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Chapter 1

Introduction

1.1 General Background

Turbulent combustion is an important phenomenon in a wide range of industrial ap-

plications, such as furnaces, Diesel engines and gas turbines. Optimizing or improvement

of these applications is often desirable and in some cases even necessary, as industrial pro-

cesses have to be as e�ective, economical and clean as possible. With respect to turbulent

ames, the aim in most cases is to have an e�cient homogeneous heat transfer in a com-

pact combustion chamber. At the same time, in general, the fuel consumption should be as

small as possible and, increasingly important nowadays, there should be as little environ-

mental pollution as possible. For this, a better understanding of the physics and behaviour

of a turbulent ame is needed. Improved and extended knowledge of turbulent ames can

be used for the design of new industrial combustion applications and existing industrial

burners can be subjected to adaptations and modi�cations. Numerical simulations can be

of great help in achieving this purpose. The achievements and performances in Computa-

tional Fluid Dynamics (CFD) have much increased during the last decades. In comparison

with measurements and practical engineering experience, CFD is often a relatively cheap

tool for industrial design. In many cases, numerical simulations can (at least) be used

complementary to other designing techniques. Therefore, numerical simulations become

increasingly important, including the simulations of turbulent ames. This also holds for

the simulations of turbulent jet ows, which form the base of turbulent ames and are also

frequently found in engineering.

A complete simulation of a turbulent reacting ow, involving all physical processes and

phenomena, is not possible at present, since the required computer power would far exceed

the performance of today's most powerful computers. For the highly turbulent ames

that often occur in industrial applications, it is even questionable if such a complete Direct

Numerical Simulation (DNS) will be possible in the foreseeable future. Even turbulent ows

without chemical reactions may lead to excessive computational e�orts. Much theory about

turbulence and turbulent ows can be found in Hinze [67], Lesieur [104], Nieuwstadt [118]

and Tennekes and Lumley [185], among others. Turbulent ows and ames involve a wide

range of time and length scales at which motions and uctuations take place. The spatial

structures or so-called `turbulent eddies' with the largest scales are responsible for the

e�ective mixing of e.g. mass, momentum and energy. These large eddies are exposed to

the process of `vortex stretching', i.e. the mean ow causes deformation of the eddies

and suitably orientated eddies are stretched. At the same time, conservation of angular

1



2 1. INTRODUCTION

momentum causes a higher level of rotation. In this way, motion at a smaller transversal

length scale is enhanced. Smaller eddies are stretched by the large eddies, thus leading to

motion on smaller scales. This process is repeated, until �nally the smallest scales or micro

scales are dissipated by the action of uid viscosity. This process of distribution of energy

is often referred to as the `energy cascade' in turbulent ow. Based on the assumption

that the rate of dissipation of turbulent energy, " = �dE=dt, is fully determined by the

kinematic viscosity �, dimensional analysis gives �=(�3=")1=4, �=(�=")1=2 and #=(�")1=4,

where �, � and # are the micro scales of length, time and velocity, respectively. These

relations were �rst given by Kolmogorov [87]. The energy supply from larger scales can

be related to the length scale L, time scale T and velocity scale U of the largest eddies

by means of "�U2=T or "�U3=L. Combination of these expressions yields the relation

between the micro scales and macro scales

�=L � (
UL

�
)�3=4 = Re�3=4 (1.1.1)

�=T � (
UL

�
)�1=2 = Re�1=2 (1.1.2)

where Re = UL=� is the Reynolds number, de�ned by the characteristics of the large

eddies, i.e. the global ow pattern. A complete simulation should resolve all possible

scales. Hence, the number of spatial gridpoints and time steps needed for DNS scale with

(Re3=4)3 = Re9=4 and Re1=2, respectively. For turbulent ows at high Reynolds numbers

(e.g. Re� O(105)), as frequently occur in industrial applications, this would lead to an

enormous task. In conjunction with the conservation equations for mass, momentum and

energy, in case of a ame the conservation equations for all chemical species have to be

solved as well. The combustion of a fuel involves the main species, but also intermediate

products and radicals. This means that in a numerical simulation of a ame a number of

convection-di�usion equations have to be solved in addition to the other equations. This

number of additional equations can be of the order of one hundred. The time scales for

chemical reactions are in some cases even smaller than the smallest scales in a non-reacting

turbulent ow. This is usually characterized by a large value of the Damk�ohler number,

Da� 1, which is de�ned as the ratio of a characteristic di�usion time and a chemical

reaction time. Therefore, if the DNS of a turbulent ow is tremendous, the DNS of a

complete turbulent ame will certainly be.

The foregoing considerations show that a complete simulation of a turbulent jet or

ame is an impossible task at present. Dividing the problem in parts, in combination

with the application of accurate turbulence models, seems to be an attractive strategy.

Turbulent jet ows have to be modelled and simulated su�ciently accurate, because they

form the base of a turbulent ame. In fact, a turbulent ame can be regarded as a

turbulent jet with chemical reactions. Moreover, turbulent jets are very frequently found

in engineering, which makes jet ows an important research topic. Usually models are used

for the description of turbulent uctuations and the time-averaged equations are solved.

In this way, only the statistics of the ow is considered. In the present study, k � "

type models are used for the description of turbulent ow (Launder and Spalding [97, 98]).

In these models, conservation equations for the turbulent kinetic energy k and its decay

in time " are used. Sophisticated higher-order closure models may yield better results,
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especially in case of swirling ows where anisotropy of turbulence is important. However,

in case of turbulent combusting ows these models lead to a computational e�ort that is

often too excessive. Moreover, like k� " type models and other �rst-order closure models,

these models are partly empirical and several introduced constants have to be �tted by

means of measurements, which restricts the generality and success of the application of

these models. Although the numerical methods discussed in this study are tested for k� "
models, they can also be employed for higher-order closure models, since the conservation

equations of these models have the same structure.

For a good description of a turbulent ame, chemical reactions, combustion features

and interaction with the ow have to be modelled and simulated su�ciently accurate in

order to get useful results. Several types of combustion of a fuel can be distinguished.

Perhaps the most basic type of ame is the di�usion ame. For this type of ame, fuel

ows from a nozzle into stagnant or co-owing air. A reaction takes place if fuel and

oxygen are appropriately mixed. This mixing is achieved by di�usion of the reactants and

hence di�usion is the determining parameter for this type of combustion. A second type

of ame is the premixed ame, where both fuel and oxidizer ow from the nozzle as they

are already mixed beforehand. This yields di�erent ame structures and a more complex

behaviour. As di�usion ames form the most basic type of ames, (turbulent) combustion

research often starts with this type of ames. The chemistry of turbulent ames can be

modelled following the so-called `Flamelet principle' (Peters [131{133]), where a turbulent

ame is considered to be an ensemble of locally 1D laminar ames. The chemical-reaction

equations of the ame are solved separately from the turbulent ow �eld. The solutions for

the chemical components are stored in a so-called `Flamelet library'. During the calculation

of the combusting ow �eld, this library is coupled to the turbulent ow �eld by means

of a suitable parameter. In this way, it is possible to simulate approximately a turbulent

ame with full chemistry.

Since the simulation of a turbulent ame employing the amelet approach, or even that

of a non-reacting time-averaged turbulent jet ow, can still be very time consuming, e�cient

numerical solution techniques are required to solve the systems of governing equations.

Therefore, the present study focusses on solution methods for turbulent jets and di�usion

ames. Two strategies can be applied for the development of fast numerical simulation

methods. Traditionally, the conservation equations in engineering are numerically solved

by means of the `SIMPLE'-method (Patankar [126]). In this method, the equations are

solved sequentially, in a decoupled way. Iteration yields the simultaneous solution of the

equations. However, in case of a strong interdependence of the equations, e.g. when

the k � " model is used to describe turbulence, usually a slow convergence behaviour is

observed. The convergence can be enhanced by coupling the equations. Two coupled

numerical solution methods have been developed and tested and they will be presented

and discussed in this study. Another strategy to save computing time is simpli�cation of

the equations, by neglecting terms that are relatively small. The resulting `parabolized'

equations usually require much less computational e�ort. In some cases the mathematical

character of the equations even gets a `one-way structure', which makes a very fast single

marching procedure applicable. Of course, the omission of terms should not give large

di�erences in the calculated results in comparison with the results of the original equations.
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1.2 Considered Con�gurations

Turbulent jet ows and di�usion ames are the subject of study in this thesis, where jet

ows can be regarded as the basic ow type which underlie di�usion ames. Several jet-ow

types and con�gurations can be found in practice. A number of these types and con�gu-

rations are listed below. Note that this list is far from exhaustive. Combinations of the

given examples often determine the jet-ow and ame con�gurations found in engineering.

� Plane jets. For plane jets, the ow has only two dominant directions and approxi-

mately takes place in a at plane. This is e.g. the case if the ow originates from a

narrow plane nozzle or slot of large length. The problem can be described in terms

of 2D Cartesian (x and y) coordinates.

� Circular jets. These jets are found in case of circular shaped nozzles and annular

pipes. The problem can be described in terms of general cylindrical (z,r and �)

coordinates. If axi-symmetry prevails, i.e. when the ow quantities are independent

of the angular position with regard to a centreline or axis of symmetry (@=@�=0), a

description in two coordinates (z and r) is possible. In this case, the jet ows in a

cone-shaped way. Therefore, these jets are sometimes referred to as `conical jets'.

� Free jets. For free jets, there are no neighbouring walls with a direct inuence on the

ow. The ow usually originates from a nozzle and the ambient uid is stagnant.

� Compound jets. This is basically the same type of jet as the free jet, except for

the surrounding uid, which is in motion in the direction parallel to the jet. The

parallel ow or `co-ow' usually has small velocity and is used for the stabilization

and regulation of the jet or ame. The stagnant ambient uid of a free jet can be

regarded as a co-ow with zero velocity and therefore both free jets and compound

jets are often referred to as `jets with co-ow'.

� Swirling jets. These are circular jets with a circumferential or spiralling motion

around the main axial ow direction. The swirl enhances mixing and can be used

for stabilization and regulation of the jet or ame. Although angular motion is

important, in some cases axi-symmetry still prevails and a description in terms of z

and r coordinates is possible.

� Con�ned jets. These jets are considerably inuenced by the existence of walls parallel

to the main ow direction. This e.g. occurs in small combustion chambers.

� Jets in cross-ow. For these jets, the ambient uid has a velocity that is not parallel

to the jet velocity.

� Wall jets. For these jets, a solid wall is located where other jets have a plane or axis

of symmetry. This yields a one-sided ow pattern without symmetry.

� Impinging jets. These jets collide with a solid wall located downstream. This occurs

in small chambers where the jet does not �t in entirely.

� Two-phase jets. The ow of these jets contains both liquid and gas phase. This e.g.

occurs when a liquid fuel is sprayed in the air and combusted.
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Figure 1.1: An example of a free circular turbulent jet (J.M. Burgers Centre [23]).

In this study, both laminar and turbulent jets are considered, as well as turbulent

di�usion ames. In engineering, most ows are highly turbulent. Nevertheless, also laminar

jets occur in case of small velocities, high uid viscosity or small scale. Whether or not a

ow is turbulent can be characterized by the Reynolds number, as described in the previous

section. For nozzle ows, the Reynolds number is usually de�ned by Re=�UD=�, with U

the mean or centreline axial velocity, D the nozzle diameter and � and � the uid density

and viscosity, respectively. For pipe ows, the transition from laminar to turbulent ow

takes place between Re=2:0 103 and Re=1:0 105, depending on the roughness of the pipe

wall (Douglas et al. [38]). In case of jets, the ow is fully turbulent when Re > 3:0 104

(Spalding [179]). Laminar jets can often serve as a simple test case for the validation of a

CFD code. They can act as a starting point and can be used to gain a better understanding

of some of the ow phenomena, such as ow patterns and directions.

The jet con�gurations and types considered in this study are predominantly circular free

and compound jets, with and without swirl. In some cases, 2D plane jets are discussed.

An example of a circular free turbulent jet without swirl, adopted from J.M. Burgers

Centre [23], is given in Figure 1.1. The inuence of solid walls is not considered. If a nozzle

is placed in a very large combustion chamber, which is often the case in a real industrial

application, in �rst instance the jet may be considered as a free jet without neighbouring

walls. Once the situation without walls is studied and fully understood, con�ned jets,

enclosed by solid walls, may be considered. Moreover, the research in turbulent combustion

often starts with turbulent free or compound jets and ames, since free turbulent ames

involve most combustion phenomena, where at the same time di�culties involving the

modelling of interaction between ames and walls can be left out. Note that the ow

pattern is signi�cantly di�erent in case of a large inuence of walls. If there is a solid wall

of large width perpendicular to the nozzle and a co-ow is not present, a recirculation zone

may arise in the co-ow area. The ow pattern in that case resembles the pattern that

occurs in the ow in a sudden pipe expansion.

The main jet-ow con�guration in this study, as given schematically in Figure 1.2, is a

primary turbulent ow originating from a cylindrically shaped nozzle, with certain velocity

pro�le, pressure and uid properties such as density and viscosity. Note that Figure 1.2 is
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Figure 1.2: A schematic picture of a circular jet.

the schematic representation of Figure 1.1. The irregularities and instabilities of the ow,

such as rotating eddies and other unsteady ow features, have been omitted. In a laminar

ow they are seldom present, whereas in case of a turbulent jet the time-averaged ow

with a regular ow pattern is considered. The ow mixes with the stagnant surrounding

uid or a parallel co-ow with small velocity in axial direction parallel to the jet. The

co-ow may have di�erent uid properties, which is e.g. the case in a di�usion ame where

fuel mixes with air. There are no solid walls. All boundaries are open, i.e. uid may

move freely through the boundaries. The boundaries at the sides, parallel to the nozzle,

are often referred to as far-�eld boundaries. The boundary downstream may be called

outlet boundary, as adopted from pipe-ow terminology. If axi-symmetry is assumed, the

equations in cylindrical coordinates reduce to a description in two coordinates, where the

axial coordinate z is parallel to the streamwise direction and the radial coordinate r is

perpendicular to this direction. The (z; r)-origin is usually positioned on the centreline,

at the exit of the nozzle. Because of the symmetry, only the segment r > 0 has to be

simulated, which gives a considerable reduction of computing time. Some details of the

physics and ow phenomena of the jet discussed above are given in Sections 2.3 and 5.1.

In this study, also swirling jets with co-ow are considered. In a swirling jet, usually

a rotating motion is deliberately induced upstream of the nozzle exit. This gives the

ow a circumferential velocity component in addition to the axial and radial components

encountered in the jets without swirl. There are several ways to introduce a swirling motion

in the nozzle from which a jet originates. One possibility is to use a circumferential inlet in

the nozzle, perpendicular to the axial stream. Another way is using guiding vanes forcing

the original parallel ow to rotate or using a rotating pipe inside the nozzle, where wall

friction causes the desired swirling motion.

The swirling velocity component may have a large inuence on the ow. Therefore,

swirling motion is often pro�tably used for controlling jet ows or ames in combustion

chambers. Although in swirling jets three directions of motion (z,r and �) are important,

in this study axi-symmetry is assumed for all circular jets, even for jets with swirl. This is

of course an important limitation, as in practice many swirling jets are not axi-symmetric.

However, in case of axi-symmetry, a description in two coordinates z and r is possible, which
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makes a numerical simulation much simpler. Note that the third velocity component is still

calculated. The description in two coordinates of a ow with three velocity components is

often referred to as a `quasi-3D approach'. With this approach, the global ow behaviour

like spreading, velocity decay and entrainment, as a function of the swirl intensity, can be

investigated. The interaction with turbulence and combustion can also be studied and the

obtained results can be used for further research into the far more complicated situations

without axi-symmetry. Axi-symmetric swirling jets and ames may form the starting

point for research in swirling turbulent combustion. Some details of the physics and ow

phenomena of a swirling jet are given in Sections 2.3 and 6.1.

The level of swirl is usually characterized by the dimensionless swirl number S. There

are several ways of de�ning the swirl number. Usually a ratio of the momentum or mass

ux in circumferential and axial direction is used. Often the nozzle radius R0 or diameter

D is used for a correct normalization. For swirling jets, the most widely used de�nition is

S =
G�

R0Gz
(1.2.1)

with G� the moment of the circumferential momentum ux in axial direction and Gz the

axial momentum ux. These are given by

G� = 2�
Z 1

0
�uwr2 dr (1.2.2)

Gz = 2�
Z 1

0
�u2r dr (1.2.3)

where � is the uid density and u and w are the velocity components in axial and cir-

cumferential direction, respectively. The ow of a swirling turbulent jet combines the

characteristics of general rotating turbulent ows with the phenomena encountered in non-

swirling jets. Swirling jets and ames are therefore the most complex ows in this study.

1.3 Purpose of this Study

The numerical simulation of a turbulent jet or di�usion ame can be very time con-

suming, as explained in Section 1.1. Even when the turbulent ow is modelled with a

relatively simple model, such as the k � " model, and turbulent combustion is tackled

with the amelet approach, the required computational e�ort may be too large. This is

especially the case when a numerical solution method is used that solves the governing

equations sequentially in a decoupled way, such as the SIMPLE method. In this study, a

stronger coupling of the equations for the turbulent jet is employed in order to reduce the

required computing time. Two alternative numerical solution methods are developed and

tested for turbulent jets and di�usion ames with co-ow. One method uses a marching

procedure in streamwise direction, as the jet or ame slowly changes in this direction. At

each streamwise station, the set of equations that describes the ow is coupled. For the full

set of equations, repeated marching is needed to obtain the solution. The second method

couples all equations for the jet of the whole computational domain in one large system. In

this way, the directional sensitivity of the marching procedure is removed. Large-sparse-

matrix techniques are used for the resulting large systems of linear equations that need to

be solved as part of the solution process.
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Another way of reducing computing time is neglecting relatively less important or small

terms in the governing equations for the jet ow. There are several criteria for determining

which terms can be omitted; each of them will be investigated. By neglecting the appro-

priate terms, the number of repeated marches in the marching method can be reduced

signi�cantly. In some cases only one march is su�cient, as certain streamwise variations

in the equations may be completely suppressed. An investigation is made whether these

reduction methods lead to results much faster, without introducing large di�erences in the

calculated results in comparison with the results obtained from the original equations.

As discussed in Section 1.2, the research focusses on circular compound jets and di�usion

ames. The inuence of swirl on the jet characteristics is also studied. It is investigated

whether the level of swirl is important for the computing times of the various numerical

solution methods and whether an increase of the initial swirl intensity results in larger

di�erences between the solutions of the reduced equations and that of the original system

of equations.

1.4 Outline of the Thesis

The contents of the thesis is organized in the following way. In Chapter 2, the governing

equations for a turbulent jet and di�usion ame are presented. First, the general equations

are given for both laminar and turbulent jets and di�usion ames. Several turbulence

models are discussed. Next, the order-of-magnitude considerations are presented that lead

to the reduction of the governing equations. The qualitative behaviour of the resulting

equations is also discussed. Finally, analytical solutions of the simplest systems of equations

are discussed, which can be used for the validation of the numerical results.

In Chapter 3, the discretization methods are dealt with. The Finite-Volume Method

for the discretization of conservation equations is discussed, as well as two discretization

techniques for parabolic ows.

In Chapter 4, the various numerical solution methods are presented. The pressure-

correction methods are discussed, as well as two alternative coupled methods of solution.

The numerical techniques used to solve the linear systems, which are part of the coupled

methods, are also dealt with in some detail.

In Chapter 5, the performance and results of the numerical solution methods are given

and discussed. The computing times needed for numerical simulations are compared with

each other. The calculated solutions of the various reduced systems of equations are com-

pared with those obtained from the original equations. After a general description of the

relevant ow phenomena, the methods are validated for laminar jets, for turbulent jets and

for turbulent di�usion ames.

In Chapter 6, the inuence of swirl on a jet is studied. First, the relevant ow phenom-

ena of a swirling jet are discussed. Next, the inuence of increasing swirl intensity on the

ow characteristics of laminar and turbulent jets is studied, as well as its inuence on the

obtained accuracy and the computing times required for the various numerical methods of

solution.

In Chapter 7, the main conclusions of the present study are given. Obtained results

and limitations are discussed and recommendations for future research are suggested.



Chapter 2

Governing Equations

2.1 General Transport Equations

2.1.1 Conservation Equations

In general, ows can be described by means of the equations of motion, describing

transport of e.g. mass, momentum and energy. This also holds for the jet ows considered

in this study. The transport equations are extensively discussed in the literature about

(computational) uid mechanics, see e.g. Batchelor [9], Bird et al. [14], Douglas et al. [38],

Kundu [93] or Landau and Lifshitz [95]. In case of mixing or reacting ows with variable

density and other uid properties, these equations are mostly written in conservative form.

This makes the use of �nite-volume discretization methods more convenient, as described

in Chapter 3. The convection-di�usion equation for a general variable � with exchange

coe�cient � is given by

@��

@t
+r � (�~u�) = r � (�r�) + S� (2.1.1)

where ~u is the velocity vector, � is the uid density and S� is a source term. Dependent on

the ow geometry, the gradient vector and divergence are written in Cartesian or cylindrical

coordinates. In this section, only steady 2D and axi-symmetric ows without swirl are

considered. As discussed in Section 1.2, an axi-symmetric ow without swirl is independent

of the angular position with regard to the centreline or axis of symmetry and has a zero

circumferential velocity component. This makes it possible to reduce equations in terms of

3D cylindrical coordinates to a description in two coordinates. In most cases, it is possible

to write the steady 2D and axi-symmetric conservation equations in a combined form, i.e.

@(�u�)

@x1
+

1

x2m
@(x2

m�v�)

@x2
=
@(� @�

@x1
)

@x1
+

1

x2m
@(x2

m� @�
@x2

)

@x2
+ S� (2.1.2)

The velocity components u and v are in the x1 and x2 direction, respectively. The coordi-

nate system is identi�ed by the integer m. For planar 2D ows, m=0 and x1 and x2 have

to be replaced by x and y, respectively. In case of axi-symmetric ow, m=1 and x1 and

x2 become z and r, respectively.

Conservation of mass is given by the continuity equation

@�

@t
+r � (�~u ) = 0 (2.1.3)

9
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and conservation of momentum in three directions is given by

@�~u

@t
+r � (�~u 
 ~u) = �rp +r � �ij (2.1.4)

where p is the pressure, � is the viscous stress tensor 1 and 
 denotes the tensor product.

External body forces have been omitted for convenience. For Newtonian uids, the viscous

stress � is linearly dependent on the rate of strain (deformation). In Cartesian coordinates,

this relation is given by

�ij = �[2Sij � 2

3
�ij(r � ~u)]; i; j = 1; 2; 3 (2.1.5)

with � the uid viscosity, Sij the strain tensor given by Sij =
1
2
( @ui
@xj

+ @uj
@xi

) and �ij the

Kronecker delta. The equations (2.1.3) and (2.1.4), with (2.1.5) substituted for the stress

tensor, are known as the Navier-Stokes equations (NS).

For steady 2D and axi-symmetric non-swirling jets, it is possible to write the resulting

continuity and momentum equations in a combined form as

@(�u)

@x1
+

1

x2m
@(x2

m�v)

@x2
= 0 (2.1.6)

@(�uu)

@x1
+

1

x2m
@(x2

m�vu)

@x2
= � @p

@x1
+
@�11
@x1

+
1

x2m
@(x2

m�21)

@x2
(2.1.7)

@(�uv)

@x1
+

1

x2m
@(x2

m�vv)

@x2
= � @p

@x2
+
@�12
@x1

+
1

x2m
@(x2

m�22)

@x2
�m

���
x2

(2.1.8)

The expression for �ij with i; j = 1; 2 in (2.1.5) also holds for the general case. For axi-

symmetric ows (m= 1), a term ���=r appears in the radial momentum equation (2.1.8)

due to the transformation from Cartesian into cylindrical coordinates. In this case, the

stress component ��� is given by

��� = �[2
v

r
� 2

3
(r � ~u)] (2.1.9)

Note that for constant uid properties the NS equations can be simpli�ed. When � and

� are constant, the NS equations describe the jet ow completely. However, generally the

density follows from an equation of state, i.e. a relation between �, p and the temperature

T , where the energy equation is needed to close the system of equations. For isothermal

jets, the viscosity is a known constant uid property. In case of varying temperatures, a

relation between viscosity and temperature may be necessary. In case of combustion, the

density is variable in the whole ow �eld. If the density is independent of the pressure, i.e.

if no gas-law is used, the system of equations has a quasi-incompressible character. This

is e.g. the case if the amelet model is used for combustion, as described in Section 2.1.5.

2.1.2 Averaged Transport Equations

As discussed in Section 1.1, the DNS of turbulent ows in general and of turbulent jets

in particular requires too much computer power. At present, it is not possible to solve

1The total stress consists of normal stress (pressure) and shear (viscous) stress
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the complete system of equations on a su�ciently re�ned grid with su�ciently small time

steps, in order to handle all small turbulent time and length scales. Although the capacity

of high performance computers still increases, it is doubtful if a complete DNS will be

possible in the foreseeable future. Especially the highly turbulent reacting jet ows that

occur in large industrial combustion chambers are far too complex for a direct approach.

In case of a turbulent ow, often only the turbulence statistics is considered, instead

of the detailed time-dependent ow quantities. The various variables � are split up in a

time-averaged component �� and a uctuating part �
0

by means of

�(~x; t) = ��(~x; t) + �
0

(~x; t)

where �� is de�ned as

��(~x; t) =
1

�t

Z t+�t

t
�(~x; �) d�

Here �t should exceed the time scales of the slowest variations of �. For time-dependent

ows an ensemble average should be taken, in order to satisfy rules like ��= �� and �0 =0.

Substitution of the decomposition in the NS equations and other transport equations and

subsequently averaging the result yields the so-called Reynolds-Averaged equations (Tan-

nehill et al. [184], Versteeg and Malalasekera [209]). The average of one single uctuation

is zero: �0=0. Correlations involving density uctuations are zero for incompressible ows

and can be omitted. In case of combustion, or mixing ows with a large density vari-

ation, it is more convenient to replace the time-averaging process by a density-weighted

or so-called `Favre-averaging' process (Favre [42]). In this case, the average is de�ned as
~�= ��=�, which is used in the decomposition �= ~� + �

00

. This avoids terms with density

uctuations in the averaged equations. In the remainder of this section, only conventional

time-averaging is considered.

As a result of the above-mentioned procedure, the variables u, v, p and � in the NS

equations (2.1.3)-(2.1.5) have to be replaced by their averaged variables u, v, p and � ,

respectively. Moreover, in the left-hand side of the momentum equations (2.1.4) extra

turbulent stress terms arise from the original convection terms. These extra terms are

usually moved to the right-hand side, which gives

@� ~u

@t
+r � (�~u 
 ~u) = �rp +r � (� ij +Rij) (2.1.10)

with

Rij = ��u0iu0j
The new terms describe convective momentum transfer due to velocity uctuations. In

the literature, they are known as Reynolds stresses and the averaged equations, including

(2.1.10), are known as the Reynolds-Averaged Navier-Stokes equations (RANS). Similar ex-

tra turbulent stress terms R�=��u0i�0 appear in the averaged general convection-di�usion

equation (2.1.1). The turbulent stresses Rij and R� are unknown in principle. Because of

the introduction of uctuations �
0

, the number of unknowns in the equations exceeds the

number of known variables. This is known as the so-called `closure problem' of turbulence.

The unknown terms have to be modelled. For this, various turbulence models have been

proposed during the last century. This will be discussed in the next section.
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2.1.3 Turbulence Modelling

Turbulence modelling is an important topic in uid mechanics. The basic goal of a

turbulence model is to close the system of mean-ow equations, i.e. expressions are sought

for the Reynolds stresses described in the previous section. Usually only the e�ect of

turbulence on the mean ow is described. Apart from models based on a Large-Eddy

Simulation (LES) approach, where spatial �ltering techniques are used to describe the

inuence of small eddies on the ow (Nieuwstadt [118], Smagorinsky [170]), turbulence

models can be divided according to whether or not the Boussinesq approximation is used

(Tannehill et al. [184]). Following this approximation, the Reynolds-stress tensor can be

modelled analogous to the expressions for the laminar stress tensor (2.1.5) and (2.1.9) and

hence taken proportional to the rate of mean strain. This means

Rij = 2�tSij � 2

3
�ij(�tr � ~u+ �k); i; j = 1; 2 (2.1.11)

and

R�� = �t[2
v

r
� 2

3
(r � ~u)] (2.1.12)

The uid viscosity � has been replaced by a so-called `turbulent viscosity' �t, which has

to be modelled. The mean strain tensor Sij contains derivatives of the mean velocities.

Furthermore, the turbulent kinetic energy k= 1
2
u
0

iu
0

i is used to ensure a correct contraction

i=j, although the term �k is often omitted. For the turbulent viscosity, most models use

characteristic scales of the turbulent ow, such as a characteristic length and velocity scale,

and apply dimensional analyses to deduce expressions for the turbulent viscosity. Models

that are based on the Boussinesq approximation are often referred to as eddy-viscosity

models or �rst-order closure models.

Models that do not use a turbulent-viscosity approach are the so-called stress-equation

models or second- or higher-order closure models. In these models, the exact transport

equations for the Reynolds stresses are deduced and unknown correlations arising in the

equations are modelled (Hanjali�c [61], Launder et al. [99], Rotta [150]). The Reynolds-

stress equations can be found by multiplying the i-th averaged momentum equation by

uctuation u
0

j and vice versa, adding the two resulting equations and time-averaging. This

leads to the transport equations for the six Reynolds stresses (for 3D ow) with twenty-

two new unknown terms, among which triple-correlation terms that have to be modelled.

Several constants are introduced, which have to be �tted on the basis of measured data

or determined otherwise. If the stresses are calculated from their transport equations, the

models are referred to as Reynolds-Stress Models (RSM). The transport equations can

be simpli�ed by neglecting or modelling the ensemble of convection and di�usion terms

in each equation with algebraic expressions, thus leading to the so-called Algebraic-Stress

Models (ASM), see e.g. Lumley [107], Rodi [148] or Speziale [180].

In the literature, the performance of second-order closure is frequently compared with

the results of �rst-order models. In general, second-order models are accurate in the

description of time-averaged quantities and rather successful in the description of the

Reynolds stresses, due to sophisticated modelling. Moreover, in these models anisotropy is

accounted for, i.e. the variance of velocity uctuations in each direction u
0

iu
0

i and hence the
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normal Reynolds stresses Rii are not necessarily equal (Rii 6=Rjj, for i 6= j). In �rst-order

models, isotropy of turbulence is introduced by the Boussinesq approximation, because of

isotropy of the mean strain tensor (Sii = Sjj, for i 6= j). Anisotropy of turbulence may

be important for ows with streamline curvature and for swirling ows (Gupta et al. [55],

Parchen [124], Song Fu [175]). Hence, for these type of ows often second-order closure is

preferred (Kim and Chung [83, 84], Younis et al. [223], Zhang et al. [225]). For non-swirling

circular jets, anisotropy is less important. In both RSM models and ASM models, the "-

equation of the k� " model (see below) is used to describe decay of turbulence. This is the

main shortcoming of these models, because often the description of " is empirical. This

restricts the success of the application of these models and often RSM and ASM models do

not perform much better than models of the k � " type. A rather large number of model

constants have to be based on measurements or determined otherwise, which gives these

models only little generality, as di�erent types of ow may require di�erent values of the

constants. In comparison with eddy-viscosity models, for second-order models several extra

(transport) equations have to be solved, which may lead to very high computational costs.

Especially in case of reacting ows, where the description of combustion itself already re-

quires a lot of computer power, the total calculation e�ort required may be too excessive.

In ows encountered in engineering, such as turbulent combusting ows, eddy-viscosity

models are still most widely used and validated. Therefore, in the present study, only

�rst-order turbulence models are considered, although the numerical techniques described

and tested can also be used for higher-order turbulence models.

First-order turbulence models can be further classi�ed following the number of transport

or di�erential equations used in the model. A brief survey of these models is given below.

Zero-equation models Assuming one general turbulent velocity scale Vt and one

turbulent length scale lm, dimensional analysis gives an algebraic expression for �t, i.e.

�t=�Vtlm. Since the kinetic energy of turbulence is mainly contained in the largest eddies

that interact with the mean ow, lm is a characteristic measure for these eddies. Often lm
is referred to as mixing length. According to Prandtl, for boundary-layer ows (see Section

2.2), the velocity scale can be related to the main velocity gradient by Vt = lmj@u@y j. This

results in �t=�l
2
mj@u@y j. For free jets, it is possible to relate Vt directly to the axial velocity

on the centreline. The mixing length lm can be given by an algebraic equation that involves

local ow parameters. For jet ows, lm is often related to the width � of the mean-ow

region or the halfwidth. For 2D jets, lm�0:23 y 1
2
can be used, whereas for axi-symmetric

jets lm�0:19 r1
2
(Schlichting [162], Spalding [179]). The expressions for lm can be di�erent

for each type of ow. Hence, the models are not generally applicable. Moreover, mixing-

length models only have little physical meaning and are not capable of predicting ows

with complex ow phenomena such as recirculation. An obvious shortcoming is that the

models predict �t=0 and hence a zero Reynolds stress in regions where @u
@y
=0, which e.g.

occurs on the symmetry axis. An advantage is that they are easy to implement and require

only little computer power. Moreover, these are the only models that can be applied for

the deduction of analytical solutions for turbulent jets, as described in Section 2.3.



14 2. GOVERNING EQUATIONS

One-equation models For Vt also the turbulent kinetic energy k = 1
2
u
0

iu
0

i can be

used. Again, the mixing length lm is given by an algebraic equation. Dimensional analysis

gives �t=�c�k
1

2 lm, where the constant c� follows from measurements. The turbulent kinetic

energy k is given by a convection-di�usion equation, viz. the k-equation of the k�" model

(see below). The dissipation rate �, which appears in the k-equation, can be modelled

following dimensional analysis as " = k
3

2=lm. Although a sophisticated equation for k is

used, which allows one of the modelling parameters to vary throughout the ow, there is

still little generality and physical meaning, because of the use of a mixing-length approach.

In comparison with zero-equation models, the required computer power increases due to

the use of an extra transport equation. The turbulent viscosity itself can also be given by

a transport equation (Mani et al. [113]).

Two-equation models As for one-equation models, the turbulent kinetic energy

k is used for the velocity scale Vt. The description of the length scale can be improved by

the introduction of a more sophisticated equation for lm that uses more than just local ow

quantities. It is possible to use a transport equation for lm, although generally transport

equations for other parameters are used, such as " in the k�" model (see below) or !="=k

in the k�! model (Wilcox [214]). Note that k=" gives a mechanical time scale. In case of

the k � " model, the length scale is determined from lm= k
3

2 =" and dimensional analysis

gives �t=�c�k
2=". For the k � ! model, lm=k

1

2 =! is used, which leads to �t=c�k=!.

The k � "k � "k � " model The k � " model (Jones and Launder [79], Launder and Spald-

ing [97, 98]) is probably the most widely used turbulence model, especially in case of com-

bustion. It has a fairly good performance in industrial ows, although the model has

several drawbacks and shortcomings. For both k and ", a transport equation is used,

which can be deduced from the momentum equations in combination with a lot of physical

reasoning. Several constants are introduced, which have to be based on measurements or

determined otherwise. The standard k � " model is only valid for high Reynolds numbers

and homogeneous turbulence. Because of the use of the Boussinesq approach, anisotropy

is not accounted for. Although this model is already rather complex, for various ow sit-

uations improvements and extensions are needed. Modi�ed k � " models have di�erent

source terms and the constants are frequently varied. For low-Reynolds-number ows, the

constants are multiplied by damping functions with a laminar limit for Re # 0. This gives
a better transition to near-laminar ow areas, as e.g. occur in the co-ow region around

the turbulent jet (Chien [27], Jones and Launder [79]).

Since the k � " model is used in the simulations of turbulent jets and ames in this

study, it is discussed in some detail below. The equation for k can be deduced from the

momentum equations of NS and those of RANS, by multiplication with their accompanying

velocity uctuations, followed by addition and rearranging (Nieuwstadt [118], Tannehill et

al. [184]). The result for steady ow, written in Cartesian coordinates for convenience 2, is

r � (�~u k) =
@(� @k

@xj
)

@xj
� @(1

2
�u

0

iu
0

iu
0

j + p0u
0

j)

@xj
� �u

0

iu
0

j

@ui
@xj

� �
@u

0

i

@xk

@u
0

i

@xk
(2.1.13)

2The axi-symmetric 3D version follows from transformation into cylindrical coordinates and @
@�
=0



2.1. GENERAL TRANSPORT EQUATIONS 15

The term �1
2
�u

0

iu
0

iu
0

j � p0u
0

j can be modelled as a gradient di�usion process, i.e.

�1

2
�u

0

iu
0

iu
0

j � p0u
0

j =
�t
�k

@k

@xj

where �k is the constant turbulent Prandtl number for k. The term ��u0iu0j @ui@xj
can be

modelled with the Boussinesq assumption for the Reynolds stress (2.1.11), which leads to

� �u
0

iu
0

j

@ui
@xj

= [2�tSij � 2

3
�ij(�tr � ~u+ �k)]

@ui
@xj

(2.1.14)

This expression is positive in general and determines the production rate Pk of �k. It is

related to the shear of the mean ow and therefore referred to as shear production. The

last term �� @u
0

i

@xk

@u
0

i

@xk
is always negative and determines 3 the volumetric dissipation rate �"

of k. For ", an exact transport equation can be deduced from the momentum equations as

well, by means of the equation for the vorticity ~!=r� ~u, see e.g. Nieuwstadt [118]. By

substitution of the decomposition !i=!i+!
0

i, averaging and subtraction from the original

vorticity equation, an equation for 1
2
!
0

i!
0

i can be found. Upon neglecting small terms and

using "��!0

i!
0

i, which is valid in homogeneous turbulence for high Reynolds numbers, the

result for steady ow, written in Cartesian coordinates, is

r � (�~u ") = � @

@xj
(�u

0

j"
0) + 2�!

0

i!
0

js
0

ij � 2�
@!

0

i

@xj

@!
0

i

@xj
(2.1.15)

Again some modelling is needed. The term �u
0

j"
0 is described by gradient di�usion, i.e.

��u0j"0 =
�t
�"

@"

@xj

with �" the turbulent Prandtl number for ". The other two terms give production P" and

destruction D" of �". It is assumed that P" � D" can be taken proportional to Pk and ",

i.e.

P" �D" =
"

k
(c"1Pk � c"2�")

Here two constants c"1 and c"2 are used, as well as the time scale "=k.

In conclusion, the standard k � " model for steady ow is given by

�t = �c�k
2=" (2.1.16)

r � (�~u k) = r � (�t
�k
rk) + Pk � �" (2.1.17)

r � (�~u ") = r � (�t
�"
r") + c"1

"

k
Pk � c"2�

"

k
" (2.1.18)

with the shear production Pk in principle given by (2.1.14). Often (2.1.14) is somewhat

simpli�ed, which results in the following expression for Pk in combined coordinates

Pk = 2�t[(
@u

@x1
)2 + (

@v

@x2
)2 +m(

v

x2
)2] + �t[

@v

@x1
+

@u

@x2
]2 � 2

3
�t[r � ~u]2 (2.1.19)

3In fact, this is the de�nition of "
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The k � " model contains �ve unknown constants. Their values are based on measure-

ments or determined by analysis on several standard ow con�gurations, such as decaying

homogeneous turbulence and turbulent wall ow, see e.g. Jones and Launder [79], Launder

and Spalding [97, 98] or Nieuwstadt [118]. For the standard model, the values are given

in Table 2.1. The constants are frequently varied, in order to improve the agreement be-

tween simulations and measurements or to make the model suitable for ow con�gurations

that did not underlie the original values of the constants. Note that this means that the

standard model loses its generality. For axi-symmetric jets, c� and c"2 are often made

dependent on @u=@z on the centreline, see e.g. Launder and Spalding [98] or Lockwood

and Stokalis [106]. A survey of the variation of the constants in the literature, especially

with respect to axi-symmetric circular jets, can be found in Sanders [161].

Table 2.1: The constants in the standard k � " model.

c� �k �" c"1 c"2

0.09 1.0 1.3 1.44 1.92

2.1.4 Swirling Flows

When rotating motion or swirl is introduced to the jet ow, the velocity consists of a

circumferential component in addition to the axial and radial components already encoun-

tered in the non-swirling jet. This means that the equations for the axi-symmetric laminar

and turbulent jets in Sections 2.1.1{2.1.3 have to be extended. An extensive survey of

swirling ows is given in Gupta et al. [55]. In the present study, only the axi-symmetric

description of swirling jets is considered, as discussed in Section 1.2. This leads to a

semi-3D description of the ow, which means that, although an extra equation for the cir-

cumferential velocity w has to be solved, variations in angular direction are still neglected

( @
@�
= 0). The continuity and momentum equations in general coordinates (2.1.6)-(2.1.8)

have to be replaced by equations in axi-symmetric cylindrical coordinates, i.e. m=1 and

(x1; x2)=(z; r). Moreover, extra terms involving w appear.

The continuity equation (2.1.6) remains unchanged. The momentum equations for the

swirling jet, written in cylindrical coordinates, are given by

@(�uu)

@z
+

1

r

@(r�vu)

@r
= � @p

@z
+
@�zz
@z

+
1

r

@(r�rz)

@r
(2.1.20)

@(�uv)

@z
+

1

r

@(r�vv)

@r
= � @p

@r
+
@�zr
@z

+
1

r

@(r�rr)

@r
+ �

w2

r
� ���

r
(2.1.21)

@(�uw)

@z
+

1

r

@(r�vw)

@r
=

@�z�
@z

+
1

r2
@(r2�r�)

@r
� �

vw

r
(2.1.22)

The term �w2=r is the centrifugal force, which gives the e�ective force in r-direction result-

ing from uid motion in �-direction. It arises automatically from the transformation from

Cartesian into cylindrical coordinates and does not have to be added on physical grounds.

The same holds for the Coriolis force �vw=r, which is the e�ective force in �-direction when
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there is ow in both the r and �-direction. The stress components in (2.1.22) are given by

�z� = �[
@w

@z
] (2.1.23)

�r� = �[r
@(w=r)

@r
] (2.1.24)

while the other stress components are still given by (2.1.5) and (2.1.9). For numerical

discretization, it is convenient to rewrite (2.1.22), because this equation contains several

source terms upon substitution of �z� and �r�, which may lead to numerical di�culties. By

rewriting the original equation for w in an equation for != rw, the source term is much

simpli�ed. Upon some algebra, the !-equation (or rw-equation) is given by (Leschziner

and Rodi [103], Schmitz [163])

@(�u!)

@z
+

1

r

@(r�v!)

@r
=
@(�@!

@z
)

@z
+

1

r

@(r�@!
@r
)

@r
� 2

r

@(�!)

@r
(2.1.25)

The w-velocity can be found from w=!=r, where at the symmetry axis (r=0) an appro-

priate boundary condition has to be used to avoid division by zero.

The transition to averaged equations is completely analogous to the process described

in Section 2.1.2, which involves the Reynolds decomposition and the de�nition of the

Reynolds stresses. Consequently, all variables should be replaced by averaged variables and

the turbulent viscosity is introduced. In this study, for swirling ows again the Boussinesq

approximation (2.1.11) is used for the Reynolds stresses and turbulence is modelled with

the k � " model (see Section 2.1.3). In case of swirling ows, often higher-order closure

models are used. However, this involves much computational e�ort and in several cases

it is still insu�ciently accurate, as discussed in Section 2.1.3. For the present study, it

is assumed that the global behaviour and features of a swirling turbulent jet can well be

described by the k�" model and that it forms a suitable starting point for future research.

The main equations of the k � " model for swirling ows are still given by (2.1.16)-

(2.1.18). The production of turbulent kinetic energy Pk=��u0iu0j @ui@xj
, as de�ned in equation

(2.1.14), now leads to extra terms in comparison with equation (2.1.19), to account for the

circumferential velocity component. For axi-symmetric swirling ows, Pk is given by

Pk = 2�t[(
@u

@z
)2 + (

@v

@r
)2 + (

v

r
)2] + �t[

@v

@z
+
@u

@r
]2

+�t[(
@w

@z
)2 + (r

@(w=r)

@r
)2]� 2

3
�t[r � ~u]2 (2.1.26)

2.1.5 Di�usion Flames

In this section, the equations needed for the description of a turbulent di�usion ame

are given. First, a laminar ame is considered, followed by the description of a turbulent

di�usion ame.

Chemical reactions and equations Consider a reacting mixture of Ns chemical

species. The continuity equation for each species is given by

@�i
@t

+r � (�i~vi) = _�i i = 1; � � � ;Ns (2.1.27)
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where �i, ~vi and _�i are the density, velocity and production rate of species i, respectively.

The mass fraction of species i is given by Yi=�i=�. All Ns species together determine the

total density � by means of summation of all densities �i and the mass-averaged velocity

~u by means of

~u =
NsX
i=1

Yi~vi (2.1.28)

In the momentum equations (2.1.4) of NS, � and ~u should be used, whereas the continuity

equation (2.1.3) is found by summation of (2.1.27). The species di�usion velocity ~Vi is

given by ~Vi = ~vi � ~u. It can be described using Fick's law �i~Vi =��DirYi, where Di is

the species di�usion coe�cient. With these relations, the conservation equation for Yi or

so-called `mass fraction equation' can be deduced (Kuo [94], Tannehill et al. [184]), i.e.

@�Yi
@t

+r � (�~uYi) = r � (�DirYi) + � _Yi i = 1; � � � ;Ns (2.1.29)

The production rate � _Yi is dependent on the chemical model used. In general, chemical

reactions proceed in two directions, the so-called forward and backward direction, where

products are formed by and split-up in chemical species, respectively. A system involving

Ns components and Nr reaction steps can be given by (Kuo [94])

NsX
i=1

�fijCi

kfj
�!

 �

kbj

NsX
i=1

�bijCi j = 1; � � � ;Nr (2.1.30)

Here Ci denotes the chemical symbol of component i and �fij and �
b
ij denote the forward

and backward constant stoichiometric coe�cients of reaction j, respectively, with respect

to component i. The forward and backward reaction rates kfj and kbj of reaction j, which

are dependent on the temperature T , are given by the Arrhenius expression

kj = BjT
�jexp(�Ej=RT ) (2.1.31)

with Bj, �j and Ej constants. The production rate � _Yi in (2.1.29) is a function of �fij, �
b
ij,

kfj , k
b
j and various mass fractions Yi and is di�erent in various models for chemical kinetics.

The number of components Ns and reactions Nr can be quite large. This means that

the total computational e�ort required for the simulation of a laminar ame can be very

time consuming. In general, for a turbulent ame the required computer power is too

excessive. Therefore, in this study, a di�erent approach is used for the simulation of a

turbulent di�usion ame. Instead of solving various mass fraction equations, the so-called

`amelet model' is used. This will be discussed in some detail below, but �rst a simple

model for the combustion of a fuel is considered.

The simple chemical reacting system (SCRS) When chemical reactions

are assumed to be in�nitely fast and intermediate reactions are ignored, the combustion

can be given by a global single-step mechanism (Kuo [94], Spalding [179]). This makes it

possible to describe the state of a combusting mixture with one single conserved parameter.
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This is known as the conserved scalar approach. Consider a single-step mechanism, where

fuel and oxidant react in stoichiometric proportions, with stoichiometric coe�cient s, i.e.

1 kg Fu + s kg Ox �! (1 + s) kg Pr

The symbols Fu, Ox and Pr denote fuel, oxidant and products, respectively. In this case,

the conservation equations of fuel and oxidant are given by

@�Yfu
@t

+ r � (�~uYfu) = r � (�furYfu) + Sfu (2.1.32)

@�Yox
@t

+r � (�~uYox) = r � (�oxrYox) + Sox (2.1.33)

De�ne a combined variable �=sYfu � Yox. When all exchange coe�cients are assumed to

be equal, i.e. �fu=�ox=��, a conservation equation with zero source term can be deduced

for � from (2.1.32) and (2.1.33), since S� = sSfu � Sox = 0 for a single-step reaction. A

non-dimensional mixture fraction that ranges between 0 and 1 can be de�ned by

f =
�� �0
�1 � �0

where the subscript 1 is related to the fuel-stream in the nozzle and 0 to the co-owing

oxidant-stream. Since f is linearly dependent on �, it also obeys a passive or conserved

equation, i.e. a convection-di�usion equation without source term. For completeness, the

f -equation for steady ow is given by

r � (�~u f) = r � (�frf) (2.1.34)

For a stoichiometric mixture, with no fuel and oxidant left after the single-step reaction,

the stoichiometric mixture fraction is given by

fst =
Yox;0

sYfu;1 + Yox;0

If there is an excess of oxidant, there will be no fuel left and

f =
�Yox + Yox;0
sYfu;1 + Yox;0

; f < fst

whereas in case of an excess of fuel all oxidant is consumed and

f =
sYfu + Yox;0
sYfu;1 + Yox;0

; f > fst

This shows the linear relation between mass fractions and f in SCRS. Under the assump-

tion of equal speci�c heat constants of fuel, oxidant and products, similar linear relations

between temperature T and f can be found from the enthalpy (temperature) equation.

Once f is known, the mass fractions are also known and the density can be calculated from

� = f�F + (1� f)�A (2.1.35)

where �F is the density of the fuel in the jet and �A is the density of the surrounding

co-ow. Note that, although the density is not constant, it is not dependent on pressure

either, i.e. no equation of state or gas-law is needed. This situation is sometimes referred

to as `quasi-incompressible'.
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Turbulent ames In case of a turbulent di�usion ame, the situation becomes

more complex. Consider a point in space where f uctuates between its limits f+ and f�.

Suppose that f= 1
2
(f++ f�) and f

0

= 1
2
(f+� f�), i.e. the ow `spends equal times' at both

limits of f and `no time is spent' in between. The average fuel mass fraction Y fu is found

from Y fu=
1
2
(Yfu;+ + Yfu;�), which in general di�ers from Yfu(f). A similar result holds for

Y ox and T . This explains why there can be both fuel and oxidant present when f=fst. For

an appropriate calculation of mean mass fractions Y i and temperature T , the inuence of

turbulent uctuations f
0

should be taken into account. This can be done with a Probability

Density Function (PDF) approach. The uctuations have a certain distribution in time,

which is described by the PDF P (f). Time-averaged and Favre-averaged variables � and
~� can be calculated from (Jones and Whitelaw [80], Kuo [94])

� =
Z 1

0
�(f)P (f) df and ~� =

Z 1

0
�(f) ~P (f) df (2.1.36)

with ~P (f) = �(f)
�
P (f). The integral contains all possible instantaneous values of �(f),

dependent on the entire range of f . This can e.g. be the piecewise linear relations Yfu(f),

Yox(f), T (f) and �(f) (equation (2.1.35)) when SCRS is used. More sophisticated relations

for �(f) are used in case of the amelet model, as described below.

The PDF contains statistical information and can be calculated with transport equa-

tions (Pope [136]). However, experiments show a random-like behaviour and therefore

often a presumed PDF is used, such as e.g. a clipped-Gaussian function or a beta func-

tion. The presumed PDF may depend on its statistical moments like average and variance.

For this, the f and g equations can be used, as discussed below. For the simulations of

turbulent di�usion ames in this study, the beta-PDF is used (Jones and Whitelaw [80],

Sanders [161]), which is given by

P (f) =
fa�1(1�f)b�1R 1

0 f
a�1(1�f)b�1 df (2.1.37)

with a=f , b=(1� f) and =f(1� f)=g � 1.

The f � gf � gf � g model The Reynolds decomposition can be applied to the f -equation

(2.1.34). Consequently, f is introduced and a correlation term appears (Kuo [94]). In

Cartesian coordinates, the result is

r � (�~u f) = r � (�frf)�
@(�u

0

jf
0)

@xj
(2.1.38)

The correlation term is modelled with a gradient relation, i.e.

��u0jf 0 =
�t
�f

@f

@xj

where �f is the turbulent Prandtl number for f . This leads to the modelled f -equation

r � (�~u f) = r � (�t
�f
rf) (2.1.39)



2.1. GENERAL TRANSPORT EQUATIONS 21

The mean variance of mixture fraction, i.e. g = f 02, follows from another convection-

di�usion equation. This equation can be found by multiplication of the f -equation (2.1.34)

by f , averaging and consequently using the f -equation (2.1.39). Upon considerable algebra

and neglecting small terms, the result in Cartesian coordinates reads

r � (�~u g) + @(�u
0

jg)

@xj
= �2�u0jf 0

@f

@xj
� 2�f(

@f 0

@xj

@f 0

@xj
) (2.1.40)

Again a gradient hypothesis is used

��u0jg =
�t
�g

@g

@xj

where �g is the constant Prandtl number for g. This leads to the g-equation

r � (�~u g) = r � (�t
�g
rg) + Pg � �"g (2.1.41)

where Pg=�2�u0jf 0 @f@xj denotes the production of scalar uctuations and "g=2�f(
@f 0

@xj

@f 0

@xj
) is

the scalar dissipation rate 4, which describes the decay of scalar uctuations by molecular

di�usivity. The former can be modelled with the gradient hypothesis for f , viz.

Pg = 2
�t
�f
(
@f

@xj

@f

@xj
)

and the latter can be modelled under the assumption of proportional mechanical and scalar

time scales k="=cgg="g (B�eguier et al. [10]), which gives

"g = cg
"

k
g

The constants of the standard f�g model are determined by measurements and are given in

Table 2.2. The constants are frequently varied in order to improve the agreement between

simulations and measurements, see e.g. B�eguier et al. [10], Launder [96] and Lilley [105]. A

survey of the variation of the constants in literature, with respect to axi-symmetric circular

jets and di�usion ames, is given by Sanders [161].

Table 2.2: The constants in the standard f � g model.

�f �g cg

0.9 0.9 2.0

4This is the de�nition of "g
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The amelet model Consider the thin reaction zone near f = fst. Variations

in combustion variables, in direction perpendicular to the 2D surface, are assumed to

be much larger than variations in the parallel direction. This gives a local 1D-laminar

ame-structure, where the two reactants fuel and oxidant ow towards each other from

opposite sides. This is known as a counterow di�usion ame. The governing velocities

in this process are the species di�usion velocities ~Vi and their velocity gradient can be

related directly to the strainrate Sij. The 1D laminar ame or `amelet' can be calculated

with detailed chemistry, since the 1D structure reduces the complexity of the equations

considerably. This yields solutions of �, T , and Yi as a function of f . In this way, a laminar

amelet can be constructed belonging to one certain (laminar) strainrate condition. Usually

the strainrate at the oxidant side is taken as a characteristic parameter for the amelet.

When a priori several of these amelets are calculated, a so-called `amelet library' can be

set up with di�erent amelets for di�erent strainrates.

The amelets can be employed for the simulation of a turbulent ame, see e.g. Peters

[131{133] or Sanders [161]. At each point in the turbulent ow �eld, laminar amelets

are used for the description of the turbulent ame. The choice which amelets to take is

dependent on the local average strainrate Sij. Correct values are found by interpolation

between two amelets. Average values of variables are found by the use of a PDF-approach.

The beta-PDF (2.1.37) is used in equation (2.1.36) for average variables �, T and Y i, where

for �(f) in the integral the amelet table has to be substituted. A choice has to be made

with respect to the size of the eddies with which the strainrate Sij is associated. The

strainrate of the large eddies is proportional to "=k, while the small-eddy strainrate is

proportional to
q
"=2�. In this study, the small-eddy strainrate is used, where Sij =

0:3
q
"=2� is adopted from Sanders [161].

2.1.6 Boundary Conditions

To solve the conservation equations for mass and momentum, the k � " turbulence

model, the f�g mixing equations, as well as all other convection-di�usion equations, several

initial and boundary conditions are required 5. The combination and number of required

initial and boundary conditions depend on the mathematical character of the equations.

It is important in which directions information is spread by means of the equations. In

the general convection-di�usion equations, information is spread in all possible directions.

However, if the equations are reduced to a simpler form by neglecting relatively small terms,

in some cases there may arise a one-way structure and downstream boundary conditions

may be omitted. More about order-of-magnitude reduction and the mathematical character

of equations is given in Section 2.2.

In principle, all ows can be described by the same Navier-Stokes equations. The

boundary conditions determine the structure and characterize the behaviour of the ow.

The general boundary conditions for the steady axi-symmetric (turbulent) jet ows and

di�usion ames considered in this study are given below.

5In this study, initial condition means `nozzle condition', instead of the `unsteady' starting point t= t0
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� At the inlet boundary, initial pro�les of all variables are given. For laminar Poiseuille

ow in the nozzle, u=Um(1�(r=R0)
2) and v=0, whereas for fully developed turbulent

pipe ow, the so-called power law gives u = Um(1 � r=R0)
1=n and v = 0. Here Um

denotes the maximum axial velocity (usually located on the axis of symmetry) and

R0 is the nozzle radius. The reciprocal power n�7, as found by Nikuradse [119]. For

analytical solutions, a at pro�le u=U0 is assumed. The turbulence properties follow

from k= 3
2
i2u2 and "=c3=4� k3=2=lm, where the turbulence intensity i�0:03 follows from

measurements and the mixing length is e.g. given by lm=MIN
n
0:41 (R0�r); 0:1R0

o
or lm =0:07R0 (Zijlema [227]). For a stagnant co-ow, u= v = k = "= 0 is used as

the initial condition for the co-ow. When the laminar co-ow has a small velocity

Uco, u= Uco as well as small values for k and " are used. It is also possible to use

measured pro�les of the variables whenever they are available. For a di�usion ame,

f = 1 in the nozzle, f = 0 in the co-ow and g = 0 everywhere. Densities and uid

viscosities correspond to the uid properties in the nozzle and the co-ow.

� At the symmetry axis, @(�u)
@r

=v=rw=0 and @(��)
@r

=0, with �=k, ", f or g.

� At the far-�eld boundary, @(�u)
@z

= @(�rv)
@r

= @(�rw)
@z

=0 and @(��)
@z

=0, with �=k, ", f or g.

The condition @(�rv)
@r

= 0 allows entrainment of uid in the computational domain.

Sometimes it is also possible to take @(�u)
@r

= @(�rw)
@r

= @(��)
@r

=0, which gives negligible

di�erences when the far-�eld boundary is located at a su�ciently large distance from

the symmetry axis. In some cases, the equivalence of boundary conditions follows

from the conservation equations. For example, @(�u)
@z

=0 and @(�rv)
@r

=0 are equivalent

if the steady axi-symmetric continuity equation holds. The pressure only needs to be

prescribed on this boundary, i.e. p=p1, with p1 the pressure in the ambient uid at

r=1, since the (quasi-)incompressible NS equations form a coupled set of equations

for velocity components and pressure.

� At the outlet boundary, at the end of the computational domain, in principle @(��)
@z

=0

for all variables. Note that for �= u, the steady axi-symmetric continuity equation

gives @(�rv)
@r

=0 and hence v=0 at each r in the outlet, as v=0 on the centreline.

2.2 Parabolized Equations

2.2.1 Introduction

To reduce the computational e�ort required for solving the equations for the turbulent

jet or ame one possible strategy is to simplify the governing equations. Neglecting terms

saves computing time in a direct way, but more important is that by omission of certain

terms the equations get a di�erent mathematical character. In some cases, a pure one-way

structure can be obtained, where analytical information is only spread in one direction.

Consequently, a single marching procedure can be used for solving the equations, as ex-

plained in Chapter 4. This saves much computing time, as in general a repeated marching

procedure is needed. The equations can be simpli�ed by means of order-of-magnitude
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reduction, as described in Section 2.2.2. In this procedure, the order of magnitude of all

terms is investigated and terms that are small of higher order are neglected. This pro-

cess is also called `parabolization' and the resulting equations are called the `parabolized'

equations, whereas the original convection-di�usion equation is often referred to as `ellip-

tic'. This characterization of partial di�erential equations stems from the analogy with the

quadratic form q(~x)=~xTA~x in linear algebra. The mathematical character of an equation

can be examined conveniently with Fourier analysis. This is explained in Section 2.2.3.

Note that by neglecting terms, the mathematical description becomes physically less ac-

curate. Comparison of the results obtained with parabolized equations and those obtained

with the original equations is needed for validation of the parabolization approximation.

In case of typical elliptic behaviour such as recirculation, or when the e�ect of radiation is

included, information is spread in all possible directions and the use of parabolized equa-

tions may lead to severe problems. However, the free jet ows considered and simulated in

this study are typical examples of parabolic ows. The di�erences between results obtained

by simulations based on elliptic equations and those based on parabolic equations will be

analysed for jets and ames in Chapters 5 and 6.

2.2.2 Order-of-Magnitude Analysis

Turbulent ows at high Reynolds numbers are e�ectively inviscid almost everywhere.

