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Quasi-stationary sailplane trajectory problems are relatively simple, practical 

nonlinear optimization problems which for educational reasons will be of inte

rest to a much larger audience than the sailplane pilot community alone. One 

interesting problem is the turning point problem which concerns the determina-

tion of the optimal velocities with which the sailplane pilot should fly when 

he wants to optimally round a turning point on a return or on a triangle flight 

in the presence of wind. This problem lends itself very well for solution by the 

convex-combinations approach discussed by the author in a number of recent papers 

dealing with other sailplane trajectory problems. This convex-combinations approach 

is a purely geometric approach that is based on an interesting relation between 

the average velocity over a broken trajectory and a certain convex combination 

of the vectors representing the velocities over the different legs of the tra

jectory. In the paper first the basic ideas governing quasi-stationary sailplane 

trajectory optimization problems as well as the convex-combinations approach are 

reviewed. Then the solution is derived of the turning point problem by means of 

this convex-combinations approach. With the help of a special graph, the turning 

point graph, introduced in the paper, this solution may be easily implemented in 

flight. This turning point graph may be constructed by graphical means by any 

sailplane pilot without too much trouble. 
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1. Introduction 

Quasi-stationary sailplane trajectory problems are relatively simple, prac

tical nonlinear optimization problems of which there exist a number of dif

ferent versions with varying degrees of difficulty. Several approaches may 

be used - and have been used in the past with success - towards their solu

tion. A number of them have to be solved on every flight. Therefore, they are 

of much interest to sailplane pilots (cf. Reichmann 1975, Weinholtz 1975). 

For educational purpose, it is believed, they will also be of interest to a 

much larger audience then the sailplane pilot community alone. In fact, some 

of the problems may serve very well as classroom examples of practical non

linear optimization problems. 

One of the more complicated problems in sailplane flight trajectory optimi

zation is the turning point problem. This is the problem of the determination 

of the optimal velocities for the rounding of the turning point(s) on· a . 

return or a triangle flight in the presence of wind. In practice, this problem 

has to be solved once or twice on every successful flight. Yet, as far as 

this author knows, the problem has not received much attention in the soaring 

literature. The reason for that might well have been the relatively complica

ted problem formulation combined with an analytical solution that cannot easily 

be interpreted. Also, not too many sailplane pilots might have been aware that 

there is really an optimization problem here. 

An exception in this respect was the former Dutch national soaring champion 

Dick Teuling, who drew the author's attention to the problem and told him of 

his analytical solution. He also suggested to try to solve the problem by means 

of the convex-combinations approach discussed by the author in a number of 

recent papers (cf. de Jong 1977, 1978a, 1979, 1980a). This paper is the re

sult of this suggestion. 

The paper starts off, in Section 2, with a review of the classical MacCready 

problem, which is the basic problem in sailplane flight trajectory optimi

zation. Its classical, graphical solution, together with its practical imple

mentation is outlined in Section 3. Then, in Section 4, the convex-combinations

approach is introduced and applied towards the solution of the MacCready pro

blem. In Section 5, this solution procedure is formally repeated for the 

MacCready problem in the presence of wind. This discussion sets the stage for 

the solution of the turning point problem in case of a return flight with wind 



- 2 -

in the plane of flight. This is the topic of Section 6 and the main topic 

of the paper. The generalization of the problem to a turning point on a 

triangle flight with wind from an arbitrary direction is thereafter treated 

in Section 7. After some concluding remarks in Section 8, the paper ends with 

two appendices which present an analytical solution of the turning point 

problem and some numerical data to allow realistic computations. 

2. The MacCready problem and related definitions 

The basic problem in quasi-stationary sailplane trajectory optimization is 

the MacCready problem, named after the 1956 world champion Paul B. MacCready, 

who invented a device to implement the optimal solution. The MacCready problem 

is the problem of the determination (cf. figure 1) of the optimal cruise 

velocity in between thermals. The name thermals thereby stands for the columns 

of rising air which the sailplane pilots use to regain their lost height. 

In summer thermals are often found under cumulus clouds. To be optimized 

is the time to cover a given-distance or, equivalently, the average or travel 

velocity of the sailplane. 

