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Preferential diffusion is very important in simulations of hydrogen flames. Flame
stretch and curvature induce strong preferential diffusion effects in laminar premixed
hydrogen flames, causing strong local deviations from the unburnt mixture fraction in
the reaction zone. In tabulated chemistry methods, this necessitates the use of a par-
tially premixed model even if the inlet mixture is purely premixed. Furthermore, in
realistic combustion problems heat losses often play a dominant role. In this paper we
derive a preferential diffusion model for constant but non-unity species Lewis num-
bers using three controlling variables, namely mixture fraction, progress variable and
enthalpy. The model has been implemented in the Flamelet Generated Manifold (FGM)
approach and validated by comparing with detailed chemistry simulations. As a test
case we investigate a 2D laminar premixed hydrogen flame stabilised on an isothermal
slit burner. Additionally, the model was compared with the standard treatment of pref-
erential diffusion in FGM to show the increase in accuracy of the new model presented
in this paper. The new model shows a significant improvement compared to the previ-
ous model, which can be attributed to the inclusion of cross-diffusion. The importance
of the additional diffusion terms and its variation in mixture fraction for initially purely
premixed hydrogen flames is highlighted.

Keywords: Preferential diffusion; flamelet generated manifold; laminar premixed
flames; hydrogen

1. Introduction

Hydrogen is a carbon-free fuel that is an interesting alternative to hydrocarbon fuels.
Hydrogen–air combustion and its combustion properties have been investigated for
decades and detailed reaction mechanisms as well as data on laminar flame speed are cur-
rently available [1–5]. For detailed 3D combustion simulations, many advanced models are
available but a direct detailed chemistry simulation involving the solution of the transport
equations of all species occurring during the reaction process is often computationally too
expensive to use in an industrial design workflow.

Accurate reduced order models are available and in this paper we focus on the Flamelet
Generated Manifold method [6–8]. The basic idea of FGM is that the transport equations
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for detailed chemistry are solved in 1D and its solution (species mass fractions, reaction
source terms and thermodynamic properties) is stored as a function of a reaction progress
variable. When the FGM method is used in 3D CFD simulations, the transport equation
of the progress variable is solved additional to the flow equations and other quantities
of interest are retrieved from a lookup table. The FGM technique can be extended with
more transported variables to increase its range of applicability. When heat losses play an
important role, they can be taken into account by storing data of multiple 1D flamelets for
different enthalpy levels in a 2D lookup table and solving an additional transport equation
for total enthalpy in the detailed combustion simulation [6]. For partially premixed flames,
the mixture fraction can be added as an additional controlling variable to describe changes
in local fuel-air ratio. The dependent variables are now a function of the controlling vari-
ables, (Y , h, Z), where Y is the progress variable, h the total enthalpy and Z the mixture
fraction, and stored in a 3D lookup table.

In many combustion approaches, one of the first assumptions made is that the mass dif-
fusivity Dk of all species equals the thermal diffusivity Dth, which implies a unity Lewis
number approach for all species k [9]: Lek = Dth/Dk = λ/ρcpDk = 1, with λ, ρ and cp, the
thermal conductivity, density and heat capacity of the mixture, respectively. A less restric-
tive assumption is to assume that the Lewis number is constant but different for each of
the species. More advanced diffusion models are based on the Stefan–Maxwell equations,
which are a generalisation of Fick’s diffusion law [10,11]. For ideal gases, this means that a
binary diffusion matrix Dij needs to be evaluated. These multicomponent diffusion models
are much more expensive compared to the constant Lewis number approach to evaluate
and therefore less attractive to use.

Hydrogen diffusivity in air is large compared to the thermal diffusivity, and the Lewis
number of molecular hydrogen is approximately Le ≈ 0.3. Furthermore, the diffusion of
hydrogen is affected by local flame stretch and curvature. In case of a Bunsen flame this
causes a local reduction of reaction intensity in the flame tip due to the diffusion of hydro-
gen out of the flame tip (with positive curvature) towards regions of negative curvature,
resulting in a tip opening [12]. Hydrogen is then concentrated near the base of the Bun-
sen flame, causing anomalous blow-off behaviour [13]. Such phenomena can be taken into
account in flamelet models like FGM by considering 1D detailed chemistry that include the
effect of non-unity Lewis numbers for the species, and by extending the FGM approach
with extra degrees of freedom to take into account the local variations in element mass
fractions and enthalpy [7,14,15].

Other work on preferential diffusion models can be found in e.g. Regele [16] using a
single non-unity Lewis number for the fuel. Schlup et al. [17] extended this work by deriv-
ing a mixture-averaged diffusion model and including thermal (Soret) diffusion. Both of
these works propose to include additional terms in the equation for mixture fraction. De
Swart et al. [14] systematically derived a generic transport equation including preferential
diffusion for every control variable of the manifold. In Donini et al. [15], this approach was
applied to a 3D FGM with progress variable, enthalpy and the generalised mixture fraction
based on element mass fractions following the definition of Bilger [18]. The preferential
diffusion model in these papers was derived based on the assumption that the gradient
of progress variable is much larger than the gradients of the other control variables. As
a result, the preferential diffusion flux of each control variable is only a function of the
gradient of the progress variable, leading to preferential diffusion terms recast in such a
way that they can be efficiently implemented in the FGM lookup table without the need
to solve and store the cross-diffusion terms, e.g. the preferential diffusion flux of mixture
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fraction due to a gradient in mixture fraction or enthalpy. However, this still leads to large
discrepancies in pure hydrogen flames where preferential diffusion plays an important
role.

In this work, we extend the work of Donini et al. by relaxing this assumption. In this way,
we can take into account cross-diffusion, which turns out to lead to significant improve-
ments compared to the implementation of Donini et al. for the hydrogen flames investigated
here.