This can be shown by normalizing the incompressible Navier-Stokes equations for steady

ow by means of the characteristic scales U1 and L. Upon introduction of the dimensionless

variables U� = u=U1, V
� = v=U1, P

� = p=(�U2
1), x

� = x=L and y�= y=L, the normalized

equations are obtained. Note that for the normalization of x and y the same length scale

L is used, i.e. there is no primary or preferred direction. The result for 2D Cartesian

coordinates is given by (2.2.1)-(2.2.3) below. The orders of magnitude given in these

equations are not valid for this case without primary direction. The normalized equations

in axi-symmetric cylindrical coordinates can be obtained in a similar way. Because of the

factor 1=Re in the right-hand side, with Re= �U1L=� the Reynolds number, the viscous

terms can be neglected in the main ow domain when Re� 1. This yields the so-called

Euler equations.

Wall-bounded ows can be divided in a thin boundary layer along the wall and an

inviscid area above this layer. The ow in the inviscid area can be described by the Euler

equations. In the boundary layer, viscous e�ects are at least as important as convection

and the complete omission of all viscous terms is not appropriate in this region. However, a

boundary layer is usually very thin and therefore the Navier-Stokes equations (NS) can be

simpli�ed by means of order-of-magnitude reduction, see e.g. Fletcher [45], Schlichting [162]

or Tannehill et al. [184]. This is also the case for ows with a rather slow development in

one speci�c direction. These ows have a streamwise length scale that is much larger than

the length scales in other directions. The free jet ows and ames considered in this study

are typical examples of such ows.

The order-of-magnitude analysis for 2D incompressible laminar ow is given next. Let

the transversal length scale � be small in comparison with the characteristic length L in the

primary ow direction, i.e. �=L� 1. Introduce for convenience �= �=L. Both x� and U�
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are of order 1. Therefore, j@U�=@x�j�O(1). According to the continuity equation (2.2.1),

j@V �=@y�j also has to be of order 1. Since y� is of order �, this means that V ��O(�), i.e.
V � is of higher order than U�. The order of magnitude of all terms in the dimensionless

2D NS equations can now be established and the result is given by

@U�

@x�| {z }
O(1)

+
@V �

@y�| {z }
O(1)

= 0 (2.2.1)

U�|{z}
O(1)

@U�

@x�| {z }
O(1)

+ V �|{z}
O(�)
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In the boundary layer, the largest viscous term is of the same order as the convection

terms. Therefore, Re is of the order 1=�2. Based on P ��O(1), the pressure gradient in

equation (2.2.2) balances the convection terms. The vertical pressure gradient in (2.2.3)

is of order 1=�, which is the leading term in the equation. For cylindrical coordinates, a

similar analysis can be executed. Note that terms such as 1
y�

@(y�U�)
@y�

and @U�

@y�
are of equal

order and hence there is no di�erence in orders of magnitude between the terms in the 2D

Cartesian or the axi-symmetric cylindrical equation. The extra term involving 2�v=r2 in

the latter case (see equation (2.1.8)) yields a term of order 1=� in (2.2.3), which is multiplied

by 1=Re.

In an analogous way, the orders of magnitude of the normalized general convection-

di�usion equation can be established. The result directly shows that di�usion in streamwise

direction is small of higher order in comparison with di�usion in the transversal direction,

which balances the convection terms. Hence, in a general transport equation, streamwise

di�usion can be neglected. Generally, in a parabolized equation streamwise di�usion is

omitted.

The leading terms in the dimensionless equations (2.2.1)-(2.2.3) are O(1), O(1) and

O(1=�), respectively. If in each equation all small terms of higher order are neglected,

the well-known Boundary-Layer equations (BL) are found. Besides the complete conti-

nuity equation (2.1.6), the BL equations in the original non-dimensionless variables, in

conservative form and in general coordinates, are given by

@(�uu)

@x1
+

1

x2m
@(x2

m�vu)

@x2
= � @p

@x1
+

1

x2m
@(x2

m� @u
@x2

)

@x2
(2.2.4)

0 = � @p

@x2
(2.2.5)

The BL equations have a zero transversal pressure gradient, which means that the pressure

is constant over the boundary layer. The pressure only varies in streamwise direction.

When the streamwise pressure gradient is known, the system is completely determined. For

wall-bounded boundary-layer ows, @p=@x1 follows from the outer ow. For free jet ows,
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the stagnant ambient area imposes a constant pressure (zero pressure gradients) on the jet.

This follows directly from (2.2.4) and (2.2.5) by substitution of zero velocity components.

Therefore, in the free jet simulations in this study, the BL equations without pressure terms

are used. In comparison with the complete NS equations, streamwise di�usion is neglected

in the primary momentum equation, as in a general parabolized equation.

Among others, Tannehill et al. [184] argue that the pressure gradients have to balance

the inertia terms and hence @P �

@x�
�O(1) and @P �

@y�
�O(�) in (2.2.2) and (2.2.3), respectively.

This would lead to an inconsistency in the formulation given above. However, if in this case

all terms of order 1 are retained, the same BL equations are found, where (2.2.5) follows

from the fact that the transversal pressure gradient is small of higher order and therefore

negligible.

For axi-symmetric swirling ows, the BL equations have to be extended to account

for ow in the circumferential direction. An analysis analogous to the 2D case described

above can be executed upon introduction of W � = w=U1. Based on W � � O(1), the
centrifugal force �w2=r leads to a term of order 1=� in the dimensionless equation. Hence,

the radial pressure gradient balances the maximum order term in the radial momentum

equation. This means that the pressure gradients cannot be taken zero like in the equations

for the non-swirling jet. The pressure is important to describe the inuence of swirl. The

dimensionless circumferential component of the momentum equation merely contains terms

of order 1, except for the axial di�usion term, which is small of higher order �2. When

only the leading terms are taken, for swirling ows, the BL equations are the continuity

equation in terms of cylindrical coordinates (2.1.6), together with
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The above given derivation of the BL equations only holds for laminar, incompressible

constant property ows. In case of a turbulent ow, the RANS equations can be subjected

to order-of-magnitude analyses. With dimensionless variables (u0)� = u0=U1 and (v0)� =

v0=U1, the Reynolds stresses are made dimensionless. Turbulent-stress terms have to be

added to the right-hand sides of the dimensionless NS equations, viz.

� @

@x�
�(u0)�(u0)�| {z }
O(�)

� @

@y�
�(u0)�(v0)�| {z }
O(1)

in (2.2.2) and

� @

@x�
�(v0)�(u0)�| {z }
O(�)

� @

@y�
�(v0)�(v0)�| {z }
O(1)

in (2.2.3). The orders of magnitude follow from the assumptions that u0 and v0 are of

equal order of magnitude and that the Reynolds stresses are at least as large as the largest
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laminar stress, which is of order �. If again only all leading terms are retained in the

equations, the BL equations for turbulent ow are found. Besides the averaged continuity

equation, the result in conservative form and general coordinates is
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(2.2.9)

0 = � @p

@x2
(2.2.10)

where the Reynolds stresses are given by (2.1.11). In case of free jets, both pressure

gradients can be taken zero, as already discussed for the laminar case.

For turbulent swirling ows, a similar result can be obtained. Again, Reynolds stresses

have to be added. The same stress as in (2.2.9) has to be added to the axial momentum

equation (2.2.6). In the radial momentum equation, the pressure gradient and centrifugal

force dominate the extra stress terms as given above and hence this equation is the averaged

version of (2.2.7). In the circumferential momentum equation, a gradient term with the

stress �v0w0 has to be added, since this term is of order 1. This Reynolds stress is de�ned

in Section 2.1.4. The resulting BL equations for turbulent swirling ow in conservative

form are
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The extension of the laminar or turbulent BL equations to compressible or reacting

ows and ames is not given. Details of the order-of-magnitude analysis for compressible or

reacting ows can be found in Cebeci and Smith [25] and Schlichting [162]. In principle, the

energy equation has to be included in the analysis. Note that in case of the amelet model

for combustion, the density is not dependent on pressure and the equations have a quasi-

incompressible character. In this study, for both the jet and turbulent ame simulations,

the equations in conservative form are used, as given in this section.

For the BL equations, all small terms of higher order than the leading terms in each

equation are neglected. When only the small terms of highest order are neglected, a more

complex set of equations remains. This means that only the streamwise di�usion terms are

neglected in the momentum equations, like in the parabolization of a general convection-

di�usion equation. The resulting set of equations is known as the reduced or Parabolized

Navier-Stokes equations (PNS). Sometimes more terms are neglected in the PNS equations.

Rudman and Rubin [154] have derived a PNS system by means of series expansions. As a

result, they have found that the streamwise pressure gradient is of minor importance and

can be omitted. Rubin [151] has neglected all di�usion terms in the transversal momentum

equation for 2D ow in case of high values of Re. However, for numerical stability it is

more convenient to retain as much di�usion terms as possible. Therefore, in this study,

for PNS only streamwise di�usion is neglected. This way of parabolization can also be
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executed for the set of equations with respect to swirl or the RANS equations. Although

each momentum equation is parabolized, the system of PNS equations still has an elliptic

character in contrast with the parabolic BL equations. This is explained in the next section.

2.2.3 Qualitative Behaviour of Parabolized Equations

The traditional way of examining a Partial Di�erential Equation (PDE) is by means of

characteristic analysis. In this analysis, the �rst-order derivatives in the equation are not

considered and the resulting equation, formed by the higher-order derivatives, is written in

characteristic form. In this way, a characteristic polynomial can be obtained, which gives

qualitative information of the PDE.

Another way of examining a PDE is by means of Fourier analysis. This method will

also be used in this study. In this method, not only the higher-order derivatives are used,

but also all other terms are included in the analysis. The Fourier method gives rather

precise information about which type of solution may be expected and which terms are

responsible for this qualitative behaviour. When the discretized equation is consistent with

the continuous analytical PDE, it may be expected that the result of the Fourier analysis

holds for both the analytical and the discretized problem. In fact, the Von Neumann

numerical stability analysis of a discretized equation is closely related to the Fourier analysis

of the continuous problem. A more complete description of the two methods mentioned

above can e.g. be found in Fletcher [44, 45] and Tannehill et al. [184].

Only incompressible ows with constant uid properties are considered here. The

extension of the Fourier method to compressible ows, where the energy equation has to

be included in the analysis, can be found in Fletcher [45]. Note that in this study only

incompressible jets and quasi-incompressible turbulent ames are simulated. The inuence

of variation in the turbulent viscosity is not considered. It is assumed that variations in uid

properties do not change the qualitative behaviour of the conservation equations (Kreiss

and Lorenz [89]). Moreover, in the analysis below, local linearization of the non-linear

convection terms is necessary, i.e. the velocity components multiplying the derivatives are

taken constant. Note that by application of local linearization, information about the non-

linearity is lost, so qualitative behaviour due to the non-linearity will not be predicted.

The goal of the analysis below is to determine a global qualitative behaviour.

First, a 2D (steady) incompressible normalized convection-di�usion equation is exam-

ined, viz.

U
@�

@x
+ V

@�

@y
� �

@2�

@x2
� �

@2�

@y2
= 0 (2.2.14)

where U and V are assumed to be constant of O(1) and � is a positive constant � 1.

Suppose that the solution of (2.2.14) can be obtained with a complex Fourier series and the

equation is linear. In that case, only one term of the Fourier series needs to be considered

to determine the qualitative behaviour of the solution, i.e.

�(x; y) =
�̂

4�2
exp(i�xx)exp(i�yy): (2.2.15)

Note that �̂ is the Fourier transform of �. Substitution of (2.2.15) in equation (2.2.14)
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gives the so-called `Fourier symbol' of this equation

��2x + iU�x + ��2y + iV �y = 0 (2.2.16)

The qualitative behaviour of a solution of the PDE in the x-direction can be found by

solving (2.2.16) with a constant real-valued �y. The solution is

�x = �i U
2�
� i

U

2�
(1 + 4�

��2y + iV �y

U2
)
1

2 (2.2.17)

Since ��1, this can be simpli�ed to (Fletcher [45])

�x � �i U
2�
� i

U
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��2y + iV �y

U2
) (2.2.18)

and the following two roots �x can be obtained

�x � i
��2y
U

� �yV

U
or �x � �i(U

�
+

��2y
U

) + �y
V

U
(2.2.19)

Substitution of these two roots in (2.2.15) gives the solution of �. The terms of � with an

imaginary exponential power will only give oscillations for x!1. They are the result of

real-valued terms of the roots in (2.2.19). More important are the real-valued exponential

powers in �. In case of a negative sign of the power, exponential damping is obtained,

whereas a positive power that results from a negative imaginary term in �x will produce

growth. Hence, for both signs of U, there will always be exponential growth for x ! 1.

A boundary condition at x ! 1 has to prevent too much growth of the solution of �.

Information is spread and enhanced in all possible directions.

In the parabolized 2D convection-di�usion equation, the streamwise di�usion term

�@2�=@x2 is neglected, which yields the following Fourier symbol

iU�x + ��2y + iV �y = 0 (2.2.20)

This equation has only one root �x, which is equal to the �rst root of the elliptic problem.

From the considerations above, it may be clear that there is exponential damping as long as

U > 0. Streamwise information is only spread in positive direction. This results in stable

calculations when the discretized problem is solved with a marching procedure in positive

x�direction. There is no longer a boundary condition at x!1 needed. Besides far-�eld

boundary conditions and a condition at the symmetry axis, the parabolized equation only

needs an initial condition, see Section 2.1.6.

For the axi-symmetric elliptic equation, an extra term ��
r
@�
@r

in (2.2.14) gives rise to

a term �i��y=r in the Fourier symbol (2.2.16). This does not change the mathematical

character, since (2.2.14) is already fully elliptic. For the parabolized axi-symmetric equa-

tion, the single root �x only contains an extra real-valued term �
U
�y=r and hence the same

character is found as in the planar 2D case.

The systems of equations NS, PNS and BL can also be examined with the Fourier

method. Again, local linearization of the convection terms is used. Analogous to (2.2.15),

the Fourier transforms Û , V̂ and P̂ are de�ned for the 2D dimensionless incompressible NS
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equations. When the complex solutions for U , V and P are substituted in the linearized

2D NS equations, the following system is obtained

0
BB@

i�x i�y 0

iA +B 0 i�x

0 iA+B i�y

1
CCA
0
BB@
Û

V̂

P̂

1
CCA =

0
BB@

0

0

0

1
CCA (2.2.21)

with A=U�x + V �y and B=(�2x + �2y )=Re. For a non-trivial solution Û ; V̂ ; P̂ of (2.2.21),

the determinant of the matrix should be zero. This leads to the following Fourier symbol

of the NS equation

(�2x + �2y )[i(U�x + V �y) + (�2x + �2y )=Re] = 0 (2.2.22)

The second factor has the same form as the Fourier symbol of the 2D convection-di�usion

equation (2.2.16), which results in the same qualitative behaviour as described above. The

�rst factor has a negative imaginary root �x=�i�y, which may give exponential growth for

x!1. Boundary conditions at x!1 are required to prevent the exponential growth.

In the PNS equations, streamwise di�usion is neglected, which causes the term �2x =Re

to disappear in the equations given above. This leads to the following Fourier symbol

(�2x + �2y )[i(U�x + V �y) + (�2y )=Re] = 0 (2.2.23)

The omission of streamwise di�usion has the same e�ect on the second factor as in (2.2.20)

in the case of the parabolized convection-di�usion equation. However, there is no e�ect on

the �rst factor in (2.2.23), which still has the negative imaginary root �x=�i�y. Therefore,
exponential growth will still occur. Although ellipticity due to streamwise di�usion is

cancelled, PNS still has an elliptic character due to the coupling of the pressure terms in

the momentum equations and the continuity equation. The same holds for the BL system

when the streamwise pressure gradient follows from the Euler equations, which is the case

for wall-bounded ows. This will give severe problems if the system is solved by means

of a single marching procedure in x-direction. A boundary condition for the pressure at

x!1 is needed to prevent too much exponential growth. Note that when @p=@x=0, the

term �2x in the �rst factor disappears and a parabolic behaviour is found as in (2.2.20).

The Fourier symbol for the BL equations without pressure terms can easily be found

by further simpli�cation. The result is

� i�y[i(U�x + V �y) + (�2y )=Re] = 0 (2.2.24)

which gives the same form as (2.2.20) and yields the same behaviour as in the case of the

parabolized convection-di�usion equation. Therefore, a marching procedure in positive x-

direction gives stable results in case of BL. The BL equations (without pressure) are really

parabolic.

For axi-symmetric ows, some extra terms have to be added in the normalized NS

equations, viz. v=r in the continuity equation and 1
r
@u=@r and 1

r
@v=@r � v=r2 in the

di�usion terms of the momentum equations. This yields the following system for the
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Fourier transforms0
BB@

i�x i�y + E 0

iA +B + iC 0 i�x

0 iA +B + iC +D i�y

1
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0
BB@
Û
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P̂

1
CCA =
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0

0

0

1
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with A=U�x + V �y, B=(�2x + �2y )=Re, C =��y=(Re r), D=1=(Re r2) and E=1=r. The

Fourier symbol to replace (2.2.22) is then given by

�2x [i(U�x + V �y) + (�2x + �2y )=Re + iC +D]

�(i�y + E)i�y[i(U�x + V �y) + (�2x + �2y )=Re + iC] = 0 (2.2.26)

The behaviour of the axi-symmetric NS equations is not di�erent from the 2D case. They

are fully elliptic. Without the term �2x =Re, which represents streamwise di�usion, there

is still exponential growth in the solution originating from a negative imaginary term in

�x, as can be found from (2.2.26). This means an elliptic character for axi-symmetric

PNS. Putting @p=@z=0 in PNS (without �2x =Re) gives the system a parabolic character.

This is caused by the disappearance of the complete �rst term. The extra term iC of

the second term only leads to a `harmless' real-valued contribution to the root �x. Further

simpli�cation to BL without pressure terms leads to the same factor containing �x and hence

axi-symmetric BL has the same parabolic character. There is no di�erence in mathematical

character between planar 2D and axi-symmetric systems of equations.

For axi-symmetric swirling ows, the analysis becomes more complicated. Since the

two source terms concerning the centrifugal and Coriolis force are important, they have

to be incorporated into the system. The equation for rw (2.1.25), which is equivalent to

the original w-equation (2.1.22), only has a linear source term. This avoids problems with

linearization of the Coriolis force vw=r. Let ! denote rw for convenience. The centrifugal

force w2=r in the radial momentum equation has to be linearized. From the analysis below,

it follows that it is not important how this is done. The linearization is denoted by L(w2=r).

Furthermore, the system has to contain the de�nition !=rw for completeness. This leads

to the following matrix system
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BBBBBBBB@

i�x i�y + E 0 0 0

iA +B + iC 0 i�x 0 0

0 iA+B + iC +D i�y L(w2=r) 0
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0 0 0 0 iA+B � iC

1
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Û
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P̂

Ŵ

!̂

1
CCCCCCCCA
=

0
BBBBBBBB@

0

0

0

0

0

1
CCCCCCCCA

(2.2.27)

with A = U�x + V �y, B = (�2x + �2y )=Re, C = ��y=(Re r), D = 1=(Re r2) and E = 1=r.

The matrix contains a sub-matrix equal to the matrix in the system for axi-symmetric NS

(2.2.25). The Fourier symbol for the equations with swirl can be expressed as

FS(!) r FS(NS; rz) = 0 (2.2.28)

where FS(!)= iA +B � iC is the Fourier-symbol contribution from the rw-equation and

FS(NS; rz) denotes the Fourier symbol for the non-swirling case, viz. equation (2.2.26).
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Note that the linearization L(w2=r) is not present and therefore it is not important for

the mathematical character of the equations. From (2.2.28), it follows that the qualitative

behaviour in case of swirling ow is the same as that in case of non-swirling ow. If the

equation for w is parabolized, the system is only parabolic in case of the BL equations.

It is shown above that BL without pressure terms is the only system that is really fully

parabolic. The PNS equations have an elliptic character, unless the streamwise pressure

gradient is neglected. The omission of this pressure gradient directly leads to a BL-like

system, where the pressure-continuity coupling is suppressed. The only di�erence with BL

in that case is the allowance of variation of the pressure in the transversal direction. It yields

exactly the same velocity �eld as BL. When the transversal pressure variation is not really

needed, it is su�cient to solve BL without pressure terms. Another option is to use some

kind of model for the streamwise pressure gradient that suppresses ellipticity. A possible

model is given in Section 2.2.4. These models can also be used for BL with streamwise

pressure gradient. In case of compressible or reacting ows, the energy equation has to

be taken into account in the analysis. For compressible PNS, it can be shown that the

fraction of the streamwise pressure gradient that is retained determines the mathematical

character, see e.g. Tannehill et al. [184] or Fletcher [45]. Thus, when a su�ciently large

fraction of this pressure gradient is neglected or appropriately modelled, a fully parabolic

character may be observed. However, in the present study, only incompressible jets and

quasi-incompressible ames are considered. Incompressible PNS with streamwise pressure

variation is always elliptic. Since the ellipticity due to axial di�usion is cancelled in PNS,

it may be expected that PNS has a weaker elliptic behaviour than the NS equations and

can be solved in less computing time. The BL equations will take even less computing time

because of the one-way structure. The level of ellipticity and required computing times for

NS, PNS and BL will be examined in Chapters 5 and 6.

2.2.4 Potential-Flow Model for Streamwise Pressure Gradient

In the previous section, it is explained that the streamwise pressure gradient is respon-

sible for an elliptic character. This makes the use of a solution procedure with one single

march impossible. One possibility to tackle this problem is to neglect the streamwise pres-

sure gradient. In this case, the system is really parabolic and a single march is su�cient to

solve the problem. It is questionable if neglecting the pressure gradient can always be justi-

�ed. In Section 2.2.2, it was explained that the streamwise pressure gradient is of the same

order of magnitude as e.g. the convection terms. When the omission of the streamwise

pressure gradient is not desirable, in principle a system with full pressure (PNS or NS) has

to be used. It is also possible to use a suitable model for the pressure gradient and in this

way suppress ellipticity and reduce computing time. In case of free jets, the pressure can be

taken constant in the BL equations. In that case, a pressure-gradient model can be used to

improve the physical description of the ow. In this section, a possible model is described

that is based on potential-ow theory. Similar models are used in aircraft aerodynamics,

where ows around wings are described with these techniques, see e.g. Thwaites [190] or

Veldman et al. [207, 208]. A similar model has been applied to atmospheric ows in het-

erogeneous vegetated regions by Luppes [108]. Potential-ow models with respect to jet
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ows are e.g. described in Snel [171{174].

As mentioned in Section 2.2.2, a wall-bounded ow can be divided in a boundary layer

along the wall and an inviscid area above this layer. Both regions can be coupled by

means of an iterative process. The BL calculations are used to provide the lower boundary

condition for the inviscid ow region and vice versa. In case of strong interaction between

the two ow regions, this can be a very time consuming process. To make the calculations

less time consuming, the inviscid outerow can be modelled by potential-ow theory, which

results in a so-called `interaction law'. Such a law approximately describes how the outer

ow reacts on changes in the boundary layer. In this way, it is no longer necessary to

perform detailed calculations of the outerow. Instead, only the boundary layer itself has

to be calculated, since the interaction law provides the boundary condition at the edge

of the boundary layer. The BL equations in combination with an interaction formula are

denoted by BLI.

Outside the jet, the ow is supposed to be incompressible, frictionless and irrotational,

which makes potential-ow theory applicable. For an irrotational ow, the velocity can be

derived from a scalar potential � by means of ~V =r�. Together with the incompressible

continuity equation r � ~V =0, this leads to the potential equation for �, which in the 2D

case reads

�� =
@2�

@x2
+
@2�

@y2
= 0 (2.2.29)

Suppose that the ow away from the jet can be represented by a small perturbation u0

added to the horizontal co-ow or freestream velocity U1, i.e. U=U1 + u0, with u0�U1.

The velocity in vertical direction is V = v0, with v0 � U1. Consequently, the velocity

potential can be split up like

� = U1x + �; (2.2.30)

where � is the perturbation potential. Away from the jet, the ow can be represented

by positioning the jet-boundary velocity Ve at the x-axis. This procedure is known as the

`thin-airfoil' or `slender-body' approximation. For the outerow, it is as if the jet ow is

collapsed onto the axis. Hence, for 2D potential ow, the following problem arises

�� = 0; with

8>><
>>:

@�
@n
jy=0+ = +Ve

@�
@n
jy=0� = �Ve

(2.2.31)

The normal velocity V has a discontinuity across the x-axis. It can be shown that a source

distribution on the x-axis

�(x; y) =
1

2�

Z
q(�) ln[

q
(x� �)2 + y2] d�

is discontinuous for y ! 0, with
@�

@n
jy=0� = �q=2

Therefore, the solution � of (2.2.31) is a source distribution with strength q=2Ve, i.e.

�(x; y) =
1

�

Z
Ve(�) ln[

q
(x� �)2 + y2] d� (2.2.32)
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where the integral has to be evaluated over the full x-domain. The perturbation velocity

u0 can be found upon di�erentiation of (2.2.32), i.e. u0= @�
@x
. The total horizontal velocity

is given by

U(x; y) = U1 +
1

�

Z
Ve(�)

(x� �)

(x� �)2 + y2
d� (2.2.33)

The vertical velocity is given by

V (x; y) =
1

�

Z
Ve(�)

y

(x� �)2 + y2
d� (2.2.34)

which has the correct discontinuity across the x-axis. Upon linearization of the Euler

equations with use of u0; v0 � U1, or following the Bernoulli equation, the horizontal

pressure gradient can be obtained from

U
@U

@x
� �1

�

@P

@x
(2.2.35)

A simpli�cation can be made by using y ! 0 in (2.2.33) and (2.2.34). As the jet is

positioned on the x-axis, for the outerow y= 0 represents the jet boundary. This leads

to a streamwise pressure gradient that is independent of height. The streamwise pressure

gradient can be calculated by means of (2.2.33) and (2.2.35) when the vertical velocity at

the edge of the jet is known. For Ve, the vertical velocity at y 1

100
can be taken. Another

possibility is to take the entrainment velocity #e, which is de�ned as

#e = �1

�

@

@x

Z ye

0
�u dy = �1

�

@

@x
M (2.2.36)

where ye represents the jet boundary andM is the cross-sectional mass ow at a streamwise

location. In fact, (2.2.36) represents conservation of mass, as it follows from integration

of the 2D continuity equation between 0 and ye. In case of compressible ows, a similar

expression for the streamwise pressure gradient can be found by solving the Prandtl-Glauert

potential equation. The di�erence with the incompressible ow situation is a factor � =q
1�M1

2 in the denominator of the expression (2.2.33) for U , withM1 the Mach number.

For incompressible axi-symmetric potential ow, the perturbation potential equation is

@2�

@z2
+

1

r

@�

@r
+
@2�

@r2
= 0 (2.2.37)

A fundamental solution of this equation is the source �(z; r) =� Q
4�

1
R
, with Q the source

strength and R the total radius R=
p
z2 + r2. The ux through a circle with radius ~r and

normal velocity Vn is given by

Q =
Z 2�

0
Vn � ~r d! = ~r

Z 2�

0
Vn d! = 2�~rVn

This can be used as a source strength in the integral source formulation. The slender body

approximation is made again, which means that the jet boundary velocity Ve is positioned

at the z-axis. Note that in this case there is no real discontinuity, as r remains positive.

The solution of the perturbation potential is

�(z; r) = � 1

4�

Z 2�~r(�)Ve(�)

R
d� (2.2.38)
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where the integral has to be evaluated over the full z-domain. Di�erentiation with respect

to z gives the perturbation velocity and the total velocity becomes

U(z; r) = U1 +
1

4�

Z 2�~r(�)Ve(�)(z � �)

R3
d� (2.2.39)

It can be shown that the vertical perturbation velocity v0, given by di�erentiation of

(2.2.38), tends to Ve if r ! 0. The pressure is again given by (2.2.35), since this equa-

tion also holds for axi-symmetric ows. Analogous to the 2D situation, the solution for

compressible ow has a constant factor �=
q
1�M1

2 in the denominator.

It should be noted that the interaction formulae (2.2.33) and (2.2.39) have an elliptic

character, as the integrals contain information of the whole streamwise domain. This

means that a few repeated marches are required to solve the equations, which will take

extra computing time. On the other hand, the physical description of the ow is improved

in comparison with the case that the pressure gradient is neglected. The ow will react to

downstream inuences, as the interaction laws serve as a sort of scan of the whole domain.

The performance of BLI for non-swirling jets and ames is described in Chapter 5.

2.3 Analytical Solutions of Jet Flows and Flames

2.3.1 Introduction

When the conservation equations for the jet ow or di�usion ame are much simpli�ed,

it is possible to obtain analytical solutions of the equations. Quantitative ow character-

istics are not well predicted by these analytical solutions, because of gross simpli�cations

and assumptions. However, qualitative information can be obtained and usually a fairly

good description of the global features of a jet ow or ame is given. Therefore, analytical

solutions can serve as a reference for the validation of the numerical solutions of the full

equations.

The BL equations as described in Section 2.2.2 are used as starting point for the analyt-

ical analysis, since physically more comprehensive systems of equations are far too di�cult

and complex. Hence, all assumptions and stipulations that underlie BL are adopted for

the analytical analysis. In case of a non-swirling ow, pressure gradients are neglected (see

Section 2.2.2). For a swirling ow, the radial pressure gradient is important to describe the

inuence of swirl and hence the pressure is retained in the equation. For ame solutions,

chemical reactions and mixing are described by SCRS in combination with the parabolized

f -equation (see Section 2.1.5). The inuence of combustion on the velocity distribution is

neglected. Turbulence is modelled with a simple zero-equation turbulence model, as more

sophisticated modelling yields far too complex expressions. In this study, only solutions

of the axi-symmetric equations are considered. Solutions for planar 2D jets can be found

in e.g. Pai [122], Rajaratnam [143] or Schlichting [162]. In Section 2.3.2, the analysis of

laminar jets and di�usion ames is given. The results are used for the analysis of turbulent

jets and ames in Section 2.3.3. The analysis for laminar and turbulent swirling ow is

given in Section 2.3.4.
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2.3.2 Laminar Jets and Flames

The ow out of a nozzle with radius R0 is assumed to be uniform with velocity U0 and

the ambient uid is supposed to be at rest. Initially, the usual mixture fraction conditions

hold, i.e. f=1 in the nozzle and f=0 elsewhere. The axial momentum ux and mass ow

of fuel are constant along the length of the jet (z-axis), as there are no sources that can

change these rates. This follows from integration over the cross-sectional plane at constant

z of the axial component of the momentum equation of BL and the parabolized f -equation.

Upon multiplication of these equations by r and substitution of the boundary conditions

v=0 at r=0 and u= @u
@r
=f= @f

@r
=0 at r=1, the result is

@

@z

Z 1

0
2�r�u2 dr = 0 (2.3.1)

@

@z

Z 1

0
2�r�uf dr = 0 (2.3.2)

Hence, the following jet invariants for momentum Iu and mixture fraction If can be de�ned

Iu := ��1
Z 1

0
u2r dr = ��1(

1

2
U2
0R

2
0) (2.3.3)

If := ��1
Z 1

0
ufr dr = ��1(

1

2
U0R

2
0) (2.3.4)

with �=�=� the kinematic viscosity. In terms of these invariants, the following solutions

of the axi-symmetric BL equations can be found (Schlichting [162], Spalding [179])

u(z; r) =
3

4

Iu
z
(1 +

�2

4
)�2 (2.3.5)

v(z; r) = (
3

8
Iu�)

1

2

�

z
(1� �2

4
)(1 +

�2

4
)�2 (2.3.6)

f(z; r) =
3

4

If
z
(1 +

�2

4
)�2 (2.3.7)

where � is a non-dimensional space coordinate, i.e. � = (3
8
Iu=�)

1

2 r=z, which is constant

for �xed values of r=z. This shows that the jet ows from the nozzle in a conical way.

The solutions are deduced by assuming similar velocity pro�les. Hence, u=um is written

as a function of r=r1
2
, where um denotes the maximum value of u at a z-location and r1

2

is the halfwidth radius. Furthermore, r1
2
is assumed to be proportional to some fractional

power of z. The problem can then be solved in terms of the streamfunction by using the

boundary conditions, (2.3.1)-(2.3.4) and the assumption of equal orders of magnitude of

convection and radial di�usion. The derivation is given in Schlichting [162].

The values of u and f on the centreline can be found by substitution of �=0 and hence

uax =
3

4
Iu=z (2.3.8)

fax =
3

4
If=z (2.3.9)

This shows the `1=z-behaviour' of the jet. The decay is dependent on the initial conditions

and hence on the Reynolds number Re=U0D=�, with D the nozzle diameter. Note that
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the solutions are not valid in the region directly downstream of the nozzle exit. In fact,

they only hold for values of z where uax � U0 and hence for z=D � 3
16
U0R0=� = 3

32
Re.

The solutions hold for both the jet and the di�usion ame. There is no direct e�ect of

combustion on the velocity solutions, as these e�ects had to be neglected in the analysis

for convenience and simplicity.

The normalized solutions are given by

u

uax
=

f

fax
= (1 +

�2

4
)�2 (2.3.10)

and from this the halfwidth radius r1
2
and global jet width r 1

100
are found, viz.

r1
2
� 2:9722 (U0R0=�)

�1z = 5:9444 z=Re (2.3.11)

r 1

100
� 13:8564 (U0R0=�)

�1z = 27:7128 z=Re (2.3.12)

This shows the linear spreading behaviour of the jet. The jet angle is inversely proportional

to the Reynolds number. The mass ow M at a streamwise station is given by

M =
Z 1

0
2�r�u dr = 8��z (2.3.13)

which is independent of the initial velocity U0 and proportional to z. From this, the

entrainment rate can be found, i.e. @M=@z=8��, which is constant.

Upon some algebra, the expressions for the contours of constant u and f can be found,

which are given by (Spalding [179])

r =
16zp
3Re

[(
3

16
Re
R0

z
�)

1

2 � 1]
1

2 (2.3.14)

with �=U0=u or �= 1=f . From this, the shape and location of the ame can be found,

by substitution of the stoichiometric mixture fraction value f = fst. In the same way, the

ame length l follows from (2.3.9) and the normalized ame length is given by

l
D

=
3

4
��1

1
2
U0R

2
0

fstD
=

3

32
Re=fst (2.3.15)

This shows the dependency of the ame length on inlet conditions and the Reynolds

number. An example of the streamlines and the stoichiometric contour of f is given

in Figure 2.1. The shape and location of a hydrogen ame (� = 8:1367 10�2 kg=m3,

� = 9:1381 10�6 kg=ms and fst = 0:028) are shown for the case U0 = 0:2m=s, D = 1:0 cm

and Re=17:81. The streamlines follow from the velocity �eld, i.e. equations (2.3.5) and

(2.3.6). The normalized ame length follows from (2.3.15), which gives l=D=59:63.

2.3.3 Turbulent Jets and Flames

For turbulent jets, the averaged axi-symmetric BL equations are used for the deduction

of the analytical solutions. The axial component of the momentum equation contains

the Reynolds stress R21, which will be denoted by � in the analysis given below. For
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Figure 2.1: The analytical solution for a hydrogen ame. The streamlines represent the ow

�eld. The shape and length of the ame are given by the stoichiometric contour of f , indicated

by f=fst.

convenience, the average overlines are omitted in the notation in this section. In �rst

instance, the integral version of the averaged momentum equation, in terms of the Reynolds

stress, is used for some global analysis. This leads to (2.3.1) for the averaged u-velocity.

Again, u=um=f(�), with �=r=r1
2
, is used as similarity. If um�zp and r1

2
�zq are assumed,

then (2.3.1) gives p+ q=0. One additional equation is needed to evaluate the exponents p

and q. For this, three possible approaches can be used. Details of the derivations can be

found in Rajaratnam [143].

� Similarity analysis of the equations of motion. By substitution of u=um= f(�) and

�=(�u2m)=g(�), with �= r=r1
2
, it can be shown that q=1 for a correct agreement of

similarity. This gives p=�1.
� Similarity analysis of the integral kinetic energy equation. By multiplication of the

momentum equation by ur and integration from r=0 to r=1, the integral form of

the kinetic energy equation can be found. Similarity analysis gives q=1 and p=�1.
� Entrainment hypothesis. The mass ow rate M as de�ned in (2.3.13) can be used

to de�ne the entrainment velocity #e, i.e. @M=@z = 2�rb#e, with rb the outer jet

boundary. Again, u=um = f(�) is used. Dimensional analysis gives #e � um and

assuming rb�zq, the integral in (2.3.13) yields again q=1 and p=�1.
All three approaches lead to the same result, viz. um�1=z and r1

2
�z. This is in agreement

with the results obtained for the laminar jet.

To obtain the velocity distribution, some model for the Reynolds stress � has to be used.

Tollmien [191] has used a mixing length model (see Section 2.1.3), where the turbulent

stress is modelled by

� = ��l2m(
@u

@r
)2

The mixing length lm�r1
2
. For this, lm=a

3

2 z can be written, with a a constant, which has

to be based on measurements. Furthermore, u=um = f(�), with �= r=az. The problem
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can now be solved in terms of the stream function. Tollmien has obtained a series solution

and has given solutions for u=um and v=aum as a function of r=az and r=r1
2
, see also

Abramovich [1] or Rajaratnam [143]. As a result, r1
2
=1:24 az and um=0:965 U0R0

a
=z are

found. Hence, for a turbulent jet, r1
2
is independent of the Reynolds number and um is

independent of viscosity.

G�ortler [52] has used Prandtl's eddy-viscosity model for the turbulent stress � , i.e.

� = ���t @u
@r

where the eddy viscosity �t � umr1
2
. From the considerations above (p; q = �1; 1), it is

clear that this leads to a constant value of the eddy viscosity. This means that the same

solutions as for the laminar jet can be used, where the laminar uid viscosity has to be

replaced by the e�ective or turbulent viscosity. The dimensionless coordinate � is scaled

following � = �r=z, where � has to be based on measurements. From the de�nition of

r1
2
and (2.3.10), it follows that � = 1:287 r=r1

2
and r1

2
= 1:287

�
z. If this expression for � is

substituted in (2.3.10), the normalized velocity becomes u=uax=[1+ 0:41 (r=r1
2
)2]�2. From

the integral momentum equation, um=
U0R0

1:61
�=z can be deduced. Details of the derivations

can be found in Rajaratnam [143] and Schlichting [162].

Spalding [179] and Schlichting [162] have followed the analysis of G�ortler. Spalding

has used �t = 0:0255 umr1
2
for the eddy viscosity and this can be used in the expressions

in Section 2.3.2. Substitution in (2.3.11) yields um = 13:1942U0R0=z. In comparison

with the laminar jet, there is no dependence on viscosity, as the turbulent viscosity is

rewritten in terms of um and r1
2
. The solutions for laminar ow are given in terms of the

jet invariants. For the turbulent jet or ame, modi�ed expressions for Iu and If have to

be used. Combination of (2.3.8) and (2.3.11) yields r1
2
=0:0845 z, i.e. the spreading of a

turbulent jet is not dependent on the Reynolds number. A similar expression can be found

for r 1

100
. Note that um= uax. Because of the results for uax and r1

2
, the eddy viscosity is

given by �t=0:02843U0R0. This can be used for the calculation of the turbulent Reynolds

number, Ret=70:3482, which replaces the `ordinary' Reynolds number in the expressions

for the laminar jet. By combination of several expressions, @M=@z = 0:715U0R0 can be

deduced, i.e. the entrainment of a turbulent jet does not depend on viscosity. Furthermore,

the same expression for u=uax as in G�ortler's analysis can be used. For the solution of f ,

it is assumed that the turbulent Prandtl number �f =1, which means that the turbulent

viscosity can be used as the exchange coe�cient. Therefore, the maximum value of f at a

streamwise location fm, which is equal to fax, can be found from (2.3.9). The location of

the ame and ame length can be found from (2.3.14) and (2.3.15). In these equations, Re

has to be replaced by Ret, which leads to l=D=6:595=fst. Hence, for a turbulent ame,

the ame length does not depend on the Reynolds number.

Measurements indicate that the analytical predictions of the turbulent jet are rather

accurate, except for the highly overpredicted entrainment rate. This can be explained by

the use of a uniform eddy viscosity, while in reality the turbulent viscosity becomes zero

in the laminar outer region. The measurements performed by Trupel (see Abramovich [1])

can be matched to a very good �t with Tollmien's solution when a=0:066. Reichhardt's

measurements (see Schlichting [162]) can well be matched with G�ortler's solution when
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�=18:5, although Tollmien's solution seems to be superior, especially in the outer region.

This is also observed for other measurements, see e.g. Rajaratnam [143] or Schlichting [162].

However, Tollmien's solution is less suitable for the comparison with numerical simulations,

because of the use of long series expansions. In the literature, rather wide ranges of

measured halfwidth-spreading rates and centreline-velocity decay rates are reported, see

e.g. Rajaratnam [143] or Sanders [161]. The analytical solutions can be used for spreading

and decay predictions upon suitable adaptations of the constants. The use of unit turbulent

Prandtl number for f gives an overprediction of the decay of f . The predicted ame lengths

are about half of the values found in experiments. This is mainly due to the use of a constant

density in the equations, which is of course not valid in a ame.

For jets with co-ow, the analysis becomes more complicated. It is assumed that the

co-ow has constant velocity uco in the initial plane. As for the jet without co-ow, the

integral momentum equation can be used to deduce a relation between the powers p and

q, where um�uco�zp and r1
2
�zq are assumed. Here um is again the maximum velocity at

an axial location and r1
2
is the radial distance where u� uco=(um� uco)=2. The following

similarity is assumed
u� uco
um � uco

= f(�) = f(r=r1
2
)

which can be used to determine the values of p and q, see e.g. Rajaratnam [143]. Similarity

analysis of the integral momentum equation for strong jets with um�uco yields the same

result as for jets without co-ow, i.e. p + q=1. For weak jets with um�uco, the result is

p + 2q=0. When um� uco, theoretically a similarity solution is not possible, but in this

case jet and co-ow can be regarded as one entirety. Similarity analysis of the equations

of motion can be used to determine p and q completely. With �=�(um � uco)
2= g(�), the

result for the strong jet is q=1 and hence p=�1. For the weak jet, q=1=3 and p=�2=3.
The weak jet has slower decay and a weaker spreading rate than the strong jet. The strong

jet has um � uco � 1=z and r1
2
� z, similar to the jet without co-ow. When the co-ow

velocity uco is small, its inuence on the jet is supposed to be small as well.

2.3.4 Laminar and Turbulent Jets with Swirl

For swirling ows, the situation is far too complicated to derive a closed-form expression

for the velocity distributions like (2.3.5) and (2.3.6). This is mainly due to the pressure

gradients, which have to be retained to account for the e�ect of swirl on axial and radial

velocity. However, global jet characteristics can be deduced by a similarity analysis. They

appear to be useful for the validation of the results of the numerical simulations of Chapter

6. For turbulent ow, the eddy viscosity is taken constant, as discussed in the previous

section. Therefore, the results presented in this section can be used for both laminar and

turbulent swirling jets. As the inuence of combustion on the ow �eld is neglected in the

analysis, the results can also be used for ames.

Upon multiplication of the axial and circumferential component of the momentum

equation of BL for swirling jets by r and r2, respectively and integration over the cross-

sectional plane at constant z, the following equations can be found by substitution of the

correct boundary conditions (Rajaratnam [143])
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@Gz

@z
= 0; with Gz =

Z 1

0
2�r�(u2 � w2

2
) dr (2.3.16)

@G�

@z
= 0; with G� =

Z 1

0
2�r2�(uw) dr (2.3.17)

These expressions can be used in the de�nition of a dimensionless swirl number S =

G�=R0Gz, which is constant in axial direction as can be found from (2.3.16) and (2.3.17).

However, the general de�nition given in Section 1.2 is used by preference, since (2.3.16)

and (2.3.17) only hold in case of free swirling jet ows. Experiments show that similarities

for u and w can be used for small and moderate swirl intensities, i.e. u=um = f(�) and

w=wm = g(�), with � = r=r1
2
. Here um and wm denote the maximum value of u and w

at an axial location, which for swirling jets may be located away from the centreline. It

is assumed that um � zp, r1
2
� zq and wm � zs. The powers p, q and s can be found by

means of similarity analysis, see e.g. Rajaratnam [143]. Similarity analysis of (2.3.16)

gives p + q = 0 for um � wm and p � s = 0 for um � wm. The case of strong swirl, i.e.

um�wm, is not considered in this section, as similarity solutions are not able to describe

the complex ow phenomena that occur in strongly swirling ow. Similarity analysis of

(2.3.17) gives p + s + 3q=0 for both cases. A third equation is required to determine the

powers completely. For um�wm, the entrainment hypothesis gives q=1. Similarity of the

equations of motion gives q = 1 for um� wm, when the stresses �z and �� in the z and �

momentum equations satisfy �z=�u
2
m=h1(�) and ��=�w

2
m=h2(�), respectively. Hence, for

weak swirl, the behaviour is the same as in the case of a non-swirling jet with quadratic

decay of wm, i.e. um � 1=z, r1
2
� z and wm � 1=z2. When the swirl becomes stronger

(um � wm), the behaviour switches to um � 1=z
3

2 , r1
2
� z and wm � 1=z

3

2 . Integration of

the radial momentum equation from r = 0 to r =1 yields p1 � pm � w2
m. Hence, the

pressure decays with the power four in case of weak swirl and with the power three in case

of moderate swirl intensities.

The global behaviour described above is also found in various measurements, except

for the pressure, which generally shows a quadratic decay. Chigier and Chervinsky [29, 30]

have given an integral solution based on the assumption of similarity in terms of �= r=z,

instead of �=r=r1
2
. Their result is independent of swirl intensity and is equal to the result

for weak swirl presented above. Moreover, they have tested the exponential expressions

u

um
= exp(�k1�2)

p1 � p

p1 � pm
= exp(�k2�2)

and a third-order polynomial for w=wm against measurements of jets with various swirl

intensities. The values of k1 and k2 and the polynomial coe�cients are dependent on the

swirl number S. For k1 and k2, a `1=S-behaviour' is found. This yields a fairly good

agreement between analytical expressions and experimental results. In case of high swirl

numbers, the similarity holds at some distance downstream of the nozzle.
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2.3.5 Summary of Analytical Solutions

In this section, the global jet and ame characteristics are summarized. They can be

used for the validation of the results of the numerical simulations in Chapters 5 and 6.

Only qualitative information of the characteristics can be obtained, because of the gross

simpli�cations made in the analytical analysis. The assumptions made are the ones which

underlie the BL equations and the parabolized f -equation, as more complete systems of

equations would lead to problems that can not be solved analytically. The initial pro�les

are assumed to be uniform in both the nozzle and the co-ow. Combustion is described by

means of SCRS, where the inuence of variable density on the ow �eld has to be neglected.

A unit Prandtl number is used in the exchange coe�cient for f . For the description of

turbulence, simple zero-equation models are used, which leads to a constant value of the

eddy viscosity in the entire ow �eld. Measurements are used to determine unknown

constants in the turbulence models. All analytical solutions are based on the assumption

of similarity of velocity pro�les and, in case of turbulent ow, similarity of the relevant

Reynolds stresses. For swirling ows, the inuence of the level of swirl can only be included

in the analysis upon the introduction of the categories weak, moderate and strong swirl.

There is no continuous or gradual dependence on the swirl number. For jets with a high

level of swirl, similarity analysis can not be applied.

Table 2.3: The global characteristics of the analytical solutions for jets and ames.

laminar jet or ame turbulent jet or ame jet with jet with

without swirl without swirl weak swirl moderate swirl
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The global characteristics are given in Table 2.3. For each characteristic, the pro-

portionality with respect to the axial distance downstream of the nozzle, the Reynolds

number, the uid properties and the remainder of the initial conditions are presented. A

blank space means that the characteristic is not known from the analysis. Note that a zero

power means that the characteristic is independent of the relevant variable. Each given

proportionality of um holds in case of free jets, as well as for compound jets with um�uco,

where um in the table has to be replaced by um � uco. For compound jets, r1
2
and r 1

100
are

de�ned as the radii where u�uco=(um�uco)=2 and u�uco=(um�uco)=100, respectively.



Chapter 3

Discretization Methods

3.1 Introduction

The governing equations for the (turbulent) jet ows and di�usion ames considered in

this study are given and discussed in Chapter 2. Most equations are conservation equations

with convection, di�usion and source terms. Some of the equations are algebraic expressions

without partial derivatives. Each equation contains a number of unknown variables. All

equations together, in combination with the boundary conditions, form the mathematical

model that describes the ensemble of relevant physical processes and phenomena in a jet

ow or ame. In principle, once the equations have been solved, detailed information of the

ow �eld is available, i.e. the distributions of e.g. velocity, temperature and turbulence

quantities are known. From these distributions, the behaviour of a jet or ame can be

deduced. The governing equations are far too di�cult to solve analytically. Only upon

introduction of gross assumptions and simpli�cations, analytical solutions can be deduced,

as is shown in Section 2.3. Therefore, these analytical solutions are only an approximation

of the solution of the more complete model. They can only be used for the global description

of a jet ow or ame. Another approach is to solve the equations numerically and use a

computer for the calculation of a su�ciently accurate approximation of the solution. For

this, the domain of interest, i.e. the jet and part of the co-ow area around the jet, is

covered with a computational grid. By means of discretization techniques, some of which

are discussed and used in this study, in each gridpoint or control volume a solution of all

variables is calculated. In this way, the solution of the continuous problem is approximated

by a solution in discrete gridpoints.

For a numerical solution, the equations have to be discretized, i.e. the partial deriva-

tives have to be written in terms of the discrete variables. This leads to a system of

algebraic equations that can be solved by means of appropriate numerical techniques, as

discussed in Chapter 4. For the discretization of a PDE, various methods can be applied.

These methods can be divided in the Finite-Di�erence Method (FDM), the Finite-Volume

Method (FVM), the Finite-Element Method (FEM) and the Spectral Method (SM). In

the FDM, partial derivatives at a certain gridpoint are replaced by algebraic expressions

involving function values at neighbouring gridpoints, which are obtained from (truncated)

Taylor-series expansions, see e.g. Hirsch [68] or Richtmyer and Morton [147]. The FDM is

probably the most obvious method of discretization for general problems containing par-

tial derivatives. However, for conservation equations the FVM is often more appropriate

and therefore, in the present study, the FVM is used for discretization. In this method,

43
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the equations are formulated in integral conservation form for an arbitrary control volume.

Subsequently, the computational domain is subdivided in control volumes or cells. For each

control volume, surface integrals over the boundary faces of the convection and di�usion

uxes are evaluated. These uxes are approximated and written in terms of the discrete

values of variables in neighbouring control volumes. Because of the use of the conservation

principle, the method has a physical meaning. The discrete conservation in a certain con-

trol volume is analogous to the continuous conservation that underlies the derivation of the

original conservation equation. The FVM is discussed in some detail in the next section. In

the FEM (Baker [7], Quarteroni and Valli [139], Segal [164], Zienkiewicz [226]), the equiva-

lence of the PDE with a minimization problem is used to construct an approximation of the

solution in terms of the so-called `basis functions'. These basis functions have to be cho-

sen carefully, depending on the shape of the elements in which the computational domain

is subdivided. In the SM (Fletcher [44]), a Fourier-series or Chebyshev-series expansion,

spanning the whole computational domain, is used to describe the partial derivatives. This

can be thought of as a superposition of sinusoidal oscillations of all possible frequencies and

hence it is called a `spectral representation' of the partial derivative. This leads to algebraic

equations containing the coe�cients of the Fourier or Chebyshev series. An example for

viscous ow is given in Fletcher [45] and Ku et al. [90{92].

Important for the quality of the discretization are the local discretization error and

the consistency, convergence and stability of the discretization. These are basic notions

in numerical mathematics, see e.g. Atkinson [4], Hirsch [68], Richtmyer and Morton [147]

or Tannehill et al. [184]. They may depend on the gridsize of the numerical grid. The

local discretization error, or truncation error, is obtained by subtraction of the continuous

equation and the discretized equation. The order of magnitude of the largest term in the

truncation error, in terms of the gridsize and/or the time step, is referred to as the order

of the discretized equation. The discretization is called consistent when the truncation

error tends to zero in case of a re�nement of the grid and the time step. The discretization

is called convergent when the numerical solution tends to the exact solution of the PDE,

again in case of grid and time-step re�nement. A numerical scheme is called stable when

errors from any source, such as round-o� errors, do not grow in the numerical procedures

to solve the algebraic equations resulting from the discretization. It is important that this

requirement is ful�lled. Calculations with an unstable scheme may lead to the destruction

of the solution in the solution process. Marginally stable schemes may lead to unrealistic

results, as discussed in the next section. Moreover, in case of marginally stable schemes,

numerical solution procedures (see Chapter 4) often show convergence problems. The

consistency and stability of a discretization can be analysed, unlike the convergence, since

in general the exact solution is not known. However, Lax's equivalence theorem (Richtmyer

and Morton [147]) states that in case of consistency, stability is the necessary and su�cient

condition for convergence.

In this study, axi-symmetric jets and ames are considered, which can be described by

means of equations in terms of two coordinates z and r. A 2D, structured and rectangular

grid is used. Note that, because of the absence of the third coordinate, the grid can also

be regarded as a 3D or cylindrical grid with unit length (or angle) in the third direction.

A staggered grid is used for the locations of the velocity components and the pressure, as
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Figure 3.1: The stretched grid used for the numerical simulations. The boundary of the compu-

tational domain is depicted by dashed lines.

discussed in Section 3.2. The grid is stretched in both directions, with small mesh sizes in

the areas where much variation in physical properties is expected and larger mesh sizes in

areas with little variation. It may be clear that close to the nozzle the e�ects of physical

phenomena are strong. For example, in that region transfer of mass and momentum

is large and a large variation (steep gradients) in physical properties can be observed.

Further away from the nozzle, physical processes slow down or decay and there is less

variation. In these regions, less gridpoints are required, which saves computing time during

the solution process. This suggests the grid as given schematically in Figure 3.1. For

convenience, the staggering of the grid is not depicted. The discretization on such a

structured grid is relatively easy to implement in a numerical method. The discretization

in case of unstructured or non-rectangular grids is more complicated, although these grids

have the advantage that they are e�cient (less gridpoints) in case of an irregular and

complex geometry. However, in this study only simulations of jets and ames in a simple

geometry are performed and hence the suggested grid is adequate. For most discretization

schemes, the stretch factor of the grid should not be too large in order to maintain the

order of the discretization (Hirsch [68], Ho�man [71]). Usually a stretch factor of a few

percent (< 5%) is used. As an example, consider a 1D stretched grid, with gridpoints xi
and gridsizes �xi = xi � xi�1. The three-point central di�erence scheme for the second

derivative, following the FDM-approach, is given by (Hirsch [68])

�xx(xi) = (
�i+1��i
�xi+1

� �i��i�1
�xi

)
2

�xi+1 +�xi

+
(�xi+1 ��xi)

3
�xxx � �x3i+1 +�x3i

12(�xi+1 +�xi)
�xxxx (3.1.1)

which follows from the combination of the Taylor-series expansions around xi�1 and xi+1.

The order of the truncation error is proportional to �xi+1��xi, which shows that for

abrupt changes in the gridsize the order of the discretization decreases, especially in areas

where �xxx is large. For an equidistantly spaced grid (�xi+1=�xi) and �xxxx of order one,

the discretization in (3.1.1) is exactly second-order accurate.
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3.2 The Finite-Volume Method

In this section, the Finite-Volume Method (FVM) for the discretization of a convection-

di�usion equation is described. This method is based on the conservation of the physical

property related to a variable � (de�ned per unit mass) with exchange coe�cient 1 � in

a certain control volume. This implies that conservation is automatically satis�ed, up to

machine round-o� errors, over any group of patched control volumes and hence over the

entire computational domain. This is the main reason that in case of conservation equa-

tions often the FVM is preferred to the other discretization methods described in Section

3.1, which only maintain conservation up to truncation errors. The FVM is extensively

described in Patankar [126] and Versteeg and Malalasekera [209], as well as in much other

literature about CFD.

Consider a control volume V with boundary surface A and normal ~n pointing in outward

direction. The decrease, per unit time, of the amount of the quantity � inside V is caused

by convective and di�usive transport of uid through A in the direction of ~n. At the same

time, the source term S� causes production inside V . For a spatially stationary control

volume, conservation of �� (upon rearranging terms) is given by

@

@t

Z
V
�� dV +

Z
A
(��~u) � ~n dA =

Z
A
(�r�) � ~n dA +

Z
V
S� dV (3.2.1)

Application of the theorem of Gau� to the surface integrals directly yields the unsteady

convection-di�usion equation (2.1.1). Equation (3.2.1) represents a ux balance in the

control volume, which holds for each control volume in the computational domain. In this

study, the steady variant of this equation is used, in combination with the steady continuity

equation or mass balance, which is obtained from (3.2.1) when �= 1 and S� = 0. These

equations are given by

Z
A
(��~u) � ~n dA =

Z
A
(�r�) � ~n dA +

Z
V
S� dV (3.2.2)Z

A
(�~u) � ~n dA = 0 (3.2.3)

The control volume and grid distances used for the discretization of a 2D conservation

equation are given in Figure 3.2. For convenience, only a Cartesian coordinate system is

considered. The extension to axi-symmetric cylindrical coordinates is rather straightfor-

ward and can e.g. be found in Patankar [126]. The central gridpoint P is surrounded by

gridpoints to the north, south, east and west, which are denoted by N, S, E and W, respec-

tively. The cell faces at the north, south, east and west of the control volume, which are

preferably located halfway between the gridpoints (see below), are denoted by n, s, e and

w, respectively. The distances between P and the gridpoints N, S, E and W are denoted

by �yN, �yS, �xE and �xW, respectively. The distances between P and the cell faces n,

s, e and w are denoted by �yn, �ys, �xe and �xw, respectively.

1Formally, the physical di�usion coe�cient is given by �=�, but for convenience, in this study, � may

also denote the di�usion coe�cient
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Figure 3.2: The control volume and grid distances used for the discretization of the 2D conser-

vation equation.

Discretization Discretization of the 2D convection-di�usion equation (3.2.2) and the

continuity equation (3.2.3) by means of the second-order midpoint rule for numerical inte-

gration (Atkinson [4], Burden and Faires [22], Ralston and Rabinowitz [145]) yields

(�v�A)jn � (�v�A)js + (�u�A)je � (�u�A)jw =

(�A
@�

@y
)jn � (�A

@�

@y
)js + (�A

@�

@x
)je � (�A

@�

@x
)jw + S�V (3.2.4)

(�vA)jn � (�vA)js + (�uA)je � (�uA)jw = 0 (3.2.5)

Here A denotes the cross-sectional area of a control volume face, �V =(�yn+�ys)(�xe+�xw)

is the volume of V and S is the average value of S� over the control volume. In absence

of the third coordinate direction, A and �V are de�ned per unit length in the third

direction. Equations (3.2.4) and (3.2.5) represent a discrete ux balance for the control

volume. Note that the midpoint rule has second-order accuracy whenever the cell faces are

located halfway between the gridpoints, independent of the stretching of the grid. For the

di�usion terms, second-order central discretization is used, i.e.

(�A
@�

@y
)jn = �nAn(

�N � �P
�yN

) ; (�A
@�

@y
)js = �sAs (

�P � �S
�yS

)

(�A
@�

@x
)je = �eAe (

�E � �P
�xE

) ; (�A
@�

@x
)jw = �wAw(

�P � �W
�xW

) (3.2.6)
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where the cross-sectional areas are de�ned by An=As=�xe+ �xw and Ae=Aw=�yn+ �ys.

The exchange coe�cients at the cell faces �n, �s, �e and �w can be found from values

at the gridpoints by means of linear interpolation or a harmonic-mean interface formula

(Patankar [125, 126]). The central discretization has second-order truncation error for

an equidistantly spaced grid (Hirsch [68], Versteeg and Malalasekera [209]), but also for a

stretched grid with a moderate stretch rate (Hirsch [68], Tannehill et al. [184]), as discussed

in Section 3.1. When the cell faces are located halfway between the gridpoints, as shown

in Figure 3.2, the discretization of the di�usion terms in (3.2.6) is second order. The

source term may be a function of the dependent variable �. In that case, the linearization

S=Su + Sp�P can be used (Patankar [126]).

