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Abstract: We investigate the computational complexity of scheduling multiprocessor tasks with
prespecified processor allocations. We consider two criteria: minimizing schedule length and
minimizing the sum of the task completion times. In addition, we investigate the complexity of prob
lems when precedence constraints or release dates are involved.

1980Mathematics SUbjectClassification (1985Revision):90835.
Key words & Phrases: Multiprocessor tasks, prespecified processor allocations, makespan, total
completion time, release dates, precedenceconstraints.

1. Introduction
We address a class ofmultiprocessor scheduling problems. A collection of n tasks has to be executed
by m processors. TaskJj (j = 1, ... , n) requires processing during a given uninterrupted time pj' Each
task requires the simultaneous use of a set ofprespecifi,edprocessors for its execution; each processor
can execute at most one task at a time. Such tasks are referred to as multiprocessor tasks. Sometimes,
for each task Jj a release date rj on which it becomes available for processing or precedence con
straints, indicating the set of tasks that have to be completed before Jj may start, are specified; we
will state explicitly whether this is the case. We have to determine a schedule, that is, an allocation of
each task Jj to a time interval of lengthpj such that no two tasks on the same processor overlap. The
completion time oftaskJj in schedule 0 is denoted by Cj (0) or shortly by Cj , ifno confusion is pos
sible as to the schedule we refer to. We are interested in two objectives. The first one is to find a
schedule that minimizes the makespan C max =maxjCj . The second objective concerns the minimiza

tion ofthe total completion time I,Cj = 1:~-1 Cj.
In this paper, scheduling problems ar/d"enoted using the three-field notation scheme that was pro

posed by Veltman, Lageweg, and Lenstra [1990] as an extension of the terminology of Graham,
Lawler, Lenstra, and Rinnooy Kan [1979]. In the notation scheme a 11311, a specifies the processor
environment, 13 the task characteristics, and 1 the objective function. Accordingly, the value of1of a
schedule 0 and the minimal value with respect to 1 are denoted by ')'(0) and 1·, respectively. For
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instance, P lfixj,rj ICmax refers to the multiprocessor problem of minimizing the makespan, where
for each task a fixed processor allocation and a release date are specified; Pm Ifixj ,Pj=ll!Xj denotes
the multiprocessor problem of minimizing the total completion time, where all processing times are
equal to 1, processor allocations are given, and the number m ofprocessors is specified as part of the
problem type.

In the literature, little attention has been devoted to the complexity of scheduling multiprocessor
tasks. Two branch and bound approaches for P lfixj ICmax have been proposed. Bozoki and Richard
[1970] concentrate on incompatibility; two tasks are incompatible if they have at least one processor
in common. Bianco, Dell'Olmo, and Speranza [1991] follow a graph-theoretical approach, and they
determine a class of polynomially solvable instances that corresponds to the class of comparability
graphs. We will investigate the complexity of a class ofproblems related to P lfixj ICmax ' The out
line of the paper is as follows.

Section 2 deals with the makespan criterion. The general problem with a fixed number m ofproces
sors is polynomially solvable if m is equal to 2, but NP-hard in the strong sense for m ~3. There are
two well-solvable cases. The first one concerns the case ofunit processing times; the problem is then
solvable in polynomial time through an integer programming formulation with a fixed number of
variables. The second one concerns the three-processor problem in which all multiprocessor tasks of
the same type are decreed to be executed consecutively, the so-called block-constraint; this problem
is solvable in 0 (n 'I:.Pj) time. If the number of processors is part of the problem instance, then the
problem with unit processing times is already NP-hard in the strong sense. In general, the introduc
tion of precedence constraints or release dates leads to strong NP-hardness, with one exception: the
problem with unit processing times in which both the number of processors and the number of dis
tinct release dates are fixed is solvable in polynomial time through an integer programming formula
tion with a fixed number of variables. The computational complexity of the problem

Pm Ifixj,rj,Pj=11 Cmax is still open.
Section 3 deals with the total completion time criterion. In general, this criterion leads to severe

computational difficulties. The problem is NP-hard in the ordinary sense for m=2 and in the strong
sense for m=3. The weighted version and the problem with precedence constraints are already NP
hard in the strong sense for m=2. The problem with unit time processing times is NP-hard in the
strong sense if the number of processors is part of the problem instance, but still open in case of a
fixed number ofprocessors. Another open problem is Pm Ifixj,rj,Pj=11 !Xj .

