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LETTER TO THE EDITOR 

Localisation criterion in the Cayley tree without 
electronelectron interactions 
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KoninklijkeiShell-Laboratorium Shell Research BV, Amsterdam, The Netherlands 

Received 23 February 1982 

Abstract. The electron localisation criterion for one impurity atom can be exactly derived 
for a Cayley tree network of atoms using the tighf-binding approximation. 

The Cayley tree or Bethe lattice is a convenient model lattice, since problems encoun- 
tered in the theory of localisation of electrons in disordered systems (Abou-Chacra et a1 
1973, Thouless et a1 1977, Anderson 1979) and in chemisorption theory (Haydock et a1 
1975, Van Santen and Toneman 1977) can sometimes be exactly solved for such a lattice. 

In this Letter we will derive the exact expression for the local density of states of an 
impurity atom connected with a network of atoms as in the Cayley tree. 
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Figure 1. Cayley tree 

The network of the Cayley tree is sketched in figure 1. Its particular feature is that 
any two intersections on it can be interconnected in only one way. On each intersection 
we position one atomic orbital. We determine the local density of states using the 
tight-binding approximation in which electron-electron interactions are ignored. We 
will first derive the local density of states on an atom for the non-impurity case. The 
Hamiltonian has the matrix elements 

H, = P ( i  # j ;  i and j are neighbours) 

= o  otherwise. 

t Address from 1 April 1982: c/o Shell Dev. Co., Westhollow Research Center, PO Box 1380, Houston, 
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Using the resolvent method (Haydock et a1 1975, Van Santen and Toneman 1977, 
Van Santen 1972) one derives the help function go(z) when 2’ = 2: 

so that 
(- sign if z > 0) 
+ sign if z < 0 

go@) = - Z + - lt/z2-4Zp2 
2zp2 - 2zp2 

2’ is the number of neighbours of atom 0; Z + 1 is the number of neighbours of the 
other atoms. 

The solution for the ordered system when 2’ = 2 + 1 becomes 

- 2 2 ( 2  + 1) - 
[(Z - 1)/(Z + l)]z 5 V Z E j  

If Z = 1 one gets the solutions of the linear chain. 
The local density of states p(E) is defined as 

1 
p(E) = - - Imlimg(E + ie). 

IC €-PO 

Substitution of equation (2) into this equation gives 

( E2 < 4Z$) 1 (2 + 1) [4Zp2 - E‘]”’ 
= % -E2 + (2 + l)’p2 

= o  (E2  > 4Zp2). 

(2‘ = 2 + 1). 

(3) 

For 2 = 1, expression (4a) reduces to the familiar expression for a linear chain which 
diverges at E = 52p .  

For an impurity atom we introduce the matrix elements: 

Ha = p‘ (i  is a neighbour of 0) 

Hm = 6. 

We will study the local density of states for arbitrary Z’. The expression for the Green 
function becomes 
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The solution for the local density of states within the band becomes 

1 [2’/3’2/(2/32 - 2’/32)] (42p2 - E2)li2 
&(‘)=;(E- S)2- aEZ’P2/(2/32- , I / 3 ’ 2 ) +  2’2/3’4/(Zp2- Z’/3!2) 

E2 G 42p2, 

Solutions outside the band are found if: 

case (a) 

(two states) 
I22”2/31 22/32 

122”2/3) + 161 ’z”z 
case (6) 

(one state) 
22/32 >- 

and 

L515 

(6) 

(7 )  

Interestingly, whereas the local density of states of the linear chain behaves very differ- 
ently from that of the general case 2 > 1, the conditions (7) and (8) are completely 
analogous for all values of 2. 

It follows from calculation of the one-particle correlation function that expressions 
(7) and (8) are conditions for localisation. The one-particle correlation function is 
defined as 

I qj) 
1 
n €-+CO E - H ’ +  i E  

poi = - -1m lim (qo 

i f 0  

= co”cpS(E - E,). 
n 

In equation (9) CO” and cy are the coefficients of the atomic orbitals of the eigenfunctions 
of the network problem with eigenenergy E,. For a localised state at energy E‘ equation 
(9) should decrease faster than (1/Z1l2y’ with increasingj. 

In the Cayley tree there is only one route that connects 0 with j (figure 2). Using 
Dyson’s equations one derives: 

For values of z2 > 42P2 outside the band Im go(z) = 0, so: 
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1 -- - {E’ 5 [Er2 - 4Z/32]1’2}. 
2ZP 

Therefore 

Figure 2. Route from 0 to j in Cayley tree. 

Expression (12) shows that the states outside the band are exponentially localised. 

and E’ =? n/3’. Then 
It is of interest to study case (a) in the limit of strong localisation with Z’/3’*/2ZP2 * 1 

(13) 
P 0 , 1 + 1 -  + P 

P0.l f i p ’ .  
- -- 

So strong experimental decay with the exponential factor l n ( m  /3//3’) is found. The 
factor 2”’ is found when one calculates 

(14b) 
1 

= - - Im lim g’(E + ie)/3‘2*j-*pu-’gio(E + ie) 
n E+O 

with Vi: 

Atoms q are the neighbours in shell j of the atom in shellj - 1 ,  that connects the atoms 
in shellj to atom 0. 

1, the strong 
exponential factor with which the correlation function (14) decays becomes In I @SI. 

For case ( a )  in the limit of strong localisation but now with I 6/2Z”2/31 
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