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A B S T R A C T   

Recent experimental research by Reiter et al. (Cem. Concr. Res., 132:106047, 2020) indicates that the build-
ability of fresh concrete used in extrusion-based 3D printing processes can be significantly enhanced by chem-
ically accelerating the curing process. In the present contribution the effect of accelerated curing on failure by 
plastic collapse and elastic buckling during 3D concrete printing is explored by incorporating a power-law curing 
function in the parametric 3D printing model developed by Suiker (Int. J. Mech Sci, 137:145–170, 2018). A 
structural yield criterion is derived for the case of accelerated curing, and the main advantages on the resistance 
against plastic collapse are demonstrated through a comparison of the predicted failure characteristics to those 
for linear curing and exponentially-decaying curing. Subsequently, the elastic buckling behaviour under accel-
erated curing is derived for a free wall configuration, and the competition between elastic buckling and plastic 
collapse of the free wall structure is assessed via the construction of failure mechanism maps. In addition, a 
modelling recipe is proposed for consistently accounting for the vertical deformations of layers in the prediction 
of structural failure during 3D concrete printing. The modelling of this effect may further increase the accuracy of 
the prediction of the number of layers at structural failure. For failure under plastic collapse, results are 
computed for linear curing, exponentially-decaying curing and accelerated curing. The model outcome for linear 
curing is used for a comparison with results from 3D concrete printing experiments recently presented in the 
literature, showing an excellent agreement. It is further demonstrated that the effect of vertical wall deformations 
on the prediction of failure by elastic buckling typically is minor, so that for this failure mechanism this 
contribution may be left out of consideration. All design graphs presented in this communication are generic, in a 
sense that they are not restricted to concrete, but can be applied for other printing materials as well.   

1. Introduction 

Extrusion-based 3D concrete printing has recently led to successful 
applications in architectural and civil engineering, such as 3D concrete 
printed houses, bridges, architectural forms and building components 
[1–5]. Detailed knowledge about the effect of the manufacturing pa-
rameters and conditions on the mechanical performance of the object 
during the printing process nevertheless is limited; process conditions 
typically are conservative, and are based on time-consuming trial and 
error procedures that are necessary for avoiding unexpected failures 
under a lack of mechanical performance or dimensional accuracy. In 
order to ameliorate these aspects, physics-based modelling tools need to 
be developed that predict the influence of individual printing process 
parameters on the failure response of the printed object. The two failure 
mechanisms that have been identified as most relevant during 3D con-
crete printing are plastic collapse (a strength mechanism) and elastic 

buckling (a stability mechanism) [6–17], see Fig. 1. Suiker [8] has 
recently developed a mechanistic, parametric 3D printing model that 
predicts the failure behaviour by these two mechanisms for wall struc-
tures manufactured by extrusion-based 3D printing. The model has 
received abundant media attention, see for example [18], due to its 
fundamental character and its potential for utilization in a range of 3D 
printing applications. The model is generic, in a sense that it can be 
applied for a series of printing materials and printing conditions. In 
addition, the predictions by the parametric 3D printing model are in 
close agreement with results from advanced three-dimensional finite 
element method simulations [12], and with experimental results ob-
tained for various 3D printed wall configurations [8,12,13]. Accord-
ingly, the parametric 3D printing model may serve as a useful, practical 
instrument for the analysis of structural failure during extrusion-based 
3D printing processes. 

The 3D printing experiments performed in [13] on various concrete 
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wall configurations confirmed that the specific combination of 
geometrical and printing process parameters determines whether the 
structure catastrophically fails by plastic collapse, see Fig. 2a, or by 
elastic buckling, see Fig. 2b. Plastic collapse is characterized by the 
maximum stress near the wall bottom reaching the yield strength, after 
which the structure progressively deforms in the vertical direction, 
while elastic buckling reflects failure caused by a loss of geometrical 
stability, leading to accumulated deformation in the out-of-plane di-
rection of a wall. The typical characteristics of these two failure mech-
anisms were elaborated in the 3D printing model of Suiker [8] for two 
basic curing processes, namely linear curing and exponentially-decaying 
curing. The linear curing function is representative of fresh concrete 
materials characterized by a structuration phase during which the 
thixotropic rate after deposition takes a constant value, as observed for 
the materials tested in [8,9,13,19,20]. Conversely, the exponentially- 
decaying curing function reflects a fresh concrete material with a 
short-term re-flocculation phase characterized by an initially high 

thixotropic rate, which is followed by a long-term structuration phase 
whereby the thixotropic rate has decreased to a relatively low value, see 
[14,15]. 

In addition to these two curing processes, Reiter et al. [17] recently 
developed a concrete mixture characterized by an accelerated curing 
process utilizing a so-called “setting on demand” procedure. Accord-
ingly, a rapid hydration of concrete is realized in a controlled fashion 
through intermixing an accelerator with the fresh concrete in a mixing 
chamber located close to where the concrete layers are extruded. The 
structural build-up generated by this process may already start within 
several minutes after activation, and can be phenomenologically 
described by means of a power-law curing function [17]. In the present 
contribution, the effect of accelerated curing on the structural failure 
behaviour of 3D printed wall structures is explored by incorporating a 
power-law curing function in the parametric 3D printing model devel-
oped by Suiker [8]. A structural yield criterion is derived for the case of 
accelerated curing, and the main advantages on the resistance against 
plastic collapse are demonstrated through a comparison of the predicted 
failure characteristics to those for linear curing and exponentially- 
decaying curing. In addition, the elastic buckling behaviour under 
accelerated curing is derived for a free wall configuration, and the 
competition between elastic buckling and plastic collapse of the free 
wall structure is assessed via the construction of failure mechanism 
maps, thereby highlighting the main differences between accelerated 
curing and linear curing. 

The present contribution also proposes a modelling approach for 
consistently accounting for the vertical deformations of layers in the 
prediction of structural failure during 3D concrete printing. This aspect 
was left out of consideration in the original model formulation [8], but 
may further increase the accuracy of the prediction of the number of 
layers at structural failure, see [13] for experimental evidence. For this 
purpose, the failure length at plastic collapse is decomposed into a part 
that is independent of the vertical deformations of the wall, and an in-
cremental part that accounts for these vertical deformations. The in-
cremental part of the failure length is calculated by integrating the 
vertical strain profile at plastic collapse across the wall length. This in-
tegral expression is solved simultaneously with the yield criterion in 
order to obtain the average deformation of an individual layer as a 
function of the curing rate of the printing material (or, equivalently, the 
wall growth velocity). The dependency of the solution on the type of 
curing process of the printing material is shown by elaborating the result 
for the three curing processes mentioned above. The model results are 
summarized in design graphs, of which the practical applicability is 
demonstrated by means of a comparison with results from 3D concrete 
printing experiments recently presented in the literature [13]. Finally, 
the effect of vertical wall deformations on the prediction of elastic 
buckling is investigated. 

The manuscript is organized as follows. Section 2 summarizes the 
formulation for plastic collapse derived in the 3D printing model of 
Suiker [8], and reviews the structural yield criteria for printing materials 
subjected to linear curing and exponentially-decaying curing. In addi-
tion, a structural yield criterion is developed for the case of accelerated 
curing, and the specific failure characteristics are demonstrated by 
means of design graphs. The elastic buckling behaviour under acceler-
ated curing is subsequently derived for a free wall configuration, and the 
competition between elastic buckling and plastic collapse is analysed via 
the construction of failure mechanism maps. Section 3 presents a 
modelling recipe to account for the vertical deformations of layers in the 
prediction of structural failure. The results computed for printing ma-
terials characterized by a linear curing law, an exponentially-decaying 
curing law, and an accelerating curing law, are summarized in design 
graphs. The practical applicability of the design graphs is subsequently 
demonstrated via a comparison with results from 3D printing experi-
ments. In addition, the effect of vertical deformations of layers on the 
prediction of elastic buckling is explored. Section 4 presents the main 
conclusions of the study. 

Fig. 1. Wall failure by plastic collapse (left), as characterized by accumulated 
vertical deformations, and elastic buckling (right), as represented by progres-
sive lateral deformations. 

