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A Model Predictive Control Scheme for Fast Charging
via Accurate Quadratic Battery Models

Alexander Bills1, Mauro Salazar2, Dong Zhang3, Venkatasubramanian Viswanathan1

Abstract— Performance and degradation prediction along
with control of lithium ion batteries is a critical tool to advance
electrification of transportation across the world. In this work,
we devise a quadratic battery model which retains the structure
of higher fidelity models, thereby allowing for implementation
of constraints on internal states to ensure safety and to
limit degradation. We validate our model against a pseudo-
2-dimensional partial-differential-equation based model, and
demonstrate that our model can achieve high accuracy in
spite of its simple nature. Finally, we implement the proposed
MPC algorithm in a high-fidelity simulator, demonstrating its
ability to charge nearly twice as fast as the most commonly
used charging protocols whilst respecting constraints on anode
potential, temperature, current, and state of charge. Calculation
of the MPC protocol takes less than 0.15 s, meaning it is capable
of running in real time.

I. INTRODUCTION

The proliferation of electric vehicles [1] and electric
aircraft [2], [3] has necessitated the development of advanced
battery management systems (BMSs). BMSs optimize the
operation of currently available batteries by performing func-
tions such as charging, state estimation, and cell balancing,
enabling owners and operators to obtain optimal performance
from the battery in their electric vehicle. In particular, there
has been a focus on obtaining faster charge times through
improved materials, cell design, and through optimal control
strategies [4], [5], [6], [7]. Today, most batteries are charged
using the constant current constant voltage (CCCV) protocol
wherein a constant current is applied until the battery reaches
a predefined cutoff voltage (typically 4.2 V) and then held
at this voltage until the current drops below a predefined
threshold. The constant current for this protocol is typically
quite low to prevent degradation, around 1-2 C, where the
C-rate is the capacity normalized current on an hourly basis
(at 1 C a battery would go from fully discharged to fully
charged in 1 hour) [8]. Fast charging has been identified as a
critical problem for further proliferation of electric vehicles
by the United States Department of Energy, leading to a
need to develop fast charging algorithms which are usable
with today’s batteries and which are safe, whilst preventing
excessive degradation [8].

Against this background, we present a computationally-
tractable battery model that accounts for thermal constraints
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and degradation phenomena, and leverage it to devise a
model predictive control (MPC) scheme for fast-charging
applications.

A. Literature Review

This paper pertains to two research fields. Some au-
thors have proposed implementing model-based BMSs us-
ing equivalent circuit models (ECMs). ECMs use circuit
elements such as resistors, capacitors, and voltage sources
to model batteries, resulting in a small and linear system
of ordinary differential equations which are well suited for
control applications [9]. They are fast to integrate, easy to
embed, and can provide accurate predictions of measurable
quantities such as voltage or current. Researchers have
used ECMs to optimize charging while adhering to thermal
constraints [10], as well as with methods such as minmax
optimal control [11], Pontryagin’s optimality principle [12],
dynamic programming [13], and the Legendre-Gauss-Radau
method [14]. However, by using circuit elements rather than
electrochemical processes, ECMs do not provide a model of
the internal states of the battery, which control degradation
dynamics, govern energy loss, and dictate safety. Of particu-
lar concern is the plating reaction, wherein metallic lithium is
plated on the anode rather than intercalating into the graphite,
which can cause degradation and safety issues [15], [16].
This reaction occurs when the anode potential drops below
0 V with respect to a Li/Li+ reference. Since the conditions
for the plating reaction can include a high state of charge
and a high current, it is one of the primary concerns for
fast charging applications. Since equivalent circuit models
contain no models for these internal processes, they are not
capable of controlling them using model-based methods.

