv(x)

=
1

2σ

∫

V
ℜ{J(x) · J∗(x) + J(x) · J(x)e−2iωt} dv(x). (2.54)

In the right-hand side of (2.50), the rate of increase of electric energy can be set equal to

zero, because in a quasi-static approach the change in time of the dielectric displacement is

negligible. The rate of increase of magnetic energy is the power caused by inductive effects,

and therefore denoted byPind. If we substitute

H · ∂B
∂t

=
1

2

∂

∂t
(B · H), (2.55)

and use that

(∇× A) · H = A · (∇× H) + ∇ · (A × H) = A · J + ∇ · (A × H), (2.56)

thenPind can be written as

Pind =

∫

V
H · ∂B

∂t
dv

=
1

2

∂

∂t

∫

V
A · J dv +

1

2

∂

∂t

∫

∂V
A × H da. (2.57)

VolumeV can be chosen arbitrarily, and so, also the enclosing surface ∂V can. We choose

V to be a sphere with radiusr. If we let r tend to infinity, then the contribution of the
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surface integral disappears, becauseA andH satisfy the far field conditions, where they are

proportional to1/r and1/r2, respectively. Moreover, as in (2.53),

A(x, t) = ℜ{A(x)e−iωt} =
1

2
(A(x)e−iωt + A∗(x)eiωt). (2.58)

Therefore,

Pind(t) =
1

2

∂

∂t

∫

V
A(x, t) · J(x, t) dv(x)

= −ω
2

∫

V
ℜ{iA(x) · J(x)e−2iωt} dv(x). (2.59)

The second term on the left-hand side of (2.50), will not be considered any longer, because it

is simply the sum ofPdiss andPind as described above. Often, only the time-averaged values

are taken into account,

P̄diss =
1

2σ

∫

V
J · J∗ dv, (2.60)

P̄ind = 0. (2.61)

The resultP̄ind = 0 is physically predictable, because the energy needed for inductive effects

is maintained in the system, such that in average no energy islost.

For the computation of the resistance, the self-inductanceand the impedance, we first need to

define the time-averaged values of the magnetic energy and the squared total current. Since

the magnetic energyUm(t) satisfies∂Um/∂t = Pind, it can be written as

Um(t) =
1

2

∫

V
H(x, t) · B(x, t) dv(x)

=
1

4

∫

V
ℜ{A(x) · J∗(x) + A(x) · J(x)e−2iωt} dv(x). (2.62)

Moreover, the total current is defined as the normal component of J(x, t) integrated over a

cross-section of the conductors present. IntroducingI(t) = Ie−iωt, we obtain

I2(t) =
1

2
ℜ{I2e−2iωt + II∗}. (2.63)

The time-averaged values of the magnetic energyŪm and the squared total currentI2
e then

become

Ūm =
1

4

∫

V
A · J∗ dv, (2.64)

I2
e =

1

2
II∗. (2.65)

Note that (2.45) can be used to see thatA·J∗ is real-valued. The termIe is called the effective

current. We now come to the definitions of the resistanceR̄ and the self-inductancēL,

R̄ =
P̄diss
I2
e

=

∫

V J · J∗ dv

σII∗
, (2.66)

L̄ =
Ūm
1
2I

2
e

=

∫

V A · J∗ dv

II∗
. (2.67)
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The impedance is a complex value defined asZ̄ = R̄ − iωL̄. Therefore,Z̄ follows directly

from (2.66) and (2.67). The imaginary part of the impedance is commonly referred to as the

inductive reactance.

For a finite volumeV in equilibrium, the resultant force exerted on the matter within V must

be zero. Contributing to this resultant force are body and surface forces. We define the net

mechanical force acting on a charged volume,Fe, and the net force exerted on a volume with

current,Fm, by

Fe =

∫

V
ρE dv, (2.68)

Fm =

∫

V
J × B dv. (2.69)

We refer toFe as the Coulomb force and toFm as the Lorentz force. Together,Fe and

Fm represent the change in time of the total linear momentum of the moving charges, also

denoted as∂Gmech/∂t. In the dynamic case, an extra body force arises from the variation in

time of the linear momentum of the fieldGf in the volumeV, defined by; see [64, Sect.2.29]

∂Gf

∂t
=

∫

V

∂

∂t
(D × B) dv. (2.70)

The total surface forces are equal to the total outward flux ofmomentum through the surface

S, which can be expressed as

∫

S
τ da =

∫

S
T · n da. (2.71)

Here,τ represents the traction exerted by matter outsideS on a unit area ofS, andT is the

corresponding stress tensor. Equilibrium of forces is now formulated in global form as

∫

V

[

ρE + J × B +
∂

∂t
(D × B)

]

dv +

∫

S
T · n da = 0, (2.72)

or in local form (see [27, Eq.2.80] or [64, Sect.2.29]), resulting in the differential equation

ρE + J × B +
∂

∂t
(D × B) + ∇ · T = 0. (2.73)

For completeness, we define the divergence operator appliedon a tensor

∇ · T =
3

∑

j=1

3
∑

k=1

∂Tkj
∂xk

ej . (2.74)

Equation (2.73) can also be obtained by vector multiplication of (2.5) byB/µ0, vector mul-

tiplication of (2.6) byǫ0E, and by addition of the results.
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(a) x-coil

(b) z-coil

Figure 2.1: (a) Sketch of the x-coil. The y-coil has an identical shape and is placed
in the scanner with a rotation of 90 degrees about the x-coil;(b) Sketch of the z-coil.
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2.2 Geometry of the model

A gradient coil consists of a long strip of copper arranged ona cylinder. Figure 2.1 shows de-

sign configurations of gradient coils. The width of the stripis a few centimeters, its thickness

a few millimeters. The mutual distance between separate windings of the coil varies from

just a few millimeters to several centimeters.

To model a gradient coil, we consider a geometry of strips on acylinder. We use cylindrical

coordinates(r, ϕ, z), where thez-axis coincides with the central axis of the cylinder. The

radius of the cylinder isR, such that the surfaceSc of the cylinder is defined as

Sc = {(r, ϕ, z) | r = R,−π ≤ ϕ ≤ π,−∞ < z <∞} . (2.75)

The cylinder is considered as infinitely long, whereas the strips occupy the finite surfaceS∪
on the cylinderSc. All strips have equal thicknessh. Not all strips are necessarily of the

same width, and the mutual distances may be different.

We distinguish three types of strips. The first type is the patch, a simply connected piece of

copper placed on the cylinder. The second type is the strip that forms a closed loop around

the cylinder, encircling the cylinder once. The third type also forms a closed loop, but closed

on top of the surface of the cylinder, instead of encircling;see Figure 2.2.

ev

eu

2

3

1

Figure 2.2: Three types of strips: 1. Patch; 2. Closed loop encircling the cylinder;
3. Closed loop on top of the cylinder.

We assume that there areN distinct strips and that the width of each strip is uniform. In each

of theN strips, we have to determine the current distribution, driven by prescribed sources.

The currents in different strips can be driven by the same source. Therefore, we introduce

L groups of strips,L ≤ N , such that the current through all strips of one groupl is driven

by one source. The total current through each group is prescribed, having the valueIl(t),
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l = 1, . . . , L. Each group consists ofNl strips, such that
∑L
l=1Nl = N . We defineS(l)

n as

the surface occupied by then-th strip in groupl, n ∈ {1, . . . , Nl}, l ∈ {1, . . . , L}, andS(l)
∪

as the surface occupied by the strips in thel-th group. So,

S
(l)
∪ =

Nl
∑

n=1

S(l)
n , and S∪ =

L
∑

l=1

S
(l)
∪ . (2.76)

Here,
∑

denotes the disjoint union of sets. Note thatS
(l)
n ⊂ S

(l)
∪ ⊂ S∪ ⊂ Sc. By G−, we

denote the inner region of the cylinderSc, and byG+ the outer region.

For the description of the geometry used in the model, we consider the central linec = c(u)

of a stripS, whereu represents the path length along the line. The central linec(u) is

extended geometrically to a strip with uniform width. For that, we define in every point of

c(u) a curved(v;u), which crossesc(u) perpendicularly and is restricted to the cylindrical

surface. A way to achieve this, is by considering the plane through the point ofc(u) with its

normal tangent to the curvec(u). The plane intersects with the cylinder and forms a curve

D(v;u), which is an ellipse, or a straight line. In every point ofc(u) we choose a part of the

curveD(v;u), referred to asd(v;u), with length equal to the width of the strip, such that

on both sides ofc(u) we have half of the width of the strip. We assume that the radius of

curvature of the central line is larger than half the width ofthe strip throughout the whole

configuration. For strips with widths that are much smaller than the radius of the cylinder,

it is plausible to give a local description of the surface of the strip. Therefore, we define the

local coordinate system for the central line,{er, eu, ev}, whereeu is the normalized tangent

along the curve

eu(u) =
c′(u)

|c′(u)| . (2.77)

The coordinate vectorer = er(u) = er|c(u) is the outward normal on the cylinder surface

along the curve, andev = er × eu tangent to the cylinder and normal to the central line.

The simplest example of a closed loop is a ring of widthD, with surface
{

(r cosu, r sinu, z) | r = R,−π ≤ u ≤ π,−D
2

≤ z ≤ D

2

}

, (2.78)

and central line

c(u) = (R cosu,R sinu, 0), −π ≤ u ≤ π. (2.79)

Locally, we approximate the coordinate system by

eu(u) = eϕ, (2.80)

ev(u) = ez, (2.81)

er(u) = er. (2.82)

Another example of a closed loop is the circular strip, with radiusRs, on the cylindrical

surface, with radiusR (Rs < R). A Cartesian basis{ex, ey, ez} is chosen such that the
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y-axis passes through the center of the circular strip on the cylinder. The central line is

presented in Cartesian coordinates by

{

(x, y, z) | x2 + y2 = R2, x2 + z2 = R2
s, y > 0

}

. (2.83)

In the{er, eu, ev} system, we obtain

c(u) = (Rs cosu,
√

R2 −R2
s cos2 u,Rs sinu), −π ≤ u ≤ π, (2.84)

and the local coordinate vectors

er(u) =
1

R
(Rs cosu,

√

R2 −R2
s cos2 u, 0), (2.85)

eu(u) =

√

R2 −R2
s cos2 u

Rs
√

R2 −R2
s cos4 u

(−Rs sinu,
R2
s cosu sinu

√

R2 −R2
s cos2 u

,Rs cosu), (2.86)

ev(u) = eu(u) × er(u). (2.87)

2.3 Mathematical model

In this section, we present the boundary value problem for the specific geometry as de-

scribed in Section 2.2. To obtain the mathematical description of our problem, we start from

Maxwell’s theory as described in Section 2.1 and we reduce the equations by means of some

appropriate assumptions. The equations are written in dimensionless form. An integral equa-

tion is derived for the current distribution on the surface of the cylinder.

2.3.1 Basic assumptions and reduced model

To reduce the set of equations exposed in Section 2.1, we use the following assumptions:

1. The current distribution is time harmonic with angular frequencyω and with that also

the magnetic field and the electric field are.

2. The only driving source is a primary current source.

3. The strips are isotropic, homogeneous, non-polarizable, and non-magnetizable conduc-

tors (copper). The space outside the strips is air.

4. The frequencyω is sufficiently small, such that we can neglect the displacement current

in Ampère’s law, i.e. we may use a quasi-static approach.

5. The thickness of the strips is neglected.

6. The conductors are rigid; magneto-mechanical effects (vibrations) are not considered.
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Some comments on the assumptions 1,2,4,5 are given below.

1. The time dependent current in a gradient coil can be represented by a sum of time-harmonic

currents, i.e.

J(x, t) = ℜ{
N

∑

n=1

Jn(x)e−iωnt}. (2.88)

A typical acquisition sequence for a gradient coil is the trapezoidal sequence; see [79].

In [67], Tas derives time series expansions as in (2.88) for several trapezoidal sequences,

yielding the values ofωn. We investigate the solution for each frequency,ω = ωn, sepa-

rately. For one frequency component, the electric field, themagnetic field, and the current

density satisfy

E(x, t) = ℜ{E(x)e−iωt}, (2.89)

H(x, t) = ℜ{H(x)e−iωt}, (2.90)

J(x, t) = ℜ{J(x)e−iωt}, (2.91)

respectively. Without further comments, the termsℜ{} ande−iωt are omitted in the equa-

tions: the remaining (complex) amplitudes of the fields are only space dependent and all time

derivatives are replaced by the factor−iω. The Maxwell equations, valid in bothG− and

G+, become (expressed inE = E(x) andH = H(x) only)

∇× E = iωµ0H, ∇ · E = 0, (2.92)

∇× H = 0, ∇ · H = 0, (2.93)

where absence of currents and free charges inG− andG+ is used.

2. In most practical problems, currents are caused by a voltage source. In modeling such

problems, one usually prescribes the voltage source at the boundaries of the conductors, with

that defining the begin and end of the system. See for example [26, p.128], [78, Sect.2.1.1].

In all models we use throughout this thesis, only conductorsare excited that form closed

loops of strips. For such geometries, without begin and end,a voltage source is not easily

applied. Therefore, in our approach, we assume a time-harmonic primary currentJprim. We

shall further on assignJprim either to one strip or to a group of strips. The primary current

Jprim is enforced locally. The conductivity of the copper takes care of the transportation

of the current, yielding a distributionJs(x, t), which is commonly referred to as thesource

current; see [29, Eq.(2.1.4)], [80, Sect.2.1].

Due to the time-harmonic source current,Js(x, t) = ℜ{Js(x)e−iωt}, the electromagnetic

fields vary simultaneously, causing induced currents. These induced currents are callededdy

currents, Je(x, t) = ℜ{Je(x)e−iωt}. The total currentJ(x) is the sum of the source current

Js(x) and the eddy currentJe(x),

J(x) = Js(x) + Je(x). (2.94)
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Note thatJs partly contains the primary currentJprim and that the remaining part, together

with Je, forms the secondary currentJsec; see Section 2.1.3. However, because it is more

common to talk about eddy currents for induced currents, we use from now on the terminol-

ogy Js andJe. Eddy currents can be caused by currents in other conductorsas well as by a

current in the conductor itself, i.e. self-induction. In the latter case, the induced currents are

often referred to asself-eddy currentsor self-eddies.

4. The source currentJs causes an electric fieldEimp, which is called the imposed electric

field and is related to the term−∇φ in (2.33). The induced eddy currentJe causes an induced

electric field,Eind, which is related to the term∂A/∂t in (2.33). The only driving source is

Jprim, so no primary fieldsMprim andPprim are imposed; see (2.22) and (2.23). Therefore,

(2.27) - (2.29) can be written as

B = µ0H, (2.95)

D = ǫ0E, (2.96)

J = Js + iωσA, (2.97)

where (2.97) holds on the conducting strips. Substituting these constitutive equations and

(2.89) - (2.91) into Maxwell’s equation (2.5), we obtain forH(x) andJ(x) on the conductors

that

∇× H =
(

1 − iωǫ0
σ

)

J. (2.98)

According to Tas [67], the frequency spectrum mainly consists of low frequencies, where low

means in the order of kHz. If we use frequenciesf = ω/2π < 104 Hz, then we have enough

information to reconstruct the signal. Using the values from Table 2.2, we obtain

ǫ0ω

σ
< 10−14 ≪ 1. (2.99)

This justifies the neglect of the displacement current, i.e.the contribution of∂D/∂t in

Ampère’s law, which yields thequasi-staticversion of (2.5)

∇× H = J, (2.100)

on the conductors. Within the same order of approximation, the equation of conservation of

charge (2.9) becomes

∇ · J = 0. (2.101)

Hence, the current in the conductor is divergence free.

5. The cross-section of a ring is a narrow rectangle, meaningthat the thicknessh is small

compared to its width. More relevant for us is the ratio of half the thickness of the ring,h/2,

with respect to the penetration depthδ. The penetration depth is a characteristic length for the

decline of the current density in the thickness direction, and is defined asδ =
√

2/µ0σω; see

e.g. [30, Eq.(35.7)]. The values for the electric conductivity σ and the magnetic permeability
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µ0 are given in Table 2.2. A typical measure for the thickness ish = 2.5 · 10−3 m. For

frequenciesf < 104 Hz, we find thatδ > h/2, implying that the current density is approx-

imately uniform in the thickness direction. Consequently,we can assume that the rings are

infinitely thin and that the radial component of the current density on the strip is zero. We

replace the current densityJ (in A/m2) by the surface current per unit of lengthj (in A/m),

defined as

j(ϕ, z) =

∫ R+h

R

J(r, ϕ, z) dr ≈ hJ(R,ϕ, z). (2.102)

We recall that Maxwell’s equations (2.92) - (2.93) are validfor ordinary points, i.e. for points

in whose neighborhood the physical properties of the mediumvary continuously. The points

on the cylinderSc between the strips are ordinary points, whereas points on the strips, i.e.

onS∪, are not. Since the thickness of the strips is negligibly small, the regionsG− andG+

are both bounded byr = R. We describe the field inG− andG+ in terms of cylindrical

coordinates: inG− we have the field components{E−
r , E

−
ϕ , E

−
z ,H

−
r ,H

−
ϕ ,H

−
z } and inG+

we have{E+
r , E

+
ϕ , E

+
z ,H

+
r ,H

+
ϕ ,H

+
z }.

For the set of strips,S∪, arbitrarily distributed on the cylinder, the surface currentj satisfies

j = jϕ(ϕ, z)eϕ + jz(ϕ, z)ez. (2.103)

The current distribution has to be free of divergence, whichis for this surface current repre-

sented by
1

R

∂jϕ
∂ϕ

+
∂jz
∂z

= 0. (2.104)

We apply the boundary conditions (2.12) - (2.13) to the fieldsin G− andG+. The first

boundary condition of (2.12) gives[[µ0Hr]] = 0 across both sides of each strip. Because the

strips are infinitely thin, we can replace the two jump conditions from inner region to strip

and from strip to outer region by one condition as

H−
r (R,ϕ, z) = H+

r (R,ϕ, z), (2.105)

for x ∈ S∪. Letρ(1)
s be the surface charge andE(1)

r the radial component of the electric field,

at the outer surface of the strip. Then the jump condition fromG+ to the strip is[[n · D]] =

ǫ0E
+
r − ǫ0E

(1)
r = ρ

(1)
s . Analogously, letρ(2)

s be the surface charge andE(2)
r the radial

component of the electric field, at the inner surface. Then[[n ·D]] = ǫ0E
−
r − ǫ0E

(2)
r = ρ

(2)
s .

Now, when we let the thickness of the strip tend to zero,ρ
(1)
s andρ(2)

s become one and the

same surface charge, which leaves us with

ρ(1)
s − ρ(2)

s = ǫ0(E
+
r (R,ϕ, z) − E−

r (R,ϕ, z)) = 0. (2.106)

Hence, the second condition of (2.12) can be written as

E−
r (R,ϕ, z) = E+

r (R,ϕ, z). (2.107)
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Thus, the radial components ofH andE are continuous acrossS∪.

Similarly, from (2.13) we obtain

E−
ϕ (R,ϕ, z) = E+

ϕ (R,ϕ, z), (2.108)

E−
z (R,ϕ, z) = E+

z (R,ϕ, z), (2.109)

and

H+
ϕ (R,ϕ, z) −H−

ϕ (R,ϕ, z) = jz(ϕ, z), (2.110)

H+
z (R,ϕ, z) −H−

z (R,ϕ, z) = −jϕ(ϕ, z), (2.111)

valid on S∪. Note thatjs has been replaced byj as the surface current, and the selected

orientation determines the minus sign.

The pointsx on the cylinderSc that do not belong to the strips, are ordinary points, implying

that at these points of the cylinder the components ofE and H are continuous. Putting

jϕ(ϕ, z) and jz(ϕ, z) to zero at these points, the boundary conditions are satisfied at all

points of the cylinder.

The Maxwell equations are a set of coupled first-order partial differential equations. To solve

these equations, we introduce potentials according to Section 2.1.4, with the purpose of trans-

forming the Maxwell equations into a reduced number of second-order differential equations.

The vector potentialA satisfiesB = ∇× A and the scalar potentialφ satisfies

E = iωA −∇φ, (2.112)

where the time-harmonic behavior has been included. Using the Coulomb gauge,∇ ·A = 0,

and the quasi-static approximation, we obtain, cf. (2.47),

∇2A = 0, (2.113)

∇2φ = 0. (2.114)

Hence, the scalar potentialφ is harmonic in the regionG− ∪G+, is continuous everywhere,

and vanishes at infinity. Also∂φ/∂n is continuous everywhere, because there is no surface

charge. So,φ ≡ 0 andE = iωA. Solving the problem forA solves the problem forE and

we continue withA.

The Maxwell equations in terms ofA andH become

∇× A = µ0H, ∇ · A = 0, (2.115)

∇× H = 0, ∇ · H = 0, (2.116)

for x ∈ G− ∪G+, together with the boundary conditions

A−(R,ϕ, z) = A+(R,ϕ, z), (2.117)
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and

H−
r (R,ϕ, z) = H+

r (R,ϕ, z), (2.118)

H+
ϕ (R,ϕ, z) −H−

ϕ (R,ϕ, z) = jz(ϕ, z), (2.119)

H+
z (R,ϕ, z) −H−

z (R,ϕ, z) = −jϕ(ϕ, z), (2.120)

for all x ∈ Sc, with x represented by the coordinates(R,ϕ, z). The conditions at infinity

require

H → 0, ∇× A → 0, for |x| → ∞. (2.121)

Using Ohm’s law (2.97), we obtain for the total current

jϕ(ϕ, z) = jsϕ(ϕ, z) + iωhσAϕ(R,ϕ, z), (2.122)

jz(ϕ, z) = jsz(ϕ, z) + iωhσAz(R,ϕ, z). (2.123)

The description of the source currentjs(ϕ, z) depends on the geometry under consideration,

and is therefore discussed in more detail in the specific examples presented in this thesis; see

Chapters 4 - 6. The parts of (2.122) and (2.123) with the vector potential componentsAϕ and

Az correspond with the eddy current parts,jeϕ andjez , of the total current componentsjϕ and

jz.

The only condition we have not used yet, is (2.14), which states that the normal component of

the current at an edge of a strip must be zero. In ther-direction, this condition is automatically

satisfied, because the currentj has nor-component. For a general description of the problem,

it is necessary to write the problem in terms of the local coordinate systems{er, eu, ev}, as

introduced in Section 2.2. For this, we write

j(u, v) = ju(u, v)eu(u) + jv(u, v)ev(u). (2.124)

Then (2.118) - (2.120) become

([[H]]|S∪
, er) = 0, (2.125)

([[H]]|S∪
, eu) = jv, (2.126)

([[H]]|S∪
, ev) = −ju. (2.127)

The condition that the normal component of the currentj at the edge of a strip is zero becomes

ju = 0 or jv = 0 at the edge. For a loop, we have a periodicity condition onju.

In a gradient coil, distinct strips may be present, connected to distinct voltage sources. To

each voltage source one strip is connected, or a group of strips, connected in parallel. In

our model we avoid the use of voltage sources by introducing imposed currents. In order to

describe the quantity of current imposed on the strips, we prescribe the total current that flows

through the cross-sections of the strips. For strips or groups of strips, which are connected in

parallel, one total source current is required.
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If we assume a system consisting ofL groups, then we need to addL additional conditions to

obtain a well-defined problem description. For that, we prescribe the complex amplitudesIl
of the total currents,Il(t) = ℜ{Ile−iωt}, l = 1, . . . , L. The complex amplitudesIl introduce

phase and intensity differences between the sources.

2.3.2 Dimensionless formulation

The free variables in our mathematical model arer, ϕ, z, the dependent variables areA, H, j,

and the parameters areR, h, µ0, σ, ω, Il. The Maxwell equations (2.115) - (2.116) forG− and

G+ and the boundary conditions (2.117) - (2.120) present the relations among the dependent

variables. For scaling, we introduce

r̃ =
r

Dc
, z̃ =

z

Dc
, Ã =

A

Ac
, H̃ =

H

Hc
, ̃ =

j

jc
, (2.128)

where the scaling factorsDc, Ac,Hc and jc are characteristic values, to be chosen. All

distances are scaled by the characteristic distanceDc. Here, it is convenient to choose the

radius of the cylinder as the characteristic distance, i.e.Dc = R. Using the scaling in (2.115),

we obtain

∇̃ × Ã =
µ0RH

c

Ac
H̃, (2.129)

where

∇̃ = (
∂

∂r̃
,
1

r̃

∂

∂ϕ
,
∂

∂z̃
). (2.130)

We obtain the simplest formulation by imposing the relation

Ac = µ0RH
c. (2.131)

The equations (2.115) - (2.116) then become

∇̃ × Ã = H̃, ∇̃ × H̃ = 0, ∇̃ · Ã = 0, ∇̃ · H̃ = 0. (2.132)

Normalization of the jump conditions (2.119) and (2.120) yields

H̃+
ϕ (1, ϕ, z̃) − H̃−

ϕ (1, ϕ, z̃) =
jc

Hc
̃z(ϕ, z̃), (2.133)

H̃+
z (1, ϕ, z̃) − H̃−

z (1, ϕ, z̃) = − jc

Hc
̃ϕ(ϕ, z̃), (2.134)

showing that the optimal choice forHc is

Hc = jc, ⇒ Ac = µ0Rj
c. (2.135)

Consequently, the boundary conditions can be written as

H̃−
r (1, ϕ, z̃) = H̃+

r (1, ϕ, z̃), (2.136)

H̃+
ϕ (1, ϕ, z̃) − H̃−

ϕ (1, ϕ, z̃) = ̃z(ϕ, z̃), (2.137)

H̃+
z (1, ϕ, z̃) − H̃−

z (1, ϕ, z̃) = −̃ϕ(ϕ, z̃), (2.138)
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Ã−(1, ϕ, z̃) = Ã+(1, ϕ, z̃). (2.139)

The condition at infinity (2.121) remains unchanged. The relations (2.122) and (2.123) in

dimensionless form are transformed into

iκÃ−
ϕ (1, ϕ, z̃) = iκÃ+

ϕ (1, ϕ, z̃) = ̃ϕ(ϕ, z̃) − ̃sϕ(ϕ, z̃), (2.140)

iκÃ−
z (1, ϕ, z̃) = iκÃ+

z (1, ϕ, z̃) = ̃z(ϕ, z̃) − ̃sz(ϕ, z̃), (2.141)

whereκ = hσµ0ωR is a system parameter. Moreover, the condition that states that the

normal components of the currents at the edges of the strips must be zero remains unchanged

and (2.104) becomes
∂

∂ϕ
̃ϕ +

∂

∂z̃
̃z = 0. (2.142)

We are still free to choosejc. It seems convenient to choosejc as the average current over

all strips

jc =

∑L
l=1 Il

∑L
l=1Dl

, (2.143)

writingDl for the total width of the strips of groupl. Note thatjc may have a complex value.

According to (2.49), the solution of the vector potential caused by a surface current is in

dimensional form given by

A(x) =
µ0

4π

∫

S∪

j(ξ)

|x − ξ| da(ξ). (2.144)

Using (2.144) in Ohm’s law (2.97), withJ replaced byj/h, we obtain the integral equation

for j(x):

j(x) − ihσµ0ω

4π

∫

S∪

j(ξ)

|x − ξ| da(ξ) = js(x). (2.145)

In the dimensionless form, the vector potentialÃ(x̃) is given by

A(x) =
µ0Rj

c

4π

∫

S∪

̃(ξ̃)

|x̃ − ξ̃|
da(ξ̃) = µ0Rj

cÃ(x̃), (2.146)

such that the integral equation from (2.145) is transformedinto the dimensionless one, ac-

cording to

̃(x̃) − iκ

4π

∫

S∪

̃(ξ̃)

|x̃ − ξ̃|
da(ξ̃) = ̃s(x̃). (2.147)

This is the leading integral equation of this thesis. We showin the next section that (2.147)

in cylindrical coordinates is consistent with (2.140) and (2.141).

Similarly, the magnetic inductionB(x), see (2.46), can be expressed inB̃(x̃),

B(x) =
µ0j

c

4π

∫

S∪

̃(ξ̃) × x̃ − ξ̃

|x̃ − ξ̃|3
da(ξ̃) = µ0j

cB̃(x̃). (2.148)
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ForPdiss(t) andPind(t), we use a dimensionless time variablet̃ = ωt to obtain

Pdiss(t) =
R2|jc|2

2hσ

∫

S∪

ℜ{̃(x̃) · ̃∗(x̃) +
( jc

|jc|
)2

̃(x̃) · ̃(x̃)e−2it̃} da(x̃)

=
R2|jc|2
hσ

P̃diss(t̃), (2.149)

and

Pind(t) = −ωµ0R
3|jc|2

8π

∫

S∪

∫

S∪

ℜ{i
( jc

|jc|
)2 ̃(ξ̃) · ̃∗(x̃)

|x̃ − ξ̃|
e−2it̃} da(ξ̃) da(x̃)

= −ωµ0R
3|jc|2P̃ind(t̃). (2.150)

Furthermore,

P̄diss =
R2|jc|2

2hσ

∫

S∪

̃(x̃) · ̃∗(x̃) da(x̃)

=
R2|jc|2
hσ

˜̄Pdiss, (2.151)

Ūm =
µ0R

3|jc|2
16π

∫

S∪

∫

S∪

̃(ξ̃) · ̃∗(x̃)

|x̃ − ξ̃|
da(ξ̃) da(x̃),

= µ0R
3|jc|2 ˜̄Um. (2.152)

The characteristic quantities̄R and L̄ are determined from the formulae (2.66) and (2.67),

respectively, and we express them in dimensionless variables, such that all computations can

immediately be performed using the known dimensionless current density. UsingI(t) =

RjcĨ(t), we obtain

R̄ =
1

hσ

˜̄Pdiss

Ĩ Ĩ∗
=

1

hσ
˜̄R, (2.153)

L̄ = µ0R
˜̄Um

1
2 Ĩ Ĩ

∗ = µ0R
˜̄L. (2.154)

2.3.3 Integral formulation

In this section, we derive from the set of dimensionless differential equations for our model

a formulation expressed in terms of the current distribution only. We obtain a set of integral

equations for the current distributionj = jϕ(ϕ, z)eϕ + jz(ϕ, z)ez. The tildes are from now

on omitted for the sake of readability.