Fig. 2. Experimental failure responses of small and large square wall layouts. 
The figure has been reprinted from Suiker et al. [13]. a) Plastic collapse of a 
small square wall layout with a width b = 250 mm. b) Elastic buckling of a large 
square wall layout with a width b = 500 mm. 
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2. Effect of accelerated curing on the failure behaviour of wall 
structures 

The effect of accelerated curing on the structural failure behaviour of 
3D printed wall structures is investigated in this section by incorporating 
a power-law curing function in the parametric 3D printing model 
developed by Suiker [8]. The specific critical failure length of a wall is 
dependent on various material parameters, which are the curing rate, 
the yield strength, stiffness and density of the fresh printing material, 
and printing process parameters, which are the thickness of a printed 
layer and the time required for the printing of an individual layer [8]. 
These parameters can be included in structural yield criteria that may be 
employed for predicting failure of 3D printed wall structures under 
plastic collapse. After summarizing the general equations for plastic 
collapse in Section 2.1, Sections 2.2 and 2.3 review the specific struc-
tural yield criteria derived in [8] for printing materials experiencing 
linear curing and exponentially-decaying curing. Subsequently, in Sec-
tion 2.4 a structural yield criterion is derived for the case of accelerated 
curing by selecting a power-law curing function. Apart from clarifying 
the effect of the curing law on the plastic collapse behaviour of wall 
structures, the structural yield criteria for the above three types of curing 
laws serve as a starting point for Section 3, in which a modelling recipe is 
presented that accounts for the vertical deformations of layers in the 
prediction of structural failure. Finally, in Section 2.5 the elastic buck-
ling behaviour under accelerated curing is derived for a free wall 
configuration, and in Section 2.6 the competition between elastic 
buckling and plastic collapse of the free wall is assessed. 

2.1. General equations for plastic collapse 

As demonstrated in Suiker [8], the 3D printing of a wall structure can 
be modelled as a one-dimensional, continuous process, whereby the in-
crease of the vertical wall length l indicated in Fig. 3 is defined by means 
of a constant wall growth velocity l̇ (with the superimposed dot denoting 
the time derivative): 

l̇ =
Q

vnhTl
=

tl

Tl
, (1)  

where Q = vnhtl is the material volume discharged from the printing 
nozzle per unit time, vn represents the horizontal speed of the printing 
nozzle, Tl is the period required for the printing of an individual layer, 
and h and tl are the thickness and height of a printed layer, respectively. 
The printing process may be conveniently formulated by adopting an 
Eulerian coordinate system that is connected to the printing nozzle [8]. As 
illustrated in Fig. 3, the Eulerian coordinate X is related to the 
Lagrangian coordinate x (with its origin located at the bottom of the 
wall) and the time t as 

X = X̂(x, t) = x − l = x − l̇t, (2)  

with the wall length l related to the wall growth velocity l̇ via 

l = l̂(t) = l̇t, (3)  

where the superimposed hat denotes a function. Observe from Eq. (2) 
that the use of the Eulerian coordinate X allows to describe the time and 
spatial dependency of the structural response by means of a single 
parameter. The stresses generated by the dead weight of the wall 
structure are maximal near the bottom x = 0. Accordingly, the yield 
criterion for plastic collapse at the wall bottom is expressed as 

ρglp = σ̂p(x, t)
⃒
⃒
⃒
⃒

x=0,t=tp

, (4)  

with ρ the material density, g the gravitational acceleration, l = lp the 

wall length at plastic collapse and σp = σ̂p(x, t)
⃒
⃒
⃒
⃒
x=0,t=tp 

the yield strength 

in a material point at the wall bottom x = 0, evaluated at the moment of 
plastic collapse, t = tp. The yield strength σp is here considered by means 
of its absolute value, so that it is positive under both tension and 
compression. When assuming that plastic collapse occurs by means of 
compressive failure, the yield strength of concrete can be straightfor-
wardly determined from the compressive strength σc measured in a 
uniaxial compression test as [8,13] 

σp = σc. (5)  

Alternatively, under the assumption of pressure-dependent shear failure in 
accordance with the Mohr-Coulomb theory, the yield strength is given 
by [8,13] 

σp =
2c cos(ϕ)
1 − sin(ϕ)

, (6)  

in which the lateral stress at the wall bottom (measured in the out-of- 
plane direction of the wall) is considered to be zero, see [13] for more 
details on this aspect. In Eq. (6), ϕ is the friction angle and c is the 
cohesion of the fresh printing material. For fresh printing materials with 
a relatively low friction angle, such as those tested in Wolfs et al. [9] 
whereby the value of ϕ between 0 and 60 min after printing ranged from 
1◦ to 6◦, the frictional contribution in Eq. (6) may be ignored, as a result 
of which this failure criterion reduces to the Tresca failure criterion 

σp = 2c. (7)  

Note that Eqs. (5) and (7) are equivalent, as for a Tresca criterion in a 
uniaxial compression test the critical vertical normal stress (= uniaxial 
compressive strength) is equal to two times the critical shear stress (=
cohesion), σc = 2c. 

As a result of the curing process of concrete, the yield strength σp 

evolves with time, which, for an arbitrary material point x = x* in the 
vertical direction of the wall, is expressed by 

σ̂p(x, t)
⃒
⃒
⃒
⃒

x=x*
= ĥ*(t)σp,0, (8)  Fig. 3. A Lagrangian coordinate system x with its origin connected to the bot-

tom of the printed wall, and an Eulerian coordinate system X with its origin 
connected to the end of the printing nozzle. The figure has been reprinted from 
Suiker [8]. 
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where σp,0 is the initial yield strength of the fresh concrete material, 
measured at the moment it is discharged from the printing nozzle. The 
denotation “curing” is applied here in correspondence with the termi-
nology from the chemistry community, whereby it refers to the overall, 
time-dependent chemical process that leads to “toughening” or “hard-
ening” of the material. In Suiker [8], two types of (basic) curing func-
tions were considered, see Fig. 4, which are a linear curing function 

ĥ
l
*(t) = 1+ ξl

σt, (9)  

and an exponentially-decaying curing function 

ĥ
e
*(t) = γσ +(1 − γσ)exp

(
− ξe

σt
)

with γσ =
σp,∞

σp,0
, (10)  

where ξl
σ and ξe

σ are the curing rates for the strength in the linear and 
exponential curing laws, respectively. The strength ratio γσ = σp,∞/σp,0 

presented in Eq. (10) depends on the initial strength σp,0 and the final, 
asymptotic strength σp,∞ that is reached under exponential curing when 
t → ∞. The linear curing function is representative of fresh concrete 
materials characterized by a structuration phase during which the 
thixotropic rate after deposition takes a constant value ξl

σσp,0, as 
observed for the materials tested in [8,9,13,19,20]. Conversely, the 
exponentially-decaying curing function reflects a fresh concrete material 
with a short-term re-flocculation phase characterized by an initially high 
thixotropic rate, which is followed by a long-term structuration phase 
whereby the thixotropic rate has decreased to a relatively low value. For 
the concrete material tested in [14,15], it was measured that the typical 
time period of the re-flocculation phase may be in the order of several 
minutes, during which the average thixotropic rate is about 5 to 10 times 
larger than in the subsequent structuration phase. In Eq. (10), these two 
characteristics can be quantified via a calibration of the parameters  
γσ and ξe

σ. 
When the initial time t = 0 is set to correspond to the moment at 

which the first layer of the wall structure is deposited, with Eq. (2) the 
spatial variation of the plastic yield strength across the wall length can 
be expressed in terms of the dimensionless form X of the Eulerian co-
ordinate X as 

σ̂p

(
X
)
=
̂h*

(
X
)

σp,0, (11)  

whereby the linear curing function, Eq. (9), turns into 

ĥ
l

*

(
X
)
= 1 − X with X =

ξl
σX
l̇

, (12)  

and the exponentially-decaying curing function, Eq. (10), becomes 

ĥ
e

*

(
X
)
= γσ +(1 − γσ) exp

(
X
)

with X =
ξe

σX
l̇

and γσ =
σp,∞

σp,0
. (13)  

In the above equations a superimposed bar is used for explicitly denoting 
that the corresponding parameter or function is dimensionless. Evalu-
ating Eq. (3) at the moment of plastic collapse t = tp leads to lp = l̇tp. 
Combining this expression with Eq. (11), the yield condition, Eq. (4), 
that describes failure at the bottom of the wall, X = − δ, with δ given by 

δ =
ξσlp

l̇
, (14)  

results in 

ρglp = σp,0 ĥ*

(
X
) ⃒⃒
⃒
⃒

X=− δ
, (15)  

whereby the curing rate in Eq. (14) is given by ξσ ∈ {ξl
σ,ξe

σ} for linear and 
exponentially-decaying curing processes. The yield function, Eq. (15), is 
reviewed below for the cases of linear curing and exponentially- 
decaying curing, and subsequently developed for the case of acceler-
ated curing. 

2.2. Plastic collapse under linear curing 

Incorporating Eqs. (12) and (14) into Eq. (15), for a linear curing 
process the yield condition specializes into 

ρglp −

(

1+
ξl

σlp

l̇

)

σp,0 = 0. (16)  

The length at which the wall plastically collapses can be simply derived 
from Eq. (16) as 

lp =
σp,0

ρg − ξl
σσp,0

/
l̇
. (17)  

In order to further develop this expression, a dimensionless length lp and 
curing rate ξσ are introduced [8]: 

lp =
ρglp

σp,0
,

ξσ =
ξσσp,0

ρgl̇
.