In contrast, BMSs based on electrochemical models pro-
vide detailed insight into the internal states of the battery.
Electrochemical models typically capture diffusion in the
solid electrode particles and electrolyte, intercalation kinetics
at the electrode-electrolyte interface, as well as coupling
between thermal, electrochemical, and electrical processes
via systems of coupled partial differential algebraic equa-
tions such as the pseudo-2-dimensionsal (P2D) model[17].
Modeling these internal processes enables engineers to set
limits on internal states such as anode potential or electrolyte
concentration rather than limits on measured quantities such
as voltage, current, and temperature. However, the P2D
model is widely recognized as being too slow for applications
which run in real time, leading to the development of reduced
order models such as single particle models[18], [19], [20].
However, these reduced order models typically retain a



higher level of complexity than ECMs.
Electrochemical models have been used to improve charg-

ing algorithms with methods such as the Legendre-Gauss-
Radau method [18], MPC [21], [22], open loop protocols
[23], [24], Pontryagin’s minimum principle [25], optimiza-
tion of cell life alone [26], and single-timestep optimization
[27]. However, electrochemical model-based BMSs have yet
to gain wide adoption because of their extensive computa-
tional time. Even reduced order models such as the single
particle model require solving systems of PDEs, which can
be intractable in an embedded environment.

In an attempt to mitigate the computational require-
ments of electrochemical models, a few smaller ODE-
based reduced-order battery models have been proposed.
Some authors have modeled the anode and cathode each
as a single particle with only bulk and surface regions
[28]. Other researchers have modeled the cathode, anode,
and separator as tanks in series, allowing for inference of
lumped internal states while maintaining low computational
complexity for multiple chemistries. [29], [30] Additionally,
the equivalent hydraulic electrochemical model has been
used in conjunction with a reference governor to develop
a fast charging strategy [31]. Nevertheless, these models,
which contain 10 ordinary differential equations, still require
substantially more computational power than a comparable
ECM, and thus have not seen wide adoption.

Surrogate quadratic models have been used in a variety
of engineering simulations to model and optimize surrogate
models. In the automotive field, they have been leveraged
to optimize the operation of electric motors in conven-
tional [32], micromobility [33] and racing applications [34],
[35] via convex optimization without, however, accounting
for battery thermal and degradation phenomena.

In conclusion, to the best of the authors’ knowledge, there
exists no closed loop MPC scheme for fast charging at the
level of computational efficiency of this work which enables
use of constraints on internal electrochemical dynamics.

B. Contributions

Against this backdrop, this paper proposes a quadratic
battery model which is of the same order of complexity as an
ECM, but contains the structure of an electrochemical model.
We then validate this model, and show its use in finding an
optimal control protocol and in a closed-loop control system
with various time horizons using a P2D model for validation.
We show that this method enables charging nearly twice as
fast as the state-of-the-art and is capable of running fast
enough to run in real time, and it respects constraints on
internal state variables for degradation and safety.

C. Organization

Section II develops a quadratic battery model, a greatly
simplified electrochemical battery model. Section III val-
idates the proposed model against a higher order battery
model. We formulate and solve the optimal charging problem
showing an application in Section IV. In Section V, we draw
conclusions and discuss potential future work.

II. THE QUADRATIC BATTERY MODEL

This section introduces the quadratic battery model. Bat-
teries contain 3 active internal components: the anode, the
cathode, and the electrolyte (we neglect here inactive com-
ponents such as separators). Within the active material, 3
categories of processes can be considered: thermodynamic
processes (such as open circuit voltage (OCV)), kinetics
(leading to kinetic overpotentials), and transport processes
such as diffusion. These processes govern the behavior of
batteries, and their states can lead to safety issues and
degradation [15], [16], but they can be too complex to
simulate in real time in an embedded system. The intention
of the quadratic battery model is to draw a middle ground by
calculating values for internal states, whilst keeping model
complexity to a minimum to enable optimization.

Voltage contributions arise from the positive and negative
OCV Voc±, positive and negative intercalation overpotentials
η±, and ohmic resistance ηΩ

V (t) = Voc+(t)− Voc−(t)− η+(t)− η−(t)− ηΩ(t). (1)

The cathode and anode OCVs are typically described by
functions such as the Redlich-Kister polynomials or splines,
or can be described by lookup tables. In this work, we
approximate cathode and anode open circuit voltages by a
quadratic equation

Voc±(t) = x>(t)Qoc±x(t), (2)

where the feature vector x(t) ∈ R3 contains current I(t),
state of charge ξ(t), and the unit 1 as

x(t) = [1, I(t), ξ(t)]>, (3)

whilst the matrix Qoc± ∈ R3×3 can be identified via semi-
definite programming [34], whereby, in an effort to preserve
partial convexity of the model, we constrain Qoc± to be
negative semi-definite. This property will be instrumental in
achieving numerical convergence in Section IV.

