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Abstract

In the existing literature, characteristic sets in constructive commutative algebra are defined
in two slightly different ways. The definitions of J.F. Ritt and W.T. Wu do not fully coincide,
and this ambiguity causes a lot of confusion. In this report, the difference between these two
approaches is emphasized. It is shown that a Ritt-characteristic set fully determines a prime
polynomial ideal. In the irreducible case, the structure of characteristic sets and the link
between the definitions of Ritt and Wu is completely determined. This leads in the reducible
case to a method for the decomposition of an arbitrary variety into irreducible parts, and to
an algorithm to solve the membership problem for radical ideals.



1 Introduction

In this report we give an overview of the method of characteristic sets for the manipulation of
polynomial ideals. The notion of characteristic sets was introduced by J.F. Ritt in his work
on differential algebra (see [2], [3]). Later on, E.R. Kolchin gave a more rigorous basis to the
work of Ritt, at least from the algebraic point of view, in his exposition on differential algebra
(see [1]).

Although characteristic sets are in the first place intended to deal with differential algebra,
they can also be very useful in ordinary commutative algebra. This was already pointed out
by Ritt in [3], where he devoted one chapter to the non-differential case. However, in the field
of constructive commutative algebra there was only little interest in Ritt's characteristic sets
method. Through the work of Wu-Wen-Tsun (see [8]), it became clear that also in this field
characteristic sets might be a powerful tool, and new interest was awakened in the subject.
Finally, the implementation by D. Wang of the characteristic sets algorithm in the computer
algebra package MAPLE (see [4] and [5]), made it possible to test the method on its practical
merits.

One of the main difficulties in the study of characteristic sets is the fact that the definitions
used by the authors mentioned above do not coincide. Ritt and Kolchin use a definition which
has very strong properties and is theoretically very interesting, but is unfortunately difficult
to compute. Although Ritt suggests an algorithm, it is a partly non-constructive one. On
the other hand, the definition of Wu-Wen-Tsun is based on the constructive part of Ritt's
algorithm. It has the advantage that it is rather easily computable (this is in fact what Wang's
implementation does), but the outcome is not as powerful as Ritt's original characteristic sets.

In this report we give an overview of both these approaches. One of the main topics is
the internal structure of characteristic sets. We describe to what extent a characteristic set
uniquely determines a polynomial ideal. In this way it is also possible to clear up the confu
sion, caused by the before mentioned disagreement on the definition issue. Furthermore we
investigate to what extent characteristic sets can be a useful tool in constructive commutative
algebra. With help of the characteristic set method, we derive a constructive method for the
representation of a radical ideal as a finite intersection of prime ideals. In this sense our work
has a lot in common with the report [6] of Wang, although we take a somewhat different point
of view.

Finally we remark that in the whole report we confine ourselves to the non-differential
case.

2 Ritt-characteristic sets

The purpose of this section is merely to give the framework in which characteristic sets can
be defined. We will take the same approach as was originally taken by Ritt. In order to do
so, we have to introduce a few, fairly simple, concepts.

Let K be a fixed basic field of characteristic 0, and consider the set of indeterminates

On this set we define an ordering

(1)
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With help of this ordering we want to introduce a partial ordering on the polynomial ring
K[xI, .. . , xn ].

Definition 2.1 Let 1 E K[xI, .. . , xn ]. Then the class of 1 is defined as:

class(f) := max{i Idegx;(f) > O}, (2)

where degxj(f) denotes the degree of 1, considered as a polynomial in Xi with coefficients
in K[xI, ... , Xi-I, Xi+ll ... ,xn ]. So the class of 1 is the index of the largest variable (in the
ordering (1)) that actually occurs in f.

Definition 2.2 Let l,g E K[xI, ... ,xn ]. Then 1 has a higher rank than 9 (notation 1>- g)
if one of the following properties is satisfied:

(i) class(f) > class(g),

(ii) class(f) = class(g) = p and degx (f) > degx (g).
p p

If for two polynomials 1 and 9 neither 1 >- 9 nor 9 >- 1, then 1 and 9 are said to have the
same rank, and we write 1 N g.

Note that the ranking defined in Definition 2.2 only imposes a partial ordering on the
polynomial ring K [Xl, ... , xn ]. For example, the polynomial X{ + Xl x~ has lower rank than
Xl + X3, but has the same rank as xi + 2x{x~ + XIX2.

Definition 2.3 Let 1 a polynomial in K[XI, . .. , xn ], with class(f) = p. A polynomial 9 is
called reduced with respect to 1 (notation 9 <l 1) if

degxp(g) < degxp(f)·

Of course it is also possible that a pair of polynomials is reduced with respect to each
other. An example is the following:

1 = X{ +3xi +5XI - 2
9 = (xi + 2XI)X~ + XIX2 + 1.

When a polynomial 1 is not reduced with respect to g, we can achieve this property
by calculating the remainder after dividing 1 by g. However, when class(g) = p, then 9 is
not necessarily monic, considered as a polynomial in xp, and the normal euclidian division
algorithm cannot be carried out. To overcome this problem we introduce an alternative way
to compute the remainder of one polynomial w.r.t. an other. First we need the following
definition.

Definition 2.4 Let 1 be a polynomial in K[XI, . .. , Xn ], class(f) = p and degx (f) = d. Then
p

1 can be written as

d

1 = Laix~
i=O

with ai E K[xI, . .. , Xp-l]' The coefficient ad, belonging to the highest power x~ of 1 is called
the initial of 1, denoted as

If = ad·
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Using initials, the alternative division algorithm is given by:

Definition 2.5 Let I,g E K[x}, ... ,xn ]. Then there exist an integer v E IN U {O} and a
polynomial Q such that I;1- Qg is reduced with respect to g. The pseudo-remainder of I
with respect to 9 is the polynomial R in the formula

1;1 =Qg+ R,

where v is chosen as small as possible, while R remains reduced with respect to g. In this
way, R is uniquely defined. Notation: R = prem(f,g).

This definition can be illustrated with the following example. Choose:

I = XIX~+X~

9 = XIX2 +1.

Then Xl(XlX~+xi) = (XIX2 + 1)(XIX2 - 1) +1 +xr. So prem(f,g) = xr + 1.
With help of the foregoing definitions we introduce the notion of an ascending chain.

Definition 2.6 An ascending chain A is a sequence of polynomials in K[xl, .. . , x n ],

which satisfies one of the following properties:

(i) r = 1 and ft :f; 0;

(ii) r > 1,0 < class(ft) < class(h) < ... < class(fr), and moreover, Ii is reduced with
respect to Ii for each pair j > i.

Note that when A is an ascending chain, the set F = {ft, ... , Ir} is auto-reduced, Le. for
all pairs Ii,Ij E F, i :f; j, Ii is reduced with respect to Ii and Ij is reduced with respect to
Ii. Also it is immediately clear that an ascending chain contains at most n elements.

The concept of pseudo-remainders can easily be extended to ascending chains in the
following way:

Definition 2.7 Let A = (ft, ... ,Ir) be an ascending chain with class(fi) = Pi> 0 and Ii
the initial of k Let 9 be an arbitrary polynomial and define R r := g. Now it is possible to
form succesively the remainders Rr-l, .. . , Ro by pseudo dividing Ri by Ii:

I:r Rr =
I lIr-l R
r-l r-l =

Qrfr + Rr- 1

Qr-dr-l +Rr - 2

Qdl + Ro

Defining R := Ro, we can combine these equations in order to get:

I~l .. ·I:rg = Qd! +... +Qrfr +R, (3)

and we write R = prem(g,A). R is called the pseudo-remainder of 9 with respect to the
ascending chain A.
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It is also possible to impose an ordering upon the set of ascending chains in K[Xl, ... ,xn ].

The next definition shows how.

Definition 2.8 Let A and B be ascending chains in K[Xl,"" Xn ],

A (it, ... '!r),
B (gl,'" ,g8)'

Then B has lower rank than A (notation B -< A) if either (i) or (ii) below holds true:

(i) 3j ~ miner,s) such that it '" gl, ... ,Ji-l '" gj-l while gj -< fj·

(ii) s > r and it '" gl, ... , fr '" gr'

With help of this definition it is possible, given a set of ascending chains, to speak of the
notion of a minimal ascending chain. The next two lemmas state this observation in a more
formal way.

Lemma 2.9 In every set of ascending chains there is an ascending chain, which is not of
higher rank than any other chain in the set.

Proof We here give the proof of Ritt (see also [3], p. 4).
Let V be an arbitrary set of ascending chains in K[Xl,"" xn ]. Define VI as the set of all

ascending chains in V, such that the first polynomial of a chain in VI does not have higher
rank than the first polynomial of any other chain in V. If all the chains in VI contain only
one polynomial, we are ready: every chain in VI has the desired property. Otherwise, let V2

be the set of all chains in VI, such that the rank of the second polynomial of a chain in V2 is
not higher than the rank of the second polynomial of any chain in VI. Again, if all the chains
in V2 have two elements, we are done: every chain in 1/2 has the desired property. Otherwise
we construct V3 in the same way as before. In this way we can continue, but because an
ascending chain contains at most n polynomials, the process terminates after at most n steps.

•
The next lemma is a specialization of the last result.

Lemma 2.10 Let A 1 ,A2 , ••. ,Aq, ... be a sequence of ascending chains such that for all q E

IN we have that either Aq+l -< Aq or Aq+l '" Aq. This means that the rank of the ascending
chains never increases. Then there exists an index ij such that for all q > ij:

A q '" A g.

So, for all q ~ q, A q is a minimal ascending chain for the sequence.

Proof See [8]. •
Now, let F be a non-empty (not necessarily finite) set of non-zero polynomials. An

ascending chain A is said to belong to F if every polynomial of A is an element of F.

Definition 2.11 Let F be a non-empty finite or infinite set of polynomials. Then A is called
a (Ritt)-characteristic set of F if the following two conditions hold:
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•

(i) A belongs to F,

(ii) if B is an ascending chain and B belongs to F, then the rank of B is not lower than the
rank of A.

From Lemma 2.9 it is immediately clear that every non-empty polynomial set F has a
characteristic set, but this characteristic set is not necessarily unique. Moreover, the definition
is valid for both finite and infinite polynomial sets. So the characteristic set of a finite
polynomial set is defined in the same way as the characteristic set of the polynomial ideal
generated by this finite polynomial set, although they will, in general, be completely different.

Remark 2.12 The definition of characteristic sets as given above was introduced by Ritt in
[2]. It is different from the one Wu-Wen-Tsun gives in [8]. The differences will be pointed out
later on in section 4.

3 Some results on Ritt-characteristic sets

After the introduction of the characteristic set framework in the last section, we now derive
some results, mainly due to Ritt (see [3]), which show why characteristic sets are such an
interesting tool in constructive commutative algebra. The main aim of this section is to give
an overview of the properties of characteristic sets, once they have been calculated. The
computation of characteristic sets is the subject of the next section.

The first lemma gives an other characterization of characteristic sets.

