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1 

1 ntrod uction 

Discrete-time analysis/synthesis systems such as depicted in Figure 1.1 are part of 
source-coding systems for speech, music and pictures [1), hut they also play an im
portant role in speech analysis, manipulation and resynthesis. The short-time j ourier / f 
transform is an example an analysis/synthesis system that is often used in speech 
processing [2] . There is a vast amount of literature on analysis/synthesis systems, e.g. 
[3, 4, 5, 6, 7, 8]. 

We will develop an alternative notation for discrete-time analysis/synthesis sys
tems, called a vector-filter notation . Because of the decimators and interpolators the 
system of Figure 1.1 is not necessarily shift-invariant. The vector-filter notation allows 
us to analyse the system by only considering a shift-invariant system. In addition we 
wil1 apply the mathematica] concept of frames [9, 10] to this notation. Frames are 
useful to analyse properties of a given analysis system. They also provide us with a 
recipe for obtaining a perfectly reconstructing synthesis system from a given analysis 
system. As an example, think of a digital filter bank consisting of many strongly over
lapping bandpass filters that simulates the periphery of the human ear, e.g. [11]. This 
filter bank follows from the physical properties of the ear. If we want to do stimulus 
regeneration , i.e. generate a time signa] from the outputs of the bandpass filters we 
need a synthesis filter bank. With the theory of frames we can derive the minimum 
sample rate at the output of the band filters that is required for the existence of a 
synthesis filter bank. Moreover, it gives us a procedure to compute this filter bank1. 

Let us first look at the analysis/synthesis system in Figure 1.1. The analy
sis part maps an input sequence x = {x(l)}1=-oo,. .. ,+oo on to M sequences u1: = 
{ u1:( l) }1=-oo, ... ,+oo, k = 0, ... , M -1, by means of band pass filters H1:, k = 0, ... , M -1. 
The sample rate of the sequences u1:, k = 0, . .. , M - 1, is reduced by a factor of L 
with respect to the sample rate of the input sequence x. The synthesis part reconverts 
the sequences u1:, k = 0, . .. , M - 1, into an output sequence y = {y(l)}i=-oo, ... ,+oo 
with the original sample rate by means of bandpass filters G1:, k = 0, ... , M - l. 

If the analysis system is a discrete fourier transform or a discrete eosine transform , 
we call the thus obtained representation a representation in the frequency domain or 

1 See a.lso the rema.rk in the la.st pa.ra.gra.ph of this cha.pter. 
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Figure 1.1 Analysis/synthesis system. 

in the /ourier domain. Input and output signals of the entire system are said to be in 
the time domain . Similarly, to emphasize that the representation in M sequences can 
be used to both analyse and synthesize sequences we will call this a representation 
in the analysis/synthesis domain. The analysis/synthesis system of Figure 1.1 is 
fairly genera}, because many known analysis/synthesis systems can be brought into 
this form, for example block-based transforms, overlapping transforms, uniform filter 
banks, non-uniform filter banks, tree-structured filter banks and discrete wavelets 
with a discrete-time input. 

Note that in Figure 1.1 the decima,tion factor L is unequal to the number of 
sequences M. If L = M, the filter bank is called critically decimated. This is of 
interest for source-coding applications. We will also consider L < M, which is of 
interest for speech analysis, manipulation and resynthesis. The short-time fourier 
transform is an example of such a system. It will turn out that with L > M there is 
no perfectly reconstructing synthesis system. '"G '1 w-<.Á oJ.r. ?L oJ ~°"4'l, cA l.11 ! 

In the vector-filter notation the analysis part of the system of Figure 1.1 becomes 
a shift-invariant linear operator, mapping a sequence of vectors of length L, obtained 
from the input sequence, on to vectors of length M. The elements of these M-vectors 
are elements of the subsequent sequences uk with the same time index. The synthesis 
system is a linear operator that maps a sequence of M-vectors back on toa sequence 
of L-vectors, which is then converted into an output sequence. Because there is a one
to-one correspondence between the sequences of L-vectors and the input and output 
sequences, it suffices to only consider the analysis and synthesis operators on the 
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vector sequences. 
The derivations are in terms of operators on Hilbert spa.ces [12]. Chapter 2 will 

present the preliminaries that are required to follow the derivations. Readers that are 
familiar with Hilbert spaces can skip this chapter at least at first reading. 

~ 

Chapter 3 will introduce the vector-filter notation. Important requirements for 
analysis/synthesis systems in source-coding applications, but also in other applica
tions in which signals are resynthesized, are alias cancellation and the stronger re
quirement of perfect reconstruction. They are discussed in Chapter 4. In the same 
chapter it is also shown that if L < M we have an overdetermined representation 
in the analysis/synthesis domain. As a consequence there are M-vector sequences 
that cannot be obtained by applying the analysis operator on an L-vector sequence. 
Moreover, if a synthesis operator exists, it is not unique. A problem arises when an 
M-vector sequence is manipulated, because the manipulated sequence may not be in 
the range of the analysis operator. In Chapter 5 a synthesis operator will be derived 
that first performs an orthogonal projection on to the range of the analysis operator. 
This synthesis operator computes an L-vector sequence that after applying the anal
ysis operator to it yields an M-vector sequence with minimal quadratic distance to 
the manipulated sequence. 

In the remainder of this report, we will relate the vector-filter notation of analy
sis/ synthesis systems to the concept of frames. Chapter 6 will briefly introduce frames 
and will relate the analysis operator to this concept. Frame bounds are positive con
stants that determine whether or not an analysis operator constitutes a frame. lf it 
does, a synthesis operator that performs an orthogonal projection on to the range 
of the analysis operator can be found. A procedure to derive frame bounds for a 
discrete-time analysis system will be discussed in Chapter 7. 

The short-time fourier transform is an analysis/synthesis tool that is often used in 
speech applications. A synthesis method consisting of an orthogonal projection such 
as discussed in Chapter 5 on the range of the analysis operator has been derived for 
it in [2]. Chapter 8 will, as an example, apply the theory of Chapters 3 to 6 to the 
short-time fourier transform. 

The stimulus regeneration procedure for the human ear as it bas been described 
in the first paragraph of this chapter, is of much greater interest if the non-linearities 
that are thought to be present in the periphery of the human ear can also be taken 
into account [11]. How we intend to do this will be outlined in Chapter 9. 
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Definitions and other preliminaries 

2.1 lntroduction 

Before deriving t~e alternative notation for analysis/synthesis systems, we will present 
definitions of Hilbert-space concepts that are necessary to follow the derivations in 
the following chapters. Complicated or technica] proofs that are not necessary for 
understanding the main line of thought are omitted. Unfortunately chapters that 
present preliminaries such as this one may be boring. If that is the case, the reader 
is advised to continue with Chapter 3 and come back to this one when necessary. As 
a more extensive hut simple introduction to Hilbert spaces [12] is recommended. 

2.2 Sequences and inner products 

Although in practice we only consider real-valued sequences, we will derive the results 
for complex sequences. First we have to formalize is the concept of sequences. We will 
not make a distinction in our notation between sequences of scalars and sequences of 
vectors of finite length. 

Definition 1 With a;N, N ~ 1, integer and finite, we denote the set of N-dimensional 
column vectors of length N. 

Definition 2 A sequence, informally denoted by 

... , x(-1), x(O), x(l), x(2), ... , 

with x(k) E a;N, is denoted by a single lower-case roman letter. If it is necessary to 
indicate the range R of the k, the notation 

X = {x(i)} R, 

is used, e.g. 



X = {x(i)} ·-1--00, ... ,00, 

Defl.nition 3 Let x denote a sequence of N-vectors, then x1,: denotes the scalar se
quence defined by 

Defl.nition 4 The inner product, properly defined in [12, Page 5], of two sequences 
x and y is denoted as (x, y). 

Defl.nition 5 This inner product induces a norm llxll = J(x,x). 

2.3 Hilbert spaces 

Deflnition 6 '.fhe space l.2('ll) [12] of square-summable sequences over <t is defined 
by . 

00 

l.2{'ll) = {x I x(k) E <t, L lx{k)l2 < oo}. 
lt:=-oo 

Theorem 1 The space l.2 ('ll) with the inner product 

00 

(x, y) = L X1cY1c 
lt:=-oo 

is a Hilbert space. 

Proof Cf. [12, Page 21 ). D 

Deflnition 7 The space ~{'ll) of square-summable vector sequences over <tN is 
defined by 

00 

ti('ll) = {x I x(k) E <tN, L llx(k)ll 2 < oo}. 
lt:=-oo 

lf N = 1 in ~('ll), we have ti('ll) = t2('ll). 

Theorem 2 The space ~{'ll) with the inner product 

00 

(x, y) = L (x(k)ty(k) 
lt:=-oo 

N-1 

- }:(x1c,Y1c), 
lt:=0 

where the superscript • denotes transposition and complex conjugation and x1c and Y1c 
are as in Definition 3, is a Hilbert space. 
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Proof Omitted. D 

Definition 8 The space tixq(7l) of square-summable matrix sequences over a:PxQ, 
where a:PxQ denotes the set of (P x Q)-matrices with elements in <V, is defined by 

oo P-1 Q-1 

tixQ(7l) = {X I X(k) E <VPxQ, L L L l(X(k))i.,12 < 00 } . 

k=-oo i=O j=O 

In [12, Page 6], a matrix inner-product is defined with which tixq(7l) is a Hilbert 
space. 

Definition 9 The space L2(a, b) of the square-integrable functions f: (a, b) t--t (Vis 
defined by 

Theorem 3 The space L2(a, b) with inner product 

1 fb 
(f, g) = jb - ai la f(t)g(t)dt 

is a Hilbert space. 

Proof Cf. [12, Page 24] D 

Definition 10 The space L7', ( a, b) of square-integrable vector functions f : ( a, b) 1--t 

<VN is defined by 

Li(a, b) = {f 1 1b llf(t)ll 2dt < oo }. 

Theorem 4 The space Lt(a, b) with inner product 

1 fb 
(f,g) = jb - ai la (f(t)tg(t)dt 

is a Hilbert space. 

Proof Omitted. D 
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2.4 Basic operators 

Unless stated otherwise, all operators are linear. 

Deflnition 11 Let E and F be normed spaces and A : E 1--+ F. The operator A is [ ,•f 10 n 

said to be invertible Js---t-hf is a B: F 1--+ E, such that AB= I and BA = I, where / r l'W-f.., 

is the identity operator in the appropriate Hilbert space. The inverse of A is denoted 
by A-1• 

Definition 12 Let E and F be normed spaces. A linear operator A : E 1--+ F is said 
to be bounded if there exist an M, 0 ~ M < oo, such that 

IIAxll ~ Mllxll, x E E. 