Our paper is structured in the following way: The theoretical framework detailing the
new model for preferential diffusion is explained in Section 2. In Section 3, the computa-
tional set-up is discussed and the detailed chemistry simulations for validation are shown.
The FGM simulations are then compared to these simulations and the results are discussed.
We discuss two cases, a lean case with φ = 0.5 and a rich case with φ = 1.5. Both cases
are laminar and initially purely premixed hydrogen–air flames. Finally, in Section 4 we
finish the paper with the major conclusions that can be drawn from this research.

2. Theoretical framework

We propose a novel method to account for the effects of preferential diffusion while solv-
ing the transport equations for FGM control variables. The method is derived for control
variables that are defined as linear combinations of species mass fractions by

C =
Ns∑

i=1

αiYi, (1)

where Yi is the mass fraction of species i, αi is its linear coefficient and Ns is the total
number of chemical species considered. This subclass of control variables consists of
chemically reactive control variables, also known as progress variables Y , and the chem-
ically conserved combinations of mass fractions of chemical elements, such as mixture
fraction Z. These control variables are governed by the following transport equation

∂ρC
∂t

+ ∇ · (ρuC) −
Ns∑

i=1

αiωi = −∇ · jC , (2)

with u the velocity vector, ωi the reaction source term of species i, and ρ the density. It
is worth noticing that the reaction source term in the above equation vanishes for mixture
fraction or other combinations of element mass fractions. The contribution of the molecular
diffusion to the transport balance Equation (2) is given on the right-hand side (RHS) with
jC being the diffusion flux vector of the control variable. Denoting the diffusion velocity
of species i by Ui, the diffusion flux of the control variable reads

jC =
Ns∑

i=1

αiρUiYi. (3)

In this Section, the method is derived for a constant Lewis number diffusion model in
order to keep the derivation straightforward and the equations compact. In Appendix 1, the
resulting equations are shown for a more advanced mixture-averaged diffusion model and
thermal diffusion.
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Under constant, non-equal Lewis numbers (Lei) assumption, the species diffusion fluxes
can be modelled as [10]

ρUiYi = − 1

Lei

λ

cp
∇Yi, i = 1, . . . , Ns − 1, (4)

where λ is the conductivity and cp is the specific heat capacity at constant pressure. As the
total sum of diffusion fluxes is zero,

∑Ns
i=1 UiYi = 0, the diffusion flux of one correction

species, here for simplicity denoted as the species with the last index i = Ns, is given by

ρUNs YNs =
Ns−1∑
i=1

1

Lei

λ

cp
∇Yi. (5)

In Appendix 1, the expressions are presented in which a correction velocity is applied
to all species. Substituting Equations (4) and (5) in the expression for the control variable
diffusion flux Equation (3) yields

jC = −
Ns−1∑
i=1

αi − αNs

Lei

λ

cp
∇Yi. (6)

The above equation gives the diffusion flux of the control variable being any linear com-
bination of species mass fractions, under the assumption of constant Lewis numbers. In
principle, it can be evaluated directly during a CFD simulation. To do that, the mass frac-
tions of all involved chemical species, αi �= 0, have to be stored separately in the FGM
table during pre-processing, and during each iteration/timestep of the simulation they have
to be looked up and their gradients have to be computed. Whereas the progress variable
is often based on a small number of species, element mass fractions are usually based on
a large portion of the Ns species, while in case of mixture fraction αi �= 0 for all Ns mix-
ture components. This means that evaluating Equation (6) directly leads to a large storage
demand. As will be explained below, direct evaluation can be prevented by rewriting the
expressions.

We propose a simple workaround to avoid storing of all species mass fraction in the
manifold, to reduce memory usage, and to avoid a lookup and gradient evaluation for all
species, saving computational power and simulation time. The proposed method allows to
account for preferential diffusion of control variables in the context of FGM reduced chem-
istry in a very cost-efficient way, without introducing further assumptions. In Equation (6),
the constant coefficients αi along with the constant Lewis numbers and the summation over
species index i are moved inside the gradient operator, yielding a much easier to evaluate
expression for the control variable diffusion flux:

jC = − λ

cp
∇
(

Ns−1∑
i=1

αi − αNs

Lei
Yi

)
︸ ︷︷ ︸

βC

. (7)

Using the above expression for jC , the gradient of only one additional tabulated variable
βC , which is computed in a pre-processing step and stored in the FGM table, is computed,
while the expression is equivalent to Equation (6) and does not introduce any additional
assumptions.
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In general, this workaround is possible if summations of all quantities dependent on
index i can be gathered either inside the gradient operator or outside of it. A derivation
similar to the above for progress variable and mixture fraction can be applied to the trans-
port equation of enthalpy, which can also serve as an FGM control variable and has a
preferential diffusion term. The enthalpy h transport equation reads:

∂ρh

∂t
+ ∇ · (ρuh) = −∇ · q (8)

with q the heat flux given by

q = −λ∇T +
Ns∑

i=1

ρUiYihi, (9)

where hi is the specific enthalpy of species i. Under constant (non-equal) Lewis numbers
approximation, the heat flux can be modelled substituting Equations (4) and (5) for ρUiYi

in Equation (9):

q = −λ∇T −
(

Ns−1∑
i=1

(
hi − hNs

) 1

Lei

λ

cp
∇Yi

)
. (10)

Again, in theory it is possible to compute the heat flux by the above expression during the
FGM simulation. The following rearrangement allows to reduce the number of computed
gradients to two: the term in brackets in Equation (10) is expanded using the product rule
for derivatives

q = −λ∇T

− λ

cp

Ns−1∑
i=1

∇
((

hi − hNs

)
Yi

Lei

)
+ λ

cp

Ns−1∑
i=1

Yi

Lei
∇ (hi − hNs

)
(11)

Using the definition of the specific enthalpy of species hi, its spatial gradient can be
represented as ∇hi = cpi∇T . where cpi is the specific heat capacity at constant pressure
of species i. This can be substituted for hi in the last term of Equation (11), which then
becomes

λ

cp

Ns−1∑
i=1

Yi

Lei
∇ (hi − hNs

) = λ

cp

(
Ns−1∑
i=1

cpi − cpNs

Lei
Yi

)
∇T (12)

Substituting the above in Equation (11) and gathering the terms in ∇T the final rearranged
expression for heat flux q is obtain:

q = − λ

cp

βh1︷ ︸︸ ︷(
cp −

Ns−1∑
i=1

cpi − cpNs

Lei
Yi

)
∇T

− λ

cp
∇
(

Ns−1∑
i=1

hi − hNs

Lei
Yi

)
︸ ︷︷ ︸

βh2

. (13)
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Again, this expression for heat flux q is equivalent to that of Equation (10) and does
not require any additional assumptions. Again, βh1 and βh2 are computed during the pre-
processing and stored in the table and applied during an FGM simulation by first looking
up and then computing the spatial gradients for temperature and βh2.

