
 

Modeling of ironless permanent magnet planar motor
structures
Citation for published version (APA):
Boeij, de, J., Lomonova, E. A., & Vandenput, A. J. A. (2006). Modeling of ironless permanent magnet planar
motor structures. IEEE Transactions on Magnetics, 42(8), 2009-2016.
https://doi.org/10.1109/TMAG.2006.877712

DOI:
10.1109/TMAG.2006.877712

Document status and date:
Published: 01/01/2006

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://doi.org/10.1109/TMAG.2006.877712
https://doi.org/10.1109/TMAG.2006.877712
https://research.tue.nl/en/publications/7e9a25bc-b159-4689-96b9-f2a417fa8a23


IEEE TRANSACTIONS ON MAGNETICS, VOL. 42, NO. 8, AUGUST 2006 2009

Modeling Ironless Permanent-Magnet Planar
Actuator Structures

Jeroen de Boeij, Elena Lomonova, and André Vandenput

Department of Electrical Engineering, Eindhoven University of Technology, 5600 MB Eindhoven, The Netherlands

This paper describes an analytical model that includes end effects for ironless synchronous permanent-magnet planar actuators. Be-
cause of its flexibility, the model can be used to predict the performance of various permanent-magnet array and coil array topologies and
commutation schemes. Moreover, since control currents have to be nonsinusoidal, it allows analysis of the motor performance without
specifying a commutation scheme by directly dealing with the motor-coupling matrix that links the coil currents to the forces or accel-
erations acting on the translator.

Index Terms—Analytical modeling, control, end effects, finite-element modeling, Lorentz force, motor coupling, permanent magnets,
planar actuator, virtual work force.

I. INTRODUCTION

S IX degree-of-freedom (DOF) synchronous permanent-
magnet planar actuators with active magnetic bearings

as shown in Fig. 1 are currently being developed to replace
the existing multidimensional positioning stages, which often
consist of cascaded long and short stroke linear actuators that
are supported by mechanical bearings. A planar actuator can
combine long- and short-stroke movements in one actuator, thus
simplifying the mechanical design of the system. In addition, it
allows for operation in high vacuum [1]–[4].

The design of a planar actuator is a complex three-dimen-
sional (3-D) problem, especially when a topology is used with
stationary coils and moving magnets, where end effects play a
significant role. Finite-element models can be used to evaluate
motor performance, but these calculations are time consuming.
Existing analytical models often do not include end effects of
the magnet or coil arrays [1], [2].

In this paper, a model is described that allows fast and flexible
computation of the performance of planar actuator structures
by combining analytical solutions of the Maxwell equations
with numerical techniques. The model is very useful for design
and optimization purposes of planar actuators, e.g., comparing
different magnet array and coil array topologies. The model
predictions are validated with finite-element-method (FEM)
calculations.

II. WORKING PRINCIPLE OF THE ACTUATOR

Most of the planar actuators [1]–[3], [5], [6] are based
mainly on repulsive forces between permanent magnets and
coils. When coils are used in the translator in combination
with a permanent-magnet stator, a cable slab is necessary to
provide power and cooling to the moving coils, thus limiting
the flexibility of the system [5], [6]. In addition, the cable slab
is a source of disturbances such as friction and vibrations that
reduces the accuracy of the mover. Therefore, a system with
moving magnets and stationary coils is more attractive for
high-accuracy applications since the cable slab can be omitted.

Digital Object Identifier 10.1109/TMAG.2006.877712

Fig. 1. Planar actuator with moving magnets and stationary coils.

The commutation scheme that determines the current in
each coil depending on the position of the mover with respect
to the stator is very different for a planar actuator than for
regular rotating or linear synchronous machines, since all six
DOFs must be controlled. A standard sinusoidal commutation
scheme using Park-transformation is common in rotating or
linear synchronous machines. If applied to a planar actuator,
the scheme provides position independent forces on the moving
magnet array. However, the torques do vary with the relative
position of the mover with respect to the stator [1], [4]. There-
fore, each coil or group of coils will have to be energized
individually with nonsinusoidal currents to compensate for the
torque disturbance [4].