Introduce for convenience the convection mass ux F and the di�usion conductance D,

which for the NS-direction are de�ned by Fn;s=�v and Dn;s=�=�y, respectively and for

the EW-direction by Fe;w= �u and De;w=�=�x, respectively. These ux representatives

are located at the cell faces. For the distances �x and �y in the de�nition of D, the

appropriate distance between two gridpoints should be taken, e.g. De = �e=�xE. The

result upon substitution is

Fn�nAn� Fs�sAs + Fe�eAe� Fw�wAw =

Dn(�N��P)An�Ds(�P��S)As +De(�E��P)Ae�Dw(�P��W)Aw+

(Su+Sp�P)�V (3.2.7)

FnAn� FsAs + FeAe� FwAw = 0 (3.2.8)

When u, v and � are known at the cell faces, and hence F is known, the variable � has to

be calculated at the cell faces n, s, e and w before (3.2.7) can be solved. In fact, �n, �s,

�e and �w, which stem from the convection term, have to be de�ned in terms of �, which

is located at the gridpoints. For this, the conventional discretization schemes (see below)

use function values at the closest neighbouring gridpoints. Once this has been taken care

of, the following algebraic equation is obtained from (3.2.7)

aP�P = aN�N + aS�S + aE�E + aW�W + Su�V (3.2.9)

with aP= aN + aS + aE + aW � Sp�V . The coe�cients aN, aS, aE and aW are de�ned in

terms of F and D at the cell faces. Some schemes use a more complex approach in the

de�nition of the uxes at the cell faces, which leads to expressions with function values

at additional neighbouring points. For an axi-symmetric conservation equation, the only

di�erence with the formulation given above is that in the de�nitions of the cross-sectional

areas A and the volume �V the appropriate radius r or distance to the centreline should

be incorporated.

The discretization given above only holds for the interior cells of the computational

domain. For cells at the boundary, a special treatment is required. Normally, when the

cell faces are located halfway between the gridpoints (see Figure 3.2), the physical boundary

and one of the cell faces coincide. Dependent on the kind of boundary condition speci�ed

(Dirichlet or Neumann), a modi�ed discretized equation can be obtained that has to replace

(3.2.7) and (3.2.8) at the boundary cells. Details can e.g. be found in Patankar [126] or
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Versteeg and Malalasekera [209]. Equation (3.2.9) for all interior and boundary control

volumes yields a system of algebraic equations that has to be solved by means of an

iterative solution method. These methods are described in Chapter 4.

Basic rules of �nite-volume discretization To ensure physical realism and

overall balance, the discretized equations should obey a few basic rules. These rules de-

termine how the expressions for � at the cell faces should be de�ned. The basic rules are

(Patankar [126], Versteeg and Malalasekera [209]):

� Consistency at control-volume faces or `conservativeness'. Adjacent control volumes

have common cell faces. The ux through this cell face must be represented by

identical expressions in the discretized equations for both control volumes. This

means that interpolations at the cell face should not solely depend on variables in

one control volume and that these interpolations should have symmetry.

� Positive coe�cients or `boundedness'. In absence of sources, the internal value of �

should be bounded by its boundary values. Moreover, an increase of � at one grid-

point should always lead to an increase in adjacent gridpoints. This means that all

coe�cients in (3.2.9) should have the same (usually positive) sign. If this criterion

is violated, there may arise `wiggles' or spatial oscillations in the solution that are

physically unrealistic. Strictly speaking, these oscillations are not the result of an in-

stability. They are related to a so-called `odd/even-disconnection', which means that

the discrete solution of a 1D convection-di�usion equation consists of two di�erent

solutions that exist separately in the odd-numbered and even-numbered gridpoints.

However, often these wiggles are also referred to as `instabilities'. The coe�cient aP
may become negative by means of positive values of Sp. Therefore, there should be a

negative-slope linearization of the source term, i.e. Sp<0, in order to ensure an always

positive aP. This also leads to a diagonal-dominant matrix structure, jaPj�Pnb janbj,
which often ensures convergence of iterative solution methods for linear algebraic

equations, such as the Jacobi method and the Gau�-Seidel method (Atkinson [4],

Burden and Faires [22], Ralston and Rabinowitz [145]). Here
P

nb means the sum

over all neighbouring gridpoints. When the PDE only contains derivatives and the

source term is independent of �, both � and � + c, with c a constant, are solutions

of the equation. When all neighbouring values of � are equal and there is no source

term, � in the central gridpoint should have the same value. This should also hold

for the discretized equation (3.2.9), which leads to the rule aP=
P

nb anb.

� The `transportiveness' of the equation. Consider a 1D steady convection-di�usion

problem for a variable �. In case of pure di�usion, the uid is stagnant and � at

a certain point is equally inuenced by values of � from both the upstream and

the downstream direction. When the convection increases, � is stronger inuenced

by upstream values than by downstream values. In case of pure convection, � is

only inuenced by upstream values and independent of downstream values. The

information propagation thus encountered in the continuous problem should also be

present in the discretized equation.
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Location of the cell faces In the discretization above, no speci�c information is

used about the locations of the cell faces in relation to the gridpoints. There are two obvi-

ous possibilities for these locations, which are indistinguishable in case of an equidistantly

spaced grid. In the �rst method, which is sometimes referred to as the `vertex-centred

method', the cell faces are located halfway between the gridpoints, as shown in Figure 3.2.

In the second method, which is often referred to as the `cell-centred method', the grid-

points are located at the centres of the control volumes. With this method, a rectangular

computational grid can easily be constructed, by simply covering the physical domain with

control volumes. The locations of the gridpoints then follow as a consequence.

In the �rst method, the gridpoint P is not located in the cell centre and �P cannot be

regarded as the `governing' � in the control volume. This also holds for the de�nition of the

average value S of the source term in V . Hence, �P and S are de�ned more accurately if the

second method is applied. Moreover, in the �rst method, the calculated uxes through the

cell faces are not de�ned at the middle of the cell faces. This introduces some inaccuracy,

as it is assumed that the ux prevails over the entire cell face. In the second method, this

disadvantage is not present, as the uxes are located exactly at the middle of the cell face.

An advantage of the �rst method is the straightforward second-order central discretization

of the derivatives at the cell faces (3.2.6) and the possibility to use a very simple linear

interpolation formula for e.g. � at the cell faces. The �rst method has greater accuracy

in calculating the uxes across a cell face, as the calculation of the ux is less sensitive

to the variation between the gridpoints. The main advantage of the �rst method is that

it gives more stable discretization schemes, as the basic rule of boundedness (see above)

is more easily ful�lled. This can be shown by comparison of the two methods for a 1D

convection-di�usion equation without source term. Discretization yields

Fe�eAe � Fw�wAw = De(�E��P)Ae �Dw(�P��W)Aw (3.2.10)

FeAe � FwAw = 0 (3.2.11)

The cross-sectional areas can be taken unity in this 1D case. For the continuity equation

(3.2.11), this means Fe =Fw. Suppose that (by interpolation) � at the cell faces is given

by �e=�e�E + (1��e)�P and �w=�w�W + (1��w)�P. Substitution in (3.2.10) gives

[De +Dw + (1��e)Fe � (1��w)Fw]�P = [De � �eFe]�E + [Dw + �wFw]�W (3.2.12)

For aP to be positive, De +Dw > (1��w)Fw � (1��e)Fe = (�e � �w)Fe is required. For

general values of Fe, this is only valid when �e=�w. For the neighbouring cells the same

procedure can be executed, which yields that all interpolation coe�cients �i should be

equal to 1=2. Hence, for boundedness, the cell faces should be located halfway between

the gridpoints like in the �rst method. Therefore, the vertex-centred method is used in the

numerical code used for the simulations of Chapters 5 and 6.

Staggering of the grid It seems natural to de�ne all variables (�, u, v, p, etc.)

at the same locations, because in that case the same indexing, gridsizes and geometric

information can be used. However, on a collocated grid a non-uniform oscillating `checker-

board' pressure �eld is seen as a uniform pressure �eld and gives a zero momentum source
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term. In fact, a non-uniform pressure �eld ~p with r~p=0 can be added to the solution of p

without any inuence on the momentum equations. This ambiguity often leads to singular

matrices in the iterative solution process and to a non-physical oscillating pressure �eld.

A possible remedy for this problem is the use of a staggered grid for the velocity compo-

nents. In this study, the staggered grid described in e.g. Patankar [126] and Versteeg and

Malalasekera [209] is used, which is based on the Marker-And-Cell method of Harlow and

Welch [63]. The control volume for all scalar variables � and the pressure p is de�ned as

in Figure 3.2. The velocity components u and v are located at the scalar-cell faces. The

control volumes for u and v are shifted half a cell in horizontal (axial) and vertical (radial)

direction, respectively. On a staggered grid, a checkerboard pressure �eld would give a

signi�cant pressure source-term contribution to the momentum equation. Since all grid-

points for p are coupled, an additional pressure �eld ~p (see above) cannot be constructed

and hence a unique solution of p is found. In case of a swirling jet, the circumferential

velocity component w is de�ned at the same locations where v is de�ned. As in this study

swirling ow is described by means of a quasi-3D approach, the equation for w does not

contain a pressure-gradient term, see Section 2.1.4. Hence, there is no restriction for the

location of w with respect to an oscillating pressure �eld. By using the same locations for

v and w, fewer interpolations are required for the evaluation of the centrifugal force in the

radial component of the momentum equation. This enhances accuracy and convergence,

as this source term is the main term in the momentum equation in case of swirl (Gupta et

al. [55], Leschziner and Rodi [103]).

Conventional discretization schemes There are various possibilities for the

description of � at the cell faces and hence for the discretization of the equations. They

are usually dependent on the local cell-Peclet number 2 P, which is the ratio of convection

and di�usion (P = F=D), with the length scale equal to the relevant gridsize. In case of

the Navier-Stokes equations, this is denoted as the local cell-Reynolds number. For the

discretized equation, the cell-Peclet numbers with respect to the x and y-direction are

de�ned by Px = �u�x=� and Py = �v�y=�, respectively. The conventional discretization

schemes use the closest neighbouring points in the de�nition of the uxes at the cell faces.

The coe�cients aN, aS, aE and aW in the discretized equation (3.2.9) are given by

aN = DnA(Pn) + MAX
n
� Fn; 0

o
aS = DsA(Ps) + MAX

n
+ Fs; 0

o
aE = DeA(Pe) + MAX

n
� Fe; 0

o
aW = DwA(Pw) + MAX

n
+ Fw; 0

o
(3.2.13)

where A(P) is the cell-Peclet-number dependent coe�cient function, which is given in Table

3.1 for several discretization methods.

The central-di�erence scheme (CDS) uses the obvious linear interpolation formulae for

� at the cell faces, such as e.g. �e=
1
2
(�E+�P), regardless of the magnitude of the cell-Peclet

2In this study, the cell-Peclet number is denoted by P instead of the commonly used Pe, to avoid

confusion at the eastern cell face
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Table 3.1: The coe�cient function A(P) for several conventional discretization schemes.

Scheme A(P)

Central 1� 1
2
jPj

Upwind 1

Hybrid MAX
n
0; 1� 1

2
jPj
o

Exponential jPj=(exp(jPj)� 1)

Power law MAX
n
0; (1� 1

10
jPj)5

o

number. Convection and di�usion uxes are conserved at the cell faces. Conditions at a

certain point are inuenced by all neighbouring points. Direction of ow and relative mag-

nitude of convection is not accounted for. Hence, generally the transportiveness criterion is

not satis�ed. When jPj > 2, the coe�cients anb become negative, which is a violation of the

basic rule of boundedness and yields physically unrealistic oscillations in the solution. A

possible remedy is decreasing the gridsize, of course. However, for high-Reynolds-number

ows, such as the turbulent jets considered in this study, this often leads to a grid that is

not suitable, as the number of gridpoints easily becomes excessive. Therefore, this scheme

is often not useful and several alternative schemes have been proposed. By means of a

Taylor-series analysis, it can be shown that the scheme is second-order accurate (Versteeg

and Malalasekera [209]). However, since the solutions of convection-di�usion equations

have an exponential behaviour, a truncated Taylor-series is only a good representation of

the solution in case of very small gridsizes. Therefore, conclusions based on Taylor-series

analysis may be misleading.

The upwind-di�erence scheme (UDS) was �rst introduced by Courant et al. [32]. At the

eastern cell face, the upwind scheme uses �e=�P, if Fe � 0 and �e=�E, if Fe < 0. Similar

de�nitions hold at the other cell faces. Hence, the scheme uses zeroth-order interpolation

for � at the cell faces. This means that for the convection ux the scheme uses Fe�e =

�PMAX
n
Fe; 0

o
� �EMAX

n
� Fe; 0

o
. This is in agreement with the physical observation

that for a strongly convective ow the conditions at a certain point are mainly inuenced

by the upstream conditions. The rule of transportiveness is automatically satis�ed, as

it underlies the de�nition of the scheme. The scheme uses consistent expressions for the

uxes at the cell faces. Moreover, the coe�cients anb are always positive. This prevents

unrealistic wiggles in the solution and gives unconditional boundedness. The scheme is

�rst-order accurate, which can be shown by means of a Taylor-series analysis.

The upwind scheme introduces two kinds of non-physical di�usion to the numerical

solution, even in case of a pure-convection problem. The �rst kind is often referred to

as `arti�cial di�usion' or `numerical di�usion'. For a 1D convection-di�usion equation

(without source term), the upwind scheme is equal to the central scheme if in the latter

the exchange coe�cient � is replaced by � + �a, with

�a =
�juj�x

2
=
jPj
2
� (3.2.14)
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Hence, in comparison with the central scheme, the upwind scheme has an additional dif-

fusion (or exchange) coe�cient �a. This introduction of �a is often considered to be

inaccurate and wrong and, if physical di�usion is important, �a�� is required. However,

this only holds when the central scheme is considered to be accurate and standard. From

this point of view, all schemes introduce some arti�cial di�usion, even the exponential

scheme that is based on the true physical solution of a 1D conservation equation (see be-

low). On the other hand, the introduction of arti�cial di�usion prevents the occurrence of

wiggles, which is a positive point. The second kind of non-physical di�usion, often referred

to as `false di�usion', is related to the smearing of a physical property due to ow in an

oblique direction with regard to the gridlines. This means that a physical discontinuity in

�, in a direction non-parallel to the gridlines, will not be present in the numerical solution.

False di�usion is mainly caused by the use of local 1D ow across a cell face, i.e. the dis-

cretization for 2D ow consists of the superposition of 1D discretization in two directions.

It can be shown that for a 2D situation the additional false di�usion coe�cient can be

approximated by (De Vahl Davis and Mallinson [34, 35])

�f =
�k~uk�x�y sin 2�

4(�y sin3 � +�x cos3 �)
(3.2.15)

where �x and �y denote the gridsizes in x and y-direction, respectively, and � denotes the

angle between ~u and the positive x-direction. This shows that there is no false di�usion for

a ow parallel to the x or y-direction and that this phenomenon is related to the skewness

of the direction of the ow with respect to the grid. The e�ect of false di�usion can be

made smaller by decreasing the gridsizes or by using a grid that is predominantly oriented

in the ow direction.

The exponential scheme (Gresho and Lee [54], Patankar [126]) is based on the analytical

solution of the 1D conservation equation without source term, with constant �, u and �.

At the eastern cell face, this scheme uses

�e = �P +
(�P � �E)

(exp(Pe)� 1)

which leads to
aE
De

=
Pe

(exp(Pe)� 1)
(3.2.16)

Similar de�nitions hold at the other cell faces. Although the exponential scheme gives exact

solutions for the 1D conservation equation with properties as mentioned above, it is not

exact for the 2D or 3D case or in case of source terms or variable �, u or �. In comparison

with the central scheme, this scheme introduces an arti�cial di�usion coe�cient (Leonard

and Mokhtari [102])

�a =
� jPj
2

coth(
jPj
2
)� 1

�
� (3.2.17)

which for large jPj tends to (3.2.14). As exponents are computationally expensive to

evaluate, a power-law scheme can be used as an approximation of the exponential scheme.
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The power-law scheme of Patankar [126, 127] uses the following approximation of (3.2.16)

aE
De

=

8>>>>><
>>>>>:

�Pe Pe < �10
(1 + Pe=10)

5 � Pe �10 � Pe < 0

(1� Pe=10)
5 0 � Pe � 10

0 Pe > 10

(3.2.18)

For jPj > 10, this power-law scheme switches to the �rst-order upwind scheme in which

di�usion has been omitted. This corresponds to A(P ) = 0, instead of A(P ) = 1 in Table

3.1. The arti�cial di�usion coe�cient for jPj � 10 is an approximation of (3.2.17). For

jPj > 10, it is equal to

�a =
� jPj
2
� 1

�
� (3.2.19)

In Raithby and Schneider [142], alternative power-law formulations are suggested. Both the

exponential scheme and the power-law scheme satisfy the basic rules of conservativeness,

boundedness and transportiveness.

The hybrid central/upwind di�erence scheme (HDS) of Spalding [178] is another ap-

proximation of the exponential scheme. The variation of the coe�cients, with respect to

the cell-Peclet number P, can be approximated by three straight lines, which for the eastern

coe�cient are given by

aE
De

=

8>><
>>:
�Pe Pe < �2
1� Pe=2 �2 � Pe � 2

0 Pe > 2

(3.2.20)

The hybrid scheme is equal to the central scheme, and hence has second-order accuracy,

if jPj � 2. When jPj > 2, it is equal to the �rst-order upwind scheme in which di�u-

sion is neglected, which corresponds to A(P ) = 0. Hence, for large cell-Peclet numbers,

transportiveness is accounted for. The arti�cial di�usion is given by

�a =
�
MAX

n
0;
jPj
2
� 1

o�
� (3.2.21)

The scheme is always conservative in the description of the uxes at the cell faces and is un-

conditionally bounded, as the coe�cients are always positive. In case of high cell-Reynolds

numbers or high cell-Peclet numbers, and hence for convection-dominated ows, the scheme

is approximately equal to the upwind scheme and therefore mainly �rst-order accurate. The

interpolation for �e can be represented by �e=s(P)�e;central+(1�s(P))�e;upwind, with s(P) a
switching function de�ned by s(P)=1, if jPj � 2 and s(P)=0 otherwise. For convergence

reasons, Zijlema [227] has suggested to use smoother switching functions.

It is important to note that, as a result of the omission of physical di�usion for large

cell-Peclet numbers, the hybrid scheme and the power-law scheme have a large range of P

for which A(P)= 0. This may lead to zero anb-coe�cients, as given in equation (3.2.13),

and hence to singular or decoupled systems in areas of recirculation where F changes sign.

This occurs e.g. in case of a strongly swirling jet ow. Therefore, it is convenient to

introduce a small positive minimum value a0 in the de�nition of A(P ). As an example,

the de�nition of the coe�cient function A(P ) for the hybrid scheme can be modi�ed to
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A(P )=MAX
n
a0; 1� 1

2
jPj
o
, with 0 < a0 � 1. Note that a0=1 corresponds to the upwind

scheme. A value of a0�0:01 will prevent singularities, without introducing large errors in

the discretization scheme, and hence can be applied safely.

Discussion In the numerical simulation of turbulent ow, usually a wide range of

cell-Reynolds numbers or cell-Peclet numbers occurs and these numbers can easily have

very high values. Even in case of laminar ow, the cell-Reynolds numbers can be large.

This also holds for the jet and ame simulations considered in Chapters 5 and 6. As an

example, consider a laminar air jet with density �=1:2 kg=m3, viscosity �=1:7 10�5 kg=ms,

nozzle diameter D = 2 cm and uniform nozzle exit velocity U0 = 0:1m=s. The Reynolds

number for this ow, referenced to the nozzle diameter, is Re � 141:2. When close to

the nozzle the gridsize in x-direction �x � 0:1D, the cell-Reynolds number Px � 14:1 in

that region. For a turbulent jet with the same characteristics, but with high velocity

U0 = 50m=s, the Reynolds number is Re � 7:1 104. In Section 2.3.3, it was shown that

(based on measurements) the order of magnitude of the turbulent viscosity can roughly be

approximated by �t� 0:028U0D=2. For a gridsize �x� 0:1D, this yields a cell-Reynolds

number Px� 8:6. Note that a gridsize of �x=0:1D is rather small. Larger gridsizes lead

to larger cell-Reynolds numbers. Usually a computational domain with a size of roughly

100D � 50D has to be covered. A (uniform) �ner mesh would lead to a large number of

gridpoints that may exceed the maximum number of points that can be used with respect

to the solver and memory storage, even in case of a stretched grid.

The central scheme yields unstable solutions and physically unrealistic wiggles for high

values of the cell-Peclet number (jPj > 2) and does not satisfy the rule of transportive-

ness. A discretization scheme should preferably be unconditionally stable. It can be shown

that for large cell-Peclet numbers the exponential scheme, the power-law scheme and the

hybrid scheme tend to the upwind scheme in which physical di�usion is neglected. Both

the pro�les of A(P) and the pro�les of �a(P)=� for these schemes are almost equal when

jPj > 6, see e.g. Leonard and Mokhtari [102] or Patankar [126]. For very large cell-Peclet

numbers, convection dominates physical di�usion and the latter may be neglected. Hence,

for convection-dominated ows like the turbulent jets and ames considered in this study,

the results obtained with these schemes and the upwind scheme will be reasonably compa-

rable. Although these schemes do satisfy the basic rules of �nite-volume discretization, the

implicit introduction of arti�cial and false di�usion by these schemes may yield numerical

solutions that deviate from the true solution. Higher-order schemes might be necessary for

numerical simulations. These schemes should have an upwind character to enhance stabil-

ity and should preferably account for the direction of the ow to enhance accuracy. For

convection-dominated ows, it is reasonable to focus the attention on the description of the

convection terms. Several higher-order schemes are examined and discussed in Dogge [37],

as a support to the present study. A survey of a number of more accurate discretization

schemes is given in Appendix A.

The higher-order schemes usually use a larger stencil or discretization molecule, which

makes the implementation more complicated. Moreover, at the boundaries a special treat-

ment of the extra virtual points is required. Because of the use of a larger stencil, the

average computational e�ort that is required for each point is usually larger. In several
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more accurate schemes, the coe�cients may become negative, thus leaving the possibility

of wiggles in the solution, as in that case the basic rule of boundedness is not satis�ed. In

some of the schemes, the coe�cients are non-linear, for which some kind of linearization is

required. Moreover, it should be noted that in the simulations of turbulent jets and ames

usually turbulence modelling is used for the description of the ow, as well as some kind of

(turbulence) modelling for the description of combustion. These models are inaccurate to a

certain extent, i.e. only the main physical phenomena are described and several constants

appearing in these models are based on measurements. Therefore, it is not meaningful to

carry out extremely accurate numerical simulations whenever these models are applied.

In the present study, the hybrid scheme is used. This gives a physically realistic solution

and is unconditionally bounded and stable. The scheme only uses a three-point stencil in

each direction, which makes it rather easy to implement in a numerical method and only

requires a modest computational e�ort. It has been widely used in CFD and has proved to

be very useful in the prediction of many practical (industrial) turbulent ows and ames.

As this study is mainly concerned with the numerical method of solution, little attention

is paid to sophisticated and more accurate discretization methods. However, the solution

methods described in Chapter 4 can also be applied in case of other discretization schemes.

3.3 Discretization for Parabolic Flows

In the previous section, the FVM for the discretization of general conservation equa-

tions is described. In case of really parabolic equations (see Section 2.2), the discretized

equations can be solved by means of a single marching procedure in streamwise direction,

which for axi-symmetric jets is the axial direction. Because of the omission of streamwise

di�usion and the use of backward discretization, downstream variables do not appear in the

discretized equations. In fact, since for parabolic ows De=0 and Fe > 0, the coe�cient

aE=0 in (3.2.13) and the variable �E is switched-o� in (3.2.9). Therefore, the discretized

parabolized equations contain only variables at the present streamwise station i and vari-

ables at the previous station i � 1, whenever at most three points are used in streamwise

direction. A problem arises in the non-linear convection and di�usion terms and, if they

are present, non-linear source terms. This non-linearity causes the discretized (algebraic)

equations to be non-linear and hence they cannot directly be solved in a linear system.

There are two obvious options for treating the non-linearity, which can be regarded as two

discretization techniques.

In general, solving non-linear conservation equations requires some iterative procedure

(see Chapter 4). Among other methods, for parabolic ows, a variant of the SIMPLE

method (see Section 4.2) can be used at each streamwise station, viz. the so-called `PARA-

SIMPLE method' (Patankar and Spalding [128]). The CFD-code PARAB (Willems [215,

216]), which is suited for the simulation of parabolic, 2D or axi-symmetric 3D turbulent

ows, uses PARA-SIMPLE at each streamwise station. This code formed the base of the

parabolic ame calculations of Sanders [161] and has led to the CFD-code PARAFLAME

(Luppes [109]), which is used to test the two discretization methods described below. In the
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(PARA-)SIMPLE method, as well as in many other iterative methods, the non-linearity is

tackled by the introduction of two `time levels' or iteration levels n+1 and n. A solution is

obtained by means of iteration, i.e. n!1. The convection uxes F and di�usion uxes

D in equations (3.2.7) and (3.2.8), and hence the anb-coe�cients in (3.2.9), are taken at

the previous time level n. In case of source terms, i.e. S� = Su + Sp�P, both Su and Sp
are taken at the time level n. In this way, each equation is linearized. As an example, the

convection term U@�=@z can be discretized and linearized by means of

U
@�

@z
= Un

i

�n+1i � �i�1
�z

(3.3.1)

where for convenience a FDM-description is considered. The gridsize �z is the axial

distance between the two stations i and i�1. The unknown variable �i is implicitly de�ned

and the method is often referred to as an implicit method of discretization. This is related

to the implicit time discretization of the parabolic 1D heat equation @T=@t=�@2T=@z2.

When the basic rules of discretization are obeyed, the method results in smooth velocity

pro�les, regardless of the magnitude of �z, as is shown below.

Another way of treating the non-linearity is by lagging the coe�cients, as e.g. described

in Tannehill et al. [184]. In this method, which is in fact a method of discretization, part

of a non-linear term at a streamwise station i is taken at the previous station i�1. By

taking the convection uxes F and di�usion uxes D at the previous station i�1, the

anb-coe�cients in (3.2.9) are de�ned at the previous station. At the same time, source

terms can be taken in full at station i�1. In this way, the non-linearity disappears. As

an example, again the convection term U@�=@z is considered with a FDM-description.

Lagging of coe�cients gives

U
@�

@z
= Ui�1

�i � �i�1
�z

(3.3.2)

Each unknown variable �i is now explicitly de�ned and an iterative procedure at station i

can be omitted. This may save a lot of computing time. Unfortunately, this explicit method

often results in unrealistic oscillations, as is shown below. This is related to the explicit

time discretization of the 1D heat equation, which often results in numerical instabilities

in the `time-direction'. For parabolic ows, the streamwise marching coordinate can be

considered as a `time-like' coordinate for the conservation equations. Unlike the spatial

wiggles discussed in Section 3.2, the oscillations found in case of the explicit method are

real instabilities in the time-direction or z-direction. Note that the method is a consistent

discretization method, as �(z+�z; r)=�(z; r)+O(�z). This also shows that this method

has �rst-order accuracy in the marching coordinate z. By using a relatively small gridsize

�z, the additional error introduced by the lagging of coe�cients can be controlled. The

stability constraint obtained from the Von Neumann stability analysis also requires a small

gridsize �z (Tannehill et al. [184]).

As a test case for both types of discretization, a laminar air-jet (Re=165) is considered,

with constant uid properties. The nozzle diameter is D = 5mm and the inlet nozzle

velocity on the centreline is U0=0:5m=s. In principle, the co-ow velocity is Uco =0m=s

(no co-ow), but a small value of Uco may be necessary for more stable calculations. The

constant axial gridsize is �z = 1:0 10�5m, in �rst instance. The equations used in these
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Figure 3.3: The normalized centreline axial velocity pro�les of a laminar axi-symmetric jet

(Re=165) for the two types of discretization. In (a) the full domain is depicted of the jet without

co-ow; solid line: implicit method, dash-dotted line: explicit method. In (b) the wiggle obtained

with the explicit method is enlarged. For the explicit method a small co-ow is used in (c), with

additional grid re�nement in (d).

simulations are the BL equations without pressure gradient (see Section 2.2). The equations

are solved by means of a single marching procedure without full memory storage. Therefore,

the number of axial gridpoints employed is not limited by internal computer memory. The

calculated normalized axial pro�les of the U -velocity on the centreline, i.e. Uax=U0, are

given in Figure 3.3.

Figure 3.3(a) shows that the explicit method produces an unrealistic oscillation directly

downstream of the nozzle, followed by a recovery at a level of Uax�0:45m=s, which is much

too low. The implicit method gives a smooth physically realistic pro�le. In this �gure,

the solutions are given for a computational domain up to z=D = 20, which is covered by

10,000 gridpoints. The solution of the explicit method is enlarged in Figure 3.3(b) for a

small part of the z-domain up to z=D=0:2 (100 gridpoints). When a small co-ow is used

of Uco = 0:01m=s, the oscillations are smaller in magnitude, as is shown in Figure 3.3(c).

This is probably because the coe�cients are zero in case of stagnant co-ow, which may

lead to a singular system, as discussed in Section 3.2. Moreover, in absence of co-ow,

the jet has the tendency to produce recirculation in the co-ow area, which may result in

`unstable behaviour'. This is suppressed in case of a small co-ow. When the gridsize is
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Figure 3.4: The normalized centreline axial velocity pro�les of a turbulent axi-symmetric jet

(Re=23,100) for the two types of discretization. In (a) the oscillation obtained with the explicit

method is given on a magni�ed scale. The result obtained with the implicit method is given for

the full domain in (b).

re�ned to �z = 1:0 10�6m, the oscillations disappear for the jet with co-ow, as shown

in Figure 3.3(d), which is in agreement with the stability constraint. For the jet without

co-ow, this grid re�nement is not su�cient to prevent oscillations (which is not shown

here). Note that for the case with �z=1:0 10�5m already 10,000 gridpoints are needed in

the axial direction for a domain up to z=D=20. Re�ning the grid may lead to excessive

CPU-times, since a solution has to be calculated at each station. The implicit method

gives smooth pro�les for gridsizes up to �z=1:0 10�2m. In that case, only 10 gridpoints

are required to cover the same domain, which shows that the implicit method is much

more suitable for further calculations. The use of a small co-ow enhances stability, but

for the compound jet, grid re�nement is required for perfectly smooth pro�les. Moreover,

the solution obtained with the use of a co-ow may deviate from the desired solution of

the jet without co-ow.

For turbulent jets, the explicit method again results in oscillations, although these

oscillations are relatively smaller in magnitude in comparison with the ones obtained for

the laminar jet. As an example, a turbulent jet (Re = 23,100) without co-ow, with

U0 = 70:0m=s and D = 5mm is simulated on the same grid as the laminar jet described

above. For the description of turbulence, the standard k�" model is used. The normalized

centreline U -velocity pro�les are given in Figure 3.4. In Figure 3.4(a), the result obtained

with the explicit method is given in magni�ed form (100 gridpoints). The oscillations are

relatively small in magnitude for this jet without co-ow, as compared to the results for

the laminar jet without co-ow. This is probably due to the large values of the turbulent

viscosity in comparison with the laminar value, which enhances stability according to the

stability constraint. In case of a small co-ow, the oscillations completely disappear (which

is not shown here). In Figure 3.4(b), the smooth result of the implicit method is given

for the jet without co-ow. With the implicit method, smooth results are obtained with

gridsizes up to �z=1:0 10�2m (10 gridpoints). Although the disadvantages of the explicit

method appear to be less important in case of a turbulent jet, the implicit method shows

a clearly better performance and is preferred for further simulations.
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As described in Section 2.2.3, the parabolized NS equations (PNS) with retained pres-

sure gradients are not really parabolic due to the combination of the continuity equation

and the pressure gradients in the momentum equations. Especially the axial pressure gra-

dient is responsible for the elliptic character, as omitting this pressure term directly results

in a parabolic system of equations. This means that for PNS the axial pressure gradient

has to be treated with forward discretization, i.e.

@P

@z
=
Pi+1 � Pi

�z
(3.3.3)

where i + 1 and i denote the next and present streamwise station, respectively. Usually

PNS is solved with a repeated marching procedure, unlike the parabolic BL equations, for

which one single march is su�cient. More about the numerical treatment of PNS can e.g.

be found in Hoekstra [70], Israeli and Lin [73] and Tannehill et al. [184].

If a potential-ow model is used for the axial pressure gradient, as described in Sec-

tion 2.2.4, some numerical method has to be applied for the evaluation of the interaction

formulae (2.2.33) and (2.2.39). The BLI equations can be solved by means of a repeated

marching method, where at each streamwise station the interaction integrals have to be

calculated in addition to the solution of the BL equations. In this study, the interac-

tion integrals are treated with the so-called `boundary-element method'. In this method,

the streamwise domain is divided in several segments, for which usually the control vol-

umes already introduced for the BL equations are used. At a certain streamwise station

xi, the integral over the full domain is calculated as the sum of the integrals over all

segments. Since the integrands in (2.2.33) and (2.2.39) are singular, the numerical quadra-

ture has to be carried out paying attention to the singular behaviour. At the segment

where the solution is considered, i.e. the segment that contains station xi, the terms Ve(�)

and ~r(�)Ve(�) in the integrands are usually approximated by a quadratic function, e.g.

Ve(�)=Ve(xi)+ (��xi)@Ve@�
jxi. At the other segments, usually a linear function is taken, i.e.

Ve(�)=Vejxj , with xj the centre of the segment. The integrals over all segments can then

exactly be calculated and subsequently discretized. Summation over all segments �nally

gives the value of the integral over the full domain at the present station xi. Details of this

method can e.g. be found in Snel [171{174], Thwaites [190] and Veldman et al. [207, 208].



Chapter 4

Numerical Solution Methods

4.1 Introduction

In Section 3.2, the FVM for the discretization of conservation equations is described,

as well as several possible discretization schemes. The discretization of the transport

equations leads to systems of linear and non-linear algebraic equations, which have to be

solved by means of appropriate numerical techniques. Once the discretized equations have

been solved, useful information about several physical quantities and phenomena of the

jet ow or ame is known, such as the magnitude of velocity and temperature, the ame

length and the location of the di�usion ame. This information can be used for further

research in turbulent combustion and �nally for the re-design or improvement of industrial

combustion applications.

A general discretized 2D convection-di�usion equation, i.e. the set of algebraic equa-

tions (3.2.9) for a general scalar � in all gridpoints, can be solved by means of various

numerical solution methods. For presentational convenience, this equation is expressed as

aP�P =
X
nb

anb�nb + Su�V (4.1.1)

where the anb-coe�cients are calculated from a known velocity �eld, e.g. the velocity �eld of

a previous global iteration in case of an iterative solution procedure. In absence of variable-

dependent source term fractions, i.e. S�=Su + Sp�P, with @Su=@�P=0 and @Sp=@�P=0,

the algebraic equations are linear. In that case, the problem can be formulated in a

matrix-vector form, where the matrix entries are composed of the anb-coe�cients. In case

of �-dependent source term fractions, the problem is non-linear. However, the equation

can be linearized by evaluating the source term fractions at a previous iteration level.

For solving linear systems, both direct methods and iterative methods can be applied.

There are several iterative methods for solving linear systems and hence for solving a single

algebraic equation. Probably the most well-known methods are the pointwise-iterative

methods, such as the Jacobi method and the Gau�-Seidel method. These methods are

e.g. described in Atkinson [4], Burden and Faires [22], Ralston and Rabinowitz [145],

Varga [204] and Young [222], as well as in much other literature on numerical analysis.

The pointwise-iterative methods are very easy to program. Diagonal-dominance of the

matrix is often a su�cient condition for convergence of these methods. This is closely

related to the rule of boundedness of FVM-discretization, as discussed in Section 3.2.

However, the convergence of these methods may be very slow, especially in case of a

large number of gridpoints, since updated information and information from the boundary

61
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conditions is only spread at a rate of one gridpoint per iteration. The number of iterations

can usually be decreased by the use of blockwise-iterative methods. In these methods,

certain subgroups of the unknowns, i.e. the discrete � of certain blocks or parts of the

computational grid, are updated simultaneously. Usually the subgroups are chosen in

such a way that the simultaneous solution can be obtained rather easily, by solving tri-

diagonal or penta-diagonal linear systems. In general, the blockwise methods show a faster

convergence than the pointwise methods, as information is spread at a rate of one block

per iteration, instead of only one gridpoint per iteration. It is possible to use di�erent

or alternating partitions of the computational domain in the sequence of iterations. The

equations can also be solved by means of appropriate conjugate-gradient iterative methods

(Golub and Van Loan [51], Saad [157]) or a sophisticated multi-grid approach (Tannehill

et al. [184], Wesseling [213]).

A choice has to be made between the methods mentioned above. Note that solving

one individual discretized equation is only part of the global solution procedure for the

set of all coupled equations. In the single discretized equations, the anb-coe�cients and

the dependent variables of the previous global iteration are used, which are not correct

yet and have to be re-calculated repeatedly. This means that only a su�ciently accurate

approximation of the solution of the individual equation is required. In this respect, direct

methods are not very economical and hence simple iterative methods are preferred, which

do not have to be solved until full convergence is obtained. As blockwise methods show

faster convergence than pointwise methods, a relatively simple blockwise-iterative method

is a good choice for solving individual discretized equations. In this study, the single

discretized equations are solved by means of a line-by-line iterative solution method, which

is a combination of the (pointwise) Gau�-Seidel method and a direct solution method

for a sparse diagonal matrix. The subgroups for this blockwise-iterative method consist

of the transversal gridlines. The parabolic nature of the jets and ames considered in

this study suggests using a marching process in streamwise direction. At each streamwise

station, a tri-diagonal matrix-vector system has to be solved whenever the discretized

equation contains up to three gridpoints in transversal direction. For this, the well-known

Tri-Diagonal-Matrix Algorithm (TDMA) or so-called Thomas Algorithm is very useful,

which is based on Gaussian elimination of a tri-diagonal matrix, see e.g. Atkinson [4] or

Tannehill et al. [184]. The line-by-line approach is widely used in CFD. It is well described

in e.g. Patankar [126] and Versteeg and Malalasekera [209]. In case of an elliptic equation,

the marching procedure has to be repeated, unlike the case of parabolic equations, for

which one single march is su�cient. For ow problems without a dominant ow direction,

convergence may be enhanced by the application of an alternating direction strategy, such

as in the ADI methods (Fletcher [44], Saad [157], Tannehill et al. [184]). However, the jet

ows and ames considered in this study have a clear dominant ow direction and hence

an alternating strategy is not used.

Usually relaxation is required in the iterative methods, in order to obtain the converged

solution or to enhance convergence. This also holds for the line-by-line method. The use

of relaxation can be regarded as the introduction of a pseudo-unsteady term and the

thus obtained pseudo-transient method is closely related to the solution of real (physical)

unsteady equations. Relaxation is used for the intermediate solution �̂P of (4.1.1) by means
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of �P
n+1=��̂P+(1��)�Pn, with n+1 and n the present and previous time level or iteration

level, respectively. It can be shown that this way of relaxation is equivalent to solving

[1 +
(1��)
�

]aP�P
n+1 =

X
nb

anb�nb
n+1 + Su�V +

(1��)
�

aP�
n
P (4.1.2)

which corresponds to the implicit time discretization of the unsteady equation with 1=�t=

(1��)aP=�. This also shows that the relaxation factors are related to the gridsize and

the magnitude of velocity through the cell-Peclet-number dependency of the coe�cients

aP (see Section 3.2).

The solution of a set of coupled equations can be found by means of a global iterative

procedure. Traditionally, the coupled continuity and momentum equations for the velocity

components and the pressure are solved by means of pressure-correction methods, which

are discussed in some detail in the next section. In these methods, the equations are solved

sequentially, in a decoupled way. Global iteration is required to �nd the �nal simultaneous

solution, i.e. the solving sequence has to be repeated until general convergence is obtained.

The equations of the turbulence model and the combustion model are solved within the

sequence. In general, the pressure-correction methods show a slow convergence behaviour.

Obtaining convergence may be a problem, especially in case of a strong interdependence

of the equations. This e.g. occurs when the k � " model is used for the description of

turbulence or when a combustion model is used. Often much under-relaxation is required

and in some cases a suitable combination of the relaxation factors of all equations has to

be looked for. This may cause long computing times for the simulation of turbulent jets

and ames. Despite these problems, the pressure-correction methods still form the basic

solution procedures in most commercial CFD codes.

To reduce computing time and enhance convergence, in this study two coupled methods

of solution are developed and tested for the simulation of turbulent jets and di�usion ames.

The closer coupling of the equations leads to solutions in less computing time. The �rst

method is the coupled variant of the line-by-line method described above, which is referred

to as the Coupled Line-Iteration Method (CLIM). The parabolic nature of the jet ows

considered in this study suggests using a marching procedure in streamwise direction. At

each streamwise station, all equations for the turbulent jet ow are solved in one coupled

system. The marching procedure has to be repeated in case of downstream dependence

or elliptic behaviour of the equations, whereas for parabolic equations one single march

is su�cient. The degree of ellipticity determines the number of global marches required

to solve the discretized equations and hence the total computing time. The method is

discussed in detail in Section 4.3.

It is also possible to put all equations, of the entire computational domain, in one large

coupled system. This is done in the Coupled Field-Iteration Method (CFIM), which is

discussed in detail in Section 4.4. This avoids the need of a repeated marching procedure

in case of substantial ellipticity. It is expected that, in case of a high degree of ellipticity,

this method yields solutions in much less computing time than the repeated marching

procedure. Note that the method is not suitable for parabolic problems. The method

leads to large sparse linear systems, which are solved by means of large-sparse-matrix

techniques. These methods are also discussed in some detail in Section 4.4.
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4.2 Pressure-Correction Methods

The convection of a general variable � depends on the magnitude and direction of

the velocity �eld. In the description of the FVM (Section 3.2) and the discussion of

solution methods for a general discretized equation (Section 4.1), it has been assumed that

the velocity components u and v (for 2D or axi-symmetric ow) are known everywhere.

However, in general u and v are not known and the velocity �eld has to be solved in

addition to the calculation of the other variables �. For this, the momentum equation and

continuity equation have to be solved, which form a coupled set of equations for velocity

and pressure. For solving the momentum equation, the pressure �eld has to be known.

This leads to a problem, because the jet ows and di�usion ames considered in this study

are examples of (quasi-)incompressible ows (see Section 2.1), which are described by the

NS equations for steady incompressible ow. Unlike compressible ow problems, where the

pressure directly follows from an equation of state in conjunction with the energy equation,

for incompressible ows there is no direct independent equation available for the pressure.

Although the pressure gradients form an important source term in the momentum equation,

the pressure �eld only follows implicitly from the coupling between the momentum equation

and the continuity equation. Furthermore, the continuity equation is only a kinematic

constraint on the velocity �eld, as it has no dominant variable. If the correct pressure �eld

is not known beforehand, the obtained velocity �eld from the momentum equation (with a

guessed pressure �eld) is not divergence-free and both the pressure and the velocity have

to be modi�ed somehow.

One approach in solving the velocity-pressure coupling-problem for steady incompress-

ible ow is to solve the unsteady-ow equations and let t ! 1. This is done in the

so-called `time-advancement methods'. By combination of the continuity equation and the

momentum equation, the well-known Poisson equation for the pressure can be derived, see

e.g. Fletcher [44, 45] or Tannehill et al. [184]. The pressure �eld obtained as a solution

of this equation corresponds to a divergence-free (mass-conserving) velocity �eld through

the solution of the momentum equation. The unsteady-ow equations are advanced in

time. At each new time level n + 1, the Poisson equation yields pn+1 and the momentum

equations yield the velocity components un+1 and vn+1. If an implicit time discretization

is used, the equations contain non-linear terms in the unknown variables at time n + 1,

for which some kind of linearization is needed. In case of explicit time discretization, this

non-linearity is not present. However, since the explicit time discretization introduces a

stability constraint on the magnitude of the time steps �t, often implicit time discretization

is preferred. Finally, when t!1, the solution of the steady-ow equations is found.

As a support to the present study, Drent [39] has performed numerical simulations of

turbulent jets with a CFD-code that was originally developed for the simulation of laminar

sloshing liquids in axi-symmetric con�gurations (Veldman and Vogels [205, 206]). The code

was extended with a simple mixing-length eddy-viscosity model to describe turbulence (see

Section 2.1). The numerical solution method in the code was based on the explicit time

discretization of the momentum equations. The Poisson equation for the pressure was

solved by means of a so-called `fast Poisson solver', which employs a Conjugate Gradient

(CG) method in conjunction with a Modi�ed Incomplete LU-factorization (MILU) pre-
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conditioning technique (Axelsson [5, 6], Brand [20], Saad [157]), see Section 4.4. Because

of the explicit discretization, a variable (turbulent-)viscosity �eld could be implemented

rather easily. This variable viscosity �eld has no inuence on the fast Poisson solver, as it

only a�ects the right-hand side of the Poisson equation. Hence, the Poisson equation can

still be solved very e�ciently with MILU. The same holds for the updates of the velocity

components un+1 and vn+1, which are obtained from the momentum equations. Unfortu-

nately, the solution method is subjected to a stability constraint, due to the use of explicit

time discretization (Ferziger and Peri�c [43], Fletcher [44, 45], Tannehill et al. [184]). Ac-

cording to this constraint, the maximum allowed time step �t decreases when the viscosity

increases, which occurs in case of a turbulent-viscosity model. This has regularly led to

relatively long computing times.

Several methods are available for solving the full NS equations for unsteady (incom-

pressible) ow. However, the computational e�ort required by these methods is generally

at least one order of magnitude larger than that required for solving the equations for

steady ow, because at each intermediate time step a solution of all variables has to be

calculated. Some work may be saved by using large time steps, in order to reach the

steady-state solution as quickly as possible. As in this study only the equations for steady

ow are considered, and the time-dependent history of the variables is not important, a

di�erent approach is preferred. Nevertheless, the iteration levels introduced in the methods

described in this section can be regarded as non-physical or pseudo-time levels and hence

these `pseudo-transient methods' are closely related to the time-advancement methods.

Another approach in solving the velocity-pressure coupling-problem is rewriting the 2D

or axi-symmetric equations by means of a streamfunction-vorticity formulation (Batche-

lor [9], Bird et al. [14], Ferziger and Peri�c [43], Fletcher [45]). Consider the 2D case for

convenience. The streamfunction 	 is de�ned by means of u= @	=@y and v=�@	=@x,
which means that the continuity equation is satis�ed. For 2D ow, the only component

of the vorticity vector is de�ned by !z=@v=@x � @u=@y. By combination of these de�ni-

tions, a Poisson equation for 	 can be obtained. By di�erentiation of the u-momentum

equation with respect to y and vice-versa, followed by subtraction of the two results, a

convection-di�usion equation for !z can be obtained. In this way, the pressure is elimi-

nated from the equations and the number of equations is reduced by one, which makes the

problem easier to solve. The velocity components can directly be found by di�erentiation

of the streamfunction and the pressure can be calculated from the Poisson equation for

the pressure. An important disadvantage of the method is that the boundary conditions

for !z and 	 are often not known everywhere. For 3D ow, the result is an extension of

the number of equations, as the vorticity vector ~! = (!x; !y; !z)
T and velocity-potential

vector ~	 = (	x;	y;	z)
T both consist of three components. Therefore, for 3D ow a

streamfunction-vorticity formulation is hardly ever used. Unfortunately, the equations can

only be derived in case of constant uid properties. If the density and/or viscosity are not

constant, which e.g. occurs when a turbulent-viscosity model is used for the description of

turbulence or in case of combustion, the simpli�cation of the equations by the elimination

of the pressure can not be made. Hence, for the turbulent jets and di�usion ames con-

sidered in this study, a streamfunction-vorticity approach is not possible and a di�erent

method in terms of the primitive variables has to be used.
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It is also possible to introduce some kind of arti�cial compressibility in the equations for

incompressible ow. Suppose that the density is coupled to the pressure by p=�2�. The

parameter � determines the rate of compressibility and can be interpreted as an arti�cial

speed of sound. Substitution in the unsteady continuity equation yields

1

�2
@p

@t
+r � (�~u ) = 0 (4.2.1)

Note that for t!1 the original steady-ow equation is found. The use of @p=@t instead

of @�=@t is necessary, since for incompressibility � has to be constant in (pseudo-)time,

whereas p may be variable. The unsteady-ow equations, i.e. (4.2.1) and the unsteady

momentum equations, are treated with discretization in time. Since the steady-state solu-

tion has to be reached as quickly as possible, an implicit time discretization with large �t is

preferred, as mentioned above. It can be shown that this leads to an iterative method that

is very similar to the pressure-correction methods discussed below (Ferziger and Peri�c [43]).

The di�erences pn+1 � pn of the pressure at two pseudo-time levels can be regarded as a

correction of the pressure at the previous level pn. The parameter � is closely related to

the relaxation factors used in the pressure-correction methods.

The problem of the coupling between velocity and pressure in case of incompressible

ows can also be solved by means of the so-called pressure-correction methods. These

methods are predictor-corrector methods, which use a `guess-and-correct procedure' for

both the velocity components and the pressure. The solution procedure is divided in several

steps. First, a non divergence-free velocity �eld is constructed, which is subsequently

corrected by some sequence of operations. Hence, these methods are also referred to as

`fractional-step methods' or `projection methods', as the incorrect velocity �eld has to be

projected onto a divergence-free velocity �eld (Chorin [31]). As an incorrect pressure �eld is

responsible for the non-divergence-free velocity �eld, usually the focus is on the correction

of the pressure. By using a guessed velocity �eld and pressure �eld and solving velocity-

correction and pressure-correction equations, the estimations (or guesses) of the unknowns

are improved until �nally both the momentum equation and the continuity equation are

satis�ed. The discretized equations for the other dependent variables, such as the k and "

equations for turbulence, are solved within the sequence of operations performed in each

iteration. This strategy underlies the well-known SIMPLE method and related methods,

which have been widely used in CFD for solving the NS equations for steady incompressible

ow. These methods di�er in the correction equations that are used and in the algorithm or

sequence of operations performed in each iteration. The most popular pressure-correction

methods are discussed in some detail in Appendix B, viz. the standard SIMPLE method

and the SIMPLEC, SIMPLER and PISO method. Several modi�cations and improvements

to these methods have been suggested in the literature, but only the most widely used

methods are considered in the present study.

Discussion The pressure-correction methods apply an iterative guess-and-correct

strategy to obtain the solution of the coupled equations for velocity and pressure. By the

introduction of two iteration levels, these methods can be regarded as pseudo-transient

methods, which are closely related to the real time-advancement methods for unsteady



4.2. PRESSURE-CORRECTION METHODS 67

equations. In fact, in the pressure-correction methods the time discretization is used in

conjunction with solving the Poisson equation for the pressure correction or the pressure it-

self. Note that (strictly speaking) for unsteady ow problems this means that it is incorrect

to perform a full pressure-correction procedure at each time step. The Poisson equations

can be derived by combination of the continuity equation and the momentum equations.

This is preferably done in discretized form, because this ensures that the consistency of

the gradient and divergence operators is maintained and hence that conservation of mass

in discretized form is satis�ed. When the Poisson equation is derived in analytical form

and subsequently discretized, mass conservation is not necessarily satis�ed.

Because in the SIMPLEC method fewer approximations are made in the derivation

of the pressure-correction equation, convergence is usually obtained in less iterations in

comparison with the standard SIMPLE method. At the same time, the SIMPLEC method

demands hardly any additional work per iteration. Hence, the total computational e�ort

required by SIMPLEC is less. The pressure corrections generally yield a rather accurate ve-

locity �eld in the SIMPLE, SIMPLEC and SIMPLER method. In SIMPLER, an equation

for the pressure is solved in addition to the pressure-correction equation already employed

in SIMPLE. As this equation for the pressure is exact, i.e. no terms are omitted or ne-

glected, the obtained pressure �eld exactly corresponds to a divergence-free velocity �eld.

This means that in SIMPLER the guessed pressure �eld is less important, unlike in the

SIMPLE method. Hence, with the SIMPLER method, convergence is usually achieved in

less iterations. Although in SIMPLER the pseudo-velocity components have to be calcu-

lated and the extra pressure equation has to be solved, which involves more calculations

per iteration, the total computational e�ort required by SIMPLER is usually less. In the

PISO method, the amount of work to be executed in each iteration is even larger, as the

additional second-velocity-correction and second-pressure-correction equations have to be

solved. However, because of the use of the second corrector step, convergence is enhanced

and the total computational e�ort usually decreases.

Because of the use of under-relaxation in each equation, convergence is slowed down.

On the other hand, relaxation is necessary in order to obtain the converged simultaneous

solution. The inuence of the magnitude of the relaxation factors may be very large.

Therefore, the relaxation factors are frequently tuned to �nd an optimum in convergence

speed and computation time. In general, this means that a suitable combination of the

factors of all equations has to be found. Since the relaxation factors are usually dependent

on the ow problem, as well as on the gridsizes used in each spatial direction (see Section

4.1), this may not be an easy task. In some cases, nearly optimal relaxation factors can be

deduced (Ferziger and Peri�c [43]). In the next sections, two coupled solution methods are

proposed, for which the tuning of separate relaxation factors is not necessary.

The CPU-times required by the various pressure-correction methods have been com-

pared in the literature. Fletcher [45] has reported that the computing time of SIMPLE can

be reduced by 30{50 percent by the use of the SIMPLER approach. Van Doormaal and

Raithby [196] have performed a comparative study of SIMPLE, SIMPLER and SIMPLEC,

with a wide range of relaxation factors, for two laminar recirculating ow con�gurations.

Their conclusion was that both SIMPLER and SIMPLEC are generally more economical

than SIMPLE and that SIMPLEC is usually superior. For an internal ow problem, the
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SIMPLEC and SIMPLER method (with optimal relaxation factors) were about a factor

4.1 and 2.7 faster than SIMPLE, respectively. For an external ow problem, the speed-up

factors were about 2.2 and 1.5, respectively. For exactly the same ow con�gurations,

Galpin et al. [50] have observed that SIMPLEC outperformed SIMPLER, with factors 1.4

and 1.3 for the internal and external ow problem, respectively.

Jang et al. [76] have performed an extensive comparative study of PISO, SIMPLER

and SIMPLEC, with a wide range of relaxation factors, for several ow problems including

swirl, turbulence and/or combustion. For a laminar ow in a channel with a sudden

expansion, the optimum results showed that PISO and SIMPLEC were about factors 2.0

and 1.3 faster than SIMPLER. Another test case was a turbulent pipe ow with expansion

and contraction, described by the k � " model. In case of PISO, the equations for k

and " were calculated with a predictor-corrector approach, which appeared to be essential

for fast convergence. Consequently, PISO and SIMPLEC were 2.3 and 2.0 times faster

than SIMPLER, respectively. The results for a laminar reacting swirling ow in an axi-

symmetric furnace con�guration, described by SCRS for combustion (see Section 2.1.5)

and the semi-3D approach for swirl (see Section 2.1.4), showed that in case of a weak swirl

the PISO method was a factor 2.0 faster than SIMPLER, whereas the SIMPLEC method

was a little slower. The case with a strong swirl showed that SIMPLER was a factor 1.3

faster than the other two methods. For a laminar free convection problem, PISO was

about a factor 2 slower than the other methods. Their general conclusion was that for

the problems in which the momentum equation is weakly coupled to a scalar variable, the

PISO method appeared to be superior, whereas in case of a strong coupling the di�erence

decreased. Overall, there was no clear di�erence between SIMPLER and SIMPLEC and a

general choice in favour of one of these methods could not be made.

As a support to the present study, Reichrath [146] has performed an extensive compar-

ison of the SIMPLE and SIMPLER method. The �rst test case was an axi-symmetric ow

in a sudden pipe expansion. Both laminar ow and turbulent ow, described by the stan-

dard k � " model, were considered. On a 40*20 grid, with optimal relaxation factors, the

SIMPLER method was about 1.3 and 1.2 times faster than SIMPLE for the laminar and

turbulent case, respectively. When the relaxation factors were kept �xed at a certain value,

subsequent grid re�nement up to a 320*160 grid showed that for laminar ow the speed-up

factor could grow from 1.5 to 3.5. For turbulent ow, the factor remained about 1.2. It

should be noted that in this test the optimal relaxation factors were not used. However,

another observation was that an increase of the number of gridpoints usually requires a

decrease of the relaxation factors, which is also reported in Patankar [126, 127]. This means

that for the 320*160 grid probably nearly optimal relaxation factors were used. The sec-

ond test case was a laminar axi-symmetric free swirling jet ow, described by means of the

semi-3D approach (see Section 2.1.4). In this case, the SIMPLE method showed a better

performance in comparison with SIMPLER. This was probably due to the larger velocity

corrections generally obtained by SIMPLER, which cause rapid changes in the w-velocity

that had to be under-relaxed severely. The total computing time was mainly determined

by the slowly converging circumferential component of the momentum equation.

From the results discussed above several conclusions can be drawn. Normally, the

performance of the pressure-correction methods depends on the type of ow, the strength
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of the coupling between the equations, the employed relaxation factors and the applied

solution method for individual discretized equations. The inuence of the chosen values of

the relaxation factors may be very large and often a suitable combination of the factors

for each equation has to be chosen carefully. For laminar ow problems, without a strong

coupling between the set of equations for u, v and p on one hand and any other equation

on the other hand, a modest speed-up factor in computing time may be obtained by the

use of one of the modi�ed pressure-correction methods instead of the standard SIMPLE

method. In case of a strong coupling, the obtained speed-up factors are only small or even

negligible. For turbulent ow problems, described with the k � " model, the speed-up

factors are also small. Hence, for the turbulent jets and ames considered in this study, it

is of minor importance which of the pressure-correction methods is employed. The total

computing time is mainly determined by the equations for k and " in case of turbulence, by

the w-equation in case of swirl or by the equations used to describe combustion. Whether

or not the equations for velocity or pressure are solved by means of a more sophisticated

pressure-correction method hardly makes a di�erence, as these methods only have a direct

inuence on velocity and pressure and not on any of the other variables. Therefore, it is

advisable to pay attention to the equations for k, ", w and � as well, in order to obtain

a fast numerical solution method. In the simulations of the turbulent jets and di�usion

ames performed in this study, as presented in Chapters 5 and 6, the standard SIMPLE

method is applied as a representative pressure-correction method and used for comparison

with the coupled solution methods proposed in the next sections.

4.3 The Coupled Line-Iteration Method (CLIM)

In the previous section, the pressure-correction methods for solving the continuity and

momentum equations have been described. In these predictor-corrector methods, the equa-

tions are solved sequentially, in a decoupled way. The equations of the turbulence model or

the combustion model are solved within the sequential solution procedure. A global itera-

tive procedure provides the �nal simultaneous solution. In general, the pressure-correction

methods have a rather slow convergence behaviour. In case of a strong interdependence

of the equations, which e.g. occurs when the k � " model is used for the description of

turbulence or when a combustion model yields a variable density �eld, obtaining global

convergence may be di�cult and the required computing times may be very large. Espe-

cially when very much under-relaxation is required for convergence, the computing times

may become excessive. This also holds for the simulations of the turbulent jets and di�u-

sion ames considered in this study. Therefore, in the present study, a di�erent approach

is suggested for solving the discretized equations. To reduce computing times and enhance

convergence, the use of a stronger coupling of the discretized equations in the solution

procedure is thought to be essential. Instead of the sequential solution approach of the

pressure-correction methods, the equations can also be solved by means of (partially) cou-

pled solution methods. In this study, two coupled solution methods are proposed and

compared with the traditional decoupled pressure-correction methods.
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Figure 4.1: The geometrical representation of the marching method. At each streamwise station

i, all unknowns located in transversal direction are solved simultaneously. The control volumes

located in the cross-sectional areas are considered at once, as depicted by the shaded area.

In this section, the Coupled Line-Iteration method (CLIM) is described and discussed.

This method is the coupled variant of the line-by-line method for single equations, as

described in Section 4.1. The method can be used for both parabolic and elliptic ow

problems. Several coupled line-iteration solution methods, similar to CLIM, are reported

in the literature. For example, a coupled method for the BL equations is described in

Blottner [15], whereas in Van Doormaal et al. [197] and Rubin and Khosla [152] coupled

methods are described for the full NS equations with the streamfunction-vorticity approach.

Similar coupled line-iteration methods for the NS equations for steady laminar ow (both

compressible and incompressible) are described in Galpin et al. [50], Tannehill et al. [184],

TenPas and Pletcher [186, 187], Vradis et al. [212] and Zedan [224], among others. Coupled

methods for the PNS equations for incompressible or subsonic ow are described in Israeli

and Lin [73], Hoekstra [70], Rubin and Lin [153], TenPas and Pletcher [186, 187] and

Tannehill et al. [184]. For non-Newtonian uids, a coupled method is described in Vradis

and Hammad [211]. All these methods are mainly concerned with laminar ow. In the

present study, the coupling of the equations in the line-iteration method is further extended

to turbulent ow, as described below.