We start from∇×(∇×A) = 0, which is a direct consequence of∇×A = H and∇×H = 0

in (2.132). This relation is valid for both the inner regionG− and the outer regionG+. We

introduce the complex Fourier series expansions of the2π-periodic vector potentialA, the



2.3. Mathematical model 39

magnetic fieldH and the current densityj, according to

Aq(r, ϕ, z) =

∞
∑

n=−∞
A(n)
q (r, z)einϕ, (for q = r, ϕ, z), (2.155)

Hq(r, ϕ, z) =

∞
∑

n=−∞
H(n)
q (r, z)einϕ, (for q = r, ϕ, z), (2.156)

jq(ϕ, z) =

∞
∑

n=−∞
j(n)
q (z)einϕ, (for q = ϕ, z). (2.157)

Using the gauge∇ · A = 0, we obtain∆A = 0. To the equations obtained by substituting

(2.155) into∆A = 0, we apply Fourier integral transformation (see e.g. [60, Sect.2.3]) with

respect to the variablez. A functiong(r, z) is Fourier transformed tôg(r, p), according to

ĝ(r, p) = Fz{g(r, ·)}(p) =

∫ ∞

−∞
g(r, z)e−ipz dz. (2.158)

Introducing the Fourier integral transformŝA(n)
q (r, p) = Fz{A(n)

q (r, ·)}(p), for both the

inner and outer region, we obtain from∆A = 0,

−(
n2

r2
+ p2)Â(n)

z +
1

r

∂

∂r
(r
∂Â

(n)
z

∂r
) = 0, (2.159)

−(
n2 + 1

r2
+ p2)Â(n)

ϕ +
1

r

∂

∂r
(r
∂Â

(n)
ϕ

∂r
) +

2ni

r2
Â(n)
r = 0, (2.160)

−(
n2 + 1

r2
+ p2)Â(n)

r +
1

r

∂

∂r
(r
∂Â

(n)
r

∂r
) − 2ni

r2
Â(n)
ϕ = 0. (2.161)

In the derivation of (2.159) - (2.161), the radiation conditions at infinity are used. The general

solution can be expressed in terms ofIn andKn, the modified Bessel functions of ordern of

the first and second kind, respectively (see e.g. [38], [82]). This yields

Â(n)−
r (r, p) = −iC(n)

1 (p)In−1(|p|r) + iC
(n)
2 (p)In+1(|p|r), (2.162)

Â(n)−
ϕ (r, p) = C

(n)
1 (p)In−1(|p|r) + C

(n)
2 (p)In+1(|p|r), (2.163)

Â(n)−
z (r, p) = C

(n)
3 (p)In(|p|r), (2.164)

for the inner region (denoted by the superindex−), with still arbitrary functionsC(n)
1 (p),

C
(n)
2 (p) andC(n)

3 (p). For the outer region (denoted by the superindex+), we obtain

Â(n)+
r (r, p) = −iC(n)

4 (p)Kn−1(|p|r) + iC
(n)
5 (p)Kn+1(|p|r), (2.165)

Â(n)+
ϕ (r, p) = C

(n)
4 (p)Kn−1(|p|r) + C

(n)
5 (p)Kn+1(|p|r), (2.166)

Â(n)+
z (r, p) = C

(n)
6 (p)Kn(|p|r), (2.167)

with still arbitrary functionsC(n)
4 (p),C(n)

5 (p) andC(n)
6 (p). Using∇×A = H, the boundary
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conditions (2.136) - (2.139), and the divergence-free condition (2.142), we obtain

C
(n)
1 (p) =

1

2
Kn−1(|p|)̂(n)

ϕ (p), C
(n)
4 (p) =

1

2
In−1(|p|)̂(n)

ϕ (p), (2.168)

C
(n)
2 (p) =

1

2
Kn+1(|p|)̂(n)

ϕ (p), C
(n)
5 (p) =

1

2
In+1(|p|)̂(n)

ϕ (p), (2.169)

C
(n)
3 (p) =

1

2
Kn(|p|)̂(n)

z (p), C
(n)
6 (p) =

1

2
In(|p|)̂(n)

z (p). (2.170)

For the inverse Fourier transformation, we use the convolution principle. Both the limitsr ↑ 1

for the inner region andr ↓ 1 in the outer region give the same results. We obtain

Ar(1, ϕ, z) =

∫

Sc

Kr(ϕ− θ, z − ζ)jϕ(θ, ζ) da(θ, ζ), (2.171)

Aϕ(1, ϕ, z) =

∫

Sc

Kϕ(ϕ− θ, z − ζ)jϕ(θ, ζ) da(θ, ζ), (2.172)

Az(1, ϕ, z) =

∫

Sc

Kz(ϕ− θ, z − ζ)jz(θ, ζ) da(θ, ζ), (2.173)

valid on the whole cylinderSc, with kernel functions

Kr(ϕ, z)=
1

8π2

∞
∑

n=−∞

∫ ∞

−∞
[In−1(|p|)Kn−1(|p|)− In+1(|p|)Kn+1(|p|)]eipzeinϕ dp, (2.174)

Kϕ(ϕ, z)=
1

8π2

∞
∑

n=−∞

∫ ∞

−∞
[In−1(|p|)Kn−1(|p|)+In+1(|p|)Kn+1(|p|)]eipzeinϕ dp, (2.175)

and

Kz(ϕ, z)=
1

4π2

∞
∑

n=−∞

∫ ∞

−∞
In(|p|)Kn(|p|)eipzeinϕ dp. (2.176)

Finally, the complete integral equations for the current density j = jϕ(ϕ, z)eϕ + jz(ϕ, z)ez

are obtained from (2.140) and (2.141), in which the currentsare restricted to the surfaceS∪,

yielding

iκ

∫

S∪

Kϕ(ϕ− θ, z − ζ)jϕ(θ, ζ) da(θ, ζ) = jϕ(ϕ, z) − jsϕ(ϕ, z), (2.177)

iκ

∫

S∪

Kz(ϕ− θ, z − ζ)jz(θ, ζ) da(θ, ζ) = jz(ϕ, z) − jsz(ϕ, z). (2.178)

Note that, by restricting the currents toS∪, the boundary conditions, which state that the

normal component of the current is zero at the edges of the strips, are implicitly included.

This is enforced by the electric conductivityσ, which is set equal to zero on the cylindrical

surface between the strips. The linear integral equations (2.177) and (2.178) are integral

equations of the second kind.

The important advantage of the integral equation in the formof (2.177) is that it is valid for

an arbitrary set of conductorsS∪, as long as they are infinitely thin and fixed on the surface of
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the cylinder. For computations, they are applicable to a ring, a rectangular patch and a plane

circular strip; see the following chapters.

Next, we prove that the resulting integral equations (2.177) and (2.178) for the surface current

densityj in cylindrical coordinates correspond with the coordinate-free equations, given by

(2.145). The derivation is shown for (2.177), i.e. for theϕ-component of the current. We

need to prove that the kernel functionKϕ(ϕ, z), given by (2.175), can be expressed as

Kϕ(ϕ, z) =
1

4π

cos(ϕ)
√

z2 + 4 sin2(ϕ/2)
. (2.179)

The derivation uses the following three formulas (see [38, p.315], [82, p.358], [82, p.384]):

π

2

∫ ∞

0

Jµ(at)Jν(bt)e
−|c|ttλdt =

∫ ∞

0

Kµ(at)Iν(bt) cos(|c|t+ 1

2
(µ−ν+λ)π)tλdt, (2.180)

∞
∑

k=−∞
J2
k (s)e

ikϕ = J0(2s sin
ϕ

2
), (2.181)

∫ ∞

0

J0(bt)e
−|a|t dt =

1√
a2 + b2

, (2.182)

where the functionsJk, Ik andKk are thekth-order Bessel function of the first kind, the mod-

ified kth-order Bessel function of the first kind, and the modifiedkth-order Bessel function

of the second kind, respectively. Thus, we derive

∫ ∞

−∞
[Ik−1(|p|)Kk−1(|p|) + Ik+1(|p|)Kk+1(|p|)]eipz dp

= 2

∫ ∞

0

[Ik−1(s)Kk−1(s) + Ik+1(s)Kk+1(s)] cos(sz) ds

= π

∫ ∞

0

[J2
k−1(s) + J2

k+1(s)]e
−sz ds, (2.183)

and

π

∞
∑

k=−∞

∫ ∞

0

[J2
k−1(s) + J2

k+1(s)]e
−szeikϕ ds

= π

∞
∑

k=−∞

∫ ∞

0

[J2
k (s)e

iϕ + J2
k (s)e

−iϕ]e−szeikϕ ds

= 2π
∞
∑

k=−∞

∫ ∞

0

J2
k (s) cos(ϕ)e−szeikϕ ds, (2.184)
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to obtain

Kϕ(ϕ, z) =
1

4π

∞
∑

k=−∞

∫ ∞

0

J2
k (s) cos(ϕ)e−szeikϕ ds

=
cos(ϕ)

4π

∫ ∞

0

J0(2s sin
ϕ

2
)e−sz ds

=
1

4π

cos(ϕ)
√

z2 + 4 sin2(ϕ/2)
. (2.185)

Likewise, the kernel functionsKr(ϕ, z) andKz(ϕ, z), introduced in (2.174) and (2.176), and

appearing in the integral equations for the vector field componentsAr andAz, respectively,

can be written as

Kr(ϕ, z) =
1

4π

sinϕ
√

z2 + 4 sin2(ϕ/2)
, (2.186)

Kz(ϕ, z) =
1

4π

1
√

z2 + 4 sin2(ϕ/2)
. (2.187)

In a general setting, the integral operation in (2.144) can be applied to any surface current.

Let the observation pointP be described by coordinatesp with respect to a coordinate system

attached to the originO1 and consider inP the local orthonormal system{ek, el, em}. Then

any vectorv|P attached toP can be written asv|P = vkek + vlel + vmem.

Moreover, let the reference pointQ be described by coordinatesq with respect to a coor-

dinate system attached to the originO2 and consider inQ the local orthonormal system

{eκ, eλ, eµ}. Then any vectorv|Q attached toQ can be written asv|Q = vκeκ + vλeλ +

vµeµ.

In the integral for the vector potential (2.146), we need to compute the distance between

observation pointP and reference pointQ. It is helpful to perform this computation in a

common coordinate system, such as the Cartesian system. Thevariables in the integral can

all be transformed to these coordinates (we can talk about Cartesian coordinates without loss

of generality). The coordinate transformation can be substituted into the integral. Moreover,

the change of the vectorj to the new coordinate system implies a vector transformation. De-

fineTp as the transformation operator from the{ek, el, em} system to the Cartesian system

andTq as the transformation operator from the{eκ, eλ, eµ} system to the Cartesian system.

Let the value of a vector function, e.g. the current densityj, in a pointQ be expressed byj|Q,

which implicitly means that the vectorj is then also defined on the same reference frame as

Q. The vector potential in observation pointP is then determined from

A|P = T−1
p

1

4π

∫

S∪

1

R(P,Q)
Tqj|Q da(Q), (2.188)

whereR(P,Q) is the distance betweenP andQ.
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Consider as an example thatP andQ are both described by cylindrical coordinates. Then,

the local coordinate systems are defined as

ek = (cosϕ, sinϕ, 0), el = (− sinϕ, cosϕ, 0), em = (0, 0, 1), (2.189)

eκ = (cos θ, sin θ, 0), eλ = (− sin θ, cos θ, 0), eµ = (0, 0, 1), (2.190)

andT−1
p andTq become

T−1
p =





cosϕ sinϕ 0
− sinϕ cosϕ 0

0 0 1



 , (2.191)

Tq =





cos θ − sin θ 0
sin θ cos θ 0

0 0 1



 . (2.192)

Moreover,T−1
p is independent of the integration variables, soT−1

p andTq can be computed

successively

T−1
p Tq =





cos(ϕ− θ) sin(ϕ− θ) 0
− sin(ϕ− θ) cos(ϕ− θ) 0

0 0 1



 . (2.193)

The distance betweenP andQ, which is in the Cartesian coordinates equal toR(P,Q) =
√

(x− ξ)2 + (y − η)2 + (z − ζ)2, yields after coordinate transformation

R(P,Q) =

√

(z − ζ)2 + 4 sin2
(ϕ− θ

2

)

. (2.194)

Thus, the expressions (2.185) - (2.187) indeed match with the kernel functions in the integral

formulations of the vector field componentsAϕ, Ar, andAz, derived from (2.144). We

remark that in the derivations of (2.185) - (2.187), we came across some expressions that are

going to be very useful in the analysis coming up.

2.3.4 Coordinate-free problem setting

The preceding sections have shown how a gradient coil can be modeled as a set of infinitely

thin strips on a cylindrical surface. We have presented how to derive from the Maxwell

equations, the boundary conditions, the constitutive equations and the prescription of the

total current through the strips, an integral equation for the dimensionless vector function

j(x):

j(x) − iκ

4π

∫

S∪

j(ξ)

|x − ξ| da(ξ) = js(x). (2.195)

In operator form, the integral equation (2.195) can be written as

(I − iκK)j = js. (2.196)
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The currents have nor-component, such thatj(ϕ, z) = jϕ(ϕ, z)eϕ + jz(ϕ, z)ez. The oper-

atorK is then expressed by a diagonal operator matrix with diagonal elementsKϕ andKz,

defined as

(Kϕjϕ)(ϕ, z) =
1

4π

∫

S∪

cos(ϕ− θ)jϕ(θ, ζ)
√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

da(θ, ζ), (2.197)

(Kzjz)(ϕ, z) =
1

4π

∫

S∪

jz(θ, ζ)
√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

da(θ, ζ). (2.198)

The resulting integral equations are given by (2.177) and (2.178).

From a physical point of view, we know that bothjs(ϕ, z) andj(ϕ, z) are finite. Moreover,

the currents are defined on the surfaceS∪, which has a finite size. Therefore,
∫

S∪

|js(ϕ, z)|2 dϕ dz <∞,

∫

S∪

|j(ϕ, z)|2 dϕ dz <∞, (2.199)

such that the currents belong toL2, the functions of integrable square. This means that all

possible currents form a linear vector space that is bounded; a Banach space. More specifi-

cally, the solutionj must be a differentiable vector function that satisfies the conditions at the

edges,(j · n)|S∪
= 0, and is free of divergence,∇ · j = 0.

The operatorK is a linear operator, the kernel functions of which are even inϕ andz. There-

fore,K is a self-adjoint (Hermitian) operator:

(Kf ,g) =
1

4π

∫

S∪

∫

S∪

f(ξ)g∗(x)

|x − ξ| da(ξ) da(x)

=
1

4π

∫

S∪

∫

S∪

g∗(ξ)f(x)

|x − ξ| da(ξ) da(x) = (f ,Kg). (2.200)

The spectrum ofK is real, whileiκ is purely imaginary. Therefore, the homogeneous equation

(I − iκK)j = 0 has the trivial solutionj = 0. The operator(I − iκK) is invertible and has a

bounded inverse(I− iκK)−1, for all possible values ofκ. Thus,(I− iκK)j = js has a unique

solution.

2.4 Summary

We have modeled a gradient coil by a set of infinitely thin copper strips on a cylindrical sur-

face. We want to calculate the current density in the strips,due to a prescribed current through

(groups of) strips. From the Maxwell equations, the boundary conditions, the constitutive

equations and the prescription of the total current throughthe strips, an integral equation for

the surface current is derived, given by (2.195). This integral equation is valid for an arbitrary

configuration of strips on a cylindrical surface. This is thebasis for the following chapters.



CHAPTER 3

Mathematical Analysis

In this chapter, we describe the core of the mathematical analysis of our model. The problem

defined in the previous chapter has led to an integral equation of the second kind; see (2.195).

We analyze the properties of the integral equation, which form the basis of the numerical

implementation.

In Section 3.1, we explain how the current can be expanded by Fourier modes, such that

the integral equation is decomposed into a sequence of integral equations for each mode

separately. For each integral equation the kernel is provedto be dominated by a logarithmic

function of the coordinate perpendicular to the direction of the driving source.

To solve the linear integral equation, we propose the Galerkin method; see Section 3.2. The

choice for the basis functions of the current distribution needed in the Galerkin method is

based on the logarithmic behavior of the kernel. With this, we arrive at the central theme of

this thesis. Namely, this logarithmic behavior reveals that the Legendre polynomials of the

first kind are the most appropriate choice for the basis functions to describe one variable of

the current distribution in the strips. The other variable is described by the Fourier modes.

With respect to the local coordinates, this variable describes the preferable direction of the

eddy currents induced by a source current.

In Section 3.3, we apply the Galerkin method to an integral equation of the second kind with

a purely logarithmic kernel function. Legendre polynomials are used as basis functions and

a matrix equation is derived to determine the coefficients ofthe Legendre polynomials.

In previous research [76], [77], a geometry of plane rectangular strips of infinite length has

been investigated. This special case leads to an integral equation for which the kernel function

is purely logarithmic. In Section 3.4, we describe the solution method used in this special case

and show useful reference results for the chapters to come.

In Section 3.5, the summary of the present chapter is presented.
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3.1 Leading integral equation, with logarithmic kernel

Numerous numerical methods exist to solve integral equations of the second kind. One of the

problems that we encounter in the numerical approaches for the integral equations in (2.177)

and (2.178) is that the kernel functions are singular in the point (ϕ, z) = (0, 0), causing

slow convergence and long computation times. Figures 3.1 (a) and (b) show the graphs of

Kϕ(ϕ, z) andKz(ϕ, z), respectively, forϕ ∈ [−π, π] and z ∈ [−5, 5]. We search for a

numerical method to solve the integral equation that is based on a full analysis of the integral

equation.
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Figure 3.1: The kernel functions with singularities in the point(ϕ, z) = (0, 0). (a)
Kϕ(ϕ, z); (b) Kz(ϕ, z).

We consider the integral equation for the component of the current in the preferable direction.

This integral equation is the leading integral equation andis discussed for each of the three

types of strips, mentioned in Section 2.2: the circular looparound the cylinder, the circular

strip on the surface of the cylinder and the patch on the cylinder. Theoretically, the three types

of strips can be transformed into the following three standard shapes: a ring, a plane circular

strip and a plane rectangular patch. The characteristic behavior of the currents is preserved

after the transformation. For each of the three standard shapes, we prove that the leading

integral equation has a kernel function with a dominant logarithmic part. This logarithmic

part acts on the component, which is perpendicular to the preferable direction of the induction

current.

3.1.1 Type one: The ring

Let S be the ring on the cylindrical surface defined in cylindricalcoordinatesϕ andz by

[−π, π] × [z0, z1]; see Figure 3.2 (a). A currentj = jϕ(ϕ, z)eϕ + jz(ϕ, z)ez in the ring

satisfies∇ · j = 0, is 2π-periodic inϕ, and itsz-component is zero at the edges.
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z0 z1

(a)

r0

r1

(b)

x0

x1

y0 y1

(c)

Figure 3.2: The three standard shapes of strips. (a) The ring; (b) The plane circu-
lar strip; (c) The plane rectangular patch.

The source current can be applied to the ring itself or to a neighboring ring. For a ring, the

main component of the source current is in theϕ-direction, and then

js(ϕ, z) = jsϕ(ϕ, z)eϕ + jsz(ϕ, z)ez ≈ jsϕ,0(z)eϕ, (3.1)

where

jsϕ,0(z) =
1

2π

∫ π

−π
jsϕ(ϕ, z) dϕ, (3.2)

theϕ-independent part ofjs (or, see (3.5), the zeroth Fourier component ofjs). Note that

jsϕ,0(z)eϕ satisfies all three conditions mentioned above forj.

The induced current on the ring then mainly flows in the direction opposite to the source

current. The physical explanation for this is that the magnetic field caused by the source

current induces an eddy current, which tries to oppose the field. This phenomenon can be

detected in all examples in this thesis; see the results in the following chapters. The leading

integral equation is now given by (see (2.177) and (2.179))

iκ

4π

∫ π

−π

∫ z1

z0

cos(ϕ− θ)jϕ(θ, ζ)
√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ = jϕ(ϕ, z) − jsϕ(ϕ, z). (3.3)

The induced eddy current is related to the vector potential,according tojeϕ = iκAϕ, and is

expressed by the left-hand side of (3.3).

The (source) current is2π-periodic in theϕ-direction and can therefore be expanded in a
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Fourier series:

jϕ(ϕ, z) = jϕ,0(z) +
∞
∑

m=1

j(c)ϕ,m(z) cosmϕ+
∞
∑

m=1

j(s)ϕ,m(z) sinmϕ, (3.4)

jsϕ(ϕ, z) = jsϕ,0(z) +
∞
∑

m=1

js(c)ϕ,m(z) cosmϕ+
∞
∑

m=1

js(s)ϕ,m(z) sinmϕ. (3.5)

Each term of these series is called amodefrom now on. We continue with a description for a

sine mode. The results for the cosine modes are derived in thesame way. Taking in (3.3) the

inner product withsinnϕ, we obtain

iκ

4π

∫ π

−π

∫ π

−π

∫ z1

z0

cos(ϕ− θ)j
(s)
ϕ,n(ζ) sinnθ sinnϕ

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ dϕ = πj(s)ϕ,n(z) − πjs(s)ϕ,n (z).

(3.6)

The integrand on the left-hand side of (3.6) is singular in the point(θ, ζ) = (ϕ, z). To be

able to perform an analytical integration of at least the singular part of the integral in (3.6),

we splitA(s)
ϕ,m(ϕ, z) as follows (here,A(s)

ϕ,m(ϕ, z) is them-th sine mode of theϕ-component

of the vector potential)

A(s)
ϕ,m(ϕ, z) =

1

4π

∫ π

−π

∫ z1

z0

[cos(ϕ− θ) − cos
(

ϕ−θ
2

)

]j
(s)
ϕ,m(ζ) sinmθ

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ

+
1

4π

∫ π

−π

∫ z1

z0

cos
(

ϕ−θ
2

)

j
(s)
ϕ,m(ζ) sinmθ

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ,

= A(s,1)
ϕ,m (ϕ, z) +A(s,2)

ϕ,m (ϕ, z). (3.7)

Here, the first integral, represented byA(s,1)
ϕ,m (ϕ, z), is regular. Next, we split the remaining

part,A(s,2)
ϕ,m (ϕ, z), according to

A(s,2)
ϕ,m (ϕ, z) =

1

4π

∫ π

−π

∫ z1

z0

cos
(

ϕ−θ
2

)

j
(s)
ϕ,m(ζ)[sinmθ − sinmϕ]

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ

+
sinmϕ

4π

∫ π

−π

∫ z1

z0

cos
(

ϕ−θ
2

)

j
(s)
ϕ,m(ζ)

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ, (3.8)

such that again the first integral is regular. In the second integral we can perform an analytical

integration overθ, for which we make use of the formula

∂

∂ϕ
[arcsinh

(2 sin(ϕ/2)

|z|
)

] =
cos(ϕ/2)

√

z2 + 4 sin2(ϕ/2)
. (3.9)

Introducing

L1(b) = − log |b|, (3.10)

L2(a, b) = log
[

|a| +
√

a2 + b2
]

, (3.11)
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we can write

arcsinh
( |a|
|b|

)

= L1(b) + L2(a, b). (3.12)

The functionL1(b) is singular inb = 0, whereasL2(a, b) is singular in the point(a, b) =

(0, 0). Substitutinga = 2 sin((ϕ − θ)/2) andb = z − ζ into L1(b) andL2(a, b), and using

(3.12) in (3.9), we obtain

1

4π

∫ π

−π

∫ z1

z0

cos
(

ϕ−θ
2

)

j
(s)
ϕ,m(ζ)

√

(z − ζ)2 + 4 sin2
(

ϕ−θ
2

)

dθ dζ = − 1

2π

∫ z1

z0

log |z − ζ|j(s)ϕ,m(ζ) dζ

+
1

2π

∫ z1

z0

L2

(

2 cos
(ϕ

2

)

, z − ζ
)

j(s)ϕ,m(ζ) dζ. (3.13)

The last integral in (3.13) is regular for all values ofϕ. Hence, the integral on the left-hand

side of (3.13), and with that alsoA(s)
ϕ,m(ϕ, z), is dominated by an integral with a kernel that

has logarithmic singularity atζ = z.

We can now rewrite (3.6) as

− iκ

2π

∫ z1

z0

log |z − ζ|j(s)ϕ,m(ζ) dζ = j(s)ϕ,m(z) − js(s)ϕ,m(z) + iκ(Kregm j(s)ϕ,m)(z), (3.14)

whereKregm is the operator that contains all the regular integrals thathave been split off. These

regular integrals can be integrated numerically. The effect of K
reg
m j

(s)
ϕ,m to the solution for the

current is small in comparison with the logarithmic integral in (3.14). This is verified later on

in the numerical results.

Summing over all modes yields

− iκ

2π

∫ z1

z0

log |z − ζ|jϕ(ϕ, ζ) dζ = jϕ(ϕ, z) − jsϕ(ϕ, z) + iκ(Kregjϕ)(ϕ, z), (3.15)

in which K
reg represents the total regular operator. So, the singular behavior is only in the

z-direction and the singularity is logarithmic.

3.1.2 Type two: The plane circular strip

In case of a plane circular strip the approach is similar to the one of the ring. LetS be

the surface of the circular strip in the plane defined in the polar coordinatesr andϕ by

[r0, r1]× [−π, π]; see Figure 3.2 (b). A divergence-free currentj = jr(r, ϕ)er + jϕ(r, ϕ)eϕ

is flowing on the strip, which is2π-periodic inϕ and itsr-component is zero at the edges.

The formula for the vector potential follows from (2.146), or more directly from (2.188) and
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(2.193), as

Ar(r, ϕ) =
1

4π

∫ π

−π

∫ r1

r0

sin(ϕ− θ)jϕ(ρ, θ) + cos(ϕ− θ)jr(ρ, θ)
√

(r − ρ)2 + 4rρ sin2
(

ϕ−θ
2

)

ρ dρ dθ,

(3.16)

Aϕ(r, ϕ) =
1

4π

∫ π

−π

∫ r1

r0

cos(ϕ− θ)jϕ(ρ, θ) − sin(ϕ− θ)jr(ρ, θ)
√

(r − ρ)2 + 4rρ sin2
(

ϕ−θ
2

)

ρ dρ dθ.

(3.17)

The main component of the source current is in theϕ-direction. The field created by the

source current induces an eddy current mainly in the opposite direction. The leading integral

equation is given by

iκ

4π

∫ π

−π

∫ r1

r0

cos(ϕ− θ)jϕ(ρ, θ)
√

(r − ρ)2 + 4rρ sin2
(

ϕ−θ
2

)

ρ dρ dθ = jϕ(r, ϕ) − jsϕ(r, ϕ). (3.18)

The (source) current is2π-periodic in theϕ-direction and can therefore be expanded in a

Fourier series:

jϕ(r, ϕ) = jϕ,0(r) +

∞
∑

m=1

j(c)ϕ,m(r) cosmϕ+

∞
∑

m=1

j(s)ϕ,m(r) sinmϕ, (3.19)

jsϕ(r, ϕ) = jsϕ,0(r) +

∞
∑

m=1

js(c)ϕ,m(r) cosmϕ+

∞
∑

m=1

js(s)ϕ,m(r) sinmϕ. (3.20)

Taking in (3.18) the inner product withsinnϕ, we obtain

iκ

4π

∫ π

−π

∫ π

−π

∫ r1

r0

cos(ϕ− θ)j
(s)
ϕ,n(ρ) sinnθ sinnϕ

√

(r − ρ)2 + 4rρ sin2
(

ϕ−θ
2

)

dθ dρ dϕ = πj(s)ϕ,n(r) − πjs(s)ϕ,n (r).

(3.21)

We investigate the behavior ofAϕ(r, ϕ), given by (3.17), and in particular the part that cor-

responds to them-th sine mode of the current, referred to asA(s)
ϕ,m(ϕ, z). The integrand is

singular in the point(ρ, θ) = (r, ϕ). As in the example of a ring, we first split off a part

containingcos((ϕ− θ)/2), followed by a part containingsinmϕ. Moreover, we use

∂

∂ϕ

[ 1√
rρ

arcsinh
(2

√
rρ sin(ϕ/2)

|r − ρ|
)]

=
cos(ϕ/2)

√

(r − ρ)2 + 4rρ sin2(ϕ/2)
. (3.22)

In this case, we substitutea = 2
√
rρ sin((ϕ− θ)/2) andb = r − ρ into L1(b) andL2(a, b),

as defined in (3.10) and (3.11), respectively. We obtain

1

4π

∫ π

−π

∫ r1

r0

cos
(

ϕ−θ
2

)

j
(s)
ϕ,m(ρ) sinmϕ

√

(r − ρ)2 + 4rρ sin2
(

ϕ−θ
2

)

ρ dρ dθ = − 1

2π

∫ r1

r0

log |r − ρ|j
(s)
ϕ,m(ρ)√
rρ

ρ dρ
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+
1

2π

∫ r1

r0

L2

(

2
√
rρ cos

(ϕ

2

)

, r − ρ
)j

(s)
ϕ,m(ρ)√
rρ

ρ dρ. (3.23)

The last integral in (3.23) is regular for all values ofϕ. The first integral contains a logarithmic

singularity along the lineρ = r.

From (3.21) we derive

− iκ

2π

∫ r1

r0

log |r − ρ|j(s)ϕ,m(ρ) ρ dρ = j(s)ϕ,m(r) − js(s)ϕ,m(r) + iκ(Kregm j(s)ϕ,m)(r), (3.24)

with K
reg
m the operator containing all the regular integrals that havebeen split off. The ef-

fect of Kregm j
(s)
ϕ,m on the solution for the current is small in comparison with the logarithmic

integral in (3.24).

Summing over all modes yields

− iκ

2π

∫ r1

r0

log |r − ρ|jϕ(ρ, ϕ) ρ dρ = jϕ(r, ϕ) − jsϕ(r, ϕ) + iκ(Kregjϕ)(r, ϕ), (3.25)

in which K
reg represents the total regular operator. So, the singular behavior is only in the

r-direction and the singularity is logarithmic.

3.1.3 Type three: The plane rectangular patch

Let S be the rectangular patch in the plane defined in Cartesian coordinatesx and y by

[x0, x1] × [y0, y1]; see Figure 3.2 (c). A divergence free currentj = jx(x, y)ex + jy(x, y)ey
is flowing on the patch, having a zero normal component at the edges. In this case, the source

current is not present in the patch itself. Eddy currents areinduced by a source current through

another strip near the patch. We assume that the source current flows in thex-direction. The

preferable direction of the eddy current in the patch is thenalso thex-direction.

The leading integral equation is given by

iκ

4π

∫ x1

x0

∫ y1

y0

jx(ξ, η)
√

(x− ξ)2 + (y − η)2
dξ dη = jx(x, y) − jsx(x, y), (3.26)

wherejsx(x, y) is the inductive source current defined on the patch. The induced current is

related to the vector potential, according tojx = iκAx, and is expressed by the left-hand side

of (3.26). The integrand of this expression is singular in the point(ξ, η) = (x, y). Next, we

expandjx(x, y) andjsx(x, y) into a Fourier sine series

jx(x, y) =

∞
∑

m=1

jx,m(y) sin
(mπ(x− x0)

x1 − x0

)

, (3.27)

jsx(x, y) =
∞
∑

m=1

jsx,m(y) sin
(mπ(x− x0)

x1 − x0

)

. (3.28)
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In these series, every mode is equal to zero at the edgesx = x0 andx = x1. Taking in (3.26)

the inner product withsin(nπ(x− x0)/(x1 − x0)), we obtain

iκ

4π

∫ x1

x0

∫ x1

x0

∫ y1

y0

∞
∑

m=1

jx,m(η) sin
(mπ(ξ−x0)

x1−x0

)

sin
(nπ(x−x0)

x1−x0

)

√

(x− ξ)2 + (y − η)2
dξ dη dx

=
1

2
(x1 − x0)jx,n(y) −

1

2
(x1 − x0)j

s
x,n(y). (3.29)

We investigate the vector potentialAx. Similar to the previous two examples, we splitAx
according to

Ax(x, y) =
1

4π

∫ x1

x0

∫ y1

y0

∞
∑

m=1

jx,m(η)
(

sin
(mπ(ξ−x0)

x1−x0

)

− sin
(mπ(x−x0)

x1−x0

)

)

√

(x− ξ)2 + (y − η)2
dξ dη

+
1

4π

∞
∑

m=1

sin
(mπ(x− x0)

x1 − x0

)

∫ x1

x0

∫ y1

y0

jx,m(η)
√

(x− ξ)2 + (y − η)2
dξ dη.

(3.30)

The first integral has a regular integrand, such that its numerical computation is straightfor-

ward. The characteristic behavior that is important for further investigations is hidden in the

second integral. The integration overξ can be performed analytically. We use

∂

∂x
[arcsinh

( x

|y|
)

] =
1

√

x2 + y2
, (3.31)

and withL1(b) andL2(a, b), as defined in (3.10) and (3.11), wherea = x− ξ andb = y− η,

we can write for each mode

1

4π

∫ x1

x0

∫ y1

y0

jx,m(η)
√

(x− ξ)2 + (y − η)2
dξ dη = − 1

2π

∫ y1

y0

log |y − η|jx,m(η) dη

+
1

4π

∫ y1

y0

[L2(x− x1, y − η) + L2(x− x0, y − η)]jx,m(η) dη. (3.32)

The integral withL2 is regular because the only two possible singular points(x, y) = (x0, η)

and(x, y) = (x1, η) are canceled by the current due to the boundary conditionsjx(x0, η) =

jx(x1, η) = 0. Hence, only the first integral contains a logarithmic singularity along the line

η = y.

From (3.29) we derive

− iκ

2π

∫ y1

y0

log |y − η|jx,m(η) dη = jx,m(y) − jsx,m(y) + iκ

∞
∑

n=1

(Kregmnjx,n)(y), (3.33)

with K
reg
mn the operators containing all the regular integrals that have been split off. The effect

of Kregmnjx,m to the solution for the current is small in comparison with the logarithmic integral

in (3.33).
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Summing over all modes yields

− iκ

2π

∫ y1

y0

log |y − η|jx(x, η) dη = jx(x, y) − jsx(x, y) + iκ(Kregjx)(x, y), (3.34)

in which K
reg represents the total regular operator. So, the singular behavior is only in the

y-direction and the singularity is logarithmic.

3.2 Solution procedure

In the previous section, we showed that the general form of the integral equation for currents

on a cylindrical surface is given by

− iκ

2π

∫ z1

z0

log |z − ζ|jϕ(ϕ, ζ) dζ = jϕ(ϕ, z) − jsϕ(ϕ, z) + iκ(Kregjϕ)(ϕ, z). (3.35)

In terms of the modesjϕ,m(z), (3.35) is decomposed for closed loops of strips into

− iκ

2π

∫ z1

z0

log |z − ζ|jϕ,m(ζ) dζ = jϕ,m(z) − jsϕ,m(z) + iκ(Kregm jϕ,m)(z), (3.36)

for all m, and in case of a patch on a cylindrical surface into

− iκ

2π

∫ z1

z0

log |z − ζ|jϕ,m(ζ) dζ = jϕ,m(z) − jsϕ,m(z) + iκ
∞
∑

n=1

(Kregmnjϕ,n)(z), (3.37)

for all m. Note that in (3.37) all modes have a contribution tojϕ,m(z), through the regular

integral operatorsKregmn. The number of modes is determined by the source current. Saythat

the source current is described byM modes. Then, the infinite series in (3.37) can be replaced

by a finite series withM terms.

In operator form, (3.36) can be written as

(I − iκKm)jϕ,m = jsϕ,m, (3.38)

with operatorKm defined as

(Kmjϕ,m)(z) = − 1

2π

∫ z1

z0

log |z − ζ|jϕ,m(ζ) dζ − (Kregm jϕ,m)(z). (3.39)

The operator form of (3.37) contains a series of all modes. For the explanation of the Galerkin

method, we restrict ourselves to equation (3.38). The treatment of the patch is discussed in

Chapter 5. For an operator form of (3.37), we refer to (5.43).

