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Summary

Formal Methods in support of SMC design

Nowadays, the size and complexity of manufacturing systems are growing rapidly. Such
systems can consist of thousands hardware and software components. The products quality,
quantity and the required time of the manufacturing process depend on the machine control
system.

Design mistakes, which, in the worst case, may stay undiscovered till a product is
delivered to the market, are the most expensive mistakes. That is why elaborating formal
methods into system development becomes more and more important. Design requirements
of complex systems can be divided into two major groups: a) system performance that
concerns quantitative characteristics such as throughput, cycle time or buffer and stock
sizes, and b) system functional correctness that considers qualitative properties such as the
absence of deadlocks or reachability.

The main objective of this thesis was to combine performance (quantitative) and func-
tional (qualitative) analysis of timed discrete event systems, particularly in the χ environ-
ment, as well as to investigate formal methods that allow to create correct and executable
supervisory controllers.

The process algebraic language χ has both formal semantics and the possibility to au-
tomatically create executable code out of χ specifications. It is intended for modeling,
simulation, verification, and real-time control of manufacturing systems. It allows to spec-
ify discrete event, continuous or combined, so-called hybrid, systems. The language and
simulator have been successfully applied to a large number of industrial cases. Further-
more, the χ toolset allows a fast, easy, and fault-free translation of control components to
a real-time implementation platform.

There exist two main approaches to obtain a correct supervisor: a) to propose a super-
visor and, then, prove its correctness; b) to create a correct supervisor by deriving it from
its requirements.

In this thesis, both approaches are addressed. One of the most popular formal methods
to prove the correctness of a proposed supervisor is verification. For the verification of
designed controllers, a translation scheme from χ to timed automata that are the input
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language of Uppaal model checker has been developed and its correctness has been proved.
This enables verification of χ models of supervisory controllers using Uppaal. To deal
with state space explosion problems, a static analysis method for timed systems, based on
control flow graphs, has been developed.

The main obstacle of applying verification in industry is the state space explosion.
Being aware of that, we wanted to investigate how we can reduce the state space of the
discrete event timed systems. For this reason we developed a static analysis method for
timed systems, based on control flow graphs.

For the correct-by-construction design approach Supervisory Control Theory (SCT)
has been used. Given a formal description of the system to be controlled and a formal de-
scription of the requirements, the theory specifies how to synthesize a correct supervisor.
Both the formal descriptions and the synthesized controller are specified in an automata
formalism. A formal translation between the automata formalism and χ has been devel-
oped. Translation of the obtained supervisor and the system automata enables using the
χ toolset for 1) performance analysis of the controlled system; 2) real-time control of the
system using the synthesized supervisor; 3) verification of the controlled system.

The developed translations are implemented and added to the χ toolset.

x
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CHAPTER

ONE

Introduction

Nowadays, the size and complexity of manufacturing systems are growing rapidly. Such
systems can consist of thousands of hardware and software components. Usually, one or
more controllers are used to control the system such that it performs the manufacturing
steps in a desired manner. The products quality, quantity and the required time of the
manufacturing process depend on the machine control system. This machine control system
can be divided into five functional subsystems: 1) regulative control (also known as direct or
feedback control), 2) error-handling control (also known as fault detection and isolation or
exception handling), 3) supervisory control (also known as logic control), 4) data processing
subsystem, and 5) user interface subsystem [PFC89]. In this thesis we focus on supervisory
controllers, also called supervisors.

Design requirements of complex systems can be divided into two major groups: a) sys-
tem performance that concerns quantitative characteristics such as throughput, cycle time,
or buffer and stock sizes, and b) system functional correctness that considers qualitative
properties such as the absence of deadlocks, or reachability.

1.1 The TIPSy project

The research described in this thesis is a part of the research project called TIPSy 1.
TIPSy is an acronym for Tools and Techniques for Integrating Performance Analysis and
System Verification. The main objective of the TIPSy project was to combine perfor-
mance and functional analysis of the complex embedded systems. Four partners were
involved in this project: the Formal Methods group at the Computer Science department
of the Eindhoven University of Technology (TU/e), the Systems Engineering group at the
Mechanical Engineering department of the Eindhoven University of Technology, the Em-
bedded Systems group at the Center of Mathematics and Computer Science (Centrum
voor Wiskunde en Informatica, CWI), which is a research institute for mathematics and
computer science, and industrial partner ASML, a manufacturer of lithography systems
for the semiconductor industry. ASML provided the project with a real-life industrial case
study.

The Formal Methods group at TU/e studies formal methods and their application in

1supported by the Dutch Organization for Scientific Research (NWO), project number 612.064.205
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Chapter 1. Introduction

solving problems in the area of systems and constructions used in computer science. One
of their special areas of interest is system specification and verification. Having consid-
erable expertise in process algebra, they study extensions with various forms of timing,
probabilities and stochastics, and continuously evolving elements. The developed methods
and tools are applied in embedded systems and life sciences.

The Systems Engineering group concentrates their research activities on developing
methods and supporting tools for the integrated analysis, design and implementation of
(embedded) mechanical engineering systems, with particular focus on manufacturing ma-
chines and networks.

The CWI performs research in the area of mathematics and computer science applying
their results in the fields of trade and industry. The Embedded Systems group develops
and employs a whole range of analysis techniques to improve the quality of software.
These techniques include verification that is used to establish the correctness of distributed,
embedded and real-time systems.

ASML is the leading manufacturer of lithography systems for the semiconductor in-
dustry. ASML produces complex machines that are used for manufacturing of integrated
circuits and microchips.

Recently, as the result of joint work of the Systems Engineering and Formal Methods
groups, the process algebraic language χ was developed [BMR+04]. The language has both
a formal semantics and the possibility to automatically create executable code out of χ
specifications. It is intended for modeling, simulation, verification, and real-time control
of manufacturing systems. It allows to specify discrete event systems, continuous systems
or a combination of two, so-called hybrid, systems.

The language and simulator have been successfully applied to a large number of in-
dustrial cases, such as an integrated circuit manufacturing plant, a brewery and process
industry plants [BHR02]. A number of experiments ( [BBCP97, Gun97, Kuj96, Ros98]) has
already been performed to investigate possibilities of applying χ for controlling machines
(making use of I/O drivers or real-time kernels). In [BBCP97], a POSIX-based χ kernel
is presented (POSIX stands for the Portable Operating System Interface). The resulting
specifications can be simulated and used for controlling physical components. Further-
more, the χ toolset allows a fast, easy, and fault-free translation of control components to
the real-time implementation platform VxWorks ( [Hof01]). The translation can easily be
adapted to other real-time platforms that comply to the POSIX standard.

However, simulation cannot prove system functional correctness. The acceptance of χ
as a modeling tool in industry motivated the TIPSy project participants to use it as an
environment, in which the performance and functional analysis are to be combined.

There were three PhD projects performed within TIPSy.
Nikola Trčka (Formal Methods group, TU/e) [Trc07] defined timed double-labeled tran-

sition systems that incorporate data, timing and successful termination, and an equivalence
relation that abstracts from silent steps (unobservable system transitions). Furthermore,
he showed the analogies between transition system theory and Markov chain theory by
presenting the theory of labeled transition systems in terms of matrices. Finally, he inves-
tigated ways of eliminating silent steps in Markov reward processes, providing the correct-

2



1.2. Supervisory machine control

ness criterion for various compositional Markov (reward) chain generation methods. As a
part of his study he made possible for χ models to be verified by Spin model checker by
developing a translation scheme from χ to Promela, the input language of Spin [Hol03].

Anton Wijs (Embedded Systems group, CWI) [Wij07] investigated how far timed be-
havior can be expressed using an untimed modeling language and created a translation
scheme from χ to µCRL [GP94], which made it possible to verify χ models using the
CADP toolset [GLM02]. Furthermore, he concentrated on investigating the possibilities
to solve scheduling problems, including scheduling with model checkers. At that time I
helped Anton with one of the case studies he performed; the results of the case study were
published in [WPB05]. Finally, he extended the notion of timed branching bisimilarity and
investigated its properties.

The third PhD project resulted in this thesis. The main objective of this thesis was to
combine performance and functional analysis of timed discrete event systems, in particular
in the χ environment, as well as to investigate formal methods that allow to create correct
and executable supervisory controllers. Section 1.2 gives a short introduction to supervi-
sory machine control. The size and complexity of systems from an industrial setting lead
to computational problems for functional analysis. Section 1.3 explains a static analysis
method that aims at reducing the model of a system before its verification. The contribu-
tion of this thesis is explained in more detail in Section 1.4. Section 1.4 shows the outline
of the thesis.

1.2 Supervisory machine control

Supervisory machine control is usually described by means of discrete event timed sys-
tems. The control system has to be able to recognize every observable (discrete) state of
the controlled system, identify critical situations, and undertake appropriate and timely
reactions.

Regarding the correctness of the control system, we usually consider its logical and
temporal aspects. The control system is logically correct if it produces the expected result
for the given input. The temporal correctness means that the control system produces
the expected result within the required time interval. Our objective is to develop methods
that allow to create a correct and executable supervisory control system (further on called
supervisor).

One of the ways of preventing and detecting design errors is using formal methods in the
design process. Formal methods are fault avoidance techniques that help in the reduction
of errors introduced into a system, particularly at the earlier stages of design. They comple-
ment fault removal techniques like testing. Formal methods are mathematical approaches
applied to software and hardware system development, starting from requirements, speci-
fication and design through programming and implementation. Formal methods allow to
specify (or model) systems and their requirements unambiguously, and to analyze them.
For modeling, different formalisms can be used, for instance, automata, process algebra or
Petri nets.

3



Chapter 1. Introduction

To create a correct supervisory control system, different approaches can be used:

• In the first approach, based on the system definition and the given requirements a
supervisor is proposed, and, then, its correctness is verified.

• In the second approach, the correct supervisor is derived directly from the system
definition and the given requirements.

Within the former approach, first, the formal specifications (models) are developed.
After that they can be analyzed and verified against their requirements by means of, for
instance, model checking. Model checking is the process of checking whether every possible
state of a given model satisfies a given logical formula.

Since we do not expect that a dedicated verification tool for χ, being able to compete
with existing optimized model checkers, could be built within reasonable time, our aim is
to translate χ model to the input language of an existing verification tool. In this thesis, a
general translation scheme from χ to Uppaal is described, and its correctness is proved.
Uppaal is a tool for modeling, simulation, validation and verification of real-time systems
that can be modeled as a collection of non-deterministic processes with a finite control
structure and real-valued clocks [LPY97, YPD94]. The Uppaal model checking engine
allows to verify properties that are expressed in the Uppaal Requirement Specification
Language. This language is a subset of timed computation tree logic (TCTL), where
primitive expressions are location names, variables, and clocks from the modeled system.

In the second approach, first, models of the requirements and the system under control
are specified. After that, the supervisor is derived from these specifications. In [Won07],
the Supervisory Control Theory (SCT) of discrete event systems is described. This theory
allows to create supervisors, the correctness of which is predetermined. First, the system
under control and its requirements are formally specified in terms of automata. Then, from
these models, a supervisor is derived. The derivation method guarantees that the system
consisting of the derived supervisor and the system under control fulfills the requirements.

1.3 State space explosion

The main obstacle of using model checking in industry is that the sizes and complexity
of systems and, therefore, the number of states to check exceed the computational power
of computers. A lot of research activities are concentrated on reducing the state space
of models. Depending on when the methods are applied, we can divide them into the
following three categories:

• (Static) methods that are applied before state space generation, like program slicing,
path reduction, dead variables reduction or static partial order reduction techniques.

• Methods, that are applied during the state space generation, such as on-the-fly partial
order reduction.

4



1.4. Contribution of this thesis

• Methods that are applied to the already generated state space.

In an attempt to overcome the state explosion problem of model checking, we develop a
static reduction method for timed systems. This method is based on path reduction method
developed for untimed systems [YG04], and is supposed to complement the reduction
techniques that are already implemented in a model checker. Given a property to verify,
the reduction method aims at simplification of the χ model, leading to a reduced state
space. This enables model checking of larger systems.

1.4 Contribution of this thesis

The main research question of this thesis was to investigate formal methods that allow to
create correct and executable controllers, as well as to combine performance and functional
analysis of timed discrete event systems, particularly in a χ environment.

In this thesis, both the correct-by-construction design of supervisory controllers and
the verification of designs are addressed. For the verification of designed controllers, a
translation scheme from χ to timed automata that are the input language of Uppaal
model checker [LPY97, YPD94] has been developed and its correctness has been proved.
This enables, amongst others, verification of χ models of supervisory controllers using
Uppaal. To deal with state space explosion problems, a static analysis method for timed
systems, based on control flow graphs, has been developed.

For the correct-by-construction design approach Supervisory Control Theory (SCT)
[Won07] has been used. Given a formal description of the system to be controlled (the un-
controlled system) and a formal description of the requirements, the theory specifies how
to synthesize a correct supervisor. Both the formal descriptions and the synthesized con-
troller are specified in an automata formalism. A formal translation between the automata
formalism and χ has been developed. Translation of the obtained supervisor and the sys-
tem automata enables using the χ toolset for 1) performance analysis of the controlled
system; 2) real-time control of the system using the synthesized supervisor; 3) verification
of the controlled system.

The developed translations are implemented and added to the χ toolset. Figure 1.1
shows the possible paths for functional analysis and performance analysis using the im-
plementations mentioned above. The tools are graphically represented by boxes, models
are represented by ellipses. The labels plant and supervisor denote the system to be
controlled, and the supervisor, respectively. The extensions aut, chi, cfg denote the
formalisms automata, χ and control flow graph, respectively. Activities are represented in
the graph using diamonds.

1.5 Outline

This thesis is organized as follows. Chapter 2 gives an introduction to supervisory machine
control. Furthermore, this chapter describes the formalisms and methods used in this the-
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Figure 1.1: Functional and performance analysis using the χ environment.
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1.5. Outline

sis, such as, the process algebraic language χ, model checking, the logics CTL and TCTL,
and, finally, the Supervisory Control Theory. Chapter 3 is dedicated to the verification
of χ models using Uppaal. There, the translation from χ to Uppaal is defined and its
correctness is proved. Chapter 4 describes the translation scheme from automata to χ
together with the proof of its correctness. The translation allows to obtain χ models of
the supervisors, derived by means of SCT. In Chapter 5, we describe the path reduction
method adapted for timed systems. This method is intended to reduce (syntactically) the
state space of a χ model. Finally, the conclusions are drawn in Chapter 6.
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CHAPTER

TWO

Formal Methods and Supervisory Machine
Control

This chapter gives an introduction to supervisory machine control and describes the for-
malisms and methods used in this thesis, such as, the process algebraic language χ, model
checking, the logics CTL and TCTL, and, finally, the Supervisory Control Theory.

Modern machines consist of thousands hardware and software components that require
a number of controllers. The machine control system can be divided into five functional
subsystems [PFC89]:

• Regulative control (also known as direct or feedback control) that assures that the
actuators reach the desired position in the desired way.

• Error-handling control (also known as fault detection and isolation or exception han-
dling) that detects erroneous behavior, determines the cause, and acts to recover the
machine control system.

• Supervisory control (also known as logic control) that coordinates the control of the
individual machine components. It also includes planning, scheduling and dispatching
functions.

• The data processing subsystem that stores and manipulates gathered data.

• The user interface subsystem that allows the user to interact with the machine control
system.

The supervisory control system has to be able to recognize every observable (discrete)
state of the controlled system, identify critical situations, and undertake appropriate and
timely reactions. Such systems are mostly described as timed discrete event models. The
term discrete event means that 1) the extension of an event in time is disregarded and
considered to happen instantly, i.e. the state of a system is changed instantaneously; 2)
the state transition mechanism of a system is event-driven, i.e. the state of a system is
changed due to some event.

The current system development process is depicted in Fig. 2.1 [Bra08]. It starts with
defining system requirements and creating system design. Based on system design the
system is divided into several components. For each component, requirements are defined

9



Chapter 2. Formal Methods and Supervisory Machine Control

and, then, its design is developed. Each component can be divided into a number of sub-
components, and so on. After all components are designed, they are implemented and
integrated into one system. To confirm that the resulting system fulfills its requirements,
the implemented components and the system as a whole are tested. In this way of working
the errors in the system can be found only after the implementation of a component or
even a whole system. Moreover, if an error is found, system developers have to repeat (a
part of) the development process.
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Figure 2.1: System development process

The most expensive mistakes are design mistakes, which, in the worst case, may stay
undiscovered until a product is delivered to the market. That is why incorporating formal
methods into system development becomes more and more important. Formal methods
can be used early in the design process. The term formal methods refers to languages,
tools, and techniques for the analysis and design of systems, with a sound, mathematical
basis. In the remainder of this chapter, the following formal methods are explained in more
detail. In Section 2.1, the χ formalism that is used for modeling, simulation, verification
and real-time control of hybrid systems is presented. The automated verification technique
model checking is described in Section 2.2. Model checking checks if a given requirement
specification (also called a property), which describes desired behavior, holds for a given
model, which describes possible behavior. Properties are usually specified by means of
logics.

In Section 2.3, we give an introduction to the logics used in this thesis. In Section 2.4,
we give an introduction to the Supervisory Control Theory (SCT) [Won07] that allows to
create the models of the supervisors, such that the correctness of the models is predeter-
mined.

2.1 Syntax and semantics of the process algebraic language χ

In model-based system development a system, first, is specified in some formal language.
Then, the resulting system model is analyzed. Several formal languages can be used to
create a system specification (model). Besides mathematical functions and equations, there
exist several groups of other formalisms, such as Petri nets, process algebras, automata,
programming languages with formal semantics, which are used to model systems.

10



2.1. Syntax and semantics of the process algebraic language χ

In the Systems Engineering group at TU/e, the specification language χ has been devel-
oped. χ is a process algebraic language with formal semantics. It is intended for modeling,
simulation, verification, and real-time control of manufacturing systems [BMR+04], and it
is used to model and simulate discrete event systems, continuously evolving systems or a
combination of the two, so-called hybrid systems. Moreover, the χ toolset allows to create
executables from the χ specifications. The χ language and its toolset has been success-
fully used for design and simulation-based performance analysis of the industrial systems.
However, simulation cannot prove functional correctness of systems. The acceptance of χ
as a modeling tool in industry motivated the TIPSy project participants to use it as an
environment, in which performance analysis and functional analysis are combined.

In this thesis, we restrict ourselves to discrete event models and their verification.
Therefore, we present here the timed discrete event part of the language [BMR+05], dis-
regarding features that are used for modeling continuous and hybrid phenomena. In this
section we give an informal description of the χ language, the SOS (Structured Operational
Semantics) rules are given in the Appendix A. In the remainder of this thesis, we refer to
timed discrete event χ as χ.

A χ process is a triple 〈p, σ, E〉, where

• p is a process term. χ process terms are described in Section 2.1.1.

• σ denotes a valuation {x0 7→ c0, . . . , xn 7→ cn}, where xi denotes a variable and ci its
value. The predefined variable time denotes the current time, the rest of variables
are discrete, i.e their values remain constant during delay. With respect to the action
behavior the variables can be either non-jumping or jumping. The values of non-
jumping variables are not changed during action transition. The values of jumping
variables can jump to arbitrary values in actions. These values can be restricted by
the action predicate or receive process term.

Note that in principle, jumping variables occur only as an artifact of the parallel
composition of a send and a receive process term, where the receive process term
assigns the received value to a discrete variable.

• E = (J,R) denotes an environment, where J denotes a set of jumping variables, J ⊆
(dom(σ)\{time}) and R denotes a recursive process definition, dom(σ)∩dom(R) = ∅.
A recursive process definition is denoted as a set of pairs {X0 7→ p0, . . . , Xm 7→ pm},
where Xi denotes a recursion variable and pi the process term defining it.

2.1.1 χ process terms

Process terms P are shown in the table below. The χ syntax was extended with process
terms Pext to ensure better readability of χ models (see Section 2.1.2).

P ::= W : r À la | δ | ⊥
| [P ] | u y P | P ; P | b → P | P [] P
| P ‖ P | h !! en | h ??xn | ∂A(P ) | υH (P )
| X | |[V σ⊥ ‘ |’P ]| | |[H H0 ‘ |’P ]| | |[R R ‘ |’P ]| | Pext

11
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Action predicate W : rÀ la denotes instantaneous changes to the variables form set W by
means of action la, such that predicate r is satisfied. The predefined variable time cannot
be assigned. The non-jumping variables that are not in W remain unchanged and the
jumping variables can get arbitrary values.

Deadlock process term δ, although being consistent with arbitrary valuations, cannot per-
form actions or delays.

Inconsistent process term ⊥ is inconsistent with any valuation and cannot perform any
transition.

Any delay operator [p] allows arbitrary delays. When [p] delays, p remains unchanged and
its delay behavior is ignored and the action behavior of p remains unchanged.

Signal emission operator uy p behaves as p for valuations where u holds; it is inconsistent
for valuations where u does not hold. It also emits a signal that can be inspected by
processes in parallel.

Sequential composition of process terms p and q behaves as process term p until p termi-
nates, and then continues to behave as process term q.

Guarded process term b→ p has action behavior of p if the guard b evaluates to true. The
guarded process term can delay according to p if for the intermediate valuations during
the delay, the guard b holds. The guarded process term can perform arbitrary delays if the
guard b does not hold for the intermediate valuations during the delay, possibly excluding
the first and last valuation.

Alternative composition p [] q allows a non-deterministic choice between actions of processes
p and q. With respect to time behavior, p and q have to synchronize, i.e. [] is a strong
time-deterministic choice operator.

Parallel composition p ‖ q interleaves the action behavior of p and q, synchronizes their
time behavior and matching send and receive actions. The synchronization of the time
behavior of p and q means that a time transition of p ‖ q is allowed if it is allowed by both
p and q.

Send action h !! e1, . . . , en (n≥ 1) transmits the values of expressions e1, . . . , en via channel
h. For n = 0, this reduces to h !! and nothing is sent via the channel, i.e. h !! is a
synchronization without passing a value.

12
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Receive action h ?? x1, . . . , xn (for n ≥ 1) assigns the values received from channel h to
x1, . . . , xn. We assume that all variables in the sequence xn are syntactically different:
xi ≡ xj =⇒ i = j. For n = 0, this reduces to h ?? and nothing is received via the channel.

Encapsulation operator ∂A, where A ⊆ A \ {τ} is a set of actions (A is the set of all
possible actions and τ is the predefined internal action), blocks the actions from the set A.
To assure that only the synchronous execution of matching send and receive actions via
internal channels takes place, all send and receive actions via internal channels should be
put in the set A.

Urgent communication operator υH (p) ensures that p can only delay in case no commu-
nication or synchronization of send and receive actions via a channel from H is possible
(H ⊆ H is a set of channel labels).

Recursive process term X denotes a recursion variable (identifier) that can do whatever
the process term of its definition can do. X can be defined either in the environment of
the process or in a recursion scope operator |[R . . . | p ]|.

Variable scope operator |[V σ⊥ | p ]| allows local declarations of variables; σ⊥ denotes a
valuation of local discrete variables, where values may be undefined (⊥).

Channel scope operator |[H H | p ]| allows declaring local channels, H ⊆ H. Communi-
cation actions via those local channels are abstracted from (replaced by internal action
τ). The separate send and receive actions via local channels can be blocked by means of
encapsulation operator.

Recursion scope operator |[R R | p ]| allows declaring local recursion definitions R ⊆ R,
where R denotes the set of all partial functions of recursion variables to process terms.

2.1.2 Syntactic extensions

Syntactic extensions are introduced to provide more user-friendly syntax.

χ model

〈 disc s1, . . . , sk

, chan h1, . . . , hl

, i
, X1 7→ p1, . . . , Xr 7→ pr

| p
〉,

13
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where s1, . . . , sk denote the discrete variables, h1, . . . , hl denote the urgent channels,
i denotes an initialization predicate that restricts initial values of the variables, X1 7→
p1, . . . , Xr 7→ pr denote the recursion definitions, and p is a process term.

Process terms Pext (see the table below) are syntactic extensions that provide more
user-friendly syntax for process terms P .

Pext ::= skip | xn := en | h ! en | h ?xn

| ∆d(P ) | ∆d | ∗P | b
∗→ P

| |[ disc sk, chan hm, i, LR ‘|’P ]|
| lp(xk , hm , en)

The operators of p and pext are listed in descending order of their binding strength as
follows: {∗, ∗→ ,y, → }, ; , {‖, []}.

Skip is an abbreviation for an action predicate that can perform an internal action (τ)
without changing the valuation: skip , ∅ : true À τ .

Multi-assignment xn := en is an abbreviation for an internal action that changes variables
x1, . . . , xn to the values of expressions e1, . . . , en, respectively: xn := en , {xn} : x1 =
e−1 ∧ · · · ∧ xn = e−n À τ , where e− denotes the result of replacing all variables xi in e by
their values before the assignment.

Delayable send and receive h ! en, and h ? xn are the respective delayable counterparts of
h !! en and h ??xn: h ! en , [h !! en], and h ?xn , [h ??xn].

Delay operator ∆d(p) forces p to delay for d time units, and then proceeds as p: ∆d(p) ,
|[V {t 7→ ⊥} | t = time + dy time ≥ t→ p ]|, where t denotes a fresh variable, not occurring
free in p.

The abbreviation ∆d denotes a process term that first delays for d time units, and then
terminates: ∆d , ∆d(skip).

Delays are only defined for non-negative values of d.

Repetition operator ∗p denotes the infinite repetition of process term p: ∗p , |[R {X 7→
p; X} | X ]|, where X denotes a fresh recursion variable not occurring free in p.

Guarded repetition b
∗→ p can be interpreted as ‘while b do p’: b

∗→ p , |[R {X 7→
b→ skip; p; X [] ¬b→ skip} | X ]|, where X denotes a fresh recursion variable not occurring
free in p.

Modeling scope operator |[ disc sk, chan hm, i, LR ‘|’p ]| declares a scope consisting of lo-
cal discrete variables s1, . . . , sk, local channels h1, . . . , hm, initialization predicate i, and
local recursion definition list LR: |[ disc sk, chan hm, i, LR|p ]|, |[V σs | |[H {h1, . . . , hm} |
υ{h1,...,hm}(|[R {LR} | iy p ]|) ]|]|, where LR denotes the recursion definitions X1 7→ p1, . . . ,Xr 7→
pr, σs denotes a valuation with dom(σs) = {s1, . . . , sk}.
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2.1. Syntax and semantics of the process algebraic language χ

Process instantiation lp(xk,hm, en), where lp denotes a process label, enables (re)-use of a
process definition: lp(xk,hm,en) with corresponding process definition lp(ext x′k, chan h′m,
val vn) = p is defined by |[V {v1 7→ ⊥, . . . , vn 7→ ⊥} | vn = wn y p ]| [xk,hm,en/x′k,h′m,wn],
where xk denotes the ‘actual external’ variables x1, . . . , xk, hm denotes the ‘actual external’
channels h1, . . . , hm, en denotes the expressions e1, . . . , en, x′k denotes the ‘formal external’
variables x′1, . . . , x

′
k, h′m denotes the ‘formal external’ channels h′1, . . . , h

′
m, and vn denotes

the ‘value parameters’ v1, . . . , vn. Notation q[xk, hm, en/x
′
k, h

′
m, wn] denotes the process

term obtained from q ∈ P by substitution of the (free) variables x′k by xk, of the (free)
channels h′m by hm, and of the (free) variables wn by expressions en.

2.1.3 Data types

The χ language is statically strongly typed. Every variable has a type which defines the
operations allowed on that variable. The basic data types are boolean, natural, integer
and real numbers and enumerations. The language provides a mechanism to build sets,
lists, array tuples, record tuples, dictionaries, functions, and distributions (for stochastic
models). Channels also have a type that indicates the type of data that is communicated
via the channel.

2.1.4 Example

As an example of χ model we show a simple pusher-lift system, which consists of three
components: a lift, a pusher that is mounted on the lift, and a supervisor that commands
them. By the command of the supervisor, the lift can go up and down, and the pusher
can extend and retract. The behavior of the system should be as follows: a product can
be put in the lift if the pusher is retracted and the lift is in its lowest position. Then, the
lift goes up. When the lift is in its highest position, the pusher extends, thereby removing
the product. After that the pusher retracts and the lift goes down.

We model this system with four parallel processes: the lift, pusher, supervisor, and the
environment that can add a product to the system. In the initial state the lift is down and
the pusher is retracted, ready to get a product. We also use five channels add , lift move,
lift done, pusher move, pusher done. Adding a product is modeled by communication
via the channel add . The supervisor sends commands to the lift and pusher via the
channels lift move, pusher move, and it is notified when the corresponding action has been
performed via channels lift done, pusher done. We assume that extracting or retracting
the pusher takes 2 time units, and lift movements take 5 time units (see Fig. 2.2).
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〈 disc b1, b2

, chan add , lift move, lift done, pusher move, pusher done
, b1 7→ 0, b2 7→ 0
| ∗(add !)
‖ ∗(lift move ? b1 ; (b1 = 0 → ∆5; lift done !) [] b1 = 1 → ∆5; lift done !))
‖ ∗(pusher move ? b2

; (b2 = 0 → ∆2; pusher done !) [] (b2 = 1 → ∆2; pusher done !)
)

‖ ∗(add ?
; lift move ! 1; lift done ?
; pusher move ! 0; pusher done ?
; pusher move ! 1; pusher done ?
; lift move ! 0; lift done ?
)

〉

Figure 2.2: χ model of the pusher-lift system.

2.2 Model checking

The most popular analysis methods of proving the correctness of a proposed system are
theorem proving and model checking. Both methods require formally specified require-
ments (properties of the system). In the first one, for a given property a theorem is stated
and, then, proved. To prove theorems special tools, called theorem-provers, can be used.
However, these tools usually require a human assistance in the proving process. This means
that a person who checks the correctness of a system using a theorem-prover has to have
quite some knowledge of formal methods. On the other hand, model checking requires only
a model of a system and its properties, then, the verification is performed by a tool called
a model checker, so no human assistance is needed.

Model checking is an automated verification technique that checks if a given requirement
specification (also called a property), which describes desired behavior, holds for a given
model, which describes possible behavior. If in some state the property does not hold,
model checkers provide a scenario showing when the property is violated. Usually, the
model behavior is described by means of a labeled transition system, and requirement
specifications are expressed precisely by means of some logic.

There exist several toolsets that allow model checking. For instance, CADP (”Construc-
tion and Analysis of Distributed Processes”, formerly known as ”CAESAR/ALDEBARAN
Development Package”) is a toolset intended for the design and analysis of communication
protocols and distributed systems [GLMS07]. It supports three input languages (LOTOS,
finite-state machines, and networks of communicating automata) and includes tools for
equivalence checking, model checking, performance evaluation, etc. Moreover, CADP sup-
ports intermediate formats and programming interfaces, which allow to combine CADP
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with other tools and adapt to various specification languages.
Another example is a tool called Möbius [CDD+04], which is used for studying the re-

liability, availability, and performance of a broad range of discrete event systems. Möbius
supports multiple high-level modeling formalisms and multiple solution techniques. Mod-
eling formalisms include stochastic extensions to Petri nets, Markov chains and extensions,
and stochastic process algebras. The solution techniques include time- and space-efficient
discrete event simulation and numerical solution, based on compact MDD-based Markov
processes.

In this thesis, we used the model checker Uppaal. The Uppaal model checking engine
allows to verify properties that are expressed in the Uppaal Requirement Specification
Language. This language is a subset of timed computation tree logic (TCTL), where
primitive expressions are location names, variables, and clocks from the modeled system.
The logic TCTL is explained in more detail in Section 2.3.

2.3 Logics: CTL, TCTL

In the thesis we refer to Computation Tree Logic [CES86] (CTL) and Timed Computation
Tree Logic [ACD93] (TCTL) as the requirements specification languages.

Computation Tree Logic CTL is a branching temporal logic that uses atomic propositions
as its building blocks to make statements about the states of a system. CTL then combines
these propositions into formulas using logical operators and temporal operators.

The logical operators are the usual ones: ¬, ∨, ∧,⇒ and⇔. Along with these operators
CTL formulas can also make use of the boolean constants true and false.

The temporal operators are the following.

• Quantifiers over paths

– Aφ All: φ has to hold on all paths starting from the current state.

– Eφ Exists: there exists at least one path starting from the current state
where φ holds.

• Path-specific quantifiers

– Xφ Next: φ has to hold at the next state.

– Gφ Globally: φ has to hold on the entire subsequent path.

– Fφ Finally: φ eventually has to hold (somewhere on the subsequent path).

– φUψ Until: φ has to hold until at some position ψ holds. This implies that
ψ will be verified in the future.

– φWψ Weak until: φ has to hold until ψ holds. The difference with U is that
there is no guarantee that ψ will ever be verified. The W operator is sometimes
called ”unless”.
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In CTL there is a minimal set of operators. All CTL formulas can be transformed to
use only those operators. One minimal set of operators is:

φ ::= p | ¬φ | φ ∨ φ | EXφ | E[φUφ] | A[φUφ]

CTL requires path quantifiers E or A immediately preceding state operators X, F, G,
and U. More expressive logic CTL∗ drops this restriction.

The semantics of CTL is defined by a satisfaction relation (denoted by |=) between a
model M, a state s of M, and a formula φ. We shall write M, s |= φ to denote that φ is
valid in state s of model M.

A CTL model M is a tuple 〈S,R,L〉, where S is a non-empty set of states, R ⊆ S × S
is a total relation on S that relates possible successor states of s ∈ S, and L : S → P(AP)
is a labeling function that assigns to each state s ∈ S the atomic propositions that a valid
in s, AP is a set of atomic propositions. We will use s → s′ to denote 〈s, s′〉 ∈ R, and
s ³ s′ to denote that there exists a sequence of transitions s → . . . → s′.

Let p ∈ AP be an atomic proposition, M = 〈S, R, L〉 be a CTL model, s ∈ S be a
state, and φ, ψ be CTL formulas. Then, the satisfaction relation |= is defined by:

s |= p iff p ∈ L(s)
s |= ¬φ iff ¬(s |= φ)
s |= φ ∨ ψ iff (s |= φ) ∨ (s |= ψ)
s |= EXφ iff ∃s → s′ ∈ R : s′ |= φ
s |= E[φUψ] iff ∃s1 → s2 → . . . : s1 = s ∧

∃i : (M, si |= ψ ∧ ∀j < i : M, sj |= φ)
s |= A[φUψ] iff ∀s1 → s2 → . . . : s1 = s ∧

∃i : (M, si |= ψ ∧ ∀j < i : M, sj |= φ)

Timed Computation Tree Logic TCTL is a real-time extension of CTL that allows to
interpret formulas over continuous computational trees [ACD93]. Let p ∈ AP , and c ∈ N,
then the TCTL formulas φ are defined by:

φ ::= p | false | φ ⇒ ψ | E(φU◦cψ) | A(φU◦cψ)

The abbreviation ◦c is used to denote a time duration constraint (for example < 5).
A TCTL model M is a tuple 〈S, f, L〉, where S is a set of states, L : S → P(AP) is a

labeling function that assigns a set of valid atomic propositions to each state, and f is a
map giving for each state s ∈ S a set of s-paths through S. s-path through S is a map ρ
from time domain R to S, ρ(0) = s.

Let p ∈ AP be an atomic proposition, M= 〈S, f,L〉 be a CTL model, s ∈ S be a state,
and φ, ψ be CTL formulas. Then, the satisfaction relation |= is defined by:

s |= p iff p ∈ L(s)
s 2 false
s |= φ ⇒ ψ iff (s 2 φ) ∨ (s |= ψ)
s |= E(φU◦cψ) iff ∃ρ ∈ f(s), t ◦ c : ρ(t) |= ψ ∧ ∀0 ≤ t′ ≤ t(ρ(t′) |= φ)
s |= A(φU◦cψ) iff ∀ρ ∈ f(s), t ◦ c : ρ(t) |= ψ ∧ ∀0 ≤ t′ ≤ t(ρ(t′) |= φ)
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The other logical connectives can be defined as usual. Note that TCTL has no
next time operators (EX, AX), because if time is dense, then there is no unique next
time.

2.4 Supervisory Control Theory

Supervisory Control Theory (SCT) [Won07] allows to create the models of the supervisors,
such that the correctness of the models is predetermined. The behaviour of the system
under control (further on, uncontrolled system) is considered unsatisfactory and has to be
restricted by the supervisor to fulfill certain requirements. First, an uncontrolled system
and its requirements are formally specified in terms of automata. Then, from these mod-
els, the supervisor is derived. The method guarantees that the system consisting of the
derived supervisor and the uncontrolled subsystem fulfills the requirements. In Chapter 4,
we present the translation scheme from automata to χ, which allows us to obtain the exe-
cutable code of the supervisors automatically using the χ toolset. Moreover, the χ toolset
can be used to perform further functional and performance analysis of the supervisors and
systems as a whole.

In this section, we give a short introduction to SCT; more (formal) information on the
theory can be found in [Won07] and [CL99].

In SCT, the states of a system are represented by nodes of an automaton, the transitions
between states are represented by edges and the events correspond to the transition labels.
Some states of an automata can be labeled as marked states. Marked states (also known
as accepting states or final states) are the states that have particular meaning assigned
to them, for instance, marked states can denote a completion of some task. All events
are divided into two categories: controllable events, i.e. the events that can be disabled
by a supervisor, and uncontrollable events, i.e. the events that cannot be disabled by a
supervisor. The sets of controllable and uncontrollable events are disjoint.

In the graphical representation of automata, the following notation is used:

• The initial state is denoted by an incoming arrow without a source node (Fig. 2.3).

• Marked states are denoted by an outgoing arrow without a target node (Fig. 2.4).

• If a state is both the initial state and a marked state, it is labeled by double arrow
(Fig. 2.5).

• Transitions labeled with controllable events have a line segment crossing them (Fig. 2.6).

Figure 2.3: Initial state Figure 2.4: Marked state

To make the reading of this section easier for readers unfamiliar with SCT, we decided,
first, to show the example of deriving a supervisor for discrete event system.
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Figure 2.5: Marked and initial state

a

Figure 2.6: Controllable event

2.4.1 Example

As an example of deriving a supervisor for discrete event system, we use the same pusher-
lift system that was used to illustrate the χ and Uppaal languages in Sections 2.1.4,
and 3.1.4, respectively. The automata models of uncontrolled system components and
system requirements are taken from [MFSR07], as well as the supervisor that was derived
using SCT toolset.

In Fig. 2.7, the automaton representing the lift is shown. In the state 0, the lift
automaton is waiting for the command to go up, lwc1 1, or down, lwc0 . The events lwc0
and lwc1 are controllable. When the lift is in its up (state 1) or down (state 2) position,
it reports that it has finished the task (moving up and down) by means of uncontrollable
events lrd1 and lrd0 , respectively.

Fig. 2.9 shows the pusher automaton. Similarly to the lift automaton, the events pwc0 ,
pwc1 are controllable and correspond to the commands from the supervisor to retract and
to extend, respectively. The events prd0 , prd1 are uncontrollable and correspond to the
messages pusher is retracted and pusher is extended, respectively, which are sent to the
supervisor.

Finally, an automaton that models the arrival of a product is shown in Fig. 2.8, where
the controllable event p denotes the arrival of a product.

Off Off

lwc0

lrd0

Off

lwc1

lrd1
02 1

Figure 2.7: Lift

Off p

0

Figure 2.8: Product

Off Off

pwc0

prd0

Off

pwc1

prd1
02 1

Figure 2.9: Pusher

The control requirements are defined as follows:

1The signal names are abbreviated as follows: p and l denote the pusher and lift, respectively, wc stands
for work cycle, rd stands for ready, 0 means that the lift is down or the pusher is in, and 1 means that the
lift is up or the pusher is out. Thus, lrd1 means that the lift is ready and it is in its up position.
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• The lift should go up only if it has a product.

• The pusher should extend only if the lift is in its highest position.

• The lift should go down after the product is removed from it.

• A new product should be put in the lift only if the lift is in its lowest position and
the pusher is retracted.

Let G be an automaton and Σ be an alphabet (set of events), then the operator G self-
loop Σ is a short notation to indicate that for each state q in the automaton G and for each
event e in the set of events Σ, there is an edge from the state q to itself labeled with e. In
Fig. 2.10 through 2.13 the set of events S = {pwc1 ,pwc0 ,prd1 ,prd0 , lwc1 , lwc0 , lrd1 , lrd0 ,p}.

The first requirement makes sure that the lift can go up only if a product is put in it
(Fig. 2.10). The second requirement restricts the behavior of the pusher, such that the
pusher extends only if the lift is in its highest position (Fig. 2.11). The third requirement
specifies that the lift goes down after the product in removed from it (Fig. 2.12). Finally,
the fourth requirement ensures that a new product can be put in the lift only if the lift is
in its lowest position and the pusher is retracted (Fig. 2.13).

Off Off

p

lwc1 selfloop(S\{p,lwc1})

Figure 2.10: First requirement

Off Off

lrd1

pwc1pwc0

selfloop(S\{lrd1,pwc1,pwc0})

Figure 2.11: Second requirement

Off Off

prd1

lwc0 selfloop(S\{prd1,lwc0})

Figure 2.12: Third requirement

p

selfloop(S\{ lrd0,prd0,p})

prd0 lrd0

prd0lrd0

Figure 2.13: Fourth requirement

The supervisor, derived from the system components and requirements automata using
SCT toolset, is shown in Fig. 2.14. For the derivation procedure, the reader is referred
to [Won07]. The system consists of the lift, the pusher, the product and the supervisor,
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and operates as follows. Initially, the supervisor is in the state 0 and waits for the signals
lift is down (lrd0 ) and pusher is retracted (prd0 ). When this confirmation is received, the
supervisor switches to the (marked) state 3 and waits for a product to arrive (event p).
After that it commands the lift to go up (lwc1 ) and waits for the confirmation that the
task is finished (lrd1 ). Then, it gives the command to the pusher to extend (pwc1 ) and
waits till the task is finished (prd1 ). After the pusher extended and a product is removed,
the supervisor allows several sequences of the events that inevitably bring it to the state
3, in which the system is ready to get another priduct.

lwc0

lwc1

pwc0

prd0

lrd0

prd0

lrd0

0 1

32

p

4

5

prd0

7

lrd0

10

6

8

11

12

9

prd1

lrd1

lwc0

pwc1

pwc0

pwc0lwc0

Figure 2.14: Supervisor automaton

The derived supervisor fulfills the given requirements, it is optimal, in sense that it
restricts the behavior of the system under control in a minimal way, it is non-blocking,
meaning that the behavior of the system under control of this supervisor contains no
livelock or deadlock, and controllable, meaning that it does not disable uncontrollable
events.
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2.4.2 Supervisory Control Theory

In this section, we give some terms and definitions from SCT [Won07, CL99], and state
the basic supervisory control problem.