The norm IIAII of A: E 1--+ Fis defined by 

IIAII = sup{IIAxll l x E E, llxll ~ l}. 

Definition 13 Let E and F be Hilbert spaces and A : E 1--+ F. The kemel of A is 
defined by 

Kemel A = {x I Ax = 0, x E E}. 

Definition 14 Let E and F be Hilbert spaces and A : E 1--+ F . The range of A is 
defined by 

Range A = {Ax I x E E}. 

Definition 15 Let x E f~(7l) and a E <C, then the sequence ax E f~(7l) is defined 
by 

(ax)(k) = ax(k) . 

Definition 16 Let x E f~(7l) and A E a:;PxQ, then the sequence Ax E ~(7l) is 
defined by 

(Ax)(k) = Ax(k) . 

In a similar fashion we have definitions for post-multiplication of sequences with vee
tors and matrices. 

Definition 17 The translation operator 

D : ti ( 7l) 1--t ti( 7l) 

is defined by 

(Dx)(k) = x(k - 1). 
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Theorem 5 The trans]ation operator D : lt(7l) .....+ lt(7l) is Jinear. 

Proof TriviaJ. D 

Deflnition 18 The decimator ( 1 L) in the analysis system of Figure 1.1 is an operator 

(l L) : li(7l) ....,. li(7l), 

defined by 

((lL)x)(k) = x(kL). 

Theorem 6 The decimator (lL): ti(7l)....,. 4(7l) is linear. 

Proof TriviaJ. D 

Deflnition 19 The interpo]ator ( î L) in the ana]ysis system of Figure 1.1 is an op
erator 

( Î L) : ti ( 7l) ....,. ti ( 7l), 

defined by 

((î L)x)(k) = { x(n), 
0, 

k =nL, 
otherwise. 

Theorem 7 The interpo]ator (î L) : lt(7l) ....,. lt(7l) is linear. 

Proof Trivia]. 

2.5 Adjoint operators 

D 

The concept of an adjoint operator is important in this report. We quote the folJowing 
theorem from [12, Page 76). 

Theorem 8 Let E and F be Hi]bert spaces and A: E.....+ Fa linear operator. There 
exists a unique Jinear operator A• : F.....+ E, calJed the adjoint operator, such that 

(x, Ay) = (A•x, y). 

Proof Cf. [12, Page 76}. D 

Theorem 9 Let E and F be Hi]bert spaces and A: E....,. Fa linear operator. Then 

(Range A).L = Kemel A-, 

and 



(Kerne] A).l = dos Range A•. 

Here dos denotes the dosure of a set [12). This concept is not of great importance 
for us. For an intuitive understanding of the theorem it can be omitted. 

Proof Cf. [12, Prob]em 7.29] D 

We continue this section with theorems on some building blocks of linear systems. 

Theorem 10 The adjoint operator of D is v-1 • 

Proof Let x E 4(7l) and y E ti(7l), then 

00 00 

(x, Dy) = L (x(k)ty(k - 1) = L (x(k + l))*y(k) = (D- 1x, y). 
l:=-oo l:=-oo 

D 

Theorem 11 The operators (l L) and (î L) are each others adjoints. 

Proof We prove that (î L) is the adjoint of (l L ). Let x E ti(7l) and y E ti(7l), 
then 

00 00 

(x, (lL)y) = L (x(k))*y(kL) = L (x'(n))*y(n), 
k=-oo n=-oo 

with 

x'(n) = { x(k), n = k~, 
0, otherw1se. 

Therefore, by definition, (x,(lL)y) = ((î L)x,y). 

Theorem 12 Let A' E a;PxQ and let A : ~(7l) t-+ l~(7l) be defined by 

(Ax)(k) = A'x(k), 

then A* : 4(7l) t-+ ~(7l) is defined by 

(A*y)(k) = A'*y(k) 

Proof Let x E 4(7l) and y E l~(7l), then 

00 00 

(x,Ay) = L (x(k))*A'y(k) = L (A'*x(k))*y(k) = (A*x,y). 
l:=-oo l:=-oo 

D 

D 

Theorems 10 to 12 can be used to demonstrate that, apart from a delay, the adjoint 
operator is identical to the transpose operator as described in [13). We will come back 
to this later in this chapter. 
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2.6 Unitary operators 

Another important concept is that of unitary operators. 

Definition 20 Let E and F be Hilbert spaces and U : E 1-+ F a linear bijective 
operator. The operator U is said to be unitary if (Ux, Uy) = (x, y) . 

Theorem 13 The operator D is unitary. 

Proof TriviaJ. D 

Theorem 14 Let E and F be Hilbert spaces and U : E 1-+ F a linear operator. The 
operator U is unitary if and only if u•u = I. 

Proof 
=}: For any x, Y. in E (x, y) = ([J-Ux, y) = (Ux, Uy). 
<= : For any x, yin E (x, y) = (Ux, Uy) = (U•Ux, y) =} u•u = I. D 

2. 7 Shift-invariant operators 

Definition 21 An operator 

is shift invariant if and only if 

AD= DA. 

A well-known shift invariant linear operator is the discrete-time filter, which maps a 
scalar input sequence x on to a scalar output sequence y. The relation between input 
and output are given by 

00 

y(k) = L h(k - l)x(l). 
l=-oo 

The above operation is called a convolution and the sequence h = { h( k) h=-oo, ... ,oo 
is called the impulse response. We want to present some results for shift invariant 
operators A : ti(7l) 1-+ l~(7l) . Because the proofs become rather technical for P, Q > 
1 we will first derive the results for shift invariant operators A : f2(7l) 1-+ l 2 (7l) and 
then suffice with merely stating the results for the more genera] case. 

Theorem 15 Let the operator A: f2(7l) 1-+ {{y(k)h=-00, ... ,00 1 y(k) E <V}, be defined 
by 

12 



00 

(Ax)(k) = L a(k - l)x(l) . (2.1) 
l=-oo 

The operator A is bounded if 

00 

L la(l)l2 < oo. 
l=-oo 

Proof Assume 
00 

L la(l)l2 = M < oo. 
l=-oo 

The convolution (2.1) can be rewritten as 

00 

(Ax)(k) = L a(l)x(k - l). 
l=-oo 

Or, in a full operator notation, 

00 

Ax = L a(l)D1x. 
1=-oo 

Then 
00 

IIAxll2 - 11 L a(l)D1xll 2 

l=-oo 
00 

< L lla(l)D'xll2 
l=-oo 

< (,t [a(l)l) J[xll' 

- Mllxll2. 

D 

Theorem 16 An operator A : l 2 ('U,) 1-+ l2('U,) is shift invariant if and only if there is 
a sequence a E l2('U,), such that 

00 

(Ax)(k) = L a(l)x(k - l). 
l=-oo 

Proof 
=}: Because A is bounded, (Ax)(k) is a linear continuous functional on / 2('0,) for 
every integer k. Then the Riesz-Fréchet theorem [12, Page 62] states that there must 
be a sequence /1: E l2(7J,), such that, for every x E l2(7J,), 

Ax(k) = (/1:, x). 

13 



Because of the shift invariance 

Ax(k - 1) = (!,., Dx) = (D- 1 f1c, x) = (h-1, x). 

Or h, = D1: Jo, or (11:)(l) = (fo)(l - k). Then 

Ax(k) - (!&:, x) 
00 

- L f 1:(l)x(l) 

Define a(k) = ] 0(-k). 

l=-oo 
00 

L 70(1 - k)x(l). 
l=-oo 

~= This follows trivially after replacing x(k - l) by x(k - l - 1) in (2.1). D 

Ina full operator notation a shift-invariant operator A: fl('ll) 1-+ fl('ll) can be written 
as 

00 

A = L a(l)D1
• (2.2) 

l=-oo 

We will now turn to shift-invariant operators on sequences of vectors. 

Theorem 17 An operator A: ti('ll) 1-+ f~('ll) is shift invariant if and only if there 
is a sequence of (Q x P)-matrices A' E l~xP('ll) such that 

00 

(Ax)(k) = L A'(l)x(k - l). (2.3) 
l=-oo 

Proof 
::::;.: The proof is based on the fact that the sequences (Ax)i, i = 0, ... , Q are sums of 
linear shift-invariant operators on sequences x1, j = 0, ... , P. 
~= This follows trivially after replacing x(k - l) by x(k - l - 1) in (2.3). D 

In a full operator notation a shift-invariant operator A : 4(7l) 1-+ ~('ll) can be 
written as 

00 

A = L A(l)D1
• (2.4) 

l=-oo 

Note that in (2.4) there is no distinction between the notation for the operator or 
the sequence of matrices. lf this gives rise to confusion we will denote the sequence 
by A'. The sequence of matrices A( l) is the equivalence of the impulse response in 
the scalar case. It is, however, not the response to a single impulse at time index 
0. The sequence consisting of the ith columns of each matrix A( l) is the response 
to an 'vector impuise' consisting of the ith unit vector of a;P at time index 0. We 
will call the matrices impulse response matrices and the sequence {A(l)}z=-oo, ... ,oo the 
multivariate impulse response. 

14 



Theorem 18 Let A : Lj,(7l) 1-+ 1(7l) and B : 1(7l) 1-+ ~(7l) be shift-invariant 
operators, then 

Proof The results follows easily if the product of the expansions {2.4) is evaluated . 
D 

Note that, in contrast to shift-invariant operators on scalar sequences, shift-invariant 
operators on vector sequences do not commute. 

Theorem 19 The adjoint operator of a shift-invariant operator A: Lj,(7l) 1-+ f~(7l), 
given by 

00 

A = L A(l)D1
, 

l=-oo 

is given by 

00 00 

A· = L n-1A·(l) = L A·(l)n-1
• 

l=-oo l=-oo 

The last equality is true because the translation operator D commutes with the matrix 
multiplication . 

Proof Trivial. D 

2.8 Fourier transforms 

For x E f2(7l) the / ourier transform is defined as follows 

Deflnition 22 Let x E f 2(7l) . The ourier transform of x is defined by 

00 

x(ei9) = L x(k)e-i9k, 
k=-oo 

with an inverse 

There is a one-to-one correspondence between a convolution of sequences and the 
multiplication of their fourier transforms. The sequences 

{(x(k))i}k=-00, ... ,00 , i = 0, ... , N - 1, x E tt(7l) 
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and the sequences 

{(A(k))iJh=-00, ... ,001 i=O, ... ,Q-1, j=O, .. . ,P-1, 

with A(k) an impulse response matrix of a bounded shift-invariant operator, are in 
l 2(7l). Therefore, we can define the following fourier transforms of sequence of vectors 
and of linear shift-invariant bounded operators. 

