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SUMMARY

All materials, both natural and man-made, have a heterogeneous structure at one
or more scales of observation. This heterogeneous nature has a drastic impact on
their macroscopic mechanical behaviour. Studying the relation between microstruc-
tural phenomena and the macroscopic behaviour will provide a way to design the mi-
crostructure of a material such that specific requirements on the resulting macroscopic
mechanical behaviour can be fulfilled. This is called material design.

One way to obtain a quantitative relation between the separate scales is to use ho-
mogenisation methods. Here, the heterogeneous material is effectively replaced by an
equivalent homogeneous one, that represents the real material in an averaged sense.
The fundamental assumption in these methods is the existence of a unit cell that is
representative for the microstructure of the material under consideration, the so-called
representative volume element (RVE).

In this thesis, a numerical homogenisation method has been developed to model
the mechanical behaviour of heterogeneous elastoviscoplastic solids at finite strains.
At the microscopic and macroscopic level, strain softening behaviour (i.e., a decreas-
ing stress with increasing strain) can be described properly. The continuous matrix
material is assumed to be polycarbonate, whereas the heterogeneities are taken to be
rubber particles and voids.

A hyperelastoviscoplastic constitutive model has been formulated to account for
the typical deformation characteristics of polycarbonate. In order to perform numerical
simulations, the constitutive model has been implemented in an updated Lagrange
weighted residual formulation of the equilibrium equation, which is solved iteratively
using the finite element method.

The homogenisation procedure can be summarised as follows: (i) definition of an
RVE, of which the constitutive behaviour of its individual components is assumed to
be known; (ii) formulation and application of microscopic boundary conditions on the
RVE; (iii) calculation of the macroscopic state variables from the simulations on the
RVE by means of so-called micro-macro relations; (iv) determination of the macro-
scopic constitutive parameters. The thus obtained constitutive equation enables the
modelling of complex macrostructures, while taking into account the influence of the
microstructure.

The method has been validated by comparing results of homogenised simulations
with reference solutions. For this purpose, a specimen with a periodic microstructure
and an irregular microstructure has been considered. Of course, several macroscopic
model assumptions have been evaluated. A simple failure criterion at the macroscopic
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level has been formulated, which follows rather straightforwardly from an assumed
failure behaviour of the material at the microscopic level.

Several applications are discussed, in which the macroscopic mechanical behaviour
of different specimens is modelled by means of the homogenised constitutive equa-
tions.



CHAPTER 1

INTRODUCTION

1.1 General introduction

Microstructural modification of materials appears to be a promising route to enhance
their mechanical properties. Examples of such materials are polymer blends, polymer
composites, metal matrix composites, alloy systems and most of the natural materials,
such as bone and wood. The development of such materials is generally done empir-
ically, that is, a large number of samples with different microstructures are fabricated
and tested, until specific requirements on the mechanical behaviour of these materials
are fulfilled. Obviously, these trial and error methods can be very time consuming and
expensive. It has been recognised that more fundamental studies are needed for a bet-
ter understanding of the deformation behaviour of these advanced materials. Relations
between the microstructural phenomena and the macroscopic deformation behaviour
are indispensable when predicting macroscopic properties from the microstructure of
a material. Such studies will result in material design, that is, new materials will be
developed with a microstructure modified in such a way, that specific macroscopic re-
quirements on these materials are fulfilled. This will lead to the optimisation of the
macroscopic mechanical behaviour of microscopically heterogeneous materials.

1.2 Modelling strategies for heterogeneous materials

Numerical methods have developed into really useful tools to predict the mechani-
cal behaviour of materials for a wide range of constitutive equations. In general, the
finite element method is used for this purpose (see for instance Owen and Hinton,
1980; Zienkiewicz and Taylor, 1989b; Crisfield, 1997; Simo and Hughes, 1998). Numer-
ical analysis of the mechanical behaviour of real heterogeneous materials, in which
the length scale difference between the macrostructure and the individual microstruc-
tural components can be several orders of magnitude, requires an enormous amount of
computer memory and computational time, and can therefore be practically infeasible.

Another way to model the deformation behaviour of heterogeneous solids at the
macrolevel, is the use of a so-called multilevel finite element method where, on the dif-
ferent appropriate scales, simultaneous numerical calculations are performed (Terada
and Kikuchi, 1995; Ghosh et al., 1996; Miehe et al., 1998; Smit et al., 1998; Feyel and
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Figure 1.1: Graphical representation of the homogenisation process

Chaboche, 2000; Kouznetsova et al., 2000). The most important benefit of the multi-
level method appears to be the readily available information of the evolution of the
microstructure during loading of the macroscopic structure and, therefore, the results
of this method are quite accurate. Nevertheless, this approach poses severe limitations
on practical applications with complex microstructures as well as complex macrostruc-
tures as also this method is computationally expensive. This fact has also been pointed
out by the users of the method (Terada and Kikuchi, 1995; Lee and Ghosh, 1999).

Homogenisation methods provide yet another way to predict the mechanical re-
sponse of a heterogeneous specimen. Here, the heterogeneous specimen is replaced
by a homogeneous equivalent continuum, that represents the structured material in an
averaged sense (Maugin, 1992; Vosbeek, 1994). The fundamental assumption in these
homogenisation procedures is the statistical homogeneity of the heterogeneous mate-
rial (Hashin, 1983), that is, all statistical properties of the state variables are the same at
any point in the material. In that case, it is possible to identify an element whose me-
chanical behaviour is representative for the heterogeneous medium as a whole. Such
an element is called a representative volume element, or short, RVE.

The homogenisation procedure is graphically depicted in Fig.1.1. The first step is to
define an appropriate RVE, of which the constitutive behaviour of the individual con-
stituents is assumed to be known (Nemat-Nasser and Hori, 1993). In order to specify
the micromechanical problem, appropriate boundary conditions have to be prescribed
on the RVE, resulting in a deformed state, and as such, satisfying the balance laws
that govern this deformation process. The evolution of the microstructural state vari-
ables is subsequently calculated. The transition from the microscale to the macroscale
is essentially achieved by introducing suitable so-called micro-macro relations, which
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define the macroscopic state variables as functions of the microscopic state quantities
and, generally, are expressed in the form of (weighted) averaging relations. Once the
macroscopic state is completely determined, it is possible to determine the macroscopic
constitutive equations.

Analytical homogenisation methods have been proposed to solve this rather com-
plex problem. Here, the micromechanical state is approximated by means of analytical
expressions. To mention a few, self-consistent and asymptotic expansion approaches
have been proposed in order to formulate elastic, nonlocal elastic, viscoelastic, and
elastoplastic models (Hashin, 1983; Mura, 1987; Nemat-Nasser and Hori, 1993; Boutin,
1996; Ju and Tseng, 1996; Drugan and Willis, 1996; de Buhan and Sudret, 1999). More
recently, also for viscoplastic models, effective potentials have been studied (Ponte
Castañeda, 1996; Li and Weng, 1997; Gǎrǎjeu and Suquet, 1997; Paquin et al., 1999).
Simplifying assumptions on account of the microstructure have to be made in order to
deal with the micromechanical problem analytically (e.g., concerning the stiffness of
the microscopic constituents or the geometrical arrangements of the microstructure),
which is a limiting factor of these analytical approaches. On the other hand, an advan-
tage of these methods is that the macroscopic constitutive model follows readily from
the analytical treatment, hence, no assumptions on the macrolevel have to be made.

Numerical homogenisation methods have also been developed. Here, the microme-
chanical problem is solved by means of a numerical method, in most cases the finite
element method (e.g., Swan, 1994; Vosbeek, 1994; Wienecke et al., 1995; Bao, 1996; Ides-
man et al., 1996), but also numerical formulations based on a Fast Fourier Transforma-
tion (FFT) method have been used (Moulinec and Suquet, 1998; Suquet and Moulinec,
1998; Michel et al., 1999). Generally, a macroscopic constitutive model is selected, after
which the results of the micromechanical simulations are used to determine the macro-
scopic constitutive parameters. The benefits of the numerical approach are evident: no
assumptions have to be made on the microlevel, except for the fact that some kind of
constitutive equations have to be assumed for the microstructural constituents, which
really is the basis for any homogenisation method. Arbitrary geometrical arrange-
ments and constitutive behaviour can be readily dealt with, as well as the interaction
between the microstructural components. However, a macroscopic model has to be
selected, which inherently introduces some arbitrariness in the method.

The application of a homogenisation method results in an efficient modelling tool
(i.e., the obtained macroscopic constitutive model) to predict the mechanical behaviour
of microscopically heterogeneous materials at the macroscopic level. This constitutive
equation can be implemented in a (commercial) finite element package, enabling the
modelling of complex macrostructures, while taking into account the influence of the
microstructure.

1.3 Scope and outline

In this thesis, attention will be focussed on the modelling of the mechanical behaviour
of solid polymers. As it is known that these materials may exhibit so-called strain
softening behaviour (i.e., a decreasing stress with increasing strain), the constitutive
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model should be selected with care. When trying to capture this phenomenon in finite
element analyses by using conventional constitutive models, the results will not con-
verge to a unique and physically meaningful solution upon mesh refinement, which
clearly is in conflict with the fundamentals of finite element techniques (see for instance
de Borst and Mühlhaus, 1991; de Borst et al., 1993; Vosbeek, 1994). In the literature,
several methods have been proposed to obtain mesh-independent results in numeri-
cal analyses. Examples of the mentioned methods include non-local models (Baz̆ant,
1991; Brekelmans, 1993), gradient models (Triantafyllidis and Aifantis, 1986; Peerlings
et al., 1996), Cosserat continua (Toupin, 1962; Nowacki, 1986; de Borst, 1990), and rate-
dependent models (Wu and Freund, 1984; Needleman, 1988; Sluys and De Borst, 1992;
de Borst et al., 1993; Wang et al., 1996). For an overview, see de Borst et al. (1993).

The objective of this research is to develop a numerical homogenisation procedure
to predict the mechanical behaviour of heterogeneous elastoviscoplastic solids at fi-
nite strains, while providing the capability of describing strain softening behaviour at
both levels, that is, at the microlevel and the macrolevel. Heterogeneous solid mate-
rials will be considered of which the microstructure typically consists of a continuous
matrix material with distributed particles. Polycarbonate has been selected as matrix
material. For the inclusions, elastic particles are used with a stiffness varying from
zero (voids) to infinite (rigid inclusions). In order to deal with the characteristic me-
chanical behaviour of such materials, specific choices have to be made regarding the
constitutive models that will be employed in the analyses. This is the topic of Chap-
ter 2. A first aspect is that polymers, in contrast to most metals, can exhibit large elastic
deformations. It is known from the literature that so-called hypoelastic models are in
conflict with elasticity, at moderate and large strains (see for instance Simo and Pister,
1984). Therefore, a hyperelastic model, formulated by Simo and Pister (1984) and Perić
(1992), has been chosen which indeed is able to describe elastic behaviour in a proper
way. The assumption has been made that this model can also be used to describe the
mechanical response of the rubber inclusions. Second, the history and time dependent
nature of polycarbonate has been taken into account by means of Perzyna’s viscoplas-
tic overstress model (Perzyna, 1966, 1985). This model has a confirmed theoretical
basis (Perzyna, 1971; Perić, 1993), and has also been used to describe results of exper-
iments (Perzyna, 1980; Perzyna and Pecherski, 1983). In addition, the model structure
is appealing due to its transparent nature. As this viscoplastic model belongs to the
category of rate dependent models, it should be capable of describing strain softening
in a proper way, which has already been proven for the small deformations case (Sluys
and De Borst, 1992). Also in this chapter, an alternative viscoplastic constitutive model
will be given, i.e., the compressible Leonov model (see for instance Tervoort et al., 1998;
Govaert et al., 2000).

The thus formulated hyperelastoviscoplastic constitutive model has been imple-
mented in a finite element code, which is the topic of Chapter 3. To deal with the
problem of large deformations, a so-called updated Lagrange formulation has been
adopted. Attention is focussed on the proper time integration of the rate constitutive
equations, after which the determination of the stresses is elucidated, based on a so-
called operator split methodology. The Jacobian tensor has also been derived, resulting
in a rapid convergence of the iterative solution process to achieve a state of equilibrium.
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Chapter 4 covers the numerical homogenisation method. The references mentioned
above on homogenisation are all restricted to small strains. Homogenisation theories
dealing with finite deformations are still in their infancy. To mention a few, Hill (1984)
formulated suitable micro-macro relations for finitely deforming elastoplastic media.
In a paper of Nemat-Nasser and Obata (1986), a self-consistent averaging scheme has
been reported for polycrystalline aggregates. Nemat-Nasser (1999) developed these
works further to obtain some exact fundamental results based on the self-consistent
scheme. Jeong and Pan (1995) and Steenbrink et al. (1997) developed a macroscopic
constitutive equation by considering a regular voided microstructure, exhibiting large
deformations. First, the notion of a volume element, essential in any homogenisation
method, is discussed. In order to link the micro and macro scales, so-called micro-
macro relations have to be defined, that express the macroscopic state variables as
functions of the microscopic ones. Microscopic boundary conditions are formulated,
of which the applicability has been validated by means of a model problem. A method
has been developed to determine macroscopic properties from numerical simulations
on the microstructural level. Of course, the method has been verified by comparing
results of homogenised simulations with heterogeneous simulations, i.e., simulations
where the heterogeneous structure of the considered samples is completely discretised
into finite elements, which serves as a reference solution. For this purpose, a specimen
with a periodic microstructure and an irregular microstructure has been considered.
Since a macroscopic constitutive model has been selected a priori, several macroscopic
model assumptions are validated for the different microstructures. The compressible
Leonov model has been employed as a macroscopic constitutive model for a periodi-
cally structured viscoplastic material. Finally, to conclude the chapter, a macroscopic
failure criterion has been formulated, based on the initiation of failure at the micro-
scopic level.

In Chapter 5, several applications are given in which the homogenised macroscopic
constitutive model is employed to predict the mechanical behaviour of geometrically
and microscopically heterogeneous materials. Moreover, results obtained from multi-
level simulations by Smit et al. (2000b), are compared with homogenised simulations
where the compressible Leonov model has been applied.

Finally, in Chapter 6, the main results are summarised and suggestions for improve-
ment are given.





CHAPTER 2

CONSTITUTIVE MODELLING

In the past few decades, several inelastic constitutive models have been proposed
to describe the finite deformation behaviour of materials such as metals and poly-
mers. To name but a few, Boyce et al. (1988) and Arruda and Boyce (1993) formulated
a viscoplastic constitutive model that realistically describes the mechanical response
of amorphous glassy polymers during homogeneous and inhomogeneous deforma-
tion. A modified version of this model was formulated by Wu and van der Giessen
(1994). Another constitutive model that is able to capture the typical deformation be-
haviour of solid polymers, is the generalised compressible Leonov model, which has
been proposed by Baaijens (1991) and extended by Tervoort et al. (1998) and Gov-
aert et al. (2000). A general framework for finite strain elastoplasticity was developed
by Simo (1988a,b). As a final example, Perzyna’s viscoplastic overstress model is men-
tioned (Perzyna, 1966, 1971). This model has received much attention in the literature,
supposedly due to its transparent structure and confirmed experimental basis (e.g.,
Perzyna, 1980; Perzyna and Pecherski, 1983). Perić and Owen (1992) and Perić (1993)
employed this model in their numerical studies.

To accommodate the finite strain, time and history dependent material behaviour
exhibited by materials such as polymers and metals, a hyperelastoviscoplastic constitu-
tive description has been adopted in this thesis. More specifically, the hyperelastic part
stems from the works of Simo and Pister (1984) and Perić (1992), whereas Perzyna’s
overstress model is selected (Perzyna, 1966, 1985) to characterise the viscoplastic part
of the model.

In Section 2.1 some basic kinematic quantities are introduced. For a more elaborate
discussion, the reader is referred to Chadwick (1976). Section 2.2 is devoted to the for-
mulation of the two parts of the constitutive model, i.e., the hyperelastic part and the
viscoplastic part. In the next chapter, the numerical implementation of the hyperelasto-
viscoplastic Perzyna model will be treated. The last section of this chapter, Section 2.3,
describes the Leonov model in more detail.

2.1 Kinematics

If we denote the reference position vector of a material point by X, and its current
position vector by x, the deformation of the material in this point can be described by



8 Constitutive modelling

the deformation tensor,

F = (∇0 x)
T, (2.1)

in which ∇0 is the gradient operator with respect to the reference configuration. Fol-
lowing Lee (1969), the total deformation tensor is multiplicatively decomposed into an
elastic (Fe) and a viscoplastic contribution (Fvp),

F = Fe · Fvp. (2.2)

The velocity gradient tensor L is defined according to

L = Ḟ · F−1. (2.3)

This tensor can always be written as an additive decomposition of its symmetric part,
the deformation rate tensor D, and its skew-symmetric part, the spin tensor W,

L =
1

2
(L+ LT) +

1

2
(L− LT) = D+W. (2.4)

Using the multiplicative split (2.2), L can then be formulated as (Nemat-Nasser, 1982)

L = Ḟe · (Fe)−1 + Fe · Ḟvp · (Fvp)−1 · (Fe)−1 ≡ Le + Lvp. (2.5)

From this, the following additive decompositions hold

D = De +Dvp and W =We +Wvp. (2.6)

To make the decomposition (2.2) unique, the commonly used assumption of zero plas-
tic spin is made, i.e., Wvp = 0 (e.g., Weber and Anand, 1990). As a consequence,
superimposed material rotations are fully represented in Fe and have no effect on Fvp.

In the next section, the constitutive description will be elucidated.

2.2 The hyperelastoviscoplastic model

In this thesis, Perzyna’s viscoplastic constitutive model (Perzyna, 1966) has been adop-
ted to describe history and time dependent material behaviour, as was motivated in
Chapter 1. The one-dimensional mechanical representation of the model is depicted
in Fig.2.1. The spring represents the reversible, elastic part of the model. The friction
slider describes the irreversible or plastic part of the deformation, which of course can
be identified as the history dependent part. The rate dependency is characterised by
the viscous dashpot. The viscoplastic response becomes manifest as soon as some spec-
ified combination of the stress components τij , in this case the equivalent von Mises
stress τeq, exceeds a characteristic value. This threshold value is called the current
yield stress and is denoted by ς . The evaluation of the equivalent stress against the
yield stress is often formulated as a yield function F , which can be represented as a
surface in the stress space. During viscoplastic deformation, the current yield stress
may change and for this reason, it is defined as a function of a history parameter κ.
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elastic
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plastic
slider

viscous
dashpot

Figure 2.1: The mechanical analogon of the viscoplastic model

With ongoing inelastic deformation, the direction of the viscoplastic strain rate Dvp
ij

is defined by the commonly used normality rule, which states that the strain rate is
directed perpendicular to the yield surface and can be denoted by ∂F/∂τij . In con-
trast with rate-independent elastoplastic models, stress states outside the yield surface
can exist, which explains the term ‘overstress’ models. The value of the viscoplastic
strain rate is determined by the viscosity function γ. In the case that γ → ∞, the rate-
independent model is recovered.

The stress in the material is completely determined by the elastic strain, as can be
inferred from the mechanical model (Fig.2.1). Due to the fact that especially poly-
mers may exhibit large elastic deformations, a hyperelastic model has been selected,
where the stress-elastic strain relation is derived from a stored strain energy function.
It is noted here that in most earlier approaches of finite strain elasto(visco)plasticity, a
hypoelastic formulation has been used, which essentially is a rather straightforward
generalisation of the widely used small strain elastoplastic models (e.g., Hughes, 1984;
Nagtegaal and Veldpaus, 1984; Peirce et al., 1984; Kojić and Bathe, 1987). It can be
shown that, in a closed deformation or loading path, hypoelastic models show no con-
servation of elastic energy, while hyperelastic models do (Simo and Pister, 1984).