III. FORCE CALCULATION

Since nonsinusoidal currents are necessary to control the
six DOFs of the planar actuator, it is desirable to analyze the
planar actuator without specifying the commutation scheme in
advance. To investigate this, the calculation of the forces on the
actuator is analyzed first.

There are three common methods for calculating forces in
electromechanical systems, i.e., Maxwell stress, virtual work,
and Lorentz force [7]–[9]. In finite-element packages, forces
are usually calculated using Maxwell stress or the virtual work
method, since these methods can calculate forces accurately be-
tween both current carrying objects (e.g., coils, Lorentz force)
and noncurrent carrying objects (e.g., iron, reluctance force).

The Lorentz force method can only be used to calculate forces
on current carrying objects in free space and is therefore limited
in its use. However, the Lorentz force method is computation-
ally much faster for force calculations than Maxwell stress (in-
tegral) and especially the virtual work method (differential) so
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the Lorentz force method is therefore preferable. To compare
Lorentz force and virtual work force values, the force between
a filamentary coil and a permanent-magnet array is calculated
analytically using both methods.

The virtual work principle is based on the conservation of
energy [12]. The electrical energy input in a coil is equal
to the dissipated energy , the magnetic energy stored in
the system , and the mechanical output energy

(1)

When a conservative system is considered subject to an infini-
tesimal (virtual) displacement , this can be rewritten to

(2)

where is the current in the coil, is the flux linkage of the
coil due to the magnetic field of the magnet array, is the flux
linkage of the coil due to the current flowing through the coil,
and is the force applied by the magnetic field on the coil.
Rewriting (2) and generalizing for three dimensions yields

(3)

where is the vector differential operator. Under the assump-
tion that the coil behavior is linear and the self-induc-
tance does not depend on the position of the coil with respect
to the magnet array, the force equation reduces to

(4)

These assumptions are reasonable when the current density in
the coil is not too high and since there is no iron core, the
self-inductance does not change when the magnets move. The
effect of the magnets having a slightly higher than unity (for
NdFeB magnets , [15]) on the self-inductance
is neglected.

The Lorentz force is calculated according to

(5)

where is the force acting on the coil, is the current density
in the coil, and is the magnetic flux density generated by the
magnet array. For a wire filament , this reduces to

(6)

Consider a rectangular coil with dimensions located
in the local reference frame in – plane as shown
in Fig. 2. Above the coil is a magnet array with reference frame

and pole pitch . The distance between the two
reference frames is , so

.

Fig. 2. Magnet array with filamentary coil in local Cartesian coordinate
system.

The magnetic field underneath the array can be written as an
infinite sum of spatial harmonics [1], [2]:

(7)

The divergence of the magnetic flux density should be zero, i.e.,

Now the coil flux linkage due to the magnet array is calculated:

(8)

(9)

Then, the forces in , , and direction can be calculated de-
pending on the position of the magnet with respect to the coil,
according to the virtual work method and (4)

(10)
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(11)

From (6), the Lorentz force on a filamentary coil is calculated
according to

(12)

which results in exactly the same equations for the force in
each direction as the virtual work method. Since any coil can be
represented as a bundle of filamentary coils, the Lorentz force
method can be used to calculate the forces on the coils as well
as the forces on the magnet array using Newton’s third law.

IV. ANALYTICAL MODEL

In this section, the fast analytical model is described using the
Lorentz force method.

A. Permanent-Magnet Model

To calculate the magnetic flux density underneath the
magnet array, each magnet in the magnet array is assumed to
be ideal with a relative permeability and is modeled as
an equivalent magnetic charge. The magnetic charge model is
derived from the Maxwell equations using the magnetic scalar
potential :

(13)

(14)

(15)

where is the magnetization of the magnet and the magnetic
field strength. Substituting (14) and (15) into (13) results in

(16)

(17)

(18)

The vector potential is introduced:

(19)

and by substituting (19) into (18), a Poisson equation is obtained

(20)

The solution of the Poisson equation is

(21)

where is the source point and the point of evaluation. Sub-
stituting the solution into (19) yields

(22)

(23)

Finally, the expression for the magnetic flux density outside the
magnet volume is obtained:

(24)

(25)

where represents a magnetic volume charge distribu-
tion and the magnetic surface charge . When
the magnetization of the magnet is assumed uniform ,
the magnetic field outside the magnet can be represented by the
magnetic surface charge on the boundary surface of the
magnet only. The surface integral has an analytical solution for
rectangular magnets [13].