The main subject of SCT is the control of discrete event systems. SCT is formulated in
terms of automata or languages, depending on whether an internal structural or external
behaviour description is preferred.

In SCT a system under control is modelled as a generator of a formal language. The
main idea of SCT is to provide the means to construct an optimal, i.e. minimally restrictive,
supervisor that disables certain events in the system under control with respect to a variety
of criteria, like the avoidance of prohibited states, the requirement to keep distinguished
(marked) states always reachable, or the requirement to disallow certain order of events.
Supervisor can see the observable events and disable the controllable events of the system
under control.

The existing software tools (CTCT for untimed systems and TTCT for untimed and
discrete-timed systems) require systems under control, supervisors, or system requirements
to be finite transition structures, although there is no such restriction in the theory itself.

Two fundamental issues in supervisory control are: a) how to deal with uncontrollable
events; and b) how to deal with blocking in the controlled system [CL99].

SCT provides means to synthesize supervisors for given uncontrolled systems and the
requirements, such that the resulting systems are controllable, non-blocking, observable or
co-observable.

The property of controllability delineates a class of controllable languages that can be
achieved by supervisory control in presence of uncontrollable events.

The property of non-blocking delineates a class of languages that eliminate blocking in
the system under control. If eliminating blocking appeared to be too restrictive, there are
techniques for synthesizing ”locally optimal” blocking solutions.

The property of observability delineates a class of languages that can be achieved by
supervisory control in presence of unobservable events.

The property of co-observability delineates a class of languages that can be achieved
by decentralized supervisory control in the presence of unobservable events.

As described in [CL99], SCT also considers decentralized supervisory control, supervi-
sory control of hierarchical discrete event systems, systems with partial observation, and
discrete-timed discrete event systems.

Below we give the definitions of a system under control and a supervisor.

System under control

In SCT a discrete event system under control is modeled by an automaton G, which behav-
ior is considered to be unsatisfactory and has to be modified (restricted) by a supervisor
S. The language L(G) of the automaton G consists of all strings generated by G and it
can contain strings (sequences of events) that are not acceptable because they violate some
requirements to the behavior of the system. These can be, for instance, the sequences of
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events that lead G to a deadlock state, or the sequences that violate the desired order of
events. Furthermore, L(G) may include sequences of events where the last event in the
sequence brings the system into the state that is not marked.

A (deterministic) automaton G is a tuple 〈Q, Σ, η, q0, Qm〉, where Q is a set of states,
Σ is an alphabet (i.e. set of events), η : Q × Σ → Q is a transition function (η(q, e) = q′

means that there is a transition from state q to state q′ labeled by event e), q0 is the initial
state, and Qm ⊆ Q is a set of marked states, also known as accepting states. Marked states
are the states that have particular meaning assign to them, for instance, marked states can
denote a completion of some task.

The language of marked strings Lm(G) ⊆ L(G) is used to represent the completion of
some operations or tasks; the language Lm is derived from Qm.

The set of events Σ is partitioned in controllable and uncontrollable events Σ = Σc∪Σuc.
The controllable events Σc can be dynamically enabled or disabled, i.e. controlled, by the
supervisor S.

Further on with L we denote a prefix closure of a language L.

Supervisor

The derived supervisor is an admissible non-blocking automaton with a marked language
that is controllable with respect to the language of the controlled system, and these two
languages do not conflict.

In [CL99] a supervisor S is formally defined as a function from the language generated
by the automaton G to the powerset of the set of events Σ: S : L(G) → P(Σ).

Let Γ : Q → P(Σ) be the active event function (also called feasible event function);
Γ(q) is a set of all events e, such that η(q, e) is defined. Furthermore, let s ∈ L(S/G) be a
string generated by G under control of S, and let η(q0, s) denote the current state of the
automaton G, and Γ(η(q0, s)) denote the current active event set.

Then, the set of enabled events that S/G can execute at the state η(q0, s) is S(s) ∩
Γ(η(q0, s)). This means that G can execute an event from the set Γ(η(q0, s)) only if this
event is also in S(s).

A supervisor is called admissible if it cannot disable a feasible uncontrollable event, i.e.
(Σuc ∪ Γ(η(q0, s))) ⊆ S(s).

An automaton is non-blocking if each reachable state of it (i.e. the state that can be
reached from the initial state) is also co-reachable (i.e. the state, from which a marked
state can be reached). Formally, the automaton S/G is non-blocking if L(S/G) =Lm(S/G),
where Lm(S/G) denotes a prefix-closure of Lm(S/G).

A controllable language is formally defined as follows. Let K be a language over a set
of events Σ and M = M be a prefix-closed language over the same set of events. The
language K is controllable with respect to M and Σuc if for all s ∈ K, for all e ∈ Σuc,
se ∈ M ⇒ se ∈ K.

The two languages L1 and L2 are nonconflicting, if for each shared prefix, they share
a string containing that prefix. Formally, the languages K1 and K2 are non-conflicting if
they satisfy the condition K1 ∩K2 = (K1 ∩K2).
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Controllability Theorem

The controllability theorem gives the condition, under which a supervisor of a system with
uncontrollable events exists.

Theorem 2.4.1 Let G = 〈Q, Σ, η, q0, Qm〉 be a system, where Σuc ⊆ Σ is a set of uncon-
trollable events. Let K ⊆ L(G), where K 6= ∅.

Then there exists a supervisor S such that L(S/G) = K if and only if KΣuc∩L(G)⊆K.

Basic Supervisory Control Problem

The basic supervisory control problem is formulated as follows. Let G = 〈Q, Σ, η, q0, Qm〉
be a system, where Σuc ⊆ Σ is a set of uncontrollable events, and La = La ⊆ L(G) is an
admissible language. Then, find a supervisor S such that:

• L(S/G) ⊆ La.

• For any supervisor S ′ such that L(S ′/G) ⊆ La, the following holds: L(S ′/G) ⊆
L(S/G).

The first condition means that the supervisor can have only admissible behavior. The
second condition says that the supervisor should be minimally restrictive, i.e. the optimal
solution contains all other solutions.

The solution is to choose S such that L(S/G) = L↑Ca , as long as L↑Ca 6= ∅, where L↑Ca

denotes the supremal controllable sublanguage of La.

Nonblocking Controllability Theorem

The nonblocking controllability theorem gives the condition, under which a nonblocking
supervisor of a system with uncontrollable events exists.

Theorem 2.4.2 Let G = 〈Q, Σ, η, q0, Qm〉 be a system, where Σuc ⊆ Σ is a set of uncon-
trollable events. Let K ⊆ Lm(G), where K 6= ∅.

Then there exists a nonblocking supervisor S for G such that Lm(S/G) = K and
L(S/G) = K if and only if KΣuc ∩ L(G) ⊆ K, and K = K ∩ Lm(G).

Basic Supervisory Control Problem: Nonblocking case

The basic supervisory control problem in nonblocking case is formulated as follows. Let
G = 〈Q, Σ, η, q0, Qm〉 be a system, where Σuc ⊆ Σ is a set of uncontrollable events, and
admissible marked language Lam ⊆ Lm(G), with Lam assumed to be Lm(G)-closed. Then,
find a nonblocking supervisor S such that:

• Lm(S/G) ⊆ Lam,

• For any other nonblocking supervisor S ′ such that Lm(S ′/G) ⊆ Lam, Lm(S ′/G) ⊆
Lm(S/G).
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The solution is to choose S such that L(S/G) = L↑Cam, and Lm(S/G) = L↑Cam as long as
L↑Cam 6= ∅.
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CHAPTER

THREE

Formal verification of χ models using Uppaal

In this thesis we wanted to investigate formal methods that allow to create correct con-
trollers. One of the possible approaches is to model a system consisting of the system
under control and its controller, and then verify it against given requirements. Since we
do not expect that a dedicated verification tool for χ, being able to compete with existing
optimized model checkers, could be built within reasonable time, our aim is to translate χ
model to the input language of an existing verification tool.

In this chapter, the translation scheme from χ to Uppaal is defined, and its correct-
ness is proved. To enable automatic translation of χ models to Uppaal, the χ toolset
is extended with the implementation of the translation scheme. The implementation is
written in Python; it takes parsed χ model, where each process is represented by a tree,
and produces translated Uppaal model in a text format, which is accepted by Uppaal
toolset.

The translation is illustrated by means of two case studies: 1) verification of a part of
a turntable system, and 2) verification of a part of an industrial system (a wafer scanner).

This chapter is organized as follows. The formal definition of the syntax and semantics
of the timed automata formalism of Uppaal is given in Section 3.1. Aiming to make the
translation scheme general and simple, we translated a subset of χ. Section 3.2 defines
the subset of χ that is translated to Uppaal, and describes the requirements to this
subset. The translation scheme and the correctness proofs are given in Section 3.3. In
Section 3.4, two case studies are presented. The first case study describes the translation
and verification of the turntable system. The second case study was joint work between the
TIPSy project and Tangram project [Tan08]; it deals with the verification of a part of a
wafer scanner. The results were published in [BBMFR08] and [Bra08]. Finally, conclusions
are drawn in Section 3.5.

3.1 Uppaal Timed Automata

Uppaal is a tool for modeling, simulation, validation and verification of real-time systems
that can be modeled as a collection of non-deterministic processes with a finite control
structure and real-valued clocks [LPY97, YPD94]. The Uppaal model checker allows to
verify properties that are expressed in the Uppaal Requirement Specification Language,
which is a subset of timed computation tree logic, TCTL (see Section 2.3), where primitive
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expressions are location names, variables, and clocks from the modeled system.
Uppaal has been used in a number of industrial case studies. For an overview, the

reader is referred to [AT]. Mostly, the case studies concerned verification of real-time con-
trollers [LPY01] and communication protocols [BGK+02, DY00]. In [HLP01], the problem
of synthesizing production schedules and control programs for a mock-up of the batch pro-
duction plant was addressed. In [HNV06], the throughput of an ASML wafer scanner was
analyzed with Uppaal.

The model-checker Uppaal is based on the theory of timed automata [AD94], where a
system is modeled as a network of timed automata [BDL04] extended with, amongst others,
integer variables, guards and invariants that might involve both clocks and variables, and
a notion of urgency (urgent and committed locations, urgent channels). The network
of automata consists of one or more automata that can communicate via channels and
synchronize in time.

In each automaton there is one location labeled as initial (in Uppaal editor initial
location is marked with a circle). Furthermore, the locations can be urgent (marked with
U in the editor) or committed (marked with C in the editor). The system cannot delay
if there is a process in an urgent or committed location. The transitions via the outgoing
edges of a committed location have priority over the transitions via the outgoing edges
of non-committed locations. Moreover, the locations can be labeled with invariants. An
invariant must be a conjunction of simple conditions on clocks, differences between clocks,
and boolean expressions not involving clocks. A clock bound must be given by an integer
expression. Furthermore, lower bounds on clocks are disallowed.

Locations are connected by edges, which are annotated with selections, guards, synchro-
nization and assignment actions. Selections non-deterministically bind a given identifier
to a value in a given range. An edge is enabled if and only if its guard evaluates to true.
A guard must be a conjunction of simple conditions on clocks, differences between clocks,
and boolean expressions not involving clocks. A clock bound must be given by an integer
expression.

Edges labeled with complementary synchronization actions over a common channel
synchronize. The channels can be regular, urgent, or broadcasting. The regular channels
allow the processes to perform arbitrary delays even if communication is possible. The
urgent channels allow the system to delay if communication is not possible, however, time
passing is not allowed if communication is possible. Broadcast channels are used to model
one-to-many communication. The assignments, written as a comma separated list, are
evaluated sequentially (not concurrently). On synchronizing edges, the assignments on the
emitting side are evaluated before the receiving side.

3.1.1 The formal definition of Uppaal timed automaton

There are several formal definitions of Uppaal timed automata [BDL04, Möl02, BY04].
For the translation we have chosen the formal description [Möl02] as it covers most of the
features of Uppaal timed automata that are implemented in the tool. For the expressions
and assignments in Uppaal automata we will use Uppaal notation, where c == d denotes
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equality and x = y denotes assignment of the value of y to variable x.

Definition 3.1.1 A Uppaal timed automaton A is a tuple 〈L, l0, E, V, C, Init , Inv, TL〉,
where:

• L is a finite set of locations

• l0 is the initial location

• E is the set of the edges defined by E ⊆ L× G(C, V )× Sync × Act × L, where:

– G(C, V ) is the set of constraints allowed in guards. These constraints are re-
stricted to (conjunctions of) simple conditions on clocks, differences between
clocks, boolean expressions not involving clocks.

– Sync is a set of synchronization actions which includes actions, co-actions, and
the internal τh-action. An action send over a channel h is denoted by h! and
its co-action receive is denoted by h?. The τh-action is an internal action that
cannot synchronize and does not have a co-action1.

– Act is a set of sequences of assignment actions (of the form x1 = e1, . . . , xn = en,
where e1, . . . , en are integer expressions or clock resets). τa ∈ Act is an empty
assignment1, i.e. an assignment that does not change the values of the variables.

• V denotes the set of integer variables.

• C denotes the set of real-valued clocks (C ∩ V = ∅).
• Init ⊆ Act is a set of assignments that assigns the initial values to variables.

• Inv : L→Inv(C,V ) is a function, that assigns an invariant to each location. Inv(C,V )
is the set of constraints over clocks C and variables V allowed in invariants. The
restrictions on constraints allowed in guards also hold for the constraints allowed in
invariants. Furthermore, lower bounds on clocks are not allowed.

• TL : L→ {o, u, c} the function, that assigns the type (ordinary, urgent or committed)
to each location.

A Uppaal model consists of one or more automata that synchronize on communication
actions and clocks that is why Uppaal models are also called networks of automata.

Definition 3.1.2 A network of timed automata NA is a tuple 〈A, l0, V ′, C ′, H, TH,
Init ′〉, where A = (A1, . . . ,An) is a vector of n timed automata Ai = 〈Li, l0i , Ei, Vi, Ci,
Init i, Invi, TLi〉, for 1 ≤ i ≤ n. l0 = (l01, . . . , l

0
n) is the initial location vector, V ′ and C ′

are the sets of global (shared) variables and clocks, respectively, (V ′ ∩ C ′ = ∅), and H is a

1The subscript h of the non-synchronizing action τh is used to distinguish this action from the empty
assignment denoted by τa.
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set of channels (V ′ ∩H = ∅ and C ′ ∩H = ∅). The function TH : H → {o, u} assigns the
type (ordinary or urgent) to each channel. Init ′ is the set of assignments that assigns the
initial values to the global variables.

3.1.2 Uppaal Semantics

Below we give the description of the Uppaal timed automata semantics. The description
is based on [Möl02]. For the sake of simplicity, the notation is changed to comply with
the one used in χ. In [Möl02] two valuation functions are defined (clock valuation σc :
C → R≥0 and variable valuation σv : V → Z). Here we define a single valuation function
α : C ∪ V → R≥0 ∪ Z, such that dom(α) = dom(σc) ∪ dom(σv) and ∀c ∈ C : α(c) = σc(c),
∀x ∈ V : α(x) = σv(x). The set of all possible valuations is denoted as A.

We use α′ = a(α) to denote how the valuation is changed due to assignment a. Note,
that if there is more than one assignment on the edge, they are performed sequentially.
For instance, if a is of the form {x = 3, y = x + 1}, and α(x) = 0, α(y) = 1, then α′(x) =
3, α′(y) = 4.

The state s of the timed automaton is defined by the location and a valuation. We
write s = 〈l, α〉. The initial valuations α0(c) = 0 for all c ∈ C, α0(x) = Init(x) for all x ∈ V .
Let α |= Inv(l) denote that α satisfies Inv(l).

A vector of locations l is a n-tuple. With l[l′i/li] we denote a vector where the ith
element li of l is replaced by l′i. Similarly, with l[l′i/li, l

′
j/lj] (i 6= j) we denote a vector

where the ith element li of l is replaced by l′i and the jth element lj of l is replaced by l′j.
The semantics of a network of timed automata is defined as a transition system 〈S,s0,→

〉, where S = (L1 × . . .× Ln)× A is the set of states, s0 = (l0, α0) is the initial state, and
→⊆ S × S is the transition relation defined by the following rules.

Simple Action (l, α)
a−→ (l

′
, α′), where l

′
= l[l′i/li], can be performed, if there exists an edge

li
g,τh,a−−−→ l′i ∈ Ei, li ∈ l such that

• The guard g is satisfied in α
α |= g

• The invariants are satisfied in α′

∀lj ∈ l
′
: α′ |= Invj(lj)

• The source location is committed or there is no other committed location in l
TL(li) = c ∨ ∀ lj ∈ l, i 6= j : TL(lj) 6= c

• α′ = a(α)

Synchronization Action (l, α)
h−→ (l

′
, α′), where l

′
= l[l′i/li, l

′
j/lj], can be performed, if for

i 6= j there exist li
gi,h!,ai−−−−→ l′i ∈ Ei, li ∈ l and lj

gj ,h?,aj−−−−→ l′j ∈ Ej, lj ∈ l such that
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• Both guards are satisfied in α
α |= (gi ∧ gj)

• Invariants will be satisfied
∀lk ∈ l

′
: α′ |= Invk(lk)

• One or both of the processes is in the committed location or there is not any other
committed location in l
TL(li) = c ∨ TL(lj) = c ∨ @lk ∈ l : TL(lk) = c

• The valuation α′ = aj(ai(α)).

Delay (l, α)
t7−→ (l, α′) can be performed, if all following holds

• There is not any process in the committed location;
∀li ∈ l : TL(li) 6= c

• There is not any process in the urgent location;
∀li ∈ l : TL(li) 6= u

• The synchronization over an urgent channel is not possible, i.e. for every pair of

locations li, lj ∈ l there exist no other locations l′i ∈ Li, l
′
j ∈ Lj and edges li

gi,h?,ai−−−−→
l′i ∈ Ei, lj

gj ,h!,aj−−−−→ l′j ∈ Ej) such that all following holds

– α |= gi ∧ gj,

– ∀lk ∈ l : α′ |= Invk(lk),

– TH(h) = u

• All the invariants remain satisfied during delay. Let αt′(c) denote α(c) + t′. Then,
∀t′ ∈ [0, t],∀c ∈ C : αt′(c) |= Invi(li).

• The valuation α′ is defined as follows, ∀c ∈ C : α′(c) = α(c) + t and ∀x ∈ V : α′(x) =
α(x).

3.1.3 The Uppaal requirements specification language

The Uppaal model checker supports a subset of TCTL that is defined by:

φ ::= AGψ | EFφ ψ ::= a | α | ψ ∧ ψ | ¬ψ,

where a is a location of a timed automaton, α is a linear constraint on clocks or integer
variables of the form x ◦ n for x a clock or integer variable, ◦ a comparison operator, and n
an integer. The operators AG and EF cannot be nested. The restrictions of the Uppaal
requirement specification language are a result of trade-off between the expressivity of the
logic and the effectiveness of the model checking algorithms.
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3.1.4 Example

To show an example of a Uppaal model we use the lift-pusher system described in
Section 2.1.4. The Uppaal model consists of four automata (Fig. 3.3, 3.4, 3.1, 3.2)
environment, supervisor, pusher, and lift, communicating via five urgent channels add,
pusher move, pusher done, lift move, and lift done. The processes pusher and lift have
local clocks c that are used to model delays.

retracted

c <= 2

extracted

pusher_done!

pusher_move?

c = 0

Figure 3.1: Pusher

moving

c <= 5

idle

lift_done!

lift_move?

c = 0

Figure 3.2: Lift

add!

Figure 3.3: Environment

lift_done? lift_move!

pusher_done?

pusher_move!

pusher_done?

pusher_move!

lift_done?

lift_move!

add?

Figure 3.4: Supervisor

3.2 Description of the translated subset of χ

The translated subset of χ has been defined to the following requirements:

• Make the translation as simple as possible. For this reason, a minimal subset of χ was
translated. For instance, in χ both undelayable (h !! en) and delayable (h ! en) send
process terms are defined. Delayable send is a syntactic extension, which is formally
defined as [h !! en]. Replacing h ! en with [h !! en] does not change the behavior of the
model but simplifies the translation.

• Make the translation as general as possible. For instance, we could not define a
general translation of the guard operator, but there are many specific cases, for
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which guarded process terms can be translated. We limit ourselves to guarded skip,
multi-assignment, send and receive.

• Make the translated Uppaal models as readable as possible. For example, nested
parallel composition can be translated as alternative composition of all possible tran-
sitions [MS06], but it would make the resulting automata less readable. We decided
to restrict the translated subset of χ so that it does not include nested parallel com-
position.

The set M of χ models that can be translated using this translation scheme consists of
models M ∈M, where M is of the form 〈∂Aia

(υH(p)), σ, E〉, p ∈ P is a χ process term, σ
is a valuation. The environment E is a tuple (J,R), where J is a set of jumping variables,
and R denotes a set of recursive process definitions. All channels in the model are urgent,
and the environment is restricted in the following way:

• There are no jumping variables J = ∅.

• There are no recursion definitions.

Formally, the set P consists of process terms p, where p is defined by the following:

p ::= q | p ‖ p,

where q ∈ Q. The set Q consists of the following process terms: skip, multi-assignment
xn := en, send h !!en and receive h??xn (here, xn and en denote the vectors (x1 , . . . ,xn) and
(e1 , . . . , en)), deadlock δ and inconsistent process term ⊥, delay ∆d, any delay operator [q],
repetition ∗q, sequential composition q1 ; q2, and alternative composition q1 [] q2. Formally,
the set Q consists of process terms q, where q is defined by:

q ::= skip | xn := en
1 | h !! en

| h ??xn | δ | ⊥
| ∆d2 | [q] | ∗q
| q ; q | q [] q,

Parallel composition is not allowed inside the process terms q, since a Uppaal model is
a collection of sequential processes (represented by Uppaal timed automata) working in
parallel.

1The translation of the multi-assignment process term has the following restriction. Let Y be a set of
variables over which the expression en are defined, then the translation is restricted to the cases, where
∀xi ∈ xn : xi /∈ Y .

2The translation is restricted to the cases, where σ(d) ∈ N+. Moreover, the value of the expression d
cannot change by delaying.
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3.3 Translation from χ to Uppaal timed automata

3.3.1 Translation scheme from Chi to Uppaal timed automata

For the purpose of the translation we assume the existence of a set of model variables V ,
a set of communication variables Vh, and a set of clocks C, such that V ∩ Vh = ∅, and
C ∩ (V ∪ Vh) = ∅. The set of clocks C is used for the translation of the delay operator.

The translation of timed χ to Uppaal timed automata is defined by means of three
translation functions. Function TM : M → NA translates a χ model M to a Uppaal
network of automata NA using function Tp. The function Tp : P → P(As) translates
a χ process term p ∈ P to a set of extended timed automata using the function Tq.
The function Tq : Q → As translates a χ process term q ∈ Q to an extended timed
automaton As ∈ As. The definition of an extended timed automaton As is based on
the definition of the Uppaal timed automaton, extended with two additional elements:
As = 〈L, l0, E, V, V h, C, Init , Inv, TL, lf〉, where V h ⊆ Vh denotes an additional set of vari-
ables, that is used for the translation of communication actions, and lf denotes a final
location. The final location lf ∈ L ∪ {>} is used for the translation of sequential and
alternative composition operators. The sign > denotes that there is no final location, and
Inv(lf) = true, TL(lf) = o, if lf ∈ L.

The translation function TM translates a χ model M of the form 〈∂Aia
(υHl

(p)), σ, E〉,
where Aia is a set of the internal send and receive actions and Hl is a set of channels, and
it is assumed that dom(σ) \ {time} ⊆ V , Hl ∩ (V ∪ Vh ∪ C) = ∅, to a network of Uppaal
timed automata NA = 〈A, l0, V

′, C ′, Hl, TH, Init ′〉. The function TM is defined as follows:

TM(M ) = 〈A, l0, V
′, {time}, Hl, TH, Init ′〉,

where A is a vector of Uppaal timed automata obtained by means of the function F .
The function F : P(As)→ A×P(Vh) transforms a set of extended automata into a vector
of Uppaal timed automata by extracting the sets of the communication variables Vh =
∪1≤i≤rV

h
i , V h

i ∈ Asi,Asi ∈ As, removing the final locations lfi ∈ Asi, and defining the order
of the automata Ai in the vector A.

Furthermore, l0 = (l01, . . . , l
0
r) is a vector of the initial locations l0i of the automata

Ai ∈ A; V ′ = Vh ∪ (dom(σ) \ {time}). Since all the channels in the model M are urgent,
∀h ∈ Hl : TH(h) = u. Finally, Init ′ = R(σ), where R(σ) translates the valuation {x0 7→
c0, . . . , xn 7→ cn} to the set of assignments {x0 = c0, . . . , xn = cn}.

The function Tp : P → P(As) translates a process term p ∈ P to a set of extended
automata and is defined in the following way:

Tp(p) =

{ {Tq(q)} if p ∈ Q
{Tq(p1), Tq(p2)} if p ≡ p1 ‖ p2.

The function Tq : Q→ As translates a χ process term q ∈ Q to an extended automaton.
The translation function Tq(p) is defined inductively.
In the following we use the following graphical notation to visualize the obtained ex-

tended automata of the translation. Locations are visualized by circles. Each circle is
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3.3. Translation from χ to Uppaal timed automata

labeled with the name of the location which is shown just above the circle, and the invari-
ant of the location which is shown just below the circle. If a location is urgent, a capital
U is shown inside the circle of the location. The initial location is visualized as a double
circle. Edges are represented by arrows starting from the circle associated to the source
location and ending at the circle associated to the target location. The arrows are labeled
with the guard, action, and assignment of the edge.

3.3.1.1 Translation of the atomic process terms

Skip

The process term skip is an abbreviation for an action predicate that can only perform
an internal action without changing the valuation. The location l0 is urgent to prevent a
process from delaying if a skip action is possible.

Tq(skip) =
〈{l0, l1}, l0, {〈l0, true, τh, τa, l1〉}
, ∅, ∅, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = u, TL(l1) = o (Figure 3.5).
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Figure 3.5: Extended automaton Tq(skip)

Multi-assignment

Multi-assignment xn := en, n ≥ 1 is an abbreviation for an internal action that changes
the values of the variables x1, . . . , xn to the values of expressions e1, . . . , en

1. Location l0 is
urgent to prevent a process from delaying.

1Remember the syntactic restrictions on the multi-assignment which ensure that the instantaneous
change of xn := en in χ is the same as the sequential executions of the individual assignments x1 =
e1, . . . , xn = en in Uppaal
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Tq(xn := en) =
〈{l0, l1}, l0
, {〈l0, true, τh, {x1 = e1, . . . , xn = en}, l1〉}
, ∅, ∅, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = u, TL(l1) = o (Figure 3.6).
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Figure 3.6: Extended automaton Tq(xn := en)

Send and Receive

Undelayable send and receive process terms h !! en and h ??xn denote undelayable sending
of expressions en via channel h and undelayable receiving via channel h into variables xn.

In Uppaal, the values are not transmitted via a channel. Instead, additional shared
variables y1, . . . , yn are used. We assume existence of a bijective function fv : H ×N→ Vh

that generates unique names of the communication variables: yi = fv(h, i), i ∈ [1, n].
The location l0 is urgent to prevent a process from delaying.

Tq(h !! en) =
〈{l0, l1}, l0
, {〈l0, true, h!, {y1 = e1, . . . , yn = en}, l1〉}
, ∅, {y1, . . . , yn}, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = u, TL(l1) = o (Figure 3.7).

Tq(h ??xn) =
〈{l0, l1}, l0
, {〈l0, true, h?, {x1 = y1, . . . , xn = yn}, l1〉}
, ∅, {y1, . . . , yn}, ∅, ∅, Inv, TL, l1
〉,

where yi = fv(h, i), i ∈ [1, n], Inv(l0) = true, Inv(l1) = true, TL(l0) = u, TL(l1) = o (Fig-
ure 3.8).
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Figure 3.7: Extended automaton Tq(h !! en)
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Figure 3.8: Extended automaton Tq(h ??xn)

Deadlock

The deadlock process term cannot perform actions or delays but it is consistent. The
corresponding extended timed automaton is

Tq(δ) = 〈{l0}, l0, ∅, ∅, ∅, ∅, ∅, Inv, TL,>〉,

where Inv(l0) = true,TL(l0) = u (Figure 3.9). The location l0 is urgent to prevent a process
from delaying.
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Figure 3.9: Extended automaton Tq(δ)

Inconsistent process term

The inconsistent process term ⊥ is inconsistent for all valuations and cannot perform
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Chapter 3. Formal verification of χ models using Uppaal

any action or delay. The corresponding extended timed automaton is

Tq(⊥) = 〈{l0}, l0, ∅, ∅, ∅, ∅, ∅, Inv, TL,>〉,

where Inv(l0) = false,TL(l0) = u(Figure 3.10). The location l0 is urgent to prevent a process
from delaying.
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Figure 3.10: Extended automaton Tq(⊥)

3.3.1.2 Translation of the operators

In the translation of the operators, the extended automaton that is obtained by translating
the process term q ∈ Q is denoted by Tq(q) = Aq

s , where Aq
s = 〈Lq, lq0, Eq, V q, V hq, Cq,

Init q, Invq, Tq
L, lqf 〉. In a similar way, Ar

s denotes Tq(r), r ∈ Q.
For the translation some additional functions are needed. The restriction of a function

f : A→B to C ⊆A is denoted by f ¹ C. If f and g are functions and dom(f)∩dom(g) = ∅,
then f ∪ g denotes function h with the domain dom(h) = dom(f) ∪ dom(g), where h(c) =
f(c) if c ∈ dom(f), and h(c) = g(c) if c ∈ dom(g).

For arbitrary sets E ,L,Act , C, where E is a set of edges, L is a set of locations, Act is
a set of assignments, and C is a set of clocks, four functions are defined.

Function γ : P(E) × L × P(Act) → P(E) transforms the set of edges by adding a set
of assignments to the assignment part of all incoming edges of a location. For instance,
γ(E, l, {x = 1, y = 3}) returns a set of edges, where the set of assignments {x = 1, y = 3}
is added to the assignment parts of all incoming edges of the location l.

Function σ1 : P(E) × L × L → P(E) transforms the set of edges by replacing all oc-
currences of the first location as a source location with the second one. For instance, the
function σ1(E, l, l′) returns the set of edges, where all occurrences of the location l as a
source location are replaced with l′.

Function σ2 : P(E) × L × L → P(E) transforms the set of edges by replacing all oc-
currences of the first location as target location with the second one. For instance, the
function σ(E, l, l′) returns the set of edges, where all edges 〈m, b, h, a, m′〉 are replaced by
the edges 〈m, b, h, a, l′〉 if m′ = l.

Function ϕ : P(E) × L × P(C) → P(E) transforms the set of edges by removing all
outgoing edges of a location, that have an expression over clocks as (a part of) a guard.
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3.3. Translation from χ to Uppaal timed automata

Delay

The abbreviation 4d denotes a process term that first delays for d time units, and then
terminates by means of an internal action τ . In order to translate the delay operator, an
additional fresh clock variable is used. We assume that a unique name of the variable c ∈ C
is generated by some bijective function f c : L → C.

Tq(4d) =
〈{l0, l1}, l0, {〈l0, c == d, τh, τa, l1〉}
, ∅, ∅, {c}, {c = 0}, Inv, TL, l1
〉,

where c = f c(l0), Inv(l0) = (c ≤ d), Inv(l1) = true, TL(l0) = o, TL(l1) = o (Figure 3.11).
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Figure 3.11: Extended automaton Tq(4d)

Any delay operator

The any delay operator [q] allows time transitions of arbitrary duration. The delay behav-
ior of q is ignored, and the action behavior of q remains unchanged. In order to translate
this operator, a new delayable initial location has been defined.

Tq([q]) =
〈Lq ∪ {l0}, l0, E, V q, V hq, Cq, Init q, Inv, TL, lqf 〉,

where E = ϕ(Eq ∪ σ1(E
q, lq0, l0), l0, C

q), Inv(l0) = true, Inv ¹ Lq = Invq, TL(l0) = o, and
TL ¹ Lq = Tq

L. As an example the extended automaton Tq([skip]) is shown in Figure 3.12.
There the locations lq0 and lq1 are the initial and final locations of the automaton Tq(skip),
respectively, and l0 is a new initial location.

Due to the introduction of the location l0, the location lq0 can become unreachable.

Repetition

Process term ∗q represents infinite repetition of process term q. If the extended automaton
Aq

s = Tq(q) has a final location, lqf ∈ Lq, then the incoming edges of the final location are
redirected to the initial location, and the initializations are added to the assignment parts
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Figure 3.12: Extended automaton Tq([skip])

of these edges. If the extended automaton Aq
s does not have a final location, lqf = >, then

Tq(∗q) = Aq
s . The resulting extended automaton is defined in the following way.

Tq(∗q) =
〈L, lq0, E, V q, V hq, Cq, Init q, Invq ¹ L, Tq

L ¹ L,>〉
where if lqf = >, then L = Lq, and E = Eq, otherwise L = Lq \ {lqf }, and E = σ2 (γ(Eq, lqf ,
Init q), lqf , lq0).

In Figure 3.13 the extended automaton Tq(∗(xn := en)) is depicted; lq0 and lq1 are the
initial and final locations of the automaton Tq(xn := en), respectively.
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Figure 3.13: Extended automaton Tq(∗(xn := en))

Sequential composition
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3.3. Translation from χ to Uppaal timed automata

The sequential composition of process terms q and r behaves as process term q until q
terminates, and then continues to behave as process term r. In order to combine two
automata into one it is necessary that Lq ∩ Lr = ∅ and Cq ∩ Cr = ∅. For that the renam-
ing function f : As × P(L) × P(C) → As is used: Ar

s = f(Tq(r), L
q, Cq). If the extended

automaton Aq
s has a final location, the sequential composition q; r is translated by replac-

ing the final location lqf of the extended automaton Aq
s with the initial location lr0 of the

extended automaton Ar
s in the following way.

Tq(q ; r) =
〈(Lq \ {lqf }) ∪ Lr, lq0, E, V q ∪ V r, V hq ∪ V hr

, Cq ∪ Cr, Init q, Inv, TL, lrf
〉,

where E = σ2(γ(Eq, lqf , Initr), lqf , l
r
0), and Inv = (Invq ¹ (Lq \ {lqf })) ∪ Invr, TL = (Tq

L ¹
(Lq \ {lqf })) ∪ Tr

L.

In Figure 3.14 the extended automaton Tq(xn := en ; skip) is depicted, where lr0 and lr1
are the initial and final locations of Tq(skip), respectively, and lq0, lq1 are the initial and final
locations of Tq(xn := en), respectively.
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Figure 3.14: Extended automaton Tq(xn := en; skip).

If the extended automaton Aq
s has no final location, T (q ; r) = Aq

s .

Alternative composition

The alternative composition operator q [] r models a non-deterministic choice between q
and r for action transitions. The passage of time by itself cannot result in making a choice.
In order to combine two automata, it is necessary that Lq ∩ Lr = ∅ and Cq ∩ Cr = ∅. For
that the renaming function f is used: Ar

s = f(Tq(r), L
q, Cq).
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The alternative composition q [] r is translated by adding the initial location and merging
the final locations of the extended automata Aq

s and Ar
s in the following way.

Tq(q [] r) =
〈L, l0, E, V q ∪ V r, V hq ∪ V hr

, Cq ∪ Cr, Init q ∪ Initr, Inv, TL, lf
〉,

where if lqf 6= > and lrf 6= >, then L = ((Lq ∪ Lr) ∪ {l0}) \ {lrf }, and lf = lqf .
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Figure 3.15: Extended automata Tq(xn := en[]skip).

Otherwise, L = (Lq ∪ Lr) ∪ {l0}, and if lqf 6= > then lf = lqf , otherwise lf = lrf .

The set of edges E = E ′ ∪ σ1(σ1(E
′, lq0, l0), l

r
0, l0), where E ′ = σ2(E

q, lqf , lf)∪ σ2(E
r, lrf , lf).

The function Inv is defined as follows: Inv(l0) = Invq(lq0)∧ Invr(lr0), and Inv ¹ (L\{l0}) =
(Invq ∪ Invr) ¹ (L \ {l0}).

Finally, if Tq
L(lq0) = u, then TL(l0) = u, otherwise TL(l0) = Tr

L(lr0). Furthermore, TL ¹
(L \ {l0}) = (Tq

L ∪ Tr
L) ¹ (L \ {l0}).

The case when both automata have final locations (Tq(xn := en [] skip)) is shown in
Figure 3.15, where lq0 and lq1 are the initial and the final locations of Tq(xn := en), lr0 and lr1
are the initial and the final locations of the extended automaton Tq(skip), and l0 is a new
initial location.

The case when only one automaton has a final location (Tq(xn := en [] ∗skip)) is shown
in 3.16)where lq0 and lq1 are the initial and the final locations of Tq(xn := en), lr0 is the initial
location of the extended automaton Tq(∗skip), and l0 is a new initial location.
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Figure 3.16: Extended automata Tq(xn := en[]∗skip).

3.3.2 Correctness of the translation

In this section we give the definition of the corresponding states in χ and Uppaal transition
systems and prove that for each state and each transition in a χ transition system there are
corresponding states and transitions in Uppaal transition system, and vice versa. This
shows the correctness of the translation scheme.

The transition system of a χ model M ∈ M is denoted by |[ M ]|, and the transition
system of the Uppaal model TM(M ) is denoted by |[ TM(M ) ]|. If a transition system
contains a transition, it is denoted by `.

The intuition of a χ action transition 〈p, σ, E〉 σ,a,σ′−−−→ 〈p′, σ′, E ′〉 is that the process
〈p, σ, E〉 executes the discrete action a ∈ A with valuations σ and σ′ and thereby trans-
forms into the process 〈p′, σ′,E ′〉, where σ′ and E ′ denote the accompanying valuation and
environment of the process term p′, respectively, after the discrete action a is executed.

The intuition of a χ (termination) transition 〈p,σ,E〉 σ,a,σ′−−−→〈X,σ′,E ′〉 is that the process
〈p, σ, E〉 executes the discrete action a with valuations σ and σ′ and thereby transforms
into the terminated process 〈X, σ′, E ′〉.

The intuition of a χ time transition 〈p, σ, E〉 t,ρ7−→ 〈p′, σ′, E ′〉 is that during the time
transition, the valuation at each time-point s ∈ [0, t] is given by ρ(s). At the end-point t,
the resulting process is 〈p′, σ′, E ′〉.

The detailed descriptions of χ and Uppaal transition systems are given in the Ap-
pendix A and the Section 3.1.1, respectively.

The correspondence between states of transition system of χ and states of state tran-
sition system of Uppaal is defined as follows.

Let M be a χ model M = 〈∂Aia
(υHl

(q1 ‖ . . . ‖ qn)), σ,E〉 and TM(M )=〈A, l0, V ′, C ′, H,

TH, Init ′〉, where A = (A1, . . . ,An) and l
0

= (l01, . . . , l
0
n).

Let Lf be a set of final locations, and Corr : (L1× . . .×Ln)×P(Lf)→ (L1× . . .×Lm)∪
{∅} be a function that transforms a vector of locations (l1, . . . , ln) into a vector of locations
(l′1, . . . , l

′
m) by removing all final locations: ∀i, 1 ≤ i ≤ n, li ∈ Lf : (∀j, 1 ≤ j ≤ m, l′j 6= li),
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and preserving all non-final location: ∀j, 1 ≤ j ≤m : (∃i, 1 ≤ i ≤ n : l′j = li). Moreover, the
order of the locations is not changed: ∀i, j, 1 ≤ i ≤ n, 1 ≤ j ≤ n, i < j, li, lj /∈ Lf : (∃k, r, 1 ≤
k ≤ m, 1 ≤ r ≤ m, k < r : li = l′k, lj = l′r). If all locations are final, the function returns

∅, where ∅ denotes an empty vector. A vector is a mapping with a domain {1, . . . , n}; an
empty vector shows the absence of such mapping.

Definition 3.3.1

1. The initial states 〈∂Aia
(υHl

(q1 ‖ . . . ‖ qn)), σ0, E〉 and 〈(l1, . . . , ln), α0〉 are correspond-
ing, if ∀i : 1 ≤ i ≤ n, li ∈ Tq(qi), li is an initial location of the automaton Tq(qi), and
α0 ¹ dom(σ0) = σ0.

2. The intermediate states 〈∂Aia
(υHl

(q′1 ‖ . . . ‖ q′m)), σ′, E ′〉 and 〈(l′1, . . . , l′n), α′〉 are cor-
responding, if Corr((l′1, . . . , l

′
n), Lf) = (l′1, . . . , l

′
m) and ∀i : 1 ≤ i ≤ m, l′i is an initial

location of Tq(q
′
i), and α′ ¹ dom(σ′) = σ′.

