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SUMMARY 

From literature it appears that mass transfer from 

bubbles is studied frequently. Despite it little is known 

about the contribution of the rear of a bubble, 

especially of spherical cap bubbles,to the total mass 

transfer process and about the role the wake plays in 

mass transfer mechanism. Same of the experimental results 

show a time-dependent character of the mass transfer 

rate, which might be explained by a capacitive function 

of the wake or a part of it. 

To obtain more information about the mass transfer 

mechanism of spherical cap gas bubbles and 

about the role the wake plays in it, the flow pattern 

around and behind a spherical cap bubble was studied and 

bath the total mass transfer rate and the separate mass 

transfer rate at the front of a spherical cap bubble were 

measured. 

For this purpose a technique was developed in which a 

bubble was held stationary by means of a do~nward liauid 

flow in a vertical water tunnel. The flow pattern around 

and behind the bubble was visualized by means of tracer 

photography. In this way information was obtained about 

the flow structure in the wake, the wake-bubble volume 

ratio, the wake-bubble surface area ratio and the 

geometry of the wake. 

The structure of the wake was studied in water and water

glycerin mixtures, the Reynolds number was varied from 75 

up to 20,000. 

It appears that the flow pattern in the wake can be 

characterized as being laminar circulation flow, if 
Re < 500, or circulation flow with turbulence superposed, 
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if Re > 1000. In the transitional region, laminar vortex 

rings and highly turbulent zones change from one into the 

other. Inside the wake the average local liquid velocity 

and turbulence intensity decay towards the interface 
between the bubble and the wake. The wake-bubble volume 

ratio and the wake-bubble surface area ratio are 
independent on the Reynolds number, the values being 22 

and 7 respectively. 

The "stationary-bubble" technique was also used for mass 
transfer measurements from the bubble to the surrounding 

liquid and from the wake to the surrounding liquid. For 
this purpose acetylene was injected into the bubble and 
ink into the wake. The acetylene concentration decrease 

as a function of the time was measured continuously: from 

the wake samples were drawn. The separate mass transfer 
contribution at the front of the bubble to the total mass 

transfer rate was measured by partly screening the rear 

of the bubble by means of aluminium powder. Measurement 
were aarried out in tap water, de-ionized water and a 

water-glycerine mixture (v = 8.2 cP). 
The mass exchange rate between the wake and the 
surrounding liquid appears to be extremely high. The mass 

transfer measurements for the bubble were examined in the 
supposition that only a small part of the wake directly 
behind the bubble rear, the so-called captive wake, has a 

capacitive function. From the measured concentratien 
curves as a function of the time it appears that the 

thickness of the captive wake must be negligibly small or 
the Mass exchange coefficient at the interface between 
the captive wake and the bulk of the wake must be 

extremely high. Therefore such a captive wake cannot 

explain the time-dependent character of the mass transfer 
rate from the bubble. 

The mass transfer rate at the front of the bubble can 
well be described by the diffusion boundary layer theory 
if it is assumed that potential flow exists at the front 
of the bubble. 
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The mass transfer rate at the rear of the bubble appears 

to be dependent on the Reynolds number, in such a way 

that the mass transfer coefficient increases when the 

Reynolds number increases. The mass transfer process can 

be described by a surface renewal model, the surface 

renewal rate in which can be coupled to the turbulence 

energy dissipation rate in the wake. 

From the measurements in de-ionized water it can be 

concluded that a decrease of the amount of surface active 

agents in tap water hardly influences the total mass 

transfer rate. 
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CHAPTER 1 

AlM OF THE STUDY 

1.1 INPRODUCTION 

Bubble and drop phenomena probably are the most frequent

ly returning research subjects in chemical engineering 

literature. Because of the wide range of applications in 

different branches of chemical engineering, the literature 

deals with such fundamental aspects as formation, motion, 

heat- and mass transfer, chemical reactions and the motion 

induced by bubbles or drops. In this thesis we shall not 

deal with all aspects mentioned above, but restriet our

selves to a study of the hydrodynamic behaviour and the 

mass transfer mechanism of spherical cap gas bubbles, 

rising singly in extended Newtonian liquids. 

Spherical cap gas bubbles, which have the of a 

musbroom cap, appear for relatively large gas volumes, and 

can be important in metallurgy (Bradshaw and Riahardson 

(1)), and in fermentation broths. 

Their fluid mechanics were first studied by Davies and 

tor (2) in an investigation of rise veloeities of gas 

bubbles released from submarine explosions. An extensive 

review about studies invalving spherical cap bubbles is 

given by Wegenerand Parlange (36). 

Yet, as can be learned from excellent reviews about the 

motion of gas bubbles in liquids given by Biemes (3), 

Haberman and Morton (4) and Wallis (6), the hydrodynamic 

behaviour of spherical cap bubbles is regarded as of minor 

importance in chemical engineering. For this reason little 

is known about the flow of fluid behind this kind of gas 

bubbles. 
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The same situation exists with respect to mass transfer 

from spherical cap bubbles. Mass transfer from single 

bubbles has been studled extensively, but most of these 

studies deal with small bubbles, with an equivalent 

diameter smaller than about 1.8 cm. The equivalent dia

meter is defined as the diameter of the sphere which has 

the same volume as the investigated gas bubble, so 

d = \
3
;6Vb. Only a few data are available for spherical e Tr 

cap bubbles. Generally these data are given as mass 

transfer coefficients related to the area of the equival

ent sphere. 

By assuming potentlal flow around the front of the bubble 

and applying the penetratien theory of Higbie (?)~ Baird 

and Davideon (8) and later Lochiel and Calderbank (9) 

theoretically derived the mass transfer coefficient of 

spherical cap bubbles related to the equivalent diameter 

of the bubble and the diffusion coefficient of the trans

ferred component in the liquid. Experimental results give 

higher values for the mass transfer coefficients than 

predicted by this theory. This discrepancy is largely 

explained by the fact that Baird and Davideon neglected 

mass transfer from the rear of the bubble and by the 

fact that the front surface of a spherical cap bubble is 

increased by ripples on it. 

Furthermore, some investigators like Baird and Davideon 

(8) and Guthrie and Bradehaw (10) find a time-dependent 

mass transfer rate analogous to the measurements of 

Deindorfer and Humphrey (11) for spherical bubbles, and 

of Lindt (12) and Leonard and Houghton (13) for spheroidal 

bubbles. This phenomena is explained in several ways: 

1. The mass transfer coefficient is lowered by an 

additional film resistance due to accumulation of 

surface active agents at the gas-liquid interface 

during the rise of the bubble1 
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2. The mass transfer coefficient is lowered by the 

formation of an immobile interface between the gas 

and liquid phase due to accumulation of surface 

active agents at the rear of the bubble; 

3. The occurrence of simultaneous absorption or 

desorption of a second transferring component in 

the gas phase diminishes the driving force for 

mass transfer between the bubble and surrounding liquid; 

4. While rising, spherical cap bubbles are followed by 

an amount of fluid which is generally called the wake. 

This wake might influence the mass transfer rate if 

the exchange rate between the wake or a part of it 

and the surrounding liquid is comparable to or lower 

than the transfer rate to the wake from the rear 

of the bubble. In that case the wake has a capacity 

function, so that the driving force for mass transfer 

at the rear of the bubble diminishes with time. 

No definite answer has been obtained which factor might 

play the most important role in the transfer mechanism. 

Up to now little information is available about the 

hydrodynamic properties of the wake, so little can be 

said about the contribution of the rear of the bubble to 

the total mass transfer rate. 

Recently, CaZderbank, Johnson and Loudon (14) have given 

a theory about the mass transfer coefficient in the wake 

region of spherical cap bubbles and Lindt (12) did the 

same for wake regimes behind spheroidal bubbles. CaLder

bank e.a. used the model of a laminar toroidal vortex to 

evaluate the transfer coefficient at the rear of the 

bubble. Lindt assumed that in a thin layer just under the 

rear of the bubble small eddies occurred. Both theories, 

although totally different, give the same result: the 

mass transfer coefficient at the front of a spherical 

cap bubble and at its rear would be almast equal. 

The aim of this study is to provide a macroscopie 

description of the wake behaviour behind spherical cap 

bubbles and to relate this behaviour to mass transfer 
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measurements in which the contribution of the front of 

the bubble and the total mass transfer rate have been 

measured separately. 

In this study the influences of the viscosity of the 

liquid phase on the hydrodynamica! properties of the wake 

and on the mass transfer mechanism have been examined by 

using water and water-glycerin solutions. The Reynolds 

numbers for the bubbles ranged from 70 to 20,000. 

Variatiens in surface tension and density in the liquids 

used (see appendix I) were too small to be considered. 

Furthermore, such interfacial phenomena as the absorption 

of surface active agents or local variations in surface 

tension have not been studied. 

OWing to the technique used in mass transfer measurements, 

which will be discussed in 5.1, it was not necessary to 
use degassed liquids: furthermore no special precautions 

have been taken to avoid impurities in the liquid phase, 

except in one single mass transfer measurement, in which 

demineralized water has been used. 

In our experiments we used a "stationary held bubble" 

technique, in which a free floating bubble was held 

stationary under influence of a downward liquid flow in 

a water tunnel. 

During the mass transfer measurements a supporting device 

was used, in order to get a more quiescent bubble. This 

device hardly affected the free gas-liquid interface of 

the bubble. 

1.2 SCOPE 

As stated above, this study deals with the hydrodynamics 

of fluid flow around spherical cap gas bubbles and mass 

transfer from these bubbles in the Reynolds number range 

between 70 and 20,000. (Re = d .ub.p/v: d being the e . e 
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equivalent diameter, Ub the rise velocity, p the density_ 

of the liquid, ~ the viscosity of the liquim) Because 

little is known as yet about the flow pattern and wake 

structure behind these bubbles (chapter 2), much use has 

been made of a fluid flow visualization technique. 

To determine whether the bubbles studied in the investig

ation behaved like free floating spherical cap gas 

bubbles, rise veloeities and shape factors of the bubbles 

have been determined and compared with literature data. 

Same investigators suppose that the rise velocity of a 

spherical cap bubble depends on the wake structure; or 

that shedding of parts of the wake causes small variations 

in the rise velocity. No attemps have been made to verify 

these theories. To get insight into the contribution of 

the wake to the overall mass transfer mechanism the 

following aspects have been investigated: 

1. the flow pattern in the wake; 

2. the geometry and volume of the wake; 

3. the total rate of mass transfer, under steady 

and unsteady state conditions; 

4. the rate of mass transfer from the frontal part 

of the bubble which was obtained when the rear 

surface was partly shielded to a well defined 

extent. 

Data with respect to physical properties of the gas phase 

like the equilibrium constant for physical absarptien and 

diffusion coefficients have nat been determined, but have 

been taken from iiterature sources. The physical propert

ies of the fluid have been determined by measurement; 

·density by means of the picnometer, viscosity by the 

falling ball methad and surface tension factors with a 

surface tension meter based on the Leeante du Noüy method. 
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CHAPTER 2 

HYDRODYNAMICS 

2.1 INTRODUCTION 

Until recent years, there has not been much theoretica! 

knowledge about the way bubbles move through liquids. 

Most investigations into bubble behaviour were empirica!, 

like those from Peebles and Garber (23) and Haberman and 

Morton (4). 

At this moment satisfactory theories exist for a number of 
special cases. As we are specially interested in the 

hydrodynamics of spherical cap bubbles, only a short 

review will be given here of bubble behaviour in genera!. 

Only single bubbles which rise in an infinite extended 

Newtonian liquid will be considered. Furthermore the 

viscosity and density of the gas are considered to be 
neglible, and it is assumed that no surface active agents 

are present. The last assumption is the most restrictive 

one, for it requires exceptionally pure liquids. Experim
ents seldom agree with this condition. Impurities which 
will adsorb at the bubble surface, already lower the sur

face tension at very low concentrations, and therefore 

affect the hydrodynamics. Little theoretica! knowledge is 
available about these phenomena. 

In 2.2 a review will be presented of the phenomena assoc

iated with rising bubbles; spherical cap bubbles will be 

discussed extensively. Section 2.3 deals with wake phen
omena, especially behind bubbles. For a better under

standing of the phenomena which might occur behind spher

ical cap bubbles, a survey is also given of wake struc
tures behind solid obstacles and drops. 
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2.2 RISING BVBBLES IN LIQUIDS 

2.2.1 Bubb shape 

Considering a bubble which rises in an infinite extended 

liquid, the bubble behaviour can be characterized by the 

shape of the bubble, its terminal velocity and its path 

of rising. None of the characteristics of the bubble can 

be considered in isolation. 

Three types of bubble shapes are observed in liquids: 

spherical, spheroidal and spherical cap bubbles. 

Which shape the bubble assumes depends on the farces 

acting on the bubble surface, these being: 

-the viseaus stresses ~ u·Ub/d . e 

-the hydrodynamic pressure ~ 

-the hydrastatic pressure ~ 

-the pressure caused by interfacial tension ~ crjde 

The ratios between the different contributions can be 

expressed in terros of dimensionless numbers, of which the 

most common are: 

-Reynolds number Re 

-Eötvos number EÖ 

-Fraude number Fr 

-Weber number We 

hydrodynamic pressure 
viseaus stresses 

hydrastatic pressure 
interfacial tension stressRs 

2 
P.g.de 

a 

hydrodynamic pressure 
hydrastatic pressure 

hydrodynamic pressure 
interfacial tension stresses 

p. u~ .de 
a 

Fr 
=EO 
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Furtherrnore the fluid can be characterized by a dimension

less number, which was first introduced by Rosenberg (15), 

and is generally called the Morton number, defined as: 

4 

M = ~ = 
p.cr 

E •. w 2 o. e 

Re 4 

The Morton number depends primarily on the viscosity of 

the liquid: since a large range of viscosities exists for 

liquids in contrast to the limited range of interfacial 

• tenslons between common gases and liquids. M varies 

between 10-2 to 10-7 for viseaus liquids like mineral oil 

and glycerin-water solutions, falling to about 10-10 for 

inviscous liquids like water and alcohol. Extremely high 

M-numbers, up to 10 4 , are characteristic of fluids like 

glycerin and syrup. 

~~2!~-~h~E~-!~-E~!~~!2~-i2-~h~-~g~!Y~!~~~-g!~~~~~E 
2L!::h~L2~2!~ 

For small bubbles, the effect of surface tension farces 

dominates, and since surface tension tends to make the 

surface area of a bubble as small as possible, these 

bubbles are spherical. For larger bubble sizes, the 

hydrastatic farces become larger, while the interfacial 

tension farces decrease. This results in a flattening of 

the bubble. Also in most cases the velocity increases, 

tagether with the hydrodynamic farces. The final shape 

of the bubble is determined by the equilibrium between 

the interfacial tension farces, the hydrodynamic and 

hydrastatic farces. At still larger bubble volumes the 

contribution of the interfacial tension force.s becomes 

less and less significant. For very large bubble volumes 

the shape of the bubble is fully determined by the ratio 

between the hydrodynamic and hydrastatic farces. The 

bubble assumes a spherical cap shape. 

At present there is no theory to predict when the final 
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shape transition from spheroidal to spherical cap shape 

will occur, only semi-empirica! criteria are available. 

A spherical cap bubble has a nearly spherical upper sur

face and a lower surface fluctuating about a horizontal 

plane. The geometry of the bubble is fully determined by 

the fronral radius of curvature R and the maximum angle 

em as defined in figure 2-l. 

/ 
Rb I 

I 
I 

-·L·-·-· 

~r 
B/2 

Fig. 2-1 Geometry of a spherical cap bubble 
and nomenclature. 

In liquids of low viscosity the shape is rather irregular, 

the upper surface being rippled and the bottorn indented a 

·little upwar1s. 

In highly viseaus liquids, the upper surface is smooth, 

with edges slightly rounded by surface tension. It is 

likely that the ripples are caused by the interaction 

between viseaus stresses and surface tension farces. The 

viscosity however is the most variable liquid property, 

and therefore seems to be a good parameter to predict 

the existence of ripples. 

At very high viscosities (p > 200 cP), spherical cap 

bubbles develop a skirt, a very thin gas sheet trailing 

behind the cap. Such skirt originates at the periphery 

and may extend around the whole bubble. These skirts 

first were observed by Angelino (16) and have been dis

cussed by Davenport, Riehardson and Bradshaw (17). 
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Q~~~E!E~!2~-2!_eYee!~_!h2E~-!~-~~~!-2!_9!~~~!!2~!~!! 

m:!~~H 

Much effort has been made to characterize the bubble 

shape with one or more of the dimensionless numbers men

tioned above. 

If only one liquid system is considered, good results can 
be obtained by using the Reynolds or Weber numbers, as 

Rosenberg (15) and Aybers and Tapueu (18) have done for 

bubbles rising in water. Their results are given in tables 

2-1 and 2-2. 

Table 2-1 The shape of bubbles in water as a function 
of the Re-number as given by Basenberg (15) 

< 0.124 
0.124 - 0.48 
0.48 - 0.70 
0.70 - 1.76 
> 1.76 

Re 

< 400 
400 - 1100 

1100 - 1600 
1600 - 5000 
> 5000 

Shape 

spherical 
regular oblate spheroid 
irregular oblate spheroid 
transition to spherical cap 
spherical cap 

Table 2-2: The shape of bubbles in water as a function of 
the Weber number as given by Aybera and Tapuau 
( 18) 

de (cm) We Shape 

< 0.83 < 0.62 spherical 
0.83 - 2.00 0.62 - 3.70 spheroidal, no surface 

oscillation 
2.00 - 4.20 3.70 - 5.35 spheroidal, with surface 

oscillation 
> 4.20 > 6.35 spherical caps 

It is clear from these tables that the ranges in which 

the different bubble shapes occur do not agree. Fluid 

properties probably have a role, although in both inves

tigations water was the liquid phase. Haberman and 

Morton {4) presented results for different liquids and 

used the Morton number to characterize the liquid. Table 
2-3 gives their results. 
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Table 2-3: The shape of bubbles r1s1ng in different 
liquids as a function of the Reynolds number 
as given by Haberman and Morton (4) 

Liquid Shape M 
Spherical Spheroidal Spherical cap 

M=thylalcohol Re < 80 80 - 4000 > 4000 -u 
9.0 ~ 10_11 

Water < 400 400 - 5000 > 5000 3.0 x 10_9 
Turpentine < 85 85 - 1500 > 1500 2.4 x 10_4 
62% Syrup/water < 0.28 0.28 - 60 > 60 1.5 x 10_3 
68% Syrup/water < 2.50 2.50 - 110 > 110 2.1 ~ 10_2 
Mineral oil < 0.45 0.45 - 80 > 80 1.5 ~ 10 

From this table it follows that the shape of the bubble 

can never be expressed in terms of one dimensionless 

number only. Many suggestions have been made in literature 

for combinations of dimensionless groups to give the most 

direct information. 

Haberman and Morton (4) suggested that a combination of 

the Re-, We- and Morton nurnbers would be the most suitable. 

However it is inconvenient to have two groups, in both of 

which the terminal velocity plays a role. 

I spherical 

II spheroidal 

regime 

regime 

III spherical cap regime 

Fig. 2-2 Characterization of 

bubble shape as 

given by Graoe (19). 
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Grace (19) argued that a more convenient description is 

given by the combination of the Re-, EÖ- and Morton 

numbers. In a graphical correlation of these numbers, 

made with data of several investigators, the three regions 

in which the different bubble shapes occur can clearly be 

recognized, fig. 2-2. 

Spherical cap bubbles appear for Eö > 40 and Re > 1.2. 

Spherical bubbles appear for all Reynolds numbers smaller 

than 1.2, independent of the Eötvos number. In other 

regions the Morton number is also relevant in determining 

the shape. 

The result of Grace is rather surprising, and we wonder if 

it is correct. It is generally accepted, as stated before, 

that interfacial tension forces tend to minimize the sur

face area of a fluid particle, so for bubbles of suffic

iently small EÖ, the shape will be spherical. From Grace'a 

curves it also follows that under conditions when viscous 

stresses dominate the hydrodynamic forces, the bubble 

assumes a spherical shape, no matter how large the Eötvos 

number is. It would be more likely that in that region 

the bubbles should be flattened. 

Grace based his conclusions on data given by Kojima, 

Akehata and Shirai (21), who studied bubble shapes in 

highly viscous liquids. A few remarks can be placed by 

their results: 

-Kojima~ Akehata and Shirai considered a bubble to be 
spherical when the axis ratio has values between 0.9 and 

l.O. Their drawings show, that in the regions in which 

Grace calls the bubbles spherical, the real shape is as 

shown in fig. 2-3, with a flattening at the rear. 

This bubble shape shows a remarkable resemblance to 

those given by Catderbank (70), for large bubbles rising 

in a pseudo-plastic fluid. Therefore we have our doubts, 
if the experiments carried out by Kojima, Akehata and 

Shirai and referred to by Grace can be regarded as 

experiments in which bubbles rise through a Newtonian 
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liquid. 

-Furthermore it is quite possible that Kojima, Akehata 

and Shirai misinterpreted the shape from their observ

ations. No photographs were given by them, so this can 

not be proven. However as observed by Angelino (16) and 

Davenpc,:,•t, Riahards on and Bradshaw ( 1?), spherical cap 

bubbles rising in liquids with viscosity > 200 cP, 

develop a skirt. 

For very high values of the viscosity, these skirts can 

extend far behind the bubbles, as photographs of Wegene~ 

Sundell and Parlange (36) show, and enclose ·a fluid 

region approximately completing the sphere of which the 

bubble is the upper part, as shown schematically in 

fig. 2-3 . 

• --- .". -- _ ... 
(a) (b) 

Fig. 2-3 Bubble shape in pseudo-plastic 
liquids (a), as given by Calgerbank 
(69), and in high viscous liquids (b), 
as given by Angelino (16). 

Tadaki and Maeda (22) measured the ratio of the equivalent 

diameter and the major axis of the bubble, d /B (fig. 2-4) 
e -12 

for bubbles rising in liquids with M varying between 10 
-7 and 10 . For a large set of their own experimental data, 

this ratio was related to the Reynolds and Morton numbers. 

~-·Ih 
I I -

B B 

Fig. 2-4 Symbols in bubble description. 
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Spherical bubbles appear for Reynolds numbers up to 

2~-0 • 23 . Considering the relatively large scatter in 

their results, it can be concluded that this condition 

can also be given in terros of M-~; the criterion is then 

modified to We~ M EÖ~ < 2. 

Spherical cap bubbles appear for We~ M EÖ% >16.5, the 

shape ratio de/B being constant at about 0.62. 

Although no physical interpretation can be given of the 

dimensionless group We~ M Eö~, the relation given by 

Tadaki and Maeda holds well for their data. Also here it 

must be remarked that Tadaki and Maeda regarded bubbles 

as being spherical if the axes ratio had a value between 

0.95 and l.O. Therefore the correlation basedon We~ M 

-% 1 1 Eo < 2 wil probably give too arge a spherical shape 

region. 

In fig. 2-5 some of the results of the measurements of 

rise veloeities by Haberman and Morton (4} 3 and Kojima, 

Akehata and Shirai (21) are correlated in a way different 

from that of Graee (19). In this plot.a dimensionless 

velocity N defined as N = ub.{p/gcr}~ is related toa V V 
dimensionless bubble diameter Nb which is defined as 

Nb = de.{pg/cr}~ = EÖ~, with M as parameter. 
In this plot further are qiven: 

-Nv vs.Nb for spherical bubbles rising in liquids having 

different M-numbers, calculated from the Hadamard (2?) 

and Rybezinsky (28) relations (eg. 2-9}. 

-Nv vs.Nb for spheroidal bubbles, calculated from the 
relation given by Mendelson (35) (eq. 2-17). 

-Nv vs.Nb for spherical cap bubbles, calculated from the 

relation given by Davies and Taylor (2)(eq. 2-24}. 

-The criteria given by Tadaki and Maeda, who determine 

the regions in which spherical, spheroidal and spherical 
cap bubbles occur. 
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I 0 

0.1~--~----~~~~~~~--~~~~~--~L---~--~~ 

0. I 1.0 I 0 

• water M=2.6xl0-
9 * castor oil M=3.52 

0 turpentine M=I.Sxi0- 7 f corn syrup M=4910 

100 

i mineral oil M=I.Sx!O-z • transition from spherical 
to spheroidal 

Fig. 2-5 Characterization of bubble shape by means of the 
dimensionless numbers Nv and Nb; experimental data. 

The experimental curves are all similar, the derivative 

of log Nv against log Nb first being constant (equal to 

the value given by Hadamard and Rybozinsky). After that, 

depending on the viscosity of the liquid, tending more 

and more to the theoretica! curve given by Mendelson, in 

which Ub is independent of the viscosity, and then follow

ing the curve given by Davies and Taylor. The minor dev

iations which occur in the individual curves are probably 

caused by the fact that the data were gathered from 

graphs given by the investigators mentioned earlier. The 

transition from spherical to spheroidal shape, as presen~ 

ed by the several investigators is also given in this 
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figure as an asterisk on the different curves. From these 

data it can be concluded that the transition occurs if 

the condition Nv M Nb < 0.5 is fulfilled, which corres
ponds to We~ M EÖ% < 0.5. A streng indication in this 

direction is also that for the different liquids, the 

intersectien between the experimental curves and the 

curve Nv K Nb = 0.5, coincides with the points at which 

the experimental data curves begin to deviate frorn the 

relation presented by Hadama~d and Rybazinsky. 

Tadaki and Maeda suggest Nv M Nb = 2, which, as . 2-5 

shows, falls far outside.the range in which spherical 

bubbbles were observed by ether investigators. 