Lemma 3.13 Let F be a (finite or infinite) set of polynomials in K[X1," ., x n ]. Let A
(f1, ... , fr) be an ascending chain which belongs to F. Then:

A is a (Ritt)-characteristic set of F

Vp E F: p is reduced w.r.t. A==> p = 0

Proof":>" Suppose A is a (Ritt)-characteristic set of F, and let p E F, p reduced w.r.t.
A. Assume that p is non-zero. If the class of p is higher than that of fr, we can get an
ascending chain of lower order than A by adjoining p to A (recall Definition 2.8 (ii)). Since
A is a characteristic set, this cannot happen. So the class of p is lower than or equal to that
of fr. Let j = min{i Idass(fd 2:: class(p)}. Then class(fj) 2:: class(p), but since p is reduced
w.r.t. A, we must have p ~ Ji. Also class(fj-d < class(p), so (ft, ... ,!j-bP) is an ascending
chain of lower rank than A. This contradicts the fact that A is a characteristic set.

"¢::" Let A be an ascending chain such that for all p E F for which p is reduced w.r.t.
A it follows that p = O. Assume that A is not a characteristic set, but the ascending chain
B = (g1' ... ,gs) is. Then B has lower rank than A. First assume that ft f'V g1, ... , fr f'V gr, and
s > r. Then grH is reduced with respect to A, so grH = 0, which contradicts the assumption
that s > r. So there exists an j ::; min(r,s) such that ft f'V g1, ... ,Ji-1 f'V gj-1, while gj ~ fj.
Then gj is reduced w.r.t. A and therefore gj = O. Again we derive a contradiction.

This completes the proof.

With help of the last lemma it is quite easy to prove the following:
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Lemma 3.14 Let A = (ft, ... ,ir) be a (Ritt)-chamcteristic set of a finite or infinite poly
nomial set F in K[XI,' .. , xn). Let Ii denote the initial of fi. Then

Vi = 1, ... , r : Ii r;. F.

Proof Let i E {I, ... , r}. By the definition of ascending chains, Ii is reduced w.r.t. A
Now suppose that Ii E F. Since A is a characteristic set of F, it follows from Lemma 3.13
that Ii = O. This contradicts the fact that Ii =I O. •

Using the two foregoing lemmas it is possible to derive a relationship between characteristic
sets of polynomial ideals and pseudo-remainders. Finally this will lead to a full characteriza
tion of prime polynomial ideals based on their characteristic sets. First we need the following
theorem.

Theorem 3.15 Let P = {PI,'" ,Pm} be a finite set of polynomials in K[XI"'" xn}. Let (P)
denote the ideal genemted by the polynomials in P. Let A = (ft, ... ,ir) be an ascending
chain which belongs to (P). Then

A is a (Ritt)-chamcteristic set of (P)

Vp E (P) : prem(p,A) = O.

Proof" ¢=" Assume that for all p E (P): prem(p, A) = O. We have to prove that A is a
characteristic set of (P). Suppose this is not the case, then we have to derive a contradiction.

Assume that B = (gl,.", gs) is an ascending chain in (P) of lower rank than A- Then
two situations may occur:

(1) gl '" ft, .. ·,gj-l '" fJ-l and gj -< fJ

(2) gl '" ft,··· ,gr '" fr and s > r.

Situation (1) itself can be divided into two cases:

(la) class(gj) < class(fj)

(1 b) class(Jj) = class(gj) = k and

For all these cases we will derive a contradiction.
(la) Assume that dass(gj) < dass(fJ) and suppose that class(gj) = q, then certainly

for all i E {j, ... , r}, we have class(Jd > q = class(gj), so gj is reduced with respect to
(fJ, ... ,fr)' Let now i E {1, ... ,j-1}. Then gi '" fi, so class(fd = class(gi) = .e and
degxl(fi) = degxl(9i). Because B = (gt, ... ,gs) is an ascending chain, it follows that

So gj is reduced w.1'.t. Ii- Since i E {I, ... ,j - I} was arbitrary, it follows that gj is reduced
w.1'.t. (ft, ... , fj-t). Now we conclude that gj is reduced W.1'.t. A, so

prem(gj,A) = gj'

6



Since 0 # gj E (P), this contradicts our assumption.
(lb) Assume that class(/j) = class(gj) = k and degxk(gj) < degxk(fj). Then for all i E

{j + 1, ... ,r} we have class(fi) > k = class(gj), so gj is reduced with respect to (fjH' ... ,ir).
Moreover, since class(/j) = class(gj) = k and degxk (gj) < degxk (/j), gj is reduced with respect
to /j. Finally, let i E {I, ... ,j - I}. Then in completely the same way as in (la) we can
derive that gj is reduced with respect to (h, ... ,/j-l). We conclude that gj is reduced with
respect A, so

prem(gj, A) = gj'

Again we find a contradiction because 0 # gj E (P).
(2) Assume that gl tv h, ... ,gr tv ir and s > r. Then class(gr+d > class(gr) = class(fr).

Let now i E {I, ... , r} and suppose class(fi) = £. Then degxt(gi) = degxt(fi). Since B is an
ascending chain it follows that

degxt (gr+l) < degxt(gi) = degx/(fJ·

So gr+l is reduced with respect to Ii- This holds for all i E {I, ... , r}, and therefore gr+l is
reduced w.r.t. A. It follows that

and again, since 0 # grH E (P), we arrive at a contradiction.
This completes the sufficiency proof.

"=>" To prove necessity, assume that A is a characteristic set of (P). Let p E (P) and
R = prem(p, A). Then, according to formula (3), there exist integers VI, . .. , V r E IN U {O}
and polynomials 0'1, ... ,O'r such that

rIr1
••• I:r p = L O'di +R.

i=O

Since ii E (P) (i = 1, ... ,r), it follows that R E (P). Moreover, by the definition of the
pseudo-remainder, R is reduced w.r.t. A. From Lemma 3.13 we immediately conclude that
R == 0, and indeed we have prem(p,A) = O. Because p E (P) was arbitrary, this proves our
claim. _

When (P) is a prime polynomial ideal, we can even say more about the relationship
between characteristic sets and pseudo-remainders:

Proposition 3.16 Let (P) be a prime polynomial ideal in K[Xl" .. ,Xn ], and suppose that
A == (h, . .. ,ir) is an ascending chain which belongs to (P). Then

A is a Ritt-characteristic set of (P)

(P) = {p Iprem(p, A) =O}.

Proof "=>" Suppose that A is a characteristic set of (P). Then it follows from Theorem
3.15 that Vp E (P) : prem(p, A) = O. So (P) C {p I prem(p, A) = O}. On the other hand, let
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P E K[xI, •.• , x n ] and suppose that prem(p, A) = O. Then there exist integers VI, ... , V r and
polynomials aI, ... , a r such that

rIr1
••• I:r p = E ai!i.

i=O

Now, iI, ... ,ir E (P), so Ir1
'" I:rp E (P). Since (P) is prime, it follows that one of

the factors of Ir1
" ·I:rp is an element of (P). Because A is a characteristic set, Lemma

3.14 indicates that h, ... ,Ir do not belong to (P). So p E (P), and we have proven that
{p Iprem(p,A) = O} c (P).

"~" Suppose (P) = {p Iprem(p,A) = O}. Then certainly

'tip E (P) : prem(p,A) = O.

According to Theorem 3.15, A is a characteristic set of (P). This proves our claim. •
The result of Proposition 3.16 is very important. It says that a prime polynomial ideal

1S completely determined by its characteristic set. Which particular characteristic set A
is chosen, does not make any difference. The prime polynomial ideal consists precisely of
the polynomials which have pseudo-remainder zero w.r.t. A. Moreover, it is clear that an
ascending chain A can be the characteristic set of at most one prime polynomial ideal.

In comparison with Grabner bases, it looks rather restrictive that characteristic sets can
only deal with prime polynomial ideals. Nevertheless, this is a very interesting class of ideals
in view of the following problem.

Let F = {fI, ... ,fm} be a set of polynomials in K[XI""'Xn], This set F generates a
polynomial ideal (F). Suppose we are interested in the variety V( (F)) of (F), Le. the set
of all points a = (aI, ... , an), with all ai in the algebraic closure K of K, such that for all
f E (F) : f( aI, ... , an) = O. Now, from the Hilbert-Nullstellensatz it follows that the variety
of (F) and the variety of the radical of (F), rad( (F)), are identical. Moreover, a radical ideal
is the intersection of a finite number of prime ideals. Given a finite set of polynomials F,
there exist prime polynomial ideals PI, ... , Pk such that

rad((F)) = PI n P2 n··· n Pk.

\Vith each prime polynomial ideal we can associate a characteristic set Ai. Given a set F, we
are interested in a method to compute characteristic sets AI, ... ,Ak for PI, ... ,Pk. In this
way we can get an easy reprentation of the variety of (F), which in turn leads to a solution
of the original problem: to determine all common zeros of the polynomials in F.

4 Computation of characteristic sets

In the last section it turned out that characteristic sets can be an interesting tool to study
the variety of a set of polynomials. But, of course, application is only possible if there is a
way to compute characteristic sets. In this section we describe an algorithm which plays a
very important role in this set-up. It will turn out to be the first step in the computation of
(Ritt )-characteristic sets of prime polynomial ideals.

For a finite set of polynomials it is rather easy to find a characteristic set. This can be
done, for instance, using the following algorithm.

8



Algorithm 4.17 Let F be a finite set of polynomials. Then the following procedure com
putes a (Ritt )-characteristic set of F:

Step 1 Choose iI to be a non-zero polynomial in F of lowest rank.

Step 2 If class(Jl) = 0, then (JI) is a characteristic set of F, else A := (iI) and go to step 3.

Step 3 If F does not contain a non-zero polynomial reduced w.r.t. A, then A is a charac
teristic set of F, else go to step 4.

Step 4 Choose 9 to be a non-zero polynomial oflowest rank in F, but reduced w.r.t. A, and
define A := (A,g). Go to step 3.

•
The correctness of this algorithm, which originates from Ritt, can easily be verified using

the definition of (Ritt )-characteristic sets.

The computation of characteristic sets for polynomial ideals is much more involved. How
ever, Ritt also suggests a solution to this problem, when the polynomial ideal is radical (see
[3], pp.88-90). The crucial part of this algorithm was later used by Wu-Wen-Tsun to define
and compute characteristic sets in his own sense. This is the source of a lot of confusion,
because Ritt-characteristic sets and \Vu-characteristic sets are not the same notions! But,
of course, there are also a lot of relationships, and one of the main aims of this report is to
clarify these relationships.

To introduce the framework of Wu-characteristic sets, we follow along the same lines as
Wang in [4]. We start with some new definitions.

Definition 4.18 Let F = {iI, ... ,fm} be a finite polynomial set in K[Xl, ... ,xn]. Then a
Ritt-characteristic set of F is also called a basic set of F.

Definition 4.19 Let F = {iI, ... , fm} be a finite polynomial set in K[Xl,"" x n ]. Then a
medial set of (F) is an ascending chain, which belongs to the polynomial ideal (F) generated
by the polynomials iI, ... , fm in F, and with rank not higher than that ofthe basic set of F.

Definition 4.20 Let F = {iI, ... , fm} be a finite polynomial set in K[x}, ... , xn]. A medial
set A of (F) is called a Wu-characteristic set of (F) if

'Vf E F: prem(J, A) = O. (4)

From Definition 4.20 and Theorem 3.15 it is immediately clear that a (Ritt )-characteristic
set of (F) is also a Wu-characteristic set of (F), but not the other way around. This is
illustrated by the following example.