The parabolic nature of the jets and ames considered in this study, as discussed in

Section 2.2, suggests using a marching procedure in streamwise direction. Consider a 2D

grid, as given in Section 3.1, with NI and NJ gridpoints in streamwise and transversal

direction, respectively. For convenience, only a non-staggered grid is considered here,

although a staggered grid is used for the jet and ame simulations in the present study,

as described in Section 3.2. A staggered grid requires minor adaptations in the solution

method, but it makes the description unnecessarily complicated. The streamwise stations

are numbered i=1 � � �NI, whereas the transversal gridpoints are numbered j=1 � � �NJ. It
is assumed that all variables at the initial plane i=1, directly downstream of the nozzle, are

known from the speci�ed initial pro�les. At each streamwise station i > 1, all unknowns

located in the transversal direction are solved simultaneously. Hence, at each station, the
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cross-sectional area that consists of the control volumes used for the FVM discretization

of the governing equations is considered as a whole. This is depicted geometrically by

means of the shaded area in Figure 4.1. The solution or updated information of the

variables at station i is then used at the next streamwise station i + 1. In this way, all

streamwise stations are dealt with, for 2 � i � NI. At the last station NI, the boundary

conditions of the outlet boundary are applied. For a really parabolic ow problem, in

principle one march is su�cient, as downstream dependence is completely suppressed by

the omission of streamwise di�usion and the pressure gradients in the BL equations (see

Section 2.2). In case of ellipticity or downstream dependence, the marching procedure has

to be repeated several times to account for the downstream inuence of streamwise di�usion

and the streamwise pressure gradient. The degree of ellipticity determines the number of

marches required to obtain the full solution of the ow problem. This is investigated and

discussed for non-swirling and swirling jets in Chapters 5 and 6, respectively. Note that

for axi-symmetric swirling jets no di�erent approach is required, because of the semi-3D

description as given in Section 2.1.4.

As part of the marching method, at each streamwise station all equations that describe

the jet ow are solved in one coupled system. In case of a laminar non-swirling jet ow,

these equations are the continuity equation and the momentum equation for u, v and

p. For a turbulent non-swirling jet ow, the equations for �t, k and " are added to the

system. Note that the equation for �t is algebraic, whereas the other equations are partial

di�erential equations. Hence, for laminar and turbulent non-swirling jets, the number of

governing equations or number of variables in the coupled systems is � = 3 and � = 6,

respectively. In case of swirl, the circumferential component of the momentum equation,

i.e. the equation for w, is added to the systems. The total number of coupled (algebraic)

discretized equations to be solved at each streamwise station is N=3�NJ and N=6�NJ for
laminar and turbulent ow without swirl, respectively. For laminar and turbulent swirling

ow, this number is N =4 � NJ and N =7 � NJ, respectively. The variables and numbers

of governing and discretized equations in the coupled systems are listed in Table 4.1.

Table 4.1: The variables and numbers of coupled equations in CLIM.

laminar/turbulent swirl/no swirl � variables N = � � NJ
laminar no swirl 3 u; v; p 3 � NJ
turbulent no swirl 6 u; v; p; �t; k; " 6 � NJ
laminar swirl 4 u; v; w; p 4 � NJ
turbulent swirl 7 u; v; w; p; �t ; k; " 7 � NJ

In case of a turbulent di�usion ame, the equations of the combustion model, i.e.

the discretized equations for f , g and �, are kept separately from the equations for the

turbulent ow, which is discussed below. This means that for a turbulent ame two `blocks'

or groups of equations can be distinguished. The �rst block consists of the discretized

equations for the turbulent ow without combustion, whereas the second block consists of
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the discretized equations of the combustion model. The two blocks are solved separately.

At each streamwise station, a local iterative process between the two blocks yields the

simultaneous solution.

The coupled problem to be solved at a streamwise station i can be expressed as

~F (~!) = ~0 (4.3.1)

where ~! denotes the column vector of unknowns at station i and ~F denotes a vector-

valued function, which is composed of the corresponding non-linear algebraic discretized

equations. The length of the vectors ~F and ~! equals the number of unknowns N . The

vector ~! is composed of the sub-vectors ~!j of unknowns in the transversal gridpoints j, i.e.

~!=(~!1; � � � ; ~!j; � � � ; ~!NJ)T . For example, in case of a non-swirling turbulent jet ow (�=6),

~!j=(uj; vj; pj; �tj; kj; "j)
T . The vector ~F is composed of the sub-vectors ~Fj of discretized

equations for the gridpoints j, i.e. ~F =(~F1; � � � ; ~Fj; � � � ; ~FNJ)T . The non-linear vector-valued
equation (4.3.1) is solved by means of the iterative Newton or Newton-Raphson method,

which can be obtained from a Taylor-series expansion around an estimation of the solution,

see e.g. Atkinson [4], Burden and Faires [22] or Ralston and Rabinowitz [145]. Following

this Newton method, a new estimation of the simultaneous solution ~!n+1 follows from the

solution at the previous iteration ~!n by means of

~!n+1 = ~!n + ~�n+1 (4.3.2)

Jn~�
n+1 = �~F (~!n) (4.3.3)

Here n+ 1 and n denote the present and previous iteration level, respectively, ~�n+1 is the

solution update and Jn = @ ~F (~!n)=@~!n is the Jacobian matrix for ~F with respect to ~!n.

The Jacobian matrix J is a square matrix of order N , which is equal to the length of

the vectors. The vector ~� is composed of the solution updates ~�j of the variables in the

transversal gridpoints j, i.e. ~�=(~�1; � � � ; ~�j; � � � ; ~�NJ)T . Some details of the Newton method,

especially with respect to CLIM, are given and discussed below.

The linear system (4.3.3) is given schematically in Figure 4.2, where for convenience

only the situation in case of � = 6 is considered. Each matrix entry or vector entry is

depicted by means of a small circle. As an illustrative example for the Newton method,

the u-momentum equation is considered in gridpoint j. The solid circle in the sub-vector
~�j denotes the solution update �uj of uj, i.e. un+1j = unj + �uj. The solid circle in the

sub-vector ~Fj denotes the discretized u-momentum equation for gridpoint j, i.e.

Fu;j = aPuj �
X
nb

anbunb � Su�V (4.3.4)

which is obtained from (4.1.1) through �P = uj and �nb = unb. The solid circle in the

Jacobian denotes the derivative of (4.3.4) with respect to uj, i.e.

@Fu;j
@uj

=
@aP
@uj

uj + aP �
X
nb

@anb
@uj

unb � @Su
@uj

�V (4.3.5)

The Jacobian matrix J is a tri-diagonal-block matrix, whenever each discretized equation

contains variables located at three successive gridpoints in transversal direction. Each
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Figure 4.2: The linear system for CLIM. The matrix and vector entries are depicted by means of

small circles. The sub-matrices and sub-vectors are depicted by means of squares and rectangles,

respectively, which are de�ned by dashed lines. The solid circles correspond to the illustrative

example in the text.

block is a square sub-matrix of order �, with � the number of coupled discretized variables

at a transversal gridpoint, as given in Table 4.1. This is depicted schematically in Figure

4.2 by the squares with dimension 6�6, surrounded by dashed lines. The sub-vectors ~�j and
~Fj, which are depicted by rectangles with dimension 6 � 1, correspond to the 6 discretized

equations imposed at transversal gridpoint j. The sub-matrix on the diagonal corresponds

to the derivatives of these equations with respect to ~!j. The sub-matrices to the left and

right of the diagonal correspond to the derivatives of the equations at gridpoint j with

respect to ~!j�1 and ~!j+1, respectively. The total number of diagonal blocks is equal to the

number of transversal gridpoints NJ and hence the total order of J is N = � � NJ. The

sub-matrices are not completely �lled, i.e. some of the block-entries are zero.

Because of the use of the iterative Newton method, iterative processes at three levels can

be distinguished. The marching procedure can be regarded as a global iterative process. In

case of a di�usion ame, at each station a local iterative process provides the simultaneous

solution of the equations for ow and combustion. The Newton method, employed for the

`ow block' for both jets and ames, can be regarded as an iterative process at the most

`inner' level. A choice can be made with respect to the number of Newton iterations to be

executed within each local iteration. In the present study, the Newton process is executed
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in full. This provides intermediate solutions of the variables of the ow block that are

in balance with each other, which enhances convergence of the local iterative process.

Usually only a few Newton iterations are required for convergence, because of its inherent

fast convergence behaviour. Moreover, because of the use of the modi�ed Newton method

(see below), the iterations after the �rst Newton iteration only require little computational

e�ort. Therefore, hardly any computing time can be saved by reducing the number of

Newton iterations. For parabolic ows with combustion, the local iterative process is

executed in full, upon complete convergence, since at each station the correct solution has

to be calculated. In case of ellipticity, the local iterative process can be terminated before

full convergence is obtained, as the repeated marching process only provides intermediate

results whenever global convergence is not yet achieved.

The sequence of operations and nesting of the various iterative procedures in CLIM is

given schematically in Algorithm 4.1.

Algorithm 4.1 (CLIM)

1. The initial values of all variables at station i=1 are given

2. Execute a march in the marching method

For i=2 � � �NI:
� In case of a jet ow without combustion:

Solve the discretized equations of the ow block at station i by means of the

Newton method (4.3.2){(4.3.3)

� In case of a (turbulent) di�usion ame:

Solve all discretized equations at station i by means of a local iterative process:

(i) Solve the ow block by means of the Newton method (4.3.2){(4.3.3)

(ii) Solve the combustion block, with the outcome of (i) as input

(iii) Check for local convergence at the present station:

� If convergence achieved: exit from the local iterative process

� Otherwise: next local iteration; go to (i)

� Go to the next station

3. In case of a really parabolic ow: stop

4. Check for global convergence of the marching method:

� If global convergence achieved: stop

� Otherwise: go to 2.

Details of the Newton method for CLIM At each streamwise station i,

the iterative Newton method is used to solve the coupled system of discretized equations

for the jet ow. For this iterative process, an initial guess ~!0 is needed. The �rst sweep

of the marching procedure, which is the only sweep in case of parabolic ow, for ~!0 the

solution ~! of the previous station i� 1 is used. When the gridsize in streamwise direction
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is not that large, this estimation is a su�ciently close approximation of the solution and

convergence of the Newton process is obtained. If, on the other hand, the streamwise

gridsize is too large, the initial guess may be outside the convergence region or domain of

attraction, which occasionally is rather small for the Newton method. In the next global

sweeps, for ~!0 the solution at the present station i, obtained from the previous sweep, is

taken. This solution is usually su�ciently close to the new solution and located inside the

domain of attraction. In that case, rapid convergence of the Newton process is obtained.

The Jacobian matrix J , which consists of the derivatives of the discretized equations

with respect to the discrete variables, can be determined either analytically or numerically.

For the analytical evaluation of J , all the derivatives of the discretized equations need to

be determined in closed form and then programmed. This involves a lot of tedious work

and requires much e�ort before an error-free Jacobian is obtained. However, symbolic-

di�erentiation or automatic-di�erentiation tools can be of great help for the analytical

evaluation of J , see e.g. Green et al. [53], Rall [144] or Wolles [218]. For the numerical

evaluation of J , usually a forward-Euler approach is applied. The approximation of a

Jacobian entry J�� follows from (Atkinson [4], Press et al. [138])

J�� =
@F�
@!�

=
F�(~! + ���j!�j)� F�(~!)

���j!�j ; �; � = 1 � � �N (4.3.6)

where ��� denotes a small perturbation of !� applied to F�, which are part of the vectors

~! and ~F , respectively. Preferably, the perturbations ����p"m, with "m the machine accu-

racy. Moreover, ��� should be independent of � for a correct mathematical representation

of the Jacobian. The numerical approach avoids the elaborate task of the analytical deter-

mination of the derivatives and can easily be implemented in a CFD code. The numerical

evaluation of J requires two function evaluations for each Jacobian entry J��, whereas

the analytical evaluation only requires one function evaluation, viz. the evaluation of the

closed-form expression of the Jacobian entry J�� itself. Hence, depending on the complex-

ity of J�� relative to F�(!�), the computational e�ort required for the numerical approach

is usually larger. Moreover, the accuracy of the numerical Jacobian evaluation is very sen-

sitive to the magnitude of the perturbations ���. These perturbations should be small for a

su�ciently accurate approximation of J , but for too small values of ��� erroneous Jacobian

entries are found due to round-o� errors in (4.3.6). The derivatives of the source terms of

the k� " model can hardly be calculated accurately by the numerical method, since these

source terms contain fractions in terms of the variables �t, k and " that have a wide range

in magnitude and hence are sensitive to perturbations. The optimal magnitude of a per-

turbation is usually di�erent for each Jacobian entry and should be adaptive, which makes

the numerical evaluation rather complex. To obtain the second-order convergence of the

Newton method (see below) and to avoid divergence of the iterative process, a su�ciently

accurate evaluation of the Jacobian is required. Therefore, in this study, the analytical

approach is used for the evaluation of the Jacobian matrices.

It is possible to evaluate certain terms of the discretized equations at a previous iteration

level. In this way, complex terms can be left out of the Jacobian entries. However, this will

a�ect the second-order convergence behaviour of the Newton method, as an approximation

of the Jacobian matrix is used. Therefore, in the present study, all terms are incorporated
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whenever a Jacobian is calculated, in order to obtain an e�cient method of solution.

When global convergence of the marching method is su�ciently closely achieved, or when

the Newton process at a station is su�ciently converged, the Jacobian matrices can be

kept constant during the remainder of the global sweeps or the continuation of the Newton

process at a station, respectively. This is because in the sequence of global iterations, or

Newton iterations at a station, at some point the solutions ~! hardly change. Hence, the

Jacobian matrices J(~!) are su�ciently accurately approximated. The Newton method

with `frozen' Jacobian matrix is often referred to as the `modi�ed Newton method'. This

method saves the work required for evaluating the matrices and part of the work required

for solving the linear systems (see below), as the LU-factorizations of the Jacobians also

remain unchanged. However, the quadratic convergence rate is lost.

In each Newton iteration, the linear matrix-vector equation (4.3.3) has to be solved.

As discussed above, the Jacobian matrix J is a tri-diagonal-block matrix, where each block

is a square sub-matrix of order �. These sub-matrices are not completely �lled, i.e. some

of the block-entries are zero. The Jacobian can also be regarded as a banded matrix,

with lower or left bandwidth bl and upper or right bandwidth br. For example, for a

non-swirling turbulent jet (� = 6) the number of bands is given by bl = 11 and br = 9,

and hence the total number of bands is 21. This means that only the bands have to be

stored in memory (Golub and Van Loan [51], Saad [157]). In this study, the matrix-vector

equation is solved by means of a banded LU-solver obtained from the software library

Netlib [117], as e.g. described in Golub and Van Loan [51]. This is a modi�cation of

the full LU-method for general (non-sparse) matrices, with use of the banded structure

and corresponding sparsity of the matrix. The LU-method is extensively described in e.g.

Atkinson [4], Burden and Faires [22] and Golub and Van Loan [51]. For large values of N ,

the banded LU-solver requires approximately 2N(blbr + bl + br) oating point operations

(ops). This is considerably less than the 2
3
N3 ops approximately required by the full LU-

method, when the non-zero entries are not accounted for. The widely used and well-known

improvements and enhancements of the LU-method, such as (row and column) scaling and

(partial and complete) pivoting, can be omitted in the simulations of the present study.

Several numerical tests showed that the application of these extensions to the standard

LU-method yields almost the same solutions, with only minor deviations in the last digits.

This is probably due to the use of double-precision arithmetic, in which round-o� errors

propagate at a reasonably low speed. However, the inclusion of partial pivoting and row

scaling only requires little additional computational e�ort and is used for safety reasons.

Because of the tri-diagonal-block structure of the Jacobian matrix, the linear equation

can also be solved by means of a block-TDMA method, as e.g. described in Golub and

Van Loan [51] and Tannehill et al. [184]. These methods apply forward elimination and

backward substitution with respect to the sub-matrices, similar to TDMA for scalar tri-

diagonal matrices. The LU-decompositions of � � � diagonal blocks have to be determined,

as well as various matrix-matrix and matrix-vector products and subtractions. It can be

shown that the block-TDMA methods require approximately 42
3
�3NJ=42

3
�2N ops, which

is of the same order of magnitude as the 2N(blbr+bl+br) ops required by the banded LU-

method. Because of the blockwise factorization, the error propagation in the block-TDMA

methods is usually stronger than that encountered in the banded LU-method. Sometimes it



4.3. THE COUPLED LINE-ITERATION METHOD (CLIM) 77

is di�cult to obtain stability of the overall process of elimination and substitution. When

during the forward elimination and backward substitution the sparsity of the blocks is

accounted for, a so-called `specialized' block-TDMA method is obtained. These methods

are more e�cient than the full-block methods, of course. However, the �ll-in encountered

during the forward elimination process may undo the sparsity to a large extent. The

development and programming of the specialized methods require much work. Moreover,

these methods are not generally applicable. Each ow condition (laminar or turbulent, with

or without swirl) requires a di�erent specialized block-TDMA solver. When an additional

non-zero Jacobian entry is somehow introduced, e.g. because of a modi�cation of the

source terms in the k � " model, a di�erent specialized method has to be developed. The

full block-TDMA methods and the banded LU-method are much more exible. For these

methods, usually only the parameters bl, br and � need to be modi�ed. Moreover, these

solvers can be obtained from software libraries.

When direct methods are used for solving the linear equations, such as the banded

LU-method or a block-TDMA method, the details of the factorizations can be stored in

memory. The LU-factorization of a banded matrix consists of the banded matrices L and U,

which can easily be stored in banded form and hence require only little internal memory

storage. This means that in case of the modi�ed Newton method, when the Jacobian

remains unchanged, the LU-factorization is directly available in each iteration and does

not have to be re-calculated. In that case, the system of linear equations can be solved

very e�ciently. When an iterative method is used to solve the linear equations, such as

the Jacobi method or Gau�-Seidel method, nothing can be stored in memory and each

Newton iteration the iterative procedure has to be executed in full. Even in conjunction

with the computation of the LU-factorization, the direct methods are competitive, as in

the iterative methods usually under-relaxation is required for convergence, which increases

the computing time. Hence, for banded matrices direct methods are often preferred.

Solving the linear system (4.3.3) is only part of a Newton iteration. Several other

operations have to be executed as well, such as the evaluation of J and ~F , the update of ~!

and a check for convergence based on some norm of ~F . Especially the evaluation of J and
~F is computationally expensive. Hence, the use of sophisticated matrix-vector solvers only

yields little saving of computing time in comparison with the banded LU-method. A test

case for turbulent non-swirling ow (�=6) with a typical number of NJ=50 transversal

gridpoints has shown that solving the matrix-vector equation with a banded LU-solver

takes only about 20 percent of the total time in a Newton iteration. Although with a

specialized block-TDMA solver the system of linear equations is solved roughly twice as

fast, the total time saving is only about 10 percent. As the number of Jacobian entries,

as well as the number of ops required for both types of solvers, are proportional to NJ,

the obtained result is expected to hold for general values of NJ. Therefore, the equation

(4.3.3) can just as well be solved by means of the banded LU-solver.

Discussion The main advantage of coupled solution methods in general, and CLIM

in particular, is that they enhance convergence and give a reduction of computing times.

However, in comparison with sequential methods such as the SIMPLE method, they are

less exible in use and require quite some work for development and implementation. Each
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time an additional equation is added to the coupled system, a relatively large e�ort is

required for implementation and re-programming. For CLIM, this means an extension

of ~F (~!), J(~!) and the banded LU-solver. For the enlarged Jacobian, several additional

derivatives have to be determined analytically, as discussed above. In case of decoupled

methods, such as the pressure-correction methods, equations can be added much more

easily. However, in case of a strong coupling of the equations, for decoupled methods this

often means a deterioration of the convergence behaviour and a considerable increase of

computing times. Therefore, it is worthwhile to develop, implement and apply a coupled

method such as CLIM.

As described above, the set of discretized equations for a turbulent di�usion ame is

divided into two groups. These groups are solved separately; one of them by means of the

coupled Newton method. The simultaneous solution at a streamwise station follows from

a local iterative process between the two groups. Therefore, in case of combustion, CLIM

can be regarded as a solution method with partial coupling. By means of the partition

of the set of equations, a �rst step is made towards a stronger coupling in solving the

equations. In �rst instance, only the equations that are strongly coupled are put together

and solved by the coupled Newton method. The other equations, with a weaker coupling,

are kept separate. For a di�usion ame, the strongly coupled equations are the equations

that describe the turbulent ow. The velocity �eld, pressure �eld and turbulence quantities

have a large inuence on each other. The inuence of combustion on the turbulent ow

�eld, which is only felt in the equations through a variable density �eld, is considered to

be less strong. The inuence of the ow �eld on the density �eld is also considered to

be of less importance, as this is only indirectly felt through the convection terms in the

equations for f and g. Whether or not the hierarchy of equations outlined here is correct,

and the partition of equations thus obtained can be justi�ed, can be seen from the number

of local iterations needed between the two blocks. This will be investigated and discussed

in Chapter 5 for non-swirling ames.

An advantage of the use of separate blocks for di�erent types of physical processes is

its convenience. In case of a modi�cation in a physical model, only one block or part of the

CFD code needs to be considered. By keeping the blocks separated, the remaining system in

the coupled Newton solver is smaller, which makes it easier to handle and solve. Moreover,

the local iterative process provides an additional possibility to use under-relaxation. In

this way, the inuence of combustion on the ow �eld and vice versa can be controlled.

In case of a full coupling, the derivatives of the density equation (see Section 2.1.5) with

respect to f and g have to be determined for the evaluation of the Jacobian. This means

that integrals of the products of the derivatives of the PDF P (f) and the amelet table

�(f) have to be determined, as the relevant Jacobian entries are given by

@�

@!�
=
Z 1

0

@P (f)

@!�
�(f) df (4.3.7)

with !� the discrete variable fj or gj. This gives several problems, which are also en-

countered in the computation of the average density. One of the problems is the use of

several IF-statements, because of the existence of various cases, see e.g. Luppes [109]

or Sanders [161]. This means that the Jacobian matrix may not have a monotonous or
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continuous behaviour, which may lead to convergence problems in the Newton process.

Nevertheless, the extension of the coupling of equations and �nally the coupling of all

equations for a turbulent di�usion ame is recommended for further research. By further

coupling of the equations, the computing time required for the simulation of a turbulent

di�usion ame may decrease considerably. The method of partial coupling used in the

present study serves as a �rst step towards a stronger coupling in solving the equations.

In this study, the Newton method is used to solve the system of coupled non-linear

discretized equations ~F =~0. There are many other methods for solving non-linear vector-

valued equations in multiple variables, see e.g. Ortega and Rheinboldt [120]. The choice

in favour of the Newton method is made, since it is relatively simple, exible in use and

has second-order convergence within its domain of attraction. Especially the quadratic

convergence is decisive, as the aim of this study is to develop fast numerical solution

methods for turbulent jets and ames. This means e.g. that the method of steepest descent

and related methods, in which ~F � ~F is minimized (Burden and Faires [22], Ralston and

Rabinowitz [145]), are not suitable, as these methods only have a �rst-order convergence

rate and hence require too much computing time. Second-order or quadratic convergence

means that in the iterative process each error is asymptotically proportional to the square

of the previous error (Atkinson [4], Burden and Faires [22], Ralston and Rabinowitz [145]).

Hence, the number of correct digits roughly doubles each iteration and only a few iterations

are required by the Newton method to solve the equations up to machine accuracy. This

convergence speed is considerably faster than �rst-order or linear convergence, where each

error is asymptotically proportional to the previous error and the number of correct digits

only increases gradually. Methods with a higher rate of convergence, higher than second-

order, at most give a small improvement of the quadratically converging methods. The

higher-order convergence speed is only obtained asymptotically, when the solution is closely

approximated. Moreover, the cost per iteration increases considerably, because of the

complexity of these methods. This a�ects the overall convergence speed and hence the

computational e�ciency. Obtaining convergence with these methods can be very di�cult,

which makes them less attractive.

The modi�ed Newton method In Appendix C, several variations of the stan-

dard Newton method are given and discussed. Some of these methods have been developed

to enhance the computational e�ciency of the standard Newton method. For the compu-

tational e�ciency, both the rate of convergence and the amount of work per iteration are

important. With regard to scalar equations, Ralston and Rabinowitz [145] have suggested

to look at the e�ciency index E=n1=�, with n the rate of convergence and � the cost per

iteration. This clearly shows that, although the rate of convergence of a solution method

may be high, the e�ciency of the method can still be small, due to an excessive amount of

work to be executed in each iteration. This may lead to long computing times. In CLIM,

the so-called `modi�ed Newton method' is applied, where the Jacobian is kept unchanged

after a su�cient number of iterations. In this way, the linear equation (4.3.3) can be solved

very e�ciently, because the LU-factorization of the Jacobian also remains unchanged and

hence can be used repeatedly. Although the convergence speed decreases and perhaps

more iterations are required, the total computational e�ort decreases, as the cost per iter-
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ation decreases considerably. Hence, with the modi�ed Newton method the computational

e�ciency increases. For the non-linear equation (4.3.1) of CLIM, the modi�ed Newton

method is thought to be the most e�cient method. Since the Jacobian is kept unchanged,

no function evaluations are required for J . Moreover, the linear equation (4.3.3) can be

solved very e�ciently, because of the banded structure of the (constant) Jacobian matrix.

The other `quasi-Newton methods' lack one or more of these qualities.

Relaxation in the Newton method A well-known shortcoming of the Newton

method is the small domain of attraction. Obtaining convergence with the Newton method

can be di�cult and often the focus is on convergence, rather than on convergence speed.

Various methods have been proposed to improve the convergence behaviour of the standard

Newton method. A few of these methods are given and discussed in Appendix C. The

various methods essentially use some kind of relaxation in the solution update in (4.3.2). In

general, these methods are di�cult to implement, because of their complexity. Moreover,

they require a lot of computational e�ort per iteration, which decreases the computational

e�ciency considerably.

In the present study, the addition of an unsteady term in equation (4.3.1) is used to

introduce under-relaxation in the standard (or modi�ed) Newton method, i.e.

@~!

@t
+ ~F (~!) = ~0 (4.3.8)

which is closely related to the unsteady-ow equations. The addition of an unsteady term

@�t=@t in the equation for the turbulent viscosity (in case of turbulent ow) has no physical

meaning. It is only used here as a relaxation method. For the continuity equation, the

addition of @p=@t is related to the arti�cial compressibility method, as described in Section

4.2. Note that in the limit t!1 the additional unsteady terms disappear. Implicit time

discretization of equation (4.3.8) gives

~!n+1 � ~!n

�t
+ ~F (~!n+1) = ~0 (4.3.9)

which upon substitution of the Taylor-series expansion

~F (~!n+1) = ~F (~!n) + J(~!n)(~�n+1) + h:o:t: (4.3.10)

and neglecting higher-order terms yields

[
1

�t
I + J(~!n)]~�n+1 = �~F (~!n) (4.3.11)

Here I is the unity matrix and ~�n+1 = ~!n+1 � ~!n. This shows that the diagonal of the

Jacobian is increased with 1=�t, which makes the update ~�n+1 smaller and hence serves as a

kind of under-relaxation. For an in�nite time step �t, the Newton method is obtained. The

use of the same �t for all discretized equations is too restrictive and hence not convenient.

It is possible to use a di�erent magnitude of �t in each of the N discretized equations

of which ~F is composed, since in this study only steady ow is considered and time-

dependent physical behaviour is not important. Note that the intermediate solution ~!n
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can be regarded as the initial guess for the next Newton iteration level n+1. Let �tj denote

the time steps in the discretized equations, with j=1 � � �N . Discretization of (4.3.8) gives

D(
1

�tj
)(~!n+1 � ~!n) + ~F (~!n+1) = ~0 (4.3.12)

where D(1=�tj) denotes a diagonal matrix with 1=�tj on the diagonal. Application of the

Taylor-series expansion (4.3.10), without higher-order terms, yields

[D(
1

�tj
) + J(~!n)]~�n+1 = �~F (~!n) (4.3.13)

This again shows the strengthening of the diagonal. For each single discretized equation,

a choice can be made with respect to the magnitude of the diagonal addition 1=�tj. In

the present study, for the discretized convection-di�usion equations 1=�tj = (1 � �)aP=�

is taken, with 0 < � � 1, as described in Section 4.1. In this way, the relaxation �n+1=

��̂+(1��)�n, with �̂ an intermediate result, is used implicitly. For the turbulent viscosity,

with aP=1, the same approach is used. The equations are relaxed proportionally, i.e. in

each equation the magnitude of �tj is adapted to the main coe�cient of the equation. In

this way, the relaxation is subjected to a kind of scaling. Because of the coupled system,

the relaxation of a variable is directly felt in the other equations, thus diminishing the

total e�ect of the change of a variable during iteration. In comparison with the methods

discussed in Appendix C, the unsteady-relaxation method is relatively simple and easy to

implement. Moreover, the additional computational e�ort required per iteration is very

small, which has a favourable inuence on the computational e�ciency.

Experience shows that the modi�ed Newton method in CLIM is very robust and only

occasionally encounters convergence problems. At the �rst few streamwise stations down-

stream of the nozzle, a little under-relaxation is required during the �rst few sweeps of the

global iterative process. If the gridsize in streamwise direction at the succeeding stations

is kept su�ciently small, no relaxation is needed and the modi�ed Newton method can

be applied safely without any problems. After a number of sweeps, the solution of the

previous sweep is su�ciently close to the �nal solution and convergence of the modi�ed

Newton method is obtained without the use of relaxation.

Acceleration techniques for the marching procedure in CLIM
As discussed above, the marching procedure in CLIM has to be repeated to account for

ellipticity or downstream dependence. The number of streamwise marches can be rather

large in case of a high degree of ellipticity. In that case, much downstream information

has to be moved in upstream direction. Information is only spread in upstream direction

at a rate of one gridpoint per streamwise sweep. This means that the number of stream-

wise gridpoints is important for the convergence speed of the marching procedure. The

transport of downstream information can be enhanced by the use of sweeps in upstream

(backward) direction. However, for stable calculations, the marching procedure should be

predominantly carried out in streamwise direction, according to the qualitative behaviour

of the equations (see Section 2.2.3). The use of alternating sweep directions yields an ir-

regular (global) convergence behaviour and is therefore not applied in this study, although

the number of marches can be reduced to some extent by this method.
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Another possibility to reduce the number of streamwise marches is the use of relaxation

in the pressure gradients. As discussed in Section 2.2, the (turbulent) jets considered in

this study are an example of parabolic ows in which streamwise di�usion is negligible and

in which ellipticity is mainly due to the streamwise pressure gradient. Hence, the use of

relaxation in the pressure gradients is an obvious way to reduce the number of streamwise

marches. By the use of relaxation in the transversal pressure gradient, the global pressure

di�erences at a streamwise station can be reduced. This has a favourable inuence on the

number of streamwise marches, which is shown in Chapters 5 and 6.

Israeli and Lin [73] suggested to use a marching procedure in streamwise direction,

where at each streamwise station a source term (corrector) is added to the streamwise

pressure gradient. This source term consists of the sum of global pressure di�erences at

previous stations. With this method, the number of marches can be reduced to some extent,

but downstream information of the pressure is still moved in upstream direction at a rather

slow rate. Hoekstra [70] proposed a backward pressure-correction technique, which seems

to be more robust and powerful than the method of Israeli and Lin [73] and the simple

pressure-gradient-relaxation technique discussed above. Consider a marching procedure

with a �ctitious alternating sweep direction with respect to the streamwise component

of the momentum equation. Upon introduction of the relaxation factors !f and !b in

the forward and backward sweep, respectively, the forward and backward sweeps can be

expressed as

�
!fp

n
i+1 � p�i + (1�!f)pni

�
=�zi = !fFu(p

�
i )i (forward) (4.3.14)�

!bp
��
i+1 � p��i + (1�!b)p�i

�
=�zi = !bFu(p

�
i )i (backward) (4.3.15)

Here n denotes the previous streamwise march, p�i and p��i denote (intermediate) results

of the forward and backward sweep at station i, respectively and Fu(p
�
i )i denotes the

discretized streamwise component of the momentum equation at station i. The pressure

at the next global iteration level n+1 is given by pn+1i = !cp
��
i +(1�!c)pni , with !c the

correction (relaxation) factor. In combination with (4.3.14) and (4.3.15), this leads to the

backward pressure-correction equation

pn+1i = !fcp
�
i + (1�!fc)pni ++!b(p

n+1
i+1 � pni+1) (4.3.16)

with !fc=!c(1�!b+!b=!f) a combined relaxation factor. This is a very simple pressure-

correction formula, as it only contains pressure terms of a few iteration levels. Once a

forward CLIM-sweep is completed, the pressure-correction (4.3.16) is applied in backward

direction, starting at the outlet boundary i=NI. Note that only the pressure correction

is carried out in backward direction, instead of the full backward CLIM-sweep discussed

above. Fourier analysis with respect to global pressure di�erences leads to the constraint

!b<1, in order to obtain a damping of pressure di�erences through the backward pressure-

correction procedure (4.3.16). Moreover, !fc� 1 � !b preferably, although this constraint

turns out to be less strict. The inuence of the backward pressure-correction technique on

the number of required streamwise CLIM-sweeps is examined in Chapters 5 and 6.
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4.4 The Coupled Field-Iteration Method (CFIM)

In the previous section, the (partially) coupled line-iteration method CLIM has been

described as an alternative for the decoupled sequential pressure-correction methods. In

case of ellipticity or downstream dependence in the equations, the marching process in

CLIM has to be repeated, whereas for a really parabolic ow one single march is su�cient.

The degree of ellipticity determines the number of global marches needed to solve the

equations and hence the total computing time. In case of a high degree of ellipticity, this

number of marches can be large and the method may not be very e�cient, although the

number of marches can be reduced by one of the acceleration techniques. This will be

examined for jet ows and ames without and with swirl in Chapters 5 and 6. Especially

in case of a swirling jet with a high degree of swirl (high swirl number), where occasionally

even recirculation occurs, the degree of ellipticity is high and the number of required sweeps

may be troublesome.

In this section, the Coupled Field-Iteration Method (CFIM) is discussed. In this

method, all discretized equations for the (turbulent) jet, of the entire computational do-

main, are solved in one large coupled system. This avoids the need of a repeated marching

procedure (as in CLIM) and is expected to be more e�cient for ows with a high degree of

ellipticity. The same grid as for CLIM in Section 4.3 is considered, see Figure 4.1. Instead

of only the control volumes located in the cross-sectional area at one streamwise station,

for CFIM the entire computational domain is considered simultaneously. With respect to

the hierarchy of the equations, the same partition of the equations is used as in CLIM.

Therefore, again two blocks or groups of equations are obtained. By means of this partition

and the partial coupling thus obtained, a �rst step is made towards a stronger coupling

in solving the equations, as discussed in Section 4.3. For CLIM the number of variables �

in the coupled systems for di�erent ow conditions (laminar or turbulent, with or without

swirl) are given in Table 4.1. In comparison with CLIM, for CFIM the dimension of the

coupled system of discretized equations is multiplied by the number of streamwise stations

NI. Hence, for CFIM, the total number of discretized equations to be solved in the coupled

system is N =� � NJ � NI=N � NI, where the calligraphic symbol N is used to emphasise

the di�erence with CLIM. For completeness, the variables and numbers of governing and

discretized equations in the coupled systems in CFIM, for di�erent ow conditions, are

listed in Table 4.2.

Table 4.2: The variables and numbers of coupled equations in CFIM.

laminar/turbulent swirl/no swirl � variables N = � � NJ � NI
laminar no swirl 3 u; v; p 3 � NJ � NI
turbulent no swirl 6 u; v; p; �t; k; " 6 � NJ � NI
laminar swirl 4 u; v; w; p 4 � NJ � NI
turbulent swirl 7 u; v; w; p; �t; k; " 7 � NJ � NI
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The coupled problem to be solved in CFIM can be expressed as

~F (~
) = ~0 (4.4.1)

where calligraphic and capital symbols are used to emphasise the di�erence with CLIM. In

(4.4.1), ~
 denotes the column vector of unknowns of the entire computational domain and
~F denotes a vector-valued function, which is composed of the corresponding non-linear

algebraic discretized equations. The length of the vectors ~
 and ~F equals the number

of unknowns N . The vector ~
 is composed of the sub-vectors ~
i of unknowns at the

stations i, i.e. ~
=(~
1; � � � ; ~
i; � � � ; ~
NI)
T , which correspond to the vector ~! used in CLIM.

The vector ~F is composed of the sub-vectors ~Fi of corresponding discretized equations for

the stations i, i.e. ~F = ( ~F1; � � � ; ~Fi; � � � ; ~FNI)
T , which correspond to the vector ~F used in

CLIM. The non-linear vector-valued equation (4.4.1) is solved by means of the iterative

Newton method. Following this method, a new estimation of the simultaneous solution
~
n+1 follows from the solution of the previous iteration ~
n by means of

~
n+1 = ~
n + ~�n+1 (4.4.2)

Jn
~�n+1 = � ~F (~
n) (4.4.3)

Here n+ 1 and n denote the present and previous iteration level, respectively, ~�n+1 is the

solution update and Jn is the Jacobian matrix for ~F with respect to ~
n. The Jacobian

matrix is a square matrix of order N , which is equal to the length of the vectors. The

vector ~� is composed of the solution updates ~�i of the variables at the stations i, i.e.
~�=(~�1; � � � ; ~�i; � � � ; ~�NI)

T , which correspond to the vector ~� used in CLIM. Some details

of the Newton method with respect to CFIM are given and discussed below.

The linear system is given schematically in Figure 4.3. The sub-matrices and sub-

vectors that belong to the streamwise stations are depicted by means of the larger squares

and rectangles, respectively, surrounded by dashed lines. The sub-matrices indicated by

Li, Di and Ri and the sub-vectors indicated by ~�i and ~Fi correspond to the discretized

equations imposed at station i. The sub-matrix Di corresponds to the derivatives of the

equations at station i with respect to the unknowns ~
i at station i. The sub-matrices

Li and Ri correspond to the derivatives of the equations at station i with respect to the

unknowns at stations i � 1 and i + 1, respectively. The highlighted sub-matrix Di and

highlighted sub-vectors ~�i and ~Fi are related to the linear system (4.3.3) of CLIM, as

given schematically in Figure 4.2. In fact, Di is related to the Jacobian matrix J used in

CLIM. The full matrix J is a tri-diagonal-block matrix, whenever each discretized equation

contains variables located at three successive gridpoints in streamwise direction. Each block

is a square sub-matrix of order N = � � NJ, which is equal to the order of the Jacobians

J in CLIM. The total number of diagonal sub-matrices equals the number of streamwise

gridpoints NI and hence the total order of J is N = N � NI. The sub-matrices are tri-

diagonal-block matrices, with the dimension of the small blocks equal to ���, whenever the
discretized equations contain variables located at three successive gridpoints in transversal

direction. The little sub-matrices with dimension � � � are depicted by means of little

squares. The little sub-vectors with dimension � � 1 of which ~�i and ~Fi are composed are

depicted by means of little rectangles, indicated by ~�j and ~Fj, respectively. As in CLIM,
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Figure 4.3: The linear system for CFIM. The sub-matrices and sub-vectors of order N are

depicted by means of the larger squares and rectangles, respectively, de�ned by dashed lines.

The little sub-matrices and sub-vectors of order � are depicted by means of little squares and

rectangles, respectively. The highlighted sub-matrix and sub-vectors are related to the linear

system in CLIM.

the little blocks or sub-matrices are not completely �lled, i.e. some of the entries are zero.

The Jacobian J can be regarded as a large sparse matrix and the linear system (4.4.3), as

given schematically in Figure 4.3, is solved by means of large-sparse-matrix techniques, as

discussed below. Note that the Jacobian J can be split-up by J =L+D+R, where D is

the block-diagonal matrix composed of the sub-matrices Di, L is the block-lower-diagonal

matrix composed of sub-matrices Li and R is the block-upper-diagonal matrix composed

of sub-matrices Ri. This is used in some of the preconditioning techniques, which are also

discussed below.

As discussed above, in case of a turbulent di�usion ame, the equations of the com-

bustion model are solved separately from the equations for the turbulent ow �eld. In this

study, the transport equations for f and g are solved by means of the iterative line-by-line
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method in conjunction with TDMA, as discussed in Section 4.1. The solution process

for the equations for �, following the amelet model given in Section 2.1.5, can be found

in Sanders [161] and Luppes [109]. A global iterative process between the two groups of

equations provides the simultaneous solution of all the equations for the turbulent ame.

As in CLIM, a choice can be made with respect to the number of Newton iterations to

be executed within each global iteration. In the present study, the full Newton process is

executed per global iteration. Following the expected hierarchy of the equations, as dis-

cussed in Section 4.3, the equations for turbulent ow are thought to be strongly coupled.

Therefore, it is advisable to execute the Newton method in full, upon complete conver-

gence, within each global iteration. In this way, the obtained intermediate solutions of the

velocity components, pressure and turbulence quantities are in agreement and consistent

with each other, up to machine accuracy. This enhances convergence of the global iterative

process. For the �rst global iteration, this means that several Newton iterations have to be

executed. However, because of the weak coupling between the two groups of equations, in

the successive global iterations probably only one or two Newton iterations are su�cient,

as the updated solutions for f , g and � of the combustion block only change the solutions

of the ow block slightly. Whether or not this is actually the case can be judged from the

number of Newton iterations and the number of global iterations between the two groups of

equations. This will be investigated and discussed in Chapter 5 for non-swirling di�usion

ames.

Because of the global iterative process for turbulent ames, iterative processes at two

levels can be distinguished. The initial guess ~
0 for the Newton method is obtained by

means of a few sweeps with CLIM, which is discussed below. The sequence of operations

and nesting of the iterative processes in CFIM are given schematically in Algorithm 4.2.

Algorithm 4.2 (CFIM)

1. The initial pro�les of all variables at station i=1 are given

2. Execute a few marches with CLIM to obtain an initial �eld for all variables of the

entire computational domain

3. Solve the discretized equations for all variables of the entire computational domain:

� In case of a jet ow without combustion:

Solve the ow block by means of the Newton method (4.4.2){(4.4.3) and stop

� In case of a (turbulent) di�usion ame:

Execute a global iteration:

(i) Solve the ow block by means of the Newton method (4.4.2){(4.4.3)

(ii) Solve the combustion block by means of the line-by-line Gau�-Seidel method

(iii) Check for global convergence

� If convergence achieved: stop

� Otherwise: next global iteration; go to (i)
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Details of the Newton method for CFIM In CFIM, the coupled equations

for the (turbulent) jet ow are solved by means of the iterative Newton method (4.4.2){

(4.4.3), mainly for the same reasons as discussed for CLIM in Section 4.3. For this iterative

process, an initial guess ~
0 is required that consists of the initial values of all variables of

the entire computational domain. As discussed in Section 4.3, usually the Newton method

has a small domain of attraction and hence obtaining convergence with the Newton method

can be rather di�cult. Therefore, the initial guess ~
0 should be su�ciently close to the

�nal solution. The obvious application of a constant transversal pro�le in streamwise

direction for the construction of ~
0, i.e. the use of the speci�ed initial pro�les at i=1 for

all streamwise stations i=1 � � �NI, has led to severe convergence problems, especially for

turbulent ow. This is probably due to the large di�erences in magnitude of k, " and �t
within the computational domain, for which the initial pro�les at i= 1 are too di�erent

and hence not within the domain of attraction. The occurrence of convergence problems

could not be avoided by the use of under-relaxation. Although for laminar ow occasionally

convergence could be obtained by means of much under-relaxation, in most cases obtaining

convergence remained a severe problem. By the application of the analytical solutions of

the simpli�ed equations (Section 2.3) for the construction of ~
0, the convergence problems

could not be solved either, despite the use of under-relaxation. Moreover, for the k�"model

no analytical solution is available. Hence, this analytical approach for the construction of
~
0 is not advisable. Fortunately, there is a way to provide a su�ciently close approximation

of the solution that can serve as the initial guess ~
0 for the Newton method. The initial

guess can be obtained by means of a solution method with less sensitivity for the initial

guess, such as the pressure-correction methods (Section 4.2) or CLIM (Section 4.3). In

the present study, the choice is made in favour of CLIM, since CLIM has a favourable

convergence behaviour. Therefore, in CFIM, �rst a few sweeps with CLIM are executed to

obtain a su�ciently close approximation of the solution. Subsequently, the Newton method

of CFIM is used to �nish the job, with overall quadratic convergence rate. The number

of required `initial CLIM-sweeps' follows from the convergence behaviour of CLIM. This

number is dependent on the computational grid, especially on the number of streamwise

stations i. This is because in CLIM downstream inuences have to be moved in upstream

direction, which takes more sweeps when a larger number of streamwise gridpoints is used.

The number of initial CLIM-sweeps is typically 10{15 for a grid with 80*40 gridpoints in

the streamwise and transversal direction, respectively, and doubles when the number of

streamwise gridpoints is doubled.

The Jacobian matrix J for CFIM is determined analytically, like the Jacobian J for

CLIM, as discussed in Section 4.3. This is mainly because the derivatives of certain terms,

such as the source terms of the k � " model, can hardly be calculated accurately by a

numerical method. This means that closed-form expressions have to be determined for the

derivatives of the discretized equations with respect to the variables at stations i� 1 and

i+1, in addition to those at station i already encountered in CLIM. The implementation of

the analytically determined Jacobian in a numerical method requires much e�ort. However,

once this has been taken care of, an accurate J is available whenever it is needed. Although

complex terms in the entries of J can be avoided by the evaluation of certain terms in

the discretized equations at a previous iteration level, all terms are incorporated in order
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to obtain an e�cient method of solution, as discussed Section 4.3. The coupled method

CFIM is much less exible in use than the sequential solution methods. It is also more

complicated than CLIM. Nevertheless, the enhanced convergence behaviour, as shown in

Chapters 5 and 6, makes the e�ort required for the development and implementation

certainly worthwhile.

The computational e�ort required for the evaluation of J is approximately 3 � NI
times larger than that required for the evaluation of J in CLIM, as the number of (sub-

)matrices of order N is 3 � NI larger. However, the evaluation of the Jacobian J for

CFIM requires relatively little computing time. Solving the large linear system (4.4.3) of

CFIM requires considerably more computational e�ort, substantially more than required

for solving the linear system (4.3.3) of CLIM. Only little computing time can be saved

by keeping the Jacobian J unchanged during the Newton process, as is done when the

modi�ed Newton method is applied. The e�ort required for the evaluation of J can be

saved, of course. However, in the iterative methods used to solve the large linear system

(see below), relatively little work can be saved by the storage (in internal memory) and

re-use of certain results, such as the LU-factorizations of the sub-matrices Di. Moreover,

for the optimal convergence speed of the Newton method a su�ciently accurate Jacobian is

required. Hence, the full Jacobian is evaluated in each Newton iteration, as in the standard

Newton method. In this way, the number of Newton iterations to be executed, as well as

the number of large linear systems to be solved, remains limited.

Because of the construction of a su�ciently accurate initial guess ~
0 by means of

several initial CLIM-sweeps, under-relaxation is only required occasionally. When under-

relaxation is needed, it is introduced implicitly in the Newton method by means of the

addition of an unsteady term in the discretized equations, as discussed in Section 4.3. This

gives a strengthening of the diagonal of J and makes the solution updates smaller. The

introduction of an unsteady term in CFIM makes it possible to simulate a real (physical)

unsteady ow, in a direct and straightforward manner. The use of a (pseudo-)transient

term in CLIM has no direct physical meaning, as in CLIM only part of the computational

domain is considered at once. Note that, for the correct simulation of an unsteady ow, in

certain equations no time derivatives should be used. In case of convergence problems, it is

also possible to increase the number of initial CLIM-sweeps. Upon convergence of CLIM,

this leads to an initial guess ~
0 that is closer to the �nal solution. For a su�ciently large

number of sweeps, this initial guess ~
0 is located in the domain of attraction of the Newton

method. The use of under-relaxation has shown to have a large e�ect on the convergence

speed during the entire Newton process. By an increase of the number of initial CLIM-

sweeps, only a non-recurring amount of extra computing time is required, whereas the

convergence speed of the subsequent Newton method is not a�ected. Therefore, in the

present study, an increase of the number of CLIM-sweeps is used preferably in cases of

convergence problems, whereas under-relaxation is only used occasionally.

Solving the linear equation As part of the Newton method, in each Newton

iteration the linear system (4.4.3) has to be solved. As discussed above, the Jacobian

matrix J is a tri-diagonal block matrix of order N = N � NI, where each sub-matrix

(Li, Di, Ri; for i = 1 � � �NI) also has a tri-diagonal block structure, see Figure 4.3. For
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a typical problem, the numbers of streamwise and transversal gridpoints are 100 and 50,

respectively. Hence, the order of J for the simulation of a non-swirling turbulent jet (�=6)

is 30,000, which is a rather substantial dimension. In case of full ��� blocks, approximately

3NI(3�N)=9�N double-precision numbers have to be stored. For the typical problem, this

would mean the storage of approximately 1:6 106 double-precision numbers, which requires

roughly 12:7Mb of internal memory. However, the sub-matrices are sparse to a large extent

and hence the full Jacobian J can be regarded as a large sparse matrix. This means that

it is not convenient to store the entire matrix J or alternatively the full sub-matrices Li,

Di and Ri. Instead, only the non-zero entries of J are stored. For this, various methods

can be applied (Saad [157], Golub and Van Loan [51]). In the present study, the matrix

is stored in Compressed-Sparse-Row format (CSR). In this format, the non-zero entries

are coded by means of three arrays. One array contains the non-zero double-precision

values, stored row by row. The second array contains the corresponding column indices j

of the non-zero entries Jij. The third array contains the number of non-zero entries so far

encountered in the row-by-row storage process, when a new row i is considered. In this

way, the matrix is stored very e�ciently.

In principle, the linear equation (4.4.3) can be solved by means of a direct method,

such as a LU-factorization method. For sparse matrices, a full LU-method is not e�cient,

of course. However, the Jacobian can also be regarded as a banded matrix and hence the

matrix-vector equation can be solved by means of a banded LU-method as in CLIM (Golub

and Van Loan [51]). The �ll-in that is encountered during the factorization increases

the number of non-zero entries considerably. In fact, for a banded LU-solver, the total

bandwidth of the Jacobian J is determined by bl=N + � and br=N +2�� 1. Hence, the

total number of bands is 2N + 3� and therefore the total number of non-zero entries that

needs to be stored equals N (2N+3�). For the typical problem discussed above, this means

the storage of approximately 1:8 107 double-precision numbers (140:6Mb), which is beyond

the (internal-)memory capacity of ordinary workstations and computers. The number of

required ops for the banded LU-method is approximately 2N (blbr + bl + br), which for

N�� is roughly equal to 2N [N2+(3�+1)N ]. Hence, for the typical problem given above

(100*50 grid; �=6), the number of required ops is approximately 5:7 109, which is large

in comparison with the performance (calculation speed) of ordinary workstations. For a

block-TDMA method, the number of required ops is approximately 42
3
N3NI, which for

the typical problem is roughly equal to 12:6 109. The �ll-in of the diagonal blocks, which

is encountered during the forward-elimination process in the block-TDMA methods, may

undo the sparsity to a large extent. This again leads to a huge consumption of internal

computer memory. In case of a re�nement of the grid, the required storage capacity and

performance of the computers further increases. Therefore, the direct methods are not

suitable for solving large-sparse-matrix problems.

For solving large-sparse-matrix problems A~x=~b, and hence for solving (4.4.3), iterative

methods are much more convenient. The iterative methods can roughly be divided in

stationary and non-stationary methods (Barrett et al. [8], Golub and Van Loan [51], Saad

[157]). Both types of methods can be further divided according to whether (or not) they

account for the block-structure of the matrix. The stationary methods are older, more

basic and easier to understand and implement. The non-stationary methods are a relatively
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recent development. Their background and corresponding numerical analysis are usually

more complicated than that of the stationary methods. Moreover, they are more di�cult to

implement. Nevertheless, non-stationary methods are usually far more e�ective in solving

large-sparse-matrix problems and therefore attractive for solving the linear equation (4.4.3).

The stationary methods can be expressed as an iterative sequence

~x n+1 = B~x n + ~c (4.4.4)

where n+1 and n denote the present and previous iteration level, respectively, ~x denotes the

solution vector, B denotes an iteration matrix and ~c denotes a vector. The iteration matrix

usually contains part of the original matrix A. For example, the pointwise Gau�-Seidel

method is given by B=�(D+L)�1R and ~c=(D+L)�1~b, when the matrix A is split-up in

a diagonal part D and lower-triangular and upper-triangular parts L and R, respectively.

Both B and ~c are constant, i.e. they are not dependent on the iteration level n, which

explains the name of the methods. The stationary methods are extensively described

and discussed in the literature about numerical analysis, see e.g. Atkinson [4], Burden

and Faires [22], Ralston and Rabinowitz [145], Golub and Van Loan [51], Varga [204] or

Young [222]. In Section 4.1, pointwise-iteration methods and blockwise-iteration methods

are discussed, which are examples of stationary methods. In the present study, a stationary

method is used to solve single discretized equations.

In the non-stationary methods, the information changes in each iteration. These meth-

ods are based on sequences of orthogonal or conjugate vectors, which are usually related

to (or equal to) the residuals of the successive approximations of the solution vectors. In

general, the methods generate sequences of solution vectors and residual vectors, as well

as search directions for updating these vectors to minimize the residuals. The methods

are extensively described and discussed in the literature, see e.g. Barrett et al. [8], Golub

and Van Loan [51] or Saad [157]. Consider a simple splitting of A, i.e. A= I � (I�A),
with I the unity matrix. For solving A~x=~b, this directly leads to the Richardson iteration

method

~x n+1 = ~b+ (I � A)~x n = ~x n + ~r n (4.4.5)

with ~r n=~b� A~x n the residual at iteration n. Application of some (linear) algebra yields

~r n+1 = Pn+1(A)~r
0 (4.4.6)

with Pn+1(A)=(I �A)n+1 a polynomial in A of order n+ 1 and ~r 0 the initial residual. A

similar result can be deduced for the general splitting A=M � (M�A), by means of the

standard splitting B = I � (I�B) with respect to the preconditioned matrix B =M�1A

(Varga [204]). For the Richardson iteration (4.4.5), it can be shown that

~x n+1 =
nX

j=0

~r j =
nX

j=0

(I � A)j~r 0 2 spanf~r 0; A~r 0; � � � ; An~r 0g � Kn+1 (4.4.7)

This means that in each iteration, the method yields a solution vector that is part of the

linear (sub-)space Kn+1 that is spanned by the vectors ~r 0; � � � ; An~r 0. The subspace Kn+1

is known as the Krylov subspace and hence the non-stationary methods are often referred
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to as Krylov-subspace methods. As an improvement over Richardson's method, a solution

vector ~x n+1 is sought that somehow minimizes k~x n+1�~xk. Although the �nal solution ~x is

usually unknown beforehand, this problem can be bypassed by the use of linear-algebraic

techniques (Barrett et al. [8], Golub and Van Loan [51], Saad [157]). The various Krylov

methods di�er in the techniques that are used. In general, the norm k~x n+1�~xk is minimal

for a vector ~x n 2 Kn, when ~x n� ~x ? Kn or, equivalently, ~r n ? Kn. It can be shown that

f~r 0; ~r 1; � � � ; ~r ng is an orthogonal basis for Kn+1. Hence, the idea of the Krylov methods is

to construct an orthogonal basis for the Krylov subspace, subsequently make a projection

of ~x n�~x on Kn+1 and �nally determine ~x n. For symmetrical positive de�nite matrices A,

the construction of the orthogonal basis follows from a recurrence expression in terms of

three successive residuals. The coe�cients in this expression follow from linear-algebraic

considerations. This leads to the (standard) Conjugate Gradient (CG) method of Hestenes

and Stiefel [66]. There are several options for solving non-symmetrical linear systems. One

option is to solve the normal equation ATA~x = AT~b with CG, since the product ATA is

symmetrical and positive de�nite. Another option is making the residual vectors explicitly

orthogonal, in order to obtain an orthogonal basis for Kn+1. Yet another possibility is to

construct a basis for Kn+1 with bi-orthogonal residuals, by means of piecewise recurrence

expressions. This leads to the (standard) BiCG method of Fletcher [46]. The BiCG method

can be improved by means of a (local) minimization process with respect to the residuals.

This is e.g. done in the BiCG-STAB method (Van Der Vorst [193, 194], Van Der Vorst

and Sonneveld [195]). A short overview of some of the non-stationary methods that can

be applied to solve the linear equation (4.4.3) in CFIM is given in Appendix D.1.

The considerations given in Appendix D.1 have led to the choice in favour of the BiCG-

STAB method. Besides GMRES, the amount of work to be executed per iteration and

the required storage is comparable for all methods (Barrett et al. [8]). The BiCG-STAB

method has favourable qualities. It has a relatively fast convergence rate in combination

with a rather smooth convergence behaviour. Moreover, in this method, the transpose AT

is neither needed, nor solving linear equations with the transpose of the preconditioner.

The other methods lack one or more of these qualities. In the present study, the linear

equation (4.4.3) of the Newton process in CFIM is solved by means of a BiCG-STAB

code obtained from the software library Netlib [117]. It can be shown that the number

of ops required for each BiCG-STAB iteration, applied to the linear equation (4.4.3),

with the structure of the Jacobian J speci�ed in Figure 4.3, can be approximated by

2NI(18�N + 2N) + 20N =(36� + 24)N . For the typical problem discussed above (100*50

grid; �=6), this number of ops is equal to 7:2 106. The number of required BiCG-STAB

iterations (with a suitable preconditioner) is typically at most 50, which leads to a number

of roughly 3:6 108 ops. These numbers are based on dense � � � blocks. Because of an

additional sparsity of these blocks, the number of ops can be reduced considerably by the

corresponding sparsity factor. The number of ops required for the construction of the

preconditioner M , as well as that for solving 2 linear equations with M in each iteration,

should be added to obtain the total computational e�ort. In case of an `economical'

preconditioner, the total number of ops is certainly considerably less than that required

for a direct method, as given above. For a successful and hence an e�cient iterative non-

stationary method, the use of an accurate preconditioner is perhaps more important than
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the di�erent qualities of the various methods. A less favourable method, i.e. a method with

irregular convergence behaviour or a moderate convergence rate, can yet be successful by

means of a suitable preconditioner. On the other hand, an apparently attractive method

may fail when only a simple preconditioner is used. Hence, in the present study, some

attention is paid to preconditioning as well.

Preconditioning In general, the rate of convergence of the non-stationary iterative

solution methods is dependent on the condition of the matrix. This can e.g. be measured

through the spectral condition number �=�max=�min, with �max and �min the maximum and

minimum eigenvalue, respectively. Therefore, often a second matrix is used that somehow

improves the condition of the original linear system. This second matrix is often referred

to as the preconditioner. As discussed above, the use of an accurate and suitable precon-

ditioner is important for the e�ciency of the Krylov-subspace methods. Although the use

of such a preconditioner involves additional computational e�ort, usually the convergence

rate is improved considerably and hence the total computational e�ort decreases. Without

preconditioning, the Krylov methods are much less robust than direct methods based on

(LU-)factorizations. Often the iterative methods do not converge without precondition-

ing and in that case, a suitable preconditioner is indeed required to obtain convergence.

Therefore, preconditioning is generally the main issue in solving linear equations with large

sparse matrices.

Consider the transformed equation M�1A~x=M�1~b. A preconditioner M is suitable or

accurate when the condition of M�1A is more favourable than that of A. For this, usually

M�A is required. By rewriting the sequence of operations in the iterative Krylov-subspace

method, the inverse M�1 is not really needed. Instead, usually a few new operations are

introduced that involve solving linear equations with the matrix M (Barrett et al. [8],

Golub and Van Loan [51], Saad [157]). Hence, any linear equation with M should be much

easier to solve than the original problem A~x=~b. Important for the computational e�ort

of the process of preconditioning are the e�ort required for the construction of M and

that required for solving linear equations with M . On one hand, simple preconditioners

involve relatively little computational e�ort and memory storage and they can easily be

implemented. On the other hand, a preconditioner should be powerful enough to increase

the convergence rate of the Krylov method considerably. Therefore, more sophisticated

preconditioners are often preferred, although this usually means an increase of complexity

with respect to implementation, as well as an increase of storage and computational e�ort

to solve linear equations with the preconditioner M . Several methods of preconditioning

have been tried for the linear equation (4.4.3) in CFIM, with increasing complexity. The

results of a few simple preconditioning techniques are summarized in Appendix D.2. The

conclusion is that the simple preconditioning methods are not powerful enough to obtain

convergence with BiCG-STAB, which holds for the pointwise and blockwise-Jacobi (BJ)

preconditioners, or that they require a relatively large computational e�ort, which holds for

the blockwise-Gau�-Seidel method (BGS(m)). The two preconditioning methods described

below are much more e�cient and e�ective.

Many preconditioning techniques are based on incomplete factorizations of the origi-

nal matrix A (Axelsson [5], Saad [157]). In such an incomplete factorization, the �ll-in
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encountered during an ordinary (LU-)factorization of A is suppressed to a certain extent.