The reason that the cruise velocity in between the thermals is in practice 

the only variable in the optimization problem is that for any sailplane in 

equilibrium flight there exists a fixed relationship between its cruise or 

horizontal velocity and its vertical velocity. This relationship (cf. figure 2), 

that is different for different sailplanes and that varies with the weight of 

the sailplane is called the velocity polar. In mathematical terms this may be 

denoted by the expression (cf. Appendix B) 

w = w (v) p 

where w stands for the vertical velocity of the sailplane and v for its 

horizontal velocity. If the air in which the sailplane flies is not at rest 

but instead moves with a constant vertical velocity ua ' then the vertical 

velocity of the sailplane relative to the earth is given by 

w = w (v) + u p a 

The graph (see figure 2) which represents this relationship is an example of 

an absolute velocity polar (velocities relative to the earth are called abso

lute velocities). 
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When it is assumed (cf. figure 1) that the horizontal distance between two 

subsequent thermals is equal to L, that the absolute rate of climb is equal 

to z and that the atmosphere in between the two termals has a constant ver

tical velocity ua ' then in mathematical terms the MacCready problem may be 

formulated as 

min 
v,Ah 

{.!:. + Ah 1 Ah + .!:. [w (v) + u ] = 
v z v p a 0, Ah ~ 0, v. ml.n v }. max 

If the MacCready problem is restricted to one single thermal (as in figure 1), 

then in most practical cases the inequalities for Ah and v are satisfied as 

strict inequalities. In the usual formulation these restrictions are therefore 

left out in which case the problem formulation reduces to 

. {L L w (v) + Ua} 
ml.n - - - p • 

v v z v 

Differentiation of this expression with respect to v and setting the derivative 

equal to zero yields as necessary condition for an extremum the equation 

dw 
-v ~d (v) + w (v) + U = Z • v p a 

This equation is often referred to as the MacCready equation. It plays a central 

role in the theory and implementation of optimal quasi-stationary sailplane 

flight trajectories. For reasons to be explained below the right hand side 

of the MacCready equation is called the MacCready-ring-setting, or short, 

the MacCready value. 

For the case that the vertical velocity of the atmosphere ua in between the 

thermals is equal to zero the optimal cruise velocity is a well defined 

function of the MacCready value z. This velocity is called the MacCready cruise 

velocity, which as function of z, is denoted by v (z). It should be remarked cr 
that the solution of the MacCready problem in case of a constant vertical 

velocity of the atmosphere in between the two thermals in terms of the 

MacCready cruise velocity may be represented as v (z - u ).(cf. figure 2) cr a 

The inequality constraints for the velocity v are almost always satisfied in 

practice as strict inequalities. The same is not the case with the inequality 

constraint for Ah. This constraint turns out to play an important role in 

case of cloudstreet flying (cr. de Jong, 1977) as well as in case that a 

trajectory with more than one thermal is to be optimized. In the latter 
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situation the MacCready problem may be stated as 

{ m (L. ~h.) 
I ~ (£lh. 

L. 
min i: -2:. + __ 1. +-2:. [w (v.) + u .J) == ° 6h., v. i==l vi zi • 1 1. V. P 1. a,!. 

1.= 1. 
1. 1. 

i= 1 , ••• ,m 

£lh. ;::: 0, i = l, ••. ,m} • 1. 

The optimality conditions for this case may be found through the use of the 

Lagrange-multiplier technique for solving nonlinear constrained optimization 

problems (cf. Dixon, 1972). If one defines a Lagrangean function by 

£(6h,v,A.ll) == ~ (Li + ~hi) -A ~ (~h. + Li [w (v.) + u .J) 
i=l vi zi i==l 1. vi P 1. a,!. 

m 
i: 

i=l 
1l.6.h. 

1. 1. 

where A and lll, ••• ,llm represent Lagrange multipliers, then necessary condi

tions for optimality for each i, i == 1 •••• ,m , are given by 

3£ 
L. 1. 

dV. = --2 
1. v. 1. 

r ( dw 

L
- 1 + A -v. --E(v.) + w (v.) 

\ 1. dv. 1. P 1. 
1. 

3£ 1 
Mh. == z:- - A - Ili == 0 

1. 1. 

ll. ~ 0 
1. 6.h. ~ ° 1. 

ll.t.h. == 0 • 
1. 1. 

From this it follows that for i-th part of the trajectory the cruise velocity 

v. should be chosen to satisfy 
1. 

dw 
-v. --E (v.) + W (v.) + u . == I/A , 1. dv. 1. P 1. a,1. 1. 

where I/A is a constant MacCready value which should satisfy 

1 fA ~ z. == max z .• 
J i 1. 
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The optimal value of the height ah. over which the sailplane should climb 
~ 

in the i-th thermal at the end of the i-th part of the trajectory depends 

on the value of the absolute rate of climb z. in that thermal. The optima
~ 

lity conditions stipulate that 

Ah. = 0 
~ 

ah. 2: 0 
~ 

if 

if 

zi y. 1/)" 

z. = 1/)" • 
~ 

In practical terms the latter conditions imply the almost obvious rule that 

for optimality height should only be gained in the strongest thermal. 