2. Makespan
In this section, we investigate the computational complexity ofminimizing the makespan. Ifno pre
cedence relation is specified, then we may discard the tasks that need all the processors for execution,
since they can be scheduled ahead of the other ones. Hence, the two-processor problem without pre
cedence constraints is simply solved by scheduling each single-processor task on its processor
without causing idle time.

2.1. The block-constraint andpseudopolynomiality on three processors
The block-constraint decrees that all biprocessor tasks of the same type are scheduled consecutively.
As this boils down to the case that there is at most one biprocessor task of each type, we replace all
biprocessor tasks of the same type by one task of this type with processing time equal to the sum of
the individual processing times. The biprocessor task that requires M 2 and M 3 is named a task of
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type A and its processing time is denoted by PA. Correspondingly, the biprocessor task that requires
M 1 and M 3 and the biprocessor task that requires M 1 and M 2 are said to be of type B and C, respec
tively; their processing times are denoted byPB andPc.

C

-----------~ - - - - - - --

------~--------M 1

M 2

M 3 l----A_...L~~~~~~GJ ~ ~ ~ ~ ~ ~ ~ ~ _
Figure 1. A schedule satisfying the block-constraint.

Theorem 1. The problem P 3lftx"j IC max subject to the block-constraint is NP-hard in the ordinary
sense.

Proof. We will show that P 31fixj IC max subject to the block-constraint is NP-hard by a reduction
from the NP-complete problem Partition.

Partition

Given a multiset N = {a 1 , ••• ,a,,} of n integers, is it possible to partition N into two disjoint subsets
that have equal sumb=~jENaj/2?

Given an instance of Partition, define for each j eN a task lj that requires M 1 for execution and has
processing time Pj=aj. In addition, we introduce five separation tasks that create two time slots of
length bon MI. The tasks lA, lB, and le, each with processing time b, are of the type A, B, and C,
respectively. The two single-processor tasks In+l and In+2' each with processing time 2b, have to be
executed by M 2 andM 3, respectively.

Note that each processor has a load of 4b, which implies that 4b is a lower bound on the makespan
of any feasible schedule. We will show that Partition has a solution if and only if there exists a
schedule for the corresponding instance ofP 31fixj IC max with Cmax S 4b.

Suppose that there exists a subset SeN such that ~jESaj=~jEN-Saj=b. A schedule of length
C max =4b then exists, as is illustrated in Figure 2.

Conversely, notice that only four possibilities exist to schedule the tasksln+1,]n+2,]A,]B, andle
in a time interval oflength 4b. Each of these possibilities leaves two separated idle periods oflength b
on processor M 1, in which the tasks lj with j eN must be processed. Thus, if there exists a schedule
oflength C max =4b, then there is a subset S eN such that ~jESaj =~jEN-Saj.

We conclude that P 3\ fixj IC max is NP-hard in the ordinary sense. D
Theorem 2. The problem P 3\fixj IC max subject to the block-constraint is solvable in pseudopolyno
mialtime.

Proof. We propose an algorithm for this problem that requires O(n~jENPj) time and space. For
i = 1,2,3, let Tj denote the set of indices of tasks that require only Mj for processing, and nj=1Tj I. In
addition, we define P (S)='J:.jES Pj.

Using an interchange argument, we can transform any optimal schedule into an optimal schedule
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S B I N-S
C

In+l
A

B I I n+2

o b 2b 3b 4b

Figure 2. A schedule with partition sets S and N -So

with some biprocessor task scheduled first and some other biprocessor task scheduled last. Suppose
for the moment that these tasks are of type A and C, respectively; a B-type task is then scheduled
somewhere in between. Any feasible schedule of this type, referred to as an ABC-schedule, is com
pletely specified by the subsets Q 1cT1 and Q 3 r;;;,T3 scheduled before the B-type task; see Figure 3.