The elastic model determines the stress state when the elastic deformation is given.
However, during a numerical analysis, the total deformation is known, implying that
the elastic deformation has to be isolated. Clearly, this is only possible if the viscoplas-
tic strains can be evaluated. As is described above, the viscoplastic strain rate is related
to the stress by the flow rule. Therefore, a time integration procedure is required to cal-
culate the viscoplastic strain. Depending on the choice of the applied integration rule,
the formulation is rendered nonlinear, and hence, should be solved by means of an iter-
ative process. It is also obvious that in this procedure, the hyperelastic model has to be
incorporated and should thus be formulated in a rate form, i.e., a suitable time deriva-
tive of the stress tensor must be related to the elastic strain rate via the strain energy
function. First, the hyperelastic part of the constitutive description is considered.
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2.2.1 Hyperelasticity

In hyperelasticity, the relation between a stress and a strain measure can be derived
from a strain energy function. Here, the hyperelastic framework is formulated in terms
of the conjugate pair (S,E), where S is the invariant second Piola Kirchhoff stress ten-
sor, and E is the invariant Green-Lagrange strain tensor. For more information about
work conjugate stress and strain measures, the reader is referred to Hoger (1987) and
references therein. Notice that in this section, only elastic strains are considered and,
therefore, the superposed index ’e’ is omitted.

Assuming the existence of a strain energy function, W (E), the hyperelastic consti-
tutive equation takes the form

S =
∂W (E)

∂E
, where S = J F−1 · σ · F−T, J = det(F), E =

1

2
(C− I), (2.7)

in which σ is the Cauchy stress tensor,C = FT ·F the right Cauchy Green deformation
tensor, and I the second order unit tensor. Since also the elastic part of the constitutive
model is needed in a rate form, (2.7) is differentiated with respect to time,

Ṡ =
∂2W

∂E∂E
: Ė = 4A : Ė, (2.8)

in which the fourth order constitutive tensor 4A follows from the chosen strain energy
function. Denoting the Kirchhoff stress tensor as τ = J σ, (2.7)2 can be rewritten as

τ = F · S · FT. (2.9)

Time differentiation of this equation, while using (2.7)2, (2.8) and using the identity
Ė = FT ·D · F, yields

O

τ = τ̇ − L · τ − τ · LT = F · Ṡ · FT = F · (4A : (FT ·D · F)) · FT. (2.10)

where
O

τ denotes the objective Truesdell rate of the Kirchhoff stress tensor. It is always
possible to write this equation as

O

τ = 4H : D. (2.11)

In index notation, the latter can be conveniently written as

O

τij = FiaFjbFkcFldAabcdDkl = HijklDkl, (2.12)

where the symmetry of D has been taken into account.
In order to completely characterise the hyperelastic constitutive equation, an isotro-

pic compressible neo-Hookean response is chosen, for which the strain energy function
can be written as (Perić, 1992)

W (λ1, λ2, λ3) =
1

2
µ(λ2

1 + λ
2
2 + λ

2
3 − 3− 2 ln J) + λh(J) (2.13)

=
1

2
µ(I1 − 3− 2 lnJ) + λh(J), (2.14)
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where λ and µ are Lamé’s constants, λi the principal stretches with i = 1, 2, 3, I1 =
tr(C), and h(J) is a function chosen such that the following conditions for W (λi) are
satisfied: W (1, 1, 1) = 0, W (λ1, λ2, λ3) → ∞ if λi → ∞, andW (λ1, λ2, λ3) → ∞ if J → 0
or J → ∞. Clearly, when no deformations are present in the material, the stresses
should be zero, which can be expressed as an additional requirement: ∂W/∂E = 0 if
λi = 1.

Now, to derive an expression for the material stiffness tensor Aijkl, first the energy
function is differentiated with respect to E,

∂W

∂E
= 2

{1

2
µ
(∂I1
∂C

− 2
∂(ln J)

∂J

∂J

∂C

)
+ λ

∂h(J)

∂J

∂J

∂C

}
. (2.15)

Further elaboration and noting that ∂J/∂C = 1
2
JC−1 (Marsden and Hughes, 1983,

Lemma 5.13) yields the following expression

∂W

∂E
= µ(I−C−1) + λJ

∂h(J)

∂J
C−1. (2.16)

Subsequent differentiation results in

∂2W

∂E∂E
= −2µ

∂C−1

∂C
+ 2λ

∂

∂C

(
J
∂h(J)

∂J

)
C−1 + 2λJ

∂h(J)

∂J

∂C−1

∂C
. (2.17)

Noting that

∂C−1

∂C
= −C−1 · 4I ·C−1, (2.18)

with 4I the fourth order unit tensor, we obtain

∂2W

∂E∂E
= 2

(
µ− λJ ∂h(J)

∂J

)
C−1 · 4I ·C−1 + λJ

∂

∂J

(
J
∂h(J)

∂J

)
C−1C−1. (2.19)

In Simo and Pister (1984), a possible choice for h(J) is given as h(J) = 1
2
(lnJ)2. With

this function, and noting the symmetry of both C and Ė, the material and spatial stiff-
ness tensors, present in (2.12), are given by

Aijkl = (µ− λ ln J){(C−1)ik(C
−1)jl + (C−1)il(C

−1)jk}+ λ(C−1)ij(C
−1)kl, (2.20)

Hijkl = (µ− λ ln J)(δikδjl + δilδjk) + λδijδkl, (2.21)

with δij the Kronecker delta. It can be seen that for the infinitesimal theory (J ≈ 1), the
stiffness tensor reduces to the Hookean stiffness tensor Eijkl = µ(δikδjl+δilδjk)+λδijδkl.
Combination of (2.11) and (2.21) results in the hyperelastic rate constitutive relation

O

τ = 4H(J) : D = 2(µ− λ ln J)D+ λtr(D) I. (2.22)

Next, the viscoplastic constitutive equations are discussed.
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2.2.2 Viscoplasticity

To extend the hyperelastic rate constitutive equation (2.22) to account for inelastic de-
formations, the additive decomposition of the deformation rate tensor (2.6)1 is used

O

τ = 4H(Je) : (D−Dvp). (2.23)

The viscoplastic response of the material becomes manifest as soon as some specified
combination of the stress components exceeds a characteristic value. The occurrence of
plastic yielding depends on a yield function, denoted by F (τ , κ), where κ is a history
parameter. The pressure-independent von Mises yield function is expressed as

F (τ , κ) = τeq − ς(κ) =
√

3

2
τ d : τ d − ς(κ). (2.24)

The function ς(κ) defines the current yield stress. To account for the nonlinear strain
softening and subsequent strain hardening behaviour, typically exhibited by polycar-
bonate, this function is pragmatically taken as a simple polynomial expression in κ,

ς(κ) = τY + hκ+ aκ2 + bκ3 + cκ4 + dκ7, (2.25)

with τY the initial yield stress, h the hardening modulus, and a, b, c, d the nonlinear
hardening coefficients. The history parameter κ, in this case the effective viscoplastic
strain, is defined by

κ =

t∫
0

κ̇ dξ with κ̇ =

√
2

3
Dvp : Dvp. (2.26)

The direction of the viscoplastic strain rate is postulated as the outward normal to the
flow surface in stress space, ∂F/∂τ , commonly known as the normality rule (Owen
and Hinton, 1980). Consequently, the expression for the viscoplastic strain rate can be
formulated as (Perzyna, 1985)

Dvp = λ̇ a(τ ), where a(τ ) =
∂F (τ , κ)

∂τ
, and λ̇ = γφ(F ), (2.27)

with γ a fluidity parameter and φ(F ) the overstress function. Viscoplastic strains are
nonzero only if F ≥ 0, i.e., for stress states mapped on or outside the yield surface.
Notice that this is in contrast with elastoplastic models, where only stress states inside
or on the yield surface are allowed. In this respect, the term ‘overstress model’ is
evident. A power law is chosen for the overstress function (Perzyna, 1971)

φ(F ) =

(
F

τY

)N

, (2.28)

with N the rate-sensitivity parameter. Higher values of N make the response of the
model less sensitive for different applied strain rate values (Perić, 1993).
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Figure 2.2: Stress-strain response of a simulated and experimental tensile test with an

applied strain rate 0.001 [s−1]

The constitutive parameters present in the model have been determined for an ap-
plied strain rate of 0.001 [s−1] from experimental data obtained from compression tests
on polycarbonate specimens. The values are given in Table 2.1.

A typical response of a tensile test on a homogeneously deforming specimen with
these constitutive parameters, is shown in Fig.2.2. As reference, the used experimental
response is also shown. Observe that the experimental response is approximated rea-
sonably well with the model. For convenience, the constitutive model is summarised
in Box 2.1. In the next chapter, the implementation of the model in a finite element
code is discussed.

As was mentioned in the introduction to this chapter, an alternative viscoplastic
constitutive model that is able to capture the typical deformation behaviour of solid
polymers, is the so-called generalised compressible Leonov model. This model has
already been described in a number of papers and has a confirmed experimental ba-
sis (e.g., Timmermans, 1997). A short overview of the model is given. For a more
elaborate discussion, the reader is referred to Tervoort et al. (1998) and Govaert et al.
(2000).

E ν τY h γ N a b c d

[MPa] [-] [MPa] [MPa] [1/s] [-] [MPa] [MPa] [MPa] [MPa]

1800 0.37 37 −200 0.001 3 500 700 800 30000

Table 2.1: The used constitutive parameters for polycarbonate
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(1) Additive decomposition of deformation rate tensor

Dij = D
e
ij +D

vp
ij

(2) Hyperelastic part

• compressible neo-Hookean strain energy function

W (λ1, λ2, λ3) =
1

2
µ{Ce

ii − 3− 2 lnJe}+ λ
2
(ln Je)2

• objective rate form
O

τ ij = HijklD
e
kl with

O

τ ij = τ̇ij − Likτkj − τikLjk

• elasticity tensor

Hijkl = (µ− λ ln Je)(δikδjl + δilδjk) + λδijδkl

(3) Viscoplastic part

• associated flow rule

D
vp
ij = λ̇

∂F (τ , κ)

∂τij
with λ̇ = γφ(F )

• overstress function

φ(F ) =

(
F

τY

)N

• von Mises yield function

F (τ , κ) = τeq − ς(κ) =
√

3

2
τd
ij τ

d
ij − ς(κ)

• polynomial hardening law

ς(κ) = τY + hκ+ aκ2 + bκ3 + cκ4 + dκ7

Box 2.1: The hyperelastoviscoplastic Perzyna constitutive model
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2.3 Overview of the Leonov model

The generalised compressible Leonov model is a compressible generalisation of the
Leonov model (Leonov, 1976), proposed by Baaijens (1991). The Cauchy stress is addi-
tively decomposed in an effective stress s and a hardening stress w,

σ = s+w. (2.29)

The multiplicative decomposition of the deformation gradient (2.2), is written in an
alternative form,

F = J
1
3 F̃e · Fvp, (2.30)

where F̃e is the isochoric part of the elastic deformation gradient. Again, assuming
that the plastic spin tensorWvp equals 0, it can be shown (Timmermans, 1997) that the
elastic shape deformation is given by the following objective rate equation

O

B̃e = −Dvp · B̃e − B̃e ·Dvp, (2.31)

with B̃e = F̃e · (F̃e)T. The deviatoric part of the effective stress is defined by a gener-
alised Hookean relation

sd = G (B̃e)d, (2.32)

with G the shear modulus. The hydrostatic part is related to the volumetric deforma-
tions

sh = K(J − 1)I, (2.33)

where K is the bulk modulus. The hardening stress is described by a neo-Hookean
model (Tervoort, 1996)

w = H B̃d, (2.34)

where H is the Gaussian strain hardening modulus. A generalised Newtonian flow
rule with a history dependent viscosity function is used to specify the viscoplastic
strain rate

Dvp =
sd

2η
, (2.35)

which is incompressible by definition. The Eyring viscosity function is specified as

η =
A0 seq

exp(D − µ p/τ0) sinh(seq/τ0)
. (2.36)
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Figure 2.3: Stress-strain response of a plane strain tensile test employing the Leonov

model with an applied strain rate 0.001 [s−1]

Here, A0 is a time constant, seq =
√

1
2
sd : sd an equivalent stress measure, µ a pressure

coefficient, p = −1
3
tr(σ) the hydrostatic pressure, τ0 a characteristic stress, and D the

softening variable, defined by an evolution equation

Ḋ = h

(
1− D

D∞

)
seq

η
√
2
, (2.37)

with D(t = 0) = 0, h the softening slope and D∞ the softening limit value. The model
parameters for polycarbonate are taken from Smit (1998) and are given in Table 2.2.
A typical response of a tensile test on a homogeneously deforming square specimen
with this constitutive model is shown in Fig.2.3. The numerical implementation of this
model is taken from Smit et al. (2000a).

E ν A0 τ0 µ D∞ h H

[MPa] [–] [s] [MPa] [–] [–] [–] [MPa]
PC 2305 0.372 4.0 1025 0.72 0.097 19 270 29

Table 2.2: The constitutive properties for PC for the Leonov model



CHAPTER 3

NUMERICAL IMPLEMENTATION

The large deformation behaviour of viscoplastic solids is described by nonlinear equi-
librium and constitutive equations, for which analytical solutions are difficult to ob-
tain, even for simplified problems. This chapter deals with the numerical framework
to obtain approximate, numerical solutions. The finite element method has been cho-
sen for this purpose, which appears to be an essential ingredient for the numerical
homogenisation strategy, being the topic of the next chapter.

In Section 3.1 the updated Lagrange procedure is addressed, which is a suitable
method to solve the discretised equilibrium equations for history dependent material
behaviour while incorporating large deformations. In Section 3.2 an appropriate im-
plicit time integration scheme is adopted. When dealing with large deformations, this
should be an objective algorithm, meaning that rigid body motions do not result in
extra stresses. In order to calculate the stresses in an accurate way, a so-called stress-
update algorithm will be derived in Section 3.3. Then, in Section 3.4, the set of non-
linear algebraic equilibrium equations is solved using the Newton-Raphson iterative
procedure, hereby employing a Jacobian tensor to ensure quadratic convergence of the
solution process (e.g., Crisfield, 1991; Simo and Hughes, 1998; Huerta et al., 1999). The
two-dimensional plane strain as well as the plane stress case will be treated. Some
examples are given to illustrate several characteristics of the algorithm and the consti-
tutive model.

3.1 The updated Lagrange procedure

At every instant of time and in each material point of the body, the equilibrium equa-
tion

∇ · σ = 0, (3.1)

has to be satisfied, when body forces are neglected. Observe that (3.1) is a direct result
of the application of the balance law of moment of momentum, from which it holds
that σ = σT. As was already stated, the constitutive equation, combined with the equi-
librium equation, will be solved numerically, using the finite element method. The
method is based on the weighted residual formulation, that is obtained by multiply-
ing the equilibrium equation (3.1) with a weighting function w, integrating over the
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X

xn

xn+1 = x

Fn+1
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fn+1 = f

Ω0

Ωn

Ω

Figure 3.1: Total and relative deformation gradients with corresponding configura-
tions

current volume of the body Ω, integrating by parts and applying Cauchy’s theorem,
which states that the stress vector satisfies t = σ · n. This results in

∫
Ω

(∇w)T : σ dΩ =

∫
Γ

w · t dΓ, (3.2)

with Γ the current surface of the body. As the constitutive behaviour is history depen-
dent, the total deformation path should be followed in an accurate way. To achieve
this, the total loading history will be applied in a number of loading steps, also called
increments. Thus, the state of the material is determined at a finite number of discrete
moments in time tn, with n = 0, 1, 2, ... From now on, the attention is focussed on the
current increment, which starts at t = tn and ends at t = tn+1 = tn+∆t. It is convenient
to introduce the so-called incremental deformation tensor,

fn+1 = Fn+1 · F−1
n = (∇n xn+1)

T, (3.3)

in which Fn+1 is the deformation tensor at the end of increment n + 1 with respect
to the initial configuration, and Fn the deformation tensor at the end of increment n.
Several configurations are illustrated in Fig.3.1. As the current state is unknown, the
weighted residual integral formulation (3.2) is transformed back to the known state at
time t = tn. This procedure is known as the updated Lagrange formulation (Nagtegaal
and de Jong, 1981; Nagtegaal and Veldpaus, 1984). In contrast, when transforming to
the undeformed state at time t = t0, the total Lagrange formulation is obtained. In the
following, the subscript n+ 1 is omitted.

When using the identity ∇(·) = f−T·∇n(·), we can write (∇w)T = (∇nw)T·f−1. For
the integration volume, we have dΩ = det(f )dΩn. Consequently, when introducing
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g = f−1, the weighted residual equation can be written as∫
Ωn

(∇nw)T : (g · σ) det(f ) dΩn = f ext(w, t), (3.4)

in which f ext(w, t) represents the contribution of the external loads on the material.
Since (3.4) is nonlinear in x, it should be solved iteratively. The Newton-Raphson

procedure is used to determine a sequence of approximations. The system of equations
is linearised with respect to the position vector x in each iteration, on the basis of an
estimate from the previous iteration, xi. The linearised system is then solved, resulting
in a correction δx, hereby obtaining a new estimate xi+1 = xi + δx. This sequence is
repeated until convergence of the solution is obtained, i.e., until (3.4) is satisfied to a
certain degree of accuracy.

First, the term g · σ is linearised

g · σ = gi · σi + δg · σi + gi · δσ. (3.5)

An expression for δg can be found from the identity g ·f = I. Variation gives δg = −gi ·
δf ·gi, where δf = (∇nδx)

T. Subsequently, a fourth order tensor 4Ni can be introduced
such that (for all δf ), 4Ni : δf = gi · δf · gi ·σi. The stress variation δσ is written in the
form δσ = 4Mi : δf . The obvious choice then is to use the so-called modular tensor,
which relates the stress rate to the strain rate, and can be derived from the constitutive
equations. However, Crisfield (1991) has pointed out that this tensor is inconsistent
with the applied backward Euler time integration scheme (or any other integration
scheme for that matter), which will destroy the quadratic convergence of the Newton-
Raphson procedure. To restore this rapid convergence rate, a Jacobian tensor 4Ci has to
be derived instead, which will be addressed in Section 3.4. Substitution of the relations
for δg and δσ into (3.5) yields

g · σ = gi · σi − 4N
i
: δf + gi · 4Ci : δf . (3.6)

Linearising the term det(f ) gives

det(f ) = det(f i + δf ) = det(f i · (I+ gi · δf )) = det(f i)(1 + gi : δf ), (3.7)

where the final step corresponds to the linearisation. Substitution of these linearised
expressions into the weak form of the equilibrium equation (3.4), yields∫

Ωn

(∇nw)T : (gi ·σi − 4Ni : δf + gi · 4Ci : δf ) det(f i)(1 + gi : δf ) dΩn = f ext(w, t),

(3.8)

Further linearisation and defining Lw
n = ∇nw, finally results in∫

Ωn

(Lw
n )

T : (gi · σi gi − 4Ni + gi · 4Ci) : δf det(f i) dΩn =

f ext(w, t)−
∫
Ωn

(Lw
n )

T : (gi · σi) det(f i) dΩn = r(w, t,σi,f i), (3.9)
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in which r is called the residual load integral, which vanishes in a state of equilibrium.
Note that r is dependent upon the stresses σi, that can be calculated by means of a
stress integration algorithm, which will be formulated in the Sections 3.2 and 3.3.

At this point, it is more convenient to switch to column-matrix notation, mean-
ing that all tensorial and vectorial components are written with respect to a suitable
orthonormal coordinate system. In Appendix A.1, the corresponding matrices are de-
rived from (3.9). The resulting iterative equilibrium equation can be written accord-
ingly,

∫
Ωn

(Lw
n )

T(Di
1 −Di

2 +D
i
3

)
δf det(f i) dΩn = r(w, t,σi,f i). (3.10)

Subdivision of the total volume of the body Ωn into e elements with corresponding
area Ωe

n yields

∑
e

∫
Ωe

n

(Lw
n )

T(Di
1 −Di

2 +D
i
3

)
δf det(f i) dΩe

n =
∑

e

re(w, t,σi,f i). (3.11)

Within each element, the displacements are interpolated between their values in the
element nodes, making use of an isoparametric formulation (e.g., Zienkiewicz and
Taylor, 1989a). Following Galerkin’s method, the interpolation functions N for the
displacements and the weighting functions are chosen identically

u(ξ) = N(ξ) ue and w(ξ) = N(ξ) we, (3.12)

with ξ the local coordinates, ue and we columns containing the nodal values of the
degrees of freedom and the weighting functions, respectively. Defining the matrix Bn

according to Lw
n = Bnw

e, and δf = Bn δx
e, the discretised equilibrium equation can

be written as
∑

e

(we)T
∫
Ωe

n

(Bn)
T(Di

1 −Di
2 +D

i
3

)
Bn det(f i) dΩe

n δx
e =

∑
e

(we)Tre(w, t,σi,f i).