The remainder of the factorization is put in the preconditioner M . This principle underlies

the class of Incomplete LU-factorization (ILU) preconditioning methods. The e�ciency of

these methods is of course dependent on how wellM approximates A (M�A) and hence on
`how little' of the �ll-in is suppressed. Usually the construction of an ILU-factorization is

relatively computational expensive. However, the preconditioning method thus obtained is

generally rather powerful and hence attractive. When the �ll-in is completely suppressed,

i.e. in the ILU-factorization only non-zero elements are allowed that coincide with non-zero

positions in A, the method is referred to as ILU with zero-level �ll-in, or ILU(0). Hence, in

the ILU(0)-method, the positions of the zero elements and corresponding sparsity of A are

fully retained. By allowing some �ll-in, a better approximation M �A can be obtained.

Although this usually involves more work in the construction of M , as well as in solv-

ing linear equations with M , generally this yields a more powerful preconditioner. When

during the factorization process �ll-in elements at a certain level p are dropped that arise

from �ll-in at a lower level p� 1, the method is referred to as ILU(p). ILU-methods that

employ the dropping of elements following a certain threshold, without considering the

sparsity structure of the original matrix, are often referred to as ILU-Threshold (ILUT)

methods (Saad [156]). This means that non-zero positions in A may lead to zero elements

in the ILUT-factorization. Thresholds can be based on both the size and number of �ll-in

elements. The ILU-methods can be further classi�ed according to whether (or not) they

account for the blockwise structure of the matrix.

In the present study, a preconditioning technique is applied that is related to ILU(0)-

preconditioning. Suppose that the matrix A can be split-up into a diagonal matrix D

and lower and upper-triangular parts L and R, respectively, by means of A=D+L+R.

It can be shown that application of an ILU(0)-factorization process directly leads to the

preconditioner

M = (cD + L)cD�1(cD +R) (4.4.8)

where cD follows from a recurrence expression in terms of the elements of D, L, and R

(Barrett et al. [8], Saad [157]). This recurrence expression is obtained from the Gaussian-

elimination process employed for the construction of the LU-factorization of A. In case of

a strong diagonal, cD �D. By using D in (4.4.8) instead of cD, an approximate ILU(0)-

preconditioner can easily be obtained from the original matrix A. For pointwise methods,

the diagonal matrix D contains only one central band of non-zero entries. This means

that D�1, and hence M , can easily be computed through the reciprocals of the diagonal

elements. In the present study, a blockwise approach is used, because of the blockwise

structure of the Jacobian J . In this case, the calculation of the inverse of the diagonal

matrix D is more troublesome, as D is a banded matrix with corresponding sparsity, which

is lost in the inverse D�1. However, in practice, the calculation of D�1 can be bypassed.

Consider the blockwise approximate ILU(0)-factorization for the Jacobian J in the

Newton process of CFIM, i.e.

M = (D + L)D�1(D +R) = J + LD�1R (4.4.9)

where J =D+L+R, as discussed above (see Figure 4.3). In case of a `strong' diagonal

D, M�J , which means that M is probably a suitable preconditioner. Moreover, in that
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case, the blockwise ILU(0)-preconditioner is closely approximated. The diagonal of J ,

and hence the diagonal blocks Di, can be strengthened by means of under-relaxation in

the Newton process. Note that, because of the use of upwind discretization (for large cell-

Peclet numbers), the Jacobian already possesses some `block-diagonal-dominance qualities'.

Any linear equation withM can be solved rather easily. Consider the equationM~u=~c, or

(D+L)D�1(D+R)~u=~c, with ~u and ~c two arbitrary vectors of order N . This is solved by

means of three successive steps, through two additional vectors ~y and ~z. The vectors ~u, ~c,

~y and ~z are composed of the sub-vectors ~ui, ~ci, ~yi and ~zi, respectively, with i=1 � � �NI. The
procedure to solve an equation M~u=~c, which e.g. occurs in the sequence of operations in

BiCG-STAB, is as follows

1. Solve (D+L)~y=~c. This is done by means of a forward-elimination process. The linear

equations encountered in this process, i.e. Di
b~yi= b~ci, with b~yi and b~ci modi�cations of

the sub-vectors ~yi and ~ci, are solved with the banded LU-solver as in CLIM.

2. Solve D�1~z=~y by means of a simple multiplication ~z=D~y.
3. Solve (D +R)~u=~z. This is done by means of a backward-elimination process. The

linear equations Di
c~ui= b~zi, with c~ui and b~zi modi�cations of the sub-vectors ~ui and ~zi,

are again solved with the banded LU-solver.

In this procedure, the diagonal blocks Di remain unchanged. Hence, the (banded) LU-

factorizations of these blocks only need to be determined once, which saves a lot of work.

However, this involves the storage of the LU-factorizations of all blocks Di and hence a large

consumption of internal memory. When the internal memory of the computer is insu�cient,

the factorizations need to be determined repeatedly whenever they are needed. The banded

LU-factorization can be stored in 2bl+ br +1 bands (Golub and Van Loan [51]). Hence, in

case of full ��� blocks, this means the storage of NI(6��2)NJ=N (6��2) double-precision
numbers. For the typical problem (100*50 grid; � = 6), this would lead to an (internal-

)memory requirement of approximately 8:0Mb. It can be shown that the number of ops

required to compute the LU-factorizations of allDi is approximately NI[2N(2��1)(2��1)],
which for the typical problem is roughly equal to 7:3 106. Once the LU-factorizations have

been established, the number of ops to solve M~u= ~c is approximately 2NI[(6� + 1)N +

2N(4� � 2)] + NI(6�N) =N (34� � 6), which for the typical problem is roughly equal to

5:9 106. As in BiCG-STAB, two linear equations withM have to be solved in each iteration.

For a typical number of 50 BiCG-STAB iterations, this leads to an additional number of

5:9 108 ops per iteration. This makes the total number of ops required to solve the

linear equation (4.4.3) with BiCG-STAB roughly equal to 9:5 108. As mentioned above,

these numbers are based on dense � � � blocks. In practice, the blocks in J are sparse

to some extent, which means a considerable reduction of the number of ops. Hence, the

total computational e�ort required for solving (4.4.3) with BiCG-STAB, in conjunction

with BILU(0)-preconditioning, is signi�cantly less than that required for a direct (LU)

approach, which was estimated to be of the order 109{ 1010.

The (approximate) blockwise ILU(0)-preconditioning method presented above, which

is referred to as BILU(0), has shown to be quite successful. With this method, convergence

of the BiCG-STAB method could be obtained in most cases, generally in a modest number
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of BiCG-STAB iterations. The method has shown to be far more powerful than the BJ

methods and the BGS(m) method discussed in Appendix D.2. In cases where the full-

diagonal BJ method fails, the BILU(0)-method does yield convergence of BiCG-STAB. In

comparison with the BGS(m) method, convergence is obtained in much less BiCG-STAB

iterations. Moreover, solving linear equationsM~u=~c with BILU(0) is less computationally

expensive than with BGS(m). Hence, the total computational e�ort required for solving

(4.4.3) with BILU(0) is much less.

Another option for preconditioning is the use of the far more sophisticated Matrix-

Renumbered ILU (MRILU) method (Botta et al. [17], Botta and Wubs [16]). This method

is related to and generalizes the Nested-Grids ILU (NGILU) method (Van Der Ploeg

[192], Botta et al. [18]), which employs an ILU-decomposition in conjunction with a grid-

dependent re-ordering of the unknowns, similar to that used in some of the multi-grid

methods (Wesseling [213]). The MRILU method uses a re-numbering that is dependent on

the (magnitude of the) matrix entries, in combination with a `�ll-in dropping strategy'. The

re-numbering in MRILU is determined during the computation of the ILU-factorization.

This may be an advantage in comparison with ILU(0) methods such as BILU(0), because

the ordering of unknowns may have a large inuence on the degree of �ll-in. The MRILU

method can be regarded as an incomplete Schur-factorization method (see below). It can

also be regarded as a multi-level (incomplete) factorization method that accounts for the

di�erent degrees of inuence of the matrix entries on the factorization and the �ll-in. In this

respect, it is related to multi-grid methods (Botta and Wubs [16]). The MRILU method

consists of a number of successive steps. In the �rst step, the original linear equation A~x=~b

is transformed into another system in terms of the matrix

S1 =

0
@ D1 S

(1)
12

S
(1)
21 S

(1)
22

1
A

with D1 a diagonal (sub-)matrix and S
(1)
ij arbitrary sub-matrices. In the next steps k =

2; 3; � � �, the transformation process is repeated. In step k, the unknowns are re-ordered in

such a way that the equation

Sk~xk = ~bk (4.4.10)
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with S
(k)
11 a strongly diagonal-dominant matrix. The applied re-ordering is based on the

magnitudes of the absolute sums of the columns of Sk, i.e.
P

j jSk;ijj, for i=1 � � �N . The

(sub-)vectors in (4.4.11) form a partition of the vectors ~xk and ~bk in (4.4.10), which stem

from the original vectors ~x and ~b. The sub-matrix S
(k)
11 is approximated by a diagonal

matrix Dk (S(k)
11 �Dk) with the same column-sums as S(k)

11 . In this way, equation (4.4.11)

can be reduced to

Sk+1~xk+1 = ~bk+1 (4.4.12)

with Sk+1=S
(k)
22 � S

(k)
21 D

�1
k S

(k)
12 , ~xk+1= ~x2 and ~bk+1=~b2 � S

(k)
21 D

�1
k
~b1. The matrix Sk+1 is

often referred to as the Schur-complement of Sk. Hence, by means of the approximation
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S
(k)
11 �Dk, equation (4.4.10) is reduced to equation (4.4.12) with a smaller dimension. The

order of Dk should be as large as possible to obtain an e�cient method of solution. It can

be shown that the reduction process can be executed for arbitrary matrices (Saad [158]).

At step k in the reduction process, elements of S
(k)
12 and S

(k)
21 that are smaller than a certain

threshold are dropped and preferably lumped onto the main diagonal (Gustafsson [56], Van

Der Ploeg [192]). The reduction process is continued until the dimension of the �nal Schur

complement is su�ciently small for a direct solution method. This �nally leads to the

incomplete Schur factorization S1 = LU + R = A + R, with R a residual matrix. The

original equation is then solved by means of a backward-elimination process.

The MRILU-preconditioning method has shown to be successful in various problems.

Botta et al. [17] and Botta and Wubs [16] have performed a comparative study between

(among others) MRILU, ILU(0), ILUT and MILU as a preconditioner for BiCG-STAB.

They considered several problems, including a Poisson equation on both equidistantly

spaced grids and severely stretched grids, a convection-di�usion equation and the incom-

pressible NS equations. In general, the number of ops and the (average) computing

time per unknown required by MRILU was considerably less than that required by the

other methods. Moreover, unlike the other methods, the convergence behaviour of MRILU

appeared to be nearly independent of the gridsize, i.e. the average computing time per un-

known hardly increases for an increasing number of unknowns. These results suggest that

MRILU might be a suitable preconditioning method for solving the linear equation (4.4.3)

in CFIM. A disadvantage of the MRILU method is that it requires more internal memory

than the other methods. The memory demand is dependent on the lumping and dropping

thresholds. Botta et al. [17] have estimated that for a (slightly) non-symmetric matrix the

method requires approximately 430 bytes per unknown. For the typical problem with the

Jacobian J in CFIM (N =30,000), this would lead to an internal memory requirement of

roughly 12:6Mb, which is more than the 8:0Mb required by BILU(0) with full LU-storage.

The performance of the MRILU method is very sensitive to a number of threshold pa-

rameters, which have to be speci�ed a priori. Unfortunately, the optimal parameters are

hard to determine and are mainly a matter of experience. The `dropping strategies', and

hence the overall performance of the method, are very sensitive to the scaling of the matrix

(Golub and Van Loan [51], Saad [157]). In �rst instance, without scaling, the elements of

the Jacobian J of the Newton method in CFIM are severely not in equilibrium. This has

an unfavourable inuence on the condition (number). Especially the continuity equation

and the equations for k and " lead to a severely unbalanced matrix. It is di�cult to come

up with a matrix-balancing technique that is generally applicable. In the present study, an

attempt was made to balance the Jacobian matrix J more properly. By means of a few

successive row and column scalings, the condition of the matrix could be improved to some

extent. However, for a better performance of MRILU, a further assessment with respect

to balancing and scaling is necessary and hence recommended.

As a test case to determine the di�erence in performance between BILU(0) and MRILU,

a non-swirling turbulent air jet (Re=37,600) without combustion (�=6) is simulated with

CFIM. In this test, a 80*40 grid is considered that covers a region of 60D and 30D in

axial and radial direction, respectively. The two methods of preconditioning yield compa-

rable solutions of the linear equations (4.4.3) in each Newton iteration. The number of
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required Newton iterations to obtain normalized residuals below 10�11 is only 3, which is

a direct consequence of the quadratic convergence rate of the full Newton method. For

the simulation with BILU(0), the numbers of BiCG-STAB iterations in the successive

Newton iterations are 30, 26 and 24, respectively. The average CPU-time to compute

the LU-factorizations of the diagonal blocks Di is approximately 0:30 s. Once the LU-

factorizations are available, the average CPU-time per BiCG-STAB iteration is approxi-

mately 0:87 s, which is obtained in each Newton iteration. This makes the total CPU-time

required for the 3 Newton iterations approximately equal to 80�0:87+3�0:30�70:5 s. For

the simulation with MRILU, the numbers of BiCG-STAB iterations in the successive New-

ton iterations are 21, 20 and 16, respectively. The average time to compute the incomplete

Schur factorization is roughly equal to 5:6 s. The subsequent BiCG-STAB iterations re-

quire approximately 0:57 s per BiCG-STAB iteration on average, which is obtained in each

Newton iteration. Hence, the total CPU-time required for the 3 Newton iterations with

MRILU is roughly equal to 57 � 0:57 + 3 � 5:6�49:3 s. The total calculation time required

for the full simulations with BILU(0) and MRILU are approximately equal to 84:6 s and

63:5 s, including the time needed for e.g. the 15 initial CLIM-sweeps. The results presented

above show that the time required for the preparation of the preconditioner is much larger

in case of MRILU. However, the obtained preconditioner in MRILU is more powerful, since

the number of BiCG-STAB iterations decreases clearly. Moreover, linear equations with

this preconditioner can be solved faster, which gives a reduction of CPU-time of approx-

imately 35% for each BiCG-STAB iteration. This leads to a reduction of roughly 30%

of the time required for the 3 Newton iterations. This reduction is directly `felt' in the

total time required for the full simulation, which is reduced by approximately 25% by the

use of MRILU. Hence, by means of the use of the sophisticated MRILU-preconditioning

method, a signi�cant reduction of computing time can be obtained. In the present study,

the MRILU method is used in most cases, although the performance of this method is

dependent on the setting of various parameters as well as on the scaling of the Jacobian,

which requires an intensive additional research.

4.5 Concluding Discussion

In this chapter, various numerical solution methods have been described to solve the

discretized equations for a turbulent jet ow or ame. Single discretized equations are

solved by means of a line-by-line Gau�-Seidel method, in conjunction with TDMA at

each streamwise station, as discussed in Section 4.1. This method can be regarded as a

blockwise-iterative method, which are preferred to pointwise methods, because of their

faster convergence behaviour. As solving an individual discretized equation is only part of

a (global) iterative process to solve the full set of equations, only a su�ciently accurate

(intermediate) solution of the single equation is required, which makes direct methods less

attractive.

The solution of the set of coupled NS equations can be found by means of a number of

global iterative procedures. In Section 4.2, various methods have been described. Tradi-
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tionally, the coupled equations for velocity and pressure are solved by means of pressure-

correction methods, such as the SIMPLE method. In these predictor-corrector methods,

velocity and pressure corrections are calculated to improve the estimations of the velocity

and pressure �eld. The equations are solved sequentially, in a decoupled way, including

the equations of the turbulence model and/or the combustion model. In general, the

pressure-correction methods show a slow convergence behaviour, especially in case of a

strong interdependence of the equations. This may result in long computing times. Often

much under-relaxation is required, which slows down the convergence considerably. The

pressure-correction methods di�er in the correction equations and the sequence of opera-

tions. However, in case of the k� " model for turbulence or the w-equation for swirl, there

is hardly any di�erence in the performance of these methods, as the applied techniques

only have a direct inuence on the velocity and pressure �eld. Therefore, it is advisable to

pay attention to the equations for k, " and w as well, like in the coupled methods proposed

in the present study.

To reduce computing times and enhance convergence, two (partially) coupled methods

of solution are developed and tested for the simulation of (turbulent) jets and di�usion

ames. The closer coupling of the equations yields solutions in less computing time. CLIM

is the coupled variant of the line-by-line method for single equations, as discussed in Section

4.3. The parabolic nature of the jet ows and ames considered in this study suggests using

a marching procedure in streamwise direction. Following the hierarchy of the equations, the

equations for the turbulent ow are strongly coupled. Hence, at each streamwise station, all

equations for the turbulent jet ow are solved in one coupled system, whereas the equations

for combustion are solved separately. A local iterative procedure at each streamwise station

provides the general solution of all equations for a ame. The marching process has to be

repeated in case of downstream dependence or elliptic behaviour of the equations, whereas

for parabolic equations one single march is su�cient. The degree of ellipticity determines

the number of global marches needed to solve the discretized equations and hence the

total computing time. The number of marches can be reduced signi�cantly by the use of

the backward pressure-correction method or the use of pressure-gradient relaxation. The

coupled system for the ow block is solved by means of the modi�ed Newton method, with

super-linear convergence behaviour. The linear equations used to determine the solution

updates are solved by means of a banded LU method. In this way, the linear equations

can be solved very e�ciently from the stored LU-factorization when the Jacobian matrix

remains constant.

In CFIM, all equations for the turbulent ow, of the entire computational domain, are

put in one large coupled system, as discussed in Section 4.4. This avoids the need of a

lengthy repeated marching procedure in case of a high degree of ellipticity and is expected

to yield solutions in less computing time than CLIM. As in CLIM, the equations for com-

bustion are solved separately. Note that this method is not suitable for parabolic problems.

The coupled system is solved by means of the full Newton method, with quadratic conver-

gence rate. Because of the small domain of attraction of the Newton method, a few initial

CLIM-sweeps are used to determine the initial �elds of all variables. The linear equation in

the Newton method leads to large sparse linear systems, which are solved by means of large-

sparse-matrix techniques. A direct approach is not suitable for this type of linear equations,
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because of huge memory and CPU-performance demands. The linear equations are solved

by means of the iterative, non-stationary preconditioned BiCG-STAB method, which is a

Krylov-subspace method with a favourable (smooth and fast) convergence behaviour. Two

types of preconditioners can be used in conjunction with BiCG-STAB. Occasionally, the

(approximate) BILU(0)-preconditioner is used, which can easily be constructed from the

Jacobian matrix. In most cases, the far more sophisticated MRILU method is applied,

which is very sensitive to the scaling of the Jacobian and the setting of various threshold

parameters, but in principle yields a signi�cant reduction of computing time.

A disadvantage of the coupled methods is that they require much more internal mem-

ory, which may lead to problems. In CLIM, the main memory consumption is due to

the full storage of the LU-decompositions of the Jacobians at all stations. This can be

bypassed by the use of a repeated LU-factorization computation, at the cost of an increase

of computing time. In CFIM, the large Jacobian matrix needs to be stored. Moreover,

for an e�cient BILU(0)-preconditioner, the LU-factorizations of the large diagonal blocks

have to be stored, which requires the same amount of storage as in CLIM. For MRILU,

the required amount of storage is even larger. However, the internal-memory capacity of

workstations and computers increases considerably. Hence, the limitations of the coupled

methods with respect to memory requirements become less important.

One of the main advantages of the pressure-correction methods is that they can be im-

plemented rather easily in a CFD code. In case of an additional equation in the (turbulence)

model or modi�ed source terms, relatively little e�ort is required for the implementation of

the modi�cations. However, this usually means a direct increase of the convergence prob-

lems and hence a considerable increase of computing times. The coupled solvers CLIM

and CFIM require much more e�ort for their implementation. The Jacobian matrices have

to be determined in closed form, since the convergence behaviour of the Newton method

requires accurate approximations of the Jacobians. Moreover, the solvers used to solve

the linear systems are far more complex than the simple line-by-line method used in the

pressure-correction methods. The coupled methods are much less exible in use. In com-

parison with pressure-correction methods, an additional equation or source term means a

relatively large e�ort with respect to implementation and/or modi�cation. CFIM is more

di�cult to implement than CLIM, because of its greater complexity and the application

of sophisticated linear solvers and preconditioning techniques. Nevertheless, the enhanced

convergence behaviour of the coupled methods (see Chapters 5 and 6) makes the e�ort

required for their development and implementation certainly worthwhile.

To demonstrate the di�erence in performance of the three methods SIMPLE, CLIM and

CFIM, an axi-symmetric non-swirling turbulent air jet (Re=37,600) without combustion

(�=6) is simulated on a 80*40 computational grid. The grid covers a region of 60D and

30D in axial and radial direction, respectively. This test case is equal to the one considered

in Section 4.4, which was meant to determine the di�erence in performance of BILU(0)

and MRILU. In the present test, MRILU is used as the preconditioner in case of CFIM.

In case of CLIM, the �rst acceleration technique is applied. The convergence behaviour

of the three methods is depicted in Figure 4.4. Along the horizontal axis, the CPU-time

is given in seconds. Along the vertical axis, the logarithm (10log) of the maximum of the
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Figure 4.4: The convergence rates of the three solution methods for an axi-symmetric non-

swirling turbulent jet (�=6), with Re=37,600, on a 80*40 grid.

L1-norm of the normalized residuals is given. This is de�ned as

Rmax = max
k=1::N�

NINJ

80�40

X
i=1::NI

j=1::NJ

Rij(k) (4.5.1)

with N� the number of variables (N�=�) and Rij(k) the normalized residual of the variable

with index k, at gridpoint (i; j). The fraction NINJ=80�40 is used to anticipate the numbers
of gridpoints employed in the simulations of Chapters 5 and 6, relative to the `basis' 80*40

grid. The convergence rate of SIMPLE shows an irregular pattern in the �rst few hundred

SIMPLE iterations, which occurs during the �rst 25 seconds of the simulation. This is due

to large di�erences in the successive estimations of the solutions of k and ", which is the

result of the sequential approach in the solution method. The coupled methods CLIM and

CFIM show a smooth decay of the magnitude of the residuals. Both CFIM and CLIM

are considerably faster than SIMPLE, where CFIM clearly outperforms CLIM. In case of

CFIM, the �rst 3 depicted values of the maximum residual are obtained after the �rst,

the tenth and the �fteenth initial CLIM-sweep. Subsequently, only 3 Newton iterations

are required, which is a direct consequence of the quadratic convergence rate of the full

Newton method in CFIM. The performance of the three methods in case of non-swirling

jets and ames and swirling jets will be further discussed in Chapters 5 and 6, respectively.



Chapter 5

Non-Swirling Jets and Flames

5.1 Introduction

In this chapter, results of the (numerical) solution methods are given for non-swirling

jets and di�usion ames. The most important results concern the computational e�ort

required to solve the governing equations for a jet ow or ame. As described in Section

2.2, one possible strategy to reduce the computational e�ort is to simplify the NS equations

(see Section 2.1) by means of order-of-magnitude reduction. In Section 2.2.2, two systems

of parabolized equations are derived, viz. the BL equations and the PNS equations. The

BL equations can be combined with a potential-ow model for the streamwise pressure

gradient, which leads to the BLI equations (see Section 2.2.4). In the present chapter,

the di�erences between the results of the four ow models BL, BLI, PNS and NS, with

respect to the numerical solution and the required computing times, are investigated. It

is examined whether the simpli�cation of the original NS equations is a valid approach

to reduce computing times and whether the reduced equations really lead to signi�cantly

shorter computing times. Moreover, the global characteristics of the calculated solutions

are compared with those of the analytical solutions given in Section 2.3.

Another strategy to reduce computing times is the application of fast numerical solution

methods. In Chapter 4, several numerical solution methods have been given and discussed.

The convergence of the traditional sequential pressure-correction methods (see Section 4.2)

can be enhanced by means of the two alternative coupled methods of solution, i.e. CLIM

and CFIM, as described in Sections 4.3 and 4.4, respectively. In the present chapter, the

performances of the solution methods SIMPLE, CLIM and CFIM, applied to the fully

elliptic NS equations, are studied. Moreover, the computing times required to solve the

various ow models (BL, BLI, PNS and NS) with CLIM are given. It is examined whether

(or not) solving parabolized equations saves a signi�cant amount of computing time.

A brief description of the relevant physical phenomena in a jet ow or ame is given

next for a better understanding of the results presented in Sections 5.2{5.4. Some details

of the considered jets and ames have already been given in Section 1.2. The main jet

ow con�guration in this study is a primary laminar or turbulent ow originating from a

cylindrically shaped nozzle (see Figure 1.2). The ow mixes with a surrounding co-ow,

with a relatively small axial velocity parallel to the jet. Because of the absence of solid

walls, the ow is predominantly in the axial direction. In case of a turbulent jet, the

recirculation of turbulent structures (see Figure 1.1) is not considered, as `only' the time-

averaged ow is simulated, which has a clear main direction. The shear stress between

the jet and the surrounding co-ow causes the jet to decelerate. Simultaneously, the co-
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Figure 5.1: Some details of the considered jet con�guration.

ow accelerates and the area of higher velocity becomes wider, i.e. the jet spreads out in

the surrounding co-ow. Hence, in downstream direction, the width of the jet increases

gradually. The process of momentum exchange is enhanced by turbulence. Close to the

nozzle, the e�ects of momentum and mass transfer are strong. Further downstream, the

`mixing' between jet and co-ow decreases. If the uid properties in the nozzle di�er from

those in the co-ow, the initial values of the properties adjust to the mixture formed by

di�usion. Under certain conditions the produced mixture will result in a chemical reaction,

which yields a di�usion ame.

For a circular jet with a uniform initial axial nozzle velocity U0, surrounded by a co-ow

with axial velocity Uco, the jet area can be divided into two regions, as depicted in Figure

5.1. The �rst zone, which is located immediately downstream of the nozzle, is the ow-

development region or so-called `core region'. In this core region, the values of the variables

close to the centreline are about equal to the initial values in the nozzle. The momentum

and mass transfer, as well as the turbulence generated at the jet boundary, penetrate into

the jet and at some point the variables at the centreline are a�ected. This point marks

the end of the core region. The core usually has a length of a few nozzle diameters and

has the shape of a reversed cone. However, when the initial velocity pro�le in the nozzle is

not uniform, a core region can not be clearly distinguished. The `developed-ow zone' is

located downstream of the core region. In this zone, the velocity and turbulence intensity,

as well as the mixture fraction and mass fraction of fuel in case of a ame, decrease with

the axial distance, because the jet gradually decelerates. Moreover, the radial pro�le of

U has a smooth shape, since the initial sharp transition between U0 and Uco diminishes.

The radial pro�les of U , normalized by the maximum value Um at the centreline, have

a similar shape at di�erent streamwise stations. Therefore, the developed-ow region is

also referred to as the `similarity region'. The same holds for the radial pro�les of the

normalized pressure, i.e. P=Pm, with Pm the maximum value of P at a streamwise station.

The similarity with respect to U and P has been used in the derivation of the analytical

solutions in Section 2.3.

The ow drags along ambient uid of the co-ow into the jet itself. This process of uid

penetrating into the jet is often referred to as entrainment. When the co-ow is relatively
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weak, i.e. Uco is relatively small, the jet compensates the lack of possible entrainment from

the co-ow by the entrainment of uid from larger radii. In this case, the entrainment is

mainly determined by the radial velocity component V . The entrained uid may even come

from outside the far-�eld boundary, as depicted by incoming velocity vectors in Figure 5.1.

Because of the entrainment, the mass ow through axial cross-sections shows an increasing

value. The entrainment from the far �eld yields a streamline pattern similar to the one

shown in Figure 2.1. The process of entrainment is enhanced by turbulence.

The deceleration of the jet is usually characterized by the decrease of Um in streamwise

direction. Normally, this decay has a `1=z-behaviour' in the developed-ow region (see

Section 2.3), whereas Um has a constant value in the core. In the co-ow area, the axial

velocity is about constant up to the location where the jet reaches the co-ow, i.e. the jet

boundary rjb. Downstream of this point it accelerates, because of the higher velocity in

the jet. The spreading behaviour of the jet is usually characterized by the (axial) increase

of r1
2
and r 1

100
. The latter is often used instead of the jet boundary rjb, which is the real

physical boundary between the jet and the undisturbed co-ow. In general, both laminar

and turbulent jets (and ames) show a linear spreading behaviour. In case of a turbulent

jet or ame, the spreading rate is thought to be independent of the Reynolds number,

which also follows from the analytical solutions in Section 2.3.

5.2 Laminar Jets

In this section, the results for laminar non-swirling jets are given. In all cases, an axi-

symmetric circular air jet is considered, with �= 1:15 kg=m3, �= 1:7365 10�5 kg=ms and

D=8mm. The only di�erence between the various jets is formed by the initial pro�le of

U , i.e. the values of U0 are di�erent. All jets have a weak co-ow, with Uco=U0 < 2:5%,

which means that the inuence of the co-ow on the jet can be assumed to be negligible.

The stretched and staggered computational grid (see Section 3.1; Figure 3.1) covers an

area of 60D�30D in axial and radial direction, respectively. Two grids are considered; the

coarse grid consists of 80*40 gridpoints, whereas the �ne grid contains 160*80 gridpoints.

A comparison of the results obtained on both grids shows that there is hardly any di�erence

between the calculated axial pro�les in both the jet area (centreline) and the co-ow area.

Any di�erence can not be distinguished from a graphical presentation of the solutions,

because of the marginal di�erence in the numerical data. The same holds for the calculated

radial pro�les at �xed streamwise stations. Hence, for laminar jets, a further re�nement

of the computational grid is not necessary. All solution pro�les presented below are the

result of simulations on the 160*80 grid. For the comparison of computing times also the

80*40 grid is considered.

Comparison of the ow models For the four systems of equations BL, BLI,

PNS and NS, the solution pro�les of the velocity components, pressure and spreading rates

are presented in Figures 5.2 and 5.3. In these �gures, a typical laminar air jet is considered,

with Re�376. The jet has a non-uniform initial axial velocity pro�le, following a Poiseuille

pro�le with maximum initial axial nozzle velocity U0=0:71m=s (see Section 2.1.6) and a

co-ow with Uco=4:0 10�3m=s.
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Figure 5.2: The solutions of the four ow models for a laminar air jet (Re= 376). The legend

is given in the pictures. In (a) the centreline pro�les of U are given. In (b) the full axial pro�les

of U in the co-ow area are given, at r=2:3D above the centreline. The same result is depicted

on a magni�ed scale in (c). In (d) the pro�les of V in the co-ow area, at r=2:2D, are shown

on a magni�ed scale. The centreline pro�les of P are depicted on a magni�ed scale in (e). The

full axial pro�les of P in the co-ow area, at r=2:3D, are shown in (f). In each plot the axial

distance is normalized by the nozzle diameter.
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The axial pro�les of U , V and P are given in Figure 5.2. In Figure 5.2(a), the axial

pro�les of U at the centreline are depicted for the full axial domain 1. Because of the non-

uniform initial velocity pro�le, a core region is not found. There is no `graphical di�erence'

between the four pro�les, i.e. no di�erences between the pro�les can be distinguished

in this picture, because of the marginal di�erences in the numerical data. In the region

outside the jet, the di�erences are clearer, because the omission of streamwise di�usion

is questionable in areas where V is of the same order of magnitude as U . Moreover, the

inuence of pressure e�ects is more pronounced in regions of low velocity. The axial pro�les

of U in the co-ow area, i.e. the axial pro�le of U at r= 2:3D above the centreline, are

depicted for the full axial domain in Figure 5.2(b). Directly downstream of the nozzle,

a small di�erence between the pro�les is observed, which diminishes further downstream.

This di�erence is depicted on a magni�ed scale up to z=D = 10 in Figure 5.2(c). The

di�erence between NS and PNS is small; BL and BLI show a larger deviation from NS.

The ow models NS and PNS react to downstream ow conditions, which initially results

in a slight decrease of U . This is predominantly caused by the axial pressure gradient, as in

PNS downstream information is mainly `felt' through @P=@z. Since in BL all downstream

inuence is cancelled, the axial velocity pro�le is almost a straight line up to the point

where the jet reaches the co-ow. The potential-ow model for the streamwise pressure

gradient in BLI only yields an approximation of the pressure e�ects obtained with PNS

and NS. Although BLI shows the correct trend, the e�ect is clearly not strong enough. The

axial pro�les of V at r=2:2D in the co-ow area are depicted in Figure 5.2(d), again on

a magni�ed scale. There is a large di�erence between the solutions of NS and PNS on one

hand and those of BL and BLI on the other hand. This is mainly due to the presence (or

absence) of the radial component of the momentum equation in the systems of equations,

apart from (2.2.5). This component partly determines V in case of NS or PNS, whereas in

case of BL or BLI the velocity component V is solely determined by the continuity equation.

In Figures 5.2(e) and 5.2(f), the pressure is given relative to the far-�eld pressure, i.e. the

far-�eld pressure is used as a reference value and accordingly subtracted from the pressure

�eld. In Figure 5.2(e), the centreline pro�les of P are depicted on a magni�ed scale. The

pro�les of NS and PNS show a comparable result. The pro�le of BL is a straight line

(P = 0), whereas the result of BLI is almost the same straight line. In case of BL, the

pressure is constant everywhere. For BLI, the pressure is almost constant in the jet region,

as a slender-body approach is used in the pressure model (see Section 2.2.4), which means

that the relatively weak e�ects of the co-ow pressure are hardly felt within the jet. In

Figure 5.2(f), the full axial pro�les of the pressure at r=2:3D are given. The results of

NS and PNS are again reasonably comparable. The result of BLI shows the correct trend,

but the e�ect of the pressure model is too weak. In the present study, no attempt is made

to improve the pressure model in BLI.

The results with respect to some of the global jet characteristics are given in Figure

5.3. In Figure 5.3(a), the normalized pro�les of the halfwidth and global spreading rates

r1
2
and r 1

100
are given. There is no graphical di�erence in the calculated pro�les of r1

2
. This

is consistent with the (almost) equal pro�les of U in the jet region, which indicates that

1In this study, the `centreline pro�les' are obtained by taking the pro�les at j=2 on the staggered grid,

which means that they are located slightly above the true centreline.
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Figure 5.3: The spreading rates and similarity pro�les for the four ow models for a laminar air

jet (Re=376). The legend is the same as in the previous �gure. In (a) the normalized halfwidth

and global spreading rates are depicted. In (b) the normalized pro�les of U are plotted versus

the normalized radius, for all ow models, at z=D=4; 10 and 20.

there is hardly any di�erence between the solutions of the four ow models within the jet.

The pro�les of r 1

100
show small di�erences. The result of BL shows an overprediction of the

global spreading rate, whereas BLI is a clear improvement of BL. There is no graphical

di�erence between the results of PNS and NS. The normalized radial pro�les of U at the

stations z=D = 4; 10 and 20, of all four ow models, are given in Figure 5.3(b). All 12

pro�les together almost form one thick line, indicating that similarity holds approximately

for each ow model. Only the four pro�les at z=D=4, which are graphically equal, show

a little deviation from the other pro�les. This is consistent with the di�erences depicted

in Figures 5.2(b) and 5.2(c). Full similarity is obtained downstream of z=D=4. Note that

this similarity is used in the derivation of the analytical solutions.

The comparison between the results of BL, BLI, PNS and NS in Figures 5.2 and 5.3

shows that the results based on U are reasonably comparable. The di�erences between

the pro�les of V and P are larger. Which of the four ow models are to be employed in

a simulation depends on what the results are used for. When adequate pro�les of V and

P are required, simulations have to be carried out with NS or alternatively PNS. In other

cases, BL and BLI can be applied safely, without introducing major errors or discrepancies.

Inuence of the Reynolds number The inuence of the nozzle centreline

velocity U0, and therefore that of the Reynolds number, on the calculated solution pro�les

of NS is shown in Figure 5.4. The maximum initial axial nozzle velocities of the four

considered jets are U0 = 1:42m=s, U0 = 0:71m=s, U0 = 0:355m=s and U0 = 0:1775m=s,

which correspond to the Reynolds numbers Re�752; 376; 188 and 94, respectively. Hence,

the di�erence between the Reynolds numbers of the subsequent jets is a factor two. The

co-ow is the same for all jets: Uco =4:0 10�3m=s. The normalized pro�les of r1
2
and r 1

100

are given in Figures 5.4(a) and 5.4(b), respectively. Except for a small region located

directly downstream of the nozzle, the spreading behaviour is linear. The spreading rates,

which can be deduced by taking the slopes of the straight lines, almost linearly depend on
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Figure 5.4: The inuence of the Reynolds number on the solution of NS for a laminar air jet. In

(a) and (b) the normalized spreading rates r1
2

and r 1

100

are depicted, respectively. The normalized

(reciprocal) centreline velocity Um and normalized net mass ow M are given in (c) and (d),

respectively. In each plot the axial distance is normalized by the nozzle diameter.

Re. Hence, the obtained dependency on Re is in agreement with the analytical solutions

(see Table 2.3). In Figure 5.4(c), the axial pro�les of the reciprocal of the normalized

maximum axial velocity, i.e. U0=Um, are shown. These are approximately straight lines,

which means that Um has the expected 1=z-behaviour, like predicted by the analytical

solutions. Moreover, the slopes of the pro�les approximately linearly depend on Re. The

normalized net mass ow M=M0, which is de�ned as the normalized mass ow of the net

axial velocity Unet=U � Uco, is depicted in Figure 5.4(d). The pro�les show a signi�cant

dependency on Re, which is in contrast with the analytical solutions. This is probably

caused by the di�erence between the NS equations used in the simulations and the BL

equations that underlie the analytical solutions. The entrainment of mass, and hence the

increase of M , is mainly determined by the radial velocity component V (see Section 5.1),

which considerably di�ers in BL and NS, as shown in Figure 5.2(d).

The results are reasonably comparable with the analytical predictions. This means that

the assumptions that underlie the derivation of the analytical solutions are approximately

correct. Hence, the BL equations and similarity can be applied safely. The di�erences

between the pro�les at various Reynolds numbers are much larger than the di�erences

between the solutions of the four ow models. In view of this, the choice between the four

ow models becomes less important.
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Performance of the acceleration methods for CLIM
The coupled line-iteration method CLIM has been described in Section 4.3, together with

two acceleration techniques that can be used to reduce the number of streamwise marches.

In both acceleration methods, the downstream dependency in the equations through the

pressure gradient is dealt with. For the jet ows considered in this study, this should

have a favourable inuence on the required number of streamwise marches, because of the

parabolic nature of these jets. Note that the acceleration methods do not a�ect the down-

stream dependency through axial di�usion terms. Hence, in case of NS, the e�ect may be

lost to some extent, whereas in case of parabolized equations without streamwise di�usion

(PNS), a clear reduction of the required number of streamwise marches is expected. In the

�rst method, the transversal pressure gradient in the radial component of the momentum

equation is relaxed, i.e.
@p

@r
= !y

@pn+1

@r
+ (1�!y)@p

n

@r
(5.2.1)

with !y a relaxation factor and n + 1 and n the present and previous streamwise CLIM-

sweep, respectively. Note that the neutral case (no relaxation) is given by !y = 1. The

radial component of the momentum equation largely determines the transversal pressure

distribution. Therefore, over-relaxation of @p=@r (!y>1) directly weakens uctuations in

the pressure �eld and hence variations in the velocity �eld, because of the coupled system

of equations. Relaxation can be applied to the streamwise pressure gradient @p=@z as well,

similar to (5.2.1), with a relaxation factor !x. However, under-relaxation (!x<1) causes a

slower transport of downstream information through the pressure gradient, which leads to

an increase of the number of streamwise marches in CLIM. Over-relaxation (!x>1) easily

leads to convergence problems in the marching procedure and is not advisable. Moreover,

application of !y>1 is far more e�ective for reducing the number of streamwise marches.

Therefore, in this study, pressure-gradient relaxation is only applied to the transversal

pressure gradient. In the second acceleration method, the backward pressure-correction

technique proposed by Hoekstra [70] is applied. By means of a separate backward pressure-

correction sweep, downstream information of the pressure �eld is directly transported in

upstream direction. This process is controlled by means of the relaxation factors !b and !fc,

where the neutral case is given by !b=0 and !fc=1, see equation (4.3.16). The backward

correction technique can be combined with relaxation of the streamwise pressure-gradient

in the streamwise marches. In that case, the relaxation factor !x corresponds to 1=!f in

(4.3.14). Additional relaxation of the transversal pressure gradient leads to an increase of

the number of streamwise marches and is not applied in this study.

The performance of the two acceleration methods is tested for two laminar air jets,

with maximum initial axial nozzle velocities U0=0:71m=s (Re� 376) and U0=0:355m=s

(Re�188), respectively, on both the 80*40 and the 160*80 computational grid. The co-ow

velocity for both jets is Uco=4:0 10�3m=s. Other relevant data has been given above.

The results of the �rst acceleration method, for both the NS and PNS equations, are

shown in Figure 5.5. In this �gure, the numbers of required streamwise marches (iterations)

are plotted as a function of the relaxation factor !y. The indicated numbers of streamwise

marches are required to obtain maximum normalized residual sums Rmax (see Section 4.5;

equation (4.5.1)) smaller than 1:0 10�9. The number of marches is hardly dependent on
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Figure 5.5: The performance of the �rst acceleration method for laminar jets. The numbers

of streamwise sweeps with CLIM are plotted versus the relaxation factor !y. Two air jets are

considered, with U0=0:71m=s (Re=376) and U0=0:355m=s (Re=188), on two computational

grids.

Legend for the 80*40 grid: Re=376: �: NS +: PNS; Re=188: 2: NS 3: PNS.

Legend for the 160*80 grid: Re=376: �: NS : PNS; Re=188: 4: NS 5: PNS.

the Reynolds number. In case of NS, the inuence of !y on the number of CLIM-sweeps

is rather small for the �ne grid, whereas for the coarse grid the e�ect is larger. However,

for this coarse grid, the neutral case !y=1 yields the best result. Other values of !y result

in an increase of the number of iterations. In case of PNS, the favourable e�ect of the

pressure-gradient relaxation on the number of iterations is considerable for both grids. In

comparison with the neutral case (!y=1), a maximum reduction of the number of marches

of 50% is obtained on the coarse grid, whereas for the �ne grid the maximum reduction

is approximately 70%. For the coarse grid, the optimum value is found near !y = 15,

whereas for the �ne grid the optimum is located near !y=30. This is consistent with the

doubling of the number of streamwise gridpoints. The optimum values are employed in the

computing time recordings described below. However, the shape of the obtained pro�les

for PNS suggests that the values of !y do not have to be close to the optimum values to

obtain yet a signi�cant reduction of the number of iterations.

The results of the second acceleration technique are shown in Figure 5.6. The inuence

of the relaxation factors !b and !fc on the number of streamwise marches with CLIM is

depicted in Figures 5.6(a){5.6(d). Since with this method the results for both jets are

almost identical, only the results for the jet with U0=0:71m=s (Re=376) are depicted. In

the sub-�gures, the contours of equal numbers of streamwise marches (iterations) are given

as a function of the relaxation factors !b and !fc. The indicated numbers of iterations

are required for Rmax< 1:0 10�9. However, maximum numbers of 2,000 and 4,000 CLIM-

sweeps are used for the coarse and �ne grid, respectively. When the maximum number is

depicted in the �gures, either the number of required marches is too large or the marching

procedure is unstable for the given values of !b and !fc. In the simulations that underlie the

contour plots, the relaxation factors !b and !fc have been varied evenly with an increment

of 0.1. In Figure 5.6(a), the result for the NS equations, obtained on the 80*40 grid is
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Figure 5.6: The performance of the second acceleration method for laminar jets. The contours

of equal numbers of streamwise marches with CLIM, as a function of !b and !fc (with !x=1),

are plotted in �gures (a){(d) for a laminar air jet (Re=376). In (a) and (b) the results for the

NS and PNS equations on the 80*40 grid are given, respectively. In (c) and (d) the results for

NS and PNS on the 160*80 grid are given, respectively. The inuence of !x in case of constant

relaxation factors !b and !fc is shown in (e) and (f), for the cases with !b=0:5, !fc=0:5 and

!b = 0:8, !fc = 0:2, respectively. Two air jets are considered (Re = 376 and Re = 188), on two

computational grids. The legend is the same as in Figure 5.5.
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given. In comparison with the neutral case (!b=0, !fc=1), no improvement is obtained

with the acceleration technique. The result for PNS on the same grid is given in Figure

5.6(b). There are small areas where the required numbers of iterations are considerably

smaller than in the neutral case. In other areas, the number of iterations is much larger.

Unfortunately, the gradients are very steep in the vicinity of the favourable areas. This

means that the number of iterations is very sensitive to the applied values of !b and !fc.

The results obtained on the �ne grid are given in Figures 5.6(c) and 5.6(d) for the NS and

PNS equations, respectively. In case of NS, no acceleration is obtained, whereas for PNS

a considerable reduction of the number of iterations is obtained for certain combinations

of the relaxation factors. As discussed in Section 4.3, preferably !fc� 1 � !b, in order to

obtain stability of the marching procedure. However, the �gures suggest that the actual

stability constraint is less strict. Nevertheless, in this study !b and !fc are chosen following

!fc�1� !b, for a safe and favourable result, i.e. a combination of stable calculations and

a considerable reduction of the number of iterations.

As discussed above, the second acceleration technique can be combined with relaxation

in the streamwise pressure gradient. The results for the case with constant relaxation

factors !b = 0:5 and !fc = 0:5 are given in Figure 5.6(e). In Figure 5.6(f), the case

!b=0:8, !fc=0:2 is considered. The results are again almost independent of the Reynolds

number. In case of NS, the inuence of under-relaxation (!x < 1) on the number of

streamwise marches is small. For !x > 1, the number of iterations increases. In case of

PNS, the inuence of under-relaxation is considerable. A clear reduction of the number

of iterations is obtained, with optimum values !x=0:4 and !x=0:2 in Figures 5.6(e) and

5.6(f), respectively. When smaller values of !x are used, the marching procedure in CLIM

becomes unstable. The case !b=0:8, !fc=0:2 clearly yields better results than the other

case. In comparison with the full neutral case (!b = 0, !fc = 1, !x = 1), the maximum

reduction of the number of streamwise marches is more than a factor 7 for the coarse grid.

For the �ne grid, this factor is more than 8. The optimum value of !x=0:2, together with

!b=0:8 and !fc=0:2, is applied in the computing time recordings described below.

Computing times Two strategies can be applied to reduce the computational e�ort

required for the numerical simulation of jets and ames. Instead of the full NS equations,

one of the simpli�ed systems of equations PNS, BLI or BL can be solved. On the other

hand, fast numerical solution methods can be applied to solve the original system of NS

equations. The computing times and numbers of iterations that are required to solve

the four ow models BL, BLI, PNS and NS with CLIM are given in Table 5.1. Those

required for solving the full NS equations with the solution methods CFIM and SIMPLE

are given in Table 5.1 as well. In the table, the results are given for two laminar jets,

with U0=0:71m=s (Re=376) and U0=0:355m=s (Re=188), on two computational grids.

The �rst and second acceleration method for CLIM, applied in case of PNS or NS, are

denoted by the superscripts (a) and (b), respectively. For example, NS .CLIM (a) denotes

a simulation of the NS equations, solved by means of CLIM in conjunction with the �rst

acceleration method. The optimal relaxation factors !x, !y, !b and !fc are given above.

All computations are performed on one single processor of a four-processor workstation,

with four identical R10,000 180MHz processors, with main memory size 1Gb, primary
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Table 5.1: The net computing times and numbers of iterations for two laminar air jets on two

computational grids. The super-scripts (a) and (b) denote the �rst and second acceleration

method for CLIM, respectively.

Laminar jet: U0=0:71m=s, Re=376

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

0.15
2.5
48.2
46.9
25.4
8.6
50.4
43.8
7.9
72.1

1
11
770
696
398
128
756
652
15/4
1,493

CPU-time [s] iterations

0.49
15.2
571.8
462.5
184.6
80.5
470.9
463.5
72.8
463.0

1
11

2,365
1,793
742
285

1,833
1,740
60/4
2,038

Laminar jet: U0=0:355m=s, Re=188

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

0.15
2.3
49.6
48.2
26.2
8.0
51.4
45.1
8.1
81.1

1
10
781
720
406
118
774
659
15/4
1,676

CPU-time [s] iterations

0.46
13.7
594.1
483.9
191.2
80.6
480.3
473.8
72.9
451.3

1
10

2,441
1,862
760
290

1,863
1,762
60/4
1,988

instruction/data cache size 32Kb and secondary instruction/data cache size 1Mb.

In Table 5.1, the CPU-times are given in seconds. All computing times are the average

of 5 identical simulations. The deviation from the average time is less than 2%. The

indicated CPU-times are the net computing times, i.e. the total computing time without

the time required for generating intermediate and �nal output on screen or harddisk.

The indicated numbers of iterations and computing times are required for convergence,

which is assumed to be obtained in case of normalized residual sums Rmax smaller than

1:0 10�13. These numbers are smaller than the ones employed in the tests of the acceleration

methods described above. This is done for a better comparison of the solvers for NS.

Note that for CLIM and SIMPLE the normalized residual sums decrease gradually, as

shown in Figure 4.4. Therefore, the computing times required for these methods are

expected to change approximately proportionally in case of di�erent convergence criteria.
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Because of the second-order convergence rate in CFIM, the computing time required for

this method will not change proportionally. In case of BLI, convergence is obtained for

(relative) di�erences of the potential-ow model variables (see Section 2.2.4) smaller than

1:0 10�5. The indicated numbers of iterations for the simulations with CLIM denote the

numbers of streamwise marches. The indicated numbers for CFIM, given schematically

by N1=N2, denote the number of initial CLIM-sweeps (N1) and the subsequent number

of coupled �eld iterations (N2), respectively (see Section 4.4). In case of SIMPLE, the

number of SIMPLE iterations is given, see Section 4.2 or Appendix B.2. The relaxation

factors applied for SIMPLE are �u = 0:7, �v = 0:7 and �p = 0:5, which appear to be

reasonable values for both grids and both jets. These values were chosen following the

experience gained in several simulations. In comparison with Luppes et al. [110, 111], the

present simulations with SIMPLE are much faster, because of the use of more favourable

relaxation factors. No attempt is made to �nd more optimal relaxation factors, as it is

expected that potentially at most a small reduction (< 20%) of CPU-time may be achieved.

The results of the two jets are reasonably comparable. For the BL equations, one

streamwise march with CLIM is always su�cient, since all ellipticity has been removed

from the equations. The BLI equations can be solved in only about 10 streamwise marches.

Consequently, the ow models BL and BLI can be solved in much less computing time than

PNS and NS. The di�erence between BL and the other ow models is a few orders of magni-

tude. The gain with BLI is also considerable, although relatively much time has to be spent

for the calculation of the interaction integral (2.2.39) with the boundary-element method

(see Section 3.3). Note that the �rst CLIM-sweep takes relatively much time. Subsequent

marches take less time, because of the better initial guess for the Newton solver (see Section

4.3). Without application of the acceleration methods, the computational e�ort is almost

the same for PNS and NS. The acceleration methods are very e�ective in case of PNS,

whereas in case of NS no signi�cant acceleration is obtained. This means that for laminar

jets, streamwise di�usion is the most determining factor for the computational e�ort. The

second acceleration technique outperforms the pressure-gradient relaxation technique. The

NS equations can be solved very e�ciently with CFIM, because in this method the infor-

mation propagation through both pressure gradients and streamwise di�usion is dealt with

simultaneously. In comparison with the traditional SIMPLE method, the NS equations can

be solved approximately 9 times faster with CFIM on the coarse grid. For the �ne grid,

the gain is more than a factor 6. With CFIM, the NS equations can be solved even slightly

faster than the PNS equations with CLIM employing acceleration. It is expected that

with better preconditioning techniques the reduction factors for CFIM can be increased.

Therefore, improved preconditioning is recommended for future research.

5.3 Turbulent Jets

In this section, the results for turbulent non-swirling jets are given. In all cases, an

axi-symmetric circular air jet is considered, with � = 1:15 kg=m3, � = 1:7365 10�5 kg=ms

and D=8mm. These properties are equal to those used for the laminar jets described in

Section 5.2. The di�erence between the various jets is formed by di�erences in the initial

(nozzle) pro�les of U , k and ". All jets have a weak co-ow, with Uco=U0 < 2:5%. The
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Figure 5.7: The grid dependency for a typical turbulent air jet, with U0=71:0m=s (Re=37,600).

The centreline pro�les of k, obtained on 4 di�erent computational grids, are plotted versus the

normalized axial distance.

same computational grids are considered as for the laminar jet, which consist of 80*40

and 160*80 gridpoints (see Section 5.2). A comparison of the results obtained on both

grids shows that there is a negligible di�erence between the calculated pro�les of U and

V , whereas the pro�les of P show a slight di�erence. The pro�les of k and " show a larger

di�erence, especially in the areas where the maximum values of these variables occur.

Further re�nement of the grid, in one or both directions, yields negligible di�erences with

the pro�les obtained on the 160*80 grid. As an example, the centreline pro�les of k of a

typical turbulent jet with maximum initial axial nozzle velocity U0=71:0m=s (Re=37,600),

obtained on 4 di�erent grids, are shown in Figure 5.7. There is a minor di�erence between

the pro�les obtained on the 160*80 grid, the 320*80 grid and the 160*160 grid. However,

the di�erence between the 160*80 grid and the coarse 80*40 grid is clear. The same

holds for axial pro�les of " and the radial pro�les of k and " at �xed streamwise stations.

For the present study, it is assumed that the 160*80 grid is adequate for the numerical

simulations of turbulent jet ows. Hence, the presented solution pro�les below are the

result of simulations on the 160*80 grid. For the comparison of computing times also the

80*40 grid is considered.

Comparison of the ow models For the four systems of equations BL, BLI,

PNS and NS, the solution pro�les of the primary variables U , V , P , and k are shown in

Figure 5.8. The spreading rates r1
2
and r 1

100
and similarity pro�les are shown in Figure 5.9.

In these �gures, a typical turbulent air jet is considered, with Re� 37,600. The jet has a

non-uniform initial (nozzle) axial velocity pro�le, following a power-law pro�le with n=7

and U0 = 71:0m=s (see Section 2.1.6). The co-ow is uniform, with Uco = 0:4m=s. The

initial pro�les of k and " follow from the turbulence intensity i=0:05 and a mixing-length

pro�le as given in Section 2.1.6.

In Figure 5.8(a), the centreline pro�les of U are depicted for the full axial domain.

Because of the non-uniform initial velocity pro�le, a real core region with a constant value

of U is not found. However, in comparison with the laminar jet (see Section 5.2), a devel-

opment region can be distinguished clearly. The `1=z-deceleration' of the jet commences
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Figure 5.8: The solutions of the four ow models for a turbulent air jet (Re = 37,600). The

legend is given in the pictures. In (a) the centreline pro�les of U are depicted. In (b) the full

axial pro�les of U in the co-ow area are given, at r=2:3D above the centreline. The same result

is depicted on a magni�ed scale in (c). In (d) the pro�les of V in the co-ow area, at r=2:2D,

are shown on a magni�ed scale. The full axial pro�les of P on the centreline and in the co-ow

area at r=2:3D are shown in (e) and (f), respectively. In (g) and (h) the axial pro�les of k on

the centreline and in the co-ow area at r=2:3D are given, respectively. In each plot the axial

distance is normalized by the nozzle diameter.
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Figure 5.9: The spreading rates and similarity pro�les for the four ow models for a turbulent

air jet (Re = 37,600). The legend is the same as in the previous �gure. In (a) the normalized

halfwidth and global spreading rates are depicted. In (b) the normalized pro�les of U are plotted

versus the normalized radius, for all ow models, at z=D=4; 10 and 20.

downstream of z=D = 5. There is no graphical di�erence between the four pro�les. The

full axial pro�les of U in the co-ow area, at r=2:3D above the centreline, are depicted in

Figure 5.8(b). Directly downstream of the nozzle, a small di�erence between the pro�les

is observed. This is depicted on a magni�ed scale up to z=D = 10 in Figure 5.8(c). The

di�erences are relatively smaller than the ones obtained for the laminar jet. The di�erence

between PNS and NS is even negligible. The axial pro�les of V in the co-ow area, at

r=2:2D, are depicted in Figure 5.8(d) on a magni�ed scale. The di�erence in character

between NS and PNS on one hand and BL and BLI on the other hand is clear. There is

no graphical di�erence between PNS and NS. In Figures 5.8(e) and 5.8(f), the pressure is

given relative to the far-�eld pressure. In Figure 5.8(e), the full axial pro�les of the centre-

line pressure are depicted. Note that the shape of the pro�les of PNS and NS is di�erent

from that obtained for the laminar jet. The result of BLI has a di�erent character than NS

and PNS, because of the slender-body approach in the pressure model. This means that

the co-ow pressure e�ects are felt within the jet. In case of BL, the pressure is constant

everywhere. In Figure 5.8(f), the full axial pro�les of the pressure at r=2:3D are given.

The results of NS and PNS show a large di�erence, although the shape of the pro�les is still

comparable. The e�ect of the pressure model in BLI is far too weak to form a reasonable

approximation of PNS and NS.

The results in Figures 5.8(a){5.8(d) indicate that streamwise di�usion is negligible in

the equations, since the pro�les of U and V are almost identical in case of PNS and NS.

However, because of the di�erent character with regard to pressure gradients, a considerable

di�erence in the pro�les of P is obtained. The pro�les of k are shown in Figures 5.8(g) and

5.8(h). In Figure 5.8(g), the centreline pro�les of k are shown for the four ow models.

There is no graphical di�erence between the pro�les, even when the picture is magni�ed

(not shown here). The same holds for the pro�les of k in the co-ow area, at r = 2:3D

above the centreline, which are shown in Figure 5.8(h). The results for " are similar. This

means that streamwise di�usion in the equations is not important for the solutions of k

and ". The values of k and " are mainly determined by the source terms in the k � "
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model (see Section 2.1.3). The other terms in the equations for k and " are less important.

Whether or not axial di�usion or pressure gradients are neglected has a marginal e�ect on

the solution of k and " only.

The results concerning some of the global jet characteristics are given in Figure 5.9.

In Figure 5.9(a), the normalized pro�les of the spreading rates r1
2
and r 1

100
are given. As

observed for the laminar jet, there is no graphical di�erence between the calculated pro�les

of r1
2
. The pro�les of r 1

100
show minor di�erences. However, these di�erences are much

smaller than the ones obtained for the laminar jet. The spreading rates are approximately

equal for all ow models. The normalized radial pro�les of U at the stations z=D=4; 10

and 20, obtained from the four ow models, are given in Figure 5.9(b). As obtained for

the laminar jet, the pro�les almost form one thick line, which means that similarity holds

approximately for each solution. Full similarity is obtained downstream of z=D=4, since

the four pro�les at z=D=4 are slightly di�erent from the ones further downstream. The

applied k � " turbulence model only has a marginal inuence on similarity.

As obtained for the laminar jet, the results based on U are reasonably comparable,

whereas the solutions of V and P show a larger di�erence. The solutions of k and " are

graphically equal. The ow models NS and PNS only yield a di�erence with respect to

P . This means that the ow models BL and BLI can be safely employed in a simulation

whenever the solutions of V and P are not really important. When V is important, either

PNS or NS has to be used.

Inuence of the Reynolds number The inuence of the Reynolds number

on the solution pro�les of NS is shown in Figure 5.10. The maximum initial axial nozzle

velocities of the four considered jets are U0=142:0m=s, U0=71:0m=s, U0=35:5m=s and

U0=17:75m=s, which correspond to Re�75,200, Re�37,600, Re�18,800 and Re�9,400,

respectively. The di�erence between the Reynolds numbers of the subsequent jets is a

factor two. The co-ow is the same for all jets: Uco = 0:4m=s. The obtained pro�les of

r1
2
and r 1

100
are given in Figures 5.10(a) and 5.10(b), respectively. Except for the small

development region directly downstream of the nozzle, the spreading behaviour is linear.

The spreading rates are slightly dependent on Re, which is in contrast with the analytical

predictions (see Table 2.3). However, the inuence of Re is only small. In Figure 5.10(c),

the axial pro�les of U0=Um are shown. These are approximately straight lines, which means

that Um has a 1=z-behaviour. The slopes of the pro�les are only marginally dependent on

Re, which di�ers considerably from the analytical solutions. The normalized net mass ow

M=M0 is depicted in Figure 5.10(d). The pro�les show a dependency on Re. However,

the di�erences between the slopes of the subsequent pro�les are less than a factor 2, which

di�ers from the analytical predictions.