3. The final states 〈X, σ′′,E ′〉 and 〈(l′′1 , . . . , l′′n),α′′〉 are corresponding if Corr((l′′1 , . . . , l
′′
n),

Lf) = ∅, and α′′ ¹ dom(σ′′)=σ′′.

4. There are no other corresponding states.

In the first theorem we prove that for each state and each transition in the transi-
tion system of a χ model there are corresponding states and transitions of the translated
Uppaal model.

Theorem 3.3.1 Let p and p′ be closed process terms, σ, σ′, α, α′ be valuations, such that
dom(σ) = dom(σ′) and dom(α) = dom(α′), E,E ′ be an environment, l be a location vector,
and the states 〈p, σ, E〉 and 〈l, α〉 be corresponding states. Then:

Lemma 3.3.1.1 for any non-communication action a

|[ M ]|` 〈p, σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉 ⇒ ∃l′, α′ : |[ TM(M ) ]|` 〈l, α〉 a−→ 〈l′, α′〉,
and 〈X, σ′, E〉 and 〈l′, α′〉 are corresponding states.

Lemma 3.3.1.2 for any non-communication action a

|[ M ]|` 〈p, σ, E〉 σ,a,σ′−−−→ 〈p′, σ′, E ′〉 ⇒ ∃l′, α′ : |[ TM(M ) ]|` 〈l, α〉 a−→ 〈l′, α′〉,
and 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding states.

Lemma 3.3.1.3 for any communication action ca

|[ M ]|` 〈p, σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈X, σ′, E ′〉 ⇒
∃l′, α′ : |[ TM(M ) ]|` 〈l, α〉 h−→ 〈l′, α′〉 ∧ α′(y1) = cs1 ∧ . . . ∧ α′(yn) = csn,

and 〈X, σ′, E〉 and 〈l′, α′〉 are corresponding states.
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Lemma 3.3.1.4 for any communication action ca

|[ M ]|` 〈p, σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈p′, σ′, E ′〉 ⇒
∃l′, α′ : |[ TM(M ) ]|` 〈l, α〉 h−→ 〈l′, α′〉 ∧ α′(y1) = cs1 ∧ . . . ∧ α′(yn) = csn,

and 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding states.

Lemma 3.3.1.5 for any time transition

|[ M ]|` 〈p, σ, E〉 t, ρ7−→ 〈p′, σ′, E ′〉 ⇒ ∃l′, α′ : |[ TM(M ) ]|` 〈l, α〉 t7−→ 〈l′, α′〉,
and 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding states.

Proof. See Appendix B.2 £

In the second theorem we prove that for each state and each transition in the transition
system of the translated Uppaal model there are corresponding states and transitions of
the χ model.

Theorem 3.3.2 Let p and p′ be closed process terms, σ, σ′, α, α′ be valuations, E =
(J, H, ∅) be an environment, and l be a location vector, such that the states 〈p, σ, E〉 and
〈l, α〉 are corresponding. Then:

Lemma 3.3.2.1 for any non-communication action a
|[ TM(M ) ]|` 〈l, α〉 a−→ 〈l′, α′〉 ∧ ∀l ∈ l

′
: l ∈ Lf ⇒

∃σ′ : |[ M ]|` 〈∂Aia
(υHl

(p)), σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉,
and 〈l′, α′〉 and 〈X, σ′, E ′〉 are corresponding states.

Lemma 3.3.2.2 for any non-communication action a
|[ TM(M ) ]|` 〈l, α〉 a−→ 〈l′, α′〉 ∧ ∃l ∈ l

′
: l /∈ Lf ⇒

∃σ′, p′ : |[ M ]|` 〈∂Aia
(υHl

(p)), σ, E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(p′)), σ′, E ′〉,
and 〈l′, α′〉 and 〈∂Aia

(υHl
(p′), σ′, E ′〉 are corresponding states.

Lemma 3.3.2.3 for any communication action ca

|[ TM(M ) ]|` 〈l, α〉 h−→ 〈l′, α′〉 ∧ ∀l ∈ l
′
: l ∈ Lf

∧ cs1 = α′(y1) ∧ . . . ∧ csn = α′(yn) ⇒
∃σ′ : |[ M ]|` 〈∂Aia

(υHl
(p)), σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈X, σ′, E ′〉,

and 〈l′, α′〉 and 〈X, σ′, E ′〉 are corresponding states.

Lemma 3.3.2.4 for any communication action ca

|[ TM(M ) ]|` 〈l, α〉 h−→ 〈l′, α′〉 ∧ ∃l ∈ l
′
: l /∈ Lf ⇒

∃σ′, p′ : |[ M ]|` 〈∂Aia
(υHl

(p)), σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈∂Aia
(υHl

(p′)), σ′, E ′〉
∧ cs1 = α′(y1) ∧ . . . ∧ csn = α′(yn),

and 〈l′, α′〉 and 〈∂Aia
(υHl

(p′), σ′, E ′〉 are corresponding states.
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Lemma 3.3.2.5 for any time transition

|[ TM(M ) ]|` 〈l, α〉 t7−→ 〈l′, α′〉 ∧ ∃l ∈ l
′
: l /∈ Lf ⇒

∃σ′, p′ : |[ M ]|` 〈∂Aia
(υHl

(p)), σ, E〉 t, ρ7−→ 〈∂Aia
(υHl

(p′)), σ′, E ′〉,
and 〈l′, α′〉 and 〈∂Aia

(υHl
(p′), σ′, E ′〉 are corresponding states.

Proof. See Appendix B.3 £

The next theorem concerns the notion of consistency.

Theorem 3.3.3 Let p be closed process term, σ and α be valuations, E = (J, H, ∅) be
an environment, and l be a location vector, such that the states 〈p, σ, E〉 and 〈l, α〉 are
corresponding. Then:

∀l ∈ l : α |= Inv(l) ⇔ 〈∂Aia
(υHl

(p)), σ, E〉 σÃ

Proof. See Appendix B.4 £

3.3.3 Informally translated process terms

For several χ language constructs, like the guard operator or the guarded repetition, we
have not found a general translation. However, in some special cases the translation is
possible and is implemented, although not proved formally. In this section we present
these cases.

3.3.3.1 Guarded skip and multi-assignment

The guarded skip and multi-assignment in χ behave as follows. If the guard is true, the
action transition is performed without a delay. If the guard is false, the process term delays
until the guard becomes true.

Since there is no notion of urgent actions in timed automata, the translation of the
guarded skip and multi-assignment is not possible. However, if the guard expression does
not involve the variable time, time /∈ b, a possible solution is an automaton which has only
one location l0, Inv(l0) = true, TL = o and the only edge e = 〈l0, true, dummy?, a, l0〉. Then,
the extended automaton Tq(b → skip) can be defined as follows:

Tq(b → skip) =
〈{l0, l1}, l0, {〈l0, b, dummy!, τa, l1〉}
, ∅, ∅, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = o, TL(l1) = o (Figure 3.17).
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Figure 3.17: Extended automaton Tq(b → skip)

Similarly, the extended automaton Tq(b → xn := en) is defined as follows:

Tq(b → xn := en) =
〈{l0, l1}, l0
, {〈l0, b, dummy!, {x1 = e1, . . . , xn = en}, l1〉}
, ∅, ∅, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = o, TL(l1) = o (Figure 3.18).
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Figure 3.18: Extended automaton Tq(b → xn := en)

Then, it is possible to show that for any non-communication action a and p ≡ skip |
xn := en:

|[ M ]|` 〈b → p, σ, E〉 σ,a,σ′−−−→ 〈X
p′

, σ′, E〉 ⇒ ∃l′, α′ : |[ TM(M) ]|` 〈l, α〉 dummy−−−−→ 〈l′, α′〉,

and 〈X
p′

, σ′,E〉 and 〈l′, α′〉 are corresponding states. With
X
p′

we denote two possible cases:

p can make a transition a and terminate or p can make a transition a and continue as p′. We
restrict the guard expressions so that time /∈ b, because in Uppaal it is not allowed to have
a guard with expression over clock variables on transitions with urgent communication.

3.3.3.2 Guarded Send and Receive

According to the χ semantics the guarded send and receive process terms behave as follows.
If a guard is false, the process term delays till the guard becomes true. Then, the send
or receive action is performed without delay. If the guard is true and the communication
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action is not possible, the process is deadlocked. Remember that the action encapsulation
operator ∂Aia

disallows internal send and receive transitions. Although we did not find the
proper translation for these process terms, we were able to define the translation of the
guarded delayable send and receive, i.e. b → [h !! en] and b → [h ??xn] under the condition
time /∈ b.

Tq(b → [h !! en]) =
〈{l0, l1}, l0
, {〈l0, b, h!, {y1 = e1, . . . , yn = en}, l1〉}
, ∅, {y1, . . . , yn}, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = o, TL(l1) = o (Figure 3.19).
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Figure 3.19: Extended automaton Tq(b → [h !! en])

Tq(b → [h ??xn]) =
〈{l0, l1}, l0
, {〈l0, b, h?, {x1 = y1, . . . , xn = yn}, l1〉}
, ∅, {y1, . . . , yn}, ∅, ∅, Inv, TL, l1
〉,

where Inv(l0) = true, Inv(l1) = true, TL(l0) = o, TL(l1) = o (Figure 3.20).
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Figure 3.20: Extended automaton Tq(b → [h ??xn])

3.3.3.3 Guarded repetition

In timed χ there are two repetition operators, repetition and guarded repetition, which
are defined by means of recursion variables. We did not translate recursion variables
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and to prove the correctness of the translation of the repetition operator we used its
semantics, defined in [MS06] (Appendix C.2), which does not involve recursion variables.
However, there are no such rules defined for the guarded repetition. So without proving
the correctness we define Tq(b

∗→ p) as follows.
Let Tq(p) = 〈Lp, lp0, E

p, V p, V hp, Cp, Initp, Invp, Tp
L, lpf 〉. Then,

Tq(b
∗→ p) = 〈(Lp ∪ {l0, lf}) \ {lpf }, l0, E, V p, V hp, Cp, Initp, Inv, TL, lf〉, where

• l0 and lf are new initial and final locations.

• E = σ1(E
p, lpf , l0) ∪ {〈l0, b, τh, τa, l

p
0〉, 〈l0,¬b, τh, τa, lf〉}.

• Inv ¹ (Lp \ {lpf }) = Invp ¹ (Lp \ {lpf }) and Inv(l0) = true, Inv(lf) = true.

• TL ¹ (Lp \ {lpf }) = Tp
L ¹ (Lp \ {lpf }) and TL(l0) = u, TL(lf) = o (Fig 3.21).

U
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, x

1
 := e

1
,..., x

n
 := e

n

true

truel
0

q

l
1

q

Figure 3.21: Extended automaton Tq(b
∗→ p)

3.4 Case Studies

In this section, two case studies using the translation of χ to Uppaal are presented. The
first case study, described in Section 3.4.1, regards the verification of a part of a turntable
system. A similar case study has been described in [BTW+05], where the system was
manually and informally translated to the following formalisms/languages:

• the µCRL [GP94] formalism, which is an action-based, process algebraic language
with excellent data support. µCRL models can be verified using the CADP [FGK+96,
GLM02] toolset,

• the language Promela, which is a state-based, imperative input language for the model
checker Spin [Hol03],

49



Chapter 3. Formal verification of χ models using Uppaal

• and the Uppaal timed automata formalism.

After the manual translations to Promela, µCRL and Uppaal timed automata, the
system was verified using the Spin, CADP and Uppaal toolsets, respectively. In the
case study presented in Section 3.4.1, the turntable is re-modeled using only the translated
subset of χ. After that, the translator has been used to obtain the corresponding Uppaal
model automatically. Finally, properties are verified using the Uppaal model checker.

The second case study deals with the verification of a part of an industrial system,
a wafer scanner (see Figure 3.26). This case study was joint work between the TIPSy
project and Tangram project [Tan08]. As part of the Tangram project, the model-based
integration and testing (MBI&T) method has been developed [Bra08]. In this method,
formal executable models of system components (e.g. software, mechanics, electronics)
that are not yet realized are integrated with available realizations of other components,
establishing a model-based integrated system. The goal of the case study was threefold: a) to
show the potential of the proposed MBI&T method, in which the verification techniques
are used, to reduce integration and test effort of industrial systems; b) to investigate
applicability, scalability, and usability of the χ toolset as integrated tool support for all
aspects of the MBI&T method, particularly focusing on the translator from χ to Uppaal;
c) to show the applicability and the advantages of using verification techniques for real-size
industrial systems. Our results were published in the article [BBMFR08], and are described
in Section 3.4.2.

3.4.1 Case Study: Turntable System

3.4.1.1 System description

As an example we consider the translation of a part of a turntable system (see Section 2.1.4).
In [BTW+05] the χσ model of the system was manually translated to Promela, µCRL and
Uppaal timed automata, and then verified using the Spin, CADP and Uppaal toolsets,
respectively. In this case study we created a new turntable model using only the translated
subset of timed χ. After that we used the translator to obtain the corresponding Uppaal
model. Finally, it was verified using Uppaal model checker.

The turntable system consists of a round turntable, a clamp, a drill and a testing device
(Figure 3.22). The turntable transports products to the drill and the testing device. The
drill drills holes in the products. After drilling a hole, the products are delivered to the
tester, where the depth of the hole is measured, since it is possible that drilling went
wrong. To control the turntable system, sensors and actuators are used. A sensor detects
a physical phenomenon, and changes its state. The controller reads the state of the sensor,
and sends output to actuators. The actuators translate output from the controller to a
physical change in the machine.

The turntable has four slots that can hold a product. Each slot can hold at most one
product and can be in input, drill, test or output position. There are three sensors attached
to the turntable: the sensor s1 at the input position (to detect if a product has been added
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Figure 3.22: Turntable system.

by the environment), the sensor s3 in the output position (to detect if a product has been
removed by the environment) and the sensor s2 that detects whether the turntable has
completed the turn.

The drilling module consists of the drill and the clamp. Every product should be locked
before drilling and unlocked afterward. To detect whether the clamp is locked or not two
sensors are used (c1 and c2 respectively). The drill also has two sensors to detect whether
the drill is in its up (d1) or down (d2) position. These sensors are located above the
surface of the turntable, so it is not possible to say whether the product has been drilled
successfully or not.

In the testing position there are two sensors to detect whether the tester has reached
its up (t1) or down (t2) position. If the tester has reached its down position the test result
of the product is good and if the sensor at the down position did not send a signal during
a certain amount of time the test result of the product is bad.

The turntable control system consists of the main controller, turntable controller, drill
controller, and tester controller. The main controller supervises the other controllers and
the environment. It stores current information about products and operations being per-
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formed and based on this information it issues commands to the other controllers and
the environment to start operations. When operations are completed the main controller
updates the information about the products.

The turntable controller gets signals from the turntable sensors and passes them to
the main controller. It also starts rotation of the turntable at the command of the main
controller.

The drill controller supervises the drill and the clamp. It switches the drill on/off and
commands to lock/unlock the clamp or to start or stop drilling. The drill controller also
gets signals from the drill and clamp sensors.

The test controller sends a signal to the tester to start the operation. Then it waits for
a signal from the sensor at the down position. If the hole is not deep enough, the sensor is
not activated and the current product should be rejected.

The operation-routing sequence of each product is as follows: add a product to the input
position, make a turn (now product is in the drilling position), lock the clamp, switch on
the drill, drill, switch off the drill, unlock the clamp, make another turn (now product is
in the test position), test, and make a turn again (product is in the removing position).

No product can be added if the adding slot is not empty. No drilling, testing or removing
can be performed if the corresponding slot is empty. The turntable can treat up to four
products at the same time, that means that the operations can be done in parallel.

Design rules and assumptions Creating the model we consider only ”good weather” behav-
ior, i.e. the assumption is that the system works without faults and there is no product
loss. The initial state is defined as follows: all slots are empty and no operation is started.

For reasons of simplicity, we decided to concentrate on the control system. That means
that we do not model material flow as this information can be obtained from the information
stored by the main controller.

We assume that the main controller sends messages to the environment to allow adding
and removing of products and the environment informs the main controller when the
operations are completed. The environment can skip the adding or removing operations.
A product can be removed from the removing position only if it has been drilled properly.
If a product has a good test result and it has not been removed, it should not be drilled
and tested again. If a product has a bad test result it must be drilled and tested again.
That means that the information whether product has been added or removed is necessary
only after the rotation of the turntable.

We also assume that the order of starting and ending of the adding, drilling, testing
and removing operations is not known in advance.

The execution of each turntable operation requires a certain amount of time. Because
the duration of the turntable operations has not been defined anywhere, we have decided to
use the delays, that have been defined in other turntable models, like [BK02]. We assume
that the environment needs 2 time units to perform adding or removing of a product. The
clamp needs 2 time units to lock or unlock a product. The drilling operation takes 3 time
units and returning the drill to its up position takes 2 time units. Testing and returning
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the tester to its initial (up) position require 2 time units each.
Since the turntable model is going to be verified in Uppaal, we restrict ourselves to

use only the translated subset of timed χ.

Requirements

1. The system does not contain a deadlock, i.e. it cannot come to a state from which it
cannot continue operating.

2. The turntable is not rotating if any of operations (drilling, testing, adding or remov-
ing) is being performed.

3. The test result of a product will be known not later than in 31 seconds after the
product has been added.

3.4.1.2 χ model of the Turntable System

The turntable system architecture is depicted in Figure 3.23. The mechanical compo-
nents are Tester, Drill, Clamp and Table. These components are controlled by switching
commands: cDrillSwitch switches the drill on/off, cDrillMove instructs the drill to start
or stop drilling, cClampSwitch instructs the clamp to lock or unlock the product, and
cTesterMove instructs the tester to start or stop testing. The other signals that are used
are cTurn (commands the turntable to start rotating), cEnvAdd, cEnvRemove (inform the
environment that it can perform adding or removing operations respectively).

The control system model consists of the main controller, drill and clamp controller,
tester controller and turntable controller: Main controller, Drill controller, and Tester
controller, respectively. The component Environment represent the environment.

Although in Figure 3.23 eight components are depicted, the χ model of the turntable
consists of ten parallel processes. The reason for that is that some components consist of
two independent parts. Two of the processes model the environment (adding and removing
a product). The other two model the drill, since the power switch and the drill part are
handling commands independently. One process is used to specify the table itself, and
another one is used to specify the tester. There are also three controllers: a main controller,
drill controller and a tester controller. The environment is represented by two processes;
one is for removing products and the other one is for adding products on the table. In
Fig. 3.24 we show a turntable process as an example. The complete χ model is given in
the Appendix D.1.

The turntable process models the table itself. It has 4 positions for adding, drilling,
testing and removing, modeled as variables t1, t2, t3 and t4, respectively. These variables
can have a value 0, if there is no product in the slot, or 1, if there is a product in the slot.
The signals from the environment notify the turntable process if a product is added or
removed via the channels cEnvAdded , cEnvRemoved respectively. If there is a product in
the adding or removing position, the main controller is informed via the channels cAdded
and cRemoved respectively. When the turntable process gets a command to turn (cTurn)
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Figure 3.23: Turntable architecture.

from the main controller, it rotates. The rotation takes 4 time units; the slot states are
changed accordingly. After that the turntable process informs the main controller that the
turn is finished (cTurned).

3.4.1.3 Uppaal model of the turntable

The χ model of the turntable was translated to a Uppaal model automatically. The
Uppaal model consists of ten automata, nine of them correspond to the χ processes. The
additional dummy process has been created to translate guarded assignments and guarded
skip.

As an example we show the automaton, which corresponds to the turntable process
(Figure 3.25). The rest of the automata are given in Appendix D.2.

54



3.4. Case Studies

∗ ( [cEnvAdded ??]; t1 := 1
[] [cEnvRemoved ??]; t4 := 0
[] [cAdded !! t1]
[] [cRemoved !! t4]
[] [cTurn ??]; ∆4
; ts := t4; t4 := t3; t3 := t2; t2 := t1; t1 := ts
; [cTurned !!]
)

Figure 3.24: Turntable process in χ.
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Figure 3.25: Turntable process in Uppaal.

3.4.1.4 Verification

After the χ model of the complete turntable system was translated (automatically) to
Uppaal, we verified the following properties:

• The absence of deadlock.

• The turntable is not rotating if any of operations (drilling, testing, adding or remov-
ing) is being performed.

• The test result of a product will be known not later than in 31 seconds after the
product has been added.
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3.4.2 Case study: ASML EUV machine

In this section, a part of an ASML wafer scanner is modeled using χ. Then this model
is translated to Uppaal, and verified using the Uppaal toolset. This case study was
joint work between the TIPSy project and Tangram project [Tan08]. The results were
published in the article [BBMFR08] and [Bra08]. The model of a part of an ASML wafer
scanner was created by Ton Geubbels [Geu06] under the supervision of Niels Braspen-
ning. Under my supervision Esmée Bertens transformed the χ model to make it translat-
able [Ber06]. After that I translated the χ model to Uppaal using my implementation of
the translation scheme, and verified the translated model in Uppaal.

3.4.2.1 System Description

In an ASML wafer scanner (see Figure 3.26), laser light transfers a lithographic image
onto the surface of a silicon wafer with nanometer accuracy. The laser light passes through
an optical system that scales down the pattern image before it is projected onto the wafer.
Currently, a new type of wafer scanner is under development within ASML, which uses
extreme ultra violet (EUV) light for exposing wafers. One of the most important technical
challenges in the development of this lithography system is the need for strict vacuum
conditions, since EUV light is absorbed by nearly all materials, including air.

EUV source

vacuum
system

reflective
optics

pattern image
(mask)

wafer

Figure 3.26: Components and interfaces of the wafer scanner involved in the case study

In the case study presented here, the focus is on the interaction between the vacuum
system component Cv that controls the vacuum conditions and the source component Cs

that generates the EUV light. These components need close cooperation to provide correct
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vacuum conditions and correct EUV light properties at all times. Since the internal states
of these components are interdependent (e.g. the source may only be active under certain
vacuum conditions to avoid machine damage), some combinations of component states are
not allowed and should be prevented.

Figure 3.27 shows the components and interfaces involved in the case study. To ex-
change information about their internal states, the vacuum system Cv and the source Cs

are connected by an interface consisting of four latches2, three latches from vacuum system
to source and one latch from source to vacuum system:

• ‘vented’: when active, this latch indicates that the vacuum system is vented.

• ‘pre-vacuum’: when active, this latch indicates that the vacuum conditions are suffi-
cient to activate the source, however not sufficient for exposure.

• ‘exposure’: when active, this latch indicates that the vacuum conditions are right for
exposure.

• ‘active’: when active, this latch indicates that the source is active and that the
vacuum system is not allowed to go to the vented state (to avoid machine damage).

Besides the latch interface with the source, the vacuum system has another interface
to communicate with the environment Ce, e.g. a control component or a vacuum system
operator. The environment can request the vacuum system to go to either the vacuum
or the vented state by sending a ‘request’ message. After handling a request, the vacuum
system notifies the environment by sending a ‘reply’ message.

vacuum system

C
v

source

C
s

pre-vacuum
vented

exposure
active

request
reply

environment

C
e

Figure 3.27: Components and interfaces involved in the case study

The behavior of the integrated system under nominal conditions is depicted in a message
sequence chart (Figure 3.28). Initially, the vacuum system is vented (accordingly, the
‘vented’ latch is active) and the source is inactive. When the vacuum system receives a
request from the environment to go to the vacuum state it deactivates the ‘vented’ latch
and starts the vacuum pumps. The source observes that the ‘vented’ latch is inactive
and executes some initial preparation steps. While pumping down, the vacuum system
measures the vacuum conditions. When the vacuum conditions are sufficient to activate
the source (the pre-vacuum conditions are reached), the vacuum system activates the ‘pre-
vacuum’ latch. When the source observes this signal, it first activates the ‘active’ latch,

2Latch: electronic circuit with inputs ‘set’ and ‘reset’ that is capable of storing one bit of information,
i.e., a high or a low voltage
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and subsequently performs the necessary actions to reach the active state. After further
pumping down, when the vacuum conditions are right for exposure, the vacuum system
activates the ‘exposure’ latch. Then, via the ‘reply’ interface the vacuum system notifies the
environment that it is in the vacuum state. After the source observes the active ‘exposure’
latch, it goes to the exposure state and both components are ready for exposure. For the
other way around, going from vacuum/exposure conditions to vented/inactive conditions,
a similar, reversed sequence is specified.

pre-vacuum = 1

vacuum

system
source

request: go to vacuum

exposure = 1

p

u

m

p

d

o

w

n

vented = 0

p
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e
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c

t

i

v

a

t

e

e

x

p

active = 1

environment

reply: OK

state = vented state = inactive

state = vacuum

state = prepared

state = active

state = exposure

state = pre-vacuum

Figure 3.28: Nominal system behavior for the vacuum sequence

The nominal sequence described above does not cover preemption. The environment
can interrupt the sequence at any time by a new request, and the vacuum system should
handle these interrupts. For instance, the vacuum system operator decides to go back
to the vented state, while the vacuum system is performing the vacuum sequence (i.e.
going from vented to vacuum as described above), the vacuum system should immediately
interrupt the vacuum sequence and start with the venting sequence to go to the vented
state.

Finally, errors can be raised by the source if, for instance, an unexpected communication
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event occurs. The severity of an error is indicated by error levels. Depending on the severity
of an error, the source might need to perform certain actions to avoid further problems.
For example, the source should leave the expose state but remain active for a low level
error, however it should go to the inactive state as soon as possible in the case of a high
level error.

The most important requirements to the system are:

1. The actions and communications in the vacuum and venting sequences are executed
in correct order.

2. The behavior of the system can be interrupted at any time, and these interrupts are
handled correctly.

3. The source does not raise unnecessary errors, i.e. not during nominal behavior.

4. The source may not be active while the vacuum system is vented.

5. The duration of the vacuum and venting sequences is at most 6 hours and 1 hour,
respectively.

Using the obtained design documentation of the components as a starting point, the
MBI&T method was applied according to the following steps, corresponding to Figure 3.29:

Step 1: Modeling of the system components as χ processes Me, Mv, and Ms, based on
the ASML design documents De, Dv, and Ds.

Step 2: Model-based analysis of the integrated system model {Me,Mv,Ms}I , modeled as
(Me ‖ Mv ‖ Ms):

a. Simulation using the χ simulator, i.e. analyzing certain scenarios derived from R
and D of {Me,Mv,Ms}I and comparing the resulting behavior against R and D.

b. Verification using the Uppaal model checker, i.e. translating the χ system
model to Uppaal timed automata and verifying all traces of {Me, Mv, Ms}I

against properties derived from R and D.

Step 3: As soon as the realization of a component becomes available (in the case study,
this was the source realization Zs):

a. Model-based component testing of the component’s realization with respect to
its model, i.e. Zs with respect to Ms, using automatic model-based testing tech-
niques and tools, e.g. TorX.

b. Replacing the model of the source Ms by the source realization Zs using an
infrastructure I that enables the integration of Zs with the models Me and Mv.
This results in the model-based integrated system {Me,Mv, Zs}I .
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c. Model-based system testing of {Me, Mv, Zs}I using test cases derived from R
and D.

Step 4: After all models have been substituted by realizations: testing of the complete
system realization {Ze, Zv, Zs}I by executing test cases derived from R and D. Note
that only this step is performed in the current system development process as well.
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Figure 3.29: MBI&T method applied to the case study

3.4.2.2 χ Model

The next paragraphs describe how the source Cs, the vacuum system Cv, and the envi-
ronment Ce were modeled as χ processes. Figure 3.30 shows the process layout of the
system model, which is based on the system design layout from Figure 3.27. In the figure,
the environment is modeled as a single sequential process Me, the vacuum system Mv is
modeled as a parallel composition of the processes (v1 ‖ v2 ‖ v3), and the source Ms is
modeled as the parallel composition of the processes (s1 ‖ s2 ‖ s3 ‖ s4). The arrows depict
the channels that model the communication between processes of different components,
and the bold lines depict variables that are shared between processes of one component.

As an example of a χ process, Figure 3.31 shows a part of the source model Ms. For
simplicity, the declaration and initialization of the variables are omitted and only a part
of the core process s1 is shown. The processes s2, s3, and s4 model the interaction with
the vacuum system via the latches ‘vented’, ‘pre-vacuum’, and ‘exposure’, respectively.
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Figure 3.30: Process layout of the χ system model

In Figure 3.31, s1 is shown on lines 1-18, and s2, s3, s4 are shown on lines 19, 20, 21,
respectively.

The core process s1 specifies the internal behavior of the source. The state of process s1
is modeled by the variable src state, which can take on the value 1 (inactive), 2 (prepared),
3 (active) or 4 (exposure). The variable error is used to model an error; error = 0 means
that there is no error, the values 1, 2, 3, 4, 5 indicate different error levels. The boolean
variables vnt , pre, exp indicate the states of the corresponding latches. When the vacuum
system sends a signal via a latch channel, the new value is assigned to the corresponding
variable vnt , pre or exp in the processes s2, s3, and s4, respectively. The variable newvalue
indicates that the state of some latch was changed. Finally, the variables manual and
undefined indicate that the source has reached a state where it is in manual mode or for
which the behavior is undefined.

The core process repetitively checks its state and performs the corresponding actions.
As an example let us consider the case if the source is in its active state, which is the part
of s1 shown in Figure 3.31. In this case the guard src state = 3 is true and the process
makes an undelayable internal action (skip). After that the process checks if there is an
error and, depending on the severity of the error, it takes certain actions to prevent further
problems. If error = 5, the source performs a delay for 60 time units (∆60) and then
switches to manual mode (manual := true). The delay of 60 time units models the time
which is needed to process the error. If error = 4, the source immediately switches to
manual mode.

If there is no severe error (error < 4), the source process performs an internal action
(skip). Subsequently, it checks if any of the latch values has been changed, indicated by the
variable newvalue. If newvalue is true, it is reset to false without a delay and the process
continues. If the newvalue guard is false, the process waits until it becomes true (i.e. until
a new value is received via one of the latches).

Subsequently, the current states of all four latches are checked. If vnt = true (vacuum
system is vented), the variable error is set to the highest error level 5, since the source
is still in its active state. Otherwise, if pre and exp are true, the state of the source is
switched to 4, the exposure state. If pre is false and exp is true, the behavior is undefined,
undefined := true. If pre is true and exp is false, the process performs an internal action
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1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22

Ms = (∗( src state = 1 → . . .
[] src state = 2 → . . .
[] src state = 3 → skip

; ( error = 5 → skip; ∆60; manual := true
[] error = 4 → manual := true
[] error < 4 → skip

; newvalue → newvalue := false
; ( vnt → error := 5

[] ¬vnt ∧ pre ∧ exp → src state := 4
[] ¬vnt ∧ ¬pre ∧ exp → undefined := true
[] ¬vnt ∧ pre ∧ ¬exp → skip
[] ¬vnt ∧ ¬pre ∧ ¬exp → ∆60

; src state := 2
; active !! false

)
)

[] src state = 4 → . . .
)

‖ ∗(vented ?? vnt ; newvalue := true)
‖ ∗(pre vacuum ?? pre ; newvalue := true)
‖ ∗(expose ?? exp ; newvalue := true)
)

Figure 3.31: Part of the source model Ms in χ
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skip and remains in the active state. If both pre and exp are false, the process delays for
60 time units, modeling the tasks needed to go back to the prepared state (src state := 2).
After that the source process s1 deactivates the ‘active’ latch channel to v3 of the vacuum
system. This is modeled by sending the value false via the channel active (active !! false).

The vacuum system component Cv is modeled as a χ process Mv, and consists of three
parallel processes (Figure 3.30). The process v1 is the core process and describes the
internal behavior of the vacuum system, similar to process s1 of Ms.

The process v2 models the interaction with the environment. Receiving requests from
the environment is modeled by communication actions along the channel request . Upon
receiving a new request, v2 decides which actions should be performed, e.g. start a new
sequence or interrupt the current sequence. Accordingly, v2 changes the corresponding
variables shared with v1.

The process v3 models the interaction with the source via the ‘active’ latch. It receives
signals from the source via the channel active and changes its state correspondingly. Similar
to the source model Ms, the state of the latch is modeled by the variable shared with v1.

The environment component Ce is modeled as a χ process Me. It can send a request
to change the state of the vacuum system via the channel request , and receive a reply
via the channel reply (Figure 3.30). For the analysis in the next steps of the case study
we model the environment Me as a generic environment that can be configured to send
requests and receive replies at certain points in time, depending on the analysis technique.
For simulation and testing, specific scenarios with specific delays between the requests will
be used, while for verification, all scenarios (with any possible delay) will be analyzed.

Finally, the system model {Me, Mv, Ms}I is modeled in χ as the parallel composition
of the component processes: (Me ‖ Mv ‖ Ms). The parallel composition synchronizes the
components on time and on communication.

3.4.2.3 Translation to and verification with Uppaal

During simulation (validation) some problems were discovered and solved. That increases
the confidence, but it does not prove the correctness of the model. To check whether the
model behaves correctly in all possible scenarios and to gain more knowledge about the
system, it has to be verified.

Since the original model was created without considering its translation to Uppaal,
it uses some constructs, for which the translation is not defined, such as the modeling
scope operator, process instantiation, delayable send and receive, nested parallelism, and
guarded delay. That means that the model has to be transformed to make it translatable.

The modeling scope operator is a syntactic extension, which is used to declare a scope,
consisting of local variables, local channels, or local recursion definitions. Although in
Uppaal there are global and local scopes, they are not defined formally, and so the mod-
eling scope operator cannot be translated. The same holds for the process instantiation.
To remove these operators from the χ model, all the variables have been lifted to the
global scope and given unique names. After that the local scope operators and the process
instantiations can be safely removed.
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All delayable send and receive process terms (h !en, h ?xn) have been replaced by their
definitions ([h !! en], [h ??xn]). By this, the behavior of the model is not changed.

In the original model, guarded delays were used in the following construct: b → a []
¬b → ∆d, where a ∈ {skip,xn := en}. It can be shown that this process term is bisimilar
to b → a [] ∆d similar to the proofs of the χ properties in [MS06].

The vacuum system process contains a construct of the form p1; (p2; p3 ‖ p4); p5. Since
nested parallelism is not allowed, this part of the model has to be re-written. Here, the
process p2 changes a value of a variable x. As soon as it happens, the process p4 should
perform an undelayable action and terminate. The analysis of the system has shown that
this particular case can be also modeled without usage of the nested parallel operator as
p1; p2; p4; p3; p5.

The case study has shown that the translated subset of χ should be extended with the
translation of modeling scope operator and process instantiation. Since it is not possible
to make a general translation of nested parallelism, guarded delay and real-valued delays,
these constructs have to be avoided while creating a model for verification, otherwise they
have to transformed manually.

After transforming the original χ model, the corresponding translatable model has been
translated automatically to Uppaal automata.

Figure 3.32 shows the generated Uppaal automata for the source, which corresponds
to the partial χ source model Ms of Figure 3.31.

Verification of the generated Uppaal model

The following properties of the resulting Uppaal model have been verified:

(1) Deadlock freeness: A[] deadlock imply env.end, where env.end denotes the location of
the environment automaton that indicates successful termination.

(2) Livelock freeness: A<> env.end. The system model is created in such way that the
vacuum system and the source components get requests from the environment com-
ponent; when all requests are processed and confirmation is received, the environment
process terminates. Based on this we can state that if the environment automaton
reaches its end state, there is no livelock in the system.

(3) No undefined behavior: A[] undefined == 0. While modeling we discovered that
in some particular situations the system behavior was unknown, since it can never
occur. These situations were modeled by assigning a non-zero value to the variable
undefined (Figure 3.31, line 10).

(4) No errors: A[] error == 0, where error is the variable indicating the error severity
level of the source (error > 0), or the absence of an error (error == 0).

(5) Vacuum system may not be vented while source is active to avoid machine damage:
A[] not (vnt and act), where the variables vnt and act indicate the vented state of the
vacuum system and the active state of the source, respectively.
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Figure 3.32: Generated Uppaal automata for the source

(6) The duration of the vacuum and vacuum sequences is at most 6 hours and 1 hour,
respectively: A[] vacuum imply clk ≤ 21600 and A[] venting imply clk ≤ 3600, where
the variables vacuum and vented indicate which sequence is being performed, and
clk is a clock variable used to determine the duration of the performed sequence (in
seconds).

The translated model has been verified in Uppaal using the following options: gener-
ation of the fastest trace, breadth first search order, conservative space optimization, and
state space representation uses minimal constraint systems. The biggest number of states
(20510) was explored while verifying the first property.

During verification of properties 1 and 2, two design errors have been found. Both
errors are causing deadlock and concern non-determinism in the interleaving of the main
process and the interrupt handling process of the vacuum system (v1 and v2 in Figure 3.30,
respectively). The way to handle this non-determinism in general has not been specified in
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the design documentation, and model verification has indicated this design incompleteness.
After informing the involved engineers, an alternative design for the interrupt handling
process has been proposed.

This alternative design has also been applied to the χ model (and subsequently trans-
lated to Uppaal). Besides this general issue, another deadlock occurred in the specific
situation where the interrupt request was sent exactly at the start of the sequence. Again,
this indicated an incompleteness in the design documentation, which did not mention the
assumption that an interrupt could only occur after the start of a sequence. With the
alternative design for the interrupt handling process, and after restricting the test environ-
ment such that interrupts can only occur after the start of a sequence, the model satisfies
both properties 1 and 2.

Property 3 is satisfied by the model, indicating that the engineers were correct when
they claimed that the undefined behavior parts would never be reached. Verification of
property 4 detected the same design error as found by simulation (incorrect behavior in
the venting sequence, resulting in an error level larger than zero). Finally, two minor errors
have been discovered by verification of property 4 and 5, one modeling mistake and one
mistake in the manual transformation from the original χ model to the translatable χ
model.

To verify the property 6, a method similar to the decoration method described in [LPY01]
was used. We added the boolean variables vacuum and vented to indicate which sequence
is being performed and a clock clk to determine the duration of a sequence. Whenever the
environment sends a request to the vacuum system to start a sequence, the corresponding
variable is set to true and the clk is reset. When the sequence is finished, the vacuum
system sends a reply back to the environment and both variables are set to false. No new
edges, locations, invariants or guards were added. It can be shown that the behavior of
the system was not changed. The properties A[] vacuum imply clk ≤ 21600 and A[] venting
imply clk ≤ 3600 are both satisfied.

All design errors found with simulation and verification have been discussed with the
ASML engineers, and subsequently fixes have been applied to the design and, correspond-
ingly, to the model in order to avoid these errors. The fixed model has been verified again
and now all properties as described above are satisfied by the model. For the fixed model
the biggest number of states (9961) was explored while verifying the first property. The
difference in state space size between the original model (20510 states) and the fixed model
(9961 states) is partially caused by the fixes applied to the model, and partially by making
use of an improved version of Uppaal. Uppaal 3.6 beta was used for the original model,
and Uppaal 4.0.2 was used for the fixed model.

The verification results of the fixed model give enough confidence that the model is
a correct representation of the system design, making it suitable for model-based system
testing.
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3.5 Conclusions

One of the objectives of this thesis was to combine performance and functional analysis
of timed discrete event systems, particularly in χ environment, as well as to investigate
formal methods that allow to create a correct and executable controller.

By creating a translation scheme from χ to Uppaal timed automata, we provide a
subset of χ models with the possibility to be verified by Uppaal model checker. The
subset includes following process terms: skip, multiple assignment, communication actions
send and receive, deadlock, inconsistent process term, delay and delay enabling operator,
repetition, sequential and alternative composition.

We were not able to translate a guarded delay, b → ∆d. The main problem here is the
time behavior. For instance, if b is false, the process term b → ∆d delays till b becomes
true, disregarding the time behavior of ∆d. That means, that if first the guard b is true, the
process term b → ∆d starts delaying. If after t time units, t < d, the guard becomes false,
the process term b→ ∆(d− t) delays till b becomes true disregarding the time behavior of
∆(d− t). Then, if b is true, it continues to delay as ∆(d− t).

Nevertheless, many of the χ guarded process terms can be translated using the de-
scribed informal translation, as well as using the properties of χ operators given in [MS06].
For instance, the non-translated guarded sequential composition b → (p; q) may become
translatable after re-writing it as (b → p); q. An informal (not formally proved) transla-
tion is defined for the following process terms: guarded skip, guarded multi-assignment,
guarded delayable send, guarded delayable receive, and guarded repetition.

Furthermore, although we omit the proofs here, for the given subset of timed χ under
the condition that time does not occur in guard expressions, it can be shown that [b → p]
is bisimilar to b → [p] and b1 → b2 → p is bisimilar to b1 ∧ b2 → p.

The other thing to be considered is that there is no notion of successful termination in
timed automata, i.e. the locations that we name ”final” have no specific meaning in terms of
Uppaal automata. We label them as delayable, and they do not have outgoing edges. The
Uppaal model checker considers a system to be deadlocked if it cannot perform any transi-
tions or it can only delay forever. Thus, to check if there is no deadlocks in the model we give
the final locations of all automata a1, a2, ..., an some identifier, for instance, end and
verify the property A[] a1.end and a2.end and ... and an.end imply no deadlock.

The main limitation of the translation is the impossibility to translate nested paral-
lelism. If a χ model contains a process with nested parallelism, it has to be re-modeled
to be translated and verified by the Uppaal model checker. The re-modeling process not
only takes valuable time and efforts but, during re-modeling, new errors can be introduced.

The translation scheme has been implemented as a part of the χ toolset. The translator
from χ to Uppaal has been used to verify a part of an industrial system (an ASML wafer
scanner). As the result of verification five errors have been eliminated.

The future work includes the proofs for the informal part of the translation, as well as
increasing the subset that can be translated, with for example, the variable scope opera-
tor and the process definition and instantiation mechanism. There is also a necessity of
improving the graphical layout of the translated automata.
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CHAPTER

FOUR

Performance and functional analysis of
synthesized supervisors

In the previous chapter we described one of the approaches that allow to create correct
controllers, which consists in, first, modeling a system consisting of the system under
control and its controller, and then, verifying the model against the given requirements. In
this chapter, we consider another approach. Within this approach, first, the system under
control and its requirements are formally specified, and then, from these specifications a
correct-by-construction controller is derived.