(3.13)

The element matrix (Ke)i is defined such that (3.13) can be written as
∑

e

(we)T(Ke)i δxe =
∑

e

(we)T(re)i, (3.14)

with (Ke)i =

∫
Ωe

n

(Bn)
T(Di

1 −Di
2 +D

i
3

)
Bn det(f i) dΩe

n. (3.15)

Assembling the elements, while requiring that the nodal degrees of freedom and the
nodal weighting functions are continuous, and noting that (3.15) holds for every ad-
missible w, the linearised algebraic equations read

Ki δx = ri. (3.16)
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From these equations, the iterative displacements δx of the element nodes can be cal-
culated, once the boundary conditions have been specified. With the new estimation
of the displacements, the resulting stresses can be calculated. The iteration process is
terminated when the residual ri becomes smaller than a prescribed tolerance.

A first requirement to solve these equations is a stress integration scheme, as the
residual vector ri and the stiffness matrix Ki are dependent upon the stress values.
Second, the Jacobian tensor 4Ci has to be derived, which is part of the stiffness matrix
Ki. These subject will be addressed in the forthcoming sections.

3.2 Incrementally objective time integration

As was explained in the previous section, in order to arrive at a new estimation of
the iterative displacements from (3.16), the residual load has to be determined, which
implies that the stresses have to be calculated. This can be realised with a suitable
time integration scheme, since the constitutive equation is formulated in terms of a
rate equation. Denoting intermediate configurations (n+ α) between increment n and
n + 1, with α ∈ [0, 1], the constitutive rate equation (2.23) combined with (2.27) can be
written as

O

τ n+α = 4Hn+α : (Dn+α − λ̇n+αan+α). (3.17)

The integration process should be incrementally objective (Hughes, 1984), to prevent
the generation of spurious stresses caused by rigid body motions. To achieve this, the
objective rate constitutive equation is transformed to the invariant description, as ob-
jects in this configuration remain unaltered under superposed spatial rigid body mo-
tions (e.g., Marsden and Hughes, 1983). In the case of the constitutive equation (3.17),
this entails the following transformations:

O

τ → Ṡ and D → Ė. Note that the resulting
tensors are indeed invariant. The time integration can then be performed in a straight-
forward manner. First, an incrementally objective relation is deduced for the Truesdell
rate of the Kirchhoff stress tensor, after which a relation for the strain rate tensor will be
given. These two relations will then be substituted into the constitutive equation (3.17),
which completes the formulation of a suitable time integration procedure.

First, (2.10) is written within the interval as

O

τ n+α = Fn+α · Ṡn+α · FT
n+α. (3.18)

When defining the intermediate incremental deformation tensor fn+α = Fn+α · F−1
n ,

and applying the generalised midpoint rule for Ṡn+α, i.e.,

Ṡn+α =
1

∆t
(Sn+1 − Sn), (3.19)

we have

O

τ n+α =
1

∆t
fn+α · Fn · (Sn+1 − Sn) · FT

n · fT
n+α. (3.20)
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Noting that S = F−1 · τ · F−T, and using the incremental deformation tensor defined
in (3.3), we arrive at the following expression for the Truesdell derivative of the Kirch-
hoff stress tensor,

O

τ n+α =
1

∆t
fn+α · (f−1

n+1 · τ n+1 · f−T
n+1 − τ n) · fT

n+α. (3.21)

To obtain an objective approximation for D, we use the relation

Ċ = 2FT ·D · F. (3.22)

Again, using the generalised midpoint rule for Ċ, we may write

FT
n+α ·Dn+α · Fn+α =

1

2∆t
(Cn+1 −Cn). (3.23)

Following the same procedure as above, the objective approximation for the rate of
deformation tensor can be formulated as

Dn+α =
1

2∆t
f−T

n+α · (fT
n+1 · fn+1 − I) · f−1

n+α. (3.24)

Substituting (3.21) and (3.24) into (3.17), while denoting ∆λ = ∆t λ̇n+α, results in

fn+α · (f−1
n+1 · τ n+1 · f−T

n+1 − τ n) · fT
n+α =

1

2
4Hn+α : {f−T

n+α · (fT
n+1 · fn+1 − I) · f−1

n+α} −∆λ4Hn+α : an+α. (3.25)

Employing the backward Euler time integration, i.e., α = 1, we obtain the objective
stress update expression,

τ n+1 = fn+1 · τ n · fT
n+1 +

4Hn+1 : (en+1 −∆λ an+1) (3.26)

with en+1 =
1

2
(I− f−T

n+1 · f−1
n+1). (3.27)

The strain tensor en+1 is called the incremental Euler-Almansi strain tensor.
Since the time integration involves the yet unknown state variables ∆λ and an+1 at

the end of the increment, characteristic for the applied implicit backward Euler scheme,
this equation has to be solved iteratively at integration point level. This is called a stress
update algorithm and will be formulated below.

3.3 Iterative stress update

The set of coupled nonlinear equations to be solved by the stress update algorithm,
also called return mapping, reads

τ n+1 = fn+1 · τ n · fT
n+1 +

4Hn+1 : (en+1 −∆λ an+1), (3.28)
∆λ = ∆tγφ(F )n+1, (3.29)
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where (3.29) is obtained by implicitly integrating (2.27)3. To solve this set, an operator-
split methodology is applied (see for instance Perić and Owen, 1992). This amounts to
defining an elastic trial state first, according to

τ trial
n+1 = fn+1 · τ n · fT

n+1 +
4Hn+1 : en+1. (3.30)

The yield function F (2.24) is then evaluated at this stress state. If the yield criterion
is not violated, the trial stresses are indeed elastic, and hence, correspond to the cor-
rect stress state. In contrast, if the trial stresses do not identify a purely elastic state, a
viscoplastic corrector scheme must be initiated in order to calculate the stresses in an
accurate way. In the following, the general derivation will be performed in tensor no-
tation. Later on in this chapter, the plane strain and plane stress case will be discussed
in detail.

The purpose of the stress update is to find the state variables τ n+1 and κn+1, by solv-
ing (3.28) and (3.29) for a given deformation. To achieve this, two residual equations
are defined (Crisfield, 1997)

s1 = τ n+1 − τ trial
n+1 +∆λ4Hn+1 : an+1, (3.31)

s2 = ∆λ−∆tγφ(F )n+1. (3.32)

First, the residual tensor si+1
1 = si1 + δs1 is approximated by a first order Taylor

series. Omitting the subscript n+ 1, (3.31) is written as

si+1
1 = si1 + δτ − δτ trial + 4Hi : aiδλ+∆λi

(∂4H

∂J

)i

: aiδJ

+∆λi 4Hi :
( ∂a
∂τ

)i

: δτ = 0, (3.33)

as ∂a/∂κ = 0 from (2.24) and (2.27)2. The term δJ can be related to δλ and δτ , which is
here denoted symbolically as

δJ = J i
1 δλ+ J

i
2 : δτ . (3.34)

In analogy, the expression for δτ trial can be denoted as

δτ trial =Mi
1 δλ+

4Mi
2 : δτ . (3.35)

These symbolic equations will be specified later. Substituting (3.34) and (3.35) into
(3.33) and rearranging, results in

{
4Qi +∆λi

(∂4H

∂J

)i

: aiJi
2 − 4Mi

2

}
: δτ

+
{

4Hi : ai +∆λi
(∂4H

∂J

)i

: aiJ i
1 −Mi

1

}
δλ = −si1, (3.36)

where the tensor 4Q
i
= 4I+∆λi 4Hi :

( ∂a
∂τ

)i

is introduced.



24 Numerical implementation

The scalar residual si+1
2 = si2 + δs2 is also approximated by a truncated Taylor series

si+1
2 = si2 + δλ−∆tγ

( ∂φ
∂F

)i

ai : δτ −∆tγ
( ∂φ
∂F

)i(∂F
∂κ

)i

δλ = 0, (3.37)

since δκ = δλ for the von Mises criterion. Rearranging yields

−∆tγ
( ∂φ
∂F

)i

ai : δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = −si2. (3.38)

The coupled set of iterative equations for δτ and δλ, (3.36) and (3.38), can be rearranged
as follows

4R t
u v


i

⊗
δτ
δλ

 = −
s1
s2


i

, (3.39)

with ⊗ a relevant product operator, and 4R, t, u and v follow readily from (3.36) and
(3.38). Solving the linearised equations (3.39) results in a new approximation for the
stresses τ i+1

n+1 and the history parameter κi+1
n+1.

In Section 3.5, first the plane strain case is discussed in more detail, in column-
matrix notation. The plane stress formulation is more laborious, and will be treated
subsequently.

To solve the discretised updated Lagrangian equilibrium equation (3.16), the ex-
pression for the Jacobian tensor 4Ci is needed, which will be formulated in the next
section.

3.4 Jacobian tensor

In order to solve the linearised equilibrium equation (3.16), a Jacobian tensor 4Ci is
required, which provides the relation between a stress and a strain variation, i.e., δσ =
4Ci : δfn+1. As the constitutive equation is given in terms of the Kirchhoff stress tensor
rather than the Cauchy stress tensor, the relation between variations of both tensors is
required

δσ =
1

J i
(δτ − σi δJ). (3.40)

An expression for the fourth order tensor 4Ci can be found by linearising the coupled
set of nonlinear equations, which are repeated below,

τ n+1 = fn+1 · τ n · fT
n+1 +

4Hn+1 : (en+1 −∆λ an+1), (3.41)
∆λ = ∆tγφ(F )n+1, (3.42)

The derivation is performed in tensor notation, and will be made more specific in col-
umn-matrix format for the plane stress and the plane strain case. It is remarked be-
forehand that the derivation for both cases is completely equivalent, provided that the
appropriate matrices are used in the final expressions.
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Linearisation of (3.41), while dropping the index n+ 1, gives

δτ = δf · τ n · (f i)T + f i · τ n · δfT +
(∂4H

∂J

)i

: (ei −∆λiai) δJ

+ 4Hi :
{
δe− ai δλ−∆λi

( ∂a
∂τ

)i

: δτ
}
. (3.43)

Clearly, every term should be related to either the stress variations δτ or the strain
variations, represented by δf . For this purpose, the following relations are introduced,

δf · τ n · (f i)T + f i · τ n · δfT = 4Ti : δf , δJ = Ai : δf , and δe = 4Pi : δf . (3.44)

These symbolic relations are specified in detail in Appendix A.3. Substitution of these
relations into (3.43) and rearranging, results in

{
4I+∆λi 4Hi :

( ∂a
∂τ

)i}
: δτ =

{
4Ti +

(∂4H

∂J

)i

: (ei −∆λiai) Ai + 4Hi : 4Pi
}
: δf − 4Hi : aiδλ. (3.45)

It then remains to relate δλ to δτ . This is achieved by linearising (3.42), which results
in

δλ =
∆tγ

( ∂φ
∂F

)i

1−∆tγ
( ∂φ
∂F

)i(∂F
∂κ

)i
ai : δτ = c1 a

i : δτ . (3.46)

Combination of (3.45) and (3.46) and rearranging gives

{
4I+∆λi 4Hi :

( ∂a
∂τ

)i

+ c1
4Hi : aiai

}
: δτ =

{
4Ti +

(∂4H

∂J

)i

: (ei −∆λiai) Ai + 4Hi : 4Pi
}
: δf , (3.47)

which can be simplified according to

4Vi : δτ = 4E
i
: δf (3.48)

with 4Vi = 4I+∆λi 4Hi :
( ∂a
∂τ

)i

+ c1
4Hi : aiai (3.49)

4E
i
= 4Ti +

(∂4H

∂J

)i

: (ei −∆λiai) Ai + 4Hi : 4Pi. (3.50)

Using the relation (3.40), we finally arrive at the expression for the Jacobian tensor,

δσ = 4Ci : δf with 4Ci =
1

J i
{(4Vi)−1 : 4E− σiAi}. (3.51)
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3.5 Planar configurations

In this section, the tensorial equations that have been derived for the stress update
algorithm and the Jacobian tensor, will be formulated in column-matrix notation for
the plane strain and the plane stress case.

3.5.1 Plane strain

Assuming now that the deformation in one direction, x3 say, is zero, the three-dimen-
sional model reduces to the two-dimensional plane strain case.

Stress update

Basically, the plane strain case is a simplified version of the general formulation, since
the variational terms δJ and δτ trial, present in (3.33), vanish. When introducing the
columns

τ = [τ11 τ22 τ33 τ12 τ21]
T and D = [D11 D22 D33 D12 D21]

T, (3.52)

the plane strain elasticity matrix H may be written as

H =



H1 H2 H2 0 0
H2 H1 H2 0 0
H2 H2 H1 0 0
0 0 0 H3 H3

0 0 0 H3 H3


, with

H1 = 2µ̂+ λ
H2 = λ
H3 = µ̂
µ̂= µ− λ lnJe.

(3.53)

The linearised residual equations (3.36) and (3.38) are given in column-matrix notation
in Appendix A.2. The resulting equations are

Qi δτ + H ai δλ = − si1, (3.54)

−∆tγ
( ∂φ
∂F

)i

(ai)T δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = − si2. (3.55)

These equations can be easily rearranged into the desired format of (3.39), only now in
the proper column-matrix format. For convenience, the plane strain return mapping
procedure is given in Box 3.1.

Jacobian matrix

The tensorial equation (3.51) can be made more specific in column-matrix notation,
when all components are written with respect to a suitable orthonormal coordinate
system. In Appendix A.3, the tensors 4Ti, 4Pi, and Ai are specified in matrix-column
notation. Using these relations, (3.47) is denoted as

{
I+∆λiHi

( ∂a
∂τ

)i

+ c1 H
iai(ai)T

}
δτ =

{
Ti +

(∂H
∂J

)i

(ei −∆λiai) J i (gi)T +HiPi
}
Bnδx, (3.56)
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(1) Evaluate elastic predictor

τ trial
n+1 = fn+1 · τ n · fT

n+1 +
4Hn+1 : en+1

(2) Check yield condition

F trial
n+1 = F (τ trial

n+1, κn)

IF F trial
n+1 < 0

Set {τ n+1, κn+1} = {τ trial
n+1, κn} and EXIT

ELSE

(3) Viscoplastic corrector

(a) Initialise i = 0, τ 0
n+1 = τ trial

n+1, κ
0
n+1 = κn

(b) Determine yield function and evaluate residuals

F trial
n+1 = F (τ i

n+1, κ
i
n+1)

si1,n+1 = τ i
n+1 − τ trial

n+1 +∆λiHn+1a
i
n+1

si2,n+1 = ∆λi −∆tγφ(F )in+1

IF (‖si1,n+1‖ < TOLs1 and ‖si2,n+1‖ < TOLs2)

Set {τ n+1, κn+1} = {τ i
n+1, κ

i
n+1} and EXIT

ELSE

(c) Compute algorithmic modulus

Ξi
n+1 =

R t
u v


i

n+1

with

Ri
n+1 = I+∆λiHn+1

( ∂a
∂τ

)i

n+1
, tin+1 = Hn+1a

i
n+1

ui
n+1 = −∆tγ

( ∂φ
∂F

)i

n+1
(ai)T

n+1, vi
n+1 = 1−∆tγ

( ∂φ
∂F

)i

n+1

(∂F
∂κ

)i

n+1

(d) Compute stresses and viscoplastic multiplierδτ
δλ

 = −(
Ξi

n+1

)−1

s1
s2


i

n+1

(e) Update stresses and internal variables

τ i+1
n+1 = τ i

n+1 + δτ , λ
i+1
n+1 = λi

n+1 + δλ, κ
i+1
n+1 = κi

n+1 + δκ

Set i = i+ 1 and GOTO (3b)

Box 3.1: Elastic predictor-plastic corrector stress update algorithm; plane strain
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The expression for the Jacobian matrix is then readily obtained as

δσ = Ci Bnδx with Ci =
1

J i

{
(Vi)

−1
Ei − τ i(gi)T}. (3.57)

3.5.2 Plane stress

Assuming now that for the stress tensor, the following constraints hold: τi3 = 0 for
i = 1, 2, 3, the three-dimensional formulation reduces to the two-dimensional plane
stress case.

Stress update

When using the vectors

τ = [τ11 τ22 τ12 τ21]
T and D = [D11 D22 D12 D21]

T, (3.58)

the plane stress elasticity matrix H can be derived from (2.22) and Hijkl (defined in
(2.21)) by setting τ33 equal to zero, resulting in an expression for De

33 as a function of
De

11 and De
22. Subsequent elimination of De

33 yields the plane stress elasticity matrix

H =


H1 −H2

2/H1 H2 −H2
2/H1 0 0

H2 −H2
2/H1 H1 −H2

2/H1 0 0
0 0 H3 H3

0 0 H3 H3

 . (3.59)

During the plane stress return mapping, the nodal positions are fixed, and therefore
δFij = 0, i, j = 1, 2. However, in contrast to the plane strain formulation, deformations
in the x3-direction are allowed. As a consequence, the following relation can then be
written

δJ = (F11F22 − F12F21) δF33. (3.60)

In Appendix A.2, this relation is elaborated and written as

δJ = J i
1 δλ+ (Ji

2)
Tδτ , (3.61)

which, of course, is the matrix formulation of the symbolic relation (3.34).
By adopting the plane stress elasticity matrix, the term δτ trial vanishes. As a result,

the linearised equations (3.36) and (3.38) can be completely specified in the desired
matrix notation

{
Qi +∆λi

(∂H
∂J

)i

ai(Ji
2)

T
}
δτ +

{
Hiai +∆λi

(∂H
∂J

)i

aiJ i
1

}
δλ = − si1, (3.62)

−∆tγ
( ∂φ
∂F

)i

(ai)T δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = − si2. (3.63)

This algorithm can be found in Box 3.2.



3.5 Planar configurations 29

(1) Evaluate elastic predictor

τ trial
n+1 = fn+1 · τ n · fT

n+1 +
4Hn+1 : en+1

(2) Check yield condition

F trial
n+1 = F (τ trial

n+1, κn)

IF F trial
n+1 < 0

Set {τ n+1, κn+1} = {τ trial
n+1, κn} and EXIT

ELSE

(3) Viscoplastic corrector

(a) Initialise i = 0, τ 0
n+1 = τ trial

n+1, κ
0
n+1 = κn

(b) Determine yield function and evaluate residuals

F trial
n+1 = F (τ i

n+1, κ
i
n+1)

si1,n+1 = τ i
n+1 − τ trial

n+1 +∆λiHi
n+1a

i
n+1

si2,n+1 = ∆λi −∆tγφ(F )in+1

IF (‖si1,n+1‖ < TOLs1 and ‖si2,n+1‖ < TOLs2)

Set {τ n+1, κn+1} = {τ i
n+1, κ

i
n+1} and EXIT

ELSE

(c) Compute algorithmic modulus

Ξi
n+1 =

R t
u v


i

n+1

with

Ri
n+1 = Qi

n+1 +∆λi
(∂H
∂J

)i

n+1
ai

n+1(J
i
2)

T
n+1,

tin+1 = Hi
n+1a

i
n+1 +∆λi

(∂H
∂J

)i

n+1
ai

n+1(J1)
i
n+1

ui
n+1 = −∆tγ

( ∂φ
∂F

)i

n+1
(ai)T

n+1, vi
n+1 = 1−∆tγ

( ∂φ
∂F

)i

n+1

(∂F
∂κ

)i

n+1

(d) Compute stresses and viscoplastic multiplierδτ
δλ

 = −(
Ξi

n+1

)−1

s1
s2


i

n+1

(e) Update stresses and internal variables

τ i+1
n+1 = τ i

n+1 + δτ , λ
i+1
n+1 = λi

n+1 + δλ, κ
i+1
n+1 = κi

n+1 + δκ

Set i = i+ 1 and GOTO (3b)

Box 3.2: Elastic predictor-plastic corrector stress update algorithm; plane stress
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Jacobian matrix

For the plane stress case, the Jacobian matrix is equivalent to the one given for the
plane strain case in (3.57). Notice, however, that the appropriate columns and matrices
should be employed.