To solve (3.38), we choose a finite family of functionsjϕ,m(z), m = 0, . . . ,M , with corre-

sponding modes in thez-direction, such that the total current is divergence free on S∪ and

has normal components equal to zero at the edges. The finite family leads to a projection

method. The projection method we use to get the approximation of the current distribution is

the (Petrov-) Galerkin method. In this section, we explain briefly how this method works and

how we decide on the basis functions.
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3.2.1 The Galerkin method

LetW be an inner product space with subspacesW‖ andW⊥, such thatW is the orthogonal

direct sum ofW‖ andW⊥, i.e. W = W‖ ⊕W⊥. This means that each elementjϕ,m ∈ W

can be uniquely decomposed as

jϕ,m = j‖ + j⊥, j‖ ∈W‖, j⊥ ∈W⊥. (3.40)

We know then that a projection operatorΠ : W → W‖ exists, such thatΠjϕ,m = j‖ ∈ W‖
and(I−Π)jϕ,m = j⊥ ∈W⊥. The projectionΠ is self-adjoint andΠ2 = Π. In the projection

method,Π is of finite rank andΠjϕ,m is assumed to be a good approximation ofjϕ,m. Let

us first give an example of an approximation for a one-dimensional function.

A very important application is the least-squares approximation of a square integrable func-

tion by polynomials. LetW = L2(−1, 1), andWK the space of polynomials of degree less

than or equal toK. A known orthogonal polynomial basis forW is {Pk}k≥0, consisting of

the Legendre polynomials

Pk(z) =
1

2kk!

dk

dzk
[(z2 − 1)k], k ≥ 0. (3.41)

For anyf ∈W , its least-squares approximation fromWK is given by

ΠKf =
K

∑

k=0

(f, Pk)

(Pk, Pk)
Pk =

K
∑

k=0

2k + 1

2
(f, Pk)Pk. (3.42)

The convergence criterion reads

lim
K→∞

‖f − ΠKf‖2 = 0. (3.43)

Given the sourcejsϕ,m, we assume that there is a subspaceW 0 of W , such thatjsϕ,m ∈ W 0.

In W 0 we choose a finite-dimensional subspaceWK spanned by the basis{φ1, . . . , φK},

with associated projection operatorΠK . Then we can write

j(K)
ϕ,m(z) = ΠKjϕ,m(z) =

K
∑

k=1

αkφk(z). (3.44)

This is substituted into (3.38). The coefficients{α1, . . . , αK} are determined by forcing

the equation to be almost exact in some sense. We now introduce the residualr(K) in the

approximation when usingjϕ,m ≈ j
(K)
ϕ,m in (3.38), as

r(K) = (I − iκKm)j(K)
ϕ,m − jsϕ,m. (3.45)

The coefficients{α1, . . . , αK} are determined by using the requirement that the inner prod-

ucts of the residualr(K) with a set of test functions must equal zero. In the Galerkin method
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the test functions are the same as the basis functions. This means that theαk, k = 1, . . . ,K,

must be chosen such that

(r(K), φl) = 0, l = 1, . . . ,K. (3.46)

Thus, we obtain the linear system

K
∑

k=1

αk[(φk, φl) − iκ(Kmφk, φl)] = (jsϕ,m, φl), l = 1, . . . ,K. (3.47)

Note that, with use ofΠK , we can rewrite (3.46) as

ΠKr
(K) = 0, (3.48)

or equivalently

ΠK(I − iκKm)j(K)
ϕ,m = ΠKj

s
ϕ,m. (3.49)

In case we would have used test functions different from the basis functions, but also defining

a basis of a subspace ofW , then the method is called the Petrov-Galerkin method. We apply

the Petrov-Galerkin method in Chapter 6. For a more thoroughdescription of the (Petrov-)

Galerkin method we refer to [21], [23].

In our model of strips on a cylinder, we first require that every two basis functions on different

strips are orthogonal. This is easy to achieve, because the strips are distinct. Namely, if we

consider the basis functions to be defined only on the surfaceof the corresponding strip and to

be equal to zero everywhere outside the strip, then every inner product of two basis functions

of different strips is equal to zero. Second, every two basisfunctions on the same strip

are also required to be orthogonal. Satisfying these requirements enables us to construct an

orthogonal basis. The inner products(φk, φl) result in the Gram matrix. For an orthonormal

basis, the Gram matrix is equal to the identity matrix. Equation (3.47) can be written as

(G − iκA)a = c, (3.50)

where (k, l = 1, . . . ,K)

Alk = (φl,Kmφk), (3.51)

Glk = (φl, φk), (3.52)

cl = (φl, j
s
ϕ,m), (3.53)

ak = αk. (3.54)

Note that the vectorc consists of the coefficients of the source current.

3.2.2 Choice of basis functions

To apply the Galerkin method to our model of thin strips on a cylindrical surface, we need

to investigate what kind of basis functions are most suitable. An option could be to use local
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basis functions, with a bounded support. The matrices will be sparse, but also of large size.

Examples of such methods are e.g. the Finite Difference Method (FDM), the Finite Inte-

gration Technique (FIT), the Finite Element Method (FEM), the Boundary Element Method

(BEM) and the Finite Volume Method (FVM).

For the geometries we use in this thesis, we can also construct global basis functions without

any trouble. Global basis functions are defined on the whole domain of a strip, without having

limited support. Matrices will be dense, but of small size. An appropriate choice of global

basis functions is such that the resulting matrix is diagonally dominant.

For strips on a cylindrical surface, the currents are2π-periodic in theϕ-direction. In corre-

spondence to the examples in Section 3.1, we expandjϕ andjz into Fourier series, according

to

jϕ(ϕ, z) = jϕ,0(z) +
∞
∑

m=1

j(c)ϕ,m(z) cosmϕ+
∞
∑

m=1

j(s)ϕ,m(z) sinmϕ, (3.55)

jz(ϕ, z) = jz,0(z) +

∞
∑

m=1

j(c)z,m(z) cosmϕ+

∞
∑

m=1

j(s)z,m(z) sinmϕ. (3.56)

For a patch on a cylindrical surface, bounded atϕ = ϕ0, ϕ1 andz = z0, z1, we use (cf. the

plane rectangular patch, discussed in Subsection 3.1.3)

jϕ(ϕ, z) =

∞
∑

m=1

jϕ,m(z) sin
(mπ(ϕ− ϕ0)

ϕ1 − ϕ0

)

, (3.57)

jz(ϕ, z) =

∞
∑

m=1

jz,m(z) cos
(mπ(ϕ− ϕ0)

ϕ1 − ϕ0

)

. (3.58)

Note that the modesjϕ,m(z) andjz,m(z) must be chosen such that∇ · j = 0 is satisfied.

The basis functions in thez-direction are not so straightforward to choose. For that, the

geometry of the strips is important. The strips have a finite width, so in the width direc-

tion polynomial expansions could be opportune. Both Legendre polynomials and Chebyshev

polynomials are commonly used in this case; see [9, p.11]. Very relevant here is the loga-

rithmically singular behavior of the kernel function in theintegral equation, as we found in

Section 3.1. This logarithmically singular behavior occurs in the coordinate perpendicular

to the preferable direction of the current, which is in most cases the coordinate represent-

ing the width direction of the strip. We will argue that the Legendre polynomials are a very

appropriate choice for the basis functions in this direction.

For them-th mode of theϕ-component of the current density, denoted byjϕ,m(z), an inte-

gral equation corresponding to (3.38) is derived, in which alogarithmically singular kernel

function log |z − ζ| is present. Expandingjϕ,m(z) in terms of scaled and shifted Legendre
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polynomials in thez-direction, we obtain

jϕ,m(z) =

∞
∑

k=1

αkmPk

(z − cz
dz

)

, (3.59)

where

cz =
z1 + z0

2
, dz =

z1 − z0
2

, (3.60)

such that the interval[z0, z1] is scaled to[−1, 1]. This brings us to an important result: We

use Legendre polynomials because of the analytical relation

∫ 1

−1

∫ 1

−1

Pk(z)Pk′(ζ) log |z − ζ| dζ dz

=



























8

(k + k′)(k + k′ + 2)[(k − k′)2 − 1]
, if k + k′ > 0 even,

0, if k + k′ odd,

4 log 2 − 6, if k = k′ = 0 .

(3.61)

For the derivation of this relation, we refer to Appendix A. Theϕ-component of the current

in the patch is the sum of all modes in theϕ-direction, so

jϕ(ϕ, z) =

∞
∑

m=1

∞
∑

k=1

αkmPk

(z − cz
dz

)

sin
(mπ(ϕ− ϕ0)

ϕ1 − ϕ0

)

. (3.62)

The totalz-component of the current,jz(ϕ, z), must satisfy the boundary conditions at the

edges,jz(ϕ, z0) = jz(ϕ, z1) = 0. If we introduce, forz ∈ [−1, 1],

Zk(z) =

∫ z

−1

Pk(ζ)dζ =
1

2k + 1
[Pk+1(z) − Pk−1(z)], k ≥ 1, (3.63)

thenZ ′
k = Pk andZk(±1) = 0. Moreover, the expansion for the current is term by term free

of divergence, if we writejz(ϕ, z) as

jz(ϕ, z) =

∞
∑

m=1

∞
∑

k=1

αkm
mπdz
ϕ1 − ϕ0

Zk

(z − cz
dz

)

cos
(mπ(ϕ− ϕ0)

ϕ1 − ϕ0

)

. (3.64)

The constantsαkm are determined from the integral equation forjϕ(ϕ, z) by applying the

adapted Galerkin method.

3.3 A purely logarithmic kernel function

In Section 3.1, we have shown how for each of the three standard types of strips the excited

current can be written as an expansion of modes. For each of the modes an integral equation
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is derived, containing a logarithmic kernel. In this section, we investigate an integral equation

for one variable in which the kernel function is purely logarithmic. We consider an integral

equation of the second kind, as in (3.35), for the functionj(z) defined on the normalized

interval [−1, 1]. In accordance with (3.35), the right-hand side is given by afunctionjs(z),

representing a source. We write

j(z) +
iκ

2π

∫ 1

−1

j(ζ) log |z − ζ| dζ = js(z), for z ∈ [−1, 1] . (3.65)

Here,κ > 0 is a system parameter, as in (3.35).

In operator form, (3.65) can be written as

(I − iκK)j = js, (3.66)

whereK denotes the integral operator onL2[−1, 1] defined by

(Kj)(z) = − 1

2π

∫ 1

−1

j(ζ) log |z − ζ| dζ , z ∈ [−1, 1]. (3.67)

The weakly singular kernellog |z − ζ|, with−1 < z, ζ < 1, is square integrable and symmet-

ric. Hence,K is a symmetric Hilbert-Schmidt operator onL2[−1, 1] and (3.65) has a unique

solution for each right-hand sidejs. The equation (3.65) is a Fredholm integral equation of

the second kind (see [3], [23]).

SinceK is a Hilbert-Schmidt operator onL2[−1, 1] there exist countably many eigenvalues

λn with corresponding normalized eigenfunctionsun. SinceK is symmetric the eigenfunc-

tionsun are orthogonal. There is a total orthonormal set of eigenfunctions, which means that

for eachf ,

f =

∞
∑

n=0

(f, un)un, (3.68)

and

Kf =

∞
∑

n=0

λn(f, un)un. (3.69)

Therefore, instead of integral equation (3.66), we can write
∞
∑

n=0

(j, un)un − iκ

∞
∑

n=0

λn(j, un)un =

∞
∑

n=0

(js, un)un. (3.70)

Thus, we find the explicit solution

j =

∞
∑

n=0

1

1 − iκλn
(js, un)un. (3.71)

The problem is that the eigenfunctionsun cannot be calculated analytically. We need a

numerical approximation. SinceK is a Hilbert-Schmidt operator, we may replaceK by a

finite rank operatorK(N), such that (see [22])

‖K − K
(N)‖ < ǫ, (3.72)
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for ǫ≪ 1. Operator theory tells us that the eigenvaluesλ
(N)
1 , . . . , λ

(N)
N of K

(N) satisfy

|λn − λ(N)
n | = O(ǫ), (3.73)

for n = 1, . . . , N . The eigenvaluesλ(N)
n as well as the corresponding eigenfunctionsu

(N)
n

can be calculated numerically. Thus, we obtain a numerical approximationj(N) of the true

j, which reads

j(N) =

N
∑

n=0

1

1 − iκλ
(N)
n

(js, u(N)
n )u(N)

n . (3.74)

The eigenvalues ofK satisfy
∑∞
n=0 |λn|2 < ∞. In [50], Reade has proved that the operator

with kernel functionlog |z − ζ| defined on[−1, 1] has negative eigenvaluesµn, which are

bounded by

−π log 2 ≤ µ0 ≤ −π
4
, −π

n
≤ µn ≤ − π

4(n+ 1)
, n ≥ 1. (3.75)

Therefore, the operatorK in (3.67) is positive definite and its eigenvaluesλn are bounded by

1

8
≤ λ0 ≤ 1

2
log 2,

1

8(n+ 1)
≤ λn ≤ 1

2n
, n ≥ 1. (3.76)

This shows that the eigenvaluesλn are of the order1/n.

In numerical practise, the method to solve the integral equation (3.65) by replacing the oper-

atorK by a finite rank operatorK(N) is called the Galerkin method. Here, we take the source

function uniform on the interval[−1, 1], i.e. js(z) = 1. According to the analysis in [76] and

[77], we obtain a solutionj(z) that is even whenjs(z) is even. Moreover, after substituting

js(z) = 1, we obtain

− iκ

2π
PV

∫ 1

−1

j (ζ)

z − ζ
dζ = j ′(z), z ∈ [−1, 1] . (3.77)

In order to determinej(z), we expandj(z) in terms of Legendre polynomials,

j(z) =

∞
∑

k=0

αkP2k (z) , (3.78)

where we used thatj(z) is even. Any solution of (3.77) can be multiplied by an arbitrary

constant. Therefore, we fixα0 = 1 to obtain a solutionj0(z). To match the condition

js(z) = 1, we determine the constantC, such thatj(z) = Cj0(z) satisfies the integral

equation (3.65) withjs(z) = 1.

Furthermore, using the Legendre functions of the second kindQk(z), defined by (see e.g. [61,

Eq.(8.11.1)])

Qk (z) =
1

2
PV

∫ 1

−1

Pk (ζ)

z − ζ
dζ , z ∈ [−1, 1] , (3.79)
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wherek ≥ 0 and substituting (3.78) and (3.79) into (3.77), we obtain the relations

− iκ
π

∞
∑

k=0

αkQ2k(z) =
∞
∑

k=0

αkP
′

2k(z) , (3.80)

from which the coefficientsαk, k ≥ 1, have to be determined. Taking the inner products with

the Legendre polynomialsP2l−1(z) both on the left- and right-hand side of (3.80), we arrive

at
2πi

κ

∞
∑

k=l

αk −
∞
∑

k=1

Alkαk =
1

l (2l − 1)
, (3.81)

where

Alk =
1

(2l − 2k − 1) (k + l)
, k, l = 1, 2, . . . . (3.82)

In the derivation we used (see [2, Eq. (8.14.8)])

∫ 1

−1

Q2k (z)P2l−1 (z) dz =
1

(2l − 2k − 1) (k + l)
, (3.83)

and
∫ 1

−1

P ′
2k (z)P2l−1 (z) dz =







2, k ≥ l,

0, k < l,
(3.84)

We conclude that the solution forj(z) on the interval[−1, 1] has the form (3.78), where the

coefficientsαk should be determined from the infinite system (3.81).

In the next section, we give an example in which the integral equation (3.65) appears and

show how we deal numerically with the system (3.81). This example is concerned with the

artificial case of infinitely long plane rectangular strips.

3.4 Special case: Plane rectangular strips

In this section, we discuss a special model that yields an integral operator with a purely

logarithmic kernel. We consider a set ofN (N ≥ 1) parallel conducting strips of narrow

rectangular cross-section and of infinite length. This is ofcourse physically not feasible, but

it forms the fundament of all mathematical modeling done in this thesis. We apply an affine

transformation such that in width direction each strip is presented by the interval[−1, 1]. We

show that the current in a strip is described by (3.65) and that the solution procedure presented

in the previous section applies.

The current distribution in a set of parallel conducting strips has been investigated in [76]

and [77]. We briefly recapitulate the methods from these two works, and present results

that are of interest for the models specified in the followingthree chapters. One important

aspect captured by the plane strip model is that it describesto a great extent the behavior

of the currents in an arbitrary set of narrow conductors on a cylindrical surface. The local
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interaction of two current carriers is well described by theinteraction between two plane

rectangular strips.

3.4.1 Model formulation

We consider a set ofN parallel strips, which are flat, lying in one plane. The longitudinal

direction of the strips is taken in thex-direction, while thez-axis is the width direction and

the y-axis is the thickness direction; see Figure 3.3. All stripshave thicknessh, but their

widths may differ: thenth strip,n ∈ {1, . . . , N}, has widthz(n)
1 − z

(n)
0 . The thickness of

the strips is always much smaller than their width. As before, the thickness of the strips is

neglected, because the penetration depth is larger than half the thickness (see Section 2.3).

h

ez

ey

z
(1)
0 z

(1)
1 z

(2)
0 z

(2)
1 z

(N)
0 z

(N)
1

Figure 3.3: Configuration of a system ofN infinitely long parallel sheets; cross-
section iny-z-plane.

Through the strips an electric current is flowing in longitudinal direction. Strips are divided

into groups and for each group the total current is prescribed. We search for a representation

of the current distribution in the strips. Since we use a quasi-static approach, the current

is uniform in thex-direction. The approximation to infinitely thin and infinitely long strips

simplifies the boundary conditions considerably, in so far that we now have to consider con-

ditions in the planey = 0 only. At y = 0, jumps occur inH andE across the surfaceS∪,

the joint surface of the strips, having its normal vector in the positivey-direction (n = ey).

The system of equations and boundary conditions for a set of infinitely long strips allows

a solution that is independent of the longitudinal direction. As a consequence, the current

j = hJ has a component in thex-direction depending onz only, i.e.

j = j(z)ex , z ∈ [z
(n)
0 , z

(n)
1 ] , n = 1 . . . N . (3.85)

Instead ofS∪, which represents a surface, we introduce the one-dimensional setSz∪ as the

union of all intervals, denoting the positions of the strips,

Sz∪ =
N

∑

n=1

[z
(n)
0 , z

(n)
1 ]. (3.86)



62 Chapter 3. Mathematical Analysis

As a direct consequence of (3.85), the only non-zero components ofE andH areEx, Hy

andHz. From now on, we restrict ourselves to the upper half plane{(y, z) | y > 0}, where

the following equations hold forEx = E(y, z),Hy = Hy(y, z),Hz = Hz(y, z):

∂E

∂z
= iµ0ωHy ,

∂E

∂y
= −iµ0ωHz , (3.87)

∂Hy

∂z
− ∂Hz

∂y
= 0 , (3.88)

together with the boundary conditions aty = 0,

for z ∈ Sz∪

E(0, z) =
1

σh
j(z) − 1

σh
js(z) , Hz(0, z) =

1

2
j(z) , (3.89)

for z /∈ Sz∪
∂E

∂y
(0, z) = 0 , Hz(0, z) = 0 . (3.90)

These conditions are complemented by the far field condition, stating that

Hy,Hz → 0, for
√

y2 + z2 → ∞. (3.91)

From the relations (3.87) and (3.88), it follows that the field componentsHy, Hz andE all

satisfy the Laplace equation in the half-spacey > 0. ForHz this leads to the following

boundary value problem

∆Hz(y, z) = 0, on {(y, z) | y > 0} ,

Hz(0, z) =
1

2
j(z), z ∈ Sz∪ ,

Hz(0, z) = 0, z /∈ Sz∪ ,

Hz(x, z) → 0,
√

y2 + z2 → ∞ . (3.92)

The solution of this problem has the integral representation

Hz =
1

2π

∫

Sz
∪

j(ζ)
y

y2 + (z − ζ)2
dζ . (3.93)

This solution was found using Fourier transformation with respect to the variablez, see [76].

From this result, we obtain the following expression for they-component of the magnetic

field:

Hy = − 1

2π

∫

Sz
∪

j(ζ)
z − ζ

y2 + (z − ζ)2
dζ . (3.94)

We introduce the vector potentialA as defined by (2.30). By (3.93) and (3.94),A = Axex,

whereAx = A(y, z) is given by

A(y, z) = − 1

4π

∫

Sz
∪

j(ζ) log
(

(z − ζ)2 + y2
)

dζ . (3.95)
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The source current is represented by a functionjs(z) that is uniform on each strip and zero

outside the strips (z /∈ Sz∪). In Section 2.3, the detailed description of the source current

is given. Moreover, we assume that the strips are coupled in groups of one or more strips,

where each group is connected to one source. This means that for each group,js(z) has the

same value on each strip of this group. For the notation, we assume that we haveL different

groups consisting of one or more strips, with total partial surfaceSzl , l = 1, . . . , L, and

such thatSz∪ =
∑L
l=1 Szl . On each group, we expressjs(z) by the characteristic function

ψl(z) = 1[Sz
l
], being zero everywhere except on the strips of groupSzl , where it has the value

one. Denoting the uniform value ofjs(z) onSzl byCl, we write

js(z) =

L
∑

l=1

Clψl(z) . (3.96)

The inner product of two characteristic functionsψl andψl′ , wherel, l′ ∈ {1, ..., L}, satisfies

(ψl, ψl′) =

∫ ∞

−∞
ψl(z)ψl′(z) dz = Dlδll′ , (3.97)

whereδll′ is is the Kronecker delta function, which is equal to one ifl = l′ and zero ifl 6= l′,

andDl is the sum of the widths of all strips of groupl.

We still needL extra relations to determine the unknownsC1, ..., CL. We demand that the

total current in each group of strips is prescribed by
∫

Sz
l

j(z) dz =

∫

Sz
∪

j(z)ψl(z) dz = Il , for l = 1, ..., L . (3.98)

Introducing a typical length scaleDc and a typical current densityjc, we obtain (3.98) in a

dimensionless form ∫

Sz
∪

j(z)ψl(z) dz =
Il

Dcjc
. (3.99)

The dimensionless form of (3.97) is(ψl, ψl′) = (Dl/D
c)δll′ .

Substituting (3.95) into Ohm’s law (2.97), we arrive at the integral equation forj(z),

j(z) +
iκ

2π

∫

Sz
∪

j(ζ) log |z − ζ| dζ =

L
∑

l=1

clψl(z) , for z ∈ Sz∪ . (3.100)

where

κ = hσµ0ωD
c, cl =

Cl
jc
, jc =

∑L
l=1 Il

∑L
l=1Dl

, (3.101)

such thatjc is the average current over all strips. This integral equation is a Fredholm equa-

tion of the second kind with the logarithmic functionlog |z − ζ| as kernel.

The procedure to solve (3.100) forN strips is similar to the procedure to solve the corre-

sponding equation for a geometry ofN rings; cf. Chapter 4. Here, we present the analysis
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to determine the magnetic field and the resistance for one strip. In Section 3.3, the way to

approximate the current in one strip by a series of Legendre polynomials has been presented.

Choosing length scaleDc equal to half the width of the strip yields automatically thedomain

definitionz ∈ [−1, 1] and the uniqueness condition from (3.99)

∫ 1

−1

j(z) dz = 2. (3.102)

Using the result of (3.78), with known coefficientsαk, we can derive expressions for the

magnetic field and the resistance. In (3.93) and (3.94), the external magnetic field components

Hz andHy are represented as integrals onj(z). To evaluate these integral representations,

we write
1

π

y

y2 + (z − ζ)
2 =

1

2πi

(

1

ζ − ψ
− 1

ζ − ψ∗

)

, (3.103)

and

− 1

π

z − ζ

y2 + (z − ζ)
2 =

1

2π

(

1

ζ − ψ
+

1

ζ − ψ∗

)

, (3.104)

whereψ = z + iy. Next, we define the linear mapping (Hilbert transformation; see e.g. [44,

Sect.4.1], [70, Ch.5])

Hj (ψ) =
1

π
PV

∫ 1

−1

j (ζ)

ζ − ψ
dζ, ψ ∈ C. (3.105)

Then, the components of the magnetic field are presented in terms ofHj by

Hz =
1

4i
((Hj)(ψ) − (Hj)(ψ∗)) (3.106)

and

Hy =
1

4
((Hj) (ψ) + (Hj) (ψ∗)) . (3.107)

From the expression (3.78) for the current, we obtain

Hj (ψ) =

∞
∑

k=0

αk
π
PV

∫ 1

−1

P2k (ζ)

ζ − ψ
dζ = − 2

π

∞
∑

k=0

αkQ2k (ψ) , (3.108)

where we used (3.79). Note that the functionsQ2k (ψ) are analytic onC\ [−1, 1]; so the

mappings

(y, z) 7−→ Q2k (z + iy) and (y, z) 7−→ Q2k (z − iy) (3.109)

are harmonic. Moreover, across the interval[−1, 1], there is the jump relation (see [81,

Sect.5.19])
1

πi
[Qk (z − i0) −Qk (z + i0)] = Pk (z) , z ∈ [−1, 1], (3.110)

and finally

lim
|ψ|→∞

Qk (ψ) = 0. (3.111)
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Hence, the components of the magnetic field can be written as

Hz (y, z) =
1

2πi

∞
∑

k=0

αk[Q2k (z − iy) −Q2k (z + iy)], (3.112)

and

Hy (y, z) =
1

2π

∞
∑

k=0

αk[Q2k (z − iy) +Q2k (z + iy)]. (3.113)

An important quantity of practical interest is the energy loss due to the currents. Therefore,

also the dissipated power will be expressed in terms of the coefficientsαk. In accordance

with (2.60), the time-averaged dissipated power is given by

P̄diss =
1

2σ

∫

V
J · J∗ dv. (3.114)

For the infinitely long and thin strip we consider here, the dissipated power per unit of length

P̄
(L)
diss (in Watt/m) is found by replacing the volume integral by one over the cross-sectional

surface and, moreover, by using

J(z) =
jc

h
j(z)ex , (3.115)

wherej(z) is the dimensionless current density. This yields

P̄
(L)
diss =

|jc|2Dc

2hσ

∫ 1

−1

|j (z)|2 dz . (3.116)

Moreover, the power dissipated per unit length of the conductor can be expressed in terms of

the total effective currentIe, see (2.65), and the resistanceR̄(L) per unit of length (̄R(L) in

Ohm/m), as

P̄
(L)
diss = R̄(L)I2

e = R̄(L) (|jc|Dc)2

2
|
∫ 1

−1

j(z) dz|2 = 2R̄(L)(|jc|Dc)2 , (3.117)

where (3.102) is used. Combining (3.116) and (3.117), we getthe following expression for

the resistance

R̄(L) =
1

4Dchσ

∫ 1

−1

|j (z)|2 dz . (3.118)

Using the expansion (3.78) and orthogonality of Legendre polynomials, we arrive at

R̄(L) =
1

2Dchσ

∞
∑

k=0

|αk|2
4k + 1

. (3.119)
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3.4.2 Display of results

In this section, we explain how our results are displayed in this thesis. The components of

the surface current densityj(x) are complex-valued functions and a complex-valued function

can be presented in different ways. We here present results for the model of plane rectangular

strips. Although this model is physically not feasible, it provides insight in the behavior of the

currents due to induction effects. Moreover, it gives first approximations for other models,

such as the ring model, as will be discussed in the next chapter.

We consider one strip of 4 cm width, positioned with its center at z = 0. Its thickness is 2.5

mm and the total amplitude of the current flowing through the cross-section of the strip is 600

A. The total current is expanded in Legendre polynomials, asin (3.78), up to an accuracy of

99 %, and the coefficients are calculated from (3.81). The length scaleDc is half the width

of the strip, i.e.Dc = 2 cm.

−0.02 −0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
0

1

2

3

4

5
x 10

4

−0.02 −0.015 −0.01 −0.005 0 0.005 0.01 0.015 0.02
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

|j
|(

A
/m

)

z (m)

(a)

∆
φ

(r
ad

)

z (m)

(b)

Figure 3.4: One plane strip of 4 cm width with a source current of 600 A at fre-
quenciesf = 100 Hz (∗), f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△).
(a) Amplitude of the current distribution; (b) Phase-lag with respect to the source
current.

Considering the current distribution, we believe that a presentation of the real and imag-

inary part is not very informative. On the other hand, the amplitude of the current den-

sity, |j(z)|, and the phase-lag with respect to the source,∆φ(z), contain all the information

about how the current is distributed in the strips. Assumingthat the harmonic source cur-

rent has its maximum att = 0, we write the time dependent surface current density as

j(z, t) = ℜ{j(z)e−iωt} = |j(z)| cos(ωt− ∆φ(z)).

Figure 3.4 (a) shows the amplitude of the current distribution for four frequencies,f =

100, 400, 700, 1000 Hz. The current at the edges is higher than in the center. Thisedge-

effect, which is due to the self-inductance of the strip, becomes stronger as the frequency
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increases. For low frequencies, the current is distributedalmost uniformly, whereas for high

frequencies, the current is concentrated at the edges. The average current is equal to1.5 · 104

A/m, which is the value forjc = I/(2Dc).

Besides the edge-effect, we observe a phase difference in the system. In Figure 3.4 (b), the

phase-lag with respect to the source current is shown as function of the position, for the four

frequenciesf = 100, 400, 700, 1000 Hz. For each frequency only two points are in phase

with the source. The currents near the edges are ahead in phase with respect to the source (i.e.

negative phase-lag), whereas currents at the center are behind in phase. The phase difference

varies with frequency.

The edge-effect and phase-lag of the current cause a distortion in the magnetic field. The

magnitude of the field changes and the time behavior does not correspond to the one of the

desired field. The quality of the images in MRI is very much susceptible to these effects. So,

it is important for the design of a gradient coil to investigate to what extent a change in the

current distribution is acceptable.

We note that the solution is linear with the current, which means that if we increase the

total currentI, then the current densities are increased proportionally.The shapes of the

distributions in Figures 3.4 (a) and (b) remain the same, butscales are changing.
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Figure 3.5: One strip of 4 cm width with a direct total current of 600 A. (a)Contour
lines ofBz(y, z); (b) Contour lines ofBy(y, z).

Both A(y, z, t) andB(y, z, t) are vector fields in free space. One way of presenting vector

fields is by use of contour lines. Contour lines connect the points in which the field has the

same magnitude. However, the fields are changing in time and thus contour plots can only be

shown for one instant. In this thesis, we show contour plots for t = 0 only, unless explicitly
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stated otherwise. Also, if we want to consider a field component on a straight line, we choose

to present the real part of the component att = 0. For an example we refer to the next chapter,

where rings on a cylinder are considered. There, the gradient of the magnetic field is plotted

on the axis of symmetry of the cylinder.

In this example of one plane strip, we use (3.112) forHz(y, z) and (3.113) forHy(y, z).

Multiplying these expressions byµ0j
c, we obtain the dimensional representations ofBz(y, z)

andBy(y, z). The contour lines ofBz(y, z) andBy(y, z) are shown in the Figures 3.5 (a)

and (b), respectively.

An important aspect of the present research is the frequency-dependence of the solution. In

order to describe this dependence, we investigate the behavior of the characteristic quantities

R̄ andL̄. These characteristic quantities are essentially relatedto the current distribution in

the strips.
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Figure 3.6: One plane strip of 4 cm width with a total current of 600 A. (a) Resis-
tance per unit of length̄R(L) at frequencies up tof = 10000 Hz; (b) Resistance per
unit of lengthR̄(L) at frequencies up tof = 400 Hz.

For the plane strip we present the resistance per unit of length, computed according to (3.119),

for different frequencies. In Figure 3.6 (a),R̄(L) is shown for the frequency domain[0, 10000]

Hz. We observe that̄R(L) increases with the frequency. The physical interpretationis that

due to the stronger edge-effects the current flows through a narrower part of the strip, leading

to a higher resistance. The resistance per unit of length atf = 0 Hz is verified analytically

by taking it equal to one over the conductivity times the cross-sectional surface, that is

R̄
(L)
DC =

1

2hDcσ
≈ 1.7 · 10−4Ω/m. (3.120)

This result corresponds to a DC current, which is distributed uniformly, such that all coeffi-

cientsαk, k ≥ 1 are equal to zero andα0 = 1 in (3.119). In Figure 3.6 (b), the resistance

per unit of length is shown for the smaller range[0, 400] Hz, with a higher resolution than
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used in the range[0, 10000] Hz. We observe different behaviors for small (f < fchar) and

large (f > fchar) frequencies: forf < fchar, the slope ofR̄(L) is increasing, whereas for

f > fchar, this slope is decreasing. Hence,fchar represents a point of inflection. The value

of the characteristic frequencyfchar is about170 Hz. In Chapter 4, we discuss appearance

of this characteristic frequency in more detail and show howit can be calculated.

An interesting aspect for our further analysis is the spectrum of eigenvalues of the operatorK

from (3.67). The eigenvalues are computed using the matrixA given in (3.81). Figure 3.7 (a)

shows the eigenvalues of the operator,λn, together with its lower and upper bound according

to (3.76). We observe that the eigenvalues behave as1/n for greatern. In Figure 3.7 (b), all

values are multiplied byn + 1, such that we see how accurate the lower and upper bounds

are.
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Figure 3.7: (a) The eigenvalues of the operator,λn (+), with lower bound1/(8(n+
1)) (◦), for n ≥ 0, and upper bound1/(2n) (∗), for n ≥ 1 andlog(2)/2 for n = 0;
(b) All values multiplied byn+ 1.