QI I B I T1-QI
C

T2
A

Q3 I B I T 3-Q3

Figure 3. Structure of an ABC schedule.

For an ABC-schedule with given subsets Q 1 and Q3, the earliest start time ofthe task oftypeB is

The earliest start time of the task oftype C is then

SdQI ,Q3)=max{SB(QI,Q3)+PB +p(Tl-Q d,PA +p(T2)}·

The minimal length of such a schedule is therefore

Cmax(Q J,Q3)=max{SdQJ,Q3)+PC, SB(QJ,Q3)+PB +p(T3-Q3)}' (1)

Hence, the minimal length of an ABC-schedule is determined by P (Q I) and P (Q 3)' In other words,
the length of an optimal ABC-schedule is equal to the minimum of C max(Q 1,Q 3) over all possible
values ofp(QI) andp(Q3)' Due to symmetry, we can transform any ABC-schedule into an CBA
schedule of the same length. The only other types of schedules of interest to us are therefore the BAC
and ACB-schedules. Similar arguments show that the length of an optimal BAC-schedule is equal to
the minimum of C max(Q 2,Q 3) over all possible values ofP (Q 2) andP (Q 3), and that the length ofan
optimal ACB-schedule is equal to the minimum of C max(Q 1,Q2) over all possible values ofP (Q I)

andp(Q2)'
For i = 1,2,3, we compute all possible values that P(Qj) can assume in 0 (njp (Tj»time and space

by a standard dynamic programming algorithm of the type also used for the knapsack and the subset
sum problems; see e.g. Martello and Toth [1990]. If these values are put in sorted lists, then all possi
ble values that SB(QJ,Q3) can assume are computed in O(P(QI)+P(Q3» time and space. The
minimum of Cmax(QJ,Q3) over P(QI) andp(Q3) is then determined by evaluating expression (1)
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for each possible combination ofP (Q 1) andP (Q 3); this takes 0 (p (T l)+P (T3» time.
The lengths of the optimal BAC and ACB-schedules are detennined similarly. The overall

minimum then follows immediately, and an optimal schedule is detennined by backtracing. Since
nj ~n andp(Tj)~'1:.jeNPj for each i, it takes o (n'1:.jeNPj) time and space to find an optimal schedule.
D

number allocation processing time

n M 2 &M3 (typeA) PA
n M 1 &M3 (typeB) PB
n M 1 &M2 (typeC) Pc

1 M 1 PA+b
n-l M 1 PA+b+pz

n M 1 Py

n-l M 2 pz
n M 2 PB+b+py

1 M 3 PC+Py
n-l M 3 Pc+Py+pz

Table 1. Separation tasks for P 3lftx) 1C max'

2.2. Strong NP-hardnessfor the general3-processorproblem

Theorem 3. The problem P 31 fixj 1C max is NP-hard in the strong sense.

Proof. The proof is based upon a reduction from the strongly NP-complete problem 3-Partition.

3-Partition
Given an integer b and a multiset N ={a 1 , ••• ,a3,,} of 3n positive integers with b/4 < aj < b/2 and
:tj=l aj =nb, is there a partition of N into n mutually disjoint subsets N 1,' .. ,Nn such that the ele
ments inNj add up to b, for j =1, ... ,n?

Given an instance of 3-Partition, we construct the following instance of P 31fixj IC max' There are 3n
single-processor tasks Jj that correspond to the elements of 3-Partition; these tasks have to be exe
cuted by M 3 and their processing time is equal to aj' for j =1, ... ,3n. In addition, there are 3n bipro
cessor separation tasks and 5n -1 single-processor separation tasks; there processing times and pro
cessing requirements are defined in Table 1. Here we define

PB=(n+l)b,

Py = (n+l)(b+PB),

pz = (n +1)(b+PB+Py),

Pc = (n+l)(b+PB+Py+Pz),

PA =(n+l)(b+PB+py+pz+Pc)·
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Note that each processor has a processing load equal to 1=n(PA+PB+PC+Py+Pz+b)-pz, which
implies that 1 is a lower bound on the makespan of any schedule. We will show that 3-Partition has an
affirmative answer if and only if there exists a schedule with makespan at most 1 for the correspond
ing instance ofP 31fixj IC max'

If3-Partition has an affirmative answer, then a schedule with makespan C max $ 1exists, as is illus
trated in Figure 4.