In the forthcoming section, numerical simulations are discussed to illustrate some
characteristics of the constitutive model as well as the numerical algorithm.

3.6 Illustrative numerical examples

The hyperelastic model and the numerical implementation thereof is tested on its elas-
tic character by prescribing a closed deformation path. In addition, to check the mesh
dependency of the model, a tensile test on an imperfect strain softening specimen is
performed with different mesh sizes. Numerical experiments showed that rigid body
motions do not result in extra stresses, which indeed proves the objectivity of the algo-
rithm.

3.6.1 Closed elastic deformation path

As a hyperelastic model is applied, it is illustrative to check whether this model in-
deed is elastic which means that, after a closed deformation path, no residual stresses
should be present. To this end, the deformation cycle proposed by Kojić and Bathe
(1987) and later used by Weber and Anand (1990) will be used, which is illustrated in
Fig.3.2. Here, ξ represents a dimensionless, time like variable. The numerical exam-
ples are performed in the two-dimensional plane strain setting. The dimensions of the
specimen are 1 × 1 × 1 [mm], the value of Young’s modulus is taken as 3500 [MPa]
whereas Poisson’s ratio equals 0.3 [-]. The prescribed displacement component equals
0.5 [mm] for each step. The resulting evolution of the individual stress components,
normalised by the value of Young’s modulus, can be found in Fig.3.3(a).

The hyperelastic character of the model is demonstrated by the fact that all stress
components vanish upon completion of the deformation cycle. Note that these curves

ξ = 1 ξ = 2 ξ = 3 ξ = 4

e1

e2

e3

Figure 3.2: The individual strain paths that construct the imposed deformation cycle.
Dashed lines correspond to the initial configuration whereas thick lines in-
dicate the final configuration for each strain path
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not only illustrate that the applied elastic model is indeed elastic, but also that the
algorithm correctly describes this character.

For comparison, the same calculations have been performed with a constant elastic-
ity tensor, more specifically, the Hookean tensor, rendering the following hypoelastic
constitutive equation

O

τ ij = EijklD
e
kl, with Eijkl = µ(δikδjl + δilδjk) + λδijδkl. (3.64)

It was already remarked that this model essentially does not exhibit real elastic be-
haviour. The response of this model is depicted in Fig.3.3(b). As can be observed,
some stress components do not vanish upon completion of the closed deformation
cycle, which clearly is in conflict with elasticity. These observations are in line with
the theoretical study of Simo and Pister (1984) and the numerical work of Weber and
Anand (1990). Notice that only for volume invariant deformations (e.g., shear loading),
a constant elasticity tensor is appropriate, since in this case, the deformation dependent
component Je = det(Fe) equals 1, which clearly results in a constant elasticity tensor.
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Figure 3.3: Evolution of the normalised individual stress components during the plane
strain deformation cycle of Fig.3.2 for (a) the hyperelastic model and (b) the
model with a constant Hookean elasticity tensor

3.6.2 Strain softening simulations

Quasi-static finite element simulations on an imperfect specimen have been carried
out. To check the mesh-objectivity required to model strain softening material be-
haviour, the response of the simulations must indeed converge to a unique and phys-
ically meaningful solution upon refining the mesh. To this end, a tensile specimen
is used which is shaped in such a way that in the center, a maximum stress value is
present during loading, resulting in localisation of the deformation. The specimen and
the applied boundary conditions are shown in Fig.3.4. The constitutive parameters for
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ε̇ ε̇

20

2 4

Figure 3.4: The tensile specimen with dimensions in [mm] and boundary conditions

polycarbonate are used (Table 2.1), with the exception that the nonlinear hardening co-
efficients a, b, c, d are set to zero, which clearly results in a linear softening behaviour.
The prescribed strain rate is 0.001 [s−1].

To check the influence of the spatial discretisation of the specimen on the results of
the simulations, several meshes will be used which are shown in Fig.3.5. As can be ob-
served from this figure, due to symmetry of the specimen and the loading conditions,
only a quarter of the specimen has to be modelled. The resulting force-displacement
curves for the different meshes are shown in Fig.3.6. From this, we may conclude that
the viscoplastic model can indeed be used to describe strain softening material be-
haviour in a proper way. Of course, when the viscosity is reduced to zero (i.e., γ → ∞),
a rate-independent plasticity model is recovered, that is not able to describe strain soft-
ening. It has been pointed out by van der Giessen (1997) that in the case of rehardening,
i.e., strain softening followed by strain hardening, also rate-independent models can
be used, as the localised deformations are stabilised by the hardening of the model.

To illustrate the typical characteristics of the model, several local stress-strain curves
are shown in Fig.3.7. The left picture shows the behaviour during continuous loading,
obviously caused by the stress maximum in the center of the specimen. The picture in
the center clearly illustrates the loading and subsequent elastic unloading behaviour
which appears to be properly captured by the model. The right curve shows the elastic
response, since in this part of the specimen, stresses simply are not high enough to give
rise to any viscoplastic deformation.

Figure 3.5: Four different discretisations
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Figure 3.6: The resulting force-displacement curves for the different spatial discretisa-
tions
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Figure 3.7: Deformed geometry with local stress-strain curves during loading of the
specimen





CHAPTER 4

A NUMERICAL HOMOGENISATION

PROCEDURE FOR VISCOPLASTIC SOLIDS

In the preceding chapter, the numerical implementation of the hyperelastoviscoplastic
model was discussed. This chapter addresses the derivation of a closed form macro-
scopic constitutive equation for heterogeneous viscoplastic materials by means of a
numerical homogenisation strategy.

Recall from Chapter 1 that the objective of homogenisation is to define an equiva-
lent homogeneous continuum, which shows the same average mechanical response as
the actual heterogeneous material (Maugin, 1992). In other words, a relation should
be found between the continuum properties of a material point and its microstructure
and microconstituents.

An essential assumption in any homogenisation method, is that the macroscopic
heterogeneous body can be regarded as statistically homogeneous, meaning that all
statistical properties of the state variables are considered invariant of the position in the
material (Hashin, 1983). In that case, a volume element exists which is large enough in
comparison with the dimensions of the individual heterogeneities, and small enough
with respect to the macroscopic body. This is called a representative volume element,
or short, RVE. In addition, all statistical information about the material is supposed to
be available in one single realisation of the representative volume, which is known as
the ergodicity assumption. As a consequence, the state of the material points can be
fully described by appropriate averages of the state of the RVE associated with those
points. The RVE is regarded as a heterogeneous material with spatially varying, but
known, constitutive properties (Nemat-Nasser and Hori, 1993).

Following the first step in the homogenisation process, the definition of the RVE,
the second step is the analysis of the mechanical behaviour of the RVE. Since for this
purpose, boundary conditions are applied on the RVE and, subsequently, the averaged
response of the RVE is used to determine the so-called effective properties, this choice
requires a thorough motivation and will be addressed in this chapter. At this point,
it suffices to say that four kinds of boundary conditions have been formulated in the
literature, viz. the kinematic uniform, the static uniform, the mixed, and the periodic
boundary conditions, the meaning of which will be explained later on in this chapter.
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Summarising, the micromechanical problem to be solved reads



σα(t) = F�

α [Fα(τ) ; 0 ≤ τ ≤ t ] constitutive equation of phase α
∇ · σ = 0 equilibrium in R
u = u(F̄) and/or t = t(σ̄) boundary conditions on ∂R,

(4.1)

where R and ∂R are the volume and the boundary of the RVE, F and F̄ denote the mi-
croscopic and macroscopic deformation gradient, respectively, and σ and σ̄ the micro-
scopic and macroscopic Cauchy stress tensor. The boundary conditions are prescribed
displacements u and/or tractions t. Since the constitutive equations of the constituents
are known, as specified by (4.1)1, the evolution of the microscopic state variables, also
called microfields, that result from the application of the microscopic boundary con-
ditions (4.1)3, can be calculated. This is achieved by performing finite element calcu-
lations on the RVE, employing the hyperelastoviscoplastic constitutive model and the
numerical implementation thereof, as described in the previous two chapters.

The third step is the transition from the microscale to the macroscale, which is pri-
marily achieved by formulating the relations between the state variables of the micro-
and macrolevel. In general, the macrofields are expressed as (weighted) average rela-
tions of the microfields.

As a final step, the parameters in the selected macroscopic constitutive equation,
have to be fitted onto the calculated macrofields that can be obtained from the numer-
ical simulations on the RVE.

A numerical homogenisation procedure will be described in this chapter. First, in
Section 4.1, the notion of an RVE is explained. Then, in Section 4.2, the micro-macro re-
lations are elaborated. Two types of microscopic boundary conditions are formulated
in Section 4.3. The determination of the constitutive parameters for the equivalent ho-
mogeneous material is addressed in Section 4.4, as well as the application of the afore-
mentioned boundary conditions. In Section 4.5 the mechanical behaviour of a period-
ically heterogeneous material will be predicted by means of the homogenised model.
This problem serves as a benchmark to validate the homogenisation method. Then,
irregular microstructures will be dealt with in Section 4.6. Some macroscopic constitu-
tive model assumptions will be examined in Section 4.7. Following that, in Section 4.8,
an alternative constitutive model will be used to determine effective parameters, viz.
the compressible Leonov model. In Section 4.9 a macroscopic failure criterion will be
formulated, which is based on failure of the material at the microscopic level.

4.1 The volume element

As mentioned earlier, the first step is to define a volume element or unit cell from the
microstructure. Only in those cases where the macroscopic body can be considered
as statistically homogeneous, a representative volume element exists. The RVE is a
model of the material to be used to determine the corresponding effective properties
for the homogenised macroscopic model. The RVE should be large enough to contain
sufficient information about the microstructure in order to be representative, however,
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Figure 4.1: (a) Several unit cell sizes, (b) convergence of the apparent properties with
increasing unit cell size

it should be much smaller than the macroscopic body. This is known as the Micro–
Meso–Macro principle (Hashin, 1983).

The effective properties, i.e., the macroscopic constitutive parameters that define
the mechanical behaviour of the homogenised continuum, are assumed to be indepen-
dent on the boundary conditions applied on the RVE. In fact, Hill (1963) argued that
an RVE is well defined when the responses under the aforementioned static and kine-
matic uniform boundary conditions coincide. For instance, when dealing with linear
elasticity problems, the effective moduli obtained from kinematic uniform boundary
conditions, and the effective compliances, obtained from static uniform boundary con-
ditions, should be reciprocals.

It has been recognised that in some cases, the obtained homogenised results from
unit cell calculations exhibit a so-called size effect (Huet, 1990; Amieur et al., 1995;
Huet, 1999; Ostoja-Starzewski, 1999; Pecullan et al., 1999). This phenomenon can be ex-
plained by the fact that the considered unit cell does not contain sufficient microstruc-
tural information and, as such, can not be considered to be an RVE. The thus deter-
mined homogenised parameters are called apparent properties, as introduced by Huet
(1990). It should be noted that the effective properties are bounded on both sides by
the apparent properties, obtained from the application of static and kinematic uniform
boundary conditions on specimens smaller than the RVE. Increasing the size of the
unit cell (Fig.4.1(a)) should result in a better approximation of the effective properties,
and hence, of the RVE, which is illustrated in Fig.4.1(b). This convergence of the ap-
parent properties towards the effective ones as function of the size of the unit cell has
been studied recently in the works of Huet (1990), Amieur et al. (1995), Huet (1999),
Ostoja-Starzewski (1999), and Pecullan et al. (1999).
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4.2 Relations between macrofields and microfields

The transition from the microscale to the macroscale is primarily achieved by formulat-
ing the relations between the state variables at the micro- and macrolevel. While in the
infinitesimal theory, these relations are relatively straightforward, when dealing with
finite deformations, the choice of appropriate reference configurations is of utmost im-
portance to link both scales in a consistent way (Nemat-Nasser, 1999). In addition,
the fact that several deformation variables are nonlinearly related to other quantities,
should be taken into account.

In general, macroscopic quantities are formulated as (weighted) averages of the
corresponding microscopic state variables. In the deterministic theories (Hill, 1963;
Maugin, 1992), the average of a quantity ψ is taken over the region R, occupied by the
unit cell, according to

〈ψ(x,y)〉 = 1

V

∫
R

ψ(x,y) dy, with V =

∫
R

dy, (4.2)

in which x denotes the current coordinate system of the macroscopic body, whereas y
is the current coordinate system in the unit cell (see Fig.1.1).

In this chapter, a numerical homogenisation scheme is developed, using the pro-
posed micro-macro averaging theorems from Hill (1984) and Nemat-Nasser (1999).

Now, let us assume that the following definition for the macroscopic deformation
gradient holds (when applying Gauß’ theorem),

F̄(x) ≡ 〈F(x,y)〉0 =
1

V0

∫
R0

F(x,y)dy0 =
1

V0

∫
∂R0

yN0 ds0, (4.3)

when the displacements are assumed to be continuous in the unit cell (Levitas, 1996),
and N0 denotes the outward normal on the boundary ∂R0, the latter being defined
in the reference configuration. Observe that the volume averaging is performed over
the initial configuration R0 of the RVE. Application of Gauß’ theorem implies that the
volume average of the deformation gradient can be calculated from the surface posi-
tion vectors y. In fact, this relation implies that boundary data only are sufficient to
calculate the macroscopic deformation gradient, which can be advantageous from an
experimental point of view. In Section 4.4, it will be explained that the macroscopic left
Cauchy-Green strain tensor is required to determine apparent properties. This macro-
scopic strain tensor is defined as

B̄(x) = F̄(x) · F̄(x)T = 〈F(x,y)〉0 · 〈F(x,y)〉T
0 , (4.4)

and in general not equal to 〈B(x,y)〉0 = 〈F(x,y) · F(x,y)T〉0.
Now, the macroscopic Cauchy stress tensor is defined as

σ̄(x) ≡ 〈σ(x,y)〉 = 1

V

∫
R

σ(x,y)dy =
1

V

∫
∂R

t(x,y)yds, (4.5)
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where t = σ · n is the traction vector in the current configuration, and hence, the av-
eraging now is performed in the current state. In analogy with the determination of
the macroscopic left Cauchy-Green strain tensor, the calculation of the Kirchhoff stress
tensor should be consistent with the definition for the macroscopic Cauchy stress ten-
sor (4.5). Consequently, the macroscopic Kirchhoff stress tensor is simply determined
by its definition equation as

τ̄ (x) = J̄(x) σ̄(x) = det(F̄(x)) σ̄(x), (4.6)

which, in general, is not equal to the average of the microscopic Kirchhoff stress tensor.
Hill (1984) proposes to use the deformation tensor F and its rate, and the nominal

stress SN = F−1 · τ and its rate. Nemat-Nasser (1999) shows that the nominal stress
tensor enjoys the property ¯̇SN(x) = ˙̄SN(x), which is not the case for the Cauchy stress
tensor, i.e., ¯̇σ(x) �= ˙̄σ(x). For this reason, the nominal stress rate is the preferred stress
quantity. However, as will be clear from Section 4.4, the rate of the stress is not needed
to acquire values for the effective parameters. Therefore, either stress quantity can be
used for our purpose.

In order to determine expressions for the macroscopic equivalent viscoplastic strain
rate and the macroscopic equivalent stress, the assumption is made that the macro-
scopic plastic work rate equals the plastic work rate of the RVE in an averaged sense
(Gurson, 1977), which can be expressed by

σ̄ij(x) D̄
vp
ij (x) =

1

V

∫
R

σij(x,y)D
vp
ij (x,y) dy. (4.7)

In Khan and Huang (1995), it is shown that these tensor products can be replaced by a
scalar product of the equivalent stress and the equivalent viscoplastic strain rate, which
results in

σ̄eq(x) ¯̇κ(x) =
1

V

∫
R

σeq(x,y) κ̇(x,y) dy. (4.8)

To be consistent with (4.5), the macroscopic equivalent von Mises stress is determined
as

σ̄eq(x) =
∥∥σ̄d

ij(x)
∥∥ =

∥∥∥∥ 1

V

∫
R

σd
ij(x,y) dy

∥∥∥∥, (4.9)

where ‖ · ‖ is the von Mises norm. This results in an averaging equation for the macro-
scopic viscoplastic strain rate

¯̇κ(x) =
1

σ̄eq(x)V

∫
R

σeq(x,y) κ̇(x,y) dy. (4.10)

Notice that the microscopic equivalent stress σeq(x,y) serves as a weighting function.
In the next section, the formulation of the microscopic boundary conditions, as ap-

plied on the unit cell, will be elucidated.
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4.3 Microscopic boundary conditions

The commonly used boundary conditions in micromechanics are the uniform ones,
namely the kinematic uniform boundary conditions, also called Dirichlet or essen-
tial boundary conditions, where uniform displacements are applied to the boundary,
and secondly, the static uniform also called Neumann or natural boundary conditions,
where uniform tractions are prescribed on the edge of the sample. Application of the
former results in a known macroscopic strain tensor, whereas the latter gives a speci-
fied macroscopic stress tensor.

In addition to the mentioned uniform boundary conditions, also mixed boundary
conditions have been proposed (Hazanov and Huet, 1994; Amieur et al., 1995; Haz-
anov, 1998), inspired by the fact that in experimental set-ups, it is very difficult to
realise uniform boundary conditions. In fact, the case of uniaxial tensile conditions,
where in one part of the specimen, displacements are prescribed whereas on the re-
maining part of the sample, forces are prescribed, belongs to the family of mixed
boundary conditions.

Finally, also periodic boundary conditions (e.g., Suquet, 1985; Maugin, 1992; An-
thoine, 1995; Wienecke et al., 1995; Terada et al., 2000) can be formulated. Clearly,
these boundary conditions should be applied on a unit cell when the heterogeneous
body exhibits a periodic structure, but Terada et al. (2000) proved that also for general
heterogeneous materials, periodic boundary conditions with relatively small unit cell
size provide reasonable estimates of the effective properties, even if the medium does
not have actual geometrical periodicity. In this chapter, mixed and periodic boundary
conditions are applied, as it is known that these two types give better approximations
of the effective properties than is the case for the uniform ones (Amieur et al., 1995;
Terada et al., 2000).

To assess the applicability of these two types of boundary conditions, we consider
the model problem (Fig.4.2), where a plate with regularly distributed inclusions is sub-
jected to a tensile loading (van der Sluis et al., 2000). The magnified view reveals two
possible unit cell geometries. The solid line indicates the most obvious geometry, i.e.,
a square unit cell with a centered inclusion, thus having four symmetry axes. Nev-
ertheless, other geometries, of which one example is illustrated by the dashed lines
in Fig.4.2, should provide equal effective properties when applying a homogenisation
procedure.

4.3.1 Mixed boundary conditions

The macroscopic body exhibits a structure, formed by the square unit cell R = {y ∈
R

2 | − 1
2
a < yi <

1
2
a, i = 1, 2}, with a the typical dimension of the cell. In the case

of mixed boundary conditions, the boundary ΓR of the unit cell is comprised of two
parts (Hazanov and Huet, 1994),

ΓR = Γu
R ∪ Γt

R, (4.11)

in which Γu
R is that part of the boundary where displacements u(x,y) are prescribed,

whereas on Γt
R, tractions t(x,y) are applied. We have chosen to prescribe these bound-
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Figure 4.2: Illustration of possible unit cell geometries for the model material

ary conditions under uniaxial tensile conditions in the y1-direction, with a constant
macroscopic strain rate. In addition, the edges on the boundary part Γt

R are forced to
remain straight during loading by means of so-called tyings (Bathe, 1982), since other-
wise, artificial holes would be created in the heterogeneous specimen (Idesman et al.,
1996). These constraints can be easily implemented using a dependency matrix in the
numerical treatment.