To calculate the magnetic flux density of a magnet array,
the magnetic flux density of each magnet can be calculated
separately using the charge model. Then, the total magnetic
flux density generated by the magnet array is calculated by
superposition.

B. Coil Model

The coil is now modeled as a bundle of filamentary wires.
Since the current can be taken out of the line integral (12), the
force on the magnet only depends on the geometry of the coil,
the magnitude and sign of the current and the magnetic flux den-
sity of the magnet array. Therefore, each filamentary wire can
be modeled as a sequence of vectors , making the model very
flexible by allowing almost any coil geometry. This is shown in
Fig. 3.

By eliminating the current from the line integral, any com-
mutation scheme can be used and the six DOF equivalent of
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Fig. 3. Part of coil with vector sequences as filamentary wires.

the motor constant can be calculated for each coil resulting in a
matrix that prescribes the force or acceleration per unit current
for each coil. End effects are included as well, since the charge
model is used to calculate the magnetic flux density underneath
the magnet array, instead of spatial harmonics.

C. Model Implementation

The model is implemented using a combination of C and
Matlab codes, where a compiled C function is used to improve
the calculation time of the magnetic flux density underneath the
magnet array. The data is then loaded into the Matlab workspace
for the force calculation.

The magnetic flux density is not directly calculated in each
coil vector but in a 3-D grid to further save calculation time.
The magnet flux density in each coil vector is then estimated
by interpolation. The advantage of this approach is that it is not
necessary to recalculate the magnetic flux density underneath
the magnet array when the position of the coils changes with
respect to the magnet array or the current in the coil changes.

V. MODEL VALIDATION

In Fig. 4, a 5 5 N-S magnet array is shown with four coils
arranged as a two-phase coil system. The coils in Fig. 4 are
moved one pole pitch ( mm) from the initial position
in both the and directions. The dimensions of the coil and
magnet array are shown in Table I.

This system is modeled in the finite-element package
Maxwell 3D Optimetrics [16] and using the proposed analyt-
ical model. The forces are calculated with both models at 16
different positions of the coil array with respect to the magnet
array and at four different current magnitudes at each position.
All four coils carry the same current.

A. FEM Model

The coil material is copper and the current is uniformly
distributed over the cross section of the coil. The magnets are
NdFeB with a of 1.23 T and a of 1.09. First, the nominal
project (500 At in each coil, 10 A/mm ) calculation was done
with increasing number of elements up to 838 688 elements
resulting in a 0.0881% energy error. The current density is

Fig. 4. N-S magnet array with two-phase coil system.

TABLE I
DIMENSIONS OF COIL AND MAGNET ARRAY

Fig. 5. Virtual force and Lorentz force versus number of elements.

TABLE II
CALCULATED FORCES IN NOMINAL FEM MODEL

chosen high, since such a planar actuator would have a ceramic
heat sink, possibly in combination with water cooling, in an
industrial application.

In Fig. 5, the magnitude of the virtual force on the magnet
array and the Lorentz force on the coils, which are in theory
equal in magnitude but opposite in sign, are shown versus the
number of elements in the FEM simulation. The calculated
forces in each direction are shown in Table II. The convergence
problem in the virtual force on the magnets is mainly due to
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Fig. 6. Relative errors of analytical model at �600 At.

Fig. 7. Relative errors of analytical model at �200 At.

Fig. 8. Relative errors of analytical model at +200 At.

because of the small air gap (numerical error). The other force
components converge more rapidly.

