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Abstract 

The subject of this thesis is the development and assessment of a new non
linear parametric identification method for dynamic systems using multiple· 
sets of periodic equilibrium states or outputs. A parametric method based 
on assumed physical models has beenselected, because design optimization. 
is planned on the results of the identification. The experimental trajectories 
are defined to span the complete admissible state and parameter space, in 
order to optimize the identifiability of the dynamic system and to obtain an 
accurate model. Subsequently, the 'best' estimated model with correspond
ing parameters will be used for transient predictive simulations in the de
fined experimental parameter and state space, preferably even outside these 
experimental regions. The method is applied to a uniaxially loaded simpli-

. fied F-16 nose landing gear damper (oleo), for which laboratory shaker-test 
and drop-test set-ups have been realized. The assessment of the estimation 
method is practically defined as the feasibility of the shaker-test method as 
a new certiftcation instrument. 

A standard Bayesian point estimation technique is chosen because this 
method is capable of estimating both the model and the error distribution 
parameters from the data. The standard method is slightly modified to 
give a more robust solution technique, which appeared to be closely related 
to the frequently referenced minimum· variance estimation. The identifica
tion procedure is implemented in combination with two possible solutions 
techniques for equilibrium states, namely the equidistant time discretization 
method and the shooting method. It is assumed that the specific excited 
and measured periodic solution can be computed directly from a static initial 
guess. An important feature of this estimator is the possibility to estimate 
the best parameters based on all experiments of the complete experimental 
set-up. The equidistant time discretization method is selected as the stan
dard method, because it is computationally fast. Shooting is only demanded 
for discontinuous systems on the cost of high CPU-times. The choice of using 

xi 
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periodic states appears to be computationally efficient compared to using 
transient states. 

', 

For research and development the shaker-test appears to be superior to 
the drop-test as numerous excitations can be forced to the dynamic system. 
For example, detailed studies could be performed to develop the assumed 
physical model on isolated phenomena, which led to a significantly improved 
thermo-mechanical oleo model for the periodic loading cases on the simplified 
F-16 oleo. These detailed studies also show that the final thermo-mechanical 
model is limited and cannot be correct for the realistic F-16 oleo. Therefore, 
the final model should be carefully reexamined and further developed· for 
future use. 

The conclusion can be drawn that the set-ups are satisfactory for val
idation of the new identification method using periodic equilibrium states, 
but have to be rebuilt on a larger scale for proving the applicability of the 
shaker-test method as a certification or quality control instrument. 



Samenvatting 

Het onderwerp van dit proefschrift is de ontwikkeling en beoordeling van 
een nieuwe niet-lineaire parametrische schattingsmethode voor dynamische 
systemen, met gebruik making van m~erdere groepen periodieke evenwichts
toestanden of uitgangen. Een parametrische methode die gebaseerd is op 
bekend veronderstelde modellen is geselecteerd, omdat uiteindelijk ontwerp
optimalisatie toegepast zal worden op de resultaten van de schatter. De 
toestandsbanen die tijdens de experimenten worden opgedrongen, zijn zo 
gekozen dat ze de totale toegestane parameter- en toestandsruimte besla.an. 
Daarmee wordt de identificeerbaarheid geoptimaliseerd en kan een na.uw
keurig model geschat worden. Vervolgens wordt het · 'beste' geschatte model 
met bijbehorende parameters gebruikt om voorspellende berekeni:Q.gen uit 
te voeren voor het betreffende systeem in de toegestane toestands- en para.
meterruimte, en eventueel ook daarbuiten. De methode wordt toegepast op 
een vereenvmi.digd F-16 neuslandingsgestel dat uni-axia.al bel.ast wordt. In 
laboratorlum-omstandigheden zljn hiervoor zowel een trillingsopstelling als 
een valtest-opstelling gerea.liseerd. De identificatiemethode worq.t voor deze 
pra.ktische toepassing beoordeeld op de haalbaarheid van de trillingstest als 
certifica.tie instrument. 

Een standaard Bayesiaanse schatter is gebruikt omdat deze methode in 
staat is zowel de model parameters als de parameters van de kansverdeling 
van de fouten te schatten. De standaard methode is enigszins aangepast om 
een meer robuuste oplostechniek te krijgen. De gemodificeerde Ba.yesiaanse 
schatter is sterk verwant aan de veel gebruikte minimum variantie schatter. 
De identificatiemethode wordt toegepast in combinatie met twee mogelijke 
oplostechnieken voor evenwichtstoestanden, namelijk de tijdsdiscretisatie
methode en een 'shooting'-methode. Aa.ngenomen wordt dat de specifiek 
geexciteerde en gemeten periodieke oplossing direct berekend kan worden uit 
een beginschatting voor de statische evenwichtsoplossing van het systeem. 
Een belangrijk kenmerk van deze schatter is de mogelijkheid om de beste 

xiii 
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parameters, gebaseerd op alle experimenten van de complete proefopzet, 
te schatten. De tijdsdiscretisatie-methode is als standaard gekozen, omdat 
deze rekentechnisch grote voordelen biedt. De 'shooting'-methode wordt 
alleen gebruikt voor discontinue systemen, ten koste van serieuze toename 
van rekentijden. Het gebruik van periodieke uitgangen blijkt rekentechnisch 
efficienter te zijn dan het gebruik van transiente uitgangen. 

De trillingstest blijkt voor onderzoek en ontwikkeling geschikter te zijn 
dan de valtest, aangezien meerdere excitaties aan het systeem opgedrongen 
kunnen worden. Detail studies op geisoleerde fenomenen hebben bijvoor
beeld geleid tot verbeteringen in het thermo-mechanische model voor de 
periodieke belastingsgevallen op de gesimplifi.ceerde F-16 demper. Dezelfde 
studies tonen ook aan dat het uiteindelijke model beperkt is en de opera
tionele F-16 demper nog niet kan beschrijven. Het uiteindelijke model zal 
nog verder ontwikkeld moeten worden voor toekomstig gebruik. 

Geconcludeerd kan worden dat de proefopstellingen voldoen voor de va
lidatie van de identifi.catiemethode die gebruik maakt van periodieke uitgan
gen. Om de toepasbaarheid van de trillingstest-methode als een certifi.ca.tie
of kwaliteitscontrole-instrument te beoordelen zouden ze echter op een gro
tere schaal herbouwd moeten worden. 



Notation 

General notation 

a, A 

0 
I 
aT AT 

' A-1 
A+ 
ab, Aob 

a,b 
a 
a' 

lower-case letters stand for scalars or vectors, upper-case 
letters for matrices, unless stated otherwise 
null vector. or matrix 
identity matrix 
transpose of a vector or matrix 
inverse of a matrix 
pseudo-inverse of a matrix, see equation 3. 7 
subscripts or partitions according to vector b 

partial derivative of a with respect to vector b 
total derivative of a with respect to time t 
total derivative of a with respect to the dimensionless 
timeT 

Accents and subscripts 

a 
a 
a 

ao 
a* 
a 

exact value of a 
predicted v.{]_ue of a 
mean value of a 
median value of a 
initial or prior value of a 
posterior value of a 
approximate equations a 

parameter label 
output label 
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t;, run label 
JL sample label 

List of symbols 

a estimator 
b bias 
c constant 
Cv specific heat capacity 
e residuals 
f output equations 
fe e:xternal excitation frequency 
g ordinary differential equations, 

gravitational constant 
h state equations 
k stiffness 
l number of parameters 
m mass 
n number of samples in each run, 

amount of gas, 
polytropic gas exponent 

p probability density function, 
pressure 

q degrees of freedom 
r residual time shift function, 

radius 
s state vector, 

number of outputs 
t time 
'/] measurement error variance vector 
w parameter variance vector 
x input variable vector 
y output variable vector 
z discrete periodic solution 

A area 
Cyy variance function 
C d contraction coefficient 



[. 

F 
H 
J 
L 
N 
Na(b,C) 

expected value operator 
force 
Hessian matrix 
Jacobian matrix 
likelihood function 
number of runs 
a-dimensional normal distribution with mean 
vector b and covariance matrix C 

M moment matrix of the residuals 
R gas constant 
U internal energy 
V covariance matrix, 

volume 

Notation xvii 

Q second order derivative matrix in th_e Hessian H, 
heat 

T absolute temperature· 
Te period of the excitation and periodic solution 
W work 

6 variation operator 
e indifference region para;meter 
£ error vector 
fJ model parameter vector 
.:\ Levenberg-Marquardt parameter, 

heat conductivity coefficient 
p density 
u standard deviation 
T dimensionless time, see equation 4.16 
</> augmented parameter vector 

r shooting periodicity functional 
.6. Levenberg-Marquardt parameter 
.6.a increment in, or spread of £1, 

~ object function 
'iJ! error distribution parameters 



xviii Notation 

Abbreviations 

BE 

dof 
FAR 

FFT 

GN 

LM 

LVDT 

MDT 

MVE 

MMVE 

MBE 

N 

oleo 
pdf 
RTSF 

USAF 

USN 
WW II 

bayesian estimation 
degree of freedom 
Federal Airworthiness Requirements 
Fast Fourier Transform 
Gauss-Newton 
Levenberg-Marquardt 
linear variable differential transformer 
magnetostrictive displacement transformer 
(linear) minimum variance estimation 
modified minimum variance estimation 
modified bayesian estimation 
Newton 
oil-pneumatic damper element 
probability density function 
residual time shift function 
United States Air Force 
United States Navy 
World War II 



Chapter 1 

Introduction 

In this introductory chapter the first section deals with the results of a 
literature survey onlanding (gear) dynamics, and with t~e experimental set
ups used for validation of the simulation results. Subsequently, in section 1.2 
the objectives of research in the field of identification are defined. Finally, 
the structure of this thesis is sketched in section 1.3. The' first section starts 
with a brief summary on the evolution of aircraft landing (gear) dynamics. 

1.1 Aircraft landing dynamics 
' 

In the early days of aviation, landing dynamics was not considered a matter 
of concern at all. Naturally, all efforts were concentrated on the airborne 
part of the flight, as the human undercarriage could easily take care of the 
take-off and landing phase. The first mechanical landing gears were rigid
gears, in which the main di~sipative elements were the soft pneumatic tyres. 

From the beginning of this century to ww II there has been progress 
in landing gear design and manufacturing, but- hardly any in landing gear 
dynamics. This was mainly due to the fact that the existing landing gears 
easily could handle the aircraft landing loads. Some _of the most important 
improvements in that era are: oil damper shock absorbers, internally sprung 
wheels, retractable gears, and hydraulic wheel brakes. 

As in many fields of engineering science, ww II strongly influenced the 
rate of progress in landing gear design, manufacturing and dynamics. The 
demand for faster and heavier military aircraft initialized research, during 
and after the war. Progress was made not only in aerodynamics, but as well 
in landing gear dynamics. Of primary concern were the dissipation of both 

1 



2 Chapter 1 

the horizontal and vertical kinetic energy during the impact and the roll-out 
phase of the landing and the increasing weight of the gear. Some early reports 
on landing gear modelling and analog simulation, are written by Hurty [35], 
Milwitzky and Cook [50], and Walls [81, 82]. Milwitzky ari.d Cook's report 
is still a very frequently referenced work and describes the basic nonlinear 
analytical model used in many modern landing simulation codes. So-called 
drop-tests and landing-tests were, and still are, used for the validation of 
these nonlinear dynamic models. Some major improvements in landing gear 
design during this period are: bogie landing gears1 , introduction of high
strength/light-weight metals, and the adoption of the nose gear layout versus 
the tail wheel arrangement. 

In the period following Milwitzky and Cook's report hardly any numer
ical or experimental studies were reported in which the objective was to 
improve the nonlinear analytical landing gear model. Emphasis was placed 
on the numerical simulation of ground operations as taxiing, cornering and 
towing. Ground operation loads could be of greater importance than the 
impact loads, for example fatigue loads due to the extended operating life2 

for civil aircraft, or roll-out and lift-off loads for military aircraft on bomb 
damage repaired or emergency runways, see Doyle [18]. For the validation of 
these numerical simulations of ground operations other test procedures are 
used, such as linear shaker-tests and taxi-tests. Apart from the continuing 
search for new ultra high~strength/light-weight materials and introduction of 
carbon disc anti-skid braking systems, the characteristic development in the 
past three decades .is the enormous effort put in the development of aircraft 
landing and ground operation simulation codes. 

·Literature survey 

To predict the landing loads on an existing or future aircraft, physical phe
nomena have to be modell~d, which can influence the accuracy of the total 
simulation. From the literature on the subject of aircraft landing simula
tion, a classification of the encountered physical phenomena can be made. 
No completeness is claimed for in the following list, as the landing of an air
craft is a very complex process. For other reviews on this subject, the reader 
is referred to Doyle [18], Batill [4] and Verbeek [77] or additional references 
cited in the following paragraphs. The survey is restricted to the commonly 

1 Multiple wheeled undercarriage pivoted below the aircraft, see figure 1.5. 
2The number of landings in the operational lifetime is about 60,000 which will give a. 

taxi distance of 500,000 km. 
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used nose gear tricycle wheeled landing gear configuration as schematically 
illustrated in figure 1.1. 

Figure 1.1: Physical phenomena in aircraft landing simulation. 

Tyrefsurface contact models (1) 

A standard work in this field of vehicle dynamics is written by Smiley and· 
Horne [68] and used by McGehee and Carden [46] and Clark, Dodge and Ny
bakken [12]. Their model includes drag forces (spin-up/spring-back}, lateral 
forces and self-aligning moments under the assumption that there is no slip 
in the footprint of the tyre. Other and more complex models can be found, 
but problems arise in the experimental determination of large sets of model 
parameters. In addition, parameter studies have shown the sensitivity of re
sults to these input parameters, so further research on this topic is essential, 
see e.g. Van Slagmaat [74]. 

Tyre model (2) 

In the radial direction basically four different tyre models were found, which 
will follow in increasing order of accuracy and CPU-time consumption. 

1. The most basic model is a linear spring/ damper point follower model, 
see e.g. Freymann (26]. · 
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\ 
2. A nonlinear spring/ damper point follower model is used by McGehee 

and Carden [46]. 

3. For implementation of the enveloping effect of short wavelength obsta
cles a radial spring model is used, see e.g. Pi, Yamane and. Smith [57]. 

4. Finite element tyre models are described in· a review by Noor and 
Tanner [54). 

No application of a FEM model, or even a reduced FEM model was found in a 
multi-body simulation code. For most aircraft landing simulations on rigid 
flat surfaces, a nonlinear point follower model will be sufficient. 

·Brake model ( 3) 

Constant brake torque or more accurate anti-skid models are used by aircraft 
manufacturers to simulate their own braking systems. At NASA such an 
imple!llentation is reported by McGehee and Carden [46]. 

Hydraulic forces ( 4) 

The only realistic model applicable for modelling damping forces is the 
quadratic velocity damper, caused by fluid flow through an orifice. Inter
esting quantities in that model are the discharge coefficient, cavitation and 
choking of the flow, see Rouvroye [63], and the compressibility of the fluid, 
see Wahl [80] and Krauss, Bartsch and Kempf [39]. Linear dampers can only 
be applied in order to perform a linearized shimmy stability analysis. 

Pneumatic forces (5) 

The application of linear springs is limited to linearized shimmy stability 
analysis as well. A more realistic nonlinear spring is a polytropic idealized
gas spring, used by Milwitzky and Cook [50] and Hamilton, Schiesling and 
Zupp [33]. However,it is known from flight-test and drop-test results that the 
spring force' is not purely behaving like a polytropic gas spring. An alterna
tive model might be a more complex thermodynamic gas spring model even
tually combined with the effects of gas-oil mixing, as proposed by Wahi [79, 
80]. Other more complex forms or combinations of hydraulic and pneumatic 
elements in a shock absorber, in the sequel called oleo, can be designed and 
are reported by Pi, Yamane and Smith [57]. 
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Friction models (6) 

Friction is often divided in a static and a dynamic part. Furnish and An
ders (27] reported the modelling of both phenomena. This is not standard 
in simulation codes, be~ause the well-known discontinuous static/dynamic 
Coulomb friction model can result in self-excited oscillation behaviour, while 
the real-world problem might not be self-exciting at all. In other words, the' 
mathematical model shows stick/slip oscillations which can suddenly occur 
and grow in amplitude on the condition that energy is supplied to the sys
tem continuously, but without external periodic excitation. According to 
reality or due to encountered numerical problems oftena constant or semi-
discontinuous friction model is used, see e.g. Brot [8]. . 

Structural landing gear model (7) 

In this part of the total simulation model a large number of designs and 
features can be distinguished. A standard work on landing gear design is 
written by Currey [14]. First of all, aircraft landing gears can globally be 
classified in four different groups, sketched in figure. 1.2 to figure 1.5. Fur
thermore, the flexibility of the gear can be modelled by modal synthesis 

Figure 1.2: Cantilevered. 

Figure 1.4: Articulated. 

~ 
~ 

Figure 1.3: Fully levered. 

Figure 1.5: Bogie. 
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(measured or computed spin-upfspringback, lateral and torsional modes) or 
discrete or continuous beam models. Radial expansion of the gear due to 
internal gas and oil pressures, is often modelled as compressibility of the 
fluid. This part of the model can be modelled by itandard structural FEM 

codes or multi-body codes. 

Aircraft fuselage dynamics model ( 8) 

The most extensive multi-body model published, mentions the use of six 
rigid body modes and up to fifteen flexible modes for the fuselage, see Pi, 
Yamane and Smith [57]. Symmetrical models. were reported by Gamon [28] 
and Shabana and Changizi [9, 67]. For production computations often the 
most simple three to six rigid body degrees of freedom are used. 

Aerodynamic forces ( 9) 

Several types of external forcing can be found in the simulation programs, 
such as: aerodynamic lift, drag, and propulsion forces. For military airplanes 
especially, arresting chute and arresting gear loads can be added to that list. 
Aircraft companies can implement these forces very easily, because they 
already derived these loads for the flight dynamics program. 

Surface models (10) 

Related to the objective ofthe simulation various models can be found, 
ranging from rigid flat runways to soils and moving decks of aircraft carriers. 
The last. topic is covered in Sandlin, Ebers and Black [64]. 

Flight control (11) 

The pilot control actions can be implemented in the simulation code; too. 
Again, aircraft manufacturers can implement the measured pilot control his
tory during a landing, their flight simulation programs or automatic landing 
systems. 

Active shock absorber control (12) 

In the last two decades, there has been research on (semi- )active landing 
gears. McGehee and Carden [46] published a mathematical simulation model 
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for active landing gear design. NASA has simulated, built and tested a series
actuator active landing gear design. Other works on the same subject are 
written by McGehee and Morris (45, 47, 52], McComb and Tanner [44], and 
Ross and Edson [62]. The aircraft producing companies probably will not 
-implement actively controlled landing gear in the near future, although it 
significantly could reduce fatigue and peak loads and increase the level of 
comfort. This prospect can be explained by severe safety requirements in 
aviation or by conservatism . 

. Dynamic· analyses 

Applications of almost all methods of dynamic analyses can be found in 
literature. For linear response and stability analyses the solutions can be 
computed by frequency domain methods, see e.g. Minnetyan, Lyons and 
Gerardi [51] or stochastic or power spectral density methods, see Gamon [28]. 
For nonlinear dynamic analyses only time integration methods were applied, 
which made use of one or more of the best known integration methods. Ex
treme applications of time integration were found in crashworthiness analy
ses for helicopter landing gears, see e.g. Pramanik and Carnell [59], Sen and 
Chase [66], or Den Engelsman [16]. 

Certification loads 

For certification of landing gears extreme vertical sink speeds are prescribed 
by various airworthiness authorities (e.g. FAR, USAF, USN). They vary from 
7 to 22 f I 8 ( ~ 2.2 to 7 ml s) for small civil aircraft to carrier based aircraft. 
The latter must be able to land on heaving decks of aircraft carriers. These 
sink speeds are very conservative and hardly ever experienced, except for 
trainers and carrier based aircraft (Roskam [61]). For normal use a landing 
of 4 f I 8 ( ~ 1.2 ml s) is considered a hard landing. This vertical sink speed is 
called a realistic velocity for the F-16 nose landing gear in 'the applications 
of this thesis. Of course other additional loading cases (e.g. cross-wind, 
fatigue) are prescribed for the certification of a landing gear, but they are 
not discussed in this thesis. 

Experiments 

For the validation of the programs and certification of landing gears, four 
types of experimental facilities have been used by the referenced authors. 
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Laboratory environments as well as operational conditions on runways are 
reported: 

1. Linear shaker-tests are used to excite the system with r~asonably small 
displacements or forces. The inputs vary between: random noise, step 
or 1- cos(wt) functions to simulate bumps, purely harmonic functions 
or sweeps, see McGehee [45]. Freymann [25, 26] reports a shaker
test of a complete YF-16 fighter in the Aircraft Ground Induced Loads 
Excitation (AGILE) test facility. He also reports shaker-tests on actively 
controlled landing gear. 

2. Drop-tests are commonly used to validate simulation results or to cer
tify landing gear. A landing gear with an equivalent aircraft mass, 
Chester [11], is released from a certain altitude to simulate impact 
with a prescribed vertical speed. These tests can be performed with 
or without 'o/ing lift simulations, wheel rotation to simulate spin-up 
effects, or laterally moving impact surfaces to simulate crosswind land
ings. With this facility often the damping is optimized, for instance 
by modification of metering-pins that control the oil flow through the 
orifices, see McGehee and Morris [45, 47, 52]. 