PA+b I B I Py
C

PA+b+pz I B IPy

PB+b+py pz PB+b+py
A

biB I Pc+Py+pz
A

biB I ....

.... PA+b+pz I B IPy
C C

.... pz PB+b+py

I Pc+Py+pz
A

biB I Pc+py

o
Figure 4. Structure for P 31fixj ICmax: ABCAB ... CABC.

Conversely, suppose that C~ $1. Note that a schedule with makespan 1 has no idle time. To
avoid idle time at the start of a biprocessor task, both processors on which it has to be executed must
have equal load. Hence, at the start of a task of type A, there exist integers
Kl ,K2 ,K4 ,Ks ,K(j ,K7 E {O, ... ,n}, K3E {O, ... ,n-l}, KgE {O,l}, and a set TcN such that

KIPA+K2PC+K3Pz+K4(PB+b+py)=K5PA+K(jPB+K7(PC+Py+Pz)+Kg(Pc+Py)+I.jeTPj' (2)

Due to the choice of the processing times ofthe separation tasks, we draw the following conclusions:

- the sumI.jeTPj is a multiple ofb, sincePA,PB'PC'Py, andpz are multiples ofb,
- I.jeTPj=K4b, since all other terms are multiples of(n+l)b,

- Kl = Ks, sincePA >n (Pc+pz+Py+PB+b),
- K2 = K7+Kg , sincepc>n(Pz+py+PB+b),
- K3 =K7, sincepz>n(py+PB+b),
- K4 = K7+Kg, since py>n (PB+b), and
- K4 =K(j, since I.jeTPj=K4b.

It follows that

(3)

Analogous computations lead to similar relations that should hold at the start of a task of type B and
C, respectively.

We will make extensive use of these relations in our analysis of the form that a schedule with mak
espan 1 should have. Using an interchange argument, we see that there exists an optimal schedule in
which a biprocessor task starts at time O. We analyze the case that the first biprocessor task is of type

B and that the next biprocessor task of another type is of type A; this case will be denoted as case BA.
Hence, we have that no tasks of type A and C and at least one task of type B have been executed at the
start of the first task of type A: Kl =K2 =K5 =0 and K(j ~ 1. Expression (3), however, decrees that
K2 = Ks, which yields a contradiction. Therefore, case BA cannot occur. A continued application of
this argument shows that any schedule with makespan 1 should have the form as displayed in Figure
4, or its mirror image. A schedule with this structure determines n separate periods of length b on
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processor M3, in which the remaining single-processor tasks have to be scheduled. These tasks
correspond to the 3n elements of 3-Partition. We conclude that, if a schedule of length yexists, then a
solution to 3-Partition is obtained by taking the partition ofN as defined by the schedule. We con
clude that P 31 fixj ICmax is NP-hard in the strong sense. 0

2.3. Unit execution times, release dates, andprecedence constraints
In this section, we show that the Pm Ifixj 'Pj=1 ICmax problem is solvable in polynomial time by pro
viding an integer linear programming formulation with a fixed number of variables; a problem that
allows such a formulation is solvable in polynomial time [H.W. Lenstra, Jr., 1983]. A similar
approach is given by Blazewicz, Drabowski and Weglarz [1986].

Consider an arbitrary instance ofthe problem. There are at most M = 2m-l tasks ofa different type;
let these types be numbered 1, ... ,M. We can denote the instance by a vector b=(b1>'" ,bM ) in
which component bj indicates the number of tasks of type j. A collection of tasks is called compatible
if all these tasks can be executed in parallel; hence, a compatible collection of tasks contains at most
one task ofeach type. A compatible collection is denoted by a (O, 1}-vector c oflength M with Cj = 1 if
the collection contains a task of type j and zero otherwise. There are at most K =2M-1 different com
patible collections; this number is fixed, as M is fixed. Let the collections be numbered 1, ... ,K; let
the vectors indicating the collections be denoted by C1, ••• ,cx. The problem of finding a schedule of
minimal length is then equivalent to the problem of finding a decomposition of this instance into a
minimum number of compatible collections. Formally, we wish to minimize kf=l Xj subject to
kf=lCjXj=b, Xj integer and nonnegative. As the number of variables in this integer linear program
ming formulation is fixed, we have proven the following theorem.