From fig. 2-5 it can also be clearly seen, that the 
bubbles observed by Kojima3 Akehata and Shirai (21) in 

syrup, M = 4910 and higher, fall outside the range in 

which spherical bubbles can be expected to appear. The 

region for spherical bubble shape as determined by Graae 

(19) in his graphical correlation must therefore be in

correct. 

JO 

1.0 

O.J ~---L---L~~~_w~~L---_.~~~~--~----~~_.~ 

0. I 10 100 

Fig. 2-6 Generalized characterization plot to determine bubble shape. 

16 



In fig. 2-6 a generalized form of the relationship between 

Nv and Nb is given, which can be used for determining the 

bubble shape of single bubbles rising in an infinite 

Newtonian liquid. 

2.2.2 R;Je paths of bubbZes 

Haberman and Morton (4) distinguished three types of 

motion for bubbles rising in liquids. 

Small spherical bubbles rise in a rectilinear path. In

creasing the bubble diameter, they found that at a crit

ical size of the bubble, which was dependent on the 

viscosity of the liquid, the bubbles suddenly began to 

move along a helical path. If the diameter regime was 

reached at which the bubble shape changed from spherical 

to spheroidal, the rise path again could be described as 

rectilinear, though the bubble rocking around its minor 

axis. For spherical cap bubbles also this type of motion 

was observed. In liguids vli th high viscos i ty, the bubbles 

move in a rectilinear path. 

Haberman and Morton (4) believed that the type of motion 

could be predicted by the Reynolds number. For Reynolds 

less than about 300, the motion is rectilinear. With in

crease of the Reynolds number spiralling begins, the 

amplitude and frequency increase until a ~aximum has been 

reached. At a Reynolds number of approximately 3000, the 

spiralling disappears and only rectilinear motion wi~h 

rockinq is observed. 

Aybers and Tapucu (24) studied the rise behaviour extens

ively for bubbles rising in water. They recognized five 

types of motion, which are given in table 2-4. 

From these data it may be concluded that the rough class

ification given by Haberman and Morton holds reasonably 

well for water. 

Hartunian and Sears (25) studied the critical conditions 

at which the onset of instahilities occurred. From their 

experiments, carried out in 22 different liquids, they 

concluded that there are two criteria beyond which in-
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stability appears in liquids, these being: 

-a critica! Reynolds number, equal to 202, for impure 
-8 and somewhat viscous liquida, M > 10 • 

-a critica! We number, equal to 1.26, for pure relatively 
inviscid liquids, M < 10-8 • 

Table 2-4: Path of air bubbles r1s1ng in water as a 
function of the Reynolds number, as given by 
AybePe and Tapuau (24) 

de (cm) Reynolds number Path of rising 

0 - 1. 34 0 - 565 rectilinear 
1.34 - 2.00 565 - 880 helical 
2.00 - 3.60 880 - 1350 first zig-zag, then 

helical 
3.60 4.20 1350 1510 zig-zag 

> 4.20 > 1510 rectilinear with rocking 

2.2.3 Rising ve~oaities of bubbles 

The equation governing the motion of a bubble is given 

by: 

- drag + buoyancy forces = (mass + virtual mass) H 

acceleration (2-1) 

A rising bubble reaches a constant terminal velocity 

after travelling a distance of a few bubble diameters. In 

that case the right hand side of eq. (2-1) equals zero, 

and eq. (2-1) becomes: 

drag = buoyancy forces (2-2) 

This equation can be solved if all forces acting on the 

bubble surface are known. 

The drag is a complicated function of the geometry, of 

the velocity of the bubble and of the fluid properties. 

The shape of the bubble, as is shown in 2.2.2, is a 
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complex function of the hydrodynamic, viscous, hydrastat

ie and interfacial tension farces which act on the bubble. 

Therefore in literature the drag over a bubble is usually 

characterized by the drag coefficient CD, defined as: 

(2-3) 

It is normal to use the equivalent spherical diameter as 

a measure of bubble size, so that CD can be expressed as: 

1f d3 6 P· e·g 4 Pr-1 
3 (2-4) 

Knowing CD, the rise velocity can be calculated directly 

f rom eq • ( 2- 4 ) . 

Experimental work to determine the rise velocity of gas 

bubbles is extensive, however much data e.g. of Peebles 

and Garber (23) were gathered in small diameter tubes, 

which no doubt suppress the terminal velocity for large 

bubbles. Typical results are shown in fig. 2-7, of which 

the data were given by Haberman and Morton (4). 

The shape of the curve strongly depends on the fluid 

properties, as is clearly shown in fig. 2-7. Por liquids 

which have about the same M number, the curves of bubble 

rise veloeities are similar. 

Por liquids with low t-1-numbers generally five regions can 

be recognized: 

Region 1: the bubbles are spherical and behave like rigid 

spheres, the velocity is determined by viseaus 

drag; 

Region 2: the bubbles are still spherical but due to 

mobile interface, the drag is reduced; 
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Region 3: the bubbles are spheriodal and fellow a zig-zag 

path. Due to deformation of the spherical shape 

the drag increases and velocity decreases; 

Region 4: this region is not recognized by all investig

ators. The bubble shape changes from spheroidal 

to the spherical cap, the rise velocity has a 

minimum value. 

Although this region is mostly very small it is 

an important one, because bubbles which are 

released from poreus plates or any ether aerat

ion device tend to have diameters in this range; 

Region 5: the bubbles have the spherical cap shape. The 

velocity increases proportional to the square 

root of the bubble diameter. 

-t 
uh cm. s 

t 50 ,.-----~-· -2-1-:.-:..-:..-3_-_-... --4---------, 
region 5 

20 

10 

5 

2 

/ 
/ 

/ 
/ 

distilled water 
tap water 

0.01 0.02 0.05 0.1 0.2 0.5 1.0 2.0 5.0 

_ re,cm 

Fig. 2-7 Experimentally determined rise veloeities of bubbles in 
various liquids. 

êEh~~!s~!_e~2!~§_1g~g!2~-!-~~§-~l 

As mentioned before, very small bubbles behave like 

rigid sp~eres. In that case the drag force is given by 
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the well-known Stokes equation for flow around a solid 

sphere, in which the drag is fully determined by viseaus 

farces. This results in: 

24 
Re (2-5) 

From eq. ( 2-4) i t follov;·s: 

(2-6) 

For spherical bubbles with a free rnaving interface 

between the gas and liquid phase, the rise velocity will 

be greater than this because of the decreased viseaus 

friction at the interface. 

Hadamard (27) and Rybczinsky (28) solved independently 

the equation of motion around a circulating drop and 

found: 

(2-7) 

For gas bubbles ~d <<< ~, so eq. (2-7) becomes: 

16 
Re 

(2-8) 

and 

(2-9) 

From a comparison of the theoretical results given in 

eq. (2-6) and (2-9) with experimental data, it can be 

concluded that these relations fit the experimental data 

reasonably well. 
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Several other investigators like Leviah (29), Moore (30) 

and Chao (31) have analyzed the flow behaviour around 

spherical bubbles at high Reynolds numbers, though in 

practice under these conditions the bubble has a shape 

which is severely distorted. These solutions are there

fore of rnere theoretica! interest. An extensive discusa

ion of thesetheoriesis given by Harper (5). 

As noted in 2.2.2 spheroidal bubbles in liquids rise 

along helical or zig-zag paths. It will be clear that a 

theoretica! description of the motion of this type of 

bubbles is difficult or even impossible to give. There

fore many empirica! relations are given in the literature 

to describe the rise velocity. 

It is generally assumed that, in the diameter range in 

which the velocity decreases with bubble diameter (Region 

3), thè motion of the bubble is characterized by a constant 

We number. In the studies of several investigators a mean 

value of We = 4 represents the data with accuracy. From 

this it follows that: 

(2-10) 

In what has been called Region 4, the bubble velocity is 

independent of size. PeebLes and Garber (23} found: 

(2-11) 

and Harmathy (28} gives: 

(2-12) 
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It must be noted that the result of Peebles and Garber was 

obtained in a very small (2.62 cm) tube diameter. 

A complete survey of empirica! results for Regions 3 and 4 

is gi ven by Wallis ( 6). 

Moore ( .v; has given a theoretica! salution of the equat

ion of motion around spheroidal bubbles rnaving in low 

viscosity liquids. He assumed that the bubbles were only 

slightly distorted from spherical and were oblate ellips

is of revolution. On the basis of experimental results 

he further assumed that the eccentricity E', given as the 

ratio of the cross-stream axis to the parallel axis, is 

given by: 

E' 9 1 + 64 We (2-13) 

Applying the boundary layer theory, Moore found that the 

drag could be given by: 

c0 = 48 Re.G(E') (2-14) 

in which G(E') is a function of the eccentricity given 

by: 

(2-15) 

For E' = 1, G(E'} = 1 corresponding toa spherical bubble. 

AsE' increases G(E') increases rapidly, showing that a 

bubble of given volume will experience an increased drag, 

and thus will rise more slowly due to the distortion. 

Mendeleon (35) used a quite different approach to des

cribe the motion around the bubble. Camparing the curve 
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in which the terminal velocity of spheroidal bubbles was 

given as a function of the bubble size and the curve des

crihing the velocity of a surface wave on an ideal liquid, 

gave the idea that bubble motion could be regarded as an 

interfacial disturbance. The dynamic behaviour might be 

similar to those of waves on ideal fluids. 

For waves of smal! wavelength compared to the depth of 

the liquid, the wave velocity is given by Lamb (20). 

U = [21T. cr + ~ ]Ij 
w À. p 21f ( 2-16) 

in which À stands for the wavelength. 

Mendelson replaced À by ude' which resulted in: 

(2-17) 

This relation holds well. The first term on the right 

hand side of eq. (2-17) corresponds to a regime in which 

interfacial tension forces play a dominant role, given 

before as Region 3. The second term corresponds to a 

regime in which hydrastatic and hydrodynamic forces play 

a dominant role. 

It may also be noted that eq. (2-17) is in good agreement 

with the data available for Region 4. As stated in 2.2.2 

in this region the bubble velocity passes through a min

imum~ from eq. (2-17) and the requirement (dUb/dde) = 01 

it follows that: 

(2-18) 

which is in good agreement with the results of Harmathy 

(26) and Peebles and Garber (23). 

Lehrer (32) gave a similar mathematica! description of 

the rise behaviour of spheroidal bubbles at intermediate 
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Reynolds numbers to that given in eq. (2-17). He started 

from the assumption that a bubble which rises will tend 

to minimal potential energy dissipation. He found: 

(2-19) 

This relation prediets the rise velocity somewhat less 

accurately than the relation given by Mendelson. 

As shown in fig. 2-7, spherical cap bubbles rise with 

terminal veloeities proportional to the square root of 

the bubble diameter. 

Davies and Taylor (2) were the first to study the motion 

of spherical cap bubbles intensively. They assumed that 

the upper surface of the bubble was perfectly spherical 

and the flow around the bubble could be described by 

potential flow. These assumptions were based on bubble 

geometry measurements and on their own observations that 

the pressure distribution around a solid spherical cap 

was very similar to the pressure distribution around a 

solid sphere. 

Furthermore Davies and Taylor assumed that the pressure 

within the bubble had to be constant everywhere and that 

interfacial tension farces did not influence the bubble 

behaviour. 

From the constant pressure statement it fellows that the 

pressure distribution around the bubble surface due to 

potential flow must be compensated by the gravitational 

pressure distribution (see also Batchelor (120)). 

For potential flow the pressure distribution is given by: 

, 9 0 2 . 2 
P

0
- P 8 = 8 p. b.s1n e (2-20) 
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The gravitational pressure distribution is given by: 

P
0

- Pë = -p.g.R.(l- cos e) 

(For notation see fig. 2-8) 

I 
I 

I 
I 

\ 
\ 
\ 

\ I 

\ I 
"'- I 
'-, __.../ ----

Fig. 2-8. . . . 
Symbols 1n r1se behav1our descrlp-
tion of spherical cap bubbles. 

(2-21) 

Superpaaition of eq. (2-20) and (2-21) gives the real 

pressure distribution around the surface of the bubble: 

{
9 u2 · 2 e R (1 e>} P

0
- Pa = 8 P• b.s1n - p.g. . - cos (2-22) 

From the constant pressure requirement it follows that 

p
0 

- p
6 

= 0, therefore: 

U2 = 8 g R (1 - cos e) 
b 9 . . . 2 

s1n e 
(2-23) 

For smal! S, {Cl- cos S)/sin2e}+ !z, therefore: 

2 ~ = 3 (g.R) (2-24) 

It can be easily shown that this relation holds as long 

as a is qot too large. Substituting eq. (2-24) in (2-22) 
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results in: 

P
0

- Pe = p.g.R. (~sin2 e +cos e- 1) (2-25) 

In fig. 2-9 ((p
0

- p
6
)jp.g.R} is plotted against e. 

0.4 

0.3 

0.2 

0. I 

0.0 
0 

p(e)-p(O) 
t pgRb 

I 0 20 30 40 50 60 70 80 

Fig. 2-9 Pressure distribution around a spherical cap bubble as a 
function of e . 

Fig. 2-9 shows clearly that up toe = 50°, which is about 

the opening angle of spherical cap bubbles, the relation 

holds reasonably. 

Experimental results are found to be in good agreement 

with this semi-theoretica! result. This is remarkable 

since no assumptions were made about the character of the 

fluid behaviour in the wake, where the energy loss due to 

potential energy decrease during the rise of the bubble 

must be dissipated. 

In 2-10 experimental results are given as found by 

several investigators and compared to the result of 

Davies and Taylor. Their relation is given here in terros 

of the Fraude number, which can be easily found by apply

ing the geometrical relation: 

(2-26) 

27 



0 For em = 50 , eq. (2-24) can he rewritten as: 

Fr = 0.507 
-1 

Ubcm.s 
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experimental data 
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Fig. 2-10 Experimental rise veloeities for 
spherical cap bubbles. 

(2-27) 

Fof practical use, the small discrepancies between the 

relation of Davies and TayloP (2) and the experimental 

data for rise veloeities of spherical cap bubbles are not 

significant. Many investigators have tried to give an even 

better theoretica! explanation of the hydrodynamic behav
iour of spherical cap bubbles. Since no further progress 

can he made without making assumptions about the nature 

of the wake flow, various wake roodels have been suggested. 

tilest theories, like those of Moore ( 3 '1), start from the 

relation given by Davies and TayloP and try to show, that 

if wake behaviour is involved,the bubble shape must he 

different from the supposed shape given by Davies and 

Taylor. Other investigators, like Collins (38) and Rippin 

and Davideon (39), assume an arbitrary shape and calcul

ate the rise velocity. 

Moore (3~) started from the relation of Davies and Taylor. 
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ue assumed that the flow around the bubble was irrotation

al and separated from the bubble at the join of the upper 

curved surface and the lower plane surface. The flow 

region downstream consisted of an infinite axi-symmetric 

wake of stagnant fluid, separated from the rest of the 

liquid by a discontinuity. Furthermore the bubble moved 

in an infinite extended liquid (see fig. 2-11). 

infinite in 
extent 

Fig. 2-11 Description and symbols as used by 
Moore (37). 

Applying Bernoulli's theorem on the streamline at the 

bubble surface, gives: 

P • g. R. < 1 - cos e > (2-28) 

· Since the wake as well as the surrounding liquid were 

assumed to be infinite in extent, the velocity at the 

wake boundary, according to Moore, must be equal to the 

rise velocity ub of the bubble. For reasens of continuity, 

the fluid velocity at the bubble rim U(em), must also be 

equal to Ub:. so U(6m)=Ub. 
rLom tne relation of Davies and Taylor, R can be express

ed in terros of ub. Substituting eq. (2-24) in (2-28), 

shows that the requirement U( 6m) = ub is fulfilled if 

em = 39°. 
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This value is far outside the range observed by several 

investigators. The reason for this discrepancy is surely 

related to the unrealistic approximation of the wake and 

the flow around it. 

Rippin and Davidson (39) used the same tormulation as 

given by Moore (37). Their procedure was somewhat differ

ent: 

They fixed the asymptotic wake diameter QQ and also the 

nose of the bubble 0 (see fig. 2-12). Then the flow 

pattern was calculated by solving the motion equation 

with the assumptions that the flow at the wake boundary 

is given by U= (2g.h)% and the flow around the nose by 

U= (2g.z)% which follows from Bernoulli's theorem. 

0 

infinite 
z ) 

stagnant wake, 

in exten: 

u=Vz;h 

Q 

Fig. 2-12 Description and symbols as used by 
Rippin and DavidBon (39). 

This was done for a series of assumed shapes for the 

curve ORQ, the shapes being modified in such a way as to 

satisfy the defined boundary conditions. The equation of 

motion was solved numerically. Rippin and Davidson found 

that the shape of the bubble was indeed very close to a 

spherical cap. For am = 50° they found: 

% 0.79 (g.R) (2-29) 

This theory prediets a terminal velocity about 20% too 
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high, which of course is again a result of mispresenting 

the wake. Hippin and Davidson's analysis however is more 

realistic than the one used by Moore. 

ColZins (38) interpreted the wake behaviour in a totally 

differen~ way. From observations of flow behaviour bebind 

two-dimensional spherical caps, and from a paper by 

Batchelor (40) who stated that at Re numbers up to 104 

the wake bebind an obstacle could be closed, he assumed 

that the boundary of the wake was formed by a closed sur

face nat necessarily being a sphere. This surface was 

given by: 

r =Rb (1 + g(e)) 

For notatien see fig. 2-13. 

s 

Fig. 2-13 Description and symbols as used by 
ColZins (38). 

(2-30) 

Applying Bernoulli's theerem Ub can be expressed in 

termsof g(e). Different formulations of g(e) were used. 

The best result compared to experimental data was obtain

ed when the bubble plus wake surface was given by: 

r = Rb (1 - 0.0785 sin4e) (2-31) 

The upper part of this surface up to e = 36° closely 

resembles a sphere, the geometry of which is given by 
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r = 0.953~, the centre of this sphere located at C along 

the line OS (fig. 2-13). 

The rise velocity of such bubbles was given by the 

relation: 

~ ub = o.64 (g.R) (2-32) 

which fits the experimental data as well as the relation 

given by Davies and Taylor. In fact ColZins did not use 

the assumption of a closed wake surface, it gives only 

a rough indication for the flow model outside the attach

ed wake. 

As stated by Harper ,(5) the theory of ColZins is very 

sensitive to the chosen relation betweenrand e. Other 

results can be obtained which fit the experimental data 

as wellas ColZins' relation for totally different bubble 

plus wake geometries. 

Parlange (41) gives a relation for spherical cap bubble 

motion for a bubble rising with a closed laminar circula~ 

ing spherical wake (fig. 2-14). He assumed that the 

bubble itself had little effect on the hydrodynamica of 

the wake flow, except causing it to exist. 
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Fig. 2-14 Description and symbols as used by 
Parlange (41). 



He assumed that the flow outside the streamline L (fig. 

2-14) was irrotational and the flow inside the wake was 

defined by: 

t,/r = constant (2-33) 

in which f, stands for the vorticity. 

This model prediets that for Re >> 1, but still small 

enough to have a laminar wake, the flow in the wake can 

be described as a Hill' s spherical vortex ring. He therefore 

applied the theory of drag for internal circulating drops 

as given by Harper and Moore (49). The volurne occupied 

by the bubble was neglected. 

Harper and Moore's theory prediets the energy dissipation 

per unit time to be: 

D (2-34) 

From conservation of energy it fellows that 

(2-35) 

Cornbining eq. (2-34) and (2-35) gives a relation for Ub. 

ParZange also substituted the relation given by Davies 

and TayZor and found: 

!( ____ 4 11/3 2/3 r~J-2/3 0 b = 3 !On .g " p 
V 1/3 

b (2-36) 

It appears strange that the relation given in eq. (2-36) 

should be in agreement with the theory of Davies and 

TayZor. The result however is remarkable, even if only 

eqs. (2-34) and {2-35) are cornbined: 

0.174 

2 
P. g. de 

for em ( 2-3 7) 
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Eq. (2-36} namely shows that the rise velocity increases 

with decreasing viscosity of the liquid phase, which is 

essentially different from the other results. 

Of course for practical use, it is not always necessary 

to understand totally the theoretica! background of 

bubble motion. The generalized correlation plot presented 

in fig. 2-6, can be used to determine the rise velocity 

of a bubble moving in a Newtonian liquid if the equival

ent diameter and fluid properties are known. 

2.2.4 Influenae of surfaae aative agents on bubble 

behaviour 

As mentioned earlier, all these theoretica! analyses are 

only valid for extremely pure liquids. In general however, 

the behaviour of single bubbles moving throu~h liquids is 

affected by surface active agents, which may be present 

as impurities in the system. 

Little quantitative evidence is available about the amount 

of surface active agents necessary to modify the bubble 

behaviou~and even the way in which the surfactante may 

affect bubble behaviour is not fully understood. 

Levieh (29) suggested that during the rise of the bubble 

the adsorbed material is swept towards the rear surface 

of the bubble, which causes differences in the concentrat

ion of the surfactant between the front and rear part of 

the bubble. This results in a gradient of the surface 

tension, which counteracts the surface flow and thus 

increases the drag coefficient of the bubble. Fig. 2-5 

shows this effect for the rise velocity for bubbles in 
impure water. This figure shows that for large bubbles 

however, the flow behaviour is hardly influenced. 
The mechanism postul~ted by Levieh has b~en used by 

several investigators like Edge and !Grant (42) and Levan 

and Newman (43) to give a quantitative explanation for 

the differences found for rise veloeities of dr9ps in 
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impure liquids. 

As far as we know, there are no data in the literature 

about the influence of surface active agents on the 

hydrodynamic behav i.our of spherical cap bubbles. 

2.3 WAKE PHENOMENA 

In previous sections attention has been paid to the 

behaviour during rising and to the shape of the bubbles. 

For a theoretica! description of_ these phenomena at most 

just qualitative infomation was needed about the fluid 

flow bebind the bubble. However, for a complete descript

ion of the bubble hydrodynamica, the flow behind the 

bubble must be considered as well. For spherical bubbles 

at sufficiently small Re nurnbers, the streamlines around 

the bubble will follow the surface and meet again at the 

rear stagnation point of the bubble. 

For spheroidal and spherical cap bubbles, the streamlines 

will no longer behave in this way, but separate at a 

certain distance from the top of the bubble. The position 

of the separation ring will depend on the bubble geometry. 

For spherical cap bubbles, the separation occurs at the 

bubble rim. 

The fluid region between these streamlines and the rear 

surface of the bubble is called the wake. If the stream

lines meet again the wake is said to be closed, if not 

the wake is open. 

Generally the wake structure bebind three-dimensional 

obstacles is hard to describe. l1ost infomation is avail

able about the flow past solid bodies like spheres, 

cylinders, wings and flat plates. Although we are partic

ularly interested in the wake structure bebind spherical 

cap bubbles, this literature review will start with a 

description of flow bebind a solid sphere and a solid 

spherical cap. It will be obvious, that to describe the 

flow pattern in the wake bebind bubbles, similar problems 

arise as for solid obstacles. 
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2.3.1 Wakes behind solid obstaates 

For flow around a solid spbere tbe des.cription wil! be 

followed as given by Gotdstein (44). At smal! Re numbers, 

beyond tbe region of .creeping flow, a vortex layer, 

symmetri.cally situated, leaves tbe surfa.ce of tbe spbere 

and .curls around itself: tbe vorti.city be.coming more and 

more .con.centrated in tbe rolled-up portion (fig. 2-15). 

Witb in.creasing Re number tbe streamlines around tbe 

bubble swerve out furtber and a region of .cir.culating 

fluid bebind tbe body is separated, .corresponding to a 

vortex ring, from tbe main flow. 

Fig. 2-15 Development of the wake bebind a 
solid sphere, Goldstein (44). 

When tbe Re number is furtber in.creased, tbe dimensions 

of tbe vortex in.crease, espe.cially in longitudinal direct

ion, until a .criti.cal value of tbe Re number bas been 

rea.cbed. When tbis value is ex.ceeded, a disturban.ce of 

tbe surfa.ce of tbe vortex ring be.comes visible. Tbis 

disturban.ce bas a os.cillatory .cbara.cter. Parts of tbe 

wake are dis.cbarged downstream at regular time intervals. 

Tbe periodi.city depends on tbe rate of flow and tbe 

dimensions of tbe obsta.cle. 

Tbe vorti.ces are sbed alternately from ea.cb side of tbe 

body and arrange tbemselves in a .configuration .correspond

ing to a von Kàrmàn vortex street, wbi.cb was given for 

flow around a two-dimensional obsta.cle. Furtber down

stream tbe vorti.ces are .completely dispersed. 
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At still higher Re nurnbers the wake has a fully turbulent 

character. It is difficult to imagine how the mechanism 

of vorticity discharge really occurs. In two-dimensional 

flow problems around an obstacle only vertices are shed. 

In three-dimensional flow problems, however, several 

mechanisms have been suggested. Mostly these solutions 

were based on a transformation to three dimensions of the 

two-dimensional vortex street as described by von Kàrmàn. 

Starting from this concept, one would conceive a three

dimensional obstacle followed by a series of equal 

circular vortex rings, rnaving dmvnwards parallel to the 

wake axis (fiq. 2-16). 

Levy and Forsdyke (45) however proved that this wake 

contiguration must be unstable. 

Sketches of wake structures behind spheres. 

Fig. 2-16 Fig. 2-17 Fig. 2-18 

Parallel toroidal 

vortices. 