From this type of tests, Batill [5] concluded that the parameter es
timation of the discharge coefficient and polytropic exponent is very 
critical. He published an identification method which has the ability to 
estimate parameters in the state equations of nonlinear systems. The 
method demands just a single measured state variable and is based on 

· Newtqn iteration. 

3. Taxi-tests are used in order to validate the ground operation simulation 
codes or to do research on steering and tyre-contact phenomena, see 

· McComb and Tanner [44]. 

4. Landing-tests can be performed during an actual flight-test. The ex
perimental gear can be fully instrumented and tested during opera
tional use. Nowadays, it is also. possible to perform these tests in an 
out-door laboratory environment at NASA Langley Research Center3 

as well. 
3The landing gear can be accelerated on a 49,000 kg carriage to a top speed of 407 

km/h in 120 meters and 2 seconds, tested during the following 600 meters and arrested in 
the last 150 meters. The propulsion system of the facility is an air pressurized water jet 
system, see McComb and Tanner [44]. 
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. 1.2 Research objectives 

The state of the art in aircraft landing simulation implies that further re
search in this :field will not be promising. Standard :finite element programs 
can be applied to model the linear~ dynamics of the fuselage. The modal 
results can be input to multi-body dynamics codes, which can model the 
geometrical nonlinear dynamics of the gears. The multi-body code should 
supply user routines, in order to implement the physical nonlinearities of the 
landing gear dampers. Most codes already include various tyrefsurface rou
tines, with a remark that they originate from automotive vehicle dynamics. 

Accurate results, however, depend on the particular implementation of 
several of the physical nonlinear problems discussed in the previous sec
tion. First of all, the state of suspense about the validity of automotive tyre 

periodic 

input 
hyctraulic 
shaker 

Figure 1.6: Objective of research, drop-test versus shaker-test. 

models and their corresponding parameter sets in aircraft landing dynamics 
imply the necessity of a thorough study and experimental verification, which 
will not be an objective of research in this thesis. Secondly, it seems that 
the development and experimental veriftcation of physical nonlinearities of 
oleo's have set bounds to the trustworthiness of the results of the complete 
simulation code. Batill and Bacarro [5] already stressed the need for ac
curate parameter estimation procedures for the experimental verification of 
assumed models based on physical laws. They used an experimental set-up 
which resembled a 'drop-test tower for a small oleo. 

Drop-tests are defined by airworthiness authorities for certi:ficat~on of 
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landing gears and can also he used for identification, as the measured trajec
tories resemble the impact of an aircraft landing. But, due to the expected 
low applicability for design optimization - impact is only one of the design 
criteria- and high inve~tment costs, DAF Special Products (Eindhoven, 
The Netherlands) initialized this project in order to develop an alternative 
test procedure for aircraft landing gear. 

In linear dynamics it is common practice to identify the system under 
consideration by measurement of harmonic shaker inputs and corresponding 
harmonic outputs. Analogue to this procedure, it is believed that an alter
native test could be realized by application and measurement of periodic 
shaker inputs and measurement of the corresponding periodic· equilibrium 
outputs in order to identify nonlinear dynamic systems. Both methods are 
illustrated in figure 1.6. 

The objective of research of this thesis is the assessment of the proposed 
alternative shaker-test. According to this objective, a research strategy can 
be defined and is best explained by a flow-chart, see figure 1.7. 

shaker input 
{periodic) 

initial 
· parameters 

drop-test 
(in it. cond.) 

dynamical· 
system 

improved 
parameters 

mathematical 
model 

improved 
parameters 

dynamical 
system 

measurement 

periodic 
solver 

time 
integration 

measurement 

measured 

outputs 

predicte~ · 

outputs 

(landing) 
simulations 

Figure 1.7: Research strategy, drop-test and shaker-test computations and experi
ments. 
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In the lower branch the conventional drop-test identification procedure is 
illustrated. Starting with the drop test initial conditions, the drop test can 
be performed and the state vector or some of its components ot output sig
nals can be measured. The initial conditions together with the. best known 
approximate parameters can be used in an assumed mathematical model to 
predict the measured outputs by time integration. Based on the discrep
ancy between the measured and predicted outputs, parameter estimation 
procedures can be· used to improve the approximate parameter vector. 

The upper branch is an illustration of the alternative shaker-test proce
dure, in which the input to both the system and assumed model is a periodic 
signal. For this procedure the predicted periodic output components can be 
calculated by a periodic solution technique which will drop the need to esti
mate the initial conditions. Analogously to the procedure mentioned above 
the improved parameter vector can be computed by an appropriate param
eter estimation technique. 

More specific, the objective of t.his thesis is to develop an identification 
technique for nonlinear dynamic systems that makes use of solution methods· 
for periodic equilibrium states. The application of the new method is to find 
a nonlinear dynamic model for an oleo and related 'best' set of parameters 
from a set of experiments, which span the admissible .state and parameter 
space. Accordingly, the dynamic model and related 'best' parameters should 
be able to predict additional measurements. In this project, the method 
should be able to predict the outcome of a drop-test. Subsequently, the 
model and parameters can be used with confidence in multi-body aircraft 
landing or ground operation simulations. 

1.3 Outline of the thesis 

Chapter 2 starts with a brief review on methods for identification of non
linear structural dynamic systems and will explain the choice of a paramet
ric method. Further, this chapter describes· the mathematical formulation 
of the nonlinear parametric estimation problem intended for application to 
dynamic models. The material for this mathematical description can be 
found in most text books on est.lmation theory, see for example Bard [3), 
Eykhoff [21], or Junkins [36]. Characteristic to estimation is that the prob
lem can be reduced to an optimization problem, depending on a determin
istic prediction model for the measured outputs, the measured data and the 
amount of prior knowledge available. The chapter ends in a discussion on 



12 Chapter 1 

the interpretation of the estimation results. 
Chapter 3 considers the numerical solution of the parametric estimation 

problem, as defined in chapter 2. Newton-Gauss iteration will be used, which 
demands the computation of both predicted output values and the :first order 
derivatives with respect to the parameters. It will be demonstrated that the 
pure form of estimation can often not be used in nonlinear estimation. Two 
modified methods are proposed, one according to Hendriks [34]. 

In chapter 4 the numerical solution of the required predicted outputs 
and corresponding :first order derivatives to the parameters is discussed for 
dynamic systems. The computational consequences for the three most im
portant types of trajectories - transient, periodic, and chaotic ,will be 
distinguished. This chapter completes the description of the parametric es-
timation method used in this thesis. -

Chapter 5 describes the experimental set-ups, of both shaker and drop
. tests, built in order to perform the measurements on the test object of this 
project: a nose landing gear of a.n F-16 fighter aircraft. Next, the choice of 
the set of experiments and results will be discussed. 

From these tests, the identification of the oleo is presented in chapter 6. 
Two different models will be used. The :first model is a simple one dof me
chanical model, based on the work of Milwitzky and Cook (50] and Batill [5]. 
The second is a. two dof model based on a thermo-mechanical analysis by 
Wa.hi [80]. In this chapter; the. predictive power of the 'best' resulting model 
with corresponding parameters is tested, by comparing predicted drop-test 
output measurements to real drop-test data.. 

Finally, in chapter 7 conclusions a.nd recommendations will be given on 
general aspects of the presented identification method, the newly defined 
nonlinear shaker-test method, and the trustworthiness. of the final model for 
the F-16 nose landing gear damper. 



Chapter 2 

Parametric estimation 

This chapter starts with a brief review on identification of structural dy
namic systems, and is further restricted to the mathematical formulation of 
the parametric estimati9n problem as discussed in text books on nonlinear 
estimation theory, see Bard [3]. The parametric estimation problem is re
duced to an optimization problem, which can be solved by the procedures 
discussed in chapter 3. According to the selected estimator of chapter 3" the 
required functional values and derivatives for dynamic system estimation 
will be elaborated in chapter 4. 

2.1 Introduction 

The differences between identification methods used in literature mainly 
depend on the amount of prior knowledge available and can be classified 
in three groups: detection of nonlinearities and extension of linear modal 
analysis to weakly nonlinear dynamic systems, non-parametric methods and 
parametric identification. 

Single or low degree of freedom nonlinear dynamic systems are widely 
studied and their behaviour is well documented, see for example Thomp
son and Stew;:~,rt [71J. But, when the nonlinear phenomena are not known 
in advance, as most often is the case, first methods for detection of the 
nonlinearities must be employed. Such techniques are mainly used to dis
criminate measurement errors from real nonlinear behaviour. An example of 
such methods is the Hilbert transform, used by Popp [58] and Blohm [6, 7]. 
Other researchers are working on the generalization of modal analysis meth
ods for the location and typification of weak nonlinearities, see for example 

13 
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Ewins [20] and Fillod [23]. 
Non-paramet:dc identification methods can be used when the observed 

nonlinearities cannot be modelled in advance. They all rely on series expan
sions, both in time and frequency domains. 

In the time domain the restoring force surface method is reported by Wor
den and Tomlinson [83, 84]. The method maps forces of nonlinear elements 
to the states involved, by using several types of orthogonal polynomials, for 
example Legendre or Chebyshev polynomials. It really comes down to a 
form of data reduction. 

More documents can be found on methods in the frequency domain. 
Volterra and Wiener series are frequently applied and can be seen as multiple 
dimension generalizations of linear impulse response functions. The related 
Fourier transforms are called higher order frequency response functions. The 
methods are restricted to continuous dynamic systems and are only useful 
for typification, as design parameters are not included in the models. For 
more information on non-parametric identification methods, see Tomlinson 
et al. [29, 69, 70], Vinh and Liu [78], Frachebourg [24], or Thouverez and 
Jezequel [72]. 

If design verification or optimization is requested after identification, 
parametric methods must be used. On the basis of physical ll!-ws, mo,dels 
are derived, in which a set of parameters can be estimated and optimized 
by iterative procedures. Two different types of parametric estimation can 
be distinguished, namely off-line and on-line estimation. 

In the aircraft literature only one article by Batill and Bacarro [5] was 
found that discussed the need for, and an application of, off-line parametric 
estimation. In that article the well-known unweighted least squares estimator 
was used and several problems, as ill-conditioning, were reported. 

On-line identification is more often reported for control problems (also 
called filtering), where time is very limited, both for computations and valid
ity of the results. For linear systems much work has been done by Kalman. 
His work has been discussed extensively in literature and can be found in 
text books on control theory. Applications of extended Kalman filters, which 
are Kalman filters applied to nonlinear problems, are reported by Seibold 
and Fritzen [65] and Bao and Shi [2]. 

As discussed in the introduction, this thesis is related to design veri
fication and future design optimization, so a choice has been made for a 
parametric identification method. In the following sections the necessary 
steps will be discussed to transform a deterministic model into a probabilis
tic model, also called an estimator. 
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2.2 Problem definition 

2.2.1 Deterministic model 

In this thesis it is assumed, that the deterministic mathematical models for 
structural systems can be derived by using physical laws. The resulting 
set of ordinary differential equations1 and algebraic output equations2 can 
formally be written as 

g(q,q,ij,x,t,O) = 0, 

y = f(q,q,ij,x,t,O), 
{2.1) 

(2.2) 

in which q stands for the degrees of freedom and y for the observed or output 
variables. The input vector x stands for the controlled or input variables, 
which can consist of excitation forces, adjustable constant coefficients and 
sometimes initial conditions. The time is written explicitly as the symbol t. 
The vector 8 stands for the unknown model parameters. A sufficient number 
of initial conditions 

qo = qo(x, 6), 

iJo = iJo(x, 0), 

(2.3) 

has to be supplied, which can be unknown and therefore be functions of the 
model parameters (}, too. 

As this is a deterministic model, the only way to compute the model 
parameters 8 from equations (2.1) and (2.2), is to substitute the measured 
time histories of all the variables involved. In other words, by using a de
terministic model directly, the mea.Sured variables are assumed to be exact, 
implicitly. 

In reality it is not possible to measure all variables of a dynamic sys
tem, but only a subset defined in the output equations (2.2). Certainly, the 
measurements cannot be performed exactly, in that case the deterministic 
model has to be transformed into a probabilistic model also called an esti
mator, from which the model parameters can be estimated. The estimator 
will require at least the addition of a sufficiently large set of measurement 

·data (sub-section 2.2.2) and if possible probabilistic knowledge of both the 
errors and the model parameters (sub-sections 2.2.3 and 2.2.4). 

1 In multi-body dynamics, the problem is generally described by a set of ordinary dif
ferential equations and a set of algebraic equations, constraining the degrees of freedom in 
the joints. 

2The dynamics of the measurement equipment will be neglected by the assumption of 
algebraic equations. 
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2.2.2 Measurement data 

To estimate any parameters in the assumed deterministic model (2.1)-(2.3), 
next, a statistically overdetermined set of output measurement data must 
be obtained. An experimental set-up has to be defined and a number of 
dynamic experiments, or so-called runs, have to be carried out. · 

The measurement data are stored for off-line estimg:ttion, as the estima
tors to be developed are based on the availa~ility of the complete set of 
measurement data. The number of runs will be denoted by N, and the sep
arate runs will be labelled by the index K. Within a run, all n samples of the 
measured output channels are labelled by the index J1 for each time step tw 
With this definition a separate sample can be referred to as y,_.,... 

For computational use, total augmented vectors can be. defined from the 
separate observations in several ways. In this thesis the following ordering 
is used (e.g. for the output variables), 

· ( T T T T T T )T 
Y = (YnY21 · · · Ynd · · · (YlNY2N · · · YnN) · (2.4) 

2.2.3 Probabilistic knowledge of the errors 

As pointed out in sub-section 2.2.1, parameters can only be computed from 
a deterministic model if the data are not contaminated with noise or mea
surement errors. If they are, or if the assumed mathematical model does not 
exactly represent reality, a probabilistic model has to be derived. 

The uncertainty. about noise or model imperfections can be added by 
statements on the errors. Measurement errors can occur in both the input 
and output variables. Model deficiencies will only affect the errors of the 
output variables. 

In the following, the measurement errors on the input variables will be 
neglected, thus the measurements of the input variables will be considered 
exact. This assumption (which is realistic for the applications in this thesis, 
see also the discussion in seCtion 7.1) will lead to estimators, for which only 
a reasonably small set of time invariant parameters has to be estimated. If 
significant errors on the input variables x are present, the underlying time 
dependent inputs have to be estimated as well. The additional number of 
inputs to be estimated is of the same order as the number of measurements, 
so the statistically overdeterminedness is lost, for which it can· be expected 
that the probl~m may easily become ill-~onditioned, see Engl [19]. 

For more information the reader is referred to Bard [3], for a discussion 
on non-exact input variables x, or to Van .de Molengraft [73]. Despite the de-
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terministic premises, Van de Molengraft developed such a technique. Model 
parameters, states as well a.s measurements are estimated by a. least squares 
technique, in which the distribution parameters are predefined by weight 
matrices. This 'choice' for the probability distributions is usually made by 
the users of estimation methods, implicitly. 

The lack of fit of the data. to the output variables of the assumed deter
ministic model can still be of two origins: measurement errors in the output 
data. and prediction errors due to model imperfections. The two types of 
errors will not be discriminated. The final total error will be written as £~-'"' 
for sample JL in run K.. Addition to the deterministic output equations (2.2) 
gives 

(2.5) 

in which {} denotes the exact or true parameter vector, for which the error £~-'"' 
would vanish if the exact model had been used and no meq.surement errors 
had occurred. The symbol ij and its time derivatives stand for the exact 
solution of the differential equations 2.1 according to the exact parameters 
iJ. So, the error vector can be defined as the difference between the measured 
outputs Ytt~<- and the exact outputs Ytt~<-

(2.6) 

On these error vectors statements can be made in order to derive the required 
probabilistic model. The error vector £~-&n can be thought of as a. realization 
of a. stochastic vector variable. For each of the errors a probability density 
function (pdf) can be defined, which is a conditional probability that depends 
on a set of piLiameters 'li ~-',.. 

(2.7) 

If the errors in the different samples and experimental runs are statistically 
independent, a.s often may be assumed, the so-called joint pdf of the total' 
error vector£, according to the structure given in (2.4), is given by 

N- n 

p=p(£1'liu, ... ,'linN) IT !IPttn(€J.l"J'li~-'") · (2.8) 
K-=1 tt=l 

By lack of knowledge of the underlying stochastic processes, in engineering 
practice most often normally distributed_errors, Ns(O,VJ.tn), with mean zero 
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and covariance matrices Y~~~' are assumed for .all s error variables in €11~~', 
which gives 

p(eiVib···,VnN)= (2.9) 

nN s N n 1 ( N n ·)· 
(211")--2-!!!!.JdetVw• exp ! ~~€~~~'VIl~lfp.~t 

This function reflects allprobabilistic inform~tion on the errors €. However, 
in estimation the true parameter vector iJ is not known. If the during the 
estimation oc~urring temporary fJ's are close to the true value {) (which: is 
certainly true in the neighbourhood of convergence), then the residuals 

(2.10) 

defined as the difference between the measured outputs y11~~' and the predicted 
outputs filL~~'' will be close to the errors elL~~' as well. For estimation purposes, 

· the residuals can be substituted for the errors in the joint pdf to form the 
likelihood function · 

which will be a function of the unknown mo.del parameters {) and the un
known distribution parameters VP.~~' on the residuals e~~~'( fJ). In the sequel, 
the augmented set of unknowns {fJ, V11 , ••• , VnN} will be denoted <f>. 

2.2.4· Prior knowledge of the parameters 

In general, the parameters to be estimated from the previously derived like
lihood function are subject to certain restrictions. This is called prior knowl
edge of the parameters, which can be added to the probabilistic model as 
well. 

In practice, the admissible parameters usually are limited by two-sided 
range information that can be represented by a prior probability density 
function, but any information not originating from statistics can be expressed 
as a prior density function p0 ( </>) as well. 

In any case, a posterior density function p*(</>) can be obtained by com
bination of the likelihood model (2.11) and the prior density function p0 ( </>), 
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and is proportional to their product, following Bayes' theorem, see Bard [3, 
pages 36-37] 

p*( ¢>) 

c 

cL( </> )po( </>) , 
1 

f L( </>)Po(</>) d¢> • 

(2.12) ·. 

(2.13) 

The posterior density function may be normalized in order to form a proper 
probability density function, in the case that the prior knowledge Po(¢>) is 
not a strict probability density function (otherwise c = 1 by definition). 

In engineering practice, the prior information on variables usually is de
fined by physics and reasoning, literature or previous experiments. The 
formulation of the prior knowledge density functions p0 ( ¢>) can be divided 
in three categories 

• Absolute bounds can be considered if assumptions are made from the 
available literature (</>min < </>o < <!>max) or if reasoning and physical 
modelling can exclude certain parameter areas. A uniform distribution 
can be assigned to admissible values of the parameters (Po(¢>) = 1) and 
to physically impossible values of the parameters (Po(¢>)= 0). 

For the idealized gas spring model used in the examples of chapters 3 
and 4, the gas exponent might be constrained between the technically 
relevant isothermal and adiabatic values 1 and 1.4. 

• Specific sources in literature often give more detailed information on 
parameters in the following' ambiguous form, ¢>0 ±!:!..¢>. The quantity b.¢> 
may be an absolute bound or can be considered a standard deviation 
or a confidence interval, as well. In the last case, the prior information 
can be modelled as a normal distribution N1 (¢>0 , ~b..¢>2 ) for a 99 % 
confidence interval. 

In the estimation of structural dynamic systems, this case of prior 
information is often encountered, as the model parameters can be de
rived from measures as lengths and areas defined in the original design 
drawings. 

• In the case that relevant experiments have been previously conducted, 
and that the forthcoming experiments are statistically independent, 
their likeli4ood functions may be multiplied to derive the joint pdt 
Formally, the likelihood function or posterior density function of the 
first set of experiments, can be seen as prior knowledge of the param
eters for the second set of experiments. 
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Normally, the complete pdf is not available and therefore not included 
in the probabilistic model of the second set of experiments. A more 
condensed form as a normally distributed pdf is often used, as discussed 
in the foregoing item. 

The posterior density function contains all four elements needed to transform 
a deterministic model into a probabilistic model, namely the deterministic 
model itself, the measurement data, the probability distribution on the er
rors, and the prior knowledge of the parameters. 

If it is theoretically allowed and numerically possible to. compute the 
complete posterior density function p*(¢>), one problem still remains. A cri
terium has to be selected in order to define the 'best' estimate parameter 
vector ¢>* for the true parameter vector ~ from this function. For example, 
consider the one-dimensional poste:rior density function, illustrated in fig
ure 2.1. Three of the most practical choices to define a point estimate are: 

1 

mode 

median 
mean 

p*( 4>) 

Figure 2.1: Mean, mode, and mean of a pdf. 

the mode or maximal value 

ma.xp*(¢>)' (2.14) 

the mean 

(2.15) 
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or the median 

~I j~= p*(4>)d4> =! (2.16) 

of this pdf. The choice to make is quite arbitrary, but several good reasons 
exists for making a choice for the mode or maximal value. 

• From a statistical point of view the mode or maximal value is widely 
used, because it is the value, most likely to be .close to the true value 
J> (maxi~um likelihood estimation). 

• Moreover, if normally distributed errors are assumed, the resulting 
posterior density functions will be symmetrical and the dilemma con
cerning the choice of a 'best' value vanishes, because all three estimates 
will be the same. 

• Selecting the mode is also preferable from a computational point of 
view. The mean and median values require the computation of the 
complete posterior density function. In contrast, the mode or maximal 
value most often can be computed by an iterative procedure. 