In Figure 3.4 (a), we have seen how edge-effects appear in a time-varying system. To avoid

misunderstandings: this is not a matter of repulsion of currents. To explain this, we consider

the analogue of two wires carrying currents in the same direction. These currents generate

an attracting Lorentz force. On the other hand, opposite currents in the two wires generate a

repulsing force. In contrast, the edge-effects within a strip are due to the changing magnetic

flux. The changing magnetic flux causes an electromotive force that generates an eddy current

whose direction is such as to set up a magnetic flux opposing the change. At the center of

the strip the effect of induction is stronger than near the edges of the strip. Therefore, at

the center, changing magnetic flux is higher, eddy current density is higher and total current

density is lower.

As a second example, we consider a system of two parallel plane strips of infinite length

carrying a total current of 600 A. The currents in the two strips are in phase. The widths
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Figure 3.8: Two plane strips of 4 cm width with total current 600 A, at frequencies
f = 100 Hz (∗), f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△). (a) Amplitude
of the current distribution for sources in phase; (b) Phase-lag for sources in phase;
(c) Amplitude of the current distribution for sources in anti-phase; (d) phase-lag for
sources in anti-phase.
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of the strips are 4 cm and the distance between the central lines of the strips is 8 cm. The

results for the amplitude of the current density and the phase-lag are presented in Figures 3.8

(a) and (b), respectively. We observe edge-effects within the strips, as well as a global edge-

effect over the system of strips. This global edge-effect isexplained in the same way as the

edge-effect within the strip; points at the edges experience a lower changing magnetic flux.

In case the currents in the two parallel strips are in anti-phase, the results are different; see

Figures 3.8 (c) and (d). Here, the currents are more concentrated at the center of the system.

This is explained as follows: the changing magnetic flux created by the current in the first

strip generates eddy currents in the second strip that oppose this flux. The direction of the

induced eddy currents is the same as the direction of the current applied to the second strip.

Therefore, the induced eddy currents amplify the total current density. Currents closer to the

first strip are amplified more than currents further away.

We conclude that Legendre polynomials are especially suited for use in the Galerkin method,

when applied to the Fredholm integral equation of the secondkind with logarithmic singular

kernel (3.100). With the choice of Legendre polynomials we found basis functions with the

following properties:

• Complete

• Rapid convergence

• Easy to compute

Completerefers to an accurate expression in the form of a series with respect to the basis

functions.Rapid convergencerefers to the number of basis functions needed to approximate

the current distribution to within a certain tolerance. In the examples of this section, Legendre

polynomials up to eighth order have been used to obtain an accuracy of one percent.Easy to

computerefers to avoiding tedious numerical integration where possible and the use of the

analytical formula (3.61).

3.5 Summary

In this chapter, we presented the mathematical analysis forthe integral equation of the second

kind obtained in Chapter 2. The integral equation results from the model for a current distri-

bution on a cylindrical surface. The kernel function of the integral is singular in one point.

This singular behaviour inspired us to develop a strategy, partly based on applied analysis

and partly on numerical analysis.

The model analysis predicts that the induced eddy currents in the strips prefer to flow in the

direction opposite to the applied source current, because the eddy currents tend to oppose

the magnetic field caused by the source current. We consider the leading integral equation in

terms of the component of the current in this preferable direction. The essential behaviour of
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the kernel in this leading integral equation is logarithmicin the coordinate perpendicular to

the preferable direction.

To solve the integral equation, the Galerkin method with global basis functions is applied

to approximate the current distribution. In the angular direction of the cylinder we choose

trigonometric functions to express periodicity. In width direction of the strips, we choose

Legendre polynomials. With this choice we found basis functions that are complete, converge

rapidly and are easy to compute.

From the special case of plane rectangular strips as described in Section 3.4, we conclude

that Legendre polynomials are specially suited for use in the Galerkin method, when applied

to the Fredholm integral equation of the second kind with logarithmic singular kernel.



CHAPTER 4

Circular loops of strips

The z-coil consists of a long strip of copper wound around a cylinder. The width of the

strip is a few centimeters and its thickness a few millimeters. The distance between two

successive loops varies from a few millimeters to several centimeters. To model the z-coil,

we consider a finite number,N , of circular loops of strips, which are parallel and have the

same central axis. Hence, the ring-model is a specific example of the general model described

in Chapter 2. In this chapter, we show how the current distribution is affected by parameters

such as frequency of the excitation source, width of the rings, distances between the rings,

and radius of the rings. We investigate the magnetic field, its gradient, the resistance and

self-inductance of the rings, all depending on the frequency. We show the resemblance with

the special case of plane rectangular strips, as discussed in Section 3.4.

In Section 4.1, we formulate the problem for the configuration of a set of rings, adjust the

integral equations from the general model in Section 2.3, using the properties of the ring

model, and investigate the behavior of the kernel function in the obtained integral equation for

this specific case. The Galerkin method, as described in Section 3.2, is applied to approximate

the current distribution. Section 4.2 contains the explanation of the implementation of this

method. This method results in a set of linear equations. Numerical results are shown in

Section 4.3. In Section 4.4, we present the summary of the present chapter.

4.1 Model formulation

4.1.1 Configuration

We consider a set ofN (N ≥ 1) coaxial circular loops of strips, or rings, as depicted in

Figure 4.1. The geometry is described by cylindrical coordinates(r, ϕ, z), where thez-axis

coincides with the central axis of the rings. The radius of each ring isR, and each ring has

its own uniform width. To keep the geometry as general as possible, we assume that not all

the rings have the same width, and that the mutual distances are different. The thickness is
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Figure 4.1: The configuration of a set of parallel rings.

assumed the same for all rings (i.e.h).

In Section 2.2, we have explained how strips on a cylinder canbe categorized in three types.

The configuration of the case under consideration is a specific example of the second type,

i.e. the strip that forms a closed loop around the cylinder. The rings are mutually parallel

and perpendicular to the central axis. Therefore, the configuration is axi-symmetric. For

closed loops of strips we cannot apply a source that suppliesa voltage difference. Instead,

we model a primary current, which is injected in one point, asdescribed in the general model

in Section 2.3. The conductivity of the copper rings enablesthe current to flow through the

rings. The current distribution that arises as such, i.e. without any inductive effects, is called

the source currentJs. Due to the axi-symmetric configuration the source current is distributed

uniformly over the width of the rings, and has only a tangential component.

Through the rings, a time-harmonic current at angular frequencyω is flowing, with current

distributionJ(r, ϕ, z, t) = ℜ{J(r, ϕ, z)e−iωt}. The frequency is assumed to be low, i.e.

f = ω/2π < 104 Hz. The cross-section of a ring is a narrow rectangle, meaning that the

thickness is small compared to the width. But more relevant for us is that the ratio of half

the thickness of the ring,h/2, with respect to the penetration depth,δ, is smaller than one.

Therefore, for the low frequencies we consider here, the current density is approximately

uniform in the thickness direction. Consequently, we can assume that the rings are infinitely

thin, if we replace the current densityJ (in A/m2) by the current per unit of lengthj (in A/m),

defined asj = hJ. From now on, the current distribution in the rings is independent ofr and

the component of the current in ther-direction is neglected. Moreover, for an axi-symmetric

geometry, the current does not depend onϕ, and flows only in theϕ-direction, such that

j = jϕ(z)eϕ.

In accordance with the general model described in Section 2.2, the rings occupy a surface

S∪ on the cylinderSc. The set of rings is subdivided intoL groups, each of which having

a prescribed total currentIl(t) = ℜ{Ile−iωt}, Il ∈ C, l = 1, . . . , L driven by a separate

source current. The sum of the widths of all rings in groupl is denoted byDl. Let each group
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l consist ofNl rings, thenS(l)
n can be defined as the surface of then-th ring within groupl,

with n ∈ {1, . . . , Nl} andl ∈ {1, . . . , L}, such that

S
(l)
∪ =

Nl
∑

n=1

S(l)
n , and S∪ =

L
∑

l=1

S
(l)
∪ =

L
∑

l=1

Nl
∑

n=1

S(l)
n , (4.1)

and

S(l)
n = {(r, ϕ, z) | r = 1,−π ≤ ϕ ≤ π, z

(n)
0 ≤ z ≤ z

(n)
1 }. (4.2)

Here,
∑

denotes the disjoint union of sets. The indexn represents the number of the ring

within groupl. The dimensional quantities are incorporated directly, meaning that we have

used a characteristic currentjc and a characteristic distanceDc, defined by

Dc = R, jc =

∑L
l=1 Il

∑L
l=1Dl

, (4.3)

such that the distances are scaled by the radius of the cylinder (yieldingr = 1 on the cylinder),

and the current is scaled by the average amplitude of the current through all rings. Note that

Il ∈ C, so alsojc ∈ C is a complex characteristic current.

For currents that do not depend onϕ, it is more convenient to introduce a notation for the

z-intervals in which the rings are positioned. Instead ofS∪, which represents a surface, we

introduce the one-dimensional setSz∪ as the collection of all intervals, denoting the axial

positions of the rings:

Sz∪ =
N

∑

n=1

[z
(n)
0 , z

(n)
1 ]. (4.4)

The dimensional total widthDtot of all rings together is defined as

Dtot = R

N
∑

n=1

(z
(n)
1 − z

(n)
0 ), (4.5)

which is, of course, equal to the sum of the widthsDl of all groupsl = 1, . . . , L.

In terms of the coordinate system{es, et, en}, as introduced in Section 2.2,es represents the

direction of the central line of the rings,et denotes the width direction of the rings, anden

is the outward directed normal on the rings. It is evident that for a set of ringses, et anden

correspond witheϕ, ez ander, respectively.

4.1.2 Adjustment of the integral equation

In Chapter 2, an integral equation of the second kind is derived for a general distribution of

thin conductors on a cylinder. The resulting equation is (2.195). For the specific case of rings

only, we use the integral equation for theϕ-component of the current (2.177), with kernel

given by (2.175). We substitute a current that only depends on thez-coordinate,j = jϕ(z)eϕ,
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into (2.177). After integration overθ from−π to π, only the termk = 0 in the infinite series

(2.175) yields a contribution, so that we obtain

Kϕ(ϕ, z) = K(z) =
1

4π

∫ ∞

−∞
[I−1(|p|)K−1(|p|) + I1(|p|)K1(|p|)]eipz dp

=
1

π

∫ ∞

0

I1(p)K1(p) cos pz dp. (4.6)

With this kernel functionK(z), we obtain the integral equation of the second kind

iκ

∫

Sz
∪

K(z − ζ)jϕ(ζ) dζ = jϕ(z) − jsϕ(z), z ∈ Sz∪, (4.7)

whereκ = hσµ0ωR. For further computations we need to investigate the behavior of the

kernel function. For this, we can use either of the followingexpressions:

K(z) =
1

π

∫ ∞

0

I1(p)K1(p) cos pzdp =
1

2

∫ ∞

0

J2
1 (p)e−pzdp

=
1

4|z|3 2F1

(3

2
,
3

2
; 3;− 4

z2

)

=
1

2πk

[

(2 − k2)K(k) − 2E(k))
]

. (4.8)

Here,J1 is the Bessel function of order one of the first kind (see [82]), 2F1 is the hypergeo-

metric function (see [49]),K andE are the complete elliptic integrals of the first and second

kind, respectively (see [10]), and

k2 =
4

4 + z2
. (4.9)

The reason for presenting these four expressions is that allof them are used in literature

and that different authors have different preferences. Apart from the ones in (4.8), other

expressions are used as well. However, the expressions in (4.8) are the more common in the

symbolic toolboxes of programs, such as Mathematica and Maple.

We note that the expression with the elliptic functions is similar to the formula for the mutual

inductance between two circular loops of wires; see e.g. [31], [48]. In [31], the author shows

that the model of a set of circular loops of wires provides results for discrete currents, which

describe the qualitative behavior of the continuous current distribution in rings with a similar

geometry. The wire model yields some insight in the problem,but cannot be used as a proper

quantitative validation, because the thickness and the number of wires are arbitrary.

Investigation of the behavior of the kernel functionK(z) reveals that it has a singularity at

z = 0. From a numerical point of view, it is important to find an approximate formula that is

valid for smallz. The asymptotic expansion ofK(z) for z → 0 up to terms ofO(z2) is of

the form

K(z) = − 1

2π

(

log|z| − log2 + Ψ(0)(
3

2
) + γ

)

+ O(z2), (4.10)

whereΨ(0)(3/2) ≈ 0.03649 (Ψ(0) is the polygamma function; see [2, Eq.(6.4.4)]), and

γ ≈ 0.57722 (Euler’s constant; see [2, Eq.(6.1.3)]). In Figure 4.2(a),both the kernel function
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(solid line) and the asymptotic expansion (dashed line) aredrawn forz ∈ [−4, 4]. The differ-

ence betweenK(z) and the asymptotic expansion is a regular function; see Figure 4.2(b). In

the numerical computations, we make use of the approximation forK(z) according to (4.10).
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Figure 4.2: (a) The kernelK(z) (solid line) and the approximate function (dashed
line); (b) The difference betweenK(z) and its approximation.

The possibility to decompose the kernel into a logarithmic and a regular part enables us to

investigate the equivalence between a set of parallel ringsand a set of infinitely long parallel

strips in one plane. For the strips in one plane, the integralformulation is shown in Section 3.4

and it has a kernel that is purely logarithmic. Therefore, according to (4.10), the solution of

the ring problem is partly accounted for by the solution of the plane-strip problem. The

remaining part of the solution is determined from the regular difference function, i.e. the

difference betweenK(z) and thelog |z| term.

We note that the solutions of the integral equations for the two problems of rings and plane

strips become equal if the radii of the rings tend to infinity,i.e.R/Dtot ≫ 1. As the influence

of the currents in two different points on one ring is only local, we see that forR/Dtot ≫ 1,

the current distribution in one point on a ring becomes equalto the current distribution in an

infinitely long plane strip tangent to the ring in that point;see Figure 4.3. This is corroborated

by the behavior ofK(z) for z ≪ 1 (note thatz ≡ z/R < Dtot/R ≪ 1), as given by (4.10).

ForDtot/R ≪ 1, only the logarithmic kernel remains, which is equivalent to the kernel in

the plane-strip case. We come back to this in the discussion of the numerical results; see

Section 4.3.

Another way of interpreting the behavior of the kernel function K(z) is that, locally, the

curvature of the strips can be neglected, and that, globally, the current in a point is not affected

by currents on a large distance. In Section 4.3, we check whether these interpretations are

correct.
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Figure 4.3: For a large radius of the ring (2), the current distribution in pointP
becomes equal to the current distribution in an infinitely long plane strip (1) tangent
to the ring in pointP .

4.2 Composition of the matrices

In this section, we explain how we apply the Galerkin method,as described in Section 3.2,

to the problem of rings. The current distribution is approximated by a series of global basis

functions. Since the currents are independent of the tangential directionϕ, it suffices to

usez-dependent basis functions only. We have seen that the current density function has

to satisfy (4.7). Both the functionsjϕ(z) andjsϕ(z) must be expanded in a series of global

basis functions. For the latter, we know the analytical solution. Namely, the static current

distribution in a set of rings is uniform in thez-direction. Thus, in the dynamic case, an

appropriate description for the source current is a set of basis functions that are uniform inz

on each ring.

In the Galerkin method we search for a family of basis functions, such that a linear combi-

nation of these basis functions gives a good approximation of the current distribution. The

best way to deal with the source currentjsϕ(z) is to assimilate it in the basis. Thenjsϕ(z)

can be described by one basis function, or by a linear combination of merely a few basis

functions. Due to the projection method, the source currentdisappears after one or merely a

few projections. In the case we consider,jsϕ(z) is a stepwise uniform function inz and can

therefore easily be included in the family of basis functions. We show how the projection on

basis functions introduced in (4.11) makes the source current disappear from the formulation,

which eventually results in equation (4.22).

Letψl(z) be the characteristic function of groupl, defined by

ψl(z) =

Nl
∑

n=1

1
[z

(n)
0 ,z

(n)
1 ]

, (4.11)
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whereNl is the number of rings in groupl. By 1[a,b] we mean the characteristic function

of the interval[a, b]. Note that[z(n)
0 , z

(n)
1 ] is a dimensionless interval, scaled onR. Due to

disjointness of the intervals, the characteristic functionsψl(z) satisfy

(ψl, ψl′) =
Dl

R
δll′ , (4.12)

whereDl is width of groupl andδll′ is the Kronecker delta. The source currentjsϕ(z) can be

expressed as a linear combination of the characteristic functionsψl(z)

jsϕ(z) =

L
∑

l=1

Clψl(z), (4.13)

and the integral equation (4.7) becomes

jϕ(z) − iκ

∫

Sz
∪

K(z − ζ)jϕ(ζ) dζ =

L
∑

l=1

Clψl(z), z ∈ Sz∪. (4.14)

Moreover, the total current per groupl is prescribed, sojϕ(z) must satisfy

(jϕ, ψl) =

∫

Sz
∪

jϕ(z)ψl(z) dz = Îl, l ∈ {1, . . . , L}, (4.15)

whereÎl = Il/(j
cR), with jc according to (4.3).

We introduce the operatorK by

(Kf)(z) =

∫

Sz
∪

K(z − ζ)f(ζ) dζ, (4.16)

such that (4.14) can be written in operator form as

(I − iκK)jϕ =
L

∑

l=1

Clψl. (4.17)

We define the projectionΠ on the linear span of the characteristic functionsψl, l ∈ {1, . . . , L}
by

(Πf)(z) =

L
∑

l=1

(f, ψl)

(ψl, ψl)
ψl(z). (4.18)

The projectionΠ applied tojϕ yields, with use of (4.12) and (4.15),

Πjϕ =
L

∑

l=1

R

Dl

(jϕ, ψl)ψl =
L

∑

l=1

RÎl
Dl

ψl. (4.19)

Next,jϕ is split into two parts according to

jϕ = Πjϕ + (I − Π)jϕ =
L

∑

l=1

RÎl
Dl

ψl + j⊥. (4.20)
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Here,j⊥ = (I − Π)jϕ lies in the orthoplement of the range ofΠ, i.e. (j⊥, ψl) = 0, for

l = 1, . . . , L. Multiplying (4.17) by(I − Π), we obtain

j⊥ − iκ(I − Π)Kjϕ = 0, (4.21)

or equivalently,

j⊥ − iκ(I − Π)Kj⊥ = iκ

L
∑

l=1

RÎl
Dl

(I − Π)Kψl. (4.22)

We have now eliminatedjϕ in favor of j⊥ and the constantsCl have disappeared in favor of

the prescribed currentŝIl. So, the source currentjsϕ(z) is completely covered by the family

of basis functionsψl(z).

We approximatej⊥ by a finite series ofM mutually orthogonal basis functionsφm(z), ac-

cording to

j⊥(z)
.
=

M
∑

m=1

αmφm, φm ∈ ran(I − Π). (4.23)

Substituting (4.23) into (4.22), taking the inner product of this relation withφn, and using the

self-adjointness of the operator(I − Π), we obtain

M
∑

m=1

αm(φm, φn) − iκ

M
∑

m=1

αm(Kφm, φn) = iκ

L
∑

l=1

RÎl
Dl

(Kψl, φn), (4.24)

for n = 1, 2, . . . ,M . From this system ofM linear equations, theM unknown coefficients

αm can be determined. For convenience of notation, we write (4.24) in a matrix formulation

as

(G − iκA)a = iκBf , (4.25)

where (m,n = 1, . . . ,M ; l = 1, . . . , L)

A(n,m) = (Kφm, φn),

G(n,m) = (φm, φn),

a(m) = αm,

B(n, l) = (Kψl, φn),

f(l) =
RÎl
Dl

. (4.26)

In Subsection 4.1.2, we have shown that the kernelK(z) has a logarithmic singularity in

z = 0; see (4.10). This corresponds with the explanation of the Fourier modes in the general

configuration of Section 3.1, where we have proved that the essential behavior of the kernels

is logarithmic. Moreover, it turned out in Section 3.2 that avery appropriate choice for the

basis functions is to use Legendre polynomials,Ps(z). Then, for the inner products in (4.26)

the analytic expression (3.61) can be used. Due to the simpleanalytical computations, the
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simulations are fast, and moreover we shall see that only a few basis functions are needed to

provide a good approximation. Other relevant properties ofthe Legendre polynomialsPs(z),

s ∈ IN, are
∫ 1

−1

P0(z) dz = 2,

∫ 1

−1

Ps(z) dz = 0, (4.27)

for all s ≥ 1, and the orthogonality property

∫ 1

−1

Ps(z)Ps′(z) dz =
2

2s+ 1
δss′ . (4.28)

For the current distributionj⊥(z), the pertinent intervals are[z(q)
0 , z

(q)
1 ], q = 1, . . . , N , in-

stead of[−1, 1]. Therefore, we introduce shifted and scaled Legendre polynomials, denoted

by Ps,q(z; cq; dq), of orders, defined on ringq as

Ps,q(z; cq; dq) = Ps

(z − cq
dq

)

, z ∈ [z
(q)
0 , z

(q)
1 ], (4.29)

where

cq =
z
(q)
1 + z

(q)
0

2
, dq =

z
(q)
1 − z

(q)
0

2
, q = 1, . . . , N. (4.30)

For z 6∈ [z
(q)
0 , z

(q)
1 ], Ps,q(z; cq; dq) = 0. Equation (4.28) then transforms into

∫

Sz
∪

Ps,q(z; cq; dq)Ps′,q′(z; cq′ ; dq′) dz =
2dq

2s+ 1
δss′δqq′ . (4.31)

The shifted and scaled Legendre polynomials are used to construct the basis functions. We

create a series expansion inS different basis functions for each ring, separately. Hence,

j⊥ =

S
∑

s=1

N
∑

q=1

αs,qφs,q +

N−L
∑

q=1

α0,qφ0,q, (4.32)

whereS denotes the number of degrees of basis functions that is included, andN is the

number of rings. The reason for splitting the series into twosums – one withφs,q and one with

with φ0,q – follows below. We note that the total number of basis functions is(S+ 1)N −L,

which will be set equal to the numberM used in (4.23). A requirement on the basis functions

is that they are mutually orthogonal as well as orthogonal tothe functionsψl(z).

According to (4.27), Legendre polynomials satisfy the firstrequirement. Moreover, for Leg-

endre polynomials of degree one and higher, we have
∫

Sz
∪

Ps,q(z; cq; dq)ψl(z) dz = 0, (4.33)

for q = 1, . . . , N , l = 1, . . . , L, ands ≥ 1. Therefore, we choose the basis functions of

degree one and higher equal to the shifted and scaled Legendre polynomials

φs,q = Ps,q(z; cq; dq), q = 1, . . . , N, s = 1, . . . , S. (4.34)
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The Legendre polynomial of degree zero is constant. The total currentjϕ(z) is approximated

for a part byL piecewise constant functionsψl(z). So, forj⊥(z),N − L piecewise constant

functions are left, which can differentiate the current distributions in the rings within a group.

Here,φ0,q denotes the constant basis function on ringq, q = 1, . . . , N . This explains why

we split off the sum with theN − L terms in (4.32).

For the description of the basis functions of degree zero, wefirst need to define a basis of char-

acteristic functions{1
[z

(1)
0 ,z

(1)
1 ]
, . . . ,1

[z
(N)
0 ,z

(N)
1 ]

}, where the order is such that the character-

istic functions of each group follow successively. The functionsψl(z) can be constructed by

Nl elements of this basis, whereNl is the number of rings of groupl (clearly,
∑L
l=1Nl = N ).

For example, the functionψ1(z) can be written as a vector that starts withN1 ones, followed

byN −N1 zeros.

For the basis functionsφ0,q(z), we needNl− 1 linear combinations of the basis elements for

each groupl, chosen in such a way that eachφ0,q(z) is orthogonal to allψl(z) andφ0,q′(z),

for q 6= q′. Each functionφ0,q, for q ∈ {1, . . . , Nl − 1}, can be expressed as a vector that

contains the coefficients of the corresponding linear combination. Note that for theL groups

together, we thus obtain
∑L
l=1(Nl − 1) = N − L basis functions.

To visualize theNl− 1 basis functions for each group, we introduce theN ×Nl matricesΓl,

l = 1, . . . , L, the columns of which correspond to the vector representations ofψl andφ0,q,

whereq is the number of the ring in groupl, q ∈ {1, . . . , Nl − 1}. Furthermore, we define

theN ×N matrix Γ as a row of sub-matricesΓl, according toΓ = [Γ1, . . . ,ΓL]. Note that

each sub-matrixΓl contains a block ofN −Nl rows with only zeros. So, two columns from

different sub-matrices always have a zero inner product.

It suffices to explain each sub-matrixΓl separately. The construction of these sub-matrices

can be achieved in several ways. For our numerical simulations we choose here a simple

algorithm. In (4.35), we show the non-zero part ofΓl, a sub-matrix of sizeNl × Nl, which

clarifies the algorithm:



















γ1 −1 − 1
2 − 1

3 · · · − 1
Nl−1

1 γ2 − 1
2 − 1

3 · · · − 1
Nl−1

1 0 γ3 − 1
3 · · · − 1

Nl−1

1 0 0 γ4 · · · − 1
Nl−1

...
...

...
...

. ..
...

1 0 0 0 · · · γNl



















(4.35)

The first column of the matrix in (4.35) represents the functionψl and the other columns are

the vector representations ofφ0,q. All columns are orthogonal. On the diagonal the values

are equal to (fordi, see (4.30))

γ1 = 1, γj =
1

(j − 1)dj

j−1
∑

i=1

di, j = 2, . . . , Nl. (4.36)
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Because the Legendre polynomials are shifted and scaled in adifferent way on each ring, it is

easier to transform all intervals to[−1, 1]. We express the entries of the matrix equation (4.25)

for Legendre polynomials of order larger than zero. The zeroth-order Legendre polynomials

are not included, but they yield a combination of the solutions forB(n, l) in (4.37), using the

coefficients of (4.35). Fors, s′ = 1, . . . , S andq, q′ = 1, . . . , N andl = 1, . . . , L, we obtain

A(n,m) = dqdq′

∫ 1

−1

∫ 1

−1

Ps′(z)Ps(ζ)K(dq′z − dqζ + cq′ − cq) dζ dz,

G(n,m) =
2dq

2s+ 1
δmn,

a(m) = αm,

B(n, l) = dqdq′

∫ 1

−1

∫ 1

−1

Ps′(z)K(dq′z − dqζ + cq′ − cq) dζ dz,

f(l) =
RÎl
Dl

, (4.37)

with m = N − L + (s − 1)N + q andn = N − L + (s′ − 1)N + q′, such thatm,n ∈
{N − L+ 1, . . . , (S + 1)N − L}.

The elements of the matricesA andB can be determined from the integrals in (4.37), whose

integrands are logarithmically singular ifq = q′. We split off the logarithmic part, given by

(4.10), and are left with a regular difference function. This difference function in combina-

tion with the Legendre polynomials is integrated numerically. The Gauss-Legendre quadra-

ture rule is used as integration method. For the logarithmicpart together with the Legendre

polynomials, we use (3.61).

4.3 Numerical results

In this section, we present the results of the numerical simulations of three different con-

figurations: one ring, the Maxwell pair, consisting of two rings, and a realistic geometry of

a z-coil, consisting of 24 rings. All simulations make use ofthe method described in this

chapter; see also [33]. A special software tool has been developed, calledEddy, which can

compute the current distributions and the corresponding electromagnetic fields for any ar-

bitrary set of parallel rings (both on a cylinder and in a plane). In Eddy, the positions of

the centers of the rings have to be defined, as well as the widths and the thicknesses of the

rings. We can assign which rings are connected in a group, andwhat the total current through

each group is, the frequency of the source, the radius of the cylinder, and the number of ba-

sis functions. Furthermore, extra options can be chosen forpostprocessing, such as plotting

the amplitude of the current density, the phase lag of the current density with respect to the

source, and contour lines, flux lines or values along a line ofcomponents of vector fields,

such as the magnetic field or the vector potential.

In Eddy, first the coefficientsαs,q andα0,q from (4.32) are determined, which results inj⊥.
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Subsequently, the total currentjϕ is determined from (4.20).

4.3.1 One ring

We first consider one ring of widthD = 4 cm, positioned with its center atz = 0. The

thickness ish = 2.5 mm, the radius isR = 35 cm and the amplitude of the total current

through the ring isI = 600 A. All values are typical for a ring in a z-coil of an MRI-scanner.

The current distribution is expanded in a series of Legendrepolynomials, with coefficients

calculated from the linear set of equations (4.25).
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Figure 4.4: One ring of 4 cm width with a total current of 600 A at frequencies
f = 100 Hz (∗), f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△). (a) Amplitude
of the current distribution; (b) Phase-lag with respect to the source current.

Figure 4.4 (a) shows the amplitude of the current distribution in the ring for the four frequen-

ciesf = 100, 400, 700, 1000 Hz. We observe that the current at the edges is higher than in

the center. Thisedge-effect, which is due to the self-inductance of the ring, becomes stronger

as the frequency increases. For low frequencies, the current is distributed almost uniformly,

whereas for high frequencies the current is more concentrated at the edges. The average

current is always equal to1.5 · 104 A/m, which is the value forjc = I/D.

To obtain the time-dependent result for the currents, we multiply the current density by e−iωt

and take the real part. Simulating this case, we observe a phase difference in the system. In

Figure 4.4 (b), the phase-lag∆φ with respect to the source current is shown as function of

the position for the four frequenciesf = 100, 400, 700, 1000 Hz. For each frequency only

two points are in phase with the source (i.e.∆φ = 0). The currents near the edges are ahead

in phase with respect to the source (i.e. negative phase-lag), whereas currents at the center

are behind in phase. The phase difference also varies with the frequency.

We note that the system is linear with respect to the magnitude of the current, which means
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that if we increase the total currentI, then the current densities are increased proportionally.

The shapes of the distributions in Figures 4.4 (a) and (b) remain the same, but scales are

changing.
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Figure 4.5: One ring of 4 cm width with a total current of 600 A atf = 1000 Hz.
(a) Flux lines of the magnetic field; (b) Contour lines ofBz; (c) Bz on z-axis; (d)
Difference betweenBz for f = 1000 Hz andBz for f = 0 Hz onz-axis.

For the determination of the magnetic field, we use the law of Biot-Savart as formulated in

(2.46). In Figure 4.5 (a), the flux lines of the vector potential are shown in the(y, z)-plane.

These flux lines represent the direction of the magnetic fieldand encircle the ring that carries

the current. In the context of gradient coils, we are mainly interested in the axial component

of the magnetic field,Bz. Figure 4.5 (b) shows the contour lines of theBz-field in the(y, z)-

plane. The contour lines connect points of the sameBz-value. Here, the differences between

the values of two successive contour lines are always the same. Therefore, from a figure like
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this, the steepness of the gradient of theBz-field can be determined from the distance between

the contour lines. Hence, equally spaced contour lines represent a linear gradient. We observe

that in the case of one ring, the gradient is far from linear. Afrequency off = 1000 Hz is

used for the situations in Figures 4.5 (a) and (b).

In Figure 4.5 (c), the axial component of the magnetic field,Bz, along the central axis of the

ring is shown. The frequency of the excitation source isf = 1000 Hz. For lower frequencies,

the differences are too small to be observed in Figure 4.5 (c). Therefore, we consider the

difference between the magnetic field caused by an alternating current and the magnetic field

caused by a direct current. In Figure 4.5 (d), the differenceis shown for the alternating current

having a frequencyf = 1000 Hz. Note that the difference is less than one micro Tesla, or

∆Bz/Bz < 10−3.
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Figure 4.6: One ring of 4 cm width with a total current of 600 A. (a) ResistanceR̄
at frequencies up tof = 10000 Hz; (b) ResistancēR at frequencies up tof = 400
Hz; (c) Self-inductancēL at frequencies up tof = 10000 Hz; (d) Self-inductance
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The first characteristic quantity we present, is the resistanceR̄ as a function of the frequency

f ; see (2.66). In Figure 4.6 (a),̄R is shown for the frequency range[0, 10000] Hz. We observe

that R̄ increases with the frequency. The physical interpretationis that due to the stronger

edge-effects the current flows through a narrower part of thering, which corresponds to a

higher resistance. The value of the resistanceR̄DC at f = 0 Hz is verified analytically

by taking the circumferential length divided by the conductivity times the cross-sectional

surface, i.e.

R̄DC =
2πR

hDσ
≈ 3.74 · 10−4Ω. (4.38)

We observe a decay in the slope of the resistance. In Smythe [59, pp.368–371], it is shown

how a similar behavior occurs in the situation of a conducting medium filling a half-space,

with a harmonic varying source current flowing along the surface. The induced current causes

a resistance that increases with the square root of the frequency. This can be explained by the

decrease of the order of the edge effect for increasing frequency. In the case of a thin ring,

the decay of the slope is stronger. The graph in Figure 4.6 (a)can be fitted by a function that

is proportional to the frequency to the power one eighth.

In Figure 4.6 (b), the resistance is shown for the smaller range of frequencies up tof = 400

Hz, with a higher resolution than used in the range from 0 to 10000 Hz. We observe that the

behavior ofR̄ changes from low to high frequency range. We observe a point of inflection

fchar close to 170 Hz. Such a point of inflection is also observed in the next example, a ring

of 30 cm width. We discuss this phenomenon at the end of this subsection.