Proper application of nonlinear optimization theory (cf. Dixon, 1972) to 

the problem of the optimization of a complete cross-country flight with a 

number of different thermals leads to the theoretical optimality rule that 

the cruise velocities in between the thermals should be determined from the 

MacCready equation with one and the same MacCready value for all subsequent 

elementary trajectories. This MacCready value is equal to the inverse of the 

Lagrange multiplier corresponding to the restriction requiring that the overall 

height gain or loss should be zero. For almost all practical situations this 

MacCready value equals the value of the absolute rate of climb in the strongest 

thermal on the traj ectory (cf. de Jong, 1977). 

The theoretical rule that gaining height should be limited to the strongest 

thermal somewhere on the trajectory is in practice, of course, impossible as, 

next to the constraints already mentioned, there are also imitations to the 

height bands over which the thermals may be used. The practical optimal 

strategy therefore reduces to the rule to realize the maximal height gain in 

the strongest thermal on each part of the trajectory (cf. de Jong, 1978b, 

Litt and Sander, 1978). 

The MacCready equation with the proper MacCready value also represents a 

necessary condition for optimality when the vertical velocity of the atmos

phere in between the thermals is not constant but instead piecewise constant. 

A regular limiting argument may be used to make it plausible that the 

MacCready relation even continues to hold as optimality condition in case the 

vertical velocity of the atmosphere is an arbitrary piecewise continuous 
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function of the distance coordinate x with ° ~ x ~ L. The optimal velocity 

history of the sailplane vex) will then satisfy the appropriately adapted 

general MacCready equation 

dw 
-vex) -...2.d (vex» + w (v{x}) + u (x) '';'' z • 

v p a 

A rigorous derivation of this result is a simple exercise in the calculus 

of variations (cf. de Jong, 1977). 

The general MacCready equation will continue to be the optimality condition 

of the sailplane as long as the trajectory may be considered to be quasi

stationary, i.e. as long as it may be assumed that at any moment the sail

plane is in equilibrium flight. As soon as the dynamics of the sailplane 

come into the picture, a different optimization stragegy may be optimal 

(cf. de Jong, 1980b). 

3. The solution of the MacCready problem and its practical implementation 

For the solution of the MacCready equation two almost identical graphical 

procedures are in common use (cf. figure 2). The first of these consists 

of the graphical construction of the point on the regular velocity polar 

where the line through the point (o,z-ua) on the vertical axis is tangent 

to the polar (figure 2: line I). The second consists of the similar con

struction of the point on the absolute velocity polar where the line through 

the point (O,z) on the vertical axis is tangent to the absolute polar 

(figure 2:line II). Which of these procedures is to be preferred depends 

on the particular case at hand. 

An interesting graphical result that becomes directly available when the 

second of the two graphical procedures is used is the fact that the resul

ting horizontal velocity from the initial point to the final point at the 

same height can be read off directly from the graph. Indeed, this velocity, 

which is given by 

v r 
L =--= 

t tot 
z v (z - u ) 

z - (w (v (z - u » + u) cr a p cr a a 

is precisely represented (cf. figure 2) by the piece of the horizontal 

velocity axis that is cut off by the line through (O,z) and tangent to the 

absolute velocity polar. 
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It may be noted that the optimal average or resulting horizontal velocity 

which is the solution of the MacCready problem for the case, that the ver

tical velocity u of the atmosphere in between the thermals is zero, is a a 
well-defined function of the absolute rate of climb in the next thermal. 

As such this velocity is given by the expression 

In line with the previous definitions, this velocity is called the MacCready 

travel velocity. 

The second graphical solution procedure (cf. figure 2: line II) may also be 

considered to be the basis for the operation of two special devices, the 

MacCready ring and its modern successor, the Sollfahrtgeber or speeddirector 

(cf. Reichmann, 1975). Each of these presents the pilot a means to continuously 

check in flight whether the MacCready equation is satisfied. The main idea 

b h · d' .. . . dwp ( ) . d e Ln theLr operatLon LS that a sLgnal proportLonal to -vav- v LS adde 

to the signal produced by a regular rate of climb indicator, which measures 

the absolute rate of climb w (v) + u • The pilot has only to continuously 
p a 

adjust his velocity so that the combined signal equals the MacCready value 

he desires. Proper knowledge of the correct MacCready value combined with the 

use of a MacCready ring or a Sollfahrtgeber or speeddirector thus allows any 

sailplane pilot today to fly at the optimal cruise velocity at any moment. 