As nprmally distributed errors will be assumed in sub-section 2.3.2, the mode 
or maximal value can now be selected as the 'best' parameter value in the 
context of this thesis. 

2.3 Prior knowledge and estimators 

2.3.1 Introduction 

In section 2.2, the mathematical description of the parametric estimation 
problem has been discussed. Starting from a deterministic dynamic model 
with output equations, the data and knowledge of the errors and parameters 
were added to form a complete probabilistic model, from which the param
eters can be estimated. The functional relationship between the input, the 
measured data y, and the output, the 'best' estimated parameter vector 4>*, 
is called an estimator. Theoretically it can be written as 

4>* = a(y) . (2.17) 

Despite the deterministic nature of the estimator, the output will always be 
a true random variable, because the measurement input y is a r.ealization of 
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a stochastic variable. A consequence of this statement is, that the output </>* 
also is a realization of a random variable and therefore can he represented by 
a pdf Pa.( </>*). This pdf is called the sampling distribution of the estimator a, 
which depends not only on the distribution of the measurement data y but 
also on the implementation of a specific estimation procedure. Naturally, the 
sampling distribution can be presented in re~uced form by its mean vector, 
covariance mi:ttrix and higher moments. . · 

Now, two distinct cases in estimation can be defined. The first case is the 
most often used point estimation or model fitting procedure, in which only 
an estimate of the mean~* of the pdf Pa.( </>*)is obtained. The possible point 
estimators will be discussed in sub-sections 2.3.2-2.3.4. The second case is the 
interval estimation or model estimation procedure in which also an estimate 
of the covariance matrix Vq,• of Pa.( </>*)is computed. The computation of the 
covariance matrix Vq,• is discussed in sub-section 2.3.5. ' 

In nonlinear parametric estimation the variety of both point and inter:val 
estimators in combination with their numerical implementations is beyond 
bound. A good estimator should perform well on a series of favourable 
features, that can he found in text books on estimation theory, see e.g. 
Bard [3, chapter 3]. The most important are: 

bias The bias b of an estimator is defined as the difference between the 
mean if; and true values 4> of the parameter vectors. Good estimators 
should be unbiased or should have small bias. Due to the moderate 
sample size, common estimators usually possess some bias. Whenever 
this bias tends to zero (usually as 1/n) with infinite sample size, the 
estimator is called consistent or asymptotically unbiased. 

efficiency A good estimator should give the smallest possible covariance 
matrix. The estimator is called efficient, if the covariance matrix 
equals the theoretical lower bound, set by the Rao-Cramer theorem, 
see Bard [3, appendix C]. If the variance matrix approaches to zero 
(usually linearly) with infinitely large sample size, it is called asymp
totically efficient. This is the case for most' relevant estimators. 

computability Last, but not least important is the computability of .the 
estimator. From a practical point of view, it might be more interesting 
to use a fast available estimator instead of a new statistically more 
efficient estimator, for which excessive CPU-times might be expected. 

Only in linear parameter estimation these desired properties can be derived 
or proved. 
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In the nonlinear case the desired features can only be checked after im
plementation and application of the estimator to the measured or simulated 
data. Application to measured data of exactly known nonlinear systems, 
is not very realistic, as· these systems are hardly known. Another option 
is frequently used, and is called Monte-Carlo simulation. An exact model 
and parameter vector ~ are assumed, from which exact measurements can 
be computed. These can be compared with the 'measured' outputs, from 
adjacent parameter vectors, contaminated with noise. Each replication of 
the experiment will give a best parameter vector <1>:, which is a sample of 
the sampling distribution Pa( </>*). From this large set of realizations, th~ 
mean (/J*, the bias b, and the covariance matrix V..p• can be computed by 
well-known formulas 

N 

<fi* = 1 L- <P: , . (2.18) 
~~;=1 

b=<fi*-~,. (2.19) 

N 

V..p• N~l 'L_(<f>~- (/J*)(<P:- <fi*l. (2.20) 
~t=l 

These expressions are not restricted for assessment of the estimator, but 
can for instance be used to compute the statistics as outcome for a series of 
experiments as will be proposed in sub-section 2.3.5. 

Now the estimators will be derived, which will be object functions of the 
residuals, taking into account various levels of a priori known information. 
The Bayesian estimator will be the most comprehensive estimator, because 
it uses all the prior information. Gradually, a priori information will be 
withdrawn, to end up with the widely used least squares estimator, which 
can be applied directly to the deterministic model. 

2.3.2 Bayesian estimation 

When prior knowledge of the parameters is taken into account, a posterior 
density function (2.12) is already defined, which will be recalled for clarity 

L( <P )Po( <P) 
p*( <I>) J L( <P )Po( </J) d<f> . 

(2.21) 

In order to compute a 'best' set of parameters from this function, knowledge 
of the deterministic model, the measurements, the error distribution and the 
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prior density function of the parameters should be available. The commonly 
used 'best' estimate is the most likely value or mode. of the distribution, 
which was selected in sub-section 2.2.4 and will lead to a maximization 
problem of function (2.21 ). 

It will be more convenient for the following derivation:?, to define an 
object function by application of the natural logarithm 

~(¢) = ln(p*(¢)). (2.22) 

The optimal value of the object function will not be changed as the natural 
logarithm is a monotonic increasing function, and can be computed provided 
that the prior distributio~ includes no zero density domains. If this is the 
case, these domains have to be excluded by application of a constrained 

. optimization procedure. For the applications in this thesis normally dis
tributed prior knowledge of the parameters is assumed, so that the Bayesian 
maximization problem can be written as 

~B(cP) = ln(L(¢)) +ln(po(¢)), (2.23) 

and solved by an unconstrained optimization procedure. 
For normally distributed errors the likelihood function is already derived 

and can be found in equation (2.11), with the assumption that the errors were 
statistically independent between different samples and runs. Substitution 
of equ;:ttion (2.11) in the Bayesian object function (2.23), and application 
of normally distributed prior knowledge of the parameters .Ni( 4>, diag( u2)) 

gives 

(2.24) 
N 'n N n 

- n~8 1n(27r)- iLL lnd~t VJ.t~t-! L 2::: eJ.t~t(OlVJ.t-;_1 eJ.t~t(O) 
~t=ltt=l. ~t=ltt=l 

I I - 2 

-1In(27r)- lin IT u2 -!"""" (cPa- ¢01 ) 
2 2 01 2 L...J (12 

01=l a=l 01 

in which the first terms of both the second and third line and the second 
term in the third line can be neglected because they are constant terms. The 
second term in the second line should be retained, because it contains the 
still unknown covariance matrices Vtt~t• In reduced form the object function 
reads 
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(2.25) 

An extra assumption is made that the errors for all samples will share the 
same covariance matrix VSL~~: = V. Equation (2.25) then reduces to 

N n 

- nf In det V- ! L L e~-'~~:( 8)TV-1 e~t~~:( 9) 
l':=lJ,L=l 

or to 

(2.27) 

in which M(fJ) stands for the moment matrix of the residuals 

N n 

M(fJ) 2.: L et<l':(9)ew,(9l. (2.28) 

Formulas (2.27) and (2.28) will be reduced even furth~r by the assumption 
of independent errors within each sample of the outputs. The full covariance 
matrix V reduces in this case to a diagonal variance matrix, diag( v ). The 
diagonal components represent the variances of the different measurement 
output channels. The formulas (2.27) and (2.28) reduce to 

(2.29) 

in which M(3f:J( 8) stands for the diagonal terms of the moment matrix of 
the residuals, which actually are the summed squares of the residuals per 
measurement channel {3, over all samples p and runs K. 

N n 

Mf:Jf:J(B) L L e!,_f:J(B) .. (2.30) 
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2.3.3 Maximum likelihood estimation 

From the Bayesian estimator three other estimators can be derived that 
are more frequently referenced. If the prior knowledge of the parameters is 
dropped and the deterministic model, the measurements and the information 
on the error distribution are retained, the resulting estimator is called a 
maximum likelihood estimator. Again a logarithmic object function can be 
defined by taking the logarithm of the likelihood function 

IPL(4>) = ln(L(</>)). (2.31) 

The maximum of this function can be computed by unconstrained optimiza
tion, or constrained optimization if absolute bounds for the parameters exist. 
The maximum of this function is the most likely value to occur in reality. 

Assuming normally distributed errors, the object function to be solved 
can be derived from equation (2.31) and substitution of (2.11), or obtained 
from one of the formulas derived for Bayesian estimation by dropping the 
terms related to the prior knowledge. The most complete description for full 
covariance matrix information reads 

IPL(</>) = IPL(O, Vu, ... , VnN) = (2.32) 
N n N n 

-~I: I:lndetVIL,.- ~I: I: e!L,_(OfvJL-,/e!L,.(O). 
~>=l~t=l ~>=l~t=l 

2.3.4 Least squares estimation 

Most types ofleast squares estimation methods are a subset of the maximum 
likelihood estimators. In this case the information on the error distribution is 
withdrawn or assumed known and only the knowledge of the deterministic 
model and the measurement data is retained. From a statistical point of 
view this is the same as applying the data directly to the deterministic 
model, which is the reason why it is used so often in engineering practice. So 
implicitly, normal distributions with known covariance matrices are assumed, 
because any knowledge of the error distribution is not available or hard to 
obtain. 

The weighted least squares estimator for full covariance matrix informa
tion can be derived from equation (2.32) by recognition of the fact that the 
first term can be omitted 

N n 

«Pw(<P) = «Pw(O) =-~I: I: eJL,_(ofv-1eJL,.(O). (2.33) 
~>=l~t=l 
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The more often used form with diagonal weighting factors for specific weight
ing of the measurement channels, can most conveniently be computed with 
the well-known formula 

s l N n 

~w(<P) = ~w(O) = -~ L-L L e!K{J(O). 
{3=1 Vf3 K=l JL=l ' 

(2.34) 

The weighting factor matrix as used in least squares estimation, can be 
inversely proportional to the covariance matrix v used in statistically based 
estimation problems. 

The last and best known unweigthed least squares estimator, results 
from the assumption that all errors are independent with the same standard 
deviation o-. 

- l s N n , 

~u( </>) = ~u(O) = -
2

o-2 L L L e!,:13(0) oc -teTe. 
/3=1K=1JL=l . 

(2.35) 

It should be notified that the last assumption often is not valid, as the 
residuals can differ. strongly in magnitude because they can represent a di
versity of physical quantities. So, at least weighted least squares estimation 
should be considered, and the inverse variances should be assigned by a 
study on measurement accuracies. 

2.3.5 Interval estimation 

The previously defined Bayesian point estimator consists of an object func
tion which gives an estimate of the ~ean of the sampling distribution Pa( </>*) • 

. Another important characteristic of the distribution is the covariance of the 
parameters Vet>• which is defined as follows 

(2.36) 

Additional estimation of this quantity enables putting statements on inter
vals of confidence for the parameters. Estimates of the covariance matrix 
can be obtained by, analytical derivations from the estimator object func
tions, by Monte-Carlo simulations, or by computation from a complete set 
of estimates. 

The first option, analytical derivation, is not often applied as it is ob
tained by laborious linearizations, which frequently leads to inaccurate re
sults, see also sub-section 3.4.1. The advantage is that it will give a qualita
tive indication of the goodness Of fit of the data to the model from a single 
experiment. 
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A variation 6y in the measured output variables y caused by two different 
/ realizations, will result in the required variation 6</J* in the optimal value </J*. 

Both variations will be restricted by the optimality condition 

(2.37) 

Expanding (2.37) in a Taylor series and retaining only the first order terms 
will give an approximation of the required variation 

8</J* ~ H*-1 ip,¢y(</J*,y)liy, 

in which 

H* = ib,,p,p (<P*, y). 

Substitution of the results in equation (2.36) gives 

V¢• ~ C[H*-1 if!,if>y (</J*, y) liyliyTif!,if>y (~*, y)T H*-1
] . 

(2.38) 

(2.39) 

(2.40) 

By definition Vy = C[liy liyT], so that expression (2.40) with assumption of 
independent covariance matrices V1u;; can be simplified 

N n ' 

V¢• ~ H*-1 2: L ( ib,if>y ( <P*' Y[.ln) vf.IA\ ib,if>y ( <P*' Ytt~?) H*-1 
• (2.41) 

A\=ltt=l 

More specific results can be obtained after selecting a specific estimator 
in combination with an optimization. technique. Elaboration of the second 
order derivatives, probably with use of symbolic manipulation codes, should 
lead to an estimator for the covariance matrix. 

The second option, Monte-Carlo simulation, is merely used for qualifica
tion of the estimator as discussed in sub-section 2.3.1. 

The third option will lead to the best results, but is disadvantageous 
compared to the analytical method, because it needs the results of the com
plete experimental set-up. The covariance matrix can be estimated by equa
tion (2.20) 

N 

I:< <P~ - if>*)( <P: - 4>*? ' 
~>=1 

after computation of a mean value by equation (2.1~) 

N 

4>* = 2: <P:. 
~>=1 
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The goal of the computation of covariance information was to define confi
dence regions on the estimates for the parameters. With the results of one 
of the above mentioned methods - for the applications in chapter 6 the last 
method is selected - two-sided confidence intervals can be computed for 
each parameter 001 by application of the Student-t or normal distributions 
depending on the sample size (Chatfield [10]). For large (> 30) sample sizes 
the two-sided 95 % interval of confidence for the exact parameter {J can be 
written as 

(2.42) 

provided that all assumptions of the estimator will be correct, especially the 
assumption of normally distributed errors. · 

2.3.6 Conclusions 

The most comprehensive off-line Bayesian estimator of sub-section 2.3.2 is 
selected as the standard point estimator for this thesis, as this parametric 
estimator is not only capable to estimate the unknown model parameters 
from the measurement data, but the unknown distribution parameters of 
the errors as well. 

During the derivation of the estimator, it is presumed that the input 
variables are measur.ed very accurately, so that the input errors can bene-
glected: Further it is assumed that the total output errors, due to model 
errors and output measurement errors, are normally distributed and that the 
measurements for all runs, channels, and time steps are statistically indepen
dent so that the object function (2.29) is selected as the most comprehensive 
probabilistic model for the applications in this thesis. 

Interval estimation, or the computation of the variance matrix on the 
parameters, will be performed on the point estimation results from the com
plete experimental set-up. The estimation of covariance matrix information 
from the data of one single run via linearized analysis is discouraged, as it 
is known that this often leads to inaccurate results. 

The numerical solution of the Bayesian object function (2.29) is studied 
in chapter 3. 

2.4 Assessment of.the results 

In experimental analysis, it is not sufficient to state that an estimated 
value 0* for an unknown parameter vector 0 has been computed. These 
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estimates must be companioned with some statements on their reliability, 
otherwise the estimates are quite useless for future applications. The as
sessment of the estimates is mainly done by heuristically graphical methods, 
but can be done by statistics as well. Some topics that can be considered of 
interest, in the most likely order of application are: 

1. It is advisable to take enough time to check the measurements them
selves thouroughly, as unnecessary measurement shortcomings cannot 
be repaired by identification software. Graphical tools can be used to 
plot the residuals against any system variable or time. Maybe, by intu
ition or engineering experience, some model deficiencies or unmodelled 
phenomena can be traced and added to the model. This item will be 
demonstrated in the analysis of the F-16 landing gear damper mea
surements in sub-section 5.2.2. 

2. A next step might be the confrontation of the residuals to the assump
tions made in the definition of the estimator. Especially the assump
tion of normally distrilmte<J_ errors should be checked. This can be done 
with a test on the number of runs (positive and negative sequences of 
samples) as supposed by Bard [3] and applied by Philips (56]. If this as- · 
sumption does not hold, further statistical statements cannot be made. 
It should be stressed that in this stage a good fit of the data to the 
model still is no guarantee for acceptance of the model and parameters. 

3. If the test on the assumptions is not passed, statistical confidence re
gions may not be derived from covariance matrix estimates, as ad
dressed in sub-section 2.3.5. In this case the sensitiveness to data 
variations can be expressed in indifference regions 

14>( </>) - 4>*1 :$ E , (2.43) 

or by employment of Taylor series, as 

(2.44) 

This is the case for the applications in this thesis. In chapter 6 it will 
be shown that the models are not perfect, resulting in non-normally 
distributed residuals. 
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4. If problems in computation of the estimates very often occur, it is 
advisable to check for non dimension-free or degenerated models. The 
most simple degenerated example is the following model 

(2.45) 

for which the parameters 01 and Oz cannot be estimated separately. In 
real applications such ill-conditioning, or also called bad identifiability, 
often happens in a more sophisticated manner. These types of prob
lems are reported by Philips [56] in an application to an experimental 
Duffing system. 

Better estimates can generally be obtained by enlargement of the ex
perimental set-up n, if the estimator is consistent and asymptotically 
effiCient. However, it is known that the standard deviation of the 
estimates will only decrease by 1/ vn if the experimental set-up is en
larged. If the standard deviation of the residuals appears to be large 
due to measurement errors, an other solution for improvement of the 
accuracy should be used. In this case it is advisable to investigate and 
apply the possibility of a more accurate measurement technique. 

5. The ultimate test for the model including the 'best' parameters, is 
the prediction of additional outputs. In this thesis, the identification 
results will be validated with the use of drop-test data in section 6.4. 

6. Statistical tests may be applied to very good models, if the graphi
cal methods are exhausted. For instance tests on runs and outliers 
and tests on the statistical assumptions made in the definition of the 
estimator can be defined and carried out. This will not be applica
ble to the applications of this thesis, as the final modelling errors still 
dominate the total residuals. 

Finally, it should be emphasized once more that the tests will be able to 
reveal the la~k of fit of the model to the data. So, the tests can only be used 
for rejection, not for acceptance o~ the model. 
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Chapter 3 

Numerical solutions to the 
estimation problem 

In the previous chapter the mathematical description of the parametric es
timation problem was discussed. It has been shown that the estimation 
problem can be formulated as an optimization problem, for which the com
plexity of the resulting object function is related to the implementation of 
the p.rior knowledge that is available, or can be assumed applicable. In this 
chapter the numerical solution of the selected Bayesian object function to 
the model parameters and the distribution parameters is discussed. 

3.1 Optimization procedures 

In nonlinear numerical optimization, the optimal values can be computed by 
means of iterative procedures. In each iteration a local reduced model of the 
object function is solved, in which the highest reasonably obtainable order of 
derivative information is used. Usually, the reduced models ~e restricted to 
a local quadratic or linear Taylor series approximation. According to these 
statements, an overview of optimization methods for estimation can be given 
in descending order of applicability and reliability. 

• Newton methods with second order derivatives can be used, if both 
the Jacobian and the Hessian of the object function can be computed 
against reasonable cost. -In this case, iteratively, a local quadratic 
Taylor-series approximation model has to be solved to find the current 
iteration step direction and length. 

33 
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• Newton methods without second order derivatives must be used if it is 
impossible or too expensive to compute the second order derivative in
formation. One way to obtain approximate informatlon on the Hessian 
is application of finite difference formulas on gradient information. The 
method is less reliable because truncation and round-off errors have to 
be balanced. 

/ 

• Quasi-Newton methods with first order derivatives represent another 
way to obtain knowledge of the second order derivatives. This large 
class of methods, build-up and store second order information during 
the .iterations of a descent procedure. Deferred approximate second 
order information can be derived in one parameter direction per itera
tion from the gradient veCtors of two successive iterations. The newly 
obtained second order information is added to the last approxi:nlate 
Hessian. An example is the well-known Broyden-Fletcher-Goldfarb
Shanno update [30]. 

• Quasi-Newton methods without first order derivatives can be us.ed by 
application of difference techniques as well, but can give raise to the 
problem mentioned before. 

• Direct search methods as the polytope or simplex method should prefer
ably not be used, despite their simplicity. These methods are designed 
for optimization of non-smooth functions and operate without the 
knowledge of any derivative information. Due to the lack of derivative 
information and observed exponential growth of function evaluations · 
with higher dimensions, they appear to be the least efficient methods. 

• Conjugate gradient methods are often used in optimization and are de
veloped especially ·for large problems. This implies their unsuitability 
in parametric estimation; as large sets of parameters will often lead to 
ill-conditioning of estimation problems, also called inverse problems, 
see Engl [19]. For the same reason, methods capable of handling large 
residuals or rank deficient problems will not be discussed, as well . 

. For more specific information, especially on constrained optimization, is re
ferred to text books, e.g. Gill, Murray and Wright [30]. 

For all object functions derived in the previous chapter, first order deriva
tives and approximations to the second order derivatives can be derived and · 
computed, which will lead to the use of Newton-like methods. 'Especially in 
the case that some sort of least squares estimation is used, as usuilly is the 
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case in engineering problems by the assumption of normally distributed er
rors, dedicated optimization algorithms can be used. This is best illustrated 
by the unweighted least squares estimator described in equation (2.35), writ
ten as a minimization problem 

N n 

•u(O) =! L L e~~ett~'> = ! eT e ! IIY- Yll~. (3.1) 
1'>=1 tt=l 

From a statistical point of yiew the 2-norm appears naturally from the as
sumption of normally distributed errors. From a mathematical point of view 
this 2-norm has favourable features compared to other norms that could have 
been chosen to define an object function of the residuals, as there are for 
instance the 1-norm (sum of the elements) or the oo-norm (largest element). 
The derivation of the gradient q and Hessian H of the objective function 
is straigh~forward with the application of the 2-norm. A local Taylor ap
proximation of the object function in () with terms up to the second order 
reads 

(3.2) 

with 

N n 

q(fJ) L E e~K,OeJ.t,. e,T e = -fJJ e = -J(Of e, (3.3) 
l'>=lj.t=l 

N n N n / 

H(O) ·L·Le~,.,OeJJ-,.,0 + L L l:e~~,ooaeJJ-K (3.4) 
K=lJJ-=1 K=lj.t=la=l 

= J(Bl J(O) + Q(O), (3.5) 

where J(O) stands for the Jacobian, and Q(O) represents the second order 
derivative information in the Hessian H. This is a reason why the 2-norm is 
used so often in object functions that originate from deterministic premises, 
as well. The solution of the normal equations belonging to the complete 
local quadratic model, gives the Newton direction of search PN i 

(3.6) 

In general, it can be assumed that with nonlinear least squares problems 
and good approximate parameter vectors 80 , the residuals ep,,. will be small 
with respect to their derivatives, at least at the optimal value 8*. In that 
case, the second order information Q(O) in the Hessian (3.5) can be ignored. 
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:The solution of the reduced normal equations gives the Gauss-Newton di-
rection of search PGN i . . 