Thereby, ξ is defined as the ratio of concentration in the
anode divided by its maximum concentration. The capacity
of the battery C is defined as the integral of maximum
concentration of the anode w.r.t. the volume of the anode
active material. The rate of change of ξ is current divided
by that capacity in coulombs C as

d
dt
ξ(t) = −I(t)

C
. (4)

We found that fitting the combined OCV Voc yields better
results than separate cathode and anode OCVs. However, we
maintained fitting a cathode OCV for later use in calculating
the anode potential as

Voc(t) = Voc+(t)− Voc−(t). (5)

To obtain intercalation overpotential data, we use an
approximation of the inverse Butler-Volmer (BV) equation
(although any kinetic model, such as the Marcus Hush
Chidsey [36], could be substituted), given by



Fig. 1. Submodel fits for the cathode, anode, and full OCV and negative and positive overpotentials. The negative semi-definite quadratic equation
approximates the OCVs well except for the lowest state of charge considered. For the overpotentials, the negative semi-definite approximation works well
except for the lowest current levels. Since this work is considering charging, the quadratics were fit only for the current range [-10 C, 0 C].

η±(t) =
2kbϑ(t)

ne
sinh−1

(
J(t)

2J±,0(t)

)
, (6)

where η± is the overpotential, kb is Boltzmann’s constant, ϑ
is temperature, J is current density, J±,0 is exchange current
density, n is the number of transferred electrons, and e is the
electronic charge unit.

The inverted form of this equation as shown in (6) is
valid when the charge transfer coefficient α is 1

2 , as will
be considered the case for this work. To approximate the
exchange current density, we assume that the electrolyte
concentration across battery spatial domain is constant at ce
during discharge:

J±,0(t) = k±,0((cs,max − cs(t))cecs(t))α, (7)

where k±,0 is the reaction rate and cs is the average surface
concentration. Similar to the OCV, the overpotentials are
approximated by the quadratic equation

η±(t) = x>(t)Qη±x(t). (8)

The matrices Qη± can be found by semi-definite program-
ming. Additionally, we add an ohmic resistance term

ηΩ(t) = RI(t), (9)

and a thermal model, which considers ohmic heating and
convective cooling:

d
dt
ϑ(t) =

(Voc(t)− V (t))I(t)− h(ϑ(t)− ϑamb)

mc
, (10)

where m and c are the mass and specific heat and h is the
convective cooling coefficient [37]. Thereby, the temperature
cannot exceed a maximum value ϑmax, i.e.,

ϑ(t) ≤ ϑmax ∀t ∈ [0, T ], (11)

where T is the time-horizon under consideration. Together,
these equations constitute a model which is low order (2
ordinary differential equations for temperature and ξ, respec-
tively), yet provides enough electrochemical information to
allow the use of electrochemical constraints.

III. MODEL VALIDATION

The fits for the quadratic approximations (OCV and over-
potentials) are shown in Figure 1. The parameters for the fits
shown here are taken from [38], and are for a lithium cobalt
oxide cathode and a graphite electrode. The root mean square
error for the negative OCV is 0.2225 V, for the positive OCV
is 0.0564 V, for the total OCV is 0.2073 V, for the negative
overpotential is 0.0253 V, and for the positive overpotential
is 0.05 V. It’s worth noting that most of the error results
from errors at low current and low state of charge, as the
conditions at which degradation or safety issues typically
occur are at high temperature and high state of charge.
To illustrate this, the root mean square error for the same
quantities but ranging only between ξ of 0.2 and 1 and I of
-10 C and -2 C are 0.0183 V for the negative OCV, 0.0422 V
for the total OCV, 0.0351 V for the positive OCV, 0.006 V
for the negative overpotential, and 0.0055 V for the positive
overpotential. Figure 2a shows the voltage trajectory of the
quadratic model, while Figure 2b shows the error of that
trajectory when compared to the full P2D model. Here, the
current was drawn from a UDDS cycle, and has currents
ranging between -2C and 6C. The UDDS cycle is repeated
3 times, and spans from 85% state of charge to 30% state of
charge. The trajectory shows an error of less than 5% during
most of the cycle, with occasional error spikes, but always
remains below 10%.