Example 4.21 Take the polynomial ring .lR[x, y] with ordering x ~ y and let iI = x 2 ,

f2 = xy + 1. Define F := {iI,f2}. Since iI and f2 have no common zeros, the.Hilbert
Nullstellensatz yields (F) = .lR[x,y]. So A = (1) is a (Ritt)-characteristic set of (F). On the
other hand it is easily verified that the ascending chain B = (x 2 , xy +1) is a Wu-characteristic
set of (F). Now A is also a Wu-characteristic set of (F), but B is not a (Ritt)-characteristic
set of (F) because A is an ascending chain in (F) of lower rank than B. •
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From Example 4.21 it is clear that the concept of Wu-characteristic sets is weaker than that
of (Ritt )-characteristic sets. However, this has the advantage that Wu-characteristic sets are
much easier to compute. Moreover, a lot of the properties of the variety of a polynomial ideal
remain valid for its Wu-characteristic set. To explain this, we need still another definition.

Definition 4.22 Let f E K[x}, ... , x n ] and K the algebraic closure of K. A point a =
(aI, ... , an) E Kn is called an (extended) zero of f if

f(aI, ... ,an) = O.

In the same way we define for a polynomial set F and a polynomial 9 in K[x}, ... , x n ]:

Zero(F)

Zero(Fjg)
{a E Kn I 'Vf E (F) : f(a) = O},

{a E Kn I 'Vf E (F) : f(a) = 01\ g(a) t= O}.

(5)

(6)

Note that Zero(F) is the variety of the ideal (F), generated by the polynomials in F, but
Zero( Fjg) is not necessarily a variety. When F contains only a non-zero constant, Zero(F) =
0, and we call F contradictory.

We now give the algorithm to compute a Wu-characteristic set as stated by Wang in [4].
It is a generalization of the so-called "Ritt principle", because the original ideas stem from
the work of Ritt (see [3], pp.88-90).

Algorithm 4.23 Let F = {II, ... , fm} be a non-empty finite polynomial set in K[x}, ... ,xn],
and apply the following algorithm:

Q .- F'R'- F'.- , .- ,
while R t= 0 do

C := a medial set of (Q);
if C is contradictory

then R:= 0;
else R:= {prem(q,C) Iq E Q\C}\{O};

Q;= Q UCUR;
fi;

od;

Then:

(1) the algorithm will terminate;

(2) when the algorithm terminates, C is a Wu-characteristic set of (F);

(3) if C = (CI, ••. , Cr ) and Ii denotes the initial of Ci, then

Zero(Cjg) C Zero(F) C Zero(C),

r

Zero(F) = Zero(Cjg) U UZero(Fi),
i=l

where 9 = h·· ·Ir and Fi = F U {Ii} (i = 1, ... ,r).

10
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•

In order to prove the correctness of this algorithm, we need the following lemma from
Wang (see [4]).

Lemma 4.24 Let F be a finite set of polynomials in K[xI, .. . , x n ] and M = (mI, ... , m r ) a
medial set of (F), with class(m1) > O. Let m be a non-zero polynomial reduced with respect
to M. Define F := F U {m1, ... , mr } U {m}. Then any medial set Nt of (F) will have lower
rank than M.

Proof Let 13 be a basic set of P, and B a basic set of P := F U {m1' ... , m r }. Then clearly
B does not have higher rank than M.

Now assume that Bhas the same rank as M. Since m is reduced with respect to M, it
is also reduced with respect to 8. But because m ¥: 0, it follows from Lemma 3.13 that 13,
which is a basic set of FU {m}, must have strictly lower rank than 8. In this way we find

Nt ~B-<B~M.
On the other hand, if Bhas lower rank than M, it is immediately clear that

Nt ~ 13 ~ 8 -< M.

In either case Nt has strictly lower rank than M.

Proof of Algorithm 4.23
1) Termination. To prove the termination of the algorithm it is sufficient to show that

the while-loop will be carried out only a finite number of times.
Let Mi denote the medial set C in the i th while-loop. If a certain Mi is contradictory,

i.e. if it contains only a non-zero constant, the algorithm terminates immediately. Otherwise
it follows from Lemma 4.24 that Mi+1 is an ascending chain of lower rank than Mi. So
M 1, M 2, ... is a sequence of ascending chains with steadily decreasing ranks. According to
Lemma 2.10 such a sequence can only contain a finite number of chains, say m. This means
that M m is a medial set of the final finite polynomial set Qm' The pseudo-remainder of an
arbitrary polynomial in Qm with respect to M m must therefore be zero, i.e. R = 0. Thus
the algorithm terminates.

2) Correctness. To prove the correctness of the algorithm, we first show that the ascending
chain C, for which the algorithm terminates, belongs to the polynomial ideal (F). Denote by
Qi and Ri the sets Q and R at the start of the i th while-loop, and Mi the ascending chain C
calculated in the i th while-loop. Then it is easy to prove inductively that

Vi E {1, ... , m} : (Qi) C (F), (Ri) C (F) and (Mi) C (F). (9)

i = 1: Q1 = F, R1 = F and M1 is a medial set of (F), so clearly (Q1) C (F), (R1) C (F)
and (M 1 ) C (F).

inductionstep: Assume that (Qi) C (F), (Ri) C (F) and (M i) C (F). Then Ri+1 =
{prem(q,Mi) I q E Qi\Mi}. Let v E Ri+l and Mi = (m1'"'' mr), with initials
II, ... ,Ir respectively. Then there exists a polynomial q E Qi \M i, integers Ill,' .. ,lIr

and polynomials aI, ... , a r such that

r

1ft ... I:rq = I: aimi + v.
i=l

11



So

r

V = - L aimi +Ir1
••• I:r q E (Mi u Qi).

i=1

Since both (Mi) C (F) and (Qi) C (F), it follows that v E (F). Because v E Ri+l
was arbitrary, we conclude that (Ri+l) C (F). Recall that Qi+l = Qi U Mi U Ri+l.
Since all the three sets in the decomposition of Qi+l belong to (F), it is immediately
clear that (Q i+1) c (F). Finally, M i+l is a medial set of (Q i+l)' So M i+l belongs to
(Qi+l)' Because (Qi+l) C (F), we certainly have that (Mi+l) e (F). This proves the
inductionstep.

Since the algorithm terminates with C = M m e (F), the ascending chain C belongs to (F).
Moreover, C is a medial set of (Qm)' Now Ql = F and for all i, Qi e Qi+l, so F e Qm' For
all polynomials q E Qm we have that prem(q, C) = O. So certainly

Vf E F: prem(j,C) = 0,

and C is a Wu-characteristic set for (F).

3) Zero-inclusions (7) and (8). Finally, to prove the zero-inclusions, we need the following
fact:

Vi E {I, ... , m}: Zero(Qi) = Zero(Qi+t}. (10)

This can be seen as follows.
":>" Let a E Zero(Qi+l)' Let f E Qi. Because Qi+l = Qi U Mi U Ri+l it follows that

f E Qi+l, so f(a) = 0 and a E Zero(Qi)'
"e" Let a E Zero(Qi). Since Mi is a medial set of (Qi), all elements of Mi belong to

(Qi), so a E Zero(Mi)' Let now v E Ri+l' Then there exists a polynomial q E Qi\Mi,
integers 1/1,' .• ,1/r and polynomials 131, ... ,13r such that

r

Ir1
'" I:r q = L 13i m i + v.

i=1

Since a E Zero(Mi) and a E Zero(Q;), it follows that a is a zero of v. Because v E Ri+l was
arbitrary, we conclude that a E Zero(Ri+t}. Now Qi+l = Qi U Mi U Ri+l' Let f E Qi+l'
Then f E Qi V f E Mi V f E Ri+l. But in all cases we know that a is a zero of f. So
a E Zero(Qi+l).

Since Ql =F, it follows that for all i, 1 ~ i ~ m:

Zero(F) = Zero(Ql) = Zero(Q;).

Now, C is a medial set of (Qm), and therefore all its elements belong to (Qm). Let
a E Zero(F). Then a E Zero(Qm)' Because C e (Qm), clearly a E Zero(C). This proves that
Zero(F) C Zero(C).

On the other hand, suppose C = (Cl,' .. ,Cr ) with initials It, ... , I r • Define

r

9 := II Ij.
j=1

12



Let a E Zero(Cjg). Let q E Qm' Then prem(q,C) = 0, so there exist integers V1, ... ,Vr and
polynomials /31, ... , /3r such that

r

Ir1
... I:r q =L /3i Ci.

i=l

(11)

Because a E Zero(C), a is a zero of the right-hand side of (11), so a is a zero of Ifl ... I!(rq
too. Since a is not a zero of one of the initials I? , ... , I!(r, a must be a zero of q. Now q E Qm
was arbitrary, so this proves that a E Zero(Qm) = Zero(F). Therefore Zero(Cjg) C Zero(F).

To prove (8), first recall that we already have proven that Zero(C j g) C Zero(F). Since
for all i, F C Fi, it is clear that Zero(Fi) C Zero(F). So we have

r

Zero(Cjg) U UZero(Fi) C Zero(F).
i=l

(12)

Let now a E Zero( F) C Zero(C). Assume that a r¢ Zero(C j g). Then there has to exists
an initial Ii such that a is a zero of Ii. But then a is a zero of Fi. So we also have

r

Zero(F) C Zero(Cjg) u UZero(Fd·
i=l

Formulae (12) and (13) together yield (8).
This completes the proof of the algorithm.

(13)

•
Note that in Algorithm 4.23 the method to find a medial set C of (Q) is not specified. The

user has the freedom to choose a method himself. The most obvious choice is to take a basic
set of Q for C. Such a basic set (which is a (Ritt )-characteristic set of the finite polynomial
set Q) can be computed with Algorithm 4.17. Therefore Algorithm 4.23 and 4.17 together
constitute a fully constructive method for the computation of a Wu-characteristic set of the
polynomial ideal (F).

Of course it is also possible to calculate a medial set C of (Q) in another way. Several
suggestions are made in the paper of Wang (see [4]). In that paper the performances of
the various methods are also compared. Wang was the fist one who stated this so called
"generalized characteristic sets algorithm" as we did it above. It is a generalization of an
algorithm mentioned by Wu-Wen-Tsun in [8], which, in turn, was inspired by the original
ideas of Ritt.

An implementation of the algorithm, with various possibilities to choose the medial set C,
already exists for the computer algebra package MAPLE (see [5]). The program is developed
by Wang and is available by anonymous ftp, together with a manual.

5 Irreducible ascending chains

In the last section we explained how a Wu-characteristic set of a polynomial ideal (F) can be
computed. These Wu-characteristic sets turned out to be ascending chains in the ideal (F),
but did not have as strong properties as Ritt-characteristic sets. Nevertheless it is obvious
from both the definitions of Ritt- and Wu-characteristic sets, that there is a close relationship
between these two concepts. This relationship can be determined completely for so called
irreducible characteristic sets. The goal of this section is to explain how this can be done. On
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the other hand, the study of irreducible ascending chains also yields the main ideas for the
treatment of reducible characteristic sets. This is the subject of the next section.