3. Model verification and validation

3.1. Simulation set-up

For the validation of the model, we have performed simulations of a 2D planar laminar
premixed flame stabilised on top of an isothermal burner. A schematic of the geometry is
shown in Figure 1. The burner plate is 1 mm thick with slots of 0.8 mm wide. Such small
holes are necessary in perforated plate burners to prevent flash-back. In the simulations,
half of the shown geometry is simulated, with planar symmetry conditions on both sides of
the domain. The width of the computational domain is 0.8 mm and the length is 8 mm. The
burner wall is kept at a constant temperature of Tw = 300 K. The inlet boundary conditions
used for this case can be found in Table 1.

Figure 1. The computational geometry and boundary conditions (left) and the mesh resolution
(right) used in the validation study.

Table 1. Inlet boundary conditions for φ = 0.5.

Property U [m/s] Z [–] h [kJ/kg] Y [–] T [K]

Value 0.565 0.01446 2227 −0.5747 300
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The unburnt mixture consists of hydrogen and air (XO2
= 0.21 and XN2

= 0.79) with
an equivalence ratio of φ = 0.5 at standard atmospheric pressure (P = 101325 Pa) and
temperature (Tu = 300 K). After the discussion of this lean hydrogen flame we will also,
briefly, discuss the results for a rich hydrogen flame with φ = 1.5. The hydrogen mecha-
nism from the National University of Ireland, Galway is used, which has 44 species and
251 reactions [1]. This chemical mechanism includes an extensive part for the formation
of NO_x, which results in its relatively large size for a reaction scheme intended for hydro-
gen and syngas combustion. However, prediction of NO_x in hydrogen flames has a large
importance for industrial applications, while a strength of the FGM method is its capacity
to conveniently reduce detailed chemical schemes of arbitrary complexity. The inlet veloc-
ity of the unburnt mixture is Uu = 0.565 m/s, which is equal to the laminar flame speed
for this equivalence ratio. The blockage ratio of the burner is 0.5, so inside the burner
hole the average velocity will increase to 1.13 m/s. This laminar flame speed as well as the
1D solutions to create the FGM lookup tables were computed using the 1D flamelet code
CHEM1D.

A quadrilateral mesh with a cell size of 0.01 mm was used, throughout the domain as
seen in Figure 1. Flame adaptive mesh refinement was not considered for this research to
simplify the computation of gradients in the a-posteriori analysis Figure 7.

A commercial finite volume flow solver was used (ANSYS Fluent version 19.2) and
our FGM implementation was coupled to the solver using User Defined Functions. For all
simulations, a pressure based steady pseudo-transient coupled solver was used with a third
order MUSCL scheme for the spatial discretisation. For the detailed chemistry simulations,
the built-in Chemkin-CFD solver was used. Transport properties were computed using a
mixture-averaged approach. Thermal diffusion was neglected for all simulations in this
paper. A relative comparison of computational times for the FGM and the detailed chem-
istry was performed. A single iteration in the FGM computation was around 50 times faster
compared to detailed chemistry. Furthermore, convergence can usually be obtained in 100–
200 iterations, whereas the detailed chemistry simulations needed much more iterations
(order of 10,000 iterations).

3.2. FGM generation

The FGM is generated from adiabatic, isobaric premixed hydrogen–air flamelets. A free
premixed flamelet configuration is utilised for the enthalpy levels corresponding to the
unburnt mixture temperature between Tu = 300 K and Tu = 920 K, which is the flamma-
bility limit. The remaining flamelets at lower enthalpy levels are computed using a
burner-stabilised configuration [19], with the temperature of the burner set equal to the
wall temperature, Twall = 300 K. A series of these flamelets is computed, prescribing inlet
mass flux as a parameter that is lowered in steps in order to achieve higher magnitudes
of heat loss to the burner. To include the effects of the variation of the mixture frac-
tion, the above procedure for the flamelets generation is repeated for several values for
the inlet equivalence ratio, φ. The three-dimensional flamelet data is parametrised in the
FGM by three control variables, mixture fraction Z, enthalpy h and the reaction progress
variable Y .

The progress variable is chosen such that all relevant quantities are represented uniquely
in progress variable – enthalpy – mixture fraction space. In order to guarantee the satis-
faction of this criterion, the progress variable definition is found following the automated
optimisation procedure of Niu et al. [20]. The definition of the progress variable used here
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Table 2. Weights of chemical species in the definition of the reaction progress variable.

Species i H2 H O2 O H2O OH H2O2 HO2

αi −7.36 −23.01 −2.04 −4.8 1.83 −15.31 −57.02 24.55

is given in Table 2 and was not normalised, leading to a progress variable ranging from
[−0.65, 0.06]. It is worth mentioning that, as long as the progress variable definition is
ensured to provide a unique parametrisation, its exact choice has been verified to have
no significant difference on the simulation results. The test simulations have also been
performed using various other progress variable definitions, both manually chosen and
automatically optimised. It has been observed that the effect of another choice of progress
variable definition on the prediction accuracy of the major physical quantities was below
1 %. The adoption of the optimisation strategy for the progress variables actually reduces
the complexity and increases the robustness of the progress variable selection procedure.
This is explained by its convenience to ensure a valid parametrisation for all conditions in
the given flamelet data without the need for cumbersome manual selection of the species
weights αi. The increased table interpolation accuracy due to the reduction of the gradients
in the manifold is an extra benefit.