Deflnition 23 Let x E tt('ll) . The fourier transform of x is defined by 
00 

x(ei8) = L x(k)e-i8k, 
1:=-oo 

with an inverse 

x(k) = __!__ 1" x(ei8)ei8k d0. 
21r -,r 

Very well known is Parceval's theorem of which we present the following extension. 

Theorem 20 Let x E tt(7l) and y E tt(7l), then x(ei8 ) E Lt(-1r, 1r) and y(ei8 ) E 
Lt(-1r, 1r), moreover 

(x, y) = (x, y), 

with 

Definition 24 Let A : ti(7l) 1-+ ti(7l) be shift invariant with 

00 
A = L A(l)D1

. 
1=-oo 

The fourier transform of A is defined by 
00 

À(eiB) = L A(k)e-iBk, 
k=-oo 

with an inverse 

A(k) = __!__ 1" Ä(ei8k8k d0. 
21r -,r 

As is the scalar case we have 

Theorem 21 Let A : ti('ll) 1-+ ~(7l) be shift invariant with 

00 

A = L A(l)D1
, 

l=-oo 

and y = Ax, x E ti(7l), then 

jj( eis) = Ä( eis)x( eis). 

Proof Trivial. D 
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3 

Vector filters 

3.1 lntroduction 

In this chapter we develop an alternative notation for the analysis/synthesis system 
of Figure 1.1. In this notation , called vector-filter notation, both the analysis and 
the synthesis system are concatenations of two linear operators. The first operator 
of the analysis system maps the scalar input sequence on to a L-vector sequence, 
the second operator of the analysis system is a shift-invariant operator that maps an 
L-vector sequence on to an M-vector sequence. The first operator of the synthesis 
system is a shift-invariant operator that maps an M-vector sequence on toa L-vector 
sequence, the second operator of the synthesis system L-vector sequence on to the 
scalar output sequence. A similar approach can be found in [6] and [8]. In those 
papers a time-domain approach is described, that resembles the vector-filter notation 
developed here. Closest to our description is [8], but this paper concentrates more on 
filter design and does not elaborate on the concept of a vector filter and its advantages. 

The results of this chapter and of the chapters that follow will be mostly presented 
in terms of operators on Hilbert spaces. The reason is that the concept of frames that 
will be introduced later is part of the theory of Hilbert spaces. For an introduction 
to Hilbert spaces the reader is referred to Chapter 2 and [12]. 

3.2 The analysis system 

We assume that each filter H k in the analysis system of Figure 1.1 is a linear time
invariant operator H., : f 2('ll) 1-+ f 2('ll) given by 

(3.1) 
m=-oo 

At a later stage we will assume H" to be causa} with a finite impulse response. Of 
course Uk= (lL)H"x E f 2('ll) and 



00 
u1e(l) = L h1e(lL - m)x(m). (3.2) 

m=-00 

After substitution of m = aL - b, with a E 'Il and O $ b < M, we obtain 

00 M-1 

u1e(l) = L L h1e((l - a)L + b)x(aL - b) . (3.3) 
a,=-00 b=O 

We define the sequence of M-vectors u by 

(u(l))1e = u1e(l), k = 0, ... , M - 1, (3.4) 

the sequence of L-vectors v by 

(v(a))i, = x(aL - b), b = 0, .. . , L - 1, (3 .5) 

and the sequence of (M x L)-matrices {H(c)}c=-00, ... ,00 by 

(H(c))k ,b = h1.,(cL + b), k = 0, . .. , M - 1, b = 0, ... , L - 1. (3.6) 

When using these definitions in (3.3) we obtain 

00 
u(l) = L H(l - a)v(a), (3.7) 

A=-00 

or 

u= Hv, (3.8) 

with H : ll('ll) 1-+ lL,('ll), given by 

(X) 

H = L H(k)D"'. (3.9) 
A:=-00 

Clearly, this is a linear shift-invariant operator on vectors, which we therefore call a 
vector-filter. 

Deflnition 25 In expression (3.5) we implicitly introduced the grouping operator 
VL : l 2('ll) 1-+ lÏ('ll) defined by 

Theorem 22 The grouping operator Vi is unitary. 
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Figure 3.1 Analysis system. 

Proof From the definition it fellows that VL is bijective. Let x E /?('Il) and y E P('/l), 
then 

00 

(VLx, VLY) - L (VLx(k)rV,(k) 
k=-00 

00 L-1 
- L L x(kL - a)y(kL - a) 

k=-00 c=O 
00 

- L X1Y1 
l=-00 

- (x, y). 

□ 

From the above it fellows that the analysis system in Figure 1.1 can be described as 
a concatenation of a unitary and a shift-invariant operator 

(3.10) 

This is shown in Figure 3.1. Example ofrea]izations of a VL and a finite-length H are 
shown in Figures 3.2 and 3.3, respective]y. 

3.3 The synthesis system 

We assume that each filter G1, in the synthesis system of Figure 1.1 is a linear time
invariant operator G1, : f 2('/l) ...... P('ll) given by 

(3.11) 
m=-00 

At a later stage we will also assume G1, to be causal with a finite impulse response. 
Of course 

M-1 

y = L G1,(î L)u1, E f 2('/l) 
k=O 

and 
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X ---14 Vo 

D 

14 

14 

14 

Figure 3.2 Example of a grouping operator VL, with L = 4. 

H(O) H(l) H(2) H(3) 

+ + + + 
V 

Figure 3.3 Example of a vector analysis filter H. 

M-1 oo 

y(l) = L L 91t(l - mL)u1t(m). 
k=O m=-oo 

After substitution of l = aL + b, with a E 7l and O $ b < M, we obtain 

M-1 oo 

y(aL + b) = L L 91t((a - m)L + b)u1t(m). 
k=O m=-oo 

We define the sequence of L-vectors w by 

(w(a)h-1-b = y(aL + b), b = 0, ... , L - 1, 

and the sequence of (M x L)-matrices {G(c)}~-oo, ... ,oo by 

20 

(3.12) 

(3.13) 

(3.14) 



( G( c) )k,b = 9k( cl + b), k = 0, ... , M - 1, b = 0, ... , L - 1. (3.15) 

When using these definitions in (3.13) we obtain 

00 

w(a) = L (G(a - m)J)Tv(m), (3.16) 
m=-00 

where the superscript T denotes matrix transposition and the square matrix J is the 
anti-diagonal (L x L )-matrix with elements 

( J) { 1, k + l = L - 1, 
k,l = 0, otherwise. 

Or, 

0 1 

J= 

1 0 

In an operator notation we have 

w=Gv, 

with G: li,(~) .....+ l1(7l), given by 

00 

G = L (G(k)J? Dk. 
k=-00 

(3.17) 

(3.18) 

(3.19) 

Clearly, as is the case with the operator H in Section 3.2 this is also a linear shift
invariant operator on vectors and therefore also a vector-filter. Note that expression 
(3.14) defines a bijective mapping V{ : l 2

(~) .....+ lL(7l) given by 

(V{y )b = (l L )Db-(L-l)y. 

We are interested in an explicit expression for y in terms of w. The above mapping 
is unitary, the proof is almost identical to that of Theorem 22. With Theorem 14 we 
have that its adjoint operator is its inverse. Let w E il(~)- Then, by using Theorems 
10 and 11, we obtain 

L-1 
(w,V{y) = :E(wk,(lL)Dk-(L-I)y) 

k=O 
L-1 

- ((L DL-1-k(T L)wk), y). 
k=O 

21 



Figure 3.4 Synthesis system. 

Definition 26 We now define the ungrouping operator WL : li(7l) 1-+ fl(7l) by 

L-1 
WLw = L vL-l-k(î L)w1; 

k=O 
L-1 

- DL-1 L v-k(î L)w1c . 
lc=O 

Theorem 23 The ungrouping operator WL is unitary. 

Proof V{ = Wi is unitary, therefore W L is unitary. D 

From the above it follows that the synthesis system in Figure 1.1 can be described as 
a concatenation of a shift-invariant and a unitary operator 

(3.20) 

This is shown in Figure 3.4. An example of a realizations of a Wi is shown in Figure 
3.5. A finite-length G can be realized as is shown in Figure 3.3, hut a realization as 
in Figure 3.6 better reveals the symmetry of analysis/synthesis systems. In fact , the 
diagram of Figure 3.6 corresponds to 

CX> 

G = L Dlc(G(k)J). (3.21) 
k=-oo 

Of course a matrix multiplication and a delay operator commute and (3.21 is identi
cal to (3.19). However, this is no Jonger true when we deal with time-varying analy
sis/synthesis systems. 

3.4 Remarks on the vector-filter notation 

The analysis/synthesis system of Figure 1.1 can now be represented as in Figure 3. 7. 
Let us first consider an analysis/synthesis system as in Figure 3. 7 that only contains 
decimators and interpolators. The corresponding operator is W L VL , We have the 
following two theorems 
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Wo Î 4 

W1 î 4 + 

D 

W3 î 4 + 

D 

W3 î4 + y 

Figure 3.5 Example of a ungrouping operator Wi, with L = 4. 

u 

(G(3)J) G(l)J) G(O)J) 

D D 

Figu re 3.6 Example of a vector synthesis filter G. 

Proof lf follows easily for w E f1(7l) that 

L-1 
V.Zw = L v-l:(î L)wk. 

l:=0 

The theorem follows if this is used in Definition 26. 

Theorem 25 Wi Vi = vi-1
• 

Proof Use ViVi = I and Theorem 24. 

w 

D 

D 

This means that, regardless of the delay caused by the filters, the analysis/synthesis 
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X H y 

Figure 3.7 Analysis/synthesis system. 

system of Figure 1.1 will always have a minimum delay of L-1 samples. The question 
arises why we do not define WL as the adjoint of VL, which would lead toa minimum 
delay of zero. The answer is that that operator would be non-causal and therefore 
non-realizable. 