In the title and the introduction of this section we frequently encountered the term "irre
ducible ascending chain". For single polynomials the concept of irreducibility is well-known:
let K be an arbitrary field and let p E K[x] be a polynomial such that deg(p) > 0; then p
is called irreducible if it is impossible to factorize p as p = Qlq2, where Ql and Q2 E K[x]
are polynomials such that deg(qi) > O( i = 1,2). The notion of irreducibility can easily be
generalized to ascending chains. This idea was first used by Ritt (see [3], pp. 88-90), but we
prefer to give the more formal definition according to Wu-Wen-Tsun (see [8], pp. 233-234).

Definition 5.25 Consider an ascending chain

A = (II, ... ,Ir),

in K[XI, ... ,Xn ] and assume that classUi) = Pi, with

o< PI < P2 < ... < Pr.

Define for i = 1, ... , r: Yi := xPi and mi := deg
xPi

Ud, and denote the other original x
indeterminates in the original order as UI, . .. ,Ud. d := n - r is called the dimension of the
ascending chain A.

Write the polynomials (II, ... ,Ir) in A as

where the coefficients CiO =1= 0 are the initials of the polynomials Ii, and each coefficient Cij is
itself a polynomial in Ub" ., Ud, Yb' .. ,Yi-l with coefficients in K. Because Ii is reduced with
respect to II, ... ,Ii-b the degrees of Cij in YI,' .. ,Yi-l are less than ml, ... ,mi-l respectively.

Let the transcendental extension field K(UI,' .. ,Ud) of K, obtained by adjoining the sym
bols UI, . .. ,Ud to K, be denoted by Ko. Then the ascending chain A is called irreducible if
the following r conditions are all satisfied:

(i) Let iI denote the polynomial II, considered as a polynomial in KO[YI], so with coeffi
cients in Ko. Then iI is irreducible in KO[YI]'

(ii) Let the algebraic extension field of Ko, obtained by adjoining an (extended) zero TIl of
il = 0, be denoted by KI := Ko(TId. Then the polynomial 12, obtained by substituting
TIl for YI in 12, is irreducible in K I [Y2].

(iii) Let the algebraic extension field of K I , obtained by adjoining an (extended) zero Tl2 of
12 = 0, be denoted by K2 := K I(Tl2). Then the polynomial 13, obtained by substituting
TIl for YI and Tl2 for Y2 in 13, is irreducible in K2[Y3].

14



(r) Let the algebraic extension field of /Cr-2, obtained by adjoining an (extended) zero "lr-1
of ir-1 = 0, be denoted by /Cr-1 := /Cr-2("lr-d. Then the polynomial in obtained by
substituting ("l1, ... ,"lr-1) for (Yl, ... , Yr-1) in ir, is irreducible over /Cr-1 [Yr].

Let "lr be an (extended) zero of ir = 0 and /Cr := /Cr-1 ("lr) the algebraic extension obtained
by adjoining "lr to /Cr-1. Then the Ui and the "lj are all elements of R: := /Cr, and the point

fJ= (U1, ... ,Ud,"l1l ... ,"lr) (14)

can be considered as a point of the linear space R:d+r = R:n. fJ is called a generic point of A.
R: is called a generating field of A.

From Definition 5.25 we see that the polynomials of an irreducible ascending chain are
themselves irreducible in a very specific sense. Intuitively it is clear that this has to be related
with the primeness of the polynomial ideal generated by this ascending chain A. In the next
proposition this conjecture is stated and proved. Moreover, it gives an alternative way to
characterize irreducible ascending chains.

Proposition 5.26 Let A = (ft, ... , ir) be an ascending chain in /C[xt, ... , xn] and rename
the indeterminates in the same way as in Definition 5.25. Then we have:

A = (ft, ... , ir) is irreducible

Vj = 1, ... , r: (f1,"" ij) is a prime ideal in /Co[Yt, ... , Yj].

(This means that (f1) is a prime ideal in /CO[Y1], (f1' h) is a prime ideal in /C0[Y1, Y2] and so
on, until the final condition: (f1, ... , ir) is a prime ideal in /C0[Y1, ... , Yr]).

Proof (by induction)
i = 1: (ft) is irreducible ¢::::::} (ft) is a prime ideal in /C0 [Y1]'
",¢::" Assume that (ft) is a prime ideal. Suppose that ft is reducible. Then there exist

polynomials p and q in /C0[Y1] such that ft = pq, with

o < degY1 (p) < degY1 (ft)
o < degY1 (q) < degY1 (ft)

Since (ft) is prime, we have p E (f1) V q E (ft). Assume without loss of generality that
p E (ft). Then there is a polynomial r E /C0[Y1] such that p = r It, and it is clear that
degY1 (p) ~ degY1 (i1)' This yields a contradiction and therefore (ft) must be irreducible.

"=>" Assume that (ft) is irreducible. Let p E (f1). Then there exists an r E /C0[Y1] such
that p = r ft. Suppose there are polynomials g, hE /C0[Y1] such that p = gh. Then gh = r ft.
Since ft is irreducible, we must have g E (ft) V h E (f1)' So (f1) is a prime ideal.

Inductionstep: Assume that Aj = (ft, ... , ij) is irreducible and generates a prime
polynomial ideal in /Co[Yl,"',Yj]. Let /Ci = /Co("ll, ... ,"li) (i = 1, ... ,j) denote the field
extension obtained by adjoining ''It, ... , "li to /Co, where "lk (k = 1, ... , i) is an extended zero
of ik("l1,·· ., "lk-1, Yk) in /Ck-1 [Yk]. Then we have to prove the following claim:

(A j+1) = (f1,' .. , h+l) is a. prime ideal in /C0[Y1, ... , Yj+1]
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"=>" Assume that (Aj+!) is a prime ideal, but 1i+1 (7]1, ... , 7]j, Yj+1) is reducible in Kj[Yj+!].
We have to derive a contradiction.

Because li+1 (Yj+1) = 1i+1 (7]1, ... , 7]j, Yj+1) is reducible in Kj[Yj+1], there exist polynomi
als P and q in Kj[Yj+!] such that

with

o< degYj +1 (p( 7]1, •.• , 7]j, Yj+I)) < degYj+1 (lj+! (7]b •.. , 7]j, Yj+I))

o< degYJ+l (q( 7]1, ••• , 7]j, Yj+!)) < degYj+1 (lj+! (7]1, ... , 7]j, Yj+I))

Substitute (Y1,' .. , Yj) for (7]1, ... , 7]j). Then we have:

P(Y1' ... , Yj+1 )q(Yb' .. , Yj+I) = !j+1 (YI, ... ,Yj+1) + r(Yb ... , Yj+I)'

Now, because of (15), it is clear that

r( 7]1, .•. , 7]j, Yj+I) = o.

(15)

(16)

(17)

(18)

(19)

But (19) holds true for every common zero of iI, ... ,!j. This can be seen as follows. Let
(6, ... ,~j) be another common zero of iI, ... ,Ii. This is only possible if for all i = 1, ... , j,
~i is a conjugate of 7]i. So for all i = 1, ... ,j, the field extensions Ki-1(7]i) and Ki-1(~i) are
isomorphic, say through an isomorphism Ti, and we have

Therefore for all i = 1, ... ,j:

So finally:

p(6, ... ,~j, Yj+1 )q(6, ... ,~j, Yj+!) = !j+1 (~1, ... ,~j, Yj+1).

In combination with (18) this yields

r(6,··· ,~j, Yj+I) = O.

Let if.; denote the algebraic closure of Kj. We have proven that

(20)

Now, regard iI, ... ,Ii as polynomials in the ring KO[Y1" .. , Yj+!]. From (20) and the Hilbert
Nullstellensatz it follows that there exists an integer p E IN and polynomials Q'i(Y1, ... , Yj+1) E
KO[Y1, ... ,Yj+1] such that

j

rP(Yll' .. , Yj+I) = L Q'i(Yll ... ,Yj+I)!i(Y1, ... , yd·
i=l
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(21)

So, considering (II, ... , Ii) as an ideal in !CO[Yb' .. , Yj+1], we conclude that rP is an element
of this ideal. Now we assumed that (II, ... , Ii), considered as an ideal in !Co [Y1, ... , Yj], is a
prime ideal. But then the ideal (II, ... , fj), considered as an ideal in !CO[Y1, ... , Yj+I], is also
prime, and we conclude that r itself is an element of this ideal and can therefore be written
as

j

r(Yb"" Yj+I) = L,Bi(Yb"" Yj+I)fi(Y1, ... , Yi),
i=l

where ,Bi(Y1,"" Yj+I) are polynomials in !CO[Y1,.'" Yj+I]' Recalling (18) we see that

P(Yb"" Yj+I)q(yI,···, Yj+I) E (II,··· ,fj+1),

where (1I, ... ,1i+1) is considered as an ideal in !CO[Y1, ... ,Yj+1]' But, by assumption, this
ideal is a prime ideal. So either P or q (or both) is an element of this ideal.

Assume without loss of generality that

p(YI, .. . , Yj+I) E (lI, ... , 1i+I),

then there exist polynomials ,i(Y1,' .. , Yj+I) E !Co[Y}, ... , Yj+1] such that

j+I
p(YI, ... , Yj+1) = L ,i(Yl, ... , Yj+dfi(Y1, . .. , Yi)'

i=l

Substitution of ("11, ... , "1j) for (Y1" .. , Yj) yields:

p("11, ... , "1j, Yj+d = ,j+1 ("11, ... , "1j, Yj+I)1i+1 ("11, ... , "1j, Yj+I)·

So

degYj+1 (p( "11, ... , "1j, Yj+I)) ~ degYj+1 (fj+1 ("11, ... , "1j, Yj+I))'

This contradicts (16) and thus proves the necessity.

"{=" Assume that !i+I("11, ... ,r/j,Yj+d is irreducible over ](j[Yj+I]' We have to prove
that (11," . , 1i+1) is a prime ideal.