Helical vortex. Bi-spiral vortex. 
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Winny (46), Jeffreys (47) and again Levy and Forsdyke 

(48) examined other configurations, like the helical 

vortex (fig. 2-17) and bi-spiral vortex (fig. 2-18). They 

found that these wake structures could never explain the 

real flow patterns as long as no rotatien could be detect

ed outside the vortex system. 

Rosenhead (33) suggested that the only possible wake con

tiguration would be a sequence of irregular vortex loops. 

Recently Achenbach (57) studled flow around a sphere 

using a hot-wire technique as well as visualization of 

the flow. His observations agree very well with the idea 

of Rosenhead. In fig. 2-19 the three-dimensional wake 

formation is represented schematically as given by Achen

bach. The flow was observed from two directions perpen

dicular on each other. The arrows indicate the flow or 

circulation directions. 

Fig. 2-19 Vortex configuration in the wake 
of spheres at Re=J03, as suggested 
by Aahenbach (57). 

For two-dimensional flow around a cylinder, Schaefer and 

Eskinazi (50) presented experimental data also using the 

hot-wire technique. In the Reynolds number region invest

igated, 40 < Re < 125, a vortex street was developed. 

Three basic regions could be recognized in the wake (fig. 
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2-20), which probably also occur in three dimensional flow 
problems: 

_:)I 
I 

I 
ulr:J 

Fig. 2-20 Open wake structure, subdivided as 
Eskinazi{50) and Visser (51). 

by Sehaefer and 

-a formation region, in which the vortices are developed(I) 

-a stable region, -the real vortex street-, in which the 

vortices display a stable periadie regularity(Il) 

-an unstable region, in which vortices diffuse away and 

turbulence develops (I I I). 

For cylinders the formation region decreases in length 

when the Reynolds number increases. 

Visser (51) found structures similar to those suggested 

by and Eskinazi for flow around a half cylinder. 

The formation region could be further subdivided into 

three (fig. 2-20): 

-Region A, directly behind the half cylinder, which is 

enclosed by the boundary layers that separate from the 

cap surface. The length of this is equal to 

L = x v.c. 
1 

)JW 
(2-38) 

in which N = frequency of shedding, x and w as given v.c. 
in the figure. 
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-Region B, in which the vortlees develop: 

-Region C, in which the vortlees accelerate and grow 

further until they reach the stable vortex street. 

Most investigators have concentrated on the behaviour of 

the vortex street behind an obstacle; little attention 

has been paid to the flow behaviour in the formation 

region. 
Coppus, Rieterna and Ottengraf (52) recently published 

more detailed information about the flow structures in 
this region behind spherical capped solid bodles with 

em = soo. 
The wake properties were studled in water and in water

glycerin solutions (1 < ~ < 130 cP) by tracer photography 

over the Reynolds number range from 70 to 20,000. The 

behaviour of the wake can be described qualitatively by 

assuming laminar, transitional and turbulent flow. In 

the laminar flow regime, a toroidal vortex ring exists, 

in the transitional flow regime, vortex rings and highly 
turbulent zones change one into the other while vortex 

shedding hardly occurs. In the turbulent regime, the 

wake is still enclosed, but vortlees are shed at regular 

time intervals to form a vortex street. The transition 

from laminar to turbulent wake behaviour occurred at 
Reynolds numbers between 500 and 1000. Appendix III will 

deal further with the results of this investigation. 

Through the Reynolds nurnber range from 20 to 400 Kalra 

and Uhlherr (53) determined the geometry of wakes behind 

spheres, discs and spherical caps. No details were given 

about the flow patterns, but from their definitions of 

volume, length, and surface area of the wake, it can be 

assumed that a more or less closed wake was observed. 

Table 2-5 gives the results as given by Kalra and Uhlherr. 
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Table 2-5: Wake geometry behind solid obstacles 

V /V A /A L /d w s w s w 
Re 40 200 40 200 40 

sphere 0.2 1.3 0.5 1.3 0.4 
disc 1.2 4.8 1.5 3.1 1.3 
spherical cap 1.0 7.0 - - -

volume of the wake 

volume of the sphere, or volume of the sphere 
having the same diameter as the disc, or the 
volume of the sphere having the same radius as 
the upper surface of the cap 

surface area of the wake 

surface area of the sphere or surface area of 
the sphere having the same diameter as the 
di se 

wake length 

sphere diameter or disc diameter 

200 

1.2 
2.0 
-

For solid spherical caps Coppus, Rieterna and Ottengraf 

(52) found that the wake-cap volume ratio, remained 

constant at a = 26 in the turbulent wake region. In the 

laminar and transitional wake regions a increased with 

increasing Re numbers. Fig. 2-21 shows the results. 

40 
a 

t 
30 a=26 ••• • ..!.. • • ••• 
20 

10 * laminar 
0 transitional _ logRed 
• turbul nt 

0 

2 3 4 5 

Fig. 2-21 Wake volume ratio of solid spherical cap as function of Re. 

41 



2.3.2 Wakes behind drops 

It is known that boundary layer separation over a solid 

surface may be delayed or even avoided if the surface 
moves with the liquid (Gotdstein (44)), so that the 

velocity relative to the main stream is reduced. There

fore it may be expected that for bubbles and drops with 

internal circulation, flow separation will occur further 

downstream along the surface. Because of the fact that 

the internal circulation rate strongly depends on the 

ratio of viscosities between the drop and surrounding 

liquid, the partiele viscosity will play an important 

role in descriptions of the wake behaviour. Furthermore 

this behaviour will depend on the interfaolal tension. 

If the wake of a partiele freely falling or rising through 

liquids is studied, the measurements are complieated not 

only by the fact that during the movement the shape may 

change but also by the relatively short observation time. 

These problems do not arise if a technique is used in 

which the fluid partiele is held stationary. 

Magarvey and Bishop (54)~ Winniko~ and Chao (55) and 

Muntean, Dumian and Hristesau (56) all give an extensive 
deseription of the wake behaviour of drops falling 

through another fluid and elassified the wake configurat
ions in terms of the Reynolds number. 

Magarvey and Bishop (54) used a dyestuff technique to 

visualize the flow pattern bebind the drops. The wake 

configurations corresponding to Reynolds numbers between 

0 and 2500 were determined. Regardless of the fluids used, 

they found that identical flow patterns corresponded to 

approximately the same Reynolds numbers. They found six 
distinct and reproducible wake configurations: 
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0 < Re < 120: The wake behaves like that bebind a 

solid sphere, an initia! vertex ring is 

followed by a single thread along which 



the vorticity is degenerated. 

120 < Re < 270: Asymmetry in the circulatory motion 

within the wake causes a deviation from 

the vertical path of fall. Vorticity is 

degenerated along a double thread. 

270 < Re < 290: This class can be considered as a trans

ition range from a steady to an unsteady 

wake. In the region directly behind the 

drop, vorticity is generated so fast 

that small vortices are periodically 
shed, which appear as small wavy dis

turbances on the double thread. 

290 < Re < 410: The wake is characterized by a series of 

vertex loops, as observed by Achenbach 

(5?); in the formation region directly 

behind the drop a vertex ring still 

exists. 

290 < Re < 750: Vertex shedding occurs more frequently 

and a double row of vertex rings appears. 

The occurrence of either the loops or the 

rings in the overlapping range of the 

Reynolds numbers cannot be predicted. 

Probably the initial conditions of drop 

formation are responsible for the flow 

that will occur. 

700 < Re < 2500: The wake is very irregular, there appears 

to be a preferenee plane at which the 

individual vortex elements are dispersed 

in the quiescent liquid phase. 

Winnikow and Chao (55) studied flow separation and wake 

structures behind drops using a shadowgraph optical 

system. Special precautions were taken to avoid impurities 

in the liquid phases. They found that the nature of the 

wake not only depends on the Reynolds number but also on 

parameters which are related to the properties of the 

continuous and disperse phases. Contrary to the observ-
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ations of Magarvey and Bishop~ they recognized only two 

wake configurations. 

Class "A" wakes were observed for non-oscillating drops 

and were characterized by a steady vortex thread. 

Class "B" wakes were found for oscillating drops and were 

characterized by periodic discharge of vorticity. 

Class "A" wakes were very similar to the wakes behind 

rigid spheres at small Reynolds numbers and, depending 

on the dimensions of the drop, occurred at Reynolds num

bers up to 800. 

For class "B" wakes, two distinct vertices were observed: 

one originated in the centre core, and the second was in 

the form of a vortex sheet being rolled up to form an 

inverted bottle shaped wake. With increasing Re number 

the central trail becomes disturbed and the vortex sheet 

breaks up to forma series of vortex rings. 

Muntean~ Dumian and Hristescu (56) used a technique in 
which the drop was held stationary by means of an upward 

liquid flow. The wake structure was made visible by using 

aniline as dispersed phase and making Schlieren photo

graphs. 

They found five wake classes: 

Re < 40: The drop behaves like a rigid sphere, 

the wake exists as a vortex ring. 

40 < Re < 250: The wake flow is laminar, the wake 

getting more and more elongated at 

increasing Reynolds number. 

250 < Re < 370: The drop geometry is unstable, discharge 

of vertices from the wake takes place 

alternately from both sides. 

370 < Re < 460: Vorticity in the wake is degenerated 

by a double thread. 

460 < Re < 800: Vortex rings are shed from the wake. 

As will be clear from this survey, the visualization 

technique clearly influences the wake behaviour. The 

44 



presence of a dyestuff as used by Magarvey and 

alters the interfacial behaviour of the drops in such a 

way that all liquid systems behave as if they had the 

same interfacial tension. Therefore it is doubtful 

whether their observations are generally applicable. The 

results of Muntean, Dumian and Hristescu must also be 

regarded with care, since they used aniline as dispersed 

phase, which gives a very low interfacial tension. As 

far as is known, no systematic investigation has been 

carried out in which the influence of all the different 

liquid properties on the wake behaviour have been studied 

separately, with at the same time care being take to 

ensure that the results cannot be misinterpreted as a 

result of the use of a visualization technique which has 

influenced the wake behaviour. 

Using adye-stuff technique Hendrix, Dave and Johnson (58) 

determined wake volumes bebind non-oscillating for 

Reynolds numbers up to 200. From their measurements the 

ratio between the volumes of the wake and the drop a can 

be given by: 

-0.06 -1. 94 
a = 1.86 ~ 10-

5 . Rel.
9 

• [~P] [:d] {2- 39) 

Yeheskel and Kehat (59) measured wake volumes bebind 

oscillating single drops in the Reynolds number range 

from 150 up to 800 using the samemethad as Hendrix e.a. 

They found that the volume ratio in general was independ

ent of the drop size and interfacial tension and was 

simply a linear function of the relative density, being: 

a = 14.21 [;e-] - 0.42 (2-40) 
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2.3.3 Wakes behind gas bubbZes 

Only a few data have been reported on the wake structure 

behind rising gas bubbles. 

It may be expected that the viscosity of the draplets 

determine the structure of the wakes behind them. Since 
the viscosity of gases can be neglected, the surface 

tension may be the only important parameter. 

Subramanian and Tien (60) examined the wake behaviour 

behind small gas bubbles, up to de = 3 mm, using a dye
stuff technique. The flow structure was similar to that 
observed for small drops. 

Lindt (61), (62) visualized the flow pattern around 

spheroidal bubbles moving in water and water-glycerin 
solutions (1 < ~ < 37 cP) by means of Merlite particles, 

a finely dispersed reflecting solid. 
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Fig. 2-22 The structure of the wake. 
bebind a bubble, as given by 
Lindt (12) 



From photographs he concluded that the wake bebind the 

bubbles rising in water had an open vertex structure and 

he suggested that the wake contained fragments of a helic

al vertex. Around this disrupted helical vertex the wake 

seemed to contain streamline flow with vertex pick-

ed off and dragged downstream, as shown in fig. 2-22. 

It was observed that the length of the helical vertex 

decreased with increasing Reynolds number, but na quant

itative data could be given. changing the liquid vis

cosity from 1 up to 37 cP, Linàt (62) further found that 

at lower Reynolds numbers the of the helical ver

tex and the freouency of shedding were strongly depend

ent on the viscosity. At higher Reynolds numbers the 

helical vertex had attained its minimum length and the 

shedding frequency appeared to be na langer a function of 

the viscosity, reaching its maxir.:tum value. The shedding 

frequency was correlated to the Strouhal number, defined 

as Sb = N.B/Ub, with a maximum value of Sb= 0 .. 27. 

For spherical cap bubbles, rising in nitro-benzene, 

Davies anà Zor (2) noted a closed region of high tur-

bulence bebind the bubble. The wake approximately complet

ed the sphere of which the bubble formed the upper part 

(see fig. 2-23). No details of the flow pattern were 

visible, Davies and TayZoP believed the wake to be 

enveloped by potential flow. 

Maxworthy (63) argued from a theoretica! basis that such 

a spherical envelope around the bubble and wake could not 

exist. His argument was that if potential flow is assumed 

tagether with a closed wake region, the bubble plus wake 

tagether cannot experience a finite drag. However, Max

worthy misinterpreted the use of the potential flow field 

theory. True potential flow cannot exist around a bubble 

which rises through a liquid having a finite viscosity. 

The potential flow field theory is only a way of descrih

ing the flow pattern around the bubble, which in practice 

gives a reasanabie approximation to the real flow field. 
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Therefore the potential flow field theory never can be 

used as an argument against the existence of a closed 

wake. 
Maxworthy supported his arguments with photographs of 

small spherical cap bubbles rising from a coloured water 

layer to clear water (Red= 4700). These photographs do 

not show a closed region but a turbulent wake for many 

diameters downstream (fig. 2-24). 

Sketches of wake structures bebind spherical cap bubbles. 

Fig. 2-23 Fig. 2-24 Fig. 2-25 

Closed turbulent wake. Open turbulent wake. Closed laminar wake. 

As shown by Coltins (38) (2.2.2) a closed wake model can 

also be used to interpret the rise behaviour of spherical 

cap bubbles. 
Slaughter and Wraith (64) apparently were the first who 

observed a toroidal vortex behind spherical cap bubbles 

moving in an aqueous solution of glycerin at Red = 60 

(fig. 2-25} followed by a cylindrical tail extending 

along the rise path. The outline of the vortex part 

suggested an attached spherical region, comparable with 

that observed by Davies and Taylor. The tail section 

corresponded to the downstream disturbance as discussed 
by Maxworthy. 



Wegenerand Parlange (36) presented Bchlieren photographs 

of spherical cap bubbles rising in water, the Reynolds 

number ranging from 3000 to 40,000. Their photographs 

clearly show a turbulent wake extending far behind the 

bubble. With the technique they used, no ir.formation 

could be obtained from their photographs about the flow 

pattern in the wake. 

For two-dimensional cylindrical cap bubbles rising in 

water between two flat plates (Red = 2.5 ~ 10
4

) Collins 

(65) showed a stable vortex pair in the wake. The wake 

was completing the sphere, the cap of which was the upper 

part. Visualization of the flow pattern was achieved with 

dispersed polystyrene particles. 

Crabtree and Bridgwater (66) carried out similar experim

ents using water-glycerin solutions, with viscosities 

ranging from 1 up to about 830 cP. They showed that the 

viscosity of the liquid has a great influence on the 

nature of the flow in the wake and observed closed wakes 

only in viseaus liquids. For low viscosity liquids Crab

tree and Bridgwater found considerable wake shedding and 

the formation of a vortex street. In Collins' experiments 

a gap width dg of 6 mm was used as against 12 mm in the 

experiments of Crabtree and Bridgwater, which might be 

related to the differences in the wake behaviour. Purther

mare it must be r.oticed that the shape of the bubbles used 

by Crabtree and Bridgwater were strongly dependent on the 

viscosity of the liquid used. Down to viscosities of 

about 27 cP the bubble cannot be regarded as being a true 

cylindrical cap. 

For two-dimensional bubbles (dg = 9 mm) rising from 

coloured into clear water, Hills (67) found a perfectly 

closed wake during the initial stage of rise, but later 

the wake was shed into an irregular vortex street. Hi lls 

further noted that the wake increased in size and became 

slightly more elongated during the rise time. Portions 

of the wake rolled of towards the rear of the wake and 
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formed two long tails. 
In the period while the closed wakes existed, their shape 

was not circular but elongated vertically. The ratio of 

its vertical diameter to its horizontal diameter being 

1.3. 

For spherical bubbles up to 3 mm, Subramanian and Tien 

(60) found that the ratio of wake volume to bubble volume 

varied from 0.9 to 1.55 for Red ranging from 10 to 100, 

thereafter remaining constant up to Red = 500. 

Spherical wakes behind spherical cap bubbles as found by 

Davies and Taylor (2) and Slaughter and Wraith (64) would 

have a wake volume ratio a equal to 5 for bubbles with 

em = 50°. 

Parlange (41) expected on theoretical grounds that a 

would be proportional to Re: a = 1/20 x Re. 

Recently Kojima, Akehata and Shirai (68)~ with a technique 

similar to that used in our experiments, found a to be 

4.7 in the Reynolds number range from 2000 up to 5000. 

They defined the wake region as a region immediately 

behind the bubble in which the trajectory of the particles 

was definitely disturbed, extending to where the angle 

between a trajectory and the main flow is almast a right 

angle. They calculated the volume of the wake region as 

the volume of a cylinder having a diameter equal to the 

wake length. In Kojima'8 experiments a working section 

of 5 cm in diameter was used, bubble diameters were in the 

range of 0.4 to 2 cm. 
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2.3.4 General oonclusions on wake behaviour behind obstaales 

Although nat much theoretical knowledge is available about 

the wake behaviour behind three-dimensional obstacles, 

some conclusions can be drawn from the foregoing 

review which might have relevanee to our problem: 

1. The most convenient way to study the wake behind fluid 

, is to nake use of a technique in which the 

partiele is held stationary under influence of a down 

or upwards directed liquid flow. 

2. The visualization technique should not influence the 

hydrodynamic behaviour of the partiele in study. The 

use ofdye~stuffs should be avoided, since in that case 

the interfacial tension of the system is fully determ

ined by the presence of the dye-stuff. 

In addition small density differences between the 

and the surrounding liQuid may cause a 

totally different wake structure. 

3. The visualization technique used must give detailed 

information about the flow pattern in the wake. 

Schlieren and shadowgraph techniques can easily lead 

to a misinterpretation of the wake behaviour if they 

are used in a system in which a bubble or drop moves 

through a liquid. These techniques only show the boun

dary of the disturbed flow region and therefore the 

wake might easily be interpreted as being open while 

in fact it is closed. 

4. Results of experiments carried out on two-dimensional 

bubbles cannot be translated to the three-dimensional 

flow problem, because bath the shape of the bubble and 

the wake structure are fully determined by the presence 

of the walls and the strong shearing along these walls. 

In our investigation we have tried to fulfil all these 

conditions. 
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CHAPTER 3 

HYDRODYNAMICS OF SPHERICAL CAP BUSBLES 

EXPERIMENTAL WORK 

3.1 EXPERIMENTAL PROCEDURES 

3.1.1 The held bubble teahnique 

In contrast to other investigators we have carried out 

experiments on free-floating bubbles held stationary by 

means of downward liquid flow. For this purpose a 

vertical water tunnel of the closed circuit type has 

been used, which is shown schematically in fig. 3-1. 

The main parts of this equipment were: the observation 

section, the flow distributor and the pumping section. 

The observation section was 2 meters high with a square 

cross section of 625 cm2 and made of perspex. At the 

entrance of this part of the tunnel an uniform liquid 

flow was obtained. In the corners of the observation 

section four rounded venturi-shaped flow guides were 

mounted, as schematically shown in fig. 3-2. These 

guides reduced the square cross area gradually by 4%. 

In this way a small velocity gradient was produced in 

the vertical direction of the tunnel, which stabilised 

the position of the bubble on the axis of the working 

section. Gas bubbles were injected under a cap and 

released by inverting the cap. After release the bubble 

was allowed to rise towards the observation level and 

then held stationary by adjusting the fluid velocity. 

An essential part of the tunnel design is the flow 

distributor, consisting of an expansion section 

providing a minimum loss transition from the round pipe 
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Fig. 3-1 Sketch of the water-tunnel. 
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to the square calming section, where there are four 

stainless steel sereens 50 x 50 cm, spaeed 5 cm apart. 

To prevent the formation of an air layer below the 

screens, they are mounted at a small angle. The 
accumulated air could be released regularly. In this 
part of the tunnel a flat velocity profile is produced 

and turbulence decayes rapidly. 

light sourees 

dumping cup 

movable alonl!; I 
tunnel's side 

·-. 

(a) 

camera 

(b) 

·-

flow conductors 

syringe 

illuminated plane 

Fig. 3-2 Sketch of the working section of the 
water-tunnel (a) and the flow vi
sualization metbod (b). 

The contraction section, again designed for a ninimum 
loss transition from 50 x 50 cm to 25 x 25 cm cross 

section, establishes the final flat velocity profile. 

A variable pitch propeller is mounted in the pump 
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sectien and driven by a motor with variable speed 

transmission. The velocity in the tunnel can be varied 

in two ways: by altering the position of the propeller 

blades and by changing the speed of the propeller In 

this way any desired velocity up to 80 cm/sec can be 

achieved. 

The circular pipe sections all have an inside diameter 

of 29 cm; the turning sections contain five turning 

vanes to reduce pressure losses. 

3.1.2 Flow visualization teahnique 

Streamlines around the bubble and in the wake have been 

observed by means of polystyrene particles 

(p = 1.002 gr/cm3 ) suspended in the liquid phase. 
p 

These particles having a diameter range of 75 up to 150~ 

were illuminated by intense light sourees located behind 

narrow slits parallel to the main direction of flow. The 

illuminating device was movable along the tunnel wall. 

This resulted in an illuminated plane through the tunneL 

The movement of the particles in this plane was observed 

from a direction perpendicular to it (fig. 3-2). 

Photographs were taken with a 24 ~ 36 mm Nikon camera 

and high-speed Agfapan- 27 DIN negative film. Best 

results were obtained using an open diaphragm with an 

exposure time 1/15 or 1/30 sec, dependent on the tracer 

particles concentratien and the velocity of the liquid 

flow. From these photographs the wake geometry, the 

streamline pattern and local fluid veloeities in the 

wake could be determined. 

Since the direction of flow of the tracer particles in 

the wake was nat necessarily always parallel to the 

plane of illumination, they could move out of the 

illuminated layer during exposure time if this layer 

was made too thin. we therefore took a layer thickness 

of 12 mm. 
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Extra information about the fluid flow behaviour at the 

rear surface of the bubble was obtained by injecting 

ink in the wake. As the major part of the ink was 

refreshed within a short time, attempts to photograph 

the ink flow pattern were unsuccessful. However, 

observations by the naked eye gave qualitative 

information about the fluid flow pattern especially at 

the rear of the bubble. 

J.l.J Rise veZoaity and shape of the bubble 

Fluid veloeities were determined from measurements of 

the trajectories of illuminated particles in the 

undisturbed flow during the known exposure time. 

An internal distance standard was used. Two laser beams 

were placed parallel at a known distance from each ether. 

Photographs were taken of the beams vli thout using sli t 

illumination. Information about the shape and volume of 

the bubbles was obtained by making shadowphotographs. 

3.1.4 The artifiaiaZ bubble 

The technique described in 3.1.1 gave excellent results 

when studying the fluid dynamical properties of the 

bubble and wake. Due to small disturbances in fluid 

flow which could net entirely be prevented, the bubble 

fluctuated somewhat around a central position in the 

tunnel. For mass transfer measurements the technique of 

which will be described extensively in 5.1 samples 

were drawn from the bubble and analyzed over a 
flame ionization detector. During the measurement the 

bubble must be perfectly at rest, and the above 

~entioned fluctuation cannot be allowed. For this 

reasen an artificial spherical cap bubble has been 

developed. 
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This artificial bubble was stabilized around a 

spherical shell with a small hole in the top, which was 

screened from the oncoming liquid by a second, much 

smaller shell at a distance of 4 mm from the top. By 

this device the gas kept in the artificial bubble was 

able to circulate along the surface and back through 

the centre (fig. 3-3). The thickness of the gas film 

over the shell ranged from 4 mm at the top to about 

8-9 mm at the lower end of the supporting device . 

• 3-3 Supporting device for artificial 
bubbles. 

The gas bubble was formed by injecting an amount of air 

under the supporting cup at a relatively large fluid 

velocity. By lowering the fluid velocity, the situation 

is reached at which the hydrodynamic forces do nat any 

longer compensate the surface tension farces in the gas 

film in the narrow slit between the inner and outer 

shell, and gas spreads out over the outer shell. Bubble 

diameters can range from 3.2 to 4.6 cm by using 

different supporting devices and by changing the 

injected gas volume and corresponding fluid velocity. 

Free floating gas bubble diameters were varied from 

2.3 to 4.8 cm equivalent diameter. 

Free and artificial bubbles were held stationary between 

50 and 75 cm from the top of the observation section. 
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3.2 DISCUSSION OF RESULTS 

3.2.1 The hydrodynamia behaviour of the bubble 

To test the relevanee to free floating conditions of 

both the stationary-held bubbles and the artificial 

bubbles, their shapes were compared with the description 
given by Wegener and Parlange (36) in their review 

artiele on spherical cap bubbles. As stated there, in 

liquids of low viscosity the front of the bubble 
was rather irregular and tilting occasionally. 

In more viscous liquids the shape quickly became 
geometrically perfect, upper and lower surfaces being 

smooth, while tilting was not observed any more. 

The same behaviour was observed with the artificial 

bubbles, the supporting device now ensuring no tilting. 