For the correct-by-construction design approach Supervisory Control Theory (SCT)
[Won07] can been used. Given a formal description of the system under control (the
uncontrolled system) and a formal description of the requirements, the theory specifies
how to synthesize a correct supervisor. Both the formal descriptions and the synthesized
controller are specified in an automata formalism. In this chapter, we describe a formal
translation between the automata formalism and χ. The translation has been implemented
by R.R.H. Schiffelers as an extension of the χ toolset. The implementation is done in
Python and it takes a textual description of an automaton and produces a text file with a
χ model. Translation of the obtained supervisor and the system automata enables using
the χ toolset for:

• performance analysis of the controlled system by means of simulation,

• real-time control of the system using the synthesized supervisor, and

• verification of the controlled system using, for example, Uppaal.

This chapter is organized as follows. The automata formalism is defined in Section 4.1.
The translation of automata to χ is given in Section 4.2. A case study regarding the paint
factory mock-up is given in Section 4.3.

4.1 Description of χ subset and automata

The SCT allows to define a system and its requirements as automata and, then, auto-
matically derive its supervisor that fulfills all requirements. In this chapter we define the
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translation scheme from automata to χ and prove its correctness. As an example, we show
the translation of a paint factory.

4.1.1 χ Subset

Since automata do not have time or variables, we will only need a subset of χ process
terms, which includes a special form of the action predicate, recursive variables, sequential
and alternative compositions, and the recursion scope operator. The set of χ process terms
p ∈ P used in the translation is defined by following grammar:

p ::= ∅ : true À l | l !! | l ?? | X | p; p | p [] p | ∂A(p) | |[R R‘|’p ]|

4.1.2 Automata

Definition 4.1.1 An automaton G is a tuple 〈Q, Σ, η, q0, Qm〉, where Q = {q0, q1, . . . , qn}
is a set of states, Σ is a finite alphabet of symbols that we refer to as labels, η : Q×Σ→ Q
is a (partial) transition function, q0 is the initial state, and Qm ⊆ Q is a set of marked
states.

We will now define the parallel composition of two automata.

Definition 4.1.2 Let G1 = 〈Q1,Σ1, η1, q1
0, Q

1
m〉 and G2 = 〈Q2,Σ2, η2, q2

0, Q
2
m〉 be automata

and Σc = Σ1 ∩ Σ2 denote a set of common events. Then, the parallel composition of
automata G1 ‖G2 is a tuple Ac(〈Q1×Q2,Σ1∪Σ2, η, 〈q1

0, q
2
0〉,Q1

m×Q2
m〉), where the function

Ac removes all unreachable states and transitions attached to them, and η : (Q1 × Q2) ×
(Σ1 ∪ Σ2) → (Q1 ×Q2) is defined as follows.

η(〈q1, q2〉, l) =





〈q1′ , q2′〉 if l ∈ Σc ∧ η1(q1, l) = q1′ ∧ η2(q2, l) = q2′

〈q1′ , q2〉 if l /∈ Σc ∧ η1(q1, l) = q1′

〈q1, q2′〉 if l /∈ Σc ∧ η2(q2, l) = q2′

undefined otherwise

The result of the parallel composition of automata G1 and G2 contains only accessible
(reachable) states. In [CL99] it is stated that the removal of inaccessible states does not
influence both the generated and marked languages. The function Ac removes unreachable
states.

4.2 Translation from automata to χ

In this section, we first define the translation of a single automaton and, then, of a parallel
composition of automata.
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4.2.1 Translation of a single automaton

According to the definition 4.1.1, some states in Q may have no outgoing transitions (the
function η is partial). We can translate these special, final, states in such way that they
will correspond to the successful termination states in a χ transition system.

Furthermore, for each automaton G we will need the sets of send Σ! ⊆ Σ and receive
Σ? ⊆ Σ labels to translate communication in parallel composition (Section 4.2.2). In the
automata there is no data and no send or receive actions, instead, two automata synchronize
if their current states have outgoing transitions with the same label. To translate such
synchronization to χ we need to choose, which process will be a sender and which one will
be a receiver. This choice has to be done by a modeler.

Let G = 〈Q, Σ, η, q0, Qm〉 be an automaton and Qη ⊆ Q denote the domain of the
function η, Qη = dom(η), q0 ∈ Qη. Moreover, let Σ! ⊆ Σ be set of send labels and Σ? ⊆ Σ
be set of receive labels, Σ! ∩ Σ? = ∅.

Then, the translation function TW translates a graph G into a χ model: TW(G,Σ!,Σ?) =
〈|[R ,q:q∈Qη q 7→ r | q0 ]|, σ, E〉, where

• dom(σ) = ∅, since there is no variables in automata, and E = ∅, since there is no
jumping variables, channels and recursive definitions.

• ,q:q∈Qη q 7→ r denotes the comma separated list of the recursion definitions obtained
by translating each state q ∈ Qη to a χ recursion variable q.

• r = TR(l1, q
′
1) [] . . . [] TR(ln, q′n), where l1, . . . , ln ∈ Σ, q′1, . . . , q

′
n ∈ Q and η(q, l1) =

q′1, . . . , η(q, ln) = q′n. Moreover, @l ∈ Σ, q′ ∈ Q : η(q, l) = q′ ∧ l /∈ {l1, . . . , ln} ∧ q′ /∈
{q′1, . . . , q′n}.

The function TR : Σ×Q → P is defined as follows.
If there exists l1, . . . , ln ∈ Σ and q′1, . . . , q

′
2 ∈ Q such that η(q, l1) = q′1, . . . , η(q, ln) = q′n,

then

TR(l, q′) =

{
r′ if q′ /∈ Qη

r′ ; q′ if q′ ∈ Qη
, where

r′ =




∅ : true À l if l /∈ (Σ! ∪ Σ?)
l !! if l ∈ Σ!

l ?? if l ∈ Σ?

So, each state q that has at least one outgoing transition is translated to a recursion
variable q. Then, each transition is translated as an atomic process term: action predicate
(∅ : trueÀ l), send (l !!) or receive (l ??). Furthermore, each transition that leads to a state
q′ with one or more outgoing edges (q′ ∈ Qη) is translated as a sequential composition of
a corresponding atomic process term and q′. Finally, if there is more than one transition
from the same state, these are translated as an alternative composition (r = TR(l1, q

′
1) []

. . . [] TR(ln, q′n)).
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4.2.2 Translation of parallel composition

There are two possibilities to translate parallel composition of automata. The first one is
to obtain an automaton G = G1 ‖ G2 and, then, apply the function TW(G, Σ!, Σ?) as it is
defined in Section 4.2.1. In this case we would not need the sets Σ!, Σ? (Σ1

! = ∅, Σ1
? = ∅,

Σ2
! = ∅, Σ2

? = ∅, Σ! = ∅ and Σ? = ∅) and all transitions will be translated by means of an
action predicate.

The second approach, which is described below, is to translate the individual automata
to χ separately and then create a parallel composition of them. Syntactically the resulting χ
model is smaller and has modular structure. However, the translation is more complicated,
since we need to know the set of common events Σc = {l : l ∈ (Σ1

! ∩ Σ2
?) ∪ (Σ1

? ∩ Σ2
! )}, i.e.

the events, on which the automata G1 and G2 can synchronize.

Tq(G1, G2) = 〈(∂Aia
(TW(G1, Σ1

! , Σ
1
?) ‖ TW(G2, Σ2

! , Σ
2
?)), σ, E〉,

where dom(σ) = ∅, since there is no variables in automata, E = (∅, H, ∅), since, and
Aia = {isa(l, []), ira(l, [], []) : l ∈ Σc}. The action encapsulation operator ∂Aia

(p) restricts the
behavior of p such that the actions a ∈ Aia cannot be executed. In χ isa and ira denote
internal send and receive actions (see A.4) that can be performed independently, without
synchronization.

An arbitrary number of automata can be translated in the same way:

Tq(G1, . . . , Gn, Σc) = 〈(∂Aia
(TW(G1, Σ1

! , Σ
1
?) ‖ . . . ‖ TW(Gn, Σn

! , Σ
n
? )), σ, E〉,

where dom(σ) = ∅, E = ∅, and Aia = {isa(l, []), ira(l, [], []) : l ∈ Σc}, and Σc = {l : l ∈
Σi

! ∩Σj
?, 1 ≤ i, j ≤ n, i 6= j}. Moreover, since the synchronization in χ is pairwise, i.e. only

two processes with matching send and receive actions can synchronize, and in automata
the broadcasting synchronization is allowed, i.e. an arbitrary number of processes can
synchronize on the same label, we have to restrict the set Σc in the following way. For each
l in Σc, such that l ∈ (Σi

! ∩Σj
?), i 6= j, there exists no k,k 6= i, k 6= j, such that l ∈Σk

! ∨ l ∈Σk
? .

For simplicity we require that all states are unique, i.e. @q : q ∈ Qi ∧ q ∈ Qj ∧ i 6= j.

4.2.3 Correctness of the translation

In this section we first define the relation between an automaton and its χ translation and
prove the correctness of the translation. Then, we will do the same for the translation of
parallel composition.

The transition system of a χ model M is denoted by |[ M ]|. If the transition system
contains a transition it is denoted by `. Since there are no variables in the translated
χ model, the valuation σ and the environment E are always the same, dom(σ) = ∅ and
E = ∅.

The intuition of a χ action transition 〈p, σ, E〉 σ,a,σ′−−−→ 〈p′, σ′, E ′〉 is that the process
〈p, σ, E〉 executes the discrete action a ∈ A with valuations σ and σ′ and thereby trans-
forms into the process 〈p′, σ′,E ′〉, where σ′ and E ′ denote the accompanying valuation and
environment of the process term p′, respectively, after the discrete action a is executed.
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The intuition of a χ (termination) transition 〈p,σ,E〉 σ,a,σ′−−−→〈X,σ′,E ′〉 is that the process
〈p, σ, E〉 executes the discrete action a with valuations σ and σ′ and thereby transforms
into the terminated process 〈X, σ′, E ′〉.

The detailed description of χ transition system is given in the Appendix A.
Furthermore, automata have no notion of time as well as variables, guards, invariants,

and in the χ subset used for the translation there are no delay operators, guards, etc.
Thus, the translated χ model has no time behavior and is always consistent. The proofs
of the consistency are trivial, so we omit them here.

Moreover, the marked states set Qm is only needed for deriving a controller and has no
influence on the behavior of the automata.

4.2.4 Correctness of TW

The correspondence between an automaton and its χ translation is defined as follows.

Definition 4.2.1 Let G = 〈Q, Σ, η, q0, Qm〉 be an automaton, where Q = {q0, q1, . . . , qn},
and let TW(G, Σ!, Σ?) = 〈|[R ,q:q∈Qη q 7→ r | q0 ]|, σ, E〉 denote a translated χ model, and
Qη = dom(η). Then,

(1) The initial states q0 and 〈|[R ,q:q∈Qη q 7→ r | q0 ]|, σ, E〉, are corresponding.

(2) The intermediate states qi ∈ Qη and 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 are corresponding
(qi 6= q0).

(3) The final states qj /∈ Qη and 〈X, σ, E〉 are corresponding.

(4) There are no other corresponding states.

Note that the set Qη ⊆ Q of the automaton G contains only the states with outgoing
transitions.

The next theorem proves that for each state and transition in an automaton there are
corresponding states and transitions in the transition system of the translated χ model,
and vice verse.

Theorem 4.2.1 Let G = 〈Q,Σ, η, q0,Qm〉 be an automaton, qi, qj ∈ Q be states, and l ∈ Σ
be a label. Let TW(G, Σ!, Σ?) denote a translated χ model, and qi, qj be closed process
terms (recursion variables), defined in TW(G, Σ!, Σ?). Then, let σ be a valuation, E be an
environment, and the states qi and 〈qi, σ, E〉 be corresponding states. Then,

Lemma 4.2.1.1

η(qi, l) = qj ∧ qj /∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇔
|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉

and the states qj and 〈X, σ, E〉 are corresponding.
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Lemma 4.2.1.2

η(qi, l) = qj ∧ qj ∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇔
|[ TW(G, Σ!, Σ?) ]| `〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→

〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉
and the states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding.

Lemma 4.2.1.3

η(qi, l) = qj ∧ qj /∈ Qη ∧ l ∈ Σ! ⇔
|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,isa(l,[]),σ−−−−−−→ 〈X, σ, E〉

and the states qj and 〈X, σ, E〉 are corresponding.

Lemma 4.2.1.4

η(qi, l) = qj ∧ qj ∈ Qη ∧ l ∈ Σ! ⇔
|[ TW(G, Σ!, Σ?) ]| `〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,isa(l,[]),σ−−−−−−→

〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉
and the states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding.

Lemma 4.2.1.5

η(qi, l) = qj ∧ qj /∈ Qη ∧ l ∈ Σ? ⇔
|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,ira(l,[],{}),σ−−−−−−−→ 〈X, σ, E〉

and the states qj and 〈X, σ, E〉 are corresponding.

Lemma 4.2.1.6

η(qi, l) = qj ∧ qj ∈ Qη ∧ l ∈ Σ? ⇔
|[ TW(G, Σ!, Σ?) ]| `〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,ira(l,[],{}),σ−−−−−−−→

〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉
and the states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding.

Proof. See Appendix C.1 £

The correspondence between a parallel composition of two automata and its χ transla-
tion is defined as follows.

Definition 4.2.2 Let G1 = 〈Q1, Σ1, η1, q1
0, Q

1
m〉 and G2 = 〈Q2, Σ2, η2, q2

0, Q
2
m〉 be the au-

tomata, Q1
η = dom(η1), Q2

η = dom(η2), and q1
0 ∈ Q1

η, q2
0 ∈ Q2

η.
Let G = G1 ‖ G2 denote a parallel composition of the automata, G = 〈Q, Σ, η, q0, Qm〉,

and let Qη denote a set of all intermediate states in G, Qη = {〈q1, q2〉 : 〈q1, q2〉 ∈ Q∧ (q1 ∈
Q1

η ∨ q2 ∈ Q2
η)}.

Furthermore, let Tq(G1, G2) = 〈p, σ, E〉 be a translated χ model. Then,
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(1) The initial states 〈q1
0, q

2
0〉 and 〈p, σ, E〉, where

p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

0 ]| ‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
0 ]|)

are corresponding.

(2) The intermediate states 〈q1
i , q

2
j 〉 ∈ Qη and 〈p, σ, E〉 are corresponding, where

p =





∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]| ‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|) if q1

i ∈ Q1
η, q

2
j ∈ Q2

η

∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|) if q1
i ∈ Q1

η, q
2
j /∈ Q2

η

∂Aia
(|[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|) if q2
j ∈ Q2

η, q
1
i /∈ Q1

η

(3) The final states 〈q1
i , q

2
j 〉 /∈ Qη and 〈X, σ, E〉 are corresponding.

(4) There are no other corresponding states.

This definition can be extended for a parallel composition of n automata in the same
way as it is described in Section 3.3.2.

Following theorem proves that for each state and transition in the parallel composition
of automata there are corresponding states and transitions in transition system of the
translated χ model, and vice verse.

Theorem 4.2.2 Let G1 = 〈Q1, Σ1, η1, q1
0, Q

1
m〉 and G2 = 〈Q2, Σ2, η2, q2

0, Q
2
m〉 be the au-

tomata, Q1
η = dom(η1), Q2

η = dom(η2), and q1
0 ∈ Q1

η, q2
0 ∈ Q2

η.
Let G = G1 ‖ G2 denote a parallel composition of the automata, G = 〈Q, Σ, η, q0, Qm〉,

and let Qη denote a set of all intermediate states in G, Qη = {〈q1, q2〉 : 〈q1, q2〉 ∈ Q∧ (q1 ∈
Q1

η ∨ q2 ∈ Q2
η)}.

Let 〈q1
i , q

2
j 〉 and 〈q1

i′ , q
2
j′〉 be states in Q and l ∈ Σ be a label.

Furthermore, let p and p′ be χ closed process terms, Tq(G1, G2) = 〈p, σ, E〉 denote a
translated χ model, and let the states 〈q1

i , q
2
j 〉 and 〈p, σ, E〉 be corresponding states. Then,

Lemma 4.2.2.1

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l /∈ Σc ⇔

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

Lemma 4.2.2.2

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l /∈ Σc ⇔

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,l,σ−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.
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Lemma 4.2.2.3

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l /∈ Σc ∧ (l ∈ Σ1

! ∨ l ∈ Σ2
! ) ⇔

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,isa(l,[]),σ−−−−−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

Lemma 4.2.2.4

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l /∈ Σc ∧ (l ∈ Σ1

! ∨ l ∈ Σ2
! ) ⇔

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,isa(l,[]),σ−−−−−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

Lemma 4.2.2.5

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l /∈ Σc ∧ (l ∈ Σ1

? ∨ l ∈ Σ2
?) ⇔

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ira(l,[],{}),σ−−−−−−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

Lemma 4.2.2.6

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l /∈ Σc ∧ (l ∈ Σ1

? ∨ l ∈ Σ2
?) ⇔

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,ira(l,[],{}),σ−−−−−−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

Lemma 4.2.2.7

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l ∈ Σc ⇔

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

Lemma 4.2.2.8

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l ∈ Σc ⇔

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

Proof. See Appendix C.2 £
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4.2.5 Translation of a pusher-lift system

As an example of the translation we show the translation of the pusher-lift system, de-
scribed in Section 2.1.4. The pusher-lift system has two components: a lift and a pusher
that is mounted on the lift. The lift can go up and down, and the pusher can extend and
retract. The behaviour of the system should be as follows: a product can be put on the
lift if the pusher is retracted and lift is in its lowest position. Then, the lift goes up. When
the lift is in its highest position, the pusher expands removing the product. After that the
lift goes down.

In Fig. 2.7-2.13, we showed the automata of the pusher-lift system components and the
requirements to the system. From these automata, the supervisor was derived (Fig. 4.2).
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Figure 4.1: Lift automaton
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Figure 4.2: Supervisor automaton

1 encap( lrd0 : [’ira’, ’isa’]
2 , lrd1 : [’ira’, ’isa’]
3 , lwc0 : [’ira’, ’isa’]
4 , lwc1 : [’ira’, ’isa’]
5 , prd0 : [’ira’, ’isa’]
6 , prd1 : [’ira’, ’isa’]
7 , pwc0 : [’ira’, ’isa’]
8 , pwc1 : [’ira’, ’isa’]
9 , p : [’ira’, ’isa’]

10 | |[_R
11 lift0 = lwc0??; lift2
12 | lwc1??; lift1
13 , lift1 = lrd1!!; lift0
14 , lift2 = lrd0!!; lift0
15 :: lift2
16 ]|
17 ||
18 |[_R
19 pusher0 = pwc1??; pusher1
20 | pwc0??; pusher2
21 , pusher1 = prd1!!; pusher0
22 , pusher2 = prd0!!; pusher0
23 :: pusher2
24 ]|
25 ||
26 |[_R
27 ph0 = p??; ph0
28 :: ph0
29 ]|
30 ||
31 |[_R
32 plsup21 = lrd0??; plsup23
33 , plsup20 = prd0??; plsup21
34 | lrd0??; plsup22
35 , plsup23 = p!!; plsup24
36 , plsup22 = prd0??; plsup23
37 , plsup25 = lrd1??; plsup26
38 , plsup24 = lwc1!!; plsup25
39 , plsup27 = prd1??; plsup28
40 , plsup26 = pwc1!!; plsup27
41 , plsup29 = prd0??; plsup211
42 | lwc0!!; plsup20
43 , plsup28 = pwc0!!; plsup29
44 | lwc0!!; plsup210
45 , plsup211 = lwc0!!; plsup21
46 , plsup210 = pwc0!!; plsup20
47 | lrd0??; plsup212
48 , plsup212 = pwc0!!; plsup22
49 :: plsup20
50 ]|
51 )

Figure 4.3: χ model of the pusher-
lift system
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Now, all system components can be translated to χ. The obtained χ model of the
correct-by-construction supervisor can be used, for instance, for real-time control. To
translate the automata to χ we need to define the send and receive sets Σ!, Σ?. Furthermore,
we created the names of the states by concatenating the name of a component with the
state number. The translation scheme defined in this chapter was implemented as a part of
the χ toolset. Using the translator, the system has been translated to χ (Fig. 4.3). There,
the action encapsulation operator encap prohibits internal send and internal receive action
via the channels lrd0, lrd1, lwc0, lwc1, prd0, prd1, pwc0, pwc1, and p (lines 1− 9). The lines
9− 16 represent the translation of the lift automaton, the lines 18− 24 show the translation
of the pusher automaton, the lines 26− 29 represent the product, finally, the lines 31− 50
correspond to the translated supervisor. Let us explain the model by the example of the
lift process (lines 9− 16), where by means of the recursion scope operator three recursion
variables lift0, lift1, and lift2 are defined. At first, the lift process behaves according to
the definition of the recursive variable lift2 (line 14), i.e. the process synchronizes over
the channel lrd0 and then behaves according to the definition of the recursive variable lift0
(lines 11− 12). This means that either the lift process synchronizes over the channel lwc0
and then behaves as lift2 or it synchronizes over the channel lwc1 and then behaves as lift1.
In the latter case, the lift process synchronizes over the channel lrd1 and then behaves
according to the definition of the variable lift2.

4.3 Case Study

4.3.1 System description

The paint factory mock-up [Roo06], see Figure 4.4, was developed in the Systems Engi-
neering Group, TU/e. It is used for demonstration and educational purposes. This is a
rather complex system intended for mixing liquids. The mock-up represents a wide range
of industrial systems, such as a paint mixer, chemical analyzer, or a brewery.

The paint factory consists of

• 9 liquid vessels:

– 3 primary liquid vessels, Pc1, Pc2, Pc3, that are used to store the liquids to be
mixed.

– 3 buffer vessels, B1,B2,B3 to store the ready liquids.

– 1 mixing vessel, M , to mix the primary liquids.

– 1 waste vessel, W

– 1 cleaning liquid vessel, C, to store the cleaning liquid that is used to clean all
other vessels.

• 1 turntable with 12 cups for mixed (ready) liquids, T

• 8 pumps for each vessel except the waste one
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Figure 4.4: Paint factory.
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• 3 motors

• A hardware control unit

• A number of valves, sensors, actuators, injectors, etc.

In general, the system works in following way. Before using any vessel (except the
waste vessel), it should be cleaned. For cleaning, the cleaning liquid is pumped into a
vessel. A sensor is used to determine when the vessel is full. Then, the liquid is drained
into the waste vessel. Depending on the recipe, the primary liquids or their mixtures can
be poured into the cups of the turntable. The mixtures are made in the mixing vessel.
Ready mixtures are stored in the buffers.

4.3.2 System model, represented by automata

In [Ham07], the paint factory (both the system under control and the system requirements)
was modeled by automata, and then its supervisor was derived. To obtain χ model of
the system we used the developed translation scheme, which was implemented by R.R.H.
Schiffelers in Python. The requirements restrict the behavior of the controlled system so
that no invalid action may happen. For instance, when liquid is being drained from the
cleaning vessel to the waste one, then the cleaning vessel pump cannot be switched on.

To derive the supervisor the TTCT tool was used that implements the SCT methods
for derivation of a correct controller. The input of the TTCT tool are the automata, where
all labels are numerical. The derived supervisor consist of approximately 21 000 states, so
we do not show it here. The large number of states of the supervisor automaton is caused
by the fact that its behavior is not restricted by any recipe for mixing liquids. However, the
number of states is already reduced by modeling several actions as a single event wherever
this is possible.

Below we show the requirement specification of the buffer B1 and the models of cleaning
vessel pump Cp and mixing vessel pump Mp.

Fig. 4.5 represents the requirements specification for the buffer B1.
In the buffer specification the transitions labeled with odd numbers correspond to con-

trollable events, and the transitions labeled with even numbers correspond to uncontrollable
events. Initially (state 0), the buffer is empty and dirty. When the pump Cp is switched
on (event 893), it starts to pump the cleaning liquid into B1 (state 1). When the buffer is
full (state 2), this is determined by a buffer sensor (event 894). Then, the liquid should be
drained to the waste vessel (event 873). The state 3 means that the buffer is being drained.
A buffer sensor determines when the buffer is clean and empty (event 873). After that the
buffer is ready for mixing liquids (state 4). In this state the buffer can be cleaned again
(event 893), this action is redundant but still valid, or the mixer vessel pump Mp can start
pumping some mixed liquid to the buffer B1 (event 825). When the pumping liquid from
the mixer vessel to B1 is finished (event 826), mixed liquid can be poured into one of the
cups on the turntable (events 837 and 838). After that, the buffer is back in state 0, empty
and dirty.
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Figure 4.5: Buffer 1 requirements specification

The selfloops in Fig. 4.5 determine, which actions are allowed and which ones are
prohibited in each state. For instance, if the cleaning liquid is being drained from the
buffer B1 (state 3), it is not allowed to start pumping the cleaning or a primary liquids
into it (events 893, 825, respectively).

Fig. 4.6 represents the automaton that models the behavior of the cleaning vessel pump
Cp.

Initially, the pump is switched of (state 0). When the pump is switched on and starting
pumping the cleaning liquid to the buffer B1 (event 893) it goes to the corresponding state
(for the buffer B1 it is the state 2). When the pumping is finished (event 894), the pump
is switched of (state 0). The other states correspond to cleaning the other two buffers,
primary liquids vessels, and the mixing liquid vessel.

The pump of the mixing vessel Mp is modeled in the similar way (Fig. 4.7). Initially,
the pump is switched of. When the pump is switched on and starting pumping the mixture
of liquids to the buffer B1 (event 825) it goes to the state 1. When the pumping is finished
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Figure 4.6: Cleaning vessel pump model Cp
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Figure 4.7: Mixing vessel pump model Mp

(event 826), the pump is switched of (state 0).

4.3.3 Translating the automata to χ

There were two difficulties with translating the automata representing the controlled system
and the supervisor automaton to χ.

First, since the TTCT tool takes as input the automata with only numerical labels, it
was not possible to translate them to χ recursion variables or channels. To overcome this
we relabeled the states and transitions of the automata such that each label becomes a
string. For example, the state 0 of the automaton Mp is relabeled with mp0, and the event
825 is relabeled with e825.

Second, to reduce the number of states in the automata several actions were modeled
a single event wherever it is possible. For instance, switching on the pump of the cleaning
vessel (event 893), actually, means several actions: switch on the pump of the cleaning
vessel Cp, allocate the buffer motor Bm, open the valves of the cleaning vessel Cv 2 and
buffer Bv 4. That means that there are transitions labeled with the event 893 in five
automata: Cp, Bm, Cv 2, Bv 4, and the supervisor. In χ broadcasting is not possible, i.e.
for each communication action there can be only one receive and one send action.

To make the automata model translatable to χ, we have to replace each broadcasting
action of the supervisor by the sequence of events. For example, the transition labeled with
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893 (η(n, 893) = n′) in the supervisor automaton is replaced by the sequence of transitions
cp893, bm893, cv2893, bv4893, i.e. η(n, cp893) = n1, η(n1, bm893) = n2, η(n2, cv2893) =
n3, η(n3, bv4893) = n′. The corresponding transitions 893 in the automata Cp, Bm, Cv 2,
and Bv 4 are relabeled with cp893, bm893, cv2893, bv4893, respectively.

The translated χ models of the automata Cp and Mp are represented in Fig. 4.8 and 4.9,
respectively.

|[_R
cp0 = e889??; cp1

| e897??; cp3
| cp893??; cp2
| e909??; cp5
| e901??; cp4
| e917??; cp7
| e913??; cp6

, cp1 = e890!!; cp0
, cp2 = cp894!!; cp0
, cp3 = e898!!; cp0
, cp4 = e902!!; cp0
, cp5 = e910!!; cp0
, cp6 = e914!!; cp0
, cp7 = e918!!; cp0
:: cp0
]|

Figure 4.8: χ model of the cleaning vessel
pump

|[_R
mp4 = e886!!; mp0

, mp2 = e830!!; mp0
, mp3 = e834!!; mp0
, mp0 = e825??; mp1

| e833??; mp3
| e829??; mp2
| e885??; mp4

, mp1 = e826!!; mp0
:: mp0
]|

Figure 4.9: χ model of the mixing vessel
pump

4.4 Conclusions

Verifying a proposed supervisor is one of the most popular approaches. The disadvantage
is that, first, a supervisor has to be modeled and, then, it is verified and changed if any
error is detected. Supervisory Control Theory provides methods to create supervisors, the
correctness of which is predetermined. In SCT a system under control and its require-
ments are modeled in terms of automata. After that, a correct supervisor is derived. The
derivation process is supported by a toolset named TTCT.

In this chapter, we defined a translation scheme from automata to χ and proved its
correctness. The goal of the translation was twofold:

• Obtain χ models of correct supervisors. Then, the χ toolset can be used to auto-
matically create their executables, as well as to perform further performance and
functional analysis.

• Investigate possibility and complexity of translating SCT formalisms to χ. As the
first step we have chosen to translate the simplest automata. The future work include
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translation of automata with discrete time, as well as state tree structures. State tree
structures are used to cope with state space explosion that appear during derivation
of a supervisor.

From our experience we can say that the translation of a supervisor is reasonably easy.
However, one problem has been encountered while performing a paint factory case study.
The problem appears in case when we need to translate not only a supervisor but also
a system under control. In such case, we might be required to translate one-to-many
synchronization, which is not available in χ. For instance, in the case study a group of
events (a constant sequence of commands sent by supervisor to the system components)
was modeled as a single event. In the case study we were able to (manually) transform
this single event to the corresponding sequence. The future work may include making this
transformation automated.
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CHAPTER

FIVE

Static Analysis

The main obstacle of applying verification in industry is the state space explosion. Being
aware of that, we wanted to investigate how we can reduce the state space of the discrete-
event timed systems. For this reason we decided to adapt a path reduction method [YG04]
(for untimed systems) to timed systems.

The path reduction method belongs to the group of the static analysis methods that
aim to reduce the state space of a system before the actual state space generation vary
from static partial-order reduction [KLM+98] and slicing techniques [Tip95, HH01, Rus02]
to path and dead variables reduction. Most of these methods has been developed for
(untimed) software systems.

In the path reduction method, first, a set of control flow graphs representing each
sequential process of a model is created. Then, based on the property to be verified,
the control flow graphs are reduced. After that, from the reduced control flow graph the
(reduced) transition system is created. This transition system can be fed into a model
checker to verify the property.

Since there is no verifier in the χ toolset, in our method we translate the reduced
control flow graphs back into a (reduced) χ model. Thus, our path reduction method for
timed systems consists of the following steps. First, we create control flow graphs for each
sequential process in the χ model. Then, the resulting control flow graphs are reduced
based on the property to be verified. As a result of this step, the reduced control flow
graphs of each sequential process in the χ model are created. Finally, from the reduced
control flow graphs the (reduced) χ model is created. The path reduction method for timed
systems was implemented by Albert Hofkamp in Python and it can be used to reduce χ
models before translating and verifying them with Uppaal.

The chapter is organized as follows. In Section 5.1, a short description of the original
method is given. In Section 5.2, the path reduction method is defined for the untimed
subset of χ models. The path reduction method for timed χ models is given in Section 5.3.
Both sections have the following structure. First, we describe how control flow graphs are
created from a χ model. Then, we describe how a χ model is obtained from the control flow
graphs. After that The latter method is illustrated by means of a case study in Section 5.5.
Conclusions are drawn in Section 5.6.
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5.1 Path reduction method for untimed systems

The path reduction method was developed to reduce semantical models of programs by
means of syntactic analysis [YG04]. In the method, the syntax of programs is represented
by control-flow graphs and the semantics of programs is represented by transition systems.
The reduced transition system is equivalent to the original one with respect to some CTL∗-
X property φ, i.e. a property φ is true in the original transition system if and only if it is
true in the reduced one. CTL∗-X denotes CTL∗ without next operator X.

Given a set of atomic propositions AP, which are boolean expressions over program
variables, a CTL∗-X formula consists of:

• atomic propositions p ∈ AP

• boolean operators ∨,∧,¬
• temporal operators U (until), G (always), F (eventually)

• path quantifiers A (in all paths) and E (there exists a path)

The variables that appear in at least one of expressions p and, thus, can influence the
satisfaction of a formula, are called visible variables.

The method works as follows. First, control flow graphs of each sequential process
in a program are created and their breaking points are defined. Breaking points are the
nodes of the control flow graph that may influence the result of the verification of the
specification (see Section 5.1.2). A path between two breaking points, such that there is
no any other breaking point in it, is called an elementary path. For each elementary path
in a control flow graph a reachability condition and a state transformation function are
calculated. This allows to distinguish paths that do not influence the verification result of
the given CTL∗-X specification, and compress them. As the result of this step, for each
control flow graph a reduced transition system is obtained. The reduced transition system
of a program is a Cartesian product of the reduced transition systems of all sequential
processes (interleaving model with handshaking synchronization). In [YG04] it is shown
that the reduced transition system is stuttering equivalent to the original one with respect
to the CTL∗-X specification language.

Below we shortly describe the path reduction method starting with defining program
specification.

In [YG04], a language to specify programs is defined. A program is a parallel compo-
sition of sequential processes.

A sequential process P is specified as follows.
P ::= skip | x := expr | x := {expr 1, . . . , exprm}

| send(proc name, expr) | receive(proc name, x )
| if b then P1 else P2 fi | while b do P1 od
| P1 ; P2,

where x is a program variable, expr and expr i (1≤ i≤m) are expressions over program
variables and b is a boolean condition. The statement x := {expr 1, . . . , exprm} denotes a
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non-deterministic assignment, i.e. the assignment, after which x has the value of one of
the expressions expr 1, . . . , exprm.

A program is a parallel composition P = P1 ‖ . . . ‖ Pn of sequential processes. Further-
more, each sequential process has a set of local variables and cannot observe local variables
of other processes.

In the communication statements send and receive, proc name is the name of the
process to communicate to, x is a local variable, and expr is an expression over local
variables.

5.1.1 Control Flow Graphs

Control flow graphs are used to capture the syntactic structure of a program. The size of
a control flow graph is proportional to the number of code lines of a program.

A path ρ in a graph is an alternating sequence of nodes and edges, beginning and ending
with a node, in which each node is incident to the two edges that precede and follow it in
the sequence. A path is closed if its first and last nodes are the same, and open if they are
different. A closed path is also named a cycle. An open path is simple if none of its nodes
(and, thus, its edges) are repeated; a cycle is simple if none of its edges are repeated and
only its first and last nodes are repeated.

The length of a path lρ is the number of edges in it. We denote with ρn,f a path from
the node n to the node f .

A subgraph of a graph G is a graph whose vertex and edge sets are subsets of those of
G. If a subgraph contains an edge e, than it also contains nodes incident to e. We shall
say: a node is shared by the subgraphs G1 and G2 if it belongs both to the set of nodes of
G1 and to the set of nodes of G2.

Given an edge e between nodes n and n′, which is directed from n to n′, we will name
the node n a source node and the node n′ a sink node of the edge e.

The control-flow graph GP of a sequential process P is a tuple GP = 〈N, E〉, where N
is a set of nodes and E is a set of edges. Each node represents a program statement and
is labeled with the program counter location.

For each program statement a node of the control flow graph is created according to
the following rules.

• skip, simple assignment, send and receive statements are represented by a node with
single outgoing edge that leads to the next statement node.

• Non-deterministic assignment x := {expr 1, . . . , exprm} is represented by a node with
m outgoing edges that lead to the next statement node. The edges are labeled with
expr i.

• The if -node of the statement if b then P1 else P2 fi is labeled by the boolean expression
b and has two outgoing edges: the edge labeled with true leads to the first node of
P1 statement, and the edge labeled with false leads to the first node of P2 statement.

89



Chapter 5. Static Analysis

• The while-node of the statement while b do P1 od is labeled with boolean expression
b and has two outgoing edges: the edge labeled with true leads to the first node of
P1 statement and the edge labeled with false leads to the first node of a statement
after the while construct.

• There is an additional end node that represents the termination point of a process.

The semantics of a program is described by means of transition system. Let AP be a
set of atomic propositions, which are boolean expressions over program variables. Then, a
transition system is a tuple 〈S, S0,Tr , L〉, where

• S is a set of states1,

• S0 ⊆ S is a set of initial states,

• Tr is a set of transitions2 such that for each t ∈ Tr , t ⊆ S × S,

• L : S → P(AP) is a labeling function which associates each state with the set of
atomic propositions true in that state.

A transition system ts(GP) of a control flow graph GP = 〈N,E〉 is a tuple 〈S,S0,Tr ,L〉,
where

• The set of states S = N × Σ , where Σ is a set of all valuations of the program
variables.

• The set of the initial states S0 = {n0} × Σ , where n0 is the node at the root of the
control flow graph.

• Every edge from a node n to a node n′, n,n′ ∈N is translated into a transition t ∈ Tr
reflecting the semantics of the statement associated with n as follows.

Let l be a label (program counter location) of a node n, and l′ be a label of a node
n′, then:

– If node n of a control flow graph corresponds to an assignment x := e, then
there is a transition 〈〈l, σ〉, 〈l′, σ′〉〉 ∈ Tr , such that σ′(x) = e, and the values of
all other program variables stay unchanged.

– If node n of a control flow graph corresponds to a non-deterministic assignment
x := {e1, . . . , em}, and the edge 〈n,n′〉 is labeled with ei, then there is a transition
〈〈l, σ〉, 〈l′, σ′〉〉 ∈ Tr , such that σ′(x) = ei, and the values of all other program
variables stay unchanged.

1For the purpose of model checking the set S must be finite.
2For the purpose of model checking the set Tr must be finite.
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– If node n of a control flow graph is an if - or while-node labeled with the boolean
expression b, and the edge 〈n, n′〉 is labeled with true, then there is a transition
〈〈l, σ〉, 〈l′, σ〉〉 ∈ Tr if b is satisfied in σ. If the edge 〈n, n′〉 is labeled with false,
then there is a transition 〈〈l, σ〉, 〈l′, σ〉〉 ∈ Tr if ¬b is satisfied in σ.

• The labeling function L specifies which atomic propositions are satisfied in the state
〈l, σ〉: for every p ∈ AP , p ∈ L(〈l, σ〉) if and only if σ |= p.

The reduced transition system of a program, which is a parallel composition of several
sequential processes is a Cartesian product of the reduced transition systems of all sequen-
tial processes. The reduced transition system rts(GP) of a sequential process P is created
directly from the control flow graph GP.

5.1.2 Breaking points and elementary paths

The set of the breaking points BP ⊆ N consists of all nodes n of the control flow graph
GP for which one of the following holds:

• n is the initial or end node. The end node here is an additional node that is used to
denote a successful termination,

• n is associated with the program location of an assignment that changes a visible
variable,

• n is associated with the program location of a non-deterministic assignment,

• n is a head of a while statement.

A path between two breaking points, such that there is no any other breaking point in
it, is called an elementary path.

5.1.3 Reachability condition and state transformation function

The path reduction method allows to obtain a reduced transition system rts(GP) of a
control flow graph GP, such that the set of states of the reduced transition system rts(GP)
is BP × Σ . Furthermore, each path 〈〈l1, σ1〉, 〈l2, σ2〉〉, . . . , 〈〈lm−1, σm−1〉, 〈lm, σm〉〉 in the
transition system of GP, which corresponds to the elementary path τ = n1, . . . , nm in GP,
is reduced to a single transition 〈〈l1, σ1〉, 〈lm, σm〉〉 in rts(GP).

To achieve this, for each elementary path τ the reachability condition Rτ : Σ→{true, false}
and state transformation function Tτ : Σ→Σ are defined. The reachability condition Rτ (x)
shows the condition on the variables in the beginning of the elementary path τ , which al-
lows the traversal of this path, and the state transformation function describes the values
of the variables after τ is traversed.

The reachability condition and the state transformation function are computed syntac-
tically in the following way. Let n1, . . . , nm be an elementary (finite) path. Rk

τ and T k
τ of

the part of the path nk, . . . , nm are defined inductively on k from k = m to 1. The vector
x is the vector of program variables.
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l0 : x := {0, 1, 2};
l1 : if x > y then
l2 : y := y + z;

else
l3 : x := x + z;

fi
l4 :

� �

� �

� �

� � � �

� � �

	 
 � �  � � � �� � �

Figure 5.1: Path reduction example

Induction basis (k = m)

Rm
τ (x) = true Tm

τ (x) = x

Induction step (1 ≤ k < m)

skip Rk
τ = Rk+1

τ T k
τ = T k+1

τ

y := expr Rk
τ = Rk+1

τ [y ← expr ]1 T k
τ = T k+1

τ [y ← expr ]
y := {expr 1, . . . , expr l} Rk

τ = Rk+1
τ [y ← expr i]

2 T k
τ = T k+1

τ [y ← expr i]
Positive test3 Rk

τ = Rk+1
τ ∧B T k

τ = T k+1
τ

Negative test4 Rk
τ = Rk+1

τ ∧ ¬B T k
τ = T k+1

τ

1[x ← expr ] denotes that x is replaced by expr .
2expr i is a label on the edge traversed by τ .
3nk is if - or while-node and the traversed edge from nk to nk+1 is labeled with true.
4nk is if - or while-node and the traversed edge from nk to nk+1 is labeled with false.

The reachability condition and state transformation function of the path τ = n1, . . . , nm

are Rτ = R1
τ , Tτ = T 1

τ . Note, that they do not depend on the statement at the node nm.

In the reduced transition system for each elementary path there is a single transition,
such that the valuation in the source state of the transition satisfies its reachability condi-
tion and the valuation in the sink state of the transition is determined by its transformation
function.