In Figure 4.6 (c), the self-inductancēL is shown for frequencies up tof = 10000 Hz. We

see that̄L decreases with the frequency. Thus, if the current is jostled near the edges of the

ring, as happens in the case of higher frequencies, then the inductive effects decrease. Or,

conversely, if the current changes more rapidly in time, then the self-inductance has to be

lower. For that, the amplitude of the current near the edges of the ring is higher than at the

center.

For low frequency range, from 0 to 400 Hz, we observe that the self-inductancēL changes be-

havior as frequencies increase; see Figure 4.6 (d). The inflection is at the same characteristic

frequencyfchar as found for the resistance.

Apart from a dependence on the frequency, the results of our simulations also depend on the

widthD of the ring. To illustrate this, we repeat the computations for a ring of 30 cm width.

Figures 4.7 (a) and (b) show the amplitude of the current density and the phase-lag in this ring

for the four frequenciesf = 100, 400, 700, 1000 Hz. Here, the average current is equal to

2.0 · 103 A/m, i.e. the value forjc = I/D. We observe that the current is more concentrated

near the edges than in the 4 cm ring.

Let us take a closer look at the integral equation

(I − iκK)jϕ = jsϕ. (4.39)
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Figure 4.7: One ring of 30 cm width with a total current of 600 A. (a) Amplitude
of the current distribution at frequenciesf = 100 Hz (∗), f = 400 Hz (◦), f = 700
Hz (+), f = 1000 Hz (△); (b) Phase-lag with respect to the source current at
frequenciesf = 100 Hz (∗), f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△);
(c) Amplitude of the current distribution at frequenciesf = 13.3 Hz (∗), f = 53.3
Hz (◦), f = 93.3 Hz (+), f = 133.3 Hz (△); (b) Phase-lag with respect to the
source current at frequenciesf = 13.3 Hz (∗), f = 53.3 Hz (◦), f = 93.3 Hz (+),
f = 133.3 Hz (△).
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Here,κ = hσµ0ωR is a system parameter, which represents the contribution ofthe inductive

effects. A numerical approximationj(N)
ϕ of the truejϕ is given by

j(N)
ϕ =

N
∑

n=0

1

1 − iκλ
(N)
n

(jsϕ, u
(N)
n )u(N)

n , (4.40)

according to (3.74). Here,λ(N)
n andu(N)

n are the eigenvalues and eigenfunctions, respec-

tively, of the finite rank operatorK(N) that is used to replaceK. The series in (4.40) can also

be written as

j(N)
ϕ =

N
∑

n=0

[ 1

1 + (κλ
(N)
n )2

+ i
κλ

(N)
n

1 + (κλ
(N)
n )2

]

(jsϕ, u
(N)
n )u(N)

n . (4.41)

In order for the inductive effects (represented by the imaginary part) to dominate the resistive

effects (represented by the real part),κλ
(N)
n must be greater than one.
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Figure 4.8: (a) The first 40 scaled eigenvalues of the operatorK, 2Rλn/D (+),
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We can approximate the eigenvalues of the operatorK, by using the matrixA from (4.25),

which represents the finite rank operatorK
(N). This means that we have to compute the

eigenvalues ofG−1A, where the Gram matrixG is used to orthonormalize the basis func-

tions. Furthermore, due to scaling of the distances on radius R, the integral operatorK is

related to the integration interval[−D/(2R),D/(2R)]. In order to compare the results with

the plane strip case, we scale the integration interval further, such that we integrate from -1

to 1. Consequently, we obtain an additional factorD/(2R). If we scale the eigenvaluesλn,

n = 0, 1, 2, . . ., of K with the same factor, then they can be compared to the eigenvalues of



90 Chapter 4. Circular loops of strips

the plane strip. Figures 4.8 (a) and (b) show that the eigenvalues are constrained by

1

8
≤ 2R

D
λ0 ≤ 1

2
log 2,

1

8(n+ 1)
≤ 2R

D
λn ≤ 1

2n
, n ≥ 1, (4.42)

where the upper and lower bounds are obtained from the plane strip case in (3.76) and hold

here as well. The eigenvalues here are very much in conformity with the ones from the plane

strip case.

The dominant eigenvalueλ(N)
0 is equal to

λ
(N)
0 = 0.257

D

2R
. (4.43)

The dependence ofκ onR is not a characteristic feature of the system. Butκ̂, defined by

κ̂ = λ
(N)
0 κ = 0.257

hσµ0ωD

2
= 0.807hσµ0fD, (4.44)

is a characteristic parameter of the system.

From (4.44), we see now that multiplying the width of the ringby a factor yields the same

κ̂ as multiplying the frequency with the same factor. This means that for a ring of 30 cm

width instead of one that is 7.5 times narrower (4 cm), the frequency should be 7.5 times

less than in the 4 cm case in order to find the same current distribution. In Figures 4.7 (c)

and (d), the amplitude of the current and the phase-lag are shown for a ring of 30 cm width,

with frequenciesf = 13.3, 53.3, 93.3, 113.3 Hz. Comparing the results with the 4 cm case

at the frequenciesf = 100, 400, 700, 1000 Hz – see Figures 4.4 (a) and (b) – we see that the

distributions are indeed the same.

Next, we define the characteristic frequency

fchar =
1

0.807 hσµ0D
=

1.234

hσµ0D
, (4.45)

such that

κ̂ =
f

fchar
. (4.46)

Then,f = fchar represents the frequency at which prevailing resistive effects with respect

to inductive effects change into prevailing inductive effects. This characteristic frequency

can be observed clearly in the graphs of the resistance and the self-inductance against the

frequency.

In Figure 4.9 (a), the resistancēR of a 30 cm ring is shown for the frequency domainf ∈
[0, 10000] Hz. The resistance of the ring atf = 0 Hz is equal to

R̄DC =
2πR

hDσ
≈ 4.99 · 10−5Ω. (4.47)

The resistance increases with the frequency. In Figure 4.9 (b), the resistance is shown for

frequencies up tof = 50 Hz. We observe that at low frequencies the behavior ofR̄ is
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different from the one at high frequencies. The point of inflection in Figure 4.9 (b) is about

22 Hz. This value corresponds very well to the theoretical valuefchar = 22.3 Hz, following

from (4.45). Note that for a 4 cm ring the characteristic frequency isfchar = 167.0 Hz,

according to (4.45). Again, this value corresponds well to the point of inflection that can be

observed in Figure 4.6.

For the self-inductance we find the same result: at the characteristic frequencyfchar = 22.3

Hz, the behavior of̄L changes; see Figures 4.9 (c) and (d). Comparing this with the4 cm

case, we see again that the value is 7.5 times smaller.
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Figure 4.9: One ring of 30 cm width with a total current of 600 A. (a) Resistance
R̄ at frequencies up tof = 10000 Hz; (b) R̄ at frequencies up tof = 50 Hz. (c)
Self-inductancēL at frequencies up tof = 10000 Hz; (d) L̄ at frequencies up to
f = 50 Hz.
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4.3.2 The Maxwell pair

The second example we consider, is a special configuration oftwo rings. With a pair of rings

we are able to create a gradient in the axial component of the magnetic field. In principle, a

gradient coil is based on the properties of a so-called Maxwell pair. A Maxwell pair consists

of two circular loops of wires, both of radiusR, placed coaxially and parallel, and with the

z-axis as the central axis. If both wires are at equal distancefrom the origin and carry a

current in anti-phase, then theBz-field has a gradient in the origin. It has been proved that

for a mutual distance between the wires equal toR
√

3, the field has no second, third and

fourth orderz-dependence; see Jin [28, Sect.2.4]. In other words, at thisdistance the optimal

linear field is achieved.

In the design of gradient coils, one uses a stream function approach, which results in a pattern

of streamlines; see e.g. Peeren [46], [47], Tomasi [71]. Forthe manufacture of the coils, cop-

per strips are placed on this pattern. For low frequencies and narrow strips, the currents cause

a magnetic field that approximates the design field. However,increasing the frequencies or

increasing the widths of the strips causes errors, which lead to unacceptable deviations in the

gradient of the magnetic field.
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Figure 4.10: Two rings of 4 cm width (◦) carrying 1526.0 A in anti-phase and
two rings of 30 cm width (∗) carrying 1841.6 A in anti-phase, both at frequency
f = 1000 Hz. (a) Amplitude of the current distribution; (b) Magneticfield Bz
along thez-axis.

In this subsection we consider a pair of rings of 4 cm width anda pair of rings of 30 cm width.

For a uniform distribution of the current in the rings (comparable with the DC situation) the

distance between the rings for an optimal linearity of theBz-field can be determined. We

find an optimal distance equal to 60.8 cm for the 4 cm case and 71.4 cm for the 30 cm case.

In order to obtain a desired gradient of1.0 · 104 µT/m, the current in the 4 cm rings must be

1526.0 A and in the 30 cm rings 1841.6 A, and the currents in both rings are in anti-phase.
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In Figures 4.10 (a) and (b), the amplitudes of the current distributions and thez-component

of the magnetic field at thez-axis are shown forf = 1000 Hz, for both cases. The gradient

of the field is approximately1.0 · 104 µT/m here, but this value is not exact. The difference,

however, is not visible on the scale of this figure. A closer look at the difference is needed

and is presented in Figure 4.11.

In Figure 4.11 (a), the difference between theBz-field at thez-axis atf = 0 Hz and at

f = 100, 400, 700, 1000 Hz is shown for the 4 cm case. We are especially interested in the

deviations in the gradient at the origin. We observe that theerror, i.e. the deviation from the

ideal value of1.0 · 104 µT/m, increases with the frequency. For a frequency of 1000 Hzwe

observe an error in the gradient of approximately3µT/m, meaning that the relative error is of

the order10−4. In Figure 4.11 (b), the difference between theBz-field at thez-axis atf = 0

Hz and atf = 100, 400, 700, 1000 Hz is shown for the 30 cm case. The relative error is in

this case almost 10 times larger, i.e. of the order10−3. Thus, the use of wider rings entails

larger errors in the gradient of the field.
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Figure 4.11: Difference between theBz-field at f = 0 Hz andf = 100 Hz (∗),
f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△). (a) Two rings of 4 cm width
carrying 1526.0 A in anti-phase; (b) Two rings of 30 cm width carrying 1841.6 A in
anti-phase.

We see in Figure 4.11 how the eddy currents affect the magnetic field. Due to the edge-

effects, the gradient ofBz at the origin has increased. In MRI, this deviation causes errors in

the images. So, a time varying current in the rings gives not the same field as a DC current,

for which the pair has been designed. This error can be compensated by the current supply. If

we know the error of the field as a percentage of the desired field, the applied current should

be decreased with the same frequency. Due to linearity of thesystem, the error in the gradient

is then compensated. Note that this does not mean that higher-order effects are not amplified.
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In the error analysis, we only consider a small area aroundz = 0. In a larger area, errors

increase. We see that we cannot realize a linear magnetic field within a large region of interest

with a Maxwell pair; more turns are needed. Another reason touse more turns is that the total

dissipated power can be decreased and that a lower current needs to be supplied. In the next

subsection we consider a realistic z-coil, modeled by 24 rings on the cylinder.
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Figure 4.12: Contour lines of theBz-field in the(y, z)-plane. (a) Two rings of 4
cm width carrying 1526.0 A in anti-phase atf = 1000 Hz; (b) Two rings of 30 cm
width carrying 1841.6 A in anti-phase atf = 1000 Hz; (c) Difference between the
Bz-field atf = 0 Hz andf = 1000 Hz for two rings of 4 cm width carrying 1526.0
A in anti-phase; (d) Difference between theBz-field atf = 0 Hz andf = 1000 Hz
for two rings of 30 cm width carrying 1526.0 A in anti-phase.

Apart from thez-axis, we can present the magnetic field in the whole(y, z)-plane by contour

lines. In Figure 4.12 (a), the contour lines of theBz-field are shown for two rings of 4 cm

width carrying 1526.0 A, while in Figure 4.12 (b) the contourlines of theBz-field are shown
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for two rings of 30 cm width carrying 1841.6 A. The currents are in anti-phase at frequency

f = 1000 Hz. The linearity of the field is characterized by parallel contour lines. In both

figures we observe a region around the origin in which the fieldis fairly linear. The errors of

the fields with respect to the DC-fields are presented in Figures 4.12 (c) and (d), for the 4 and

30 cm case, respectively. In these figures, the third order effects are visible and regions with

a dense distribution of contour lines correspond to a rapidly increasing error. The deviations

in the gradient field are problematic, because they cannot becompensated for by additional

currents.
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Figure 4.13: Two rings of 4 cm width carrying 1526.0 A in anti-phase. (a) Resis-
tanceR̄ at frequencies up tof = 10000 Hz; (b) R̄ at frequencies up tof = 50 Hz.
(c) Self-inductancēL at frequencies up tof = 10000 Hz; (d) L̄ at frequencies up to
f = 50 Hz.

The resistance of a system of two rings is determined from (2.66), i.e. the total dissipated

power divided by the squared effective current. In Figure 4.13 (a), the resistancēR is shown

for the 4 cm case for the frequency range[0, 10000] Hz. We observe that̄R increases with
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the frequency. The resistancēRDC at f = 0 Hz is verified analytically by taking double the

circumferential length divided by the conductivity times the cross-sectional surface, i.e.

R̄DC =
4πR

hDσ
≈ 7.48 · 10−4Ω. (4.48)

In Figure 4.13 (b), the resistance is shown for the smaller range of frequencies up tof = 400

Hz, with a higher resolution than used in the range from 0 to 10000 Hz. We observe a

point of inflection at the same characteristic frequency as in the example of one ring, i.e.

fchar = 167.0 Hz. This corresponds to the formula forfchar in (4.45), in which the width of

one ring is used.

The self-inductance of a system of two rings is determined from (2.67), i.e. the total magnetic

energy divided by the squared effective current. In Figure 4.13 (c), the self-inductancēL is

shown for the 4 cm case for frequencies up to 10000 Hz. We see that L̄ decreases with the

frequency. For low frequency range, from 0 to 400 Hz, the self-inductance shows a point of

inflection atfchar = 167.0 Hz; see Figure 4.13 (d). The inflection is at the same characteristic

frequency as found for the resistance and the example of one ring.

In Figure 4.14, the resistance and the self-inductance are shown for two rings of 30 cm width.

We observe in both̄R andL̄ a characteristic frequencyfchar = 22.3 Hz. This value corre-

sponds tofchar of one ring of 30 cm width and is verified analytically by (4.45).
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Figure 4.14: Two rings of 30 cm width carrying 1841.6 A in anti-phase. (a) Resis-
tanceR̄ at frequencies up tof = 10000 Hz; (b) R̄ at frequencies up tof = 50 Hz.
(c) Self-inductancēL at frequencies up tof = 10000 Hz; (d) L̄ at frequencies up to
f = 50 Hz.
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4.3.3 A realistic z-coil

The third example we consider, is a set of 24 rings. This set describes a realistic z-coil. All 24

rings have a width of 2 cm and a radius of 35 cm. The positions are determined by a gradient

coil design program of Philips Medical Systems. In this program, the magnetic energy is

minimized, subject to the requirements that the gradient ofthe magnetic field at the origin is

1.0 · 104µT/m, the second, third, and fourth orderz-dependence are zero, and all currents are

on the radiusR = 0.35 m. The design program determines a pattern of streamlines ofthe

current. From this pattern a set of 24 rings is selected. We assign to each ring a width of 2 cm

and compute again the field caused by the discretized currents. The error of the discretized

current, in terms of the first- and third-orderz-dependence, is compensated by scaling of the

geometry. The resulting begin and end positions are listed in Table 4.1.

Table 4.1: Positions of rings and directions of currents in realistic z-coil.

Ring Left Right Dir. Ring Left Right Dir.
1 -0.5277 -0.5077 -1 13 0.0306 0.0506 -1
2 -0.4267 -0.4067 -1 14 0.0738 0.0938 -1
3 -0.3753 -0.3553 -1 15 0.1572 0.1772 1
4 -0.3386 -0.3186 -1 16 0.1896 0.2096 1
5 -0.3090 -0.2890 -1 17 0.2151 0.2351 1
6 -0.2830 -0.2630 -1 18 0.2389 0.2589 1
7 -0.2589 -0.2389 -1 19 0.2630 0.2830 1
8 -0.2351 -0.2151 -1 20 0.2890 0.3090 1
9 -0.2096 -0.1896 -1 21 0.3186 0.3386 1
10 -0.1772 -0.1572 -1 22 0.3553 0.3753 1
11 -0.0938 -0.0738 1 23 0.4067 0.4267 1
12 -0.0506 -0.0306 1 24 0.5077 0.5277 1

The total current in each ring is 180.52 A, but not all currents are in phase. In Table 4.1, the

phases are represented by the column called direction. A onestands for a current in phase

and a minus one stands for a current in anti-phase. We see thatthe rings are not equally

distributed and that the two halves do not exactly have opposite phase. This all has to do with

the magnetic energy that is minimized.

In Figure 4.15, the amplitude of the current density is shownfor an applied frequency of 1000

Hz. The average current density in each ring is equal to

jc =

∑L
l=1 Il

∑L
l=1Dl

= 9.03 · 103A/m. (4.49)

We observe local edge-effects in the rings as well as a globaledge-effect in the whole system.

We see how opposite currents amplify each other (e.g. in the two halves of the coil), whereas

currents in the same direction damp each other (e.g. within one half of the coil).
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Figure 4.15: Amplitude of the current distribution in a set of 24 rings representing
a z-coil. Each ring carries a current of 180.52 A at frequencyf = 1000 Hz.

In Figure 4.16, the magnetic field of the set of 24 rings is presented. The contour lines of the

Bz field in the(y, z)-plane are shown in Figure 4.16 (a). The frequency used isf = 1000

Hz. The linearity of the field is characterized by parallel contour lines. We observe a region

around the origin in which the field is linear. In Figure 4.16 (b), the difference of the field with

the DC field is presented by contour lines. This figure gives anindication of the third-order

effects.

In Figure 4.16 (c), the magnetic field on thez-axis is shown, for the frequenciesf =

100, 400, 700, 1000 Hz. The gradient of the field is approximately1.0 · 104µT/m, but this

value is not exact. The difference is not visible on the scaleof the figure. For that, we con-

sider the difference between the field caused by alternatingcurrents and a direct current. In

Figure 4.16 (d), the results are shown for the frequenciesf = 100, 400, 700, 1000 Hz. The

error of the gradient atf = 1000 Hz is approximately 0.5% of the desired gradient. Compen-

sation of the gradient is possible when the applied current in the rings is increased by 0.5%.

Higher-order effects are still present.

The resistance of a system of 24 rings is determined from (2.66). In Figure 4.17 (a), the

resistanceR̄ is shown for the frequency range[0, 10000] Hz. We observe that̄R increases

with the frequency. The resistancēRDC atf = 0 Hz is verified analytically according to

R̄DC =
48πR

hDσ
≈ 1.79 · 10−2Ω. (4.50)
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Figure 4.16: Magnetic field of a set of 24 rings representing a z-coil. (a) Contour
lines fBz at f = 1000 Hz; (b) Contour lines of the difference betweenBz at
f = 1000 Hz andBz at f = 0 Hz; (c)Bz onz-axis atf = 1000 Hz; (d) Difference
betweenBz at f = 100 Hz (∗), f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△)
andBz at f = 0 Hz onz-axis.
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In Figure 4.17 (b),R̄ is shown for the smaller range of frequencies up tof = 800 Hz, with a

higher resolution than used in the range from 0 to 10000 Hz. Weobserve a point of inflection

at the characteristic frequencyfchar = 334.0 Hz. This corresponds to the formula forfchar
in (4.45), in which a width of 2 cm has to be substituted.
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Figure 4.17: Resistance and self-inductance of a set of 24 rings representing a z-
coil. (a) R̄ at frequencies up tof = 10000 Hz; (b) R̄ at frequencies up tof = 400
Hz; (c) L̄ at frequencies up tof = 10000 Hz; (d) L̄ at frequencies up tof = 400
Hz.

The self-inductance of a system of 24 rings is determined from (2.67). In Figure 4.17 (c),̄L

is shown for frequencies up to 10000 Hz. The self-inductancedecreases with the frequency.

For low frequency range, from 0 to 800 Hz, the self-inductance shows a point of inflection at

fchar = 334.0 Hz; see Figure 4.17 (d). The inflection is at the same characteristic frequency

as found for the resistance.

The total dissipated power is less in a set of 24 rings than in aset of 2 rings. Namely, if

we consider the Maxwell pair consisting of two rings of 4 cm width, thenR̄ andL̄ can be
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obtained from Figure 4.13. At a frequency of 1000 Hz (for example), we find

R̄ = 9.6 · 10−4Ω, L̄ = 3.09 · 10−6H. (4.51)

With a currentI = 1526.0 A, the time-averaged magnetic energy is determined from (2.67):

Ūm =
1

2
L̄I2 = 3.60 J. (4.52)

The dissipated power follows from (2.66):

P̄diss = I2R̄ = 2.24 · 103W. (4.53)

For the set of 24 rings, we determine from Figure 4.17 that atf = 1000 Hz

R̄ = 2.6 · 10−2Ω, L̄ = 1.32 · 10−4H. (4.54)

From this, we obtain for currents equal toI = 180.52 A,

Ūm = 2.15 J, P̄diss = 8.47 · 102W. (4.55)

Hence, the total dissipated power in a set of 24 rings is less than in 2 rings, while in both

situations the same gradient in the magnetic field is created. The physical explanation for this

is that the field is more confined within a dense coil. The overall advantage is that the current

that has to be supplied to the 24 rings is almost ten times lessthan the one needed in the 2

rings to create the same gradient.

4.3.4 Validation

The configurations used in this chapter consist of thin copper rings placed on a cylinder. Due

to the penetration depth, which is greater than half the thickness of the rings, the modeling

step to an infinitely thin ring could be made. The current is represented by a surface current

for which the integral equation (4.7) holds. The Galerkin method is applied to solve this

integral equation. The basis functions are defined on the whole domain of a ring, without

having limited support. The resulting matrices are of smallsize, but dense.

Another option to solve the integral equation for the current distribution is by using local

basis functions in the Galerkin method, with local support.The matrices are then sparse,

but of large size. We have performed such computations with the finite element package

SYSIPHOS. The field-circuit coupling that is implemented, is described in [20], the solver is

described in [19], and the necessary adaptive mesh refinement is described in [43]. The ad-

vantage of this 2D solver is that only a grid of elements needsto be defined on one symmetry

plane of the system. Axi-symmetry such as in our system of rings can be indicated. Never-

theless, in order to obtain a good approximation of the current, a very fine mesh needs to be

generated. First of all, the thicknesses of the rings are very small. For an accurate solution of

the current distribution, the elements have a size in the order of tenths of a millimeter. Next,
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the air inside the rings must be meshed, because the vector potential is valid everywhere.

Also the air around the system has to be meshed up to a distancewhere the vector potential

is sufficiently small. For rings of 35 cm radius and a mesh thatis nicely connected to the

tiny mesh in the rings, a lot of elements are defined. Finally,a discretization of the symmetry

plane in the axial direction must be defined. We are interested in the current distribution in

that direction, so we want a fine mesh in that direction as well. Thus, a matrix system with

millions of elements is easily obtained.

However, for a validation of the results of our approach of global basis functions, it has been

worthwhile to do the finite element computations. We obtained exactly the same current

distributions with the two methods. Also the resistances and self-inductances were computed

with the FEM method, yielding the same results. Additional data obtained from the FEM

method is the distribution of the current over the thicknessof the rings. This distribution is

not uniform, but the variation of the current is very small. From the discrete distribution of

currents we determine the coefficient of variance. In Figure4.18, the coefficient of variance

of the current in bothr- andz-direction is shown for a ring of 4 cm width, 2.5 mm thickness,

and 50 cm radius. We observe the small variation in ther-direction. Hence, the assumption

that the currents is uniformly distributed in that direction is permitted. Note that the variation

in the z-direction changes in the same way as the resistance. The correspondence follows

directly from the formulas.
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Figure 4.18: Coefficient of variance (c.v.) of the current distribution in axial direc-
tion (full line) and radial direction (dash-dotted line), plotted against the frequency.

The methods using Finite Difference Time Domain (FDTD), seee.g. Taflove and Hag-

ness [66], or the Finite Integration Technique (FIT), see e.g. Clemens et al. [13] and Van

Rienen [52], also have a drawback here. For the thin conductors, which have curved shapes,

local mesh refinements are necessary. In these methods localrefinements are not standard, so
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a small mesh in the conductor means also a redundant small mesh in the air.

With global basis function, we are able to determine the characteristic behavior of the system.

With a few coefficients (not more than ten in the examples of the previous sections), we com-

puted parameters, such as resistance, self-inductance andcharacteristic frequency. But also

the displacement of the current is determined accurately, whereas with local basis functions

very small elements are necessary. We remark that for complicated geometries, numerical

methods with local basis functions have to be used. In the following chapters we describe

other geometries for which global basis functions are possible. So, the remarks about the

numerical validation are the same there, and will thereforenot be repeated.

The forces on the rings are of the order of 1 N, which is negligibly small compared to the

magnetic force caused by the main magnet and the gravitational force. Moreover, the gradient

coil is fixed very firmly in the scanner, such that it cannot be displaced by the strong magnetic

forces of the main field. Thus, the assumption that there are no magneto-mechanical is valid.

The results of the magnetic field are obtained by the law of Biot-Savart (2.46). The current

distribution is known and the magnetic field follows after numerical integration. In [67], Tas

has developed an analytical method to determine the magnetic field of a system of coaxial

rings. In this work, the magnetic field is approximated by spherical harmonics and by a

Taylor series expansion. For this, the coefficients of the currents are used that are computed

by Eddy. Besides the same results as presented in this chapter, Tas has also investigated the

higher order field distortions. For higher frequencies (above 1000 Hz), they start to play a

role, i.e. they are not negligibly small compared to the firstorder coefficient of the field.

Furthermore, from [67] it follows that a superposition of results in case of multiple frequen-

cies is allowed. The dynamic effects of a trapezoidal acquisition sequence are obtained from

the approximation of this sequence of pulses by a series of harmonics. According to our

assumption, only a few frequencies are needed and the results show the decay of the eddy

currents.

4.4 Summary

In a set of circular loops of strips, the current flows in the tangential direction and depends

only on the axial coordinate. The two-dimensional integralequation derived in Chapter 2,

for arbitrary geometries, is reduced to a one-dimensional integral equation. The kernel can

be expressed in terms of elliptic integrals. From the asymptotic expansion of these elliptic

integrals near the singularity point, the logarithmic function appears, as predicted by the

mathematical analysis presented in Chapter 3.

With the logarithmic part of the kernel, we are able to use theanalytical formula derived in

Section 3.2. Legendre polynomials are used as basis functions. The remaining part of the

kernel is regular and is computed numerically.
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The coefficients of the Legendre polynomials are determinedby our software toolEddy. The

resulting current distribution in the rings shows edge-effects, and a phase-lag with respect to

the source. This causes distortions in the magnetic field. A change in the gradient of the field

can be compensated by additional source currents. However,the higher order effects do not

disappear.





CHAPTER 5

Rings and islands

In the previous chapter, the z-coil has been modeled as a set of parallel coaxial rings. In

that case, the current distribution is independent of the tangential coordinate, i.e. the solution

is axi-symmetric. However, in a z-coil embedded in a system of other coils and magnets,

possibly in different directions, eddy currents are induced, so that the current distribution in

the z-coil is no longer axi-symmetric. Even without the other coils, a realistic model of the

z-coil should contain the tangential coordinate dependence. To make the model of the z-coil

more realistic we includeislands, which present slits in the copper. Islands are thin pieces

of (copper) strips positioned between coaxial parallel rings; they are on the same cylindrical

surface as these rings. The current through the rings induces eddy currents in the islands and

vice versa.

Islands are introduced to come to a more realistic model of the z-coil. The reason why we

include them in the model is the following. In the design of a gradient coil, a pattern of

streamlines of the current is computed in such a way that a desired magnetic field is created.

On this pattern, copper strips are placed, such that the currents are forced to flow in the

direction of the streamlines. However, at places where the streamlines diverge, unfilled spaces

appear. These spaces are then filled by pieces of copper for a better heat conduction and a

better stability of the coil.

These additional pieces of copper are called islands. In theislands, eddy currents are induced.

They distort the magnetic field and give the coil a higher resistance. By introducing islands

in our model, we want to investigate the effect of the currents in the islands on the magnetic

field and on the resistance of the coil.

Eddy currents are present in all parts of the coil and have a negative effect on the performance

as a whole. To reduce this effect, one cuts slits in the copper; see Figure 5.1. These slits can

be regarded as loose pieces of copper, i.e. the islands. On the islands, the current is in the

form of eddies. If the islands are small, only at high frequencies eddy currents are induced,
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because the resistance in a small island is large. Moreover,for large resistances, the decay of

the eddy currents is fast.

In Section 5.1, we describe the geometry of the model and the derivation of the integral

equation. The solution procedure is presented in Section 5.2 and numerical results are shown

in Section 5.3. Finally, in Section 5.4, the summary of this chapter is presented.

Figure 5.1: A gradient coil in which slits are cut to reduce the eddy currents.

5.1 Model formulation

In this chapter, we consider a set ofNr parallel coaxial circular strips, or rings, andNi
islands. The model is the extension of the one presented in the previous chapter, where we

considered a system of rings only. Hence, the conductors lieon the same virtual cylinderSc,

defined in terms of cylindrical coordinates as

Sc = {(r, ϕ, z) | r = R,−π ≤ ϕ ≤ π,−∞ < z <∞}; (5.1)

one of the central lines of each island is parallel to the rings. Thez-axis coincides with

the central axis of the cylinder. Each separate ring or island is of uniform width, and the

thicknessh is the same for every conductor. The strips occupy the surface S∪ = Sr + Si,

whereSr is the total surface of the rings andSi is that of the islands. We indicate the surface

of one ring or one island bySq, where we number the rings and the islands successively by

q = 1, 2, . . . , Nr, for the rings, andq = Nr+1, Nr+2, . . . , Nr+Ni, for the islands. Hence,

Sr =

Nr
∑

q=1

Sq, Si =

Ni
∑

q=1

SNr+q
, (5.2)

where

Sq = {(r, ϕ, z) | r = R,−π ≤ ϕ ≤ π, z
(q)
0 ≤ z ≤ z

(q)
1 }, (5.3)
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for q = 1, 2, . . . , Nr, and

Sq = {(r, ϕ, z) | r = R,ϕ
(q)
0 ≤ ϕ ≤ ϕ

(q)
1 , z

(q)
0 ≤ z ≤ z

(q)
1 }, (5.4)

for q = Nr + 1, Nr + 2, . . . , Nr + Ni. More islands can be present between two rings. A

configuration of three rings and four islands is depicted in Figure 5.2. In this example, the

islands have the same axial begin and end positionsz
(q)
0 andz(q)

1 . This model mimics the

situation of a ring with four slits in the width direction. With respect to the three possible

types of strips that are discussed in Section 2.2, we are dealing here with the patch (island)

and the closed loop around the cylinder (ring).
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Figure 5.2: The geometry of a set of three rings and four islands; here, the islands
have the same axial begin and end positions.

The source currents are applied to the rings. They change harmonically in time with an

angular frequencyω. Though not applied to the islands, these source currents will excite the

whole system.

The difference between a ring and an island is that the current on a ring will flow completely

around the cylinder, whereas on an island it cannot. A ring forms a closed loop, so the current

density must be periodic. On the other hand, in thez-direction the rings have a finite width

and the normal component of the current density on the edgesz = z
(q)
0 andz = z

(q)
1 must be

equal to zero. An island has a begin and an end in bothϕ- andz-direction, which requires that

the normal components of the current density are equal to zero at the edgesz = z
(q)
0 , z

(q)
1 and

ϕ = ϕ
(q)
0 , ϕ

(q)
1 . Together with the requirement that the current distribution is divergence-free,

the only possible way for a current to flow on an island is to form closed cycles within the

island. In the results of Section 5.3, we show the occurrenceof such eddies.

In Chapter 2, an integral equation has been derived for a general set of thin conductors on a

cylinder. The geometry of rings and islands is a specific example of this general model. For

the model under consideration, the integral equation comesdown to (see (2.177))

iκ

∫

S∪

Kϕ(ϕ− θ, z − ζ)jϕ(θ, ζ) da(θ, ζ) = jϕ(ϕ, z) − jsϕ(ϕ, z), (5.5)
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whereκ = hσµ0ωR, andjϕ(ϕ, z), jsϕ(ϕ, z) denote theϕ-components of the source and total

current density, respectively. The kernel function is given by (2.175), or in reduced form by

(2.185),

Kϕ(ϕ, z) =
cos(ϕ)

4π
√

z2 + 4 sin2(ϕ2 )
. (5.6)

The source current has only aϕ-component, so that we can restrict to solving the integral

equation forjϕ and thereafter calculatejz from the divergence-free relation. For the rings,

apart from the periodicity condition, this implies forq ∈ {1, . . . , Nr},

jz(ϕ, z
(q)
0 ) = jz(ϕ, z

(q)
1 ) = 0,

∂jϕ
∂ϕ

= −∂jz
∂z

, (5.7)

whereas for the islands,q ∈ {Nr + 1, . . . , Nr + Ni}, we have besides (5.7) the additional

condition

jϕ(ϕ
(q)
0 , z) = jϕ(ϕ

(q)
1 , z) = 0. (5.8)

As in the model presented in Chapter 4, the set of rings is subdivided intoL groups, each

of which has a prescribed total currentIl, l = 1, . . . , L and is driven by a separate source

current. The sum of the widths of all rings in groupl is denoted byDl. The currents and

distances are scaled by the factorsjc andDc, respectively. These scale factors are defined by

jc =

∑L
l=1 Il

∑L
l=1Dl

, Dc = R. (5.9)

The integral equation for the current distribution is solved using the Galerkin method, as

explained in the next section.