4.3.2 Periodic boundary conditions

It is apparent from Fig.4.2 that the chosen model material is well suited for periodic
analyses. When we assume a two-dimensional orthonormal base {e1, e2} in the direc-
tion of the axes (x1, x2), then, due to the periodicity assumption, the state variables are
invariant with respect to any translation m1v1 +m2v2, where m1 and m2 are integers,
v1 = a e1, and v2 = a e2 (Anthoine, 1995). In R2, the boundary ΓR of R is assumed to
be enclosed by two boundary pairs ΓR = Γ1 ∪ Γ2, where both pairs are comprised of
opposing edges (Swan, 1994)

Γp1 ∪ Γp2 = Γp, Γp1 ∩ Γp2 = {0}, p = 1, 2. (4.12)

This is illustrated in Fig.4.3, where an arbitrary periodically deformed unit cell under
uniaxial tensile conditions is shown. Each boundary pair Γp should, due to the period-
icity assumption, be compatible, which means that the deformation of each boundary
pair is equal and the stress vectors are opposite in sign on each pair (Suquet, 1985; An-
thoine, 1995). In Smit et al. (1998), appropriate displacement boundary conditions are
derived. Here, only the final expressions are presented

u12 − uv4 = u11 − uv1 , (4.13)
u22 − uv1 = u21 − uv2 , (4.14)

where uij is the displacement vector for any material point on the corresponding bound-
ary Γij , and uvi

the displacement vector for each vertex vi. In addition, for vertex v3,
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Figure 4.3: Periodically deformed unit cell with boundary ΓR and vertices vi

also a constraint equation can be formulated by using any of the two equations (4.13)
or (4.14), either substituting y1 = a or y2 = a, respectively

uv3 − uv2 = uv4 − uv1 . (4.15)

Rigid body motions can be eliminated by requiring that uvk
= 0, for either k ∈ {1, 2, 4}.

From the periodicity equations (4.13)–(4.15), it can be observed that the so-called re-
tained (independent) entities are Γ11, Γ21, v1, v2 and v4, whereas the tied (dependent)
entities are Γ22, Γ12 and v3. Thus, it suffices to prescribe displacements on the three
vertices v1, v2 and v4. In a finite element context, the equations (4.13)–(4.15) can be
easily implemented by the formulation of a dependency matrix. Also for the peri-
odic case, we prescribe tensile loading. All displacements are suppressed for vertex v1,
uv1 = 0. Furthermore, on vertex v2, a non-zero displacement component is prescribed
in y1-direction, while the displacement in y2-direction is suppressed. The displacement
components of vertex v4 are free (i.e., not specified but following from equilibrium).
Clearly, on vertex v3, no displacements should be prescribed since this node is tied to
the retained nodes by Eq.(4.15).

The mechanical problem of the unit cell (4.1) is now completely specified. Numer-
ical simulations on a unit cell can be performed by prescribing the boundary condi-
tions, and, by employing the micro-macro relations, the averaged or macroscopic state
variables can be determined. The next step in the homogenisation procedure then is to
determine the apparent properties for the equivalent homogeneous material. Note that
the term apparent is used, rather than effective, as it is not known beforehand whether
the values of the macroscopic coefficients can be identified as the effective ones (Huet,
1990). This will be dealt with in the next section.

4.4 Determination of the apparent properties

The apparent properties for the description of the mechanical behaviour of the equiv-
alent homogeneous continuum now have to be fitted onto results of finite element
calculations performed on a unit cell.
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4.4.1 Apparent elastic properties

When using the hyperelastic relation for the Kirchhoff stress tensor τ , the expressions
for the apparent elastic properties can be found easily. This relation can be derived by
using the potential (2.14)

W =
1

2
µ(I1 − 3− 2 lnJe) +

1

2
λ(ln Je)2, (4.16)

Then, the expression for τ can be determined by using the relation

τ = 2Fe · ∂W
∂Ce · (Fe)T. (4.17)

The derivative ofW with respect to Ce is given by (see (2.16))

∂W

∂Ce =
1

2
µ{I− (Ce)−1}+ λ

2
lnJe(Ce)−1, (4.18)

Substituting this expression into (4.17) gives the desired total formulation of the hy-
perelastic model

τ = µ(Be − I) + λ ln Je I, (4.19)

with Be = Fe · (Fe)T the left Cauchy-Green strain tensor. The expressions for the ap-
parent Lamé constants can be found easily, by writing (4.19) for tensile conditions,

µ̄ =
τ̄11

B̄e
11 − B̄e

22

, and λ̄ = − τ̄11(B̄
e
22 − 1)

(B̄e
11 − B̄e

22) ln J̄
e
. (4.20)

Notice that the righthand-sides of the latter equations can be readily calculated from
the unit cell response by means of the proposed micro-macro relations from Section 4.2.
Consequently,

Ē =
µ̄(3λ̄+ 2µ̄)

λ̄+ µ̄
, and ν̄ =

λ̄

2(λ̄+ µ̄)
. (4.21)

Of course, during the evaluation of the loading of the unit cell, the stresses are not
allowed to surpass the elastic domain.

4.4.2 Apparent viscoplastic properties

First, we have to define the macroscopic initial yield stress. The most obvious defini-
tion would be to assume that the apparent initial yield stress τ̄Y equals the value of the
macroscopic equivalent Kirchhoff stress level on that time instant where locally in the
unit cell, first yielding occurs

τ̄Y(x) ≡ {τ̄eq(x) | τeq(y) = τ
Y}, for any y ∈ R, (4.22)
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where, in accordance with (4.9), τ̄eq(x) = ‖τ̄ d(x)‖. Thus, in numerical analyses, the
effective yield point is reached at the moment when in one integration point yield-
ing occurs. This may result in a value that is mesh sensitive, as relatively high stress
gradients are present, caused by the heterogeneities. For this reason, the apparent ini-
tial yield point is supposed to be reached when the macroscopic effective viscoplastic
strain κ̄ has a prescribed value,

τ̄Y(x) ≡ {τ̄eq(x) | κ̄ = 10−7}. (4.23)

This value has been motivated by numerical experiments. Higher values resulted in
an overestimation of the apparent yield stress, whereas in some cases, smaller values
resulted in partly yielded element, i.e., yield occurred only in one integration point
within an element, which should be avoided.

Due to the nonlinear nature of the post yield function ς̄(κ̄) (2.25), it appeared that
fitting of the viscoplastic parameters could be achieved by an iterative least squares
fitting algorithm. The expression for the equivalent viscoplastic stress level has been
used for this purpose. The least squares optimisation function can then be written as

min

N∑
i=1

{
τ̄ i

eq(unit cell)− τ̄ i
eq(fit)

}2
, (4.24)

where N is the total number of observations (the number of increments when dealing
with numerical simulations), and τ̄ i

eq(unit cell) is the array containing the calculated
evolution of the macroscopic equivalent stresses from the unit cell, whereas τ̄ i

eq(fit)
contains the evolution of the equivalent stresses determined with the fitted apparent
viscoplastic coefficients. The latter can be calculated by writing the macroscopic over-
stress function (2.28) as

φ̄ =

(
τ̄eq − τ̄Y − ς̄(κ̄)

τ̄Y

)N̄

, (4.25)

from which it follows that

τ̄eq = τ̄Y + ς̄(κ̄) + τ̄Y φ̄1/N̄ . (4.26)

Since ¯̇
λ = γ̄ φ̄ (see Eq. (2.27)) and as it can be shown that for the von Mises criterion, it

holds that ¯̇λ = ¯̇κ, we have φ̄ = ¯̇κ/γ̄. Substitution of the latter equation into (4.26) yields

τ̄eq = τ̄Y + ς̄(κ̄) + τ̄Y
( ¯̇κ

γ̄

)1/N̄

. (4.27)

Observe that the first two terms in (4.27), τ̄Y+ ς̄(κ̄), define the current rate-independent
plastic yield stress, whereas the last term is the amount of overstress.

To account for the influence of a variety in macroscopic strain rates, the parame-
ters are determined from numerical simulations on the unit cell with three different
prescribed strain rates, the values of which will be specified in the corresponding sec-
tions.
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Figure 4.4: The used unit cell geometries, with a = 1 mm, referred to as center and
off-center, respectively

As a preliminary, the fitting procedure was tested for a homogeneous specimen
which resulted in fitted parameters that were well within machine precision. Note that
this merely indicates that the fitting procedure may work, and not that the homogeni-
sation itself is adequate. As an alternative to (4.24), where the equivalent stresses have
been used as minimiser, the equivalent viscoplastic strain rate ¯̇κ has also been used to
determine the effective values. It turned out that the results were equivalent.

In the following, the apparent properties will be determined for the two unit cells
from Fig.4.2, depicted in more detail in Fig.4.4, for the mixed and periodic boundary
conditions, formulated in Section 4.3. In fact, the apparent properties, obtained for the
two examples, should be identical. It is examined whether the boundary conditions are
adequate to reveal this equality. In this test, the matrix material is modelled by means
of the constitutive model presented for polycarbonate (see Section 2.2.2). The rubber
inclusions are modelled by means of the hyperelastic model, described in Section 2.2.1,
of which the properties are taken as µ = 30 [MPa] and λ = 980 [MPa]. Clearly, on the
macrolevel, the parameters must follow from the homogenisation procedure. Since the
inclusions are nearly incompressible, the assumption of pressure independent flow at
the macrolevel (J2-plasticity) seems justified to a first approximation.

4.4.3 Results from mixed boundary conditions

Application of the mixed boundary conditions results in the deformed unit cells shown
in Fig.4.5 at a global strain of 50%. It is remarked that in this section, the two-dimen-
sional plane strain assumption has been applied. The response of the unit cells will
be used to generate the volume averaged state variables, necessary to determine the
constitutive parameters of the equivalent homogeneous continuum. The strain rates
applied on the unit cell are 10−4, 10−3 and 10−2 [s−1].

The resulting apparent properties for the two cells are given in Table 4.1. It can
be observed that the apparent properties of the two unit cells deviate considerably,
which is in contrast with the anticipated behaviour. In fact, this can be interpreted as
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Figure 4.5: Deformed unit cells with mixed boundary conditions with contourbands of
the equivalent viscoplastic strain κ

a size effect, as was already studied for the elastic and viscoelastic case by Huet (1990,
1999), Ostoja-Starzewski (1999) and Pecullan et al. (1999). According to these studies,
increasing the size of the unit cells should result in smaller differences between the two
unit cells. Only in the case when convergence of the apparent properties is achieved,
the unit cell might be considered as an appropriate RVE (see Fig.4.1).

Ē ν̄ τ̄Y h̄ γ̄ N̄ ā b̄ c̄ d̄

center 1090 0.31 14.0 −132 7.3 10−5 3.4 990 −270 6437 1605

off-center 1120 0.31 13.9 −264 6.8 10−5 3.4 3010 −12015 20609 −22643

Table 4.1: The apparent properties for the two unit cells resulting from mixed bound-
ary conditions

4.4.4 Results from periodic boundary conditions

The deformed unit cells obtained from periodic boundary conditions, with contour-
bands of the equivalent viscoplastic strain are shown in Fig.4.6, again at a global strain
of 50%. Notice the typical periodic character of the deformation (Fig.4.6(b)).

The values of the apparent properties are given in Table 4.2. First of all, it can be
noted that for the centered unit cell, there is no difference between the apparent val-
ues from the mixed (Table 4.1) and the periodic boundary conditions. It can thus be
concluded that this unit cell can be considered as an RVE, and the apparent proper-
ties are identified as the effective ones. Furthermore, there is hardly any difference
in apparent values between the centered unit cell and the off-centered unit cell when
applying periodic boundary conditions, whereas when applying mixed boundary con-
ditions on the off-centered unit cell, different values are found. This implies that only
when periodic boundary conditions are prescribed, also the off-centered unit cell is an
RVE. Thus, there appears to be no size effect for these unit cells in combination with
periodic boundary conditions, as opposed to mixed boundary conditions.
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Figure 4.6: Deformed unit cells with periodic boundary conditions with contourbands
of the equivalent viscoplastic strain κ

Henceforth, as a result of these findings, periodic boundary conditions will be used
throughout this chapter. The next section deals with a benchmark problem, which
serves as a validation of the homogenisation procedure.

Ē ν̄ τ̄Y h̄ γ̄ N̄ ā b̄ c̄ d̄

center 1090 0.31 14.0 −132 7.3 10−5 3.4 990 −270 6437 1605

off-center 1090 0.31 14.0 −140 7.2 10−5 3.4 990 −270 6437 1605

Table 4.2: The apparent properties for the two unit cells resulting from periodic bound-
ary conditions

4.5 A periodically structured solid

To validate the homogenisation strategy, a benchmark problem will be solved. Here,
a plane strain tensile test with a prescribed strain rate of 10−3 [s−1], is carried out on
a polycarbonate plate with a thickness of 1 [mm] and 20 vol.% regularly distributed
rubber inclusions, which is illustrated in Fig.4.7(a). The mechanical behaviour of poly-
carbonate is described with the hyperelastoviscoplastic model, treated in Section 2.2.2,
whereas the constitutive behaviour of the rubber is modelled by means of the hypere-
lastic neo-Hookean model, as discussed in Section 2.2.1, with µ = 30 [MPa] and λ = 980
[MPa]. Perfect bonding between the two phases is assumed.

The mechanical behaviour of this specimen will be modelled in two different ways:
(1) using the homogenised model (Fig.4.7(b)), and (2) discretisation of the complete
heterogeneous structure (Fig.4.7(c)), which serves as the reference solution. This pic-
ture illustrates that even for highly simplified microstructures, already a large number
of finite elements should be used to obtain accurate results. The used unit cell is indi-
cated in Fig.4.7(a). Recall that in the previous section, it was shown that this unit cell is
a proper RVE. For this reason, the obtained effective properties from Table 4.2 can be
readily used.
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Figure 4.7: (a) The benchmark problem with relevant dimensions in [mm], boundary
conditions and marked RVE, (b) the finite element mesh for the homoge-
neous model, (c) the finite element mesh for the heterogeneous model

The resulting force-displacement are depicted in Fig.4.8. From this figure, it can be
observed that the mechanical behaviour of the heterogeneous plate is approximated
very well with the homogenised model, even in the large deformation regime. Only
in the softening regime, a slight deviation is present in the homogenised model, which
can be explained by the fact that the statistical information of the RVE can not be
described in an accurate way by averages only, since the influence of the stress and
strain gradients, typically encountered in a strain softening material, becomes more
pronounced. A possible remedy could be to include additional statistical information
in terms of the variations of the state variables, as suggested by Vosbeek (1994).
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Figure 4.8: The force-displacement curves for the benchmark problem of Fig.4.7
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The result of Fig.4.8 suggests that the homogenisation procedure is a suitable method
to predict the mechanical behaviour of heterogeneous materials, at least for this exam-
ple. It should be remarked that for the plane stress case, similar results were obtained
but are not shown here, as this does not lead to any new information.

The next section deals with the modelling of irregular microstructures, which are
more realistic when trying to characterise the heterogeneous structure of real materials.

4.6 An irregularly structured solid

Clearly, when predicting the mechanical behaviour of real heterogeneous materials,
simplified microstructures such as shown in Fig.4.2, are not realistic (see also Mouli-
nec and Suquet (1998) and Ghosh et al. (1998)). As a pilot study, nevertheless, these
structures are well-suited. In this section, apparent properties will be determined by
prescribing periodic boundary conditions on a unit cell with an irregular structure,
i.e., with irregularly distributed inclusions. Again, as it is not known a priori whether
the considered unit cell can be identified as a proper RVE, apparent properties will be
determined rather than the effective ones. Results obtained from direct calculations,
where the complete heterogeneous specimen is discretised, are confronted with results
from calculations in which the obtained homogenised coefficients are used.

To obtain one realisation of a random distribution of heterogeneities within the
matrix material, the procedure from Hall (1991) and Smit et al. (1999) was adopted. An
example of such a generated heterogeneous structure with 20 vol.% rubber inclusions
is shown in Fig.4.9(a).

4

6

(a) (b) (c)

Figure 4.9: The heterogeneous specimen: (a) the generated geometry with boundary
conditions and relevant dimensions given in [mm], with a thickness of 1
[mm], (b) the irregular mesh, and (c) the periodic mesh used for the hetero-
geneous simulations. For clearance, the elements in the inclusions are not
shown in (b) and (c)
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In order to predict the mechanical behaviour of this heterogeneous plate, several
possibilities can be distinguished. The first one, of course, is to use the homogenised
model. In this case, a unit cell with 20 vol.% rubber inclusions, depicted in Fig.4.10(a),
is used to obtain apparent properties for the macroscopic model. Application of the
periodic boundary conditions renders the subsequent responses shown in Fig.4.10(b)–
(f), where (f) corresponds to a deformation of 50% global strain. Notice the gradual
increase of the plastic zone in the matrix material. The periodic nature of the defor-
mation can be clearly distinguished. In analogy with the previous section, apparent
properties are obtained by simulating plane strain tensile tests with the same three
strain rates as used for the periodic RVE, and following the homogenisation procedure
outlined in Section 4.4. The apparent properties are given in Table 4.3.

Second, the entire heterogeneous plate of Fig.4.9(a) can be discretised, which case
is depicted in Fig.4.9(b), and is referred to as irregular. To distinguish more clearly
between the inclusions and the matrix material, the elements in the inclusions are not
shown in the pictures. The third possibility for the macroscopically heterogeneous
plate could be as follows. Since periodic boundary conditions are applied on the unit
cell, the plate can simply be taken as a periodic stacking of the already defined unit cell
of Fig.4.10(a), which case is illustrated in Fig.4.9(c), and is consequently referred to as
periodic.

The results of a tensile test on the heterogeneous plates, with a prescribed strain
rate of 10−3 [s−1], can be found in the force-displacement curves in Fig.4.11. Notice the
good agreement between the homogenised response and the periodic result. This is
presumably caused by the application of the periodic boundary conditions on the unit
cell, by which the macroscopic plate basically is assumed to consist of periodically po-
sitioned irregular unit cells, as is illustrated in Fig.4.9(b). However, the response of the
irregular plate exhibits also a rather good agreement. The difference can be attributed
to the fact that the unit cell of Fig.4.10 is too small when used to model the mechani-
cal behaviour of specimens with large irregular heterogeneous structures, i.e., it simply
does not contain sufficient information to be representative for the structure as a whole.
Thus, the unit cell taken here is not a proper RVE. It is remarked that, in order to deal
with real random microstructures, statistical approaches have to be used. Here, each
random realisation is treated as a deterministic problem. The apparent properties can
then be determined by stochastic averaging methods (Huet, 1999; Ostoja-Starzewski,
1999).

It can be inferred from Fig.4.11 that the softening almost disappears due to the irreg-
ularity of the microstructure. This has already been observed for polycarbonate with
irregularly distributed voids by Smit et al. (1999), which could be explained by the fact
that sequential yielding occurs during loading of the irregular unit cell, which can also
be observed from the deformation states shown in Fig.4.10(b)–(f).

It should be realised that the results of Fig.4.8 and Fig.4.11 indicate that for these
examples of loading and microstructure, the macroscopic model appears to be valid.
To investigate the performance of the macroscopic model on a wider range of loading
conditions and microstructure, the next section covers the validation of several macro-
scopic model assumptions.
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Figure 4.10: The irregular unit cell with 20 vol.% inclusions; (a) generated geometry
and (b)–(f) subsequent deformation states with contourbands of the equiv-
alent viscoplastic strain κ

Ē ν̄ τ̄Y h̄ γ̄ N̄ ā b̄ c̄ d̄

1072 0.32 10.0 −250 2.5 10−5 3.2 3613 −15791 27586 −50970

Table 4.3: The apparent properties for the irregular unit cell resulting from periodic
boundary conditions
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Figure 4.11: Load-displacement curves for the heterogeneous and homogeneous simu-
lations of the heterogeneous plate

4.7 Macroscopic model assumptions

4.7.1 Isotropic elasticity

First of all, the elastic behaviour of the macroscopic model is assumed to be isotro-
pic, which means that the response is independent of the prescribed loading direction.
To check whether this assumption is a valid one, a shear test is performed on a unit
cell, and the averaged behaviour is compared with a shear test on the homogenised
cell. The latter is modelled with the apparent properties from the previous sections
following from tensile tests. If the isotropy assumption would be valid, the responses
of the heterogeneous and homogeneous cells should be equal. Two different micro-
structures are considered, viz. the centered cubic RVE from Fig.4.6(a) and the irregular
unit cell, given in Fig.4.10(a). The results of the simulations up to the yield point, are
given in Fig.4.12. It can be observed that the isotropy assumption for the cubic RVE is
a poor one (Fig.4.12(a)). The elastic behaviour of the microstructure is anisotropic, and
more specifically, orthotropic. In contrast, when looking at the irregular microstruc-
ture (Fig.4.12(b)), it appears that the averaged elastic behaviour is captured well with
an isotropic model.