The bottorn width and height of the bubble were also 

measured from shadowphotographs. For each experimental 
adjustment a set of 20 shadowphotographs was taken. 

From these data, the bubble parameters were calculated, 
using: 

90° - arctan B/2h 

E = d /B e 

(3-1) 

(2-26) 

(3-2) 

Rise veloeities of the bubbles were determined by 
measuring the liquid velocity when the bubbles were at 

rest. To account for the finite size of the tunnel, the 

measured values were corrected using the experimental 
formulae of Uno and Kintner (69) given by: 

(3-3) 
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The experimental constant b was taken to be 0.89 ((69), 

fig. 9). Th'e maximum correction was 7%. 

In fig. 3-4 and 3-5, 8m and Fr are given for stationary

held and artificial bubbles respectively. The same 

figures show literature data as gathered by Wegener 
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For stationary held bubbles the results are in good 

àgreement with the data of Wegener and Parlange, and 

also agree well with the theory of Davies and Taylor 

whopredict (2Frr)% = 1.00. 
The shape of the artificial bubble varied with changing 

fluid velocity. The angle em increased with decreasing 

fluid velocity. In fig. 3-5 results are only given for 

those cases in which the front part of the bubble was 

spherical or very close to spherical. For these bubbles, 

as in the case of stationary bubbles em lies between 

48° and 52°. The Fr numbers arealso in good agreement 

with the literature data. 

From our measurements we calculated the eccentricity E 

of the bubbles as defined in eq. 3-2. For both 

stationary-held and artificial bubbles E ranged from 

0.55 up to 0.58, which agrees reasonably well with the 

data given by Tadaki and Maeda (22) who found E = 0.62. 

3.2.2 Wake aonfigurations 

At low Reynolds numbers the fluid streamlines followed 

the upper surface of the bubble and formed a closed 

region immediately bebind it {see photograph series I and 

II). The boundary of the wake was stable. Inside the wake 

the flow was laminar while the flow pattern was similar 

to a vertex ring. This vertex ring was usually 

asymmetrie, as Magarvey and Bishop (54) already observed 

for wakes behind falling drops. No vertex shedding was 

observed, vorticity was discharged along a straight 

tail behind the closed region. At somewhat :arger 

Reynolds numbers, but still in the region at which 

laminar wakes exist, wavy disturbances appeared on the 

tail. 

The flow around the bubble and the wake behaved like 

streamline flow. At higher Reynolds numbers, the 
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streamline pattern in the wake became rather irregular, 

although still an overall circulation existed. 

Vortices were formed and shed alternately from the 

different sides of the bubble. A vortex street 

developed, which extended far behind the bubble. 

Although the boundary of the wake was very unstable, an 

enclosed region immediately behind the bubble was still 

visible, which in terros of Schaefer and Eskinazi (50) 

might be called the formation zone of the wake. The rear 

stagnation point of this part of the wake was clearly 

visible as photograph series I and II show. 

Visual observations of the turbulent wake showed a quiet 

zone directly behind the rear surface of both the 

stationary-held bubble and the artificial bubble. In 

this layer the fluid veloeities were small compared to 

the average velocity in the wake. The volume of this 

zone might be up to 10% of the total volume of the wake. 

The thickness of the zone was influenced by vertex 

shedding. 

The existence of this zone was also supported by 

observations using another visualization technique: ink 

was injected close to the bubble rear surface and 

although the largest part of the ink was refreshed very 

rapidly, a thin layer of ink remained at the bubble 

floor for a relatively long time. The thickness of this 

layer was about 1 mm. 

In the transition region from a laminar to a turbulent 

wake, the flow could not well be defined. Vortex rings 

and highly turbulent zones could exist at the same time 

and were observed to change from one into the other, while 

vortex shedding hardly occured. Vorticity was degenerated 

along a wavy tail behind the closed part of the wake for 

lower Reynolds nurnbers, at somewhat larger Reynolds 

numbers vortex shedding became more intensive, see photo

graph series I and II. The transition region for the 

bubbles included in all cases at least the range of 

Reynolds nurnbers between 500 and 1000. 
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It is hard to decribe how vortex shedding occurs in tur

bulent wakes. For the following reasons, we do not believe 

that any of the roodels discuseed in 2.3 can be applied to 

the flow pattern in the wake behind a spherical capbubble. 

~Q~Q!g2!_YQ~!~~-~Qg~! (fig. 2-16) 

It would be easy to recognize a wake consisting of paral

lel toroidal vortices, as shown in fig. 2-16. The vortex 

street is regular and the intersects of the vortices with 

the illuminated plane would be visible as two more or less 

circular vortices. Furthermore this wake configuration 

requires an open wake structure. 

None of the mentioned phenomena were observed. 

ll~!!S2!:_2~g-~!:~E!E2!_YQE!~~-~Q9ê! (fig. 2-17 and 2-18) 

The wake configuratièns as given in fig. 2-17 and 2-18, 

the helical vortex and the bi-spiral vortex model, can 

cause a closed wake structure. The model requires the 

bubble and wake rotate around the vertical bubble axis. 

If the rotation axis and the eentres of the spirals coin

cide at the rear stagnation point of the wake, the wake 

indeed appears closed. On the other hand the rate of vor

tex shedding will be related to the rotation velocity of 

the spirals. This velocity then might be estimated from 

the rate and frequency at which vortices move through the 

illuminated plane. From our observations we learn that 

this frequency is much lower (about 1 per sec) than the 

frequency of vortex shedding (about 2 per sec) • Finally 

the strongest argument against these flow structures is 

that the flow outside the bubble and in the wake behave 

like streamline flow, which is not consistent with the 

formation of spirals at the bubble rear, because this 

phenomenon requires liquid to be swept into the wake at 

the bubble rim. 
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The vortex-loop model as suggested by tlchenbach ( 5? J, 

fig. 2-19, is rather unclear to us from a hydrodynamic 

point of view. Probably the vortex-loops arise because 

otherwise the wake would extend too widely. We do not 

think that such a phenomenon will occur with the wake 

behind a bubble. Also in this model a regular vortex 

street develops behind the closed part of the wake. We, 

however, found that the vorticity is damped out rapidly 

within about five times the length of the closed part. 

Considering our own arguments we must reject all roodels as 

discussed in 2.3. We are of the opinion that the overall 

fluid flow in the closed wake region behaves as a circul

ation flow. At increasing Reynolds-numbers the circulatir'"l 

pattern is more and more disturbed by superposition of 

turbulence. Eddies can develop at any position inside the 

wake and dependent on their position grow further or 

diffuse out rapidly. 

The fluid flow along the bubble and wake behaves like 

streamline flow. Across the wake boundary a strong ex

change of liquid takes place at the rear stagnation point, 

as was visualized by ink injections. 

Inside the wake, the average liquid velocity and turbulen

ce intensity decay towards the interface between the 

bubble and VJake. 

Fluid veloeities in the wake were measured for stationary

held bubbles and artificial bubbles in the laminar flow 

regime. In fig. 3-6 examples are given. The profiles 

were determined for a plane through the centre of the 

vortex ring, parallel to the rear surface. 

For both types of bubbles the flow rate is about the 

same. The fluid circulation time amounts to about 1 sec 

for bubbles having an equivalent diameter of 2.5 cm. 
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Fig. 3-6 Velocity profiles in the wake of a 
stationary-held spherical-cap bubble, 
Re = 75 (a) and an artificial 
spherical cap bubble Re= 250 (b). 

3,2.3 Geometry of the wake 

For the enclosed wake part, the wake volume ratio is 

defined as the ratio of the wake volume to the real 

bubble volume. Figures 3-7a and 3-8a show the results of 

the measurements respectively for stationary-held and 

artificial bubbles, plotted versus the Reynolds number. 

The spread around the drawn curves is rather high, but 

regression analysis show a to be independent on the 

Reynolds number for bath free-floating and artificial 

bubbles. The mean values are respectively 22 and 18, 

The data do nat agree with the results given by Kojima, 

Akehata and Shirai (68) but, as stated before, in their 

experiments a werking sectien only 5 cm in diameter was 

used, compared to 25 cm in our experiments. In the 

diameter range investigated this might have affected the 
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flow behaviour of the wake. 

A proportionality of a with Re, as Parlange (41) expected 

for theoretica! reasons, was nat encountered. 

An important parameter in the mass transfer mechanism 

from the wake to the surrounding liquid, is the wake 

surface area, given here as S, the ratio of wake surface 

area to the surface area of a sphere having the same 

equivalent diameter as the bubble. 

Figures 3-8b and 3-9b show the results as a function of 

the Reynolds number. 

For stationary-held bubbles and artificial bubbles S is 

constant, at values of 7 and 6 respectively. 

From all the photographs it is clear that the vertical 

cross-sectien of the wake is not circular but elongated 

vertically. This elangation can be characterized by the 

eccentricity y, defined as the ratio of the lengthof 

the wake plus height of the bubble to the largest 

horizontal diameter of the wake. 

Figures 3-8c and 3-9c show the results of the 

measurements. Here also the data are rather scattered, 

but there is a clear tendency for y to decrease with 

increasing Reynolds number. 

The data given here do nat agree with the results 

obtained from photographs of ColZins (65) and Hills (67) 

in their study of two-dimensional spherical cap bubbles. 

They found y to be between 1.1 and 1.3. In the 

measurements presented bere the wake is much more 

elongated. 

In appendix II the results of the measurements are listed. 
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CHAPTER 4 

MASS TRANSFER FROM SPHERICAL CAP BUBBLES 

LITERATURE REVIEW 

4.1 INTRODUCTION 

The basic equation which describes physical interfacial 

mass transfer is given by: 

K.A.t.C (4-1) 

in which dn/dt stands for the molar flux per unit area, 

A is the interfacial area, ac a concentratien difference 

for the solute; the driving force for mass transfer and K 

is a constant, the so-called mass transfer coefficient; 

1/K measures the resistance for mass transfer in the pro

cess being studied. 

For mass transfer from bubbles, two resistances eperating 

in series can be expected; one in the gas phase and one in 

the liquid phase. 

The total mass transfer coefficient is then defined as: 

with kg: mass transfer coefficient in the gas phase 

kl: ma ss transfer coefficient in the liquid phase 
m : equilibrium constant defined as 

C* = m.Cb 
C*: equilibrium solute concentratien in the liqu.id 

ph a se 

~: solute concentratien in the bubble 
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In these cases in which kg/m.k1 >> 1 the resistance in the 

gas phase can be neglected compared to the resistance in 

the liquid phase. This condition is nearly always fulfill

ed because generally: 

a. m s. 1 

b. the diffusion coefficient in the gas phase is much 

larger than that in the liquid phase, so that kg>> k
1

. 

For these cases eq. (4-1) can be rewritten as: 

1 dn [ac] 
q, = A dt = kl. (C*-C) = -ID ar r=~ (4-2) 

in which (C*-C) is the driving force given as the differ

ence between the equilibrium solute concentratien at the 

liquid-gas interface and the actual solute concentratien 

in the bulk of the liquid; ID the diffusion coefficient 

and (aC/ar) -R the concentratien gradient in radial dir-
r- b 

eetion in the liquid phase at the bubble interface. 

The concentratien gradient depends on the convective con

di tions around the bubble and therefore as eq. ( 4-2) shov1s 

k 1 is determined by the diffusion coefficient and the 

liquid velocity distribution around the bubble and can be 

calculated from the diffusion equation. 

In the case that a sphere is placed in an otherwise uni

form flow field so that the velocity field will be axially 

symmetrical the diffusion equation at steady state and in 

spherical coordinates (see fig. 4-1) runs: 

Fig. 4-1 Spherical coordinateB. 
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(ac)+ ue (ac)-- ID { a
2
c + .?_(ac) + a ( ac)J u 2 a ~~-.-- äë sine äë ~-] 

r ar r ae ar r r s1n9 

The boundary conditions are: 

r ~ ~ e = 0 ac;ae = 0 

e = 'Jl" 

r = ~ e ,) 0 c = C* 

r = 00 e -': 0 c 0 

4. 2 MASS TRANSFER AT TllE E'RON'l' OP A SPllE'RICAL CAP BUBBLE 

To calculate the mass transfer coefficient for a spherical 

cap bubble the diffusion equation as given in eq. (4-3) 

bas to be solved using the proper velocity distribution 

around the bubble. Befare doing so we will simplify this 

equation by neglecting the last term of the right hand 

side. Leviah (29) bas shown that if the Pe-number 

(=Ub.de/ID) related to the system being studied is large, 

the distance at which mass transfer takes place, the so

called penetratien depth,is small. Under this condition 

the last term of the right-hand side of eq. (4-3) can be 

neglected compared to the term a2c;ar2 • This can easily be 

shown to be so, since according to Leviah's theory br/r = 
Io-3 • Furthermore the concentratien gradient in angular 

direction is small and therefore 

After this simplification the diffusion equation can be 
rewritten as: 

(4-4) 
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As was shown in 2.2.3 the rise behaviour of a spherical 

cap bubble can be predicted well using potential flow 
theory. The velocity distributions around the bubble are 

given then by: 

and 

I ~ t ub 
2

r 3 + 1 sine 

Again with very smal! penetratien depth, the velocity 

distribution close to the bubble surface can be approxim

ated by: 

(4-5) 

Substituting ur and u8 in eq. (4-4) ; the diffusion equat

ion can be rewritten as: 

3U ~1- !:_} 
b 1 Rb ( ac) 3 ub sine.(ac)-- m{ a

2
c + ~(ac)} cose ~r + -2 o r ae ar2 r ar 

(4-6) 

We will now try to reduce this partial differentlal equat

ion to an ordinary differential equation. This is possible 

if the derivatives of C with respect to r and e can be 

written as derivatives of a new variable X, while X can be 

chosen in such a way that the three boundary conditions 

{the boundary condition for r ~ Rb and e ~ can be drop

ped out because of the neglect of the secend order deriva

tive with respect to e) can be replaced by two boundary 
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conditions for X. 

As such a new variable we try: 

in which f(e) is a function of e, as yet unknown. Eq.(4-6) 
reduces then to: 

-I~Jr:""J [cose.f(eH.sine.f' (el]~ • j Pe'f2(e). ~~ 

(4-7} 

in which Pe' = ID 
2.Ub.~ 

r3 -For Pe' large, R3 - 1 and eq. (4-7) reduces to: 
b 

_ [1 - ~·J fcose.f(6) - ~sine.f' (e)] dC 
r f(e)2 dX 

(4-8) 

If it is now possible to find a function f(e) such that 

r
cose.f(e) - ~sine.f' (e)j= a .f(e} 

f2 ( 6) c 
(4-9) 

in which a
0 

is a constant, eq.(4-8} reduces to the stan

dard form: 

de d2c 
' x -ac. "dX = dX2 (4-10} 

3 with a~= 2 a
0

.Pe' (4-11) 

whose general solution is given by: 

(4-12) 
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a 1 and a 2 being constants, determined by the boundary 

conditions. If the procedure so far is correct, concentra

tien contours around the bubble can, as. eq. (4-11) shows, 

be calculated from X = constant. In this way information 

can be obtained for f(8). 

Concentratien contours should have the shape shown in 

figure 4-2. 

* increasing C/C -ratio 

Fig. 4-2 Concentratien contours around a 
spherical bubble for increasing 
C/c*-ratio 

Up to 8 = goo the penetratien depth will be almast con

stant or increase slowly, since more and more solute is 

transferred from the bubble to the surrounding liquid but 

at the same time liquid elements close to the surface are 

stretched during the passage along the bubble. For 8 > 90° 

the penetratien depth will increase continuously since 

still more and more solute is transferred and the liquid 

elements contract again. This means that the procedure 
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followed is not valid beyond a= 90°. For sphericalcap 

bubbles, however, we are only interestad in the range 

oo < a < 50°. 

It was found that f(a) = sin
2

e satisfies 

{co;3è - cose + j}~ 
the requirements given in eg. (4-9) with a

0 
= ~-

The second requirement which has to be satisfied is that 

the boundary conditions can be transformed in the proper 
way. In table 4-1 f(e) is given as a function of e. 

Table 4-1 

eo f ( e) eo f(e) 

0 2 80 1.38 
10 1.98 90 1.22 
20 1.95 100 1.06 
30 1.91 120 0. 71 
40 1.84 140 0.36 
50 1. 75 160 0.20 
60 1.64 180 0 
70 1.52 

For e = oo, as table 4-1 shows, f ( e) has a fini te value and 

df/de = o. Hence near this point ax;ae = o. 

e = o ac;ae = o 
is automatically satisfied. 

2. r = ~ e 2:: o 
x = 0 

C = C* transforms into 

C = C* 

For r =oo, up to a = soo, X > 1. 75. In this case erf(X) _ 1 

and the third boundary condition can be rewritten as: 

3. r = oo 
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x> 1.75 c = 0 

runs into 



Thus we have shown that the requirements mentioned befare 

can be met with the proposed function for X, which means 

that the concentration can be validly written as a tune

tion of X for 0° < e < 50°. 

As stated before ac = ~ and eq.(4-10) can be rewritten as: 

3 dC 
- 8 Pe' .X dX 

The concentratien distribution around the front of a 

spherical cap bubble is then given by: 

(4-13) 

c 
C* 

erfc {1 - Rblj --:::-__;;;;;s..:::i;;.;on_2e.::...__---:-r x {316 Pe' }~ (4-14) 

r {co~3e - case + ~ r 
The mass transfer coefficient now can be determined apply

ing eq. (4-2). 

The local flux at r ~ is given by: 

{ 
3Pe' }~ 1 

2l~x~x~ 
+ 3f 

After substituting Ub = ~y.gRb(2.2.3): 

0.565 
fco;3e - case + 

(4-15) 

(4-16) 

(4-17) 

In figure (4-3) the dimensionless local mass flux is given 

as a tunetion of e; the figure shows that the local mass 

flux up to e = 50° remains fairly constant due to the 
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stretching of the liquid elements, and for e > 90° falls 

off very rapidly due to relaxation of the liquid elements. 

However, as mentioned before, the salution is only valid 

for oo s e < 50°. 

- ( R i )·~ <!> b - --=-r 
c* D,g t1.0 

\ 

0.5 

o.o 

\ 
\ 

\ 

' 
Fig. 4-3 Dimensionless local flux as a 

function of a for mass transfer 
from spherical bubbles as given 
by eq. ( 4-16) . 

The average mass transfer coefficient at the bubble front 
is given by: 

1 

~f 

am 
~f = 1 21111,2 

• sinede 
0 

From eqs. (4-18), (4-19) and (4-20) it fellows: 
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For spherical cap bubbles the relation between Rb and de 

is given by: 

- cosam + ~3} (4-22) 

50° eq.(4-21) can be rewritten as: 

L j., -J... 
1.026 ])'} .g~ .d 'I 

e (4-23) 

Baird and Davidson (8), Lochiel and Calderbank {9) and 

Johnson, Besik and Hamielec (?1) have all used potentlal 

flow theory to predict the mass transfer coefficient for 

spherical cap bubbles. They started from a further simpli

fied diffusion equation by neglecting also the term~(~;) 
in the right hand side of eq. (4-4). Their theoretical 

analyses are less clear and also their interpretations of 

the boundary condi tions are not fully correct or incomplete. 

The final results of their analyses are respectively given 

as: 

kbf 0.975 -~ \ \ de . g . ID (4-24) 

kbf 1.026 
_j., j., \ 

d ~.g 4 .ID ( 4-25) 
e 

_j., j., \ 
(4-26) kbf 1.125 d 4.g4.ID 

e 

The relation as given by Lochiel and Calderbank (g) is 

identical to ours, the difference from that of Baird and 

Davidson (8) is caused by the fact that they related the 

mass transfer to the area of the equivalent sphere. The 

difference from that of Johnson, Besik and Hamielec (?1) 

is probably caused by a mistake in their calculation 

procedure for kbf. 
Using the penetratien theory concept as given by Bigbie 

(?), Johnson, Besik and Hamielec (?1) ~erived another 
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relation for the mass transfer coefficient given by: 

In which tE stands for the contact time of the liquid ele

ment flowing over the bubble surface. According toHigbie's 

theory tE was calculated from: 

= height of the bubble 
tE rising velocity of the bubble 

( 4-27) 

therefore eq.(4-27) runs into: 

(4-28) 

For bubbles having de values up to 2.5 cm, Johneon et.al. 

found experimentally that h could be approximated by a 

linear function of de namely: 

h = O.S(cm) + 0.2 de (4-29) 

By substituting eq.(4-29) into eq.(4-28) they found: 

(4-30) 

which prediets an almest constant mass transfer coeffi

cient for spherical cap bubbles which, as wil! be shown 
later, is in accordance with experimental results, if 

mass transfer from the rear of the bubble is neglected. 

However, Johneon's analysis is incorrect for several 
reasons: 

1. Higbie's penetratien theory doesnottake into account 

the stretching of the liquid elements flowing across 

the front of a bubble. 
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2. The contact time tE has to be calculated from: 

= length of the spherical surface dS 
mean velocity ü of the liquid 
element during the passage 

e 
in which dB = l Rbe 

0 

and ü 

Substituting u
8 

by: 
50° t is given 

E 

Johnson et.aZ. used tE = 

3. Johnson et.al. extrapolated the experimentally found 

approximation for h, being h = O.S(cm) + 0.2 d
8

• 

In fig. 4-4, this relation is given as well as the 

relation for h which can be derived from the geometry 

of the bubble. 

2.0 
h,cm 

t 
I , 6 

1 • 2 

0.8 
Fig. 4-4 

The height of a spherical cap 
I • 8 2.6 3.4 4.2 5,0 

bubble as a function 
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Table 4 ... 2: Relations for maas transfer from bubbl.es 

Re lation Re Pê Pbysical description 

Sh = LOl P6°• 33 <I ~I immobile interface, creeping flow, Stokes' 

st.reamfunction 

Sh = 0.98 Pê0 • 33 
<I >103 immobile interface, lamina:r flow {Stokes), 

thin oonoentration bounda:ry layer 

Sh = 0.89 PêO.ll <I > 10 3 immobile interface, laminar flow (St.okes), 

thin concentratien boundary layer 

Sh "'* 0.7 Re0.5sc0.33 >1 - irnmobile interface, bounàary layer theory 

Sh = 2: + 0.55 Re0 • 5sc0 • 33 2-10 3 <1 immobile interface, experir.têntal I 
Sh .., 2 + 0.57 Re0 • 5sc0 • 33 >1 > 1 immobile interface, experimental 

Sh.== 0.43 Re0 • 56 sc0 • 33 4.I02-lo5 >1 immobile interface, experirnental 

Sh = 0.65 P{IO.S <1 ~1 mobile interface, creeping flow~ 

Hadamard-Rybszinsky stream function 

sh = 1.13 Pê0 · 5 
.':_l .':_1 mobile interface, potential flow 

s:tream function 

Sh 1.13[1 - 2.96 r·S P\!0.5 > l >:1 mobile interface, Moore 1 s (30) 
~ atreamfunction 

sh = LI3 K 0 • 5 .- - mobile interface, penetratien theory 

2 [ ,rs [2 26 E o.33 u:2 _ 11 o.s uo.s ] 
oblate spheroids, mobile interface, Zahm's (100) Sh=Jl+k 'l< • o o • 

s 0 <E!- 1) 0•5• ln(s0 + ~- 1) streamfunction, boundary layer theory 

2[ .r 5 [2 26 E 0.33 (1 - E2)0.5 PêO.S ] prolate spheroids, mobile interface, Zahm's (100) Sh • J 1 + k • I( ~E2)ó.5+ sin.Qlu ~ 22)0.5 
0 0 0 streamfunction" boundary layer theory 

with k .,. - 0 0 and e "" (1 - E-2}0.5 [e.E2 
- E .sin"1e] 

z e - E
0

.s1n-1e 0 
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If their statement should be correct it would mean, as 

fig. 4-4 shows, that for spherical cap bubbles 8 de-
m 

creases if de increases. Such a dependency of em with 

de never has been found as the investigation of e.g. 

Davenport, Richardson and Bradshaw (17) shows. 

For these reasens we will not further refer to the 

relation as given in eq.(4-30). 

For the sake of completeness a survey of the most impor

tant equations who describe mass transfer from bubbles is 

presented in table 4-2. This covers the .entire range of 

diameters over which bubbles can exist. 

4.3 MASS TRANSFER AT THE REAR A SPHERICAL CAP BUBBLE 

4.3.1 From bubble to the wake 

As shown in chapter 2 and 3, the wake plays an important 

role in the bubble hydrodynamics. Hence it should be 

expected that also when mass transfer takes place, the 

role of the wake must be taken into account since the 

amount in which the rear of the bubble contributes to 

the total mass transfer depends on the hydrodynamics in 

the wake. 

From 2.2.3 we know that assuming potential flow around 

the front of the bubble, a reasonable approximation is 

given for the actual flow pattern. Models based on this 

potential flow theory which describe mass transfer at the 

consequently will also give a good approximation of 

the actual mass transfer behaviour. Unfortunately, a 

mathematical description of the flow field in the wake 

has not been given so far. Not more than a good 

qualitative description of it is available at present. 

Hence roodels which describe mass transfer from the rear 

are based on several uncertain assumptions and it can be 

expected that the final results of these theories can be 

rather devious. In literature only three roodels are 

known. 
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Both Calderbank~ Johneon and Loudon (14) and Brignell 

(78) assume the existence of a three-dimensional wake 

consisting of a spherical vertex ring (fig. 2-14). This 

assumption was based, as mentioned in 2.3.3., on 

photographic evidence of Slaughter and Wraith (64) and 

ColZins (65) and on the theory of Parlange (41) who 

stated that the flow field around a spherical cap bubble 

is similar to the flow pattern around a spherical vertex. 