Let 9 E (II, ... ,1i+1)' Then there exist polynomials (Xi E !Co[y}, .. . ,Yj+1] such that

j+I
g(y}, ... , Yj+I) = L (Xi(Yl, ... , Yj+I)fi(Y1," ., yd·

i=l

Now assume that there exist polynomials p and q in !CO[Y1" .. , Yj+I] such that

g(yl, ... ,Yj+d = p(Yl, ... , Yj+dq(Y1' ... ,Yj+I)·

Substitution of ("1}, ... ,"1j) for (Y}, . .. , Yj) in (21) yields:

p( "11, ... ,"1j, Yj+dq( "11, ... ,"1j, Yj+d = (Xj+1 ("1}, ... , "1j, Yj+1 )!i+l ("11, ... ,"1j, Yj+d·

Since 1i+I("1l,".,"1j,Yj+I) is irreducible in !Cj[Yj+1] , it is clear that there either exists a
polynomial,("1I, ... , "1j, Yj+d E !Cj[Yj+1] such that
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or a polynomial 8( 'fIl, ... ,'fIj, Yj+l) E /Cj [Yj+l] such that

q('fIl,"" 'fIj, Yj+l) = 8('fII, ... , fJj, Yj+dli+l('fIl,"" 'fIj, Yj+l),

or both. Without loss of generality we assume the first.
Substitute (Yl' ... ,Yj) back for (fJl,· .. ,fJj):

p(Yl, ... ,Yj+l) = 1'(YI, ... ,Yj+l )Ii+l (YI, ... ,YHl) + r(Yl' ... , Yj+d·

and again r('fIl,".,fJj,Yj+d =O.
With the same arguments as in the necessity part we can prove that for every common zero

(6, ... ,~j) of II, ... ,Ii we have r(6, ... ,~j, Yj+l) = O. Let K denote the algebraic closure of
K j' Then again:

} ==> T((', ... ,(j, Yj+I) = o. (22)

•

Regard 11, ... ,Ij as polynomials in the ring /CO[Yl, ... , Yj+l]. From (22) and the Hilbert
Nullstellensatz it follows that there exists an integer p E IN and polynomials f3i(Yl, ... ,Yj+l) E
/Co[Yl, ... ,Yj+l] such that

J

rP(Yl, ... ,Yj+l) = I: f3i(Yl, ... ,Yj+l )Ii(Yl, ... ,yd·
i=l

Because (II, ... ,Ii), considered as an ideal in /Co [Yl' ... ,Yj], is a prime ideal, the polynomials
1I, ... ,Ij generate also a prime ideal in the ring /CO[Yl," . ,Yj+l]' Since r P is an element of
this ideal, r itself is an element of this ideal too, and there exist polynomials 8i(Yl, ... , Yj+l) E
/Co[Yl, ... , Yj+l] such that r can be written as

j

r(Yl,' .. ,Yj+l) = I: 8i(Yl, .. . ,Yj+l )Ii(Yl, .. . , yd·
i=l

But then

is an element of the ideal (fl,"" Ii+l), considered as an ideal in /CO[Yl,"" YjH], and we
conclude that (II, ... ,Ii+l) is a prime ideal in /CO[Yl' ... ,Yj+l]'

This completes the proof.

The concept of irreducible ascending chains makes it possible to give another characteri
zation of the property of a polynomial to have pseudo-remainder zero with respect to a chain.
This is very important, because when a polynomial p and an ascending chain A are given,
the equality prem(p, A) = 0 contains a lot of information, but this information is very hard
to extract. For irreducible ascending chains however, there exists a very easy translation, as
the following proposition shows.
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Proposition 5.27 Let A =(h, . .. ,ir) be an ascending chain in K[u}, . .. ,Ud, Y},·· . ,Yr] (in
the notation of Definition 5.25), and assume that A is irreducible. Let

ij = (U1, ... , Ud, 1]1 , ••• , 1]r)

be a generic point, as defined in {14}. Let p E K[u}, ... ,Ud, Y1, ... ,Yr]. Then

prem(p, A) = 0

ij is an extended zero of p.

Proof See [8], p. 234, Lemma 3. •
This result of Wu-Wen-Tsun describes the relationship between a polynomial p with the

property prem(p, A) = 0, and the variety V(A) of the irreducible ascending chain A. On the
other hand, we know from Proposition 5.26 that an irreducible ascending chain A generates a
prime polynomial ideal in the ring KO[Y1," . , Yr], and from Proposition 3.16 that an ascending
chain A = (iI, ... ,ir) is a (Ritt-) characteristic set of the prime ideal (/1," . ,ir) if and only
if

(/1, ... , fr) = {p Iprem(p,A) = O}.

Therefore it is intuitively clear that in the ring KO[Y1, ... , Yr] there is a strong link between
irreducible ascending chains and (Ritt-) characteristic sets of prime polynomial ideals. How
ever, the exact relationship is still unclear, and, moreover, we are merely interested in (Ritt-)
characteristic sets over the ring K[u}, ... , Ud, Y1, ... , Yr]' To solve both problems, we introduce
two ideals, which will clarify the structure of the problem under consideration.

Definition 5.28 Let A = (h, ... ,Jr) be an ascending chain in K[UI, ... , Ud, YI, ... , Yr](in
the notation of Definition 5.25). Then j: is defined as

r

j: := {L adi Iai E KO[Y1,"" Yrn·
i=l

(23)

So j: is the ideal in Ko[Y1, ... , Yr] generated by the polynomials iI, ... , fr' On the other hand
we define :F as

r

:F:= {p E K[u1,'''' Ud, Y1, .. ·, Yr] I 3ai E KO[Y1,"" Yr] s.t. P = L add. (24)
i=l

It is not difficult to see that :F is an ideal in K[u}, .. . , Ud, Y},· .. , Yr]'

From the definition it is immediately clear that when we consider :F as a set in the ring
Ko[Y},' .. ,Yr], it is a subset of j:. However, the following property is of more importance:

Lemma 5.29 Let A = (h, ... ,ir) an ascending chain in K[U1, ... ,Ud,Y1, ... ,Yr] (in the
notation of Definition 5.25). Let:F and j: be defined as in (24) and (23). Then

j: is a prime ideal in Ko[Y1' ... , Yr]'
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Proof "¢=" Suppose :t is a prime ideal. Let 9 E F, and assume that there exist polyno
mials p and q in K[ul, .. . ,Ud, Yl, ... , Yr] such that 9 = pq. Since F C :t, we have that 9 E :t.
Moreover, :t is prime. So p E :t V q E :t. Assume, without loss of generality, that p E :t.
Then p can be written as

r

p = 'L-adi,
i=l

with ai E KO[Yl' ... ,Yr]. But p itself is an element of K[Ul, ... ,Ud, Yl, ... ,Yr]. So P E F. This
proves that F is a prime ideal.

"::}" Now suppose that F is prime. Let 9 E :t, and assume that 9 = pq with p, q E

Ko[Yl,··· ,Yr]'
Since 9 E :t, 9 can be written as

r _

"19 = 'L- (,Bi '.)Ii E K [Ull ... , Ud, Yl , ... , Yr].
i=l ,t

So, for all 9 E :t, there exists a polynomial "I E K[Ul, ... ,Ud] such that "19 E :F.
In the same way, let p E KO[Yl' ... ,Yr]' Then p can be written as

s

p = 'L- <Pi y~li ... y~ri ,
i=l 'l/Ji

with <Pi and 'l/Ji E K[Ull"" Ud]. Defining 1[; := TIt=l 'l/Ji, we find that

So, for all p E J(O[Yll ... , Yr] there exists a polynomial 1[; E K[Ull"" Ud] such that 1[;p E
K[Ul,"" Ud, Yl,···, Yr].

Now, 9 = pq. Choose polynomials" 'l/J and f-l in K[Ul, ... ,Ud] such that ,9 E F and 'l/Jp,
f-lq E K[Ul, ... , Ud, Yl, ... ,Yr]. Then

(25)

Since ,9 E F, the left-hand side of (25) is an element of F. Because F is a prime ideal in
K[Ul, ... ,Ud, Yl, ... ,Yr] and both (,'l/Jp) and (f-lq) are polynomials in K[Ul, ... ,Ud, Yl, ... ,Yr],
we conclude that b'l/Jp) E F V (f-lq) E F.

Assume that f-lq E F. Then there exist polynomials !3i E KO[Yl, ... , Yr] such that

r

J.Lq = 'L- !3di.
i=l

So

r !3i
q='L--k

i=l f-l
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•

Because J.L E K[Ul, .. . , Ud], we have ~ E J(O[Yl, .. . , Yr] and we conclude that q E i.
In completely the same way one can prove that when (r'l/;p) E F, necessarily p E i.

Therefore p E i V q E i, and i is prime.

With help of Lemma 5.29 it is possible to give a full description of the relationship between
irreducible ascending chains and Ritt-characteristic sets of prime polynomial ideals.

Theorem 5.30 Let A = (it, ... ,fr) be an ascending chain in K[Ul, ... ,Ud,Yl, ... ,Yr] (in
the notation of Definition 5.25). Define the ideals F and i as in (24) and (23). Then the
following three statements are equivalent:

(i) The ascending chain A is irreducible,

(ii) i is a prime ideal in KO[Yl, ... , Yr], and A is a (Ritt-) characteristic set of i,

(iii) F is a prime ideal in K[Ul, ... ,Ud,Yl, ... ,Yr], and A is a (Ritt-) characteristic set of
F.

Proof We will prove the following implication scheme: (i) => (iii) => (ii) => (i).

(i) => (iii) Suppose that A = (it, ... , fr) is an irreducible ascending chain. According
to Proposition 5.26, this implies that the ideal i = (it, ... , fr) in KO[Yl,' .. , Yr], generated
by fl, . .. , fr, is a prime ideal in Ko[Yl, ... , Yr]. Application of Lemma 5.29 yields that F is a
prime ideal in K[Ul, ... ,Ud,Yl, ... ,Yr]'

To show that A is a (Ritt-) characteristic set of F, it suffices (according to Theorem 3.15)
to prove that

'Vp E F: prem(p,A) =O.

By assumption, A is an irreducible ascending chain. So A has a generic point

Let p E F. Then p can be written as

r

p = L Qi(Yl, ... ,Yr)!i(Ul"",Ud,Yl, ... ,yi),
i=1

with Qi(Yl, ... , Yr) E Ko[Yl, ... , Yr]. But p E K:[Ul, ... , Ud, Yl, ... , Yr]. Since fJ is an (extended)
zero of all fi, and Ul, ... , Ud are all transcendental over K, we must have that

p(Ul, ... , Ud, 1]1,· .. , 1]r) =O.

So fJ is an extended zero of p, and application of Proposition 5.27 yields

prem(p, A) = O.

Since p E F was arbitrary, this proves that A is a (Ritt-) characteristic set of :F.

(iii) => (ii) Assume that F is a prime ideal in K[Ul, ... , Ud, Yl, ... , Yr], and that A is
a (Ritt-) characteristic set of F. Because F is prime, it follows immediately from Lemma
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(26)

5.29 that j: is a prime ideal in KO[Yl, ... ,Yr]' So we only have to prove that A is a (Ritt-)
characteristic set of ft.

Suppose A is not a (Ritt-) characteristic set of ft. Then there exists an ascending chain

B = (gl, ... ,gs)

in KO[Yl, ... , Yr] which belongs to ft, and is of lower rank than A. Without loss of generality
we may assume that all gi E K[Ul, ... ,Ud,Yl,,",Yr]; if not, then we can achieve this (in
the same way as in the proof of Lemma 5.29) by multiplying each gi with an appropriate
polynomial in K[Ul"",Ud]' In the ring KO[Yl"",Yr], the polynomials in K[Ul, ... ,Ud] are
considered as constants, so this does not change the rank of the polynomials gi in B, so it has
no impact on the rank of B.

Since for all i = 1, ... , s : gi E K[Ul, ... , Ud, Yl, ... , Yr], and because B belongs to ft, each
gi (i = 1, ... ,s) can be written as

r

gi = 'Laj!j,
j=l

with a j E Ko[Yl , ... , Yr]. We conclude that B belongs to F.
Now, in both the rings KO[Yl, ... ,Yr] and K[Ul, ... ,Ud,Yl,"',Yr], the indeterminates

Yl, ... , Yr are ordered in the same way. So, when the ascending chain B, which belongs to
F, has lower rank than A, considered as ascending chains in Ko[Yl, .. . , Yr], B has also lower
rank than A, when we consider both B and A as ascending chains in K[Ul, ... , Ud, Yl, ... , Yr].
Therefore B is an ascending chain, belonging to F, of lower rank than A, so A can not be
a (Ritt-) characteristic set of F. This contradicts our assumption, and we conclude that we
necessarily must have that A is a (Ritt-) characteristic set of ft.