4. Convex combinations and the MacCready problem 

An interesting different approach to the solution of quasi-stationary sail

plane trajectory problems is the purely geometric approach based on the 

use of convex combinations of velocity vectors. The basis of this convex

combinations approach (cf. de Jong, 1980a) is the observation that is very 

simple to construct geometrically the resulting velocity vector over a 

broken trajectory (cf. figure 3) once the velocity vectors on the legs of 

the broken trajectory are given. This resulting velocity (VABC in figure 3), 

name1y~ may be constructed in a velocity diagram by the determination of the 

intersection of a line in the desired direction and the connection line of 

the endpoints of the velocity vectors on the different legs (~AB an ~BC in 

figure 3). That this yields the correct result follows immediately from the 
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..... 
definition of the resulting velocity v

ABC 
from A via B to C 

... 
..... AC 
V ABC = 

With the vector equality 

this may be rewritten as 

or as 

The observation that the difference vector C;BC-;AB) is just a vector that 

is equal in direction and size to the connection line of the endpoints of 
..... ..... 

the vectors vAB and vBC completes the argument. Linear combinations of vec-

tors with coefficients that add up to 1.0 are known as convex combinations. 

Another point of interest in the present context is the observation that 

the intersection point divides the connection line into pieces with a length 

ratio, that is inversely proportional to the ratio of the times spent on 

the legs. To wit (cf. figure 3) 

The basis for the application of the convex-combinations approach to the 

solution of the MacCready problem is the observation that the MacCready 

problem of the determination of the largest resulting velocity over a broken 

trajectory that consists of a cruise from the intial point A (cf. figure 4) 

to the point B, where the thermal is reached, followed by a climb in ver

tical direction from B to C. With the absolute velocity vector vBC in the 

thermal given, the problem reduces to the problem of determining that vector 

;AB (cf. figure 4) with its end point on the absolute velocity polar, which, 
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-in combination with the absolute vertical velocity vBC yields the largest 

resulting horizontal velocity. This is the same problem as finding the line 

which connects the endpoint of the vector ~BC and which cuts off the largest -piece from the horizontal axis. The solution of that problem is that vAB -with its endpoint on the absolute vertical velocity vector vBC is tangent 

to the absolute velocity polar. This result is of course the same vector as 

constructed as solution to the MacCready equation by the second graphical 

procedure discussed in the preceding section. 

An interesting observation that may be made at this point is that the 

convex-combinations approach also immediately yields the solution of the 

little more general version of the MacCready problem, which arises when a 

height difference between the initial and final point in the problem formula

tion is specified (cf. figure 4, trajectory ABCD). The solution to this pro

blem, which is known as the generalized MacCready problem, is immediate as 

soon as one realizes that the problem is no more than the problem of the 

determination of the largest resulting velocity in the direction of the line 

AD instead of in horizontal direction. The optimal strategy is to fly as 

before on the leg AB with the same absolute velocity ;AB and then climb in the 

thermal with the same absolute vertical velocity ;BC until point D is reached. 

The difference between the solution of the generalized MacCready problem and 

the solution of the classical MacCready problem evidently only lies in the 

difference in the times spent in climbing in the thermal. The cruise parts 

of both solutions, i.e. the legs AB, should both be flown with the same velo-. ~ 

C1ty vAB that is uniquely determined by the same MacCready value z. 

5. The MacCready problem in case of wind 

The most striking difference between the solution of the MacCready problem by 

means of the convex combinations approach and the same solution following the 

usual analytical approach, lies in the explicit use that is made in the convex

combinations approach of the absolute velocity vectors as vectors. This use 

has the advantage that the same approach may be followed for the solution of 

the MacCready problem in case the air mass in which the sailplane flies has a 

motion of itself. The latter situation occurs as well in case of a constant up

or down wind, as discussed in the preceding section, as in case of some hori

zontal wind. Necessary for a solution by means of the convex-combinations 
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approach is only that use is made of the absolute velocity vectors, i.e. 

the vectors that represent the velocity of the sailplane relative to the 

earth. The MacCready problem in case of a horizontal wind (cf. figure 5) 

may then be interpreted as the problem of the determination of that absolute 
~ 

velocity vector vAB with its endpoint on the absolute velocity polar which 

in combination with the absolute velocity vector ;BC' representing the sail-. ~ 

plane in climb, yields the largest resulting absolute veloc~ty vector vABC 
in horizontal direction. As follows immediately from figure 5, this wanted 

absolute velocity vector ;AB will have its endpoint on the absolute velocity 

polar in that point where the tangent line is such that it goes through 

the endpoint of the absolute velocity vector ;BC' In this way, again, the 

largest piece is cut off from the horizontal (absolute velocity) axis, 

which implies the largest resulting absolute velocity in horizontal direction. 