The analyses of Calderbank et al. and Brignell of the 

mass transfer process differ slightly due to different 

assumptions on the flow field in the wake. 

Calderbank's e.g. (14) model (fig. 4-5). 

The assumptions are: 

Fig. 4-5 

Calderbank's et.al. (14) model 

-The flow around the bubble is potential flow. 

-The wake completes the sphere, the bubble of which is 
the upper part. 

-The bubble floer is planar. 

-Mass transfer takes place during the time a liquid 

element is in contact with the liquid-gas interface 
(A+B). 

-During the motion of the liquid element from B+C all the 

solute is transferred to the surrounding liquid. 
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-Diffusion at the bubble floer to the liquid element can 

be described with the Higbie model. 

-The contact time was calculated from the velocity 

distribution in the toroidal vertex, which was 

determined as Calderbank et al. stated from: "equating 

the rate of conveetien of vorticity from the wake-bulk 

interface into the wake and the viseaus rate of 

dissipation of vorticity in the bubble wake". Since 

they started from potential flow it is not clear where 

the vorticity arises from. The velocity field was fixed 

by the statement that v
2 

equals zero at A, and equals 

uem at B(uem is the velocity at em in the region 

outside the bubble). Accounting for stretching of the 

liquid elements, the contact time could be calculated 

in terms of Bessel functions. 

They found that the mass transfer coefficient for the 

rear of the bubble (kbr) was 70 - 80% of the value of 

the frontal part as predicted in eq. (4-23). 

From curves, given in their work, it can be concluded 

that kbr decreases when the equivalent diameter of the 

bubble increases, the total mass transfer coefficient 
-!.i being proportional to de 

U's ( 8) model (fig. 4-6). 

The assumptions are: 

Fig. 4-6 Brignell's (78) model 
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-The flow around the bubble and wake is potentlal flow. 

-The wake is spherical. 
-Mass transfer is calculated from the diffusion boundary 

layer concept. 
-The bubble volume is small, mass transfer is calculated 

assuming that the bubble rear surface lies on a part of 

the vertex boundary and is coincident with the bubble 

front surface. 

-The contact time is calculated from the velocity field 

inside the wake, assuming that, as Parlange (41) stated, 

it can be described by Hill's vertex flow model (Lamb 

(20}). 

Brignell's model does take into account that the solute 

concentratien in the wake increases with time, but he 

assumes that this process is so slow that the mass 

transfer is effectively time-independent. 

BrignelZ (78} presents the results of his analysis as a 

total mass transfer coefficient given by: 

(4-31) 

g(e) depends on the geometry of the bubble. 

if the relation for Ub given by Davies and Taylor (2) is 

substituted and g(em)' BrignelZ's result runs into 

k 1 7 -1 1/4 d -1/4 ID 1/2 .uxg •e • (4-32) 

showing that also from this relation kb ~ d - 114 , and 
r e 

of the sameorder of magnitude as CaZderbank's result. 

b. Mass transfer to smal! viseaus roll cells --------------------------------------------
Lindt (12) analyzed mass transfer from bubbles whose 

shape belengs to the intermediate region between spheroi-
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dal and spherical cap bubbles (fig. 4-7}. 

He started from his own observations, mentioned in 

2.3.3., about the wake flow behaviour behind this type of 
bubbles: 

-Periodic wake shedding occurs. 

-A rotating helical vortex is formed, the first 

convolution being stable (region III). 

-A captive wake exists directly at the bubble rear 
(region II). 

/ 
" / 

Fig. 4-7 Lindt's (12) model. 

Mass transfer from the rear is determined by the flow 

behaviour in the captive wake. 

Lindt assumed the captive wake to consist of viscous roll 

cells due to the rotational flow of the helical vortex, 

which touches the captive wake area. 

The mass transfer coefficient k 2 (fig. 4-7) was estimated 

with the aid of a modification of the theory given by 

Lamont and Scott (92). This model is basedon the 

description of steady state mass transfer into a regular 

sequence of square roll cells containing a gas-liquid 

interface (fig. 4-8). 

gas 
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Lamont and Scott's theory predicta mass transfer 

coefficient 

kb = 0 , 4 4 5 V ID . V o r c 

in which v = velocity in the roll cell 

ö = thickness of the captive wake c 

(4-33) 

The time steady flow within the cells was treated as 

viscous, the velocity was estimated from the tangential 

velocity of vertices in a two-dimensional wake, and from 

the frequency of vertex shedding. 

The thickness of the captive wake was estimated from 

experiments in which the wake was visualized using dye

stuff. In the bubble diaroter range, which was investiga

ted by Lindt, this theory prediets a mass transfer 
coefficient for the rear of the bubble of the same order 

of magnitude as the mass transfer coefficient at the 

bubble front. As eq. (4-33) shows, by substituting Davies 

and Taylor's relation and a constant ö , this theory also 
-1/4 c 

prediets kbr ~ de . 

4.3.2 From the wake to the surrounding Liquid 

For the same reasens as mentioned befere when discussing 

mass transfer at the rear of a bubble, it is remarkable 

that mass transfer from the wake behind an obstacle to 
the surrounding fluid has hardly receive·d any attention 

in literature. By the fact that time-dependent mass 

transfer (see 4,6) can be explained by assuming a 

buffering function of the wake, the phenomenoP certainly 
deserves more attention, 

Some experimental information was obtained for the 

exchange rate of the wake behind solid bodies (93), 

mostly in relation to either the problem of shedding of 

methane gas from the wake of a stone falling through air 

96 



from a methane-filled cavity present in a mine-roof (97) 

or to cambustion bebind flame-holders (96, 98, 99). Also 

information was obtained about the exchange rate of the 

wake behind small draplets (58, 59, 95) in liquid-liquid 

systems. From these studies it is clear that two 

mechanisms play a role in this mass exchange process: 

-transfer of solute out of the wake by molecular 

diffusion across the boundary of wake to the surrounding 

fluid, 

-transfer of solute out of the wake by vortex shedding. 

The first mechanism will be dominant under circumstances 

in which the fluid flow in the wake can be regarded as 

being laminar, in general for flow conditions 

characterized by low Reynolds numbers. As soon as vortex 

shedding occurs the solute transfer rate from the wake 

will be mainly determined by the rate of vortex shedding. 

To quantify the mass transfer rate from the wake, in 

literature the res.ul ts of experimental work are expressed 

in terros of either: 

-the height of a wake transfer unit, defined as the dis

tanee required to shed a volume equal to the wake volume 

(58, 59). 

-or of the mean residence time of fluid in the wake (96, 

98, 99). 

-or of the mass transfer coefficient. 

Mass transfer from a laminar circulating wake, as was 

shown by Kalra and Uhlherr (93), can well be expressed 

in terros of a mass transfer coefficient, built up by a 

two steps mass transfer process: transfer from the 

inside of the wake to the interface and transfer at the 

interface to the .surrounding liquid flow. 

Kalra and Uhlherr considered the flow in the wake as 

being similar to the flow in a circulating drop and 

the relation of Handlos and Baron (94) to characterize 
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the mass transfer rate. 
Handlos and Baron propose that the tangentlal motion 

caused by circulation is combined with an assumed random 

radial motion caused by internal vibration, and relate 

the mass transfer mechanism to an eddy diffusivity 

coefficient. 
The internal mass transfer coefficient is then given by: 

0.00375 u 
ki = (1 + lldh.J) 

(4-34) 

and is, following their model, independent of the 

molecular diffusion coefficient. We shall refer to this 

later again. 

The second step, mass transfer from the interface towards 

the bulk flow, was described by the Higbie model: 

(4-35) 

From experimental results Kalra and Uhlherr concluded 

that the overall mass transfer coefficient can be given 
as: 

~ = {l~. + ~ l l ~ 0 [ 

which is different from what should be expected 

1 
ï< 

1 + 1 
ki ko 

(4-36) 

(4-37) 

which indicates that this theory is probably incorrect. 

For both laminar and turbulent wake flow behaviour, it is 

possible as shown again by Kalra and Uhlherr, to relate 

the mass transfer rate from the wake to the dimensionless 
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mean residence time T, defined as: 

T 
U.T 
(1 

in which T is given as the mean residence time of solute 

in the wake, regarding the concentratien in the wake to 

be uniform. The mean residence time can vary from 0.02 

sec for flow of air behind asolid obstacle at Re 105 , 

to 140 secs for liquid flow behind a droplet at Re 10 2 . 

Fig. 4-9 schematically gives a plot of T against the Re

number as was found by KaZra and UhZherr from their own 

experiments and from several ether investigators as given 

in the figure 

100 

I 0 

(93) (59) (98) 

___,..Re 

I 0 

(93) KaZra and discs and spheres (98) 

( 94) Leach and turbulent flarne (59) Yeheskû and 

Fig. 4-9 Wake shedding results in 
terros of dimensionless 
residence times versus the 
Re-nurnber. 

flarne holder 

droplets 

The results for high values of Re-numbers show no 

dependency of T with the Re-number. The small value of T 

in this region is caused by the high frequency at which 

vertex shedding occurs, which again results in low values 

of T. 

The increase of T with increasing Re-number at Re smaller 

than 100, is due to the growth of the wake as the termi

nal velocity increases while no shedding occurs: the. 

mean residence time increases. 
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When vortex shedding sets in, at Re-numbers of about 200 

- 500 dependent on the particular flow system, T will 

decrease again with increasing Re-number until the fully 

turbulent flow regime at Re-numbers of about 103 is 

reached. 
From the data given in fig. 4-9, it can be concluded that 

the mass transfer rate from the bulk of a turbulent wake 

to the surrounding liquid is so high that no influence on 

the mass transfer from the obstacle itself can be 

expected. In all studies mentioned in this sectien the 

existence of a thin stationary layer directly behind the 

obstacle, as was introduced by Lindt (4.3.1), was not 

taken into account. 

As stated before we believe that mass transfer inside 

a laminar wake will be strongly influenced by the 

diffusion coefficient of the solute and the relation 

between T and Re can be given in a more generalized plot. 

We expect that there might be an analogy with radial 

m1x1ng in a packed bed which can be conceived as a system 

of obstacles behind each of which there is a wake from 

which mass transfer occurs to the through flowing fluid. 

The dimensionless number T could then be transformed into 

the Bodenstein number Bo = ~ .d 1 in which E . d stands for 
rad ra 

the radial mixing coefficient, by putting the residence 

time T ~ d;/Erad' 

Fig. 4-10 Genera1ized plot of the meanresidence time for 
wake shedding versus the Re-.number. 

100 

JO 

decreasing Sc-number 
.-Re 
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Similar to this radial mixing we then would expect a 

relation between T and Re as shown in fig. 4-10 where 

the Schmidt number is an extra parameter. 

4.4 REVIEW OF EXPERIMENTAL WORK 

Mass transfer from single bubbles rising in a 

Newtonian liquid has been studied extensively. However, 

most of these studies deal with small bubbles, the 

volume being less than 1 cm3 • Inthereview given here, 

we shall mainly confine ourselves to those investiga

tions in which bubbles were studied, which have an 

equivalent diameter larger than 1.8 cm, and in which the 

bubble has the spherical cap shape or a transitional 

shape from spheroidal to the spherical cap. 

4. 4. 1 erimental techniques 

Mass transfer rates can be measured by: 

a) The photographic method. 

The change in volume of a dissolving bubble rising 

through a liquid column is recorded directly on 

photographs. 

b) The volumetrie method. 

While rising through a liquid column, the volume 

change of the dissolving bubble is followed by 

recording the change in volume of the whole column 

content. 

c) The pressure methad with gas pocket present. 

The dissolving bubble rises in a sealed liquid column; 

above the surface of the liquid a gas pocket is 

present. Since the volume of the whole column content 

is constant, the solving rate of the bubble can be 

determined by recording the pressure change in the 

pocket. 
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d) The pressure method without gas pocket present. 

This method is almost identical to the one mentioned 
under c, the difference being that except the 

investigated bubble no gas is present. The pressure 

change is directly recorded in the liquid phase. 

The photographic method as used by Deindoerfer and 

Humphrey (11) is the less accurate method, since the 

volume changes must be evaluated from projected bubble 

images. In those cases in which the bubble has an 

irregular shape or the dissolving rate is low, 

difficulties arise in estimating the bubble volume. 
Most of the volume techniques are modifications of the 

method introduces by Ledig and Weaver (88), who followed 

the course of the gas absorption by recording the 

movement of a mercury thread in a capillary, which was 
the only opening to the atmosphere. Errors may be 

introduced through the viscosity of the mercury thread 
in the capillary preventing the meniscus from keeping 

pace if the bubble volume changes rapidly. 

Pressure measurements in a sealed system, introduced by 
Goodridge (84), is the most satisfactory means of 

studying mass transfer rates, because pressure changes 

can be measured with great accuracy and practically 

without time lag. Method d) has the advantage that the 
volume of the rising gas bubble is constant throughout 

the whole rise time, since the compressibility of a 

liquid system is very low. 

In all methods mentioned the interfaolal area of the 
dissolving bubble must be determined from photographs 

and, as Garbarini and Tien (89) have shown, the 
accuracy in estimating the bubble volume history can be 

nullified by the accuracy in the determination of the 

surface area. 
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4.4.2 Effect bubbZe size 

In fig. 4-11 results are given for keq as found by 

several investigators as a function of the equivalent 

radius of t~e bubble. All data refer to co
2
-bubbles 

rising in distilled water, and are related to the 

surface area of the equivalent sphere. Also shown in this 

figure are the theoretical relations as found by 

ourselves and by Lochiel and Calderbank (9) A, the 

relation of Baird and Davidson (8) B, and of Johnson, 

Besik and HamieZec (71) C. 

4.0 r--------,-)------------------~ 

3,0 

* Leonard and ( 13) 

• 
0 

Baird and Davidaan (8) 
2,0 

Lochü;l and Calderbank (9) 

1. 0 
Curves as given in the text 

k xlO'-cm/s teq 

* 
-* 

0 

• • • 

B 

-r
2

,cm 

0.0 
0. I 0. 2 0.4 I • 0 2.0 

Fig. 4-11 Comparison of mass transfer coefficients for 
co2-bubbles being absorbed in water. 

The figure shows that there is no pronounced àecrease of 

k with increasing equivalent diameter as expected from eq 
the theoretical relations. Also the experimental values 

of keq are in general higher than the theoretical values, 

except for the relation as given by Johnson et aZ. 

However, for theoretical reasans as was shown in 4.2, 

Johnson's relation should be rejected. 
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The discrepancy between the theoretica! and experimental 

results for k are generally explained by the fact that eq 
in low viscous liquids ripples exist on the bubble 
surface, which would enhance the mass transfer rate 

because of the increase of the contact area. On the other 

hand this increase will not exceed 5 - 10%, and therefore 

cannot explain the discrepancy for large bubble volumes. 

Since in all mentioned relations in 4.2 the mass transfer 

at the rear of the bubble is neglected, the discrepancy 
can well be explained by a non-negliglble contribution to 

mass transfer at the rear. This contribution in relation 

to the contribution at the front then should increase at 

increasing bubble diameters, which contradiets all 

theoretica! results given in 4.3, that predict 
k ~ d -1/4 
br e • 

In table 4-3 data are given about the circumstances in 

which the mass transfer rates have been measured. This 
table shows that in general the measurements have been 

carried out in columns too small in diameter. This might 

well influence the mass transfer measurements since the 
interfacial velocity at the bubbles surface might be 

higher than expected from the Davies and Taylor relation, 

due to the large decrease in free diameter of the column. 

Furthermore changes in bubble shape can occur, which 
results in an increase of the frontal surface in relation 

to the rear surface. All these phenomena enhance the mass 

transfer rate above the theoretica! value. 

4.4.3 Effeat of visaosity 

The mass transfer coefficient decreases when the 

viscosity of the liquid increases, since the increase of 
viscosity is coupled to a decrease of the diffusion 

coefficient. From the theoretica! relations as given in 
4.2 it follows that k ~ lD~. 
Catderbank et at. (14) have shown that indeed the mass 
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transfer coefficient in high viscous liquids (90.6 and 

99.0% aqueous glycerol) decreases proportionally to ID~ 
when the viscosity is increased. The data could 

approximately be predicted by Boussinesq's relation 
(table 4-2) which gives values about 20% lower than 
Lochiel and Calderbank's relationship. For large bubbles 

in 99% aqueous glycerol solutions, the experimental 

values even fall below Boussinesq's theoretica! curve. 

From this measurements it can be concluded that in high 

viscous liquids the contribution of the rear of the 

bubble in relation to the frontal part decreases. 

However, it must be remarked here, that the shape of the 

bubble as found by Calderbank, is quite different from 

what has been found by Davies and TayZor, in this respect 

that the eccentricity of the bubble decreases strongly 

when the bubble diameter increases. Therefore the rise 

velocity is lower than can be expected and the ratio 

between the frontal and rear areas of the bubble 

increases. From work of Davenport. Richardson and 

8radshaw (17) it fellows that care should be taken which 

~dditive is chosen to raise the liquid viscosity since 

some components only change the Newtonian flow character 

)f the liquid, which in turn might result in a wrong 

interpretation of the results. Davenport et al. used a 
polyvinylalcohol to study viscosity effects on mass 

transfer, and although the viscosity varied from 1 to 
700 cP, the diffusivity of solute rather did not change. 

Furthermore, for some additives it is difficult to 

separate completely the effect of viscosity changes and 

the influence of surface tension effects (4.5). 

4.4.4 The unsteady behaviour 

Although in all theoretica! analyses no time-dependency 

of the mass transfer coefficient was considered, several 

investigators (8, 10, 11, 12, 13, 85, 87, 90) experimen

tally found that keq decreases with the time of contact, 
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mostly becoming constan't at a low value. As an example 

in • 4-12 an experimental result is given as was found 

by Strijdenek and (90). 

3,0,----------------------------. 

2.0 

I, 0 

0.0 
(J 

cm s 

d ~ 0.98 cm 
e 

---time (s) 

0 

Fig. 4-12 Time dependent mass transfer 
from a spheroida bubble 
(Strijdonck Ottengraf 
(90)). 

In table 4-3 a survey is also given of the most recent er 

important investiga~ions of the time-dependency. 

Little agreement exists between the experimental results. 

Both Baird and Davidsen (8), Guthrie and Bradshaw (10). 

Lindt (12) and and Ottengraf (90) found a 

noticeable effect of the contact time on the mass 

transfer coefficient for spherical cap or spheroidal 

bubbles. On the other hand Calderbank and Lochiel (85), 

Deindoerfer and (11), Leonard and ton (13) 

and Koide, Orito and Hara (87) found that only for small 

bubble diameter + 1.2 cm the decay of mass transfer 

with time was noticeable, this effect becoming less rapid 

and pronounced as the bubble size increases. From all 

experimental work it can be concluded that the decay in 

107 



the mass transfer rate only takes place during the first 

5-10 secs after the release of the bubble. 

The mechanisms suggested to explain the time effect will 

b~ discussed in 4.6. 

4. 5 INFLUENCE OF SURFACE ACTIVE AGENTS 

The theoretica! analysis for the mass transfer mechanism 
for spherical cap bubbles, as given in 4.2, is only valid 

for extremely pure liquids. In general, however, mass 

transfer from bubbles will be influenced by the presence 

of surface active agents. 

To discuss the unsteady behaviour of mass transfer during 

the initia! period of rise, it is necessary to understand 
how the mass transfer mechanism is influenced by 
surfactants. A brief review of the literature about this 
phenomenon will be given here. 

The effect of surfactants on the mass transfer mechanism 

of drops and bubbles has extensively been investigated 

experimentally. It was found that smal! amounts of 
surface agents present in tap water reduce the mass 

transfer coefficient considerably below that of distilled 

water, even up to 50%. 
The nature of the apparently additional resistance to 

mass transfer in the presence of surface active agents, 

has been explained in several ways. These explanations 

can be classified either as harrier theories or as 

hydrodynamic theories. The farmer category is based on 
the assumption that surface-active molecules, adsorbed at 

the phase interface farm a kind of harrier which 

interferes with the passage of diffusing solute molecules. 

These theories are now mostly rejected in favour of the 
hydrodynamica! theO!Y· 

From experimental work, especially ofTerjesen and ao

~orkers (79-82) on mass transfer in liquid-liquid 
extraction, it is now generally accepted that the 
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presence of surface active agents in dispersed systems of 

two fluid influences the hydrodynamic conditions 

in the of the interface in such a way, that the 

interfacial fluid velocity is retarded or even stopped. 

Therefore, a reduction of the mass transfer due to the 

presence of surfactants is always coupled to a reduction 

of the terminal velocity of the fluid 

The mechanism underlying the observed reduction in mass 

transfer has been postulated by Levich ( ). He suggested 

that during the rise of the bubble, surfactant molecules 

are dragged to the rear of the bubble The 

resulting concentratien gradient is by an 

interfacial tension gradient which opposes the free 

moving character of the interface. Due to the fact that 

the interface becomes less mobile the flow pattern 

outside the bubble changes, which results in a thickening 

of the boundary layer and therefore in a 

transport coefficient. 

-

Fig. 413 

Behaviour of surface active 
agents near a bubble as 
postulated by Levich (29). 

of the 
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From experiments, (Griffith (101) and Levan and Newman 

(43)) it appears that the surfactants distribute 

themselves in such a way as to farm an immobile cap over 

the rear of the fluid particle, the interfacial velocity 

continuously decreasing from the front stagnation point. 
Ta illustrate this effect in figure 4-14 theoretica! 

profiles of the surfactant concentration~ its gradient 

and the velocity distribution along a bubble surface are 
given as found by Levan and Newman (43). 

~ 
~ 
~ ~ 
~~ 
~·M 
~~ 
~~ 
~ 
~ 

d = 2.2xl0-2 cm e 

U = 3.43xJ0- 2 cm/s 

interfacial surfactant 

concentra~ion 

gradient of the interfacial 

surfactant concentratien 

interfacial velocity 

Fig. 4-14 Illustration of the effect of surface active 
agents on bubble hydrodynamics. 

Only paar theoretica! information is available in 

literature about the influence of surfactants on mass 
transfer from fluid particles. Same roodels are given, but 

these are only valid under special conditions. 

From experiments it is concluded that small amounts of 
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surface active influence the mass transfer mechanism to a 

much larger extent than large amounts, furthermore that 

the effect becomes strenger for small bubbles. 

With respect to mass transfer from spherical cap bubbles, 

we expect that surfactants do nat influence the mass 

transfer mechanism to a large extent. 

As shown in 2.2.3 the rise behaviour of spherical cap 

bubbles is determined by the hydrodynamica! and 

gravitational farces acting on the bubble. Since the rise 

velocity is , the hydrodynamic farces will be high 

compared to surface tension farces, and therefore the 

hydrodynamics will hardly be influenced. This is in 

accordance with the fact that as far as we know, 

experimentally, when surfactants are present, a decrease 

of the rise velocity has never been found nor a in 

bubble shape. Weber (83) has given a model which 

describes the influence of surfactants on the mass 

transfer behaviour of spherical cap bubbles. He assumes 

that the surfactants gather at the bubble rim . 4-15) 

and do influence the hydrodynamics strongly. 

surface active 
agents 

mobile zone 

I 

Fig. 4-15 Weber's (83) model. 

zone 

Apart from the fact that we do not expect that 

surfactants influence the hydrodynamics around a 

spherical cap bubble, we do nat believe that surfactants 

will collect at the front of the bubble but at the base 

of it. This mechanism is supported by our own 

observations, that fine aluminium particles gather 

111 



.at the base of the bubble and only if this region is 

completely filled, a zone with aliminium particles arises 

at the front of the bubble. 

4.6 UNSTEADY BEHAVIOUR, DISCUSSION 

4.6.1 Surface effects 

Most investigators (10, 11, 13, 86, 87) suppose that the 

time-dependency is caused by surface effects. 

The presence of surface active agents, which can hardly 

be prevented even if special precautions are taken to 

avoid them, will retard the interfacial velocity at the 

bubble interface as mentioned in 4.5. Dependent on the 

time required to establish the equilibrium between 

adsorption and desarptien by the liquid flow, the time

dependency will last langer or shorter. Since the bubble 

velocity is low at small bubble diameters and therefore 

the desarptien rate will be low, it can be expected that 

the time-dependency will last langer when the bubble 

diameter decreases. 

Also the hydrodynamica around the bubble will be more 

influenced by the surfactants and therefore.the relative 

decrease of decay will be larger for small bubbles. 

Koide 3 Hara and Orita (87) indeed found such effects. 

For reasans as mentioned in 4.5 it is hardly to expect 

that surfactants lower the mass transfer rate for 

spherical cap bubbles to such a degree as was found by 

Baird and Davidson (8) and Guthrie and Bradsha~ (10). 

The last mentioned investigators explain their results 

using the harrier model, assuming that a thin layer of 

stagnant liquid is present at the interface of the bubble 

which introduces an additional resistance for mass trans

fer. If this theory should be right, the time-influence 

would be dependent on the diffusivity of the solute used. 

Such a dependency never has been measured. All other 

explanations, e.g. introduetion of a electrokinetic 
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potential etc. must bP. rejected referring to 4.5. 

4.6.2 Simultaneous absorption and desorption effects 

If the liquid in which the bubble rises is not completely 

degassed, gas is transferred into the opposite direction 

towards the bubble and accumulates in the bubble. This 

results in a lowering of the driving force for mass 

transfer from the bubble, which is interpreted in the 

measurements as a decrease of keq' since no solute 

concentratien measurements can be carried out in the 

bubble itself. 