(18)  

Note that the dimensionless curing rate ξσ in Eq. (18)2 is proportional to 
the actual curing rate ξσ of the printing material, and inversely propor-
tional to the wall growth velocity l̇. Indeed, an increase (decrease) of the 
curing rate of the printing material has the same effect on the strength 
development of the printed wall structure as a decrease (increase) of the 
printing velocity. After combining Eqs. (17) and (18), the structural 
yield criterion is expressed in terms of the dimensionless critical length lp 

for plastic collapse and the dimensionless curing rate ξσ = ξl
σ as [8]: 

lp =
1

1 − ξl
σ

with 0 ≤ ξl
σ < 1. (19)  

Eq. (19) is plotted in Fig. 5, showing that the dimensionless plastic 
collapse length lp monotonically increases with increasing dimensionless 

curing rate ξl
σ. The increase in ξl

σ may be caused by a larger curing rate 

Fig. 4. Time evolution of the yield strength σp under linear and exponentially- 
decaying curing processes, in accordance with Eqs. (8), (9) and (10). The dashed 
lines designate exponentially-decaying curing functions characterized by rela-
tively high and low curing rates ξe

σ. The figure has been reprinted from 
Suiker [8]. 
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ξl
σ, a higher initial yield strength σp,0, and/or a lower wall growth ve-

locity l̇, see Eq. (18)2. Notice from Eq. (19) that the vertical asymptote 

lp→∞ is reached when ξl
σ→1; at this stage the growth of the yield stress, 

σp,0ξl
σ, becomes equal to the growth of the dead weight stress, ρgl̇, see Eq. 

(18)2. Accordingly, for a curing rate above this upper bound the stress at 
the bottom of the wall is no longer able to reach the yield strength, so 
that plastic collapse cannot occur and the actual plastic collapse length 
becomes infinitely large, lp → ∞. For more details on the plastic collapse 
behaviour under linear curing and the competition with failure by 
elastic buckling, the reader is referred to Suiker [8]. 

2.3. Plastic collapse under exponentially-decaying curing 

For the exponentially-decaying curing process given by Eq. (13), the 
structural yield criterion Eq. (15) evaluated at the wall bottom,  
X = − δ, with δ presented by Eq. (14), results in 

ρglp −

[

γσ +(1 − γσ)exp
(

−
ξe

σ lp

l̇

)]

σp,0 = 0 with γσ =
σp,∞

σp,0
.

(20)  

Eq. (20) can be made dimensionless by invoking the parameters pre-
sented in Eq. (18), leading to [8]: 

lp −

[

γσ +(1 − γσ)exp
(

− ξe
σlp

)]

= 0 with γσ =
σp,∞

σp,0
. (21)  

The above (transcendental) equation does not have a closed-form solu-
tion for lp, and thus needs to be solved by means of a numerical pro-
cedure. The result is illustrated in Fig. 6 for 4 selected values of the 
strength ratio, γσ = 1, 2, 5 and 10. The plastic collapse length grows 
with increasing curing rate, whereby a higher value of the strength ratio 
γσ induces a stronger growth. Observe further that at infinite curing rate 
ξe

σ→∞ the plastic collapse length asymptotes to a specific value given by 
lp,∞ = γσ [8]. The approximation shown in Fig. 6 by the dashed lines 
corresponds to a closed-form expression of the yield criterion, given by 
Suiker [8]: 

lp =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 +
γσ − 1

1 +

⎛

⎜
⎝

ξe
σ

ξref

⎞

⎟
⎠

− p

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

lp,0 with γσ =
σp,∞

σp,0
and lp,0 = 1,

where ξref =
̂ξref (γσ) =

1.181
1 + 0.844γσ

,

and p = p̂(γσ) = 1.466(γσ)
0.322

,

(22)  

which can be used as a practical design formula. More details on the 
plastic collapse behaviour under exponentially-decaying curing and the 
competition with failure by elastic buckling can be found in Suiker [8]. 

2.4. Plastic collapse under accelerated curing 

In Reiter et al. [17], a concrete mixture characterized by an accel-
erated curing process has been developed utilizing a so-called “setting on 
demand” procedure. Accordingly, a rapid hydration of concrete is 
realized in a controlled fashion through intermixing an accelerator with 
the fresh concrete in a mixing chamber located close to where the 
concrete layers are extruded. By improving the precipitation and/or 
growth rate of hydration products, the addition of the accelerator 
typically enhances the build-up of strength and stiffness over time, and 
thereby improves the buildability of the material. As demonstrated in 
[17], this structural build-up may already start within several minutes 
after activation, and can be phenomenologically described by means of a 
power-law curing function. Correspondingly, the curing effect on the 
yield strength, Eq. (8), is described as 

ĥ
a
*(t) =

(
1 + ξa

σt
)n whereby n ≥ 1. (23)  

Together with the curing rate ξa
σ, the exponent n determines the strength 

increase in time as a result of accelerated curing. The time evolution of 
the yield strength under an accelerated curing process is shown in Fig. 7 
for different values of n. Observe that the linear curing function, Eq. (9), 
is retrieved from the power-law curing function, Eq. (23), as a limit case 
by setting the exponent equal to unity, n = 1, whereby the slope of the 
curve corresponds to the curing rate, ξa

σ
(
= ξl

σ
)
. Using the coordinate 

transformation given by Eq. (2), the power-law curing function can be 
expressed in terms of a dimensionless Eulerian coordinate X as 

Fig. 5. Plastic collapse length lp versus curing rate ξl
σ for a wall printed under a 

linear curing process, Eqs. (8) and (9). The result has been generated from the 
structural yield criterion, Eq. (19). The figure has been reprinted from 
Suiker [8]. 

Fig. 6. Plastic collapse length lp versus curing rate ξe
σ for a wall printed under 

an exponentially-decaying curing process, Eqs. (8) and (10). The strength ratios 
considered are γ = γσ = σp,∞/σp,0 = 1, 2, 5 and 10. The exact solution (solid 
lines) has been generated by numerically solving the yield criterion, Eq. (21). 
The closed-form approximation (dashed line) is given by Eq. (22). The figure 
has been reprinted from Suiker [8]. 
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ĥ
a

*

(
X
)
=
(

1 − X
)n

whereby X =
ξa

σX
l̇

and n ≥ 1. (24)  

From Eqs. (24), (15) and (14), the structural yield criterion for accel-
erated curing can then be derived as 

lp −

(

1 + ξa
σlp

)n

= 0 whereby n ≥ 1, (25)  

in which the dimensionless buckling length lp and curing rate ξa
σ are 

defined through Eq. (18)1,2. For values of n different from unity, the 
solution of Eq. (25) can only be obtained in a numerical fashion, with the 
result shown in Fig. 8 for selected values of the curing law exponent n. 
The approximation designated by the dashed lines corresponds to the 
closed-form expression 

lp = 1 −
1
b

ln

⎛

⎜
⎝1 −

⎛

⎜
⎝

ξa
σ

a

⎞

⎟
⎠

c⎞

⎟
⎠,

with a = â(n) = − 0.0036 + 0.5250n− 1 − 0.2918n− 2 + 0.6203n− 3,

b = b̂(n) = 0.9283 −
7.477

(1 + 0.5265n)7.776,

c = ĉ(n) = − 1.006 + 3.065(1 − 0.2455n),

whereby n ≥ 1,
(26)  

which may be useful for engineering practice. It is interesting to observe 
that at a given curing rate ξa

σ a small increase of the curing law exponent 
n from unity may already substantially increase the dimensionless 
buckling length lp, and thus the resistance against plastic collapse. In 
addition, under increasing curing rate ξa

σ all curves at some stage reach a 
vertical asymptote, at which the buckling length goes to infinity, lp→∞, 
and plastic collapse will not occur. As explained in Section 2.2 for the 
linear curing law, for values of the dimensionless curing rate above this 
asymptotic value the time rate of change of the yield stress is larger than 
that of the dead weight stress, so that the maximum stress at the bottom 
of the wall structure is not able to reach the yield strength. The specific 
minimum value of ξa

σ above which plastic collapse is unconditionally 
prevented clearly decreases for a larger value of the exponent n. This 
aspect has been illustrated in detail in Fig. 9, by plotting the transition 

between the regimes in which plastic collapse can occur and plastic 
collapse is prevented, as a function of the curing rate ξa

σ and the curing 
law exponent n. Obviously, the remarkable resistance against plastic 
collapse that can be accomplished for fresh concrete with an accelerated 
curing behaviour gives large structural advantages compared to a con-
crete with a linear or exponentially-decaying curing behaviour. This has 
been convincingly demonstrated in [17] by using such a material for the 
3D printing of articulated columns of 2.7 m height at vertical build-up 
rates of as much as 8 m/h. In summary, Figs. 8 and 9 together with 
Eq. (26) provide an efficient, practical tool for determining the specific 
accelerated curing characteristics that are required for designing against 
plastic collapse during 3D concrete printing. 

2.5. Elastic buckling of a free wall under accelerated curing 

In addition to plastic collapse, during 3D concrete printing a struc-
ture may fail by elastic buckling [8,9,12,13]. The resistance against 
elastic buckling under accelerated curing is analysed using the free wall 
configuration proposed in Suiker [8], see Fig. 10. The free wall is fully 

Fig. 7. Time evolution of the yield strength σp under an accelerated curing 
process, in accordance with Eqs. (8) and (23), considering different values of 
the curing law exponent n. The limit case n = 1 corresponds to linear curing, see 
also Fig. 4. 