5.2 Solution procedure

In this section, we explain how we solvejϕ(ϕ, z) from (5.5), taking care of (5.7) and (5.8).

We apply the Galerkin method. So, we have to choose appropriate basis functions. Therefore,

we first investigate the behavior of the kernel function (5.6), which has a singularity in the

point (ϕ, z) = (0, 0). We have shown in Section 3.1 that, given a preferred direction of

the current, the singularity is logarithmic in the coordinate perpendicular to this preferred

direction.

5.2.1 Rewriting the kernel function

In the present example of rings and islands, the preferred direction is theϕ-direction. Ac-

cording to Section 3.1, the logarithmic behavior then occurs in the width direction, i.e. the

z-direction. For further computations, we want to split off the logarithmic part. Below, we

derive the Fourier cosine series representation ofKϕ(ϕ, z):

Kϕ(ϕ, z) =
1

4π2

(

Q 1
2
(χ) +

∞
∑

p=1

cos(pϕ)(Qp− 3
2
(χ) +Qp+ 1

2
(χ))

)

, (5.10)
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where

χ =
2 + z2

2
. (5.11)

The functionsQp− 1
2
(χ), p ≥ 0, are the Legendre functions of the second kind of odd-half-

integer order, which have a logarithmic singularity inχ = 1, i.e. z = 0, as we will show

at the end of this subsection. By splitting off this logarithmic part, we are able to solve the

dominant contributions of the inner products in our problemanalytically. The remaining part

for each cosine mode is regular and computed numerically.

We now present the steps of the derivation of expression (5.10) and show that the functions

Qp− 1
2
(χ) have indeed a logarithmic singularity inz = 0. We go back to the first expression

in (2.185), i.e.

Kϕ(ϕ, z) =
cos(ϕ)

4π

∞
∑

p=−∞
eipϕ

∫ ∞

0

J2
p (s)e

−sz ds. (5.12)

Formula (13.22.2) from Watson [82] tells us that
∫ ∞

0

e−szJ2
p (s) ds =

1

π
Qp− 1

2

(2 + z2

2

)

. (5.13)

Substitution of (5.13) into (5.12) yields

Kϕ(ϕ, z) =
cos(ϕ)

4π2

(

Q− 1
2
(χ) + 2

∞
∑

p=1

cos(pϕ)Qp− 1
2
(χ)

)

, (5.14)

where we used thatQ−p− 1
2
(χ) = Qp− 1

2
(χ) andχ = (2 + z2)/2. From (5.14), we arrive at

the Fourier cosine series ofKϕ(ϕ, z), as given in (5.10).

Expressions forQ− 1
2
(χ) andQ 1

2
(χ) can be obtained from [2], namely

Q− 1
2
(χ) = kK(k), (5.15)

Q 1
2
(χ) =

1

k
[(2 − k2)K(k) − 2E(k)], (5.16)

whereK andE are the complete elliptic integrals of the first and second kind, respectively,

and

k2 =
4

4 + z2
. (5.17)

The functionQ 1
2
(χ) in (5.16) represents the kernel in the integral equation forrings in Chap-

ter 4; see (4.8). In the computation of higher-order Legendre functions of the second kind of

odd-half-integer order, we use the recurrence relation

Qp− 1
2
(χ) = 4χ

p− 1

2p− 1
Qp− 3

2
(χ) − 2p− 3

2p− 1
Qp− 5

2
(χ), p ≥ 2. (5.18)

For allp ≥ 0, the functionsQp− 1
2
(χ) are singular inχ = 1 (i.e. z = 0), as can be seen from

the asymptotic expansion ofQp− 1
2
(χ) for z → 0; see e.g. [39, Eq.(4.8.2)], [62, Eq.(59.9.2)],

Qp− 1
2
(χ) = − ln |z| − γ + ln 2 − Ψ(0)(

2p+ 1

2
) + O(z2), (5.19)
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for all p ≥ 0. Here,γ is Euler’s constant andΨ(0) is the polygamma function; see [2]. Note

that forp = 1 the expansion is the same as in (4.10). We conclude that each cosine mode in

(5.10) has a logarithmic singularity atz = 0, which is of the same magnitude for allp ≥ 0.

5.2.2 Basis functions

We want to use global basis functions, i.e. defined globally on the rings and islands. Due to

the preferred direction of the current, the logarithmic singularity of the kernel function is in

thez-coordinate and we choose Legendre polynomials of the first kind for this direction. We

can then use the analytical solutions for the singular integrals as demonstrated in (3.61). In

ϕ-direction, we must use2π-periodic functions.

The current distributionj is decomposed intojr for the rings andji for the islands, such that

in vector form

j =

(

jr
ji

)

. (5.20)

Then, we can present integral equation (5.5) as an operator matrix equation, according to

(

jr
ji

)

− iκ

(

Krr Kri

Kir Kii

)(

jr
ji

)

=

(

jsr
0

)

. (5.21)

The operatorKrr represents the inductive effects between the rings mutually. In the same

way,Kii represents the inductive effects between the islands mutually, whereasKri andKir

represent the inductive effects between rings and islands.In case of rings only, the matrix

equation reduces to

(I − iκKrr)jr = jsr, (5.22)

cf. equation (4.7). The current in the rings, computed from (5.21), and the current in the rings,

computed from (4.7), will differ a few promille (observed from the results; see Section 5.3).

Taking into account the boundary conditions(j ·n) = 0 and the divergence-free current rela-

tion∇ · j = 0, we come to the following expansion for the (dimensionless)current density:

On the rings, numberedq, with q ∈ {1, . . . , Nr}, for z ∈ [z
(q)
0 , z

(q)
1 ]:

j(q)ϕ (ϕ, z) =
{

∞
∑

m=1

∞
∑

n=1

(α(q)
mn cosmϕ+ β(q)

mn sinmϕ)Pn

(z − c
(q)
z

d
(q)
z

)

+

∞
∑

n=1

α
(q)
0nPn

(z − c
(q)
z

d
(q)
z

)

+ α
(q)
00

}

1
[z

(q)
0 ,z

(q)
1 ]
, (5.23)

j(q)z (ϕ, z) =
{

∞
∑

m=1

∞
∑

n=1

md(q)
z (−β(q)

mn cosmϕ+ α(q)
mn sinmϕ)Zn

(z − c
(q)
z

d
(q)
z

)}

1
[z

(q)
0 ,z

(q)
1 ]
,

(5.24)
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where

c(q)z =
z
(q)
1 + z

(q)
0

2
, d(q)

z =
z
(q)
1 − z

(q)
0

2
, (5.25)

Zn(z) =

∫ z

−1

Pn(ζ)dζ =
1

2n+ 1
[Pn+1(z) − Pn−1(z)]. (5.26)

Here,1
[z

(q)
0 ,z

(q)
1 ]

is the characteristic function, i.e. the function equal to one on the interval

[z
(q)
0 , z

(q)
1 ] and zero otherwise. The terms in (5.23) withm = 0 correspond to the basis

functions used for the rings only case in the previous chapter and correspond to divergence-

free currents without ajz-component. The terms withm > 0 account for currents with a

jz-component. They occur due to interaction between rings andislands. Note that the coef-

ficients are ring dependent. Moreover,Zn(±1) = 0 for n ≥ 1, such that the representation

(5.24) for thez-component of the current automatically satisfies the boundary conditions at

thez-edges at the edges (5.7)1.

On the islands, numberedq, q ∈ {Nr + 1, . . . , Nr + Ni}, for ϕ ∈ [ϕ
(q)
0 , ϕ

(q)
1 ] andz ∈

[z
(q)
0 , z

(q)
1 ]:

j(q)ϕ (ϕ, z) =

∞
∑

m=1

∞
∑

n=1

α(q)
mn sin

(mπ(ϕ− ϕ
(q)
0 )

2d
(q)
ϕ

)

Pn

(z − c
(q)
z

d
(q)
z

)

1
[z

(q)
0 ,z

(q)
1 ]

1
[ϕ

(q)
0 ,ϕ

(q)
1 ]
, (5.27)

j(q)z (ϕ, z) =−
∞
∑

m=1

∞
∑

n=1

mπd
(q)
z

2d
(q)
ϕ

α(q)
mn cos

(mπ(ϕ− ϕ
(q)
0 )

2d
(q)
ϕ

)

Zn

(z − c
(q)
z

d
(q)
z

)

1
[z

(q)
0 ,z

(q)
1 ]

1
[ϕ

(q)
0 ,ϕ

(q)
1 ]
,

(5.28)

where

d(q)
ϕ =

ϕ
(q)
1 − ϕ

(q)
0

2
. (5.29)

Here,1
[ϕ

(q)
0 ,ϕ

(q)
1 ]

is the characteristic function of the interval[ϕ
(q)
0 , ϕ

(q)
1 ]. The absence of the

terms withn = 0 is due to the fact that only induced currents and no source currents are

assumed on the islands.

Again, we note that the representations (5.27) and (5.28) for jϕ andjz automatically satisfy

the boundary conditions for zero normal current at the edgesof the islands (5.7)1 and (5.8).

Moreover, becauseZ ′
n = Pn, the divergence-free restriction (5.7)2 is also automatically

satisfied by these representations.

We have determined the currentj once the coefficientsα(q)
mn andβ(q)

mn are known. Because

the source current acts on the rings only, we apply the same technique with projections as

applied in Chapter 4. Thus, as in (4.11), we introduce basis functiesψl(z) that are equal to

one on the rings of groupl, and zero otherwise. Analogous to (4.19), projection of thecurrent

jϕ(ϕ, z) on these basis functions applies only tojr,ϕ, theϕ-component of the current in the
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rings, and yields

Πjr,ϕ =

L
∑

l=1

(jr,ϕ, ψl)

(ψl, ψl)
ψl =

L
∑

l=1

RÎl
Dl

ψl, (5.30)

whereΠ is the projection operator and̂Il = Il/(j
cR). Following the procedure starting at

(4.20),jr,ϕ is decomposed into two parts according to

jr,ϕ = Πjr,ϕ + (I − Π)jr,ϕ =
L

∑

l=1

RÎl
Dl

ψl + j⊥. (5.31)

Here,j⊥ is in the orthoplement of the range ofΠ, i.e. (j⊥, ψl) = 0, for l = 1, . . . , L. From

the operator matrix equation (5.21), we deduce
(

jr,ϕ
ji,ϕ

)

− iκ

(

Krr Kri

Kir Kii

)(

jr,ϕ
ji,ϕ

)

=

(

jsr,ϕ
0

)

. (5.32)

Multiplying the first row in (5.32) by(I − Π), we obtain
(

j⊥
ji,ϕ

)

− iκ

(

(I − Π)Krr (I − Π)Kri
Kir Kii

) (

jr,ϕ
ji,ϕ

)

=

(

0
0

)

, (5.33)

or equivalently,

(

j⊥
ji,ϕ

)

− iκ

(

(I − Π)Krr (I − Π)Kri
Kir Kii

)(

j⊥
ji,ϕ

)

= iκ







L
∑

l=1

RÎl
Dl

(I − Π)Kψl

0






.

(5.34)

We have eliminatedjr,ϕ in favor of j⊥ and the constantsCl have disappeared in favor of the

prescribed currentsIl. The source currentjsϕ(z) is completely covered by the family of basis

functionsψl(z).

The coefficientα(q)
00 in (5.23) represents the total current through a ring, because all other

basis functions integrate to zero. Within one group of ringsthe coefficientsα(q)
00 can still be

different for each ring. We denote the highest degree of the basis functions on theqth ring

or island inz-direction and inϕ-direction byM (q)
z andM (q)

ϕ , respectively. To distinguish

between rings in a group, we need an additional number ofNr −L basis functions. The con-

struction of these basis functions has been presented in Chapter 4, at the end of Section 4.2.

The number of basis functions on the rings, denoted byMr, is thus

Mr =

Nr
∑

q=1

M (q)
z (2M (q)

ϕ + 1) +Nr − L, (5.35)

whereas the number of basis functions on the islands, denoted byMi, is

Mi =

Ni
∑

q=1

M (Nr+q)
z M (Nr+q)

ϕ . (5.36)
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The total number of basis functions is equal toM = Mr +Mi.

The currentj⊥(ϕ, z) is approximated by a finite series of basis functions as in Chapter 4.

For the currentji,ϕ we act accordingly. We denote each basis function byφµ(ϕ, z), µ =

1, . . . ,M , and the coefficients byαr,µ for the rings andαi,µ for the islands, such that

j⊥(ϕ, z)
.
=

Mr
∑

µ=1

αr,µφµ(ϕ, z), ji,ϕ(ϕ, z)
.
=

M
∑

µ=Mr+1

αi,µφµ(ϕ, z). (5.37)

Forφµ the basis functions of (5.23) and (5.27) are used with an arrangement that is convenient

for numerical implementation. The uniform basis functionson the rings are represented by

φ1, . . . , φNr−L. Within the set of non-uniform basis functions on the rings,first the basis

functions with the samez-order are clustered, and then the basis functions with the same

ϕ-order. The same holds for the islands.

Substituting (5.37) into (5.34), computing the inner products with all separate basis functions

and using the self-adjointness of the operator(I − Π), we obtain

Mr
∑

µ=1

αr,µ(φµ, φν) − iκ

Mr
∑

µ=1

αr,µ(Krrφµ, φν) − iκ
M
∑

µ=Mr+1

αi,µ(Kriφµ, φν)

= iκ
L

∑

l=1

RÎl
Dl

(Krrψl, φν), (5.38)

M
∑

µ=Mr+1

αi,µ(φµ, φν) − iκ
M
∑

µ=Mr+1

αi,µ(Kiiφµ, φν) − iκ

Mr
∑

µ=1

αr,µ(Kirφµ, φν)

= 0. (5.39)

Two basis functions on different rings (islands) are alwaysorthogonal, because they are de-

fined for distinctz-values. Moreover, two different basis functions on the same ring (island)

are orthogonal, because of the orthogonality of Legendre polynomials and goniometric func-

tions.

From (5.38) - (5.39), we obtain a linear set of equations fromwhich the coefficientsαr,µ,

αi,µ can be determined. This will be elaborated in the following subsection. The solution

procedure consists of the following steps:

1. Calculateαr,µ,αi,µ from (5.38) - (5.39); for this, the results of Subsection 5.2.3 (where

it is indicated how the inner products in (5.38) - (5.39) can be calculated) are needed.

2. Calculatej⊥(ϕ, z), ji,ϕ(ϕ, z) from (5.37).

3. Calculatejϕ(ϕ, z) from (5.31).

This solution procedure is implemented inEddy, the software tool developed for this re-

search.
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5.2.3 Calculation of the matrix elements

For the determination of the unknown coefficientsαr,µ, αi,µ from (5.38) - (5.39), we need

to calculate the matrix elements occurring in this equation. For these matrix elements we

distinguish the following three possible cases:

1. Matrix elements from basis functions of rings mutually,(Krrφµ, φν).

2. Matrix elements from basis functions of a ring and an island, (Kriφµ, φν) = (Kirφµ, φν).

3. Matrix elements from basis functions of islands mutually, (Kiiφµ, φν).

For each case, we follow the same procedure: we expand the current distribution on each ring

and each island in a Fourier series in theϕ-direction, after which we use the cosine-series for

Kϕ according to (5.10), to evaluateKrrj⊥ etc., using the orthogonality of thecos(nϕ) and

sin(nϕ) functions, and that the operators are bounded. Thus, we start with the Fourier series

for the current distribution on an arbitrary ring or island,

jϕ(ϕ, z) = j0(z) +

∞
∑

m=1

j(c)m (z) cos(mϕ) +

∞
∑

m=1

j(s)m (z) sin(mϕ), (5.40)

where the coefficientsj(c)m (z) andj(s)m (z) are still unknown and will be written in terms of

Legendre polynomials further on.

In (5.10), we expressed the kernelKϕ as a Fourier cosine series. Accordingly, we define

(m ≥ 1)

k0(z) =
1

2π

∫ π

−π
Kϕ(ϕ, z) dϕ =

1

4π2
Q 1

2
(χ), (5.41)

km(z) =
1

π

∫ π

−π
Kϕ(ϕ, z) cos(mϕ) dϕ =

1

4π2
(Qm− 3

2
(χ) +Qm+ 1

2
(χ)), (5.42)

where we used (5.14). Thus, we obtain

Kjϕ = (k0 ∗ j0) +

∞
∑

m=1

(km ∗ j(c)m ) cos(mϕ) +

∞
∑

m=1

(km ∗ j(s)m ) sin(mϕ), (5.43)

with ∗ denoting the convolution with respect to thez-coordinate.

We proceed with the computation of(Krrφµ, φν). We consider two rings,q1 andq2, situated

at [z(q1)
0 , z

(q1)
1 ] and [z

(q2)
0 , z

(q2)
1 ], respectively. For this case, the basis functions are defined

in (5.23). DefineB(q1)
m1,n1 as a basis function onq1 andB(q2)

m2,n2 as a basis function onq2,

wherem1,m2 ≥ 0 correspond to the order of the trigonometric function in theϕ-direction

andn1, n2 ≥ 0 correspond to the order of the Legendre polynomial in thez-direction. The

inner products needed in (5.38) then become

(KB(q1)
m1,n1

, B(q2)
m2,n2

) = (1 + δm10)δm1m2
πÂm1,n1,n2

, (5.44)
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with Âm1,n1,n2
defined by

Âm1,n1,n2
=

∫ z
(q2)
1

z
(q2)
0

(km1
∗ Pn1

)Pn2
dz. (5.45)

Form1 = m2 ≥ 1 the inner product(KB(q1)
m1,n1 , B

(q2)
m2,n2) only gives a nonzero solution ifm1

andm2 refer either both to a cosine function, or both to a sine function. We recall that the

Legendre polynomials in (5.45) are the scaled and shifted versions as introduced in (5.23).

The computation of̂Am1,n1,n2
is discussed in (5.48).

We continue with the second case of a ringq1 and an islandq2, for the determination of

(Kriφµ, φν) and(Kirφµ, φν). On the islandq2, positioned at[z(q2)
0 , z

(q2)
1 ], we denote a basis

function asB(q2)
m2,n2 , wherem2 is the order in theϕ-direction andn2 is the order in thez-

direction. In order to get2π periodic functions, we expandB(q2)
m2,n2 as follows:

B(q2)
m2,n2

(ϕ, z) =
(

a
(q2)
m2,0

+
∞
∑

p=1

a(q2)
m2,p

cos(pϕ)+
∞
∑

p=1

b(q2)m2,p
sin(pϕ)

)

Pn2

(z − c
(q2)
z

d
(q2)
z

)

, (5.46)

in whicham2,p, bm2,p are the Fourier coefficients referring to theϕ-dependent basis functions

sin[m2π(ϕ− ϕ
(q2)
0 )/2d

(q2)
ϕ ]1

[ϕ
(q2)
0 ,ϕ

(q2)
1 ]

.

The inner products(KB(q1)
m1,n1 , B

(q2)
m2,n2) become

(KB(q1)
m1,n1

, B(q1)
m2,n2

) =







(1 + δm10)π a
(q2)
m2,m1

Âm1,n1,n2
, if m1 ≥ 0 and ’cos’,

π b(q2)m2,m1
Âm1,n1,n2

, if m1 ≥ 1 and ’sin’.

Finally, for the determination of(Kiiφµ, φν), we consider two islandsq1 andq2 to obtain

(KB(q1)
m1,n1

, B(q2)
m2,n2

) = 2π a
(q1)
m1,0

a
(q2)
m2,0

Â0,n1,n2

+ π

∞
∑

p=1

(a(q1)
m1,p

a(q2)
m2,p

+ b(q1)m1,p
b(q2)m2,p

) Âp,n1,n2
. (5.47)

For all inner products derived above, integrals have to be computed in which only Legendre

polynomials appear. Letq1 andq2 be two strips, which can be either a ring or an island. In

each of the three cases, we obtain integrals of the followinggeneral form

Âp,n1,n2
=

∫ z
(q2)
1

z
(q2)
0

(kp ∗ Pn1
)Pn2

dz = d(q1)
z d(q2)

z

∫ 1

−1

∫ 1

−1

f(χ, p)Pn1
(ζ)Pn2

(z) dζ dz,

(5.48)

where, from (5.41) - (5.42),

f(χ, p) =















1

4π2
Q 1

2
(χ) , if p = 0 ,

1

4π2
(Qp− 3

2
(χ) +Qp+ 1

2
(χ)) , if p ≥ 1 ,



118 Chapter 5. Rings and islands

and, from (5.11) after transformation to the scaled and shifted variables,

χ =
2 + (d

(q1)
z z − d

(q2)
z ζ + c

(q1)
z − c

(q2)
z )2

2
. (5.49)

For simplicity of notation, we have used hereχ, where a fully consistent notation would have

beenχ = χ(q1,q2)(z, ζ).

In Subsection 5.2.1, we have derived the asymptotic expansion of Qp− 1
2
(χ), p ≥ 0, for

χ → 1. Accordingly,f(χ, p) has a logarithmic singularity atχ = 1, for all p ≥ 0, given by

(5.19). For the computation of the double integral in (5.48)we apply the same procedure as

in the previous chapter. First, we extract the logarithmic part. The remaining part is regular

and can be computed numerically in a straightforward way. For the logarithmic part we use

formula (3.61). This analytical formula enables us to perform fast computations and to obtain

accurate results.

The basis functions have not been normalized, so the Gram matrix is not equal to the identity

matrix. However, due to the orthogonality of the basis functionsφµ, the Gram-matrixG is

a diagonal matrix. For basis functions on rings, see (5.23),we obtain forµ, ν ∈ {Nr − L+

1, . . . ,Mr} and correspondingm,n

Gµν = (φµ, φν) = δµν

∫ z
(q)
1

z
(q)
0

∫ π

−π
cos2(mϕ)P 2

n

(z − c
(q)
z

d
(q)
z

)

dϕdz

=
2πd

(q)
z

2n+ 1
(δm0 + 1)δµν . (5.50)

Here, cosine functions are used, withm ≥ 0, n ≥ 1. In case of sine functions withm ≥ 1,

n ≥ 1, we obtain the same result. The firstNr−L elements on the diagonal ofG are obtained

from the procedure described in Section 4.2, making use of the matrix in (4.35)

As rings and islands are disjoint, their basis functions yield zeros in the Gram matrix. The

elements of the Gram-matrix corresponding to basis functions of islands, see (5.27), are for

µ, ν ∈ {Mr + 1, . . . ,M}

Gµν = (φµ, φν) = δµν

∫ z
(q)
1

z
(q)
0

∫ ϕ
(q)
1

ϕ
(q)
0

sin2
(mπ(ϕ− ϕ

(q)
0 )

2d
(q)
ϕ

)

P 2
n

(z − c
(q)
z

d
(q)
z

)

dϕdz

=
2d

(q)
z d

(q)
ϕ

2n+ 1
δµν . (5.51)

5.3 Numerical results

In this section, we present the results of the numerical simulations of three different config-

urations: one ring and one island, two rings and one island, and two rings and four islands

between the two rings. All simulations make use of the methoddescribed in this chapter; see
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also [32]. We use our software toolEddy to compute the current distributions. InEddy,

the centralz-positions of the rings and islands have to be defined as well as the centralϕ-

positions for the islands. Other geometrical inputs are thewidths of the rings and islands, the

lengths of the islands, the thicknessh and the radiusR of the cylinder. Source currents are

only applied to the rings. We can assign which rings are connected in a group, what the total

current through each group is, the frequency of the source, and the number of basis functions.

Furthermore, extra options can be chosen for postprocessing, such as plotting the amplitude

of the current density and the streamlines of the currents inthe rings and islands.

In Eddy, first the coefficientsαr,µ, αi,µ are determined from (5.38) - (5.39), thenj⊥, ji,ϕ
from (5.37) and finally, the total currentjϕ from (5.31).

5.3.1 One ring and one island

The first configuration we consider, consists of one ring together with one island, both on a

cylinder of radiusR = 0.35 m. The width of the ring is 0.04 m and its center is positioned at

z = −0.04 m. It carries a total current of 600 A at frequencyf . The island has a width of 2

cm and its lengthl := (ϕ
(1)
1 − ϕ

(1)
0 )R is a quarter of the circumference of the cylinder, i.e.

l = 2πR/4 ≈ 0.55 m. The center of the island is positioned at(ϕ, z) = (0, 0). Due to the

time-dependent source current in the ring, eddy currents are induced in both ring and island.

The coefficients of the current distributions are computed by Eddy.
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Figure 5.3: One ring of 4 cm width with a total current of 600 A and one is-
land of 2 cm width and 55 cm length. (a) Amplitude of the current density inϕ-
direction on the lineϕ = 0, at frequenciesf = 100 Hz (∗), f = 400 Hz (◦),
f = 700 Hz (+), f = 1000 Hz (△); (b) Streamlines of the current in the is-
land at frequencyf = 1000 Hz, with starting points atϕ = 0 and z such that
|jϕ(0, z)| = 1000, 2000, . . . , 10000 A/m.
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In Figure 5.3 (a), the amplitude of the current density inϕ-direction,|jϕ|, on the lineϕ = 0 is

plotted as a function ofz. We observe a distribution over the width of the ring that is slightly

different from the one in the configuration of only one ring; see Figure 4.4 (a). The reason

for this is that an eddy current has been induced in the island, which at his turn affects the

distribution in the ring. The current in the island, on the side of the ring, is in such a direction

that it opposes the magnetic field caused by the ring. Thus, this direction is opposite to the

one in the ring. We have seen in Section 3.4 and Section 4.3 that opposite currents amplify

each other. Therefore, the amplitude of the current atz = −0.02 is higher than atz = −0.06.

In the island, the current has to be free of divergence. This implies for instance that the total

normal current across the lineϕ = 0 is zero. Thus,jϕ(0, z) integrated fromz = −0.01

to z = 0.01 must be equal to zero. In Figure 5.3 (a), the amplitude|jϕ(0, z)| is shown,

which is greater than zero everywhere, but the sign ofjϕ(0, z) changes at the point where

|jϕ(0, z)| = 0. Integration overz indeed yields a zero total normal current. We observe an

edge-effect in the patch and a stronger amplitude on the sideof the ring, amplified by the

opposite current in the ring.

In Figure 5.3 (b), the streamlines of the current in the island are shown. We observe the

streamlines forming closed cycles, revealing that the currents are divergence-free. Hence, the

induced eddy currents are visualized as eddies in this figure. Note that the eye (i.e. the center)

of the eddy is not at the center of the island, but closer to thering. This is because on that

side the magnetic field and, thus, the induced current are stronger.

To each streamline, a start position has to be assigned. Here, we have chosen the start po-

sitions from Figure 5.3 (a): along the lineϕ = 0 the amplitude of the current,|jϕ(0, z)|,
has been divided in equidistant steps of 1000 A/m; the correspondingz-coordinates yield the

start positions of the streamlines. In this way, the edge-effect is represented in Figure 5.3 (b)

by the density of the streamlines.

The current in the ring is mainly in theϕ-direction. In contrast to the configuration of one ring

only, the current here also has az-component. Thisz-component is induced by the island.

However, compared tojϕ, jz is very small. Therefore, the streamlines in the ring would be

straight lines, on the scale of this figure, encircling the ring (cf. Figure 5.6 (b), further on).

5.3.2 Two rings and one island

In the second configuration we consider, we put an additionalring to the right of the island.

This ring also has a width of 4 cm, is positioned with its center at z = 0.04 m, and carries a

current of 600 A. The coefficients of the current distributions are computed fromEddy.

First, we take the currents in the rings in anti-phase. In Figure 5.4 (a), the amplitude of the

current in theϕ-direction on the lineϕ = 0 is shown. The current in the rings is quite similar

to the current in two plane rectangular strips of infinite length; see Figure 3.8 (a). This shows

once more that the current in plane rectangular strips provides a good approximation for the
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Figure 5.4: Two rings of 4 cm width with a total current of 600 A in anti-phase
and one island of 2 cm width and 55 cm length between them. (a) Amplitude of the
current density inϕ-direction on the lineϕ = 0, at frequenciesf = 100 Hz (∗),
f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△); (b) Streamlines of the current
in the island at frequencyf = 1000 Hz, with starting points atϕ = 0 andz such
that |jϕ(0, z)| = 2000, 4000, . . . , 20000 A/m.

current in rings. The small difference between Figure 5.4 (a) and Figure 3.8 (a) (only to

observe at the edges nearest to the island and only for high frequencies) is caused by the

island. An eddy current is induced in the island, which at itsturn induces eddy currents in

the rings. Therefore, the currents|jϕ(0, z)| at z = ±0.02 in Figure 5.4 (a) are a bit larger

than those in Figure 3.8 (a). Comparing Figure 5.4 (a) with Figure 5.3 (a), we see that the

induced current in the island is now symmetric and twice as strong, in conformity with our

expectations.

In Figure 5.4 (b), streamlines of the current in the island are shown. The start positions of

the streamlines are on the lineϕ = 0, with z-coordinates such that|jϕ(0, z)| makes steps of

2000 A/m. We observe one eddy with its eye at the center of the island; the geometry and,

thus, the current distribution are anti-symmetric in bothϕ andz.

In Figure 5.5, the results are shown for the situation in which the currents in the rings are in

phase. The amplitude of the current is shown in Figure 5.5 (a). We observe local edge-effects

in the rings and in the island, and a global edge-effect in thewhole system. The current in

the rings is again comparable to the current in two plane rectangular strips of infinite length;

see Figure 3.8 (c). No difference can be observed on the scaleof these figures; this is clear

because the amplitude of the eddy current in the island is much smaller than in the anti-phase

case.

The reason that the current in the island is in this case smaller than in the previous example
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Figure 5.5: Two rings of 4 cm width with a total current of 600 A in phase andone
island of 2 cm width and 55 cm length between them. (a) Amplitude of the current
density inϕ-direction on the lineϕ = 0, at frequenciesf = 100 Hz (∗), f = 400
Hz (◦), f = 700 Hz (+), f = 1000 Hz (△); (b) Streamlines of the current in the
island at frequencyf = 1000 Hz, with starting points atϕ = 0 rad andz such that
|jϕ(0, z)| = 300, 600, . . . , 3000 A/m.

is that now two eddies are induced. The two eddies are visualized by the streamlines in

Figure 5.5 (b). The start positions are on the lineϕ = 0 with z-coordinates such that|jϕ(0, z)|
makes steps of 300 A/m. The edge-effects are also visible in this figure: we observe the eddies

with eyes close to the edge of the island.

5.3.3 Two rings and four islands

In the third configuration, we consider two rings at the same positions as in the previous

example, but now with four islands in between. The four islands are with their centers at the

line z = 0 and each island has a length of 50 cm. This means that all together they almost

form a complete ring. So, we consider a geometry here that models a ring, which is cut in

width-direction in four pieces. This mimics a slitted ring,as can occur in real coils. The

source currents are applied to the rings, are in anti-phase,and have an intensity of 600 A.

In Figure 5.6 (a), the amplitude of the current in theϕ-direction on the lineϕ = π/4 is shown.

This line crosses the center of one of the islands. Due to symmetry the current distributions

are the same in all four islands. The current in the rings is similar to the current in the previous

example with one island; see Figure 5.4 (a). Compared with the distribution in one island, the

currents in the four islands have a higher amplitude. The reason for this is that the currents in

the islands also amplify each other.

In Figure 5.6 (b), streamlines of the currents in the rings and in the islands are shown. The
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Figure 5.6: Two rings of 4 cm width with a total current of 600 A in anti-phase and
four islands of 2 cm width and 50 cm length between them. (a) Amplitude of the
current density inϕ-direction on the lineϕ = π/4, at frequenciesf = 100 Hz (∗),
f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△); (b) Streamlines of the currents
at frequencyf = 1000 Hz, with starting points at centralϕ positions andz such
that |jϕ(0, z)| makes steps of6.0 · 103 A/m.

streamlines in the rings are straight, indicating that the inducedz-component of the current is

much smaller than theϕ-component. The same behavior can be observed for the preceding

two examples. We observe that in each island one eddy appears. For the islands, the start

positions of the streamlines are chosen on the central linesϕ = −3π/4,−π/4, π/4, 3π/4,

with z-coordinates such that|jϕ(ϕ, z)| makes steps of6.0 · 103 A/m. The eyes of the eddies

are at the centers of the islands due to symmetry. For the rings, the start positions are chosen

on the lineϕ = −π, with z-coordinates such that|jϕ(−π, z)| makes steps of6.0 · 103 A/m.

An interesting aspect in this example is that the four islands behave qualitatively as one ring.