(3.7) 

which can be solved numerically most stable by employment of a pseudo
inverse matrix J(O)t and computed by singular value decomposition, see 
Gill, Murray and Wright [30] or Maia [4l]. 

If a direction of search has been found for a Newton-like model function, 
subsequently an optimization in that direction can be done, resulting in a 
specific procedure from the .class of step-length-based methods. The step 
length will us~ally not equal unity as the nonlinear object function will 
not exactly be represented by the local quadratic approximation. Moreover, 
during the first iterations the assumption of small residuals often is not valid, 
which results in a non-optimal direction of search. An ad-hoc simplified 
conservativ~ solution to this linear search idea, is application of predefined 
under-relaxation during the first iterations, in order to assure convergence. 

Another successful procedure is the Levenberg-Marquardt method [30], 
which is a typical example of a trust-region method. 

(3.8) 

The Levenberg-Marquardt update PLMi is computed directly without the 
application of a linear search, that.has been exchanged for the determination 
of a sequence of values for A. Several strategies for the selection of A are 
reported in the optimization literature. The trust-region typification will 
become more clear, if the equivalent constrained optimization problem is 
displayed 

min tiiJ(O)f PLMi- eill~ , (3.9) 

subject to IIPLMill S: Lli, 

where Lli is a scalar related to Ai. 
The final modified Bayesian estimator that will be used in this thesis, 

see sub-section 3.4.1, will be of the trust-region type as well. 

3.2 Bayesian estimation 

As discussed in sub-section 2.3.4 the unweighted least squares estimator is 
not capable of handling different .measurement channels very well. At least, 
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weighted least squares, or preferably maximum likelihood (sub-section 2.3.3), 
and Bayesian estimators (sub-section 2.3.2) should be_ used which are able 
to estimate the unknown error distribution parameters as well. In practice 
the measurement errors may be assumed statistically independent over the 
runs, samples and measurement channels, in addition only prior knowledge 
of the model parameters is assumed, so that the Bayesian estimator 

~B(</>) = ~B(O,vb···,vs) ='= (3.10) 

_ nN ln ITs va _! ~ Mf3{3(0) _! ·~ (Oa- Ba? 
2 fJ 2 L...J v 2 L...J (}'2 ' 

{3=1 {3=1 {3 a=1 a 

with unknown diagonal measurement error variances has been chosen as the 
most comprehensive estimator for the applications in this thesis. 

A full Newton or second order solution of this nonlinear object function 
for both the model and the distribution parameters requires the computation 
of the first and second order derivatives 

(3.11) 

and 

H = ~B = ( if!B,(J(J ~B,Ov ) , 
,</></> if!B,v(J if!B,vv 

(3.12) 

respectively, iJJ. order to compute the solutions of the normal equations that 
can be written, for each iteration i 

H -1 
PNi =- i qi · 

, 
(3.13) 

The derivatives can be obtained (Appendix A), but in general it will be 
difficult and expensive to evaluate the expressions for the full second order 
information, especially for dynamic models. 

Fortunately, in most cases it is not necessary to perform these derivations 
and computations, as the assumption of neglibible residuals with respect to 
their derivatives, gives the opportunity to employ Gauss-Newton iteration. 

3.3 Staged optimization 

In this section it will be assumed that the total estimation problem for the. 
model as well as the distribution parameters can be divided in two stages. 
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First, for each iteration the distribution parameters will be estimated for 
the current set of model parameters. The second step is to compute the 
updated model parameters by Gauss-Newton approximation, resulting in 
staged optimization. 

With the assumption of small residuals, the second order derivative par
tition ~B,oo can be built from first order residual derivative iitformation 
(Appendix A) as in section (3.1). The gradient for Gauss-Newton iteration 
reads 

N n 

L L e!'~.odiag(v)- 1 e~-tn + diag(w)-1(8 iJ) 
~>=1~-t=l 

q= (3.14) 

nN 1 N n 

2vl - 2v2 L L e!~l 
1 ~>=1~-t=l 

and the partition of the Hessian corresponding to the model parameters 8 

N n 

Hoo ~ L L e!',..,0 diag(v)-1 e~-'"•e + diag(w)-1
, (3.15) 

~t=lj.'=l 

with 

V = (VI, ... , Vs)T and W ( ui, ... , uff, (3.16) 
... 

from which the distribution parameters and model parameters can be com
puted using uncoupled equations. 

Firstly, the distribution parameters can be estimated by setting the re
lated gradient partition q11 ( 0) to zero, which results in 

1 N n 

--""2 VJ3 - nN LJ LJ ew•/3 
' ~>=1~-t=l 

or better with bias correction, 

((3 = 1, .... s), (3.17) 

(3.18) 
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• 
in which the total number of statistical degrees of freedom for an output 
variable, is decreased by the number of model parameters per model equa
tion. 

Secondly, after substitution of the newly computed estimate of the dis
tribution parameters, the update of the model parameters can be estimated 
from 

fl(Ji = ( -H0/qe). = 
. I 

(3.19) 

-[t t e~x,odiag(v)-1 e~t~.e + diag(w)'-1
] -

1 

' x=l~t=l ~. 
1 

x ( t, E, .~ ..• diag(.) -•.,.. + diag( w) :•c o - 0))' 
The basic form of this equation is the same as used in sequential linear 
minimum variance estimation, see Hendriks [34]. Special attention should be 
paid to the second underbraced term of this formula, in which the difference 
between the current ei and the initial parameter value ii plays an important 
role, as will be shown in the next section. 

3.4 Modified Bayesian estimation 

3.4.1 Description 

It should also be noticed, that until now, only linearizations are applied 
for the second order derivatives of the object function. This was done for 
the derivation of a Gauss-Newton iterative solution technique for the object 
function (3.10), being nonlinear. in the model parameters. According to 
further approximations or assumptions made during the iteration process, 
the second underbraced term of equatioh (3.19) can give raise to different 
estimators. 

1. Bayesian estimation (BE) is obtained when no further assumptions are 
made. Term 2 vanishes only in the first iteration when the current and 
initial parameter vector are equal. . Otherwise it has to be evaluated 
in every iteration and will operate to restrict the estimate to the prior 
knowledge parameter area, which can lead to local convergence if the 
prior knowledge is over-stated. 
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• 
2. In sequential linear minimum variance estimation ( MVE) an additional 

not strictly necessary assumption is made. The residuals are assumed 
to be linear in the parameters. For a true linear model only one it
eration is needed to obtain the local and also global minimum of the 
object function. So, term 2 disappears. •For the linear case it can be 
proved, see Bard [3) or better Hendriks [34), that the covariance matrix 
of the parameters diag(w)-1 is updated to the inverse matrix on the 
second line of equation (3.19) 

v,. = [E.t e;'.'.,8diag(v)-1e,.,, + diag(w)-r

1 

(3.20) 

Usually the new covariance matrix (3.20) is used in successive estima
tions, instead of the original prior knowledge 

(3.21) 

/-'\. 

If this scheme is used for sequentially solving nonlinear models, the 
updating equation (3.19) becomes · 

I),.(Ji =- [t t e~n,edia.g(v)- 1 ep;n,8 + (~ + diag(w))-ll-l 
n=lp;=l 4 ~ 

3 i 

X (E .t .;;.,,diag(. )-1 
••• ) ' ' (3.22) 

without the underbraced term 3. With this technique, sometimes the 
problem occurs that the iterations lock-up, and report a. seeming con
vergence. This can be caused by the sequential linear covariance up
dates from the same data., which can constrain the step length very 
strongly. 

A solution to this problem is straightforward by releasing the con
straint and adding a. positive definite matrix to the current covariance 
matrix in term 3 of equation (3.22). Modified minimum variance esti
mation (MMVE) is obtained, if Hendriks [34] is followed, who used the 
prior knowledge diagonal information for this additional matrix, which 
performed satisfactorily. 
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3. A third variant, modified Bayesian estimation (MBE), can be derived 
if the prior knowledge of the parameters is reset during the iterations. 
At every iteration equation (3.19) holds, without term 2, because it 
equals zero in all iterations. The updating equation reads 

6.(Ji = ( -Hir/qo) i = (3.23) 

[t.t ·~.,8 diag(v)-1e••·' + diag(w)-I

1 

x (t. t, e!,,,diag( v) -• •••); . 

It can be observed that the iterative scheme equals the modified linear 
minimum variance estimator (3.22) as well, without the updated co
variance matrix Vo, term 4. The obtained trust-region method is very 
similar to Levenberg-Marquardt optimization, formula (3.8). 

Despit~ the trust-region nature of q1l estimators, it is still advantageous to 
employ a linear search in each iteration. It will ensure a descent method. If 
the estimator operates well it should not take any action. Hence, it can be 
used as a monitoring tool, as . well. In aJl estimators the robust and simple 
step halving technique is used. 

3.4.2 Example: ideal gas spring 

A selection of one of the four proposed estimators will be made from a brief 
convergence study on a model nonlinear static system. The object function 
of the Bayesian estimator 1s computed and contoured on the admissible pa
rameter space. All four convergence histories will be added to this figure 
from which conclusions will be drawn. 

In the scope of this thesis, a nonlinear ideal gas spring model has been 
selected. The static polytropic gas behaviour of the system, illustrated in 
figure 3.1, can be defined by the following ideal relation 

y = F = (-1-) () , 
1-x 

(3.24) 

in which the gas exponent (} can vary between 1 and 1.4, according to isother
mal and isentropic or adiabatic processes. The exact parameter is defined 
as the central value ( {J = 1.2). 
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Figure 3.1: An ideal gas spring- Force output measurements. 

The exact displacement input measurements are chosen equidistantly 
up to 90% compression (n = 100). The corresponding noisy force output 
measurements are simulated for the exact model (3.24), by application of 1% 
full scale (2CT) measurement error, see figure 3.1. In addition, as the total 
error could partly be caused by model errors, the assumed model (3.25) and 
the corresponding parameter derivative (3.26) will suffer fro:tn non-modelled 
dynamics 

y = 0.95 (1 ~X) (I ' (3.25) 

y,o=0.95( 1 ~x)
0

logC~x), (3.26) 

by the additional constant 0.95. The decreased constant can be interpreted 
physically as an initial or fully extended gas pressure error. The errors 
e = y- y and the first order derivatives e,o -y,o are defined and can be 
applied in all four estimators. 

In the identification of this gas spring it is assumed that the best known 
initial value of the model parameter is 8 = 1.0 for a slow isothermal process. 
Further two prior knowledge cases will be distinguished in the selection of 
the numerical solution procedure: 

1. in the first numerical experimeJ.ft a probably realistic prior knowledge 
of the gas exponent parameter of u = 0.18 is assumed, 
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2. in the second experiment a certainly unrealistic prior knowledge of 
0' = 0.01 0 is applied. This sometimes can be 1!-ecessary in multiple 
dimension estimation, to obtain rea). convergence by protecting the 
estimator from running into physically inadmissible parameter areas. 

For the ten percent case, in figure 3.2 for the estimators are displayed (by 
the numbers 1 to 4) on the logarithmic contour plot of the Bayesian object 
function. The parameter space in this figure is spanned by the model pa-

* BE Bayesian estimator 
o MVE minimum variance estimator 
+ MMVE modified 'minimum variance estimator 
x MBE modified Bayesian estimator 

0 exacf minimum 

05~----------~~---.-----.~----.-----.------.~---, 

..05 

-1 

-1.5 

-2 

1.1 1.15 1.2 1.25 1.35 1.4 

model parameter 

Figure 3.2: Convergence histories for u = 0.1 0. 

rameter 0 and the logarithmic distribution parameter log10( v ). It can be 
observed that the 0-niarked exact optimum (1.2, -2.2) has shifted to about 
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'. (1.22, -2) due to the non-modelled dynamics. Further it can be concluded 
that all estimators p~rform well and converge in four or five iterations to the 
same minimum, so neither of them can be selected or excluded. 

If the prior knowledge of the model parameter is increased to u = 0.01 fJ, · 
the object function possesses a second local.minimum in the neighbourhood 
of the initial value, see the upper left corner of figure 3.3. The Bayesian es
timator converged to this local minimum as expected. The linear minimum 
variance estimator converged to the global minimum in too many steps (12), 
compared to the modified minimum variance (6) and modified Bayesian es
timators (9). In more extreme conditions, this may lead to the sometimes 
observed lock-up effect, resulting in seeming convergence. The two remain
ing estimators (MMVE and MBE) both perform very well in this case, with 
the remark that the modified minimum variance estimator, as used by Hen
driks, needed the least iterations. Though this is a desired property, it i9 
no criterium for selection on its own. It can be seen from figure 3.4, in 
which the convergence histories are plotted along the solution path, that the 
convergence histories of both estimators mainly differ in the first iterations, 
where the modified Bayesian estimator is more constrained. This property 
is preferable in large initial residual problems, for which the MBE estimator 
might be more robust. 

3.5 Conclusions 

Especially for dynamic systems applications it has been indicated that a 
Newton iterative solution technique for the se~ected Bayesian estimator will 
not be effective. Staged Gauss-Newton iteration appeared to be a suitable 
solution technique. A case study of a simple gas spring model showed the 
necessity to use modified Bayesian estimation. " 

Two related estimators, the modified minimum variance estimator and 
the modified Bayesian estimator, performed well. Beforehand, it is not pos
sible to prove which estimator will be the best in all situations. The modified 
minimum variance estimator (3.22) needs less iterations, provided that con
vergence is achieved. It should be applied first, 'Yhere functional and deriva
tive computations are expensive. The modified Bayesian estimator {3.23) 
is initially more constrained, which can lead to a more robust estimator if 
large residuals, due to poor approximate initial parameters, occur. 

In this thesis, the modified Bayesian point estimator is applied for low 
degree of freedom dynamic systems, which usually are highly nonlinear in 
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* BE Bayesian estimator 
o MVE minimum variance estimator 
+ MMVE modified minimum variance estimator 
x MBE modified Bayesian estimator 

0 exact minimum 

-0.5 

-1 

-1.5 

-2 

1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 

model parameter 

Figure 3.3: Convergence histories for q = 0.01 0. 
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Figure 3.4: Convergence histories on the solution path, q = 0.01 0. 
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both the degrees of freedom and the model parameters. Strong nonlinearities 
can lead to large initial residual problems, which demand for a robust esti
mation technique. For these systems, the functional values and derivatives 
can be efficiently computed from analytic formulas, so the larger number of 
function evaluations will not lead to excessive CPU-times. 

For interval estimation it is discouraged to use the covariance matrix 
results from linear updates as in modified minimum variance estimation, 
as it is known that these covariance matrix results even cannot be of the 
right order of magnitude. A more reliable method then is to compute the 
statistics of the sampling distribution from a large set of experiments by use 
of equations (2.18) and (2.20) . 

• 



Chapter 4 

Parametric estimation of 
dynamic systems 

After the selection of a Bayesian estimator from chapter 2 and a suitable 
solution technique from chapter 3, in this chapter the estimation theory 
is elaborated for dynamic systems. Sections 4.2, 4.3, and 4.4 deal with 
the specific computational methods for respectively transient, periodic, and 
chaotic states. The periodic case is the most important as it is used in the 
applications of chapter 6. Therefore this case is illustrated by an example. 

4.1 Introduction 

The modified Bayesian estimator (3.23) requires the computation of the 
residuals 

(4.1) 

and the first order derivatives of the residuals with respect to the model 
parameters 

(4.2) 

For the low degree of freedom nonlinear dynamic systems under considera
tion, the derivatives can be obtained analytically. 

The trajectories of nonlinear dynamic systems can be computed by em
ployment of one of the numerous solution techniques documented in the 
literature (22, 31, 32, 40, 48, 55]. Not all possible types or"trajectories that 
may exist in nonlinear dynamics will be discussed in this, chapter. Onl~ the 

47 
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most common trajectories are examined for implementation in an estimator, 
and studied in the following three sections. 

1. The most common group of transient trajectories canbe computed by 
a time integration procedure. They occur in landing-tests, drop-tests, 
and taxi-tests. 

2. Periodic equilibrium trajectories have to be computed for the alterna
tive shaker-test procedure. They can be predicted by time discretiza
tion techniques ot application of a :shooting method~ 

3. Chaotic trajectories will be discussed briefly. They normally cannot be 
obtained for longer time series and would therefore not be applicable 
for estimation. However, in numerical-experimental analysis they can 
be computed, by application of the experimental data in combination 
with multiple shooting techniques. 

4.2 'Iransient states 

In sub-section 2.2.1 it is assumed, that the deterministic mathematical mod
els for structural dynamic. systems can be described by a set of ordinary 
differ.ential equations and algebraic output equations, which can be written 
as 

g(q,q,ij,x,t,9) = 0, 

y = f(q,q,ij,x,t,O). 

A sufficient number of initial conditions 

qo = qo(x,8), 

iJo ~ iJo(x,O), 

. ( 4.3) 

(4.4) 

(4.5) 

have to be supplied, which can be functions ofthe model parameter vector 8, 
too. The vector variable q stands for the degrees of freedom. The input 
vector x denotes the excitation forces, adjustable constant coefficients, and 
sometimes initial conditions~ The time variable is explicitly denoted by the 
symbol t. 

For time integration the state space formulation is most often used, be
cause most of the numerical integration schemes are developed for this class 
of first order differentiltl equations. If the transformation to the state space 



Parametric estimation of dynamic systems 49 

formulation can be performed1 the equations (4.3) and (4.4) and initial con
ditions ( 4.5) can be :rep~aced by 

8 h(s,x,t,()), 
y f(s,x,t,O), 

so = so( x, 8) , 

(4.6) 
(4.7} 
(4.8) 

in which sis the sta:te vector and s0 the set of initial conditions. Note that 
for the deterministic models of dynamic systems, the model parameters e 
can be located in the differential equations, in the output equations, as well 
as in the initial conditions. 

The predicted output values fiJ.t~ for the estimator can be easily computed 
by solving the state equations ( 4.6), followed by substitution of the states 

· in the output equations ( 4. 7). After that, ·the predicted outputs have to 
be mapped to the same time grid as the measurements. The residuals are 
computed according to their definition (4.1). 

The selected modified Bayesian estimator (3.23) also requires the :first 
order derivatives of the residuals, or equivalently the outputs, to the model 
parameters, see equation (4.2). These derivatives could be approximated by 
:finite differences on the cost of the numerical problem of balancing the round
off and truncation errors. A better method is to compute the derivatives 
analytically, if possible. In order to derive and compute these derivatives, the 
explicit and implicit dependencies of the predictions to the model parameters 
are listed. 

1. The predicted output values Yw• depend on the states sJ.t,. and (} by 
the output equations (4.7). 

2. The states sw, depend on s0,. and 8 by integration of the state equa
tions ( 4.6). 

3. At last, the initial states Son might depend on (} by the initial condi
tions ( 4.8). 

The :first dependency can be taken into account explicitly by elaboration of 
the derivatives 

(4.9) 

1In structural dynamics the differential equations (4.3) can often not be transformed 
to the state space description, because of an analytically non-invertible mass matrix, orig
inating from large rotations. 
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The partial derivatives of the output equations to the parameters and states, 
respectively f 1u,.,fJ and f~t,.,s~t", can be derived by hand or by symholic compu
tations. For the computation of the remaining partial derivatives sp.,.,fJ of the 
states to the parameters, the second and third dependencies can be used, 
resulting in the so-called sensitivity equations. Linearization of the state 
equations ( 4.6) about a predicted trajectory belonging to an approximate 
parameter vector gives 

s;o = h1s .s,o +h,o 
.so,e = so,e(x,O), 

(4.10) 
(4.11) J 

which is a time variant linear set of differential equations. The partial deriva
tives h,8 and h,e of the state equations to the states and model parameters 
should again be derived by hand or by symbolic computations. The sensitiv
ity equations ( 4.10) can be integrated simultaneously with the state, equa
tions. The same scheme and step sizes can be used, resulting in superior 
gradient information compared to difference techniques. 

In literature often a variant of this method is reported, for instance by 
Batill and Bacarro [5], who used it for the identification of a landing gear 
from laboratory drop test data. The authors augment the state vector by 
the model parameters, subject to the additional state equations and corre
sponding initial conditions. 

ie = 0, 

soo (J • 

( 4.12) 

(4.13) 

A first impression is that the augmented formalism simplifies the problem, 
because less derivatives have to be derived. A numerical disadvantage be
comes clear, when the augmented sensitivity equations have to be integrated. 
The integration of the additional equations should be avoided as the sensi
tivities of the augmented states keep their unity value during the integration 
process. 