Fig. 8. Plastic collapse length lp versus curing rate ξa
σ for a wall printed under 

an accelerated curing process, considering various values of the curing law 
exponent n, see Eq. (23). The exact solution has been obtained by numerically 
solving the structural yield criterion, Eq. (25). The closed-form approximation 
(dashed lines) is given Eq. (26). The limit case n = 1 corresponds to linear 
curing, see also Fig. 5. 

Fig. 9. Accelerated curing: the distinction in regimes in which plastic collapse 
can occur and plastic collapse is prevented as a function of the curing rate ξa

σ 
and the curing rate exponent n. 
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clamped at its bottom and the vertical boundaries are unconstrained. 
The elastic buckling behaviour of the wall is described by the out-of- 
plane deflection wc evaluated along the (vertical) x-direction of the 
wall, at the wall symmetry line y = b/2 (i.e., the half width of the wall), 
see Fig. 10. The time evolution of the elastic stiffness during curing is 
given by 

Ê(t) = ĝa
*(t)E0, (27)  

in which E0 is the initial stiffness of the (fresh) printing material, and the 
function ĝa

*(t) defines the accelerated curing process via a power-law 
expression 

ĝa
*(t) =

(
1 + ξa

Et
)m whereby m ≥ 1, (28)  

in which the curing rate ξa
E and the exponent m quantify the increase in 

stiffness as a function of time. Note that Eq. (28) has a similar form as the 
curing function for the yield strength, Eq. (23). 

As for the mechanism of plastic collapse, it is convenient to formulate 
the elastic buckling behaviour in terms of the vertical coordinate X that 
refers to an Eulerian coordinate system connected to the printing nozzle, 
see Fig. 3. Accordingly, using the coordinate transformation Eq. (2), the 
curing function Eq. (28) can be expressed in dimensionless form as 

ĝ
a
*

(
X
)
=
(

1 − X
)m

with X =
ξa

EX
l̇

. (29)  

Furthermore, the dimensionless total out-of-plane deflection wc = wc/h 
at the symmetry line y = b/2 of the free wall is decomposed as 

ŵ
c(

X
)
= ŵ

c,F(
X
)
+ ŵ

c,0(
X
)
, (30)  

where wc,F = wc,F/h is the dimensionless deflection generated under the 
applied dead weight loading “F” and wc,0 = wc,0/h reflects the profile of 
geometrical imperfections that may be possibly generated during the 
printing process. Accordingly, the equilibrium condition for elastic wall 
buckling can be expressed in terms of wc,F and wc,0 by means of the 
following fourth-order differential equation [8]: 
(

g* wc,F
,XX

)

,XX
−

(

k1wc,F
,X

)

,X
+ kM

2 wc,F =

(

kr
1wc,0

,X

)

,X
− kr

2wc,0. (31)  

When imperfections vanish, wc,0 = 0, the right-hand side of Eq. (31) 
becomes zero; this homogeneous form of the differential equation can be 
applied to solve for the critical bifurcation buckling length of a specific 

wall configuration. Furthermore, g* = ĝ*

(
X
)

is the dimensionless curing 

function, which is here given by Eq. (29), and k1 =
̂k1

(
X
)

, k2 =
̂k2

(
X
)

, 

kr
1 =

̂k
r

1

(
X
)

and kr
2 =

̂k
r

2

(
X
)

are dimensionless functions characterizing 

the geometrical properties of the wall structure and the characteristics of 
the printing material and printing process, see Suiker [8] for their spe-
cific forms. The buckling response of straight wall structures may be 
analysed in a unique fashion using the following 3 dimensionless pa-
rameters [8]: 

lcr =

(
ρgh
D0

)1
3

lcr,

b =

(
ρgh
D0

)1
3

b,

ξE =

(
D0

ρgh

)1
3 ξE

l̇
,

(32)  

where ρ is the density of the printing material, g = 9.81 m/s2 is the 
gravitational acceleration, and D0 is the initial wall bending stiffness, 
given by 

D0 =
E0h3

12(1 − ν2)
, (33)  

with ν the Poisson’s ratio of the printing material (which is taken as 
constant during the printing process). In addition, the parameters lcr and 
b appearing in Eq. (32)1,2 represent the actual critical buckling length 
and actual width of the wall, respectively. Note that the dimensionless 
curing rate ξE presented in Eq. (32)3 is proportional to the actual curing 
rate ξE = ξa

E of the printing material, and inversely proportional to the 
wall growth velocity l̇. 

For a free wall printed under accelerated curing, the solution of the 
buckling equation, Eq. (31), and the corresponding boundary conditions 
at the top of bottom of the free wall can be computed following the 
combined analytical-numerical solution procedure described in Suiker 
[8]. The result is depicted in Fig. 11, by plotting the dimensionless 
curing rate ξE = ξa

E, given by Eq. (32)3, versus the dimensionless critical 
buckling length lcr, given by Eq. (32)1, for selected values of the expo-
nent m defining the accelerated curing function, Eq. (28). Note that the 
dimensionless width b given by Eq. (32)2 does not appear in the depicted 
solution, which is caused by the fact that the vertical sides of the free 
wall are unconstrained, see Fig. 10, so that the buckling response is 

Fig. 10. A free wall of length l, width b and thickness h. The wall is fully 
clamped at its bottom and the vertical boundaries are unconstrained. 

Fig. 11. Critical buckling length lcr versus curing rate ξa
E for a free wall printed 

under an accelerated curing process, considering various values of the curing 
law exponent m, see Eq. (28). The exact solution has been obtained by solving 
the buckling equation, Eq. (31), together with the appropriate boundary con-
ditions. The closed-form approximation (dashed lines) is given Eq. (34). The 
value lcr,0 = 1.98635 represents the rate-independent (dimensionless) buckling 
length at ξa

E = 0. The limit case m = 1 corresponds to linear curing. 
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uniform along the horizontal direction of the wall, and thus independent 
of the wall width b. More details on this aspect can be found in Suiker 
[8]. A closed-form approximation of the buckling response of the free 
wall subjected to accelerated curing is given by 

lcr = lcr,0 + d
(

ξa
E

)e

,

with d = d̂(m) = 0.9151 + 0.02148 exp(2.551m),

e = ê(m) = − 3.033 + 2.931exp(0.2426m),

whereby m ≥ 1,

(34)  

which is represented in Fig. 11 by the dashed lines and can be used for 
practical applications. The rate-independent, dimensionless buckling 
length lcr,0 = 1.98635 that appears in Eq. (34) reflects the buckling 
length at zero curing rate ξa

E = 0, see also Fig. 11, and the analytical 
derivation of this value is presented in Suiker [8]. 

Fig. 11 illustrates that the buckling length lcr increases with 
increasing dimensionless curing rate ξa

E. This means that the buckling 
resistance during 3D printing increases for a faster curing ξa

E, or a lower 
wall growth velocity l̇, see Eq. (32)3. In addition, the buckling resistance 
substantially grows for a greater value of the exponent m of the accel-
erated curing law, Eq. (28). For example, for accelerated curing char-
acterized by an exponential value of m = 2, a relatively large critical 
buckling resistance of lcr > 8 is accomplished at a dimensionless curing 
rate ξa

E that is already an order of magnitude lower than for the case of 
linear curing, m = 1. For relatively large values of the exponent, m ≥ 3, 
the range of dimensionless curing rates within which elastic buckling 
can occur clearly is very small, whereby the wall structure becomes 
highly resistant against elastic buckling. Hence, as for the mechanism of 
plastic collapse, depending on the value of the curing law exponent m, 
under accelerated curing the resistance against elastic buckling can 
become substantial. 

2.6. Competition between elastic buckling and plastic collapse under 
accelerated curing 

As derived in Suiker [8], for straight wall structures the competition 
between elastic buckling and plastic collapse during 3D printing can be 
analysed via the criterion 

lcr

lp
< Λ : elastic buckling,

lcr

lp
> Λ : plastic collapse,

with Λ =

(
h

D0

)1
3 σp,0

(ρg)
2
3
.

(35)  

Here, the dimensionless parameter Λ is referred to as the “failure 
mechanism indicator”, which is determined by the wall thickness h, the 
initial material yield strength σp,0, the initial bending stiffness D0 of the 
printed wall, the material density ρ and the gravitational acceleration g. 