Fig. 2. Voltage trajectory and error between the quadratic model and the P2D model, where the current is from a UDDS cycle repeated 3 times with
a maximum current of 6 C. For most of the trajectory, the error remains below 5%, while occasionally spiking over 5%. The error exhibits a bias in the
middle state of charge range caused by the OCV approximation, consistent with Figure 1. The root mean square error of the trajectories is 0.06 V

IV. MODEL PREDICTIVE CONTROL USING THE
QUADRATIC BATTERY MODEL

In this section, we leverage our models to devise an MPC
scheme for fast charging applications. We first frame the
open loop optimization problem and then implement it in a
receding horizon framework for closed loop control.

A. Open Loop Optimal Charging Protocol - Reference Tra-
jectory

We begin by formulating the fast charging problem and
demonstrating the open-loop optimal charging protocol. We
constrain the cell temperature ϑ to prevent thermal runaway,
and constrain plating overpotential ηpl top be non-negative
as

ηpl(t) = Voc−(t) + η−(t) ≥ 0 ∀t ∈ [0, T ], (12)

to prevent plating of metallic lithium on the anode surface.
We will use the reference trajectory formulation of the
optimal charging control problem, given by

min
I(t)

∫ T

0

|ξ(t)− ξ?|dt

s.t.(1)− (5), (8)− (12),
(13)

where the value of the reference trajectory ξ? is set to 1, and
we discretize the problem using the forward Euler method.
Additionally, we constrain the current to the limits of the
quadratic fitting algorithm, and to ensure physicality we
constrain ξ, leading to the fast charging MPC optimization

problem

min
Ii

i=N−1∑
i=0

|ξi − ξ?|∆t (14a)

s.t. ξi+1 − ξi = −Ii
C

∆t (14b)

ϑi+1 − ϑi =
(Voc,i − Vi)Ii − h(ϑi − ϑamb)

mc
∆t (14c)

Vi = Voc+,i − Voc−,i − η+,i − η−,i − ηΩ,i (14d)

Voc±,i(t) = x>i Qoc±xi (14e)

xi = [1, Ii, ξi]
> (14f)

Voc,i = Voc+,i − Voc−,i (14g)

η±,i = x>i Qη±xi (14h)
ηΩ,i = RIi (14i)
ηpl,i ≥ 0 (14j)
ϑi ≤ ϑmax (14k)
|I| ≤ Imax (14l)
0 ≤ ξi ≤ 1, (14m)

where i is the step index and ∆t is the timestep size, which
we set to 1 s.

We consider the battery model used in [38] consisting of
a lithium cobalt oxide cathode and a graphite anode. We
solve the optimization problem given above using IPOPT
and YALMIP [39], [40]. Notably, convergence was only
achieved when the Q matrices were fitted as negative semi-
definite matrices, indicating that partial problem convexity
could benefit convergence. The FastDFN code was used to
generate data for this study [37].

Figure 3 shows I , ϑ, ηpl, and ξ for the optimized charg-



Fig. 3. The open loop protocol created by solving (14). For the first 50 s,
the maximum current constraint (14)k dictates the trajectory. However,
soon after, the thermal constraint (14)j becomes active. The protocol rides
the thermal constraint until the last 100 s, when the plating overpotential
constraint (14)i becomes active for the remainder of the protocol.

ing protocol. Initially, the maximum current constraint is
dominant. As a result, the battery is charged at the highest
current rate. 211 s into the protocol, the current linearly drops
from 8 C to around 1 C, where it holds until around 850 s.
This is a response to the cell approaching the maximum
temperature constraint 333 K (see Figure 3b). For the last
100 s, the anode potential constraint becomes dominant,
causing another tapering of current, until the cell reaches
full charge at 980 s.

B. Closed Loop Reference Trajectory

This model was developed for its simplicity—similar to
that of an equivalent circuit model. Therefore, in this section,
we demonstrate the above optimization applied to a receding
horizon closed-loop formulation with a control horizon given
by N , where the state of charge ξ is taken directly from
the model by normalizing total concentration in the anode
by maximum concentration. The optimal current will be
simulated using a P2D model utilizing the same parameters
used above, with a lithium cobalt oxide cathode and a
graphite anode [38].