The method has been implemented in MATLAB [43], with a fourth order 
Runge-Kutta integration scheme for both the state and sensitivity equations 
and applied to the numerical experiments reported in the article by Batill and 
Bacarro. Severe sensitivity to initial condition errors was observed, which 
could easily lead to impermissible model parameters resulting in unsuccessful 
identifications. In the best case the estimator would need a lot of iterations 
resulting in poor estimates, see Verbeek [76]. H the initial estimates were 
known very accurately, the method performed well. 
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Elimination of the initial conditions is automatically included in the es
timato~ of the next section, using periodi~ equilibrium states. 

4.3 Periodic equilibrium states 

'rhe second type of trajectories mentioned in the introduction of this chapter 
are the trajectories belonging to periodic attractors, which can occur after 
transient parts have damped out. The initial value problem of the previous 
section changes into a two point boundary value problem. Two different 
solution techniques will be discussed, namely the time discretization method 
and the shooting method. These types of trajectories have to be solved for 
the alternative shaker-test method, and will be illustrated by an example. 

4.3.1 Time discretization method 

A periodic solver for the equations of motion of structural systems, which 
employs time discretization techniques, has been proposed and applied to 
rotor-bearing ·system~ by Crooijmans [13]. The method has been. further 
developed, especially for systems with local nonlinearities, by Fey [22]. In 
this section only the basic principle will be outlined briefly. It is assum~d that 
the periodic solutions can be computed from initial approximations without 
the use of path-following techniques, bifurcation or stability analyses, as 
reported by Fey [22]. 

Now, the determin_istic model ( 4.3) of ordinary differential equations 
and algebraic output equations is excited by external periodic forces (fre
quency /e, period Te = 1/ fe), contained in the input vector x(fe) 

g( q, q, ij, x(fe), t, 0) = 0 , 

iJ = f( q, q, ij, x(fe), t, 0) . 

(4.14) 

( 4.15) 

It is assumed that a periodic solution exists and will be harmonic, that is 
that the period of the external excitation and the period of the r~sponse are 
equal. If a cyclic time variable .r is used 

r=fet, rE[O,l), 

the sets of equations (4.14) and (4.15) can be rewritten to 

g(q,q',q",x,r,O) = 0, 

iJ = f(q,q1,q11 ,x,r,O). 

I 

( 4.16) 

( 4.17) 

( 4.18) 
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The prime (') stands for differentiation with respect to the cyclic dimension
less timer. 

In order to compute the predicted output values, an approximate periodic 
response can be obtained by application of a discretization procedure. In 
this thesis only equidistant schemes are used. Discretization of the time 
variable r on n equidistant time steps gives 

rtt = (p, 1)~r·, fJ,E{1,2, ... ,n}, 

~r = 1/n. 

(4.19) 

According to this time grid, all time dependent variables are discretized as 
well and will be subscripted by p, on time step r w The discretized degrees 
of freedom qtt can be stored in a column z · 

(4.20) 

Subsequently, 'the derivatives of the discretizedc degrees of freedom qtt can 
be approximated by any equidistant difference scheme.. The frequently used 
second or fourth order central difference schemes, sometimes appeared to 
suffer from numerical instability for the applications in this thesis, i.e. the 
landing gear models proposed in chapter 6. As numerical stability analyses 
hardly can be performed for nonlinear differen~e equations, and moreover 
the equations themselves change during the estimation process, the strategy 
has not been to prove numerical stability. The problem is sufficiently solved 

' ' by trial and error techniques. For both derivatives all combinations of second 
order central and .first or second order backward schemes have been tested. 

It could be concluded that the second order backward schemes for both 
the first and second derivatives appeared to perform best, at least for suffi
ciently fine time grids ( n = 800 is applied for all forthcoming computations). 
The second order backward schemes used in this thesis read 

' with boundary conditions due to periodicity 
l 

qi = qi±n , i t/. {1, 2, ... , n} A i ± n E {1, 2, ... , n} . 

( 4.21) 

(4.22) 

(4.23) 

After substitution of the difference schemes ( 4.21 )-( 4.22) in equations ( 4.17) 
and ( 4.18), followed by the elimination of the boundary conditions ( 4.23) and 
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making use of the column z ( 4.20), on each time step Tp. a set of approximate 
difference and discrete output equations can be derived 

[Jp.(z, xJ.t, rp., B)= 0 , 

YP. = ]J.t(z,xp.,Tp.,B). 

. ( 4.24) 

( 4.25) 

For all time steps a set of nonlinear algebraic equations can be defined by 

-( ()) _ [-T -T -T]T _ 0 g z, x,r, = 91 ,g2 '· ·1·,9n - ' (4.26) 

which is solved 'for the discrete periodic solution z from an initial static 
equilibrium guess by a modified Newton procedure, making use of the de
composition technique2 and robust step halving technique as proposed by 
Fey [22]. Substitution in the discretized output equations ( 4.25) will give 
the requested output values Ytt"'· 

Analogously to the time integration method, the first derivatives of the 
outputs to the model parameters can be derived 

(4.27) 

The derivatives J!Jr.,O and djp.,.f dz, of the output equations to the model 
parameters and periodic solution respectively, can again be derived by hand . 
or by symbolic computations. For the computation of the remaining partial 
derivatives z,e of the periodic solution to the model parameters an analogon 
of the sensitivity equations can be used. Linearization of the set nonlin
ear algebraic equations ( 4.26) about a periodic trajectory belonging to an 
approximate parameter vector gives 

dg - dg . 
d() = g,e+ dzz,e = 0. ( 4.28) 

The partial derivatives {J,e again should be derived by hand or by symbolic 
computations from the differential equations. The derivatives dg / dz are 
already computed and can. efficiently be extracted from the last Newton 
iteration of the periodic solver for equation ( 4.26). 

The modified Bayesian estimator in combination with the time discretiza
tion method has been implemented in FORTRAN statements with application· 

2Irregularly, the partitioning decomposition technique making use of band structures 
fails, despite a. well conditioned total system is analyzed. In those occasions, an ap
proximately twenty times slower sparse NAG-solver might be used (FOlBRF /FOlBSF and 
F04AXF). 
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of NAG-routines [53] making use of the band matrices and sparse matrices 
where po~sible. The derivatives of the model equations, with· respect to the 
model parameters and the degrees of freedom and their time derivatives, 
are obtained in optimized FORTRAN· code from the symbolic manipulation 
program MAPLE [42]. The time discretization method is more efficient than 
the time integration method of section 4.2, because now not only the model 
parameters but also the complete previous periodic solution can be re-used 
as an initi3J. guess for the predicted periodic solution of the next parameter 
estimation iteration. 

A drawback of equidistant time grids is the expected undesirable be
haviour for discontinuous systems. Aircraft landing gears can display ex
treme friction, sudden impacts, or very stiff end-stops, which can lead to 
system models which will possess trajectories with very large gradients. Two 
solutions for this problem exists: error controlled n,on-equidistant discretiza
tion, or variable step size and/or order time integration shooting methods. 
The latter is explored in the next section.' 

4.3.2 Shooting method 

Especially for almost discontinuous systems an alternative two point bound
ary solution method, called shooting, can be used, see Keller [37, 38], Roberts 
and Shipman (60], or Vankan [75]. 

For shooting, the state space formulation is assumed to be valid, with 
periodic boundary conditions. 

s = h(s,x,t,O), 

fl = f(s,x,t,O), 

(4.29) . 

( 4.30) 

( 4.31) 

This two point boundary value problem is solved by a sequence ofinitial 
value problems defined by. 

S = h( s, X, t, fJ) , 
fl -· f(s,x,t,fJ), 

so = P' 

(4.32) 

(4.33) 

( 4.34) 

in which pis the so-called shooting parameter vector, starting with an initial 
guess. The shooting parameter vector p, and of course the solution s, can 
be solved from the periodicity functional ' 

(4.35) 
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by a Newton procedure. The required Jacobian r,P can formally be obtained 
from 

(4.36) 

in which STe,P is the end value of the integration of a set of sensitivity equa
tions, with analytical derivatives h,s 

( 4.37) 

( 4.38) 

Practically, in commercially available routines, the Jacobian r,P is obtained 
by finite difference techniques. The predicted values fJJ.LK can be obtained by 
substitution of the periodic solution s in ( 4.33). 

The computation of the first derivatives of the outputs to the model 
parameters dfJJ.LK/ d() requires more effort than for the time discretization 
method of sub-section 4.3.1. Basically, it can be done in the same way as 
for the time integration method of section 4.2. The derivatives read 

( 4.39) 

But, for the sensitivity equations an extra shooting problem arises because 
of the periodicity of the sensitivities s,o 

h,s s,o +h,o ( 4.40) 

( 4.41) 

The solution of this set of equations is very CPU-time consuming, as good 
shooting parameters are difficult to obtain, see Vankan (75]. The state space 
shooting method is implemented using NAG-routines for the maximal second 
order differential equation input ( 4.14)-( 4;15). The performance of both the 
shooting and time discretization methods will be compared for a system with 
adjustable discontinuity in the next sub-section. 

If the initial value problems cannot be solved numerically for the complete 
\ 

periodic interyal, for instance due to local instabilities, multiple shooting 
techniques might be applied. They will be discussed in section 4.4. 

4.3.3 Example: ole() with end-stop 

The estimator p~rformance for almost discontinuous dynamic systems, which 
are encountered very often in real world problems, is dependent of or can be 



56 Chapter 4 

Figure 4.1: An ideal oleo with end-stop. 

limited by the selected periodic solution method. This will be shown on the 
basis of a model system in the field of the applications of this thesis. 

The model system, illustrated in figure 4.1, is chosen to be an ideal oleo 
with an end-stop. The ideal gas spring model of the static example of sub
section 3.4.2 is extended to a dynamic model with inertia and quadratic 
velocity damping. The selected discontinuity is an end-stop, modelled by a 
stiff linear spring, but could have been chosen as dry friction or play as well. 
The equation of motion and the output equation read 

g = q + 41-il + 10 (Ar·2 

+ k(q)q F = o, 

k( ) = { 0 q ~ 0 
q e q < o 

F = 23 + 20 cos(21rt) 

q 

( 4.42) 

( 4.43) 

As discussed in the previous section, it is presumed that the shooting 
method will be superior in computing periodic solutions for larger values of 
the end-stop stiffness parameter (J, and so will be superior for estimation of 
discontinuous systems: A parameter study, condensed in figure 4.2, confirms 
this presumption. In this state phase plot the periodic solutions computed 
by the shooting and time discretization method are displayed, for five values 
of the end-stop stiffness (J ( (} E {0, 100, 2500, 105, 1011} ). The applicability of 
the equidistant time discretization method appeared to be limited to a stiff
ness 8 = 2500. Up to this value both methods gave comparable results. On 
the other hand the shooting method was able to compute periodic solutions 
up to a stiffness of (J = lOll, which is high enough for application of realistic 
oleo cylinder stiffnesses. 

A serious draw back of using the shooting method as a standard method 
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Figure 4.2: Phase plane plot of the periodic solutions acc~rding to end-stop stiffness 
parameters (). 

for the estimator, is the CPU-time involved in solving the sensitivity equa
tions. Research on real oleo data showed an increase of CPU-times, compared 
to the time discretization method, of a factor of 100 for the computation of 
periodic solutions alone. The estimation of the parameters showed even 
higher ratios, l.eading to computations of several hours on a SILICON GRAPH

ICS WORKSTATION for a single experiment, see Vankan [75]. 
The conclusion from the above investigation is that the time discretiza

tion method should be used as the standard method whenever possible. If 
this method is not successful because of discontinuities, the shooting method 
can be applied on the c?st of large CPU-times. The costs might be reduced 
by application of hybrid methods, such as: starting with a periodic solution 
obtained by shooting and computing the derivative-information by time dis
cretization or finite difference techniques, or application of a path-following 
technique. 
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4.4 Chaotic states 

Anticipating new applications, the feasibility of parametric estimation by 
means of chaotic trajectories is briefly studied. It is known that chaotic tra
jectories from deterministic dynamic systems are unstable as well as limited 
to a specific volume of the phase space, but will never repeat themselves. 
So the dynamic deterministic problem can be classified as an h,titial value 
problem and is already posed by equations {4.6)-(4.8). However, due to the 
unstable behaviour, the trajectories ca:rtnot be solved for long time series, 
even with the use of very accurate integration routines. 

In multiple shooting the original two point boundary value problem·.is 
split-up into multiple boundary value problems. In each measurement time 
interval [tJt, tJ£+1], at least one single shooting problem is defined by equa
tions ( 4.32)~( 4.34 ), with corresponding shooting parameter vector Pw Mul
tiple shooting intervals can be defined per measurement time step if the 
chaotic attractor is very unstable. For all time intervals the multiple shoot- · 
ing problem can be rewritten as an augmented single shooting problem, 
with corresponding augmented shooting parameter vector p, see Keller [37] 
or Vankan [75]. 

If the measured data contains the states, initial guesses for the shooting 
parameter vector p can be taken from these measurements and the chaotic . 
trajectories can be predicted. The derivative information will surely be very 
costly to obtain, as in the single shooting case. 

For two model systems, the Lorenz and Rossler systems which are linear 
in the parameters, Baake et al. [1] reported promising estimations. The data 
were simulated from exact models and contaminated with noise. Important 
questions to be solved remain: applicability to real world systems with higher 
dimensions than three, treatment of very long time series, and applicability . 
to real experimental data. 

4.5 Conclusions 

The modified Bayesian estimator can be applied for dynamic systems and 
various types of trajectories. The object functional values and first order 
derivatives of the object function have been elaborated for transient and pe
riodic trajectories. For chaotic trajectories a possible solution technique has 
been discussed. When analytical derivatives can be used instead of finite 
difference approximations, then the predicted outputs and related sensitiv-
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ities can be computed by the same type of solver. For the three types of 
trajectories studied in this chapter the following conclusions can be drawn. 

Transient trajectories are handled most easily by application of commer
cially available state space time integration routines. Severe sensitivities of 
the outputs to the initial conditions were observed, resulting in unsuccessful 
identifications by inadmissible parameter updates. If the initial conditions 
are known accurately from measurement data the method performed well. 

Periodic trajectories, solved by time discretization, are handled more 
efficiently as the initial conditions are eliminated and the non-converged 
predicted trajectories can be re-used in the next iteration as an initial esti

. mate for all time steps. In this thesis equidistantly distributed second order 
backward schemes are. used with 800 time steps per period, as long as the 
systems .can be considered to be continuous. 

If highly discontinuous periodic trajectories have to be computed, shoot
ing can be applied, on the cost of seriously increased CPU-times. Hybrid 
methods seem to be a solution to this dilemma, and have to be developed 
for specific problems. 

Even chaotic transients or real chaotic trajectories can be used if they 
are known to originate from deterministic models. Parametric estimation 
should be possible by application of multiple shooting and application of the 
measurement data in order to obtain the large number of multiple shooting 
parameters. Application to rea.I experimental data is still a challenge and 
probably requires further research. 
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Chapter 5 

Landing gear tests 

The main topics of this chapter are the description of the system to be 
analyzed, i.e. an F-16 nose landing gear damper, the experimental set-ups 
with their restrictions, and finally the measurement results. In section 5.2 
the alternative shaker-test set-up and corresponding results will be discussed, 
that are used for the identification of the basic behaviour of the oleo. In 
section 5.3 a simplified drop-test set-up and corresponding measurements 
are discussed, that are needed for the assessment of the predictive power 
of the 'best' model. The chapter closes with a discussion on the results in 
section 5.4. 

5.1 Introduction 

As ,stated in section 1.2 one of the main goals of the present investigation 
is to identify the physical nonlinearities of an aircraft landing. gear damper. 
The additional geometrical nonlinearities can be modelled with the use of 
multi-body dynamics codes. They could be taken into account for estimation 
as well, but would lead to large parameter sets, unnecessarily complicating 
the experimental set-up and the assessment of the estimator. An F-16 nose 
landing gear damper without tyre and drag brace (a device that supports 
and locks down the landing gear, see figure 5.2) is selected for identification. 
In the sequel this damper will be called oleo. 

The best validation test for the modified Bayesian estimator, using pe
riodic equilibrium states, should be the identification of all physical nonlin
earities of the re.alistic oleo. However, in general the designs of oleos are 
very complex. For example, multiple stroke and'pressure dependent damper 

61 



62 Chapter 5 

valves and multiple preloaded gas springs are frequently applied. These spe· 
cific design features of an oleo are known to result in almost discontinuous 
dynamic systems and are therefore expected to result in troublesome esti
mations (see section 4.3.2). This holds especially if the basic behaviour of 

. the oleo is not . accurately known. Further isolation of physical phenomena 
for identification of the basic behaviour of an oleo is thus considered to be 
the best starting point for the identification of a realistic oleo, without loss 
of validity of the results and conclusions. 

The realistic and the basic oleo 

In figure 5.1 and figure 5.2 the main inner and outer functional parts of 
1 the F-16 nose landing gear are schematically displayed. The nose gear is a 

cantilevered design, see also figure 1.2, which is supported and locked down 
by a drag brace. Despite the fact that from a designers point of view this 

...... ~·····r· ········1·····~-~~··· 2 od 

HJ H 
;-~ f4 

1 

4 

Figure 5.1: The inner functional parts 
of an F-16 nose oleo. 

drag 
brace 

• main 
fitting 

trail 
elimination 

device 

Figure 5.2: The structural design of an 
F-16 nose landing gear. 

oleo is a basic design, it will be pointed out that the dynamic modelling of 
this oleo is not straightforward at all. The basic physical phenomena of this 
representative oleo are: 

• preloaded gas spring suspension, by application of nitrogen gas, located 
at position 5 in figure 5.1, 

• quadratic velocity damping, caused by oil flow through the relatively 
large main orifice, which is located between chambers 1 and 2, 
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• and Coulomb friction due to the bearings and seals, depicted in fig
ure 5.1 by filled rectangular blocks. 

Besides these bask characteristics, several specific features are integrated in 
this representative oleo as well. 

• A separator piston is not applied between the nitrogen gas and the 
damper oil, which makes it possible for the gas and oil to interact. 

• Stroke dependent damping is present, by addition of a metering pin in 
the main orifice, located at position 4. 

• Rebound damping is used as well, by the stroke dependent action of 
the valve between the rebound chamber 3 and the upper chamber 2. 

• Finally a moderate trail is applied, see figure 5.2, which will lead to 
bending and related friction phenomena. A trail, the offset of the wheel 
axis and the center line of the oleo, is often introduced to ensure thrust 
controlled· steerability in case of a steering system failure, or to ensure 
shimmy stability. 

If all the specific features are taken into account in an extended model, the ', 
identification problem will become too complex. Hence, the oleo used in 
the following experiments, is simplified in order to identify the basic char
acteristics. Therefore, first the stroke dependent damping behaviour was 
eliminated. The rebound valve is removed to give directional independent 
damping. In addition, the metering pin has been machined for constant 
cross section ,to return to stroke independent damping. Further, the friction 
of the seals and bearings is minimized by the application of a trail elimina-
tion device. In other words, the oleo can be excited in line with its center 
line, see figure 5.2. The drag forces and related bending moments, which 
lead to large friction forces and perhaps to other friction phenomena, are 
not yet taken into account, allowing an uniaxial structural model. 

The basic features of the F-16 oleo retained are: the gas spring, the 
quadratic velocity oil damping, the interaction of gas and oil, and the sliding 
friction. These phenomena will be studied in: this chapter and modelled for 
identification in chapter 6. 
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5.2 Shaker-tests 

5.2.1 Experimental set-up 

A schematic view of the uniaxial experimental set-up for the shaker-tests is 
illustrated in figure 5.3. Periodic axial forces or displacements can be applied 

1. Landing g.ear 
2. Actuator (MTS) 
3. Test frame 
4. Controller 
5. Signal generator 
6. Remote control 
7. Hydraulic power 

supply 
8. Hydraulic accumulator 
9. Force measurement 

amplifier 
10. Pressure measurement 

amplifier 
11. PC-386/DIFA FAlOO 

Silicon Graphics Iris 

Figure 5.3: Schematic view of the shaker-test set-up, internal test-frame dimensions: 
2.78m x 0.78m. 

to the landing gear, which is fixed in a rigid test frame, with suitable MTS 

hydraulics and a system controller (power supply 507.01, service manifold 
288, actuator 244.12 and controller 406.11). With this set-up, measurements 
are made on the following three quantities. 

1. The axial stroke is measured by an MTS actuator build-in LVDT (type 
0229-0001) and corresponding amplifier, integrated in the MTS con
troller. The maximal dynamic stroke is approximately 264 mm. The 
accuracy of the this displacement transducer and corresponding am
plifier is ± 0.26 mm or ± 0.1 %. 

2. The force applied to the wheel axle is measured by a KISTLER. piezo
electric force transducer (type 9341A) and charge amplifier (type 5007). 
The maximal force that can be applied is approximately 25 kN. The 
accuracy of the force measurement channel is ± 90 Nor± 0.3 %. 

3. The internal gas pressure of the oleo is measured by a HOTTINGER. 

strain gauge pressure transducer (type P3M/100) and amplifier (type 
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KWS 30723), whose accu~acy is ± 0.2 bar or ± 0.2 %. The maximal 
gas pressure that can occur is approximately 70 bar. 

All measurements are filtered and sampled by a PC-based DIFA [17] four 
channel' 16 bit data acquisition system (type FAIOO). The identification 
computations are performed by a FORTRAN code on a SILICON GRAPHICS 
ups workstation. 