4.7.2 Initial yield surface

Another assumption in the macroscopic constitutive model is that plasticity is gov-
erned by the incompressible von Mises yield function, as the equivalent stress is only
dependent on the second invariant of the deviatoric stress tensor (2.24). Recall that the
effective yield stress τ̄Y is determined from tensile conditions, and defined by (4.23).
However, it is not known in advance whether this assumption is valid for the mi-
crostructure under consideration. For instance, Gurson (1977) showed that voided mi-
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Figure 4.12: Comparison of the averaged elastic response in shear loading for (a) the
cubic microstructure and (b) the irregular microstructure

crostructures with plastic matrix material exhibit a pressure sensitive yield behaviour
which obviously can not be captured by the von Mises yield criterion.

To study the initial yield behaviour, three different microstructures will be subjected
to a range of loading conditions, hereby obtaining different yield points that construct
the initial yield envelope. To this end, the ratio of the displacements in the vertices 2
and 4 is varied, which is shown in Fig.4.13(a). As a result, the yield points are plotted
in the (normalised) principal stress space, and hence, the initial yield surface of the
microstructure can be constructed.

To illustrate this procedure, the numerically determined yield points of a homoge-
neous cell, subjected to a range of boundary conditions, are plotted in Fig.4.13(b). For
comparison, the initial von Mises yield surface defined by (2.24) is also plotted. It ap-
pears that the initial yield surface can be found from these numerical experiments, i.e.,
by prescribing a variety of loading conditions on the unit cell.

It is remarked that the numerical simulations are performed for the two-dimen-
sional plane stress case. Moreover, only the initial yield envelopes are determined.
The evolution (i.e., the post yield behaviour) is still assumed to be completely charac-
terised by the tensile tests on the unit cell. Reference is made to the studies of van Rens
et al. (1998), Lee and Ghosh (1999), Pellegrino et al. (1999), and Aghdam et al. (2000) for
a more general determination of the post yield behaviour, which can be achieved by se-
lecting appropriate additional history parameters in the constitutive description at the
macrolevel. However, it is noted that these works are confined to small deformations.

In the following, the initial yield envelopes are obtained for three different micro-
structures.
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Figure 4.13: (a) Illustration of the boundary conditions imposed on a unit cell for the
evaluation of the initial yield surface, (b) the numerically acquired initial
yield points of the homogeneous cell and the reference yield surface ac-
cording to (2.24), depicted in the normalised principal stress space

Unit cell with irregularly distributed rubber inclusions

The first microstructure to be considered is the irregular unit cell, given in Fig.4.14(a),
where the inclusions are taken to be rubber elastic. By applying the periodic boundary
conditions and varying the ratio between the displacements on the two vertices, the
points on the initial yield surface can be obtained and are shown in Fig.4.14(b). For
comparison purposes, the homogenised von Mises yield surface is depicted also. The
initial yield points obtained from this unit cell are approximated quite well with the
homogenised model, which justifies the adopted macroscopic yield criterion.

Unit cell with irregularly distributed voids

As also voided irregular microstructures are frequently encountered in heterogeneous
materials, it seems interesting to consider this as a next example. Again, the initial
yield points are obtained by imposing a range of loading conditions on the unit cell,
depicted in Fig.4.15(a). As a result, the yield points are given in Fig.4.15(b), in which
also the homogenised yield surface is given. Observe the good agreement between the
yield points and the homogenised initial yield envelope. A deviation appears to be
present, which is not the case when inserting rubber particles as second phase in the
matrix material. The initial yield behaviour has become slightly anisotropic, that is,
the yield surface is not symmetric around the line τ̄1 = τ̄2. This may be explained by
the fact that the deformation in the ligaments of the matrix material tends to be more
pronounced, as the holes are not resistant to any deformation.
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Figure 4.14: (a) The irregular unit cell with rubber inclusions and (b) the numerically
determined initial yield points and initial homogenised yield surface in
principal stress space
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Figure 4.15: (a) The irregular unit cell with voids and (b) the numerically determined
initial yield points and initial homogenised yield surface in principal stress
space
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Figure 4.16: (a) The regular RVE with rubber inclusion and (b) the numerically deter-
mined initial yield points and initial homogenised yield surface in princi-
pal stress space

RVE with regularly distributed rubber inclusions

As a final example, the attention will be focussed on the RVE with regularly distributed
rubber inclusions. It can be concluded from Fig.4.16(b), that the isotropic von Mises
yield criterion fails at describing the yield behaviour of this microstructure when im-
posing biaxial loading conditions. An alternative yield criterion should be used to take
this phenomenon into account.

Thus, it appears that the initial yield behaviour of the considered irregular micro-
structures can be approximated very well with the von Mises yield criterion, how-
ever, for the regular microstructure, a more sophisticated yield function should be em-
ployed.

4.7.3 Isotropic hardening

A final premise present in the macroscopic model that will be validated, is isotropic
hardening. Here, the center of the yield surface does not move in the stress space, but
its dimension changes due to hardening/softening.

To verify this assumption, first a cyclic plane strain tensile test is performed on
the centered cubic RVE and the corresponding homogenised material. The results are
shown in Fig.4.17. It can be seen that, during the compression stage, the onset of yield-
ing occurs earlier in the RVE than is the case in the homogenised cell that incorporates
isotropic hardening. This is caused by the fact that, when passing the zero force point
during the compression stage in the resulting load-displacement curve, as is indicated
by the arrow, residual compressive stresses are present due to the heterogeneity in
the RVE. The contourplot shows the stress level in the loading direction, where dark
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Figure 4.17: Comparison of the mechanical response of the cubic RVE and the ho-
mogenised cell subjected to a cyclic tensile test. White bands correspond
to compression, whereas dark bands represent tension

regions correspond to tension, whereas white regions represent compression. The re-
duction of the yield stress upon load reversal is known as the Bauschinger effect (see
for instance Skrzypek, 1993). However, as can be inferred from Fig.4.17, the post yield
behaviour is approximated very well.

Also for the irregular microstructure, a cyclic plane strain tensile test is simulated.
The results are shown in Fig.4.18. It can be observed that also for this more complex
microstructure, residual compressive stresses are present. However, the post yield
behaviour during the compression stage is not predicted well with the homogenised
model. This may be caused by viscous effects, but at this point, this is not clear yet.
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Figure 4.18: Comparison of the mechanical response of the irregular unit cell and the
homogenised cell subjected to a cyclic tensile test. White bands correspond
to compression, whereas dark bands represent tension
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The Bauschinger phenomenon could be included in the macroscopic constitutive
model by incorporating kinematic hardening. In this case, the yield surface is also
allowed to move in the stress space. In the constitutive description, a so-called back-
stress tensor should be included into the model, and an appropriate objective evolu-
tion equation should be formulated (Simo and Hughes, 1998). However, this kinematic
hardening behaviour has not yet been implemented. Of course, for monotonic loading
and unloading, isotropic hardening is a valid assumption.

The next section is devoted to the formulation of the apparent properties when
adopting the compressible Leonov model as the constitutive description for the equiv-
alent homogeneous continuum, as well as for the description of the matrix material of
the heterogeneous microstructure, i.e., polycarbonate.

4.8 Homogenisation of the compressible Leonov model

In Section 2.3, an overview of the compressible Leonov model has been given. In this
section, the determination of the apparent parameters will be discussed and results of
a benchmark problem will be given.

4.8.1 Determination of the apparent properties

In analogy with the determination of the macroscopic properties of the Perzyna model
(Section 4.4), the constitutive parameters for the macroscopic Leonov model will also
be determined by performing tensile tests on a unit cell. The elastic parameters Ḡ
and K̄ can simply be determined by using the generalised Hookean equation for the
effective stress s (2.32) and (2.33), since during the elastic deformation, the hardening
stress w can be neglected. Hence, the expressions for the elastic parameters are

Ḡ =
s̄11

(B̄e
11)

d − (B̄e
22)

d and K̄ =
s̄11 (B̄

e
22)

d

(1− J̄){(B̄e
11)

d − (B̄e
22)

d}
. (4.28)

In order to obtain values for the yield parameters Ā0 and τ̄0, the equations are written
in terms of the yield point. An equivalent strain rate is defined as γ̇eq =

√
2Dvp : Dvp,

from which (2.35) can be written as γ̇eq = seq/η. Then, using (2.36) and noting that no
softening has developed at the yield point, the following relation is obtained

γ̇eq =
exp(seq/τ0)

2A0 exp(µ p/τ0)
, (4.29)

where the approximation sinh(x) = 1
2
{exp(x) − exp(−x)} ≈ 1

2
exp(x) is used, which

is allowed as τ0 is in the order of 1 [MPa] and seq in the order of 10 − 100 [MPa].

Furthermore, when assuming that at the yield point, the total strain rate ε̇ =
√

2
3
D : D

equals the equivalent plastic strain rate κ̇ =
√

2
3
Dvp : Dvp, and consequently γ̇eq =
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Figure 4.19: (a) The benchmark problem with relevant dimensions in [mm], boundary
conditions and marked RVE, (b) the finite element mesh for the homoge-
neous model, (c) the finite element mesh for the heterogeneous model

√
3 ε̇, we end up with the fitting equation

σ̄Y =
3 τ̄0√
3 + µ̄

ln(2
√
3Ā0

¯̇ε), (4.30)

in which we used p̄ = −1
3

√
3 s̄eq and s̄eq = 1

3

√
3 σ̄Y. This equation can be used to

determine the values for τ̄0 and Ā0. The values are determined from tensile tests with
three different values for the applied strain rates. Since only tensile tests are performed
on the unit cells, as a first approximation, the pressure coefficient µ̄ is taken equal to
the value of the considered matrix material. To validate the procedure, a benchmark
test is used.

4.8.2 Benchmark problem

The benchmark problem is comparable to the one discussed in Section 4.5, however
with different dimensions. The specimen and boundary conditions are illustrated in
Fig.4.19(a). The thickness of the specimen is 1 [mm]. The matrix material is modelled
by using the polycarbonate parameters for the Leonov model (see Smit, 1998, Chapter
2) and Table 2.2, whereas the inclusions are rubber elastic having properties µ = 30
[MPa] and λ = 980 [MPa]. The RVE is indicated in Fig.4.19(a). Note that it is justified
to use the terms RVE and effective properties.

To determine the effective properties, the periodic boundary conditions under ten-
sile loading are prescribed on the RVE, with imposed strain rates of 10−5, 10−3 and
10−1 [s−1]. The effective elastic parameters Ē and ν̄ are readily obtained. The yield
parameters Ā0 and τ̄0 are determined using a least squares fit of (4.30), which is shown
in Fig.4.20(a). The remaining parameters H̄, D̄∞ and h̄ are obtained from the aver-
aged post yield behaviour of the unit cells, which are also included in Table 4.4. The
averaged response of the RVE and the fitted simulations for the imposed strain rates
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Figure 4.20: (a) Yield stress versus strain rate for the numerical simulations on a cu-
bic RVE, where the line corresponds to the fitted values; (b) stress-strain
curves of the RVE and homogenised cell for different strain rates

are shown in Fig.4.20(b). It can be observed that the homogenised Leonov model de-
scribes the averaged stress-strain behaviour of the RVE quite reasonably, except for
the fact that it exhibits a rather abrupt yield behaviour, while the RVE exhibits a more
gradual yield transition. This abrupt yield point is caused by the fact that the model
is based on the single-mode assumption, meaning that one set of parameters fully de-
scribes the mechanical behaviour. A possible resort to include more complex material
behaviour into the constitutive description, e.g., viscoelastic behaviour up to yield, and
a more gradual yield transition, could be the use of a so-called multi-mode approxi-
mation (for detailed information, see Tervoort, 1996).

The effective properties are used to simulate the mechanical behaviour of the het-
erogeneous plate of Fig.4.19 under imposed plane strain tensile conditions, with a con-
stant strain rate of 10−3 [s−1]. The results are shown in Fig.4.21. As can be inferred from
this figure, the global behaviour of the heterogeneous plate is predicted quite well with
the homogenised model, except for the yield point, which, again, can be attributed to
a macroscopic model deficiency, i.e., the single-mode assumption.

E ν A0 τ0 µ D∞ h H

[MPa] [–] [s] [MPa] [–] [–] [–] [MPa]
1610 0.378 3.55 1026 0.45 0.097 7.9 330 34

Table 4.4: The effective properties for the macroscopic Leonov model
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Figure 4.21: The resulting force-displacement curves for the homogenised Leonov
model and the reference (heterogeneous) simulations

4.9 A macroscopic failure indicator

In the preceding sections, it was assumed that the materials under consideration did
not fail due to excessive deformation. This section addresses a way of obtaining a
macroscopic failure criterion based on failure occurring at the microstructural level.

Clearly, a microscopic failure threshold has to be selected. In Smit et al. (2000b),
it is explained that currently, a unified crack initiation criterion for polymers is still
lacking. It is not yet clear whether the criterion should be stress and/or strain related.
A stress criterion is motivated by the fact that the polymer matrix material can fail due
to craze initiation, which is known to be dependent on the hydrostatic stress. If, on
the other hand, no crazes are formed, the material will fail due to disentanglement of
the network or chain scission of the polymer chains. The former is likely to be stress
related, whereas the latter may be related to the maximum drawability of the polymer
network, i.e., strain related.

The dimensionless stress triaxiality factor will be used as stress criterion, which
is defined as the ratio of the hydrostatic stress and the equivalent von Mises stress:
R = τh/τeq. To this end, a constrained tensile test is performed on homogeneous poly-
carbonate, the regular microstructure from Fig.4.6(a) and the irregular microstructure
(Fig.4.10). The inclusions are taken to be voids. The boundary conditions are illustrated
in Fig.4.22.

Numerical experiments have shown that for a given deformation state, the highest
value of R is present in homogeneous polycarbonate. Furthermore, in the smallest
ligament of the irregular unit cell, the value of R is approximately a factor two smaller
than the value in the thicker ligament of the regular RVE. Thus, the homogeneous
polycarbonate is more sensitive for craze initiation. From this, it can be concluded that,
in order to decrease the stress triaxiality, and hence, the craze initiation sensitivity, the
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Figure 4.22: Boundary conditions for the determination of the stress triaxiality R in the
different microstructures

material has to made thin on a local scale. This can be achieved by introducing many
irregularly distributed heterogeneities in the matrix material. It is noted that the value
for R will increase when stiff inclusions are inserted into the matrix. Currently, no
explicit value is known for the critical stress triaxiality Rcrit. For this reason, the stress
triaxiality has not been taken into account as a failure criterion.

The second criterion is based on a strain measure. Here, it is assumed that failure is
initiated when the maximum principal strain ratio, denoted by λmax (i.e., the maximum
eigenvalue of the right stretch tensor U, which follows from the polar decomposition
of the deformation tensor, F = R ·U, withR a rotation tensor), exceeds a critical value,
which will be denoted here by λcrit

max. In the case of polycarbonate, this value equals 2.
Notice that this corresponds to the chain scission phenomenon.

The procedure is as follows: the unit cell is loaded by applying the periodic tensile
boundary conditions, while the evolution of the maximum occurring strain ratio is
monitored continuously. If during loading, the maximum critical strain ratio λcrit

max is
reached locally in the unit cell, the global deformation tensor F̄ is determined, from
which the global maximum strain ratio can be calculated, which is denoted by λ̄max.
This macroscopic threshold value will then be applied as failure indicator during the
analysis of the macroscopic specimen.

From the tensile simulations on the unit cells used in this chapter, the evolution
of the maximum principal strain ratio versus the macroscopic principal strain ratio
is calculated, and is given in Fig.4.23. From these curves, the maximum allowable
strain ratios in the macroscopic simulations can be readily obtained. For the regular
microstructure, λ̄max equals 1.25 [-], whereas for the irregular microstructure, this value
is 1.07 [-]. These critical values are indicated with the circles in the curves. It is noted
that for the irregular unit cell, the mesh depicted in Fig.4.10 is refined in the ligaments
between the inclusions to capture the evolution of λmax more accurately.

Notice from Fig.4.23 that in the irregular microstructure, the critical value of the
strain ratio is reached rather early in the deformation process. This can be attributed to
the fact that the dimensions of the ligaments between the inclusions are much smaller
compared to the ligaments present in the regular microstructure (see Fig.4.10(a) and
Fig.4.7(a)). As a result, the deformation in these ligaments is more pronounced. This,
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Figure 4.23: Evolution of the maximum value of the principal strain ratio during load-
ing of the unit cells. The circles correspond to the threshold values

however, does not imply that the irregular microstructure will fail catastrophically in
an earlier stage, as the strongly localised deformation will be transferred to the other
ligaments upon further loading, which will be explained below. For this reason, on
average, the irregular unit cell exhibits no softening behaviour, which still is the case
for the regular unit cell. Thus, if the maximum strain ratio is reached in the unit cell, it
does not mean that the material as a whole will fail.

The sequential yielding mechanism for the irregular unit cell can be elucidated by
the deformation behaviour of a specimen with two imperfections having different di-
mensions, as illustrated in Fig.4.24. Because of symmetry, only one half of the specimen
will be modelled. This specimen is considered representative for the mechanical inter-
action which occurs in the irregular unit cell. The material taken in this example is
polycarbonate.

Two illustrative deformation stages are given in Fig.4.25. Initially, due to the larger
imperfection size, the deformation localises in the ligament surrounding the more pro-
nounced imperfection. However, due to the hardening in the ligament with increasing
deformation, plastic deformation is initiated also in the other ligament, which explains
the sequential yielding mechanism that occurs in the irregular unit cell. It is remarked
that the deformation behaviour of this specimen is determined by the ratio R2/R1.
Higher values result in strong localisation in the left ligament only, whereas at lower
values, the deformation localises in both ligaments.

4.10 Discussion

The mechanical behaviour of structured elastoviscoplastic solids, having relatively
simple as well as more complex microstructures, has been modelled by means of a
homogenisation method. Using the averaging theorems of Hill (1984) and Nemat-
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Figure 4.24: Geometry and boundary conditions of the specimen having two circular
imperfections with R1 = 1.25 and R2 = 2.0; dimensions in [mm]
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Figure 4.25: Two deformation stages of the specimen from Fig.4.24 with contourbands
of the equivalent viscoplasic strain κ
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Nasser (1999), a set of micro-macro relations has been formulated, an essential step to
achieve the transition from the microscale to the macroscale. It was concluded that
the micro-macro relations should be formulated with care, and are dependent on the
choice of the primary stress and strain measures, in our case the deformation gradient
and the Cauchy stress tensor. The macroscopic equivalent viscoplastic strain rate was
determined as a weighted average of the microscopic quantity, where the microscopic
equivalent stress served as a weighting function. In addition, it was shown that the
macroscopic equivalent stress should be determined by using the macroscopic stress
rather than simply averaging the microscopic equivalent stress.

An evaluation concerning the applicability of two types of microscopic boundary
conditions has been conducted, from which it became clear that periodic boundary
conditions are more appropriate than the mixed ones, at least for the simple example
considered.

The benchmark test concerning the periodic structure showed that the homogeni-
sation method can be a suitable and time-efficient method to capture the constitutive
behaviour of heterogeneous materials. As a matter of fact, also when dealing with ir-
regular microstructures, the macroscopic model appeared to be capable of predicting
the mechanical behaviour of the heterogeneous specimen very accurately. Nonethe-
less, it could also be observed that the softening region introduced a deviation be-
tween the averaged behaviour of the unit cells and the homogenised model. This can
be explained by the fact that, due to the the more pronounced localisation in the mi-
crostructure, the stress and strain gradient are more prevalent. As a result, the average
only of the state variables is not sufficient enough to accurately describe the statistical
information of the microstructure. A possible resort could be to include more statistical
information about the microstructural state, for instance, by using higher order statis-
tical moments such as the variance of the state. This will lead to nonlocal or gradient
dependent macroscopic constitutive models (see for instance Vosbeek, 1994).