Theorem 4. The Pm Ifixj,Pj = 11 Cmax problem is solvable in polynomial time. 0

If the number ofprocessors is specified as part of the problem type, implying that this number is no
longer fixed, then things get worse from a complexity point of view. This is stated in the following
theorem.

Theorem 5. The P Ifixj,Pj = 11 Cmax problem is NP-hard in the strong sense.

Proof. The proof is based upon a reduction from the strongly NP-complete problem Graph 3
Colorability. A similar approach is used by Blazewicz, Lenstra, and Rinnooy Kan [1983].

Graph 3-Colorability
Given a graph G=(V,E), does there exist a 3-coloring, that is, a function f:V ~{1,2,3} such that

f (u )"1:/ (v) whenever {u,V}E E?

Given an arbitrary instance G =(V,E) ofGraph 3-Colorability, we construct the following instance of

P Ifixj,Pj=IICmax' There are IV I tasksJ ..... ,J IVI and IE I processorsM 1> ... ,M IE I' A taskJ"
has to be processed by Me if UE e. We claim that there exists a 3-coloring for G if and only if there
exists a schedule of length at most 3. Suppose that a 3-coloring of G exists. Since no two nodes u and
v with the same color are adjacent, the corresponding tasks J" and Jv require different processors.
Hence, all tasks that correspond to identically colored nodes can be executed in parallel. This
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generates a schedule with length no more than 3. Conversely, in a schedule with length at most 3 we
have that the nodes corresponding to tasks scheduled in time period t (t = 1,2,3) are independent;
therefore, these nodes can be given the same color. This leads to a 3-coloring of G. Thus,
P IPj ,Pj = 11 Cmax is NP-hard in the strong sense. 0

Corollary 1. For P IPj,pj = 11 C max, there exists no polynomial approximation algorithm with per
formance ratio smaller than 4/3, unless P=NP. 0

The introduction of precedence constraints leaves little hope of finding polynomial-time optimiza
tion algorithms. Even the two-processor problem with unit execution times and the simplest possible
precedence relation structure, a collection of vertex-disjoint chains, is already NP-hard in the strong
sense.

Theorem 6. The P 21 chain,Pj,Pj = 11 C max problem is NP-hard in the strong sense.

Proof. The proof is based upon a reduction from 3-Partition and follows an approach of Blazewicz,
Lenstra, and Rinnooy Kan [1983]. Given an arbitrary instance of3-Partition, we construct the follow
ing instance ofP21 chain,Pj,Pj= 11 C max' Each element aj corresponds to a chain K j of 2aj tasks;
the first part consists ofaj tasks that have to be executed by M 1 and the second part also consists ofaj
tasks that have to be executed by M 2. In addition, there is a chain L of 2nb tasks; groups of b tasks
have to be alternately executed by M 2 and M 1.

Suppose that there exists a partition of N into N 1, ..• ,Nn that yields an affirmative answer to 3
Partition. A feasible schedule with makespan no more than 2nb is then obtained as follows. The chain
L is scheduled according to its requirements; the execution ofL is completed at time 2nb. Now M 1

and M 2 are idle in the intervals [2(i -1)b, (2i -1)b] and [(2i -1)b, 2ib] (i =1, ... ,n), respectively. For
each i E {l, ... ,n} it is now possible to schedule the three chains corresponding to the elements ofN;
in [2(i-l)b, (2i-l)b] and [(2i-l)b, 2ib].

Conversely, suppose that there exists a feasible schedule with makespan no more than 2nb. It is
clear that this schedule contains no idle time. Let N; be the index set of the chains K j that are com
pleted in the interval [(2i-l)b, 2ib]. It is impossible that 1:jeN\aj >b due to the definition ofN1. The
case 1:jeN\aj<b cannot occur either, since this would lead to idle time in [b, 2b]. Therefore, we must
have that 1:jeN\aj=b. Through a repetition of this argument, it can be easily proven thatN1,'" ,Nn
constitutes a solution to 3-Partition. 0

The introduction ofrelease dates has a similar inconvenient effect on the computational complexity.