A closer look at the geometrical solution of the MacCready problem with wind 

presented in figure 5 immediately reveals that the solution in terms of the 

absolute velocity vectors could also have been obtained by adding the abso

lute wind velocity vector to all velocity vectors involved in the solution 

of the corresponding MacCready problem without wind. Said differentely, the 

solution of the MacCready problem with wind may be obtained by just conside

ring the problem relative to the moving air mass in which the flight takes 

place. This equivalence which implies that the optimal strategy for the 

MacCready problem is not influenced by wind, has been well-known to sailplane 

pilots for years. 

Another look at the solution of the MacCready problem wi~h wind presented in 

figure 5 may lead to one more, different conclusion, namely that the solution 

of the MacCready problem with wind is also equivalent to the solution of a 

hypothetical MacCready problem without wind involving a sailplane having a 

hypothetical velocity polar equal to absolute velocity polar (as drawn in 

figure 5) and a hypothetical vertical velocity in the point where tangent to 

the absolute velocity polar in the point ;AB intersects the vertical ax1S of 

the absolute velocity axis system. This value, which would have been the 

MacCready value for the pilot of the hypothetical sailplane, is called the 

equivalent MacCready value. For the standard MacCready problem situation, 

where the vertical velocity of the atmosphere between the thermals is zero, 

an expression for the equivalent MacCready value immediately follows from 

geometry (cf. figure 5) 
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v (z) + v 
r w z = z 

eq V (z) 
r 

where vr(z) is the MacCready travel velocity, defined in the preceding 

section, and Vw is the (tail)wind velocity on the trajectory (taken to 

be positive in case of tailwind and negative in case of headwind). 

6. The turning point problem on a return flight with wind in the plane of 

the flight 

From an optimization point of view a return flight with wind in the plane 

of flight may be considered as a series of subsequent MacCready problems 

with the wind direction changing at the moment of the rounding of the 

turning point. As long as cruising and climbing take place with the same 

wind direction, a regular MacCready problem with wind results. The optimal 

strategy in that situation is not influenced by the wind and the solution 

of the MacCready problem is the same as in the case of no wind: One should 

fly according to the MacCready ring or speed director fed with a MacCready 

value equal to the expected absolute rate of climb in the next thermal. 

The more interesting problem arises if one considers that MacCready 

problem which involves the actual rounding of the turning point. In that 

case the first part of the cruise is flown with a wind direction which is 

1800 different from the direction during the second part of the cruise and 

during the climb thereafter. It is this problem that is meant by the name 

turning point problem. 

The general formulation of the turning point problem requires an arbitrary 

fixation of the location at the initial time of the thermal that should 

be flown to after the rounding of the turning point. That arbitrariness is 

due to the fact that after the rounding of the turning point an ordinary 

generalized MacCready problem (cf. Section 4) remains in which the distance 

to the next thermal is of no importance. Without losing any generality it 

may therefore be assumed that the initial location of the next thermal at 

the initial time is just above the turning point itself. The problem that 

results with that choice is sketched in figure 6a. 

The general turning point problem thus formulated is also equivalent to 

another hypothetical problem for which it is assumed that the next thermal 

is just above the turning point at the moment that the sailplane arives there. 
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This situation is sketched in figure 6b. It is clear from this figure 

that when the sailplane would regain all its lost height in this thermal 

then just a standard MacCready problem would remain which would bring the 

sailpLane to the initial height again in the thermal assumed above for 

the general problem formulation. 

With this second equivalent problem formulation in mind, it will be clear 

that the general turning point problem can also be interpreted as succession 

of two equivalent generalized MacCready problems (in the sense as discussed 

in Section 4): the first one, as sketched in figure 6c, with an absolute 

velocity polar that is a translation of the original velocity polar to the 

left (under the assumption of a head wind), the second one, also sketched 

in figure 6c, with an absolute velocity polar that ia a reflection of the 

translation of the original velocity polar to the right (under the assumption 

of a tailwind). For a succession of two equivalent generalized MacCready 

problems like this, it may be easily shown~ that,in analogy to the regular 

MacCready theory for trajectories with more than one thermal, a necessary 

condition for optimality is that the equivalent MacCready values that specify 

the optimal solutions for both subproblems should be identical. The second 

subproblem being a standard generalized MacCready problem with a tailwind 

vw,2 and a MacCready value z2 being equal to the (expected) rate of climb 

in the next thermal, it follows immediately that this equivalent MacCready 

value is given by 

z eq = 
" (z2) + v 2 r w, 

"r(z2) 