In Fig. 5.1, an example of a program (from [YG04]) is depicted. Reachability condition
Rτ and transformation function Tτ for the path τ = l0 → l1 → l2 → l4 are calculated as
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follows.

R4
τ (x, y, z) = true T 4

τ (x, y, z) = (x, y, z)
R3

τ (x, y, z) = true[y ← y + z] = true T 3
τ (x, y, z) = (x, y, z)[y ← y + z] = (x, y + z, z)

R2
τ (x, y, z) = true ∧ (x > y) = (x > y) T 2

τ (x, y, z) = T 3
τ (x, y, z) = (x, y + z, z)

R1
τ (x, y, z) = (x > y)[x ← 1] = 1 > y T 1

τ (x, y, z) = (x, y + z, z)[x ← 1] = (1, y + z, z)

This means that the location l4 is reachable from the location l0 via the path τ if y < 1,
and in the location l0 x = 1, y = y + z, and the value of z stays unchanged.

5.2 Reduction method for untimed Chi Subset

The setM of χ models consists of models M ∈M, where M is of the form 〈∂Aia
(υH(p)),σ,E〉,

p ∈ P is a χ process term, σ is a valuation. The environment E is a tuple (J, R), where
J is a set of jumping variables, and R denotes a set of recursive process definitions. We
require all channels be urgent and restrict the environment in the following way:

• The set of the jumping variables is empty.

• There are no recursion definitions.

Formally, the set P consists of process terms p, where p is defined by:

p ::= q | p ‖ p

The set Q of process terms q ∈ Q consists of the following process terms: skip, multi-
assignment xn := en, send h !! en and receive h ??xn, where xn and en denote the vectors
(x1 , . . . ,xn) and (e1 , . . . ,en), guard operator b→ q, repetition ∗q, guarded repetition b

∗→ q,
sequential composition q1 ; q2, and alternative composition q1 [] q2. The set Q is formally
defined by:

q ::= skip | xn := en | b → q | b
∗→ q |

∗q | q ; q | q [] q | h !! en | h ??xn

Note, that we do not allow the variable time in guards.

5.2.1 Control flow graph

We denote a set of control flow graphs as G. A control flow graph is a tuple G =
〈N, E, L, I, nf〉, where

• N is a set of nodes.

• nf denotes a final node, nf ∈ N ∪ {‡}, where ‡ denotes an ”empty” final node. The
final node is auxiliary, and in each control flow graph there can be exactly one or no
final nodes. The final node has no outgoing edges.
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• E ⊆ (N \ {nf})×B×N is the set of edges, B = {true, false, ε} is a set of edge labels,
ε denotes an ”empty” label.

• L : N → A ∪ B is a function that assigns a label a ∈ (A ∪ B) to each node. A =
{ε, skip, xn := en}, where ε denotes an ”empty” label, and B is a set of boolean
expressions.

• I ⊆ N is a set of initial nodes.

In the original control flow graph definition, the nodes N were implicitly labeled with
program counter locations of the statements they represent, we did not use program counter
locations, adding, instead, the labeling function L that labels nodes with the statements
they represent.

5.2.2 Creating control flow graphs from a χ model

In the sequel we use the notation described in the Section 3.3.1. For convenience we repeat
it here. The restriction of a function f : A → B to C ⊆ A is denoted by f ¹ C. If f and
g are functions and dom(f) ∩ dom(g) = ∅, then f ∪ g denotes function h with the domain
dom(h) = dom(f)∪dom(g), where h(c) = f(c) if c ∈ dom(f), and h(c) = g(c) if c ∈ dom(g).

Furthermore, we will need two more auxiliary functions that are defined for arbitrary
sets of nodes N and edges E . The function fLT (LT stands for lead to) for a given set
of edges E ⊆ E and a node n ⊆ N returns a set of edges E ′ ⊆ E that contains all edges
leading to a node n ∈ N , E ′ ⊆ E. The function fLT : P(E) × N → P(E) is defined by
fLT(E,n) = {〈m,b, l〉 | 〈m,b, l〉 ∈E, l = n}. For instance, fLT({〈n1, b1,n

′
1〉, 〈n2, b2,n

′
2〉},n′2) =

{〈n2, b2, n
′
2〉}.

The function fRD (RD stands for redirect) for a given set of edges E ⊆ E and set
of nodes N ⊆ N returns a set of edges E ′ ⊆ E , such that for each edge 〈n, b, m〉 ∈ E
there exists an edge 〈n, b, l〉 ∈ E ′, l ∈ N . The function fRD : P(E) × P(N ) → P(E) is
defined by fRD(E, N) = {〈m, b, l〉 | ∃〈m, b, n〉 ∈ E, l ∈ N}. For instance, fRD({〈n1, b1, n

′
1〉,

〈n2, b2, n
′
2〉},{l1, l2}) = {〈n1, b1, l1〉, 〈n1, b1, l2〉, 〈n2, b2, l1〉, 〈n2, b2, l2〉}.

A control flow graphs G1,G2, . . . ,Gm of a χ model M = 〈∂Aia
(υH(q1 ‖ q2 ‖ . . . ‖ qm)),σ,E〉

are obtained by means of two functions: F : M → P(G) × Σ × P(N ) and Fq : Q →
G× P(N ).

Let M = 〈∂Aia
(υH(q1 ‖ q2 ‖ . . . ‖ qm)), σ, E〉 be a model, then,

F(M) = 〈{G1, G2, . . . , Gm}, σ, BP g〉,

where Gi and BP g are obtained by means of function Fq(q) = 〈Gi,BP i〉, BP g =
⋃

1≤i≤m BP i.
BP i is a set of nodes of the graph Gi, BP i ⊆ Ni that is used to create a set of breaking
points.

The function Fq(q)is defined inductively as follows.
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Control flow graphs of skip, multi-assignment, send and receive process
terms

Control flow graphs Fq of skip, multi-assignment, send and receive process terms differ
only in labeling function L (Fig. 5.2):

Fq(qA) = 〈〈{n0, n1}, {〈n0, ε, n1〉}, L, {n0}, n1〉,BP〉,
where

• L(n1) = ε. A label of the node n0 is defined by L(n0) = qA, where qA = skip, xn := yn,
h !!yn, h ??xn.

• If L(n0) is skip or xn := yn, then BP = ∅, otherwise, BP = {n0}.

� � � � �

� � � �

H
H

Figure 5.2: The control flow graphs of the process terms skip, multi-assignment, send or
receive.

In the translation of the operators, the graph that is obtained by translating the process
term q ∈ Q is denoted by Fq(q) = 〈〈N q, Eq, Lq, Iq, nq

f 〉,BP q〉. With b we denote a boolean
expression.

Control flow graph of guard operator

Fq(b → q) = 〈〈N q ∪ {nb}, E, L, {nb}, nq
f 〉,BP q〉,

where

• nb /∈ N q is a new initial node,

• For each n ∈ N q, L(n) = Lq(n), and L(nb) = b,

• The set of edges E = Eq ∪ E ′, where E ′ = {〈nb, true, ni〉 | ni ∈ Iq}.
Let the control flow graph depicted in Fig. 5.3 be a graph obtained from translation of

a process term q. The set of initial nodes contains nodes n1 and n2. The node n3 is the
final one.

Then, the control flow graph corresponding to the process term b → q is depicted in
Fig. 5.4. Here, we added a new initial node n0 and two edges labeled with true. The final
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Figure 5.3: The control flow graph of the process term q
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Figure 5.4: The control flow graph of the process term b → q

node stays the same, the nodes n1 and n2 are not initial anymore.

Control flow graph of repetition operator

If nq
f = ‡, then

Fq(∗q) = Fq(q)

Otherwise,

Fq(∗q) = 〈〈N q \ {nq
f }, E, L, Iq, ‡〉,BP〉,

where

• E = (Eq ∪ E ′) \ fLT(Eq, nq
f ), where E ′ = fRD(fLT(Eq, nq

f ), I
q),

• L = Lq ¹ (N q \ {nq
f })

• BP = (BP q ∪ Iq) \ {nq
f }.

The control flow graph corresponding to the process term ∗q is depicted in Fig. 5.5 (the
control flow graph of the process term q is depicted in Fig. 5.3).
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Figure 5.5: The control flow graph of the process term ∗q

Here, the initial nodes stay the same, however, there is no final node, and the edges
leading to the final node re-directed to all initial nodes and multiplied.

Control flow graph of guarded repetition process term

Fq(b
∗→ q) = 〈〈N, E, L, {nb}, nf〉,BP〉,

where

• If nq
f = ‡, then

– N = N q ∪ {nb, nf}, nb /∈ N q is a new node, nf /∈ N q is a new final node.

– L(nb) = b, L(nf) = ε, L ¹ N q = Lq.

– The set E = (E ′ ∪ Eq) ∪ {〈nb, false, nf〉}, where E ′ is the set of new edges
E ′ = {〈nb, true, ni〉 | ni ∈ Iq}.

– Furthermore, BP = BP q ∪ {nb}.
• If nq

f 6= ‡, then

– N = (N q ∪ {nb, nf}) \ {nq
f }, nb /∈ N q is a new node, labeled with boolean ex-

pression, nf /∈ N q is a new final node.

– L(nb) = b, L(nf) = ε, L ¹ N q = Lq.

– The set E = ((E ′ ∪ Eq) ∪ {〈nb, false, nf〉}) \ fLT(Eq, nq
f ), where E ′ is the set of

new edges E ′ = {〈nb, true, ni〉 | ni ∈ Iq} ∪ fRD(fLT(Eq, nq
f ), {nb}).
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– Furthermore, BP = BP q ∪ {nb}.

The control flow graph corresponding to the process term b
∗→ p is depicted in Fig. 5.6.

There a new node nb is added, and the ingoing edges of the final node of p are re-directed
and multiplied, so that they become the ingoing edges of nb, and an edge from the node
nb to the new final node, labeled with false is added.

Let the control flow graph depicted in Fig. 5.3 be a graph obtained from translation of
a process term q. The control flow graph of b

∗→ q is shown in Fig. 5.6.
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Figure 5.6: The control flow graph of the process term b
∗→ q

Here, a new initial node n0 is added as in the translation of guard, the edges leading to
the final node are redirected to the node n0, and a new final node n4 is added. The edge
from the initial node n0 to the final node n4 is labeled with false.

Sequential composition

If nq1

f = ‡, then

Fq(q1 ; q2) = Fq(q1).

If nq1

f 6= ‡, then

Fq(q1 ; q2) = 〈〈N, E, L, Iq1 , nf〉,BP〉,
where

• N = (N q1 ∪N q2) \ {nq1

f }.

• nf = nq2

f .

• L = (Lq1 ∪ Lq2) ¹ N .

• Furthermore, BP = BP q1 ∪ BP q2 .

• E = ((Eq1 ∪ Eq2) ∪ fRD(fLT(Eq1 , nq1

f ), Iq2)) \ fLT(Eq1 , nq1

f ).
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The control flow graph corresponding to the process term p; q is shown in Fig. 5.7. The
control flow graph of p is depicted in Fig. 5.4 and the control flow graph of q is depicted in
Fig. 5.2. There, the ingoing edges of the final node of p are re-directed to the initial node
of q. The final node n3 is removed and n0 is the only initial node. Note, that the sets of
nodes of p and q should not intersect. In this case we had to re-label the nodes in q.
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Figure 5.7: The control flow graph of the process term p; q

Control flow graph of alternative composition

Fq(q1 [] q2) = 〈〈N,E, L, I, nf , 〉BP〉,
where I = Iq1 ∪ Iq2 , BP = (BP q1 ∪ BP q2) ∪ I, and

• If nq1

f = ‡ and nq2

f = ‡, then

– nf = ‡.
– N = N q1 ∪N q2 .

– L = Lq1 ∪ Lq2 .

– The set of edges E = Eq1 ∪ Eq2 .

• If nq1

f 6= ‡ or nq2

f 6= ‡, then

– N = ((N q1 ∪N q2)∪ {nf}) \ {nq1

f , nq2
f }, where nf is a new final node, nf /∈ (N q1 ∪

N q2).

– The set of edges E = ((Eq1∪Eq2)∪E ′)\E ′′, where E ′ = fRD(fLT(Eq1 ,nq1
f ),{nf})∪

fRD(fLT(Eq2 , nq2

f ), {nf}), and E ′′ = fLT(Eq1 , nq1

f ) ∪ fLT(Eq2 , nq2

f ).

– L = (Lq1 ∪ Lq2) ¹ N , L(nf) = ε.

The control flow graph corresponding to the process term p [] q, where p and q are
atomics, is depicted in Fig. 5.8. The nodes n1 and n2 are initial, and the node n3 is a new
final node.
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Figure 5.8: The control flow graph of the alternative composition of process terms p and q

5.2.3 Creating a χ model from control flow graphs

While translating a control flow graph into a χ model, the binding strength of the χ
operators has to be taken into account. The binding strength of translated χ operators in
the descending order is: {∗, ∗→ , → }, ; , {[], ‖}, where operators in {} have equal binding
strength. In the path reduction method the parallel processes are reduced independently
by creating and reducing a separate control flow graph for each parallel process.

Given a collection of control flow graphs (obtained from a χ model) G1,G2, . . . ,Gm and
a valuation σ, a χ model M = F−({G1, G2, . . . , Gm}, σ).

F−({G1, G2, . . . , Gm}, σ) = 〈F−
[]

(G1) ‖ F−
[]

(G2) ‖ . . . ‖ F−
[]

(Gm), σ, E〉,

where the environment E = 〈∅, ∅〉, and the function F−
[]

is defined as follows.

Alternative composition
A control flow graph G represents an alternative composition p [] q if it can be divided

into two non-empty subgraphs G1 and G2, such that the graphs G1 and G2 may share only
the final node of G and each initial node of G belongs either to G1 or to G2. In this case,
the graph G′

1 represents p and the graph G′
2 represents q, where G′

1 and G′
2 are obtained

from G1 and G2, respectively, by re-directing all edges leading to the final node of G to a
new final node. If the graph G has no final node, G′

1 = G1 and G′
2 = G2. Note, according

to the χ semantics p [] q ↔ q [] p, and (p [] q) [] r ↔ p [] (q [] r).
The function F−

[]
: G → Q is formally defined as follows.

Let G = 〈N,E, L, I, nf , LBP〉 be a control flow graph.

• If G can be divided into two non-empty subgraphs G1 = 〈N1, E1, L1, I1, nf1〉 and
G2 = 〈N2, E2, L2, I2, nf2〉 such that:

– N1∩N2 = ∅, N1 6= ∅, N2 6= ∅, N1∪N2 = N or N1∩N2 = {nf}, N1∪N2 = N \{nf}
– E1 ∩ E2 = ∅, E1 ∪ E2 = E, E1 6= ∅, E2 6= ∅, and ∀〈n, l, m〉 ∈ E1 : n, m ∈ E1,
∀〈n′, l′,m′〉 ∈ E2 : n′,m′ ∈ E2
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– I1 ∩ I2 = ∅, I1 ∪ I2 = I, I1 6= ∅, I2 6= ∅,
Then,

F−
[]

(G) = F−
[]

(G′
1) [] F−

[]
(G′

2),

where

(1) If nf ∈ N1, nf ∈ N2, then

G′
1 = 〈N ′, E ′, L′, I1, n

′
f〉, G′

2 = 〈N ′′, E ′′, L′′, I2, n
′′
f 〉,

where

– N ′ = (N1 ∪ {n′f}) \ {nf},
– E ′ = (E1 ∪ fRD(fLT(E1, {nf}), {n′f})) \ fLT(E1, {nf}),
– L′ ¹ (N1 \ {nf}) = L ¹ (N1 \ {nf}), L′(n′f) = ε.

Similarly,

– N ′′ = (N2 ∪ {n′′f }) \ {nf},
– E ′′ = (E2 ∪ fRD(fLT(E2, {nf}), {n′′f })) \ fLT(E2, {nf}),
– L′′ ¹ (N2 \ {nf}) = L ¹ (N2 \ {nf}), L′′(n′′f ) = ε.

(2) If nf /∈ N1, nf ∈ N2, then

G′
1 = G1, G′

2 = 〈N ′′, E ′′, L′′, I2, n
′′
f 〉,

where

– N ′′ = (N2 ∪ {n′′f }) \ {nf},
– E ′′ = (E2 ∪ fRD(fLT(E2, {nf}), {n′′f })) \ fLT(E2, {nf}),
– L′′ ¹ (N2 \ {nf}) = L ¹ (N2 \ {nf}), L′′(n′′f ) = ε.

(3) If nf ∈ N1, nf /∈ N2, then

G′
1 = 〈N ′, E ′, L′, I1, n

′
f〉, G′

2 = G2,

where

– N ′ = (N1 ∪ {n′f}) \ {nf},
– E ′ = (E1 ∪ fRD(fLT(E1, {nf}), {n′f})) \ fLT(E1, {nf}),
– L′ ¹ (N1 \ {nf}) = L ¹ (N1 \ {nf}), L′(n′f) = ε.

(4) If nf /∈ N1, nf /∈ N2, then

G′
1 = G1, G′

2 = G2

• Otherwise,
F−

[]
(G) = F−

; (G).
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Sequential composition
The control flow graph represents a sequential composition p; q if it can be divided into

two subgraphs G1 and G2, where the initial nodes of G1 become the initial nodes of G and
the (non-empty) set of initial nodes of G2 is a set N− ⊂ N , such that if there is a path
from an initial node n of G1 to a node k of G2, then there are paths from n to each node
m in N− and a path from m to k. Furthermore, there are no paths from a node k in G2

to a node n in G1.
The function F−

; (G) is formally defined as follows.

• If G can be divided into two subgraphs G1 = 〈N1,E1,L1, I1, nf1〉 and G2 = 〈N2,E2,L2,
I2, nf2〉 such that:

– N1 ∩N2 = ∅, N1 ∪N2 = N , N2 6= {nf}, ∀n ∈ I, ∀m ∈ N2 : ∃ρn,m,@ρm,n

– E1 ∩E2 = Ec, (E1 ∪E2) ∪Ec = E, Ec = {〈n, l,m〉 | n ∈ N1,m ∈ N2}. Further-
more, let N+ = {n ∈N1 | ∃〈n, l,m〉 ∈ Ec} and N− = {m ∈N2 | ∃〈n, l,m〉 ∈ Ec},
then ∀n ∈ N+, ∀m ∈ N− : ∃〈n, l, m〉 ∈ Ec, and @n ∈ N+ : L(n) = b

– I1 ∩ I2 = ∅, I1 = I, I2 = N−

Then,
F−

; (G) = F−
[]

(G′
1); F−

[]
(G′

2),

where
G′

1 = 〈N ′, E ′, L′, I1, n
′
f〉, G′

2 = 〈N2, E2, L ¹ N2, I1, nf〉,
where

– N ′ = N1 ∪ {n′f},
– E ′ = E1 ∪ fRD(Ec, {n′f}),
– L′ ¹ (N1 \ {n′f}) = L ¹ (N1), L

′(n′f) = ε.

• Otherwise,
F−

; (G) = F−
→ ∗(G).

Repetition, guarded repetition and guard operators
Repetition, guarded repetition and guard operators have equal binding strength.
A graph G represents ∗q, if it has no final node, all initial nodes have ingoing edges

and for each edge 〈n, l, m〉, where m is an initial node, there exist edges 〈n, l, m′〉, where
m′ is also an initial node.

A graph G represents b
∗→ q, if it has one initial node n, such that L(n) = b, one final

node nf , one edge labelled with false that is incident to n and nf , and first edges in all
(simple) cycles that start in the initial node are labelled with true.

A graph G represents b → q, if it has one initial node n, such that L(n) = b, n has no
ingoing edges, and all outgoing edges of n are labelled with true.

The function F−
→ ∗(G) is formally defined as follows.

102



5.2. Reduction method for untimed Chi Subset

• If G = 〈{n, nf}, {〈{ns, l, nf〉}, L, {n}, nf〉, L(n) = qA, then

F−
→ ∗(G) = qA.

• Otherwise,

(1) If nf = ‡ and for any n,m ∈ I : ∃ρn,m, then

F−
→ ∗(G) = ∗F−

[]
(G′), G′ = 〈N ∪ nf , E

′, L′, I, nf〉

where L′ ¹ N = L, L′(nf) = ε, and

– If ∃n ∈ I : L(n) = b, ∃〈n, false,m〉 ∈ E, then
E ′ = E \ fRD(fLT(E \ EF, I), {nf}),
where EF = {〈m, l, k〉 | k ∈ I, ∃ρn,k〈m, l, k〉}.

– Otherwise, E ′ = (E \ fLT(E, I)) ∪ fRD(fLT(E, I), {nf}).
(2) If nf 6= ‡, I = {n}, L(n) = b, and ∃〈n, false, nf〉 ∈ E, then

F−
→ ∗(G) = b

∗→ F−
[]

(G′), G′ = 〈(N \ {n, nf}) ∪ n′f , E
′, L′, I ′, n′f〉,

where

– E ′ = (E ∪ fRD(fLT(E, I), {n′f})) \ ({〈n, false, nf〉} ∪ fLT(E, I))

– L′ ¹ (N \ {n, nf}) = L, L′(n′f) = ε.

(3) If I = {n}, L(n) = b, and all outgoing edges of n are labelled with true, then

F−
→ ∗(G) = b → F−

[]
(G′), G′ = 〈N \ {n}, E ′, L′, I ′, nf〉,

where

– E ′ = E \ {〈n, true, k〉 ∈ E | }
– L′ ¹ (N \ {n}) = L

– I ′ = {m ∈ N | ∃〈n, true, m〉 ∈ E}.

5.2.4 Relation between original Chi models and their control flow graphs

5.2.5 Control flow graph reduction

Breaking points and elementary paths
Let G = 〈N,E,L, I, nf〉 be a control flow graph, σ be an initial valuation, and BPg be a set
of breaking points, obtained from a χ model M by applying the function F(M), and let V
be a set of visible variables (extracted from the property to verify). The reduction works as
follows. First, we extend a set of breaking points BPg with initial and final nodes, as well
as with nodes labeled with an assignment that can influence the results of the verification
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of the given property. Then, the original control flow graph is divided into the subgraphs
(elementary paths), which contain a path between two breaking points. After that, the
subgraphs are reduced and the original graph is transformed by replacing the original paths
with the reduced ones.

Most of the static analysis methods are created for analyzing and reducing the transition
systems or Kripke structures, which then become an input of a model checker. In the
original path reduction method, first, control flow graphs of sequential processes are created
and reduced independently. After that the transition system of the model is generated
(directly from control flow graphs) and fed into a model checker. This is not possible for
us, since there is no model checker developed for χ. Therefore, we reduce the control graph
and generate a new χ model from it.

Given a control flow graph with the set of nodes N and a set of visible variables, the
set of breaking points BP ⊆ N consists of all n ∈ N , such that at least one of the following
conditions holds:

• n is the initial or final node.

• n is a ”head” of the alternative composition.

• n is a ”head” of the repetition.

• n is a ”head” of the guarded repetition.

• n is labeled with an assignment that changes a visible variable v ∈ V .

• n is labelled with a send or receive action.

We defined the functions translating χ models into control flow graphs such that the
”heads” of alternative composition, guarded repetition, and repetition are obtained directly
from the translation and are contained in the set BPg. For the set of visible variables V ,
the set of breaking points BP of the control flow graph 〈N, E, L, I, nf〉 is BP = ((BPg ∪
I) ∪ {nf}) ∪ {n | n ∈ N,L(n) = xm := em,∃v ∈ xm : v ∈ V }.

The elementary paths of the graph G are subgraphs S = 〈N, E, L, {ns}, nf〉, where
{ns,nf} ∈BP , and for each n∈N \{ns,nf} : n /∈BP . Moreover, each node n∈ (N \{ns,nf})
has exactly one ingoing and one outgoing edge. Note, that in case of repetition and guarded
repetition, the initial and final nodes can be the same (ns = nf).

Reachability condition and transformation function
To transform a subgraph G into a corresponding reduced subgraph G we need reachabil-
ity and transformation functions. The reachability function R(n, v) gives the condition
(boolean expression) R, under which a node ni is reachable from nj. The transforma-
tion function T (n, v) gives the vector v, which shows how the values of the variables are
changed.

To define these functions we order all nodes in the subgraph with index k, the index of
the initial node k = 1, the index of the final node is k = m.
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5.2. Reduction method for untimed Chi Subset

The vector of all variables (used along the path) is denoted by v; v = (x, y, z) denotes
that the values of the variables x, y, and z are undetermined; v = (1, y, z) denotes that
x = 1, and the values of y and z are undetermined. Furthermore, we use p[a/b] to denote
that all occurrences of a in p are replaced with b.

The function R calculates the reachability condition, which can be either true, false, or
a boolean expression, and is defined recursively as follows.

(1) R(nm, v) = true

(2) Let 2 ≤ k < m, then,

R(nk, v) =





R(nk+1, v) if L(nk) = skip
R(nk+1, v)[xn/en] if L(nk) = xn := en

R(nk+1, v) ∧ b if L(nk) = b ∧ ∃〈nk, true, nk+1〉 ∈ E
R(nk+1, v) ∧ ¬b if L(nk) = b ∧ ∃〈nk, false, nk+1〉 ∈ E

Here, we calculate the reachability condition starting from the last node in the path
(k = m) and finishing with the second node in the path (k = 2). Further on, we denote
the reachability condition of the path with R = R(n2, v).

The transformation function T determines how the values of the variables are changed,
and is defined recursively as follows.

(1) T (nm, v) = v

(2) Let 2 ≤ k < m, then,

T (nk, v) =

{
T (nk+1, v) if L(nk) 6= xn := en

T (nk+1, v)[xn/en] if L(nk) = xn := en

The transformation function is calculated similar to the reachability condition: start-
ing from the last node in the path (k = m) and finishing with the second node in the
path (k = 2). Further on, we denote the result of transformation function for a path with
T = T (n2, v).

Control flow graph reduction

We reduce a control flow graph by replacing elementary paths with the reduces ones.
Let G = 〈N, E, L, I, nf〉 be a control flow graph, and R and T be the reachability

condition and transformation function we calculated. The reduced control flow graph
GR = 〈NR,ER,LR, IR, nR

f 〉 is obtained by means of the function F : G→G, which replaces
each elementary path in G with the reduced one. The reduced path is created by applying
functions FR and FT. The functions FR and FT are defined as follows.

Let S = 〈NS, ES, LS, {nS
s }, nS

f 〉 be and elementary path in G (S stands for subgraph),
then the reduced path S ′ = FR(FT(S, T ), R).

The function FT(S, T ) is defined as follows.
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(1) If T = v, i.e. according to the transformation function the values of the variables are
not changed, then
FT(S, T ) = 〈{nS

f }, ∅, LS ¹ {nS
f }, {nS

f }, nS
f 〉.

(2) If T 6= v, i.e. according to the transformation function the values of some variables
are changed, then
FT(S, T ) = 〈{na, n

S
f }, {〈na, ε, n

S
f 〉}, LT, {na}, nS

f 〉,
where LT(nS

f ) = LS(nS
f ), LT(na) = A(T ). A is a function that creates a multi-

assignment based on the transformation function.

Let FT(S, T ) = ST, where ST = 〈NT, ET, LT, {nT
s }, nT

f 〉, then the function FR(ST, T )
is defined as follows:

(1) If R = false, then the node nS
f is not reachable via this path. Thus, we remove all

edges and nodes in the path, except nS
s and nS

f :
FR(ST, R) = 〈{nS

s , n
S
f }, ∅, LS ¹ {nS

s , n
S
f }, {nS

s }, nS
f 〉.

(2) If R = true, then the node nS
f is always reachable via this path:

FR(ST, R) = 〈{nS
s } ∪NT, {〈nS

s , ε, n
T
s 〉} ∪ ET, LT ∪ LS(nS

s ), {nS
s }, nS

f 〉.
(3) If R = b, then the node nS

f is reachable via this path only if the boolean expression
b is satisfied:
FR(ST,R) = 〈{nS

s , nb} ∪NT,{〈nS
s , ε, nb〉, 〈nb, true, nT

s 〉} ∪ET, LT ∪LS(nS
s ),{nS

s }, nS
f 〉.

5.3 Reduction method for timed Chi

In this section, we extend the subset of χ models by adding the delay process term and
the any delay operator that can be applied on the atomics.

5.3.1 Timed Chi Subset

The set M of χ models consists of models M ∈ M, where M is of the form 〈q, σ, E〉,
q ∈ Q is a χ process term, σ is a valuation. The environment E is a tuple (J,H,R), where
J is a set of jumping variables, H is a set of channels, and R denotes a set of recursive
process definitions. We require all channels to be urgent and restrict the environment in
the following way:

• The set of the jumping variables is empty.

• There are no recursion definitions.

The set Q of process terms q ∈ Q consists of the following process terms: skip, multi-
assignment xn := en, where xn and en denote the vectors (x1 , . . . , xn) and (e1 , . . . , en), send
and receive process terms h !! en, h ?? xn, guard operator b → q, repetition ∗q, guarded
repetition b

∗→ q, sequential composition q1 ; q2, and alternative composition q1 [] q2, a
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delay operator ∆d, as well as delayable skip, multi-assignment, send, receive and delay.
The set Q is formally defined by:

q ::= skip | xn := en | h !! en | h ??xn | ∆d |
b → q | b

∗→ q | ∗q | q ; q | q [] q |
[skip] | [xn := en] | [h !! en] | [h ??xn]

Note, that we do not allow the variable time in guard expressions or in d. We also
restrict the use of any delay operator so that it can be applied only to the atomics and
delay operator.

5.3.2 Control Flow Graph

Control flow graphs for timed subset of χ differs only in the domain of the labelling function
L: A = {ε, skip,xn := en,∆d,h !!en, h??xn, [skip], [xn := en], [∆d], [h !!en], [h??xn],}, where
ε denotes an ”empty” label.

The control flow graphs for timed subset of χ are created exactly in the same way as
for untime subset of χ.

5.3.3 Graph Reduction

To transform a subgraph G into a corresponding reduced subgraph G we need the reach-
ability condition, transformation and delay functions. The delay function D(n) calculates
the overall delay D. Furthermore, we need an additional variable adA that is assigned true
if there is a node labeled with [xn := en] or [skip]. Otherwise, adA equal false.

The function R calculates the reachability condition, which can be either true, false, or
a boolean expression, and is defined recursively as follows.

(1) R(nm, v) = true

(2) Let 2 ≤ k < m, then,

R(nk, v) =





R(nk+1, v) if L(nk) = skip ∨ L(nk) = [skip]
R(nk+1, v)[xn/en] if L(nk) = xn := en ∨ L(nk) = [xn := en]
R(nk+1, v) ∧ b if L(nk) = b ∧ ∃〈nk, true, nk+1〉 ∈ E
R(nk+1, v) ∧ ¬b if L(nk) = b ∧ ∃〈nk, false, nk+1〉 ∈ E

Here, we calculate the reachability condition starting from the last node in the path
(k = m) and finishing with the second node in the path (k = 2). Further on, we denote
the reachability condition of the path with R = R(n2, v).

The transformation function T determines how the values of the variables are changed,
and is defined recursively as follows.

(1) T (nm, v) = v
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(2) Let 2 ≤ k < m, then,

T (nk, v) =

{
T (nk+1, v) if L(nk) 6= xn := en ∨ L(nk) 6= [xn := en]
T (nk+1, v)[xn/en] if L(nk) = xn := en ∨ L(nk) = [xn := en]

The delay function determines the overall delay and is defined as follows.

(1) D(nm) = 0

(2) Let 2 ≤ k < m, then,

D(nk) =

{
D(nk+1) if L(nk) 6= ∆d
D(nk+1) + d if L(nk) = ∆d

Further on, we denote the result of the delay function of the path with D = D(n2).
Finally,

(1) adA(nm) = false

(2) Let 2 ≤ k ≤ m, then,

adA(nk) =

{
true if L(nk) = [xn := en] ∨ L(nk) = [skip] ∨ adA(nk+1) = true
false otherwise

Further on, we denote adA(n2) with adA.

5.3.4 Creating reduced Control Flow Graph

We reduce a control flow graph by replacing elementary paths with reduced ones. Taking
into account that the states between breaking points do not influence the result of the
verification of the given property, we can combine some of them, having at most one
guard, one assignment and one delay in each elementary path.

Let G = 〈N, E, L, I, nf〉 be a control flow graph, and R, T , and D be the reachability
condition, transformation, and delay functions, respectively. The reduced control flow
graph GR = 〈NR, ER, LR, IR, nR

f 〉 is obtained by means of the function F : G → G, which
replaces each elementary path in G with the reduced one. The reduced path is created by
applying functions FR, FT, and FD.

Let S = 〈NS, ES, LS, {nS
s }, nS

f 〉 be and elementary path in G (S stands for subgraph),
then the reduced path S ′ = FR(FT(FD(S, D), T, adA), R).

The function FD(S,D) is defined as follows.

(1) If D = 0, i.e. there is no delay process term in the path, then
FD(S, D) = 〈{nS

f }, ∅, LS ¹ {nS
f }, {nS

f }, nS
f 〉.

(2) If D = d, d > 0, i.e. there is a delay process term in the path, then
FD(S, D) = 〈{nd, n

S
f }, {〈nd, ε, n

S
f 〉}, LD, {nd}, nS

f 〉,
where LD(nS

f ) = LS(nS
f ), and LD(nd) = ∆d.
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Let FD(S,D) = SD, where SD = 〈ND,ED,LD,{nD
s },nD

f 〉, then the function FT(SD,T,adA)
is defined as follows.

(1) If T = v and adA = false, i.e. according to the transformation function the values
of the variables are not changed and there is no delayable skip or assignment in the
path, then
FT(S, T, adA) = FD(S,D).

(2) If T 6= v or adA = true, i.e. according to the transformation function the values of
some variables are changed and/or there is a delayable skip or assignment in the
path, then
FT(S, T, adA) = 〈ND ∪ {na}, {〈na, ε, n〉 | n ∈ ID} ∪ ED, LT, {na}, nS

f 〉,
where if adA = false, then LT(na) = A(T ) (A is a function that creates a multi-
assignment based on the transformation function result; if the variables were not
changed, then A(T ) = skip). If adA = true, then LT(na) = [A(T )]. Moreover, LT ¹
ND = LD.

Let FT(S,T,adA) = ST, where ST = 〈NT,ET,LT,{nT
s },nT

f 〉, then the function FR(ST,T )
is defined as follows:

(1) If R = false, then the node nS
f is not reachable via this path. Thus, we remove all

edges and nodes in the path, except nS
s and nS

f :
FR(ST, R) = 〈{nS

s , n
S
f }, ∅, LS ¹ {nS

s , n
S
f }, {nS

s }, nS
f 〉.

(2) If R = true, then the node nS
f is always reachable via this path:

FR(ST, R) = 〈{nS
s } ∪NT, {〈nS

s , ε, n
T
s 〉} ∪ ET, LT ∪ LS(nS

s ), {nS
s }, nS

f 〉.
(3) If R = b, then the node nS

f is reachable via this path only if the boolean expression
b is satisfied:
FR(ST,R) = 〈{nS

s , nb} ∪NT,{〈nS
s , ε, nb〉, 〈nb, true, nT

s 〉} ∪ET, LT ∪LS(nS
s ),{nS

s }, nS
f 〉.

5.4 Relation between the original and reduced Chi models

In this section we explain the relation between the original and reduced χ models by
means of an example. In Fig. 5.9 a χ model of a coffee machine is shown. The coffee
machine allows to choose between espresso (choice == 1 ), cappuccino (choice == 2 ) and
tea (choice == 3 ). If espresso is ordered, the coffee machine spends 1 time unit to add
extract of coffee into a cup, then it spends 1 more time unit to pour in water. After that
the drink is delivered and choice is reset to 0 again. Similarly, if cappuccino is chosen the
machine spends 1 time unit to add coffee extract and 1 more time unit to pour in water
and milk (simultaneously). In case if tea is chosen, the machine need 1 time unit to add
tea extract and 2 time units to pour in water.

In Fig. 5.10 a part of the transition systems of the original model of the coffee machine
is shown. The valuations of the variables are shown in Fig. 5.4.
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model coffee_automaton() =
|[ var choice : nat = 0
, var water : bool = false
, var milk : bool = false
, var extract : bool = false
:: *(

((choice := 1; delay 1; extract := true; delay 1; water := true)
|(choice := 2; delay 1; extract := true; delay 1
; water, milk := true, true)
|(choice := 3; delay 1; extract := true; delay 2; water := true)
)
; choice := 0; water, milk, extract :=false, false, false

)
]|

Figure 5.9: χ model of a coffee machine

Let us consider the case when tea is ordered. Initially, the system is in the state 1 and
{time 7→ 0 ,water 7→ false, extract 7→ false,milk 7→ false, choice 7→ 0}. When tea is chosen,
the system moves into the state 4 by means of the internal action τ (in figures τ is denoted
by tau) that corresponds to the assignment choice := 3 (see Appendix A for the semantics
of the χ process terms). After that the system is delayed for 1 time unit (delay 1) to add
tea extract. According to the χ semantics, the delay is terminated by means of an internal
action τ , and the system moves into the state 10. The assignment extract := true moves the
system into the state 13. At this state the valuation is {time 7→ 1 ,water 7→ false, extract 7→
true, milk 7→ false, choice 7→ 3}. Similarly, water is poured in and the system moves into
the state 22, {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 3}. After
that the value of the variable choice set to 0 again, and the system moves into the state 25
with the valuation {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 0}.
Assigning false to the variables water and extract moves the system into the state 28.

Let us suggest that the property we want to verify is It takes no more than 3 time units to
deliver a cup of tea and we express this property using the variable choice: AG[choice := 3⇒
AF≤3choice := 0]. The reduced model of the coffee machine is shown in Fig. 5.12 and a
part of the transition system is shown in Fig. 5.13.

In the transition system of the reduced model the states and transitions that cannot
influence the value of variable choice are grouped. This results in a smaller transition
system. However, the states and transitions that may influence the result of the verification
are preserved (in Fig. 5.10 and 5.13 these states are shown as grey ovals). For instance,
in the states 1 and 28 (in the transition system of the reduced model the states 1 and 19,
respectively), the choice can be made. The transition from the state 25 to the state 28
that changes the value of the variable choice is also preserved in the transition system of
the reduced model (the transition from the state 16 to the state 19). The valuations of the
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Figure 5.10: A part of the transition system of the χ model of a coffee machine
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Location Valuation
1 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
2 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
3 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
4 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
5 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
6 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
7 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
8 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
9 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
10 {time 7→ 1 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
11 {time 7→ 1 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 1}
12 {time 7→ 1 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 2}
13 {time 7→ 1 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 3}
14 {time 7→ 2 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 1}
15 {time 7→ 2 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 2}
16 {time 7→ 3 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 3}
17 {time 7→ 2 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 1}
18 {time 7→ 2 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 2}
19 {time 7→ 3 , water 7→ false, extract 7→ true, milk 7→ false, choice 7→ 3}
20 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 1}
21 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 2}
22 {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 3}
23 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 0}
24 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 0}
25 {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 0}
26 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
27 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
28 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
29 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
30 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
31 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
32 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
33 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
34 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
35 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
36 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
37 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}

Figure 5.11: The valuations of the variables in the coffee machine model.
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model coffee_automaton() =
|[ var choice : nat = 0
, var water : bool = false
, var milk : bool = false
, var extract : bool = false
:: *(

((choice := 1; extract,water := true,true; delay 2)
|(choice := 2; extract,water,milk := true,true,true; delay 2)
|(choice := 3; extract,water := true,true; delay 3)
)
; choice := 0; water, milk, extract :=false, false, false

)
]|

Figure 5.12: Reduced χ model of a coffee machine

variables in the states 1, 4, 25, 28 of the original model are equal to the valuations of the
variables in the states 1, 4, 16, 19 of the reduced model, respectively.
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Figure 5.13: A part of the transition system of the reduced χ model of a coffee machine

114



5.4. Relation between the original and reduced Chi models

Location Valuation
1 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
2 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
3 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
4 {time 7→ 0 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
5 {time 7→ 0 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 1}
6 {time 7→ 0 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 2}
7 {time 7→ 0 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 3}
8 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 1}
9 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 2}
10 {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 3}
11 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 1}
12 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 2}
13 {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 3}
14 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 0}
15 {time 7→ 2 , water 7→ true, extract 7→ true, milk 7→ true, choice 7→ 0}
16 {time 7→ 3 , water 7→ true, extract 7→ true, milk 7→ false, choice 7→ 0}
17 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
18 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
19 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 0}
20 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
21 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
22 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
23 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
24 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
25 {time 7→ 2 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}
26 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 1}
27 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 2}
28 {time 7→ 3 , water 7→ false, extract 7→ false, milk 7→ false, choice 7→ 3}

Figure 5.14: The valuations of the variables in the reduced coffee machine model.
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5.5 Example

In this example we consider a general description of a machine that receives a batch of
products c via a channel h ([h ?? c]). The machine processes the products one after another
for 2 time units each. The result of processing a product is modeled by means of an
assignment to the product (n := 2 ∗ n). After processing a product, the quality of the
product is tested, which takes 3 time units. The test is modeled by means of a non-
deterministic assignment to variable result . If the product has sufficient quality, (result =
true), it is sent to the next process (g !! n), otherwise it is rejected (skip). The χ model of
the machine is shown below.

model Machine() =
|[ var result : bool = false
, var n : nat = 0
, var xs : [nat] = []
, var c : [nat] = []
, chan h : [nat]
, chan g : bool
:: *( [h??c]; xs := c

; len(xs) > 0 *> ( n:=hd(xs); xs := tl(xs)
; delay 2
; n:=2*n
; delay 3
; (result := true | result := false)
; ( result -> g!!n
| not result -> skip
)

)
)

]|

Figure 5.15 shows the control flow graph that is obtained by means of the translation
as defined earlier in this chapter.