For a free wall subjected to accelerated curing, the closed-form ex-
pressions given by Eqs. (34) and (26) can be used for computing the 
length scale ratio lcr/lp in Eq. (35). Fig. 12 shows the failure mechanism 
maps for the free wall, as constructed from Eq. (35) for three different 
values of the exponents in Eqs. (25) and (28), i.e., n = m = 1 (Fig. 12(a)), 
n = m = 1.5 (Fig. 12(b)), and n = m = 2 (Fig. 12(c)), thereby considering 
a selection of values of the ratio of curing rates, α = ξa

σ/ξa
E, in the range 

of 0.1 to 10. The value depicted for the failure mechanism indicator Λ 
has been chosen arbitrarily, in order to clearly indicate the transition 
from failure by elastic buckling to failure by plastic collapse. The failure 
mechanism map for the limit case n = m = 1 shown in Fig. 12(a) cor-
responds to a linear curing law, and has been presented previously in 

Suiker [8]. Here, the dashed lines represent anticipated trends, which 
fall outside the range of accuracy of the closed-form approximation for 
the plastic collapse length, Eq. (26). 

In accordance with Eq. (35), if a point on a lcr/lp-curve in Fig. 12 lies 
above the value of Λ, plastic collapse may occur, while if the point lies 
below the value of Λ, elastic buckling can take place. The specific value of 
the curing rate ξa

E corresponding to the transition point lcr/lp = Λ from 
elastic buckling to plastic collapse is dependent on the specific value of 
α = ξa

σ/ξa
E. For example, in the limit case n = m = 1 (linear curing) 

depicted in Fig. 12(a), for α > 1 plastic collapse does not occur when 
Λ > 1.986. In contrast, in the range 0 < Λ ≤ 1.986 plastic collapse is the 
operative failure mechanism for relatively low values of the dimen-
sionless curing rate ξa

E, while elastic buckling is the governing failure 
mechanism at higher values of ξa

E. It can be further seen from Fig. 12(a) 
that for α < 1 the maximum value of Λ at which plastic collapse can take 
place increases with decreasing value of α. Specifically, it reaches a 
maximum value of Λ = 3.1 for α = 0.1, so that for lcr/lp > 3.1 plastic 
collapse is unconditionally avoided and elastic buckling is the only 
possible failure mechanism of the free wall. Similar trends can be 
observed for the other two cases, n = m = 1.5 and n = m = 2 depicted in 
Fig. 12(b) and (c). Note hereby that the value of the length scale ratio at 
which plastic collapse is unconditionally prevented is larger for a higher 
value of the curing rate exponent, in correspondence with lcr/lp > 4.5 for 
n = m = 1.5 and with lcr/lp > 8.3 for n = m = 2. Finally, Fig. 12(a)–(c) 
shows that under an increasing curing rate ξa

E the length scale ratio at 
some stage decreases towards zero, lcr/lp = 0; the specific value of the 
curing rate at which this occurs clearly is smaller for a higher value of α 
and a higher value of the curing rate exponents n and m. The reason that 
the length scale ratio lcr/lp at some curing rate goes towards zero is due 
to the fact that the plastic collapse length then goes to infinity, see also 
Figs. 8 and 9, so that for curing rates ξa

E beyond this point the free wall is 
insensitive to plastic collapse and can only fail by elastic buckling. 

3. Effect of layer deformations on failure characteristics of wall 
structures 

In the experimental study reported in [13] it was found that the 
vertical deformations generated in the printed wall prior to plastic 
collapse can be considerable, as a result of which the actual height of an 
individual layer at the moment of plastic collapse is significantly less 
than the initial height of the undeformed layer. Under these circum-
stances, the prediction of the number of layers at plastic collapse should 
be based on the average height of the deformed layers, instead of the 
initial layer height. The average height of the deformed layers thereby 
can be determined in two ways, namely i) by experimentally measuring 
the wall length (very) close to the moment of plastic collapse and 
dividing the measured value by the actual number of printed layers, as is 
done in [13], or ii) by directly calculating the average height of the 
deformed layers from stress-strain data of the printing material. The 
latter approach, which is elaborated in the present section, has the 
advantage that an accurate prediction of the number of printed layers 
leading to failure can be made independently of the 3D printing experi-
ment; in fact, it is solely based on constitutive data obtained from ma-
terial experiments, i.e., a uniaxial compression test. Accordingly, in 
Section 3.1 the model formulation is presented, followed by a discussion 
of the results in Section 3.2 for the case of plastic collapse, and a com-
parison with results from 3D concrete printing experiments performed in 
a previous study [13] in Section 3.3. In Section 3.4 the effect of vertical 
wall deformations on the failure behaviour under elastic buckling is 
assessed. 
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Fig. 12. Failure mechanism map for a free wall printed under an accelerated curing process, considering three different values of the exponents n and m in the curing 
laws for the yield strength, Eq. (23), and elastic stiffness, Eq. (28). Length scale ratio lcr/lp versus curing rate ξa

E (on a logarithmic scale) for selected values of the ratio 
of curing rates α = ξa

σ/ξa
E, in the range of 0.1 to 10. The length scale ratio lcr/lp is computed in accordance with Eqs. (34) and (26), whereby the value depicted for the 

failure mechanism indicator Λ presented in Eq. (35) has been chosen arbitrarily to designate the transition from elastic buckling to plastic collapse. 
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3.1. Model formulation 

The failure length lp at plastic collapse, as respectively defined by the 
structural yield criteria Eqs. (19), (21) and (25) for the cases of linear 
curing, exponentially-decaying curing and accelerated curing, is 
decomposed into a length lp0 that neglects the vertical deformations of 
the wall, and an incremental length Δlp that accounts for these 
deformations: 

lp = lp0 +Δlp = lp0

(

1+ εp

)

. (36)  

Here, the average, vertical strain across the wall length equals εp =

Δlp/lp0, with a positive and negative value indicating elongation and 
shortening of the wall structure, respectively. In accordance with the 
x− coordinate system depicted in Fig. 3, the average vertical strain is 
calculated as 

εp =
1
lp0

∫ lp0

x=0
ε̂(x, t)

⃒
⃒
⃒
⃒

t=tp

dx, (37)  

whereby ̂ε(x, t) |t=tp 
is the strain distribution across the wall length at the 

moment t = tp of plastic collapse. In order to further develop Eq. (37), the 
stress-strain behaviour of the concrete printing material needs to be 
considered in more detail. As schematized in Fig. 13, under uniaxial 
(compressive) loading the stress σ in the concrete material increases 
with the axial strain ε, up to the state at which the yield strength σp is 
reached and plastic yielding occurs. When the fresh concrete is depos-
ited, the initial yield strength of the material is relatively low and equals 
σp,0, and the strain at which this yield strength is reached is εp,0. With 
evolving time the concrete material cures, as a result of which its ma-
terial yield strength σp increases and the associated strain εp decreases 
[9,10,21]. Correspondingly, the average elasto-plastic stiffness modulus 
Eep of the concrete printing material, which is defined by the slope of the 
schematized stress-strain curve prior to plastic yielding, see Fig. 13, 
increases with time. Although the elasto-plastic regime is characterized 
by the generation of both reversible elastic and irreversible plastic de-
formations, under monotonic (dead weight) loading a formal distinction 
between elastic and plastic deformations does not necessarily need to be 
made, and thus is omitted here for simplicity reasons. Note that the 
assumption of a linear elasto-plastic regime with a constant stiffness Eep is 
a simplification of the non-linear elasto-plastic regime of a real concrete 
printing material; in specific, the non-linear elasto-plastic regime 

initially is elastic, as characterized by a relatively high stiffness E (i.e., 
the Young’s modulus), and with increasing deformation towards the 
yield level gradually becomes elasto-plastic, during which the stiffness 
monotonically decreases [9]. For the concrete material used in the 3D 
printing experiments performed at the Eindhoven University of Tech-
nology, the elasto-plastic stiffness measured at the moment of deposi-
tion, Eep

0 = σp,0/εp,0, typically is about one half of the initial Young’s 
modulus E0 [9]. As illustrated in Fig. 13, the time-dependent elasto- 
plastic stiffness Eep = Ê

ep
(x, t) for an arbitrary material point x = x* 

along the wall length may be expressed as. 