The mixture fraction is defined as a normalised linear combination of element mass
fractions Zj of element j, which for hydrogen leads to [18,21,22]:

Z = (2MH)−1(ZH − ZH,2) − M −1
O (ZO − ZO,2)

(2MH)−1(ZH,1 − ZH,2) − M −1
O (YO,1 − ZO,2)

, (14)

where the subscripts 1 and 2 refer to the fuel (H2) and oxidiser (air) and YO2,u refers to
the oxygen mass fraction in the unburnt mixture. Since the element mass fractions are
linear combinations of the species mass fraction, Zj = ∑

wijYi, with wij the mass fraction
of element j in species i, the mixture fraction Z is also a linear combination of species mass
fractions, cf. Equation (1).

Figure 2 shows a schematic representation of the technique used to generate the man-
ifold. Two-dimensional manifolds with enthalpy and progress variable as controlling
variables are generated for equivalence ratios φ ranging from 0.3 to 1.6. These are shown
for three values of φ in the first three subplots of Figure 2. The last subplot illustrates how
those 2D manifolds can be assembled into a 3D FGM. To ease the lookup, after such a
curvilinear 3D manifold is generated, the table data are interpolated on a tensor mesh with
a resolution of 32 × 480 × 320 points in Z − h − Y space. In the FGM simulations, the
Ns − 1 species equations and the energy equation are replaced by transport equations for
the three control variables given by

∂ρZ

∂t
+ ∇ · (ρuZ) − ∇ ·

(
λ

cp
∇βZ

)
= 0, (15)

∂ρh

∂t
+ ∇ · (ρuh) − ∇ ·

(
λ

cp
βh1∇T + λ

cp
∇βh2

)
= 0, (16)

∂ρY
∂t

+ ∇ · (ρuY) − ∇ ·
(

λ

cp
∇βY

)
= ωY , (17)
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Figure 2. Cross section of the FGM for three different equivalence ratios with the contour plots of
the rate of heat release ωT and a schematic of the 3D FGM.

with βZ , βY obtained from Equation (7), βh1, βh2 computed from Equation (13) and ωY =∑
αiωi the reaction source term of progress variable. During runtime, all required transport

coefficients, density and the source term of progress variable are looked up in the manifold
by means of linear interpolation.

3.3. Results and discussion

3.3.1. Comparison of diffusion models using detailed chemistry

Before analyzing the FGM results, the validity of the constant Lewis number assumption
is investigated. Figures 3 and 4 show results for two detailed chemistry simulations using
different diffusion models. The first diffusion model uses the ‘full’ multicomponent diffu-
sion model based on generalised diffusion coefficients from Stefan–Maxwell’s equations,
which will be referred to as MC [23]. The second diffusion model is a simplified model
where the diffusivities are computed using constant Lewis numbers for each of the species
which are obtained by fitting the results of a 1D flame simulation employing the MC model
[24].

A comparison between the two results is shown in Figure 3 for the FGM controlling
variables (Y , h, Z), which have been reconstructed from the detailed chemistry results. In
general, a very good agreement is observed. The reduction in mixture fraction near the
flame tip (y ≈ 1 mm) and the increase above the flame holder due to preferential diffusion
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Figure 3. Comparison between the constant Lewis number approach and the full multicompo-
nent diffusion model for the detailed chemistry simulations, showing from left to right the mixture
fraction, enthalpy and progress variable.

Figure 4. Comparison between the constant Lewis number approach and the full multicomponent
diffusion model for the detailed chemistry simulations, showing from left to right the temperature,
total heat release rate and the mass fraction of H2.

effects are predicted by both models. The mixture fraction is lower at the flame tip (≈ 5%)
for the MC case compared to the constant Lewis number case. Also for the enthalpy, the
MC case has a lower value at the flame tip. Heat loss to the burner results in a significant
enthalpy drop at the top of the burner plate, which differ less than 3% for the two the
models. The progress variable result shows that the location of the flame front is in good
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Figure 5. Visualisation of the local variation in Lewis numbers for H2 and O2.

agreement between the two diffusion models. The flame height in the MC result is only
0.8% larger, estimated by looking at the position of T = 1000 K along the symmetry line.
The increase of mixture fraction above the flame holder also results in increased values
of the progress variable, which is predicted by both models with less than 5% deviation
between the models.

A comparison between the two models for temperature, heat release rate and the mass
fraction of hydrogen YH2 is shown in Figure 4. The leaner mixture fraction at the tip for the
MC case produces a slightly longer flame (approximately 2%) as the flame speed decreases
locally in that region. This also explains the slightly lower enthalpy and progress variable
levels at the tip, which is an indication of the flame reaching equilibrium later than the
constant Lewis case, which is in line with the observation of a higher flame height. In
Figure 5, the local variation of the Lewis numbers of H2 and O2 has been plotted. It is
clear that the Lewis number changes across the flame front for the MC diffusion case. This
local variation in Lewis number gives rise to a Lewis number gradient, which manifests
as the flux term εC in Equation (A2). However from the plots of the control variables and
dependent variables, it can be concluded that the effects of this term on the results are
minimal and that the contribution of εC can be neglected. Similar levels of accuracy for the
constant Lewis assumption were also found in 1D methane flames in [24] by Smooke et al.
It can be concluded that for this test case the assumption of constant species Lewis numbers
has a negligible effect on the simulation results.