The di�erence between the obtained results and the analytical solutions are the result

of the di�erence between the NS equations used in the simulations and the BL equations

employed in the analytical solutions. Although the obtained di�erences are modest, the

results show that the analytical theory is not adequate for the prediction of turbulent jets.

The di�erences between the four ow models are much smaller than the ones depicted in

Figure 5.10. This makes the choice between the four ow models less important.
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Figure 5.10: The inuence of the Reynolds number on the solution of NS for a turbulent air

jet. In (a) and (b) the normalized spreading rates r1
2

and r 1

100

are depicted, respectively. The

normalized (reciprocal) centreline velocity Um and normalized net mass ow M are given in (c)

and (d), respectively. In each plot the axial distance is normalized by the nozzle diameter.

Comparison with measurements As a validation case to compare the results

of the simulations with measurements, a turbulent air jet is considered with U0=71:0m=s

(Re � 37,600) and Uco = 0:4m=s. The uid properties, the computational grid and the

other data are equal to those reported above. Wittmer [217] has performed Laser-Doppler

Anemometry (LDA) measurements for the same isothermal jet con�guration, with equal

uid properties. The results of four simulations with the NS equations are shown in Figure

5.11. In the �rst simulation, the standard k � " turbulence model is employed, with the

(standard) values of the model constants as given in Table 2.1. The initial pro�les are

based on n = 6:5 and i = 0:05 (see Section 2.1.6). In the other simulations, the values

of the constants c� and c"2 are changed, following the work of Launder and Spalding [98]

and Lockwood and Stokalis [106], among others. Partly based on measurements, for axi-

symmetric jets these authors have suggested to use

c� = 0:09� 0:04 � (5.3.1)

c"2 = 1:92� 0:0667 � (5.3.2)

with

� = j rjb
2(Um � Uco)

(
@Um
@z

� j@Um
@z

j) j0:2 (5.3.3)

where r 1

100
can be used instead of the global jet width rjb. Upon application of (5.3.1){

(5.3.3), c� and c"2 are dependent on the Reynolds number. However, when a linear spread-
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Figure 5.11: The comparison of four simulations of a turbulent air jet (Re = 37,600) with

measurements. In (a) the centreline axial velocity is depicted. In (b) the turbulence intensity

is shown. In each plot the axial distance is normalized by the nozzle diameter. Simulation 1:

standard k � " model. Simulation 2: c�=0:06. Simulation 3: c�=0:06, c"2=1:87. Simulation 4:

c�=0:09, c"2=1:87, n=10. The measurements are obtained from Wittmer [217].

ing behaviour r 1

100
=az is assumed together with the 1=z-decay Um= c U0D=z (see Section

2.3.3), with a and c constant, this directly leads to �=a0:2, which makes c� and c"2 constant

again. Several measurements indicate that the global spreading rate a�0:23, see e.g. Lan-

dau and Lifshitz [95], Rajaratnam [143], Sanders [161], Schlichting [162] or Spalding [179].

This gives �� 0:75 and hence c�=0:06 and c"2 =1:87 are found. In comparison with the

standard k�" model (simulation 1), these values both yield smaller values of �t and hence

a slower spreading of the jet. In the second simulation, (only) c�=0:06 is applied, which

is also suggested by Sanders [161], based on Janicka [77, 78]. In the third simulation, both

c� = 0:06 and c"2 = 1:87 are used. In the fourth simulation, c� = 0:06, c"2 = 1:87 and the

initial (nozzle) pro�les are modi�ed by means of n=10. This yields a atter initial pro�le

of U and k, which results in a longer development region.

The obtained centreline pro�les of the axial velocity are shown in Figure 5.11(a). The

decrease of U , obtained with the standard k�"model (simulation 1) is too fast. This means

that the spreading rate of the jet is too large. The favourable e�ect of the modi�cations

of the constants of the k � " model on the spreading rate is clear. The results obtained in

simulation 2 and 3 show a slower centreline velocity decay, which is in better agreement

with the measurements. However, the e�ect in simulation 2 is not strong enough, which

means that both constants have to be modi�ed simultaneously. By using a atter initial

pro�le of U , a very good �t to the measured data can be obtained, as indicated by the

pro�le of simulation 4. In Figure 5.11(b), the dimensionless turbulence intensity is depicted,

which is calculated as k
1

2 =Um. The favourable inuence of the modi�cation of the constants

c� and c"2 is considerable. Simulation 4 again yields the closest �t to the measured data.

However, the turbulence intensity is still slightly overpredicted. In view of both �gures, the

modi�cations of the constants of the k� " model give a clear improvement of the standard

model. The obtained results indicate that the k�" turbulence model applied in the present

study is su�ciently adequate for the simulation of turbulent jets.
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Figure 5.12: The performance of the �rst acceleration method for turbulent jets. The numbers

of streamwise sweeps with CLIM are plotted versus the relaxation factor !y. Two air jets are

considered, with U0=71:0m=s (Re=37,600) and U0=35:5m=s (Re=18,800), on two computa-

tional grids.

Legend for the 80*40 grid: Re=37,600: �: NS +: PNS; Re=18,800: 2: NS 3: PNS.

Legend for the 160*80 grid: Re=37,600: �: NS : PNS; Re=18,800: 4: NS 5: PNS.

Performance of the acceleration methods for CLIM
The two acceleration methods for CLIM are described in Sections 4.3 and 5.2. In both

acceleration methods, the downstream dependency in the equations through the pressure

gradient is dealt with. The inuence of streamwise di�usion in the equations is expected

to be less strong in case of turbulent jets as compared to laminar jets, because of the large

(cell-)Reynolds numbers (see Section 2.2.2). Hence, for both PNS and NS, the acceleration

methods should have a favourable inuence on the number of streamwise marches that is

required for convergence. The performance of the two acceleration methods is tested for two

turbulent air jets, with maximum initial axial nozzle velocities U0=71:0m=s (Re�37,600)

and U0 = 35:5m=s (Re � 18,800), respectively. The results obtained on both the 80*40

and the 160*80 computational grid are considered. The co-ow velocity for both jets is

Uco=0:4m=s. Other relevant data is given above.

The results of the �rst acceleration method, for both the NS and PNS equations, are

shown in Figure 5.12. The numbers of streamwise marches (iterations) are plotted as a

function of the relaxation factor !y. The indicated numbers of iterations are required for

Rmax smaller than 1:0 10�9. The number of marches is only slightly dependent on the

Reynolds number. For both PNS and NS, the inuence of !y on the number of CLIM-

sweeps is considerable. The di�erence between the numbers of iterations required for PNS

and NS is small, which is in contrast with the results obtained for the laminar jet. This

means that for turbulent jets, streamwise di�usion is less important for the number of

streamwise marches. The computational e�ort is mainly determined by the downstream

dependency in the equations through the pressure gradient. In comparison with the neutral

case (!y = 1), a maximum reduction of the number of marches of approximately 60% is

found for the coarse grid, for both PNS and NS. For the �ne grid, the maximum reduction
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Figure 5.13: The performance of the second acceleration method for turbulent jets. The contours

of equal numbers of streamwise marches with CLIM, as a function of !b and !fc (with !x=1),

are plotted in �gures (a){(d) for a turbulent air jet (Re=37,600). In (a) and (b) the results for

the NS and PNS equations on the 80*40 grid are given, respectively. In (c) and (d) the results for

NS and PNS on the 160*80 grid are given, respectively. The inuence of !x in case of constant

relaxation factors !b and !fc is depicted in (e) and (f), for the cases with !b=0:5, !fc=0:5 and

!b = 0:8, !fc =0:2, respectively. Two air jets are considered (Re = 37,600 and Re= 18,800), on

two computational grids. The legend is the same as in Figure 5.12.



122 5. NON-SWIRLING JETS AND FLAMES

is approximately 80% for both ow models. For the coarse grid, the optimum value is

found near !y = 15, whereas for the �ne grid the optimum is located near !y = 30. The

locations of the optimum values are roughly equal to those for the laminar jet. The shape

of the obtained pro�les suggests that the applied values of !y do not have to be close to the

optima. The indicated values are used in the computing time recordings described below.

The results of the second acceleration technique are shown in Figure 5.13. In Figures

5.13(a){5.13(d), the contours of equal numbers of streamwise marches (iterations) are given

as a function of the relaxation factors !b and !fc. Since with this method the results for

both jets are qualitatively comparable, only the contours for the jet with U0 = 71:0m=s

(Re = 37,600) are depicted. The indicated numbers of iterations are required for Rmax <

1:0 10�9. As for the laminar jets, the maximum numbers of iterations are 2,000 and 4,000

for the coarse and �ne grid, respectively. The relaxation factors !b and !fc have been

varied evenly, with an increment of 0.1. In Figure 5.13(a), the result for the NS equations,

obtained on the 80*40 grid is given. In comparison with the neutral case (!b=0, !fc=1), a

considerable reduction of the number of CLIM-sweeps can be obtained for a small number

of combinations of !b and !fc. This is in contrast with the results obtained for the laminar

jets employing NS. The result of PNS on the 80*40 grid, which is given in Figure 5.13(b),

also shows small areas with a smaller number of required marches. As for the laminar jet,

the gradients are very steep in the vicinity of the favourable areas. Hence, the number

of iterations is very sensitive to the applied values of the relaxation factors. The results

obtained on the �ne grid are given in Figures 5.13(c) and 5.13(d), for the NS and PNS

equations, respectively. Unfortunately, the favourable areas are much smaller than those

obtained on the coarse grid, especially in case of PNS. Nevertheless, for a carefully chosen

combination of relaxation factors !b and !fc, the reduction of the number of CLIM-sweeps

is considerable. As obtained for the laminar jets, the actual stability constraint is less

strict than !fc� 1 � !b. However, !b and !fc are chosen following this constraint, for a

safe and favourable result. The inuence of relaxation in the streamwise pressure gradient,

for the cases !b = 0:5, !fc = 0:5 and !b = 0:8, !fc = 0:2, is shown in Figures 5.13(e) and

5.13(f), respectively. The results are quite independent of the Reynolds number. For both

PNS and NS, the inuence of under-relaxation is considerable. A clear reduction of the

number of iterations is obtained, with optimum values for !x=0:4 and !x=0:2. In case

of smaller values of !x, the marching procedure in CLIM becomes unstable. Moreover, for

!b=0:8, !fc=0:2 and !x>0:8 no convergence is obtained for NS on the �ne grid. The case

!b=0:8, !fc=0:2 clearly yields the best results. In comparison with the full neutral case

(!b=0, !fc=1, !x=1), the maximum reduction of the number of streamwise marches is

more than a factor 8 on the coarse grid, for both ow models. For the �ne grid, this factor

is more than 10 for NS, whereas for PNS it is even more than 13. The values !x = 0:2,

!b=0:8 and !fc=0:2 are applied in the computing time recordings described below.

Computing times The net computing times and numbers of iterations that are

required to solve the four ow models BL, BLI, PNS and NS with CLIM, as well as

those required for solving NS with CFIM and SIMPLE, are given in Table 5.2. In this

table, the result is given for two turbulent jets, with U0 = 71:0m=s (Re = 37; 600) and

U0 = 35:5m=s (Re = 18; 800), on two computational grids. The contents of the table has



5.3. TURBULENT JETS 123

Table 5.2: The net computing times and numbers of iterations for two turbulent air jets on

two computational grids. The super-scripts (a) and (b) denote the �rst and second acceleration

method for CLIM, respectively.

Turbulent jet: U0=71:0m=s, Re=37,600

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

0.60
7.2

129.4
123.0
54.3
19.9
55.2
22.9
27.3
226.0

1
15
935
858
374
124
376
134
15/4
2,833

CPU-time [s] iterations

1.96
36.3

2,175.3
1,795.6
434.3
214.9
461.6
218.2
217.3

1,768.4

1
15

3,855
3,156
736
292
735
280
60/4
4,771

Turbulent jet: U0=35:5m=s, Re=18,800

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

1.04
6.9

109.5
103.2
52.8
18.8
54.2
22.3
21.6
219.7

1
14
783
731
367
115
367
134
15/3
2,750

CPU-time [s] iterations

2.84
33.2

1,435.7
1,290.6
409.1
187.8
442.8
196.0
209.5

1,285.0

1
14

2,611
2,294
695
269
717
243
60/4
3,469

been explained in Section 5.2 (see Table 5.1). The calculations have been performed on

the same workstation as the one used for the simulations of laminar jets. All computing

times are the average of �ve identical simulations. The deviation from the average time

is less than 2%. Convergence is obtained when Rmax < 1:0 10�12. These numbers are

smaller than the ones used in the tests of the acceleration methods, in order to enhance

the comparison of the three solvers for NS, see Section 5.2. In case of BLI, convergence is

obtained for (relative) di�erences smaller than 1:0 10�5. The relaxation factors applied in

case of SIMPLE are �u=0:7, �v=0:7, �p=0:6, ��=1:0, �k=0:8 and �e=0:8, which (in

practice) appear to be reasonable values for both grids and both jets. These values were

chosen following the experience gained in several simulations.

The results for the two jets are reasonably comparable. For the BL equations, one

streamwise march with CLIM is su�cient. The BLI equations can be solved in about 15



124 5. NON-SWIRLING JETS AND FLAMES

streamwise marches. The ow models BL and BLI can be solved in much less computing

time than PNS and NS. As obtained for the laminar jet, the di�erence between the CPU-

time required for BL and that required for the other ow models is at least one order of

magnitude, although the �rst march requires relatively much computational e�ort. With-

out application of the acceleration methods, the computational e�ort for PNS and NS is

comparable. The di�erence with SIMPLE (in case of NS) is only a factor 2 on the coarse

grid, whereas on the �ne grid SIMPLE is even faster. However, the acceleration methods

are very e�ective for both PNS and NS. This means that for turbulent jets streamwise dif-

fusion is of less importance for the computational e�ort. The second acceleration method

yields a larger reduction of computing time than the �rst method. The NS equations can

be solved very e�ciently with CFIM. However, CLIM requires a comparable computational

e�ort when the second acceleration method is applied. The di�erence between the optimal

results for PNS and NS is small. In comparison with the SIMPLE method, the NS equa-

tions can be solved approximately 10 times faster with CFIM or CLIM (with acceleration)

on the coarse grid. For the �ne grid, the reduction of CPU-time is approximately a factor 7.

It is expected that with improved preconditioning techniques the simulations with CFIM

will become faster than those with CLIM.

5.4 Turbulent Di�usion Flames

In this section, the results for turbulent non-swirling di�usion ames are given. In

the simulations, the standard k � " model is employed, in conjunction with the amelet

model for combustion (see Sections 2.1.3 and 2.1.5). In most cases, an axi-symmetric

hydrogen-air di�usion ame is considered. This ame is the result of the mixing between

a primary turbulent hydrogen (H2) jet ow and a parallel co-ow of air. The properties

for the H2 jet are � = 8:13671 10�2 kg=m3, � = 9:13806 10�6 kg=ms and D = 8mm. The

uid properties of the co-ow are � = 1:16407 kg=m3 and � = 1:86997 10�5 kg=ms. The

simulations of theH2-air di�usion ames are carried out with a amelet library that consists

of 10 burning amelets. These amelets are based on a hydrogen reaction mechanism

including 11 species and 30 reactions, see e.g. Peters and Rogg [134] or Sanders [161]. The

accompanying strainrates for the burning amelets are Sij=50, 100, 200, 400, 800, 2,000,

4,000, 8,000, 12,000 and 14,000 1=s. The amelet library is adopted from Sanders [161]. For

the simulations presented in the present study, it is assumed that the employed amelet

library is su�ciently adequate to describe the H2-air di�usion ames. The di�erence

between the various di�usion ames is formed by di�erences in the initial pro�les of U , k

and ". The initial pro�les of �, f and g are uniform. The co-ow always has a relatively

small axial velocity, with Uco=U0<2:5%.

For the simulation of turbulent ames, the same computational grids are employed

as those used for the simulations of laminar and turbulent jets described in the previous

sections. These grids consist of 80*40 and 160*80 gridpoints and cover an area of 60D�30D
in axial and radial direction, respectively. Since generally the length of a H2-air di�usion

ame is larger than 60D, only part of the ame is simulated. As discussed in Section

2.3.3, l � 6:6D=fst analytically, which is only roughly half of the length observed in

measurements. Hence, for the H2 ame considered in this study (fst = 0:028), l is at



5.4. TURBULENT DIFFUSION FLAMES 125

least 235D (� 1:88m). An adequate simulation of the full ame would require too much

gridpoints. Therefore, only the �rst part of the ame is simulated, which includes the

region where the most relevant physical phenomena take place. A comparison of the results

obtained on both computational grids shows that there is a negligible di�erence between

the calculated pro�les of U , V and f , whereas the pro�les of P show slight deviations. The

pro�les of k, " and g show a larger di�erence, especially in the areas where these variables

are relatively large. The deviations are similar to the ones obtained for the isothermal

turbulent jets (see Section 5.3), with approximately equal order of magnitude. The pro�les

of the variables �, T and Yi, which follow from the amelet model, are graphically identical

on both grids. As obtained for the turbulent jet, a further re�nement of the grid only yields

minor di�erences with the results obtained on the 160*80 grid. Therefore, all solution

pro�les presented below are the result of simulations on the 160*80 computational grid.

For the comparison of computing times also the coarse 80*40 grid is considered.

Comparison of the ow models For the four systems of equations BL, BLI,

PNS and NS, the solution pro�les of the primary variables U , V , P , k and ", the combustion

variables f , �, T and YH2 and the spreading rates are considered in Figures 5.14, 5.15 and

5.16, respectively. In these �gures, a turbulent H2-air di�usion ame is considered, with

Re� 5,050. In comparison with the turbulent air jets considered in the previous section,

this value of Re is relatively small, because of the di�erent uid properties. However,

because of the equal nozzle diameter and the comparable magnitude of the axial velocity, a

comparison with the turbulent jets is rather meaningful. The H2 ame has a non-uniform

initial axial velocity pro�le, following a power-law pro�le with n=7 and U0=71:0m=s (see

Section 2.1.6). The co-ow is uniform, with Uco =0:4m=s. The initial pro�les of k and "

follow from the turbulence intensity i = 0:05 and a mixing-length pro�le as described in

Section 2.1.6. The initial pro�les of �, f and g are piecewise uniform in the ame and the

co-ow, see Sections 2.1.5 and 2.1.6. Other relevant data has been given above.

In Figure 5.14(a), the centreline pro�les of U are depicted for the full axial domain.

Because of the non-uniform initial velocity pro�le, a real core region with a constant value

of U is not found. There is no graphical di�erence between the four pro�les. The shape

of the pro�les is similar to that obtained for the turbulent jet. The full axial pro�les of

U in the co-ow area, at r = 2:3D above the centreline, are depicted in Figure 5.14(b).

Directly downstream of the nozzle, a minor di�erence between the pro�les is observed.

This is depicted on a magni�ed scale up to z=D=10 in Figure 5.14(c). The di�erences are

much smaller than the ones obtained for the turbulent air jet. However, there is a minor

di�erence between PNS and NS. The deviation between these two pro�les and the result of

BL is much smaller than the deviation in case of the turbulent jet. The result of BLI shows

a larger di�erence. The e�ect of the pressure model in BLI is too strong, since the pressure

e�ects of the co-ow of air are applied within the H2 jet, which has a smaller density. The

axial pro�les of V in the co-ow area are similar to the ones obtained for the turbulent jet

and are not shown. The magnitude of V is however smaller. In Figures 5.14(d) and 5.14(e),

the pressure is given relative to the far-�eld pressure. In Figure 5.14(d), the full axial pro�le

of the pressure on the centreline is depicted. The shape of the pro�les is similar to the

pro�les of the turbulent jet. However, the magnitude of the pressure is smaller, because of
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Figure 5.14: The solutions of the four ow models for a turbulent H2-air di�usion ame (Re=

5,050), concerning the primary variables. The legend is given in the pictures. In (a) the centreline

pro�les of U are depicted. In (b) the full axial pro�les of U in the co-ow area are given, at

r = 2:3D above the centreline. The same result is depicted on a magni�ed scale in (c). The

centreline pro�les of P are depicted in (d). The axial pro�les of P , at r = 2:3D, are shown in

(e). In (f) the centreline pro�les of k are given. The pro�les of k and " in the co-ow area, at

r=2:3D, are shown in (g) and (h), respectively. In each plot the axial distance is normalized by

the nozzle diameter.
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Figure 5.15: The solutions of the four ow models for a turbulent H2-air di�usion ame (Re=

5,050), concerning the combustion variables. The legend is given in the pictures. In (a) and (b) the

axial pro�les of f on the centreline and in the co-ow area at r=2:3D are given, respectively. In

(c) and (d) the axial pro�les of � on the centreline and in the co-ow are given, respectively. The

pro�les of T on the centreline and in the co-ow area are depicted in (e) and (f), respectively. The

pro�les of YH2 on the centreline and in the co-ow area are depicted in (g) and (h), respectively.

In each plot the axial distance is normalized by the nozzle diameter.
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Figure 5.16: The spreading rates and similarity pro�les for the four ow models for a turbulent

H2-air di�usion ame (Re=5,050). The legend is the same as in the previous �gures. In (a) the

normalized halfwidth and global spreading rates are depicted. In (b) the normalized pro�les of

U are plotted versus the normalized radius, for all ow models, at z=D=10; 15 and 20.

the di�erent uid properties, such as a smaller density of H2. In Figure 5.14(e), the axial

pro�le of the pressure in the co-ow area, at r=2:3D above the centreline, is given. The

results of NS and PNS show a large di�erence, although the shape of the pro�les is still

comparable. Because of the density variations (combustion), the shape of the pro�les of

PNS and NS is somewhat di�erent from that obtained for the turbulent jet. The result of

BLI has a di�erent character than that of NS and PNS. The centreline pro�les of k are

shown in Figure 5.14(f). There is no graphical di�erence between the pro�les, even when

the picture is magni�ed. The same holds for the centreline pro�les of " (not shown here).

The pro�les of k and " in the co-ow area, at r=2:3D above the centreline, are shown in

Figures 5.14(g) and 5.14(h), respectively. There is only a marginal di�erence between the

pro�les in the areas where the maximum values of k and " occur. The results in Figure

5.14 indicate that streamwise di�usion is negligible in the equations, since the pro�les of

U , k and " are almost identical in case of PNS and NS. However, because of the di�erent

character of the equations with regard to the pressure gradients, a considerable di�erence

in the pro�les of V and P is observed.

In Figure 5.15(a), the centreline pro�les of the mixture fraction are shown. There is no

graphical di�erence between the four pro�les. Because of the uniform initial pro�les of f

within the nozzle, a core region with constant f can be distinguished clearly. The same

holds for the centreline pro�les of �, T and the mass fraction YH2, which are depicted in

Figures 5.15(c), 5.15(e) and 5.15(g), respectively. The axial pro�les of f , �, T and YH2 in

the co-ow area, at r= 2:3D above the centreline, are given in Figures 5.15(b), 5.15(d),

5.15(f) and 5.15(h), respectively. The pro�les of f and YH2 show minor di�erences, whereas

no graphical di�erence is observed for � and T . The results in Figure 5.15 indicate that the

four ow models only yield minor deviations in the solutions of the combustion variables.

Whether or not streamwise di�usion or pressure gradients are neglected in the equations

is of less importance for the solutions of f , �, T and YH2.

Some of the global jet characteristics are presented in Figure 5.16. In Figure 5.16(a),

the normalized pro�les of the spreading rates r1
2
and r 1

100
are given. As observed for the
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Figure 5.17: The inuence of the Reynolds number on the solution of NS for a turbulent H2-air

di�usion ame. In (a) and (b) the normalized spreading rates r1
2

and r 1

100

are depicted, respectively.

The normalized (reciprocal) centreline velocity Um and normalized (reciprocal) mixture fraction

fm are given in (c) and (d), respectively. In each plot the axial distance is normalized by the

nozzle diameter.

laminar and turbulent jets, there is no graphical di�erence between the calculated pro�les

of r1
2
. Apart from BLI, the pro�les of r 1

100
show a negligible di�erence. The normalized

radial pro�les of U at the stations z=D=10; 15 and 20, for all four ow models, are given

in Figure 5.16(b). The four pro�les at each of the streamwise stations are graphically

identical. However, there is a clear di�erence between the pro�les at the various stations.

The pro�les at z=D=10 show a deviation from the almost graphically identical pro�les at

z=D=15 and z=D=20. This means that similarity is obtained downstream of z=D=10,

which is further downstream than in case of the turbulent jet.

Inuence of the Reynolds number The inuence of the Reynolds number

on the solution pro�les of NS is shown in Figure 5.17. The maximum initial axial nozzle

velocities of the three considered ames are U0 = 142:0m=s, U0 = 71:0m=s and U0 =

35:5m=s, which correspond to Re� 10,100, Re� 5,050 and Re� 2,525, respectively. The

co-ow velocity is the same for all ames: Uco = 0:4m=s. A smaller value of U0 would

lead to a Reynolds number that is outside of the turbulence regime. Note that in case

of small Reynolds numbers the standard k � " model is less adequate. The application

of low-Reynolds models may yield a better description of turbulent ows and ames at

low Reynolds numbers, see e.g. Chien [27] or Jones and Launder [79]. The obtained

pro�les of r1
2
and r 1

100
are given in Figures 5.17(a) and 5.17(b), respectively. Except for
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the development region directly downstream of the nozzle, the spreading behaviour is

linear. The spreading rates are slightly dependent on Re, which di�ers from the analytical

solutions (see Table 2.3). In comparison with the turbulent jets, the spreading rates of the

ames are somewhat smaller, because of the smaller density within the ame. In Figure

5.17(c), the axial pro�les of U0=Um are shown. These are approximately straight lines,

which means that Um has a 1=z-behaviour. The slopes of the pro�les are only slightly

dependent on Re, which di�ers considerably from the analytical solutions. The decay of

U on the centreline is smaller than that obtained for the turbulent jets. The normalized

(reciprocal) centreline mixture fraction f0=fm is depicted in Figure 5.17(d). The pro�les are

approximately straight lines, which means that fm has the expected 1=z-decay. Moreover,

the pro�les are almost identical, which means that fm is approximately independent of

Re. The obtained result for fm is in agreement with the analytical predictions. The

slight di�erence between the other results and the analytical solutions are the result of the

di�erence between the NS equations employed in the simulations and the BL equations

used in the analytical derivations.

Comparison with measurements As a validation case to compare the results

of the simulations with measurements, a stabilized turbulent natural-gas di�usion ame

is considered. Streb [183] has performed measurements for a natural CH4-air di�usion

ame, with (volume) concentration CH4 � 98:084%. Since the di�erences between the

properties of pure CH4 and natural gas are almost negligible (Ovink [121], Peeters [129]),

the simulations have been carried out with a amelet library containing 6 pure methane

amelets, which are adopted from Sanders [161]. These amelets are based on a methane

reaction mechanism including 59 reactions, see e.g. Peters and Rogg [134]. The strainrates

of the burning amelets are Sij=50; 100; 200; 300; 400 and 500 1=s. The properties for the

CH4 jet are �=0:6057 kg=m3, �=1:2392 10�5 kg=ms and D=10mm. The uid properties

of the ambient air are � = 1:1549 kg=m3 and � = 1:8763 10�5 kg=ms. The maximum and

average initial axial nozzle velocities are U0 = 69:3m=s and Uav = 60:1m=s, respectively.

Based on the latter, the Reynolds number is approximately 29,400. A power-law pro�le

with n�10 yields a good agreement with the measurements, see Ovink [121]. The ame is

stabilized with two separate co-ows of H2 and O2, which only have a marginal e�ect on

the downstream kinetics of the ame, because of their small momentum ux (Sanders [161],

Streb [183]). Hence, in the simulations, the two stabilizing streams have been omitted. For

numerical convenience, a weak co-ow is used with Uco=0:2m=s.

The results of three simulations with the NS equations are shown in Figure 5.18. In

the simulations, a 160*80 computational grid is used, which covers an area of 200D� 50D

in axial and radial direction, respectively. Note that this computational domain is larger

than the one used for the H2 ame simulations described above. In this way, the present

results can be compared with those of similar simulations performed by Ovink [121] and

Sanders [161]. In the �rst simulation, the standard k � " model is employed, with the

(standard) values of the model constants as given in Table 2.1. In the other simulations,

the constants c� and c"2 are modi�ed following the analysis given in Section 5.3. Hence,

in the second simulation c�=0:06 is applied, whereas in the third simulation c�=0:06 and

c"2=1:87 are used.
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Figure 5.18: The comparison of three simulations of a turbulent CH4-air di�usion ame (Re=

29,400) with measurements. In (a) and (b) the centreline pro�les of U and k are depicted,

respectively. In (c) the normalized halfwidth radius is given. In (d) the centreline pro�le of CH4

is shown. In each plot the axial distance is normalized by the nozzle diameter. Simulation 1:

standard k � " model. Simulation 2: c� = 0:06. Simulation 3: c� = 0:06, c"2 = 1:87. The

measurements are obtained from Streb [183].

The obtained centreline pro�les of the axial velocity are shown in Figure 5.18(a). The

centreline decay of U , obtained with the standard k� " model (simulation 1), is too large.

Because of smaller values of �t, the spreading rates are smaller in the other two simulations.

This yields a better agreement with the measurements. The result obtained with simulation

3 gives the closest �t to the measured data, which means that the constants c� and c"2
have to be modi�ed simultaneously. In Figure 5.18(b), the turbulent kinetic energy is

depicted. The inuence of the modi�cation of the constants on this quantity is considerable.

Simulation 3 yields the closest overall �t to the measured data. The normalized halfwidth-

spreading rate is depicted in Figure 5.18(c). The favourable inuence of the modi�cation of

the constants is clear. Without any modi�cation, the spreading rate is highly overpredicted.

Simulation 3 yields a reasonable �t to the measured data. The mass fraction of methane

YCH4 is depicted in Figure 5.18(d). Although initially simulation 3 yields the closest �t to

the measurements, the result of the standard k � " model (simulation 1) is eventually in

better agreement. However, further downstream the di�erences are relatively small

The modi�cations of the constants of the k� " model give a clear overall improvement

of the results. In comparison with the results obtained by Ovink [121] (standard k � "
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model) and Sanders [161] (c� = 0:06), a closer �t to the measured data is found, when

both constants of the k�" model are modi�ed simultaneously. The improved prediction of

both spreading and mixing yields a better simulation of combustion. The results depicted

in Figure 5.18 indicate that the k � " turbulence model for turbulent ow, in conjunction

with the amelet model for combustion, is adequate for the simulation of the turbulent

di�usion ames considered in this study.

Performance of the acceleration methods for CLIM
As discussed above, the inuence of streamwise di�usion in the equations for a turbulent

ame is only weak. Moreover, the qualitative behaviour of turbulent jets and ames is

reasonably comparable. Hence, for turbulent ames, it is expected that the acceleration

methods have the same favourable inuence on the required number of CLIM-sweeps as

obtained for turbulent jets. For turbulent ames, a full parameter study including two max-

imum initial axial nozzle velocities U0 or Reynolds numbers would require a substantial

computational e�ort. However, it is expected that the number of marches is only slightly

dependent on the Reynolds number, as obtained in case of isothermal jets without com-

bustion (see Sections 5.2 and 5.3). Therefore, in the present section, only one Reynolds

number is considered. The performance of the two acceleration methods is tested for a

turbulent H2-air di�usion ame, with U0 = 71:0m=s (Re � 5,050) and co-ow velocity

Uco = 0:4m=s. Both the 80*40 and the 160*80 computational grid are considered. With

respect to the coupling between the ow block and the combustion block (see Section 4.3),

a global relaxation factor �� = 0:3 is used for the density, which yields a safe interaction

between the blocks. In case of higher values of ��, obtaining convergence with CLIM may

be di�cult, especially when the second acceleration technique is employed. In case of very

small values of ��, the number of marches is unfavourably a�ected, as the convergence of

the equations for combustion subsides consequently. The applied value of ��=0:3 a�ects

the number of marches only marginally, but enhances the convergence between the two

blocks considerably.

The results of the �rst acceleration method are shown in Figure 5.19, where the numbers

of streamwise marches (iterations) are plotted as a function of the relaxation factor !y. The

indicated numbers of iterations are required for values of Rmax smaller than 1:0 10�9. For

both PNS and NS, the inuence of !y on the number of sweeps is considerable. As obtained

for turbulent jets, the di�erence between the numbers of iterations required for PNS and

NS is very small. This con�rms that for turbulent ames, the computational e�ort is

mainly determined by the downstream dependency in the equations through the pressure

gradient, whereas streamwise di�usion is less important for the number of streamwise

marches. In comparison with the neutral case (!y = 1), for the coarse grid, a maximum

reduction of the number of sweeps of approximately 50% is obtained, for both PNS and

NS. For the �ne grid, the maximum reduction is approximately 70%. For the coarse grid,

the optimum value is found near !y=14, whereas for the �ne grid the optimum is located

near !y=28. These locations of the optimum values are roughly equal to those obtained

for the isothermal jets. Note that without relaxation, the numbers of required marches

for the H2-air di�usion ame are smaller than those required for the turbulent air jet.
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Figure 5.19: The performance of the �rst acceleration method for a turbulent H2-air di�usion

ame, with U0=71:0m=s (Re=5,050), on two computational grids. The numbers of streamwise

sweeps with CLIM are plotted versus the relaxation factor !y.

Legend for the 80*40 grid: �: NS +: PNS.

Legend for the 160*80 grid: �: NS : PNS.

However, the optimum numbers of required marches are approximately equal. As obtained

for the isothermal jets, the applied values of !y do not have to be close to the optima for

a considerable reduction of the number of sweeps. The indicated optimum values are used

in the computing time recordings discussed below.

The results of the second acceleration technique are shown in Figure 5.20. In Figures

5.20(a){5.20(d), the contours of equal numbers of streamwise marches (iterations) required

for convergence are given as a function of the relaxation factors !b and !fc. The indicated

numbers of iterations are required for Rmax < 1:0 10�9. As for the isothermal jets, the

maximum numbers of iterations are 2,000 and 4,000 for the coarse and �ne grid, respectively.

The relaxation factors !b and !fc have been varied evenly, with an increment of 0.1. In

Figures 5.20(a) and 5.20(b), the results obtained on the 80*40 grid are given for NS and

PNS, respectively. In comparison with the neutral case (!b = 0, !fc = 1), a considerable

reduction of the number of sweeps can be obtained for a small number of combinations of

!b and !fc. The gradients are again very steep in the vicinity of the favourable areas, which

means that the number of sweeps is very sensitive to the applied values of the relaxation

factors. The results for NS and PNS, obtained on the �ne grid, are given in Figures 5.20(c)

and 5.20(d), respectively. The results are qualitatively comparable to those obtained on

the coarse grid. The reduction of the number of sweeps is considerable. In comparison

with the results obtained for the turbulent jets, the favourable areas are larger, especially

in case of PNS. As obtained for the isothermal jets, the stability constraint is less strict

than !fc�1� !b. However, !b and !fc are chosen following this constraint, for a safe and

favourable result. The inuence of relaxation of the streamwise pressure gradient, for the

cases !b = 0:5, !fc = 0:5 and !b = 0:8, !fc = 0:2, is shown in Figures 5.20(e) and 5.20(f),

respectively. For both PNS and NS, the inuence of under-relaxation is considerable, with

optimum values !x=0:4 and !x=0:2 in Figures 5.20(e) and 5.20(f), respectively. In case
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Figure 5.20: The performance of the second acceleration method for a turbulent H2-air di�usion

ame, with U0 = 71:0m=s (Re = 5,050), on two computational grids. The contours of equal

numbers of streamwise marches with CLIM, as a function of !b and !fc (with !x=1), are plotted

in �gures (a){(d). In (a) and (b) the results for the NS and PNS equations on the 80*40 grid

are given, respectively. In (c) and (d) the results for NS and PNS on the 160*80 grid are given,

respectively. The inuence of !x in case of constant relaxation factors !b and !fc is depicted in

(e) and (f), for the cases with !b=0:5 and !fc=0:5 and !b=0:8 and !fc=0:2, respectively. The

legend is the same as in Figure 5.19.
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of smaller values of !x, the marching procedure in CLIM becomes unstable. Moreover, for

!b=0:8, !fc=0:2 and !x>0:4, no convergence is obtained on the �ne grid in case of PNS.

In comparison with the full neutral case (!b=0, !fc=1, !x=1), the maximum reduction

of the number of streamwise marches is more than a factor 4 on the coarse grid, for both

ow models. For the �ne grid, the reduction is more than a factor 5 and 7 in case of NS

and PNS, respectively. The reduction factors are smaller than the ones obtained for the

turbulent jets, since the acceleration techniques do not directly a�ect the equations for

combustion. The values !x=0:2, !b=0:8 and !fc=0:2 are applied in the computing time

recordings described below.

Computing times The computing times and numbers of iterations that are required

to solve the four ow models BL, BLI, PNS and NS with CLIM, as well as those required

for solving NS with CFIM and SIMPLE, are given in Table 5.3. In this table, the result

is given for two turbulent H2-air di�usion ames, with U0 = 71:0m=s (Re = 5,050) and

U0=142:0m=s (Re=10,100), on two computational grids. The contents of the tables has

been explained in Section 5.2. However, the indicated numbers of iterations for CFIM,

given schematically by N1=N2=N3, now denote the number of initial CLIM-sweeps (N1),

the total number of Newton iterations in the ow block (N2) and the number of iterations

between the ow block and the combustion block (N3), respectively. The computations

have been performed on the same workstation as the one used for the isothermal jets. All

computing times are the average of 4 identical simulations. The deviation from the average

time is less than 3%. Convergence is obtained when Rmax<1:0 10�11. These numbers are

smaller than the ones used in the tests of the acceleration methods, in order to enhance the

comparison of the solvers for NS (see Section 5.2). In case of BLI, convergence is obtained

for (relative) di�erences smaller than 1:0 10�5. The relaxation factors applied in case of

SIMPLE are �u = 0:7, �v = 0:7, �p = 0:6, �� = 1:0, �k = 0:8, �e = 0:8, �f = 0:8, �g = 0:8

and ��=0:3. These values appear to be reasonable values for both grids and both ames.

They were chosen following the experience gained in several simulations.

The results of the two ames are reasonably comparable. One streamwise march with

CLIM is su�cient for BL, due to the omission of ellipticity. For the coarse grid, the BLI

equations can be solved in about 70 marches, whereas for the �ne grid, this number is

more than 100. In comparison with the isothermal jets, these numbers are relatively large.

This is caused by the additional under-relaxation applied to the pressure-model variables,

which is required to obtain convergence. The ow models BL and BLI can be solved in

much less computing time than PNS and NS. The di�erence in computing time required

for BL and for the other ow models is huge. In comparison with SIMPLE (for NS), the

gain is approximately three orders of magnitude. Without application of the acceleration

methods, the computational e�ort for PNS and NS is comparable. The di�erence with

SIMPLE (in case of NS) is almost a factor 2 on the coarse grid, whereas on the �ne grid

it is more than a factor 7. The acceleration methods are very e�ective for both PNS and

NS, which indicates that for turbulent ames streamwise di�usion is less important for

the computational e�ort. The di�erence between the optimal results for PNS and NS is

small for the coarse grid, whereas on the �ne grid, PNS can be solved signi�cantly faster

when the second acceleration technique for CLIM is employed. In comparison with the
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Table 5.3: The net computing times and numbers of iterations for two turbulent H2-air di�usion

ames on two computational grids. The super-scripts (a) and (b) denote the �rst and second

acceleration method for CLIM, respectively.

Turbulent ame: U0=142:0m=s, Re=10,100

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

4.12
86.7
720.4
683.3
363.6
203.7
380.2
196.4
218.0

1,145.9

1
70
684
665
347
179
354
163

20/32/21
2,472

CPU-time [s] iterations

11.5
574.4

8,871.4
8,262.0
2,526.0
1,246.6
3,009.1
1,761.4
2,679.5
25,939.5

1
105

2,373
2,178
657
309
744
405

100/61/43
14,324

Turbulent ame: U0=71:0m=s, Re=5,050

80*40 grid 160*80 grid

method

BL .CLIM
BLI .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

4.58
89.4
730.6
708.4
393.5
216.9
404.4
213.1
203.6

1,223.7

1
68
669
637
347
178
351
169

20/30/21
2,355

CPU-time [s] iterations

10.44
681.3

8,677.6
7,792.1
2,679.2
1,417.3
2,931.1
1,690.0
2,538.5
30,826.9

1
126

2,237
2,020
686
344
715
384

100/58/42
16,446

SIMPLE method, the NS equations can be solved approximately 6 times faster with CLIM

on the coarse grid. On the �ne grid, the di�erence is even more than a factor 15. The

NS equations can be solved e�ciently with CFIM. However, with CLIM the computing

time is less when the second acceleration method is applied. The required numbers of

iterations between the ow block and the combustion block in case of CFIM are modest.

The same holds for the local iterations at the streamwise stations in case of CLIM. Hence,

the inuence of combustion on the turbulent ow �eld and vice versa is rather weak. This

con�rms the hierarchy of the equations for the turbulent ame as assumed in Chapter 4.

Nevertheless, it is expected that a further coupling of the equations, instead of the use

of two separate blocks, will reduce the computing times of CFIM and CLIM. Moreover,

it is expected that with the application of improved preconditioning methods CFIM will

eventually outperform CLIM.
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5.5 Concluding Discussion

In this chapter, several results of the (numerical) solution methods have been given and

discussed. The solution pro�les obtained from the four ow models BL, BLI, PNS and NS

have been compared for laminar jets, turbulent jets and turbulent di�usion ames. The

performances of the two acceleration methods for CLIM have been shown. Moreover, the

computing times and numbers of iterations that are required for convergence with CLIM,

as well as those required to solve the full NS equations with CFIM and SIMPLE, have

been given, compared and discussed.

In case of a laminar jet, the results based on the axial velocity U , i.e. the pro�les of

U and the spreading rates, are reasonably comparable. There is no graphical di�erence

within the jet. In the co-ow region outside the jet, the deviations are more pronounced,

since the omission of streamwise di�usion and pressure gradients is questionable in areas

where V is of the same order of magnitude as U . Moreover, the inuence of pressure e�ects

is larger in areas of small velocity. The di�erences between the pro�les of V and P are

quite large, because of the di�erent character of the equations. In case of a turbulent jet,

the di�erences of U and the spreading rates are relatively smaller. The solution pro�les of

k and " are graphically equal, since k and " are mainly determined by the source terms in

the k � " model. Similar results are obtained in case of a turbulent ame. Moreover, the

di�erences between the pro�les of the combustion variables are negligibly small. For the

isothermal jets, the pressure model in BLI only yields a weak approximation of the pressure

e�ects that occur in case of PNS and NS. In case of a turbulent ame, the e�ect is too large,

as the model is based on the pressure e�ects of the co-ow with constant uid properties.

The obtained results show that the ow model to be employed in a simulation depends on

the requirements. When adequate pro�les of V and P are required, the simulations have to

be carried out with NS or PNS. In other cases, BL (or possibly BLI) can be applied safely,

without introducing major errors or discrepancies. The results are in reasonable agreement

with analytical predictions, which means that the assumptions that underlie the derivation

of the analytical solutions hold to a su�cient degree. Any discrepancy can be explained

by the di�erent character between the NS equations employed in the simulations and the

BL equations used in the analytical theory. The comparison of the results of simulations

with measurements yields a fairly good agreement for both a turbulent jet and a turbulent

di�usion ame. This means that the applied k�" model for turbulent ow and the amelet

model for combustion are su�ciently adequate for the simulations of the turbulent jets and

di�usion ames considered in this study. The simultaneous modi�cation of two turbulence

model constants yields a clear improved �t to the measured data in comparison with the

results of the standard k � " model.

In general, the two acceleration methods for CLIM yield a clear reduction of the num-

ber of required streamwise marches. However, the acceleration techniques only a�ect the

propagation of downstream information in the equations through the pressure gradient. In

case of a large degree of ellipticity through a relatively large amount of streamwise di�u-

sion, there is hardly any favourable e�ect on the number of CLIM-sweeps, since streamwise

di�usion is the determining factor for the computational e�ort. Hence, in case of lami-

nar jets, the acceleration techniques do not lead to shorter computing times when the NS
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equations are solved. Since streamwise di�usion is negligible in case of turbulent ow, the

acceleration techniques are successful for both PNS and NS in case of turbulent jets or

ames. As the computing times for NS and PNS are comparable in case of turbulent ow,

solving the more complete NS ow model is recommended. Moreover, generally NS gives

less stability or convergence problems, since di�usion enhances numerical stability. The

second acceleration method outperforms the �rst method. However, in case of the second

method, the number of CLIM-sweeps is very sensitive to the applied relaxation factors and

the favourable areas of combinations of these relaxation factors are small. The sensitivity

with respect to relaxation factors is much smaller in case of the �rst method. Moreover,

determining the optimal parameters is rather tedious in case of the second method, as a

very comprehensive parameter study is required.

When the optimal relaxation factors are applied, PNS and NS can be solved very ef-

�ciently with CLIM. However, solving the BL equations leads to an enormous additional

saving of computing time in all cases. The NS equations can be solved very e�ciently with

CFIM, independent of the setting of relaxation factors or acceleration parameters. In com-

parison with the SIMPLE method, which formed the starting point for the present study,

the full NS equations can be solved considerably faster, with CPU-time reduction factors

for a 160*80 grid of 6, 7 and 15 in case of laminar jets, turbulent jets and turbulent ames,

respectively. For the computational grids considered in the present study, the computing

times for the isothermal jets are rather modest, which possibly makes the application of

the proposed analytical and numerical reduction methods less necessary. However, in case

of �ner computational grids or parameter studies involving many subsequent simulations,

these methods are very useful. Moreover, the proposed methods can also be employed in

case of more comprehensive turbulence models involving a larger computational e�ort. In

case of turbulent ames, the required computing times are already rather excessive for the

computational grids considered in the present study. Fortunately, the computing times

required to solve the NS equations for a turbulent ame on a 160*80 grid can be reduced

from approximately 81
2
hours (in case of SIMPLE) to roughly 1

2
hour in case of CFIM or

CLIM (employing acceleration). The required computing time can be further reduced to

roughly 20 minutes by solving PNS and even to approximately 10 seconds by solving BL(!).

It is expected that a further coupling of the equations for a turbulent ame will yield results

that are even more favourable. Moreover, upon application of improved preconditioning

techniques, the computational e�ort required for CFIM is expected to decrease for all cases.



Chapter 6

Swirling Jets

6.1 Introduction

In Section 1.2, a general description of the jets and ames considered in this study is

given. Some details of the relevant physical phenomena in jet ows and ames without swirl

are given in Section 5.1. In the present chapter, swirling jets with co-ow are considered.

The results of the (numerical) solution methods are given for both laminar and turbulent

swirling jets, at various initial swirl intensities. The performances of the three solution

methods SIMPLE, CLIM and CFIM, applied to the fully elliptic NS equations for a swirling

jet, are studied. Moreover, the di�erences between the results of the ow models BL, PNS

and NS and the required computing times are investigated. It is examined whether the

simpli�cation of the original NS equations is a valid approach to reduce the computing

times and whether the reduced ow models really lead to signi�cantly shorter computing

times. The BLI ow model (see Section 2.2.4) is not considered for swirling jets, because

of its limited validity and performance in case of swirling ows in which recirculation can

occur more easily. Although in theory the outerow of a swirling jet may be assumed

irrotational (~! = r � ~v = ~0) in most cases, the potential-ow model is thought to be

inadequate for the description of complex swirling ows.

In a swirling jet, usually a rotating motion is deliberately induced upstream of the

nozzle exit. This gives the ow a circumferential velocity component w in addition to

the axial and radial components u and v already encountered in jets without swirl. The

intensity of the swirl is usually characterized by the dimensionless swirl number S, see

Section 1.2. There are several ways to introduce a swirling motion in a nozzle from which

a jet originates. One possibility is to use one or more circumferential inlets in the nozzle,

i.e. perpendicular to the axial stream. With this method, the swirl intensity can be varied

easily by varying the amount of uid that is injected tangentially. In the literature, many

measurements have been reported concerning this type of swirl generation, see e.g. Chigier

and Beer [28], Chigier and Chervinsky [29, 30], Farokhi and Taghavi [41] and H�osel [72].

Another way of generating swirl is using guiding or rotating vanes forcing the original

parallel ow to rotate. Examples can be found in e.g. Sislian and Cusworth [165, 166]

and Steenbergen [181]. Yet another method is using a rotating pipe inside the nozzle,

where wall friction causes the desired swirling motion, see e.g. Pratte and Ke�er [138]

or Rose [149]. Various shapes of the initial (nozzle) pro�les of u, v and w may occur,

depending on both the method of swirl generation and the swirl intensity. In many cases,

the initial pro�le of u can be described reasonably well by means of a Poiseuille pro�le

139
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or a power-law pro�le (see Section 2.1.6), like employed for the non-swirling laminar and

turbulent jets, respectively. As the magnitude of v is often much smaller than that of u

and w, normally v=0 is a good approximation. An initial (power-law) pro�le of w that is

reasonably adequate in many cases is given by

w(r) =

8>>><
>>>:
W0(

r
R0

R0

rwm
)m; 0 � r � rwm

W0
1�r=R0

1�rwm=R0
; rwm

< r � R0

(6.1.1)

withW0 the maximum initial circumferential nozzle velocity, R0 the nozzle radius, rwm
<R0

the location of W0 and m the power. Outside the nozzle (r > R0), the initial w-velocity

is taken zero. In the simulations of the present study, rwm
=0:85R0 and m=2 are used.

Hence, the ow looks like a combined forced and free vortex ow, with a solid body rotation

(w = c1r) near the centreline and a potential vortex (w = c2=r) near the nozzle rim, see

e.g. Gupta et al. [55]. The swirl number can be controlled easily by adjusting the values

of U0 and W0. In this way, the performances of the numerical solution methods and the

ow models can be investigated at various swirl intensities. The initial pro�les described

above are in good agreement with the pro�les found in a number of experiments at small

or moderate swirl intensities, especially those of Farokhi and Taghavi [41], H�osel [72],

Rose [149], Sislian and Cusworth [165, 166] and Steenbergen [181].

For a better understanding of the results presented in Sections 6.2 and 6.3, a brief

description of the relevant physical phenomena in a swirling jet is given next. The swirling

velocity component may have a large inuence on the ow. The swirling motion causes a

centrifugal force that is directed away from the centreline. Hence, close to the centreline

an area of low pressure arises, as uid is forced to move away from the centreline. The

intensity or strength of the swirl becomes weaker with larger distance downstream of the

nozzle. Therefore, the pressure drop becomes smaller and the axial variation of the pressure

increases. The combination of radial and axial pressure gradients has a direct inuence on

the ow �eld. Normally, mixing is enhanced and the swirling jet shows a faster decay of the

initial velocity �eld and higher values of the spreading rates in comparison with non-swirling

jets. Therefore, swirling motion is often pro�tably used for controlling jet ows or ames

in combustion chambers when enhanced dilution or mixing is desired close to the nozzle

exit. Usually the result is a reduction of the ame length and a stabilization of the ame.

As discussed in Section 2.3.4, the circumferential velocity component w has a faster decay

in axial direction than the axial velocity component u. Usually the spreading behaviour of

a swirling jet is linear, although the slopes of the spreading rates r1
2
and r 1

100
increase when

the initial swirl intensity becomes stronger. The radial pro�les of the normalized axial

velocity, the normalized circumferential velocity and the normalized pressure are similar

for a swirling jet. The global characteristics of swirling jets are summarized in Table 2.3,

see Section 2.3.5.

If the initial swirl intensity (swirl number) is su�ciently high, the adverse axial pressure

gradient causes a ow in upstream direction and a recirculation zone is obtained that is

located around the centreline in the vicinity of the nozzle (Gupta et al. [55]). The process

of the development of such a recirculation zone is known as vortex breakdown (Billant
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Figure 6.1: The Central Toroidal Recirculation Zone (CTRZ) of a turbulent swirling air jet

(Re = 37,600, S = 0:98). In (a) the cross-sections of stream surfaces are depicted. In (b) six

particle tracks in the CTRZ, starting from z=10:0D and r=8:0D, monitored during t=1:5 s,

are shown in physical coordinates. The stars denote the initial positions at t= 0 s. The nozzle

is depicted by means of a tiny solid cylinder. In the plots the distances are normalized by the

nozzle diameter.

et al. [13]). For circular swirling jets, the zone has a toroidal shape and therefore it

is often referred to as the `Central Toroidal Recirculation Zone (CTRZ)'. In case of a

CTRZ, the similarity of radial pro�les only holds at some distance downstream of the

recirculation zone; not in the zone itself. Hence, the global jet characteristics (see Table

2.3) are only valid downstream of the CTRZ. As an example of a swirling jet with CTRZ,

a turbulent air jet (Re=37,600) is considered with an initial axial velocity pro�le following

a power-law pro�le with U0 = 71:0m=s, which is identical to the initial pro�le of one of

the turbulent air jets considered in Section 5.3. A swirling motion is superimposed to the

jet, by imposing an initial circumferential velocity pro�le following the power-law pro�le

(6.1.1) with W0 = 160:0m=s. This leads to a swirl intensity of S = 0:98. The jet has

a rather large CTRZ directly downstream of the nozzle, which is shown in Figure 6.1.

The cross-sections of stream surfaces of the jet are depicted in Figure 6.1(a). The plot

suggests that reversed ow (u < 0) exists up to z=D = 20. This has a large inuence on

the performance of the numerical solution methods and the ow models, as shown and

discussed in Sections 6.2 and 6.3. Six particle tracks in the CTRZ, monitored during 1:5 s,

are shown in Figure 6.1(b). These particle tracks are calculated by means of a third-order

Runge-Kutta-Fehlberg method, with error parameters 10�6, see e.g. Atkinson [4]. The

initial positions at t = 0 s are determined by z = 10:0D, r = 8:0D and �k = 2k�=6, with

k = 1; 2 � � � ; 6. Figure 6.1(b) clearly shows the toroidal shape of the CTRZ. The particle

tracks circle around the centreline of the toroidal surface, while simultaneously moving in

circumferential direction. This means that the particles always stay within the CTRZ.

Note that the existence of a CTRZ is not limited to turbulent swirling jets. In case of
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a laminar swirling jet with a su�ciently high swirl number, a recirculation zone may be

observed as well, as shown in Section 6.2.

As discussed in Sections 1.2 and 2.1.4, in this study axi-symmetry is assumed for all

circular jets, even for jets with swirl. This is of course an important limitation, as in

practice many swirling jets are not axi-symmetric. However, with the present quasi-3D

approach, the global behaviour of a swirling jet, as a function of the swirl number S, can

be investigated very well. As discussed in Section 2.1.3, anisotropy of turbulence may be

important in case of swirling ows and hence second-order closure is often preferred. Since

this usually implies high computational costs, in the present study the �rst-order closure

k� " model is used for the description of turbulent swirling jets. In the literature, several

modi�cations of the standard k � " model have been proposed for swirling ows. For

example, Khodadadi and Vlachos [82] have proposed to use di�erent values of the model

constants. However, the proposed values are not generally applicable. Among others,

Chang and Chen [26], Cusworth and Sislian [33], Kim and Chung [83, 84] and Leschziner

and Rodi [103] have proposed to make (some of) the model constants dependent on local

values of w or S. In the present study, the standard k�" model is employed, with standard

values of the model constants as given in Table 2.1. With the standard k � " model, the

global behaviour of swirling jets can be investigated, although it is expected that some

(minor) di�erences with experiments may be obtained. Nevertheless, the performances of

the numerical solution methods and the ow models can be investigated very well with the

approach described above.

6.2 Laminar Swirling Jets

In this section, the results for laminar swirling jets are given. In all cases, an axi-

symmetric circular air jet is considered, with �= 1:15 kg=m3, �= 1:7365 10�5 kg=ms and

D=8mm. All jets have the same non-uniform initial axial velocity pro�le, viz. a Poiseuille

pro�le with maximum initial axial nozzle velocity U0=0:71m=s and a weak co-ow with

Uco=U0 < 2:5%. The uid properties and initial U pro�le are identical to those of one of

the laminar non-swirling jets considered in Section 5.2, viz. the jet with Re = 376. The

di�erence between the various jets considered in this section is formed by the initial pro�le

ofW , i.e. the values ofW0 in the power-law pro�le (6.1.1) are di�erent. Note that the non-

swirling jet is obtained whenW0=0. The employed stretched and staggered computational

grids (see Section 3.1; Figure 3.1) are identical to those considered in Chapter 5. These grids

cover an area of 60D� 30D in axial and radial direction, respectively, and consist of 80*40

and 160*80 gridpoints. In case of weakly swirling jets, there is no graphical di�erence

between the axial and radial pro�les obtained on the two grids considered. In case of

swirling jets with a CTRZ, the cross-sectional (radial) pro�les through the recirculation

zone show some di�erence. Even when the number of radial gridpoints is further increased

to 160, full grid independence is not yet reached. Hence, a rather large number of gridpoints

in radial direction is required to resolve all details of the recirculation zone. This is in

agreement with the results of Durst and Wennerberg [40] for con�ned swirling ows. They

observed that upon application of skew upwind schemes or the QUICK scheme (see Section
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3.2 and Appendix A) grid independence is reached considerably earlier (with much less

gridpoints) than with the hybrid scheme. Nevertheless, all solution pro�les presented

below are the result of simulations on the 160*80 grid employing the hybrid scheme. It is

assumed that the 160*80 grid is su�ciently adequate for the numerical simulations of both

weakly swirling jets and swirling jets with a CTRZ. With this grid, the performances of

the ow models and the numerical solution methods can be studied very well. Note that

the di�erences between the solutions of the ow models are larger than those between the

pro�les obtained on the two computational grids. For the comparison of computing times

also the 80*40 grid is considered.

Inuence of the swirl number The inuence of the initial swirl intensity S

on the calculated solution pro�les of the full NS ow model is shown in Figure 6.2. The

maximum initial circumferential nozzle velocities of the considered jets are W0=0:0m=s,

W0=0:6m=s, W0=0:8m=s, W0=1:2m=s and W0=1:6m=s, which correspond to the swirl

numbers S� 0:0; 0:40; 0:54; 0:81 and 1:08, respectively. The normalized pro�les of r1
2
and

r 1

100
are given in Figures 6.2(a) and 6.2(b), respectively. For the jets with S � 0:54, the

spreading behaviour is linear, except for a small region located directly downstream of the

nozzle. This is in agreement with the analytical solutions (see Table 2.3). The spreading

rates of the weakly swirling jets, which can be deduced by taking the slopes of the straight

lines, depend almost linearly on S. For the jets with S=0:81 and S=1:08, a large increase

of r1
2
and r 1

100
is observed directly downstream of the nozzle, indicating the existence of

a recirculation zone. Su�ciently downstream of the CTRZ, the spreading behaviour is

linear. Note that in case of multi-valuedness, as obtained in the CTRZ, the maximum

values of r1
2
and r 1

100
are taken. In Figure 6.2(c), the axial pro�les of the reciprocal of the

normalized maximum axial velocity, i.e. U0=Um, are shown. For the weakly swirling jets

(S� 0:54), these are approximately straight lines, which means that Um has the expected

1=z-behaviour, like predicted by the analytical solutions. The slopes of the pro�les depend

approximately linearly on S. The pro�les of the jets with S=0:81 and S=1:08 again show

a di�erent behaviour. The normalized centreline axial velocity Ucl=U0 is shown in Figure

6.2(d). The inuence of the initial swirl intensity is clear. For the jets with S=0:81 and S=

1:08, a region with negative values of Ucl is found, indicating the existence of recirculation

zones. A further study shows that a CTRZ suddenly appears between S=0:54 and S=0:67

(W0=1:0m=s). For example, in case of S=1:08, the recirculation zone covers an area of

approximately 18D � 10D in axial and radial direction, respectively. The square root of

the normalized reciprocal maximum circumferential velocity, i.e. (W0=Wm)
1

2 , is depicted

in Figure 6.2(e). The pro�les of the jets with modest swirl numbers are approximately

straight lines, which is in agreement with the quadratic decay predicted by the analytical

solutions. In case of high swirl numbers, the quadratic decay is observed downstream of

the CTRZ. The maximum pressure, normalized by �W 2
0 since @p=@r � �w2=r following

(2.1.21) and (2.2.7), is shown in Figure 6.2(f) for the �rst 10 diameters. The inuence

of the initial swirl intensity is large. As discussed in Section 2.3, generally the pressure

di�erence shows a quadratic decay, which is in contrast with the analytical predictions.
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Figure 6.2: The inuence of the swirl number on the solution of NS for a laminar swirling air jet

(Re=376). In (a) and (b) the normalized spreading rates r1
2

and r 1

100

are depicted, respectively.