Ê
ep
(x, t)

⃒
⃒
⃒

x=x*
=

σ̂(x, t)
ε̂(x, t)

⃒
⃒
⃒
⃒

x=x*
=

σ̂p(x, t)
ε̂p(x, t)

⃒
⃒
⃒
⃒
⃒
⃒

x=x*

, (38)  

in which the evaluations of the stress function σ = σ̂(x, t) and strain 
function ε = ε̂(x, t) are assumed to lie within the elasto-plastic regime of 
the stress-strain curve, i.e., 0 ≤ σ < σp and 0 ≤ ε < εp. With Eq. (38), 
Eq. (37) becomes 

εp =
1
lp0

∫ lp0

x=0

ε̂p(x, t)
σ̂p(x, t)

σ̂(x, t)

⃒
⃒
⃒
⃒
⃒
⃒

t=tp

dx. (39) 

As demonstrated by the results of uniaxial compression tests pre-
sented in [9], for the type of concrete used in 3D printing experiments 
performed at the Eindhoven University of Technology the reduction in 
the strain εp is only minor during the first 90 min after deposition. In 
particular, Fig. 8 in Wolfs et al. [9] illustrates that the strain εp decreases 
from a value of εp,0 = 0.15 for concrete at the deposition stage to a value 
of εp = 0.13 for concrete subjected to 90 min of curing. Accordingly, for 
this concrete printing material it is reasonable to assume that the strain 
εp at an arbitrary location in the 3D printed wall structure remains 
constant during the curing process, i.e., 

ε̂p(x, t) = εp*, (40)  

whereby for the practical example studied in Section 3.3 the specific 
value adopted for εp* is set equal to the time average of the two exper-
imental strain values mentioned above, i.e., εp* = 0.14. Similar to the 
yield strength σp, the parameter εp* is evaluated by means of its absolute 
value, i.e., it is considered as positive under both extension and 
contraction. As a result of the time independency of the strain parameter 
εp*, Eq. (39) turns into 

εp =
εp*

lp0

∫ lp0

x=0

σ̂(x, t)
σ̂p(x, t)

⃒
⃒
⃒
⃒
⃒
⃒

t=tp

dx. (41)  

The stress distribution along the wall length, as generated by the dead 
weight loading and considered at the moment of plastic collapse, is 
given by 

σ̂(x, t) |t=tp = − ρg
(
lp − x

)
= − ρg

(
l̇tp − x

)
. (42)  

Evaluating the coordinate transformation Eq. (2) at t = tp, and 
substituting the result into Eq. (42) leads to 

σ̂
(

X
)
= ρg

l̇
ξσ

X where ξσ ∈
{

ξl
σ, ξ

e
σ, ξ

a
σ
}
, (43)  

in which the dimensionless Eulerian coordinate X corresponds to the 
definitions in Eqs. (12), (13) and (24) for the linear curing law, 
exponentially-decaying curing law and accelerated curing law, respec-
tively. With these definitions, from Eq. (2) it follows that 

dX =
ξσ

l̇
dx where ξσ ∈

{
ξl

σ, ξ
e
σ, ξ

a
σ
}
. (44) 

Fig. 13. Schematization of the uniaxial (compressive) stress-strain response of 
a concrete printing material under increasing curing time. Due to the curing 
process, the material yield strength σp,0 and the associated strain εp,0 that 
characterize the material at the deposition stage respectively increase and 
decrease as a function of time [9,10,21], as described by the functions σp =

σ̂p(t) and εp = ε̂p(t). Correspondingly, the elasto-plastic stiffness modulus Eep =

Ê
ep
(t) of the printing material increases during curing. 
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Combining Eqs. (11), (12), (43) and (44) with the expression for the 
average vertical strain, Eq. (41), for the case of linear curing results in 

εp =
εp*ρg
σp,0 lp0

(
l̇

ξl
σ

)2 ∫ 0

X=−
ξl
σ lp0

l̇

X
1 − X

dX. (45)  

By introducing the dimensionless parameter 

lp0 =
ξσlp0

l̇
where ξσ ∈

{
ξl

σ, ξ
e
σ, ξ

a
σ
}
, (46)  

Eq. (45) can be elaborated as 

εp =
εp*

ξl
σlp0

(

ln
(

1+ lp0

)

− lp0

)

. (47)  

Additionally, combining the linear curing function Eq. (12) and Eqs. 
(14) and (36) with the yield function Eq. (15) leads to 

ρglp0

(

1+ εp

)

=

(

1+
ξl

σlp0

l̇

(

1+ εp

))

σp,0. (48)  

Dividing Eq. (48) by ρglp0, and invoking the dimensionless parameters 
Eqs. (18)2 and (46) gives 

1+ εp −
ξl

σ

lp0

(

1+ lp0

(

1+ εp

))

= 0. (49)  

Hence, using the specific values for εp* and ξl
σ as input, for a linear curing 

law the dimensionless parameters εp and lp0 are obtained by simulta-
neously solving Eqs. (47) and (49). Additionally, for an exponentially- 
decaying curing process, the average vertical strain εp is calculated by 
combining Eqs. (11), (13), (43) and (44) with Eq. (41), which results in 
the integral expression 

εp =
εp*

ξe
σlp0

∫ 0

X=− lp0

X

γσ + (1 − γσ) exp
(

X
) dX with γσ =

σp,∞

σp,0
, (50)  

where ξe
σ and lp0 are given by Eqs. (18)2 and (46), respectively. The 

solution of this integral expression cannot be determined analytically, 
and therefore needs to be constructed by means of numerical integra-
tion. In addition, combining the exponentially-decaying curing function 
Eq. (13) and Eqs. (14), (36) and (46) with the yield function Eq. (15) 
results in 

1+ εp −
ξe

σ

lp0

(

γσ +(1 − γσ) exp
(

− lp0

(

1+ εp

)))

= 0. (51)  

Given the input values of εp* and ξe
σ, the parameters εp and lp0 thus result 

from simultaneously solving Eqs. (50) and (51). 
Finally, for an accelerated curing process the average vertical strain εp 

in the printed layers follows from combining Eqs. (11), (24), (43) and 
(44) with Eq. (41), which gives 

εp =
εp*ρg
σp,0 lp0

(
l̇

ξa
σ

)2 ∫ 0

X=−
ξa
σ lp0

l̇

X
(

1 − X
)n dX. (52)  

This integral expression can be solved analytically, leading to 

εp =
εp*

ξa
σlp0

(

(n − 1)lp0 +1
)(

1+ lp0

)1− n

− 1

(n − 1)(n − 2)
whereby n> 1 and n∕= 2,

(53)  

with the expressions for ξa
σ and lp0 given by Eqs. (18)2 and (46), 

respectively. Note that the exponents n = 1, 2 are excluded in Eq. (53), 

since for these values the function value goes to infinity. Nonetheless, 
when in Eq. (53) the value of n = 1 or n = 2 is closely approached from 
above or below, an adequate, finite outcome for εp is obtained, i.e., 

εp

⃒
⃒
⃒
⃒
n↓1

= εp

⃒
⃒
⃒
⃒
n↑1 

and εp

⃒
⃒
⃒
⃒
n↓2

= εp

⃒
⃒
⃒
⃒
n↑2

, which is used in the forthcoming 

presentation of the results for n = 1, 2. Furthermore, combining the 
power-law curing function Eq. (24) with Eqs. (14), (36) and (46) and the 
yield function Eq. (15) gives 

1+ εp −
ξa

σ

lp0

(

1 + lp0

(

1 + εp

))n

= 0 whereby n ≥ 1. (54)  

With the input values of εp* and ξa
σ, the parameters εp and lp0 for accel-

erated curing are determined by simultaneously solving Eqs. (53) and 
(54). 

As a next step, with the value calculated for εp, the average, reduced 
layer height tr

l generated under the development of vertical de-
formations is obtained from the original layer height tl as 

tr
l =

(

1+ εp

)

tl. (55)  

In addition, in accordance with Eqs. (36) and (46), the vertical short-
ening of the printed wall structure is expressed by 

Δlp = lp0εp =
lp0 εp l̇

ξσ
with ξσ ∈

{
ξl

σ, ξ
e
σ, ξ

a
σ
}
. (56)  

Although in the above modelling approach the vertical deformation εp is 
solved simultaneously with the parameter lp0, from the decomposition 
given by Eq. (36) it becomes clear that the solution procedure can be 
alternatively performed by considering the actual plastic collapse length 
lp, instead of lp0. Via its dimensionless form lp, the plastic collapse length 
is then obtained from the yield function Eq. (19) for linear curing, from 
Eq. (21) for exponentially-decaying curing, and from Eq. (25) for 
accelerated curing. With the value of lp, the average vertical strain εp 

given by Eqs. (47), (50) and (53) for respectively linear curing, 
exponentially-decaying curing and accelerated curing can be subse-
quently computed by inserting the following expression for lp0: 

lp0 =
ξσlp(

1 + εp

)

l̇
=

ξσσp,0lp(

1 + εp

)

ρgl̇
with ξσ ∈

{
ξl

σ, ξ
e
σ, ξ

a
σ
}
, (57) 

Fig. 14. Average vertical strain εp in a layer versus the dimensionless curing 

rate ξl
σ at plastic collapse, considering a linear curing process. The results are 

obtained by solving Eqs. (47) and (49), and are plotted for a range of values of 
the strain εp* at which the yield strength is reached. 
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which has been constructed from Eq. (46) through successively incor-
porating Eqs. (36) and (18)1. 