3.3.2. FGM results for a lean case with φ = 0.5

A comparison of the control variables used in the FGM simulations, and the corresponding
values computed from the detailed chemistry simulations using constant Lewis numbers
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Figure 6. Comparison between detailed chemistry constant Lewis number approach and the two
FGM models, showing from left to right the mixture fraction, enthalpy and progress variable.

are presented in Figure 6. The left half of each plot shows the results from detailed chem-
istry simulations with constant Lewis numbers and the other half shows the FGM results.
For the new FGM model (top row) quite good agreement with the detailed chemistry case
is seen, only a slight reduction of 11% in the flame height is observed for the FGM simula-
tions. The tip of the flame is 9% richer than for the detailed chemistry case. Similar trends
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Figure 7. Preferential diffusion flux of mixture fraction jp,Z . Left subplot shows the flux vector
component in the direction perpendicular to the flame surface, right subplot gives the flux vector
component parallel to the flame surface. Solid white lines show the flamelet paths, dashed white
lines represent the flame surfaces. For each flux component, the colour gives the magnitude and
black arrows show the direction of the occurring transport.

are seen for enthalpy and progress variable. The same variables are plotted in the bottom
row for the Donini et al. model. For this model, the control variables at the tip on the cen-
treline at x = 0 are underpredicted and large deviations are seen from x = 0.4 to 0.8 just
above the burner deck. Comparing the two models, it is clear that the work presented in
this paper shows significant improvement over the earlier method. The overprediction of
local mixture fraction values that is seen in the Donini et al. model has now been elimi-
nated. Similarly, better results are observed for the other two control variables; enthalpy
and progress variable. Compared to the detailed chemistry results, qualitatively, the new
FGM results show good agreement.

3.3.3. Preferential diffusion flux

The main difference between the new method presented in this paper and the method from
Donini et al. resides in the treatment of the preferential diffusion term during the solu-
tion of the transport equations of the control variables. In our derivation, we are fully
accounting for the preferential diffusion flux vector, including its component parallel to
the flame surface, whereas the method from Donini et al. is neglecting that component.
To illustrate the difference, the detailed chemistry results for the preferential diffusion
flux jp,Z of mixture fraction are shown in Figure 7. This preferential diffusion flux of
mixture fraction is found by subtracting the unity Lewis diffusion term from the total dif-
fusion flux, jp,Z = jZ + λ

/
cp∇Z. The left panel shows the component of the flux vector

directed orthogonal to the flame surface. This direction of the flame normal vector n locally
describes the direction of the flamelet path [8] and is obtained using

n := ∇Y
‖∇Y‖ . (18)
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This component of the preferential diffusion flux causes mixture fraction transport follow-
ing the flamelet paths, which are shown in the figure by the solid white lines. While the
colour corresponds to the magnitude of the flux component, the direction of this transport is
from the unburnt to the burnt side as indicated by the black arrows. This component of the
preferential diffusion flux of the mixture fraction is the main contributor to the formation of
the lean area in the preheat zone and the flame tip and the formation of the rich area on the
burnt side above the burner. The second panel in Figure 7 shows the remaining component
of the preferential diffusion flux vector of the mixture fraction. Its direction is indicated
by the black arrows of the vector τ (with τ⊥n), which is parallel to the flame surfaces
shown by the dashed white lines (corresponding to the isolines of the progress variable
Y). As can be observed, the main effect of the τ -component of the flux is the transport
of mixture fraction towards the tip of the flame. Comparing the magnitudes of the two
components of jp,Z it can be concluded, that even though the main transport takes place in
the n-direction, along the flamelet paths, the cross-flamelet preferential diffusion in the τ -
direction is roughly a quarter of that and therefore has a significant contribution. Evidently,
the τ -term increases the values of mixture fraction in the flame tip (making the mixture less
lean). In the method of Donini et al. this contribution is not accounted for, which causes
the underestimation of mixture fraction in the flame tip using this method. On the other
hand, the method introduced in this work intrinsically includes these effects, resulting in
a more correct prediction for the mixture fraction. Analogous effects are observed for the
other two control variables, yielding a higher overall accuracy of the new method.

3.3.4. Temperature, hydrogen and nitrogen monoxide

The results for two other dependent variables, temperature T and hydrogen mass fraction
YH2

, are plotted in Figure 8 for both FGM models. The new FGM model shows good
agreement with the detailed chemistry results. However, just like the control variables in
Figure 6, the flame height is slightly reduced for the new preferential diffusion model. The
flame temperature and YH2

values at the outlet closely match the detailed chemistry case
since these variables are mainly dependent on the inlet values due to global conservation,
while the position of the flame is dependent on the flame speed. The higher laminar flame
speeds due to the overprediction of heat release rates seen in the FGM simulations, an
indication of higher reaction rates, results in a lower flame height. Compared to the old
model there is significant improvement. Due to the underpredicted mixture fraction and
enthalpy in the old model, the flame height is much higher because a leaner mixture fraction
results in lower flame speeds. Also, in Figure 6 a high temperature zone is seen above the
burner deck where the mixture fraction is much higher compared to the detailed chemistry
as well as our new FGM simulations. In this zone, the temperature is about 300 K higher
than in the simulations with our new model.

Additionally, since NO emissions are particularly important for practical industrial
application of flame simulation models, the NO mass fractions obtained from the detailed
chemistry, the old and the new model have been plotted in Figure 9. In the FGM approach,
an additional transport equation was solved for the mass fraction of NO. The production
and consumption terms for NO are stored in the FGM database. Since the consumption of
NO is linearly dependent on NO concentration, this term is divided by the mass fraction
of NO during the generation of the manifold. In the CFD computations, the consumption
term is then multiplied by the mass fraction of NO computed from the transport equation,
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Figure 8. Comparison of temperature and H2 mass fraction contour plots between detailed
chemistry and FGM calculations.

Figure 9. Comparison between detailed chemistry and the old and new preferential diffusion
models, showing the mass fraction of NO.

as proposed by Ihme and Pitsch [25]. Even though the utilised reaction mechanism con-
tains many reactions that consume NO, only the three thermal NO reactions are linearised
as argued in [26]. The linearised source term is then used in a transport equation for NO in
the 2D solver. Significant improvement over the old model can be seen. At the outlet, the
mass flow averaged value of NO for the new model deviates from the detailed chemistry
case by only 10% while for the old model it is 200%. Similar to the other dependent vari-
ables, the higher values of NO can be attributed to the incorrect prediction of the control
variables. Specifically, the rich mixture fraction levels in the region from x = 0.4 to 0.8
just above the burner deck causes significantly higher production of NO compared to the
detailed chemistry results. This region also coincides with the high temperature zone seen
in Figure 8.
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Figure 10. Comparison between detailed chemistry constant Lewis number approach and new and
old FGM models, showing the heat release rates. Additionally results from an a priori analysis of the
new FGM model has been compared with the detailed chemistry results.