The normalized (reciprocal) maximum and normalized centreline axial velocity Um and Ucl are

given in (c) and (d), respectively. The normalized (reciprocal) maximum circumferential velocity

Wm and maximum pressure Pm are given in (e) and (f), respectively. In each plot the axial

distance is normalized by the nozzle diameter.
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Figure 6.3: The solutions of the ow models for two laminar swirling air jets (Re=376), at two

swirl numbers. Left column: S =0:40 (W0 = 0:6m=s). Right column: S =0:54 (W0 =0:8m=s).

The legend is given in the pictures. In (a) and (b) the centreline pro�les of U are given. In (c)

and (d) the pro�les of W in the co-ow area, at r=2:2D, are shown. The centreline pro�les of

P are depicted on a magni�ed scale in (e) and (f). The spreading rates are shown in (g) and (h).

In each plot the axial distance is normalized by the nozzle diameter.
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Comparison of the ow models In Figure 6.3, pro�les of the velocity compo-

nents, pressure and spreading rates are presented for the three systems of equations BL,

PNS and NS. Two laminar swirling air jets are considered, with uid properties and ini-

tial velocity pro�les as described above. In case of swirl numbers smaller than S = 0:40,

the di�erences in the calculated solution pro�les are comparable to those obtained for the

non-swirling jet (S=0) described in Section 5.2. As shown above, a recirculation zone ap-

pears in case of swirl numbers larger than S= 0:54. Unfortunately, in case of a CTRZ, no

converged solution can be obtained for the ow models BL and PNS. For BL, it is essential

that the ow is always directed in the positive axial direction. In case of PNS and NS,

the axial derivatives @�=@z are treated by means of discretization in the reversed direction

in areas where U < 0. This ensures stability of the discretization scheme. However, the

method CLIM is not capable to deal with large recirculation zones in case of PNS, even

when the marching direction is temporarily reversed. Therefore, in Figure 6.3 only the jets

with swirl numbers S=0:40 (W0=0:6m=s) and S=0:54 (W0=0:8m=s) are considered.

In Figures 6.3(a) and 6.3(b), the axial pro�les of U at the centreline are shown. Because

of the non-uniform initial velocity pro�le, a distinct core region is not observed. There

is no `graphical di�erence' between the pro�les obtained from PNS and NS for S = 0:40,

whereas the solution of BL shows a deviation. In case of smaller swirl numbers, no graphical

di�erence is obtained between the three solution pro�les. Hence, if S=0:40, the inuence of

swirl on the di�erences between the solutions of the ow models becomes noticeable. When

S = 0:54, a small di�erence between PNS and NS is obtained. Although a recirculation

zone is not present and U > 0 everywhere, no converged solution can be obtained for

BL. Apparently, the (initial) swirl intensity is high enough to cause severe convergence

problems in case of BL. Therefore, the pro�les of BL are not shown in Figure 6.3 for the

case S=0:54 (right column). The axial pro�les ofW in the co-ow area, at r=2:2D above

the centreline, are depicted in Figures 6.3(c) and 6.3(d). These pro�les only show minor

di�erences. In Figures 6.3(e) and 6.3(f), the centreline pro�les of the pressure, relative

to the far-�eld pressure, are given for the �rst 10 diameters downstream of the nozzle.

The pro�les of NS and PNS are almost identical. For S = 0:40, the pro�le of BL shows

a deviation. However, in comparison with the results obtained for the jets without swirl

(see Section 5.2), the shape of the pro�le of BL has pro�tably changed. Instead of the

constant zero (relative) pressure obtained for S=0, the pressure now follows from values of

W through the centrifugal force �w2=r. In Figures 6.3(g) and 6.3(h), the spreading rates r1
2

and r 1

100
are depicted. The results of NS and PNS are almost identical, whereas the pro�le

of BL (at S=0:40) shows a clear deviation. This deviation is larger than that obtained in

case of the non-swirling jet.

The comparison between the results of BL, PNS and NS at various swirl numbers shows

that for small swirl numbers (S< 0:40), the inuence of swirl on the deviations between the

solutions is very small. When S=0:40, the inuence becomes clearly noticeable. Especially

the deviation of the solution of BL increases in comparison with the results obtained for

non-swirling or weakly swirling jets. The additional deviation between NS and PNS due

to swirl is small. In case of swirling jets with CTRZ, the ow models BL and PNS can not

be applied. CLIM already fails in case of BL when the swirl number is close to the critical

swirl number at which the onset of vortex breakdown occurs.
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Figure 6.4: The performance of the �rst acceleration method (see Section 4.3) for laminar swirling

jets. The numbers of streamwise sweeps with CLIM are plotted versus the relaxation factor !y.

Two swirling air jets are considered (Re= 376), with W0=0:4m=s (S=0:27) and W0=1:6m=s

(S=1:08), on two computational grids.

Legend for the 80*40 grid: S=0:27: �: NS +: PNS; S=1:08: 2: NS.

Legend for the 160*80 grid: S=0:27: �: NS : PNS; S=1:08: 4: NS.

Performance of the acceleration methods for CLIM
The performance of the two acceleration methods for CLIM (see Sections 4.3 and 5.2) is

tested for two laminar swirling air jets (Re � 376), on both the 80*40 and the 160*80

computational grid. The maximum initial circumferential nozzle velocities of the jets are

W0 = 0:4m=s (S = 0:27) and W0 = 1:6m=s (S = 1:08), which is identical to two of the

swirling jets considered above. Hence, both a weakly swirling jet and a swirling jet with

CTRZ are considered. In the acceleration methods, the downstream dependency in the

equations through the pressure gradient is dealt with. For weakly swirling jets, especially

those described by means of PNS, this is expected to have a favourable inuence on the

required number of streamwise marches with CLIM. In case of NS or the occurrence of

recirculation, the favourable e�ect of the acceleration techniques is probably much less.

The results of the �rst acceleration method, for both the NS and PNS equations, are

shown in Figure 6.4. In this �gure, the numbers of required streamwise marches (iterations)

are plotted as a function of the relaxation factor !y. The indicated numbers of streamwise

marches are required to obtain maximum normalized residual sums Rmax smaller than

1:0 10�9. No solution is obtained for PNS when S = 1:08, on none of the computational

grids. The number of iterations strongly depends on the grid density and the swirl intensity.

For the weakly swirling jet, the result is reasonably comparable with that obtained for the

laminar non-swirling jets given in Section 5.2. In case of NS, no clear reduction of the

number of required CLIM-sweeps is obtained in comparison with the neutral case !y=1.

In case of PNS, a maximum reduction of 50% is obtained on the coarse grid when !y=14,

whereas on the �ne grid the maximum reduction is approximately 70% when !y=28. The

observed minimum numbers of marches are very close to those required for the non-swirling

jet. Hence, it may be concluded that the inuence of swirl on the level of ellipticity is small.
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Figure 6.5: The performance of the second acceleration method for a weakly swirling laminar

air jet (Re = 376) with S = 0:27 (W0 = 0:4m=s). The contours of equal numbers of streamwise

marches with CLIM, as a function of !b and !fc (with !x=1), required for NS and PNS on the

160*80 grid, are plotted in �gures (a) and (b), respectively. The inuence of !x in case of constant

relaxation factors !b and !fc is shown in (c) and (d), for the cases with !b=0:5, !fc=0:5 and

!b=0:8, !fc=0:2, respectively. The legend is the same as in Figure 6.4.

For the jet with CTRZ (S = 1:08), the relaxation factor hardly inuences the number of

required marches in case of the coarse grid. When the �ne grid is considered, a maximum

reduction of roughly 40% is observed for !y = 17. The existence of a CTRZ increases

the level of ellipticity. Hence, the number of required marches is considerably larger than

that required for the weakly swirling jet without CTRZ. Note that for the coarse grid no

convergence is obtained when !y>12. The same holds for the �ne grid when !y>26. The

optimum values of !y are used in the computing time recordings described below.

The performance of the second acceleration technique for CLIM is tested for the same

two laminar swirling jets and computational grids as considered for the �rst method. The

approach is similar to that employed for the non-swirling jets, see Chapter 5. The results

for the weakly swirling jet (S=0:27) are shown in Figure 6.5. The indicated numbers of

iterations are required for Rmax< 1:0 10�9. Maximum numbers of 4,000 and 8,000 CLIM-

sweeps are used for the coarse and �ne grid, respectively. The relaxation factors !b, !fc
and !x have been varied evenly with an increment of 0.1.
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In Figures 6.5(a) and 6.5(b), the contours of equal numbers of streamwise marches,

as a function of the relaxation factors !b and !fc, are given for the weakly swirling jet

(S = 0:27). Since the results obtained on the two computational grids are qualitatively

comparable, only the results in case of the 160*80 grid are depicted. In Figure 6.5(a), the

result for the NS equations is given. In comparison with the neutral case (!b=0, !fc=1),

no improvement is obtained with the acceleration technique. The topology of the contours

and the numbers of iterations are comparable to those obtained for the non-swirling jet

(see Section 5.2). The gradients are very steep, which means that the number of iterations

is very sensitive to the applied values of !b and !fc. The result for PNS, obtained on

the 160*80 grid, is given in Figure 6.5(b). Unfortunately, there are no areas where the

required numbers of iterations are signi�cantly smaller than in the neutral case. This is

in contrast with the result obtained for non-swirling jets, where a large reduction of the

number of sweeps is achieved in case of PNS. As discussed in Section 4.3, for a stable

marching procedure preferably !fc�1� !b. Although the �gures suggest that the actual

stability constraint is less strict, in the present study !fc�1� !b is used.

As discussed in Chapter 5, the second acceleration technique can be combined with

relaxation in the streamwise pressure gradient. In Figures 6.5(c) and 6.5(d), the cases

with constant relaxation factors !b=0:5, !fc=0:5 and !b=0:8, !fc=0:2 are considered,

respectively. In case of NS, the inuence of under-relaxation (!x < 1) on the number of

streamwise marches is relatively small for both computational grids. In case of PNS, the

favourable inuence of under-relaxation is considerable. A clear reduction of the number of

iterations is obtained on both grids, with optimum values !x=0:4 and !x=0:2 in Figures

6.5(c) and 6.5(d), respectively. In case of smaller values of !x, the marching procedure in

CLIM becomes unstable. The same holds for !x > 0:6 and !x > 0:5 in the case !b = 0:8,

!fc=0:2, for the coarse and �ne grid, respectively. Nevertheless, the case !b=0:8, !fc=0:2

clearly yields better results than the other case. In comparison with the neutral case (!b=0,

!fc = 1, !x = 1), the maximum reduction of the number of streamwise marches is more

than a factor 7 for the coarse grid. For the �ne grid, this factor is more than 8. The

reduction factors and optimal numbers of CLIM-sweeps are approximately equal to those

obtained for the laminar jets without swirl. The optimum values of the relaxation factors

are applied in the computing time recordings described below.

In case of the strongly swirling jet with CTRZ (S = 1:08), the second acceleration

method results in severe convergence problems for all combinations of the relaxation fac-

tors. Convergence is obtained for only a few occasional combinations. The required num-

bers of CLIM-sweeps in these cases however considerably exceed the numbers of marches

required by the �rst acceleration method. Moreover, at each streamwise station within the

recirculation zone, much under-relaxation is required in the Newton method employed in

CLIM. This results in excessively long computing times. Hence, the second acceleration

technique can only be pro�tably used in case of low swirl intensities, i.e. in cases where no

recirculation zone is found. Consequently, the method is not further considered in case of

strongly swirling jets.

Computing times The computing times and numbers of iterations that are required

to solve the NS equations for a laminar swirling jet with CLIM, CFIM and SIMPLE are
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Table 6.1: The net computing times and numbers of iterations for two laminar swirling air jets

(Re=376) on two computational grids. The super-scripts (a) and (b) denote the �rst and second

acceleration method for CLIM, respectively.

Laminar jet: W0=0:40m=s, S=0:27

80*40 grid 160*80 grid

method

BL .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

0.21
59.0
53.6
35.6
10.9
61.1
52.6
12.6
78.3

1
700
600
400
113
682
585
15/4
1,359

CPU-time [s] iterations

0.68
723.7
560.7
258.2
101.1
570.8
562.1
122.5
477.1

1
2,179
1,619
757
260

1,653
1,584
60/4
1,780

Laminar jet: W0=1:60m=s, S=1:08

80*40 grid 160*80 grid

method

NS .CLIM (a)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

139.1
26.1
274.6

1,526
75/4
4,766

CPU-time [s] iterations

1943.8
277.6
3515.4

5,545
300/4
13,133

given in Table 6.1. Those required for solving the ow models BL and PNS with CLIM

are given as well. The results are given for two laminar swirling air jets, with W0=0:4m=s

(S=0:27) and W0=1:6m=s (S=1:08), on two computational grids. The contents of the

table is similar to that of the tables given in Chapter 5. The relaxation factors !x, !y,

!b and !fc, employed in case of CLIM, are given above. The relaxation factors applied in

case of SIMPLE are �u = 0:7, �v = 0:7, �w = 0:7 and �p = 0:5. These values were chosen

following the experience gained in several simulations. They appear to be reasonable

values for both grids and both swirling jets. In Table 6.1, the net CPU-times are given

in seconds. All computing times are the average of 5 identical simulations. The deviation

from the average time is less than 2%. As explained in Section 5.2, the indicated numbers of

iterations denote the numbers of streamwise marches with CLIM, the subsequent numbers

of coupled �eld iterations with CFIM or the number of SIMPLE iterations. Note that the

occasional multiples of one hundred are the exact numbers of required iterations without

any rounding. Convergence is obtained when the normalized residual sums Rmax are smaller

than 1:0 10�12. As discussed in Section 5.2, these numbers are smaller than the ones applied

in the tests of the acceleration methods described above. The computations are performed

on the same workstation as the one used for the simulations of the non-swirling jets. Hence,

the computing times of the jets with and without swirl can be compared both quantitatively

and qualitatively.
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For the weakly swirling jet, all ow models and numerical solution methods can be

applied. In case of BL, one streamwise march with CLIM is su�cient, as the BL equations

for a weakly swirling jet are parabolic. Although the �rst CLIM-sweep takes relatively

much time, the di�erence in computing time between BL and the other ow models is a few

orders of magnitude. Without application of the acceleration methods, the computational

e�ort is roughly the same for PNS and NS when the coarse grid is considered. In case of

the �ne grid, NS can be solved even faster than PNS. The acceleration methods are very

e�ective in case of PNS, whereas in case of NS no acceleration is obtained at all. Hence, for

laminar weakly swirling jets, streamwise di�usion is the most determining factor for the

computational e�ort. The second acceleration technique clearly outperforms the pressure-

gradient relaxation technique. In comparison with the SIMPLE method, the NS equations

can be solved approximately 6 and 4 times faster with CFIM in case of the coarse and �ne

grid, respectively. These factors are smaller than the ones observed for the laminar non-

swirling jets (see Section 5.2). In comparison with the computing times required for the

laminar non-swirling jets (see Table 5.1), the computational e�ort is increased by roughly

30% in the cases where CLIM is applied. This is in agreement with the extension of the

number of discretized equations from 3N to 4N , see Section 4.3. For CFIM, the additional

computational e�ort is slightly higher, whereas for SIMPLE it is much lower.

In case of the strongly swirling jet with CTRZ, the simpli�ed ow models can not be

employed, nor can NS be solved e�ciently by means of CLIM in conjunction with the second

acceleration technique. Anticipating the results obtained for turbulent swirling jets with

CTRZ, where CLIM without the application of any acceleration technique fails (see Section

6.3), only the result of pressure-gradient relaxation is considered for the laminar swirling

jet with CTRZ in case of CLIM. The di�erence between CFIM and SIMPLE (in case of

NS) is more than a factor 10 on the coarse grid. When the �ne grid is used, the gain is even

more than a factor 12. This result is in agreement with that obtained by Hanby et al. [60]

for strongly swirling laminar ow. They compared the computational e�ort of a coupled

method similar to CFIM with that of SIMPLEC (see Appendix B.3) and found a speed-up

of comparable proportions. When CFIM is applied, the ellipticity due to the existence of

a recirculation zone, the information propagation through the pressure gradients and the

streamwise di�usion are dealt with very e�ciently. Note that more streamwise stations are

located within the recirculation zone in case of the �ne grid, which enhances the level of

ellipticity. Because of the CTRZ, the number of initial CLIM-sweeps has to be increased,

in order to obtain an appropriate initial guess for the Newton solver employed in CFIM. It

is expected that with improved preconditioning techniques the reduction factors for CFIM

can be further increased.

6.3 Turbulent Swirling Jets

In this section, the results for turbulent swirling jets are given. In all cases, an axi-

symmetric circular air jet is considered, with �= 1:15 kg=m3, �= 1:7365 10�5 kg=ms and

D=8mm. These properties are equal to those used for the laminar swirling jets described

in Section 6.2 and the air jets without swirl considered in Chapter 5. All jets have the
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Figure 6.6: The inuence of the swirl number on the solution of NS for a turbulent swirling

air jet (Re = 37,600). In (a) and (b) the normalized spreading rates r1
2

and r 1

100

are depicted,

respectively. The normalized (reciprocal) maximum and normalized centreline axial velocity Um
and Ucl are given in (c) and (d), respectively. In (e) and (f) the normalized (reciprocal) maximum

circumferential velocity Wm and maximum pressure Pm are given, respectively. In each plot the

axial distance is normalized by the nozzle diameter.
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same non-uniform initial axial velocity pro�le, following a power-law pro�le (n=6:5) with

maximum initial axial nozzle velocity U0=71:0m=s and a weak co-ow with Uco=U0<2:5%.

This initial pro�le of U is identical to that of the turbulent non-swirling jet with Re=37,600

(see Section 5.3). The initial pro�les of k and " follow from the turbulence intensity i=0:09

and a mixing length pro�le as given in Section 2.1.6. In comparison with the turbulent

jets without swirl, the employed value of i is higher to account for the enhanced level

of turbulence in case of swirling ow (H�osel [72], Sislian and Cusworth [165, 166]). The

di�erence between the various turbulent swirling jets is formed by the initial pro�le of W ,

i.e. the values ofW0 in the power-law pro�le (6.1.1) are di�erent. The same computational

grids are considered as those used for the laminar swirling jets and the jets without swirl.

In case of weakly swirling turbulent jets, a negligible di�erence between the pro�les of U

and V , obtained on the two grids, is observed. The pro�les of W and P show a minor

di�erence. The pro�les of k and " show a larger di�erence, especially in the areas where

the maximum values of these variables occur. A further re�nement of the grid yields

negligible di�erences with the pro�les obtained on the 160*80 grid. Hence, the observed

grid dependency is similar to that obtained for turbulent non-swirling jets (see Section 5.3).

In case of swirling jets with a CTRZ, the radial pro�les through the recirculation zone show

some di�erence, as also observed for laminar strongly swirling jets. As discussed in Section

6.2, a rather large number of gridpoints in radial direction is required to resolve all details

of the CTRZ. For the present study, it is assumed that the 160*80 grid is adequate for the

numerical simulations of turbulent swirling jet ows with or without CTRZ. Therefore, the

pro�les presented below are obtained on the 160*80 grid. For the comparison of computing

times both the 160*80 grid and the 80*40 grid are considered. The di�erences between the

computed pro�les of the ow models are larger than those due to any grid dependency.

Inuence of the swirl number The inuence of the initial swirl intensity S on

the calculated pro�les of NS is shown in Figure 6.6. The maximum initial circumferential

nozzle velocities of the considered jets are W0 = 0:0m=s, W0 = 80:0m=s, W0 = 100:0m=s,

W0=120:0m=s,W0=160:0m=s andW0=200:0m=s, which correspond to the swirl numbers

S�0:0; 0:49; 0:61; 0:73; 0:98 and 1:22, respectively. The obtained normalized pro�les of r1
2

and r 1

100
are given in Figures 6.6(a) and 6.6(b), respectively. The spreading behaviour is

approximately linear for the jets with S�0:73, which is in agreement with the analytical

predictions (see Section 2.3). The slopes of the pro�les do not strongly depend on S. For

the two jets with S�0:98, a large increase of r1
2
and r 1

100
is observed directly downstream of

the nozzle, due to the existence of a recirculation zone. In Figure 6.6(c), the axial pro�les

of U0=Um are shown. When S � 0:73, these are approximately straight lines. Hence, Um
has the expected 1=z-behaviour predicted by the analytical solutions. The slopes of the

pro�les are slightly dependent on S. The pro�les of the two strongly swirling jets with

CTRZ (S=0:98 and S=1:22) show a di�erent behaviour. The normalized centreline axial

velocity Ucl=U0 is shown in Figure 6.6(d). The development region, which is observed for

the non-swirling jet up to z=D = 5, disappears in case of swirl (S > 0). When S � 0:73,

negative values of Ucl are found, indicating the existence of recirculation zones. Since the

CTRZ is small for S=0:73, its inuence on the pro�les of the spreading rates and U0=Um
is not as clearly pronounced as in the cases S =0:98 and S=1:22. The strongly swirling
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jets with S � 0:98 have a CTRZ of considerable size. The CTRZ for the case S = 0:98

has been shown and discussed in Section 6.1 (see Figure 6.1). A further assessment shows

that a recirculation zone appears between the swirl intensities S=0:61 and S=0:73. The

pro�les of (W0=Wm)
1

2 are depicted in Figure 6.6(e). The pro�les of the jets with S� 0:73

are approximately straight lines, which indicates a quadratic decay of Wm. This is in

agreement with the analytical solutions. The slopes are hardly dependent on S. In case of

high swirl numbers, the quadratic decay is observed downstream of the CTRZ. The pro�les

of the normalized maximum pressure are shown in Figure 6.6(f) on a magni�ed scale. The

pressure shows a rapid decay that is strongly dependent on the initial swirl intensity.

Comparison of the ow models In Figure 6.7, the solution pro�les of the

velocity components, pressure and turbulent kinetic energy are presented for the three ow

models BL, PNS and NS. Two turbulent swirling jets are considered, with uid properties

and initial pro�les as described above. As discussed in Section 6.2, no converged solution

is obtained with CLIM for BL or PNS in case of recirculation zones. Hence, only the NS

ow model can be employed for the turbulent swirling jets with S�0:73 considered in this

section. When S� 0:49, the di�erences in the calculated solution pro�les are comparable

to those obtained for the turbulent jets without swirl (see Section 5.3). Therefore, only

the jets with S=0:49 (W0=80:0m=s) and S=0:61 (W0=100:0m=s) are considered.

In Figures 6.7(a) and 6.7(b), the centreline pro�les of U are depicted for S=0:49 and

S=0:61, respectively. There is no graphical di�erence between the pro�les of PNS and NS

in both cases. For the jet with S=0:49, a clear di�erence between BL and the other ow

models is observed. Note that the pro�les are graphically identical in case of smaller values

of S. When S = 0:61, no converged solution could be obtained with BL. Consequently,

the pro�les of BL are omitted in Figure 6.7 for S=0:61 (right column). In Figures 6.7(c)

and 6.7(d), the axial pro�les of W in the co-ow area, at r=2:2D above the centreline,

are depicted. No graphical di�erence is obtained between the results of NS and PNS,

whereas the pro�le of BL shows a clear deviation. The centreline pro�les of the pressure,

relative to the far-�eld pressure, are given in Figures 6.7(e) and 6.7(f). The only deviation

is observed for the pro�le of BL. As discussed in Section 6.2, the shape of the pro�le of

BL has pro�tably changed in comparison with the result obtained for the non-swirling

jets. In Figures 6.7(g) and 6.7(h), the centreline pro�les of the turbulent kinetic energy are

depicted. The results of NS and PNS are graphically almost identical, whereas the pro�le

of BL shows a clear deviation. The pro�les of the spreading rates r1
2
and r 1

100
(not shown

here) are graphically identical.

The comparison of the solution pro�les of BL, PNS and NS at various swirl numbers

shows that the deviations between the computed pro�les are very small for moderate swirl

intensities (S < 0:49). When S =0:49, the inuence of swirl becomes noticeable, i.e. the

deviations of the solution pro�les of BL increase due to the enhanced level of swirl. As

obtained for turbulent non-swirling jets, there is hardly any di�erence between the pro�les

of PNS and NS. This means that streamwise di�usion is negligible in the equations in case

of weak swirl. Moreover, the source terms in the k � " model dominate the solutions of

k and ", as observed for the turbulent jets without swirl. In case of high swirl numbers

(S�0:73), the level of ellipticity is strongly enhanced and only the NS ow model can be
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Figure 6.7: The solutions of the ow models for two turbulent swirling air jets (Re = 37,600),

at two swirl numbers. Left column: S = 0:49 (W0 = 80:0m=s). Right column: S = 0:61 (W0 =

100:0m=s). The legend is given in the pictures. In (a) and (b) the centreline pro�les of U are

given. In (c) and (d) the pro�les of W in the co-ow area, at r=2:2D, are shown. The centreline

pro�les of P are depicted in (e) and (f). The centreline turbulent kinetic energy is shown in (g)

and (h). In each plot the axial distance is normalized by the nozzle diameter.
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Figure 6.8: The performance of the �rst acceleration method for turbulent swirling jets. The

numbers of streamwise sweeps with CLIM are plotted versus the relaxation factor !y. Two

turbulent swirling air jets are considered (Re = 37,600), with W0 = 40:0m=s (S = 0:24) and

W0=160:0m=s (S=0:98), on two computational grids.

Legend for the 80*40 grid: S=0:24: �: NS +: PNS; S=0:98: 2: NS.

Legend for the 160*80 grid: S=0:24: �: NS : PNS; S=0:98: 4: NS.

employed, because of the appearance of recirculation zones (see Figure 6.6). In case of BL,

CLIM already fails before the process of vortex breakdown commences.

Performance of the acceleration methods for CLIM
The performance of the two acceleration methods for CLIM is tested for two turbulent

swirling air jets (Re�37,600), with W0=40:0m=s (S=0:24) and W0=160:0m=s (S=0:98)

on both the 80*40 and the 160*80 computational grid. The jets are identical to two of the

swirling jets considered above. Hence, both a weakly swirling jet and a swirling jet with

CTRZ is considered. Because of the parabolic nature of the weakly swirling turbulent jets

considered in this study, it is expected that the acceleration methods have a favourable

inuence on the number of required CLIM-sweeps for both the PNS and the NS equations.

In case of a recirculation zone, the e�ect of the acceleration techniques is probably much

less, because of the enhanced level of ellipticity.

In Figure 6.8, the results of the �rst acceleration method are shown. The numbers of

streamwise marches with CLIM are plotted as a function of the relaxation factor !y. The

indicated numbers of iterations are required for Rmax<1:0 10�9. The result for the weakly

swirling jet (S = 0:24) is reasonably comparable to that obtained for the turbulent jets

without swirl (see Section 5.3). The favourable inuence of relaxation on the number of

CLIM-sweeps is considerable for both PNS and NS. The di�erence between the numbers

of iterations required for PNS and NS is small. Therefore, streamwise di�usion is of less

importance for the computational e�ort in case of weakly swirling turbulent jets. When the

coarse grid is considered, a maximum reduction of the number of sweeps of approximately

60% is found near !y =15, for both PNS and NS. In case of the �ne grid, the maximum

reduction is approximately 80%, which is obtained near !y = 30 for both ow models.
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Figure 6.9: The performance of the second acceleration method for a weakly swirling turbulent

air jet (Re=37,600) with S=0:24 (W0=40:0m=s). The contours of equal numbers of streamwise

marches with CLIM, as a function of !b and !fc (with !x=1), required for NS and PNS on the

160*80 grid, are plotted in �gures (a) and (b), respectively. The inuence of !x in case of constant

relaxation factors !b and !fc is shown in (c) and (d), for the cases with !b=0:5, !fc=0:5 and

!b=0:8, !fc=0:2, respectively. The legend is the same as in Figure 6.8.

These maximum reductions and locations of the optimum values are roughly equal to

those obtained for the non-swirling turbulent jet. Hence, the inuence of swirl on the level

of ellipticity is small. The indicated optimum values of !y are used in the computing time

recordings described below. In case of the swirling jet with CTRZ (S=0:98), no solution

is obtained for PNS for any value of !y, as discussed above. In case of NS, a solution is

obtained for a small range of values of !y when the coarse grid is considered. In case of

the �ne grid, a rather large convergence area is observed. Note that for the neutral case

(!y = 1) convergence is obtained on none of the computational grids. Pressure-gradient

relaxation appears to be essential to obtain convergence with CLIM in case of turbulent

swirling jets with CTRZ. The applied value of the relaxation factor !y hardly inuences

the number of required marches. As observed for laminar swirling jets, the existence of

a CTRZ increases the level of ellipticity considerably. This means that the number of

required marches is much larger than that required in case of weakly swirling jets or jets

without swirl.
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The results of the second acceleration technique are shown in Figure 6.9. Since the

method is not successful in case of strongly swirling jets with CTRZ (for any combination

of the relaxation factors), only the results for the weakly swirling jet (S=0:24) are shown.

The applied value of Rmax and the maximum numbers of CLIM-sweeps are equal to those

applied in the test of the �rst method described above. The relaxation factors !b, !fc and

!x have again been varied evenly with an increment of 0.1. Since the results obtained on

the two computational grids are qualitatively comparable, only the results for the 160*80

grid are given. The contours of equal numbers of streamwise marches, as a function of the

relaxation factors !b and !fc, are given in Figures 6.9(a) and 6.9(b). In Figure 6.9(a), the

result for the NS equations is given. In comparison with the neutral case (!b=0, !fc=1),

a considerable reduction of the number of CLIM-sweeps is obtained for small areas of

combinations of !b and !fc. This is in contrast with the results obtained for the laminar

weakly swirling jets employing NS, where no reduction is obtained at all. The topology

of the contours and the numbers of iterations are comparable to those obtained for the

turbulent jets without swirl (see Section 5.3). The result of PNS is given in Figure 6.9(b).

This also shows small areas with a smaller number of required marches. Unfortunately,

the convergence area is very small and the gradients are very steep, indicating that the

number of iterations is very sensitive to the applied values of the relaxation factors. As

discussed in Chapter 5, in this study !fc�1� !b is used for a safe and favourable result,

although the actual stability constraint seems to be less strict, especially in case of NS.

The inuence of relaxation in the streamwise pressure gradient is shown in Figures 6.9(c)

and 6.9(d), for the cases !b=0:5, !fc=0:5 and !b=0:8, !fc=0:2, respectively. The result

is similar to that obtained for the turbulent jets without swirl. In all cases, the inuence of

under-relaxation is considerably favourable. A clear reduction of the number of iterations

is obtained, with optimum values for !x = 0:4 and !x = 0:2, respectively. The marching

procedure in CLIM becomes unstable for smaller values of !x. Moreover, in a number of

cases, no convergence is obtained for values of !x larger than some critical value. The case

!b=0:8, !fc=0:2 again yields the best results. The maximum reduction of the number of

streamwise marches is more than a factor 9 for PNS on the coarse grid. When the �ne grid

is considered, this factor is more than 13. In case of NS, the maximum reduction factors

are approximately 7 and 10 for the coarse and �ne grid, respectively. Hence, the second

acceleration method can be applied successfully in case of weakly swirling turbulent jets.

The minimum numbers of marches are comparable to those required for the turbulent jets

without swirl. The optimum values of !x, !b and !fc are applied in the computing time

recordings described below.

Computing times In Table 6.2, the net computing times and numbers of iterations

that are required to solve the ow models BL, PNS and NS with CLIM are given, as well

as those required for solving NS with CFIM and SIMPLE. The results are given for two

turbulent swirling air jets (Re=37,600), with W0=40:0m=s (S=0:24) and W0=160:0m=s

(S=0:98), on two computational grids. The contents of the table is similar to that of Table

6.1 for laminar swirling jets. The employed relaxation factors for CLIM are given above.

The relaxation factors applied in case of SIMPLE are �u=0:7, �v=0:7, �w=0:7, �p=0:6,

��=1:0, �k=0:8 and �e=0:8. These values were chosen following the experience gained in
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Table 6.2: The net computing times and numbers of iterations for two turbulent swirling air

jets (Re=37,600) on two computational grids. The super-scripts (a) and (b) denote the �rst and

second acceleration method for CLIM, respectively.

Turbulent jet: W0=40:0m=s, S=0:24

80*40 grid 160*80 grid

method

BL .CLIM
PNS .CLIM
NS .CLIM
PNS .CLIM (a)

PNS .CLIM (b)

NS .CLIM (a)

NS .CLIM (b)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

0.86
181.0
158.8
76.0
29.3
77.2
30.9
40.9
269.6

1
952
865
390
122
390
132
15/4
2,901

CPU-time [s] iterations

2.29
3,133.8
2,394.6
2,038.4
327.6
639.5
327.2
299.3

2,001.0

1
4,003
3,230
2,906
299
760
298
80/3
4,663

Turbulent jet: W0=160:0m=s, S=0:98

80*40 grid 160*80 grid

method

NS .CLIM (a)

NS .CFIM
NS . SIMPLE

CPU-time [s] iterations

261.2
143.2
664.1

1030
260/5
7,138

CPU-time [s] iterations

5,223.3
1,249.7
12,697.8

6540
680/6
29,603

several simulations. They appear to be reasonable values for both grids and both swirling

turbulent jets. In Table 6.2, the net CPU-times are given in seconds. All computing

times are the average of 5 identical simulations, with a deviation from the average < 5%.

Convergence is obtained when Rmax<1:0 10�12. The same workstation is used as the one

used for the simulations of the non-swirling jets considered in Chapter 5.

All ow models and numerical solution methods can be applied successfully in case of

the weakly swirling jet. For the strongly swirling jet with CTRZ, only the NS equations are

considered, which can be solved by means of SIMPLE, CFIM or CLIM in conjunction with

pressure-gradient relaxation. In case of the weakly swirling jet, the di�erence in computing

time required to solve BL and the other ow models is a few orders of magnitude, as only

one streamwise CLIM-sweep is su�cient. Without application of the acceleration methods,

NS can be solved considerably faster than PNS, especially when the �ne grid is considered.

The computational e�ort required to solve PNS with CLIM (employing pressure-gradient

relaxation) on the �ne grid is also relatively high. This is probably caused by the existence

of streamwise di�usion in the NS ow model, which causes a favourable numerical damping

of the streamwise information propagation of the pressure gradient. For turbulent (weakly

swirling) jets, this has a favourable inuence on the number of streamwise marches. The

acceleration methods are very e�ective for both PNS and NS. This means that streamwise

di�usion is of little importance for the computational e�ort, which is also observed for
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the turbulent jets without swirl. The second acceleration technique clearly outperforms

the pressure-gradient relaxation technique, as the former results in a considerably larger

reduction of the CPU-time. For the coarse grid, it even outperforms CFIM (in case of

NS), whereas for the �ne grid the results of NS .CLIM (b) and CFIM are comparable. The

di�erence with SIMPLE is considerable. For the coarse grid, the gain is at least a factor

8, which is slightly less than the factor obtained for the turbulent jets without swirl. The

same holds in case of the �ne grid, for which a factor 6 is observed. In comparison with

the computing times required for non-swirling turbulent jets, the computational e�ort is

increased by more than 15% in the cases where CLIM is used. Although the number

of discretized equations is increased from 6N to 7N (see Section 4.3) and generally the

numbers of CLIM-sweeps are comparable, the computing times increase more than linearly.

This is probably caused by the additional relaxation that is needed for convergence of the

Newton method employed at the streamwise stations. In case of CFIM, the computational

e�ort is increased by roughly 50%, whereas for SIMPLE it is only slightly higher. In case

of the strongly swirling jet, the di�erence between CFIM and SIMPLE is only a factor

5 when the coarse grid is considered. This may be the result of unfavourable settings of

the parameters employed for the MRILU-preconditioner. Moreover, the number of initial

CLIM-sweeps has to be increased, in order to obtain an e�ective initial guess for the

Newton solver in CFIM. In case of less initial CLIM-sweeps, the Newton solver results in

intermediate estimates of k and " that do not satisfy realizability. When the �ne grid is

considered, the di�erence between SIMPLE and CFIM is more than a factor 10, indicating

that the information propagation is properly and e�ciently dealt with. It is expected

that with better preconditioning techniques the reduction factors for CFIM can be further

increased. Especially the scaling of the Jacobian matrix requires an additional assessment.

Finding an e�ective initial guess for the Newton solver with fewer initial CLIM-sweeps or

solving the realizability problem in CFIM is probably more di�cult.

6.4 Concluding Discussion

In this chapter, the results of the (numerical) solution methods have been presented for

isothermal jets with swirl. The solution pro�les of the ow models BL, PNS and NS have

been compared for both laminar and turbulent swirling jets. The acceleration techniques for

CLIM have been tested and their performance has been compared to the results obtained

for non-swirling jets. The computing times that are required for the simulations of weakly

and strongly swirling jets have been discussed as well.

For laminar and turbulent jets with a small initial swirl intensity, i.e. S < 0:4 and

S < 0:49, respectively, the observed di�erences between the computed pro�les of the ow

models are reasonably comparable to those obtained for the jets without swirl (S = 0).

The increased deviation due to the introduction of swirl is small, which implies that the

additional level of ellipticity is small. When the swirl intensity is enhanced (up to S�0:54

and S � 0:61 for laminar and turbulent jets, respectively), the di�erences between the

pro�les clearly increase. The di�erence between PNS and NS is small. However, the result

of BL considerably deteriorates with increasing swirl intensity. If the swirl number is

su�ciently high, i.e. S > 0:67 and S > 0:73 for laminar and turbulent jets, respectively, a
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recirculation zone is obtained for both laminar and turbulent jets. Since this increases the

level of ellipticity considerably, the parabolized ow models BL and PNS can not be applied

in these cases of strongly swirling jets. Even when the marching direction is temporarily

reversed and the discretization of axial derivatives is adapted, the method CLIM does not

yield a converged solution. No solution can be obtained for BL when the swirl intensity

is close to the level at which vortex breakdown occurs, which is achieved when S � 0:61

and S� 0:67 in case of laminar and turbulent swirling jets, respectively. In case of PNS,

a converged solution can be obtained up to the point that reversed ow is obtained. The

initial swirl intensity has a clear inuence on the global jet characteristics, especially when

the critical swirl number is exceeded. In general, the observed results are in good agreement

with the analytical predictions for the case of a weakly swirling jet.

In case of weakly swirling jets, the performances of the acceleration techniques for

CLIM are comparable to those obtained for the jets without swirl. For laminar swirling

jets described by means of PNS, the backward pressure-correction method outperforms

the pressure-gradient relaxation method. The same holds for turbulent swirling jets, inde-

pendent of the applied ow model. In both cases, a considerable reduction of the number

of CLIM-sweeps is achieved. In case of strongly swirling jets with a Central Toroidal Re-

circulation Zone (CTRZ), the second acceleration method results in severe convergence

problems. Therefore, this method can only be employed for weakly swirling jets. In case

of a turbulent swirling jet with CTRZ, pressure-gradient relaxation is required for conver-

gence with CLIM. The method CFIM is very useful in cases where a recirculation zone is

found. With this method, the additional ellipticity due to reversed ow is very e�ciently

dealt with. For weakly swirling jets, the application of BL results in a huge reduction of

the computational e�ort. In case of the weakly swirling laminar jet, a modest reduction

is achieved by solving PNS instead of NS. In case of the weakly swirling turbulent jet,

the computing times required for PNS and NS are almost equal. Since streamwise dif-

fusion is negligible in this case, the full NS equations can be solved equally e�cient. In

comparison with the traditional SIMPLE method, the numerical solution methods CLIM

and CFIM result in a clear reduction of the computational e�ort. In case of a strongly

swirling laminar jet with CTRZ, the computing time is reduced by more than a factor

10. For a weakly swirling jet, the gain is a factor 5 on average, which is slightly less than

the speed-up observed in case of the laminar jets without swirl. For a turbulent jet with

CTRZ, the di�erence between SIMPLE and CFIM is more than a factor 10 when the �ne

grid is considered. Unfortunately, some e�ciency is lost in case of the coarse grid, due

to the need for a relatively large number of initial CLIM-sweeps. It is expected that by

employing improved preconditioning techniques, the favourable results of CFIM can be

further enhanced. Especially a more proper scaling of the Jacobian matrix is thought to

be of great help in further reducing the computing times.

The most convenient numerical methods and ow models that can be employed in the

various ow conditions are summarized in Table 6.3, together with the optimal relaxation

parameters. This should make the application of the (numerical) solution methods consid-

ered in this study easier in future simulations of laminar and turbulent jets with or without

swirl. In the table, the methods are classi�ed following the required computational e�ort

(CPU-time). In case of approximately equal computing times, accuracy of the ow model
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is preferred to required CPU-time, i.e. NS is preferred to PNS and hence listed above PNS.

In case of CLIM, only the fastest method with or without acceleration is considered. It

should be noted that by the application of the reduced ow models PNS and BL, deviations

from the true solution are introduced. When adequate pro�les of all variables are required,

especially those of V and P , the ow models BL and PNS should not be considered.

Table 6.3: The most convenient methods and parameters for various jet ow conditions. The

super-scripts (a) and (b) denote the �rst and second acceleration method for CLIM, respectively.

The number Ni denotes the number of initial CLIM-sweeps for CFIM. Values indicated as N1=N2

refer to the 80*40 and 160*80 computational grid, respectively.

Laminar Jets

swirl intensity method parameters

no swirl or

weak swirl

(S<0:40)

1. BL .CLIM
2. PNS .CLIM (b)

3. NS .CFIM
4. NS .CLIM
5. NS . SIMPLE

!x; !b; !fc=0:2; 0:8; 0:2
Ni=15=60

�u; �v; �w; �p=0:7; 0:7; 0:7; 0:5

moderate swirl

(0:40�S<0:61)

1. PNS .CLIM (b)

2. NS .CFIM
3. NS .CLIM
4. NS . SIMPLE

!x; !b; !fc=0:2; 0:8; 0:2
Ni=15=60

�u; �v; �w; �p=0:7; 0:7; 0:7; 0:5

strong swirl

(S�0:61)

1. NS .CFIM
2. NS .CLIM (a)

3. NS . SIMPLE

Ni=75=300
!y=9=17
�u; �v; �w; �p =0:7; 0:7; 0:7; 0:5

Turbulent Jets

swirl intensity method parameters

no swirl or

weak swirl

(S<0:49)

1. BL .CLIM
2. NS .CLIM (b)

3. PNS .CLIM (b)

4. NS .CFIM
5. NS . SIMPLE

!x; !b; !fc=0:2; 0:8; 0:2
!x; !b; !fc=0:2; 0:8; 0:2
Ni=15=80
�u; �v; �w; �p=0:7; 0:7; 0:7; 0:6
��; �k; �e =1:0; 0:8; 0:8

moderate swirl

(0:49�S<0:67)

1. NS .CFIM
2. NS .CLIM (b)

3. PNS .CLIM (b)

4. NS . SIMPLE

Ni=15=80
!x; !b; !fc=0:2; 0:8; 0:2
!x; !b; !fc=0:2; 0:8; 0:2
�u; �v; �w; �p=0:7; 0:7; 0:7; 0:6
��; �k; �e =1:0; 0:8; 0:8

strong swirl

(S�0:67)

1. NS .CFIM
2. NS .CLIM (a)

3. NS . SIMPLE

Ni=260=680
!y=9=17
�u; �v; �w; �p=0:7; 0:7; 0:7; 0:6
��; �k; �e =1:0; 0:8; 0:8



Chapter 7

Conclusions and Recommendations

In this study, several solution methods have been studied that speed up the numerical

simulation of turbulent jets and di�usion ames. Although the research has focussed on

circular compound jets and di�usion ames, the considered methods are thought to be

applicable and relevant for other jet con�gurations as well. Moreover, they are thought to

be useful in case of more sophisticated models than the currently employed k � " model

and amelet approach for turbulence and combustion, respectively.

The computing times can be reduced by the application of a stronger coupling of the

equations in the numerical solution procedure, instead of solving the discretized equations

by means of a segregated pressure-correction method like the SIMPLE method (see Section

4.2). Two coupled solution methods have been proposed. The method CLIM (see Section

4.3) employs a repeated streamwise marching procedure. At each streamwise station, the

discretized equations are solved simultaneously in one coupled system by means of a mod-

i�ed Newton method. The number of streamwise marches, and hence the computational

e�ort, is determined by the level of ellipticity. Two acceleration techniques for CLIM have

been studied, viz. pressure-gradient relaxation and backward pressure correction. These

methods directly a�ect the streamwise variation in the equations through the pressure gra-

dient, whereas streamwise di�usion is not a�ected. Therefore, the acceleration methods

are e�ective when the level of streamwise di�usion is relatively small, which is the case for

non-swirling or weakly swirling (S<0:5) turbulent compound jets and ames. The method

CFIM (see Section 4.3) solves the discretized equations of the entire computational domain

in one large system by means of the full Newton method in conjunction with large-sparse-

matrix techniques. The streamwise information propagation through pressure gradients,

streamwise di�usion and (adverse) convection are dealt with simultaneously. Therefore,

CFIM is far more e�ective than CLIM in case of a relatively high level of ellipticity, which

occurs in case of non-swirling or swirling laminar jets and swirling turbulent jets with a

recirculation zone (S>0:7).

The coupled methods CLIM and CFIM require a large e�ort for their implementation

and are less exible in case of a modi�cation of the ow model. However, by means of

the coupling of the equations, convergence is much enhanced and a considerable reduction

of computing time is obtained. This makes the e�ort for the implementation certainly

worthwhile. In comparison with the traditional SIMPLE method, the gain with respect to

the required computing times for the NS ow model is roughly a factor 10, for all considered

jets and ames. Moreover, the number of employed relaxation factors and parameters has

been decreased, which makes the application of the coupled methods more convenient.

163
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The computational e�ort can also be reduced by neglecting relatively small terms in

the equations, thus leading to a lower level of ellipticity (see Section 2.2). In principle,

the PNS equations can be solved with fewer CLIM-sweeps than the full NS ow model,

because of the omission of streamwise di�usion. However, the pressure-continuity coupling

in the equations is not a�ected, which may yet yield a relatively high level of ellipticity.

In case of non-swirling or moderately swirling laminar jets (S<0:6), solving PNS instead

of NS results in a considerable speed up of the simulations. The acceleration methods for

CLIM are only e�ective in case of PNS, as these methods do not account for the ellipticity

due to streamwise di�usion. In case of non-swirling turbulent jets or ames or moderately

swirling turbulent jets (S < 0:7), the computational e�ort is mainly determined by the

pressure-continuity coupling in the equations, whereas streamwise di�usion is relatively

small. Consequently, the computational e�ort for solving NS and PNS in these cases is

comparable. Moreover, the acceleration methods for CLIM are very e�ective for both

PNS and NS. By the application of pressure-gradient relaxation, the number of streamwise

marches can be signi�cantly reduced (up to 70%) for a wide range of the relaxation factor.

The backward pressure-correction technique results in an even larger reduction (up to

a factor 8) of the computing time for certain combinations of the 3 relaxation factors.

This makes CLIM as computationally e�cient as CFIM for solving the NS ow model.

Unfortunately, the number of CLIM-sweeps is very sensitive to the applied values of the

relaxation factors in the backward pressure-correction method. Therefore, this method

requires an extensive parameter study before a simulation can be carried out e�ciently.

In case of low or moderate initial swirl intensities, the BL equations can be solved

with only one streamwise CLIM-sweep, due to the one-way structure obtained by the

suppression of all ellipticity. This results in a computational e�ort that is roughly two

orders of magnitude (factor 100) smaller than that required for solving the other ow

models by any method, for all ow conditions. The omission of physics in the BL equations

can be partly overcome by means of the application of a potential-ow model like BLI (see

Section 2.2.4), at the cost of a modest number of CLIM-sweeps. In case of swirling jets

with a central toroidal recirculation zone (S > 0:7), no solution can be obtained for the

reduced ow models PNS and BL. For BL, it is essential that the ow is always directed

in one direction. The method CLIM also fails for PNS, even when the marching direction

is temporarily reversed. Hence, in case of recirculation zones, only the NS ow model has

been considered.

The global jet characteristics observed in the simulations of non-swirling and weakly

swirling jets are in reasonable agreement with the analytical predictions (see Section 2.3).

This indicates that the assumptions that underlie BL hold approximately in the consid-

ered con�gurations. In case of non-swirling jets and ames, the di�erence between the

solutions obtained from the various ow models is small within the jet region, because of

the parabolic nature of the considered con�guration. In the co-ow area, some deviation is

observed, which is however of relatively small proportions. Since the radial component of

the momentum equation is fully absent in case of BL, the pro�les of V and P deviate from

those obtained with NS or PNS. Therefore, the simulations have to be carried out with

NS or alternatively PNS when adequate pro�les of V and P are required. In other cases,

BL can be applied safely, without introducing major errors or discrepancies. Since in case
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of non-swirling or moderately swirling turbulent jets and ames the computational e�ort

for NS and PNS is comparable, the NS ow model is preferred to the PNS ow model.

For weakly swirling laminar and turbulent jets, i.e. for S < 0:4 and S < 0:5, respectively,

the obtained di�erences between the computed pro�les are comparable to those obtained

in case of jets without swirl. When the initial swirl intensity further increases, the dif-

ferences between the computed pro�les of BL and those of the other ow models clearly

increase, whereas the deviations of PNS remain relatively small. Therefore, BL can only

be accurately employed at small swirl numbers.

It is expected that with improved preconditioning techniques the method CFIM will

clearly outperform CLIM in all cases where the NS ow model is considered. The scaling

of the Jacobian matrix in CFIM requires an additional assessment. With a more proper

scaling, the large-sparse-matrix solver MRILU (see Section 4.4) becomes more e�ective,

which probably reduces the required computing times. A further coupling of the equa-

tions for a turbulent ame, instead of solving the equations in two separate blocks for ow

and combustion respectively, is expected to enhance convergence and hence to reduce the

computing times for turbulent ames. Although the employed k� " turbulence model and

amelet model for combustion yield results that are in good agreement with measurements,

the extension to more sophisticated models is recommended, especially when anisotropy

of turbulence is important. The inclusion of solid walls in the jet con�guration is also rec-

ommended. This enables the numerical simulation of con�ned jets and ames that occur

in small combustion chambers. The expected enhanced ellipticity in con�ned jet con�g-

urations due to recirculation zones can probably be tackled very e�ciently with CFIM.

Moreover, it is suggested to use higher-order accurate discretization schemes. Although

this makes the solution methods CLIM and CFIM more complicated, the computational

e�ort probably decreases as less gridpoints are required to obtain the same numerical ac-

curacy, especially in case of swirling ows.

In the present study, swirling ames have not been considered. First tests indicate that

both CLIM and CFIM might lead to convergence problems in case of a variable density

�eld. This may be the result of the dependency of the centrifugal and Coriolis force on the

density. The order-of-magnitude analysis of the NS equations for a swirling jet (see Section

2.2.2) shows that the centrifugal force �w2=r is the most important link between the radial

and the circumferential component of the momentum equation. Hence, the convergence

of any numerical method may be enhanced by controlling the inuence or strength of the

centrifugal force during the iterative process. This also holds for isothermal swirling jets.

Among others, Hanby et al. [60] and Leschziner and Rodi [103] proposed to use

�w2

r
� �w2

r
[1 +

�S
w
(vn � vn+1)] (7.0.1)

with n + 1 and n the present and previous iteration level, respectively. Upon convergence

of the numerical method (n!1), the correct strength of the centrifugal force is induced.

A disadvantage of this method is the introduction of yet another relaxation factor �S,

which probably has to depend on the local swirl intensity. Therefore, for future research, a

further coupling of the equations is recommended. By solving all equations in one coupled

system, including the equations for combustion, convergence is enhanced and probably a

converged solution may be obtained in case of turbulent swirling ames.
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Appendix A

Higher-Order Discretization Schemes

In Section 3.2, the conventional discretization schemes are discussed. For convection-

dominated ows, such as the turbulent jets and ames considered in this study, the central

scheme yields unstable solutions and the other schemes tend to the upwind scheme in

which physical di�usion is neglected. Although these schemes do satisfy the basic rules

of �nite-volume discretization, the implicit introduction of arti�cial and false di�usion by

these schemes may yield numerical solutions that deviate from the true solution. More

accurate (higher-order) discretization schemes might be necessary. These schemes should

have an upwind character to enhance stability and they should preferably account for the

direction of the ow to enhance accuracy. For convection-dominated ows, it is reasonable

to focus the attention on the description of the convection terms. Several higher-order

schemes are examined and discussed in Dogge [37], as a support to the present study. A

survey of a number of more accurate discretization schemes is given below.

One possibility to enhance accuracy is using an upwind interpolation in the direction of

the ow. By accounting for the direction of ow, false di�usion is suppressed. In Raithby

[140, 141], two schemes are presented that account for the oblique character of multi-

dimensional ow. These schemes are the Skew Upwind Di�erence Scheme (SUDS), which

is only suitable for convection-dominated ows, and the Skew Upwind Weighted Di�erence

Scheme (SUWDS), which can also be employed in case of weak convection. In the direction

of the ow, these schemes use the upwind value and hence a zeroth-order interpolation for

the description of a variable. It can be shown that these schemes still have a �rst-order

truncation error. This means that, although false di�usion is suppressed, arti�cial di�usion

is still present and hence dominates the numerical error, especially in case of large cell-

Peclet numbers. Therefore, the `skewed schemes' are only slightly more accurate than the

conventional schemes. Moreover, besides the usual neighbouring points, these schemes use

extra points to the north-east, north-west etc., which makes the implementation of such

schemes more complicated. Some of the anb-coe�cients may become negative, thus leaving

the possibility of wiggles in the solution. This may be improved by the application of ux

blending, i.e. the convection ux can be calculated as a weighted sum of the upwind and

skew upwind ux expression, as proposed by Peric et al. [130]. In the worst case, this leads

to the same accuracy as the upwind scheme. Note that the principle that underlies the

skewed schemes can also be adopted for the higher-order schemes discussed below.

Another possibility to improve accuracy is the use of higher-order interpolation for the

convection terms. The upwind scheme, as well as the hybrid scheme and power-law scheme

in case of large cell-Peclet numbers, use zeroth-order interpolation for a variable � at the cell
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faces. This may introduce a large numerical error. The CONDIF scheme by Runchal [155] is

a modi�cation of the central discretization scheme. The name is an acronym for COntrolled

Numerical Di�usion with Internal Feedback. This scheme introduces arti�cial di�usion to

the central scheme, controlled by the local gradients of the variable �. The anb-coe�cients

of the original central scheme are rewritten, where the local ratio R of gradients of � at

the cell faces is used for their description, i.e.

R =
(@�=@x)je
(@�=@x)jw �

�E � �P
�P � �W

(A.1)

For convenience, only a 1D situation with an equidistantly spaced grid is considered. As this

formulation is equivalent to the central scheme, it has second-order accuracy. For jPj � 2,

the original central scheme is applied. For jPj > 2, the modi�ed scheme is used. If R < 0,

which only occurs when the control volume contains a local extremum, the upwind scheme

is applied. In this way, the coe�cients are always positive. For practical purposes, R is

bounded, which is at the expense of the second-order accuracy. The coe�cients anb are non-

linear, as the variable � is contained in the de�nition of R. This is an important drawback

of this method. Moreover, although the addition of arti�cial di�usion is controlled, in some

cases the supplied arti�cial di�usion is as much as in the upwind scheme.

The Higher-Order Upwind Scheme (HOUS), or second-order upwind scheme (Atias et

al. [3]), uses a second-order one-sided upwind interpolation for the description of � at a

cell face. In case of an equidistantly spaced grid, for the eastern cell face the scheme uses

�e =

8<
:

3
2
�P � �W Fe � 0

3
2
�E � �EE Fe < 0

(A.2)

For the convection ux through the eastern cell face, this gives

Fe�e = (2�P � �W)MAX
n
Fe; 0

o
� (2�E � �EE)MAX

n
� Fe; 0

o
(A.3)

Similar de�nitions hold at the other cell faces. This shows that conditions at a certain point

are mainly inuenced by the upstream conditions in the two preceding points. The scheme

has second-order truncation error, which follows from a Taylor-series analysis. However,

coe�cients may become negative and hence the basic rule of boundedness is not always

satis�ed. In comparison with the conventional schemes, this scheme has a larger stencil or

discretization molecule, as it uses both immediate-neighbouring points and points further

away. This makes the implementation of this scheme more complicated, especially in case

of non-equidistantly spaced grids. At the boundaries, a special treatment is required to

prevent the use of two virtual points outside the computational domain.

The original QUICK scheme, which is the acronym for Quadratic Upstream Interpola-

tion for Convective Kinematics, was �rst introduced by Leonard [100]. The scheme uses

two-sided (weighted) quadratic interpolations for the description of � at the cell faces. In

case of an equidistantly spaced grid, for the eastern cell face the scheme uses

�e =

8<
:

1
2
(�P + �E)� 1

8
(�W + �E � 2�P) Fe � 0

1
2
(�P + �E)� 1

8
(�EE + �P � 2�E) Fe < 0

(A.4)



169

For the convection ux, this gives

Fe�e =
1

2
Fe(�P + �E)� 1

8
(�W + �E � 2�P)MAX

n
Fe; 0

o

� 1

8
(�EE + �P � 2�E)MAX

n
� Fe; 0

o
(A.5)

Similar expressions hold for the other cell faces. The description of uxes at the cell faces

is conservative. As the interpolation is based on two upstream points and one down-

stream point, transportiveness is accounted for. It can be shown that this second-order

interpolation yields a third-order truncation error for the convection terms (Leonard and

Mokhtari [102]). For convection-dominated ows, this would imply an overall third-order

accuracy. However, since the midpoint rule underlies the discretization in (3.2.4) and (3.2.5)

and central discretization is used for the di�usion uxes in (3.2.6), only second-order accu-

racy is achieved. Numerical experiments show that QUICK gives less false di�usion than

the upwind or hybrid scheme. The coe�cients in the original QUICK scheme may become

negative, which is a violation of the boundedness criterion and may lead to wiggles in the

numerical solution (Versteeg and Malalasekera [209]). By rewriting the algebraic equa-

tion, i.e. by putting several terms in the source term, a more convenient matrix structure

is obtained during iteration, which enhances convergence. This is e.g. the case in the

QUICKER (QUICK Extended Revised) scheme by Pollard and Siu [135]. However, this

does not prevent the existence of wiggles in the �nal numerical solution. The QUICK-

EST scheme (Leonard [100]), which is the acronym for QUICK with Estimated Streaming

Terms, is the modi�cation of QUICK for unsteady ows. The `QUICK schemes' use a

larger stencil than the conventional schemes, which results in complications in the im-

plementation, especially in case of non-equidistantly spaced grids. At the boundaries, a

special treatment is required to prevent the use of virtual points outside the computational

domain. This may make a numerical code complicated and unstructured. The QUICK

schemes have a weaker convergence behaviour than e.g. the hybrid scheme, but have a

superior numerical accuracy (Han et al. [62]).

The occurrence of non-physical oscillations in the numerical solution can be prevented

by the application of ux limiters. These limiters can be used to suppress the wiggles

produced by any scheme, without directly introducing arti�cial di�usion. The ULTRA

limiter by Leonard and Mokhtari [102], which is the acronym for Universal Limiter for

Tight Resolution and Accuracy, can be used for equations of the convection-di�usion type.

The ULTIMATE limiter by Leonard [101], which stands for Universal Limiter for Transient

Interpolation Modelling of Advective Transport Equations, can be used for unsteady ad-

vection problems. Each time-step or iteration level the computational domain is scanned.

When the control volume employed for the description of a ux contains an oscillation, this

description is modi�ed by bounding or limiting the oscillation. In this way, an improved

discrete ux approximation can be used in the coe�cients of the discretized equation. Note

that this does not prevent the coe�cients from being negative. Rewriting the algebraic

equation, like in the QUICKER scheme, may be necessary to enhance convergence. An im-

portant drawback of these ux-limiter methods is that the coe�cients become non-linear

and discontinuous. Moreover, basically these methods have an `a-posteriori-correction

character', although some of the limiting strategy may already be implicitly used. The
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development of higher-order schemes that suppress oscillations in the numerical solution

has led to a special class of discretization schemes. These so-called `Total Variation Dimin-

ishing' (TVD) schemes have proved to be useful in CFD, especially for unsteady advection

problems. The total variation (TV) of a scheme is de�ned by

TV =
Z
j@�
@x
j dx �X

j

j�j+1 � �jj (A.6)

where for convenience a simple 1D situation is considered. When the TV diminishes during

the evolution of time, it can be shown (Harten [65]) that the scheme is monotonicity

preserving, which means that no wiggles are introduced in the course of time. Often

schemes can be made TVD by means of ux limiters. More about this subject can e.g. be

found in Tannehill et al. [184] and Van Leer [198{201].