Analogously, for the first equivalent generalized MacCready problem, the 

similar relation 

z eq = 
" (Zt) + v I r w, 

"r(zl) 

should hold. Equating these relations gives an equation from which the Mac-

Cready value for the first subproblem may determined 

" (Zt) + v I r w, 

"r(zl) 
z = I 

" (z2) + v 2 r w, 

"r(z2) 
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A special form of this equation, which suggests a simple graphical procedure 

for the solution of zl when Zz is given, is 

v (z2) + v Z r w, 

The graphical procedure is sketched in figure 6c: Given zz, one determines 

Zeq by extending the tangent line through Zz to the vertical axis of the 

absolute velocity system. Thereafter zl may be determined by extending the 

line through z and tangent to the right absolute velocity polar in figure 4c eq 
to the vertical axis of the relative coordinate system. 

Although already very simple the graphical procedure does not lend itself very 

well for actual use in practice in flight. A better practical method is to 

make of use of a specially constructed graph, called the turning point graph 

(cf. figure 7) in which the equivalent MacCready values, z determined graphi-eq 
cally or computed with the formulas given above, are presented as a function 

of the wind velocity Vw and the MacCready value z. For practical reasons Zeq 

~s depicted horizontally. 

The determination of the MacCready value zl with the turning point graph 

follows in two steps (cf. figure 7): First, the value of Zeq is determined 

which corresponds to the value of vw,Z and z2 on the second part of the tra

jectory, Thereafter, a vertical line is drawn and the intersection determined 

with the line in the graph that corresponds to the wind velocity v I on the w, 
first part of the trajectory, The value of zl that corresponds to that point 

of intersection is read off by interpolation. (In figure 7 the determination 

of zl in a situation with vw1 = -vw2 = - 10 mls and zZ=2.5 mls is illustrated.) 

It may be noted that a turning point graph may be constructed by purely graphi

cal means by any sailplane pilot. 

Application of the procedures sketched above for different combinations of 

expected climb rates z and wind velocities v for an LS-3-sailplane results w 
in the MacCready values presented in Table 1. From this table the influence 

of the wind on the MacCready values to be used for the cruise flight towards 

the turning point may be observed. Especially in case of turning points against 

the wind the influence of the wind turns out to be important. 
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As a final remark it may be noted that the knowledge of the MacCready 

value for the cruise flight to the turning point is not only of importance 

for the optimal execution of this part of the flight. As observed by 

Dick Teuling (cf. Teuling, 1981), even more important for the pilot is to 

know which thermals he should skip on this part of the flight. This he 

should do with all thermals he meets before the turning point and which 

offer an absolute rate of climb less than the MacCready value zl for the 

cruise flight towards the turning point. 

7. The turning point problem on a triangle flight with an arbitrary wind 

direction 

In case of return flights with wind from a direction that does not coincide 

with the desired course direction as well as in case of triangle flights 

with wind from an arbitrary direction, use may be made of the same equation 

for the determination of the MacCrady value for the cruise flight towards 

the turning point as derived in the preceding section 

v (zz) + v Z r w, 

vr (zz) 

For the wind velocities v 1 and v Z lon this equation, one should now sub-
w, w, 

stitute, instead of the total wind velocity, the magnitudes of those compo-

netns of the total wind velocity which are of influence for the wind correc

tion on the particular legs of the trajectory. These components turn out to 

be the components of the windvelocity in the direction of the headin~ ~s 

(d. figure 8), which is the course direction which the pilot sh!=luld steer 

relative to the moving air mass in which the sailplane flies. This heading 

is such that the motion that results as the vector sum of the motion relative 

to the moving air mass and the motion of the moving air mass itself is 

precisely in the direction ~t of the desired ~ on the ground (cf. figure 8). 

That the components of the wind velocity in the direction of the heading 

are indeed the only ones to take into account follows from the important ob

servation that the motion of the sailplane relative to the moving air mass 

is restricted to the vertical plane in the direction of the heading. The com

ponent of the motion of the air mass perpendicular to that plane only moves 

that plane sideways and is of no importance for the motion in the moving 

plane itself. 