Namely, on the edges between two neighboring islands, the currents are in opposite direction,

such that the resulting magnetic fields from these currents are canceled. Moreover, on the

lines z = −0.01 andz = 0.01, the currents are in the same direction. So, from a certain

distance, the currents are observed as distributed in a ring. Consequently, the magnetic field

at some distance from the surface of the cylinder (e.g. near the central axis) is affected as if a

ring, instead of four islands, is present on the cylinder.

Apart from the magnetic field, the islands also affect the resistance and the self-inductance of

the system. For the computation of the resistance and the self-inductance, we introduce the

matricesG andA and the column vectora. Here,G denotes the diagonal matrix with the

inner products of the separate basis functions(φµ, φν) as diagonal elements. The elements

of matrix A are represented by the inner products(Krrφµ, φν), (Kriφµ, φν), (Kirφµ, φν),
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Figure 5.7: Resistance and self-inductance of a set of two rings (∗), a set of two
rings with one island in between (◦), a set of two rings with four islands in between
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at frequencies up tof = 400 Hz; (c) L̄ at frequencies up tof = 10000 Hz; (d) L̄ at
frequencies up tof = 400 Hz.
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(Kiiφµ, φν). The vectora consists of the coefficients belonging to the basis functions. The

time-averaged dissipated power is defined by (2.151), and can be expressed in terms ofG

anda as

P̄diss =
R2|jc|2

2hσ

∫

S∪

j(x) · j∗(x) da(x) =
R2|jc|2

2hσ
a∗Ga. (5.52)

Moreover,I2
e = II∗/2 = 2|jc|2R2d2

z, with dz here denoting half the (dimensionless) width

of a ring, such that we obtain from (2.66):

R̄ =
1

4hσd2
z

a∗Ga. (5.53)

The time-averaged magnetic energy is defined by (2.152), andcan be expressed in terms of

A anda as

Ūm =
µ0R

3|jc|2
16π

∫

S∪

∫

S∪

j(ξ) · j∗(x)

|x − ξ| da(ξ) da(x) =
µ0R

3|jc|2
4

a∗Aa. (5.54)

Using (2.67), we obtain

L̄ =
µ0R

4d2
z

a∗Aa. (5.55)

In Figure 5.7, we show the resistance and the self-inductance as a function of the frequency,

for four different configurations.

First, two rings are considered with a width of 4 cm and a distance between the centers of

8 cm. The currents in the rings are in anti-phase. The resistanceR̄DC at f = 0 Hz can be

computed analytically,

R̄DC =
4πR

hDσ
≈ 7.48 · 10−4Ω. (5.56)

The resistance increases with the frequency; see the lowestline in Figure 5.7 (a), where the

frequency range is up tof = 10000 Hz.

Second, an island is placed between the two rings. This configuration is the same as in the

example of Subsection 5.3.2. The currents in the rings are still in anti-phase. In case of a

stationary current, no eddy currents are induced. In other words, the system does not notice

the presence of the island. Therefore, the resistanceR̄DC atf = 0 Hz is the same as for two

rings only. The resistance increases a bit more with the frequency than in the two rings case;

see second lowest line in Figure 5.7 (a).

Third, the configuration of this subsection is considered, consisting of two rings and four

islands. The resistancēRDC at f = 0 Hz is the same as in the previous two configurations.

For higher frequencies, eddy currents are induced in all four islands. Together, they oppose

the magnetic field more than the eddies in one island, such that the total resistance of the

system is higher. This is shown by the second highest line in Figure 5.7 (a).

The fourth configuration consists of the two rings from the first case, with an additional ring

between them, not connected to any source. Again, for a stationary current in the two rings
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that are connected to the source, no eddy currents are induced. Thus,R̄DC = 7.48 · 10−4Ω.

For higher frequencies, a current is induced in the additional ring that forms a closed cycle

around the cylinder. Due to the anti-symmetry in the system (applied currents are in anti-

phase), the total current in the additional ring is equal to zero. However, due to the closed

cycles of the current, the magnetic field is opposed more thanin the previous configurations.

Therefore, the total resistance of the system is higher, as can be observed from the highest

line in Figure 5.7 (a).

In Figure 5.7 (b), the resistance is shown for the smaller range of frequencies up tof = 400

Hz, with a higher resolution than used in the range from 0 to 10000 Hz. All points of inflection

in the resistances of the four configurations lie in this range. In Figure 5.7 (c), the self-

inductances of the four configurations are shown for the frequency range up tof = 10000

Hz. We observe that the self-inductances decrease with the frequency and that the order of

the lines is opposite to the order in the figure of the resistances, i.e. the two ring case is

represented by the highest line and the three ring case is represented by the lowest line. The

self-inductances in the smaller range from 0 to 400 Hz are shown in Figure 5.7 (d). All points

of inflection in the self-inductance of the four configurations lie in this range.

5.4 Summary

In this chapter, we have modeled a set of rings and islands on acylindrical surface. The

islands represent the pieces of copper that are present in a gradient coil to fill up empty spaces

for better heat transfer in the coil and higher stability of the coil. Another application of this

island model is when slits have been cut in the copper strips for the reduction of the eddy

currents. Due to the islands the current distribution is notrotational symmetric, in contrast to

the current in a set of rings, as presented in the previous chapter.

In the set of rings and islands, the source current is appliedonly to the rings. Therefore, the

preferable direction of the eddy currents induced in the islands is the tangential direction. As

described in Chapter 3, the kernel then has a logarithmic singularity in the axial coordinate.

In Section 5.2, the kernel is expressed in terms of Legendre functions of the second kind

of odd-half-integer order. The asymptotic expansion of these functions near the singularity

point contains the logarithmic function.

We split off the logarithmic part of the kernel and the resulting regular part is solved by

numerical integration. For the logarithmic part, we can usethe analytical formula derived

in Section 3.2 and the Legendre polynomials are used as basisfunctions. In the tangential

coordinate, Fourier modes are used, because of the2π-periodicity and the orthogonality with

the trigonometric functions in the expansion of the kernel function. In the resulting set of

equations, the mutual relation between the rings and the islands is explicitly expressed by the

coupling between the modes.

The coefficients of the basis functions are determined by oursoftware toolEddy. The result-
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ing current distribution shows edge-effects in both rings and islands. We have shown that the

total resistance increases when an island is added to the system. The opposite holds for the

self-inductance of the system; it decreases when an island is added. In case a ring is added to

the system, the resistance increases even more, whereas theself-inductance decreases even

more. This additional ring is well approximated by a set of islands, as such describing a ring

that is cut in pieces.





CHAPTER 6

Plane circular strips

From the three possible types of strips on a cylinder, as we have defined in Section 2.2, we

have discussed examples of the closed loops around the cylinder (rings) and the patches on

the cylinder (islands) in the previous two chapters. In thischapter, we consider strips of the

third type; the closed loops on top of the cylinder. With thisgeometry of strips, we present a

model for the x-coil and the y-coil (see e.g. Figure 2.1 (a)).

According to Section 3.1, an integral equation of the secondkind can be derived for such

a configuration, with a kernel showing a logarithmic behavior in the width direction of the

strip. Exploiting this logarithmic behavior, we constructa series expansion for the current

distribution in terms of Legendre polynomials.

In Section 6.1, we describe the geometry of the model and the derivation of the integral

equation. The solution method is presented in Section 6.2 and numerical results are shown in

Section 6.3. Finally, in Section 6.4, the summary of this chapter is presented.

6.1 Problem formulation

In this chapter, we consider the case of one or more closed circular loops of strips on top

of a cylinder of radiusR. The geometrical description of such a loop is given at the end of

Section 2.2; we will recapitulate the main results here. As always, the loops are assumed to

be infinitely thin strips of uniform widthD. The central line of the loop is described by the

position vectorc(u), whereu is the tangential coordinate along the central line. Mathemat-

ically, we can imagine this central line as the intersectionof the basic cylinder of radiusR

and another virtual cylinder of radiusRs. The axis of the latter cylinder is normal to that of

the first cylinder, which is thez-axis. To make things more concrete, we assume that the axis

of the second cylinder coincides with they-axis of our Cartesian system of coordinates. In

order to obtain a closed intersection curve, we must requireRs < R. In that case,c(u) is as

given in Section 2.2, equation (2.84). Here, we restrict ourselves toRs < R, but loops with
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Rs > R can be dealt with analogously. As in the preceding chapters,besides the case of one

circular loop, we consider the case of a set of concentric loops of different radii.

To the central line of a loop, a set of local unit coordinate vectors{er(u), eu(u), ev(u)} is

connected, as given by (2.85) - (2.87). The vectoreu is tangent to the central line,er normal

to the basic cylinder (thus coinciding with ther-direction of a cylindrical coordinate system),

andev points towards the center of the circular strip. Let us denote, for the moment, the

coordinate in the width direction of the strip byv, sov ∈ [−D/2,D/2].

Figure 6.1: The configuration of a set of plane circular strips.

For the system we consider, we generally haveD ≪ R. This makes the following approxi-

mation possible. As we have already noticed at the end of Section 4.1, forD ≪ R, we can

locally neglect the curvature of the strips. Globally, the current in a point is not affected by

currents on a large distance. This means that, in a point of the loop, thus locally, we may

neglect the curvature1/R of the basic cylinder. We can locally approximate the curvedloop

by a plane loop; see also Figure 4.3. We should realize that this absolutely does not mean

that we approximate the whole curved circular loop by a planeloop. As the current in a point

is only affected by the currents in its vicinity, as far as thecurrent distribution in this point

concerns, it does not matter how the rest of the loops is shaped. Thus, as we are in first place

interested in this current distribution, we may just as wellreplace the current circular loop (on

the cylinder) by a plane one. However, it must be emphasized that this does not hold when

we want to calculate the magnetic field induced by the currents in the curved circular loops

on top of the cylinder.
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All this holds irrespectively of the value ofRs, as long asRs < R. Even ifRs becomes

small with respect toR, say in the order ofD, this approximation may still be applied.

Hence, since in this chapter we will only calculate the current distributions in the loops, we

can approximate them by plane circular loops; the configuration of a set of plane circular

loops is depicted in Figure 6.1. In this plane configuration,we replace the width coordinate

v (measured as the distance from the central line) by a radial coordinater, measured from

the center of the ring (the notationr should not be confused with ther-coordinate of the

cylindrical coordinates). Moreover, we replace the tangential coordinateu by the angleϕ, as

introduced in Figure 6.1.

We consider a set ofN (N ≥ 1) circular strips, which are lying concentrically in a plane; see

Figure 6.1. The plane is described in terms of the polar coordinatesr andϕ. Each separate

strip is of uniform width. Due to the symmetry in the geometry, the current does not depend

onϕ and flows only in theϕ-direction, soj = jϕ(r)eϕ. The current distributionjϕ(r) is the

unknown we want to calculate here.

The loops occupy a surfaceS∪ on the plane. The set of loops is subdivided intoL groups,

each of which has a prescribed total currentIl(t) = ℜ{Ile−iωt}, l = 1, . . . , L, with Il ∈ C

a complex constant, and is driven by a separate source current. The sum of the widths of

all loops in groupl is denoted byDl. Let each groupl consist ofNl loops, thenS(l)
n can

be defined as the surface of then-th loop within groupl, with n ∈ {1, . . . , Nl} and l ∈
{1, . . . , L}, such that

S
(l)
∪ =

Nl
∑

n=1

S(l)
n , and S∪ =

L
∑

l=1

S
(l)
∪ =

L
∑

l=1

Nl
∑

n=1

S(l)
n , (6.1)

and

S(l)
n = {(r, ϕ) | r(n)

0 ≤ r ≤ r
(n)
1 ,−π ≤ ϕ ≤ π}. (6.2)

Since the currents do not depend on the tangential directionϕ, it is more convenient to intro-

duce a notation for ther-intervals in which the loops are positioned. Instead ofS∪, which

represents a surface, we introduce the one-dimensional setSr∪ as the collection of all radial

intervals of the loops:

Sr∪ =
N

∑

n=1

[r
(n)
0 , r

(n)
1 ]. (6.3)

We can derive the set of equations in the same way as explainedin Chapter 2, using Maxwell’s

equations, the boundary conditions, and the assumptions valid in our model. However, in-

stead of showing all the steps that lead to the resulting integral equation, we present a shorter

derivation, which makes use of the general formula for the vector potential, see (2.146).

Let jc be the characteristic value for the surface current throughthe strips, andDc a charac-



132 Chapter 6. Plane circular strips

teristic distance, defined by

Dc = r
(1)
0 , jc =

∑L
l=1 Il

∑L
l=1Dl

. (6.4)

Thus, the distances are scaled by the inner radius of the firstloop, i.e. the most inner one,

and the current is scaled by the average current through all strips. We can write the vector

potentialA at positionx in a dimensionless form̃A, according to

A(x) = µ0D
cjcÃ(x̃), (6.5)

as

Ã(x̃) =
1

4π

∫

S∪

̃(ξ̃)

|x̃ − ξ̃|
da(ξ̃), (6.6)

where x̃ is the dimensionless position, scaled byDc, and ̃ is the dimensionless current,

scaled byjc. The tildes are omitted from now on. We use the general setting as introduced in

(2.188). On the plane circular strips we denote the observation pointP and the source point

Q by vectorsp andq, in polar coordinates given by

p = (r, ϕ), q = (ρ, θ), (6.7)

respectively. The distance between the points isR(P,Q). The vector potential can be com-

puted from

A|P = T−1
p

1

4π

∫

S∪

1

R(P,Q)
Tqj|Q da(Q), (6.8)

whereT−1
p is given by (2.191) andTq by (2.192). The transformationsT−1

p andTq can be

applied successively, as in (2.193). The distance between the two points is

R(P,Q) =

√

(r − ρ)2 + 4rρ sin2(
ϕ− θ

2
). (6.9)

For j = jϕ(r)eϕ, we then obtain

Ar(r, ϕ) =
1

4π

∫

S∪

sin(ϕ− θ)jϕ(ρ)
√

(r − ρ)2 + 4rρ sin2(ϕ−θ2 )
da(ρ, θ), (6.10)

Aϕ(r, ϕ) =
1

4π

∫

S∪

cos(ϕ− θ)jϕ(ρ)
√

(r − ρ)2 + 4rρ sin2(ϕ−θ2 )
da(ρ, θ). (6.11)

Using Ohm’s law, we obtain the integral equation of the second kind

jϕ(r) − iκ

4π

∫

S∪

cos(ϕ− θ)jϕ(ρ)
√

(r − ρ)2 + 4rρ sin2(ϕ−θ2 )
da(ρ, θ) = jsϕ(r), (6.12)

wherejsϕ(r) is the source current and

κ = hσµ0ωD
c. (6.13)
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The current is independent ofϕ, so integrating (6.12) overϕ from −π to π, makes theϕ-

dependence in the kernel disappear, resulting in

jϕ(r) − jsϕ(r) =
iκ

8π2

∫

Sr
∪

∫ π

−π

∫ π

−π

cos(ϕ− θ)jϕ(ρ)
√
rρ

√

(r−ρ)2
rρ

+ 4 sin2(ϕ−θ2 )
ρ dρ dθ dϕ

=
iκ

2π

∫

Sr
∪

jϕ(ρ)

k
√
rρ

[(2 − k2)K(k) − 2E(k)]ρ dρ. (6.14)

Here,K(k) andE(k) are the complete elliptic integral of the first and second kind, respec-

tively, and

k2 =
4

4 + ( r−ρ√
rρ

)2
=

4rρ

(r + ρ)2
. (6.15)

6.2 Solution method

6.2.1 Construction of a linear set of equations

According to Section 3.2, the Galerkin method could be applied to solve the integral equation

(6.14). The kernel function in the integral equation is dominated by a logarithmic singularity

in (r − ρ), multiplied byr. This would lead to the choice of basis functions to be Legendre

polynomials of the first kind, divided by an extra term
√
r. This extra term

√
r is a conse-

quence of the definition of the inner product ofr-dependent functions, given byL2(S
r
∪, r dr).

However, since we have more information about the behavior of the currents, we adjust the

solution method and use the Petrov-Galerkin method. For theplane circular loop, the extra

information follows from the known solution of the direct current distribution. We explain

briefly how the adjustment is carried out for one strip. The case of more strips has the same

treatment and is explained further on.

Let the current distributionjϕ(r) be expanded in a series of basis functionsφm(r), with

corresponding coefficientsαm, according to

jϕ(r) =
∞
∑

m=0

αmφm(r). (6.16)

The source currentjsϕ(r) is expanded in the same basis functionsφm(r), with coefficientβm,

jsϕ(r) =
∞
∑

m=0

βmφm(r). (6.17)

For an appropriate choice of the basis functions, we are led by the solution for the DC-

situation. Forω → 0 (equivalently,κ → 0), the inductive effects disappear, andjϕ(r) →
jsϕ(r). The analytical solution for the current distribution in one plane circular loop, carrying

a total currentI, is given by

jϕ(r) =
I

rDcjc log( r1
r0

)
. (6.18)
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Consequently, the current is inversely proportional tor. Therefore, we introduce new func-

tions ̂ϕ andφ̂m, such that the current and the basis functions become

jϕ(r) =
̂ϕ(r)

r
, φm(r) =

φ̂m(r)

r
. (6.19)

Substitutinĝϕ(r) into (6.14) and multiplying byr, we obtain

̂ϕ(r) − ̂sϕ(r) =
iκ

2π

∫ r1

r0

√

r

ρ

̂ϕ(ρ)

k
[(2 − k2)K(k) − 2E(k)] dρ. (6.20)

The new kernel has a logarithmic singularity inr = ρ (i.e. k = 1). So, we decide to

approximatêϕ(r) by a series of scaled and shifted Legendre polynomials:

̂ϕ(r)
.
=

M
∑

m=0

αmPm

(r − cr
dr

)

, (6.21)

̂sϕ(r)
.
=

M
∑

m=0

βmPm

(r − cr
dr

)

, (6.22)

where

cr =
r1 + r0

2
, dr =

r1 − r0
2

. (6.23)

As in the examples of the previous chapters, the spatial behavior of the source current is the

same for all frequenciesω, includingω = 0. This yields

β0 =
I

Dcjc log( r1
r0

)
, βm = 0, m ≥ 1. (6.24)

The coefficientsαm, m ≥ 0, depend on the frequencyω. Only for ω = 0, we know them

a priori. Namely,αm = 0, m ≥ 1, α0 = β0, because forω = 0 there are no inductive

effects. Moreover, in the previous chapters, the total current through a strip has always been

accounted for byα0, because the higher-order polynomialsPm, m ≥ 1, do not contribute to

the total current. However, in the case of plane circular strips, the higher-order polynomials

do contribute. The total current condition for one strip says

∫ r1

r0

̂ϕ(ρ)

ρ
dρ = α0 ln(

r1
r0

) + dr

M
∑

m=1

αm

∫ 1

−1

Pm(r)

drr + cr
dr =

I

Dcjc
. (6.25)

In contrast to the Galerkin method, in which the test functions are the same as the basis

functions, we apply a projection method with slightly different test functions. This brings us

to choose the following definition for the inner product in this chapter:

(f, g) =

∫

Sr
∪

f(r)g(r) r dr. (6.26)

Whereas the basis functions are Legendre polynomials of the first kind divided byr, for the

test functions we choose the Legendre polynomials themselves. This choice is based on the
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relation for the inner products

∫ r1

r0

Pm(ρ−cr

dr
)

ρ
Pn

(ρ− cr
dr

)

ρ dρ =
2dr

2m+ 1
δmn. (6.27)

Furthermore, the source current only yields a non-zero inner product for the zeroth-order test

functionP0. This is the main reason for the adjustment of the method, because it enables us

to embed the source current in the family of basis functions,such that we can decompose the

total current density into components that comprise the source current density.

We can now generalize the method to the situation of two or more plane circular loops. Let

ψl(r) be the characteristic function of groupl, defined by

ψl(r) =

Nl
∑

n=1

1
[r

(n)
0 ,r

(n)
1 ]

, (6.28)

whereNl is the number of rings in groupl and1
[r

(n)
0 ,r

(n)
1 ]

represents the characteristic func-

tion, which is one on each interval[r
(n)
0 , r

(n)
1 ], and zero otherwise. Due to disjointness of the

intervals, the characteristic functionsψl(r) satisfy

(
ψl1
r
, ψl2) =

Dl1

Dc
δl1l2 , (6.29)

whereDl1 is the sum of the widths of all rings in groupl1. The source currentjsϕ(r) is in

every loop inversely proportional tor and can therefore be written as

jsϕ(r) =

L
∑

l=1

Cl
ψl(r)

r
, (6.30)

so that the integral equation (6.14) becomes

jϕ(r) − iκ

∫

Sr
∪

K(r, ρ)jϕ(ρ)ρ dρ =

L
∑

l=1

Cl
ψl(r)

r
, r ∈ Sr∪, (6.31)

where

K(r, ρ) =
1

2πk
√
rρ

[(2 − k2)K(k) − 2E(k)], k2 =
4rρ

(r + ρ)2
. (6.32)

Moreover, the total current per group is prescribed, sojϕ(r) must satisfy
∫

Sr
∪

jϕ(ρ)ψl(ρ) dρ = (
jϕ
r
, ψl) = Îl, l ∈ {1, . . . , L}, (6.33)

whereÎl = Il/(j
cDc), with jc according to (4.3).

We define the operatorK by

(Kf)(r) =

∫

Sr
∪

f(ρ)K(r − ρ)ρ dρ, (6.34)
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such that (6.31) can be written in operator form as

(I − iκK)jϕ =

L
∑

l=1

Cl
ψl
r
. (6.35)

We define the projectionΠ on the linear span of the characteristic functionsψl/r, l ∈
{1, . . . , L}, by

(Πf)(r) =

L
∑

l=1

(f, ψl)

(ψl

r
, ψl)

ψl(r)

r
. (6.36)

The projectionΠ applied tojϕ yields, with use of (6.29),

Πjϕ =
L

∑

l=1

Dc (jϕ, ψl)

Dl

ψl
r

=
L

∑

l=1

α
(l)
0

ψl
r
, (6.37)

where the coefficientsα(l)
0 are defined byα(l)

0 = Dc(jϕ, ψl)/Dl, l = 1, . . . , L. Note that

(6.33) cannot be used here in the same way as in Chapter 4, where the coefficients of the

basis functionsψl disappeared in favor of the total currentsÎl. Hence, we cannot eliminate

the unknown coefficientsα(l)
0 here.

Next,jϕ is split into two parts according to

jϕ = Πjϕ + (I − Π)jϕ =

L
∑

l=1

α
(l)
0

ψl
r

+ j⊥. (6.38)

Here, j⊥ = (I − Π)jϕ is in the orthoplement of the range ofΠ, i.e. (j⊥, ψl) = 0, for

l = 1, . . . , L. Applying the operator(I − Π) to (6.35), we obtain

j⊥ − iκ(I − Π)Kjϕ = 0, (6.39)

or equivalently,

j⊥ − iκ(I − Π)Kj⊥ = iκ

L
∑

l=1

α
(l)
0 (I − Π)K

ψl
r
. (6.40)

So, the constantsCl have disappeared, but they are replaced by the coefficientsα
(l)
0 , which

are also not known a priori. Up to now, we have used the same method as for the set of coaxial

rings; see Chapter 4. In the example of coaxial rings the coefficientsα(l)
0 were completely

accounted for by the prescribed currentsÎl and were therefore known a priori. So, from

this point on, the method for the present example of plane circular strips needs an extension.

Apart from theL unknownsCl, l = 1, . . . , L, we have an additional number ofL unknowns

α
(l)
0 , l = 1, . . . , L. Moreover, we have not used theL known valuesÎl, l = 1, . . . , L yet.

Therefore, we need an additional set ofL equations. These equations can be obtained from

the inner products of relation (6.35) withψl, l = 1, . . . , L.
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We approximatej⊥ by a finite series of basis functionsφm(r). As explained before, the basis

functions are inversely proportional tor. Therefore, we introduce the functionŝφm(r) =

rφm(r), such that

j⊥(z)
.
=

M
∑

m=1

αm
φ̂m
r
,

φ̂m
r

= φm ∈ ran(I − Π). (6.41)

Taking successively on both sides of (6.35) the inner product with ψl and on both sides of

equation (6.40) witĥφn, we arrive at

α
(l)
0

Dl

Dc
− iκ

L
∑

k=1

α
(k)
0 (K

ψk
r
, ψl) − iκ

M
∑

m=1

αm(K
φ̂m
r
, ψl) = Cl

Dl

Dc
, (6.42)

M
∑

m=1

αm(
φ̂m
r
, φ̂n) − iκ

L
∑

l=1

α
(l)
0 (K

ψl
r
, φ̂n) − iκ

M
∑

m=1

αm(K
φ̂m
r
, φ̂n) = 0, (6.43)

for l = 1, . . . , L andn = 1, 2, . . . ,M . For convenience of notation, we write the equations

(6.42) and (6.43) in matrix form as

(G − iκA)a = c, (6.44)

where the block matricesG, A and the column vectorsa, c are defined by

G =

(

G11 0

0 G22

)

, A =

(

A11 A12

A21 A22

)

,

a =

(

a1

a2

)

, c =

(

c1

c2

)

, (6.45)

with elements (m,n = 1, . . . ,M ; k, l = 1, . . . , L)

A11(l, k) = (K
ψk
r
, ψl), A12(l,m) = (K

φ̂m
r
, ψl),

A21(n, l) = (K
ψl
r
, φ̂n), A22(n,m) = (K

φ̂m
r
, φ̂n),

G11(l, k) =
Dl

Dc
δkl, G22(n,m) = (

φ̂m
r
, φ̂n),

a1(l) = α
(l)
0 , a2(m) = αm,

c1(l) =
Dl

Dc
Cl, c2(m) = 0. (6.46)

The way to solve this matrix equation will be explained in Section 6.2.2. We first show how

the entries of the matrices are computed.

The functionsφ̂m are expressed in Legendre polynomials of the first kind. For the current

distributionj⊥(r), the pertinent combination of intervals isSr∪ instead of[−1, 1]. Therefore,
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we introduce shifted and scaled Legendre polynomials,Ps,q(r; cq; dq), of orders, defined on

strip q (q = 1, . . . , N ) as

Ps,q(r; cq; dq) = Ps

(r − cq
dq

)

, r ∈ [r
(q)
0 , r

(q)
1 ], (6.47)

where

cq =
r
(q)
1 + r

(q)
0

2
, dq =

r
(q)
1 − r

(q)
0

2
, q = 1, . . . , N. (6.48)

For r 6∈ [r
(q)
0 , r

(q)
1 ], Ps,q(r; cq; dq) = 0. Orthogonality of Legendre polynomials yields

∫

Sr
∪

Ps,q(ρ; cq; dq)

ρ
Ps′,q′(ρ; cq′ ; dq′)ρ dρ =

2dq
2s+ 1

δss′δqq′ . (6.49)

The shifted and scaled Legendre polynomials are used to construct the basis functions. In

analogy with (4.32), we create a series expansion in different basis functions for each strip,

separately. Hence,

j⊥ =

S
∑

s=1

N
∑

q=1

αs,q
φ̂s,q
r

+

N−L
∑

q=1

α0,q
φ̂0,q

r
, (6.50)

whereS denotes the number of degrees of basis functions that is included, andN is the

number of strips. TheN −L constant functionŝφ0,q differentiate the current distributions in

the strips within each group.

A requirement for the basis functions is that they must be orthogonal with respect to each

other as well as to the functionsψl(r). For Legendre polynomials of degree one and higher,

we have
∫

Sr
∪

Ps,q(ρ; cq; dq)

ρ
ψl(ρ)ρ dρ = 0, (6.51)

for q = 1, . . . , N , l = 1, . . . , L, ands ≥ 1. Therefore, we can choose the basis functions of

degree one and higher equal to the shifted and scaled Legendre polynomials:

φs,q = Ps,q(r; cq; dq), q = 1, . . . , N, s = 1, . . . , S. (6.52)

The functionsφ̂0,q are constructed in the same way as in the example of rings, explained in

Chapter 4.

Because the Legendre polynomials are shifted and scaled in adifferent way on each strip, it

is convenient to transform all intervals to[−1, 1]. For the entries ofA, we have to compute

integrals of the form

dqdq′

∫ 1

−1

∫ 1

−1

Ps′(r)Ps(ρ)K(dq′r + cq′ , dqρ+ cq)(dq′r + cq′) dρ dr, (6.53)

wheres, s′ = 0 are substituted for the treatment ofψl. The entries ofG follow directly from

(6.49). We remark that the integrands are logarithmically singular if q = q′. In that case, we
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extract the logarithmic part, which is obtained explicitlyfrom the asymptotic expansion of

K(r, ρ) for r close toρ:

rK(r, ρ) ≈ − 1

2π
(log|r − ρ| − log

√
rρ− log2 + Ψ(0)(

3

2
) + γ), (6.54)

whereΨ(0)(3/2) ≈ 0.03649 (Γ(0) is the polygamma function), andγ ≈ 0.57722 (Euler’s

constant); see [2]. The difference betweenrK(r, ρ) and the series expansion is a regular

function. For the numerical computations, we use (3.61) forthe logarithmic part of (6.54).

The remaining difference function is regular and can therefore be integrated numerically. We

will use the Gauss-Legendre quadrature rule as integrationmethod.

6.2.2 Solving the linear set of equations

In this section, we discuss the solution procedure for the matrix equation (6.44). In this matrix

equation, the unknowns areαm,m = 1, . . . ,M , andα(l)
0 , l = 1, . . . , L. The coefficientsCl,

introduced in (6.30), are also not known yet. They should be related to theL prescribed

values of the total currentŝIl through groupsl = 1, . . . , L. The parameterκ has a known

value and the entries ofG andA can be determined from (6.46). Additionally, we know the

total currentŝI1, . . . , ÎL in theL groups, which are given by

Îl =

∫

Sr
∪

jϕ(ρ)ψl(ρ) dρ = α
(l)
0 (

ψl
r
,
ψl
r

) +

M
∑

m=1

αm(
φ̂m
r
,
ψl
r

). (6.55)

We use this relation to eliminate theL unknown coefficientsCl. To this end, we define the

L× (L+M) matrixS by

S =
(

S11 S12

)

, (6.56)

with elements (m = 1, . . . ,M ; k, l = 1, . . . , L)

S11(l, k) =
(ψl
r
,
ψl
r

)

δkl,

S12(l,m) =
(ψl
r
,
φ̂m
r

)

, (6.57)

where the latter elements are only non-zero ifφ̂m acts on a ring in groupl. Moreover, let̂I

be theL-vector consisting of all̂Il, l = 1, . . . , L. Then, (6.55) can be written in matrix form

Î = Sa. (6.58)

Thus, the vectora of lengthL + M is transformed into vector̂I of lengthL. The vectorc

in the right-hand side of (6.44) also has lengthL +M . However, only the firstL values are

unknown (representingCl); the other entries are equal to zero. To reduce also the vector c to

a vector of lengthL, we introduce the(L+M) × L matrixB and theL-vectorĉ, by

B =

(

B11

B21

)

, c = Bĉ, (6.59)
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where (m = 1, . . . ,M ; k, l = 1, . . . , L)

B11(l, k) =
Dl

Dc
δkl, B21(m, k) = 0, (6.60)

and

ĉ(l) = Cl. (6.61)

We know thatG − iκA is invertible, and so the matrix equation (6.44) reveals that a =

(G − iκA)−1c. According to (6.58) and (6.59)2, the twoL-vectorsÎ and ĉ are related to

each other by

Î = S(G − iκA)−1Bĉ, (6.62)

or

ĉ = [S(G − iκA)−1B]−1Î, (6.63)

since alsoS(G − iκA)−1B is invertible. Here, we are mainly interested in the current

distribution, for which we needa. This vector now follows from

a = (G − iκA)−1B[S(G − iκA)−1B]−1Î. (6.64)

We have obtained a linear set of equations that can be solved numerically.

6.3 Numerical results

We consider configurations such as they follow from an approach that is used in the design

of x-coils and y-coils. For the design, a stream function is computed with specific software.

The stream functions has a shape that is well approximated bya cosine function. Here, we

define the stream functions(r) as

s(r) =











Imax cos(
πr

2Rref
) , if |r| < Rref ,

0, if |r| > Rref ,

(6.65)

whereRref is the radius that defines the support domain ofs(r), andImax represents the

maximum value ofs(r). The stream function is discretized by use of streamlines, which

form circles at fixed values ofr. Each streamline forms the central line of a plane circular

loop. The number of streamlines and the widths of the loops are such that the strips do not

overlap.

In case we want to specifyN plane circular loops with central lines at positionsr = r(n),

n = 1, . . . , N , and with each loop carrying the same total current, the discretization can be

made according to equidistant steps in the stream function.Then, each loop has a total current

of I(n) = Imax/N , and the positionsr(n) are determined from

cos
( πr(n)

2Rref

)

=
n− 1

2

N
, n = 1, . . . , N, (6.66)
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such that

r(n) =
2Rref
π

arccos
(2n− 1

2N

)

. (6.67)

The two configurations we consider here, consist successively of one and ten plane circular

loops. They all have a width of 2 cm, so that they do not overlap. The maximum value of the

stream function is chosen asImax = 600 A, and its domain is limited byRref = 0.5 m.