It is important that the macroscopic model assumptions are thoroughly reviewed
when suggesting a macroscopic constitutive model. The isotropic elastic behaviour has
been considered for the regular and irregular microstructures. It was concluded that
the isotropy assumption is valid only for the irregular structure, and that an orthotropic
description would be more appropriate for the regular microstructure. In addition, the
initial von Mises yield surface has been found to be a good approximation for the ini-
tial yield envelopes of the irregular microstructure with rubber inclusions as well as
with voids. However, for the regular microstructure with rubber inclusions, an alter-
native yield function would be more suitable. The isotropic hardening behaviour at
macroscopic level is not exhibited by the various microstructures, which in fact show a
Bauschinger effect upon load reversal at the macroscopic level. This could be included
in the macromodel by formulating a kinematic hardening evolution law instead.

The Leonov model has been used as a macroscopic model. The apparent proper-
ties could also be determined, although in a more cumbersome way compared to the
Perzyna model. The benchmark test revealed a macroscopic model deficiency which
could be resolved by employing a multi-mode approximation.

Finally, a rather simple way of incorporating microscopic failure into the macro-
scopic constitutive model has been described. Here, it is assumed that the material
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fails when a threshold value of the maximum eigenvalue of the right stretch tensor
is reached. It is noted that local failure of the microstructure does not imply that the
macrostructure will fail catastrophically.



CHAPTER 5

APPLICATIONS

In the previous chapter, a homogenisation method has been formulated that allows
to determine macroscopic constitutive properties for microscopically heterogeneous
materials. The method has been verified by simulating tensile tests on specimens with
a periodic, or regular, and an irregular microstructure. The macroscopic constitutive
equations for these microstructures will now be applied to predict the macroscopic
mechanical behaviour of heterogeneous specimens.

The mechanical response of a tensile specimen with an imperfect geometry as well
as a notched specimen will be simulated in the Sections 5.1 and 5.2, respectively. Three
different materials will be considered. First, homogeneous polycarbonate, described
by the hyperelastoviscoplastic Perzyna model with material parameters given in Sec-
tion 2.2.2. Second, a polycarbonate matrix material with a periodic stacking of rubber
inclusions, represented by the RVE from the previous section, Fig.4.7(a). Third, a poly-
carbonate matrix material with an irregular stacking of rubber inclusions, of which
the unit cell is depicted in Fig.4.10(a). The rubber inclusions occupy 20 vol.% for both
cases. The macroscopic failure criterion, as described in Section 4.9, will be applied in
these macroscopic simulations. In section 5.3 the influence of the stiffness of the inclu-
sions is illustrated, after which a microstructure with imperfect bonding between the
matrix and the inclusion is considered in Section 5.4. The homogenisation procedure
for the Leonov model will also be used in this chapter. Results obtained from a multi-
level approach by Smit et al. (2000b), which also incorporates this constitutive model,
are used to check the method as well as the application of this constitutive model as a
possible macroscopic constitutive description.

5.1 Tensile specimen

As a first application, a plane strain tensile test is simulated on a specimen with a vary-
ing cross-section. The dimensions of the specimen (in [mm]), boundary conditions, the
symmetric part of the finite element mesh and the corresponding unit cells are depicted
in Fig.5.1. The thickness of the specimen is 1 [mm]. The tensile boundary conditions
are applied with a constant strain rate of 10−3 [s−1].

The resulting global mechanical behaviour is given in Fig.5.2(a). Observe that ho-
mogeneous PC exhibits a strong softening behaviour. The cubic microstructure shows
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Figure 5.1: The tensile specimen and the various microstructures

a milder softening branch, whereas for the irregular microstructure, the softening has
vanished. The softening behaviour results in localisation of the deformation which can
be observed more clearly in Fig.5.2(b), where plots of the contourbands of the equiv-
alent viscoplastic strain are depicted. It can be noticed that the deformation in the
case of homogeneous polycarbonate is strongly localised, whereas the irregular mi-
crostructure exhibits an almost homogeneous deformation behaviour. The circles in
Fig.5.2(a) indicate the point where the maximum macroscopic strain ratio, λ̄max, for
the corresponding microstructure has been reached. Recall from Section 4.9 that these
macroscopic points correspond to the moment where locally in the microstructure, the
threshold value of the maximum microscopic strain ratio,λcrit

max, has been reached. Ob-
serve that in the case of homogeneous polycarbonate, no failure is initiated.
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Figure 5.2: (a) The resulting force-displacement curves where the circles indicate the
initiation of failure in the microstructure, and (b) contourbands of the
equivalent viscoplastic strain κ for the different microstructures
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5.2 Notched specimen

As a second application, a tensile test on a notched specimen with different micro-
structures is performed with a prescribed strain rate of 10−3 [s−1] under plane strain
conditions. The dimensions (in [mm]), the finite element mesh and the appropriate
boundary conditions are given in Fig.5.3(a). The thickness of the specimen is 1 [mm].
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Figure 5.3: (a) The finite element mesh of the notched specimen with dimensions in
[mm] and (b) the resulting force-displacement curves for the various mi-
crostructures, where the circles indicate the initiation of failure in the re-
spective materials

The resulting global behaviour is illustrated in Fig.5.3(b). Again, a circle represents
the macroscopic deformation state at which failure in the microstructure is initiated.
Notice that, due to the extreme deformations near the notch tip, the materials fail rela-
tively early in the macroscopic deformation process.

It should be pointed out that for this example, the validity of the homogenised
model is probably too restrictive when quantitative results are desired. This is caused
by the fact that the deformation tends to localise, especially in the notched specimen,
near the notch tip. In this case, the assumption of statistical homogeneity is violated,
which indicates that the homogenised model ceases to be effective. A possible remedy
could be the introduction of additional degrees of freedom into the macroscopic con-
stitutive model. In this way, the additional statistical information, necessary to obtain
an accurate description of the state variables, can be linked to these additional terms.
This may lead to so-called non-local homogenisation strategies (e.g., Vosbeek, 1994).
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5.3 Influence of inclusion stiffness

In the preceding sections, soft rubber elastic heterogeneities were inserted into the
polycarbonate matrix material. As a result, the overall initial stiffness is lowered, how-
ever, the pronounced softening behaviour of the polycarbonate matrix material is re-
duced as well and, in some cases, even vanishes completely. Now, it is interesting
to look at the mechanical response of those microstructures with very stiff inclusions.
Tensile tests are performed on the unit cells of Fig.4.7(a) and Fig.4.10(a) having dimen-
sions 1 × 1 × 1 [mm], with polycarbonate as matrix material and, in this case, stiff
inclusions (E = 10000 [MPa]). The global force-displacement curves for the different
simulations are shown in Fig.5.4(a). For comparison, the results are also shown for the
microstructures with soft rubber inclusions in Fig.5.4(b). The overall initial stiffness
increases, however, the softening is not decreased, which clearly is in contrast with
the microstructures with soft inclusions. It seems that stiff inclusions do not promote
the sequential yield mechanism, that occurs when soft inclusions or voids are present.
Moreover, the stiff inclusions give rise to enhanced hardening, compared to the matrix
material.
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Figure 5.4: Resulting force-displacement curves for the different microstructures with
(a) stiff inclusions and (b) soft inclusions

5.4 Microstructure with interphase

Perfect bonding has been assumed between the matrix and the inclusions in the micro-
structures that have been considered in the preceding sections. In this section, imper-
fect bonding between the two phases is modelled by means of an interphase layer. The
mechanical behaviour of this interphase is assumed to be viscoplastic with a decreas-
ing stress carrying capacity, i.e., strain softening behaviour. The thickness of this layer
is 0.02 [mm], whereas the constitutive coefficients for the interphase are taken from Ta-
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Figure 5.5: (a) The RVE with a softening interphase layer between the matrix and in-
clusion, and (b) the resulting force-displacement curve

ble 2.1, except for the following values: h = −100 [MPa] and the nonlinear hardening
coefficients a, b, c, d are set to zero. For the matrix material, identical coefficients have
been used, however with h = 0 [MPa], which corresponds to an ideal viscoplastic ma-
terial. The inclusion is taken to be rubber elastic, whereas the dimensions of the RVE
are 1 × 1 × 1 [mm]. The RVE with the interphase layer is depicted in Fig.5.5(a). The
force-displacement curve resulting from a tensile test on the RVE is given in Fig.5.5(b).
Although the matrix material is perfectly viscoplastic, an initial hardening behaviour
is exhibited by the microstructure, followed by a softening regime, the latter obviously
caused by the interphase layer. Notice that no failure mechanism has been applied for
the interphase layer.

5.5 Comparison with Leonov multilevel results

As was already mentioned, the Leonov model will be used as a macroscopic constitu-
tive model for the description of heterogeneous materials, as discussed in Section 4.8.
In this section, a plane strain tensile test is simulated on a notched specimen, which is
illustrated in Fig.5.6.

The homogenised results will be compared with the results reported by Smit et al.
(2000b), who employed a multilevel method, where, as was discussed in Chapter 1, on
both levels, simultaneous simulations are performed. Smit et al. (2000b) used an irreg-
ular unit cell having 30 vol.% inclusions, as shown in Fig.5.7. For the matrix, material
parameters for polycarbonate and polystyrene are used. Clearly, these microstructures
should be homogenised. To this end, the apparent properties are determined accord-
ing to the procedure outlined in Section 4.8. The fits are shown in Fig.5.8, and the
corresponding constitutive properties are given in Table 5.1. From the curves, it can
be seen that, in analogy with the findings reported in Section 4.8, the Leonov model
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Figure 5.6: The plane strain notched tensile specimen with dimensions in [mm], sym-
metric part of the finite element mesh, and boundary conditions, with
R = 0.25

Figure 5.7: The finite element mesh of the unit cell

in its present formulation is not flexible enough to account for the more gradual yield
behaviour, exhibited by the heterogeneous microstructures.

The results of the simulations on the notch are depicted in Fig.5.9, where the result-
ing nominal stress-nominal strain curves are plotted. For the polycarbonate simula-
tions, it appears that the inelastic part is not accurately predicted by the homogenised
model. This, in fact, is almost an enlargement of Fig.5.8(a), from which it could already
be concluded that the transition from elastic to plastic deformations is poorly approx-
imated. The polystyrene simulations only show that the elastic part is predicted well,
which, of course, is no surprising fact from Fig.5.8(b).
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E ν A0 τ0 µ D∞ h H

[MPa] [–] [s] [MPa] [–] [–] [–] [MPa]
PC 1010 0.31 3.7 1025 0.23 0.097 2.9 3.3 13.8

PS 1425 0.31 2.1 1011 0.73 0.044 6.0 70 6.0

Table 5.1: The homogenised parameters for PC and PS microstructures
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Figure 5.8: The averaged and homogenised stress-strain curves for (a) PC matrix ma-
terial and (b) PS matrix material
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Figure 5.9: Comparison of the mechanical behaviour predicted by the multilevel
method and the homogenised results, for a PC and a PS matrix material
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5.6 Conclusion

In this chapter, several applications were illustrated, in which the mechanical behaviour
of heterogeneous specimens is modelled by means of the homogenised constitutive
model. A macroscopic failure criterion was incorporated into the macroscopic simu-
lations indicating the moment where locally in the microstructure, a threshold value
is reached. A clear distinction between the responses of the different microstructures
could be observed. The difference between soft inclusions and stiff inclusions has been
illustrated. Furthermore, a microstructure with imperfect bonding has been modelled
by means of a strain softening interphase layer.

The comparison between results obtained from the homogenised Leonov model
and the multilevel method, revealed mainly that the averaged inelastic behaviour of
the considered microstructures could only be captured to a certain extent. The mod-
elling time for the homogenised simulations, including the necessary simulations on
the unit cells, was less than 1% compared to the time needed for the multilevel analysis.



CHAPTER 6

DISCUSSION

The mechanical properties at the macroscopic level of many natural and man-made
materials are highly governed by their microstructure, which is characterised by the
mechanical behaviour, geometrical arrangement, size and shape of the individual com-
ponents present in the microstructure. Optimisation of these macroscopic mechani-
cal properties can therefore be achieved by careful adaptation of the microstructure.
This so-called material design can be performed experimentally, which appears very
time-consuming and expensive. On the other hand, numerical methods can be used
to predict the macroscopic behaviour. Using the finite element method, a full-scale
numerical analysis of the heterogeneous material at macroscopic level can be carried
out. As the difference in length scales between the microscopic heterogeneities and the
macroscopic specimen can be several orders of magnitude, however, it is obvious that
such simulations can be practically infeasible. For this reason, homogenisation meth-
ods have been introduced. Here, the heterogeneous material is effectively replaced by
an equivalent homogeneous material, that represents the heterogeneous material in an
averaged sense.

Several steps have to be taken during this homogenisation process. First, a repre-
sentative volume element is defined from the microstructure of the material. The con-
stitutive behaviour of the individual components of the RVE is assumed to be given,
e.g., known from experiments. Subsequently, boundary conditions are prescribed on
the RVE, resulting in a deformed state of the microstructure. The evolution of the mi-
croscopic state variables (e.g., stresses and strains) is calculated and translated to the
macroscopic level by means of micro-macro relations. It is then possible to determine
the macroscopic constitutive equation for the equivalent homogeneous material. In
the following, these steps will be elucidated, and, where possible, conclusions will be
drawn and recommendations will be given.

The homogenisation procedure

The micromechanical model

In this thesis, polycarbonate, an amorphous glassy polymer, with immersed elastic
inclusions is taken as a model material. To account for large elastic deformations,
typically exhibited by solid polymers, a hyperelastic model has been selected. Fur-
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thermore, history and rate dependent, strain softening material behaviour has been
described by Perzyna’s viscoplastic model, resulting in a hyperelastoviscoplastic con-
stitutive model. The hyperelastic part of the model is also applied for the description of
the mechanical behaviour of the elastic inclusions. By formulating a rather pragmatic
form of the post yield behaviour, namely a seventh order polynomial in the equivalent
viscoplastic strain, the model appears to be able to capture the typical deformation
behaviour of polycarbonate.

The assumption has been made that the hardening behaviour of polycarbonate can
be captured by an isotropic model, although it is known from the literature that amor-
phous polymers exhibit anisotropic hardening. Reference is made to the anisotropic
hardening model proposed by Arruda and Boyce (1993) which has been extended
by Wu and van der Giessen (1994).

The numerical implementation

To perform numerical simulations using the hyperelastoviscoplastic model, a finite ele-
ment formulation has been developed, based on the updated Lagrange procedure. The
numerical implementation of the constitutive model requires a method to accurately
determine the stresses and a history parameter (in our case, the equivalent viscoplastic
strain) as well as the formulation of the Jacobian tensor.

From the numerical examples discussed in Chapter 3, it could be concluded that
the hyperelastic model is indeed elastic, meaning that no residual stresses are present
upon completion of a prescribed closed deformation path. In addition, the anticipated
capability of describing strain softening properly has been illustrated, which means
that convergence of the solution indeed occurs upon mesh refinement, when dealing
with geometrically imperfect strain softening specimens.

To make the numerical implementation more robust, it is recommended to use a
method to handle the stiff character typical for viscoplastic constitutive models, as for
instance suggested by Perić (1993) or Rubin (1989). While in the literature, there is
still some ambiguity about the correct definition of stiff systems, an indication of a stiff
system is when stability requirements rather than accuracy restrict the time step taken
in the simulations.

A more fundamental study should be conducted on the regularising effect of the
rate dependent model, an important topic when describing strain softening material
behaviour. For the dynamic loading case, the problem has been discussed by a number
of authors (Needleman, 1988; Sluys and De Borst, 1992; Wang et al., 1996). For this case,
the existence of an implicit length scale parameter has been proven. However, for the
quasi-static loading case, as employed in this thesis, a theoretical understanding is still
lacking. One possible, though numerical, approach would be to gradually decrease the
width of the imperfection present in the specimen, hereby presumably approaching the
intrinsic length scale of the rate dependent model. Subsequently, the localisation width
during the simulation should not decrease below this size.
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The numerical homogenisation procedure

The numerical homogenisation process addresses the transition from microstructural
phenomena to the macrolevel. The micro-macro relations define this transition, and
are carefully formulated for the case when dealing with large deformations. The dif-
ference between a unit cell and a representative volume element has been stressed. A
comparison study has been conducted concerning the appropriateness of two types of
microscopic boundary conditions, viz. the mixed and periodic boundary conditions.
The periodic ones appear to give better results for the problem under consideration.

The determination of the macroscopic properties obtained from numerical simula-
tions of a unit cell has been validated for two cases: the prediction of the mechanical
behaviour of a periodically structured solid and an irregularly structured solid. For
these benchmark problems, the mechanical behaviour of the heterogeneous specimens
is accurately and efficiently described with the homogenised model. In addition, the
method can handle different microstructures and material behaviour in a flexible way.

The macroscopic model

It has been argued that a macroscopic constitutive model has to be selected a pri-
ori, as it is not yet possible to really formulate a macroscopic hyperelastoviscoplastic
model that follows unambiguously from an analytical homogenisation strategy. As
said before, Perzyna’s hyperelastoviscoplastic constitutive model has been selected to
describe the macroscopic material behaviour. Some macroscopic model assumptions
have been evaluated.

The assumption of isotropic elasticity appears to be valid for the irregular unit cell,
however, for the periodic microstructure, an orthotropic description should be used.

Furthermore, the initial yield behaviour of the homogenised model has been com-
pared with that of three different microstructures, by applying an ordered sequence
of loading conditions on the respective unit cells. It turns out that the initial yield
behaviour of the several microstructures is approximated well by the assumed macro-
scopic model. Only in the case when biaxial loading conditions are imposed on the cu-
bic RVE, the macroscopic yield point is underestimated severely by the homogenised
model. A more sophisticated yield criterion could be used to describe this behaviour
more accurately.

As a final premise validated in the macroscopic model, the isotropic hardening has
been verified by imposing cyclic tensile tests on the different microstructures. A Bau-
schinger effect has been observed, which can be attributed to the presence of resid-
ual stresses in the microstructure. For the irregular microstructure, the post yield be-
haviour during the compression stage is not approximated well by the homogenised
model. Clearly, in analogy with the determination of the initial yield surface, this post
yield behaviour should be determined more accurately, by imposing a wide variety of
loading conditions on the unit cell. This may lead to the formulation of a combined
isotropic-kinematic hardening law, possibly with additional history parameters in the
macroscopic constitutive model.
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Besides the above-mentioned model enhancements, deformation induced aniso-
tropy could be included in the macromodel, as it is clear that during loading of the
microstructure, the behaviour will become anisotropic.

To date, there exist already several homogenisation strategies that derive or deter-
mine a macroscopic constitutive model incorporating a length scale into the macro-
scopic constitutive equation (see for instance Vosbeek, 1994; Drugan and Willis, 1996;
van der Sluis et al., 1999d). In these approaches, the presence of a length scale is at-
tributed to the occurrence of strong variations of the state variables in the microstruc-
ture. In this case, the assumption of statistical homogeneity does not hold anymore. It
has been shown that, when additional statistical information of these microstructural
state variables is included, a macroscopic model is obtained that incorporates a length
scale. It is, however, pointed out that currently, very few history and time dependent
macroscopic models exist that incorporate a length scale combined with a finite defor-
mation formulation. Certainly, this is an interesting research topic.

A macroscopic failure indicator has been described, based on the initiation of failure
at the microscopic level. Currently, an unambiguous crack initiation criterion is lack-
ing, and therefore, a rather primitive criterion, i.e., the maximum value of the strain
ratio that occurs during loading of the unit cell, has been selected. When the micro-
scopic threshold value is reached, the global strain ratio is determined, and applied in
the macroscopic simulations as indicator for the initiation of failure in the microstruc-
ture. It is believed that if no crazes are formed in the material, which is dependent on
the value of the hydrostatic stress, the material will fail due to disentanglement of the
polymer network or chain scission of the polymer chains. The former is likely to be
stress dependent, whereas the latter may be strain related. Of course, more research
is needed for the formulation of a proper crack initiation criterion. The deformation
behaviour of the specimen with two circular imperfections illustrated the sequential
yielding mechanism which could be observed in the irregular microstructure.