Lindt > Beek and Smi th ( 91) suppose that this effect plays 

an important role. For the following reasen we have our 

doubts about this conclusion with respect to spherical 

cap bubbles. Suppose a spherical cap bubble, d
8 

= 3 cm, 

rises in a liquid column, the liquid being completely 

saturated with air. Further we suppose that all the air 

present in the diffusion boundary layer is ~-~nrbed by 

the bubble. 

The absarptien rate of air can then be given as: 

<~>air * 

in which of = diffusion boundary layer thickness, 

following Levich, 

Ub rise velocity of the bubble 

B diameter of the bubble base 

c* equilibrium concentratien of air in water 
a 
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Using the proper data it fellows 

~air 
-7 1 cm3 

~ 8,4 x 10 :~c ~ 0.02 sec 

Time effects take no langer than 10 secs. During that 

period at most 0.2 cm3 air has been absorbed by the 

bubble, which, related to the total bubble volume 

<~ 15 cm3), can be neglected. 

In general little information is given by the different 

investigators about the extent to which the liquid phase 

has been degassed, but mostly special care is taken to 

avoid desarptien of air from the liquid phase. Therefore 

$ . , as calculated by us, will overestimate the actual 
a~r 

$ i • For this reasen we do not believe that the decay of a r 
the mass transfer coefficient up to 50% of the initial 

value can be explained by this phenomena. Also this effect 
can not explain why the mass transfer rate beoomes con

stant after about 10 secs, as was found by several 
investigators, since desarptien of air will occur during 

the whole rise time of the bubble. 

4.6.$ Wake-phenomena 

As was suggested by Baird and Davideon (8) another effect 

might play a role in the mass transfer mechanism. While 

rising spherical cap bubbles are foliowed by a wake. This 

wake may influence the mass transfer rate, if the 

exchange rate of the wake or a part of it with the 
surrounding liquid is comparable to or lower than the 

transfer rate at the rear of the bubble. In that case the 

absarptien rate at the rear decreases as the wake becomes 
saturated. 

From literature (4.3.2) it can be concluded that the 

exchange rate from the bulk to the surrounding liquid is 

very high, and the mass transfer rate at the rear of the 
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bubble is comparable to the transfer rate at the front 

(4.3). Hence, the wake only might play a role in the mass 

transfer process if a zone exists behind the bubble, in 

which the hydrodynamics differ from the overall 

hydrodynamics. tt·le found ( 3. 3) that such a region might 

exist. 

For bubbles having a shape between the spherical cap and 

spheroid, Lindt (12) also assumed the existence of a 

captive wake part, directly at the rear of the bubble. 

Estimating the mass transfer coefficient (4.3.1) he 

concluded that the time-dependency could not be explained 

from this reason alone, but by a combined effect of the 

captive wake and desorption of air. However, Lindt's 

conclusion is based on several uncertain assumptions 

about the liquid flow pattern in the wake, which might 

have influenced the result. 

To check the captive wake mechanism more information must 

be available about the mass transfer coefficient at the 

rear of the bubble. 

Furthermore it is remarkable that Calderbank et al. (14) 

working in extremely pure and degassed liquids did not 

measure a noticeable effect of time on the mass transfer 

rate. If this mechanism determines the unsteady behaviour, 

time dependency always should occur, unless the captive 

wake develops only when surfactants are present. 

4.6.4 Hydrodynamic effects 

Other effects, related to the bubble behaviour directly 

after the release of the bubble, might play a role as 

well. 

During a short period after the release, the bubble will 

not be stable from a hydrodynamic point of view. The 

geometry of the bubble will change and rapid local 

changes in bubble shape, which are introduced by the 

release mechanism, can occur. Also the wake develops in 

this period of time. 
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Eq. (4-38) shows how the total mass transfer rate is 

affected by the contributions of the front and rear of 

the bubble. 

(4-38) 

-Changes in the bubble geometry affect the ratio Abf/~r 
in such a way that with time this ratio beoomes smaller. 

If kb < kbf this results in a decrease of k .A q· r - eq e 
-Rapid local changes in bubble shape might cause high 

local turbulences, which results also in a decrease of 

kbf and kbr with time, and therefore of keq'Aeq' 
-On the other hand during the development of the wake, 

the flow pattern in it will change from laminar to tur

bulent, which is accompanied by an increase of kbr with 

time. This results in an increase of keq'Aeq as a func
tion of time. 

We expect the hydrodynamic effects to be small and of 

short duration. Nevertheless the measurements will 
certainly be influenced by them. 

4.7 GENERAL CONCLUSIONS 

1. Hass transfer at the. front öf a spherical cap bubble 

can reasonably well be predicted from the convective 
diffusion equation, assuming potentlal flow to exist 
outside the bubble. 

2. Mass transfer from the rear of a spherical cap bubble 
is as yet theoretically unclear. 
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Bath Calderbank's et al. (14) and Brignell's (78) 

model can only be applied for laminar flow conditlans 

in tbe wake. The hydrodynamica of the wake as supposed 



in Lindt's model does not agree with our observations 

for wake flow behind a spherical cap bubble. 

3. The mass transfer rate from the bulk of a turbulent 

wake to the surrounding liquid is so high, that it 

cannot be expected to influence the mass transfer rate 
from the bubble. 

4. Mass transfer from spherical cap bubbles in general 

have been measured in columns, too small in diameter. 

5. The time-dependency of the total mass transfer 

coefficient is as yet unclear. 

6. It is unlikely that surface active agents or 

simultaneous desorption and adsorption influence mass 

transfer from spherical cap bubbles to a great extent. 

7. Hardly any information is available about the role 

which the wake may play in the mass transfer process. 

8. From experimental data, it appears that mass transfer 

from the rear of the bubble beoomes more important at 

increasing bubble diameters. 

9. It is desirable to have an experimental technique to 

measure the mass transfer rates at the front and the 

rear of a spherical cap bubhle 
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CHAPTER 5 

MASS TRANSFER FROM SPHERICAL CAP BUBBLES 

EXPERIMENTAL PROCEDURE AND RESULTS 

5.1 EXPERIMENTAL PROCEDURE 

Mass transfer measurements have been carried out for 

tubbles in water, de-ionized water and a water-glycerin 

salution (~ = 8.2 cP) using the artificial bubble tech

nique described in 3.1. 

There are several advantages of this technique above those 

mentioned in 4.3, namely: 

1. It is possible to study the mass transfer process over 

an extended period of time. 

2. A stationary bubble permits visual measurements. 

3. Photographic equipment can he mounted permanently to 

take pictures at small time intervals. 

4. Continuous and direct information can be obtained about 

the concentratien of the transferring component both in 

the gas phase and in the wake, and under both steady 

and unsteady state conditions. 

5. Inside the stationary-held bubble the pressure is 

constant and by using the proper sampling technique the 

bubble volume can be kept constant. 

6. The flow conditions around the bubble do not change 
during the measurements. 

7. It is not necessary to degas the liquid. 

Of course no information can be obtained about the in

fluence of the hydrodynamica on the mass transfer directly 
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after release of the bubble, as mentioned in 4.6.4. 

The solute must fulfil the following requirements: 

l. The gas must be continuously detectable in the gas 

phase and detectable in the liquirl phase. 

2. The gas must be easily soluble in the liquid phase, 

otherwise difficulties arise to obtain quantitative 

information about the solute concentratien in the wake. 

As solute we have chosen acetylene, 99.8% pure, the re

maining 0.2% consisting for 99.9% of ethylene. The solu

bility of ethylene is much smaller than the solubility of 

acetylene, so that influence of transferred ethylene in 

our measurements could be neglected. 

Fig. 5-1 shows the experimental set-up, schematically. 

7 

8 
11 

4 

7 
4 

1 0 

9 

1. acetylene cylinder, 2. air cylinder, 3. flow 
meters, 4. valves, 5. pressure reducers, 6. pres
sure vessels, 7. manometers, 8. inlet capillary, 
9. inlet capillary air, 10. sample capillary to 
flame ionization detector, 11. artificial bubble 

Fig. 5-1 Experimental set-up, mass transfer measurements. 
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An acetylene-air mixture was fed continuously through a 

capillary tube to the bubble. From the bubble a sample was 

continuously drawn through an identical capillary and led 

to an analyzer. The pressure differences over the two 

capillaries were the same and therefore the volumetrie flow 

rates through them must have been the same. In this way 

· the bubble volume was kept nearly constant. The liquid 

velocity in the watertunnel was adjusted after equilibrium 

had been established between the in- and outflows. Bubble 

volumes and the interfacial areas were determined from 

shadowphotographs. 
By measuring the acetylene concentratien in the bubble 

under steady state conditions and with known geometry, 

data were obtained about the total mass transfer rate. 

To get information about the time-dependency of the trans

fer rate, the acetylene-air mixture flow was stopped after 

steady conditions had been reached, and pure air was 

supplied instead. The flow rate was chosen in such a way 

that also now the bubble volume was kept constant. The 

fall in acetylene concentratien was measured as a function 

of time. The instantaneous mass transfer coefficient can 

be calculated from this response curve. Before starting an 

experiment enough time was taken to establish physical 

equilibrium between the bubble and surrounding liquid. 

With respect to the detection technique the requirements 

are: 

1. ·The sample device must not influence the hydrodynamic 

behaviour of the bubble and the wake. 

2. The sample must be small. 

3. For unsteady measurements the dispersion of the sample 

in the conneetion line to the analyzing equipment must 

be as low as possible. 

As detection m~thod we have chosen the gas flame ionisat

ion analyser. The analysers based on this principle have 

a very small measuring chamber, so that the samples can 
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also be small. The analyser was connected with the gas 

bubble in the tunnel by a capillary tube; gas was trans

ported under influence of the pressure difference between 

the detection chamber and the gas bubble (about 0.22 ato). 

Mixing in the capillary can influence the measurements 

under dynamic conditions. However, as shown by Tay~oP 

(102)J laminar flow through capillary tubescan be regard

ed as plug flow with axial dispersion, if: 

where 'd 
Rt 
ID 

The axial 

1 
48 

the mean 

radius of 

diffusion 

dispersion 

residence time in the detection line. 

the capillary tube. 

coefficient of acetylene in air. 

coefficient, E ax' is then given by: 

-in which: u the average velocity in the capillary tube. 

The standard deviation at in the expected residence time 

distribution is then given by: 

( 

2E ~ 

Ld:~) = 

where: L
0 

= length of the capillary tube. 

We used capillary diameters of 0.02 cm, having a length 

of 320 cm, Qu being 0.04 cm3 /s, so (-rd.ID/Rt
2
)= 2500 and 

at/Td ~ 1/250. 
This value is low compared to the time effects that can be 

expected. Furthermore, precautions were taken to prevent 

dead corners in the sampling line. 
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All attempts to detect continuously acetylene in the li

quid phase failed. Small samples were therefore drawn from 

the ,.rake at regular time intervals and analysed in a gas 

chromatograph using a packed Porapak Q-column. 

5. 2 STRATEGY 

It is the aim of this part of this study to find out to 

what extent the bubble rear contributes to the total mass 

transfer rate and if the wake or a part of it can exert a 

noticeable time effect on the mass transfer behaviour of 

spherical cap bubbles. 

From literature we know that it is most unlikely that the 

bulk of the wake has a buffering function, but it was 

suggested (Lindt (12)) that a small captive wake directly 

behind the bubble rear might play an important role in the 

mass transfer process. From our observations of the liquid 

flow behaviour in the wake it was concluded that such a 

captive wake might well exist. For these reasons we start 

from a mass transfer mechanism as schematically given in 
figure 5-2. 

\ 
\ 

\. / 

I 

I 

wake 

Fig. 5-2 Mass transfer mechanism for a 
spherical cap bubble. 

A spherical cap bubble is followed by a "closed" turbulent 

wake, of which a small part directly behind the bubble 
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rear has a capacitive function. Mass transfer takes place 

from the front of the bubble (k1 , A1), from the rear of 

the bubble to the captive wake (k 2 , A2) and from here into 

the bulk of the wake (k3 , A3). 

According as the thickness 6 of the captive wake is lar-c 
ger as well as the ratio of the mass transfer coefficients 

k2 and k 3, the time effect will be more pronounced. 

Assuming that the captive wake has a uniform thickness, 

the interfacial areas can be estimated from visual obser

vations. Unknown parameters then are k 1 , k 2 , k 3 and óc. 

To obtain information about k 2 and k3 , a part of the 

bubble must be screened from mass transfer. All mechanica! 

methods to screen the bubble rear completely failed. It 

was found, however, that partly screening of the rear 

could be obtained by aluminium particles. For this purpose 

Al-powder (Merck 1056) was injected in the liquid directly 

bebind the bubble rear. The powder was taken upward and 

due to its hydrophobic properties, the powder gathered at 

the bubble floor. When an increasing amount of Al-powder 

was added, first the interface between the bubble and wake 

was completely filled, after that also parts of the frontal 

surface, as figure 5-3 shows schematically. 

Fig. 5-3 Illustration of the behaviour 
of Al-powder. 

The addition of powder was stopped after the bubble-wake 

interface was cornpletely filled, which could easily be 

observed, since at that moment the Al-powder ceased to be 

free moving. 
By means of this technique, however, we introduce a new 

unknown parameter, narnely the screening factor S, which 
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measures the reduction in mass transfer from the rear due 

to the presence of Al-powder. To determine this parameter 

two methods were used: 

1. The effect of the presence of Al-powder on mass trans

fer from a gas-pocket into a well-stirred vessel was 

measured. The results of these measurements showed that 

the screening effect was strongly influenced by the 

hydrodynamic conditions in the well-stirred vessel. 

Therefore we have ohosen metbod 2. 

2. The screening effect was measured on gas bubbles whose 

frontal part was completely screened from the oncoming 

liquid by means of a metallic cap. 
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Although now the frontal surface of the bubble is im

mobile, a wake develops (see appendix III) whose hydro

dynamica are similar to the hydrodynamica behind a real 
floating spherical cap bubble. Of course the liquid 

velocity then has to be chosen appropriately which 
means that it is equal to the rise veloeities of the 

bubbles investigated. In this way both the decrease of 

the interface across which mass transfer takes place is 

measured as well as any influence of the presence of 

the aluminium powder on the hydrodynamic conditions 
close to the bubble rear. The screening factor was 
determined by oomparing the mass transfer rate from the 

bubble under the metallic cap with and without Al-powder 

present. S is then given by: 

s 

mass transfer product per unit of solute 

Al-powder absent. 

mass transfer product per unit of solute 

Al-powder present. 



However, since we assumed a captive wake to be present 

behind the real floating bubble, a captive wake must also 

be expected behind the metallic cap. And three new unknown 

parameters are introduced: 

in which the index refers to measurements on bubbles held 

under the metallic cap. 

It has already been stated befare that the hydrodynamics 

behind the metallic capare similar to the hydrodynamics in 

the bubble wake, therefore it may also be assumed that: 

k' 2 k 
2,bubble 

k' 
3 k 3,bubble 

0 I 0 c,bubble c 

Afterwards this assumption will be proved to be correct. 

The unknown parameters then are now: 

Four series of experiments were carried out: 

1. bubbles held stationary under the metallic cap, 

2. bubbles held stationary under the metallic cap with 

screened bubble rear, 

3. artificial bubbles, 

4. artificial bubbles with screened bubble rear. 

From these experiments the total mass transfer rates and 

information about the time effect are obtained. 

The values for k
1

, k
2

, k
3 

and Scan now be determined by 

means of curve fitting. 
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5.3 PRINCIPLESOF THE ELABORATION METBOD 

To evaluate the transfer coefficients for mass transfer 

from the bubble to the liquid phase from the gas concen

tratien measurements in the bubble as described in 5.1, 

some assumptions are necessary: 

1. the gas circulation rate in the bubble is so high that 
the acetylene concentratien throughout the bubble is 

uniform, 

2. the concentratien of acetylene at the bubble interface 

can be calculated from Henry's Law, 

3. aluminium powder does not adsorb acetylene, 

4. the solute concentratien in that part of the wake which 

has a buffering function (= captive wake) is uniform, 

5. the bulk of the wake is free of solute (will be checked 
later), 

6. the captive wake has a uniform thickness, so A2 = A3• 

Regarding a spherical cap bubble accompanied by a captive 

wake, whose volume is unknown, the mass balance during an 

experiment can be written as (see also figure 5-4): 

Fig. 5-4 Mass transfer measurement 
mechanism. 

under steady conditions: 
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under unsteady conditions: 

for the bubble; 

(5-3) 

for the captive wake: 

(5--n 

Similar equations can be derived when the bubble rear is 

screened with aluminium powder. The terms k 2A2 then are 

replaced by (1-S) (k 2A2). 

Steady state measurements have only been used to demon

strate the contribution of the rear of the bubble in re

lation to the total mass transfer rate. In these cases the 

mass transfer coefficient is related to the surface area 

of the equivalent sphere, being defined as: 

in which 1 1 
k-+-k. 

2 3 

Unsteady state measurements have been worked out by 

solving eq. (5-3) and (5-4) . 

Substituting eq. (5-4) into eq. (5-3) results in: 

( 5-5) 

(5-6) 
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A secend order differential equation v.rhich can easily be 

solved using the initial conditions: 

t = 0 

t = 0 
dCC = 0 
dt 

The general solution is given by: 

in which 

and 

-À = 
2 

(5-7) 

(5-8) 

(5-9) 

Rearranging the initial conditions with eq. (5-4) and 
(5-3) results in: 

a + b = 1 

(5-11) 
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and a and b can be determined, and are complicated funct

ions of the parameters used. Since, as will be shown 

later, it is nat necessary to know the value of a and b, 

these functions will nat be given here. 

The solute concentratien in the bubble as function of time 

in case when aluminium powder is present,is given by the 

same equation as mentioned under eq. (5-8). Now in À1 and 

À2 all terms k 2A2 are replaced by (l-S)k
2

A2 . 

The basic equations given in eq. (5-3) and (5-4) can be 

worked out further for some special cases: 

1. A1 = 0; 

the front of the bubble is completely screened from 

mass transfer, as it was during the experiments in 

which the screening factor of aluminium powder was 

determined. 

The bubble concentration is then given by: 

-À't 
a' e 1 (5-12) 

in which: 

and 

(k'A ) 2ml~ 
+ 2 ~ (5-14} 

vc b 
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a' and h' can he determined from 

a' + h' = 1 (5-15) 

and 

À'a' + À'b' 
1 2 

2 • v c = 0 or V c = oo ; 

everywhere around the huhhle the solute concentration 

is zero. 

The huhble concentration is now given by: 

-À"t = a".e 

in which -À" = 

and a" = 1 

k 1A1m + k;A2m + Qu 

vh 

(5-16) 

(5-17) 

For these special cases the given equations can he 

transformed again to describe the mass transfer process 

when aluminium powder is present, by replacing k2A2 by 

(1-S)k2A2 • 

To estimate the time-dependenee due to the presence of the 

captive wake, we consider a spherical cap huhhle of a 
·constant size, held stationary in a liquid flow, the 

solute concentration in the hubhle is kept constant from 
the time t = 0, and we assume that the solute concentrat

ion in the captive wake is uniform. The mass halance over 

the captive wake can he written as: 

(5-18) 
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The initial condition is given by: t 0, Cc = o. Eq. 

(5-18) can easily be solved, the salution is given by: 

c k2A2 (1 -t/ 'c) c 

* k2A2 + k3A2 
- e 

c 
(5-19) 

V 
in which c 

T 
k2A2 + k3A2 c (5-20) 

The overall mass transfer rate from the bubble now can be 

described using the following relation: 

<jl. 
total 

(5-21) 

k being the time-dependent total mass transfer coeffi
T 

cient. Substituting eq. (5-19) into (5-21} results in: 

It follows from ( 5-19) that for t =(X! and t 0 

and 

so 

klAl + k2A2 

(Al + A2) 

(5-22} 

(5-23) 

(5-24} 

(5-25) 
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For spherical cap bubbles em = 50° and therefore 

A
2 

= 0.7 A1 • 

Rearranging eq.(5-25) we obtain: 

- 0.7 

(5-26) 

When k
1

, k
2 

and k 3 are known, the maximum time-effect in 

kT can be evaluated from this formulae. 

5.4 EXPERIMENTAL RESULTS 

5.4.1 Transfer from the wake to the surrounding Ziquid 

Pulse ink injections in the centre of the wake show that 

the overall liquid flow there is directed upward. The 

ink flows further along the rear of the bubble and after 

that downward again along the interface between the wake 

and surrounding liquid. Here the exchange rate is rather 

high. 
At the rear stagnation point of the wake the exchange rate 

becomes extremely high. All ink has been exchanged within 

one circulation period. The overall circulation rate is 

high compared to the exchange velocity inside the wake, 

so the ink cannot be spread out over the total wake volume 

before it has been exchanged. 

Ink injections directly under the bubble rear show that, 

as has already been mentioned when discussing the flow 

pattern photographs (3.3), behind the bubble a zone of 

about 0.1 cm thickness might exist in which the exchange 

rate is low compared to the overall exchange rate. Only 

global quantitative data about the mass transfer rate 

could be obtained, since the ink concentratien was not 

uniform throughout the wake. These measurements show that 
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per second about ~ of the wake volume is refreshed. 

Another approach was tried during the mass transfer 

measurements from the bubble, small samples were drawn 

from the wake at regular time intervals and analyzed for 

acetylene content. Even if a pure acetylene bubble was 

used we could not detect any acetylene present in the wake 

irrespective of the position at which the sample was taken. 

From these experiments we eonclude that the bulk the 

wake does not have a capaeitive funetion and only the 

small zone immediately behind the bubble might have an 

ct. 

5.4.2 Mass transfer data for bubbles in water 

5.4.2.1 ~è§ê_~~è~§~~~-~~9~-~~~~!~ê_h~!~_§!è!!9~è~Y-~g~~~ 

è-~~!:èH!s:_S:ê:E 

In figure 5-5 examples are given of experimental results 

for measurements invalving the screening effect of Al

powder. The measured fall of the solute concentratien with 

time is presented here as Cb/Cbo versus -l/Cb0~(dCb/dt}. 

150 

100 

50 

0 

• without Al 
with Al 

~~---L------~---···~----~~--~~ cb/cbo 
0 0.2 0.4 0.6 0.8 1.0 

Fig. 5-5 Experimental results of mass transfer measure
ments for bubbles held under the metallic cap. 

In the tables 5-1 and 5-2 the appropriate bubble para

meters are given: 
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Table 5-1 Mass transfer measurements. Experimen
. tal re sul ts for bubbles under a metall· 

ie cap, without Al-powder 

I I 

vb A . A2 À10 
(cm3) 

12 2 (s -1) (cm ) (cm ) 

20.9 - 20.4 0.0131 
18.9 - 18.6 0.0129 
17.9 - 18.5 0.0141 

Table 5-2 Mass transfer measurements. Experimen
tal results for bubbles under a metall! 
ie cap, without Al-powder 

vb Al A2 À I 
1a 

(cm3) (cm2) (cm2) (s-1) 

20.3 0.9 19.4 0.0089 
23.1 5.1 21.9 0.0069 
22.7 6.7 21.0 0.0079 
17.7 1.8 19.0 0.0082 
19.7 2.2 20.2 0.0079 
15.9 - 18.0 0.0087 

In some of the experiments in which Al-powder was present 

we could not prevent a small amount of gas from appearing 

under the rim of the metallic cap. This means that during 

the measurements also mass transfer took place across a 

small part of the frontal surface of the bubble. To esti

mate the contribution of this part of the bubble, the mass 

transfer coefficient for the bubble front was calculated 

from the theoretica! equation given in eq.(4-21), and the 

measured values for the mass transfer rate were corrected. 

All experimental data show that hardly any time-effect can 

be detected, since -1/Cb
0

x(dCb/dt) versus Cb/Cbo is a 

nearly linear function. From examinatien of eq.(S-13) and 

(5-14) it can be seen that indeed if it is assumed that k2 
and k3 are of the same order of magnitude as k1 , and o

0 
= 

0.1 cm, as found from visual observations of the ink 
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injections, it fellows that: 

À I < < À I 
:1 2 and a' << b' 

This means that the secend term in eq. (5-8) only contri

butes in the very beginning after the acetylene flow has 

been stopped (about 6 - 10 secs). After this period 

Cb/Cbo is a linear function of 1/Cb
0

M(dCb/dt) as follows 

from: 

-À1· t 
a.e 

For the case that the bubble rear is not screened from 

mass transfer -1/CbM(dCb/dt) À1o' while with Al-powder 

present -1/CbM(dCb/dt) = À1a· 

À1o and À1a are given by: 

and 

-À' 
1a 

[(

(1-S' )k~~ + ~ _ 

2Vb 

(5-27) 

(5-28) 
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In the tables 5-1 and 5-2 the results for À1o and À1a are 

also listed. 

We still have four unknown parameters: kz, kj, o~ and S'. 

If assurnptions are made about o~ (e.g. êc = 0.1 cm), and 

about the ratio k2/kj (e.g. 1), S', k2 and kj can be 

calculated. This, however, will be postponed to the dis

cussion 5.4.2.3. 

Figure 5-6 presents examples of mass transfer measure

ments on artificial bubbles, with and without aluminium 

powder being present. 

350 

300 

250 

200 

150 

100 

50 

0 

0 0.2 0.4 

• without Al 
wi th Al -

0.6 0.8 

Fig. 5-6 Experimental results of maas transfer measure
ments for artificial bubbles. 