In addition to the simplifications already discussed in section 5.1, the 
initial relative gas pressure of the basic oleo :had to be reduced from 16 bar 
to 4bar, because of hydraulic power limitations (210bar, 12.31/min). Ac
cordingly, the gas pressure at full compression reduced from about 200 ~ar to 
70 bar. This maximal pressure corresponds to the maximal force of 25 kN. 
A consequence of this choiceJs that the attainable velocities are only up to 
0.1 mjs, which is a factor 10 lower than the velocities occurring in actual 
landings. · 

Not only due to the limited hydraulic power, but also for reasons of 
efficiency, a set of experiments had to be defined that should cover the total 
available system state and parameter space. A choice is made for three 
groups of piston positions referred to as high, middle, and low. The first 
group, high, are signals for which the static stroke summed with the dynamic 
amplitude is almost equal to the maximal stroke of 264 mm. The second 
group, middle, are signals for which the dynamic amplitude is summed to 
a static position of half the total stroke. The third group of signals, low, 
are similar to the first, but now a lower limit of almost total extension is 
reached. 

Subsequently, a selection of the remaining inp~t parameters can be made, 
which are the excitation frequency and amplitude, the periodic wave form, 
and the feedback signal for the controller. The frequencies selected are: 
0.1 Hz the highest frequency for which full dynamic amplitude can be real
ized, and 0.2, 0.5, 1.0, and 2.0 Hz. The corresponding amplitudes for the last 
four frequencies are maximized, according to the limited hydraulic power. 
The maximal dynamic amplitudes that can be realized, are listed in table 5.1. 

The wave form has been chosen from the options of a standard function 
generator, which are sinusoidal, triangular, or block form signals. According 
to the limited hydraulic power, the block signals could not be realized at 
all. The triangular signals are measured but discarded, because they unnec
essarily excite the complete test frame. Moreover, the force discontinuities 
according to the velocity jumps will be added to the force discontinuities 
due to dry friction. For this situation it is very difficult to estimate the fric-
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static position frequency Hz 
mm group 0.1 0.2 0.5 1.0 2.0 
249 high 10 
229 high 20 
219 I 1..:-1. 32 
179 I high 75 
133 middle~ 78 34 21 10 
79 low 80 
39 low 35 
17 low 22 
14 low 10 

Table 5.1: Maximal dynamic displacement amplitudes in mm, for the static position 
groups high, middle, and low. 

tion force amplitude separately, that should be obtained accurately to obtain 
good estimations. The sinusoidal wave form has been selected, because the 
signals and their first derivatives are continuous, resulting in smooth running 
experiments. 

The last input parameter is the physical quantity selected for feedback to 
the system controller, for which both displacement and force feedback have 
been realized. The displacement feedback option was. selected, because force 
feedback caused severe audible stick-slip problems. 

"The total number of experiments selected for the identification study of 
chapter 6 is 14, from which 13 experiments are chosen according to table 5.1 
and one additional quasi-static full stroke 'middle' experiment is performed 
at 0.04 Hz, for reasons discussed in the next sub-section. Repetitions of 
this set-up are not considere~ as earlier research by De Jonge [15], on the 
basic oleo, showed very good repeatability of the experiments. However, 
repetitions should be performed if statistical analysis on a siq.gle experiment 
is requested. 

5.2.2 Results 

The next step in the measurement procedure is the choice of the sampling 
frequency, the filtering frequency and the number of samples. The number 
of samples are not taken maximal (8192), as all measurement signals are 
filtered digitally by the data-acquisition system in order to remove the dither 
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frequency1 of approximately 750 Hz. This equipment restricts the number ·of 
samples to about 1000 per period for all frequencies, except for 2Hz where 
it has to be decreased to about 500 samples per .period. For all experiments 
approximately four periods have been measured, leading to time histories of 
4096 or 2048 samples. 

For application in the estimator using periodic equilibrium solutions, 
the almost periodic measurement signals are subsequently reduced tope
riodic signals· by application of a residual time shift function, as proposed 
by Philips [56}, see appendix B. The mapping to the equidistant time grid 
of the computations is performed in the estimator code by standard linear 
interpolation. 

The standard experimental set-up 

If the experiments are properly prepared, the data acquisition of the above 
defined set of experiments can be performed in half a day. The. measure
ments are labelled by their date, a single letter and a numeral pointing to 
raw data (0) or periodic data (I 0). The fourteen experiments used for 
identification are labe1led according· to table 5.2: The time histories of .all 

date: 920713 II approximate frequencies lfz 
group ll 0.04 0.1 0.2 0.5 1.0 2.0 
high. c d e f 

middle a b g h I J 
low k I m n 

Table 5.2: Lab-els of the experiments. 

measurements will be illustrated by two typical examples, 920713bl and 
920713m1, shown in figures 5.4 and 5.5 respectively. Both experiments show 
nearly perfect sinusoidal displacement signals (which have been input to 
the hydraulic feedback controller), the necessary characteristic discontin
uous force signals, and smooth relative gas pressure signals~ The second 
experiment (920713m1) shows significant force discontinuities at 0.5 and 1 s. 
In the first experiment ( 920713b 1) these characteristic discontinuities are 
present as well, but can hardly be seen in the force plot at 3 and 8 s due 

1The so-called dither signal is added electronically, by the system controller, to the hy
draulic valve steering signal in order to prevent stick-slip operation of the valve. This signal 
is significantly present (by aliasing) in all measurement signals if they are not properly 
:filtered. 
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. Landing gear tests 69 

to the different scaling of the y-axis. It is assumed that these discontinu
ities can be assigned to friction, as the discontinuities are not present in the 
corresponding pressure signals. Further an important .remark on these fric
tion force discontinuities can be made, that they are spread over at least 6 
measurement points, resulting in large gradients but practica.lly acceptable 
continuous behaviour. This implies that most likely the CPU-time saving 
time discretization method (section 4.3.1) instead of a shooting method can 
be successfully applied. 

Additional experiments 

Examination of the foregoing observations and specific additional tests, as 
recommended in the first item of section 2.4, led to indications on physical 
phenomena that might. be significant for a mathematical model. ' 

Unfortunately, it appeared that not all physical parameters for the com
plete set of experiments can be taken as constants. The initial pressure of· 
the nitrogen gas appears to be a slowly w.rying quantity during the exper
iments, probably due to cavitation and the solubility of nitrogen gas in oiL 
Hence, the initial pressures are measured for all experiments and will be used 
in the identification. 

Secondly, the additional experiment of 0.04 Hz, which is actually the low
est available frequency of the used PHILIPS signal generator (type PM5132), 
has been added to the experimental set-up because the pressure-displacement 
plot overthrows the premise of quasi-static behaviour for the total frequency 
range of the experim~ntal set-up. In figure 5.6 the relative pressure is plot
ted against the displacement signal as well ~ the oleo gas volume. The 
closed line integral of the pressure over the volume in the stationary pressure
volume diagram stands for the work done on the gas and equivalently the 
heat transfer to the environment during each period, which is not negligible 
at all. For all other frequencies of the experimental set-up, this thermo
dynamic behaviour is observed as well. 

Thirdly, it has been observed that a combination of the following poten
tial phenomena: gas solubility or gasfoil mixing, oil compression, cylinder 
expansion, additional gas pressure measurement volume, and cavitation, is 
present. On the one hand, static experiments have been performed, for 
which the compression and extension strokes of the oleo were divided into 
10 steps. The displacements and the s.tatic pressures were recorded at suf
ficiently long time intervals, see fig 5. 7. On the other hand, the ideal gas 
law pV = nRT may be assumed valid for the moderate pressures applied 
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Figure 5.6: Relative gas pressure respectively against the displacement and the oleo 
gas volume. Experiment 920713al, 0.04 Hz. 

to the nitrogen ga&. The predicted pressures with a constant amount of gas 
are added to the measurements in figure 5.7, from which it can be concluded 
that a significant phenomenon is not yet modelled. 

From the measurements and this realistic relation the amount of gas n 
can be computed if it is assu~ed that the gas temperature T equals the envi
ronmental temperature for the static experiments. From these measurements 
a perfect, but certainly nonreilistic2 , linear gas 'solubility' relation without 
saturation .can be found, see figure 5.8. Nevertheless, this phenomenological 
model will be used to cover all five suggested phenomena. 

5.3 Drop-tests 

For the assessment of the predictive power, and thus feasibility of the shaker
test identification method a small number of drop-tests have been performed. 
The tests were primarily planned on an industrial drop-test facility· at DAF 
S.P., but unfortunately the realization of this drop-test facility was delayed. 
Hence, a laboratory drop-test set-up was built, that will be discussed in the 
following sub-section. 

2This ·model is certainly nonrealistic, because it predicts negative amounts of gas for 
the maximal gas pressures occurring in the operational F-16 landing gear {Ri 200 bar). 
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Figure 5.8: Gas 'solubility'. 

The laboratory experimental set-up is a simplified version of a realistic drop
test facility, which is as close as possible to the performed shaker-tests .. In 
order to perform an accurate comparison between the predicted and mea
sured drop-test outputs, the operational conditions of the basic oleo are fully 
retained. The tyre, that is always used in a realistic drop-test, is omitted 
as it cannot be modelled very accurately yet and could therefore introduce 
unwanted model uncertainties .. 

A schematic view of the experimental set-up for drop-tests is sketched 
in figure 5.9. The instrumentation is exactly the same as in the shaker
test, e)(:cept for the displacement measurement, for which the MTS actuator 
build-in LVDT had to be replaced by a SANTEST MDT (type GYST-3-1057) 
amplified by a SANTEST controller (type GYSTC-03). The accuracy ofthis 
MDT and corresponding amplifier is ± 0.3 mm or ± 0.1 %, which is almost 
equal to accuracy of the transducer used in the shaker test. 

A restriction of the simplified set-up is that no initial impatt velocities 
can be applied. The measurements start when a mass is suddenly set free (by 
a so-called parachute release device), loading the oleo. At an initial relative 
pressure of approximately 4 bar the maximal mass loading the oleo can be 
825 kg, causing almost full closure of the oleo. 

For the definition of the experimental set-up only· two parameters can 
be adjusted. The mass added to the pivoting frame' can be varied. and an 
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parachut-e release 

mass 

Figure 5.9: Schematic 'view of the laboratory drop-test set-up. Dimensions between 
the joints: landing gear height 1.16 m, width 0.58 m, pivoting frame 
length 2.02 m. 

initial compression can be established (which is of course less than the static 
compression). The latter can be adjusted by lifting the pivoting frame by 
application of a crane. 

5.3.2 Results 

Two experiments are selected that will be used in section 6.4 for estimating 
the predictive power of the 'best' model. Both experiments selected start 
from a fully unloaded and extended oleo, to which a mass is added and 
released. The possibility to start from an initial compression is not u~ed, as 
the related load cases are not representative for landings. 

The first and most important experiment (930426c0) is a representative 
landing load case, according to the reduced initial gas pressure. A mass load 
of 350 kg has been selected, for which the resulting outputs are displayed 
in figure 5.10. The maximal velocity for this experiment is about 0.5 m/ s, 
which already is five times as high as for the periodic measurements. The 
second experiment (930504b0) is loaded by the maximail admissible mass 
of 825 kg. The maximal velocity is approximately 1m/ s. The results are 
displayed in figure 5.11. 
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The significant part of a typical free response of the basic oleo during 
a drop-test lasts ~bout 2 s, showing maximal 4 oscillation periods. These 
transient signals are recorded at a rate of 1000 samples per period as in the 
shaker-test measurements. 

5.4 Discussion 

The realistic F-16landing gear has been simplified to a basic configuration, 
retaining the following fundamental physical phenomena: the nitrogen non
linear gas spring, the velocity squared oil damper, the possibility of gas to 
interact with the damper oil, and the pure sliding friction. fu addition to 
that, the initial gas pressure had to be decreased in the shaker-test, because 
of hydraulic power limitations. · 

The consequences of the last modification are that full dynamic stroke 
can only be applied for low frequencies ( < 0.1 Hz), and that the velocities 
will be small compared to operational conditions (the accelerations are in
significant). Hence, the damping forces will be small as well, which can lead 
to troublesome estimations on the damper parameters. Nevertheless, it has 
been observed that the veloCities are large enough to cause thermo-dynamic 
behaviour for all selected' experiments. Further it has been observed that un
realistic 'gas solubility' is present and that the initial gas pressures were not 
constant over the experiments. An explanation fo~ these effects is not readily 
found and will require additional research, probably on model experiments. 

With the laboratory drop-test, full dynamic amplitudes can be applied 
without initial velocities. The velocities that can be achieved in the drop
tests are ten times as high as in the shaker-tests, which reach realistic ·values 
of up to 1 m/ s. Hence, in these tests the damping forces will be significant 
and give new information on the oleo system. Therefore it is believed that if 
the predicted outputs and the measurements are very similar for the identi
fied phenomena from the shaker-tests, with help of these new measurements, 
chances are good to check and adjust the initial fixed damping parameter 
value from the these validation tests. 

Despite the fact that this configuration is not representative for an oper
ational F-16 nose landing gear oleo -especially, the large drag forces that 
occur during the impact phase of the landing or cornering are not taken 
into account - it will be shown in the next chapter that the isolated and 
observed phenomena are more than sufficient for a basic identification study 
on oleos. 
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Landing . gear identification 

Now that the estimator (chapter 4) and the measurement data (chapter 5) 
are defined, the assumed deterministic mathematical models will be derived 
in order to perform the identifications. In· this chapter two assumed oleo 
models will be ide;ntified: a single dof mechanical model (section 6.2) and 
a more sophisticated thermo-mechanical model (section 6.3). Finally, the 
predictive power of the 'best' model with corresponding parameters will be 
evaluated in section 6.4. 

6.1 Introduction 

From the results of additional shaker-tests, discussed in sub-section 5.2.2, it 
has been concluded that besides the basic mechanical features of an oleo: 

• the nitrogen gas spring, 

• the velocity squared damping, 

• and the pure sliding friction, 

some other physical phenomena probably should be modelled as well. The 
additional observed phenomena are: 

• nonconstant initial gas pressure over the experiments, . ' 

• thermo-dynamic behaviour, even for very slow experiments, 

• gas 'solubility', a combination of five potential phenomena, see sub
section 5.2.2, page 69. 
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The significance of all mentioned phenomena cannot be modelled andtested 
separately as the number of combinations of models and data is beyond 
bound. Hence, the selection of two distinct models is made. The first com
monly used oleo model only covers the basic features in a very elementary 
way. Even the very obvious gas 'solubility' is not included. The resulting 
space-discrete single dof model is identified in the next section. Addition of 
the thermo-dynamics of the gas spring and gas 'solubility' leads to a space
discrete two dof model, which will be identified in section 6.3. 

All the experiments of the standard set-up (section 5.2~2) have been 
performed with displacement feedback in the hydraulics controller, so that 
formally the displacement signal was input to the system. However, for the 
computations the measured force signal necessary for realization of the si
nusoidal displacements is taken as the input signal. In this case the outputs 
that can be used are the measured displacements as well as the measured 
gas pressures. Multiple outputs can be taken into account during the esti
mations, but for clarity the forthcoming estimations will be performed by 
selection of the displacement sig]1al as the only output of the system. Re
marks on using the displacement as well as the pressure outputs will follow 
at the end of section 6.3.3. 

In addition, two different identification procedures can be applied, esti
mation of the parameters from either one experiment or all experiments of 
the experimental set-up. Both approaches are studied ana will be discussed 
in the next sub-sections. 

All identifications are performed by application of the CPU-time saving 
time discretization method (section 4.3.1). This was possible because the 
friction force can be modelled by a continuous arctan-function in the equa
tion of motion, see equations (6.1) and (6.3). For all estimations the prior 
knowledge of the parameters has been set to a = 0.1 0. The required accu
racy of the estimated parameters is set to four significant digits. 

6.2 Mechanical model 

6.2.1 Model description 

The very basic model for an oleo has already been proposed in 1953 by 
Milwitzky and Cook [50]. Until now, this model is still in use as the basis 
for many landing gear and aircraft landing ,simulation codes. .Batill and 
Bacarro [5] used this model for identification in 1988. The equation of motion 
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,; 

for the basic oleo and the output equations can be written as 

g = 81(ii + 82) + 834141+ 04p + (8s + Ogp) arctan(lho4) + (6.1) 
On- Fe= 0 

with p = Os ( 
1 

) 
07 

1 +Osq 

y = ( 013! ! :~: ) ' (6.2) 

in which the dof q stands for the stroke, p is the absolute gas pressure, Fe is 
the periodic excitation force, and the Oi's are the parameters. The reader is 
referred to appendix C for more information on the model and the definition 
of the parameters. This model is referred to as model1 fl6nld2. 

6.2.2 Results 

Unfortunately it is not possible to estimate all parameters frqm a single 
estimation. When an attempt is made to do this the estimator reports ill
conditioning, or in other words dependencies between the parameters. For 
this reason the complete parameter vector will be divided in three sets in 
order to reduce the number of parameters. These sets are: constants, fixed 
parameters to be . extracted from the data directly, and parameters to be 
estimated. . · 

First of all the mass parameter (h cannot be estimated from these data 
as the accelerations and therefore the inertia forces are negligible. The mass 
parameter fh will be constrained to the initial approximate value. It ap
peared that also the damping parameter 03 cannot be estimated as expected, 
because the damping forces are in the order of the measurement accuracy 
(90 N). Further, it is assumed that several parameters can be set as con
stants, because they are either known or measured directly. This set of 
parameters is formed by the gravitational constant 02 , the initial absolute 
pressure 05 , the constant force term 011 , and the displacement measurement 
offset 812. 

As the friction force is modelled by a_ continuous . function with large 
derivatives to both the velocity and parameters, itis very difficult to estimate 
the parameters 08 , (}9 , and 010 from the data. For the identifications, another 

1The models for the F-16 nose oleo are coded fl6nXYZ, in which X stands for the 
number of dofs, y is a friction model code (the same for all estimations in this thesis), and 
Z stands for the number of outputs. 
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more reliable way to obtain accurate parameters is to extract them directly 
from the data. For each experiment the friction arctan-function is fitted to 
the measured force discontinuities (see e.g. figure 5.5) manually, which is a 
quite laborious task. This leads to experiment dependent approximations for 
the parameters Os to 810 as function ofthe absolute pressure p, see figure 6.1. 
Parameter Ow, controlling the slope of the arctan friction function, cannot 
be extracted very accurately from the measurements manually. Parameter 
studies showed that an avera:ge value can be applied for all measurements. 
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Figure 6.1: Linear polynomial fit of the friction force amplitudes, for the standard 
experimental set-up. 

For the final predictions of the drop-test results the friction force ampli
tudes are of course unknown, so that average values for parameters 08 , 09 , 

and 010 must be obtained and used as inputs for simulations. The average 
values can be computed from an acceptable linear fit through the friction 
force amplitude dat.a, see figure 6.1. 

All remaining parameters are set to their initial approximate values (de-
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termined in appendix C from geometrical and physical properties, table C.2). 
All constants, fixed parameters, and· the three parameters that will be esti
mated are summarized in table 6.1. 

Now the three remaining parameters, 04 , 06 , and 07 , can be estimated 
from the standard experimental set-up. Not an estimations successfully con
verged for the case that the parameter vector was estimated from a single 
measurement, see the results in table 6.2. All converged estimations show 
acceptable fits, despite the fact that the geometrical parameters 04 and 06 

are by far not constant over the experiments. Moreover, the gas exponent fh 
does not meet the assumption that it should be in the range of isothermal to 
adiabatic processes (1 < 01 < 1.4). A typical example,ofthe force input, the 
predicted output, the residuals and the parameter histories for experiment 
920713g4 can be found in figure 6.2. An example of the effect of a non-perfect 
parameter value of the friction force amplitude can be seen in the second left 
hand plot showing the output stroke. Just after total extension (time zero) 
a flat part in the predicted displacement output can be observed (stick-slip), 
which should actually be a part of a nearly perfect sinusoidal, as it has been 
input to the system. The clearly deterministic residual is shown in the third 
left hand plot. The right hand plots show the iterates· of the three estimated 
parameters. Due to the prior knowledge applied, the convergence is rather 
smooth. 

The remaining three parameters can also be estimated from the complete 
standard set-up in a single estimation. The resulting parameters are liste(\ 
in table 6.3. The parameters are close to the initial parameters and the gas 
exponent is in the assumed admissible range. As expected, the residuals are 
not as small as for the single experiment identifications. Further the residuals 
do no longer result in zero mean values. Their mean values and superposed 
2 CJ intervals for each experiment are given in figure 6.3, from which it can be 
concluded that the mean values of the residuals are dependent on the group 
(high, middle, low) to which the experiments belong. In other words the gas 
spring model is not perfect over the total stroke. 

6.2.3 Discussion and conclusions 

Despite the fact that some observed phenomena are not yet taken into ac
count, it can be concluded that the basic model can be used for prediction 
of the measured outputs, if the future outputs are known to be near a single 
experiment of the experimel}tal set-up. This might explain the seemingly 
everlasting popularity of this simple model, when it is identified from a 
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model parameters 
constants fixed 

(h = 25 8s = e.d. 
82 9.81 ~ 65 
83 2897 ()9 e. d. 
8s e.d. ~ 2e-5 

~ 4.9e5 81o = 3400 
8u = -348 
812 = -0.1405 

Table 6.1: Constants, fixed parameters, and initial approximations for the parame
ters to be estimated, model f16n1dl (e.d.: experiment dependent). 

experiment frequency group ll gas spring residual 
number Hz II 04 06 87 max. m 

920713a4 0.04 middle 3.198e-3 -3.788 0.974 15e-3 ! 