The compressible Leonov model

An alternative constitutive model that is able to describe the mechanical behaviour of
solid polymers is the compressible Leonov model, which has also been applied as a
macroscopic constitutive model to describe the mechanical behaviour of a heteroge-
neous plate with periodically distributed inclusions. In general, the desired macro-
scopic behaviour for the periodic plate is described well. Nonetheless, the gradual
yield transition exhibited by the heterogeneous structure could not be captured by
the homogenised Leonov model. A multi-mode approach seems to be a possible en-
hancement in the formulation to account for this yield behaviour, as suggested by Ter-
voort (1996). In addition, the results obtained from a multilevel approach by Smit
et al. (2000b), based on the Leonov model, have been compared with the homogenised
Leonov model. It is concluded that the Leonov model in its present implementation
could not account for the typical mechanical response of the microstructure, i.e., the
homogenised model could not be fitted onto the micromechanical simulations in an
accurate way.
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Applications

The homogenised constitutive models, as determined for the different microstructures,
have been applied to describe the mechanical behaviour of geometrically imperfect
specimens. The influence of the different microstructures on the macroscopic defor-
mation behaviour of these specimens could be clearly distinguished, and therefore,
the mechanical behaviour of these specimens can be efficiently modelled by means of
the homogeneous material. As was already shown by Smit et al. (1999), the intrinsic
strain softening of polycarbonate could be removed by inserting irregularly distributed
rubber inclusions into the polycarbonate matrix material. The softening did not vanish
when a regular distribution of particles was used.

The effect of the inclusion stiffness has been illustrated by using very soft and very
hard particles. The overall behaviour of the various microstructures turned out to be
completely different. More specifically, the hard particles did not remove the softening
behaviour, even if the geometrical arrangement of the particles is irregular. It could
also be observed that the stiff inclusions resulted in enhanced hardening.

Imperfect bonding between the matrix material and the inclusions has been mod-
elled by means of a strain softening interphase layer. The matrix material was mod-
elled as a perfect viscoplastic material. The resulting overall behaviour of the RVE
exhibited a softening behaviour, obviously caused by the failing interface.

General conclusion

Concerning the numerical homogenisation procedure presented in this thesis, it is con-
cluded that the method can be successfully applied to a wide range of materials, hav-
ing complex material behaviour and microstructural geometry. It has been argued that
numerical homogenisation does not require any simplifying assumptions at the mi-
croscopic level, as the micromechanical problem can be readily solved with the finite
element method. The method proved to be efficient and generally applicable. An ex-
ample showed that the modelling time could be reduced to less than 1% compared to
the time needed for a multilevel analysis.

For future applications, it is recommended to use a hybrid method, i.e., in regions of
the macroscopic body where the assumption of statistical homogeneity holds, the ho-
mogenised model can be used. In other regions, where strong gradients in the stresses
and/or strains occur, a detailed finite element simulation or a multilevel simulation
could be performed. In this respect, adaptive homogenisation methods can be men-
tioned (Oden and Vemaganti, 1999), which, at the moment, are still confined to elastic-
ity problems. The possibility of extending the formulation to three dimensions can be
mentioned, which is practically relevant, yet relatively trivial.

Finally, optimisation of the microstructure could be covered. In the literature, this is
mostly performed for linear elastic materials (Bendsøe, 1995). Recently, also for elasto-
plastic materials (Rohan and Whiteman, 2000), and hyperelastic materials (Choi and
Duan, 2000), optimisation algorithms have been introduced. This is certainly an area
for future research.





APPENDIX A

IMPLEMENTATION DETAILS

In this appendix, the matrices that are used in the numerical formulation, treated in
Chapter 3, will be given.

A.1 The equilibrium equations in detail

In this section of the appendix, the transition from the linearised tensorial equilibrium
equation (3.9)

∫
Ωn

(Lw
n )

T : (gi · σi gi − 4Ni + gi · 4Ci) : δf det(f i) dΩn = f ext(w, t)−
∫
Ωn

(Lw
n )

T : (gi · σi) det(f i) dΩn = r(w, t,σi,f i), (A.1)

to the column-matrix formulation (3.10)

∫
Ωn

(Lw
n )

T(Di
1 −Di

2 +D
i
3

)
δf det(f i) dΩn = r(w, t,σi,f i), (A.2)

will be elucidated. It is relatively straightforward to find the expressions for the ma-
trices, when adopting index notation. It is noted beforehand that in this appendix, the
matrices are written out for the plane strain case. The matrices for the plane stress case
can be obtained by removing the entries for the (33)-component in the corresponding
rows and columns. Hence, the purpose of this section is to give the expressions for the
matricesDi

1, D
i
2 and Di

3.
The matrix Di

1 follows from the tensorial product gi · σi gi : δf . When introducing
the auxiliary tensor zi = gi · σi, this relation can be denoted in index notation

(D1)ijkl δflk = gim σmj gkl δflk = zij gkl δflk. (A.3)
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Thus, the matrix Di
1 can be written as
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The second matrixDi
2 can be derived from the relation δg ·σi, or, in index notation,

δgik σ
i
kj. This results in

Σi δg with Σi =



σi
11 0 0 σi

21 0
0 σi

22 0 0 σi
12

0 0 σi
33 0 0

σi
12 0 0 σi

22 0
0 σi

21 0 0 σi
11


and δg =



δg11
δg22
δg33
δg12
δg21


.

(A.5)

It remains to relate the components of the iterative inverse incremental deformation
tensor δg to the iterative incremental deformation tensor, which is given by δg = −gi ·
δf · gi. This is written as δg = −Gi

2 δf , in which

Gi
2 =



gi
11g

i
11 gi

12g
i
21 0 gi

11g
i
12 gi

11g
i
21

gi
12g

i
21 gi

22g
i
22 0 gi

12g
i
22 gi

21g
i
22

0 0 gi
33g

i
33 0 0

gi
11g

i
12 gi

12g
i
22 0 gi

12g
i
12 gi

11g
i
22

gi
11g

i
21 gi

21g
i
22 0 gi

11g
i
22 gi

21g
i
21


. (A.6)

This results in the expression for Di
2

Di
2 = ΣiGi

2. (A.7)

Finally, the matrixDi
3 follows from the tensor product gi · δσ, which can be written

in index notation as gik δσkj. In column-matrix notation, this can be specified as

Gi
1 δσ with Gi

1 =



gi
11 0 0 0 gi

12

0 gi
22 0 gi

21 0
0 0 gi

33 0 0
0 gi

12 0 gi
11 0

gi
21 0 0 0 gi

22


and δσ =



δσ11

δσ22

δσ33

δσ12

δσ21


.

(A.8)

Using the yet to be specified definition equation for the stiffness matrix, δσ = Ci δf ,
the expression for Di

3 is readily obtained as

Di
3 = Gi

1C
i, (A.9)

andCi according to (3.57) and Appendix A.3.
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A.2 The return mapping in detail

In the section, the plane strain as well as the plane stress formulation of the iterative
stress update algorithms, formulated in Box 3.1 and Box 3.2, are specified.

Plane strain

Recalling that, due to the plane strain assumption, δJ and δτ trial in (3.36) vanish, the
linearised residual equations in tensor notation read

{
4I+∆λi 4H :

(∂a
∂τ

)i}
: δτ + 4H : ai δλ = −si1, (A.10)

−∆tγ
( ∂φ
∂F

)i

ai : δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = −si2. (A.11)

It is straightforward to rewrite these equations into a suitable column-matrix format,

when introducing Qi =
(
I+∆λiH

( ∂a
∂τ

)i)
,

Qi δτ + H ai δλ = − si1, (A.12)

−∆tγ
( ∂φ
∂F

)i

(ai)T δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = − si2. (A.13)

Here, I is the identity matrix, H is defined in (3.53). The column ai reads

ai =
(∂F
∂τ

)i

=
1

2 τ i
eq



2τ11 − τ22 − τ33
2τ22 − τ11 − τ33
2τ33 − τ11 − τ22

3τ12
3τ21



i

. (A.14)

The matrix
( ∂a
∂τ

)i

is expressed by

( ∂a
∂τ

)i

=
1

2 τ i
eq



2 −1 −1 0 0
−1 2 −1 0 0
−1 −1 2 0 0
0 0 0 3 3
0 0 0 3 3


− 1

τ i
eq
ai (ai)T. (A.15)

Furthermore,
(∂F
∂κ

)
= −h− 2aκ− 3bκ2 − 4cκ3 − 7dκ6. (A.16)

The term
( ∂φ
∂F

)
is given by

( ∂φ
∂F

)
=
N

τY

(F (τ , κ)
τY

)N−1

. (A.17)
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Plane stress

In this case, the term δJ cannot be neglected, whereas δτ trial vanishes. The linearised
residual equations in tensor notation read

{
4Qi +∆λi

(∂4H

∂J

)i

: aiJi
2

}
: δτ +

{
4Hi : ai +∆λi

(∂4H

∂J

)i

: aiJ i
1

}
δλ = − si1, (A.18)

−∆tγ
( ∂φ
∂F

)i

ai : δτ +
{
1−∆tγ

( ∂φ
∂F

)i(∂F
∂κ

)i}
δλ = − si2. (A.19)

The quantities J i
1 and Ji

2 can be found from the equation

δJ = J i
1 δλ+ J

i
2 : δτ . (A.20)

For the plane stress deformation, we can write

δJ = (F11F22 − F12F21) δF33. (A.21)

To determine J i
1 and Ji

2, a relation is needed between δF33 and δτ and δλ. Using the
multiplicative decomposition of the deformation gradient (2.2), we can write

δF33 = δF e
33F

vp
33 + F e

33δF
vp
33 ≈ F e

33δF
vp
33 , (A.22)

where the assumption is made that during the return mapping, the term δF e
33 can be

neglected. The expression for F vp
33 can be determined by using the viscoplastic part of

the rate of deformation tensor Dvp. As

Dvp = sym{Lvp} = sym{Fe · Ḟvp · (Fvp)−1 · (Fe)−1}, (A.23)

andDvp
33 = ;e3 ·Dvp · ;e3, we have

D
vp
33 =

λ̇
vp
33

λ
vp
33

. (A.24)

Integrating from tn to tn+1 gives an incremental expression for F vp
33

(F
vp
33 )n+1 = (F

vp
33 )n eD

vp
33∆t. (A.25)

When inserting (A.25) into (A.22), the following expression is obtained

δF
vp
33 = (F

vp
33 )n eD

vp
33∆t ∆t δD

vp
33 . (A.26)

The variational term δD
vp
33 can be found from (2.27), in column-matrix notation

δDvp = γ
( ∂φ
∂F

)i(∂F
∂κ

)i

aiδλ+ γ
( ∂φ
∂F

)i

(ai)Tδτ ai + γφi
( ∂a
∂τ

)i

δτ . (A.27)

Applying the plastic incompressibility assumption, i.e., δDvp
33 = −δDvp

11 − δDvp
22 , yields

δF33 = F e
33(F

vp
33 )neD

vp
33∆t ∆t(di

1δλ+ (di
2)

Tδτ ), (A.28)
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where we have introduced the abbreviations (aij,kl denotes partial differentiation of
component aij with respect to τkl),

di
1 = −γ

( ∂φ
∂F

)i(∂F
∂κ

)i

(ai
11 + a

i
22), (A.29)

di
2 = −γ

( ∂φ
∂F

)i

(ai
11 + a

i
22)a

i − γφibi, (A.30)

bi = [ai
11,11 + a

i
22,11, a

i
11,22 + a

i
22,22, a

i
11,12 + a

i
22,12, a

i
11,21 + a

i
22,21]

T. (A.31)

When defining di
3 = (F11F22 − F12F21)F

e
33(F

vp
33 )neD

vp
33 ∆t ∆t, we end up with the antici-

pated relation

δJ = J i
1 δλ+ (Ji

2)
Tδτ , with J i

1 = di
3 d

i
1 and Ji

2 = di
3 d

i
2. (A.32)

This results in the desired matrix-column of the plane stress residual equation
{
Qi +∆λi

(∂H
∂J

)i

ai(Ji
2)

T
}
δτ +

{
Hiai +∆λi

(∂H
∂J

)i

aiJ i
1

}
δλ = −si1. (A.33)

A.3 The Jacobian matrix in detail

In this section, the three symbolical relations from (3.44) are written out in appropriate
column-matrix format, i.e., δf · τ n · (f i)T + f i · τ n · δfT = 4Ti : δf , δe = 4Pi : δf , and
δJ = Ai : δf .

First, the relation δf · τ n · (f i)T + f i · τ n · δfT = 4Ti : δf . In index notation, this
can be written as δfik τ

n
kl f

i
jl + f

i
ik τ

n
kl δfjl. This results in a column-matrix relation Ti δf ,

with

Ti =



T11 0 0 0 T15

0 T22 0 T24 0
0 0 T33 0 0
T41 T42 0 T44 T45

T51 T52 0 T54 T55


. (A.34)

where the individual components can be easily obtained from the given equation in
index notation:

T11 = 2τn
11 f

i
11 + 2τn

12 f
i
12, (A.35)

T15 = 2τn
22 f

i
12 + 2τn

12 f
i
11, (A.36)

T22 = 2τn
22 f

i
22 + 2τn

12 f
i
21, (A.37)

T24 = 2τn
11 f

i
21 + 2τn

12 f
i
22, (A.38)

T33 = 2τn
33 f

i
33, (A.39)

T41 = τn
11 f

i
21 + τ

n
12 f

i
22, (A.40)

T42 = τn
12 f

i
11 + τ

n
22 f

i
12, (A.41)

T44 = τn
11 f

i
11 + τ

n
21 f

i
12, (A.42)

T45 = τn
21 f

i
21 + τ

n
22 f

i
22, (A.43)
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and T51 = T41, T52 = T42, T54 = T44 and T55 = T45. Next, the relation δe = 4Pi : δf
is specified. It holds that δe = −1

2
δgT · gi − 1

2
(gi)T · δg . When writing this in column-

matrix notation as δe = −Gi
3 δg and using the expression forGi

2 (A.6), the following is
obtained

δe = Gi
3G

i
2 δf = Pi δf with Gi

3 =
1

2



2gi
11 0 0 0 2gi

21

0 2gi
22 0 2gi

12 0
0 0 2gi

33 0 0
gi
12 gi

21 0 gi
11 gi

22

gi
12 gi

21 0 gi
11 gi

22


. (A.44)

Finally, the equation δJ = Ai : δf will be detailed. This term can be readily obtained
from (3.7), det(f i+1) = det(f i)(1 + gi : δf ) = J i + δJ . In matrix notation,

δJ = J i(gi)T δf . (A.45)
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SAMENVATTING

Zowel natuurlijke als synthetische materialen bezitten een heterogene structuur op een
of meerdere lengteschalen. Deze heterogeniteiten hebben een aanzienlijke invloed op
het macroscopisch mechanisch gedrag van deze materialen. Door bestudering van
de relatie tussen de microstructuur en het macroscopisch gedrag wordt het mogelijk
om de microstructuur van een materiaal zodanig te ontwerpen dat het macroscopisch
mechanisch gedrag aan bepaalde eisen voldoet. Dit wordt material design genoemd.

Een kwantitatieve relatie tussen de verschillende schalen kan verkregen worden
door toepassing van homogenisatiemethoden. Het heterogene materiaal wordt dan
vervangen door een equivalent homogeen materiaal dat op macroscopisch niveau het-
zelfde gedrag vertoont. De aanname die ten grondslag ligt aan deze methoden is dat
er een microscopisch element bestaat dat representatief is voor de microstructuur van
het te beschouwen materiaal: het zogenaamde representatief volume element (RVE).

In dit proefschrift wordt een numerieke homogenisatiemethode beschreven voor
het analyseren van het mechanisch gedrag van heterogene elastoviscoplastische ma-
terialen die grote deformaties vertonen. Op zowel microscopische als macroscopische
schaal moet verzwakkend (strain softening) materiaalgedrag kunnen worden beschre-
ven. Polycarbonaat is als matrixmateriaal verondersteld, terwijl als heterogeniteiten
rubber deeltjes of gaten worden genomen.

Het deformatiegedrag van polycarbonaat wordt beschreven met een hyperelasto-
viscoplastisch constitutief model. Dit is geı̈mplementeerd in een updated Lagrange
gewogen afwijking formulering van de evenwichtsvergelijking, die iteratief wordt op-
gelost met behulp van de eindige-elementenmethode.

De homogenisatieprocedure kan als volgt worden omschreven: (i) definiëren van
een RVE, waarvan het constitutief gedrag van de individuele componenten bekend
wordt verondersteld; (ii) formuleren en voorschrijven van microscopische randvoor-
waarden op het RVE; (iii) berekenen van de macroscopische toestandsvariabelen uit
de microscopische simulatieresultaten met behulp van zogenaamde micro-macro re-
laties; (iv) bepalen van de macroscopische constitutieve parameters. De aldus verkre-
gen constitutieve vergelijking maakt het mogelijk om ingewikkelde macrostructuren te
modelleren, rekening houdend met de microstructuur van het betreffende materiaal.

De methode is gevalideerd door resultaten van gehomogeniseerde simulaties aan
een proefstuk met een periodieke en een onregelmatige microstructuur te vergelijken
met verkregen referentiewaarden. Tevens zijn verscheidene veronderstellingen met
betrekking tot het macroscopisch model gecontroleerd. Een eenvoudig macroscopisch
faalcriterium is geformuleerd, hetgeen direct volgt uit het veronderstelde microsco-
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pisch faalgedrag.
Verschillende toepassingen komen aan bod waarbij het macroscopisch mechanisch

gedrag van verschillende proefstukken gemodelleerd wordt door middel van de ver-
kregen gehomogeniseerde constitutieve vergelijkingen.
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Stellingen
behorende bij het proefschrift

Homogenisation of structured elastoviscoplastic solids

1. Homogenisatietechnieken kunnen succesvol worden toegepast om de microstruc-
tuur van materialen op een dusdanige manier te ontwerpen zodat gewenste ma-
croscopische eigenschappen verkregen worden.

• Dit proefschrift, Hoofdstuk 5.

2. Het primaire verschil in het homogenisatieproces toegepast op formuleringen die
kleine dan wel grote deformaties beschrijven, is de formulering van de micro-
macro relaties.

• Nemat-Nasser, S. (1999). ‘Averaging theorems in finite deformation plasti-
city’, Mechanics of Materials, 31, 493–523.

• Dit proefschrift, Hoofdstuk 4.

3. De uitdrukking RVE wordt vaak onjuist gebruikt in de literatuur; in veel gevallen
is er slechts sprake van een unit cell.

• Huet, C. (1990). ‘Application of variational concepts to size effects in elastic
heterogeneous bodies’, Journal of the Mechanics and Physics of Solids, 38(6),
813–841.

• Dit proefschrift, Hoofdstuk 4.

4. De opmerking dat de additieve decompositie van de reksnelheidstensor de basis
vormt voor de formulering van hypo-elastische modellen suggereert ten onrechte
dat er geen hyperelastische modellen bestaan waarin deze decompositie ook kan
worden toegepast.

• Nemat-Nasser, S. (1982). ‘On finite deformation elasto-plasticity.’ Internati-
onal Journal of Solids and Structures, 18(10), 857–872.

• Simo, J. and Hughes, T. (1998). Computational Inelasticity. Interdisciplinary
Applied Mathematics, Springer-Verlag, New York.

• Dit proefschrift, Hoofdstuk 2.

5. De term ‘classical’ c.q. ‘conventional’ wordt in de literatuur vaak te suggestief
gebruikt.

6. Een lineaire beschrijving is niet altijd eenvoudig; een niet-lineaire formulering is
niet persé moeilijk.

7. Dieren zijn er niet om beestachtig behandeld te worden.

UD
300 keer.



8. Mensen die klagen over het te dynamische heden moeten vaker een afspraak
maken in een ziekenhuis.

9. Het woord stierengevecht is onzinnig.

10. Hoe oud je ook bent, je bent jonger dan je ooit zult zijn.

11. Mooie muziek wordt vaak verward met goeie muziek.

12. Snookertafels passen niet in een woonkamer.

Olaf van der Sluis
15 januari 2001


	Contents
	Summary
	1. Introduction
	2. Constitutive modelling
	3. Numerical implementation
	4. A numerical homegenisation procedure for viscoplastic solids
	5. Applications
	6. Discussion
	Appendix A
	Bibliography
	Samenvatting
	Dankwoord
	Stellingen