From these curves it can be concluded again that the time 

dependency of the mass transfer rate is very small and the 

second term in eq. (5-8) can be neglected (see also 5.4.2.1). 

eb as a function of time after 6 - 10 secs can be given 
by: 
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For the case the bubble rear is free of Al-powder 

-1/CbM. (dCb/dt) 

-1/CbM.(dCb/dt) 
À10 , for Al-powder being present 

"1 a· 

À10 and À1a are now given by: 

(5-29) 

and 

-À 
1a 

(5-30} 

In the tables 5-3 and 5-4 the individual results of the 

mass transfer measurements and the appropriate bubble 

parameters are given. 

Since the final results of the measurements under 

state conditions and under unsteady state conditions were 

the same, only results are given for unsteady state 

measurements. 
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Table 5-3 Mass transfer measurements. Experimental 
results for artificial bubbles, without 
Al-powder 

vb Al A2 À1o keq 
(cm3 ) (cm2 ) (cm2 ) (s-1) (cm/s) 

54 62 50 0.0350 0.024 
50 59 47 0.0284 0.019 
66 70 55 0.0299 0.022 
73 75 59 0.0316 0.024 
63 68 53 0.0306 0.023 
64 69 54 0.0310 0.023 
60 64 50 0.0311 0.022 
65 69 53 0.0324 0.024 
57 64 50 0.0299 0.021 
61 67 53 0.0293 0.021 

Table 5-4 Mass transfer measurements. Experimental 
results for artificial bubbles,with Al-powder 

vb Al A2 À1 a keq 
(cm3) (cm2 ) (cm2 ) (s-1) (cm/s) 

86 81 60 0.0230 0.0186 
94 86 64 0.0248 0.0207 
42 51 40 0.0301 0.0184 
57 64 51 0.0274 0.0187 
73 72 61 0.0260 0.0194 
76 68 52 0.0261 0.0197 
65 70 57 0.0253 0.0182 

a) Camparisen with literature 

From t.10 and t. 1 a the total mass transfer coefficient for 

the bubble related to the area of the equivalent sphere 

can be calculated using: 
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and 

k eq,Al 
(5-32) 

It is then assurned that no captive wake is present, 

k2/k3 = 0. The results are given in the tables 5-3 and 

5-4. From our experiments it fellows that for the small 

bubble diameter range we have worked with, the mass 

transfer coefficient is independent of the bubble size. 

The average values are: 

k = 0.0225 + 0.0007 cm/s eq,o 

k 0.0191 + 0.0009 cm/s eq,Al 

Since: 

k - k eq,o eq,Al 

A
2

/Aeq = 0. 72 for Sm 50° and S = 0. 51 (which fellows 

from the data given in 5.4.2.1 for k 2/k3 = 0); it fellows 

that: 

k - k eq,o eq,Al 
* = 0.36 k2 

These results show that k agrees well with results of 
eq~o 

other investigators (fig. 4-11), and confirm that the mass 

transfer rate from the rear of the bubble eannot be 

negleeted. 
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b) Calculation of the separate mass transfer coefficients 

As stated under a) we found that k and k Al are eq,o eq, 
independent of de. On the other hand, as follows from 

eqs. (5-31) and (5-32) the individual values for À10 and 

À1 are dependent on d • a e 
From the average values of k 0 and k Al' however, the eq, eq, 
pertinent values of À10 and À1a can be calculated for a 
so-called average or reference bubble for which we choose 

a bubble the geometry of which is given by the following 

data: 

d = 4.9 cm Al 68 cm2 
e 

a = 53° A2 = A3 = 55 cm2 
m 

cm3 
vb = 62 

Furthermore we used: 

k eq,o 0.0225 cm/2 
k eq,Al = 0.0191 cm/s 

Qu 0.0497 cm3/s 
m 1.13 

For x1o and x1a it then follows: 

x1o = 0.0312 -1 s 

x1a = 0.0266 s-1 

As pointed out in 5,2 on basis of the consideration that 

the hydrodynamica behind the bubbles held under the metal

lic cap and the artificial bubbles are similar, we assume 

that k2 = k2, k3 =kj oe= o~ and S = S'. So we have 
four series of experiments and five unknown parameters 

viz. the four mentioned and k1 • Besides we have informat

ion about the time effects from our experiments. 
With the relations mentioned under eqs. (5-27) - (5-30) 

k 1 , k2 , k3 and S were calculated by means of atrialand 
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error method. From the values found the theoretical time 

effects were calculated using eq(5-26) and (5-20), in 

which now the parameters of the "reference" bubble were 

substituted: 

kTo {:; + 0.73} r3 + 1} k2 

kToo 
= 

r1 lk3 + + 0. 73 J 1} - 0.73 
k2 k2 

(5-33) 

and 

T 
c ( 5-34) 

Two methods were followed in the examinatien of the expe

rimental results: 

1. The thickness of the captive wake was ebasen as found 

from the ink injections: oe 
k2/k3 was varied. 

0.1 cmi while the ratio 

The values for k1 , k 2 , k3 , S, Tc and kT
0

/kToo were 

determined. The results are given in fig. 5-7. 

2. The thickness of the captive wake was varied while now 

the ratio k2/k3 was ebasen to be constant: k2;k3 = 1. 

The reason for this approach is explained by the fact 

that it is doubtful whether our visual observation of 

the thickness of the captive wake is reliable, since, 

as already stated in 2.3, it is very difficult to 

interpret ink injections well. Furthermore, it can be 

argued that k 2 and k 3 must be of the same order of 

magnitude. The only reason namely for the existence of 

a captive wake lies in the fact that the hydrodynamic 

conditions in it differ from the remainder of the wake. 

The mass transfer coefficients for the captive wake 

are given by: 
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1 

={k2,inside 
1 + 1 

side} kz captive wake m.k2,gas bubble 

1 

={k3,inside 
1 

+ k 
1 

the wake } k3 captive wake 3,bulk of 

Both inside the gas bubble and in the bulk of the wake, 

the resistánces to mass transport are negligible since 

the gas circulation rate inside the bubble is high and 

also the turbulence intensity in the bulk of the wake. 

So the resistance to mass transfer must be located 

inside the captive wake and is determined by the hydra

dynarnies there. For a "roll-cell" liquid flow model 

inside the captive wake, as suggested by Lindt (12), 

no difference exists for the flow conditions between 

the upper and lower part of the captive wake and 

therefore k 2 ~ k3 • 

In fig.S-8 the results of these calculations are given. 

From figures 5-7 and 5-8 it clearly follows that there is 

no doubt about the value of the mass transfer coefficient 

for the front of the bubble, this being l.?xl0-
2 cm/s, 

which agrees weZZ with the theoretical value for kbf as 

predicted fr>om eq(4-23), from which is found kbf ~ 
1.55xl0-2 cm/s. 

The small difference between the theoretica! and experi

mental value is probably caused by the fact that ripples 

exist on the frontal part of a spherical cap bubble in 

water, which increase the surface area of the front of 

the bubble slightly. 

From the curves of kT
0

/kToo and Tc versus 6c and k 2!k 3 it 
follows further that since no significant time effect 

could be detected in our e~periments, the e~perimental 

results can only be e~plained either with 6c + 0 or 
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k 2!k 3 + 0~ which means that no captive wake is present 

behind a spherioat aap bubbte. 

The value for the mass transfer ooeffioient at the rear 

of the bubbte is found to be: 

1 k * • 2 

which means that about 30% the mass transfer at a 

spherioat cap bubble takes ptaoe at the bubble rear. 

In fig.5-8 also the results for k2 are presented. Assum

ing that k 2 = k2 it would follow that oe = 0.025 cm. 

However, the corresponding values for kT /kT and T are 
0 00 c 

much larger than found in our experiments. The discrepancy 

between k 2 and k2 for oe 0 is certainly within the in

accuracy of our experiments, and hence a negligible value 

of oe seems to be in accordance with our experiments and 

with our assumption that the hydrodynamics behind a bubble 

held under a metallic cap are similar to the hydrodynamics 

behind an artificial bubble. 

5.4.3 Mass transfer data for bubbles in de-ionized water 

To check whether or not surface active agents present in 

tap water can influence the mass transfer rate to a large 

extent 1 experiments were carried out with bubbles held 

stationary in de-ionized 

ties present in the bulk 

stantially influencé the 

cap bubble (4.5). 

The results of the 

water. Any surface active impuri

would therefore not sub

hydrodynamics of the spherical 

are listed in table 5-5, 

and since again we found no significant time effect, the 

experiments were worked out assuming that no captive wake 

is present. 
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Table 5-5 Mass transfer measurements. Experimental 
results fbr artificial bubbles in de-ionized 
water 

vb hl A2 A" keq 
(cm3) (cm2) (cm2 l (s-1) (cm/s) 

49 57 44 0.0292 0.019 
44 53 40 0.0295 0.018 
52 61 48 0.0313 0.021 
48 57 45 0.0284 0.018 
43 53 41 0.0306 0.019 

As the results show keq appears to be lower than for 

bubbles rising in tap water, the average value is: 

keq = 0.019 + 0.01 cm/s 

This discrepancy is probably caused by the fact that in 

de-ionized water less ripples exist on the frontal sur

face which results in a decrease of the contact surface 

area. This phenomenon was observed during our experiments. 

The reason for the disappearance of the ripples might be 

that de-ionized water contains small quantities of poly
electrolytes, as shown by Ray~eigh (119). 

From the difference between the experimental value for 

kbf (kbf = 0.017 cm/s) and the theoretica! value (kbf = 

0.0155 cm/s) the increase of the frontal surface area due 

to ripples, can roughly be estimated, and appears to be 

about 10%. If the mass transfer data, asfound in 5.4.2.2, 

are corrected for the ripples effect (see eq.(4-37), the 

value for the total mass transfer coefficient falls down 

to keq~ 0.020 cm/s. This value agrees well with our 
experimental results. 

Forthese reasonswe believe that surface-active agente 

present in tap water do not influence the mass transfer 

behaviour from a spherical cap bubble ~argely~ and their 

presence cannot exp~ain the time effects as reported in 

Ziteratur~. 
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5.4.4 Mass transfer data for bubbZes in a gZycerin-water 

soZution (~ = 8.2 cP) 

To study the mass transfer behaviour in relation to the 

Reynolds number of the bubble, the mass transfer rate was 

determined for bubbles in a glycerin-water solution. As 

in 5.4.3 tlle results were worked out assuming that a cap

tive wake is absent, since again no time effect was 

measured. 

Tables 5-6 and 5-7 give the results. 

Table 5-6 Mass transfer measurements. Experimental 
results for artificial bubbles in a glycerin 
water solution. ~=8.2 cP, Al-powder absent 

vb Al A2 À" k 
0 eq,o 

(cm3) (cm2 ) (cm2) (s-1) (cm/s) 

21 32 24 0.0132 0.0049 
30 41 31 0.0119 0.0052 
49 58 47 0.0098 0.0053 
35 45 34 0.0107 0.0057 
41 52 42 0.0103 0.0045 
42 51 39 0.0103 0.0052 
50 59 46 0.0098 0.0054 
51 59 46 0.0093 0.0051 

Table 5-7 Mass transfer measurements. Experimental 
results for artificial bubbles in a glycerin 
water solution. ~=8.2 cP, Al-powder present 

vb Al A2 À" k eq,Al a 
(cm3 ) 2 2 (s-l) (cm ) (cm ) (cm/s) 

51 58 44 0.0089 0.0048 
53 60 46 0.0090 0.0050 
55 63 49 0.0090 0.0051 
63 70 55 0.0094 0.0050 
57 66 52 0.0090 0.0051 
52 59 46 0.0083 0.0045 

The screening factor S was determined also here from 

experiments in which the bubble was held under a metallic 

cap under the assumption that there was no captive wake 

present. 
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The equilibrium constant for acetylene in the glycerin

water solution, m, was determined in separate experiments. 

We found: S = 0.47 and m = 1.26. 

The mass transfer coefficients were calculated from: 

À" 
0 

and 

(klA1 + k2A2)m + Qu 

vb 

The average values are: ~~ 
s-1 which results in: 

k1 0.0052 + 0.0006 cm/s 

k2 0.0008 + 0.0006 cm/s 

0.0118 s-1 and 1~ = 0.0089 

Although the possible errors in the mase transfer aoef

fiaients aould be relatively large~ it appears that in 

visaous liquide the aontribution to maas transfer at the 

rear of the bubbZe in relation to the frontaZ part, is 

muah Zess significant than in water. 

Since we have not measured the diffusion coefficient of 

acetylene in the glycerin-water salution ourselves, the 

diffusion coefficient was calculated from k1 using eq. 

(4-23), and compared with the data following from the 

semi-empirica! relation of Ratalift and Holdaraft (103). 

This relation prediets the gas-liquid diffusion coeffi

cient from the physical properties of the gas and liquid. 

Our results give: 
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]) 
-6 2 

1. 8 M 10 cm /s 

RatcZiff and Rolderaft's relation gives: 

]) 
-6 2 1.53 M 10 cm /s 

The agreement between these values is reasonable. 
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CHAPTER 6 

MODEL TO DESCRIBE MASS TRANSFER AT THE 

REAR OF A SPHERICAL CAP BUBBLE 

So far experimental results for mass transfer at the rear 

of the bubble have been discuseed from the point of view 

that a captive wake should exist directly behind the rear 

of the bubble. In section 5.4 we concluded that the in

fluence of such a captive wake should be noticeable and 

since no time-dependency was found, the existence of such 
a captive wake is most unlikely. 

All theories to predict the mass transfer coefficient at 

the rear of the bubble, given in 4.3, which make use of 

the diffusion boundary layer concept, fail in the aspect 

that the mass transfer coefficient should be proportionate 

tod;~ while from experimental results in literature,which 

correspond well with our results, it appears that kbr in
creases at increasing bubble diameters. 

In section 3.2.2 flow in the closed wake region behind a 

spherical cap bubble is described as circulation flow, 

while at increasing Re-numbers the circulation pattern is 

more and more disturbed by superposition of turbulence on 

it. Therefore we suggest that the mechanism of mass trans

fer at the rear of a spherical cap bubble is determined by 

the renewal of surface at the bubble rear due to the smal! 

scale eddies in the turbulent field rather than by any 

gross mean liquid flow pattern. 

Such phenomena were also observed for: 

-mass transfer from bubbles rising in a turbulent liquid 

flow (Lamont and Soott (93)). 

-mass tr~nsfer at open channel flow (FoPtesoue and Peap-
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son (104), Prasher (105), Banerjee, Saott and Rhodes 

(106)). 

-mass tranfer between two liquid phases (BuZióka and 

Pro<!háskà (107)). 

-mass tranfer from solid obstacles in a turbulent liquid 

flow (Catderbank, Moo-Young (108)). 

The concept of the surface renewal model was first 

proposed by Higbie (7) and Danakwerts (109) and worked out 

further by a number of more recent workers like Toor and 

Mar<!heZZo (110), Perlmutter (111) and Harriott (112). The 

results of these roodels are similar to Dankwerts' model: 

{6-1) 

in which s is the surface renewal rate (s- 1 ), 

given in terros of the eddy diffusivity (King (113) and 

LamoureZZe and Bandall (114)) but the eddy diffusion coef

ficient can only be empirically determined from the mass 

transfer behaviour. 

Recently roodels have been given to link the mass transfer 

rate to the turbulent motion itself by introducing 

idealized small eddy motions near the interface. Two 

different approaches exist. 

Fortescue and Pearson (104) assume that "large" eddies,the 

motions of which contain most turbulence energy, determine 

the mass transfer process, on the other hand Lamont and 

Soott (92) assume that "small" eddies, which determine the 

energy dissipation rate, are mass transfer 

The Houze and Brumfield (115) have shown that the 

last mentioned model gives the best results. To elaborate 

their model for the mass transfer process into a turbulent 

liquid, Lamont and Scott (92) solved the Navier-Stokes' 

for small Reynolds numbers, using the 

boundary conditions at the free interface and considered 

a periadie salution for the velocity field. They 

then used the resulting velocity distribution to determine 
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the concentratien distribution of a solute in such a 

velocity field. Lamont and Saott's calcultions give the 

average mass transfer coefficient as: 

(
ID) 0. 5 

k 'V
\) 

(6-2) 

where g is the rate of energy dissipation by turbulence 
per unit mass and v the kinematic viscosity. The constant 

of proportionality obtained is approximately 0.4. Eq.(6-2) 

can also be obtained from the parameters which govern the 

size and energy of motion of small scale eddies and eq. 

(6-1). Following e.g. Hinze (116)~ Batahelor (117) and 

Davies (118) the velocity and length scale of a small eddy 

can be given as: 

V e 

3 0.25 

and Z
8 

= (7) 
By substituting the characteristic time t /v for 1/s one 

e e 
finds directly: 

(. €)0. 5 
k "' \ID •\) (6-3) 

This relation has been tested experimentally by several 

investigators, particularly for mass transfer in open 

channel flow and film flow and holds reasonably well. The 

constant of proportionality varies between.0.2 and 0.4. 

We now suppose that also the mass transfer coefficient at 

the rear of a spherical cap bubble can be estimated from 

the total energy dissipation rate (r) of the bubble. 
For bubbles r is given by: 

. r = Drag.Ub = (6-4) 

Since nearly potential flow exists at the front of a 

spherical cap bubble we assume that all energy dissipates 
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in the closed wake part behind the bubble. The total 

energy dissipation rate per unit of mass is then given by: 

r 
pV 

z 
(6-5) 

In formula {6-3) e stands for the energy dissipation rate 

per mass unit caused by the turbulent motion in an eddy. 

In our case eT is the total energy dissipation rate. We 

do not have information about the extent to which energy 

dissipation by turbulent motion contributes to the total 

dissipation rate. For spherical cap bubbles we believe 

that x,defined as the ratio between the dissipation rate 

by turbulent motion and the total energy dissipation rate, 

should be a function of the Reynolds number, which funct

ion should run as indicated in figure 6.1. 

x 
t 

-Re 
0 

Fig. 6-1 Curve for x versus Re-number. 

x equals zero for laminar wake flow and one for fully 

developed turbulent flow. Within the transition region of 

laminar to turbulent flow x should increase rapidly. 

Eq.(6-5) canthen be transformed into: 

E; = 
g.Ub 

x(Re) (6-6) 

and from eq.(6-3) it follows that 
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(6-7) 

which can be transformed into: 

(6-8) 

by eliminating g by means of the Davies and Taylor relat

ion. 

From (6-7) it follows that in this model kbr ~ de1/S+c 

in which c depends on x(Re). 

To test the validity of this model we made use of bath 

our own experimental data and literature data. Fig. 4-11 

shows that the mass transfer coefficient for spherical cap 

bubbles is independent on the bubble diameter. For co2-

bubbles being absorbed into water, keq,C0
2 

= 2.5Hl0- 2 cm/s. 

it follows that k C H 2.25H10-2 cmjs, as was also 
eq, 2 2 

found in our experiments. 

The mass transfer coefficient at the rear of the bubble 
can then be calculated from: 

(6-9) 

From the . geometry of a spherical cap bubble ( em = 50°) ~f 

and Abr can be expressed in terros of Ae and eq. (6-9) runs 
into: 
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k eq 0.93 kbf + 0.76 kbr (6-10} 

kbf was calculated from eq.(4-23) and substituted in eq. 

(6-10). 

The mass ~ransfer coefficient for the rear of the bubble 

can also be calculated from the energy dissipation model: 

t t (s ) 0.5 (R ,o.75 (x(Re)). 
0

•
25 

cons an • c • e . a 
(6-11) 

In figure 6-2 the results of these calculations are given 

as: 

k br,from eq. (6-10) 
k br,from eq.{6-ll} 

!< 
constant • x 4 (Re) versus Reynolds-

number. 

c.onstant.x! 

6 1-

4 -

2 - own experimental results I 
/ literature data* 

__,.. Re 

10-2~----~~----~~--~I __ L_I~I ____ ~I----~~--~~--~~ 
10 3 2 4 6 8 J0 4 2 4 6 8 10

5 

Fig. 6-2 Combination of theoretica! and experimental 
results for the mass transfer coefficients at 

the rear of a spherical cap bubble. 
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In this figure also our own experimental results are given 

of kbr for a spherical cap bubble, de = 4.9 cm, in water 

and a water-glycerin salution (~ 8.2 cP). 

These data correspond extremely well with the literature 

data, although for the case of bubbles held stationary in 
the glycerin-water solution, the liquid propoerties were 

entirely different. 

Since for a fully turbulent flow field x = 1, the constant 

of proportionality in eq.(6-ll), can be estimated and 

appears to be 0.12, a somewhat lower value than is gene

rally found in literature. For this discrepancy can be 

two reasons: 

1. As noticed in 3.2.2 the local liquid velocity and tur

bulence intensity appear to decay towards the interface 

of the bubble and the wake. In our calculations an 

average turbulent energy dissipation rate was introdu

ced, which probably has a higher value than the tur

bulence intensity at the bubble rear. 

2. In our calculations it is assumed that all energy dis

sipates in the closed wake part behind the bubble, 

while also a part of the energy dissipation takes place 

by vortex shedding. However, we have no data about the 

frequency of shedding nor about the volume which is 

shed per unit of time. Probably E will have a somewhat 

smaller value than used in our calculations. 

Although we are aware of the uncertainties in our model, 

we do believe that mass transfer at the rear of a spheri

cal cap bubble is determined by turbulence phenomena 

rather than by any mean flow pattern at the bubble rear. 
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CHAPTER 7 

:GENERAL CONCLUSIONS 

1. The stationary held technique described in 3.1 and 5.1 

gives excellent results, when studying the flow 

pattern around spherical cap bubbles and mass transfer 

from spherical cap bubbles. 

2. The hydrodynamics around a stationary-held bubble and 

around an artificial bubble are similar. Stationary

held bubbles and artifical bubbles behave like free

floating bubbles. 

3. A spherical cap bubble is followed by a more ar less 

closed wake, behind which turbulence diffuses out 

rapidly. 

4. The flow behaviour in the closed part of the 

wake can be described as being laminar circulation 

flow, if Re < 400 or as circulation flow with 

turbulence superposed if Re > 1000. In the 

intermediate regime laminar vortex rings and highly 

turbulent zones can occur at the same time, and 

change from one into the other. 

5. In turbulent wakes the average local fluid velocity 

and turbulence intensity decrease towards the 

interface between the rear of the bubble and the wake. 

6. The wake-bubble volume ratio, and the wake-bubble 

surface area ratio are independent of the Reynolds-
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number, respectively 22 and 7 for stationary-held 

bubbles and 18 and 6 for artificial bubbles. 

The eccentricity of the wake depends on the Reynolds

number and varies between 1.3 for low Reynolds numbers 

and 2.0 for high Reynolds numbers. 

7. The measured values for keg of the bubble agree well 
with literature data. The separate contributions of 

the front and the rear of the bubble to the total mass 

transfer rate can be determind separately. 

8. The values for mass transfer at the front of a 

spherical cap bubble as found in low viscous liquida, 
agree wel! to those which can be predicted from 
eq. (4-23). 

9. Mass transfer at the rear of a spherical cap bubble 

beoomes more important in relation to the frontal 

contribution at increasing Re-numbers. 

10. In our experiments the presence of a captive wake 

bebind a spherical cap bubble could not be detected. 

11. The mass transfer mechanism at the rear of the bubble 

can be explained by a surface-renewal model, the 
surface-renewal rate in which is related to the 

turbulent energy dissipation in the wake bebind the 
bubble. 

12. Surface active agents present in tap water have no or 

hardly any influence.on the mass transfer process 
from spherical cap bubbles. 
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glycerin 

(%) 

0 

29 

48 

66 

66 

78 

78 

80 

86 
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APPENDIX A,I 

PHYSICAL PROPERTIES OF THE GLYCERIN
WATER SOLUTIONS USED 

temper- density visco- surface dm M 
at ure p sity, 1J tension, 4 3 (OC) (g/cm3) (CP) (dyne/cm) /pa ) 

22 0.99 1.0 72.6 2.6x1o- 10 

22 1.07 2.1 66.5 6.2x1o-10 

22 1.12 5.0 61.5 2.4x10 - 7 

20 1.17 16.1 64.8 2.1x10 - 5 

22 1.17 14.8 64.8 1.5xl0 - 5 

28 1.20 30.9 63.5 3.0x10 - 4 

22 1.20 47.0 63.5 1.6x10 - 3 

22 1.21 55.5 61.7 3.2x10 - 3 

20 1. 23 130.0 60.9 l.OxlO - 1 



..... 
0'\ ..... 