3.3.5. Heat release rate

Although the new method greatly improves the accuracy of hydrogen combustion mod-
elling, there is still room for improvement. The control variables plots in Figure 6 showed
that the prediction of the flame height is slightly lower than the detailed chemistry results
(by approximately 10 %). A larger discrepancy can be observed in the results for the rate
of heat release ωT in Figure 10.

The rate of heat release is a dependent variable and retrieved from the manifold table
as function of the control variables. The first two subplots in the figure show the results
obtained with respectively the novel preferential diffusion model and the model from
Donini et al. For both reduced methods the rate of heat release is overpredicted. The
overprediction using the old method is around 50 %. In the case of the new method the
overprediction is twice as small, in addition it yields a better qualitative representation for
the shape of the variable. The flame tip opening observed in hydrogen flames [12,13] and
induced by strong preferential diffusion, is reproduced by the preferential diffusion model,
although compared to the detailed chemistry case the effect is overpredicted, leading to a
larger tip opening.

Using the new approach results in a more accurate solution of the control variables
and this translates in a better representation of the dependent quantities. To investigate
the origin of the inaccuracy in the heat release rate, the third subplot in Figure 10 shows
an a priori result for the rate of heat release, which is obtained by retrieving the depen-
dent variables from the lookup table using the control variables reconstructed from the
detailed chemistry solution. By performing this a priori analysis we can then determine
how accurate the results for a dependent quantity are if the control variables would have
been solved with a perfect accuracy. We can now compare to the a priori results from
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Table 3. Inlet values for velocity, control variables and temperature for φ = 1.5.

Property U [m/s] Z [–] h [kJ/kg] Y [–] T [K]

Value 2.815 0.042166 2908 −0.765455 300

the third subplot with the results in the first subplot and we see that there is almost no
difference. This means that further improvement of the accuracy of the solution of the
control variables equations, which is the main concern and the contribution of this work,
would only lead to a marginal improvement of the underlying results. Since Figure 6
showed a good agreement for the control variables, the source of the remaining dis-
crepancies is related to the FGM modelling and the construction of the manifold. The
next step in improving the accuracy of these simulations would be to investigate the
assumptions made for the generation of the manifold, A possible example is using a
flamelet configuration that includes the effects of stretch, as discussed by van Oijen and
de Goey [7,8].

3.3.6. FGM results for a rich case with φ = 1.5

To show the range of applicability, simulations for φ = 1.5 have also been performed.
As discussed earlier, preferential diffusion leads to local changes in mixture fraction and
equivalence ratio. For φ = 1.5, the resulting range of equivalence ratios found in the sim-
ulations is still contained in the FGM lookup table created earlier. Therefore, the same
lookup table can in principle be used for inlet equivalence ratios of φ = 0.5 and φ = 1.5.
However, since the mean species Lewis numbers Lei change (slightly) depending on the
equivalence ratio, for these simulations the FGM was recreated using the mean species
Lewis numbers obtained from the 1D computations with φ = 0.5. To prevent the flame
from flashing back, the inlet velocity was increased to Uu = 2.815 m/s, ensuring a velocity
higher than the laminar flame speed of the hydrogen–air mixture at φ = 1.5 at the burner
slit. The inlet mixture fraction, enthalpy and progress variable was modified accordingly
to the values found in Table 3.

First, the detailed chemistry simulations using the multicomponent diffusion model were
again compared with simulations where a constant species Lewis numbers approach was
used to assess the validity of the constant Lewis number approach. The comparison for
the independent variables are shown in Figure 11 and for the dependent variables tem-
perature, heat release rate and hydrogen mass fraction in Figure 12. Compared to the
multicomponent diffusion simulations, the constant Lewis number approach leads to an
overestimation of the flame length of approximately 2%, which was estimated from the
location of T = 1000 K at the symmetry line. This discrepancy was smaller for the lean
hydrogen flame, where the constant Lewis number approach led to an underestimation of
the flame length by approximately 0.8%. A better match between these two approaches
for rich flames can probably be found by optimising the species Lewis numbers, but in the
research presented here no further optimisation of Lei was done.

The comparison between the FGM results and the detailed chemistry results with
constant species Lewis number can be seen in Figures 13 and 14. Again we find in
general a good agreement between FGM and detailed chemistry. The progress variable
shows a slightly more diffusive behaviour above the burner in the FGM simulations,
and the minimum enthalpy above the burner is higher in the case of FGM. We can also
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Figure 11. Comparison between the constant Lewis number approach and the full multicomponent
diffusion model for the detailed chemistry simulations of the rich hydrogen flame (φ = 1.5), showing
from left to right the mixture fraction, enthalpy and progress variable.

Figure 12. Comparison between the constant Lewis number approach and the full multicomponent
diffusion model for the detailed chemistry simulations of the rich hydrogen flame (φ = 1.5), showing
from left to right the temperature, total heat release rate and the mass fraction of H2.
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Figure 13. Comparison between detailed chemistry constant Lewis number approach and the FGM
model for the rich hydrogen flame (φ = 1.5), showing from left to right, the mixture fraction, total
enthalpy and progress variable.

Figure 14. Comparison between detailed chemistry constant Lewis number approach and the FGM
model for the rich hydrogen flame (φ = 1.5), showing from left to right: the temperature, hydrogen
mass fraction and total heat release rate.
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observe that for FGM, the mixture fraction in the flame tip is underpredicted and the
mixture fraction at the flame sides is slightly overpredicted. Downstream however, the
FGM matches very well with the detailed chemistry results. The independent variables
show a good match as well for the temperature and the hydrogen mass fraction. The
total heat release rate in the case of FGM is locally underpredicted in the flame tip and
slightly overpredicted in the flame sides. This observation matches with the discrepan-
cies observed for the mixture fraction. When comparing the flame lengths, the difference
is 2.5%, with the FGM model under-predicting the flame length. We conclude that the
FGM approach presented here works with good accuracy at least for the operating range
φ = [0.5, 1.5].