920713b4 0.1 middle 2.872e-3 -3.734 1.163 20e-3 • 
920713c4 0.2 high 2.205e-3 -3.619 1.382 lle-3 • 
920713d4 0.5 high 1.649e-3 -3.574 1.527 2e-3 
920713e4 1.0 high 1.480e-3 -3.601 1.495 0.7e-3 
920713f4 2.0 high 2.072e-3 -3.742 1.166 0.9e-3 
920713g4 0.2 middle 3.030e-3 -3.758 1.198 9e-3 
920713h4 0.5 middle 2.956e-3 -3.810 1.217 1e-3 
920713i4 1.0 middle 3.201e-3 -4.474 0.863 1e-3 
920713j4 2.0 middle not converged 
920713k4 0.2 low 3.447e-3 -3.922 1.101 Se-3 
92071314 0.5 low 3.710e-3 -3.810 1.176 2e-3 
920713m4 1.0 low 3.857e-3 -3.050 1.494 2e-3 
920713n4 2.0 low not converged 

Table 6.2: Gas spring parameters, estimated per experiment for model f16nldl. 

experiment 
number 

Table 6.3: Gas spring parameters, estimated over all experiments for model fl6n1dl. 
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Figure 6.2: Typical identification results for model f16nldl. Experiment 920713g4. 
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Figure 6.3: Mean values and superposed 2 u intervals of the residuals for model 
fl6nldl. Experiments 920713 a to n. 

drop-test experiment. 
The effect of the non-modelled obvious gas 'solubility' phenomena; for 

instance, is not 'Yery clear in these identifications. This can probably be 
explained by the fact that the gas pressure in the periodic measurements. 
reaches a maximum of 60 bar. For these pressures the errors are not ex
tremely large, see figure 5. 7. It· can be foreseen that the realistic oleo will 
show this effect more clearly (Pmax :::::; 200 bar). 

Another explanation for the unexpected reasonable behaviour of the 
model over one experiment, is the fact that the thermo-dynamics of the 
oleo is not totally discarded. By assumption of a polytropic gas law, im
plicitly, a thermo~dynamic model is adopted. The temperature T can be 
computed as. a periodic function of time, by application of the ideal gas la'w. 
The mechanical work and the heat flow are also defined, but equal to zero 
over a complete period. 
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The sliding friction can be modelled by application of an arctan-function 
very well, if the amplitude of this function is known accurately. In the , 
estimations the best known, manually determined, amplitudes must be used . 
in order to reach acceptable residuals. However, for future predictions of 
drop-tests results or aircraft landing simulations, the amplitudes are not 
known. It can be concluded then, that the best strategy is to use the linear 

- fit of the friction force amplitude to the gas pressure presented in figure 6.1. 
As expected, it appeared that the damping parameter could not be esti

mated, due to the hydraulic power limitations. Estimation of the damping 
parameter demands ten times larger (realistic) velocities in the range of 1-
2 mfs. For the basic F-16 oleo this means that approximately ten times 
as much oil flow will be required as. is available now in the present set-up 
(> 100 lfmin). 

The performance of the model is poor if the total experimental set-up 
has to be covered. The estimated parameters seem to be very realistic, but 
the resulting residuals are too large, see figure 6.3. . ' 

For both the single and multiple experiment identifications, the resid- . 
uals do not meet the assumption that they are normally distributed. The 
residuals dearly originate from deterministic model errors. Looking at the 
spread of the parameters in table 6.2, it will be clear that it is useless to 
make statements on confidence intervals for these parameters. 

In order to cover the total experimental set-up, and to get a performance 
for a single experiment as well, the model should be improved. The exten

. sions that are believed to make the model more accurate are: addition of 
simple thermo-dynamics for the gas spring and the observed gas 'solubility'. 

6.3 Thermo-mechanical model 

6.3.1 Model description 

It is assumed that addition of thermo-dynamics, as proposed by Wahi [80], 
and gas 'solubility' (sub-section 5.2.1) to the basic model (sub-section 6.2.1) 
should lead to a more accurate oleo model. If a single dof model for the 
thermo-dynamics can be assumed to be applicable, the total deterministic 
model (f16n2d2) consists of the equation of motion, the first law of thermo
dynamics and the output equations 
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91 = lh(ij + 82) + 83qlql + 84p + (8s + Ogp) arctan(010q) + (6.3) 

92 

On Fe= 0 ,c 
OtsT + Ot6(1 + 05q)(T + 811) ( 04p + Ou )q 0 , 

OsT 
with p = ---:----::-= 

1 + 05q + 81T 

( 013; ! :~: ) ' (6.4) 

in which only Os and 87 are redefined and T is the absolute temperature. 
More information on the pressure stroke temperature p, q, T constitutive 
equation, the energy balance g2 , and its thermo-dynamic parameters 015 to 
llt7 , can be found in appendix D. The model with one output equation is 
referred to as model f16n2dl. 

6.3.2 Results 

In order to make a fair comparison between the one and the two dof model, 
the number of parameters to be estimated, is chosen the same. Ideally, the 
same set of parameters should be estimated as well. This is not possible for 
all three parameters, but fortunately both models share identical parameters, 
from which 04 and 06 will be kept in the set that will be estimated. It should 
be noted that these parameters are present in both the equation of motion 
and the energy balance equation. The third parameter that will be estimated 
is the most uncertain parameter in the energy balance equation, 815, dealing 
with heat conduction. From the other new parameters, Os, 07 and 01s are 
added to the fixed set of parameters, as they are dependent on the initial 
pressure parameter and the gas 'solubility' parameter, which are extracted 
directly from the data. The environmental temperature 817 is added to the 
constant set. 

The heat transfer is modelled as simple as possible, based on heat con
duction through a cylindrical aluminium wall, see appendix D .. Hence, the 
parameter 016 , as listed in table D.2, will not be a good initial approximation 
for the geometrically complex heat transfer process of the real F-16 oleo. A 
parameter study on experiment 920713a1 led to a new much smaller initial 
parameter value2 • All new parameter values are listed in table 6.4. 

figure 5.6, the heat conduction parameter .\ controls the width of the pressure
volume cycle very explicitly. 
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model parameters 
constants fixed initiat estimates 

'h7 - -293 Os = e.d. (}16 = 2.567 -
~ 1740 

07 - e. d. -
~ -1.420e-4 

015 - e.d. -
~ 3.851 

Table 6.4: Thermo-dynamic constants, fixed parameters, and initial approximations 
for the parameters to be estimated, model fl6n2dl (e.d.: experiment 
dependent). 

experiment frequency group gas spring heat c. residual 
number Hz (}4 (}6 016 max. m 

920713a4 0.04 middle 3.262e-3 -3.512 ~:~~~I . 6e-3 
920713b4 0.1 middle 3.227e-3 -3.409 3. 7e-3 • 
920713c4 0.2 high 2.941e-3 -3.477 5.958 6e-3 • 
920713d4 0.5 high 3.158e-3 -3.461 7.189 2e-3 
920713e4 1.0 high 3.574e-3 -3.439 7.350 0.6e-3 
920713f4 2.0 high 3.592e-3 -3.451 0.928 0.5e-3 
920713g4 0.2 middle 3.607e-3 -3.334 3.309 2e-3 
920713h4 0.5 middle 3.694e-3 -3.346 1.533 0.9e-3 
920713i4 1.0 middle 3.710e-3 -'3.354 1.513 0.9e-3 
920713j4 2.0 middle 3.628e-3 -3.437 <0 le-3 
920713k4 0.2 low 3.868e-3 -3.160 1.957 3e-3 
92071314 0.5 low 3.937e-3 -2.981 0.807 le-3 

920713m4 1.0 low 3.970e-3 -2.921 <0 2e-3 
920713n4 2.0 low 3.948e-3 -3.390 <0 1e-3 

Table 6.5: Gas spring parameters, estimated per experiment for model f16n2dl. 

experiment 
number 

Table 6.6: Gas spring parameters, estimated over all experiments for model f16n2d1. 
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The results from the estimations using single experiments are listed in 
table 6.5. On the average, the residuals for the large amplitude excitations 
of this model are a factor two smaller than the residuals for the mechan
ical model, compare table 6.2. Secondly, the spreads in the geometrical 
parameters (}4 and (}6 are much smaller and acceptable. The heat conduc
tion parameter (}16 is far from constant, and for some small amplitude inputs 
(experiments j,m,n) the parameter is even negative and the results have to 
be rejected. The displacement residuals from experiment 920713g4 for both 
models are plotted in figure 6.4. 

f16nldl + f16n2dl, exp: 920713g4 
0.01.---~--~~--~--~----~--~----~--~----~---. 
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Figure 6.4: Displacement residuals, models f16nldl and f16n2dl, experiment 
920713g4. 

For the case that the three parameters are estimated from the complete 
standard set-up in a single estimation, the resulting parameters are listed in 
table 6.3. The parameters differ more from the initial parameters tllan for 
the· single dof model, but the mean values and superposed 2 u intervals for 
each experiment (see ~gure 6.5) are on the average a factor two smaller than 
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the corresponding results for the single dof model. 
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Figure 6.5: Mean values and superposed 2 u intervals of the residuals from :r:qodel 
f16n2dl and experiments 920713 a to n. 

6.3.3 Discussion and conclusions 

It can be concluded that the thermo-mechanical oleo model is superior to 
the mechanical model, for both the single am\. multiple experiment identifica
tions. On the average, the residuals are reduced by a. factor two. In addition 
to that the parameters 84 and 86 , which are identical in both models, show 
a much smaller variation over the single experiment identifications. 

It can be concluded that the heat transfer is still not modelled. accu
rately enough by application of simple Fourier heat conduction through a 
cylindrical wall: The parameter 816 is by far not constant, see tabie .6.5. 

At this place some remarks on the expansion of the models must be made. 
Firstly, it is stressed that a more comprehensive model is not necessarily an 
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improved modeL With some effort more comprehensive models can be de
rived - for instance with an additional temperature dof, if a heat capacity 
for the aluminium cylinder is assumed - but immediately the dilemma arises 
how much, and which parameters should or can be identified. If the addi
tional parameters are not precisely known or cannot be estimated accurately, 
large model errors can be expected, resulting in troublesome estimations. 

Secondly, a remark is made on the addition of measurement channels. In 
contrast to the expectation that more information will improve the estimates, 
often, more information will not result in better predictions. For both oleo 
models (6.1) and (6.3), addition of the nitrogen gas pressure output to the 
estimator results in better predictions for this pressure. But at the same time 
this model extension leads to worse predictions for the oleo displacements. 
The estimator is balancing the errors in both output channels. 

Also for this model the assumption of normally distributed residuals is 
doubtful for any experiment. But for this model statements on the means 
and confidence intervals of the parameters might be made, using equa
tions (2.18)-(2.20), see table 6.7. The statistics for 016 are computed over 
the positive values only. It is advisable however to enlarge the experimental · 

statistics 

mean 
standard deviation 

Table 6.7: Means and standard deviations for the parameters, estimated from single 
experiments. Model fl6n2dl. 

set-up for this purpose, noting the small number of statistical dofs for the 
estimation of the means and standard deviations. 

The prediction of the drop-test results in the next section is performed 
with the thermo-dynamic model (6.3) and the estimated parameters over 
the complete set-up, listed in table 6.6 .. 

6.4 Drop-Test prediction 

6.4.1 Results 

The predictive power ofthe 'best' model f16n2d2 with corresponding param
eters from table 6.6, will be assessed by comparison of predicted transient 
drop-test outputs to measured signals. The measurements and predicted 
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outputs for the representative landing experiment 930426c0 a.re shown in 
figure 6.6 (mass = 350 kg). The measurements are plotted with solid lines 
and the predictions with dashed lines. . 

At first sight, it can be observed that the shapes of the signals are very 
similar. Both the measured and predicted force signals show friction discon-

.· tinuities whenever the displacement signal is reaching an optimum. Differ
ences that can be observed in the force signals are, the bending point on 
the middle of the first compression slope of the measured force signal, and 
the small oscillations in the end~value of the predicted force signal. These 
small oscillations are caused by the continuous arctan friction function, as 
discussed in item 6 of the literature survey on page 5, and can be ignored. 
Further it can be seen that the predicted displacement seems to end in a 
static offset error, the period time of all three predictions is too small, and 
all predicted signals are clearly undet-damped. 

Adjustment of the damping parameter fh by a factor 2.0,.gives a good fit 
for both the force and pressure measurements, see figure 6.7. Note that now, 
due to increased damping forces, the curvature in the first compression slope 
of'the force output, is present in the predicted force signal. The amplitudes 
and the frequency of the oscillations in ill three signals are predicted very 
well, but still the displace,rnent signal shows a large static offset component. 

The predicted signals of figure 6. 7 appeared to show a misleading static 
equilibrium~ At 2.5 s the gas temperature is not equal to the environmental 
temperature. This can be seen in figure 6.8, where the predicted temperature 
and displacement signals have been simulated for a longer time interval. 
The corresponding fore~ and pressure signals are not plotted, because they 
are nearly constant after the end-values at 2:5 s. As can be seen that the 
static equilibrium value is predicted after approximately 30 s, since then the 
nitrogen gas has cooled down to the environmental temperature. 

The results for the extreme drop-test 930504b0 are shown in figure 6.9 
(mass= 825 kg). The predicted peak values in the force and pressure outputs 
are much too high. Also in these output signals, the stroke signal shows a 
a seemingly static offset error, which vanishes if the simulation is continued 
as discussed above. Again, not only the too high peak values, but also the 
inflection point in the first compression slope of the force signal can be fitted 
easily by a single adjustment of the damping parameter 03 by a factor 2.3. 
In contrast with the first measurement (930426c0) the frequency of the free 
oscillations is not predicted precisely by this simple adjustment. 
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Figure 6.8: Long time interval predictions for experiment 930426c0. The dotted 
lines stand for the static measured displacement and the environmental 
temperature. 

6.4.2 Discussion and conclusions 

It is to be expected in advance that the displacement outputs and not the 
pressure outputs would be predicted best from the 'best' identifit;Jd model 
of section 6.3, because only the displacement outputs have been taken into 
account in the estimator. For these estimations small displacement residuals 
were. computed. In contrast with the expectations, the predicted displace
ments for both experiments possess temporary offsets of about 20 %, while 
the overall shape - oscillation amplitudes and frequencies, and st;:~.tic val
ues _:_ of thes.e signals is reasonably good. The pressure signals, which were 
expected to be predicted the least accurate, appear to be close to the mea
surements as welL A sufficient explanation for the temporary displacement 
offsets is not ready found, but several thermo-dynamical model extensions 
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can be proposed that could improve the model predictions. 
In reality the exponential setting of the displacement, caused by slow 

cooling of the heated nitrogen gas, is not. observed. The conclusion of sec
tion 6.3.3 that the heat transfer of the oleo is not modelled accurately enough, 
is consolidated by this observation. In the model, the observed rapid cooling 
effect can be realized by increasing the heat conduction parameter fh6 • Other 
options are the introduction of heat capacities (at the expense of extra dofs 
and parameters) for the inner cylindrical wall and the damper oil. If these 
heat capacities store the generated heat due to compression very quickly, the 
top gas temperature will decrease, and accordingly the displacement will in
crease, which will lead to much better displacement predictions. If the heat 
capacities can be added to the heat capacity of the gas, parameter lh5 should 
be estimated as well. 

It must be stressed that these predictions have to characterized as extrap
olations of the periodic measurement data, and therefore it is not realistic 
to expect a perfect fit. The high velocities in the drop-tests for which the 
models have to predict the forces, displacements, and gas pressures have 
never been input to the periodic experiments. For that reason the damping 
coefficient was not estimated. It is thought to be correct to adjust this sin
gle parameter with help of the results of the drop-test measurements. For 
both experiments the fit could easily be improved significantly, by adjusting 
the damping parameter by a factor of approximately 2. The higher 'damp
ing might be explained by the very complex and narrow geometry of the 
oil chambers adjacent to the damping orifices, so that free oil flow in the 
neighbourhood of the orifices cannot be assumed. 

From the estimation results and the predictions performed in this sec
tion (especially these from the adjusted damping parameters), taking into 
account the extrapolation character of these dropctest predictions, it can 
be concluded that the thermo-mechanical oleo model is a promising model 
for both the predictions of periodic (runway operations) and impact tran
sient behaviour (landing and take-off). Further thermo-dynamic research to 
improve the model appears to be nec~ssary. 
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Chapter 7 

Conclusions and 
recommendations 

In this last chapter conclusions and recommendations are presented on gen
eral aspects ofthe identification method (section 7.1), the newly defined 
nonlinear shaker-test method (section 7.2), and the trustworthiness of the 
final model for the F-16 nose.landing gear oleo (section 7.3). 

7.1 Identification method 

The main objective of research of this thesis was to develop a new :n,onlinear 
identification method for dynamic systems using periodic equilibrium states 
or outputs. A parametric method based on assumed physical models has 
been selected, because the results of the identification procedure will be input 
to a subsequent optimization process. A standard Bayesian point estimation 

· technique is chosen which is abie to estimate the model as well as the error 
distribution parameters from the data. The method is slightly modified to 
give a more robust solution technique, which appeared to be closely related 
to minimum variance estimation. The identification procedure is combined 
with two possible solutions techniques for equilibrium states, namely the 
equidistant time discretization method and the shooting method, and is 
designed to act on the complete experimental set-up. The time discretization 
method is computationally fast and is therefore selected as the standard 
method. Shooting is only demanded for discontinuous systems on the cost of 
high CPU- times. Due to the modification of the estimator, interval estimation 
can b~ performed best by computing statistics from the point identification 
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results of the complete experimental set-up, or repetitions of this set-up. 
In the derivation of the estimator exact inputs to the model were assumed 

on which a remark should be made. In highly nonlinear dynamic systems or 
in very sensitive systems it can be expected that the small force measuremeiJ.t 
errors can cause a variety of unexpected periodic (or chaotic) solutions which 
certainly will constrain the applicability of the new identification method. In 
that case the method has to be extended to estimate the underlying inputs 
as well. This is not a straightforward extension, for which the feasibility 
is questionable because of the loss of statistically overdeterminedness. In 
the applications ofthis thesis, the reasonably small force errors (0.3%) did 
not result in these problems, as the high measurement error frequencies 
are suppressed by the damping and the dry friction behaviour of the oleo. 
In the oleo applications of this thesis, multiple periodic solutions were not 
discovered. If multiple solutions exist, automated estimation can probably 
not be performed, because manually controlled path following techniques 
have to be used in order to compute a particular solution. 

It can be concluded that identification by using periodic states or out
puts is computationally more efficient than identification with application of · 
transient signals. For transient states the complete new solution has to be 
integrated from the initial conditions for all iterations again. Not only the 
initial conditions can be dropped in the periodic approach, but the complete 
approximate periodic solutions computed during. the estimation iterations 
can be re-used as an initial guess for the solution of the next iteration. This 
property clearly accelerates the computational speed in the neighbourhood 
of convergence. 

7.2 Experiments 

Both the laboratory shaker-test and drop-test set-ups performed well, after 
a long period of checking and testing in order to obtain confidence in the 
output results. A major drawback of these set-ups is the fact that the 
available hydraulic power put severe limitations on the admissible state and 
parameter space, so that the F-16 oleo had to be simplified. Only a maximal 
velocity of 0.1 m/ s could be obtained for small dynamic amplitudes, which is 
a factor 10 too low compared to realistic landing velocities. The laboratory 
drop-test has an advantage to the industrial drop-test for validation of the 
identification results, because the uncertain behaviour of the tyre could be 
excluded. At the same time it is recognized that this is a disadvantage for 
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the assessment of the shaker-test as a certification tool. 
For research and deve~opment the shaker-test appears to be superior to 

the drop-test as numerous excitations can be forced to the dynamic system. 
For example, detailed studies can be performed to develop the assumed 
physical model on isolated phenomena (e.g. gas 'solubility', and thermo
dynamic behaviour for the oleo model, it is extremely difficult or may be even 
impossible to discover these phenomena from drop-tests or other transient 
tests). During the research the idea to use the shaker-test (in combination 
with the new identification procedure) in the future as a quality control 
instrument, was consolidated. 

The conclusion can be drawn that the set-ups are satisfactory for val
idation of the new identification method using periodic equilibrium states, 
but have to be rebuilt on a larger scale for proving the applicability of the 
shaker-test method as a certification tool. 

7.3 Trustworthiness of the oleo model · 

For the assessment of the predictive power of the final oleo model, two cases 
should be distinguished: the ,basic simplified oleo as tested in this thesis and 

. the validity of the results for the realistic F-16 nose landing gear oleo. The 
basic simplified case will be discussed first. 

From the identifications of chapter 6, performed for the one and two 
dof models on single and multiple periodic e:l(:p~riments, it can be concluded 
that the two dof thermo-mechanical model is the best and an acceptable. 
model. A remark .must be made that from these results also the conclusion 
can be drawn that the thermo-dynamical part probably is .not modelled 
accurately enough, as the heat conduction parameter still is a variable. This 
is confirmed by the generally close prediction of the drop-tests results in 
the same chapter, where the identified heat conduction parameter obviously 
leads to a much too slow cooling process. 

Improvements on the model for the tested oleo can be found in further 
investigations in the thermo-dynamic behaviour of the oleo, which consists· 
of temperature measurements on the nitrogen gas and probably on the alu
minium cylinder as well, and addition of heat capacities for the oil and the 
aluminium wall (at the cost of additional dofs ). 