M 

2.6xlo-10 

2.6x10-10 

2.6xl0-10 

6.2x10- 9 

6.2x10- 9 

7.7x10- 7 

7.7x10- 7 

8.2x10 - 7 

8.2x10 - 7 

8.2x10- 7 

2.4xl0- 6 

2.4xl0- 6 

2.2xl0- 5 

2.2x10- 5 

3.2xl0- 3 

l.Ox10 - 1 

d e 

(cm) 

4.04 

3.53 

2.80 

3.86 

3.34 

3.82 

3.17 

4.18 

3.53 

2.80 

3.77 

3.13 

3.69 

3.09 

2.40 

2.32 

em R e 
(0) (cm) 

48.5 4.77 

48.5 4.17 

48.5 3.30 

48.4 4.72 

48.7 4.10 

47.7 4.60 

49.3 3.67 

48.5 4.94 

48.5 4.17 

48.5 3.30 

49.1 4.41 

47.7 3.78 

47.6 4.43 

47.8 3.70 

46.9 2.95 

51.7 2.56 

stationary-held bubbles 

B h lb lbco !Red 

(cm) (cm) cm cm -s s 

7.14 1.60 42.5 44. 17000 0.98 

6.25 1.40 40.7 4l.S 14200 1.00 

4.94 1.11 36.2 36.~ 10000 0.97 

7.04 1.58 41.7 43.4 8230 0.99 

6.16 1.40 40.3 41.1 6880 1.00 

6.81 1.51 40.0 41. 3700 0.95 

5.56 1.28 37.7 38.5 2890 0.97 

7.40 1.66 41.1 43 • .- 2560 0.95 

6.25 1.40 40.7 41.9 2120 0.99 

4.94 1.11 36.6 36.6 1520 0.98 

6.64 1.51 40.9 42.6 1080 0.98 

5.58 1.24 37.2 38.0 815 ·0.96 

6.55 1.44 41.2 42.5 630 0.99 

5.48 1.22 38.1 38.9 490 0.99 

4.29 0.93 34.0 34.( 180 0.98 

4.02 0.97 33.7 33.? 75 0.99 

m 
x 
"'0 
m 
;;o -

a ~ y d .d e e 
::;:: 
m 
:z 

B L w w 
-l 
> r 
t:1 

20.2 6.24 1.39 0.41 0.33 > 
-l 

20.7 6.39 1.40 0.40 0.32 

20.0 6.29 1.40 0.41 0.33 

Tl > 
0 
;;o Tl 

0 
(f) ;;o 

25.0 7.56 1.58 0.39 0.28 
24.3 7.48 1.63 0.40 0.28 

21.7 6.83 1.55 0.41 0.30 

"'0 
::J: tl::l 
m c: )> 

;;o tJ:l "'0 

- tJ:l "'0 

n r m 
)> m :z 

t:1 

20.7 8.04 1.59 0.42 0.30 
19.7 7.20 1.55 0.40 0.29 

ï tJ:l -
n m x 
)> ::J: 
"'0 > )> 

< -
22.5 7.92 1.66 0.40 0.26 
19.0 6.10 1.39 0.42 0.34 

tl::l ...... 
c: 0 
tl::l c: 
tl::l ;;o 

23.9 7.48 1. 76 0.43 0.27 
21.1 7.57 1.77 0.44 0.27 

ï 
m )> 
(/) :z 

t:1 

:::E 
21.6 7.25 1.91 0.46 0.26 )> 

Ä 

22.1 7.33 1.86 
m 

0.45 0.27 
G'> 

23.9 7.35 1. 76 0.41 0.27 m 
0 

23.0 7.10 1.72 0.41 0.28 
3 
m 
-l 
;;o 
-< 



""' 0'1 
IV 

M 

2.6x1o-10 

6.2x10- 9 

6.2x10- 9 

6.2xl0- 9 

2.4xl0- 7 

2.4x10- 7 

2.4x10- 7 

2.1x10- 5 

2.1x10- 5 

2.1x10- 5 

3.0x10- 4 

3.0x10- 4 

1.6x10- 3 

3.2xl0- 3 

3.2x10- 3 

3.2x10- 3 

3.2xl0- 3 

de 
(an) 

4.62 

4.63 

3.90 

3.61 

4.65 

4.58 

4.08 

4.77 

3.72 
3.76 

4.24 

4.08 

3.53 

4.52 

4.18 

3.35 

3.20 

am ~ 
(au) 

48.2 5.61 

48.8 5.44 

52.0 4.35 

50.9 4.15 

50.4 5.26 

49.4 5.30 

52.2 4.46 

50.9 5.33 

50.3 4.21 

47.1 4.60 

48.8 4.98 

49.0 4.77 

47.9 4.23 

48.4 5.35 

51.9 4.57 

44.9 4.34 

46.6 3.93 

artificial bubbles 

B h % 0
boo 

(an) (au) an cm 
s s 

8.36 1.87 42.8 45.5 

8.18 1.85 40.1 43.1 

6.86 1.67 39.6 41.2 

6.44 1.53 38.1 39.3 

8.10 1.91 42.2 45.4 

8.05 1.85 40.4 43.0 

7.00 1.72 40.0 40.8 

8.27 1.97 43.9 47.9 

6.48 1.53 38.0 39.6 

6.73 1.47 37.2 38.8 

7.48 1.69 40.1 42.2 

7.20 1.62 39.8 41.4 

6.28 1.40 35.7 36.8 

8.00 1.80 40.3 42.9 

7.19 1.75 42.4 44.2 

6.12 1.26 35.8 36.4 

5. 76 1.24 36.3 37.0 

Re Frr a. IS y 

19800 0.95 20.8 6.49 1.49 

9730 0.90 16.2 5.49 1.53 

8080 0.93 19.3 6.32 1.61 

7210 0.92 19.2 6.16 1.50 

4430 0.94 17.5 5.85 1.56 

4180 0.90 18.0 5.98 1.54 

3650 0.90 16.4 5.99 1.44 

1530 0.94 14.9 5.07 1.42 

1120 0.92 18.1 5.99 1.53 

1110 0.89 18.3 5.96 1.49 

660 0.92 18.4 6.29 1.72 

630 0.92 18.7 6.31 1.69 

320 0.88 20.8 6.63 1.55 

420 0.90 18.4 6.23 1.67 

410 0.97 17.1 6.52 1.63 

260 0.91 24.2 7.38 1.61 

250 0.93 20.9 5.64 1.67 



APPENDIX A,III 

THE STUCTURE AND GEOMETRY OF THE WAKE 
BEHIND SOLID SPHERICAL CAP BODJES 

With the technique described in 3.1 also the wake 

phenomena behind solid spherical cap bodies were studied. 

For this purpose the bodies were supported on the axis of 

·the watertunnel, at 75 cm from the inlet of the 

observation section. The equivalent diameters of the 

bodies were 2.37, 2.44 and 2.60 cm. 

The fluid flow in the wake again can be described as 

being laminar circulation flow, if Re < 500 and turbulent 

circulation flow with turbulence superposed if Re > 1000. 

In the intermediate region, as was for wakes behind 

spherical cap bubbles,the flow in the wake was not well 

defini~d. Vortex rings and high-turbulent zones could 

exist at the same time and change from one into the 

other. 

In contrast to the wake behaviour behind spherical cap 

bubbles, the boundaries of the wake were rather stable, 

and the enclosed wake region was very clear. Behind 

turbulent wakes, a vortex street developed, which 

extended to about 50-75 cm bebind the bubble. 

In photograph series III examples are shown. 

In fig. A-l an example is given of the fluid velocity 

profile in the laminar wake. The was measured in 

a plane through the centre of the vortex ring, parallel 

to the rear surface. 

It is clear from this figure, that the maximum velocity 

in the centre in the wake is somewhat lower and the 

163 



profile is somewhat flatter as was found for the wake 

behaviour behind spherical cap bubbles. The fluid 

circulation time in the wake was about 1.5 second 

against 1 second for bubbles. 

1. 0 r--....--r--.,,...-....---,--..,-.,.-...., 

0.8 

0.6 

0.4 

0.2 

o.o 
0.2 

0,4 

0.6 

0.8 

1.0 

I • 2 

1.4 

2.0 1.0 0 I • 0 2.0 

Fig. Al. Velocity profile in a laminar 
wake bebind a spherical cap 
solid body, Re = 250. 

In fig. A-2 the results are presented for the wake-body 

volume ration (a), the wake-body surface area ratio (B) 

and the eccentricity of the wake (y). 

For turbulent wakes a is indepent of the Re-number. For 

laminar wakes the wake behaviour differs from the 

behaviour as found for wakes behind spherical cap bubbles, 

in such a way that a increases at increasing Re-numbers. 

Of course the same phenomena occur for the wake surface 

area (S), and the eccentricity of the wake (y). 

In the table AIII.l the individual results of the 

measurements are listed. 
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Fig. AZ. Wake-cap volume ratio (a), 
wake-cap surface area (b) and 
the wake eccentricity (c) as 
a function of the Re-number 
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bodies. 
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Table A.III.1 

Wake geometry data for a solid spherical cap body 

f.'l d em lb B h 1:1J Red Ct s y e 
(cm) (Ü) (cm) (cm) (cm) 

cm 
-
s 

· .. 6xl0-l0 2.37 51.1 2.67 4.10 0.98 107.0 25130 27.9 8.50 1.49 
L.6xi0-10 2.37 51.1 2.67 4.10 0.98 85.9 20180 27.9 8.50 1.50 
2.6xi0-10 2.44 51.3 2.77 4.25 1.03 63.7 15230 27.8 8.27 1.53 
2.6x10-10 2.44 51.3 2.77 4.25 1.03 36.3 8640 2~.1 7. 79 1.50 
2.6xl0-l0 2.37 51.1 2.67 4.10 0.98 24.7 5830 23.1 7.22 1.38 
2.6x10-l0 2.37 51.1 2.67 4.10 0.98 18.1 4240 23.5 7.37 1.48 
6.2xl0- 9 2.60 51.4 2.87 4.49 1.08 69.4 9230 27.8 8.38 1. 75 

6.2x10 - 9 2.60 51.4 2.87 4.49 1.08 50.3 6690 26.2 7.91 1.66 
6.2x10- 9 2.60 51.4 2.87 4.49 1.08 40.9 5440 27.5 8.24 1.71 
7.7x10- 7 2.60 51.4 2.87 4.49 1.08 64.2 4040 25.9 7.87 1.63 

7.7x10 - 7 2.60 51.4 2.87 4.49 1.08 44.6 2810 24.0 7.40 1.63 
7. 7xl0- 7 2.60 51.4 2.87 4.49 1.08 31.6 1990 25.1 7.77 1.68 
2.4x10-:- 6 2.60 51.4 2.87 4.49 1.08 5,7.1 1040 26.5 8.24 1.86 
2.4x10- 6 2.60 51.4 2.87 4.49 1.08 44.6 810 24.9 7.87 1. 78 
2.4x10- 6 2.60 51.4 2.87 4.49 1.08 27.7 505 21.3 7.02 1.76 

1.3x10 - 3 2.60 51.4 2.87 4.49 1.08 52.0 360 19.9 6.59 1. 74 
1.3x10- 3 2.60 51.4 2.87 4.49 1.08 38.0 265 19.4 6.45 1.69 

3.2xl0 - 3 2.60 51.4 2.87 4.49 1.08 33.0 230 19.2 6.55 1.81 

3.2x10 - 3 2.60 51.4 2.87 4.49 1.08 45.7 260 20.1 7.07 1. 75 

3.2xl0 - 3 2.60 51.4 2.87 4.49 1.08 37.4 210 19.2 6.59 1.64 

3.2x10 - 3 2.60 51.4 2.87 4.49 1.08 33.3 190 18.4 6.59 1.66 

3.2x10 - 3 2.60 51.4 2.87 4.49 1.08 26.3 150 17.6 6.12 1.72 

1.0xl0 - 1 2.37 51.1 2.67 4.10 0.98 41.6 92 17.0 5.95 1.66 
- 1 2.37 51.1 ~0.98 32.7 77 16.1 5.67 1.72 l.Ox10 
- 1 2.37 51.1 0.98 23.2 51 11.6 4. l.OxlO 

169 



a, al, a2: 
A 

Abf Al 

Abr A2 

A3 

A4 == A w 

Aeq 
A s 
b 

B 

c 
c 

c* 

c* 
a 

eb 

cbo 

cc 

CD 
d 

de 
d g 
D 

m 
0wt 
E 

E' 

170 

LIST OF SYMBOLS 

constants 

surface area 

surface area of the front of a 
spherical cap bubble 

surface area of the rear of a 
spherical cap bubble 

surface area of the interface between 
the captive wake and the bulk of the 
wake 

surface area of the interface between 
the wake and surrounding liquid 

surface area of the equivalent sphere 

surface area of an obstacle 

constant 

maximum width of the bubble 

constant 

concentratien of the solute in the 
liquid phase 

equilibrium concentratien of solute 
in the liquid phase 

equilibrium concentratien of air in 
the liquid phase 

solute concentratien in the gas phase 

solute concentratien in the bubble 
at the moment the acetylene supply 
is stopped 

solute concentratien in the captive 
wake 

drag coefficient 

diameter of an obstacle 

equivalent diameter of a sphere 

gap width 

total drag 

diffusion coefficient 

diameter of the watertunnel 

eccentricity, defined as de/B 

eccentricity, defined as B/h 

[ -] 
[L2] 

[L2] 

[L 2] 

[L2] 

[L2] 

[L2] 

[L2] 

[-] 
[L] 
[-] 

[mol L -3] 

[mol L-3] 

rmol L-3] 

[mol L-3] 

[mol L -3] 

[mol L-3] 

[-] 
[L] 

[L] 
[L] 

[MLT-2] 

[L2T-1J 

[L] 
[ .. ] 
[-] 



E a x 

e 
f ( e) 

g 

g < e) 

g( e) 

h 

K 

kbf'k1 

k* 
2 

k 
eq 

k eq,o 

k eq,Al 

k g 

1/E' 

axial dispersion coefficient 

radial dispersion coefficient 

defined as in table 4-1 

as defined in 4.2 

gravity constant 

as defined in eq(2-30) 

as defined in eq(4-31) 

height of a gas bubble 

total mass transfer coefficient 

mass transfer coefficient at the 
front of a spherical cap bubble 

mass transfer coefficient at the 
rear of a spherical cap bubble 

total mass transfer coefficient 
at the rear of a spherical cap 
bubble 

mass transfer coefficient at the 
interface between the captive 
wake and the bulk of the wake 

mass transfer coefficient at the 
interface between the wake and 
the surrounding liquid 

mass transfer coefficient related 
to the equivalent area of the 
bubble 

mass transfer coefficient related 
to the equivalent area of the 
artificial bubble if no Al-powder 
is present 

mass transfer coefficient related 
to the equivalent area of the 
artificial bubble if Al-powder is 
present 

mass tranfer coefficient in the 
liquid phase 

mass transfer coefficient in the 
gas phase 

internal mass transfer coefficient 
of the wake 

time dependent total mass transfer 
èoefficient of a spherical cap 
bubble 

total mass transfer coefficient at 
the time the acetylene supply is 
stopped 

[-] 

[L2T-1] 

[L2T-1] 

[-] 
[-] 

[LT- 2 ] 

[-] 

[-] 

[L] 

[LT- 1 ] 

[LT-1 ] 

[LT- 1 ] 

[LT- 1 ] 

[LT- 1 ] 

1] 

[LT- 1 ] 
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n 

m 

p" a 

s 

u 
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total mass transfer coefficient 
at time t = 
as defined in table 4-1 

length of the formation region 
of the wake, fig. 2-20 

length of the detection line 

wake length 

length scale of an eddy 

frequency of vortex shedding 

average mol flux across the 
bubble surface area 

number of moles 

equilibrium constant defined as 
C* = m.Cb 

pressure at the bubble stagnation 
point 

pressure contr!bution at the bubble 
surface due to potential flow at a 
pressure contribution at the bubble 
surface due to grav!ty at e 
sum of Pe and p~ 
flow rate of gas mixture toward 
the bubble 

flow rate through the detection line 

radial d!stance 

radius of the equivalent sphere 

radius of a spherical cap bubble 

radius of the capillary tubes 

sGreening factor 

length of the spherical surface 

surface renewal rate 

time 

contact time 

d!mens!onless mean residence time 

velocity 

rise velocity of the bubble 

corrected rise velocity of the bubble 
from Uno and Kintner (19) 

velocity at the bubble surface at a 
velocity in angular direction 

[L] 

[L] 

[LJ 

[L] 

[T-1] 

[mol T- 1 ] 

lmol] 

[-] 

[ML -1T-2) 

[ML-1T-2] 

[ML-lT-2 ] 

[ML -1T-2) 

[mol T-l] 

[mol T-l) 

[L] 

[L] 

[L] 

[L] 

[L] 

[L] 

[T-l] 

[T] 

[T] 

[-] 

[LT-1 ] 

(LT- 1 ] 

[LT-l] 

[LT-1 ] 

[LT-1] 



V z 
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SAMENVATTING 

Hoewel uit de literatuur blijkt dat veel aandacht wordt 

besteed aan stofoverdrachtsmetingen aan een enkele gasbel, 

is er weinig bekend over de bijdrage van de achterkant van 

een bel, in het bijzonder van de spherical cap bel, tot de 

totale stofoverdrachtssnelheidenin hoeverre het zog dat 

de bel achter zich meevoert hierin een rol . Som-

mige experimenten wijzen op een tijdsafhankelijkheid van 

de stofoverdrachtssnelheid, welke verklaard zou kunnen 

worden door een bufferende werking van het zog of een 

gedeelte hiervan. 

Om meer inzicht te verkrijgen in het stofoverdrachtsme-

chanisme spherical cap gasbellen en in het zonder 

over de rol van het zog hierin, zijn de stromingsverschijn

selen rondom en achter een dergelijke bel bestudeerd en de 

totale stofoverdrachtssnelheid als wel de 

bijdrage van de voorkant van de bel gemeten. 

Hiervoor werd een methode ontwikkeld waarbij de 

cap bel stationair op één plaats gehouden werd door een 

naar beneden gerichte vloeistofstroom in een verticale 

watertunnel. Het stromingspatroon rondom en achter de bel 

werd zichtbaar gemaakt door middel van tracertechnieken. 

Op deze manier werd informatie verkregen over het stro

mingsgedrag in het zog, het zogvolume, het uitwisselings

oppervlak van het zog en de zoggeometrie. 

De omstroming van de bel werd bestudeerd in water en water

glycerine mengsels, waarbij het Reynoldsgetal betrokken op 

de gasbel werd gevarieerd tussen 75 en 20.000. 

Het blijkt dat de stromingsverschijnselen in het zog be

schreven kunnen worden als een laminair circulatieprofiel, 
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voor Re < 400, of als een circulatieprofiel gesuperponeerd 

met turbulentie voor Re > 1000. In het overgangsgebied 

treden afwisselend laminaire en turbulente stromingsvelden 

op. De gemiddelde lokale vloeistofsnelheid en turbulentie 

intensiteit blijken af te nemen in de richting van het 

grensvlak tussen het zog en de bel. 
De zog-belvolume verhouding en de zog-beluitwisselings

oppervlak verhouding blijken onafhankelijk te zijn van het 

Reynoldsgetal, respectievelijk gelijk aan 22 en 7. 

De "stationaire-bel" techniek werd ook gebruikt voor het 

meten van de stofoverdrachtssnelheid vanuit de bel naar de 

omringende vloeistof en de uitwisselingssnelheid tussen 

het zog en de omringende vloeistof. Hiertoe werden in de 

bel acetyleen en in het zog inkt gelnjecteerd. Het concen

tratieverloop van het acetyleen in de bel werd continu 

gemeten als functie van de tijd1 uit het zog werden mon

sters getrokken. 
De afzonderlijke bijdrage van de voorkant van de bel werd 

gemeten door de achterkant van de bel gedeeltelijk af te 

schermen voor stofoverdracht met een dun laagje aluminium

poeder. Metingen werden uitgevoerd in leiding water, 

gedemineraliseerd water en in een mengsel van glycerine 

en water(~= 8.2 cP). 

Het blijkt dat de uitwisselingssnelheid tussen de bulk 

van het zog en de omringende vloeistof zeer groot is. De 

stofoverdrachtsmetingen aan de bel werden geanalyseerd met 

de veronderstelling dat een klein gedeelte van het zog 

direkt onder de achterkant van de bel, de zgn. "captive 

wake", een bufferende werking heeft in het stofoverdrachts

proces. Uit het gemeten concentratieverloop met de tijd 

blijkt dat de laagdikte van deze "captive wake" verwaar

loosbaar klein moet zijn ofwel de uitwisselingssnelheid 

tussen de "captive wake" en de bulk van het zog erg groot, 

zodat het zog geen bufferende werking kan hebben in het 

stofoverdrachtsproces en zodoende ook een eventuele tijds

afhankelijkheid niet kan verklaren. 
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De bijdrage van de voorkant van de gasbel tot de totale 

stofoverdrachtssnelheid blijkt goed beschreven te kunnen 

worden met behulp van de diffusiegrenslaag theorie uit

gaande van potentiaalstroming aan de voorkant van de bel. 

De bijdrage van de achterkant van de bel blijkt afhanke

lijk te zijn van het Reynoldsgetal van de bel; een toename 

van de Re geeft een toename van de stofoverdrachtscoeffi

cient, en kan beschreven worden met een oppervlakte-ver

versingsmodel, waarin de verversingssnelheid gekoppeld kan 

worden aan de turbulente energiedissipatie in het zog. 

Uit de metingen in gedemineraliseerd water kan worden ge

concludeerd dat een vermindering van de hoeveelheid opper

vlakte-actief materiaal in de vloeistoffase geen of 

nauwelijks invloed heeft op de totale stofoverdrachts

snelheid aan de gasbel. 
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STELLINGEN 

1. De waarden voor stijgsnelheden van bellen, zoals die 

gemeten worden in gefluidizeerde bedden, vormen geen 

bewijs voor de juistheid van het potentiaalstromings

model ter beschrijving van de poederstroming, doch 

eerder het tegendeel. 

R.M.Davies and G.TayloP; Proc.Roy.Soc. A200~ 575 (1950) 

D.Harrison and L.S.Leung; Trans.Int.Chem.EngPs. iQ~ 

146 (1962) 

H.Reuter; Chem.Ing.Techn. 5 1062 (1965) 

K.Rietema; Preprints Eur.Congress nTransfer processes 

in partiele systems". Neurenberg 1977 

2. De uit de literatuur bekende experimenten met stromende 

poeders ter bestudering van electra-statische effecten 

tussen de poederdeeltjes onderling, geven slechts 

informatie over de electra-statische effecten tussen de 

poederdeeltjes en het meetinstrument. De resultaten van 

genoemde onderzoeken vormen dan ook geen wezenlijke 

bijdrage ter verdieping van de kennis omtrent de 

electra-statische effecten tussen de deeltjes zelf. 

D.BoZand and D.GeZdart; Powder TechnoZogy ~. 289 (1972) 

3. Gezien de snelheid en de eenvoud waarmee met behulp van 

de electra-chemische meetmethode informatie verkregen 

kan worden omtrent zowel gemiddelde als lokale vloei

stofsnelheden in een procesapparaat, wordt deze methode 

in de procesresearch te weinig toegepast. 

4. In de beschrijving van stromende twee-fasen systemen 

zal bij het correleren van de volumefractie disperse 

fase aan de procescondities en de fysische parameters 

rekening gehouden moeten worden met een vermindering 



van de hold-up van de disperse fase als gevolg van het 

optreden van overall-circulatie. Ten onrechte wordt dit 

verschijnsel vrijwel altijd verwaarloosd. 

Van Thanh Nuygen and P.L.Spelding; Chem.Eng.Sai. 32~ 

1003 (19?7) 

K.Rietema and S.P.P. Ottengraf; Trans.Inst.Chem.Engrs. 

48~ 54 (1970) 

K.Rietema and J.B.WijffeZs; Trans.Inst.Chem.Engrs. 50~ 

224 ( 1972) 

5. In de beschrijving van gefluidizeerde gas-vaste stof 

systemen is het gebruikelijk onderscheid te maken 

tussen een zgn. dichte fase en hierin opstijgende 

"gasbellen". Bij fluidizatie van fijn korrelige mate

rialen echter is het niet juist dit onderscheid te 

handhaven, daar de gebieden waar de porositeit in het 

bed tot één nadert niet meer duidelijk begrensd zijn. 

6. De overgang van de bolvormige naar de ellipscidale 

belvorm wordt beter beschreven met het kriterium 

NvMNb = 0.5 dan met het door Tadaki en Maeda voorge
stelde kriterium. 

Dit proefsehrift, pag. 14 

T.Tadaki and S.Maeda; Kagaku Kogaku ~. 254 (1961) 

7. De betekenis voor de procestechniek van de stromings

leer in het algemeen en van turbulente stromingspro

blemen in het bijzonder, komt in het basisprogramma 

voor de opleiding van scheikundig ingenieur aan de THE 

onvoldoende tot uitdrukking. 

8. In medische teams worden gedurende de laatste jaren 

naast medici schoorvoetend klinisch-chemici en klinisch

fysici geaccepteerd. Gezien het grote aantal stofuit

wisselingsprocessen die zich in het menselijk lichaam 

afspelen, is het aan te bevelen dat in deze teams 

tevens fysisch technologen opgenomen worden. 



9. De eisen tot inkomens- en pensioenzekerheden, die 

door huisartsen middels hun standsorganisaties gesteld 

worden aan de ziekenfondsen, zijn in tegenstelling met 

hun eis tot erkenning als vrije ondernemer. 

10. Het gecombineerd optreden van harmonie-orkesten en 

majorettekorpsen is voornamelijk bedoeld om een gebrek 

aan muzikale kwaliteit en interesse te verbloemen met 

een kwantiteit aan vrouwelijke elementen. 

11. De wereldrecordtijden gescoord op het nummer 100 meter 

vlinderslag zijn drastisch verbeterd nadat men slechts 

op iedere twee slagen adem ging halen. Teneinde de 

ongezonde drang tot het leveren van overmatige pres

taties enigszins te beteugelen, verdient het aanbeve

ling reglementair vast te leggen, dat het voor deel

nemers op het nummer 100 meter vlinderslag verboden 

is, de ademopening kunstmatig naar de achterzijde van 

het hoofd te verplaatsen. 

12. Daar bij paardrijden de inspanning die de term "licht 

rijden" suggereert in geen enkele verhouding staat tot 

de werkelijke inspanning die geleverd moet worden bij 

deze exercitie, en deze manier van paardrijden in vele 

gevallen evenmin als een verlichting voor het paard 

beschouwd kan worden, verdient het aanbeveling deze 

manier van rijden van een andere benaming te voorzien. 

Deurne, 18 oktober 1977 J.H.C.Coppus 