4. Conclusions

Detailed chemistry simulations of laminar premixed hydrogen flames have shown that
for these flames a constant, but non-unity species Lewis number approach leads to solu-
tions comparable with a full multicomponent diffusion approach. In simulations of such
flames with either detailed chemistry or with combustion models like the FGM method
used in this paper, a constant non-unity Lewis number approach for each of the species
can therefore be used that still predicts the effects of preferential diffusion with suffi-
cient accuracy. We have presented a general preferential diffusion model here, valid for
the general case of partially premixed flames, including the effects of heat losses. Our
new model leads to additional preferential diffusion fluxes that can be easily treated
in flamelet approaches like FGM. This method does not require the realtime compu-
tations of gradients in composition space to construct the preferential diffusion fluxes
but instead simply retrieves the additional diffusion fluxes from the FGM lookup table.
We have also shown that the preferential diffusion model of Donini [15] is not able
to accurately predict main flame features for pure hydrogen flames where strong pref-
erential diffusion effects occur. The previous method only accounted for diffusion of
control variables normal to the flame surface trough the assumption that the diffusion
fluxes of each control variable is solely a function of the gradient of the progress vari-
able and in the new preferential diffusion method presented here we have eliminated this
restriction.

Validation of this model using detailed chemistry simulations show a good agreement
for all quantities of interest, including NO concentrations obtained from the solution of
an additional transport equation. The overprediction of the heat release rate seen in the
FGM simulations are attributed to the effects of stretch, which are not fully taken into
account in the FGM approach. A future study has to conclusively show the validity of this
assumption. We have also shown that in the laminar premixed hydrogen flames presented
here, the preferential diffusion of hydrogen leads to very large changes in equivalence ratio,
which leads to a reduced reaction intensity in the flame tip (flame tip opening), as reported
by Mizobuchi et al. [12] and Shoshin et al. [13]. This effect is also accurately reproduced
by the preferential diffusion model in our FGM approach. Finally, the applicability of this
model for rich hydrogen–air flames have been demonstrated.

Acknowledgments
This project was financially supported by Bosch Thermotechnology Ltd. Worcester, UK.



Combustion Theory and Modelling 1265

Disclosure statement
No potential conflict of interest was reported by the author(s).

ORCID
Nithin Mukundakumar http://orcid.org/0000-0002-2018-3911
Denis Efimov http://orcid.org/0000-0002-2875-2146
Nijso Beishuizen http://orcid.org/0000-0002-4948-251X
Jeroen van Oijen http://orcid.org/0000-0002-4283-2898

References

[1] Y. Zhang, O. Mathieu, E.L. Petersen, G. Bourque and H.J. Curran, Assessing the predictions of
a NOx kinetic mechanism on recent hydrogen and syngas experimental data, Combust. Flame
182 (2017), pp. 122–141.

[2] A.A. Konnov, Yet another kinetic mechanism for hydrogen combustion, Combust. Flame 203
(2019), pp. 14–22.

[3] Z. Hong, D.F. Davidson and R.K. Hanson, An improved H2/O2 mechanism based on recent
shock tube/laser absorption measurements, Combust. Flame 158 (2011), pp. 633–644.

[4] A.L. Sánchez and F.A. Williams, Recent advances in understanding of flammability character-
istics of hydrogen, Prog. Energy Combust. Sci. 41 (2014), pp. 1–55.

[5] A. Konnov, A. Mohammad, V. Kishore, N. Kim, C. Prathap and S. Kumar, A comprehensive
review of measurements and data analysis of laminar burning velocities for various fuel + air
mixtures, Prog. Energy Combust. Sci. 68 (2018), pp. 197–267.

[6] J.A. van Oijen and L.P.H. de Goey, Modelling of Premixed Laminar Flames using Flamelet-
Generated Manifolds, Combust. Sci. Technol. 161 (2000), pp. 113–137. https://doi.org/
10.1080/00102200008935814.

[7] J.A. van Oijen and L.P.H. de Goey, Modelling of premixed counterflow flames using
the flamelet-generated manifold method, Combust. Theor. Model. 6 (2002), pp. 463–478.
https://doi.org/10.1088/1364-7830/6/3/305

[8] J.A. van Oijen, A. Donini, R.J.M. Bastiaans, J.H.M. ten Thije Boonkkamp and L.P.H.
de Goey, State-of-the-art in premixed combustion modeling using flamelet generated
manifolds, Prog. Energy Combust. Sci. 57 (2016), pp. 30–74. Available at http://www.
sciencedirect.com/science/article/pii/S0360128515300137.

[9] T. Poinsot and D. Veynante, Theoretical and numerical combustion, R. T. Edwards, 2005.
[10] F.A. Williams, Combustion theory, Perseus books, 1985.
[11] S. Chapman and T.G. Cowling, The mathematical theory of non-uniform gases, Cambridge

University Press, 1952.
[12] Y. Mizobuchi, T. Nambu and T. Takeno, Numerical study of tip opening of hydrogen/air Bunsen

flame, Proc. Combust. Inst. 37 (2019), pp. 1775–1781.
[13] Y. Shoshin, A. Sepman, L. de Goey, A. Mokhov and H. Levinsky, Experimental study of the

structure of the lean two-dimensional hydrogen-methane-air Bunsen flame tip with implications
to turbulent flames, Proc. European Combust. Meeting (2015).

[14] J.A.M. de Swart, R.J.M. Bastiaans, J.A. van Oijen, L.P.H. de Goey and R.S. Cant, Inclusion of
Preferential Diffusion in Simulations of Premixed Combustion of Hydrogen/Methane Mixtures
with Flamelet Generated Manifolds, Flow Turbul. Combust. 85 (2010), pp. 473–511.