Now we comeback to the remark made at the end of Section 2.5 that Theorems 10 
to 12 can be used to demonstrate that, apart from a delay, the adjoint operator is iden
tical to the transpose operator as described in [14] and [13] . In that paper transposes 
are defined fo r decimators, interpolators, commutators, branch nodes, summation 
nodes, time-invariant systems and modulators. With the above mentioned theorems 
and Theorem 25 i: follows that the adjoints of decimators, interpolators, branch nodes 
and summation nodes are also their transposes and that the adjoints of time-invariant 
systems and commutators are their transposes apart from a delay which is required 
for causa) systems. For modulators it is claimed in [13] that the transpose of a mod
ulator m(t) is m(-t). We find that the adjoint is m(t). The resu1ts are the same for 
a modulator exp( -i<pt). 

The advantage of the notation developed in Sections 3.2 and 3.3 lies in the fact 
that VL and WL are unitary and that in stead of analysing the complete time-varying 
system we can suffice by analysing the time-invariant concatenation G H. That this 
is an advantage will hopefully become evident in the chapters that follow . 

The operators VL and WL are more commonly known as devices that convert a 
signa] into its polyphase components and vice versa [15]. 
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4 

Reconstruction properties 

4.1 lntroduction 

Important in source-coding applications, hut also when we want to regenerate a se
quence from its ::-epresentation in the analysis/synthesis domain are the reconstruction 
properties of the analysis/synthesis system of Figure 1.1. The important question is: 
'When is the output sequence identical to the input sequence?'. In realizable systems, 
the analysis/synthesis system will introduce a delay. This is partly due to the delay of 
the grouping and ungrouping operators, as is discussed in Section 3.4, and partly due 
to the delay introduced by the filters. The question therefore must be rephrased as: 
'When is the output sequence identical to the input sequence apart from a delay?' . An 
analysis/synthesis system with this property will be called perfectly reconstructing. 
We will discuss peifect reconstruction in Section 4.2. 

Sometimes the requirements are less stringent . In that case the output sequence 
should be a reasonable approximation of the input sequence, hut in any case be 
the result of a shift-invariant operator on the input sequence. The reason is that 
np on-shift-invariant operators may introduce unwanted spectra} components. These 
are generally referred to as aliasing [16, 15]. The question now becomes: 'When is 
the analysis/synthesis system equivalent to a shift invariant operator?'. This will be 
discussed in Section 4.3. 

4.2 Perfect reconstruction 

Perfect reconstruction is well-studied for analysis/synthesis systems with L = M, e.g. 
[4, 6, 8] , hut not often for the case L < M. This Jatter case is not of great interest 
for source coding. Although [6] and [8] adopt the notion of vectors and matrices, the 
concept of vector filters is not developed in detail. lt will follow that this concept 
makes it easy to describe perfect reconstruction. 

Because Vi and Wi are unitary, perfect reconstruction means 



( 

( 

( 4.1) 

with Hand G defined in (3.9) and (3.21), respectively. For realizable filters K ~ 0. 
The overall delay of analysis and synthesis system together amounts to K + L - 1. 
We will now assume K = 0 and drop the requirement of realizability, so that we have 

GH=l. (4 .2) 

In practice we will almost always have finite-length1 and causa) Hand G. Then G can 
be made realizable by replacing it by DN G, with an appropriate N ~ 0. Note that 
Gis not the inverse of H, since we require GH = I, hut not HG= I. An operator 
G exists if Kemel H = {0} and H is bounded. Since H is linear, it follows that Gis 
linear, and since H is shift invariant, it follows that G is shift invariant. 

On substitution of (3.9) and (3.21) in (4 .2), we obtain (Cf. Theorem 18) 

F = .%;
00 

(,%;
00 

(G(k - l}Jt H(I)) D' = /, ( 4.3) 

or 
00 

L (G(k - l)Jl H(l) = 8,J , k = -oo, . .. , 00 . (4.4) 
l=-00 

The classica) perfect reconstruction prob]em, discussed in many papers, e.g. [3, 4, 7, 
8, 6], is to find sets of analysis and synthesis filters, mostly for M = L, such that, in 
our notation, ( 4.4) is satisfied . Sometimes, in addition it is required that the synthesis 
filters are the time-reversed complex conjugated analysis filters. In our notation that 
means 

G(k) = H(-k)J. (4 .5) 

In combination with ( 4.4) this leads to 

00 

L H·(z + k)H(l) = 8,J, k = -oo, . .. , oo. ( 4.6) 
l=-00 

Later we shall see that this requirement identifies a special case. 
Our interest is different from the classica) perfect reconstruction problem: Given 

a set of analysis filters, we want to derive synthesis filters, or equivalently a shift
invariant operator G, such that (4.4) is satisfied. It has been stated before that G 
exists if Kernel H = {0}. We have 

Theorem 26 Let A : 4(7l) 1-+ Pq(7l) be a bounded, linear shift-invariant operator, 
with multivariate impulse response {A(k)h=- 00 , . .. , 00 • Then Kerne] A = {O} if and 
only if there are no -,r $ a < b $ 1r, such that Va< 9 < b: rank Ä(ei8) < P. 

1 We restrict ourselves to the case of FIR filters in Figure 1.1. The IIR case is, however interesting, 
not often used and much more difficult to deal with mathematically. 
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Proof 
=}: Assume that there are -1r $ a < b $ 1r, such that Va< 9 < b: rank Ä(ei9

) < P. 
Then a bounded 

can aJways be found. This implies that Ä(ei9)x(ei9) = 0 for -1r < 9 < 1r. Then, with 
X E 4(7l): 

we have Ax = 0, hut x-:/- 0. This means that Kemel A-:/- {O}, which is a contradiction. 
<=: For -7r < 9 < 1r, if x(ei9 ) i- 0, then Ä(ei9)x(ei9 ) i- 0. But then, for a]J X i- 0 E 
ti(7l), Ax-:/- 0, which means Kemel A = {O}. D 

In case of a analysis operator H, this implies that for all open intervals in the range 
[-1r, 1r] we require H(ei9) to be of rank L. lf in Theorem 26 we allow a = b then 
there is no sequence x in x E 4(7l) such that Ax = 0, hut there are sequences 
in x E 4(7l) that can make l!Axll arbitrary small. We obtain such a sequence by 

choosing llxll = ll(x)II = 1, and concentrating x(ei9
) around a = b. We have 

Ax 
IIIIAxllll = 1' 

and 

1 IIBAxll 
IIAxll = IIAxll $ IIBII-

Because a proper cho~ of x can make IIAxll arbitrarily small, B is unbounded. We 
will restrict ourselves to bounded operators and therefore we demand that 

(4.7) 

An immediate implication of Theorem 26 is 

Theorem 27 Let H : li(7l) i--+ l2M(7l) be a shift-invariant analysis operator in an 
analysis system with M channels and decimation factor L. A necessary condition for 
the existence of a synthesis operator is L $ M. □ 

The Jatter theorem may sound as a triviality, hut it is simply not true for all operators 
A : ti(7l) i--+ f~(7l) with Q < P that no operator B, such that BA = 1 can be 
found. As an example consider Wi : f1{7l) i--+ f 2(7l) in Definition 26. Apparently 
the statement is true for shift-invariant operators A : 4(7l) i--+ ~(7l) with Q < P. 
Another immediate implication of Theorem 26 is 
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Theorem 28 Let H : il (7l) 1-+ ii(7l) be a shift-invariant ana1ysis operator in an 
analysis system with M channels and decimation factor L < M and G : l2M(7l) 1---+ 

iî(7l) be such that GH = I. Then there are sequences u E t2M(7l), such that Gu = 0. 
Or, in other words, Kemel G # {O}. D 

Important properties of G are stated by the following two theorems. 

Theorem 29 Let H: iî(7l) 1---+ t2M(7l) and G: t2M(7l) 1---+ f1(7l) such that GH = I. 
Then Kemel G n Range H = 0. 

Proof Clearly O E (Kemel G n Range H). Assume u # 0 E (Kemel G n Range H). 
Then for some v # 0 E tl (7l) u = Hv, but O = Gu = GHv = v. This is a 
contradiction. Therefore there is no such u. D 

Theorem 30 Let H : il (7l) 1-+ l2M(7l) be a shift-invariant analysis operator in an 
analysis system with M channels and decimation factor L < M and G : t2M(7l) 1---+ 

il (7l) such that GH = I and L < M. Then Gis not unique. 

Proof We prove this by constructing a G' # G, such that G' H = I. Because L < M 
and because of Theorems 28 and 29, there is a sequence u # 0 E Kemel G such that 
(u, Hv) = 0 for a11 v E il(7l). We now define G": ii(7l) 1---+ il(7l) by 

G"x(k) = (D1cu, x )w, 

with w E (CL. Clearly G" is linear and shift invariant. Moreover, for all v E lÏ(7l) we 
have G" Hv = 0. Define G' = G + G", then G' H = GH + G" H = I. □ 

If there is more than one synthesis operator, the question arises whether there is best 
choice for a synthesis operator. This question will be dealt with in Chapter 5. 

4.3 Alias cancellation 

Alias distortion occurs if analysis/synthesis systems such as in Figure 3.7 are not shift 
invariant. An ana1ysis/synthesis system is shift invariant if it is equivalent to the 
system shown in Figure 4.1, in which U : t2(7l) 1-+ t2(7l) is a linear shift-invariant 
operator 

00 

U = L u(k)D1c. (4.8) 
k=-oo 

We will start from this figure and derive conditions for G H that render the system in 
Figure 3.7 shift invariant. 

The filter U can be shifted through the delay operators of Vi. The result is shown 
in Figure 4.2. In the part before the ungrouping operator Wi we recognize the analysis 
system of Figure 1.1 with a special set of filters. This implies that we can obtain a 
representation as shown in Figure 4.3, where U' : l1(7l) 1---+ l1(7l) is given by 
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X y 

Figure 4.1 Shift-invariant system. 

lL 

lL 

X y 

M-2 lL 

M-1 lL 

Figure 4.2 Equivalence of shift-invariant system. 

(X) 

U' = L U'(k)Dk, (4.9) 
l:=-oo 

with 

(U'(k))i,, = u(kL + j - i). (4.10) 

Note that the above manipulations are all equivalences. As a result we have 

X y 

Figure 4.3 Shift-invariant system with operator on ll ( ~. 
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Theorem 31 Let H : l1{7l) .-+ ti(7l) and G : t2M(7l) .-+ f1(7l) be respectively 
the analysis and syntbesis operator of an analysis/synthesis system in a vector-filter 
notation. The analysis/synthesis system is shift-invariant if there exists a sequence 
u E t2(7l), such that 

((GH)(k))i.; = u(kL + j - i). 