- 15 -

The procedure to determine the heading in the presence of wind is a standard 

navigation procedure (see figure 8). If ~ is the course direction of the w 
wind (i.e. the direction into which the wind blows, which is the usual wind 

direction minus 180
0
), ~t the course direction of the desired track over 

the ground, then the heading ~ is given by s 

~ ". q> + t.q> 
s t w 

where the wind correction t.~ satisfies the relation (cf. figure 8) w 

v sin(-t.q» = v sin(q> - q>t) r w w w 

which leads to the expression 

v 
A • (w . ( q>w = - arCSl.n V Sl.n <pw 

r 

In this expression vr represents the resulting or average velocity relative 

to the air in the plane of the heading. On the trajectory part towards the 

turning point, this resulting velocity v is equal to the cruise velocity 
r 

vcr (zl)' on the trajectory part after the rounding of the turning point the 

optimal resulting velocity v is the resulting velocity that corresponds to 
r 

the solution of the generalized MacCready problem. This velocity depends on 

the height at which the turning point is rounded and the distance at the moment 

of rounding from the turning point to the next thermal. Thus, the exact de

termination of the optimal resulting velocity of both parts of the turning 

point problem trajectory in an arbitrary situation will be very complicated. 

Therefore one will in general have to resort to approximations for the evalu

ation of the windcorrection·. 

Given the windcorrection t.q> and therewith given the heading q> , the wind-w s 
component v ff in the vertical plane of the heading is easily found from w,e 
geometry (cf. figure 8) 

v w,eff = v cos(cp - q> s) w w 

= v cos(~ - CPt) cos t.cp + v sin(cpw - fjlt) sin t.cp w w w w w 

cos(fjI - CPt) t.fjI - . 2t. = v cos v Sl.n fjI w w w r w 

If, as is often the case, t.q> is small, then the windcomponent in the plane 
w 

of the heading, v ff may be approximated by w,e 
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v ff ~ v cos(~ - ~ ) • w,e w w t 

With either of these expressions for the windcomponent in the plane of the 

heading the approximate evaluation of the MacCready value for the cruise 

flight to the turning point may be worked out very easily with the turning 

point graph presented in figure 7. 

8. Concluding remarks 

A simple, practicable solution has been derived for the turning point problem 

in soaring using the convex-combinations approach. Noteworthy is that this 

approach makes the rather complicated solution to this problem easy to under

stand. With the help of the turning point graph, introduced here, the solution 

itself may be easily implemented in flight. This turning point graph, from 

which the pilot may read off the data for the optimal strategy may be con

structed by graphical means by any sailplane pilot without too much trouble. 

It should be noted, that the theory presented here has its main value in the 

insight its presents in the relative importance of the parameters governing 

the optimization problem. As in actual practice the circumstances will not 

always be so neat as hypothesized for the model, the presented numerical data 

should be taken as guide numbers. The numerical MacCready values presented only 

exactly hold for the situation where the air through which the sailplane flies 

during the rounding maneuver has a vertical velocity equal to zero. If this 

assumption is not true, then the presented MacCready values zl for the cruise 

flight towards the turning point are no longer the optimal MacCready values. 

In fact, if the air goes up, the presented MacCready value zl will be larger 

than optimal, if the air goes down, the presented value for Zt will be smaller 

than optimal. In theory these optimal values could be determined by solving 

the problem once more for every value of the vertical velocity of the atmosphere. 

For practical applications this does not seem to be worthwhile however. 
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Figure 2: The standard and the absolute (regular and extended) velocity 

polar and the graphical construction of the solution of the 

Mac Cready problem sketched in figure 1 
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Figure 3: The resulting velo.city over a broken trajectory 
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Figure 4: The solution of the MacCready problem by means of the convex

combinations approach 
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Figure 5: The solution of the MacCready problem with wind 
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Figure 6a: The turning point problem on a return flight in the presence 

of wind 
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Figure 6b: An equivalent formulation of the turning point problem in figure 6a 
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Figure 7: The turning point graph for the determination of the MacCready values 

for the cruise flight towards the turning point for an LS-3-sailplane 

(cf. App. B) 
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~ 
! 