(ii) ~ (i) Let A = (fl"",!r) be a (Ritt-) characteristic set of the prime polynomial
ideal j: = (!I, ... ,!r) in the ring KO[Yl, ... ,Yr]. Suppose that A is reducible. We have to
derive a contradiction.

Because A is reducible, there exists an integer j < r such that

is an irreducible ascending chain in Ko[Yl, ... ,Yj], with generic point iJ = (1]l, ... , 1]j), but
(using the notation of Definition 5.25)

h+l(1]l, ... ,1]j,Yj+l)is reducible in Kj[Yj+l]'

So there exist polynomials p and q inKj[Yj+l] such that

h+l ('rJl, ... , 'rJj, Yj+l) = p( 'rJl, ... , 'rJj, Yj+dq( 1]1, ... , 'rJj, Yj+d,

with

o< degYj+1 (p( 1]l, , 1]j, Yj+d) < degYJ+1 (fj+l ('rJl, , 'rJj, Yj+l)),

o< degYJ+1 (q( 1]l, , 1]j, Yj+l)) < degYj+1 (fj+l ('rJl, , 'rJj, Yj+l))'

Substitution of (Yl, ... , Yj) for ('rJl, ... , 1]j) yields:

!j+l (Yh .. . , Yj+d = p(Yl, . .. , Yj+l )q(Yl" .. , Yj+l) + r(Yl,.' . , Yj+d·

22

(27)
(28)

(29)



Because of (26) we clearly have r("'h"" "'j, Yj+1) = o.
Let K denote the algebraic closure of /Cj. In completely the same way as in the proof of

Proposition 5.26 we can show that:

(30)

We repeat again the same argument as in the proof of Proposition 5.26. Regard it, ... ,h as
polynomials in /CO[Yb ... , Yj+!] and apply the Hilbert-Nullstellensatz on (30). We find that
there exists an integer p E IN and polynomials (3i E /C0 [Y1' ... ,Yj+!] such that

j

rP(Y1,' .. ,Yj+1) = L ,8i(Yb ... ,Yj+dfi(Y1, ... ,Yd·
i=l

So rP E ft. Since ft is a prime ideal, it follows that r Eft, and recalling (29) we conclude
that

(31)

Because ft is a prime ideal in /CO[Yl,' .. , Yr], either p or q (or both) has to be an element of
ft. Without loss of generality we assume that p E ft,

Now, recall that at the moment A is considered as an ascending chain in /CO[Yb ... ,Yr]
and Aj as an ascending chain in /CO[Yl,' .. ,Yj]. So all the polynomials we are considering, are
polynomials in the indeterminates Yl," . ,Yr with coefficients in /Co.

Since p is a polynomial in the indeterminates Yl,"" Yj+l, P is reduced with respect to
fj+2' ... ,fr' Define

t := prem(p,fj+1)'

Then t is an element of /C0 [Y1' ... , Yj+1] because both p and fj+1 are only polynomials in the
indeterminates Yl, ... ,Yj+!. Moreover p Eft, and ft is a prime ideal with (Ritt- ) characteristic
set A, so we know that prem(p, A) = O. Since p is already reduced with respect to h+2, ... ,fr,
it follows that

prem(t, Aj) = O.

Let / 1, ... , Ij+! denote the initials of it, ... ,h+l respectively. Then there exist integers
VI, ... ,Vj+! E IN and polynomials ,81, ... ,(3j+! E /CO[Yl' ... ,Yj+!] such that

,8j+! (Yl' ... ,Yj+dh+l (Yl,' .. ,Yj+1) + t(Yb ... , Yj+d,
j

L ,8j(Yb ... ,Yj+l )h(Y1, ... , Yj)·
i=l

(32)

(33)

Now we know that ft, ... , Ij+1 are all polynomials in /CO[Yl,"" Yj]. Moreover, because A is
an ascending chain:

Vi E {I, ... ,j + I} : prem(hAj) = Ii.
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Aj was an irreducible ascending chain, with generic point f/j

Proposition 5.27, fJj is not an extended zero of II,'" ,Ij+1:
(TJ1, ... ,TJj)· According to

(34)

Now recall formula (33). Then it is immediately clear that fJj is an (extended) zero of the
right-hand side of (33). Because fJj is not a zero of one of the initials, it has to be a zero of
the polynomial t:

t(TJ1,"" TJj, Yj+l) =O.

Next recall equation (32):

Ij.+r p = 13J+l (Yl' ... ,Yj+dJi+l (Y1' ... ,Yj+l) + t(Yl' ... ,Yj+l).

Substitute (TJ1'"'' TJj) for (Yt, ... ,Yj). Then I;.+·~l (TJl, ... , TJj) is a non-zero constant in Ko,
say C. Substitution of (34) gives

So

degYJ+l (p( TJt, ... , TJj, Yj+1)) ~ degYJ +1 (fj+1 (TJl, ... , TJj, Yj+1)),

and this contradicts (27). We conclude that A must be irreducible.

This completes the proof. •
Theorem 5.30 is a very interesting result. Given an irreducible ascending chain A, it gives

a characterization of a prime ideal :F such that A is a (Ritt-) characteristic set of this prime
ideal:F. However, from Proposition 3.16 we know that the prime ideal of which A is a (Ritt-)
characteristic set is unique, at least in the polynomial ring under consideration. So, for an
irreducible chain A, Proposition 3.16 shows that

{p I prem(p,A) = O}.

is an alternative description of the prime ideal :F, defined in (24). In fact, the polynomials in
A "generate" this prime ideal in a very specific sense.

But the result of Theorem 5.30 does not only give a clearer view on the structure of
irreducible characteristic sets of prime ideals, it also enables us to describe the link between
Wu- and Ritt-characteristic sets, at least in the irreducible case.

Theorem 5.31 Let P = {pt, ... ,Pm} be a finite polynomial set in K[xt, , Xn], and A =
(it, ... ,!r) a Wu-characteristic set of (P). Rename the indeterminates Xl, ,Xn in the same
way as in Definition 5.25. Suppose that A is an irreducible ascending chain in the polynomial
ring K[ut, ... , Ud, Yt, ... ,Yr]. Let:F denote the prime ideal as defined in (24). Then (P) C :F
and A is a RiU-characteristic set of (P).

Moreover, if the dimension of the irreducible ascending chain A is zero (so all the inde
terminates occur once as leading variable, i.e. d = 0, r = n, Xi = Yi and Ko = K), then we
even have (P) = :F.
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Proof Because A is an irreducible ascending chain, A is a Ritt-characteristic set of F.
So, according to Proposition 3.16,

F = {p Iprem(p, A) = O}.

Let pEP. Since A is a Wu-characteristic set of (P), prem(p, A) = O. So P E F. This proves
that P C F, and therefore also (P) C F.

Now suppose that A is not a llitt-characteristic set of (P). Because A is an ascending
chain belonging to (P), this implies that there exists an ascending chain B in (P) of lower
rank than A. But then B also belongs to F, and it is an ascending chain of lower rank than
A. So A is not a Ritt-characteristic set of F. This contradicts the result of Theorem 5.30, so
necessarily A is a llitt-characteristic set of (P).

Finally, assume that the dimension of A is zero. Let p E F. Because Ko = K, it follows
from Definition 5.28 that there exist polynomials f3i E K[YI, ... ,Yn] such that

n

p = L f3i(YI, ... ,Yn)fi(Yll ... ,yd·

Since all Ii E (P), it is clear that p E (P). So F c (P). Because (P) C F always holds true
(also when the dimension of A is greater than zero), this completes the proof. _

So, given a finite number of polynomials, we can compute a Wu-characteristic set of the
ideal generated by these polynomials rather easily with Algorithm 4.23. When the resulting
chain is irreducible, this chain is also a Ritt-characteristic set of this ideal.

Corollary 5.32 Let P = {PI, .. . ,Pm} be a finite polynomial set, and assume that (P) is a
prime ideal. Let A = (1I, ... ,Jr) be a Wu-chamcteristic set of (P), and suppose that A is
irreducible. Let F be defined as in (24). Then (P) = F.

Proof Because A is irreducible, A is a Ritt-characteristic set of the prime ideal F, but
also of (P). Since both F and (P) are prime ideals in the same ring K[Ull"" Ud, Yll' .. ,Yr],
and Proposition 3.16 states that A can only be the characteristic set of one prime polynomial
ideal at a time, we must have (P) = F. _

When A is an irreducible Wu-characteristic set of an ideal (P), and (P) is not prime, and
the dimension of A is greater than zero, the equality :F = (P) will generally not hold. This
is illustrated by the following example.

Example 5.33 Let K = JR, and consider the polynomials in the indeterminates U and Y, with
the ordering u --< y. Define PI(U,y) := uy and P := {pd. Clearly, (P) is not a prime ideal.
Now A = (pI) is a Wu-characteristic set of (P), and, moreover, it is irreducible. According
to Theorem 5.31 A is a Ritt-characteristic set of (P).

On the other hand, because ~(uy) = Y, the prime ideal F, as defined in (24), is

F = (y) = {yg(u,y) Ig(u,y) E K[u,y]}.

A is also a Ritt-characteristic set of F, and (P) C F, but dearly F et (P).

From Example 5.33 we see that in general an irreducible Wu-characteristic set A of a
polynomial ideal (P) may describe a larger polynomial ideal (namely the prime ideal F) than
the original ideal (P). However, this in a sense superfluous part of F is not unnecassarily
large. This is stated in the next corollary.
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Corollary 5.34 Let P == {PI,' .. ,Pm} be a finite set of polynomials, and let A == (II, ... ,fr)
be a Wu-chamcteristic set of (P). Suppose that A is irreducible, and define the prime ideal
F as in (24). Let 9 be a prime ideal in K[Xl," ., x n ] such that

(P) e 9 e F.

Then 9 == F.

Proof We only have to prove that F e g. Because A is an irreducible ascending chain,
we know from Theorem 5.30 that A is a (Ritt-) characteristic set of F. We show that A is
also a (Ritt-) characteristic set of g.

First of all, because A is a Wu-characteristic set of (P), we know that A belongs to (P).
So A also belongs to g. Now suppose that A is not a (Ritt-) characteristic set of g. Then
there exists an ascending chain B, belonging to g, oflower rank than A. But because 9 e F,
this chain B also belongs to F. So B is an ascending chain in F oflower rank than A. This
contradicts the fact that A is a (Ritt-) characteristic set of F, and we conclude that A is also
a (Ritt-) characteristic set of g.

Finally, because F and 9 are prime ideals in the same ring K[xI, ... , xn ], and A is a
(Ritt-) characteristic set of both F and g, application of Proposition 3.16 yields that F = g.

•
It is also possible to describe the part of F which does not belong to (P) more explicitly.

Although it is rather difficult to do this in terms of polynomial sets, the relationship can be
characterized completely with help of the varieties of (P) and F. The next proposition, which
originates from the work of Wu (see [8]), states this result.