Theorem 7. The P 21Pj,rj ICmax problem is NP-hard in the strong sense.

Proof. The proof is again based upon a reduction from 3-Partition. Given an arbitrary instance of 3
Partition, we construct the following instance ofP 21 Pj,rj Iemax' For each element aj' we define a
task J j with Pj = aj and rj = 0 that has to be executed by MI' Furthermore, there are n tasks K j with
processing time b and release date rj=U-1)(b+£), for j= 1, ... ,n and £ sufficiently small; these
tasks have to be executed by M 2' Finally, there are n-1 biprocessor tasks L j with processing time E

and release date rj = jb+(j-1)£, for 1=1, ... ,n -1. It is easy to see that 3-Partition has an affirmative
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answer if and only if there exists a feasible schedule for P2lfixj,rj ICmax with C max Snb+(n-I)£.
o

Consider the case Pm Ifixj,rj,Pj=IICmax where the number s of distinct release dates is fixed.
Analogously to our analysis of Pm Ifixj,Pj =IICmax, we can transform any instance of
Pm lfixj ,rj,Pj = 11 C max into an integer linear programming problem with a fixed number of vari
ables. We have proven the following theorem.

Theorem 8. The Pm Ifixj, rj,Pj=1 ICmax problem with a fixed number of distinct release dates is
solvable in polynomial time. 0

3. Sum ofcompletion times
In this section, we investigate the computational complexity of our type of scheduling problems
when we wish to minimize total completion time. Our main result is establishing NP-hardness in the
ordinary sense for P 21fixj IICj. The question whether this problem is solvable in pseudopolynomial
time or NP-hard in the strong sense still has to be resolved. The weighted version, however, is NP
hard in the strong sense. We start with an easy observation. Given an instance, let the maximal pro
cessing time be denoted by pmax=maxjPj'

Proposition 1. There is an optimal schedule for P lfixj IICj in which the tasks that require all pro
cessorsfor execution during Pmax time are scheduled last, ifthey exist. 0

Proof. Consider a schedule 0' for P lfixj IICj in which the task J that needs all processors for execu
tion during time Pmax is not scheduled last. The interchange illustrated in Figure 5 generates a
schedule 0'* with ICj(O'*)SICiO')+p(BHp(B)/pmJpmax SICj(O'), wherep(B)=I.JjEBPj' 0

A 0,--_B_1~ I A

0'

Figure 5. The interchange.

3.1. NP-hardnessfor the 2-processorproblem.

Theorem 9. The P 21fixj IICj problem is NP-hard.

__B_0
0'*

Proof. Ourproofis based upon a reduction from the NP-complete problem Even-Odd Partition.

Even-Odd Partition
Given a multiset of 2n positive integers A ={ab'" ,aw such that a; <a;+1 (i = 1, ... ,2n-I), is
there a partition ofN into two disjoint subsets A 1 and A 2 with equal sum b = I.~1aj /2 and such that
At contains exactly one of{a2i_hauJ,foreachi = 1, ... ,n?

Given an instance of Even-Odd Partition, define P =(n 2+I)b, q =n2(n 2+I)(n+I)p, and
r=I.j=l(n+j-l)(a2j_t+a2j)+n2(n+I)b. We construct the following instance ofP21fixj IICj. Each
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element OJ corresponds to a partition task J j with processing time Pj = nb+aj that has to be executed
by MI' In addition, we define n 2+3 extra tasks. There are n2 identical tasks Qi (i = 1, ... ,n2 ) with
processing time 2p (n +1) that have to be executed by M 2, a task K with processing time P that has to
be executed by M 2, a biprocessor task L with processing time p, and a task P with processing time
2p (n +1) that has to be executed by M l' We will show that Even-Odd Partition is answered
affirmatively if and only if there exists a schedule for the corresponding instance of P21ftxj IT£j
with total completion time no more than the threshold

y = (2n 2+4n+8)p+q+r.