D 
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5 

Least mean-square error synthesis 
operators 

5.1 lntroduction 

Theorem 30 in Chapter 4 showed that for analysis systems with M > L there is no 
unique synthesi~ system. Moreover, there are sequences in the analysis/synthesis do
main that cannot be obtained by applying the analysis operator on an input sequence. 
As a result, if we apply first the synthesis operator to a manipulated sequence y and 
then the analysis operator, we may not obtain the same sequence again. Or 

GHy # y, 

for some y E lL,(7l) . In this chapter we will derive an expression for the synthesis 
system that minimizes 

IIY- GHyll 2 

for all y E lL,(7l) . We call this the least mean-square error synthesis operator. 

5.2 Derivation 

We have y E l2M(7l). Clearly, HGy E Range H. We look for an x E fl(7l), such that 
IIY - H xll 2 is minimal. According to [12, Theorem 4.24] , we have that y = y' + y", 
with y' E Range H and y'' E (Range H)l.. Moreover, IIY"II is minimal. We want 
x E fl, such that y' = H x and y" = y - H x E (Range H)l.. This means that 

(y- Hx,Hx) = (H*y-H*Hx,x) = 0. 

lf ( H* Ht 1 exists, we find that 

X = (H* Ht 1 H*y. 

We have proved 

(5.1) 



X y 

Figure 5.1 Analysis/synthesis system with least mean-square error synthesis operator. 

X y 

Figure 5.2 Analysis/synthesis system with least mean-square error synthesis operator. De
rived from a given synthesis operator. 

Theorem 32 Let H : il ......+ i~A7l), with M ~ L, and such that (H• H)-1 exists. 
The synthesis operator G: ilr ......+ fl(7l) that minimizes 

IIY- HGyll2 

for all y E i2M(7l). is given by 

G = (H. Ht 1 H·. 

D 

Note that the above G resembles the pseudo inverse for matrices. The conditions 
under which (H• H)-1 exists will be discussed in Chapter 6. 

Figure 5.1 shows the complete analysis/synthesis system with a least mean-square 
synthesis operator. An alternative is shown in Figure 5.2. Here the operator (H• H)-1 

bas been moved to the input. lt follows easily that H• is the least mean-square 
synthesis operator for the analysis operator H(H•H)- 1

• This gives us a solution for 
the case of a given synthesis that should be a least mean-square synthesis operator 
for an unknown analysis operator. Finally, Figure 5.3 shows an analysis/synthesis 
system for which the perfect-reconstruction requirement 4.6 is satisfied. It follows 
from [12, Appendix] that J(H• H)-1 exists and how it can be computed. However, 
the properties of the original analysis or synthesis operator may be lost. 

In the above theorem we have not made use of the fact that H is shift invariant. 
In Chapter 3 we have found that H is shift invariant and that 

X y 

Figure 5.3 Symmetrie analysis/synthesis. 
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00 

H = L H(l)D1
• 

l=-oo 

Using this in G = (H" Ht 1 H" leads to 

00 

H" = L H"(l)n-1
, (5.2) 

1=-oo 

and 

(5.3) 

If H• H = /, we have the special case that was referred to in Section 4.2, where the 
synthesis filters are time-reversed versions of the analysis filters. In Chapter 8 we will 
show that for a certain type of analysis windows the short-time fourier transform also 
satisfies H" H = I and the synthesis method that is proposed in [2) for the short-time 
fourier transform is a special case of G = (H" Ht 1 H". 

Note that for the the least mean-square error synthesis operator G = (H" Ht 1 H" 
we have Kemel G = Kemel H". Because of Theorem 9 this gives (Range H)l. = 
Kemel G. 

A practical problem arises if we want finite length analysis and synthesis filters. 
If we start from a finite length H, i.e. 

K 

H = EH(l)D1
• 

1=0 

for some K > 0, then if not H" H = ó-,,T for some invertible (L x L )-matrix T, generally 
(H" Ht 1 will not be of finite length and neither will be G. This will be shown in 
Chapter 6, where we also will give a procedure to approximate G = (H" H)-1 H" with 
a finite-length operator. 
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6 

Frames and analysis/synthesis systems 

6.1 lntroduction 

In this chapter we will relate the concept of frames to analysis/synthesis systems. 
Frames are basically a mathematica] tool to describe elements of a Hilbert space 
as weighted sums of basis functions without the constraint that the basis functions 
constitute an independent basis . Frames are discussed in some detail in [9, 10). We will 
briefly introduce frames in Section 6.2 and we will relate them to analysis/synthesis 
systems in Section 6.3. Section 6.4 summarizes the results. Readers that are not 
interested in frames can jump to this section directly. 

6.2 Frames 

Our goal is to find elements 1/J,, j = -oo, ... , oo of a Hilbert space S, such that any 
element x E S can be written as a decomposition 

The weighting coefficients are obtained from 

a, = (</>1, x). 

(6 .1) 

(6.2) 

In what follows we allow the indices j of 1/;1 and q,1 to vary over an index set J, 
e.g. J = 71,, or J = {O, ... , M - 1 }~ 71,. We consider the situation that the q,1 are 
given and ask ourselves the question under which conditions appropriate 1/;1 can be 
obtained . 

Definition 27 Let S be a Hilbert space, and </>1 ES, j E J. The {q,1 1 j E J}, with 
ll</>1 Il = 1, j E J , are a frame if there are constants O < A ~ B < oo, such that for all 
xES 



Allxll 2 ~ L l(</>,,x)l2 ~ Bllxll 2
- (6.3) 

jEJ 

The constants A and B are called frame bounds. 

If A = B, the frame is cal]ed tight. lf A = B = 1 the { q,1 1 j E J} constitute an 
orthonormal basis. lf { q,1 1 j E J} ceases to be a frame when one of the </>1 is removed, 
it is cal]ed an exact frame. 

With a frame can be associated an operator. 

Deflnition 28 Let S be a Hilbert space, and { </>, 1 j E J} C S a frame. The operator 
~ : S 1-+ l 2 ( J), given by 

(~x)(k) = (</>A:.x) 

is the frame operator associated with { q,1 1 j E J}. 

Note that 

L 1(4>,, x)l2 = (~x, ~x) = (x, ~•~x). 
jEJ 

For the positive hermitian operator~•~ we have, for l!xll = 1, [12, Theorem 7.18] 

ll~•~xll ~ sup (x, ~•~x) = B. 
llzll=l 

Therefore ll~•~xll ~ l!Bxll- Also, for llxll = 1, 

A ~ (x, ~•~x) ~ ll~•~xll. 
We therefore can rewrite (6.3) into 

which is also denoted as 

)V\. U /\ ":::,,. O 

This immediate]y implies that ~•~ is invertible and that 

(6.4) 

(6.5) ? 

(6.6) 

The adjoint operator ~• can be computed explicit]y as foHows. For a E fl( J) and 
x ES, we have 

Therefore 

- L iî (<P,, x) 
jEJ 

- (La,q,1,x) 
jEJ 

- (~•a, x). 

9 
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f) 

and 

~•a = L a1</>1, 
jEJ 

~•~x = L(</>1 ,x)<l>i• 
jEJ 

(6.7) 

(6.8) 

Since ~•~ is invertible (6.8) immediately provides us with a decomposition as defined 
in (6.1), namely 

x = L(</>j,x)(~•~)-1</>j, 
jEJ 

{6.9) 

in which we choose ai= (</>j,x) and t/;i = (~•~t 1 </>1 to obtain (6.1). This decompo
sition rnay not be unique, hut it is shown in [9] that for an arbitrary set aj, j E J, it 
rninirnizes lla - <1>(<1>•<1>t 1</>iall 2 , which is sirnilar to the behaviour of (H• H)-1 H• in 
Theorern 32. 

The following theorern is useful to deterrnine the t/;j. 

Theorem 33 Let S be a Hilbert space and F : S 1-+ S a positive hermitian operator, 
with 

then 

Proof 

Note that 

0 < A $ IIFII $ B < oo, 

p-1 = 2 f (1 - 2 F)"'. 
A + B "=o A + B 

2 2 l 
- sup (x - A BFx,x - --Fx)î 

llzll=l + À+ B 

- sup lllxll - A 
2 

BIIFxlll 
llzll=l + 
B-A 

< 
B+A 

< 1. 

A+B 2 
F = 2 ( 1 - ( 1 - A + B F)), 

and therefore 

p-1 = 2 (1 - (1 - 2 F)tl. 
A+B A+B 

36 

(6.10) 



[12, Theorem 7.10] states that if for an operator R: S 1-+ S, we have j.Mlt IIRII < 1, 
then 

CX> 

(l -R)-1 = ERk. 
k=O 

Substitution of 

in the above expression for F-1 , together with ( 6.10) yields the desired resu]t . D 

Thus we find for the 1/J, 

1/J, - (4>.4>)-1q,, (6.11) 

2 ~( 2 • )k = A B ~ l - A B 4> 4> </>, . . + k=O + 
The series in ( 6.11) converges. lt is important to know how fast, because in practice 

we wil) a]ways approximate it with a finite sum. For every x E S 

x = Ea,1/J1 
jEJ 

- La,(A 2 B f(l- A 2 B4>•4>l)</>,. 
jEJ + k=O + 

Define 

Then 

x-x, - La,(A;B f (1- A;B4>•4>t)<1>, 
1EJ k=l+l 

- (1 - 2 4>•4>)'+lx 
A+B ' 

or 

(
B A)l+l 

llx - xdl $ B + A llxll- (6.12) 

The above resu]t shows that the quality of the approximation depends on th;Jlistance 
between A and B . If the frame is tight, which means A = B, we have~ 4>•4> = A 
and 

{6.13) 
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We conclude this section on frames with two theorems that are useful if we want 
the construct analysis systems from given synthesis systems. 

Theorem 34 Let </>, E S, j E J be a frame with frame bounds A and B, and let ~ 
be the associated frame operator. Then the 

constitute a frame with frame bounds B-1 and A-1. This is called the dual frame. 

Proof For x E S 

jEJ 

- (~(~•~t1x, ~(~•~tlx) 

- (x,(~•~t1x). 