The original exponential scheme is based on the exact solution of the 1D convection-

di�usion equation, with constant uid properties � and �, constant velocity u and zero

source term S�. Thiart [188, 189] proposed an exponential scheme based on the solution

of the 1D conservation equation including the source term. This scheme is identical to

the original exponential scheme, except for a ow-dependent weighting of the source term,

based on the magnitude of the cell-Peclet number. Application of this technique to cross-

stream uxes, such as shear stresses in the momentum equations, enhances stability. By

using this upwind-like treatment for the pressure gradients, which are source terms in

the momentum equations, staggering of the grid is not required for avoiding pressure

oscillations. This has led to the SIMPLEN solution method (Thiart [188, 189], Harms et

al. [64]), which is the acronym for SIMPLE (see Section 4.2) for Non-staggered grids. Van

't Hof et al. [202, 203] proposed a modi�cation and improvement to this scheme, based on

the solution of the general conservation equation, including variable uid properties and

velocity and a non-zero source term. Although the expressions of the convection uxes at

the cell faces, which contain integral expressions in �rst instance, have to be approximated

by numerical quadrature rules, the resulting expressions for the uxes yield a second-order

accurate scheme under all conditions. The scheme uses a three-point stencil (for 1D ow),

which makes the implementation rather simple. Although the scheme has a large range of

cell-Peclet numbers for which boundedness is achieved, certainly in comparison with the

second-order central scheme, it is not unconditionally stable as wiggles may occur in the

solution under certain conditions. Nevertheless, for a carefully chosen grid, the scheme

seems to be very promising.
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Pressure-Correction Methods

B.1 Introduction

In Chapter 4, several numerical solution methods for solving the discretized equations

are discussed. Some of these methods belong to the group of pressure-correction methods,

which are discussed in Section 4.2. The pressure-correction methods can be used for solving

the discretized incompressible NS equations. These iterative methods use a guess-and-

correct procedure for the pressure, since the pressure �eld only follows implicitly from

the coupling between the momentum and continuity equations and is unknown when the

momentum equations are solved. The methods di�er in the correction equations that are

used and in the algorithm or sequence of operations performed in each iteration. The most

popular pressure-correction methods are discussed in some detail below.

B.2 The SIMPLE Method

The standard SIMPLE method is probably the most widely used pressure-correction

method. It was �rst suggested by Patankar and Spalding [128] and it is extensively de-

scribed in e.g. Patankar [126, 127] and Versteeg and Malalasekera [209]. The name SIMPLE

is the acronym for Semi-Implicit Method for Pressure-Linked Equations, as explained be-

low. The method is essentially a guess-and-correct procedure for the pressure, since the

pressure is unknown when the momentum equations are solved. The method uses the

pressure-correction equation and velocity-correction equations to improve the estimations

of the solutions of u, v and p. Iteration yields the simultaneous solution of all coupled

equations, including the momentum equation and the continuity equation, as well as all

other dependent equations. As in this study only 2D or axi-symmetric ow is considered,

the method is described for a system with only two coordinates. The extension to 3D ow

is straightforward and can be found in the literature. A staggered grid is used to avoid

pressure oscillations, as discussed in Section 3.2.

The pressure and velocity components are split up in estimations (guesses) and correc-

tions by means of

u = û+ �u; v = v̂ + �v and p = p̂+ �p (B.1)

where �̂ and �� denote the present guess and the correction of the variable � during the

iterative process, respectively, with �= u, v or p. The discretized momentum equations

can be expressed as

aP;uuP =
X
nb

anb;uunb � (pP � pW)Aw;u + Su�uV (B.2)

171
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aP;vvP =
X
nb

anb;vvnb � (pP � pS)As;v + Sv�vV (B.3)

where Aw;u and As;v are the relevant cross-sectional areas of the u and v-cell, respectively

and �uV and �vV are the volumes of the u and v-cell, respectively. The terms Su and Sv
denote the source terms of the u and v-component of the momentum equation without the

pressure gradients. Note that on a staggered grid uP, vP and pP are located at a di�erent

position. Moreover, the anb-coe�cients are di�erent for both cells, which is indicated by

the subscripts u and v. The pressure gradients are written in terms of p, orientated relative

to the scalar cells. The anb-coe�cients are dependent on the method of discretization that

is used, see Section 3.2.

The SIMPLE method starts with a guessed pressure �eld p̂. Equations (B.2) and (B.3)

are solved subsequently, which yields the guessed velocity components û and v̂, i.e.

aP;uûP =
X
nb

anb;uûnb � (p̂P � p̂W)Aw;u + Su�uV (B.4)

aP;vv̂P =
X
nb

anb;vv̂nb � (p̂P � p̂S)As;v + Sv�vV (B.5)

Substitution of the correct pressure �eld, i.e. the �nal solution of p, would yield the correct

velocity �eld. Subtraction of equations (B.4) and (B.5) from (B.2) and (B.3), respectively,

followed by substitution of (B.1) yields the velocity-correction equations, viz.

aP;u�uP =
X
nb

anb;u�unb � (�pP � �pW)Aw;u (B.6)

aP;v�vP =
X
nb

anb;v�vnb � (�pP � �pS)As;v (B.7)

By neglecting
P

nb anb;u�unb and
P

nb anb;v�vnb, the simpli�ed velocity-correction equations

are found, i.e.

�uP = � (�pP � �pW)Aw;u=aP;u (B.8)

�vP = � (�pP � �pS)As;v=aP;v (B.9)

Note that for a converged solution
P

nb anb;u�unb=0 and
P

nb anb;v�vnb=0, which means that

the approximation made here has no inuence on the �nal solution.

The pressure-correction equation is found by substitution of (B.1) and the velocity-

correction equations (B.8) and (B.9) in the discretized continuity equation (3.2.5) or (3.2.8).

The result, upon rearranging terms, can be expressed as

aP;p�pP = aN;p�pN + aS;p�pS + aE;p�pE + aW;p�pW � ŜM (B.10)

with aP;p=
P

nb anb;p. The coe�cients anb;p are determined by the relevant cross-sectional

areas, the discretization coe�cients of the momentum equations and the density � at the

cell faces. The term ŜM denotes a mass source or continuity imbalance, which arises from

the guessed velocity components. Equation (B.10) is known as the Poisson equation for

the pressure-correction, as �~u � r�p is substituted in r � �~u, which leads to an equation

with r � r�p. Although boundary conditions are not directly available for the pressure-

correction equation, they can easily be constructed, see e.g. Patankar [126] or Versteeg and



B.2. THE SIMPLE METHOD 173

Malalasekera [209]. For example, when the velocity is prescribed as a boundary condition,

the relevant velocity-correction equation is not substituted in the continuity equation. This

means that the inuence of �p at the boundary has to be switched-o�, which is usually done

by putting the relevant anb;p coe�cient to zero.

Upon solving equation (B.10), the pressure �eld and velocity �eld can be corrected by

means of (B.1), (B.8) and (B.9). The sequence of operations in the SIMPLE method is

given in Algorithm B.1.

Algorithm B.1 (SIMPLE)

1. Take an initial guess for û, v̂, p̂ and the other variables �̂

2. Solve the discretized momentum equations (B.4) and (B.5) to obtain û and v̂

3. Solve the pressure-correction equation (B.10) to obtain �p

4. Correct the pressure by means of (B.1)

5. Correct u and v by means of (B.1) and the velocity-corrections (B.8) and (B.9)

6. Solve the discretized equations for other dependent � to obtain new estimations �̂

7. Check for convergence:

� If convergence achieved: stop

� Otherwise: take û=u, v̂=v, p̂=p and �̂=� and return to 2.

Global convergence is obtained when the pressure correction is no longer needed (�p=0),

which means that the residual mass source ŜM=0 in (B.10) and hence that the continuity

equation is satis�ed. For conservation of momentum, the residual sources of the momentum

equations (B.4) and (B.5) should be zero. The residual sources of the other dependent

equations should also be zero. Normally, the algorithm is considered to be converged when

the normalized residual sources have reached a value smaller than a speci�ed small value.

Each individual equation can be solved with the methods described in Section 4.1. In

the present study, the equations are solved by means of the iterative line-by-line method,

in combination with TDMA. Therefore, besides the global iterative SIMPLE procedure, in

each equation there is an iterative procedure at an inner level. The single equations need

not be solved upon complete convergence, since in the equations the anb-coe�cients of the

previous SIMPLE iteration are used. These coe�cients are not correct yet and have to

be re-calculated regularly. Usually only a few (3{5) inner iterations are applied for each

equation.

To enhance convergence, under-relaxation is used in the corrections of u, v and p by

means of the relaxation factors 0 < � � 1. For p, this is directly done in (B.1) by adding

only a fraction of �p. For u and v, relaxation is used in an implicit way. Since the fully

corrected velocity, i.e. equation (B.1), is used in the derivation of the pressure-correction

equation, the updated velocity components exactly satisfy the continuity equation, which

may be important in some cases. This means that for conservation of mass under-relaxation

can not directly be used in the velocity corrections. Instead, relaxation is used in equations

(B.4) and (B.5), as discussed for a general conservation equation in Section 4.1.
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The omission of
P

nb anb;u�unb and
P

nb anb;v�vnb in (B.6) and (B.7) has no inuence on the

�nal solution. In the converged solution, the pressure �eld is such that the guessed velocity

�eld satis�es the continuity equation. In that case, all velocity corrections are zero. The

derivation and applied form of the pressure-correction equation are not really important,

since �nally the correct pressure is obtained. When the omitted terms are fully retained, the

velocity corrections at a certain point, and hence the pressure corrections, are inuenced

by the corrections at neighbouring points. In this way, the correction equations would

contain variables of the entire domain, which leads to di�culties in solving the equations.

This also explains the name SIMPLE. For the pressure-linked continuity and momentum

equations, the terms mentioned above represent an indirect or implicit inuence of �p at the

neighbouring points on �u at a certain point. As this inuence is switched-o� by omitting

the terms, the inuence of the pressure correction on the velocity correction, and hence on

the velocity itself, is only partially implicit or `semi-implicit'.

B.3 The SIMPLEC Method

The SIMPLEC method, which is the acronym for SIMPLE-Consistent, was suggested

by Van Doormaal and Raithby [196] as an attempt to improve the convergence rate of

the standard SIMPLE method. The pressure-correction equation is derived by using a

more consistent approximation of the momentum equations in comparison with SIMPLE,

which explains the name of the method. This means that the correction equations used in

SIMPLEC are di�erent from the ones employed in SIMPLE.

A velocity correction at a gridpoint can be approximated by the weighted mean of that

in the neighbouring points, e.g. �uP=
P

nb anb;u�unb=
P

nb anb;u. Hence, the neglected terms

in the velocity-correction equations in SIMPLE can be approximated by
P

nb anb;u�unb =

�uP
P

nb anb;u and
P

nb anb;v�vnb=�vP
P

nb anb;v, respectively. Upon some algebra, the following

expressions for the velocity corrections are found

�uP = � (�pP � �pW)Aw;u=(aP;u �
X
nb

anb;u) (B.11)

�vP = � (�pP � �pS)As;v =(aP;v �
X
nb

anb;v) (B.12)

which replace equations (B.8) and (B.9). Because of these modi�ed expressions, the anb;p-

coe�cients in the pressure-correction equation also have to be modi�ed. Note that the

denominators in the expressions (B.11) and (B.12) are not zero when the di�usion terms in

the momentum equations determine non-zero source terms. The SIMPLEC method follows

the same sequence of operations as the SIMPLE method, as given in Algorithm B.1.

B.4 The SIMPLER Method

Another attempt to improve the convergence rate of the standard SIMPLE method has

led to the SIMPLER method of Patankar [126, 127], which is the acronym for SIMPLE-

Revised. This method has replaced the standard SIMPLE method as the default solution

algorithm in many commercial CFD codes. The approximations made for the simpli�ed
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velocity-correction equations may lead to excessive pressure corrections and hence under-

relaxation is required. At the same time, the pressure correction is the only variable

that determines the velocity corrections. This means that generally the pressure is not

corrected very well, whereas the velocity is corrected such that the continuity equation is

exactly satis�ed. In the SIMPLER method, the continuity equation is used to derive an

exact equation for the pressure, in addition to the equation for the pressure correction. By

solving this pressure equation, the pressure �eld is directly known during each iteration.

The velocity components are still calculated by means of the velocity corrections.

De�ne the pseudo-velocities eu and ev by means of

euP =

P
nb anb;uunb + Su�uV

aP;u
(B.13)

evP =

P
nb anb;vvnb + Sv�vV

aP;v
(B.14)

Subsequently, the discretized momentum equations (B.2) and (B.3) are written as

uP = euP � (pP � pW)Aw;u=aP;u (B.15)

vP = evP � (pP � pS)As;v=aP;v (B.16)

Substitution of (B.15) and (B.16) in the discretized continuity equation (3.2.5) or (3.2.8)

yields the pressure equation. The result, upon rearranging terms, can be expressed as

aP;ppP = aN;ppN + aS;ppS + aE;ppE + aW;ppW � eSM (B.17)

where the coe�cients anb;p are de�ned similar to the coe�cients in (B.10). The term eSM
denotes a mass source, which arises from the pseudo-velocity components. Equation (B.17)

is a Poisson equation for the pressure, as ~u�rp is substituted in r � ~u, which gives an

equation with r � rp. Boundary conditions are not directly available for the pressure

equation, but they can easily be constructed in discretized form by combination of the

continuity and momentum equations, see e.g. Fletcher [45] or Tannehill et al. [184]. For

the velocity components, the same velocity-correction equations are used as in the SIMPLE

method. This means that, besides the pressure equation (B.17), the pressure-correction

equation (B.10) has to be solved as well. The sequence of operations in the SIMPLER

method is given in Algorithm B.2.

Algorithm B.2 (SIMPLER)

1. Take an initial guess for û, v̂, p̂ and the other dependent variables �̂

2. Calculate the pseudo-velocities eu and ev by means of (B.13) and (B.14)

3. Solve the pressure equation (B.17) to obtain p and take p̂=p

4. Solve the discretized momentum equations (B.4) and (B.5) to obtain û and v̂

5. Solve the pressure-correction equation (B.10) to obtain �p

6. Correct u and v by means of (B.1) and the velocity-corrections (B.8) and (B.9)

7. Solve the other discretized equations to obtain new dependent variables �̂

8. Check for convergence:

� If convergence achieved: stop

� Otherwise: take û=u, v̂=v and �̂=� and return to 2.
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B.5 The PISO Method

The PISO method was originally suggested by Issa et al. [74, 75] for solving unsteady

compressible ow problems. However, in modi�ed form it can also be used for steady

incompressible ows as an alternative to the to SIMPLE-related methods. The name

is the acronym for Pressure-Implicit method with Splitting of Operators. In principle,

the method is a predictor-corrector method with one predictor step and two corrector

steps. However, the method can also be regarded as an extension of the standard SIMPLE

method, with an additional corrector step to enhance convergence. The predictor step

of PISO is simply the calculation of û and v̂ from the momentum equations (B.4) and

(B.5) with a guessed pressure �eld, as in the SIMPLE method. In the �rst corrector step,

the pressure-correction equation (B.10) of SIMPLE is solved. The pressure and velocity

components are corrected by means of the �rst corrections �u(1), �v(1) and �p(1) in exactly the

same way as in SIMPLE. This yields the once-corrected variables û(1), v̂(1) and p̂(1), which

in the SIMPLE method were directly used in the next iteration.

To enhance convergence, the PISO method uses a second corrector step. By combina-

tion of the momentum equations in terms of once-corrected variables (û(1), v̂(1), p̂(1)) and

those in terms of twice-corrected variables (û(2), v̂(2), p̂(2)), the second-velocity-correction

equations for �u(2) and �v(2) can be derived. These equations contain the unknown second

pressure correction �p(2). Substitution of the expressions for the second velocity corrections

in the discretized continuity equation yields an equation for �p(2), which is again a Poisson

equation with a continuity imbalance. Solving this equation and directly correcting the

(thus far once-corrected) pressure �eld gives the twice-corrected pressure p̂(2). Substitution

of the correction �p(2) in the second-velocity-correction equations yields the twice-corrected

velocity components û(2) and v̂(2). Details of the additional second-correction equations

can e.g. be found in Issa et al. [74, 75] or Versteeg and Malalasekera [209]. The sequence

of operations of the PISO method is given in Algorithm B.3.

Algorithm B.3 (PISO)

1. Take an initial guess for û, v̂, p̂ and the other variables �̂

2. Execute steps 2. through 5. of the SIMPLE algorithm to obtain the once-corrected

variables û(1), v̂(1) and p̂(1)

3. Solve the second pressure-correction equation to obtain �p(2)

4. Directly correct the pressure to obtain p̂(2)

5. Correct the velocity components by means of the second velocity-correction equations

to obtain û(2) and v̂(2)

6. Solve the other discretized equations to obtain new dependent variables �̂

7. Check for convergence:

� If convergence achieved: stop

� Otherwise: take û= û(2), v̂= v̂(2), p̂= p̂(2) and �̂=� and return to 2.
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Modi�cations of the Newton Method

The (partially) coupled solution methods CLIM and CFIM are discussed in Sections

4.3 and 4.4, respectively. As part of these methods, all discretized equations that describe

the (turbulent) jet ow are solved in one coupled system

~F (~!) = ~0 (C.1)

where ~! denotes the column vector of unknowns and ~F denotes a vector-valued function,

which consists of the corresponding discretized equations. In both CLIM and CFIM,

equation (C.1) is solved by means of (a variation of) the Newton method. For presentational

convenience, the standard Newton method is again given by

~!n+1 = ~!n + ~�n+1 (C.2)

Jn~�
n+1 = �~F (~!n) (C.3)

where n + 1 and n are the present and previous iteration level, respectively, ~�n+1 is the

solution update and Jn=@ ~F (~!
n)=@~!n is the Jacobian matrix for ~F with respect to ~!n. The

length of the vectors and the order of the matrix are denoted byN . Note thatN , the vectors

and the Jacobian matrix are di�erent in CLIM and CFIM. In the course of time, several

modi�cations of the standard Newton method have been developed. These methods can

be divided in two categories. The methods of the �rst category enhance the computational

e�ciency of the standard Newton method. The methods of the second category enhance the

convergence behaviour, i.e. with these methods the domain of attraction of the standard

Newton method is enlarged. Several variations of the standard Newton method are given

and discussed below.

Both the rate of convergence and the amount of work per iteration are important for

the computational e�ciency. When the amount of work to be executed in each iteration is

relatively large, the e�ciency of the solution method is usually rather small, even in case

of a high convergence rate. This may lead to large computing times. With respect to the

Newton method, various modi�cations have been proposed to enhance the computational

e�ciency. One of these modi�cations is the `modi�ed Newton method', in which the

Jacobian is kept unchanged after a su�cient number of iterations. In this way, the constant

LU-factorization can be used repeatedly. Although the convergence rate decreases and more

iterations are required, the total computational e�ort decreases, as the cost per iteration

decreases considerably.

Another possibility to enhance e�ciency is the use of so-called `quasi-Newton methods'

(Burden and Faires [22], Dennis and Mor�e [36], Ralston and Rabinowitz [145]). In these

177
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methods, the Jacobian matrix is approximated in such a way that the Jacobian evaluation

and/or solving the linear equation (C.3) require less computational e�ort. For example,

the `frozen' Jacobian of the modi�ed Newton method can be regarded as such an ap-

proximation. In general, this means that the quadratic convergence rate is not achieved.

However, in case of a su�ciently close approximation of the Jacobian, usually only modest

convergence speed is lost and the result is still much better than linear convergence. This

is often referred to as `super-linear convergence'. As an example, Burden and Faires [22]

have described a method similar to the secant method for single-valued functions, which

can also be regarded as a quasi-Newton method. In this multi-dimensional secant method,

the Jacobian matrix is constructed from the Jacobian at the previous iteration and the

vectors ~! and ~F at two previous iterations, without the direct evaluation of the Jacobian

entries. Only in the �rst iteration, the Jacobian needs to be evaluated, which for a banded

system requires N(bl + br + 1) function evaluations. In the next iteration, the number of

required function evaluations reduces to N , in exchange for about 2N(bl + br + 8) addi-

tional ops. However, in each iteration the linear equation (C.3) has to be solved, which

requires 2N(blbr + bl + br) ops with a banded LU-method. This may determine the to-

tal computational e�ort per iteration to a large extent. In the modi�ed Newton method,

the number of function evaluations for the Jacobian reduces to zero, without additional

ops. At the same time, the number of ops required to solve the linear equation with the

banded LU-method reduces to 2N(bl + br). Hence, the modi�ed Newton method seems to

be far more attractive. It is also possible to construct the inverse of the Jacobian from

the inverse at the previous iteration and the vectors at two previous iterations, thus lead-

ing to Broyden's method (Burden and Faires [22], Ralston and Rabinowitz [145]). In this

way, solving the linear equation is bypassed, in exchange for one function evaluation and

several additional matrix-vector multiplications and vector subtractions. For non-sparse

systems, this may be e�cient. However, for banded systems and sparse Jacobians this is

not economical, as the inverse of the Jacobian is non-sparse and hence the number of addi-

tional ops is of the order N2, which is much more than required for the modi�ed Newton

method. Another disadvantage is that in the �rst step the inverse has to be calculated

somehow, which in general is computationally very expensive. Because of the sequential

matrix construction, in both the secant approach and Broyden's method numerical errors

of any source are accumulated, unlike in the (modi�ed) Newton method. This may lead to

convergence problems. Other examples of quasi-Newton methods are Brent's method and

Brown's method, which maintain second-order convergence, but require approximately one

half of the function evaluations required by the Newton method. However, these methods

are complicated to implement, less exible and are not very suitable for solving the non-

linear equations that arise in boundary-value problems for a PDE (Atkinson [4], Dennis

and Mor�e [36]). Moreover, since the Jacobian remains unchanged, the modi�ed Newton

method is far more e�cient, as discussed above.

A well-known shortcoming of the Newton method is the small domain of attraction.

Obtaining convergence with the Newton method can be di�cult and often the focus is on

convergence, rather than on convergence speed. Various methods have been proposed to

improve the convergence behaviour of the standard Newton method. One of these methods

is the so-called `damped Newton method', in which only a fraction of the solution update
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~�n+1 is added to the previous solution ~!n, i.e. ~!n+1 = ~!n + �n~�
n+1, instead of (C.2).

Here �n, with 0 < �n � 1, is a relaxation parameter, which is chosen in such a way that

k~F n+1k < k~F nk. Note that the damped Newton method is not successful when the Newton

step ~�n+1 is in the wrong direction. The damped Newton method is equivalent to solving

1

�n
Jn~�

n+1 = �~F (~!n) (C.4)

in conjunction with the ordinary solution update (C.2). An example is the `backtracking

method' (Ascher et al. [2], Press et al. [138]), which �rst tries the full update and then

checks whether k~F k decreases. If not, the method backtracks along the Newton direction

until an acceptable update is found, by minimizing 1
2
~F � ~F . Simply using a small arbitrary

value of �n usually results in a considerable loss in convergence speed and hence is not

advisable. The backtracking method is rather di�cult to implement and may lead to a

breakdown in certain occasions, e.g. in case of an e�ectively singular Jacobian (Ascher

et al. [2]). Moreover, it involves a lot of additional computational e�ort and hence is not

suitable for the purpose of the present study.

Often methods with better convergence properties are used to obtain an approximation

of the solution. Once this approximation is located in the domain of attraction, the Newton

method is used to �nish the job, with quadratic convergence rate. The method of steepest

descent can serve this purpose, since it usually has a favourable (not fast, but robust)

convergence behaviour (Ortega and Rheinboldt [120], Ralston and Rabinowitz [145]). The

method of steepest descent and the damped Newton method can be combined, which yields

the Levenberg-Marquardt method (Ralston and Rabinowitz [145]), i.e.

1

�n
[Jn +  n � (JTn )�1]~�n+1 = �~F (~!n) (C.5)

with �n the damping factor and  n a parameter which determines `how much' of both

methods is applied. Note that for  n=0 the Newton method is used in full. In practice,

a gradual decrease of  n ! 0 is used. Unfortunately, the optimal rate of decrease of  n
is di�cult to determine. Moreover, the inverse of the transpose of the Jacobian or the

inverse of the Jacobian itself needs to be determined. This is computationally expensive

and certainly not economical in case of sparse matrices, because of the loss of sparsity in

the inverse.

Another method to enhance convergence is the Davidenko method (Ascher et al. [2],

Ralston and Rabinowitz [145]), which stems from the �eld of solving di�erential equations

with time evolution. The idea is to solve a di�erential equation by means of a sequence

of time steps, which �nally leads to the wanted solution. Consider ~F (~!)=~0, with initial

value ~!(0)=~!0. De�ne ~G(~!; t)= ~F (~!)�e�t ~F (~!0), so that ~G(~!0; 0)=~0 and ~G(~!; t)= ~F (~!)

when t! 1. Solving ~G(~!; t) =~0 in the sequence of time �nally yields ~F (~!) =~0. When

~!(t) is the solution of ~G[~!(t); t]=~0, it also satis�es the Davidenko equation

J(~!)
@~!(t)

@t
= �~F (~!) (C.6)

with J(~!) the Jacobian of ~F (~!). Hence, solving the Davidenko equation yields the solution

of ~F (~!)=~0 when t! 1. Many methods of time discretization can be used for (C.6), in
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order to obtain a false-time-stepping method. For example, discretization with a backward-

Euler approach yields

J(~!n)
1

�t
~�n+1 = �~F (~!n) (C.7)

with ~�n+1=~!n+1� ~!n and �t the time step. This is equal to the damped Newton method,

with �n = �t. Because of the explicit time discretization, stepsize-reduction techniques

are required to satisfy the stability constraint. Kramer [88] and Stevelmans [182] have

described how a mixed forward-Euler and backward-Euler discretization can be used to

deduce a rather robust solution algorithm, which is essentially a damped Newton method

in conjunction with a controlled stepsize �t. The method is rather di�cult to implement

and involves a lot of additional computational e�ort per iteration. Nevertheless, in case of

serious convergence problems, the method may be appealing.
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Non-Stationary Iterative Methods

D.1 Krylov-Subspace Methods

As discussed in Section 4.4, the linear equation (4.4.3) in CFIM is solved by means

of the non-stationary iterative BiCG-STAB method, which is one of the Krylov-subspace

methods that is frequently used to solve large sparse linear systems. In the course of

time, several non-stationary methods have been developed, see e.g. Axelsson [5], Barrett

et al. [8], Golub and Van Loan [51], Gutknecht [57, 58] or Saad [157]. Important for the

choice which of the iterative methods to use are the distinguishing features or characteristics

of the matrix (Barrett et al. [8]). Certain methods are only suitable for symmetric matrices

(Aij=Aji; 8ij). Other methods are developed for, or based on, (positive) de�nite matrices

(~xTA~x � 0; 8~x). Some of the methods use the transpose AT in the sequence of operations.

The Jacobian matrix J in CFIM is highly non-symmetrical. This is e.g. caused by the use

of upwind discretization in both the streamwise and transversal direction (for large values

of jPj) and the use of a staggered grid (see Chapter 3). Although the transpose of J is

not directly available in the CSR-storage, it can easily be computed by a simple conversion

routine. Hence, among other methods, the Quasi-Minimal Residual (QMR) method, the

Bi-Conjugate Gradient (BiCG) method, the Conjugate Gradient Squared (CGS) method,

the Bi-Conjugate Gradient Stabilized (BiCG-STAB) method or the Generalized Minimal

Residual (GMRES) method can be applied, as well as modi�cations or improvements of

these methods. The normal equations AAT~y = ~b (with ~x = AT~y) and ATA~x = AT~b can

also be considered and solved with the standard Conjugate Gradient (CG) method, as

both AAT and ATA are symmetric and positive de�nite. This is done in the CGNE

method, which is the acronym for CG method for the Normal Equations (Golub and Van

Loan [51], Saad [157]). The CGNE method is probably the simplest method for non-

symmetrical or non-de�nite matrices. It is relatively easy to implement. However, because

of the product with the transpose matrix, the required storage is increased. Moreover,

usually the convergence in this method is rather slow and irregular, because the condition

(number) of the product ATA or AAT is usually worse than that of A. Hence, for solving

non-symmetrical linear systems, often a di�erent method is preferred (Barrett et al. [8],

Saad [157]).

In the GMRES method (Saad and Schultz [159]), a sequence of orthogonal vectors is

calculated, as in the CG method, in combination with solving the minimization problem

with a least-squares approach. Because of the absence of symmetry in the matrix, the

sequence of orthogonal vectors can not be determined by means of a short recurrence

expression involving three successive residuals. Instead, the whole sequence of orthogonal
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vectors needs to be stored, which usually means a huge claim on internal memory. The

full GMRES method has a rather smooth convergence behaviour, since in this method

a residual norm is really minimized, unlike in some of the BiCG-like methods discussed

below. The method yields convergence within a �xed number of iterations, equal to the

order of the matrix. However, in GMRES an increasing amount of work and storage (per

iteration) is required for making the residuals orthogonal, which makes the method less

attractive. This can be bypassed, by restarting the method after a number of iterations.

This leads to the GMRES(m) method, with m the number of iterations in each GMRES-

sequence. Unfortunately, this number has to be speci�ed a priori. The optimal choice of m

can hardly be determined and is mainly a matter of experience. The convergence rate, and

hence the e�ciency of the method, is very sensitive to the choice of m. For small values of

m, the convergence rate is very slow or the method does not converge at all. On the other

hand, for large values of m, the method involves an unnecessary amount of storage and

work. Therefore, in the present study, a di�erent method is preferred to solve the linear

equation of the Newton process in CFIM.

In the (standard) BiCG method (Fletcher [46]), a di�erent approach is used for the

construction of orthogonal residuals. In this method, two CG-sequences of residual vectors

are calculated and used; one for A and one for AT , which are denoted by ~r n and ~s n,

respectively. Instead of making one sequence orthogonal, as in the CG method, in BiCG

the two sequences are made mutually orthogonal (~r n ? ~sm; 8n 6=m), which is sometimes

referred to as `bi-orthogonal'. A disadvantage of the method is the use of AT in the sequence

of operations and the need to solve linear systems with the transpose of the preconditioner,

in addition to equations with the preconditioner itself (see below). In general, the BiCG

method has an irregular convergence behaviour, since in this method no residual norm is

minimized, unlike in CG and GMRES. Occasionally a breakdown may be encountered, e.g.

when update coe�cients based on inner products are zero. This can be partly overcome

by means of look-ahead strategies (Freund et al. [49], Saad [157]) or by the introduction

of restarts. In case of a signi�cant reduction of the norm of the residuals, the number of

iterations is comparable to that required by full GMRES (Barrett et al. [8], Brussino and

Sonnad [21], Nachtigal et al. [116]). However, in comparison with GMRES, the construction

of the orthogonal vectors is computationally cheap in terms of (computational) work and

memory requirements. This makes the principle that underlies BiCG rather attractive for

solving the linear equation in CFIM.

Various methods have been developed to improve the irregular convergence behaviour

of BiCG, without storing the full sequence of residual vectors like in GMRES. In case of

an irregular convergence behaviour, a large di�erence in magnitude of the norms of the

residual vectors may occur during the iterative process. These norms may occasionally

be larger than the norm of the initial residual. This may lead to several problems, even

when the residuals are eventually smaller than the speci�ed tolerance threshold (Sleijpen

and Van Der Vorst [167]). The convergence behaviour of BiCG can be made smoother by

means of the use of the QMR method of Freund and Nachtigal [48]. In this method, a least-

squares minimization problem with respect to the norms of the BiCG residuals is solved.

In this way, the irregular convergence behaviour of BiCG is made much smoother and a

breakdown can generally be avoided. The amount of work per iteration is comparable to
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that of BiCG. In general, the convergence rate is comparable to that of GMRES and BiCG,

but with a smoother convergence behaviour than BiCG (Freund and Nachtigal [48], Barrett

et al. [8]). However, the QMR method uses the transpose matrix AT in the sequence of

operations. Moreover, linear equations with the transpose of the preconditioning matrix

have to be solved, in addition to equations with the preconditioner itself. This makes the

method less attractive for the present study.

As for Richardson's method in (4.4.6), for BiCG the residual vector at iteration level

n + 1 can be expressed as (Barrett et al. [8])

~r n+1 = bPn+1(A)~r 0 (D.1)

with bPn+1(A) a polynomial in A of order n+1 and ~r 0 the initial residual. If the polynomial

operator makes the norm of ~r n+1 smaller than ~r 0, it seems advantageous to apply the

operator twice (or even more times) and calculate bP 2
n+1(A)~r

0. This is done in the CGS

method of Sonneveld [176, 177]. This method does not use the transpose AT and the

construction of the AT -sequence is bypassed. Hence, no system of linear equations with

the transpose of the preconditioner has to be solved. The amount of work per iteration is

comparable to that of BiCG and QMR. In CGS, the update operations for the A-sequence

and AT -sequence are applied to the same vectors. Theoretically, in CGS the convergence

rate of BiCG is doubled. In practice, the convergence rate of CGS is often faster than that

of BiCG, although the convergence may be more irregular, because of the absence of a

minimization procedure for the residuals and the `squaring of round-o� errors' (Barrett et

al. [8], Brussino and Sonnad [21], Nachtigal et al. [116], Van Der Vorst [193, 194]). This may

lead to convergence problems. Nevertheless, the method has shown to be quite successful

for solving non-symmetrical linear systems.

In the BiCG-STAB method (Van Der Vorst [193, 194], Van Der Vorst and Sonn-

eveld [195]), a di�erent update is used for the AT -sequence, in order to obtain a smoother

convergence behaviour than that of CGS. As in CGS, this method does not use the trans-

pose AT . The amount of work per iteration is comparable to that of BiCG, CGS and

QMR. Instead of bP 2
n+1(A)~r

0, the method uses Qn+1(A) bPn+1(A)~r 0, with Qn+1(A) a poly-

nomial in A of order n + 1. Through the polynomial Qn+1, the updates of the solution

vectors and residual vectors are subjected to a steepest-descent technique. In this way,

residuals are minimized locally, which gives a smoother convergence behaviour than CGS.

The method can be regarded as the combination of BiCG and a repeated application of

GMRES(1) (Barrett et al. [8], Gutknecht [57, 58]). In case of breakdown, a modi�cation of

the method can be used, such as the BiCG-STAB(m) method (Sleijpen et al. [168, 169]).

The convergence rate of BiCG-STAB is comparable to that of CGS, but with a smoother

convergence behaviour (Barrett et al. [8], Van Der Vorst [193, 194]). Moreover, AT is not

used in the sequence of operations and therefore no linear equation with the transpose of

the preconditioner has to be solved. This is an advantage in comparison with QMR.

D.2 Simple Preconditioning Methods

Several methods of preconditioning have been tried in conjunction with BiCG-STAB

for solving the system of linear equations (4.4.3) in CFIM, with increasing complexity.
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The BiCG-STAB method did not converge without preconditioning, i.e. the use of the

unity preconditioner M = I. The same holds for the pointwise-Jacobi preconditioner,

which consists of the diagonal entries of the Jacobian J , i.e. Mij = Jij, if i = j and

Mij=0 otherwise. Because of the block-structure of the Jacobian J , a preconditioner that

operates on blocks, instead of individual matrix elements, might be more powerful and

hence is appealing. Therefore, the blockwise-Jacobi (BJ) preconditionerM=d(J ) has been
tried, with d(J ) the block-diagonal matrix, which is composed of the small � � � diagonal

blocks of the Jacobian J (see Figure 4.3). However, this method did not yield convergence

either. The BJ preconditioner M=D(J ) has been tried as well, where the matrix D(J ) is
composed of the N �N diagonal blocks Di of the Jacobian J . This method can be regarded

as a full-diagonal-block preconditioning method. A linear equation with M can be solved

e�ciently (computationally cheap) by means of the banded LU-solver applied to the blocks

Di, as described for the Jacobian J of CLIM in Section 4.3. In case of `strong' diagonal

blocks Di relative to Li and Ri, the obtained preconditioner is quite successful, as in that

case M =D � A. Note that the diagonal of J can be strengthened by means of under-

relaxation in the Newton method (see Section 4.3), which leads to stronger diagonal blocks

Di. The gridsize (in both directions) also a�ects the block-diagonal dominance, through

di�erent values of the cell-Peclet numbers. Unfortunately, without relaxation convergence

could only be obtained occasionally. Hence, a more powerful and sophisticated method of

preconditioning is required.

Another attempt to obtain convergence was the use of a blockwise line-by-line Gau�-

Seidel (BGS) method as a preconditioner. For the BJ preconditioners, the size of the

blocks appeared to be essential, i.e. the diagonal blocks with dimension N �N had to be

considered. Hence, a BGS method has been considered with respect to the large N � N
blocks Di, Li and Ri of the Jacobian J (see Figure 4.3). In fact, this is a blockwise-iterative

stationary method, as discussed in Section 4.1. The BGS method can also be used without

being a preconditioner for one of the Krylov methods. However, when this method is

used as the basic solution method to solve (4.4.3) in CFIM, a rather large number of BGS

iterations is required to obtain convergence. This has led to rather excessive computing

times, although some work could be saved by storing and re-use of the LU-factorizations of

the diagonal blocks Di. The BGS method can also be used in conjunction with the Krylov-

subspace methods, where it serves as a preconditioning method. Each time a linear system

with M has to be solved in the sequence of operations of the Krylov method, a certain

number m of BGS iterations is executed. This is referred to as the BGS(m) preconditioner.

Typically, the number m is of the order 10. Upon convergence of BGS, the method has been

successful in obtaining convergence of BiCG-STAB, applied to the linear equation (4.4.3)

in CFIM. However, with the two methods discussed in Section 4.4, convergence could be

obtained in much less BiCG-STAB-iterations and hence in considerably less computing

time. Therefore, for the simulations of turbulent jets and ames in this study, these two

methods are preferred and the BGS(m) approach is left aside.
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Nomenclature

Roman symbols
A (cross-sectional) area [m2], boundary surface [m2], general matrix
A(P ) discretization coe�cient function
a discretization coe�cients, (general/similarity) constant, PDF parameter
B iteration matrix, Arrhenius constant
b similarity constant, PDF parameter
bl, br number of left/right matrix bands
~b general rhs vector
c�, c"1 , c"2 , cg turbulence constants [�]
~c general vector
D nozzle diameter [m], di�usion conductance [kg=m2s],

species di�usion coe�cient [m2=s], destruction rate
D, D diagonal (block) matrix (CLIM, general/CFIM)
d diagonal block matrix
E turbulent energy [m2=s2], e�ciency index, Arrhenius constant
F convection mass ux [kg=m2s]
~F , ~F vector-valued function (CLIM/CFIM)
FS( ) Fourier symbol
f mixture fraction [�], general function
Gz axial momentum ux [kgm=s2]
G� moment of circumferential momentum ux [kgm2=s2]
g mean variance of f [�], general function
I unity matrix, jet invariant for momentum [m2=s] or mixture fraction [m]
i imaginary unity, grid index, turbulence intensity [�]
J , J Jacobian matrix (CLIM, general/CFIM)
j grid index
Kn Krylov subspace
k turbulent kinetic energy [m2=s2], MRILU/Schur factorization level,

reaction rate, polynomial coe�cient
L macro length scale [m], characteristic (streamwise) length scale [m],

lower-triangular matrix, left block matrix, linearization operator
L block-lower-diagonal matrix (CFIM)
l left block matrix
l ame length [m]
lm turbulent length scale [m], mixing length [m]
M preconditioning matrix, (cross-sectional) mass ow [kg=s], Mach number [�]
M preconditioning matrix
m counter-valued Kronecker delta, number of iterations, power-law constant
N , N number of discretized equations (CLIM/CFIM)
Ni number of initial CLIM-sweeps
N1, N2, N3 number of iterations
NI, NJ number of axial/radial gridpoints
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Nr, Ns number of reactions/species
n normal direction, power-law constant, iteration level, rate of convergence
P (mean) pressure [N=m2], cell-Peclet number [�], PDF, production rate,

matrix polynomial
p pressure [N=m2], �ll-in level (MRILU), similarity power
Q matrix polynomial, source strength (ux)
q quadratic form, similarity power, source (distribution) strength
R upper-triangular matrix, right block matrix, residual matrix,

total radius, ratio of gradients [�], Reynolds stress [N=m2]
Re Reynolds number [�]
Rmax maximum normalized residual sum [�]
R0 nozzle radius [m]
R block-upper-diagonal matrix (CFIM)
r radial coordinate [m], right block matrix
~r residual vector
rb, rjb jet boundary [m]
r1
2

, r 1

100

half width radius/global jet width [m]

S swirl number [�], (general) source term, Schur (sub-)matrix, strain tensor [1=s]
Sij strain rate [1=s]
s stoichiometric coe�cient, similarity power, (upwind-central) switch function
~s general vector, residual vector
T temperature [K; oC], macro time scale [s]
t time [s]
U (mean) velocity component (axial, horizontal, general) [m=s],

macro/characteristic velocity scale [m=s]
u velocity component (axial, horizontal, general) [m=s]
~u velocity vector [m=s], general vector
V (mean) velocity (component) (radial, vertical) [m=s], (control) volume [m3]
~V velocity vector [m=s], species di�usion velocity [m=s]
v velocity component (radial, vertical) [m=s]
~v general vector, velocity of species [m=s]
W (mean) velocity component (circumferential, transversal) [m=s]
w velocity component (circumferential, transversal) [m=s]
x spatial coordinate [m]
~x spatial vector [m], general vector
Y mass fraction [�]
y spatial coordinate [m]
~y general vector
y 1
2

, y 1

100

half width/global jet width [m]

ye, yjb jet boundary [m]
z axial coordinate [m], spatial coordinate [m]
~z general vector

Greek and other symbols
� (general) relaxation factor, interpolation coe�cient, Arrhenius constant
� Prandtl-Glauert constant, compressibility parameter
� general di�usion/exchange property
�t time step [s], time interval [s]
�x, �y, �z, �r horizontal/vertical/axial/radial gridsize [m]
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~� solution update vector (CFIM)
� characteristic (transversal) length scale [m], Kronecker delta (tensor)
�t time step [s]
�x, �y, �z, �r horizontal/vertical/axial/radial gridsize [m]
~� solution update vector (CLIM)
� length scale ratio (order)
" turbulent (kinetic) energy dissipation [m2=s3], perturbation, accuracy
"g scalar dissipation rate [1=s]
� sub-matrix size, number of coupled equations

micro length scale [m], similarity parameter [�]
� circumferential coordinate [rad], angle [rad], cost per iteration
# (characteristic) velocity [m=s]
� similarity parameter [�], eigenvalue, relaxation factor (Newton method)
� dynamic viscosity [kg=ms]
�t eddy viscosity [kg=ms]
� kinematic viscosity [m2=s], (forward/backward) stoichiometric coe�cient
� integration dummy, non-dimensional space coordinate [�]
� uid density [kg=m3], species density [kg=m3]
�, �k, �", �f , �g (turbulence) constants [�]
�x, �y wave numbers [1=m]
� integration dummy [�], micro time scale [s], viscous stress tensor [N=m2]
� scalar (perturbation) potential [m2=s]
� general variable, scalar potential [m2=s], similarity parameter [�]
	 stream function [m2=s]
~
 solution vector (CFIM)
! speci�c dissipation rate [1=s], abbreviation for rw [m2=s], integration dummy
!x, !y,
!f , !b, !c, !fc relaxation factors (acceleration methods CLIM)
~! solution vector (CLIM), vorticity vector [1=s]

Subscripts
ax axis, centreline
cl centreline
co co-ow
E, e east
i spatial index, matrix/vector entry, species index
j spatial index, matrix/vector entry, reaction index
k spatial index
max, m maximum
min minimum
N, n north
n iteration level
nb neighbouring points
P, p point
r radial direction
S, s south
st stoichiometric
t turbulent
W, w west
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z axial direction
� matrix/vector entry
� matrix/vector entry
� circumferential direction
0 oxidant, initial condition, nozzle
1 fuel, coordinate direction
2 coordinate direction
1 freestream, co-ow

Superscripts
(a) pressure-gradient relaxation acceleration (CLIM)
(b) backward pressure-correction acceleration (CLIM)
n iteration level
T matrix/vector transpose
0 initial

Abbreviations and Acronyms
ADI Alternating Direct Implicit method
BGS Blockwise-Gau�-Seidel method
BiCG Bi-Conjugate Gradient method
BiCG-STAB Bi-Conjugate Gradient Stabilized method
BILU(0) (approximate) Blockwise ILU(0) preconditioner
BJ Blockwise-Jacobi preconditioner
BL (Reynolds-averaged) Boundary-Layer ow model
BLI (Reynolds-averaged) Boundary-Layer ow model with interaction
CFD Computational Fluid Dynamics
CFIM Coupled Field-Iteration Method
CG Conjugate Gradient method
CGS Conjugate Gradient Squared method
CLIM Coupled Line-Iteration Method
CSR Compressed-Sparse-Row format
CTRZ Central Toroidal Recirculation Zone
DNS Direct Numerical Simulation
FVM Finite Volume Method
GMRES Generalized Minimal RESidual method
ILU Incomplete LU-factorization preconditioner
ILUT ILU-Threshold preconditioner
MILU Modi�ed ILU preconditioner
MRILU Matrix Renumbered ILU preconditioner
NS (Reynolds-averaged) Navier-Stokes ow model
PDF Probability Density Function
PISO Pressure-Implicit method with Splitting of Operators
PNS (Reynolds-averaged) Parabolized Navier-Stokes ow model
QMR Quasi-Minimal Residual method
QUICK Quadratic Upwind Interpolation for Convective Kinematics
RANS Reynolds-Averaged Navier-Stokes equations
SCRS Simple Chemical Reaction System
SIMPLE(C/R) Semi-Implicit Method for Pressure-Linked Equations (Consistent/Revised)
TDMA Tri-Diagonal Matrix Algorithm



Summary

Turbulent jets and ames are frequently found in industrial applications. Numerical
simulations are of great help in gaining a better understanding of the physical behaviour
of these jets and ames. This may be useful for the improvement or design of industrial
processes. Unfortunately, numerical simulations are very time consuming. Even when
turbulence is modelled by means of the relatively simple k � " turbulence model and
combustion is tackled through the amelet approach, the required computational e�ort is
often excessive. Therefore, in this thesis, several (numerical) solution methods are studied
that speed up the numerical simulation of turbulent jets and ames. The research focusses
on circular compound jets and di�usion ames. The inuence of swirl on the performance
of the solution methods is also studied.

Traditionally, the conservation equations are solved by means of sequential pressure-
correction solution methods. Because of a strong interdependence of the equations in the
considered models, this often leads to a slow convergence behaviour. One way of saving
computing time is the application of a stronger coupling of the equations in the numerical
solution procedure. In this study, two coupled solution methods are presented. The Cou-
pled Line-Iteration Method (CLIM) employs a repeated streamwise marching procedure, as
the considered jets and ames possess a clear main ow direction. At each streamwise sta-
tion, the discretized equations are solved simultaneously in one coupled system by means of
a modi�ed Newton method. The number of streamwise marches, and hence the computa-
tional e�ort, is determined by the level of ellipticity. Two acceleration techniques for CLIM
are studied and tested. With pressure-gradient relaxation in the radial component of the
momentum equation, the number of streamwise marches can be signi�cantly reduced for a
wide range of the relaxation factor. The backward pressure-correction technique generally
results in an even larger reduction of the computational e�ort, at least for certain combi-
nations of the employed relaxation factors. Since the acceleration methods only directly
a�ect the streamwise variation in the equations through the pressure gradient, they are
not successful when the level of ellipticity is mainly determined by streamwise di�usion
or in case of swirling jets with a recirculation zone. The Coupled Field-Iteration Method
(CFIM) solves the discretized equations of the entire computational domain in one large
system through the full Newton method in conjunction with contemporary large-sparse-
matrix techniques. The information propagation through convection, pressure gradients
and di�usion, in two coordinate directions, is dealt with simultaneously. This makes CFIM
more e�ective than CLIM in cases of a relatively high level of ellipticity, which occurs in
case of laminar jets and strongly swirling jets with a recirculation zone. For turbulent
jets and ames without recirculation, the methods CLIM and CFIM are equally e�cient.
The application of a stronger coupling in the solution procedure is e�ective for laminar
and turbulent jets with or without swirl, as well as for turbulent di�usion ames. In com-
parison with the segregated SIMPLE method, the generally obtained gain with respect to
computing time is roughly one order of magnitude.

Another way of reducing the computational e�ort is neglecting relatively small terms
in the equations, thus leading to a lower level of ellipticity. As a consequence, the result-
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ing parabolized ow model may be solved with fewer CLIM-sweeps, since the streamwise
variation through di�usion is omitted. However, the parabolization does not a�ect the
pressure-continuity coupling in the equations, which may yet yield a relatively high level of
ellipticity. The boundary-layer ow model can always be solved with only one streamwise
sweep, due to the one-way structure obtained by the suppression of all ellipticity. This
results in a computational e�ort that is roughly two orders of magnitude smaller than
that required to solve the fully elliptic equations, which makes the boundary-layer ow
model very attractive for the simulation of jets and ames. In case of turbulent jets and
ames without recirculation, the computational e�ort required to solve the parabolized
ow model is comparable to that required for solving the original equations. This is due to
the relatively low level of streamwise di�usion, which makes the process of parabolization
redundant. An additional advantage of the low level of ellipticity is that the accelera-
tion methods for CLIM are e�ective for both the parabolized and the original elliptic ow
model. In laminar jets without recirculation, streamwise di�usion is relatively more im-
portant, as in this case a signi�cant reduction of computing time is achieved by solving the
parabolized ow model. The parabolized ow model and boundary-layer ow model can
only be used in case of non-swirling jets or ames or swirling jets without recirculation.
In case of strongly swirling jets with a recirculation zone, only the elliptic equations are
considered.

The omission of certain terms in the equations should not result in major deviations
from the (true) solution obtained from the full ow model. Fortunately, the di�erence
between the various ow models is small within the jet region, because of the parabolic
nature of the considered jets and ames. In the co-ow area, some deviation is observed,
which is however of relatively small proportions. The boundary-layer pro�les of the radial
velocity component and the pressure deviate from the solutions obtained from the other
ow models, because of the strongly modi�ed radial component of the momentum equation.
Therefore, the boundary-layer ow model should not be used when adequate pro�les of all
variables are required. The omission of physics in the boundary-layer ow model can be
partly overcome by means of a potential-ow model for the streamwise pressure gradient, at
the cost of a modest number of CLIM-sweeps. When the initial swirl intensity increases, the
deviations of the pro�les obtained from the parabolized ow model remain relatively small,
whereas the solution of the boundary-layer model shows a clear increasing deviation. Hence,
the boundary-layer ow model can only be accurately employed at small or moderate swirl
intensities. The global jet characteristics observed in the simulations are in reasonable
agreement with the analytical predictions that can be deduced from the boundary-layer
ow model upon application of gross simpli�cations and assumptions.



Samenvatting

Turbulente jets en vlammen komen veelvuldig voor in industri�ele toepassingen. Nu-
merieke simulaties zijn een belangrijk hulpmiddel om een beter inzicht te krijgen in het
fysische gedrag van deze jets en vlammen. Dit kan nuttig zijn voor de verbetering of
ontwikkeling van industri�ele processen. Helaas kosten numerieke simulaties erg veel reken-
tijd. Zelfs wanneer turbulentie wordt gemodelleerd met behulp van het relatief eenvoudige
k� " turbulentie model en verbranding wordt aangepakt via de amelet benadering, is de
vereiste rekeninspanning vaak excessief. Daarom worden in dit proefschrift verscheidene
(numerieke) oplosmethodes bestudeerd die de numerieke simulatie van turbulente jets en
vlammen versnellen. Het onderzoek concentreert zich op ronde jets en di�usie vlammen
met een parallelle buitenstroming. De invloed van draaiing van de stroming (swirl) op de
prestatie van de oplosmethodes wordt ook bestudeerd.

Traditioneel worden de behoudsvergelijkingen opgelost met behulp van sequenti�ele
druk-correctie oplosmethodes. Vanwege de sterke onderlinge afhankelijkheid van de ver-
gelijkingen in de beschouwde modellen leidt dit vaak tot een zwak convergentiegedrag.
Een manier om rekentijd te besparen is de toepassing van een sterkere koppeling van de
vergelijkingen in de numerieke oplosmethode. In dit onderzoek worden twee gekoppelde
oplosmethodes gepresenteerd. In de gekoppelde lijn-iteratie methode (CLIM) wordt een
herhaalde marcheerprocedure in stromingsrichting aangewend, omdat de beschouwde jets
en vlammen een duidelijke hoofdrichting bezitten. Bij elk station worden de gediscreti-
seerde vergelijkingen simultaan opgelost in �e�en gekoppeld systeem door middel van een
gewijzigde Newton methode. Het aantal marcheerbewegingen in stromingsrichting, en dus
de rekeninspanning, wordt bepaald door het niveau van ellipticiteit. Twee versnellings-
technieken voor CLIM worden bestudeerd en getest. Met drukgradi�ent-relaxatie in de
radiale component van de impulsvergelijking kan het aantal marcheerbewegingen in stro-
mingsrichting signi�cant worden gereduceerd voor een groot bereik van de relaxatiefactor.
De achterwaartse drukcorrectie-techniek resulteert over het algemeen in een nog grotere
reductie van de rekeninspanning, althans voor bepaalde combinaties van de relaxatiefac-
toren. Omdat de versnellingsmethodes alleen een directe invloed hebben op de variatie
in de vergelijkingen via de drukgradi�ent, zijn ze niet succesvol wanneer het niveau van
ellipticiteit hoofdzakelijk wordt bepaald door di�usie in stromingsrichting of in geval van
draaiende jets met een recirculatie gebied. In de gekoppelde veld-iteratie methode (CFIM)
worden de gediscretiseerde vergelijkingen van het gehele rekendomein in �e�en groot systeem
opgelost via de Newton methode in combinatie met eigentijdse technieken voor grote ijle
matrices. De informatievoortplanting via convectie, drukgradi�enten en di�usie, in twee
co�ordinaatrichtingen, wordt gekoppeld aangepakt. Dit maakt CFIM e�ectiever dan CLIM
in gevallen van een relatief hoog niveau van ellipticiteit, hetgeen voorkomt in geval van
laminaire jets en sterk draaiende jets met een recirculatie gebied. Voor turbulente jets en
vlammen zonder recirculatie zijn de methodes CLIM en CFIM even e�ci�ent. De toepassing
van een sterkere koppeling in de oplosmethode is e�ectief voor laminaire en turbulente jets
met of zonder swirl, evenals voor turbulente di�usievlammen. In vergelijking met de niet-
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gekoppelde SIMPLE methode is de algemeen behaalde winst met betrekking tot rekentijd
ruwweg �e�en orde van grootte.

Een andere manier om de rekeninspanning te reduceren is het verwaarlozen van relatief
kleine termen in de vergelijkingen, hetgeen leidt tot een lager niveau van ellipticiteit. Het
gevolg hiervan is dat het resulterende geparaboliseerde stromingsmodel kan worden opgelost
met minder CLIM-iteraties, omdat de variatie via di�usie is verwijderd. De parabolisatie
be��nvloedt echter niet de druk-continu��teitskoppeling, hetgeen toch een relatief hoog niveau
van ellipticiteit tot gevolg kan hebben. Het grenslaagstromingsmodel kan altijd worden
opgelost met slechts �e�en marcheerbeweging vanwege de �e�enrichtingsstructuur die is verkre-
gen door het onderdrukken van alle ellipticiteit. Dit resulteert in een rekeninspanning die
ongeveer twee ordes van grootte kleiner is dan die welke vereist is om de volledige vergelij-
kingen op te lossen, hetgeen het grenslaagmodel erg aantrekkelijk maakt voor de simulaties
van jets en vlammen. In geval van turbulente jets en vlammen zonder recirculatie is de
vereiste rekeninspanning om het geparaboliseerde model op te lossen vergelijkbaar met die
welke nodig is om de originele vergelijkingen op te lossen. Dit is het gevolg van een relatief
laag niveau van di�usie in stromingsrichting, hetgeen parabolisatie overbodig maakt. Een
bijkomend voordeel van het lage niveau van ellipticiteit is dat de versnellingsmethodes voor
CLIM e�ectief zijn voor zowel het geparaboliseerde als het originele elliptische stromings-
model. In laminaire jets zonder recirculatie is di�usie in stromingsrichting relatief belang-
rijker, omdat in dit geval een signi�cante reductie van rekentijd wordt behaald door het
oplossen van het geparaboliseerde model. Het geparaboliseerde model en grenslaagmodel
kunnen alleen worden gebruikt in geval van jets en vlammen zonder swirl of draaiende jets
zonder recirculatie. In geval van sterk draaiende jets met een recirculatiegebied worden
alleen de elliptische vergelijkingen beschouwd.

Het weglaten van bepaalde termen in de vergelijkingen mag niet resulteren in belangrijke
afwijkingen ten opzichte van de echte oplossing zoals gevonden met het volledige stromings-
model. Gelukkig is het verschil tussen de diverse stromingsmodellen klein binnen in de jet
vanwege de parabolische aard van de beschouwde jets en vlammen. In het buitengebied
wordt enige afwijking geconstateerd, welke echter van kleine omvang is. De grenslaag-
pro�elen van de radiale snelheidscomponent en de druk wijken af van de oplossingen die
zijn verkregen met de andere stromingsmodellen vanwege de sterk veranderde radiale com-
ponent van de impulsvergelijking. Daarom kan het grenslaagmodel niet worden gebruikt
wanneer nauwkeurige pro�elen van alle variabelen vereist zijn. Het weglaten van een deel
van de fysica in het grenslaagmodel kan voor een gedeelte worden tenietgedaan door mid-
del van een potentiaal model voor de drukgradi�ent in stromingsrichting, ten koste van een
bescheiden aantal CLIM-iteraties. Wanneer de initi�ele intensiteit van de swirl toeneemt
blijven de afwijkingen van de pro�elen die zijn verkregen met het geparaboliseerde model
relatief klein, terwijl de oplossing van het grenslaagmodel een duidelijk toenemende afwij-
king laat zien. Daarom kan het grenslaagmodel alleen nauwkeurig worden toegepast bij
kleine of bescheiden swirl-intensiteiten. De globale jet-karakteristieken die worden gevon-
den in de simulaties zijn in redelijke overeenstemming met de analytische voorspellingen
welke kunnen worden afgeleid van het grenslaagmodel onder grove vereenvoudigingen en
aannames.
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Stellingen

behorende bij het proefschrift

The Numerical Simulation of Turbulent Jets

and Di�usion Flames

van

Roel Luppes

1. Het numeriek gekoppeld oplossen van stromingsvergelijkingen kan leiden

tot een besparing van rekentijd van �e�en orde van grootte in vergelijking

met de benodigde rekentijd in geval van sequenti�ele oplosmethodes.

Dit proefschrift.

2. Het gebruik van een grenslaagstromingsmodel in plaats van een volledig

stromingsmodel voor een turbulente jetstroming of di�usievlam kan een

winst in rekentijd opleveren van twee ordes van grootte, zonder dat dit

een al te grote invloed heeft op de nauwkeurigheid van de oplossing.

Dit proefschrift.

3. Voor de simulatie van stromingen zonder een duidelijke hoofdrichting

verdient het aanbeveling een volledig gekoppelde oplosmethode te gebrui-

ken in plaats van een marcheermethode.

Dit proefschrift.

4. In numerieke simulaties van stromingen waarin gebruik wordt gemaakt

van een turbulentiemodel kan worden volstaan met een lagere orde van

nauwkeurigheid van de oplossing.

5. Het ontstaan van een recirculatiegebied in een stroming met swirl wordt

meer bepaald door de vorm van het snelheidspro�el bij de inlaat dan door

de grootte van het swirlgetal.

6. Ten onrechte wordt bij "numerieke analyse" vaak primair gedacht aan

een analyse van fouten, stabiliteit en nauwkeurigheid. De studie van

algoritmes is minstens even belangrijk.

L.N. Trefethen. The De�nition of Numerical Analysis.

In: SIAM News, November 1992.

7. Omdat de "Westerse telling" is ontstaan in India, dient het Latex com-

mando \arabic te worden gewijzigd in \indian.



8. Vanwege het grote aantal dagelijkse �les dient de o�ci�ele naam autoSNEL-

weg te worden gewijzigd in autoweg. Hierdoor ontstaan er twee soorten

autowegen, namelijk die met en zonder ongelijkvloerse kruisingen.

9. Als 20 seconden reclame op televisie invloed heeft op het gedrag van men-

sen, heeft een actie�lm van ruim 11

2
uur met veel geweld zeker invloed.

10. Achteraf bezien heeft de uitkomst van verricht onderzoek iets vanzelf-

sprekends.

Vrij naar H. Freudenthal.

11. De naam "aarde" die wij aan onze waterrijke planeet hebben gegeven is

op zijn minst twijfelachtig.

12. Een bedrijf dat meedoet aan de 24-uurs economie hoeft geen sloten op de

deur.

13. Het verdient aanbeveling naast reddingsvesten ook parachutes als nood-

uitrusting te plaatsen onder vliegtuigstoelen.
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