Suppose that there exist subsets A 1 and A 2 that lead to an affinnative answer to Even-Odd Parti
tion. Then there exists a schedule 0* with total completion time no more than y, as is illustrated in
Figure 6: the completion times of the extra tasks add up to (2n 2+2n+8)p+q, the sum of the comple
tion times of the partition tasks is equal to 2np+r.

o p 2p 3p

P 1
Ql 1···········1 Qn2

(2n+4)p

Figure 6. The schedule 0* with partition sets A 1 and A 2.

Conversely, suppose that there exists a schedule 0 with total completion time no more than y. We
first show that the extra tasks in 0 must be scheduled according to the pattern ofFigure 6.

A straightforward computation shows that task P and the Q-tasks must be completed after all other
tasks in o. Suppose that task L precedes task K, and that m partition tasks are completed before L
starts. Note that m ~n; otherwise, task K could be scheduled parallel to the m partition tasks, without
increasing the completion time of any other job. If we compare this schedule with 0*, then task L
turns out to be the only task with smaller completion time; this gain is more than offset by the
increase of completion time of task K. Hence, in order to satisfy the threshold, the extra jobs must be
scheduled according to the pattern ofFigure 6.

We now show that, ifT£j (o)~y, then the partition tasks must constitute an affirmative answer to
Even-Qdd Partition. First, suppose that the partition tasks before L in 0 have total processing time
smaller than p, implying that at most n partition tasks are scheduled before L. Then the total comple
tion time of the partition jobs amounts to at least r+2np, the total completion time of the Q-tasks, task
K, and task L is equal to the total completion time of these tasks in 0*, and the completion time of
task P is greater than 3p+(2n+2)p, implying that the threshold is exceeded. Hence, the total process
ing time of the partition tasks before taskL amounts to at leastp.

Now suppose that m partition tasks with total processing time p +x precede task L. Comparing 0

with 0* shows that the total completion time of the extra jobs in 0 is x(n2+1) greater and that the
difference in total completion time of the partition tasks is no more than 2p (n -m)+x(2n -m) in favor
of o. If m =n, then the difference in total completion time between 0* and 0 is at least equal to
x(n2+1)-xn in favor of 0*; x> 0 then clearly implies that the threshold will be exceeded. In case
m>n, we wish to show that x(n 2+1»2p(n-m)+x(2n-m), which boils down to showing that
x(n 2+1-2n+m) >2p(n-m). As the left-band-side of the inequality is positive and the right-hand-
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side negative, we have that the case m >n leads to an excess of the threshold. Hence, exactly n parti
tion tasks with total processing time equal to p must precede task Lin 0'. The total completion time of

the partition tasks is equal to 2np +n (P[I]I+P [1]2)+ ... +(P[n]I+P[n]2' where P[i]1 and P[i]2 denote
the processing time of the [i]th partition task before L and after L, respectively. It is easy to see that
the threshold can only be met if {P[i]1 ,P [i]21 ={PU-l ,Pu}, for i =1, ... ,n. Define A 1 and A 2 as the
set ofpartition tasks before L and after Lin 0', respectively. As the total processing time of the tasks in
A 1 amounts to n 2b+I:A 1 aj =P = (n 2+1 )b, we have that the corresponding subset ofpartition elements
has sum equal to b. Furthermore, Al contains exactly one element from every pair {aU-l ,au};

hence, the subsets A 1 and A 2 lead an affirmative answer to Even-Odd Partition. 0

Theorem 10. The P 21fixj II:wjCj problem is NP-hard in the strong sense.

Proof. The proof is based upon a reduction from 3-Partition. Given an arbitrary instance of 3
Partition, we construct the following instance of P21fixj lI:wjCj . Each element aj corresponds to a
task Jj with processing time aj and unit weight that has to be executed by M 1. In addition, there are n

tasks Kj with processing time b and weight 2(j+a-l)~ that have to be executed by M 2, and nL bipro
cessor tasks Lj with processing time b and weight (2j-l)~, where a=3n(2n-l), ~=ab, and
nL=a+n-l.