The result follows because 

□ 

Theorem 35 Let <l>i E S, j E J be a frame with frame bounds A and B, and let ~ 
be the associated frame operator. Then with 

for x ES, 

Proof 

X = L) t/Ji, X )(/)i. 
iEJ 

~•~y - E((/)i, y)(/)i 
iEJ 

- E( ~·~( ~·~ )-1 <t>i, Y )<t>i 
iEJ 

- E((~·~)-1<1>i, ~•~y)(/)i 
iEJ 

- E(t/Ji, ~•~y)<l>i• 
;eJ 

The result follows if we choose x = ~•~y. □ 

In Section 6.3 we will relate frames to analysis/synthesis operators. It will follow that 
a given analysis operator can be associated with a frame. We just mention here that 
a given synthesis operator can be associated with the dual frame. The frame <Pi E S, 
j E J in the above theorem corresponds to the analysis operator in Figure 5.2. 
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6.3 Application to analysis/synthesis systems 

After having introduced frames in a likewise manner as has been done in l9], we will 
DOW relate frames to analysis/synthesis systems. In Section 6.2 #tr defined the frame / · , Q...., 

operator 4> : S 1-+ l 2 (J) . We now choose S = lÏ(7l) and J = {O, ... , M - 1} x 7l , 
and define 'PiJ such that 

('PiJ,x) = ((Hx)(j))i. (6.14) 

Since l2(J), with J = {O, ... , M - 1} x 7l, is isomorphic with l2M(7l), the results of 
the Section 6.2 can be applied directly to analysis/synthesis systems. lt follows from 
(6.14) and the Riesz-Fréchet theorem l12, Page 62] and a similar derivation as has 
been presented in Theorem 16 that 

(6.15) 

or, 

'PiJ = D1 H•ei, (6.16) 

where ei is the ith unit vector in a;M and H is interpreted as a sequence of matrices. 
By sealing the rows of the matrices H(k), we assure that 11</>iJII = 1. It also follows 
that 

H• H = 4>•4>, ( 6.17) 

Let u E l1.,(7l) and x E li(7l) then 

M-1 oo 

X = L L (u(i))j(4>•4>rl'PiJ 
i::;::0 j::;::-oo 

oo M-1 

- (4>·4>r1 L L (u(i))1D' H·ei 

00 

(H• Ht 1 L D' H•u(j) 

(6.18) 

which is exactly the least mean-square error synthesis operator of Chapter 5. 

6.4 Summary of results 

We can summerize the results of this chapter as follows. Analysis systems can be 
seen as frame operators. The least mean-square synthesis operator reconstructs the 
input sequence as a sum of weighted elements of the dual frame. The condition for 
the existence for the least mean-square synthesis operator is identical to that for the 
dual frame. In terms of the analysis operator H it reads: 
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Theorem 36 Let H : f1(7l) 1-+ l1'(7l), then (H* H)-1 and thus (H* H)-1 H• exist if 
and on]y if there are O < A :S B < oo, such that, for a11 x E f1(7l) 

Allxll2 :S 11Hxll2 :S Bllxll2, 

or 

D 

Application of Theorem 33 directly leads to 

Theorem 37 Let H : f1(7l) 1-t l1'(7l), with 

A :S H• H :S B , 

then 

D 

We can make a finite approximation of G = (H• H)-1 H• by 

G1 = A 2 B 'E(l - A 2 BH.H)1c H• . 
+ lc=O + 

(6 .19) 

The approximation error is bounded by (6.12). If H is of finite length, i.e. for some 
p, w bieb we ca11 the order of H, 

1' 

H = L H(k)Dlc, 
lc=O 

and not H• H = 81cT, for some matrix T, then 

cannot be of finite Jength. The finite approximation G1 of G = (H• H)- 1 H• then 
has an order ( l + 1 )p. If the order of the synthesis operator has to be kept low, it is 
important to have B - A small. Frames with this property are caJled snug frames [9). 
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7 

Frame bounds 

7.1 lntroduction 

In Section 7.2 we will first derive expressions for the lower frame bound 

A = inf 11Hxll2 

llzll=l 

and the upper frame bound 

B = sup 11Hxll 2
, 

llzll=l 

(7.1) 

(7.2) 

with x E fi(~) and H : li{~) 1-+ li,(~) the analysis operator. In addition we will 
derive some properties of A and B that are useful when one actually wants to compute 
frame bounds. The expressions are in terms of extremes of eigenvalues of trigonometrie 
matrix polynomials. Calculation of the frame bounds would imply a large number of 
eigenvalue evaluations, which is computationally unattractive. Therefore, Section 7.3 
gives the outline of a procedure to compute frame bounds with only a limited number 
of eigenvalue evaluations. 

7.2 Expressions for the frame bounds 

Because H is shift invariant, we can define · 
00 

H(ei9) = L H(k)e-i9_ (7.3) 
l:=-oo 

According to Theorems 20 and 21 we have 

IIHxll2 



with 

The frame bounds are given by the following theorem 

Theorem 38 Let H : fL(7l) ...... ll,(7l) be shift invariant, 

T(eiB) = (Îl(eiB)t Îl(eiB), 

and 

0 $ Ao(B) $ A1(B) $ ... $ ÀL-1(0) 

the eigenvalues of 'Ï'( ei8). Then 

is given by 

And 

is given by 

A = inf 11Hxll2 

llzll=l 

A = min A0 (0). 
-,rS,85,,r 

B = sup 11Hxll 2 

llzll=l 

Proof We prove the result for B, the result for A is similar. We have that 

Let v1(0) denote the jth eigenvector of T(ei8
) with llv,(B)II = 1. Then 

L-1 

i(ei8
) = L ai(O)v,(O). 

j=O 

Of course, llill = 1 implies 

L-1 1 1,r L - lo:,(0)12dB = 1. 
. 0 21r -,r ,= 

Therefore 
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L-1 1 1"' B = sup L -
2 

~;(O)lo,(O)l2d0, 
{o,;(8)} j=O 7r -,r 

for 

For the a1(8) for which this is satisfied we have 

with 

L-1 

I: µ, = i. 
i=ü . . 

We can now write 

L-1 

B = L B,, 
i=O 

with 

1 1"' 2 B1 = sup -
2 

~,(O)lo,(O)I dO. 
o,;(8) 7r -,r 

(7.6) 

(7.7) 

The B1 can be individually maximized under the constraints (7.6) and (7.7). lt can 
be shown that ~,(O) is continuous on -1r $ 8 $ 1r,and therefore attains its maximum 
and minimum on this interval. Therefore 

Assume that ~,(O) attains its maximum at 81. The right-hand side of the inequality 
can be approximated arbitrarily close by a sequence in t1(7l), e.g. by choosing 

a,(O) = { /Ff!-, 81 -A_$ () < 81 +A, 
0, otherw1se, 

with A > 0 small enough. Note that the limiting sequence is proportional to 

which is not in f1(7Z). We now have 
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under the constraint (7. 7). The maximum is attained for 

{ 
1, j = L - 1, 

µ, = 0, otherwise, 

which leads to the desired result. D 

We will now discuss some properties of the frame bounds and 'Ï'( ei8 ) that are useful 
in Section 7.3 where we actually try to compute the frame bounds. 

From 

(7.8) 

it follows that 'Ï'( ei8 ) is a positive trigonometrie polynomial. We will use some results 
on the derivatives of positive trigonometrie polynomials in Section 7.3. 

As in Section 6.3 we assume a sealing of the rows of the H(j), sueh that 

oo L-1 

L L l(H(j))A,,d2 = 1, k = o, ... ,M-1. 
j=-oo l=O 

As a result we have 

oo M-1 L-1 

L L L l(H(j))1:,1l 2 = M, 
j=-oo k=O l=O 

and, with a proof similar to the one of Theorem 15 we have 

Theorem 39 Let H : f1{7l) 1-+ l1,(7l) be shift invariant, with 

then 

and 

satisfy 

oo L-1 

L L l(H(j))A,,,12 = 1, k = o, ... ,M-1, 
i=-oo l=O 

A = inf IIHxll 2 

llzll=l 

B = sup 11Hxll 2 

llzll=l 

0 :5 A :$ B :$ M. 
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Proof Cf. Theorem 15. D 

The following theorem provides us with another bound for the frame bounds 

Theorem 40 Let H: tî,(7l) 1-+ l2M(7l) be shift invariant, with 

and 

satisfy 

oo L-1 

L L l(H(j))1,,zl2 = 1, k = 0, ... , M - 1, 
;=-oo l=O 

A = inf IIH xll 2 

llzll=l 

B = sup IIH xll 2 

llzll=l 

A < M < B. 
- L -

Proof Define T( ei9) and 

as in Theorem 38. For -1r ~ (} ~ 1r we have 

Therefore 

and 

1 1,r 1 L-1 - . 
A = max Ào(O) ~ -

2 
L L (T(e'9

)) d(} ~ min ÀL-i(O) = B. 
9 7r -1r l=O l,l 9 
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For the integral in the above expression we obtain, by using (7.10), 

_!_ r .!. E (i'(ei9
)) dO 

21r J_r L l=0 l,l 

- .!_ E _!_ j" (T( ei9
)) dO 

L 1=0 21r -,r l,I 

1 L-1 

- L L (T(0))1,1 
l=0 

1 L-1 oo 

- L L L ((H(i)t H(j))1,1 
1=0 i=-oo 

1 oo M-1 L-1 

- L L L L l(H(j))k,,12 
i=-oo k=0 1=0 

M - y, 

which proves the theorem. 

An immediate consequence of Theorem 40 is 

Theorem 41 Let H : f1(7l) 1-+ f1r(7l) be shift invariant, with 

oo L-1 

L L l(H(j))A:,,12 = 1, k = 0, . .. ,M -1, 
i=-oo 1=0 

and let the associated frame operator be tight, i.e. 

then 

A = inf 11Hxll2 = sup 11Hxll2 = B, 
llzll=l llzll=l 

M 
A-B-- - L. 

7.3 Computation of frame bounds 

D 

D 

The frame bounds A and B can be found by scanning À0(0) and ÀL_1(0) on the interval 
-1r :::; 0 ~ 1r. However, every computation requires an evaluation of the eigenvalues 
of T( ei9). In order to keep the computational complexity low, it is important to have 
the number of eigenvalue evaluations small. Let Ào(O) be minimal at 00 and ÀL-i(O) 
be maxima] at OL-l· We look fora procedure that computes intervals 
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and 

lh-1,min $ fh-1 $ fh-1,max, 

for the 00 and Oi_ 1 and intervals 

>.o,min $ >.o ( 0o) $ >.o,max, 

and 

).L-1,min $ ).L-1 ( 0 L-1) $ ).L-1,max, 

for the >.o(Oo) and >.i_1(0i_1). We can then estimate A and B by >.o,min and >.L-1,max, 
respectively. In the following paragraphs we list the properties of >.o(O) and >.i-1(0) 
that are used to obtain the search algorithm. 