From these plots, it can be concluded that the virtual force is
equal to the Lorentz force and that 1 10 elements are suffi-
cient to obtain a converged solution for the Lorentz force. There-
fore, the predictions of the analytical model are compared to the
Lorentz force of the FEM calculations.

B. Analytical Model

The coils are defined as filamentary wires spaced 1 mm apart
in the - plane. Each wire is divided in points with a corre-
sponding vector , which are spaced 1 mm apart. Along the
height of the coils, multiple 2-D coil grid layers are spaced
2.5 mm apart. The magnets are represented as magnetic surface
charges with and T. The magnetic flux den-
sity is calculated in the space underneath the magnets with a
4 mm resolution in and direction. There is no interpolation
in the direction.

C. Results

The force components in each direction predicted by the ana-
lytical model and the FEM model are compared and the relative
error is calculated for each component

% (26)

The errors are plotted versus position of the coil array at four
different current magnitudes in Figs. 6, 7, 8, and 9 for 600,

200, 200, and 600 At, respectively. The total calculation

Fig. 9. Relative errors of analytical model at +600 At.

Fig. 10. Halbach magnet array with two-phase coil system.

of the FEM model with 200 000 elements was 30 h, and the
analytical model took 12 s.

The errors are between 6% and 0% and can be further re-
duced by increasing the resolution of the magnetic flux density
calculation in the analytical model or by eliminating the inter-
polation altogether. In addition, the resolution of the coil grid
points can be increased to further reduce the error variation be-
tween 6% and 4%. However this increases calculation time
e.g., calculating the forces without interpolation with a 1 mm
resolution in , and direction takes 3.5 min instead of 12 s.
The offset is purely related to the assumption that , which
has been verified by FEM simulation with ideal permanent mag-
nets. The shape of the relative errors, as shown in Figs. 6–9, re-
mains the same. However, the range changes from 3% to 3%.

VI. APPLICATIONS

The model has been developed to evaluate different designs
for planar actuator research at the Eindhoven University of
Technology. To illustrate the use of the model, several applica-
tions are discussed.

A. Topology Optimization

In every application, the key question is to find the best pos-
sible topology to meet the application demands. There are two
magnet array topologies that are often used for planar actuators:
N-S array and the Halbach array shown in Figs. 4 and 10, respec-
tively. The Halbach array produces more force since it generates
a higher magnetic flux density, but the extra Halbach magnets
also add weight to the structure so more force does not neces-
sarily mean higher acceleration.
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Fig. 11. Mean acceleration for magnet array without load.

Fig. 12. Minimum acceleration for magnet array without load.

For two situations, the acceleration of a planar actuator with
both topologies is calculated based on sinusoidal commutation
of the coil currents. This commutation scheme is based on the
assumption that higher order spatial harmonics of the magnetic
flux density underneath the magnet array (7) can be neglected.
All dimensions are in Table I, however, the size of the N–S (

) and Halbach magnets is varied to determine the optimal
array configuration. To cover the complete workspace of the
planar actuator the magnet array is moved half a pole pitch in
both the and direction in ten increments, resulting in a total
of 100 points where the accelerations are calculated for each
topology. Total calculation time is about 6 min.

Case 1) Magnets are glued onto a 5-mm-thick aluminum
back plate and no additional load.

Case 2) Magnets are glued onto a 5-mm-thick aluminum
back plate and 1 kg additional load.

The mean acceleration for the magnet array without load is
shown in Fig. 11 and for the magnet array with load in Fig. 13.
The minimum acceleration for the magnet array without load
and the magnet array with load is shown in Figs. 12 and 14, re-
spectively. The acceleration ripple is the same for both cases and
is shown in Fig. 15.

Fig. 13. Mean acceleration for magnet array with 1 kg load.

Fig. 14. Minimum acceleration for magnet array with 1 kg load.

Fig. 15. Acceleration ripple for both magnet arrays.

The minimum acceleration ripple for the Halbach array re-
sults in very large Halbach magnets. For the N-S array with the
same pole pitch the minimum ripple occurs when the N-S mag-
nets are two third of the pole pitch . The min-
imum ripple is found, when for this topology the distribution of
the -field of the magnet array matches best the commutation
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scheme (i.e., coil currents). The minimum acceleration ripple
of the Halbach array is smaller than the minimum acceleration
ripple of the N-S array.