3.2. Effect of vertical layer deformations on structural failure by plastic 
collapse 

Figs. 14 (linear curing process), 15 (exponentially-decaying curing 
process) and 16 (accelerated curing process) illustrate the average ver-
tical strain εp as a function of the dimensionless curing rate ξσ for a range 
of values of the strain εp* at which the material yield strength is reached. 
The results for the exponentially-decaying curing process are plotted for 
various values of the strength ratio γσ = σp,∞/σp,0, and the results for the 
accelerated curing process for various values of the curing law exponent 
n. The graphs were constructed by numerically solving Eqs. (47) and 

(49) for the linear curing process, Eqs. (50) and (51) for the 
exponentially-decaying curing process, and Eqs. (53) and (54) for the 
accelerated curing process, using an incremental-iterative solution 
procedure. The integral expression in Eq. (50) was accurately deter-
mined using Gaussian quadrature, with the number of Gauss points set 
equal to 12. A comparison of Figs. 14, 15 and 16 shows that the trends 
for the average vertical strain εp are considerably different, especially at 
larger values of the dimensionless curing rate ξσ, which indicates the 
importance of consistently incorporating the specific characteristics of 
the curing law in the calculation of εp. It can be further observed that the 
rate-independent limit value for the average vertical strain, εp,0 =

ε̂p

(

ξσ = 0
)

, is the same for all three curing laws. An expression for εp,0 

can be obtained from Eqs. (50) and (51) by setting the strength ratio of 
the exponentially-decaying curing function as γσ = 1. Accordingly, Eq. 
(50) specifies into 

εp,0 = −
1
2
εp*

lp0

ξσ
with ξσ ∈

{

ξl
σ, ξ

e
σ, ξ

a
σ

}

, (58)  

while Eq. (51) results in 

lp0

ξσ
=

1
1 + εp,0

with ξσ ∈

{

ξl
σ, ξe

σ, ξa
σ

}

. (59)  

Substituting Eq. (59) into Eq. (58) leads to the quadratic equation 

2ε2
p,0 + 2εp,0 + εp* = 0. (60)  

Solving this equation for the minimum absolute value of εp,0 gives 

εp,0 =
1
2
( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 − 2εp*
√

− 1
)
. (61)  

The above expression indicates that the average vertical strain across the 
wall length increases with increasing value of εp*, which is in accordance 
with the general trends of the curves depicted in Figs. 14, 15 and 16. 
Constructing a first-order Taylor expansion of Eq. (61) shows that the 
rate-independent average vertical strain across the wall length is 
roughly approximated by εp,0 ≈ − εp*/2, i.e., under the dead weight 
loading it is approximately half of the strain εp* at which the material 
yield strength is reached. Note from Figs. 14, 15 and 16 that this 
approximation is reasonably accurate at relatively low curing rates 0 ≤

ξσ < 0.1 and at a low value of the strength ratio in the exponentially- 
decaying curing law, γσ ≤ 2; in specific, the maximal relative error in 
the prediction of the average vertical strain εp under these conditions is 
15% or less. Under general circumstances, however, Figs. 14, 15 and 16 
need to be used to accurately determine the value of εp under, respec-
tively, linear curing, exponentially-decaying curing and accelerated 
curing. It can be further seen from the figures that for linear curing and 
accelerated curing the magnitude of the average strain εp monotonically 
grows with increasing curing rate ξσ, while for exponentially-decaying 

Fig. 16. Average vertical strain εp in a layer versus the dimensionless curing 
rate ξa

σ at plastic collapse, considering an accelerated curing process. The results 
are obtained by solving Eqs. (53) and (54), and are plotted for various values of 
the curing law exponent n (see Eq. (23)) and a range of values of the strain εp* at 
which the yield strength is reached. The limit case n = 1 corresponds to linear 
curing, see also Fig. 14. 

Table 1 
Printing process parameters and material parameters for the 3D concrete 
printing experiments presented in [13]. The initial yield strength σp,0 and the 
curing rate ξl

σ serve as input for the linear curing law, Eqs. (8) and (9).  

Parameter Value 

Wall width b = 250 [mm] 
Wall thickness h = 55.0 [mm] 
Original height of individual layer tl = 9.5 [mm] 
Concrete density ρ = 2100 [kg/m3] 
Velocity of printer head vn = 6250 [mm/min] 
Material volume discharged per unit time Q = vnhtl = 54427 [mm3/s] 
Initial yield strength σp,0 = 2.835 [kPa]  
Curing rate yield strength ξσ = ξl

σ = 1.934 × 10− 3 [s− 1]   

Fig. 15. Average vertical strain εp in a layer versus the dimensionless curing 
rate ξe

σ at plastic collapse, considering an exponentially-decaying curing process. 
The results are obtained by solving Eqs. (50) and (51), and are plotted for 
various strength ratios γσ = σp,∞/σp,0 and a range of values of the strain εp* at 
which the yield strength is reached. 
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curing the magnitude of εp first increases with increasing ξe
σ, and sub-

sequently decreases, whereby the final asymptotic value εp,∞ reached at 
ξe

σ→∞ is the same as the initial value εp,0 at ξe
σ = 0, given by Eq. (61). 

The equality εp,∞ = εp,0 for the exponentially-decaying curing law can be 
ascribed to the fact that both for ξe

σ = 0 and ξe
σ→∞ the material yield 

strength σp is independent of the time t, see Eqs. (8) and (10), which, at 
the moment of plastic collapse, results in a similar profile for the vertical 
strain across the wall length. However, due to the fact that the collapse 
length lp for ξe

σ→∞ is a factor γσ larger than for ξe
σ = 0, see Fig. 6, the 

vertical shortening Δlp of the wall, as defined via Eq. (56), for ξe
σ→∞ will 

be a factor γσ larger than for ξe
σ = 0. As further illustrated in Fig. 15, for 

arbitrary values of the curing rate, a lager value of the strength ratio γσ 
clearly corresponds to a larger maximum value of εp, and subsequently 
also to a faster convergence towards the asymptotic value εp,∞ under 
increasing curing rate. 

For the accelerated curing law, the results shown in Fig. 16 illustrate 
that the limit case of linear curing depicted in Fig. 14 is correctly 
retrieved for n = 1. Observe further that the maximum value of the 
average vertical strain εp under linear curing equals the strain εp* at 
which plastic yielding is reached, which happens when the 

dimensionless curing rate reaches unity, ξl
σ = 1. At this stage the plastic 

collapse length lp goes to infinity, see Fig. 5, whereby the gradient of the 
dead weight stress in vertical wall direction approaches to zero, and the 
vertical stress and strain at all locations in the wall have (virtually) 
reached the yield strength σp and the corresponding yield strain εp*. 
Accordingly, the average vertical strain in the wall obtains a maximal 
value, εp = εp*. Although not explicitly indicated in Fig. 16, this 
maximal value also applies when the plastic collapse length lp goes to 
infinity for larger values of the curing law exponent, n > 1, as sketched 
in Fig. 8. Finally, Fig. 16 shows that at a specific curing rate ξa

σ the 
average vertical strain εp is larger for a higher value of the curing law 
exponent n. This is a direct consequence of the fact that the plastic 
collapse length lp, and thus the vertical dead weight stresses in the wall, 
at a specific value of ξa

σ is larger for a higher value of n, see Fig. 8. 

3.3. Practical applicability of modelling results for the case of plastic 
collapse under linear curing 

The practical applicability of the above model is demonstrated for 
the case of plastic collapse under linear curing (which represents the limit 
case for accelerated curing with the exponent n = 1), through a com-
parison with experimental results obtained in a previous study [13]. In 
this work, the collapse behaviour of a square wall lay-out constructed by 
3D concrete printing was determined, see Fig. 2. The printing process 
parameters and material parameters as reported in [13] are summarized 
in Table 1. The initial yield strength σp,0 and curing rate ξl

σ for the linear 
curing law, Eqs. (8) and (9), as listed in Table 1, were accurately cali-
brated from uniaxial compression tests performed at 4 different curing 
times of 5, 15, 30 and 60 min, see Fig. 17. Accordingly, the initial yield 
strength was determined by means of Eq. (5). More details on the 
composition of the concrete printing material and the printing process 
conditions can be found in [13]. 

The calculation procedure leading to the number of layers at which 
the square wall layout fails by plastic collapse (as illustrated in Fig. 2a) is 
summarized in Table 2. From the wall width b and the velocity vn of the 
printer head, the period related to the printing of an individual layer is 
calculated as Tl = 4b/vn. Together with the original layer height tl pre-
sented in Table 1, the value of Tl provides the wall growth velocity l̇ via 

Eq. (1). Subsequently, Eq. (18)2 gives the dimensionless curing rate ξl
σ 

for the strength by inserting the value calculated for l̇, the values of the 
initial yield strength σp,0, the curing rate ξl

σ and the density ρ given in 
Table 1, and the gravitational acceleration g = 9.81 m/s2. The 

Fig. 17. Yield strength measured in a uniaxial compression test at different 
curing times, i.e., 5, 15, 30 and 60 min (black dots), together with a linear 
approximation of the experimental values (dashed line), in accordance with the 
linear curing law, Eqs. (8) and (9). The figure has been reprinted from Suiker 
et al. [13]. 

Table 2 
Number of layers at failure by plastic collapse np during the 3D concrete printing of a square wall lay- 
out with wall width b = 250 mm, see Fig. 2a. Starting at the top of the table, the parameters listed 
columnwise are calculated consecutively, with a reference given to the corresponding equation or 
figure used. The printing process data and material data required for the computation of specific pa-
rameters are listed in Table 1. The notation [x] used in the 8th and 9th rows of the table denotes the 
integer value obtained after rounding up x.  