[15] A. Donini, R.J.M. Bastiaans, J.A. van Oijen and L.P.H. de Goey, Differential diffu-
sion effects inclusion with flamelet generated manifold for the modeling of stratified
premixed cooled flames, Proc. Combust. Inst. 35 (2015), pp. 831–837. Available at
http://www.sciencedirect.com/science/article/pii/S1540748914002089.

[16] J.D. Regele, E. Knudsen, H. Pitsch and G. Blanquart, A two-equation model for non-unity
Lewis number differential diffusion in lean premixed laminar flames, Combust. Flame 160
(2013), pp. 240–250. Available at http://www.sciencedirect.com/science/article/pii/S00102180
12002921.

http://orcid.org/0000-0002-2018-3911
http://orcid.org/0000-0002-2875-2146
http://orcid.org/0000-0002-4948-251X
http://orcid.org/0000-0002-4283-2898
https://doi.org/10.1080/00102200008935814
https://doi.org/10.1088/1364-7830/6/3/305
http://www.sciencedirect.com/science/article/pii/S0360128515300137
http://www.sciencedirect.com/science/article/pii/S1540748914002089
http://www.sciencedirect.com/science/article/pii/S0010218012002921


1266 N. Mukundakumar et al.

[17] J. Schlup and G. Blanquart, Reproducing curvature effects due to differential diffusion in tabu-
lated chemistry for premixed flames, Proc. Combust. Inst. 37 (2019), pp. 2511–2518. Available
at http://www.sciencedirect.com/science/article/pii/S1540748918303973.

[18] R.W. Bilger, S.H. Stårner and R.J. Kee, On reduced mechanisms for methane-air combustion
in nonpremixed flames, Combust. Flame 80 (1990), pp. 135–149.

[19] J.A. van Oijen, F.A. Lammers and L.P.H. de Goey, Modeling of complex premixed burner
systems by using flamelet-generated manifolds, Combust. Flame 127 (2001), pp. 2124–2134.

[20] Y. Niu, L. Vervisch and P.D. Tao, An optimization-based approach to detailed chemistry
tabulation: Automated progress variable definition, Combust. Flame 160 (2013), pp. 776–785.

[21] R.W. Bilger, The structure of turbulent nonpremixed flame, Symposium (International) on
Combust. 22 (1989), pp. 475–488. Available at https://www.sciencedirect.com/science/article/
pii/S0082078489800542.

[22] N. Peters, Turbulent combustion, Cambridge Monographs on Mechanics. Cambridge Uni-
versity Press, 2000. Available at https://www.cambridge.org/core/books/turbulent-combustion/
4A93A00CCA922A28D8E5316744D8CF8F.

[23] S. Chapman, T. Cowling, D. Burnett and C. Cercignani, The mathematical theory of non-
uniform gases: an account of the kinetic theory of viscosity, thermal conduction and diffusion
in gases, Cambridge Mathematical Library. Cambridge University Press, 1990.

[24] M.D. Smooke and V. Giovangigli, Premixed and nonpremixed test problem results, in Reduced
Kinetic Mechanisms and Asymptotic Approximations for Methane-Air Flames: A Topical
Volume, M.D. Smooke, ed., Berlin: Springer, 1991, pp. 29–47.

[25] M. Ihme and H. Pitsch, Modelling of radiation and nitric oxide formation in turbulent non-
premixed flames using a flamelet/progress variable formulation, Phys. Fluids 20 (2008), pp.
055110.

[26] D.V. Efimov, P. de Goey and J.A. van Oijen, FGM with REDx: chemically reactive dimension-
ality extension, Combust. Theor. Model. 22 (2018), pp. 1103–1133.

Appendix 1. Formulation including additional effects
The mathematical manipulations shown in Section 2 for a linear combination of chemical species C
and enthalpy h can be reapplied to the formulation of species diffusion fluxes discarding previously
made assumptions. It is done allowing for the following additional contributions:

• variable species Lewis numbers,
• thermal diffusion,
• the effect of the average molar mass gradient,
• the contribution of the correction velocity in each species diffusion flux.

Considering all the above, the diffusion flux of species i reads

ji = ρUiYi = − 1

Lei

λ

cp

Yi

Xi
∇Xi − DT

i
∇T

T
+ ρYiUc, (A1)

with Xi the mole fraction of species i and DT
i is its thermal diffusion coefficient. The correction

velocity Uc is obtained from
∑Ns

i=1 ji = 0. Using the full definition of species diffusion flux from
Equation (A1), the derivation of the diffusion flux of a species linear combination jC and the heat flux
q can be repeated following the procedure similar to that presented above. The obtained expressions
for jC and q read

jC = − λ
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Ns∑
i=1
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1

M
∇

Ns∑
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Ns∑
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T
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Ns∑
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(αi − C) Yi∇
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1
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, (A2)
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q = − λ

cp
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i=1
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Lei︸ ︷︷ ︸
εh

(A3)

In the above expressions M represents the average molar mass of the mixture. First three terms in
both Equation (A2) and Equation (A3) can easily be evaluated as these have a form of a scalar field
times a gradient of another scalar field. For each of these terms, both scalar fields can be tabulated and
looked up from the FGM, subsequently evaluating the gradient in the CFD domain. It is also worth
pointing out that the first term in each equation involves a scalar coefficient multiplied with the
gradient of the control variable itself, which is usually implemented by default in most CFD codes.
The last terms in the above equations, denoted by εC and εh represent the effects of the gradients
of the species Lewis numbers. These two terms cannot be evaluated with low computational costs,
as that would require FGM lookup of 2 × Ns variables and evaluation of Ns gradients in the CFD.
To compute the control variables diffusion fluxes using Equation (A2) and Equation (A3), terms
εC and εh will have to be simply neglected or modelled, which is perhaps a topic for the future
work. To conclude: even though the species Lewis numbers appearing in the first three terms of the
equations may vary throughout the domain, assumptions for εC and εh will have to be made resulting
in deviations from the full formulation.
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