+5 +2.5 0 -2.5 -5.0 -7.5 -10 -12.5 
(m/s) 

0 -0.21 -0.11 0 0.14 0.30 0.49 0.72 0.99 

0.5 0.15 0.31 0.50 0.72 0.98 1.27 1. 61 2.01 

1.0 0.52 0.74 1.00 1.29 1. 63 2.01 2.45 2.95 

1.5 0.90 1.18 1.50 1.86 2.27 2.73 3.25 3.85 
..... 2.0 1.29 1.62 2.00 2.42 2.90 3.43 4.04 4.72 rIl 
'-s 2.5 1.68 2.07 2.50 2.98 3.52 4.13 4.81 5.57 "-

3.0 2.08 2.52 3.00 3.54 4.14 4.81 5.57 6.41 

4.0 2.89 3.41 4.00 4.65 5.37 6.17 7.07 8.06 

5.0 3.70 4.32 5.00 5.75 6.59 7.51 8.54 9.67 

6.0 4.52 5.22 6.00 6.86 7.80 8.84 9.99 11.26 

Table 1: Optimal MacCready-ring settings(= MacCready values) for the 

cruise flight towards the turning point in the presence of wind 

(v 1= v , v 2= -v ) for an LS-3-sailplane (cf. App. B) 
W, W W, W 
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Appendix A: The analytical solution of the turning point problem 

Let the situation for the turning point maneuver be as discussed in Section 6 

and sketched in figure 6a. Let L be the distance from the initial point A 

to the turning point B, let vI and wp(v
t
) be the horizontal and vertical 

velocity of the sailplane relative to the air on the trajectory to the turning 

point, let v2 and wp (v2) the corresponding velocities on the trajectory from 

the turning point to the thermal after the rounding, let vwl and vw2 with 

v = -v and v 2 = v be the wind velocities on these trajectories and w,I w w, w 
assume that the vertical velocity of the atmosphere during the rounding maneu-

ver is zero. If Zz is the absolute vertical climb rate in the thermal, which 

at the initial time is just above the turning point then the total time to 

fly from the initial point to the point at the same height in the moving thermal 

is equal to the sum of the time to fly to the turning point, the time to fly 

from the turning point to the thermal and the time to climb in the thermal. 

In formula form this yields 

t = L vwZ L wp (v 1) 
+ . ---

tot v I +V
W

, I v1+vw,1 v2 vI+vw,1 z2 

L v wp(vZ) 
(A. 1) w,2 

= 
VI +vw, 1 v2 z2 

= 

Necessary for this total time being minimal is that the derivatives with 

respect to vI and v2 equal zero 

(A.2) 

For v2 this leads to the condition 

o L 

which yields the MacCready equation 

dw 
(A.3) -v2 d~ (v2) + wp (v2) = z2 . 



For vI one obtains 

0=-

which yields the equation 

(A.4) 

which with the definition of the equivalent MacCready value 

(A.5) 

can be written as 

(A.6) 

or as 

. (A. 7) 

z eq 

dw v I dw 
-vI --E (vI) + w (vI) = z - ~(-v --Eev» dv p eq v I 1 dv 1 I 

A - 2 

The cruise velocity vI towards the turning point thus should satisfy a MacCready 

equation (cf. (A.3» 

dw 
(A.8) -vI d~ (VI) + wp(v 1) = zl 

with a MacCready value zl given by 

(A.9) 
Vw I dw 

zl = Zeq - ~(-vl d~(vl» 

or, equivalently, satisfying 

(A.IO) 
Vw 1 

zl = z --'-(z -w (v» eq VI 1 P 1 
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Combination of this equation with the definition (A.S) of the equivalent 

MacCready value z yields as condition for zl a symmetric relation eq 

(A. 11) 

which with the definition of the MacCready travel velocity (for i = 1,2) 

(A.12) 
z. 

v (z.) ~ ~ v. 
r ~ Z.-w (v.) ~ 

~ p ~ 

can be rewritten as 

(A. 13) 

The graphical representation of this equation is (with v I - -v = -v ) w, w,2 w 
precisely as sketched in figure 6c. 
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Appendix B: Numerical data for the velocity polar of an L5-3 sailplane 

For the numerical evaluation of the turning point data (turning point graph 

(figure 7) and turning point table (table I» use was made of a fourth 

order polynomial approximation of the velocity polar measurements of Stich 

(1978) of an LS-3 sailplane of the form 

3 i 
w (v) == L a.v 
Pi=-I 1. 

For v expressed in mls the coefficients used were 

a_I == 103.553713 

aO = -12.350022 

= 0.595341 

0,012336 

0,000107 

The measurements of Stich related to an LS-3 sailplane with a weight of 373 kgf 

and a wing area of 10,5 m2• A less good but still acceptable approximation of 

the same data is given 

with 

Reference: 

2 
w (v) = I P i=O 

Co = +1.748 

c 1 = -0.094 

by the quadratic approximation 

i c.v 
1. 

c
2 

= +0.002 

Stich, G. (1978) F1ugleistungsvermessung und Flugeigenschaften der LS-3. 

Aerokurier, 7/1978, pp. 770-773. 
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