6.3.1 One plane circular strip

We first consider one plane circular loop of widthD = 0.02 m. The thickness ish = 2.5 mm

and the amplitude of the total current flowing through the loop is I = 600 A. According to

(6.67), we find that the central line forms a circle atr = 2Rref/3 = 33.33 cm. The current is

expanded in a series of Legendre polynomials divided byr, with coefficients calculated from

the linear set of equations (6.64). These calculations are implemented in our software tool

Eddy.
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Figure 6.2: Amplitude of the current distribution in one plane circularloop of 2
cm width with a total current of 600 A at frequenciesf = 100 Hz (∗), f = 400 Hz
(◦), f = 700 Hz (+), f = 1000 Hz (△).

In Figure 6.2, the amplitude of the current distribution in the strip is shown for the four

frequenciesf = 100, 400, 700, 1000 Hz. For low frequencies, the current tends to the DC

solution, which can be determined analytically according to (6.18). Note that in (6.18) the

variablesjϕ andr are dimensionless. In dimensional form we obtain

jϕ(r) =
I

r log
(

r1
r0

) =
9.996 · 103

r
A/m, (6.68)

where r0 = 32.33 cm andr1 = 34.33 cm are the inner and outer radius of the loop,
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respectively. The value ofjc in (6.18) represents the average current, which means that

jc = I/D = 3.0 · 104 A/m.

On the scale used in Figure 6.2, the current distribution atf = 100 Hz is very close to

the DC solution. We observe that for higher frequencies edge-effects occur. In contrast to

the situation of one ring, of which the current distributionis shown in Figure 4.4 (a), the

edge-effects are not symmetric in the plane circular loop. The current near the inner edge

of the loop is higher than near the outer edge. This is an important observation. Namely, it

means that the ’center of gravity’ of the current is shifted towards the inner edge of the loop.

Consequently, the magnetic field along the axis of symmetry increases and deviates from the

desired field.

Thus, in comparison with the uniform current distribution that is assumed in the design ap-

proach using streamlines, two effects occur that play a rolein the distortion of the desired

field. First, the current flows more near the inner edge of the loop than near the outer edge,

because the circumferential length is smaller there. We call this effect the1/r-effect, and

it also occurs in the DC situation. The second effect is the edge-effect, which occurs in a

time-varying situation and is caused by induction.

6.3.2 Ten plane circular strips

In the second example, we consider a configuration ofN = 10 plane, concentric, circular

loops. They all have a width of 2 cm and a thickness of 2.5 mm. Wedetermine the radii of

the central lines according to (6.67). The inner radiir
(n)
0 and the outer radiir(n)

1 are listed

in Table 6.1, forn = 1, . . . , 10. The total current in each ring isI(n) = Imax/N = 60

A. The applied currents have a frequencyf and are in phase. The resulting current distribu-

tions within the loops are calculated byEddy, in which the linear set of equations (6.64) is

implemented.

Table 6.1: Inner and outer radii of the set of 10 plane circular strips.

Ring Inner radius Outer radius
1 9.11 cm 11.11 cm
2 16.66 cm 18.66 cm
3 22.01 cm 24.01 cm
4 26.48 cm 28.48 cm
5 30.46 cm 32.46 cm
6 34.14 cm 36.14 cm
7 37.62 cm 39.62 cm
8 40.96 cm 42.96 cm
9 44.21 cm 46.21 cm
10 47.41 cm 49.41 cm
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In Figure 6.3, the amplitude of the current distribution in the ten loops is shown for the four

frequenciesf = 100, 400, 700, 1000 Hz. The average current in each ring isjc = 3.0 · 103

A/m. In the DC situation, the current is distributed according to the analytical formula

jϕ(r) =
N

∑

n=1

I(n)

log
(

r
(n)
1

r
(n)
0

)

ψn(r)

r
, (6.69)

whereψn(r) is the characteristic function of loopn.

On the scale used in Figure 6.3, the current distribution atf = 100 Hz is very close to the DC

solution. We observe that for higher frequencies once againedge-effects occur. Moreover,

considering the envelope of the graph, a global edge-effectis observed, as is the case in a

set of concentric rings. However, the currents are in almostall plane loops more pronounced

near the inner edges. Therefore, the ’centers of gravity’ ofthe currents are shifted towards

the inner edges, resulting in an amplified magnetic field along the axis of symmetry.
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Figure 6.3: Amplitude of the current distribution in a set of ten plane circular loops
of 2 cm width, each with a total current of 60 A at frequenciesf = 100 Hz (∗),
f = 400 Hz (◦), f = 700 Hz (+), f = 1000 Hz (△).
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6.4 Summary

In this chapter, we have modeled the x-coil and y-coil by a setof plane circular loops. Being

in one plane instead of on a cylindrical surface has a negligibly small effect on the current

distribution in the loops. The reason is that the currents are only affected locally. For the

magnetic field this model does not hold. However, for the current distribution in the strips

on the cylindrical surface, we use the distribution calculated from the plane strip model.

Subsequently, Biot-Savart’s law can be used to compute the magnetic field.

In a set of plane circular loops, the current flows in the tangential direction and depends only

on the radial coordinate. The two-dimensional integral equation derived in Chapter 2, for

arbitrary geometries, is reduced to a one-dimensional integral equation. The kernel can be

expressed in terms of elliptic integrals. From the asymptotic expansion of this kernel near the

singularity point, the logarithmic function appears, as predicted by the mathematical analysis

presented in Chapter 3.

The distribution of the source current is of great importance for the total current distribution.

In plane circular loops, the source current features a decayin the radial component. For

this reason, not the Galerkin method is applied, but the Petrov-Galerkin method, in which

the basis functions are Legendre polynomials divided by theradial coordinate, and the test

functions are the Legendre polynomials themselves. For thelogarithmic part of the kernel,

we use the analytical formula derived in Section 3.2. The remaining part of the kernel is

regular and is computed numerically.

The coefficients of the basis functions are determined by oursoftware toolEddy. The result-

ing current distribution in the loops shows two effects thatinfluence the magnetic field. First,

a decay in the current density in the radial direction occurs, called the1/r-effect. Second,

edge-effects occur due to time-varying fields. The eddy currents that forms these edge-effects

are more pronounced near the inner edge of the circular strip. Thus, in total, the currents are

shifted towards the center of the system, such that their centers of gravity do not coincide

with the streamlines anymore.



CHAPTER 7

Aspects and conclusions of
the design

This thesis is concerned with the development of a software tool that assists in the design

of gradient coils in an MRI-scanner. In this software tool, which we calledEddy, we have

implemented a model that describes the current distribution in the copper strips of a gradient

coil in an MRI-scanner together with the resulting magneticfield. This model has been

analyzed mathematically and simulations can be executed for four specific configurations: a

parallel set of plane rectangular strips, a parallel set of ring-shaped strips, a set of rings and

islands, and a set of circular loops of strips on a cylindrical surface.

With Eddy, inductive effects in the coils are simulated and distortions in the magnetic field

are predicted. The inductive effects are characterized by induced eddy currents, which ap-

pearance depends on the frequency of the applied source, thegeometry of the conductors,

the distance between the conductors, and the conductivity.From the analysis and the sim-

ulations, the influence of the eddy currents on the gradient of the magnetic field, dissipated

energy, stored energy, resistance and self-inductance of acoil has been determined.

7.1 Aspects of the design

Modeling

The gradient coils in an MRI-scanner are designed to create auniform gradient in the mag-

netic field in the direction of the central axis of the coil. Coils consist of copper strips, wound

around a cylinder. The main goal of this thesis was a detailedanalysis and simulation of

the eddy currents that are present in the strips of a gradientcoil. We reached our objective

by developing a software tool that supports the overall design of gradient coils at Philips

Medical Systems (PMS). For the software tool development, we have constructed a mathe-

matical model describing the current distribution in the strips of a gradient coil. The model
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incorporates time-dependent fields and mutual electromagnetic field coupling.

In its most general form, the geometric model consists of an arbitrary set of conducting

strips on a cylindrical surface. The strips can be combined in separate groups. Each group is

connected to its own source, such that the total currents through the groups are not necessarily

the same. For the mathematical model, we use the Maxwell equations, together with the

associated boundary conditions and constitutive equations. To reduce the set of equations, we

assume that the electromagnetic fields are time-harmonic, the only driving source is a current

source, the media are copper and air, a quasi-static approach can be used, the thicknesses of

the strips can be neglected, and the conductors are rigid. The current is transformed into a

surface current and the model leads to an integral equation of the second kind for the current

density. This integral equation forms the basis for our further mathematical analysis and our

numerical simulations for the four specific configurations that are used in this thesis. We

demonstrate our method by means of explicit numerical results.

The first specific configuration consists of a parallel set of infinitely long plane rectangular

strips. Although this geometry is physically not feasible,it forms the basis of all mathematical

modeling done in this thesis. Second, we consider a parallelset of rings. The rings form the

geometric model for the z-coil. Third, the geometry of ringsis extended with islands, all

placed on the same cylindrical surface and in between the rings. The islands represent the

pieces of copper that are present in a gradient coil to fill up empty spaces for better heat

transfer in the coil and higher stability of the coil. Another application of this model comes

into sight when slits have been cut in the copper strips for the reduction of the eddy currents.

The fourth specific configuration models the x-coil and y-coil by a set of plane circular strips.

Being in one plane instead of on a cylindrical surface has a negligibly small effect on the

current distribution in the strips. The reason is that the currents affect each other only locally.

Analysis

The analysis in this thesis provides insight in the behaviorof eddy currents in a gradient

coil. Characteristic quantities of a system are derived, inparticular self-inductance, resis-

tance, characteristic frequency, phase-lag with respect to the source, dissipated and stored

energy, variation of the magnetic field, the linearity of thegradient field, and the error of the

achieved field in comparison with the desired field. For all these characteristic quantities, we

have investigated their dependence on the frequency of the applied source, the shape of the

conductors, the distance between the conductors, and the conductivity.

From our mathematical analysis, we have inferred that the kernel function of the integral is

singular in one point. This singular behavior inspired us todevelop a strategy, partly based

on applied analysis, partly based on numerical analysis.

The model analysis predicts that the induced eddy currents in the strips prefer to flow in the

direction opposite to the applied source current. The physical explanation is that eddy cur-
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rents tend to oppose the magnetic field caused by the source current. We have considered the

leading integral equation in terms of the component of the current in this preferred direction,

imposed by the source current. The essential behavior of thekernel in this leading integral

equation is logarithmic in the coordinate perpendicular tothe preferred direction.

To solve the integral equation, the Galerkin method with global basis functions has been

applied to approximate the current distribution. In the preferred direction we have chosen

trigonometric functions to express periodicity. Thus, thecurrent is expanded in Fourier modes

and via the inner products we have derived a direct coupling between the modes. In the width

direction of the strips, we have chosen Legendre polynomials. With this choice we found

basis functions that are complete, converge rapidly and areeasy to compute. Hence, this

method is especially dedicated to the models considered in this thesis.

Results

The main result of the project is the software toolEddy. With Eddy, we are able to inves-

tigate the characteristics of the current distributions inthe strips and the corresponding mag-

netic field. All these characteristics are related to the coefficients with respect to the Legendre

polynomials. Thus, the core part ofEddy is the calculation of the Legendre coefficients.

The global distribution of the current is accounted for by the source current, which represents

the static distribution. In the examples of plane rectangular strips, rings, and rings with

islands, the source current has a uniform distribution. In plane circular strips, the source

current shows a decay in the radial coordinate. This decay iscalled the1/r-effect.

In a time-varying system, eddy currents are induced. The resulting current densities show

edge-effects and a phase-lag with respect to the source. Theterm edge-effect indicates that

the current at the edges is higher than in the center. In our results, we have observed local

edge-effects, which are caused by the self-inductance of a strip, and global edge-effects,

which are caused by the mutual inductances among the strips.Both edge-effects and phase-

lags result in distorted magnetic fields, such that the desired field is not accomplished.

The current distributions depend strongly on the frequency; edge-effects become stronger

when the frequency is increased, and the errors in the magnetic field increase accordingly. At

a distance from the strips, the magnetic field seems to experience a displacement of the center

of gravity of the current. Especially in plane circular loops of strips, the center of gravity is

shifted, because the currents are more pronounced near the inner edges of the loops.

The eddy currents also affect the resistance and self-inductance of a coil. We have shown

that for every configuration the resistance increases with the frequency, whereas the self-

inductance decreases with the frequency. Furthermore, both quantities show a point of inflec-

tion at a characteristic frequency. We showed that this characteristic frequency is fixed by an

analytical formula.
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In case of one strip, or only a few strips, distortions in the magnetic field are small, i.e for MRI

purposes not significant. However, for many strips, the global edge-effect becomes stronger,

leading to noticeable errors. We have seen that in a set of 24 rings the error is of the order

of one percent of the desired field. A way to reduce the effectsof eddy currents is by use of

pre-emphasis currents, shielding, or cutting slits in the conductors.

To mimic slits in the strips, we have developed the model withrings and islands. We have

shown that the total resistance increases when an island is added to the system. The opposite

holds for the self-inductance of the system; it decreases when an island is added. In case

a loose ring is added to the system, the resistance increaseseven more, whereas the self-

inductance decreases. Comparable results are obtained from a set of islands that approximate

the loose ring, as such describing a ring that is cut in pieces.

Recommendations for model reduction

The numerical simulations for the four specific configurations have been programmed ini-

tially in Matlab. For compatibility reasons at PMS, the programs are translated to aC++

code. In this language,Eddy has been written. For all simulations performed for the used

examples, the computation times were in the order of one second (on a PC with an Intel Pen-

tium 3 processor at 797 MHz, and 256 MB of RAM). However, if onewants to useEddy for

a large set of strips, we recommend the following modifications:

• The Galerkin matrixA is dense, but diagonally dominant. We may replaceA by Aτ ,

whereAτ is obtained by dropping all elements smaller thanτ , i.e. |Aij | < τ (τ is

often called a drop tolerance), thus eliminating much of theset-up time. The reason

that the off-diagonal elements become smaller when they arefurther removed from the

diagonal is that the distance between the two respective strips increases, resulting in

smaller mutual inductions.

• For all configurations, the kernel function in the integral equation is logarithmically

singular. Using only the logarithmic part, i.e. with the logarithmic function as kernel,

we obtain the principal part of the solution. The resulting integration can be done

fully analytically, leading to a simple formula. The remaining parts are regular and

have been computed numerically. These computations regardnumerical integrations,

which become time consuming if the order of the basis functions is high. The regular

parts have been computed for the completeness of the solution. However, if we neglect

them, then the errors will be within one percent of the total solution. Moreover, the

computation time will be reduced by more than ninety percent.

• The current distribution is constructed by Fourier modes inthe angular direction of the

cylinder. Modes can also be formed in the width direction of the strips, as a combina-

tion of Legendre polynomials. This combination can be obtained from the eigenvalues

and eigenfunctions of a system. The advantage of the calculation of the eigenvalues is
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that they only have to be computed once for a system, and can afterwards be used for

computations for different frequencies.

• Based on the fact that the currents are, in magnitude, mainlydetermined by the source

current, one could develop an iterative method for the mode-coupling among the strips.

A certain mode of the current in one strip induces an eddy current in another strip of

the same mode. The intensity of the induced current is small compared to the source

current, because of the mutual distance. Additionally, theinduced current causes on its

turn an eddy current in the first strip, still having the same mode. Due to the distance,

the intensity is decreased again, indicating that the iterative procedure will converge.

7.2 Achievements

In this thesis, we have considered four examples of strips inwhich a current is flowing: a

parallel set of plane rectangular strips, a parallel set of ring-shaped strips, a set of islands, and

a set of circular loops of strips on a cylindrical surface. For each example specifically, we

have reached to the following achievements:

• From the special case of plane rectangular strips as described in Section 3.4, we have

obtained a Fredholm integral equation of the second kind with logarithmic singular ker-

nel for the current distribution. The Legendre polynomialsare specially suited as basis

functions in the Galerkin method, when applied to this integral equation. Moreover, an

analytical formula for the inner products in the Galerkin method has been derived.

• In a set of rings, the current flows in the tangential direction and depends only on the

axial coordinate. The two-dimensional integral equation derived for arbitrary geome-

tries, is reduced to a one-dimensional integral equation. The kernel can be expressed in

terms of elliptic integrals. The asymptotic expansion of these elliptic integrals near the

singularity point shows the logarithmic behaviour, as predicted by the mathematical

analysis for general geometries.

For the logarithmic part of the kernel, we are able to use the analytical formula for the

inner products with Legendre polynomials as basis functions. The remaining part of

the kernel is regular and matrix entries are computed numerically.

• In a set of rings and islands, the source current is applied only to the rings. Therefore,

for the eddy currents induced in the islands the tangential direction is preferable. Ac-

cording to our mathematical analysis, the kernel has a logarithmic singularity in the

axial coordinate and can be expressed in terms of Legendre functions of the second

kind of odd-half-integer order. The asymptotic expansion of all these functions near

the singularity point contains the logarithmic function. For the logarithmic part, we

have used the analytical formula derived if Legendre polynomials are chosen as basis
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functions. In the tangential coordinate, Fourier modes arechosen, because of the2π-

periodicity and the orthogonality with the trigonometric functions in the expansion of

the kernel function. In the resulting set of equations, the mutual relation between the

rings and the islands is explicitly expressed by the coupling between the modes.

• In a set of circular loops of strips on a cylindrical surface,we have first of all explained

how and why we may approximate them by a set of plane circular strips. Here, the

current flows in the tangential direction and depends only onthe radial coordinate.

The current satisfies an integral equation with a kernel thatis expressed in elliptic

integrals. Also, for this geometrical setting, the kernel has a logarithmic singularity

which follows from the asymptotics of the elliptic integrals, and was predicted by our

general mathematical analysis in Chapter 3.

The distribution of the source current is of great importance for the total current distri-

bution. In plane circular strips, the source current features a decay in the radial com-

ponent. For this reason, not the Galerkin method is applied,but the Petrov-Galerkin

method, in which the basis functions are Legendre polynomials divided by the radial

coordinate, and the test functions are the Legendre polynomials themselves.

7.3 Conclusions

In this section, we recapitulate the main conclusions of this thesis:

1. The current in the geometry of thin strips, which appear inthe gradient coils designed

at PMS, can be modeled as surface currents by averaging with respect to the thickness.

The mathematical model is an integral equation of the secondkind for the current

density.

2. The kernel of the integral equation is logarithmically singular in the coordinate perpen-

dicular to the preferred direction of the current.

3. The Galerkin method with global basis functions is the dedicated method for the con-

sidered configurations. Legendre polynomials are the most appropriate choice to de-

scribe the dependence of the current with respect to the transverse direction.

4. The logarithmic part of the kernel describes the principal behavior of the currents. The

contribution of the regular part of the kernel is small, in the order of one percent of the

total. For designers, this is an acceptable degree of accuracy.

5. The integral equation for a set of plane rectangular strips represents a model that de-

scribes qualitatively the current distribution and characteristic effects for all configura-

tions.

6. The use of applied analysis, in particular explicit formulae for the special functions,

makes our implementation very efficient from a computational point of view.
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7. The method proposed in this thesis provides a fast and accurate approximation of the

current distribution. The implementation makes use of little memory, this in contrast to

numerical packages in which a lot of elements (memory) is needed to come to a high

accuracy.

8. Edge-effects become stronger when the frequency increases. Together with the phase-

lag, distortions in the magnetic field are explained.

9. Use of Legendre polynomials yields rapid convergence. For most of the computations,

only eight Legendre polynomials are needed to obtain an accuracy of 99 %. For high

frequencies (close to104 Hz), we propose to use up to twelve polynomials.

10. The simulations confirm that the resistance of a system increases with the frequency,

whereas the self-inductance decreases with the frequency.

Summarizing, we have developed a software tool that simulates the current distribution and

the magnetic field in a gradient coil. This software tool is based on a mathematical analysis

of the governing equations. It provides accurate results, with short computation times and

limited memory utilization. The software tool can be used for every design concept to in-

vestigate the qualitative effects of model parameters on the magnetic field. Due to the local

induction effects, the standard shapes as presented in thisthesis can be used for any arbitrary

shape of conductors on a cylindrical surface.





APPENDIX A

Derivation of (3.61)

For currents on a cylindrical surface, an integral equationis derived in Section 2.3. The kernel

in this equation is singular. In Section 3.1, we show that, given a preferred direction of the

current, the singularity is logarithmic in the coordinate perpendicular to this preferred direc-

tion. Using Legendre polynomials as basis functions in the Galerkin method, we obtain inner

products dominated by the logarithmic part. Each dominant part is given by the following

double integral:
∫ 1

−1

∫ 1

−1

log |z − ζ|Pm(z)Pn(ζ) dζ dz. (A.1)

To solve this integral, we first introduce

Zm(z) =

∫ z

−1

Pm(ζ) dζ =
1

2m+ 1
[Pm+1(z) − Pm−1(z)], m ≥ 1. (A.2)

Then,Z ′
m(z) = Pm(z) andZm(±1) = 0. Multiplication by the Legendre function of the

second kindQn(z) and integration overz yields

∫ 1

−1

Qn(z)Zm(z) dz =

∫ 1

−1

[
1

2
PV

∫ 1

−1

Pn(ζ)Zm(z)

z − ζ
dζ] dz

=
1

2

∫ 1

−1

[log |z − ζ|Pn(ζ)Zm(z)]1−1 dζ

−1

2

∫ 1

1

∫ 1

−1

log |z − ζ|Pn(ζ)Pm(z) dζ dz, (A.3)

in which interchange of the integrals is allowed. Furthermore, we know (see [16, Sect.3.12])

∫ 1

−1

Qn(z)Pm(z) dz =
1 − (−1)m+n

(m− n)(m+ n+ 1)
, (A.4)
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for allm,n ∈ IN. In casem = n, the result is equal to zero. The integral in (A.3) is then also

calculated by

∫ 1

−1

Qn(z)Zm(z) dz

=
1

2m+ 1

∫ 1

−1

Qn(z)[Pm+1(z) − Pm−1(z)] dz

=
1

2m+ 1

[ 1 − (−1)m+n+1

(m− n+ 1)(m+ n+ 2)
− 1 − (−1)m+n−1

(m− n− 1)(m+ n)

]

=











−4

(m− n+ 1)(m+ n+ 2)(m− n− 1)(m+ n)
, if m+ n > 0 even,

0, if m+ n odd.

(A.5)

Thus, from (A.3) and (A.5), it follows that form ≥ 1, n ≥ 0

∫ 1

−1

∫ 1

−1

log |z − ζ|Pn(ζ)Pm(z) dζ dz

=











8

(m+ n)(m+ n+ 2)[(m− n)2 − 1]
, if m+ n > 0 even,

0, if m+ n odd.

(A.6)

Moreover,n andm are interchangeable in (A.1), such that (A.6) also holds forn ≥ 1,m ≥ 0.

Only to the casem = n = 0 we need to pay more attention. We use a similar approach, but

now withZm(z) replaced byP1(z) andn = 0. We obtain

∫ 1

−1

Q0(z)P1(z) dz =

∫ 1

−1

[
1

2
PV

∫ 1

−1

P0(ζ)P1(z)

z − ζ
dζ] dz

=
1

2

∫ 1

−1

[log |z − ζ|P0(ζ)P1(z)]
1
−1 dζ

−1

2

∫ 1

1

∫ 1

−1

log |z − ζ|P0(ζ)P0(z) dζ dz

= 2 log 2 − 2 − 1

2

∫ 1

1

∫ 1

−1

log |z − ζ| dζ dz, (A.7)

and from (A.4)
∫ 1

−1

Q0(z)P1(z) dz = 1, (A.8)

such that
∫ 1

1

∫ 1

−1

log |z − ζ| dζ dz = 4 log 2 − 6. (A.9)

Equations (A.6) and (A.9) together form the solution of (3.61).
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Summary

Magnetic Resonance Imaging (MRI) is an imaging technique that plays an important role in

the medical community. It provides images of cross-sections of a body, taken from any angle.

The principle of MRI is based on the reaction of the body on a magnetic field. Hydrogen pro-

tons are stimulated by a strong external magnetic field and additional radio pulses, resulting

in small electromagnetic signals emitted by the protons. The emitted signals are received by

an acquisition system and processed to become an image with contrast differences.

The selection of a slice is realized by the so-called gradient coils. A gradient coil consists

of copper strips wrapped around a cylinder. Due to mutual magnetic coupling, eddy currents

are induced, resulting in a non-uniform distribution of thecurrent. The eddy currents cause a

distortion in the desired magnetic field. Spatial non-linearity of the gradient results in blurred

images. Moreover, the presence of eddy currents increases the resistance of the coil and,

consequently, the power dissipation. In order to reduce theenergy costs, the dissipated power

has to be minimized. Meanwhile, the self-inductance of the coil decreases due to the eddy

currents, resulting in the need for a smaller voltage supply.

For analysis and design of gradient coils, finite element packages are used. However, these

packages cannot always provide sufficient insight in the characteristics describing the quali-

tative behavior of the distribution of the currents, relating the geometry to typical parameters

such as edge-effects, mutual coupling and heat dissipation. In this thesis, a detailed analysis

of the eddy currents in gradient coils is presented. In particular, the analysis has led to the

design of a software tool that simulates the current distribution and the electromagnetic fields

inside the scanner quantitatively. Both the analysis and the software tool support the overall

design of gradient coils. In the simulation, special attention is devoted to time effects (differ-

ent frequencies) and spatial effects (space-dependent magnetic fields). Moreover, character-

istic quantities of a system are derived, in particular resistance, self-inductance, characteristic

frequencies, and linearity of the gradient field. For all these characteristic quantities, their

dependence on the frequency of the applied source, the shapeof the conductors, the distance

between the conductors, and the conductivity is investigated.

For the mathematical model, Maxwell’s equations are used, together with the associated

boundary conditions and constitutive equations. Assumptions to reduce the set of equations
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are that the electromagnetic fields are time-harmonic, the only driving source is a current

source, the media are copper and air, a quasi-static approach can be used, the thicknesses of

the strips can be neglected, and the conductors are rigid. The current is transformed into a

surface current and the model leads to an integral equation of the second kind for the current

density.

The model analysis predicts that the induced eddy currents in the strips prefer to flow in

the direction opposite to the applied source current. The physical explanation is that eddy

currents tend to oppose the magnetic field caused by the source current. The leading integral

equation is formulated in terms of the component of the current in this preferred direction,

imposed by the source current. The essential behavior of thekernel in this leading integral

equation is logarithmic in the coordinate perpendicular tothe preferred direction.

To solve the integral equation, the Galerkin method with global basis functions is applied to

approximate the current distribution. In the preferred direction, trigonometric functions are

chosen to express periodicity. Thus, the current is expanded in Fourier modes and via the

inner products a direct coupling between the modes is achieved. In the width direction of the

strips, Legendre polynomials are chosen. With this choice,basis functions are found that are

complete, converge rapidly and the resulting inner products are easy to compute. Hence, this

method is especially dedicated to the problems considered in this thesis.

The simulations show how the eddy currents are characterized by edge-effects. Edge-effects

become stronger when the frequency is increased, and the errors in the magnetic field increase

accordingly. The eddy currents also affect the resistance and self-inductance of a coil. For

every configuration, the resistance increases with the frequency, whereas the self-inductance

decreases with the frequency. Furthermore, both quantities show a point of inflection at a

characteristic frequency. This characteristic frequencyis expressed by an analytical formula.

The software tool has been designed for strips of different types of gradient coils and to

model slits in the strips. The implementation makes use of limited memory, this in contrast

to numerical packages, in which a lot of elements (memory) isneeded to come to a high

accuracy. Moreover, a fast approximation of the current distribution is achieved, because of

appropriate basis functions and the use of explicit analytical results.



Samenvatting

Magnetic Resonance Imaging (MRI) speelt tegenwoordig een belangrijke rol in de medische

wereld. Met deze techniek kunnen afbeeldingen gemaakt worden van dwarsdoorsnedes van

een lichaam, vanuit alle hoeken. Het principe van MRI is gebaseerd op de reactie van het

lichaam op een magnetisch veld. Waterstof protonen worden gestimuleerd door een sterk

extern magnetisch veld en hoogfrequente pulsen. Er ontstaan kleine electro-magnetische

signalen, die door de protonen worden uitgestraald. Deze signalen worden opgevangen en

verwerkt tot een afbeelding met contrastverschillen.

Voor het selecteren van een doorsnede worden de zogeheten gradïentspoelen gebruikt. Een

gradïentspoel is gemaakt van koperen strips die om een cylinder zijn gewikkeld. Door on-

derlinge magnetische koppeling worden wervelstromen geı̈nduceerd, die leiden tot een niet-

uniforme verdeling van de stroom. Deze wervelstromen veroorzaken een verstoring in het

gewenste magnetisch veld. Ruimtelijke niet-lineariteit van het gradïentveld leidt tot wazige

afbeeldingen. Tevens neemt de weerstand toe als er wervelstromen zijn, en daarmee ook het

gedissipeerd vermogen. Om de energiekosten te verlagen, moet het gedissipeerd vermogen

worden geminimaliseerd. Tegelijkertijd neemt de zelfinductie van de spoel af, waardoor met

een lager voltage kan worden volstaan.

Voor de analyse en het ontwerp van gradiëntspoelen worden eindige elementen pakketten

gebruikt. Deze pakketten verschaffen echter niet altijd voldoende inzicht in de karakter-

istieken die het kwalitatieve gedrag van de stroomverdeling beschrijven, zoals het verband

tussen de geometrie van de spoel en typische parameters als randeffecten, onderlinge kop-

peling en warmtedissipatie. In dit proefontwerp wordt een gedetailleerde analyse gegeven

van de wervelstromen in de gradiëntspoelen. Deze analyse heeft geleid tot een software-

ontwerp dat de stroomverdeling en de electro-magnetische velden in de scanner simuleert.

De analyse en het software-ontwerp dragen bij aan het totaleontwerp van gradiëntspoelen.

In het ontwerp is speciale aandacht besteed aan tijdseffecten (verschillende frequenties) en

ruimtelijke effecten (plaatsafhankelijke magnetische velden). Verder zijn er karakteristieke

grootheden van het systeem afgeleid, zoals in het bijzonderweerstand, zelfinductie, karakter-

istieke frequenties en lineariteit van het gradiëntveld. Voor al deze karakteristieke grootheden

is onderzocht hoe ze afhangen van de frequentie van de bron, de vorm van de geleiders, de
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afstand tussen de geleiders en de geleidingscoëfficiënt.

Voor het wiskundige model zijn de vergelijkingen van Maxwell gebruikt, samen met de

bijbehorende randvoorwaarden en constitutieve vergelijkingen. De aannames die gemaakt

zijn om het stelsel vergelijkingen te reduceren, zijn dat deelectro-magnetische velden tijds-

harmonisch zijn, de enige aandrijvende kracht een stroombron is, de enige media koper en

lucht zijn, een quasi-statische benadering toegepast kan worden, de dikte van een strip ver-

waarloosbaar dun is en dat de geleiders niet kunnen bewegen.De stroom is gemodelleerd als

een oppervlaktestroom en het model leidt tot een integraalvergelijking van de tweede soort

voor deze stroomdichtheid.

De analyse van het model voorspelt dat de geı̈nduceerde wervelstromen de neiging hebben

om in de richting tegengesteld aan de aangebrachte bron te stromen. De fysische verklaring

hiervoor is dat de wervelstromen het magnetisch veld dat door de stroombron veroorzaakt

wordt, tegenwerken. De leidende integraalvergelijking isuitgedrukt in de component van de

stroom in deze voorkeursrichting. Het essentiële gedrag van de kernfunctie in deze leidende

integraalvergelijking is logaritmisch in de coördinaat die loodrecht op de voorkeursrichting

staat.

Om de integraalvergelijking op te lossen, wordt de Galerkinmethode toegepast met globale

basisfuncties. In de voorkeursrichting zijn goniometrische functies gekozen vanwege de pe-

riodiciteit. De stroom is dus ontwikkeld in Fourier modes envia de inwendige produkten

wordt een directe koppeling tussen de modes aangetoond. In de breedte-richting van de strips

zijn Legendre-polynomen gekozen. Met deze keuze zijn basisfuncties gevonden die volledig

zijn, snel convergeren, en inwendige produkten opleveren die eenvoudig te berekenen zijn.

Dus deze methode is uitermate geschikt voor de problemen in dit proefontwerp.

De simulaties tonen aan hoe de wervelstromen worden gekenmerkt door randeffecten. De

randeffecten nemen toe als de frequentie wordt verhoogd, net als de fouten in het magnetisch

veld. De wervelstromen beı̈nvloeden ook de weerstand en de zelfinductie van een spoel. Voor

elke geometrie neemt de weerstand toe met de frequentie, terwijl de zelfinductie afneemt

met de frequentie. Verder vertonen beide grootheden een buigpunt bij een karakteristieke

frequentie. Voor deze karakteristieke frequentie is een analytische uitdrukking afgeleid.

Het software-ontwerp is geschikt voor verschillende soorten gradïentspoelen en voor het

modelleren van snedes in de strips. De simulaties hebben weinig computergeheugen nodig,

in tegenstelling tot numerieke pakketten, en leiden tot eenhoge nauwkeurigheid. Verder

wordt een snelle convergentie naar de juiste stroomverdeling bereikt, vanwege de geschikte

basisfuncties en het gebruik van expliciete analytische resultaten.
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