Proposition 5.35 Let P = {PI, ... ,Pm} be a finite polynomial set, and suppose that A =
(II, ... ,fr) is a Wu-chamcteristic set of (P). Assume that A is irreducible. Let Ii denote the
initial of fi (i == 1, ... , r), and let F be the prime ideal as defined in (24). Then

r

V(P) = V(F) U UV(P U {Ii}). (35)
i=1

Proof ":J" We know already that P e F, so V(F) e V(P). Moreover, for all i E
{1, ... , r} : PeP U {Iil, so V(P u {Iil) e V(P). Therefore also

r

UV(P U {Ii}) e V(P).
i=1

"e" Let a E V( P). Assume first that there exists an initial Ij such that a is a zero of Ij.
Then a E V(P U {Ij}) and so

r

a E V(P U {Ij}) e V(F) U UV (P U {Ii} ).
i=1

Now assume that for all initials Ii, a is not a zero of Ii. Let P E F. Because A is a
Ritt-characteristic set of F, prem(p, A) = 0, and hence there exist integers 1/1,"" I/r and
polynomials 131, ... ,13r such that

rIr1
••• I:rp == ~ 13di.

i=1
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Because A belongs to (P), a is a zero of all the polynomials Ii, and therefore a is a zero of
the right-hand side of (36). Since a is not a zero of It, ... ,IT> it must be a zero of p. p E F
was arbitrary, so a E V(F). And also in this case

r

a E V(F) C V(F) U UV(P U {Ii}).
i=t

This completes the proof. •
The result of Proposition 5.35 can again be illustrated by our example.

Example 5.36 In the situation of Example 5.33, so with Pt = uy, It = u, P = {pt} and
F = (y), the varieties in (35) become:

V(P)

V(F)

V(PU {It})

{(u, y) I u =°V Y = O} =

= {(u,O) I u E K} U {(O,y) lYE K},
{(u,O) lYE K},
{(O, y) lyE K}.

(where K denotes the algebraic closure of K). And indeed we have

V(P) = V(F) U V(P U {It}).

The importance of Proposition 5.35 can be made clear when we consider the following
problem. Let P be a finite polynomial set, and suppose we are interested in the set of all
common zeros (in the algebraic closure K of K) of the polynomials in P. So we want to
compute the variety of P.

Suppose that after the computation of a Wu-characteristic set, this turns out to be an irre
ducible ascending chain. Then we can decompose the variety of P as described in Proposition
5.35. This yields a prime ideal F (with (Ritt-) characteristic set A), and finite polynomial
sets Pi := P U {Id, (i = 1, ... , r). Because the initial Ii is reduced with respect to A, (Pi)
will have a (Ritt-) characteristic set of lower rank than A. (Recall the "~" part of the proof
of Lemma 3.13.) For all i = 1, ... , r we can compute Wu-characteristic sets of Pi. If they all
turn out to be irreducible, we can decompose the corresponding varieties again. This process
can be continued until the polynomial sets Pi we get are contradictory: the polynomials in
Pi generate the whole ring, and the variety V(Pi) of Pi is empty. In this way we end up with
a sequence of (Ritt-) characteristic sets At, ... ,Ak and a decomposition

V(P) = V(Ft} U ... U V(Fk), (37)

where Ft, ... , Fk are prime polynomial ideals and for all i E {I, ... , k}: Ai is a (Ritt-) char
acteristic set of Fi. Because an irreducible ascending chain uniquely determines a prime
polynomial ideal, the sequence of characteristic sets (At, ... , Ak) is an unambiguous descrip
tion of the variety V( P).

The process we have described above has of course one serious drawback. In each step
we have to assume that all the Wu-characteristic sets we have computed in that .step are
irreducible. This is a quite restrictive condition, but fortunately, also when we encounter
reducible ascending chains during the computation, the process can be carried out in almost
the same way. The next section is devoted to this subject. There we will show how we can
deal with reducible ascending chains.
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6 Decomposition of radical ideals

In section 5 we showed how irreducible characteristic sets can be used to decompose the
variety of an arbitrary polynomial ideal into the varieties of prime polynomial ideals. This
final section has a double purpose. On one hand we generalize the results on varieties of
the last section to the case of reducible ascending chains. But, on the other hand, we are
also interested in a translation of these results back into terms of polynomial ideals. It turns
out that this is possible, and that in this way the characteristic sets method can be used to
represent a radical ideal as a finite intersection of prime ideals. Here the relationship with
classical ideal theory, and especially the Lasker-Noether Decomposition Theorem becomes
evident. To clarify this link we start with a short overview of some results on (Noetherian)
rings. For a more extensive treatment we refer to the book of Zariski and Samuel ([9]),
especially to chapter 4.

Definition 6.37 Let R be an arbitrary ring and I an ideal in R. I is called a primary ideal
if

Va, b E R : ab E I 1\ a ~ I => 3m E IN : bm E I. (38)

With help of this definition we can state the Lasker-Noether Decomposition Theorem,
although the version given here is not the strongest possible one.

Theorem 6.38 In a Noetherian ring every ideal admits a representation as a finite intersec
tion of primary ideals.

Proof See [9], chapter 4, section 4, pp. 208-210.

Corollary 6.39 Let R a Noetherian ring and I a radical ideal in R.
representation

k

I = nPi,
i=l

•
Then I admits a

where all Pi (i = 1, ... , k) are prime ideals.

Proof Let I an arbitrary radical ideal in R. According to Theorem 6.38, the ideal I can
be written as

k

I = nQi,
i=l

where all the Qi are primary ideals. Let Pi denote the radical of Qi (i = 1, ... , k). Then all
the Pi are prime. This can be seen as follows.

Let ab E Pi, and assume that a ~ Pi. Since ab E Pi and Pi is the radical of Qi, there
exists an m E IN such that ambm = (ab)m E Qi. Because a ~ Pi, am ~ Qi. Now Qi is a
primary ideal, so there exists an n E IN such that (bm)n E Qi. Because Pi is the radical of
Qi, it follows that bE Pi, so Pi is a prime ideal.

Finally we prove that I =nt:l Pi. Since I = nf=l Qi and for all i E {I, ... , k}: Qi e Pi,
the "e" part is obvious. To prove the other inclusion, let x E n7=1 Pi. Then for all z,
i = 1, ... , k: x E Pi. Because Pi is the radical of Qi, there exists an n E IN such that

Vi E {I, ... , k} : xn E Qi.
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But then x n E n7=1 Qi = I. I is a radical ideal, so x E I.
This completes the proof. •
After this theoretical intermezzo we show how one can find such a decomposition of a

radical ideal using characteristic sets. The key to the solution is the observation that the
decomposition process, explained in section 5, for varieties with irreducible ascending chains
can be generalized to the reducible case. To explain this idea, we follow along the same lines
as Wu-Wen-Tsun in [8].

Consider an ascending chain A = (It, ... , fr) in K[Xl, ..• , xn] and rename the indetermi
nates as in Definition 5.25. Assume that A is reducible. Then there exists an integer k E IN
such that

is irreducible with generic point i}k-l = (Ul,"" Ud, 1]1, ... , 1]k-l) and the polynomial A,
obtained by substitution of (1]1, ... , 1]k-l) for (Yll ... , Yk-l) in fk, is a reducible polynomial
in Kk- l [Yk], where Kk-l is the algebraic extension field obtained by successively adjoining
1]l,oo.,1]k-l to Ko. Notation Kk-l = KO(1]l, ... ,1]k-l). Let the irreducible factorization of
the polynomial A in Kk-!lYk] be given by

(39)

in which each polynomial gi E Kk-dYk] is irreducible over Kk-l[yd, and, of course, h ~ 2.
The coefficients of each polynomial gi in (39) are elements of K k - l . From the theory of

algebraic field extensions (see for example [9], p.56), it follows that each coefficient ci of gi
can be written as

{3.
C . - J

J --,
Ii

with {3i E K[Ull'''' Ud, 1]1l"" 1]k-l] and Ii E K[Ull"" Ud]' Multiplication of (39) with the
product of all the denominator polynomials Ii yields:

(40)

with dE K[Ul,"" Ud] and all 9i E K[Ul'"'' UdH1]lloo" 1]k-l][Yk]. Because dE K[Ul'"'' Ud],
d is trivially reduced with respect to Ak = (It, ... , fk)'

Now consider one of the polynomials 9j. In this polynomial we can successively substitute
back (Yk-l,"" yt) for (1]k-b'" ,1]1) in the following way.

Regard 9j as a polynomial in K[U1, ... , Ud][1]1, ... ,1]k-2][1]k-ll Yk], (so as a polynomial in the
indeterminates 1]k-l and Yk with coefficients in K[Ul,"" uil[1]ll'''' 1]k-2]), and replace 1]k-l

by Yk-l' This yields a polynomial:

92i E K[Ull' 00' uil[1]b'''' 1]k-2][Yk-b Yk].

But the polynomial A-I, obtained by substituting (1]1, ... , 1]k-2) for (Yb"" Yk-2) in fk-b
is irreducible with extended zero 1]k-l' SO A-I is a minimal polynomial in Yk-l over
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KO(1]}, ... ,1]k-Z). Thus from the theory of algebraic field extensions (see [9], p.56), it fol
lows that

degYk _1 (9Zi) = deg'7k_l (9i) < degYk _
1
(A-1) ~ degYk _1 Uk-1).

And we see that 9Zi is reduced with respect to fk-}, because Yk-1 is the largest variable (in
the predefined ordering) that occurs in fk-1'

In this way we can continue: regard 9Zi as a polynomial in the indeterminates 1]k-Z, Yk-1
and Yk with coefficients in K[u}, ... , udH1]1, ... , 1]k-3] and replace 1]k-2 by Yk-Z' This yields a
polynomial:

93i E K[U1, ... , Ud][1]11 ••• , 1]k-3][Yk-z, Yk-1, Yk].

Because the polynomial A-z, obtained by substituting (1]11"" 1]k-3) for (Yll"" Yk-3) in
fk-2, is irreducible with extended zero 1]k-2, we again conclude with help of the results in [9]
that

But of course, the indeterminate Yk-1 is not influenced by this successive substitution process.
So finally this process yields a polynomial 9i such that

9i E K[U1"'" Ud][Yh"" Yk],

and for all j, 1 ~ j < k:

degYJ (9i) = deg'7/9k-j,i) < degYJ Uj) ~ degYJ (Ji).

We conclude that all 9i are reduced with respect to Ak-1.
Clearly, also the indeterminate Yk is not influenced by all these substitutions and we have:

degYk (9d = degYk (9i( 1]1, •.• , 1]k-1 , Yk)) = degYk (9i) < degYk Uk) ~ degYk (Ik)·

Thus all the polynomials 9i (i = 1, ... ,h) are reduced with respect to Ak.

To summarize: there exists a constructive method (the substitution process explained
above) which enables us to compute explicitly polynomials 9i E K[U1,' .. , Ud, Yh . .. ,Yk] (i =
1, ... ,h) such that all 9i are reduced with respect to Ak and

(41)

Now consider the polynomial

This is a polynomial in K[U1,'''' Ud, Yh" ., Yk], but, for the moment, we consider it as a
polynomial in the indeterminate Yk:

N

91 ... 9h - dfk = L bjY~,
j=l
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with the coefficients bj E K[Ub"" Ud, Y1, ... ,Yk-1]. Let f3j denote the element in Kk-b
obtained by substituting (171"" ,17k-I) for (Yb' .. ,Yk-1) in bj. Then for all j E {I, ... , N}
we have bj = 0, because (recall (40))

91'" 9h = dik.