Properties of >.o(O) and >.i-1(0) 

We restrict ourselves to those H that yield a T( ei8 ) that is continuous in O. All finite
length H belong to this class. Therefore this is not a real restriction for practical 
analysis/synthesis systems. 

Both >.0(0) and >.i-1(0) are continuous functions of 0. This property ha.s already 
been used in the proof of Theorem 38. 

Theorem 42 Let H : f1(7l) i-+ ti(7l) be shift invariant, 

T(eiB) = (H(eiB)t H(eiB), 

and let >.j(0), j = 0, ... , L - 1 and vj(0), j = 0, ... , L - 1 be the eigenvalues and 
corresponding unit-norm eigenvectors of T(ei8). If >.0(0) is simple, i.e. >.0(0) < >.1(0) 
then 

>.~(O) = d>.;!0
) = (vo(0)t (d'Ï'1;i8

)) vo(O). 

Similarly, if >.i-1(0) is simple, i.e. >.i-2(0) < >.i-1(0) then 

,, (0) = d>.i-1(0) = ( (n))* (dT(ei8
)) ( 0) 

"'L-1 d0 VL-1 u d0 VL-1 . 

Proof We prove the theorem for >.i-1(0). The proof for >.0(0) is similar. Without 
proof we state that if >.i-1(0) is simple then vi-1(0) is a continuous function of 0. We 
try to compute >.~_1(0) as 

1
. >.i-1(0) - >.i-1(1/1) ).~_1(0) = JID-------

8-,t, 0 -1/1 

I
. (vi-1(B))*T(ei8)vi-1(0) -(vi-1(1/l))*T(ei,t,)vi-i(1P) 

- JID n . 8-,t, (7 - 1P 
Because 
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we have, assuming () > 1/J, 

< 

(11L 1(.,))"T(ei')11L 1(.,)-(11L_i(.,))"T(ei"')yL-1(.,) < 
8-.. 

(11L 1(8))"T(e;1)11L i(8)-(11L i(.,))"T(e;,1,)11L_i(.,) 8-., 
(11L t(8))" T(ë )vL i(8)-(11L 1 (8))"'.ï'(ei"' )11L 1(8) 

8-.. 

lf we take () -+ 1/J, both the left-hand side and the right-hand side of the above 
inequalities converge to 

and the central part converges to À~_ 1 (0). D 

In [17] more elaborate results are found on the eigenvalues and there derivatives of 
matrices 'Ï'( ei8). 

In addition Guido Janssen derived the folJowing bounds for positive trigonometrie 
polynomials. They apply to Ào(B) and ÀL-i(B), because these are extremes of such a 
polynomial, name]y of 

/(0,x) - x•'Ï'(ei8)x 
K 
L ckeiBk, 

k::.-K 

evaluated on the unit sphere llxll = 1. Note that we have assumed a finite order K, 
which implies that 

K 

H _;_ L H(k)Dk. 
k::.O 

First we define 

fmin $ /(0, x) $ fma.x, 
f~in $ J'(B, x) $ f~a.x• 

J;in $ f" ( (), X) $ J;a.x, 

(7.13) 

(7.14) 

(7.15) 

with a11 the derivatives with respect to 0. Guido Janssen's bounds are as then follows 

fmin - 0, (7.16) 

fma.x - K+l, (7.17) 
1 

f~in - J?,(K + l)(K(K + 2))½ (7.18) 
2 3 
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(7.19) 

(7.20) 

(7.21) 

In addition we have the results of Theorems 39 and 40, which, sometimes can be 
sharper than the above bounds for /min and /ma.x• We can now construct a procedure to 
obtain estimates for the extrema of .X0 (9) and ÀL-i(B). We first describe the procedure 
for ÀL-i(B) then for Ào(B). 

The maximum of ÀL-1 ( 9) 

We iteratively .divide the range -1r $ 9 $ 1r into intervals. For each interval, say 
[ai, bi) we use tne above bounds to compute another interval, [pi, qi) such that 9 E 
[ai, bi)=> ÀL-1(9) E [Pi, q;]. How this is clone is explained later. Let ip,ma.x denote the 
i for which Pi is maxima], and let iq,ma.x denote the i for which qi is maximal, then 

and 

BL-1 E u 
If the bounds for the estimate of the maximum of ÀL_1(9) are considered too wide, a 
new set of intervals is computed, by dividing the intervals in 

{ [a b] 1 q· > p · p · < q· } 1, 1 1 - lp 1ma.,: , 1 - l'l :lnft.X 

into two new intervals for which new Pir,mAX and qiq ,m,u are computed. The intervals 
that are not in the above set need not be further considered. The procedure is started 
with an initia] interval [-1r, 1r]. 

The minimum of Ào(B) 

The procedure is similar to the one for ÀL-1(6). Again we iteratively divide the range 
-1r $ 9 $ 1r into intervals [ai,bi] and [pi,qi) such that 9 E [Oi,bi] => Ào(B) E [pi,qi]
How this is clone is explained later. Let ip,min denote the i for which Pi is minimal, 
and let iq,min denote the i for which qi is minimal, then 

and 
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Bo E u 
If the bounds for the estimate of the minimum of ..X0( 8) are considered too wide, a 
new set of intervals is computed, by dividing each of the intervals in 

into two new intervals for which new Pi . and qi . are computed. The intervals r ,aua q, ,aua 

that are not in the above set need not be further considered. The procedure is started 
with an initial interval [-1r, 1r). 

Computation of [p;, q;] from [a;, b;] 

In order to keep the notation simple we denote the interval by [a, b) and compute 
[p, q] . Except for the values of some constants, the procedure is identical for >.0 (8) 
and ÀL-i(B). Therefore we will describe it for a genera} function g(8). For g(8) we 
already know that 

/min = 0 ~ g(0) ~ min( 1, fma.x), 

if g(0) = >.0(0), 

1 ~ g(B) ~ min(M, fma.x), 

if g(B) = ).L-1(0), 

and, 

J,". < g"(B) < f" min - - max' 

with /min, fma.x, /~in• f~ax' J::.in• f::.a.x given in (7.16)-(7.21). The above inequalities 
• f f Il Il 

give US 9min, 9ma.x, 9min• 9ma.x• 9min• 9ma.x· 
We try to construct functions ua(B), va(B), ub(B), vb(B) such that u0 (a) = g(a), 

v0 (a) = g(a), ub(b) = g(b), Vb(b) = g(b) and that u 0 (B) ~ g(B) ~ v0 (B), ub(8) ~ g(B) ~ 
vb(B) for 8 E [a, b) . For those functions we have 

(7.22) 

and 

(7.23) 
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In order to construct u11 (0), v11 (0), u1,(0), v1,(0) we need g(a), g'(a), g(b), and 
g'(b). We can compute those by computing >.0(a), Ài-1(a), Ào(b), Ài-1(b) and v0(a), 
vi-i(a), v0(b), vi-i(b), and by app]ying Theorem 42. lf the eigenva1ues are not simp]e 
in a or b, the theorem does not app]y, and we use somewhat different functions. Let 
us first assume that the eigenvalues are simp]e in a and b. We have the fo11owing 
approximations by a Tay]or series 

g(x) = g(a) + (x - a)g'(a) + ~(x - a)2g"(f 4 ), 

and 
1 

g(x) = g(b) + (x - b)g'(b) + 2(x - b)2g''(f1,), 

for some f4 and f1> in 1-71", 7r]. lf the eigenvalues are not simp]e, we sti11 have 

g(x) = g(a) + (x - a)g'(f11 ), 

and 

g(x) = g(b) + (x - b)g'(f1,), 

a1so for some f4 and f1> in 1-71", 7r]. This Jeads to the fol1owing u11 (0), v11 (0), u1,(0), v1,(0). 
lf the eigenva]ues in a are simp]e, then 

uci(O) = max(gmin, g(a) + max((x - a)g~in• (x - a)g'(a) + ~(x - a)2 g~in)), 

and 

v11 (0) = min(gmax,g(a) + min((x - a)g~ax, (x - a)g'(a) + ~(x - a)2g:ax)). 

lf the eigenva]ues in a are not simp]e, then 

u11 (0) = max(gmin,g(a) + (x - a)g~in), 

and 

Vci(O) = min(9max,9(a) + (x - a)g~ax). 

lf the eigenva]ues in b are simp]e, then 

u1,(0) = min(gmax, g(b) + max((x - b)g~ax• (x - b)g'(b) + ~(x - b)2g~ax)), 

and 

v1,(0) = max(gmin,g(b) + min((x - b)g~in• (x - b)g'(b) + ~(x - b)2g~in)). 

lf the eigenva]ues in b are not simp]e, then 

u1,(0) = min(gmax,g(b) + (x - b)g~ax), 

and 

v1,(0) = max(gmin, g(b) + (x - b)g~in). 

The functions u11 (0), v11(0), u1,(0), v1,(0) are very simp]e and pand q as given in (7.22) 
and (7.23) can be computed straightforwardly. 
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8 

The short-time fourier transform 

8.1 lntroduction 

As a simple example we will describe the short-time fourier transform in terms of the 
vector-filter description introduced in Chapter 3. The short-time fourier transform 
yields a time-frequency representation of a sequence x given by 

00 

X(mL,w) = L w,.(mL - l)x(l)e-i..11
, (8.1) 

l=-oo 

where the sequence w" is a window that usually has a finite support of length M. lt 
is called the analysis window. As a result for every X ( mL, w) is the fourier transform 
of a su bsequence of x . The notation in ( 8.1) is from 12]. In practice, X ( mL, w) is 
evaluated for w = n21r/M, n = 0, .. . , M - 1, therefore we the discrete short-time 
fourier transform by 

21r 00 

Xd(m, n) = X(mL,n M) = L w,.(mL- l)x(l)e-iln~. 
l=-oo 

(8.2) 

We will refer to Xd(m, n) as the short-time fourier transform of x rather than as its 
discrete short-time fourier transform. In 12] a least-mean squares synthesis procedure 
is derived for (8.1) . lt is not said there in so many words, but actually the procedure 
is for (8.2) . In this chapter we will look fora synthesis procedure directly for (8.2) . 

Before we describe the short-time fourier transform in terms of the vector-filter 
description in Section 8.3, we will briefly review some properties of the short-time 
fourier transform and some results from [2] in Section 8.2. 

8.2 The overlapping-transform approach 

We rewrite (8.2) as 



X ----.--.i 1 L 

D 

lL 

C(m) 

lL 

lL 

Figure 8.1 Short-time fourier analysis system. 