Although the Halbach array produces more force, the weight
of the additional Halbach magnets results in higher accelera-
tions of the N-S array when there is no additional load on the
platform. However, when the platform has an additional load
of 1 kg the extra force of the Halbach array is needed to lift the
platform and the load, so the Halbach array performs better than
the N-S array in this case.

B. Controllability

The commutation scheme, that determines the current in each
coil depending on the position of the mover with respect to the
stator, cannot be a standard sinusoidal scheme (using Park trans-
formation) in case of a contactless planar actuator. Therefore, it
is necessary to investigate the performance of the motor without
specifying a commutation scheme. In addition, it is important to
determine whether the motor has good controllability within the
workspace. To investigate the controllability, the coupling be-
tween currents in the coils and accelerations of the mover must
be analyzed.

In general, accelerations in an electomechanical motion
system [10], [11] can be described as

(27)

where is a vector with all coil currents and is the
motor coupling matrix linking currents to accelerations.

To ensure good controllability, matrix should have numer-
ical rank 6 and its condition number should be sufficiently low
to allow decoupling of the forces and torques (e.g., by using
the pseudoinverse ). A well-known technique to
test these properties is the singular value decomposition (SVD,
[14]). The SVD decomposes into

(28)

where and are unitary and is a diagonal matrix. The
values on the diagonal of are called the singular values of .
Since is real, and are orthogonal. The 2-norm of any
vector multiplied by an orthogonal matrix remains the same.
This means that all the energy conversion from the current
vector to accelerations is defined by .

The condition number of a nonsquare matrix is calculated
using the singular value decomposition and its value is defined
as

(29)

In Fig. 16, a planar actuator is shown with 25 coils under-
neath the 5 5 N-S magnet array. Using the model, the force
per unit current is calculated for each coil at different positions
to assemble . The calculation takes about 4 min and results are
shown in Fig. 17. Assuming that the model has two significant
digits, an upper limit for the condition number is .

The six singular values of are a measure of how efficiently
currents are converted to forces for each DOF. Therefore, the

Fig. 16. Layout of planar actuator with N-S magnet array.

Fig. 17. Condition number ofK of a 5� 5 N-S array.

Fig. 18. Mean singular value ofK of a 5� 5 N-S array.

mean value of the singular values is a measure of the motor
performance. In Fig. 18, the mean singular value is shown for the
N-S magnet array. There is an undesirable drop in performance
when the magnet array is moved one pole pitch from its initial
position.

If possible, the magnet array should be changed in order to
get a more constant behavior. The same simulation is done with
a 6 6 magnet array to investigate the effect of the magnet
array size on its controllability and performance. The simulation
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Fig. 19. Condition number ofK of a 6� 6 N-S array.

Fig. 20. Mean singular value ofK of a 6� 6 N-S array.

results are shown in Figs. 19, and 20 for the N-S array condition
number and the mean singular value, respectively.

The controllability of the array is now almost constant
throughout the workspace of the planar actuator. The per-
formance has a lower maximum than the 5 5 arrays but it
is almost constant which is not the case for the 5 5 array.
The 6 6 array is therefore preferable over a 5 5 array in
combination with this two-phase coil array.

VII. CONCLUSION

The analytical model, that uses the charge model to describe
the permanent magnets and filamentary wires to describe the
coils, is a fast and reliable tool for use in the design of an ironless
permanent-magnet planar actuator with air-core coils.

By using the charge model to calculate the magnetic flux den-
sity underneath the magnet array, instead of spatial harmonics,
end effects are also included in the model.

The model can predict the performance of various magnet
array and coil array topologies. Its flexibility allows for the

testing of different commutation algorithms and the calculation
of the motor coupling matrix that links the current in each coil
to accelerations or forces on the translator.

Using the motor coupling matrix, the motor controllability
and performance can be evaluated without specifying a com-
mutation scheme or control method.
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