For properties that only regard the batch of products, (set of visible variables = {c}),
such as the maximum processing time of a batch of k products equals n ∗ 5, the
control flow graph can be reduced. The reduced control flow graph is shown in Figure 5.16.

The reduction method combines the individual assignments n := hd(xs), xs := tl(xs)
and n := 2∗n into a single multi-assignment xs,n := 2∗hd(xs), tl(xs). The delay statements
∆2 and ∆3 are combined in the single delay statement ∆5.

From the reduced control flow graph, the following reduced χ model can be obtained:
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model Machine() =
|[ var result : bool = false
, var n : nat = 0
, var xs : [nat] = []
, var c : [nat] = []
, chan h : [nat]
, chan g : bool
:: *( [h??c]; xs := c

; len(xs) > 0 *> ( xs,n := tl(xs), 2*hd(xs)
; delay 5
; (result := true | result := false)
; ( result -> g!!n
| not result -> skip
)

)
)

]|

5.6 Conclusions

In this chapter we presented a static reduction method for timed χ models. As future
work we consider determining a formal relation between the original and reduced models;
defining the set of properties preserved by the method formally, and proving that these
properties are indeed preserved; investigating how the obtained control flow graphs can
be further reduced, for example, by re-writing the process terms p [] p as p. The other
possibility for further reduction is to add a second reduction step, in which synchronization
of parallel processes will be considered.
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Figure 5.15: Control flow graph of the χ specification of the machine.
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(len(xs) > 0)

(xs, n) := (tl(xs), (2 * hd(xs)))

True (edge.serial=1)

[h??c]

False

xs := cdelay 5

result := False
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g! ! result

True

result := True

start

skip

True

Figure 5.16: Reduced control flow graph of the χ specification of the machine.
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CHAPTER

SIX

Conclusions and future work

In system design, formal methods allow to prevent and detect errors. Design requirements
of complex systems can be divided into two major groups: a) requirements to the system
performance that concern quantitative characteristics as throughput, cycle time, buffer and
stock sizes, etc., and b) requirements to the system functional correctness that consider
qualitative properties as the absence of deadlocks, reachability, etc.

The main objective of this thesis was to combine performance and functional analysis
of timed discrete event systems, particularly in χ environment, as well as to investigate
formal methods that allow to create a correct and executable controller.

We approached the problem from two different points of view. Firstly, we developed
the translation scheme from χ to Uppaal timed automata and extended the χ toolset with
the translator. Now, the translated χ models can be verified with Uppaal model checker.
Secondly, we translated regular automata to χ. The automata are used in the Supervisory
Control Theory to model a system under control and its requirements. The SCT methods
allow to obtain supervisors, the correctness of which is predetermined, from system and
requirements specifications. We also proved the correctness of both translations.

The developed translations are implemented and added to the χ toolset. Figure 6.1
shows the possible paths for functional analysis and performance analysis using the imple-
mentations mentioned above.

Since χ and Uppaal have different expressivity, we translated a subset of χ to Uppaal.
We also wanted to define the translated subset of χ such that translation would be as simple
and as general as possible, and would keep the resulting Uppaal models as readable as
possible.

The subset includes following process terms: skip, multiple assignment, communication
actions send and receive, deadlock, inconsistent process term, delay and delay enabling
operator, repetition, sequential and alternative composition. Moreover, the informal (not
proved) translation is defined for such process terms as guarded skip and multi-assignment,
guarded delayable send and receive, and guarded repetition.

The translator from χ to Uppaal has been used to verify a part of an industrial system
(an ASML wafer scanner). As the result of verification several errors have been eliminated.

In future, the translatable subset of χ can be extended, allowing a broader class of
systems specified in χ to be verified using Uppaal. The performed case studies have shown
the necessity of translation such process terms as process instantiation and modeling scope
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operator.
The main obstacle of applying verification in industry is the state space explosion. Being

aware of that, we wanted to investigate how we can reduce the state space of the discrete
event timed systems. For this reason we adapted a path reduction method for timed
systems. As future work we consider determining a formal relation between the original
and reduced models; defining the set of properties preserved by the method formally, and
proving that these properties are indeed preserved; investigating how the obtained control
flow graphs can be further reduced, for example, by re-writing the process terms p [] p as
p. The other possibility for further reduction is to add a second reduction step, in which
synchronization of parallel processes will be considered.

Verifying a proposed supervisor is one of the most popular approaches. The disadvan-
tage is that, first, a supervisor has to be modeled and, then, it is verified and changed if
any error is detected. Supervisory Control Theory provides methods to create supervisors,
the correctness of which is predetermined. In SCT a system under control and its require-
ments are modeled in terms of automata. After that, a correct supervisor is derived. The
derivation process is supported by a toolset named TTCT.

In this thesis we defined a translation scheme from automata to χ and proved its
correctness. The goal of the translation was twofold:

• Obtain χ models of correct supervisors. Then, the χ toolset can be used to auto-
matically create their executables, as well as to perform further performance and
functional analysis.

• Investigate possibility and complexity of translating SCT formalisms to χ. As the
first step we have chosen to translate the simplest automata. The future work include
translation of automata with discrete time, as well as state tree structures. State tree
structures are used to cope with state space explosion that appear during derivation
of a supervisor.

From our experience we can say that the translation of a supervisor is reasonably easy.
However, one problem has been encountered while performing a paint factory case study.
The problem appears in case when we need to translate not only a supervisor but also
a system under control. In such case, we might be required to translate one-to-many
synchronization, which is not available in χ. For instance, in the case study a group of
events (a constant sequence of commands sent by supervisor to the system components)
was modeled as a single event. In the case study we were able to (manually) transform
this single event to the corresponding sequence. The future work may include making this
transformation automated.
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Figure 6.1: Functional and performance analysis using the χ environment.
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[Möl02] M. O. Möller. Structure and Hierarchy in Real-Time Systems. PhD thesis,
University of Aarhus, 2002.

[MS06] K. L. Man and R. R. H. Schiffelers. Formal Specification and Analysis of
Hybrid Systems. PhD thesis, Eindhoven University of Technology, 2006.

[PFC89] R. J. Patton, P. M. Frank, and R. N. Clarke, editors. Fault diagnosis in
dynamic systems: theory and application. Prentice-Hall, Inc., Upper Saddle
River, NJ, USA, 1989.

[Plo04] Gordon D. Plotkin. A structural approach to operational semantics. The
Journal of Logic and Algebraic Programming, 60-61:17–139, 2004.

[Roo06] H. W. A. M. van Rooy. The paint factory reference manual. Technical report,
Eindhoven University of Technology, Department of Mechanical Engineering,
2006.

[Ros98] J. van Rosmalen. Real-time systems control and Chi: from specification
to implementation. Technical report, Eindhoven University of Technology,
Department of Mechanical Engineering, 1998.

[Rus02] J. Russell. Program slicing literature survey. Seminar and Draft Materials.
2002.

[Tan08] Tangram project. http://www.esi.nl/tangram, 2008.

[Tip95] F. Tip. A survey of program slicing techniques. Journal of programming
languages, 3(3):121–189, 1995.

[Trc07] N. Trcka. Silent Steps in Transition Systems and Markov Chains. PhD thesis,
Eindhoven University of Technology, 2007.

[Wij07] A. J. Wijs. What to Do Next? Analysing and Optimising System Behaviour
in Time. PhD thesis, Vrije Universiteit Amsterdam, 2007.

128



Bibliography

[Won07] W. M. Wonham. Supervisory control of discrete-event systems. Technical
report, University of Toronto, Department of Electrical and Computer Engi-
neering, 2007.

[WPB05] A. Wijs, J. van de Pol, and E. Bortnik. Solving scheduling problems by
untimed model checking: the clinical chemical analyser case study. In FMICS
’05: Proceedings of the 10th international workshop on Formal methods for
industrial critical systems, pages 54–61, New York, NY, USA, 2005. ACM.

[YG04] K. Yorav and O. Grumberg. Static analysis for state-space reductions pre-
serving temporal logics. Formal Methods in System Design, 25:67 – 96, 2004.

[YPD94] W. Yi, P. Pettersson, and M. Daniels. Automatic verification of real-time
communicating systems by constraint-solving. In D. Hogrefe and S. Leue,
editors, Proc. of the 7th Int. Conf. on Formal Description Techniques, pages
223–238. North–Holland, 1994.

129



130



APPENDIX

A

Semantics of the χ formalism

In this appendix we give the semantics of χ process terms, which were referred to in the
thesis. The full description of the language and its semantics is described in [MS06].

A.1 General description of the SOS

This section presents the structured operational semantics (SOS [Plo04]) of χ that is given
in [MS06].

The main purpose of SOS is to define the behavior of χ processes at a certain chosen
level of abstraction. The meaning of a χ process depends on the values of the variables and
on the environment. A set V of variables, and a set H of channel labels are assumed. The
values of the variables at a specific moment in time are captured by means of a valuation,
i.e., a partial function from the variables to the set of values Λ (containing at least the
booleans B and the reals R). The set of all valuations is denoted Σ: Σ = V 7→ Λ, where
notation V 7→ Λ denotes the set of all partial functions from V to Λ. We assume σ : Σ
for all χ processes 〈p, σ, E〉. The set T = R≥0 is used to represent points in time. The
set of environments E is defined as E = P(V) × R, where P(V) denotes the powerset of
variables, P(H) denotes the powerset of channels, and R = X 7→ p denotes the set of all
partial functions of recursion variables X to process terms p.

The SOS is chosen to represent the following:

(1) Discrete behavior by means of action transitions:

(a) −→ ⊆ (P × Σ × E) × (Σ × A × Σ) × (P × Σ × E), where A denotes the set
of actions, and is defined as A = Alabel ∪ Acom. The set of action labels Alabel

includes at least the pre-defined internal action τ . The set of communication
actions Acom is defined as Acom = {isa(h, cs), ira(h, cs ,W ), ca(h, cs) | h ∈H, cs ∈
Λ∗, W ⊆ V}, where isa, ira, and ca denote action labels for the internal send
action, the internal receive action, and the communication action respectively,
h ∈ H denotes a channel, cs ∈ Λ∗ denotes a list [c1, . . . , cn] of values, and W

denotes a set of variables. The intuition of an action transition 〈p, σ, E〉 σ,a,σ′−−−→
〈p′, σ′, E ′〉 is that the process 〈p, σ, E〉 executes the discrete action a ∈ A with
valuations σ and σ′ and thereby transforms into the process 〈p′, σ′, E ′〉, where
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σ′ and E ′ denote the accompanying valuation and environment of the process
term p′, respectively, after the discrete action a is executed.

(b) −→ 〈X, , 〉 ⊆ (P × Σ × E) × (Σ × A × Σ) × (Σ × E). The intuition of a

(termination) transition 〈p, σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉 is that the process 〈p, σ, E〉
executes the discrete action a with valuations σ and σ′ and thereby transforms
into the terminated process 〈X, σ′, E ′〉.

(2) Continuous behavior by means of time transitions: 7−→ ⊆ (P ×Σ×E)× (T × (T 7→
Σ))× (P ×Σ× E). The intuition of a time transition 〈p, σ,E〉 t,ρ7−→ 〈p′, σ′, E ′〉 is that
during the time transition, the valuation at each time-point s ∈ [0, t] is given by ρ(s).
At the end-point t, the resulting process is 〈p′, σ′, E ′〉.

(3) Consistency by means of a predicate: Ã ⊆ (P × Σ× E)× Σ. The intuition of the

consistency predicate 〈p, σ, E〉 σÃ is that the process term p is consistent with the
valuation σ in environment E.

The following properties can be formulated:

• For all transitions, the domain of the valuation σ equals the domain of valuation σ′,
and environment E equals environment E ′, i.e. the environment is never changed in
a transition.

• For all time transitions 〈p, σ, E〉 t,ρ7−→ 〈p, σ′, E ′〉: dom(ρ) = [0, t], and for all variables
x ∈ dom(σ), the value in the resulting valuation σ′(x) equals the value of the variable
in the end-point of the trajectory ρ(t)(x).

The relations and predicates mentioned above are defined through so-called deduction
rules. A deduction rule is of the form H

r
, where H is a number of hypotheses separated by

commas and r is the result of the rule. The result of a deduction rule can be derived if all
of its hypotheses are derived. In case the set of hypotheses is empty, the deduction rule is
called an axiom.

In order to increase the readability of the χ deduction rules, some additional abbre-

viations are used. Notation E ° 〈p, σ〉 σ,a,σ′−−−→ 〈q, σ′〉, where q ∈ P ∪ {X} is an abbrevi-

ation for 〈p, σ, E〉 σ,a,σ′−−−→ 〈q, σ′, E〉, notation E ° 〈p, σ〉 t,ρ7−→ 〈q, σ′〉 is an abbreviation for

〈p, σ, E〉 t,ρ7−→ 〈q, σ′, E〉, and notation E ° 〈p, σ〉 σÃ is an abbreviation for 〈p, σ, E〉 σÃ.

Notation E ° f1, . . . , fn, where fi represents one of the previously defined transition

relations (of the forms 〈p,σ〉 σ,a,σ′−−−→ 〈q,σ′〉 or 〈p,σ〉 t,ρ7−→ 〈q,σ′〉 or 〈p,σ〉 σÃ) is an abbreviation
for E ° f1, . . . , E ° fn.
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Notation

E ′ ° 〈p1, σ1〉 σ1,a1,σ′1−−−−→
〈 q11

...
q1n

, σ′1

〉
, . . . , 〈pm, σm〉 σm,am,σ′m−−−−−−→

〈 qm1
...

qmn

, σ′m

〉
, C

E ° 〈r, σ〉 σ,b,σ′−−−→
〈 s1

...
sn

, σ′

〉

where qj i, si ∈ P ∪ {X}, pi, r ∈ P , and C denotes an optional hypothesis that must be
satisfied in the deduction rule, is an abbreviation for the following rules (one for each i):

E ′ ° 〈p1, σ1〉 σ1,a1,σ′1−−−−→ 〈q1i, σ
′
1〉, . . . , 〈pm, σm〉 σm,am,σ′m−−−−−−→ 〈qmi, σ

′
m〉, C

E ° 〈r, σ〉 σ,b,σ′−−−→ 〈si, σ′〉

The notation H
R

, where R is a number of results separated by commas, is an abbreviation
for a set of deduction rules of the form H

r
; one for each r ∈ R, and notation E

H
r

is an
abbreviation for E °H

E ° r
.

Furthermore, notation 〈p,σ,E〉 ca(h,∗)9 denotes (@σ,cs,p′,σ′,E′ 〈p,σ,E〉 σ,ca(h,cs),σ′−−−−−−−→〈p′,σ′,E ′〉)
∧ (@σ,cs,σ′,E′ 〈p, σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈X, σ′, E ′〉), and notation 〈p, σ, E〉 α−→ 〈p′, σ′, E ′〉 is an

abbreviation for 〈p, σ, E〉 σ,a,σ′−−−→ 〈p′, σ′, E ′〉 for some σ, a, and σ′.

A.2 Syntactic extensions

Process term skip is an abbreviation for an action predicate that can only perform an
internal action (τ) without changing the valuation.

skip , ∅ : true À τ

Multi-assignment xn := en for n ≥ 1 is an abbreviation for an internal action that
changes variables x1, . . . , xn to the values of expressions e1, . . . , en, respectively. For n = 1,
this gives a normal assignment x := e.

xn := en , {xn} : x1 = e−1 ∧ · · · ∧ xn = e−n À τ

Here e− denotes the result of replacing all variables v in e by their ‘−’ superscripted
version v−. For example, the translation of process term x := 2x + yz is defined as {x} :
x = 2x− + y−z−, and the translation of x, y := x + y, x − y is defined as {x, y} : (x =
x− + y−) ∧ (y = x− − y−).
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A.3 Variable trajectories

During a time transition the valuation at each time point s ∈ [0, t] is given by ρ(s) ∈Ω(σ, t),
which is defined in the following way.

Ω(σ, t) =

{ ρ
| ρ ∈ [0, t] 7→ (dom(σ) → Λ)
, t ≥ 0
, ∀x ∈ dom(σ) \ {time} : ρ ↓ x is a constant function
, ∀x ∈ dom(σ) : (ρ ↓ x)(0) = σ(x)
, ∀s ∈ [0, t] : ρ(s)(time) = σ(time) + s
} ,

where ρ ↓ x denotes the function, such that dom(ρ ↓ x) = dom(ρ) and (ρ ↓ x)(y) = ρ(y)(x)
for each y ∈ dom(ρ ↓ x).

A.4 SOS Rules

The semantics of timed χ is defined through so-called deduction rules [BMR+05]. Below
we show the SOS rules, which were referred to in this thesis. A deduction rule is of the
form H

r
, where H is a number of hypotheses separated by commas and r is the result of the

rule. The result of a deduction rule can be derived if and only if all of its hypotheses can
be derived. In case the set of hypotheses is empty, the deduction rule is called an axiom.

Action predicate

σ′ ∈ Ξ(σ, J ∪W ), σ− ∪ σ′ |= r

(J,R) ° 〈W : r À la, σ〉 σ, la , σ′−−−−−→ 〈X, σ′〉
T-1

E ° 〈W : r À la, σ〉 σÃ
T-2

Send and receive

σ′ ∈ Ξ(σ, J)

(J,R) ° 〈h !! en, σ〉 σ, isa(h,[σ(en)]), σ′−−−−−−−−−−−→ 〈X, σ′〉
T-3

σ′ ∈ Ξ(σ, J ∪ {xn}), σ′(xn) = cn

(J,R) ° 〈h ??xn, σ〉 σ, ira(h,[cn],{xn}), σ′−−−−−−−−−−−−−→ 〈X, σ′〉
T-4

E ° 〈h !! en, σ〉 σÃ
T-5

E ° 〈h ??xn, σ〉 σÃ
T-6
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Consistent deadlock

E ° 〈δ, σ〉 σÃ
T-7

Inconsistent process term Inconsistent process term ⊥ is considered to be in a inconsistent
state from its start. It cannot perform any action transitions, or time transitions.

Any delay operator

E

〈p, σ〉 α−→ 〈X
p′

, σ′〉

〈[p], σ〉 α−→ 〈X
p′

, σ′〉
T-8 E

ρ ∈ ΩFG(σ, t)

〈[p], σ〉 t,ρ7−→ 〈[p], ρ(t)〉
T-9

E ° 〈[p], σ〉 σÃ
T-10

Sequential composition operator

E
〈p, σ〉 σ,a,σ′−−−→ 〈X, σ′〉, 〈q, σ′〉 σ′Ã

〈p; q, σ〉 σ,a,σ′−−−→ 〈q, σ′〉
T-11 E

〈p, σ〉 α−→ 〈p′, σ′〉
〈p; q, σ〉 α−→ 〈p′ ; q, σ′〉 T-12

E
〈p, σ〉 t,ρ7−→ 〈p′, σ′〉

〈p; q, σ〉 t,ρ7−→ 〈p′ ; q, σ′〉
T-13 E

〈p, σ〉 σÃ
〈p; q, σ〉 σÃ

T-14

Alternative composition operator

E

〈p, σ〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉, 〈q, σ〉 σÃ

〈p [] q, σ〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉, 〈q [] p, σ〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉
T-15

E
〈p, σ〉 t,ρ7−→ 〈p′, σ′〉, 〈q, σ〉 t,ρ7−→ 〈q′, σ′〉

〈p [] q, σ〉 t,ρ7−→ 〈p′ [] q′, σ′〉
T-16

E
〈p, σ〉 σÃ , 〈q, σ〉 σÃ

〈p [] q, σ〉 σÃ
T-17
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Parallel composition operator

(J ∪W,R) ° 〈p, σ〉 σ,isa(h,cs),σ′−−−−−−−→
〈 X

p′

X
p′

, σ′
〉

,

(J,R) ° 〈q, σ〉 σ,ira(h,cs,W ),σ′−−−−−−−−−→
〈 X

X
q′

q′

, σ′
〉

(J,R) ° 〈p ‖ q, σ〉 σ,ca(h,cs),σ′−−−−−−−→
〈 X

p′

q′

p′ ‖ q′

, σ′
〉

,

〈q ‖ p, σ〉 σ,ca(h,cs),σ′−−−−−−−→
〈 X

p′

q′

q′ ‖ p′

, σ′
〉

T-18

E

〈q, σ〉 σÃ , 〈p, σ〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉, 〈q, σ′〉 σ′Ã

〈p ‖ q, σ〉 σ,a,σ′−−−→ 〈 q
p′ ‖ q

, σ′〉, 〈q ‖ p, σ〉 σ,a,σ′−−−→ 〈 q
q ‖ p′

, σ′〉
T-19

E
〈p, σ〉 t,ρ7−→ 〈p′, σ′〉, 〈q, σ〉 t,ρ7−→ 〈q′, σ′〉

〈p ‖ q, σ〉 t,ρ7−→ 〈p′ ‖ q′, σ′〉
T-20

E
〈p, σ〉 σÃ , 〈q, σ〉 σÃ

〈p ‖ q, σ〉 σÃ
T-21

Action encapsulation operator

E

〈p, σ〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉, a 6∈ A

〈∂A(p), σ〉 σ,a,σ′−−−→ 〈 X
∂A(p′)

, σ′〉
T-22

E
〈p, σ〉 t,ρ7−→ 〈p′, σ′〉

〈∂A(p), σ〉 t,ρ7−→ 〈∂A(p′), σ′〉
T-23 E

〈p, σ〉 σÃ
〈∂A(p), σ〉 σÃ

T-24
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Urgent communication operator

E

〈p, σ〉 α−→ 〈X
p′

, σ′〉

〈υH(p), σ〉 α−→ 〈 X
υH(p′)

, σ′〉
T-25

E

〈p, σ〉 t,ρ7−→ 〈p′, σ′〉,
∀s∈[0,t) (〈p, σ〉 s,ρ¹[0,s]7−→ 〈ps, σs〉, 〈ps, σs〉 t−s,ρ−s7−→ 〈p′, σ′〉, ∀h∈H 〈ps, σs, E〉 ca(h,∗)9 )

〈υH(p), σ〉 t,ρ7−→ 〈υH(p′), σ′〉
T-26

E
〈p, σ〉 σÃ

〈υH(p), σ〉 σÃ
T-27

Recursion variable

(J,R)

〈R(X), σ〉 α−→ 〈X
p′

, σ′〉

〈X, σ〉 α−→ 〈X
p′

, σ′〉
T-28

(J,R)
〈R(X), σ〉 t,ρ7−→ 〈p′, σ′〉
〈X, σ〉 t,ρ7−→ 〈p′, σ′〉

T-29

(J,R)
〈R(X), σ〉 σÃ
〈X, σ〉 σÃ

T-30

Recursion scope operator

E

〈p[d′/d], σ ∪ σd′〉 σ,a,σ′−−−→ 〈X
p′

, σ′〉

〈|[V σd⊥ | p ]|, σ〉 κσ(σ,a,σ′)−−−−−−→

〈 X
|[V (σ′ ¹ {d′})[d/d′] | p′[d/d′] ]| , σ

′
σ〉

T-31

E
〈p[d′/d], σ ∪ σd′〉 t,ρ7−→ 〈p′, σ′〉

〈|[V σd⊥ | p ]|, σ〉 t,ρσ7−→
〈|[V (σ′ ¹ {d′})[d/d′] | p′[d/d′] ]|, σ′σ〉

T-32

E
〈p[d′/d], σ ∪ σd′〉 σÃ
〈|[V σd⊥ | p ]|, σ〉 σσÃ

T-33
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APPENDIX

B

Proofs of the translation from χ to Uppaal
Timed Automata

B.1 Preliminaries

In this section we give some notions, which will be used in the subsequent theorems.
First, we provide the semantics of the repetition and delay operators. Then, we prove two
preliminary lemmata.
In Uppaal semantics there are conditions, saying that some action is possible if there are
no committed locations in l. Since, in the translation committed locations are never used,
we skip in the proofs of these conditions.

B.1.1 The semantics of the repetition and delay operators

In [BMR+05] the semantics of the repetition and delay operators is given in terms of other
language elements. Since those elements have not been included into the translated set
of the process terms, we provide here the deduction rules for the repetition [MS06] and
delay operators, which do not include other language elements. It can be shown that these
deduction rules coincide with the formal semantics, though we omit the proofs here.

The semantics of the repetition operator

〈p, σ, E〉 σ, a, σ′−−−−−→ 〈X
p′

, σ′ , E〉

〈∗p, σ, E〉 σ, a, σ′−−−−−→ 〈 ∗p
p′ ; ∗p , σ′ , E〉

1.1

〈p, σ, E〉 t, ρ7−→ 〈p′ , σ′ , E〉
〈∗p, σ, E〉 t, ρ7−→ 〈p′ ; ∗p, σ′ , E〉

1.2

〈p, σ, E〉 σÃ
〈∗p, σ, E〉 σÃ

1.3
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The semantics of the delay operator

σ(d) = 0

〈∆d, σ, E〉 σ, τ , σ−−−−→ 〈X, σ, E〉
1.4

ρ ∈ Ω(σ, t), t ≤ σ(d)

〈∆d, σ, E〉 t, ρ7−→ 〈∆(d− t), ρ(t), E〉
1.5

〈∆d, σ, E〉 σÃ
1.6

During the time transition the valuation at each time point s ∈ [0, t] is given by ρ(s) ∈
Ω(σ, t), see the Appendix A.3.

B.1.2 Preliminary lemma

To prove the correctness of the translation scheme we need two additional lemma. In χ
semantics the process term [q] has the same action behavior as q and it may also perform
an arbitrary time transition. To translate it we added a new location into the automaton
Tq(q) in which the automaton can delay. With the first lemma we show that the action
behavior stays the same nevertheless.

Lemma 1

|[ TM(〈q, σ, E〉) ]|` 〈l, α〉 a−→ 〈l′, α′〉 ⇔ |[ TM(〈[q], σ, E〉) ]|` 〈l′′, α〉 a−→ 〈l′, α′〉,

where l = (lq0), l
′
= (lqi ), l

′′
= (l0), lq0 is the initial location of Tq(q), lqi is a location of Tq(q),

l0 is the initial location of Tq([q]).

Proof of Lemma 1
First, we prove that |[ TM(〈q,σ,E〉) ]|` 〈l,α〉 a−→〈l′,α′〉⇒ |[ TM(〈[q],σ,E〉) ]|` 〈l[lq0/l0],α〉 a−→

〈l′, α′〉.
From Uppaal semantics it follows that Tq(q) has the initial location lq0, a location lqi ,

and the edge eq = 〈lq0, gq, τh, a
q, lqi 〉. Moreover, α |= Inv(lq0), α |= gq, α′ |= Inv(lqi ), and

α′ = aq(α).
Applying Tq([q]) adds a new initial location l0 into an extended automaton Tq(q), such

that Inv(l0) = true. Moreover, new edges are added such that if the location lq0 has an
outgoing edge leading to a location lqi with no expression over the clock in the guard, than
l0 will have an outgoing edge with the same guard, synchronization label and assignment,
leading to the location lqi .

In case if gq does not contain expression over clocks, the proof is straightforward, since
the automaton TM(〈[q], σ, E〉) will have the edge e = 〈l0, gq, τh, a

q, lqi 〉.
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In case if gq contains an expression over clocks, we prove that the automaton TM(〈q,σ,E〉)
cannot make a transition a over this edge, thus the lemma holds trivially. The proof is
done by contradiction. From the translation scheme, gq can contains an expression c == d,
where c is some clock. Moreover, α(c) = 0, α(d) ∈ N+, Inv(lq0) contains an expression c≤ d.
From the Uppaal semantics, |[ TM(〈q, σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lqi /lq0], α′〉, only if α(c) = α(d).
This leads to the contradiction: α(c) = 0, α(d) ∈ N+, thus α(c) 6= α(d), which means that
the action transition is not possible via an edge with an expression over clocks in its guard.

To prove that |[ TM(〈[q], σ,E〉) ]|` 〈l, α〉 a−→ 〈l′, α′〉 ⇒ |[ TM(〈[q], σ,E〉) ]|` 〈l, α〉 a−→ 〈l′, α′〉.
From Uppaal semantics it follows that Tq(q) has the initial location lq0, a location lqi ,

and the edge eq = 〈lq0, gq, τh, a
q, lqi 〉. Moreover, α |= Inv(lq0), α |= gq, α′ |= Inv(lqi ), and

α′ = aq(α). £

In χ language the process term q ≡ ∆d can perform a delay for t time units (t ≤ d)
and then continue as q′ ≡∆(d− t). According to the definition of the corresponding states
we need to prove that the initial location of the extended automaton Tq(d − t) is in the
location vector. The problem is that the process term Tq(d − t) is not translated. To
resolve this case we will need the following lemma.

Lemma 2 Let NA = 〈(A), (l), V, {time}, Hl, H, Init〉 be a network of Uppaal automata,
and let a location l be the initial location of Tq(∆d), Inv(l) = c ≤ d.

Let NA′ = 〈(A′), (l′), V, {time}, Hl, H, Init〉 be a network of Uppaal automata, and let
a location l′ be the initial location of Tq(∆d′), Inv(l′) = c′ ≤ d′, where d′ = d− t0.

Then, if α(c) = t0 ∧ α(c′) = 0

|[ NA ]|` 〈(l), α〉 t7−→ 〈(l), α1〉 ⇔ |[ NA′ ]|` 〈(l′), α′〉 t7−→ 〈(l′), α2〉,
Proof of Lemma 2
The proof is straightforward. According to the Uppaal semantics, NA can make a time
transition for t time units if the invariant stays satisfied, i.e. t ∈ [0, (d− t0)]. Similarly, NA′

can make a time transition for t time units if the invariant stays satisfied, i.e. t ∈ [0, d′].
Knowing that d′ = d− t0, we can say that the time behavior of these two automata is the
same. £

B.2 Proof of Theorem 3.3.1

The proofs are by induction on the structure of the closed process term p.
Proof of Lemma 3.3.1.1
According to the rules 22, 25 the process term 〈∂Aia

(υHl
(p)), σ, E〉 can perform an action

a and then terminate if a process term p can perform an action a and terminate:

(1) Let us consider the case when p ∈ Q. In the χ semantics there are no termina-
tion transition rules (with a as specified) defined for deadlock, inconsistent process
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term, send, receive, sequential composition and repetition, therefore the lemma holds
trivially for these cases. The proofs for the other cases are given below.

(a) The process term skip is an abbreviation for an action predicate ∅ : trueÀ τ (rule
A.2) that performs an internal action τ without changing valuation (σ = σ′) and
then terminates (rule 1). According to the translation scheme, the corresponding
extended automaton Tq(skip) has the initial location l0, final location l1, the only
edge 〈l0, true, τh, τa, l1〉, and Inv(l0) = true, Inv(l1) = true.

Since the translation functions Tp and TM do not change locations and edges,

|[ TM(〈∂Aia
(υHl

(skip)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[l1/l0], α′〉.
According to the Uppaal semantics, the empty assignment τa does not change
the valuation, α = α′. Hence, σ′ = α′ ¹ dom (σ′). Since the location l1 is a final
location (Corr((l1), {l1}) = ∅) and σ′ = α′ ¹ dom (σ′), the states 〈X, σ′, E ′〉 and

〈l′, α′〉 are corresponding.

(b) Multi-assignment xn := en, n ≥ 1 is an abbreviation for an action predicate
{xn} : x1 = e−1 ∧ . . . ∧ xn = e−n À τ (rule A.2) that performs an internal action
τ and assigns the values of the expressions e1, . . . , en to the variables x1, . . . , xn

respectively (rule1). According to the translation scheme, the corresponding
extended automaton Tq(xn := en) has the initial location l0, final location l1, and
the only edge 〈l0,true, τh,{x1 := e1, . . . ,xn := en}, l1〉, and Inv(l0) = true, Inv(l1) =
true.

Since the translation functions Tp and TM do not change locations and edges,

|[ TM(〈∂Aia
(υHl

(xn := en)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[l1/l0], α′〉.
According to the Uppaal semantics, the assignment action {x1 = e1, . . . , xn =
en} changes the values of the variables xi, such that ∀i, j, j < i ≤ n : α′(xi) =
α(ei[xj 7→ ej]), and ∀k, k > n : α′(xk) = α(xk). Since the translation of the
multi-assignment is restricted so that no variable on the left side can be used
in any expression on the right side of the assignment, α′(xi) = α(ei). Hence,
σ′ = α′ ¹ dom (σ′). Since the location l1 is a final location (Corr((l1), {l1}) = ∅)
and σ′ = α′ ¹ dom (σ′), the states 〈X, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(c) The process term ∆d can perform an internal action τ without changing val-
uation (σ = σ′) and terminate if σ(d) = 0 (rule B.1.4). According to the
translation scheme, the corresponding extended automaton Tq(∆d) has the
initial location l0, final location l1, the only edge 〈l0, c == d, τh, τa, l1〉, and
Inv(l0) = c ≤ d, Inv(l1) = true.

From the proof of the Lemma 3.3.1.5, if σ(d) = 0, delay is finished and α(c) = d.

Since the translation functions Tp and TM do not change locations and edges,

|[ TM(〈∂Aia
(υHl

(∆d)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[l1/l0], α′〉.
According to the Uppaal semantics, the empty assignment τa does not change
the valuation, α = α′. Hence, σ′ = α′ ¹ dom (σ′). Since the location l1 is a final
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location (Corr((l1), {l1}) = ∅) and σ′ = α′ ¹ dom (σ′), the states 〈X, σ′, E ′〉 and

〈l′, α′〉 are corresponding.

(d) According to the χ semantics, the process term [q] can perform an action a
and then terminate if q can perform an action a and then terminate (rule 8).

As the induction step, it is assumed that if |[ M ]|` 〈q, σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉,
and the corresponding extended automaton Tq(q) has the initial location lq0, final
location lqn, and the edge e = 〈lq0, gq, τh, a

q, lqn〉. Furthermore, α |= Inv(lq0), α |= gq,
and α′ |= Inv(lqn). Moreover, α′ ¹ dom(σ′) = σ′.
According to the lemma 1, the extended automaton Tq([q]) will have the initial
location l0, final location lqn, and the edge e = 〈l0, gq, τh, a

q, lqn〉. Furthermore,
Inv(l0) = true, α |= gq, and α′ |= Inv(lqn). Moreover, α′ ¹ dom(σ′) = σ′.
Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

([q])), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lqn/l0], α′〉.
Since lqn is a final location (Corr((lqn),{lqn}) = ∅) and σ′ = α′ ¹ dom(σ′), the states

〈X, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(e) The process term q1 [] q2 can perform an action a and then terminate, only if
either q1 or q2 can perform this action and terminate (rule 15). Since the proofs
for both cases are similar, only the proof for the case, when q1 can perform an
action a and terminate, has been given.

As the induction step, it is assumed that |[ 〈∂Aia
(υHl

(q1)), σ,E〉 ]|` 〈q1, σ,E〉 σ,a,σ′−−−→
〈X, σ′, E ′〉, and the corresponding extended automaton Tq(q1) has the initial
location lq1

0 , final location lq1
n , and the edge e = 〈lq1

0 , gq1 , τh, a
q1 , lq1

n 〉. Furthermore,
α |= Inv(lq1

0 ), α |= Inv(lq2

0 ), α |= gq1 , and α′ |= Inv(lq1
n ). Moreover, σ′ = α′ ¹

dom(σ′).
The function Tq(q1 [] q2) adds a new initial location l0, such that Inv(l0) =
Inv(lq1

0 ) ∧ Inv(lq2

0 ), and redirects the edges so that ∀e ∈ Tq(q1), e = 〈lq1

0 , gq1 ,
τh, a

q1 , lq1
n 〉 : ∃e′ ∈ Tq(q1 [] q2), e

′ = 〈l0, gq1 , τh, a
q1 , lf〉, where l0, lf are the initial

and final locations of Tq(q1 [] q2).

Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(M ) ]|` 〈l, α〉 a−→ 〈l[ln/l0], α′〉.
Since lf is the final location (Corr((lf ), {lf}) = ∅) and σ′ = α′ ¹ dom(σ′), the

states 〈X, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(2) If p is of the form q1 ‖ q2, the lemma holds trivially, since in χ semantics there are
no termination transition rules (with a as specified) defined for parallel composition.

£

Proof of Lemma 3.3.1.2
According to the rules 22, 25, the process term 〈∂Aia

(υHl
(p)), σ, E〉 can perform an action

a and then continue as p′ if a process term p performs an action a and continue as p′.
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(1) Let’s first consider the case, when p ∈ Q. In the χ semantics there is no transition
rules (with a as specified) defined for skip, assignment, deadlock, inconsistent process
term, send, receive, and delay, therefore the lemma holds trivially for these cases.

(a) According to the χ semantics, the process term [q] can perform an action a and
then continue as p′ if q can perform an action a and then continue as p′ (rule 8).

As the induction step, it is assumed that if |[ 〈q,σ,E〉 ]|` 〈q,σ,E〉 σ,a,σ′−−−→〈p′,σ′,E ′〉,
than the corresponding extended automaton Tq(q) has the initial location lq0,
location lqi 6= lqf , and the edge e = 〈lq0, gq, τh, a

q, lqi 〉. Furthermore, α |= Inv(lq0),
α |= gq, and α′ |= Inv(lqi ). Moreover, the location lqi is an initial location of the
extended automaton Tq(p

′), and σ′ = α′ ¹ dom(σ′).
Applying Tq([q]) adds a new initial location l0 into an extended automaton Tq(q),
such that Inv(l0) = true. The outgoing edges as the location lq0 are duplicated
and reconnected to the location l0, except for the edges with clock expressions
in guards. From the proof of the Lemma 1 follows that the extended automaton
Tq([q]) has the edge e = 〈l0, gq, τh, a

q, lqi 〉.
Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

([q])), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lqn/lq0], α′〉.
Since lqi is an initial location of Tq(p

′) (Corr((lqi ), {lqf}) = (lqi )) and σ′ = α′ ¹
dom(σ′), the states 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(b) The process term q1; q2 can perform an action a and then continue as p′ in
two cases: if q1 performs an action a and terminates, p′ ≡ q2, (rule 11) or if q1

performs an action a and then continues as q′1, p′ ≡ q′1; q2, (rule 12).

• Let’s first consider the case when q1 can perform an action a and termi-
nate. As the induction step, it is assumed that the corresponding extended
automaton Tq(q1) has the initial location lq1

0 , the final location lq1
n and the

edge 〈lq1

0 , g, τh, a
q1 , lq1

n 〉, such that Inv(lq1

0 ) and g are evaluated as true in α,
and Inv(lq1

n ) = true. Furthermore, the extended automaton Tq(q2) has the
initial location lq2

0 . Moreover, ∀x, σ(x) 6= σ′(x) : x := e ∈ aq1 , e = σ′(x).
The translation function Tq(q1; q2) reconnects all input edges of the location
lq1
n to the location lq2

0 and removes lq1
n . Since the functions Tp and TM do not

change the locations, edges and invariants, |[ TM(〈∂Aia
(υHl

(q1 ; q2)), σ,E〉) ]|`
〈l, α〉 a−→ 〈l[lq2

0 /lq1

0 ], α′〉.
Since lqi is an initial location of Tq(p

′) (Corr((lqi ), {lqn}) = (lqi )) and σ′ = α′ ¹
dom(σ′), the states 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

• Let’s consider the case when q1 performs an action a and then continues as
q′1. As the induction step, it is assumed that the corresponding extended
automaton Tq(q1) has the initial location lq1

0 , a non-final location lq1

i and the
edge 〈lq1

0 , gq1 , τh, a
q1 , lq1i 〉, such that Inv(lq1

0 ) and gq1 are evaluated as true in
α, and Inv(lq1

i ) = true. Furthermore, the extended automaton Tq(q
′
1) has

the initial location lq1

i . Moreover, α′ ¹ dom(σ′) = σ′.
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Since the translation function Tq(q1;q2) does not change the locations lq1

0 , lq1i

and the edge 〈lq1

0 , g, τh, a
q1 , lq1

i 〉, and the functions Tp and TM do not change

the locations, edges and invariants, |[ TM(〈∂Aia
(υHl

(q1 ; q2)),σ,E〉) ]|` 〈l,α〉 a−→
〈l[lq1

i /lq1

0 ], α′〉.
Since lqi is an initial location of Tq(p

′) (Corr((lqi ), {lqf}) = (lqi )) and σ′ = α′ ¹
dom(σ′), the states 〈p′, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(c) The process term q1 [] q2 can perform an action a and then continue as p′, only if
either q1 can perform an action a and continue as q′1, p′ ≡ q′1, or q2 can perform
an action a and continue as q′2, p′ ≡ q′2, (rule 15). Since the proofs for both cases
are similar, only the proof for the case, when q1 can perform an action a and
then continue as q′1, has been given.

As the induction step, it is assumed that |[ 〈q1,σ,E〉 ]|` 〈q1,σ,E〉 σ,a,σ′−−−→〈q′1,σ′,E ′〉,
and the corresponding extended automaton Tq(q1) has the initial location lq1

0 , a
non-final location lq1

j , and ∃ei = 〈lq1

0 , gq1

i , τh, a
q1

i , lq1

j 〉. Furthermore, α |= Inv(lq1

0 ),
α |= Inv(lq2

0 ), α |= gq1

i , and α′ |= Inv(lq1

j ). The location lq1

j is the initial location
of the extended automaton Tq(q

′
1). Moreover, α′ ¹ dom(σ′) = σ′.

The function Tq(q1 [] q2) adds a new initial location l0, such that Inv(l0) =
Inv(lq1

0 ) ∧ Inv(lq2

0 ), and redirects the edges so that ∀ei ∈ Tq(q1), ei = 〈lq1

0 , gq1

i ,
τh, a

q1

i , lq1

j 〉 : ∃e′i ∈ Tq(q1 [] q2), e
′
i = 〈l0, gq1

i , τh, a
q1

i , lq1

j 〉, where l0 is the initial location
of Tq(q1 [] q2).

Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(q1 [] q2)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lj/l0], α′〉.
Since lq1

j is the initial location of the extended automaton Tq(q
′
1) (Corr((lqi

j ),

{lqf}) = (lq1

j )) and σ′ = α′ ¹ dom(σ′), the states 〈q′1, σ′, E ′〉 and 〈l′, α′〉 are corre-
sponding.

(d) According to the χ semantics, ∗q can perform an action a and continue as p′ if
q can perform an action a and terminate, p′ ≡ ∗q, or if q can perform an action
a and continue as q′, p′ ≡ q′; ∗q, (rule B.1.1).

• In case when p′ ≡ ∗q, as an induction step it is assumed that the correspond-
ing extended automaton Tq(q) has the initial location lq0, final location lqn,
and the edge 〈lq0, gq, τh, a

q, lqn〉, and Inv(lq0), and gq are evaluated as true in
the valuation α, and Inv(lqn) = true. Moreover, α′ ¹ dom(σ′) = σ′.
The translation function Tq(∗q) redirects the edges, such that ∀ei ∈Tq(q), ei =
〈lqj , gq

i , τh, a
q
i , l

q
n〉 : ∃ej = 〈l0, gq

i , τh, a
q
i , l

q
0〉.

Since the functions Tp and TM do not change the locations, edges and in-

variants, |[ TM(〈∂Aia
(υHl

(∗q)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lq0/lq0], α′〉.
Since lq0 is the initial location of the extended automaton Tq(∗q) (Corr((lq0),

{lqf}) = (lq0)) and σ′ = α′ ¹ dom(σ′), the states 〈∗q, σ′, E ′〉 and 〈l′, α′〉 are
corresponding.

• In case when p′ ≡ q′; ∗q, as an induction step it is assumed that the cor-
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responding extended automaton Tq(q) has the initial location lq0, non-final
location lqi , and the edge 〈lq0, gq, τh, a

q, lqi 〉. The location lqi is the initial lo-
cation of the extended automaton Tq(q

′; ∗q). Moreover, Inv(lq0), and gq are
evaluated as true in the valuation α, and Inv(lqi ) is evaluated as true in α′.
Furthermore, α′ ¹ dom(σ) = σ′.
The translation function Tq(∗q) does not affect non-final locations and the
edges between them. Hence, the corresponding extended automaton Tq(∗q)
has the edge 〈lq0, gq, τh, a

q, lqi 〉. Moreover, both Inv(lq0) and gq are evaluated
as true in α, and Inv(lq0) is evaluated as true in α′.
Since the functions Tp and TM do not change the locations, edges and in-

variants, |[ TM(〈∂Aia
(υHl

(∗q)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lqi /lq0], α′〉.
Since lqi is a non-final location (Corr((lqi ),{lqf}) = (lqi )) and σ′ = α′ ¹ dom(σ′),

the states 〈∗q, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

(2) In the case, when p is of the form q1 ‖ q2, p can perform an action a and continue as
p′ in following cases (rule 19):

(a) q1 can perform the action a and terminate (p′ ≡ q2)

(b) q1 can perform the action a and continue as q′1 (p′ ≡ q′1 ‖ q2)

(c) q2 can perform the action a and terminate (p′ ≡ q1)

(d) q2 can perform the action a and continue as q′2 (p′ ≡ q1 ‖ q′2)

Since the proofs for the cases (a), (c) and (b), (d) are similar, only the proofs for the
first two cases have been given.

• Let’s consider the case, when q1 can perform the action a and terminate (p′ ≡
q2). Then, according to the translation scheme, the corresponding extended
automaton Tq(q1) has the initial location lq1

0 , final location lq1
n , and the edge

〈lq1

0 , gq1 , τh, a
q1 , lq1

n 〉, and Inv(lq1

0 ), and gq1 are evaluated as true in the valuation
α, and Inv(lq1

n ) = true. Moreover, the extended automaton Tq(q2) has the initial
location lq2

0 , Inv(lq2

0 ) is evaluated as true in the valuations α and α′. Furthermore,
α′ ¹ dom(σ) = σ′.
Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉) ]|` 〈l[lq1

0 ], α〉 a−→ 〈l[lq1
n /lq1

0 ], α′〉.
Since the location lq1

n is final (Corr((lq1
n , lq2

0 ), {lq1
n , lq2

m}) = (lq2

0 )) and σ′ = α′ ¹
dom(σ′), the states 〈q2, σ

′, E ′〉 and 〈l′, α′〉 are corresponding.

• In case when q1 can perform the action a and continue as q′1 (p′ ≡ q′1 ‖ q2),
the corresponding extended automaton Tq(q1) has the initial location lq1

0 , some
non-final location lq1

i , and the edge 〈lq1

0 , gq1 , τh, a
q1 , lq1i 〉, and Inv(lq1

0 ), and gq1

are evaluated as true in the valuation α, and Inv(lq1

i ) = true. Moreover, the
extended automaton Tq(q2) has the initial location lq2

0 , Inv(lq2

0 ) is evaluated as
true in the valuations α and α′. Furthermore, α′ ¹ dom(σ) = σ′.
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Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉) ]|` 〈l, α〉 a−→ 〈l[lq1

i /lq1

0 ], α′〉.
Since the location lq1i is an initial location of the extended automaton Tq(q

′
1), i.e.

Corr((lq1

i , lq2

0 ), {lq1
n , lq2

m}) = (lq1

i , lq2

0 ), and σ′ = α′ ¹ dom(σ′), the states 〈q2, σ
′, E ′〉

and 〈l′, α′〉 are corresponding.

£

Proof of Lemma 3.3.1.3
According to the rules 22, 25, the process term 〈∂Aia

(υHl
(p)), σ, E〉 can perform a commu-

nication action ca and then terminate if a process term p perform an action ca and then
terminate.

(1) In case p ∈ Q, the lemma holds trivially, since in χ semantics there are no transition
rules with ca as specified defined for non-parallel processes.

(2) In case if p is of the form q1 ‖ q2, the process term p can perform an action ca and
then terminate in the following cases (rule 18):

(a) if q1 can perform a send action and then terminate, and q2 can perform a receive
action and then terminate

(b) if q1 can perform a receive action and then terminate, and q2 can perform a send
action and terminate

Since the proofs for both cases are similar, only the proof of the first case has been
given.

The lemma holds trivially for skip, assignment, deadlock, inconsistent process term,
delay, repetition and sequential composition, since in χ semantics there is no transi-
tion rules with ca as specified.

The send action can be performed by the process terms send h !! en, any delay op-
erator [q], and alternative composition q1 [] q2. Similarly, the receive action can be
performed by the process terms receive h??xn, any delay operator [q], and alternative
composition q1 [] q2.

Let’s consider the case, when q1 ≡ h !! en. According to the translation scheme an
extended automaton Tq(h !! en) has the initial location lq10 , final location lq1

1 , and the
edge 〈lq1

0 , gq1 , h!, {y1 = e1, . . . , yn = en}, lq1

1 〉. The invariant Inv(lq1

0 ) and a guard gq1 ,
are evaluated as true in the valuation α, and Inv(lq1

1 ) = true. Since the functions Tp

and TM preserve all edges, the corresponding Uppaal automaton A1 contains the
edge 〈lq1

0 , gq1 , h!, {y1 = e1, . . . , yn = en}, lq1

1 〉.
In case of any delay operator and alternative composition, it can be proved that the
corresponding Uppaal automaton A1 contains the initial location lq1

0 , final location
lq1

1 , and the edge 〈lq1

0 , gq1 , h!, {y1 = e1, . . . , yn = en}, lq1

1 〉. Furthermore, the invariant
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Inv(lq1

0 ) and a guard gq1 , are evaluated as true in the valuation α, and Inv(lq1

1 ) = true.
The proofs for these cases are similar to the ones in the proof of the Lemma 3.3.1.1
(cases 1d, 1e), thus we do not adduce them here.

In the similar way it can be shown that if a process term q2 can perform a receive
action and terminate, that the corresponding Uppaal automaton contains the initial
location lq2

0 , final location lq2

1 , and the edge 〈lq2

0 , gq2 , h?, {x1 = y1, . . . , xn = yn}, lq2

1 〉.
Then, according to the Uppaal semantics |[ TM(〈∂Aia

(υHl
(q1 ‖ q2)), σ,E〉) ]|` 〈l, α〉 h−→

〈l′, α′〉, where l
′
= l[lq1

1 /lq1

0 , lq2

1 /lq2

0 ], and α′ = aq2(aq1(α)).

Since the location lq1

1 and lq2

1 are final (Corr((lq1

1 , lq2

1 ), {lq1

1 , lq2

1 }) = ∅), and σ′ = α′ ¹
dom(σ′), the states 〈q2, σ

′, E ′〉 and 〈l′, α′〉 are corresponding.

£

Proof of Lemma 3.3.1.4
According to the rules 22, 25, the process term 〈∂Aia

(υHl
(p)), σ, E〉 can perform a commu-

nication action ca and then continue as p′ if a process term p perform an action ca and
continue as p′:

(1) In case if p ∈ Q, the lemma holds trivially, since in χ semantics there is no transition
rules with ca as specified defined for non-parallel processes.

(2) In case if p is of the form q1 ‖ q2, the process term p can perform an action ca and
then continue as p′ if one of the process terms can perform a send action and the
other one can perform a receive action over the same channel, and at least one of
the process terms does not terminate (rule 18). Since the proofs for most cases are
similar, only the proofs for the following cases have been given:

(a) if q1 can perform a send action and then continue as q′1, and q2 can perform a
receive action and then terminate

(b) if q1 can perform a send action and then continue as q′1, and q2 can perform a
receive action and continue as q′2

According to the χ semantics only the process terms any delay, sequential compo-
sition, repetition and alternative composition can perform a send (receive) action
and then continue as q′1 (q′2). The process term receive, any delay and alternative
composition can perform a send or receive action an then terminate.

In the same way as it was done in the proof of the Lemma 3.3.1.2, it can be shown
that an extended automaton Tq(q1) has the initial location lq1

0 , some non-final location
lq1
n , and the edge 〈lq1

0 , gq1 , h!, {y1 = e1, . . . , yn = en}, lq1
n 〉. The invariant Inv(lq1

0 ) and a
guard gq1 , are evaluated as true in the valuation α, and Inv(lq1

n ) = true.
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Let us consider the first case. From the proof of the Lemma 3.3.1.3 it follows that
Tq(q2) contains an edge 〈lq2

0 , gq2 , h?, {x1 = y1, . . . , xn = yn}, lq2

k 〉, where lq2

k is a final
location.

Then, according to the Uppaal semantics |[ TM(〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉) ]|` 〈l, α〉 h−→
〈l′, α′〉, where l

′
= l[lq1

n /lq1

0 , lq2

k /lq2

0 ], and α′ = aq2(aq1(α)).

Since the location lq1
n is the initial location of the extended automaton Tq(q

′
1), lq2

k is
a final location (Corr((lq1

n , lq2

k ), {lq1

f , lq2

k }) = (lq1
n )), and σ′ = α′ ¹ dom(σ′), the states

〈q′1, σ′, E ′〉 and 〈l′, α′〉 are corresponding.

In the second case in the similar way, it can be shown that the automaton Tq(q2)
contains the edge 〈lq20 , gq2 , h?, {x1 = y1, . . . , xn = yn}, lq2

k 〉, lq2

k is a non-final location.

Then, according to the Uppaal semantics |[ TM(〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉) ]|` 〈l, α〉 h−→
〈l′, α′〉, where l

′
= l[lq1

n /lq1

0 , lq2

k /lq2

0 ], and α′ = aq2(aq1(α)).

Since the location lq1
n and lq2

k are the initial locations of the extended automata Tq(q
′
1)

and Tq(q
′
2) respectively (Corr((lq1

n , lq2

k ), {lq1

f , lq2

f }) = (lq1
n , lq2

k )), and σ′ = α′ ¹ dom(σ′),

the states 〈q′1 ‖ q′2, σ
′, E ′〉 and 〈l′, α′〉 are corresponding.

£

Proof of Lemma 3.3.1.5
According to the rules 23, 26, the process term 〈∂Aia

(υHl
(p)), σ, E〉 can make a time tran-

sition t and then continue as 〈∂Aia
(υHl

(p′)), σ′, E ′〉 if a process term p can make a delay
transition t and continue as p′ and no communication is possible during the delay.

According to the Uppaal semantics, delays are performed in the locations, thus l = l
′
.

For simplicity below we write l instead of l
′
.

(1) Let us first consider the case if p ∈ Q. The lemma holds trivially for skip, multi-
assignment, send, receive, deadlock, and inconsistent process term, since there are
no time transition rules defined for these process terms.

(a) The process term ∆d can make a delay transition for t time units and continue
as p′ ≡ ∆(d − t), if ρ ∈ Ω(σ, t) and t ≤ d (rule B.1.5). Furthermore, σ′ = ρ(t)
and ∀x, x ∈ (dom(σ) \ {time}) : σ′(x) = σ(x), and σ′(time) = σ(time) + t.

According to the translation scheme, the extended automaton Tq(∆d) has the
initial location lq0, such that Inv(lq0) = (c≤ d), where c ∈ C, α(c) = 0, TL(l0) = o.
Since lq0 is the only location in l, t≤ d, and the functions Tp and TM do not change

the locations, edges and invariants, |[ TM(〈∂Aia
(υHl

(∆d)), σ, E〉) ]|` 〈l, α〉 t7−→
〈l, α′〉.
Furthermore, according to the Uppaal semantics, during a delay values of all
clock variables are changed synchronously and values of all non-clock variables
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remain the same: ∀c ∈ C : α′(c) = α(c) + t. According to the translation scheme
time is the only clock variable in dom(σ), thus α′ ¹ (dom(σ) \ {time}) = α.

Since we do not translate the process term ∆(d− t), we cannot refer to its initial
location. However from the Lemma 2 follows that after t time units, α(c) = t,
TM(〈∂Aia

(υHl
(∆d)), σ, E〉) has the same time behavior as TM(〈∂Aia

(υHl
(∆(d −

t))), σ, E〉). Moreover, since α′(time) = α(time) + t and ∀x ∈ α′ ¹ (dom(σ) \
{time}) : α(x) = α′(x), the states 〈p′, σ′, E ′〉 and 〈l, α′〉 are corresponding.

(b) The process term [q] can make an arbitrary time transition t and continue as
p′≡ [q] (rule 9), if ρ∈Ω(σ, t). Moreover, ∀x,x∈ (dom(σ)\{time}) : σ′(x) = σ(x),
and σ′(time) = σ(time) + t.

Applying Tq([q]) adds a new initial location l0 into an extended automaton Tq(q),
such that Inv(l0) = true, and TL(l0) = o.

Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

([q])), σ, E〉) ]|` 〈l, α〉 t7−→ 〈l, α′〉.
Moreover, since α′(time) = α(time) + t and ∀x,x ∈ α′ ¹ dom(σ) \ {time} : α(x) =
α′(x), the states 〈p′, σ′, E ′〉 and 〈l, α′〉 are corresponding.

(c) The process term q1; q2 can make a delay transition and continue as p′ if q1 can
make a delay transition and continue as q′1 (p′ ≡ q′1 ; q2) (rule 13). By induction,
the corresponding extended automaton Tq(q1) has the initial location lq1

0 , such
that TL(lq1

0 ) = o, α |= Inv(lq1

0 ), α′ |= Inv(lq1

0 ), and α′ ¹ dom(σ′) = σ′. Furthermore,
the extended automaton Tq(q

′
1) has the same initial location lq10 .

Since the translation function Tq(q1; q2) does not change the location lq1

0 , and
the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(q1 ; q2)), σ, E〉) ]|` 〈l, α〉 t7−→ 〈l, α′〉.
Moreover, since α′(time) = α(time) + t and ∀x,x ∈ α′ ¹ dom(σ) \ {time} : α(x) =
α′(x), the states 〈p′, σ′, E ′〉 and 〈l, α′〉 are corresponding.

(d) The process term q1 [] q2 can make a delay transition for t time units and continue
as p′ if both q1 and q2 can make a delay transition for t time units, p′ ≡ q′1 [] q′2,
(rule 16). By induction, the extended automata Tq(q1) and Tq(q2) have the
initial locations lq1

0 and lq2

0 , respectively. Moreover, α |= Inv(lq1

0 ), α |= Inv(lq2

0 ),
α′ |= Inv(lq1

0 ), α′ |= Inv(lq2

0 ), TL(lq1

0 ) = o, and TL(lq2

0 ) = o. Furthermore, the
locations lq1

0 and lq2

0 are the initial locations of the extended automata Tq(q
′
1)

and Tq(q
′
2) respectively.

The function Tq(q1 [] q2) adds a new initial location l0, such that Inv(l0) =
Inv(lq1

0 ) ∧ Inv(lq2

0 ), and TL(l0) = o.

Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(q1 [] q2)), σ, E〉) ]|` 〈l, α〉 t7−→ 〈l[lj/l0], α′〉.
Since α′(time) = α(time) + t and ∀x,x ∈ α′ ¹ dom(σ) \ {time} : α(x) = α′(x), the
states 〈p′, σ′, E ′〉 and 〈l, α′〉 are corresponding.
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(e) The process term ∗q can delay for t time units and continue as p′, if q can delay
for t time units and continue as q′, p′ ≡ q′; ∗q, (rule B.1.2).

By induction, the corresponding extended automaton Tq(q) has the initial loca-
tion lq0, such that α |= Inv(lq0), α′ |= Inv(lq0), and TL(lq0) = o.

Since the functions Tp and TM do not change the locations, edges and invariants,

|[ TM(〈∂Aia
(υHl

(∗q)), σ, E〉) ]|` 〈l, α〉 t7−→ 〈l[lj/l0], α′〉.
Since α′(time) = α(time) + t and ∀x,x ∈ α′ ¹ dom(σ) \ {time} : α(x) = α′(x), the
states 〈p′, σ′, E ′〉 and 〈l, α′〉 are corresponding.

(2) In case if p is of the form q1 ‖ q2 the proof is similar to the proof for the alternative
composition.

£

B.3 Proof of Theorem 3.3.2

Proof of Lemma 3.3.2.1

(1) Let us first consider the case if p ∈ Q. According to the translation scheme, the
extended automata Tq(δ), Tq(⊥), Tq(h !!en), Tq(h ??xn), Tq(∗q), Tq(q ; q) do not have

an edge lq0
g,τh,a−−−→ l, l ∈ Lf , thus, the lemma holds trivially for these process terms.

(a) According to the translation scheme the extended automaton Tq(skip) has the
initial location l0, final location l1 and the edge e = 〈l0, true, τh, τa, l1〉. Moreover,
Inv(l0) = true, Inv(l1) = true.

According to the χ semantics, the process term skip can make an internal action
and terminate (rule 1). Then, from the rules 22, 25,

|[ 〈∂Aia
(υHl

(skip)), σ, E〉 ]|` 〈∂Aia
(υHl

(skip)), σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉.
Since ∀l ∈ l

′
: l ∈ Lf and valuation α′ ¹ dom(σ) = σ′ (as α = α′, σ = σ′), the

states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(b) According to the translation scheme the extended automaton Tq(xn := en) has
the initial location l0, final location l1 and the edge e = 〈l0, true, τh, {x1 =
e1, . . . , xn = en}, l1〉. Moreover, Inv(l0) = true, Inv(l1) = true.

According to the χ semantics, the process term xn := en can make an internal
action and terminate (rule 1). Then, from the rule 22, 25, |[ 〈∂Aia

(υHl
(xn :=

en)), σ, E〉 ]|` 〈∂Aia
(υHl

(xn := en)), σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉.
From Uppaal semantics, α′ = a(α). According to χ semantics, the multi-
assignment process term changes the value of the variables x1, . . . , xn to the
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values of the expressions e1, . . . , en, respectively, leaving the rest of the variables
unchanged. Hence, α′ ¹ dom(σ) = σ′.

Since ∀l ∈ l
′
: l ∈ Lf and valuation α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and

〈p′, σ′, E ′〉 are corresponding.

(c) According to the translation scheme the extended automaton Tq(∆d) has the
initial location l0, final location l1 and the edge e = 〈l0, c == d, τh, τa, l1〉. More-
over, Inv(l0) = c ≤ d, Inv(l1) = true.

According to the χ semantics, the process term ∆d can make an internal action
and terminate, if σ(d) = 0 (rule B.1.4). Since the states 〈l, α〉 and 〈p, σ, E〉
are corresponding, α(time) = σ(time). From the proof of the Lemma 3.3.2.5,
σ(d) = 0. Then, from the rules 22, 25,

|[ 〈∂Aia
(υHl

(∆d)), σ, E〉 ]|` 〈∂Aia
(υHl

(∆d)), σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉.
Since ∀l ∈ l

′
: l ∈ Lf and valuation α′ ¹ dom(σ) = σ′ (as α = α′, σ = σ′), the

states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(d) According to the translation scheme the extended automaton Tq([q]) has the
initial location l0, final location ln and the edge e = 〈l0, g, τh, τa, ln〉, such that
α |= Inv(l0), α′ |= Inv(ln), α |= g. Moreover, from the translation scheme and
from Lemma 1 follows that the extended automaton Tq(q) has the initial location
lq0, final location lqn (lqn = ln) and the edge eq = 〈lq0, gq, τh, a

q, lqn〉, such that
gq = g, aq = a.

By induction we assume that the process term q can perform an action and ter-
minate and the extended automaton Tq(q) has the initial location lq0, final loca-
tion lqn, and the edge e = 〈lq0, g, τh, a, lqn〉. Moreover, α |= Inv(li), α

′ |= Inv(lj), α |=
g, α ¹ dom(σ) = σ, α′ ¹ dom(σ′) = σ′.
According to the χ semantics, if q can make an a action and terminate, than
the process term [q] can perform an action a and terminate (rule 8). Then, from

the rules 22, 25, |[ 〈∂Aia
(υHl

([q])), σ,E〉 ]|` 〈∂Aia
(υHl

([q])), σ,E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉.
Since ∀l ∈ l

′
: l ∈ Lf and valuation α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and

〈p′, σ′, E ′〉 are corresponding.

(e) According to the translation scheme the extended automaton Tq(q1 [] q2) has the
initial location l0, final location ln and the edge e = 〈l0, g, τh, τa, ln〉, such that
α |= Inv(l0), α′ |= Inv(ln), α |= g.

From the translation scheme Tq(q1) and Tq(q2) have the initial locations lq1

0 ,
lq2

0 , respectively, such that α |= Inv(lq1

0 ) and α |= Inv(lq2

0 ). Furthermore, ∃e′ =
〈l′, g, τh, a, l′′〉, such that (1) l′ = lq1

0 , l′′ = lq1
n , lq1

n ∈ Lf or (2) l′ = lq20 , l′′ = lq2
m ,

lq2
m ∈ Lf , and α |= g. Since the proofs for both cases are similar, we show the
proof for the first case.

By induction we assume, that the process term q1 can perform an action a
and terminate, and α′ ¹ dom(σ) = σ′. Then, according to the χ semantics,
the process term q1 [] q2 can perform an action a and terminate (rule 15) and
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α′ ¹ σ′ = σ′. From the rules 22, 25, |[ 〈∂Aia
(υHl

(q1 [] q2)), σ, E〉 ]|` 〈∂Aia
(υHl

(q1 []

q2)), σ, E〉 σ,a,σ′−−−→ 〈X, σ′, E ′〉.
Since ∀l ∈ l

′
: l ∈ Lf and valuation α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and

〈p′, σ′, E ′〉 are corresponding.

(2) Let us now consider the case if p is of the form q1 ‖ q2. Then, according to the
translation scheme ∃lq1

0 , lq2

0 ∈ l such that lq1

0 and lq2

0 are the initial locations of the
extended automata Tq(q1) and Tq(q2), respectively, and lq1

0 , lq2

0 /∈ Lf . That means that
after performing an action a, there will be at least one non-final location in l, thus,
the lemma hold trivially.

£

Proof of Lemma 3.3.2.2

(1) Let us first consider the case, when p ∈ Q. According to the translation scheme,
the extended automata Tq(skip), Tq(xn := en), Tq(h !! en), Tq(h ??xn), Tq(δ), Tq(⊥),

Tq(∆d), do not have an edge lq0
g,τh,a−−−→ l, l /∈ Lf , thus, the lemma hold trivially in these

cases.

(a) According to the translation scheme the extended automaton Tq([q]) has the
initial location l0, a non-final location lk, and an edge e = 〈l0, g, τh, a, lk〉, such
that Inv(l0) |= α, Inv(lk) |= α′, g |= α.

Furthermore, from the translation scheme follows that the extended automa-
ton Tq(q) has the initial location lq0, a non-final location lk and the edge eq =
〈lq0, g, τh, a, lk〉. As it proved in Lemma 1, applying Tq([q]) does not change action
behavior. That means that the edge e = 〈l0, g, τh, a, lk〉 will be in Tq([q]).

By induction we assume that the process term q can perform an action a and
continue as q′. Moreover, lk is the initial location of Tq(q

′), and α′ ¹ dom(σ′) = σ.

Then, according to the χ semantics, the process term [q] can perform an action
a and continue as q′ and α′ ¹ dom(σ′) = σ′ (rule 8). From the rules 22, 25,

|[ 〈∂Aia
(υHl

([q])), σ, E〉 ]|` 〈∂Aia
(υHl

([q])), σ, E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(q′)), σ′, E ′〉.
Since lk is the initial location of Tq(q

′) and valuation α′ ¹ dom(σ) = σ′, the states

〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(b) According to the translation scheme the extended automaton Tq(∗q) has the
initial location l0, a non-final location lk, and an edge e = 〈l0, g, τh, a, lk〉, such
that α |= Inv(l0), α′ |= Inv(lk), α |= g.

Furthermore, from the translation scheme follows that the extended automaton
Tq(q) has the initial location l0, a location lm and the edge eq = 〈l0, g, τh, a

q, lm〉.
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i. Let us consider the case, when lm ∈Lf . Applying Tq(∗q) redirects the edge eq

to the initial location l0 and adds initialization part Init q to the assignment
part of the edge. Since, according to the translation scheme, it is only clock
resets that can be in the Init q, it will not make influence on α′ ¹ dom(σ′).
By induction we assume that the process term q can perform an action and
terminate. Moreover, α′ ¹ dom(σ′) = σ′. Then, according to the χ semantics,
the process term ∗q can perform an action a and continue as ∗q (rule B.1.1),
and α′ ¹ dom(σ′) = σ′. From the rules 22, 25, |[ 〈∂Aia

(υHl
(∗q)), σ, E〉 ]|`

〈∂Aia
(υHl

(∗q)), σ, E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(∗q)), σ′, E ′〉.
Since lk is the initial location of Tq(∗q) and valuation α′ ¹ dom(σ) = σ′, the

states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

ii. Let us consider the case, when lm /∈ Lf . Applying Tq(∗q) will not change
the edge eq (eq = e, lm = lk).
By induction we assume that the process term q can perform an action and
continue as q′. Moreover, α′ ¹ dom(σ′) = σ′ and lk is the initial location of
Tq(q

′). Then, according to the χ semantics, the process term ∗q can perform
an action a and continue as q′ ; ∗q (rule B.1.1), and α′ ¹ dom(σ′) = σ′.

From the rules 22, 25, |[ 〈∂Aia
(υHl

(∗q)), σ, E〉 ]|` 〈∂Aia
(υHl

(∗q)), σ, E〉 σ,a,σ′−−−→
〈∂Aia

(υHl
(q′ ; ∗q)), σ′, E ′〉.

Since lk is the initial location of Tq(q
′ ; ∗q) and valuation α′ ¹ dom(σ) = σ′,

the states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(c) According to the translation scheme the extended automaton Tq(q1 ; q2) has the
initial location l0, a non-final location lk, and an edge e = 〈l0, g, τh, a, lk〉, where
lk ∈ Tq(q1), lk /∈ Lf or lk is the initial location of Tq(q1).

i. Let us consider the case, when lk ∈ Tq(q1), lk /∈ Lf . By induction we as-
sume that the process term q1 can perform an action a and continue as q′1.
Moreover, lk is the initial location of Tq(q

′
1), and α′ ¹ dom(σ′) = σ.

Then, according to the χ semantics, the process term q1 ; q2 can perform
an action a and continue as q′1 ; q2 (rule 12) and α′ ¹ σ′ = σ′. From the

rules 22, 25, |[ 〈∂Aia
(υHl

(q1 ; q2)), σ, E〉 ]|` 〈∂Aia
(υHl

(q1 ; q2)), σ, E〉 σ,a,σ′−−−→
〈∂Aia

(υHl
(q′1 ; q2)), σ

′, E ′〉.
Since lk is the initial location of Tq(q

′
1 ; q2) and valuation α′ ¹ dom(σ) = σ′,

the states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

ii. Let us consider the case, when lk is the initial location of Tq(q2). By in-
duction we assume that the process term q1 can perform an action a and
terminate, and α′ ¹ dom(σ′) = σ.
Then, according to the χ semantics, the process term q1 ; q2 can perform
an action a and continue as q2 (rule 11) and α′ ¹ dom(σ′) = σ′. From

the rules 22, 25, |[ 〈∂Aia
(υHl

(q1 ; q2)), σ, E〉 ]|` 〈∂Aia
(υHl

(q1 ; q2)), σ, E〉 σ,a,σ′−−−→
〈∂Aia

(υHl
(q2)), σ

′, E ′〉.

154



B.3. Proof of Theorem 3.3.2

Since lk is the initial location of Tq(q2) and valuation α′ ¹ dom(σ) = σ′, the

states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(d) According to the translation scheme the extended automaton Tq(q1 [] q2) has the
initial location l0, a non-final location ln and the edge e = 〈l0, g, τh, τa, ln〉, such
that α |= Inv(l0), α′ |= Inv(ln), α |= g.

From the translation scheme Tq(q1) and Tq(q2) have the initial locations lq1

0 ,
lq2

0 , respectively, such that α |= Inv(lq1

0 ) and α |= Inv(lq2

0 ). Furthermore, ∃e′ =
〈l′, g, τh, a, l′′〉, such that (1) l′ = lq1

0 , l′′ = lq1
n , lq1

n /∈ Lf or (2) l′ = lq20 , l′′ = lq2
m ,

lq2
m /∈ Lf , and α |= g. Since the proofs for both cases are similar, we show the
proof for the first case.

By induction we assume, that the process term q1 can perform an action a and
continue as q′1. Moreover, lq1n is the initial location of Tq(q

′
1) and α′ ¹ dom(σ) = σ′.

Then, according to the χ semantics, the process term q1 [] q2 can perform an
action a and continue as q′1 (rule 15), and α′ ¹ dom(σ) = σ′. From the rules 22, 25,

|[ 〈∂Aia
(υHl

(q1 [] q2)), σ,E〉 ]|` 〈∂Aia
(υHl

(q1 [] q2)), σ,E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(q′1)), σ
′,E ′〉.

Since lq1
n is the initial location of Tq(q

′
1) and valuation α′ ¹ dom(σ) = σ′, the

states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(2) Let us consider the case, if p is of the form q1 ‖ q2. Then,we can distinguish following
cases:

(a) lq1

0 , lq2

0 ∈ l : lq1 , lq2

0 ∈ l
′
, e = 〈lq1

0 , g, τh, a, lq1〉, lq1 ∈ Lf , l
q2

0 /∈ Lf .

(b) lq1

0 , lq2

0 ∈ l : lq1 , lq2

0 ∈ l
′
, e = 〈lq1

0 , g, τh, a, lq1〉, lq1 /∈ Lf , l
q2

0 /∈ Lf .

(c) lq1

0 , lq2

0 ∈ l : lq1

0 , lq2 ∈ l
′
, e = 〈lq2

0 , g, τh, a, lq2〉, lq1

0 /∈ Lf , l
q2 ∈ Lf .

(d) lq1

0 , lq2

0 ∈ l : lq1

0 , lq2 ∈ l
′
, e = 〈lq2

0 , g, τh, a, lq2〉, lq1

0 /∈ Lf , l
q2 /∈ Lf .

Since the proofs for first two cases and second two cases are similar, we only give
proofs for the cases 2a and 2b.

(a) By induction we assume that the process term q1 can perform an action a and
terminate. Moreover, lq1

0 is the initial location of Tq(q1), lq1 is the final location
of Tq(q1), and lq2

0 is the initial location of Tq(q2). Furthermore, α′ ¹ dom(σ) = σ′.

Then, according to the χ semantics, the process term q1 ‖ q2 can perform an
action a and continue as q2 (rule 19), and α′ ¹ dom(σ) = σ′. From the rules 22, 25,

|[ 〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉 ]|` 〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(q2)), σ
′,E ′〉.

Since lq2

0 is the initial location of Tq(q2), lq1 is the final location of Tq(q2) and

valuation α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(b) By induction we assume that the process term q1 can perform an action a
and continue as q′1. Moreover, lq1

0 is the initial location of Tq(q1), lq1 is the
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initial location of Tq(q
′
1), and lq2

0 is the initial location of Tq(q2). Furthermore,
α′ ¹ dom(σ) = σ′.
Then, according to the χ semantics, the process term q1 ‖ q2 can perform an
action a and continue as q′1 ‖ q2 (rule 19), and α′ ¹ dom(σ) = σ′. From the rules

22, 25, |[ 〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉 ]|` 〈∂Aia
(υHl

(q1 ‖ q2)), σ,E〉 σ,a,σ′−−−→ 〈∂Aia
(υHl

(q′1 ‖
q2)), σ

′, E ′〉.
Since lq2

0 is the initial location of Tq(q2), lq1 is the initial location of Tq(q
′
1) and

valuation α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

£

Proof of Lemma 3.3.2.3

(1) Let us first consider the case, when p ∈Q. Then, according to the translation scheme,
there is only one automaton in the Uppaal model. Thus, the lemma hold trivially.

(2) If p is of the form q1 ‖ q2, than either of the following holds.

(a) The initial location of Tq(q1) lq1

0 ∈ l has an outgoing edge lq1

0

g,h!,a−−−→ lq1 , lq1 ∈ Lf .

And the initial location of Tq(q2) lq2

0 ∈ l has an outgoing edge lq2

0

g,h?,a−−−→ lq2 ,
lq2 ∈ Lf .

(b) The initial location of Tq(q1) lq1

0 ∈ l has an outgoing edge lq1

0

g,h?,a−−−→ lq1 , lq1 ∈ Lf .

And the initial location of Tq(q2) lq2

0 ∈ l has an outgoing edge lq2

0

g,h!,a−−−→ lq2 ,
lq2 ∈ Lf .

Since the proofs for both cases are similar, only the proof for the first case is given.

According to the translation scheme the extended automata Tq(skip), Tq(xn := en),

Tq(δ), Tq(⊥), Tq(∆d), Tq(∗q), Tq(q ; q) do not have an edge l0
g,h!,a−−−→ l, or l0

g,h?,a−−−→ l,
or l ∈ Lf , thus, the lemma holds trivially for these process terms.

According to the translation scheme, the extended automaton Tq(q1) can have an
edge eq1 = 〈lq1

0 , gq1 , h!!, aq1 , lq1〉 if q1 is either h !! en, or [q], or q [] r. And the extended
automaton Tq(q2) can have an edge eq2 = 〈lq2

0 , gq2 , h!!, aq2 , lq2〉 if q2 is either h ??en, or
[q], or q [] r.

Let us first consider the case if q1 ≡ h !! en. Then, according to the χ semantics (rule

3), |[ 〈q1, σ, E〉 ]|` 〈q1, σ, E〉 σ,isa(h,[σ(en)]),σ′−−−−−−−−−−→ 〈X, σ′, E ′〉 and σ = σ′.

In the cases when q1 ≡ [q] or q1 ≡ q [] r, it can be proved that

|[ 〈q1, σ,E〉 ]|` 〈q1, σ,E〉 σ,isa(h,[σ(en)]),σ′−−−−−−−−−−→ 〈X, σ′,E ′〉 and σ = σ′, in the way similar to the
proof of the Lemma 3.3.2.2 (cases 1a and 1d respectively). Thus we do not adduce
these proofs here.
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Similar, if q2 ≡ h ??en | [q] | q [] r, |[ 〈q2, σ,E〉 ]|` 〈q2, σ,E〉 σ,ira(h,[cn],{xn}),σ′−−−−−−−−−−−→ 〈X, σ′, E ′〉
and σ′(xn) = cn.

Then, according to the χ semantics (rule 18), the process term q1 ‖ q2 can make a

communication action and terminate: |[ 〈q1 ‖ q2, σ, E〉 ]|` 〈q1 ‖ q2, σ, E〉 σ,ca(h,cs),σ′−−−−−−−→
〈X, σ′, E ′〉 and σ′(xn) = σ(en),∀x /∈ xn : σ′(x) = σ(x).

From the rules 22, 25, if |[ 〈q1 ‖ q2, σ,E〉 ]|` 〈q1 ‖ q2, σ,E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈X, σ′, E ′〉, then

|[ 〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉 ]|` 〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈X, σ′, E ′〉. Note,
that since the actions isa, ira ∈ Aia, they cannot be executed.

According to the Uppaal semantics, ∀xi ∈ xn : α′(xi) = ei and from the translation

scheme ∀x /∈ xn, x ∈ dom(σ) : α′(x) = α(x). Since ∀l ∈ l
′
: l ∈ Lf and valuation

α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and 〈X, σ′, E ′〉 are corresponding.

£

Proof of Lemma 3.3.2.4

(1) Let us first consider the case if p ∈ Q. Then, according to the translation scheme
there is only one automaton in Uppaal model. Thus, the lemma hold trivially.

(2) If p is of the form q1 ‖ q2, than a synchronization action is possible if:

(a) The initial location of Tq(q1) lq1

0 ∈ l has an outgoing edge lq1

0

g,h!,a−−−→ lq1 . And the

initial location of Tq(q2) lq2

0 ∈ l has an outgoing edge lq2

0

g,h?,a−−−→ lq2 .

(b) The initial location of Tq(q1) lq1

0 ∈ l has an outgoing edge lq1

0

g,h?,a−−−→ lq1 . And the

initial location of Tq(q2) lq2

0 ∈ l has an outgoing edge lq2

0

g,h!,a−−−→ lq2 .

Since the proofs for both cases are similar, only the proof for the first case is given.
Here we consider three sub-cases:

(a) lq1 ∈ Lf , l
q2 /∈ Lf

(b) lq1 /∈ Lf , l
q1 ∈ Lf

(c) lq1 /∈ Lf , l
q1 /∈ Lf

The proofs for the sub-cases are similar, so we only prove the first one.

From Lemma 3.3.2.4 follows that if the extended automaton Tq(q1) has an edge

eq1 = 〈lq1

0 , gq1 , h!, aq1 , lq1〉, than |[ 〈q1, σ, E〉 ]|` 〈q1, σ, E〉 σ,isa(h,[σ(en)]),σ′−−−−−−−−−−→ 〈X, σ′, E ′〉 and
σ = σ′.

According to the translation scheme, the extended automaton Tq(q2) can have an
edge eq2 = 〈lq2

0 , gq2 , h?, aq2 , lq2〉 if q2 is either [q], or ∗q, or q ; r, or q [] r. In the
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similar way as it was done in the proof 1d, it can be shown that |[ 〈q2, σ, E〉 ]|`
〈q2, σ, E〉 σ,ira(h,[cn],{xn}),σ′−−−−−−−−−−−→ 〈q′2, σ′, E ′〉 and σ′(xn) = cn. Note, that l′j is the initial
location of Tq(q

′
2).

Then, according to the χ semantics (rule 18), the process term 〈q1 ‖ q2〉 can make a

communication action and continue as q′2: |[ 〈q1 ‖ q2, σ,E〉 ]|` 〈q1 ‖ q2, σ,E〉 σ,ca(h,cs),σ′−−−−−−−→
〈q′2, σ′, E ′〉 and σ′(xn) = σ(en),∀x /∈ xn : σ′(x) = σ(x).

From the rules 22, 25, if |[ 〈q1 ‖ q2, σ,E〉 ]|` 〈q1 ‖ q2, σ,E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈q′2, σ′, E ′〉, then

|[ 〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉 ]|` 〈∂Aia
(υHl

(q1 ‖ q2)), σ, E〉 σ,ca(h,cs),σ′−−−−−−−→ 〈q′2, σ′, E ′〉. Note,
that since the actions isa, ira ∈ Aia, they cannot be executed.

According to the Uppaal semantics, ∀xi ∈ xn : α′(xi) = ei and from the translation

scheme ∀x /∈ xn, x ∈ dom(σ) : α′(x) = α(x). Since ∀l ∈ l
′
, l 6= l′j : l ∈ Lf and valuation

α′ ¹ dom(σ) = σ′, the states 〈l′, α′〉 and 〈q′2, σ′, E ′〉 are corresponding.

£

Proof of Lemma 3.3.2.5
According to the Uppaal semantics, delays are performed in the locations, thus l = l

′
.

For simplicity below we write l instead of l
′
.

(1) Let us first consider the case, when p ∈ Q. According to the translation scheme, in
the extended automata Tq(skip), Tq(xn := en), Tq(h !! en), Tq(h ??xn), Tq(δ), Tq(⊥),
the initial locations are urgent, thus, the lemma hold trivially in these cases.

(a) According to translation scheme the extended automaton Tq(∆d) has the initial
location l0, such that Inv(l0) = c ≤ d, TL(l0) = o. According to the Uppaal
semantics, TM(〈∂Aia

(υHl
(∆d)), σ,E〉) can make a time transition for t time units,

t ≤ d. Note, that the communication is not possible. Moreover, α′ ¹ (dom(σ) \
{time}) = α, and α′(time) = α(time) + t.

According to the χ semantics, the process term ∆d can make a time transition
for t time units, t ≤ d and continue as ∆(d − t) (rule B.1.5). Moreover, σ′ ¹
(dom(σ′) \ {time}) = σ, and σ′(time) = σ(time) + t.