M-1 

Xd(m, n) = e-imn~ L wa(k)x(mL - k)eikn~. (8.3) 
k=O 

From the above expression it is easily seen that Xd(m, n) is obtain by an inverse 
discrete fourier transform on a windowed version of the input sequence, followed by 
a complex time-dependent multiplication. Figure 8.1 shows the block diagram of 
the short-time fourier analysis system given by (8.3). The matrix Wa is a diagonal 
(M x M)-matrix with elements 

(8.4) 

The matrix F is the discrete fourier matrix with elements 

-il,lh F1,1 = e M, k = 0, ... , M - 1, l = 0, ... , M - 1. (8.5) 

Finally, the matrix C(m) is a time-varying diagonal (M x M)-matrix with elements 

(c( )) - -imnif - 0 M 1 m nn - e , n - , ... , - . (8.6) 

Figure 8.2 shows the corresponding short-time fourier synthesis system. The ma
trix W, is a diagonal matrix with elements 

(W,)11 = w,(j), j = 0, ... , M - 1. (8.7) 

We call the sequence w, a synthesis window. Sin cc );:; F);:; p• = I and C( m )C•( m) = 
/ the reconstruction properties only depend on the analysis and synthesis windows. In 
fact, the discrete fourier transform can be replaced by any other invertible transform. 

In [2) it is shown that a least mean-square error synthesis window is given by 
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Figure 8.2 Short-time fourier synthesis system. 

(8.8) 

where the window coefficients outside the support are taken to be zero. This result 
holds for real-value analysis windows, hut can easily be extended to complex-value 
windows. lmplicitly (8.8) specifies a condition for the existence of a least mean-square 
error synthesis window, for the denominator must not vanish for any value of k for 
which w&(k)-:/ 0. 

8.3 The filter-bank approach 

On substitution of mL - k = l in (8.3) we obtain 

. b. ~ 1 '( L l) b. Xd(m,n) = e-imnM ~ x(l)w&(mL-l)--e1 m - nM 

l=-oo ,;-fJ 
00 

- e-imn~ L x(l)hn(mL - l). (8.9) 
l=-oo 

This shows that the short-time fourier analysis system can be seen as an analysis 
filter bank as shown in Figure 1.1, fo]]owed by a matrix C(m), defined in (8.6). The 
analysis filters are defined by 

(8.10) 
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Figure 8.3 Short-time fourier analysis/synthesis system. 

The analysis system and a corresponding synthesis system are shown in Figure 8.3. 
Because C(m)C•(m) = I, for the derivation of a synthesis filter bank we only have 

to consider the filter bank before the matrix C( m ). This filter bank can be transferred 
to the vector-filter notation of Chapter 3. In order to simplify the notation, we will 
assume that M = KL, for some integer K , although this is not strictly necessary. In 
the notation of Chapter 3, the matrices {H(c)}c=O, ... ,K-l, see (3.6) , are given by 

(H(c))n,b (8.11) 

- ( L + b)-1- i(cL+b)ni} - 0 M 1 b - 0 L 1 - Wa c ,J'Me , n - , ... , - , - , ... , - . 

We define the diagonal (L x L)-matrices W .. (c), c = 0, . .. , K - 1, by 

(Wa(c))bb = Wa(cL + b) , b = 0, ... , L - 1, (8.12) 

and the (M x L)-matrices HF(c), c = 0, . . . , K - 1, by 

(H ( )) - l i(cL+b)ni} - 0 M 1 b O L F C nb - ,J'Me , n - , . . . , - , = , ... , - 1. (8.13) 

With these definitions we have 

H(c) = HF(c)Wa(c), c = 0, ... , K - 1. (8.14) 

We can now compute the least mean-square error synthesis operator (H• Ht 1 H• 
defined in Chapter 5. Because 
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we have that 

K-1 

(H• H)(k) = Ó1c L (Wa(c)tWa(c). (8.15) 
c=O 

This implies that the synthesis operator has the same length as the analysis operator 
and is given by 

(8.16) 

lf we define the diagonal (L x L)-matrices W,(c), c = 0, .. . , K - 1, by 

(8.17) 

we have 

(8.18) 

This is identical to the result of [2], hut presented in a different form. 
The frame bounds are easily computed in the case of the short-time fourier trans

form. For the analysis filter bank in Figure 8.3 to be a frame operator, it is required 
that 

00 

L lh;(j)l2 = 1, i = 0, ... , L - 1. 
i=-oo 

This can be achieved by normalizing {wa(k)h=o, ... ,M-l such that 

M-1 

L lwa(k)l 2 = M. 
k=O 

(8.19) 

This will be assumed in the remainder of this section. The operator H• H satisfies 

with T a diagonal matrix with elements 

K-1 

n,1> = L lwa(cL + b)l 2
, b = 0, .. . , L - 1. 

c=O 

lf then follows easily for the lower frame bound A that 

K-1 

A = min L lwa(cL + b)l2, 
1>=0, .. . ,L-1 c=O 

and for the upper frame bound B that 
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lf 

K-1 M 
L lw.(cL + b)l2 = K = L' b = 0, ... , L - 1 
c=O 1 

we actual]y deal with a tight frame and 

1 
W,(c) = K W.(c). 

(8.21) 

(8.22) 

(8.23) 

In [2] it is remarked for the raised-cosine window that K ~ 4, without further expla
nation. lt can be shown that this is the condition for a tight frame. lf K < 4 a least 
mean-square synthesis window can still be found, but it has no Jonger the shape of 
the analysis window. 
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9 

Further investigations 

9.1 Conclusions 

We have discussed a mathematica} concept that can be used to computed synthesis 
filter banks from given analysis filter banks. This concept is not the only one that can 
be used for this purpose. For alternative approaches the reader is referred to [4, 5, 6]. 
An important difference between the approach of this report and most others is that 
we do not exclusively consider critically decimated filter banks. 

The approach is based on Hilbert-space operators, some preliminaries of which 
have been discussed in Chapter 2. As a starting point in Chapter 3 a vector-filter 
notation is developed for analysis/synthesis systems. This notation has the advantage 
that the entire system can be described as a shift-invariant system. Given an analysis 
filter bank, represented as a vector filter, an expression is derived in Chapter 5 for 
a least mean-square error synthesis operator. This least mean-square error synthesis 
operator gives a perfect reconstruction if the output of the analysis operator has not 
been modified. If it has been modified the operator minimizes the euclidian distance 
between the modified output and the output of a concatenation of the least mean
square synthesis operator and the analysis operator. Chapter 6 relates filter banks 
to frames and states a condition for the ex:istence of a least mean-square synthesis 
operator. The condition is that the frame bounds, quantities denoted as A and B, 
satisfy O < A :$ B < oo. For finite-length analysis filters the synthesis operator 
may have infinite length. This implies that it cannot be realized by means of finite 
impulse response filters. Chapter 6 also gives a finite-length approx:imation for infinite
length least mean-square synthesis operators. This is an iterative approximation. The 
number of iterations that have to be taken into account depends on the frame bounds 
and on the required accuracy. Chapter 7 is dedicated to the computation of frame 
bounds. Chapter 8 discusses the short-time fourier transform as an example. The 
remainder of this chapter will describe possible future work. 



9.2 Future work 

Frame bounds as a function of L 

The complexity of analysis/synthesis systems increases with decreasing L. For non
critically decimated systems, L < M, it can be interesting to maintain L as high as 
possible. We already know that A $ M/ L $ B, hut we would like to know more 
precisely how the frame bounds behave if L is varied between 1 and M. This can be 
investigated experimentally for a number of filter banks, hut maybe also analytically. 

Complexity also plays an important role if least mean-square synthesis operators 
are approximated. The number of iterations necessary for a good approximation 
depend on the required accuracy and on the frame bounds. Because the frame bounds 
depend on L, it is important to know how they behave as a function of L. 

I think that results may take a pleasant form for sercalled cosine-modulated filter 
banks, e.g. [6]. I expect that, at least for certain windows, if a cosine-modulated 
filter bank constitutes a tight frame for L = M, then it also constitutes a tight frame 
for L < M. The same property holds for the short-time fourier transform with the 
rectangular window. lt holds with M replaced by M / 4 for the short-time fourier 
transform with the raised-cosine window, [2]. 

Synthesis ope,rators for auditory filters 

Given the impulse responses of an auditory filter bank, e.g\ [11], we would like to \ 
have a least mean-square error synthesis filter bank, or the approximation thereof 
as described in Chapter 6. Dependent on the application that one has in mind, an 
auditory filter bank may consist of up to more that 1000 overlapping filters. Especially 
then it may be of importance to keep complexity low. Therefore it is in this case also 
important to see how the frame bounds depend on M and L. 

Synthesis after non-invertible non-linear operations 

It is assumed that the outputs of an auditory filter bank are put through a non-linear 
instantaneous operator, that can be modelled as a half-wave rectifier 

For x E JR. 

r(x) = { x, x ~ 0, 
0, X < 0. 

Similar to the work described in [2], where a reconstruction of the input signal from 
the magnitudes of the output of a short-time fourier transform and an arbitrary or 
random phase was computed, we can try to compute a reconstruction of the input of an 
auditory filter bank from the outputs of the half-wave rectifiers. In [2] an/- iterative / 
procedure is presented, to reconstruct the input of a short-time fourier transform 
from the magnitudes of its outputs. The procedure is started with the original phases 
replaced by random or arbitrary phases. We could begin with a similar approach. For 
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instance we can start the iterations with the outputs of the auditory filters, in which 
we have replaced the negative values by arbitrary or random negative values. Such 
an approach would require some experiments and some work on convergence results. 
Again, M and L will play an important role here. 

The results can be used to get an impression of how good the auditory filters are 
modeled, or how accurate the assumption of the half-wave rectifiers is. For, with 
such a system working, we can test whether to stimuli that have the same internal 
representation actually sound (nearly) the same. 

Time-varying vector filters 

In audio source coding time-dependent analysis systems start to play an important 
role. Two different types can be distinguished. The first is based on overlapping block
based transforms, e.g, [18], the second is based on tree-structured filter banks, [19]. In 
the first case the block length is changed adaptively to the input signal, in the lat ter 
case branches ar~ added or removed adaptively. Both types can be brought into the 
vector filter not~.tion. Some brief calculations have revealed that these time-varying 
structures are more easily described in this notation that in the original notation. 
This is especially true for the Jatter case, where it seems that the transition filters as 
introduced in [19] are no Jonger required when a vector-filter notation is adopted. 
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