Suppose that there exists a partition of N into N 1, ... ,Nn that yields an affirmative answer to 3
Partition. A feasible schedule with sum of weighted completion times no more than

y = f}tI:Z=1 wk(2(n -k)+l)b+I:f=1 w/(2n +a-/)b+I:?~+1wl(2n-2(/-a»b is then obtained by schedul
ing the tasks as illustrated in Figure 7.

Conversely, suppose that there exists a schedule 0' with sum ofweighted completion times no more
than y. Straightforward computations show that the K-tasks and the L-tasks have to be scheduled as
indicated in Figure 7 and that the tasks Jj have to be scheduled in the time slots parallel to the K
tasks. Let Nj denote the set ofJ-tasks that are scheduled parallel to K j ; the sets N 1, ... ,Nn constitute
a solution to 3-Partition. 0

Nn Nn- 1

Kn
L nL

Kn- 1
LnL- 1

o b 2b

::::::::: I ;: I La I L~1 I ::::::::: [J
2nb

3.2. Strong NP-hardnessfor the genera/3-processorproblem

Theorem 11. The P 31fixj II:Cj problem is NP-hard in the strong sense.

Proof. The proof is based upon a reduction from the decision version of the P 31fixj ICmax problem,
which was shown to be NP-complete in Section 2.2. The decision version ofP 31fixj IC max is defined
as the following question: given an instance of P 31fixj ICmax and a threshold b, does there exist a
schedule 0' with makespan no more than b?

Given an arbitrary instance ofP 31fixj ICmax and a threshold b, we construct the decision instance
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of P 31fixj I"£Cj by adding nb+l identical triprocessor tasks Kj with processing time Pmax. The
corresponding threshold is equal to y =nb+1:tt1(b+kpmax)'

Application ofProposition 1 shows that there is an optimal schedule with the K-tasks executed last.
The number ofK-tasks is such that the threshold will be exceeded if the first K-task starts later than b.
Hence, the decision variant ofP 31 fixj I"£Cj has an affinnative answer if and only if the decision vari
ant ofP 31fixj Iemax has an affinnative answer.

Note that, the number of tasks needed in our reduction is pseudopolynomially bounded. We con
clude thatP31fixj l"£Cj isNP-hardin the strong sense. 0

3.2. Unit execution times andprecedence constraints
In this section, we address the complexity of minimizing total completion time in case of unit pro
cessing times. We show that P lfixj 'Pj = 11 "£Cj is NP-hard in the strong sense; the complexity ofthis
problem with a fixed number ofprocessors is still open.

Theorem 12. The P lfixj ,Pj=11 "£Cj problem is NP-hard in the strong sense.

Proof. The proof of this theorem is based upon a reduction from P lfixj ,Pj =11 C max; it proceeds
along the same lines as the proof of the previous theorem. Given an instance ofP Ifixj ,Pj =11 C max'

we add w tasks that require all processors for execution; application ofProposition 1 shows that these
tasks can be assumed to be executed after all other tasks. By choosing w suitably large, we obtain the
situation that the threshold of P lfixj 'Pj = 11 "£Cj is exceeded if and only if the threshold of
P Ifixj 'Pj =11 C max is exceeded. As the decision variant of P lfixj ,Pj=11 C max is NP-complete in
the strong sense and as w is polynomially bounded, we conclude that P lfixj 'Pj = 11 "£Cj is NP-hard
in the strong sense. 0

As could be expected, the addition of precedence constraints does not have a positive effect on the
computational complexity. We show that even the mildest non-trivial problem of this type, with two
processors and chain-type precedence constraints, is NP-hard in the strong sense.

Theorem 13. The P 21 chain,fixj'Pj=1 I"£Cj problem is NP-hard in the strong sense.

Proof. The proof is based upon the same reduction as used in the proof ofTheorem 6, only the thres
hold differs. As the number of tasks is equal to 2nb, and as each task has unit processing time, an
obvious lower bound on the total completion time is equal to y = 2nb (2nb+1); this bound can only be
attained by a schedule without idle time in which both processors execute nb tasks. Hence, there
exists a schedule with total completion time no more than y if and only if there exists a schedule with
makespanno more than b. We conclude thatP21 chain,fixj,pj=II"£Cj is NP-hardin the strong sense.

D
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