Parameter Value 

Period of printing an individual layer Tl = 4b/vn = 9.6 [s] 
Wall growth velocity, Eq. (1) l̇ = 0.990 [mm/s]  
Dimensionless curing rate for strength, Eq. (18)2 ξl

σ = 0.27 [− ]  
Dimensionless plastic collapse length, Eq. (19) lp = 1.37 [− ]  
Actual plastic collapse length, Eq. (18)1 lp = 189 [mm] 
Average vertical strain of printed wall (using εp* = 0.14), Fig. 14 εp = − 0.083 [− ]  
Average height of deformed layers, Eq. (55) trl = 8.7 [mm]  
Number of layers at failure using original layer height, tl np =

[
lp/tl

]
+ 1 = 21  

Number of layers at failure using average height of deformed layers, trl  np =
[
lp/trl

]
+ 1 = 23  

Number of layers at failure in 3DCP experiments, taken from [13] np = 23 
Vertical shortening of printed wall, Eq. (56) Δlp = − 17 [mm]  
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dimensionless plastic collapse length lp follows from Eq. (19) after 

substitution of ξl
σ. The actual plastic collapse length lp is next obtained 

from Eq. (18)1. In order to translate this collapse length into the number 
of layers at failure np, the average vertical strain εp of the printed wall 
structure is read off from Fig. 14, using as input the specific values of the 

dimensionless curing rate ξl
σ and the strain εp* at which the material 

yield strength is reached. As already mentioned in Section 3.1, the 
adopted value of εp* = 0.14 is representative of the concrete material 
used in 3D printing experiments performed at the Eindhoven University 
of Technology [9]. Inserting the value of εp as obtained from Fig. 14 into 
Eq. (55) then provides the reduced layer height tr

l caused by vertical 
deformations generated during the printing process. The number of 
layers at plastic collapse is calculated by dividing the plastic collapse 
length lp by the layer height, and rounding up the result to arrive at an 
integer value. Here, the notation [x] used in the 8th and 9nd rows of 
Table 2 denotes the integer value obtained after rounding up x. The 
number of layers is subsequently raised by 1 in order to account for the 
experimental observation that plastic collapse starts in the second layer 
from the wall bottom, as the fully sticking bottom layer is kinematically 
constrained, such that it experiences only limited plastic deformation, 
see Fig. 10 in Suiker et al. [13]. As Table 1 illustrates, the use of the 
original layer height tl = 9.5 mm in this calculation leads to np = 21 
layers for plastic collapse, while the use of the average height of the 
deformed layers tr

l = 8.7 mm results in np = 23 layers. The latter result is 
in excellent agreement with the experimental value of np = 23 reported 
in Suiker et al. [13], while the use of the original layer height tl leads to 
an underprediction of the experimental value by (1 − 21/23) × 100 % =
9%. The vertical shortening of the printed wall structure is finally ob-
tained from Eq. (56) as Δlp = − 17 mm, whereby the value of lp0 in Eq. 
(56) is determined from Eq. (36). The excellent agreement between the 
modelling result and the experimental measurement for the number of 
layers at plastic collapse illustrates the importance of adequately ac-
counting for the effect of layer deformations in the failure prediction. 

3.4. Effect of vertical layer deformations on structural failure by elastic 
buckling 

Despite that the modelling approach focuses on the mechanism of 
plastic collapse depicted in Fig. 2a, in principle it can also be applied for 
the mechanism of elastic buckling shown in Fig. 2b. For this purpose, Eq. 
(57) needs to be adapted by replacing the plastic collapse length lp in this 
equation by the critical elastic buckling length lcr, in accordance with 

lcr0 =
ξσlcr

(

1 + εp

)

l̇
where ξσ ∈

{
ξl

σ, ξ
e
σ, ξ

a
σ
}
, (62)  

in which the value of lcr follows from a bifurcation buckling analysis 
performed with the parametric 3D printing model of Suiker, see [8] for 
more details. The above value for lcr0 replaces lp0 in Eqs. (47), (50) and 
(53) in the cases of linear curing, exponentially-decaying curing and 
accelerated curing, respectively, after which the value of εp can be 
calculated that specifies the average vertical deformation generated in 
the printed wall structure at the moment of elastic buckling. It is 
emphasized, however, that the value of εp* used as input in Eqs. (47), 
(50) and (53) should hereby not be taken equal to the strain εp*at which 
plastic yielding of the material is reached, but to a smaller value εe* 
representative of the initial elastic regime characterizing elastic buckling. 
A reasonable option is to lower εp* to εe*in proportion to the ratio be-
tween the stiffness Eep defining the elasto-plastic regime of the printing 
material (see Fig. 13) and the initial elastic stiffness (or Young’s 
modulus) E, i.e., εe* = (Eep/E)εp*. As already mentioned in Section 3.1, 
for the concrete material used in 3D printing experiments at the Eind-
hoven University of Technology, the ratio Eep/E is approximately equal 
to 0.5 at the moment of deposition, which, with the characteristic value 

of εp* = 0.14, leads to εe* = 0.07. Using the bifurcation buckling length 
computed in [13] for the square wall lay-out depicted in Fig. 2b (which 
experiences linear curing) in order to determine the value of lcr0 via Eq. 
(62), and inserting this value together with εe* = 0.07 in Eq. (47), leads 
to a vertical wall deformation at elastic buckling of εp = − 0.040. With 
this strain value, the number of printed layers at elastic buckling, as 
calculated with the average height of the deformed layers given by Eq. 
(55), becomes 28, whereas with the use of the height of the initial, un-
deformed layers it equals 27. Comparing these modelling results with 
the experimentally determined number of layers at buckling of 27 and 
28, as measured in Suiker et al. [13] in two separate 3D concrete 
printing experiments, demonstrates that the agreement with the exper-
iments is close, independent of whether the initial layer height or the 
average height of the deformed layers is used in the failure prediction. In 
fact, since the vertical deformations in the printed concrete wall struc-
ture during elastic buckling typically are relatively small, their effect on 
the predicted number of layers at failure is minor, so that in most cases it 
is not necessary to account for this contribution. Additional checks on 
the influence of this contribution, which refer to the buckling of the free 
wall configuration and the rectangular wall lay-out considered in the 3D 
concrete printing experiments reported in Suiker [8], lead to the same 
conclusion; in particular, for these two configurations the vertical wall 
deformation following from Eq. (47) equals εp = − 0.020 (free wall) and 
εp = − 0.027 (rectangular wall lay-out), for which the difference in the 
failure prediction based on the height of the initial, undeformed layers 
and that based on the average height of the deformed layers respectively 
is 0 layers (free wall) and 1 layer (rectangular wall lay-out). 

4. Conclusions 

Recent experimental research by Reiter et al. [17] indicates that the 
buildability of fresh concrete used in extrusion-based 3D printing pro-
cesses can be significantly enhanced by chemically accelerating the 
curing process. In the present contribution the effect of accelerated 
curing on failure by plastic collapse and elastic buckling during 3D 
concrete printing is explored by incorporating a power-law curing 
function in the parametric 3D printing model developed by Suiker [8]. A 
structural yield criterion is developed for the case of accelerated curing, 
and the main advantages on the resistance against plastic collapse are 
demonstrated through a comparison of the predicted failure character-
istics to those for linear curing and exponentially-decaying curing. 
Subsequently, the elastic buckling behaviour under accelerated curing is 
derived for a free wall configuration, and the competition between 
elastic buckling and plastic collapse of the free wall structure is assessed 
via the construction of failure mechanism maps. In addition, a modelling 
recipe is presented that accounts for the effect of vertical layer de-
formations in the prediction of structural failure during 3D concrete 
printing. For this purpose, the failure length at plastic collapse is 
decomposed into a part that is independent of the vertical deformations 
of the layers, and an incremental part that accounts for these de-
formations. The incremental part of the failure length is obtained by 
integrating the strain profile across the wall length at the moment of 
plastic collapse. The integral expression is solved simultaneously with 
the structural yield function to obtain the average vertical deformation 
of an individual printed layer at plastic collapse. The modelling results 
are summarized in design graphs for printing materials subjected to a 
linear curing process, an exponentially-decaying curing process and an 
accelerating curing process. The design graphs for these three curing 
processes are rather different, which denotes the importance of consis-
tently including the specific characteristics of the curing law in the 
determination of the vertical wall deformations at plastic collapse. The 
model outcome for linear curing is used for a comparison with results 
from 3D concrete printing experiments recently presented in [13], 
showing an excellent agreement. Finally, it is demonstrated that the 
effect of vertical wall deformations on the prediction of failure by elastic 
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buckling typically is minor, so that for this failure mechanism this 
contribution may be left out of consideration. All design graphs pre-
sented in this communication are generic, in a sense that they are not 
restricted to concrete, but can be applied for other printing materials as 
well. 
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