Therefore each bj has iik-1 = (U1,"" Ud, 171, ... ,17k-I) as an extended zero, and application
of Proposition 5.27 (recall that the ascending chain Ak-1 is irreducible with generic point
iik-1) yields that

Vj E {I, ... , N} : prem(bj, Ak-d = O.

So for each j E {I, ... , N} there exist integers Vj,ll"" Vj,k-1 E IN and polynomials qji E
K[U1, ... , Ud, Yll' .. ,Yk-1] such that

k-I
I V

),1 ••• I V
),k-1 b· - '"' q .. f·I k-I J - L.J Jt t,

i=1

where Ii denotes the initial of k Define for all i = 1, , k - 1: Vi := maX(Vj,i I j = 1, ... ,N}.
Then there exist polynomials iii E K[UI, .•. , Ud, Y1, , Yk] such that

k-I

It ... I~~11 (gl ... gh - dfk) = L iii!i'
i=l

So, defining qk := Ir1 ... I~~11 d, we finally get

k

I VI IVk-1 '"' - fI ... k-I gl ... gh =L.J qi i·

i=1

(42)

Proposition 6.40 Let P = {PI, ... , Pm} be a polynomial set, and A = (ib" . ,fT) a Wu
characteristic set of (P). Assume that for all i = 1, ... ,r: class(ii) > 0 and denote the
initial of fi by Ii. Suppose that A is reducible. Then there exists an integer k E IN such that
Ak-1 = (it, . .. , fk-d is irreducible with generic point iik-I E K~~~-l, while the polynomial

ik = A( iik-1, Yk), obtained by substituting iik-1 for (U1,' .. ,Ud, Yll" ., Yk-d in fk, is reducible
over Kk-1. Let ih ... 1Ih be an irreducible factorization of ik, and and define the polynomials
9b'" ,9h and d as in (40). Construct polynomials gl,'" ,gh in K[U1,"" Ud, Yb"" Yk] such
that all the gi are reduced with respect to Ak and satisfy (41). Then the variety of P can be
decomposed as

k-I h

V(P) = UV(PU{Ii})U UV(PU{gj}).
i=l j=1

Moreover, in this situation the following two statements hold true:

(43)

(i) Vi E {l, ,k - I}: any medial set of (P UA U {I;}) has lower rank than A.

(ii) Vj E {l, , h}: any medial set of (P U A U {gj}) has lower rank than A.

Note that the polynomial ideals (P U {I;}) and (P U A U {Ii}) and the ideals (P U {gj}) and
(P U Au {gj}) are identical because A belongs to (P).

31



Proof We start with the proof of equality (43).
":>" Clearly for all i = 1, ... , k - 1 we have PeP U {Ii}, so V(P U {Ii}) e V(P), and

completely analogous for all j = 1, ... ,h: PeP U {gj}, so V(P U {gj}) e V(P). This proves
":>".

"e" Let a E V(P). Because A belongs to (P), 0: is a zero of all the polynomials Ii in
A. So 0: is a zero of the right-hand side of (42). Therefore a must be a zero of one of the
factors of the left-hand side of (42). Thus 0: is a zero of some Ii or some gj and we conclude
that there exists an i E {1, ... ,k-1} or an j E {I, ... ,h} such that 0: E V(P U {Id) or
0: E V(PU {gj}).

To prove (i), let 1 SiS k - 1. Then the initial Ii is reduced with respect to A. So,
according to Lemma 4.24 any medial set of (P U A U {Id) has lower rank than A.

Finally, because for all j, 1 S j S h, gj is reduced with respect to Ak, gj is also reduced
with respect to A. Therefore, (ii) can be proven with completely the same argument. _

Combining Proposition 6.40 and Proposition 5.35, it is possible to derive a method to
decompose the variety of an arbitrary polynomial ideal into the varieties of prime polynomial
ideals, which are determined by their (Ritt-) characteristic sets.

Start with a polynomial set P = {PI,'" ,Pm}' Compute a Wu-characteristic set of (P)
with Algorithm 4.23. If it is contradictory, (P) is the whole ring and the algorithm terminates
because V(P) is empty. Otherwise, the Wu-characteristic set A = (h, ... , Ir) of (P) is an
ascending chain with for all i E {I, ... , r} : class(Ji) > O.

First assume that A is an irreducible ascending chain. Then we can decompose V(P) as
in formula (35):

r

V(P) = V(.1') U UV(P U {Id),
i=l

where .1' is the prime ideal as defined in (24) and A is a (Ritt-) characteristic set of F.
When A is reducible, we can apply Proposition 6.40 and write

k-l h

V(P) = UV(Pu{Id)u UV(PU{gj}).
i=l j=l

(44)

(45)

In both the reducible and the irreducible case we can decompose the varieties of the
polynomial sets P U {Ii} and P U {g;} in completely the same way. Because A belongs to
(P), P U {Ii} and P U A U {Ii} generate the same ideal. The same holds true for P U {gj}
and P UA U{gj}. Therefore we continue the process with these larger polynomial sets. From
Proposition 6.40 it follows that (P UA U{Id) and (P UA U{gj}) must have Wu-characteristic
sets of lower rank than A. In this way, the rank of the Wu-characteristic sets we are computing
is strictly decreasing. Therefore, at a certain moment this process terminates, because then
all the \Vu-characteristic sets under consideration are contradictory. At that moment we have
found a decomposition

V(P) = V(.1'd U··· U V(.1'L), (46)

where .1'I, . .. , .1'1 are prime polynomial ideals and the computed ascending chains AI, . .. ,AI
are irreducible (Ritt-) characteristic sets of .1'1,.' . ,.1'1 respectively. So .1'1,.' . ,.1'1 are com
pletely determined by AI, ... ,AI and so (46) describes the decomposition we are looking
for.
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(47)

Corollary 6.41 Let P = {P}, ... ,Pm} be a polynomial set and assume that (P) is a prime
ideal. Let A = (h, ... ,ir) be a Ritt-characteristic set of (P). Then A is an irreducible
ascending chain.

Proof Let A be a Ritt-characteristic set of the prime ideal (P), but assume that A is
reducible. Then we can carry out the decomposition process described above to arrive at the
decomposition (46):

V( (P)) = V(Ft} u ... U V(Fd,

where Fi(i = 1, ... , I) are prime ideals with characteristic sets A}, . .. , A[ respectively. From
the description of the decomposition process it follows immediately that all the ascending
chains A}, ... ,A[ are irreducible and have strictly lower rank than A.

Now (P) is a prime ideal, and therefore the variety V(P) is irreducible. This implies that
there exists a k E {I, ... ,I} such that

Because (P) and Fk are both prime ideals, it follows that (P) = Fk (see for example [10],
pp. 160,161). Therefore Ak is an ascending chain in (P) (= Fk) of lower rank than A. This
contradicts the assumption that A is a Ritt-characteristic set of (P), and we conclude that
A must be irreducible. •

Formula (46) can also be translated back into terms of polynomial ideals. When W is an
algebraic variety, we denote by I(W) the ideal consisting of all the polynomials which vanish
at every point x of W. Then it is easily verifiable (see for example [10], pp. 160,161) that

[

I(V(Fd U··· U V(F[)) = nI(V(Fd).
i=}

Because all Fi are prime and thus certainly radical, we also know that for all i E {I, ... ,I}

I(V(Fj)) = Fi,

(see [10], p.161), and together with (47) this yields

[

I(V(F}) U ... U V(F[)) = nFi·
i=l

On the other hand we have

Lemma 6.42 Let P = {PI, ... ,Pm} be a finite polynomial set in K[x}, ... ,xn ]. Then

md(P) = I(V(P)).

(48)

(49)

(50)

Proof"C" Let P E rad(P). Then there exists a k E IN such that pk E (P). Let a E V(P).
Because pk E (P), we must have that pk(a) =O. But then also p(a) =O. Because a E V(P)
was arbitrary, this implies that p E I(V(P)). .

":::>" Let p E I(V(P)). Then for all a E V(P) : pea) = O. Let a E V(P). Then a is a
common zero of p}, ... ,Pm' So for every common zero a of PI, ... ,pm, we have pea) = O.
The Hilbert-Nullstellensatz now implies that there exists an integer k E IN such that

pk E (P).
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Therefore P E rad(P).

Combination of (46), (49) and (50) yields

rad(P) =F l n ... n F/,

•

(51)

where the prime ideals F l , ... ,FI are completely determined by their irreducible (Ritt-) char
acteristic sets A}, ... ,AI' In this way we have derived a constructive method to carry out
the Lasker-Noether Decomposition Theorem for radical ideals as described in Corollary 6.39.

Formula (51) can also be used to solve the membership problem for radical ideals. Suppose
we have a finite polynomial set P = {PI, . .. ,Pm} and a polynomial 9 E K[Xl, •.. ,xn], and we
want to know whether or not 9 E rad(P). Then we first decompose the radical of P as before:

rad(P) = Fl n··· n Fl.

This decomposition is determined by the (Ritt-) characteristic sets AI,' .. ,AI of the prime
polynomial ideals F l , ... ,FI respectively. Now clearly 9 E rad(P) if and only if

Vi = 1, ... ,l : 9 E Fj.

But because Ai is a (Ritt-) characteristic set of the prime ideal Fj, we know from Proposition
3.16 that in this case the membership problem is easy to solve: 9 E Fj ¢::::::} prem(g,Ai) = O.
Combining these results we obtain:

9 E rad(P) ¢::::::} Vi E {I, ... ,l}: prem(g,Ad = O. (52)

Finally, to end this section, we unfortunately have to make a critical remark. All parts
of the decomposition method described in this section were constructive, except one: the
factorization of the polynomial ik over Kk-l (formula (39)). In general this is a quite difficult
problem, although lately Wang has given a possible solution to this problem (see [7]). Never
theless, the factorization question remains the most important bottleneck in the characteristic
sets method.

7 Conclusion

In this report we have given an introduction to the characteristic sets method in construc
tive commutative algebra. One of the main aims was to determine the relationship between
Ritt- and Wu-characteristic sets, in order to avoid the confusion, caused by the ambiguous
definitions in the existing literature. Therefore an extensive study of the structure of irre
ducible ascending chains was necessary, but in this way it was also possible to describe the
relationship between characteristic sets and prime polynomial ideals. This result also gave
the opportunity to derive a constructive method for the decomposition of radical ideals into
a finite intersection of prime ideals. However, in this algorithm there is still one difficult but
solvable step left, in which an irreducible factorization of a polynomial is needed.

Nevertheless, from the computational point of view, the characteristic set method re
mains very interesting. From our own experience we conclude that the computation of a
Wu-characteristic set of a polynomial ideal is less involved than the computation of a Grabner
basis. This is not unexpected because a Grabner basis of a polynomial ideal has much stronger
properties than a Ritt- or Wu-characteristic set. So when one has computed a Grobner basis,
one is able to answer a lot of questions concerning the polynomial ideal under consideration.
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But certain of these questions can also be answered with help of (Ritt-) characteristic sets and
this is then often computationally less demanding. For this sort of problems, characteristic
sets remain a very interesting tool, and therefore further research in this area seems to be
worthwile. The factorization issue mentioned above certainly deserves more interest, espe
cially Wang's approach to it (see [7]). Moreover, in the area of applications there is still some
work to do. In [6] Wang already mentions some very interesting applications, but probably
this list can be extended considerably.
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