To obtain a trustworthy model for the realistic oleo and to assess the 
~ shaker-test as a certification tool, more actions should be taken. As dis

cussed in the previous section, the experimental set-ups should be rebuilt on 
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· a larger scale and the complete experimental set-up should be redefined and 
performed. The model defined for the basic simplified oleo should be recon
sidered carefully, as for instance the combined gas 'solubility' phenomenon 
cannot be retained for the much higher gas pressures ( ~ 200 bar) as for in
stance the amount of gas n would run into negative values, see figure 5.8. 
The five possible phenomena mentioned on page 69 should be modelled sep
arately to obtain admissible parameters. 

Finally, it is stressed that model extensions should be added very care
fully and preferably stagewise. Larger models are much more difficult to 
estimate, because the chances are not negligible that parameter dependen
cies occur (bad identifiability). 
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Iteration derivatives 

In this appendix the second order derivatives for Newton and staged Gauss
Newton iteration of a. Bayesian estimator are derived, Starting point is the 
Bayesian estimator (3.10). In the derivation of this estimator the following 
assumptions have been made: · 

• the model and measurement errors are not distinguished, 

• statistical independency of the errors in all blocks, experiments, and 
output variables ls assumed, 

. • normally dist:~;ibuted errors are expected, 

• selection of normally distributed prior knowledge of all parameters is 
made, 

• prior information on the parameters to be estimated, is given only. on 
the model parameters f). 

The maximization problem reads 

ma.x4)B(¢) = 4)B(8,111, .. . ,v8 ) = (A.l) 
nN s 8 1 N n .. 

-2ln II vr;-! 2:-;;- 2: L: e~ .. r;(o) 
(3=1 /3=1 f3 K=l~-t=l 

or alternatively a.s a. minimization problem in matrix notation· 

min4'B(¢) = 4>B(IJ,v) = + n; tr(ln(dia.g(v))) (A.2) 

N n 

+! 2: 2:· e~ .. co)dia.g c v)-1e#,_(o) +teo of dia.g c w )-1(8 _; o), 
K=l#=l 
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with 

( 2 2)T d ( 2 2)T v = v1 , ... , V 8 an w = 0'1 , •.. , 0'1 , (A.3) 

In the following formulas, all operations on the vectors v and w should be 
applied to their components. 

Newton iteration 

For Newton iteration the first and second derivatives to the parameters are 
requested. The gradient is defined by 

_ .m. _ ( ~B,e ) 
q = 'J!B,~ - ~ ' 

B,v 
(A.4) 

and its partitions can be derived from (A.2) 

N n 

~B,e = L L e!,.,ediag(v)-1eJ.L,. + diag{w)-1(0- B), (A.5) 
r>=l!i=l 

nN 1 N n 2 

2vl - 2v2 L L e "'K.l 
1 n=l~-t=l 

~B,v = (A.6) 

nN 1 N n 2 

2v - 2v2 L L eJ.L,.s 
s s r>=l J.L=l 

The Hessian is defined as 

H _""' ( ~B,ee ~B,Ov ) = 'J! B,.p~ = ""' ""' . 
'J! B ,vO . 'J! B ,1111 

(A.7) 

The partitions read 

N n 

~B,OO = L L e~,.,8diag(v)-1 e~-'"'•o (A.8) 
n=l~-t=l 

N n I 

+ L L L e~,.,eoadiag(v)- 1 e,_.n + diag(w)-1
, 

~~:,:::1,..=101=1 



i.PB,v8 = 

1 N n 

. v2 E E e'f:tts,8eJ.LK8 

s ~<;=1 J.L=l 

.PB,llv = .PB,v8 ' 

. .P B ,vv diag 

. nN 1 N n 2 

- 2v2 + v3 E L e f.'Kl 
1 1 ~~:=1 f.'=l 

nN 1 N n 2 

2v2 + v3 L L e f.'K8 

8 s t>=l~t=l 

Staged Gauss-Newton iteration 
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(A.9) 

. (A.10) 

(A.ll) 

In this method it is assumed that the residuals are negligibly small with 
respect to their derivatives. Further it is assumed that the solution can 
be computed in two stages: Firstly, the elimination .of the unknown distri
bution parameters, and. secondly the computation of the model parameters 
from a Gauss-Newton approximation of the Hessian, by substitution of the 
previously estimated distribution parameters, are carried out. 

The gradient of the object function is unchanged and stays defined by 
Eqs. (A.5) and (A.6). The Hessian partition corresponding to the model 
parameters (} is reduced to 

N n 

Hoe~ L 2: e'f;tt,ediag(v)- 1 e~t,.,8 + diag(w)-1
. (A.12) 

n=l f.'=l 

In all formulas the residuals and their derivatives must be substituted from 
analytic computations on the model functions or corresponding finite differ
ence approximations and the data. 
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Appendix B 

Data reduction to periodic 
signals 

The transient measurement signals, as discussed in section 5.2.2, could not 
be setup to contain precisely one single period, for any arbitrary frequency. 
Therefore the measurement signals were chosen to contain about four periods 
of the required pe:r:jodic measurement signal, from which the periodic signal 
on the computational time grid has to be resolved. To obtain an accurate 
approximation on the period Te = 1/ /e from these signals, a data reduction 
algorithm has to be. applied. 

The approximatefrequency /e could be obtained by several algorithms 
that operate in the frequency domain. For instance, the well known Fast 
Fourier Transforms algorithl)ls ( FFT) 10r the Hilbert transforms seem to be 
applicable at lirst sight. However, the determination ofthe frequency /e from 
the output of these algorithms is not very accurate, and can be influenced 
by the choice of a particular window function. 

In the time domain, it is known that the periodicity of a time series can 
be traced by computation of the auto-correlation function R, or better for 
signals containing offsets by computation of the variance function Cyy. In 
discrete form the latter function can be written as 

in which flt is the measurement time interval. The typical outcome for the 
raw data of the sinusoidal displacement signal of experiment 920713m0 is 
shown in figure B.l. The first maximum (time shift ~ ls) points to the 
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Figure B.l: The displacement signal of raw experimental data 920713m0, the corre
sponding variance function, and the proposed residual time shift func· 
tion ( RTSF). 
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period of this particular measurement signal. 
Another related time domain algorithm, proposed by Philips [56] and 

used in this thesis, originated from the idea that the norm of the residuals r 
formed by the original signal Yt-t and a time shifted signal YI-'+'TI will possess 
a minimum for the period time Te.. The residual time shift function (R.TSF) 

reads 

1 n . 
r(17~t)= L(YJL-YJL+11 )

2
, 1JE{1,2, ... ,n}. · 

n JL=l . . 

(B.2) 

The outcome of the residual time shift function is shown in figure B.l. The 
first minimum (time shift ~ 1 s) points to the period of the measurement 
signal. An advantage to the variance function is that the quality of period
icity is expressed in the minimum residual value, which is zero for exactly 
periodic signals. The accuracy of both methods is the same, ±~t/2. 

Considerable reduction in CPU-time can be obtained if not the whole 
function is computed, but only an small interval around the period time Te 
for which a reasonable estimate (!0 ±1lf0) is available from the experimental 
set-up. For experiment 920713m0 the zoomed residual time shift function is 
displayed in figure B.2. · 

Subsequently, a more accurate approximation of the period Te can be 
obtained. For periodic signals, in the neighbourhood of the period Te, the 
norm of the residuals can be approximated by a quadratic function. Making 
use of this property, an improved approximation to the true period time is 
obtained by computing the minimum of a quadratic polynomial fitted to the 
zoomed residual data. The interpolated optimal period Te is o-marked in 
figure B.2. 

Finally, the estimator code will perform the mapping to the compu
tational time grid, by linear interpolation directly' from the measurement 
samples contained in an interval coq:esponding to the optimal period. The 
reduced periodic data, coded 920713m1, are shown in figure 5.5. 
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Figure B.2: Zoomed residual time shift function of experiment 920713a0, (fo ± 
D. fo = 1 ± 0.02 Hz). 



Appendix C 

The mechanical oleo model 

The basic oleo used in both the shaker-test and the drop-test set-ups can 
be modelled elementarily as proposed in the frequently referenced article of 
Milwitzky and Cook [50], as well as the article of Batill and Bacarro [5], 
reporting identification research on a similar model. The parameters of this 
model are identified in section 6.2. 

The basic oleo is schematically displayed in figure C.l. This figure is 
an update from figure 5.1 where the realistic F16 oleo was illustrated. The 
so-called rebound valve (between chambers 2 and 3) is removed and the 
metering pin ( 4) has been machined to give a constant damping orifice over 
the total stroke. The definitions of the stroke q and the gravity g, according 
to the vertical position in both the shaker-test and the drop-test, as well as 
the definitions of the system forces are shown in figure C.2. The modelling 
efforts are constrained to the uniaxial verticiu dof q. This is allowed because 
the experimental set-ups are designed to avoid side forces as well as bending · 
moments on the oleo. The vertical force equilibrium reads 

mij = fh ij = - F9 - F d - Fs - F1 + Fa + Fe , (C.l) 

in which the gravitational force· F9 simply can be written as 

F9 = mg = fh 82 . (C.2) 

The symbol m denot~s the mass of the piston, half the amount of oil and 
the trail eliminating appendage. 

The total damper force Fd is summed fr~m the two parallel damper 
forces, caused by oil flow trqugh the main orifice (at position A infigure C.l) 
and the rebound orifice (at position B). The oil is considered to be incqm
pressible and the flow trough the orifices to be turbulent. Cavitation that 
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·J 
q 

Figure C.l: The basic oleo. Figure CJl: Model definitions. 

occurs at higher velocities is not included. According to these assumptions, 
application of Bernoulli's law leads to 

B A3 

Fd = 2~2 LA~' 4141 = 834141, 
d i=A o; 

(C.3) 

· where pis the density of the oil, Cd is the contraction coefficient (assumed 
identical for both orifices), Ah, are the hydraulic areas, and Ao; are the orifice 
areas. 

The gas spring force Fs is based .on the assumption that a polytropic 
ideal gas law pVn = c can be applied, with values of the gas exponent n in 
the technically relevant range from isothermal ( n = 1) to adiabatic processes 
( n = 1.4). Then the spring fore~ can be written as 

F, A,p = O,Po ( 1- ~/Voqr = o,o, (I +!Ooq) 07 , (C.4) 

• in which p0 stands for the initial absolute gas pressure, Ap is the piston 
area, and V0 is the initial gas volume. A remark should be made on the 
pressure p0 , which must be expressed as an absolute pressure. This is often 
overlooked. A consequence is the introduction of an external force Fa due 
to the atmospheric gas pressure Pa, which is given by 

(C.5) 

For the friction force a continuous form of Coulomb friction is selected, 
because it has been observed that the friction discontinuities take place over 
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several measurement points (section 5.2.2). For the friction law an arctan
function is assumed to be valid, for which the amplitude is a linear function 
of the absolute gas pressure p 

2 
l/ =(eft+ CJ2P)- arctan(cf3q) = (Os + Ogp) arctan(Ow:l). (C.6) 

1f' 

The excitation force Fe will be periodic and can be taken from the re
duced periodic measurement data. 

Finally, after substitution of all force expressions, the equation of mo
tion (C.l) and the corresponding output equations for the basic oleo can be 
written as 

g = lh(ii + 82) + 83qjqj + 84p + (Os + Ogp) arctan(li10q) + (C.7) 

On- Fe= 0, 

with p Os ( 
1 

) 
07 

1 + 86q 

ii ( kp; = ~! ) . ( 813! ! :~~ ) (C.8) 

where the second measurement channel records the relative gas pressure in 
bars. 

The geometrical and physical parameters as well as the parameters deter
mined by the experimental shaker-test set-up are given in tabel C.l. From 
these parameters the mathematical parameters (}. can be·computed. The ini
tial approximations to the 'best' mathematical parameter values are listed 
in table C.2. 
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parameters 
geometrical physical set-up 

AkA = 1886e-6 m"J. g = 9.81 m ll.q - 0.1405 m ~ -
AoA = 36e-6 m2 m = 25 kg kp - 1e-5 barm2 

- "1'r 
Aka = 900e-6 m2 p = 880 ~ ll.p = 1 bar m 
Aoa - 68e-6 .m2 cd - 0.90 - Po -. e.d. - -
Ap - 3484e-6 m2 n - 1.10 - ::::::; 4.9 bar - -
Vo - 9.20e-3 m3 Pa - 1e5 N - - ~ -

c1 = e.d. N 
C2 = e.d. m2 

C3 = e.d. 8 
'In 

Table C.l: Geometrical, physical, and experimental shaker-test set-up parameters 
for the mechanical oleo model (e.d.: experiment dependent). 

mathematical parameters 

(Jt = 25 Os = e.d. Os = e.d. 012 = -0.1405 
02 ' 9.81 4.9e5 Og e.d. 013 1e-5 = ::::::; --
(J3 = 2897 06 = -3.79 010 = e.d. 814 -1 
84 = 3.484e-3 87 - 1.10 8n - -348 - -

Table C.2: Initial approximations to the mathematical parameters for the mechan
ical oleo model (e.d.: experiment dependent). 
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The thermo-mechanical oleo 
model 

Starting point for the derivation of the thermo-mechanical oleo model, for 
which the parameters are identified in section 6.3, is the mechanical oleo 
model, defined in appendix C. The basic oleo is schematically illustrated in 
figure D.l and the mechanical model definitions can be found in figure C.2. 
In this appendix the model will be extended with the observed gas 'solubility' 
phenomenon and simple thermo-dynamics, that can be found in any good 
textbook, see e.g. Meyer and Schiffner [49]. 

The equation of motion (C.7) and corresponding output equations are 
recalled 

g = fh(ij + 82) + Oa4141 + 04p + (Os + Ogp) arctan(Owq) + (D.l) 

y = ro.3!!::~) ' (D.2) 

without the polytropic, ideal gas law based, pressure-stroke relation. That 
constitutive relation is modified for the observed gas 'solubility' phenomenon, 
which can be modelled by a linear amount of gas n to pressure p relationship 
in the ideal gas p, V, T formula (see figure 5.8) . 

RT ( dn ) RT 
p=n(p)v= no+ dp(P-Po) v . (D.3) 

As the pressure·p is requested explicitly in the equation of motion and later 
in the first law of thermodynamics, relation (D.3) is rewritten explicitly in 

111 



112 Appendix D 

·····-~·- .. ·r· ........ r-·---~-~.~-- .. 2 oil 

~BJ~ f4r H 

~A 

I 
p,V,Ti Cv ,\ Q 

I 

~l1 
r 

I I 

r1 r2 1 

4 w 

Figure D.l: The basic oleo. Figure D.2: Definitions for the thermo
dynamic model. 

the stroke q and the new selected dof, the temperature T 

(ft.-$~) T OsT 

P = 1 _ ~q _ dn R T = 1 + 86q + Or T . 
Vo tlPVO 

(D.4) 

. The behaviour of the new dof T is controlled by the first law of th~rmo
dynamics. In this case the energy balance for a closed system is 

(D.5) 

in which U stands for the internal energy, Q is the heat transferred to the 
gas, and W is the work done on the gas. The additional thermo-dynamic 
model definitions for the basic oleo are displayed in figure D.2 .. 

The internal energy U can be expressed as a function of the tempera
ture T. The time derivative of this relation reads 

· poVo · · 
mc11T = -R ,., cvT = OtsT . 

N2.1.0 
(D.6) 

Where Cv is the specific heat capacity at constant volume for the applied ni
trogen gas, which can be assumed constant for this application. The symbol 
RN2 denotes the nitrogen characteristic gas constant. 

The heat transfer from the gas to the environment is a very complex 
process. The heat capacities of the oil and the aluminium cylinder are ne
glected, as these capacities would introduce extra degrees of freedom. The 
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heat transfer is modelled very basically, by heat conduction through a cylin
dric wall, based on Fourier's law 

. 21r>.Vo (1- ~q) 
Q =-

0 
(T To)= -lh6(1 + 86q)(T + 811). (D.7) 

Avln (R) 
The symbol >. denotes the heat conductivity coefficient, and r2 and r1 are 
the outer and inner radii of the cylindric aluminium wall, respectively. 

The mechanical power W applied to the gas, is the last of the energetical 
quantities to be expressed in the dofs (q, T). It equals 

(D.8) 

in which Pa is the atmospheric pressure, which is again often overlooked. 
· The complete thermo-mechanical model consists of the equation of mo
tion (D.l)'with output equations (D.2), the ideal gas law including gas 'sol
ubility' equation (D.4), and the energy balance (D.5) expressed in the dofs 
(q,T) and the model parameters 8 

91 = 01(q + 82) + 83qltil + 84p + (Os + Ogp) arctan{81oti) + (D.9) 

Ou- Fe 0, 

92 = 81sT + t1t6(1 + 66q)(T + 811)- (84p + Ou)q = 0, 

with OsT 
P 1 + 8aq + 01T 

y = ( .
013
!! :~: } , (D.lO) 

The mathematical parameters 81 to 814 are identical to the parameters of 
appendb,c C, except for the parameters 85 and 07 which are redefined in 
equati~n D.4. 

The additional thermo-dynamic parameters are listed in table D.l. From 
these parameters and some parameters of table C.l the new mathematical 
parameters can be computed. The initial values for the parameters 8s, 87, 
and 815 to 811 are listed in table D.2. 
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parameters 
geometrical thermo-dynamic 

1'1 = 0.037 m dnfdp = 1.570e-8 molm2 /N 
1'2 = 0.041 m R = 8.314 Jj(molK) 

• 743 Jj(kgK) Cv = 
RN2 = 296.8 Jj(kgK) 
Aalu = 165 Wf(mK) 
To = 293 J( 

Table D.l: Additional geometrical and thermo-dynamic parameters for the thermo
mechanical oleo model. 

mathematical parameters 

8s = e.d 815 = e. d. 
~ 1740 ~ 3.85 

87 = -1.420e-4 816 = 945 
817 = -293 

Table D.2: Initial approximations to the additional mathematical parameters for 
the thermo-mechanical oleo model (e.d.: experiment dependent). 
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Stelling en 

behorende bij het proefschrift 

Nonlinear parametric identification using periodic 
equilibrium states 

with application to an aircraft landing gear damper 

1. Parametrische identificatie van dynamische systemen met hehulp van 
periodieke evenwichtsoplossingen, is efficienter dan het schatten met 
behulp van transH~nte signalen. 

• Dit proefschrift, hoofdstuk 4. 

2. Het ogenschijnlijk zwaarwegende verschil tussen deterministisch of sto~ 
chastisch verdeelde residuen verdwijnt in de ingenieurspraktijk, als er 
in de afieiding van de 'respectievelijke schatters impliciet en expliciet 
normaal verdeelde residuen verondersteld worden. 

• M. J. G. van de Molengraft, 1990. Ident£fication of non-linear me
chanical systems, for control applications. PhD thesis, Eindhoven 
University of Technology, The Netherlands. 

• Dit proefschrift, hoofdstuk 2. 

3. Ontwerpers van systemen, waarin dynamische verschijnselen materi
ele en persoonlijke rampen kunnen veroorzaken, zouden het volledige 
niet-lineaire dynamische gedrag van de constructie moeten (laten) on
derzoeken. 

Een goed voorbeeld is grond-resonantie van helicopters. Een gelineari
seerde analyse zoals . uitgevoerd door Tang en Dowell kan geen voor
spellende waarde hebben, maar slechts aangewend worden voor illus
tratieve doeleinden. 

• J. M. T. Thompson and H; B. Stewart, 1986. Nonlinear Dynamics 
and Chaos. John Wiley & Sons. 

• D. M. Tang and E. H. Dowell, 1984. Effects of nonlinear dam
ping in landing gear on helicopter limit cycle response in ground 
resonance. In Second decennial specialists' meeting on rotorcrajt 
dynamics,. NASA Ames Research Center, Moffet Field, Califor
nia. 



4. Gevestigde subroutine bibliotheken worden als 'black box' gebruikt. 
Dit blijft risicovol, omdat hierin niet alleen drukfouten maai ook nog 
steeds fouten in de theoretische beschrijving voorkomen. 

• W. H. Press and ~thers, 1987. Numerical Recipes, The Art of 
Scientific Computing. Cambridge University Press, fourth prin
ting (zie bijvoorbeeld het Marquardt algoritme; sectie 14.4). 

5. Hogere orde algoritmen met zoekprocedures voor de staplengte, zoals 
kwadratische en. kubische interpolatie, voldoen niet indien de object
functie sterk v.an deze veronderstelde polynomen afwijkt. Staphalve
ring, zoals toegepast in dit proefschrift, blijkt een simpele en robuuste 
methode te zijn. 

• J. E. Dennis Jr. and R. B. Schnabel, 1983. Numerical Methods for 
Unconstrained Optimization and Nonlinear Equations. Prentice
Hall. 

6. Het belang van niet-lineaire dynamische analyses van een vliegtuig aJs 
wegvoertuig wordt aJ tientallen jaren zwaar onderschat. 

7. Superioriteitsgevoelens van numeriek georienteerde exacte wetenschap
pers, die verzuimen hun resultaten aan de fysische werkelijkheid te 
toetsen, zijn zeker misplaatst. 

8. Mensen die zich op lange termijri onmisbaar maken; kunnen juist op 
zo kort mogelijke termijn gemist worden. 

9. Snelheidsbeperking op de openbare weg is zinvol, maar slechts haalbaar 
in combinatie met de aanleg van een grater aantal regionale motorsport 

• circuits. 

10. Promoveren is kinderspel; je partner kan de was doen. 

Eindhoven, mei 1993 Bert Verbeek 