From the rules 23, 26, |[ 〈∂Aia
(υHl

(∆d)), σ′, E〉 ]|` 〈∂Aia
(υHl

(∆d)), σ, E〉 t, ρ7−→
〈∂Aia

(υHl
(∆(d− t))), σ′, E〉.

Since we do not translate the process term ∆(d− t), we cannot refer to its initial
location. However from the Lemma 2 follows that after t time units, α(c) = t,
TM(〈∂Aia

(υHl
(∆d)), σ, E〉) has the same time behavior as TM(〈∂Aia

(υHl
(∆(d −

t))), σ, E〉).
Since valuation α′ ¹ dom(σ) = σ′, the states 〈l,α′〉 and 〈p′, σ′,E ′〉 are correspond-
ing.
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(b) According to translation scheme the extended automaton Tq([q]) has the ini-
tial location l0, such that Inv(l0) = true, TL(l0) = o. According to the Up-
paal semantics, TM(〈∂Aia

(υHl
([q])), σ, E〉) can make a time transition for t

time units. Note, that the communication is not possible. Moreover, α′ ¹
(dom(σ) \ {time}) = α, and α′(time) = α(time) + t.

According to the χ semantics, the process term [q] can make a time transition for
t time units and continue as [q] (rule 9). Note, that [q] disregards time behavior
of q. Moreover, σ′ ¹ (dom(σ′) \ {time}) = σ, and σ′(time) = σ(time) + t.

From the rules 23, 26, |[ 〈∂Aia
(υHl

([q])), σ′, E〉 ]|` 〈∂Aia
(υHl

([q])), σ, E〉 t, ρ7−→
〈∂Aia

(υHl
([q])), σ′, E〉.

Since l0 is the initial location of Tq([q]) and valuation α′ ¹ dom(σ) = σ′, the
states 〈l, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(c) According to the translation scheme the extended automaton Tq(∗q) has the ini-
tial location l0, α |= Inv(l0), TL(l0) = o. From the translation scheme follows that
the extended automaton Tq(q) has the initial location lq0 = l0, Inv(lq0) = Inv(l0),

TL(lq0) = o. That means that |[ TM(q) ]|` 〈l, α〉 t−→ 〈l, α′〉, and α′ ¹ (dom(σ) ∪
{time}) = α, α′(time) = α(time) + t.

By induction we assume that the process term q can make a time transition for
t time units and continue as q′. Moreover, α′ ¹ dom(σ′) = σ′ and l0 is the initial
location of Tq(q

′). Then, according to the χ semantics, the process term ∗q can
make a time transition for t time units and continue as q′, and α′ ¹ dom(σ′) = σ′.

From the rules 23, 26, |[ M ]|` 〈∂Aia
(υHl

(∗q)), σ, E〉 t,ρ−→ 〈∂Aia
(υHl

(∗q)), σ′, E〉.
Note, that the communication is not possible.

Since l0 is the initial location of Tq(q
′) and valuation α′ ¹ dom(σ) = σ′, the states

〈l, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(d) According to the translation scheme the extended automaton Tq(q1 ; q2) has the
initial location l0 α |= Inv(l0).

From the translation scheme follows that the extended automaton Tq(q1) has
the initial location lq1 = l0, Inv(lq1

0 ) = Inv(l0), TL(lq1

0 ) = o. That means that

|[ TM(q1) ]|` 〈l,α〉 t−→ 〈l,α′〉, and α′ ¹ (domσ∪{time}) = α,α′(time) = α(time)+ t.
Note, that the communication is not possible.

By induction we assume that the process term q1 can make a time transition
for t time units and continue as q′. Moreover, l0 is the initial location of Tq(q

′),
and α′ ¹ dom(σ′) = σ.

Then, according to the χ semantics, the process term q1 ; q2 can make a time
transition for t time units and continue as q′ and α′ ¹ σ′ = σ′. From the rules 23,

26, |[ 〈∂Aia
(υHl

(q1 ; q2)), σ,E〉 ]|` 〈∂Aia
(υHl

(q1 ; q2)), σ,E〉 t,ρ−→ 〈∂Aia
(υHl

(q′)), σ′,E〉.
Since l0 is the initial location of Tq(q

′) and valuation α′ ¹ dom(σ) = σ′, the states
〈l, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

159



Appendix B. Proofs of the translation from χ to Uppaal Timed Automata

(e) According to the translation scheme the extended automaton Tq(q1 [] q2) has the
initial location l0, and α |= Inv(l0).

From the translation scheme Tq(q1) and Tq(q2) have the initial locations lq1

0 , lq2

0 ,
respectively, such that α |= Inv(lq1

0 ) and α |= Inv(lq2

0 ).

That means that |[ Tq(q1) ]|` 〈l,α〉 t−→〈l,α′〉, α′ ¹ (dom(σ)∪{time}) = α,α′(time) =

α(time)+ t. And |[ Tq(q2) ]|` 〈l,α〉 t−→〈l,α′〉, α′ ¹ (dom(σ)∪{time}) = α,α′(time) =
α(time) + t. Note, that the communication is not possible.

By induction we assume, that the process terms q1 and q2 can make a time
transition t and continue as q′ and α′ ¹ dom(σ) = σ′. Then, according to the χ
semantics, the process term q1 [] q2 can make a time transition t and continue

as q′, and α′ ¹ dom(σ) = σ′. Furthermore, |[ M ]|` 〈∂Aia
(υHl

(q1 [] q2)), σ,E〉 σ,a,σ′−−−→
〈∂Aia

(υHl
(q′1)), σ

′, E〉.
Since l0 is the initial location of Tq(q

′) and valuation α′ ¹ dom(σ) = σ′, the states
〈l, α′〉 and 〈p′, σ′, E ′〉 are corresponding.

(2) The proof for the case, when p is of the form q1 ‖ q2 is similar to the proof for the
alternative composition 1e.

£

B.4 Proof of Theorem 3.3.3

Let us first prove that ∀l ∈ l : α |= Inv(l) ⇒ 〈∂Aia
(υHl

(p)), σ, E〉 σÃ.

Proof.

(1) Let us consider the case when p ∈ Q. Then, according to the translation l =
〈l0〉, where l0 is the initial location of the automaton Tq(p). By induction we as-

sume that 〈p, σ, E〉 σÃ. Then, according to the rules 24 and 27, the process term
〈∂Aia

(υHl
(p)), σ, E〉 is consistent.

Furthermore, according to the translation scheme, the invariants of the initial loca-
tions of the automata Tq(skip),Tq(xn := en),Tq(h !!en),Tq(h ??xn),Tq(δ), and Tq([q])
are always true. The proofs for these cases are trivial, since according to the rules 2,
5, 6, 7, and 10, these process terms are always consistent.

(a) According to the translation scheme, the invariant of the initial location l0 of
the automaton Tq(⊥) is always false. The proof is trivial, since the inconsistent
process term ⊥ is not consistent in any valuation.
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(b) The invariant of the initial location of the automaton Tq(∆d) is of the form c≤ d,
where c is a clock variable and d is an expression. According to the Uppaal
semantics, the invariant must stay satisfied during delay, thus t ∈ [0, d].

According to the χ semantics the process term 〈∆d, σ, E〉 can delay for t time
units, 0 ≤ t ≤ σ(d), and is always consistent (rule B.1.6).

(c) According to the translation scheme, the initial location l0 of the automaton
Tq(∗q) is also the initial location of the automaton Tq(q). By induction we
assume that the process term 〈q, σ, E〉 is consistent. Then, according to the

rule B.1.3, 〈∗q, σ, E〉 σÃ.

(d) According to the translation scheme, the initial location lq1

0 of the automaton
Tq(q1 ; q2) is also the initial location of the automaton Tq(q1). By induction we
assume that the process term 〈q1, σ, E〉 is consistent. Then, according to the

rule 14, 〈q1 ; q2, σ, E〉 σÃ.

(e) According to the translation scheme, the invariant of the initial location l0 of
the automaton Tq(q1 [] q2) is Inv(l0) = Invq1(lq1

0 ) ∧ Invq2(lq2

0 ). By induction we
assume that the process terms 〈q1, σ, E〉 and 〈q2, σ, E〉 are consistent. Then,

according to the rule 17, 〈q1 [] q2, σ, E〉 σÃ.

(2) Let us now consider the case when p is of the form q1 ‖ q2. Then, according to the
translation lq1

0 , lq1

0 ∈ l. By induction we assume that the process terms 〈q1, σ, E〉 and

〈q2, σ, E〉 are consistent. Then, according to the rule 21, 〈q1 ‖ q2, σ, E〉 σÃ. Then,
according to the rules 24 and 27, the process term 〈∂Aia

(υHl
(p)), σ, E〉 is consistent.

£

Now we prove that 〈∂Aia
(υHl

(p)), σ, E〉 σÃ⇒ ∀l ∈ l : α |= Inv(l).
Proof.

(1) According to the rules 24 and 27, the process term 〈∂Aia
(υHl

(p)), σ, E〉 is consistent

only if 〈p, σ, E〉 σÃ. By induction we assume that ∀l′ ∈ l
′
: α |= Inv(l′). Since from

the translation scheme l = l′, the proof is trivial.

(2) Let us consider the case when p∈Q. According to the rules 2, 5, 6, 7, and 10, the pro-
cess terms skip,xn := en,h !!en,h??xn, δ, and [q] are are always consistent. The proofs
for these cases are trivial, since according to the translation scheme, the invariants
of the initial locations of the automata Tq(skip),Tq(xn := en),Tq(h !!en),Tq(h ??xn),
Tq(δ), and Tq([q]) are always true.

(a) According to χ semantics, the inconsistent process term ⊥ is not consistent
in any valuation. The proof is trivial, since from the translation scheme the
invariant of the initial location l0 of the automaton Tq(⊥) is false.
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Appendix B. Proofs of the translation from χ to Uppaal Timed Automata

(b) According to the χ semantics the process term 〈∆d, σ, E〉 is always consistent
(rule B.1.6), and 0 ≤ t ≤ σ(d).

The invariant of the initial location of the automaton Tq(∆d) is of the form
c ≤ d, where c is a clock variable and d is an expression. Since t ∈ [0, d], the
invariant is always satisfied.

(c) From the rule B.1.3 the process term 〈∗q, σ,E〉 is consistent only if 〈q, σ,E〉 σÃ.
By induction we assume that α |= Inv(lq0). The proof is trivial, since from the
translation scheme l0 = lq0.

(d) From the rule 14, the process term 〈q1 ; q2, σ,E〉 is consistent only if 〈q1, σ,E〉 σÃ.
By induction we assume that α |= Invq1(lq1

0 ). The proof is trivial, since from the
translation scheme l0 = lq0.

(e) From the rule 17, the process term 〈q1 [] q2, σ,E〉 is consistent only if 〈q1, σ,E〉 σÃ
and 〈q2, σ, E〉 σÃ. By induction we assume that α |= Invq1(lq1

0 ) ∧ Invq2(lq2

0 ). The
proof is trivial, since from the translation scheme Inv(l0) = Invq1(lq1

0 )∧ Invq2(lq2

0 ).

(3) Let us consider the case when the process term p is of the form q1 ‖ q2. From

the rule 21, the process term 〈q1 ‖ q2, σ, E〉 is consistent only if 〈q1, σ, E〉 σÃ and

〈q2, σ, E〉 σÃ. By induction we assume that α |= Invq1(lq1

0 ) ∧ Invq2(lq2

0 ). The proof is
trivial, since from the translation scheme lq1

0 , lq2

0 ∈ l.

£
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APPENDIX

C

Proofs of the translation from Automata to χ

C.1 Proof of Theorem 4.2.1

Proof of Lemma 4.2.1.1
Part 1.
First, we prove that

η(qi, l) = qj ∧ qj /∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇒
|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉

and the states qj and 〈X, σ, E〉 are corresponding.
From the theorem premise follows that the state qi has at least one outgoing edge.

According to the translation scheme, if qi has only one outgoing edge η(qi, l) = qj, then
ri = TR(l, qj). If qi has n > 1 outgoing edges, η(q, l1) = q1

j , . . . , η(q, ln) = qn
j , ri = TR(l1, q1

j ) []
. . . [] TR(ln, qn

j ).

(1) Let us first consider the case when the state qi has only one outgoing transition.
Since qj /∈ Qη and l /∈ (Σ! ∪ Σ?), ri = ∅ : true À l.

According to the SOS rules defined for the recursion scope operator (rule 31) the
process term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 can perform an action l and terminate, if
〈qi, σ, E〉 can perform an action l and terminate. Note, that the recursion variables
are not renamed, since there is no other recursion scope and E = ∅.
From the rule 28 follows that the process term 〈qi, σ,E〉 can perform an action l and
terminate if 〈TR(l, qj), σ, E〉 can perform an action l and terminate.

Since the 〈∅ : true À l, σ, E〉 can perform an action l and terminate (rule 1),

|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉.

(2) Let us consider the case when the state qi has more than one outgoing transition.
Then, according to the translation scheme, the variable qi is defined as the alternative
composition ri = TR(l1, q1

j ) [] . . . [] TR(ln, qn
j ), and process term TR(l, qj) is in this

alternative composition.

Then, since qj /∈ Qη and l /∈ (Σ! ∪ Σ?), TR(l, qj) = ∅ : true À l.
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Appendix C. Proofs of the translation from Automata to χ

According to the SOS rules defined for the recursion scope operator (rule 31) the
process term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 can perform an action l and terminate, if
〈qi, σ, E〉 can perform an action l and terminate. Note, that the recursion variables
are not renamed, since there is no other recursion scope and E = ∅.
From the rule 28 follows that a recursion variable, 〈qi, σ, E〉, can perform an action
l and terminate if its definition, 〈p1 [] . . . [] pn, σ, E〉, can perform an action l and
terminate.

From the rule 15 follows that the process term 〈p [] r, σ, E〉 can perform an action l
and terminate if either 〈p, σ, E〉 or 〈r, σ, E〉 can perform an action l and terminate.

Then, since the 〈∅ : true À l, σ, E〉 can perform an action l and terminate (rule 1),

|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉.

The states qj and 〈X, σ, E〉 are corresponding by definition.
Part 2.
Now, we prove that

η(qi, l) = qj ∧ qj /∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇐
|[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉

and the states qj and 〈X, σ, E〉 are corresponding.
According to the SOS rules defined for the recursion scope operator (rule 31) the process

term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 can perform an action l and terminate, if 〈qi, σ, E〉 can
perform an action l and terminate. Note, that the recursion variables are not renamed,
since there is no other recursion scope and E = ∅.

From the rule 28 follows that a recursion variable, 〈qi, σ, E〉, can perform an action l
and terminate if its definition, 〈ri, σ, E〉, can perform an action l and terminate.

According to the translation, ri = TR(l, qj) if the state qi has only one outgoing transi-
tion, or ri = TR(l1, q1

j ) [] . . . [] TR(ln, qn
j ) if the state qi has more than one outgoing transition.

(1) Let us first consider the case when ri = TR(l, qj). Then, the only process term that
can perform an action l as specified and terminate is an action predicate ∅ : trueÀ l.
Thus, η(qi, l) = qj ∧ qj /∈ Qη ∧ l /∈ (Σ! ∪ Σ?).

(2) In case if ri = TR(l1, q1
j ) [] . . . [] TR(ln, qn

j ). From the rule 15 follows that the process
term 〈p [] r, σ,E〉 can perform an action l and terminate if either 〈p, σ,E〉 or 〈r, σ,E〉
can perform an action l and terminate. This means that in the alternative compo-
sition there is a process term TR(l, qj) that can perform an action l and terminate.
Similarly to the previous case, it can be shown, that TR(l, qj) = ∅ : true À l and
η(qi, l) = qj ∧ qj /∈ Qη ∧ l /∈ (Σ! ∪ Σ?).

The states qj and 〈X, σ, E〉 are corresponding by definition. £
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C.1. Proof of Theorem 4.2.1

Proof of Lemma 4.2.1.2
Part 1.
First, we prove that

η(qi, l) = qj ∧ qj ∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇒
|[ TW(G, Σ!, Σ?) ]| `〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→

〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉

and the states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding.
From the theorem premise follows that the state qi has at least one outgoing edge.

According to the translation scheme, if there exists only one outgoing edge, η(qi, l) = qj,
then ri = TR(l, qj). If qi has n > 1 outgoing edges, η(q, l1) = q1

j , . . . , η(q, ln) = qn
j , ri =

TR(l1, q1
j ) [] . . . [] TR(ln, qn

j ).

(1) Let us first consider the case when the state qi has only one outgoing transition.
Since qj ∈ Qη and l /∈ (Σ! ∪ Σ?), ri = ∅ : true À l; qj.

According to the SOS rules defined for the recursion scope operator (rule 31) the
process term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 can perform an action l and continue as
p′, if 〈qi, σ, E〉 can perform an action l and continue as p′. Note, that the recursion
variables are not renamed, since there is no other recursion scope and E = ∅.
From the rule 28 follows that the process term 〈qi, σ,E〉 can perform an action l and
continue as p′ if 〈TR(lqj), σ, E〉 can perform an action l and continue as p′.

Since the sequential composition 〈∅ : true À l; qj, σ, E〉 can perform an action l and

continue as qj (rules 11 and 1), |[ TW(G,Σ!,Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ,E〉 σ,l,σ−−→
〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉.

(2) Let us consider the case when the state qi has more than one outgoing transitions.
Then, according to the translation scheme, the variable qi is defined as the alternative
composition ri = TR(l1, q1

j ) [] . . . [] TR(ln, qn
j ), and a process term TR(l, qj) is in this

alternative composition.

Then, since qj ∈ Qη and l /∈ (Σ! ∪ Σ?), TR(l, qj) = ∅ : true À l; qj.

According to the SOS rules defined for the recursion scope operator (rule 31) the
process term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 can perform an action l and continue as
p′, if 〈qi, σ, E〉 can perform an action l and continue as p′. Note, that the recursion
variables are not renamed, since there is no other recursion scope and E = ∅.
From the rule 28 follows that a recursion variable, 〈qi, σ, E〉, can perform an action
l and terminate if its definition, 〈p1 [] . . . [] pn, σ, E〉, can perform an action l and
terminate.

From the rule 15 follows that the process term 〈p [] r, σ, E〉 can perform an action l
and continue as p′ if either 〈p, σ,E〉 or 〈r, σ,E〉 can perform an action l and continue
as p′.
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Then, since the sequential composition 〈∅ : true À l; qj, σ,E〉 can perform an action
l and continue as p′ (rules 11 and 1), |[ TW(G, Σ!, Σ?) ]| ` 〈|[R ,q:q∈Qη q 7→ r | qi ]|
, σ, E〉 σ,l,σ−−→ 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉.

The states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding by definition.
Part 2.
Now, we prove that

η(qi, l) = qj ∧ qj ∈ Qη ∧ l /∈ (Σ! ∪ Σ?) ⇐
|[ TW(G, Σ!, Σ?) ]| `〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ, E〉 σ,l,σ−−→

〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉

and the states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding.
According to the SOS rules defined for the recursion scope operator (rule 31) the process

term 〈|[R ,q:q∈Qη q 7→ r | qi ]|, σ,E〉 can perform an action l and continue as p′, if 〈qi, σ,E〉 can
perform an action l and continue as p′. Note, that the recursion variables are not renamed,
since there is no other recursion scope and E = ∅.

From the rule 28 follows that a recursion variable, 〈qi, σ, E〉, can perform an action l
and continue as p′ if its definition, 〈ri, σ, E〉, can perform an action l and continue as p′.

According to the translation, ri = TR(l, qj) if the state qi has only one outgoing transi-
tion, or ri = TR(l1, q1

j ) [] . . . [] TR(ln, qn
j ) if the state qi has more than one outgoing transition.

(1) Let us first consider the case when ri = TR(l, qj). Then, the only process term that
can perform an action l as specified and continue as p′ is ∅ : true À l; qj. Thus,
η(qi, l) = qj ∧ qj ∈ Qη ∧ l /∈ (Σ! ∪ Σ?).

(2) In case if ri = TR(l1, q1
j ) [] . . . [] TR(ln, qn

j ). From the rule 15 follows that the process
term 〈p [] r, σ, E〉 can perform an action l and continue as p′ if either 〈p, σ, E〉 or
〈r,σ,E〉 can perform an action l and continue as p′. This means that in the alternative
composition there is a process term TR(l, qj) that can perform an action l and continue
as p′. Similarly to the previous case, it can be shown, that TR(l, qj) = ∅ : trueÀ l; qj

and η(qi, l) = qj ∧ qj ∈ Qη ∧ l /∈ (Σ! ∪ Σ?).

The states qj and 〈|[R ,q:q∈Qη q 7→ r | qj ]|, σ, E〉 are corresponding by definition. £

The proofs for Lemma’s 4.2.1.3- 4.2.1.6 are similar to the proofs of Lemma’s 4.2.1.1-
4.2.1.2.

C.2 Proof of Theorem 4.2.2

Proof of Lemma 4.2.2.1 Part 1.
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C.2. Proof of Theorem 4.2.2

Let us first prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l /∈ Σc ⇒

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉
and the states 〈q1

i′ , q
2
j′〉 and 〈X, σ, E〉 are corresponding.

Since both q1
i′ and q2

j′ states have no outgoing transition and l /∈ Σc, then either q1
i or q2

j

is final. The proofs for both cases are similar, so we prove the Lemma for the case if q2
j is

final (has no outgoing transitions). Then, from the definition of the corresponding states,
p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|).

According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and terminate, if r can perform an action l
and terminate and l /∈ Aia. Since there are only internal send and receive actions in Aia,
then l /∈ Aia.

Furthermore, from the Lemma 4.2.1.1 follows that the process term |[R ,q1:q1∈Q1
η

q1 7→ r1 |
q1
i ]| can perform an action l and terminate. Thus, |[ Tq(G1,G2) ]| ` 〈p, σ,E〉 σ,l,σ−−→ 〈X, σ,E〉.

Moreover, the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding by definition.

Part 2. Now we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l /∈ Σc ⇐

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈X, σ, E〉
and the states 〈q1

i′ , q
2
j′〉 and 〈X, σ, E〉 are corresponding.

From the definition of the corresponding states, the process term p can be either
∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|), or ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|),
or ∂Aia

(|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

In the first case the Lemma holds trivially, since there are no termination transition rules
with l as specified defined for the parallel composition. The proofs for the next two cases
are similar, so we show the proof only for the case when p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|),

i.e. q1
i ∈ Q1

η, q2
j /∈ Q2

η.
According to the SOS rules defined for action encapsulation operator (rule 22), the

process term ∂Aia
(r) can perform an action l and terminate, if r can perform an action l

and terminate and l /∈ Aia.
Then, from the Lemma 4.2.1.1 follows that η1(q1

i , l) = q1
i′ , q1

i′ /∈ Q1
η. Moreover, l /∈ Σc.

Then, from the definition of parallel composition of the automata, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j 〉.

Moreover, since q1
i′ /∈Q1

η and q2
j /∈Q2

η, the states 〈q1
i′ , q

2
j′〉 and 〈X, σ,E〉 are corresponding

by definition. £

Proof of Lemma 4.2.2.2
Part 1.
Let us first prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l /∈ Σc ⇒

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,l,σ−−→〈p′, σ, E〉
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and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

There are three cases when the states 〈q1
i , q

2
j 〉 are in Qη.

(1) Let us consider the case, when q1
i ∈ Q1

η and q2
j ∈ Q2

η. Then, from the definition of the
corresponding states, p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r1 ‖ r2) can perform an action l and continue as ∂Aia
(p′), if r1 ‖ r2

can perform an action l and continue as p′, and l /∈ Aia. Since the set Aia consists of
only internal send and receive actions, l /∈ Aia.

We need to consider the following four sub-cases:

• q1
i′ ∈ Q1

η, q2
j′ ∈ Q2

η, q1
i′ 6= q1

i and q2
j′ = q2

j

• q1
i′ ∈ Q1

η, q2
j′ ∈ Q2

η, q1
i′ = q1

i and q2
j′ 6= q2

j

• q1
i′ /∈ Q1

η, q2
j′ ∈ Q2

η, q1
i′ 6= q1

i and q2
j′ = q2

j

• q1
i′ ∈ Q1

η, q2
j′ /∈ Q2

η, q1
i′ = q1

i and q2
j′ 6= q2

j

The proofs for the first two and the last two sub-cases are similar, so we show only
the proofs for the first and the third sub-cases.

(a) Let us consider the case, when q1
i′ ∈Q1

η, q2
j′ ∈Q2

η, q1
i′ 6= q1

i and q2
j′ = q2

j . Then, from
the Lemma 4.2.1.2 follows that the process term 〈|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|, σ,E〉
can perform an action l and continue as 〈|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|, σ, E〉.
Thus, |[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈p′, σ, E〉, where

p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|) and

p′ = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

Furthermore, the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(b) Let us now consider the case, when q1
i′ /∈ Q1

η, q2
j′ ∈ Q2

η, q1
i′ 6= q1

i and q2
j′ = q2

j .
Then, from the Lemma 4.2.1.1 follows that the process term 〈|[R ,q1:q1∈Q1

η
q1 7→

r1 | q1
i ]|, σ, E〉 can perform an action l and terminate.

Thus, |[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈p′, σ, E〉, where

p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|) and

p′ = ∂Aia
(|[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
Furthermore, the states 〈q1

i′ , q
2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(2) Let us consider the case, when q1
i ∈ Q1

η and q2
j /∈ Q2

η. Then, from the definition of the
corresponding states, p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|).

According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and continue as ∂Aia
(p′), if r can perform
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an action l and continue as p′, and l /∈ Aia. Since the set Aia consists only of internal
send and receive actions, l /∈ Aia.

Since q2
j /∈ Q2

η, then q2
j = q2

j′ and q1
i′ ∈ Q1

η. Then, from Lemma 4.2.1.2 follows that
the process term |[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]| can perform an action l and continue as

|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|.

Thus, |[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,l,σ−−→ 〈p′, σ, E〉, where

p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|) and

p′ = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|).
Furthermore, the states 〈q1

i′ , q
2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(3) In case if q1
i /∈ Q1

η and q2
j ∈ Q2

η the proof is similar to the previous case, so we omit
it here.

Part 2. Now we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l /∈ Σc ⇐

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,l,σ−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

From the definition of corresponding state, the process term p can be either
∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|), or ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|),
or ∂Aia

(|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

(1) Let us consider the case, when p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|‖ |[R ,q2:q2∈Q2
η

q2 7→
r2 | q2

j ]|).
According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and continue as ∂Aia
(p′), if r can perform

an action l and continue as p′, and l /∈ Aia.

According to the SOS rules, defined for the parallel composition (rule 19), p1 ‖ p2

can make a non-communication action l and continue as p′ in following cases:

• If p1 can perform an action l and continue as p′1 (p′ ≡ p′1 ‖ p2).

• If p2 can perform an action l and continue as p′2 (p′ ≡ p1 ‖ p′2).

• If p1 can perform an action l and terminate (p′ ≡ p2).

• If p2 can perform an action l and terminate (p′ ≡ p1).

Since the proofs for the first two cases and the last two cases are similar, we show
the proofs only for the first and third cases.
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(a) Let us consider the case, when |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can perform an action

l and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|, i.e. p′ = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 |
q1
i′ ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
Then, from Lemma 4.2.1.2 follows that η1(q1

i , l) = q1
i′ , q1

i′ ∈ Q1
η, and l /∈ Σc.

Thus, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 ∈ Qη, and l /∈ Σc.

The states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(b) In case if |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can perform an action l and terminate,

p′ = |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

Then, from Lemma 4.2.1.1 follows that η1(q1
i , l) = q1

i′ , q1
i′ /∈ Q1

η, and l /∈ Σc.

Thus, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 ∈ Qη, and l /∈ Σc.

The states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(2) Let us consider the case when ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|).
According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and continue as ∂Aia
(p′), if r can perform

an action l and continue as p′, and l /∈Aia. That means that |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|

can perform an action l and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|.

Then, from the Lemma 4.2.1.2 follows that η1(q1
i , l) = q1

i′ , q1
i′ ∈ Q1

η, and l /∈ Σc.

Thus, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 ∈ Qη, and l /∈ Σc.

The states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(3) The proof for the case when ∂Aia
(|[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|) are similar to the previous
one, so we omit it here.

£

Proof of Lemma 4.2.2.3, 4.2.2.4, 4.2.2.5, 4.2.2.6 The proofs are similar to the proofs of
lemmata 4.2.2.1, 4.2.2.2. £

Proof of Lemma 4.2.2.7
Part 1.
First we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l ∈ Σc ⇒

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

Since l ∈ Σc, η1(q1
i , l) = q1

i′ , η2(q2
j , l) = q2

j′ , and q1
i ∈ Q1

η, q2
j ∈ Q2

η. Moreover, q1
i′ /∈ Q1

η

and q2
j′ /∈ Q2

η.
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Then, from the definition of the corresponding state, p = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 |

q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
Furthermore, since l ∈ Σc, the actions isa(l, []), ira(l, [], []) ∈ Aia. Moreover, l ∈ Σ1

! ∩ Σ2
?

or l ∈ Σ2
! ∩ Σ3

?. The proofs for both these cases are similar, so we show only the proof for
the case when l ∈ Σ1

! ∩ Σ2
?.

Then, from Lemma 4.2.1.3 follows that the process term |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can

make an internal send action isa(l, []) and terminate, and the process term brs ,q2:q2∈Q2
η

q2 7→
r2 | q2

j ]| can make an internal receive action ira(l, [], []) and terminate.
Then, according to the rule 18, the process term |[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|‖ |[R ,q2:q2∈Q2
η

q2 7→
r2 | q2

j ]| can make a communication action ca(l, []) and terminate.
According to the SOS rules defined for action encapsulation operator (rule 22), the

process term ∂Aia
(r) can perform an action l and terminate, if r can perform an action l

and terminate, and l /∈ Aia. Since the set Aia consists of internal send isa(l, []) and receive
ira(l, [], []) actions, the communication action ca is not in it.

Thus, |[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈X, σ, E〉.
Moreover, the states 〈q1

i′ , q
2
j′〉 and 〈X, σ, E〉 are corresponding by definition.

Part 2.
Now we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 /∈ Qη ∧ l ∈ Σc ⇐

|[ Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈X, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding.

From the definition of corresponding state, the process term p can be either
∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|), or ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|),
or ∂Aia

(|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and terminate, if r can perform an action l
and terminate, and l /∈ Aia.

According to the χ semantics, the process term r can make a communication action
ca(l, []) and terminate, only if r is of the form r1 ‖ r2 (rule 18). Thus, p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→
r1 | q1

i ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

Moreover, from the rule 18 follows that either

• |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can make a send action isa(l, []) and terminate and

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make a receive action ira(l, [], []) and terminate, or

• |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make a send action and terminate and |[R ,q1:q1∈Q1

η
q1 7→

r1 | q1
i ]| can make a receive action and terminate.

The proofs for both cases are similar, so we show only the proof for the first case.
Then, from Lemma 4.2.1.3 and 4.2.1.5 follows that η1(q1

i , l) = q1
i′ , q1

i′ /∈ Q1
η, l ∈ Σ1

! and
η(q2

j , l) = q2
j′ ∧ q2

j′ /∈ Q2
η, l ∈ Σ2

?.
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Since l ∈ Σ1
! and l ∈ Σ2

?, l ∈ Σc. Furthermore, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 /∈ Qη.

The states 〈q1
i′ , q

2
j′〉 and 〈X, σ, E〉 are corresponding by definition. £

Proof of Lemma 4.2.2.8
Part 1.
First we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l ∈ Σc ⇒

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

Since l ∈ Σc, η1(q1
i , l) = q1

i′ , η2(q2
j , l) = q2

j′ , and q1
i ∈ Q1

η, q2
j ∈ Q2

η. Moreover, q1
i′ ∈ Q1

η or
q2
j′ ∈ Q2

η.
Then, from the definition of the corresponding state, p = ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 |
q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
Furthermore, since l ∈ Σc, the actions isa(l, []), ira(l, [], []) ∈ Aia. Moreover, l ∈ Σ1

! ∩ Σ2
?

or l ∈ Σ2
! ∩ Σ1

?. The proofs for both these cases are similar, so we show only the proof for
the case when l ∈ Σ1

! ∩ Σ2
?.

Thus we can consider the following cases:

(1) Let us consider the case if q1
i′ ∈ Q1

η, q2
j′ ∈ Q2

η. Then, from Lemma 4.2.1.4 and 4.2.1.6
follows that the process term |[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]| can make an internal send

action isa(l, []) and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|, and the process term

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make an internal receive action ira(l, [], []) and continue

as |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j′ ]|.

Then, according to the SOS rules defined for the parallel composition (rule 18) and
action encapsulation (rule 22), the process term ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|) can make a communication action ca(l, []) and continue

as ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j′ ]|).

Thus, Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈p′, σ, E〉.
Moreover, the states 〈q1

i′ , q
2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(2) Let us consider the case if q1
i′ ∈ Q1

η, q2
j′ /∈ Q2

η. Then, from lemmata 4.2.1.4 and 4.2.1.5
follows that the process term |[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]| can make an internal send

action isa(l, []) and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|, and the process term

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make an internal receive action ira(l, [], []) and terminate.

Then, according to the SOS rules defined for the parallel composition (rule 18) and
action encapsulation (rule 22), the process term ∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|) can make a communication action ca(l, []) and continue

as ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|).
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Thus, Tq(G1, G2) ]| ` 〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→ 〈p′, σ, E〉.
Moreover, the states 〈q1

i′ , q
2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(3) If q1
i′ /∈ Q1

η, q2
j′ ∈ Q2

η, the proof is similar to the previous case, so we omit it here.

Part 2.
Now we prove that

η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉 ∧ 〈q1

i′ , q
2
j′〉 ∈ Qη ∧ l ∈ Σc ⇐

|[ Tq(G1, G2) ]| `〈p, σ, E〉 σ,ca(l,[]),σ−−−−−−→〈p′, σ, E〉

and the states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding.

From the definition of corresponding states, the process term p can be either
∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|), or ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]|),
or ∂Aia

(|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]|).

According to the SOS rules defined for action encapsulation operator (rule 22), the
process term ∂Aia

(r) can perform an action l and continue as ∂Aia
(r′), if r can perform an

action l and continue as r′, and l /∈ Aia.
According to the χ semantics, the process term r can make a communication ac-

tion ca(l, []) and continue as r′, only if r is of the form r1 ‖ r2 (rule 18). Thus, p =
∂Aia

(|[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]|‖ |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|).
Then, according to the SOS rules defined for the parallel composition (rule 18), we need

to consider the following cases:

• |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can make a send action isa(l, []) and |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]|
can make a receive action ira(l, [], []), or

• |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make a send action and |[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i ]| can
make a receive action.

The proofs for both cases are similar, so we show only the proof for the first case. Then,
from the rule 18 we need to consider following cases.

(1) Let us first consider the case if |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can make a send action

and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|, and |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]| can make

a receive action and continue as |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j′ ]|.

In this case p′ = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|‖ |[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j′ ]|).

Then, from lemmata 4.2.1.4 and 4.2.1.6, η1(q1
i , l) = q1

i′ , l ∈ Σ1
! , η2(q2

j , l) = q2
j′ , and

q1
i ∈ Q1

η, q2
j ∈ Q2

η, l ∈ Σ2
?. Moreover, q1

i′ ∈ Q1
η and q2

j′ ∈ Q2
η.

Since l ∈ Σ1
! and l ∈ Σ2

?, l ∈ Σc. Thus, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 ∈ Qη.

The states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

173



Appendix C. Proofs of the translation from Automata to χ

(2) Let us first consider the case if |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can make a send action

and continue as |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i′ ]|, and |[R ,q2:q2∈Q2

η
q2 7→ r2 | q2

j ]| can make
a receive action and terminate.

In this case p′ = ∂Aia
(|[R ,q1:q1∈Q1

η
q1 7→ r1 | q1

i′ ]|).
Then, from lemmata 4.2.1.4 and 4.2.1.5, η1(q1

i , l) = q1
i′ , l ∈ Σ1

! , η2(q2
j , l) = q2

j′ , and
q1
i ∈ Q1

η, q2
j ∈ Q2

η, l ∈ Σ2
?. Moreover, q1

i′ ∈ Q1
η and q2

j′ /∈ Q2
η.

Since l ∈ Σ1
! and l ∈ Σ2

?, l ∈ Σc. Thus, η(〈q1
i , q

2
j 〉, l) = 〈q1

i′ , q
2
j′〉, 〈q1

i′ , q
2
j′〉 ∈ Qη.

The states 〈q1
i′ , q

2
j′〉 and 〈p′, σ, E〉 are corresponding by definition.

(3) In case if |[R ,q1:q1∈Q1
η

q1 7→ r1 | q1
i ]| can make a send action and terminate, and

|[R ,q2:q2∈Q2
η

q2 7→ r2 | q2
j ]| can make a receive action and continue as |[R ,q2:q2∈Q2

η
q2 7→

r2 | q2
j′ ]|, the proof is similar to the previous case, so we omit it here.

£

174



APPENDIX

D

Turntable Model in χ and Uppaal

D.1 χ Model

model Turntable() =
|[ chan cEnvAdded!?, cEnvRemoved!?, cTurn!?, cTurned!?: void
, cAdded!?, cRemoved!?: nat
, cAdd!?, cRemove!?: nat
, cClampSwitch!?: void, cLocked!?: nat
, cDrillSwitch!?, cDrillMove!?: void
, cDrillSwitched!?, cDrillMoved!?: nat
, cTesterMove!?: void, cTesterMoved!?: nat
, cTest!?: void, cTested!?: nat
, cDrill!?, cDrilled!?: void
, var t1: nat = 0, t2: nat = 0, t3: nat = 0, t4: nat = 0, ts: nat
, add_allowed: nat = 0, remove_allowed: nat = 0
, clamp_on: nat = 0
, drill_on: nat = 0, drill_up: nat = 0
, tester_up: nat = 0
, d: nat = 0, drill_error: nat = 0
, t: nat = 0, tester_error: nat = 0, test_result: nat = 0
, p1: nat = 0, p2: nat = 0, p3: nat = 0, p4: nat = 0, ps: nat, m: nat

//Table
:: *( [cEnvAdded??]; t1 := 1

| [cEnvRemoved??]; t4 := 0
| [cAdded!!t1]
| [cRemoved!!t4]
| [cTurn??]
; delay 4
; ts:=t4; t4:=t3; t3:=t2; t2:=t1; t1:=ts
; [cTurned!!]

)
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//Enviroment - Add
|| *( [cAdd??add_allowed]

; ( add_allowed = 1 -> [cEnvAdded!!]
| skip
)

)
//Enviroment - Remove
|| *( [cRemove??remove_allowed]

; ( remove_allowed = 1 -> [cEnvRemoved!!]
| skip
)

)
//Clamp
|| *( [cClampSwitch??]

; ( clamp_on = 1 -> clamp_on := 0
| clamp_on = 0 -> clamp_on := 1
)

; delay 2
; [cLocked!!clamp_on]
)

//Drill - Switch
|| *( [cDrillSwitch??]

; ( drill_on = 1 -> drill_on := 0
| drill_on = 0 -> drill_on := 1
)

; delay 2
; [cDrillSwitched!!drill_on]
)

//Drill - Move
|| *( [cDrillMove??]

; ( drill_up = 1 -> drill_up := 0; delay 2
| drill_up = 0 -> drill_up := 1; delay 3
)

; [cDrillMoved!!drill_up]
)

//Tester
|| *( [cTesterMove??]

; ( tester_up = 1 -> tester_up := 0; delay 2
; [cTesterMoved!!tester_up]

| tester_up = 0 -> tester_up := 1; delay 2
; [cTesterMoved!!tester_up]

| tester_up = 0 -> tester_up := 1; delay 2
)

)
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D.1. χ Model

// Drill Controller
|| *( [cDrill??]

; [cClampSwitch!!]; [cLocked??d]
; ( d = 0 -> drill_error := 1
| d /= 0 -> [cDrillSwitch!!]; [cDrillSwitched??d]

; ( d = 0 -> drill_error := 2
| d /= 0 -> [cDrillMove!!]; [cDrillMoved??d]

; ( d = 0 -> drill_error := 3
| d /= 0 -> [cDrillMove!!]; [cDrillMoved??d]

; ( d = 1 -> drill_error := 4
| d /= 1 -> [cDrillSwitch!!]

; [cDrillSwitched??d]
; ( d = 1 -> drill_error := 5
| d /= 1 -> [cClampSwitch!!]

; [cLocked??d]
; ( d = 1 -> drill_error := 6
| d /= 1 -> [cDrilled!!]
)

)
)

)
)

)
)

//Tester Controller
|| *( [cTest??]

; [cTesterMove!!]
; ( [cTesterMoved??t]
; ( t = 0 -> tester_error := 1
| t /= 0 -> test_result := 1
)

| delay 3; test_result := 0
)

; [cTesterMove!!]
; [cTesterMoved??t]
; ( t = 1 -> tester_error := 2
| t /= 1 -> [cTested!!test_result]
)

)
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//Main controller
|| *( ( p1 = 0 -> [cAdd!!1] | p1 /= 0 -> skip )

; ( p4 = 3 -> [cRemove!!1] | p4 /= 3 -> skip )
; ( p2 = 1 -> [cDrill!!] | p2 /= 1 -> skip )
; ( p3 = 2 -> [cTest!!] | p3 /= 2 -> skip )
; ( p3 /= 2 -> skip
| p3 = 2 -> [cTested??m]; ( m = 0 -> p3 := 1 | m /= 0 -> p3 := 3 )
)

; ( p2 = 1 -> [cDrilled??]; p2 := 2 | p2 /= 1 -> skip )
; [cAdd!!0]; [cRemove!!0]
; [cAdded??p1]; [cRemoved??p4]
; [cTurn!!]; ps:=p4; p4:=p3; p3:=p2; p2:=p1; p1:=ps; [cTurned??]
)

]|

D.2 Translated Uppaal Model
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