Figure 4 shows the results from the P2D simulation using
the closed-loop MPC protocol with control horizons of 25,
250, and 1000. In Figure 4, the first (from top) plot shows
the charging current, the second shows the temperature, the
third shows the plating overpotential, and the fourth shows

Fig. 4. Simulation results from running the closed loop protocol defined
by (14) with N = 25 N = 250, and N = 1000. The solid lines show the
simulation trajectory, while the dashed lines show the limits. For the control
horizons of 25 and 250, for first 300 s the maximum current constraint (14)k
dictates the trajectory. The protocols then transition to a second constant
current phase as the thermal constraint (14)j becomes active. The cases of
control horizon of 250 and 1000 show a very gradual transition from the
initial high current to the second lower current. The protocols then ride
the thermal constraint until the last 200 s, when the plating overpotential
constraint (14)i becomes active.

the state of charge. For all cases, the maximum current
constraint is active in the beginning. For the N = 25 case, the
MPC dictates charging at maximum current (-8 C) for 304 s
seconds, for the N = 250 case, the maximum current is held
for 281 s, and for the N = 1000 case, the maximum current
is only applied for 162 s. After the initial pulse of maximum
current, the behavior of the protocols bifurcates. The shorter
time horizon protocols exhibit a sharp jump to a second
constant level, although the level differs depending on the
control horizon and the characteristic of the change differs.
The shorter control horizon protocols show a longer initial
pulse followed by a relatively sharp transition to a second
constant current phase, in contrast to the longer protocols
which demonstrate a short initial pulse followed by a gradual
transition to a shorter second constant current phase. For the
N = 1000 case, the second constant current phase is nearly
indistinguishable.



Fig. 5. Charging times for N of 10, 25, 50, 100, 250, and 1000 to 80, 90,
and 99% state of charge plotted as a function of time needed to compute
the protocol. The corresponding CCCV cases are shown as lines. Raising
the time horizon has a substantial effect on the charging time, but at the
cost of potentially becoming computationally intractable. For the case of
N = 1000, it takes over 10 s to compute the protocol. The middle cases of
N = 250 and N = 100 show a balance between computational cost and
effective charging time.

For the middle portion of the charge, the temperature
constraint dominates in all cases, as ϑ rises to about 332.8 K.
However, as would be expected from the current profiles,
the more aggressive cases exhibit a much faster rise in
temperature, and thus must decrease their current faster in
order to satisfy the constraint. As the cell nears full, the
plating overpotential constraint begins to dominate. This
constraint seems to be overly conservative. The source of
this error lies in the higher overpotential errors than the true
value at low current, as mentioned in Section III. The plating
overpotential drops to near 0.01 V during the initial high
current phase and to near 0.05 V at the end of the cycle.
Yet no constraint is ever violated by the MPC protocol.

Figure 5 shows the charge time to 80%, 90%, and 100%
state of charge for N of 10, 25, 50, 100, 250, and 1000, and
for CCCV with CC segments of 5 A and 3 A, respectively,
plotted as a function of the time needed to compute the
protocol at each timestep. Note that most chargers in practice
use fairly low currents (1-2 C). The longer, less aggressive
charging protocols are faster, and the MPC protocols are
always substantially faster than the CCCV protocols to 100%
state of charge. However, the longer time horizons begin
to become more computationally complex. For a control
horizon of 10 and 25, the optimization takes around 0.1 s,
and a charge to full takes 859 s and 853 s, while the most
aggressive CCCV cycle takes 1500 s and the CCCV cycle
with a current of 3 C takes over 2000 s. At control horizons of
100, 250, and 1000, the charging time substantially improves,
taking 846 s, 824 s, and 756 s, respectively, to fully charge.
However, at these higher time horizons, the time required
to compute the protocol rises substantially, taking over 10 s

for the N = 1000 case. The time to compute would change
substantially in a production version of this system.

V. CONCLUSIONS

In this work, we devised a quadratic battery model to
account for battery thermal constraints and degradation
phenomena in control and optimization applications. We
validated our model against a high-fidelity battery model,
demonstrating that it can achieve high accuracy in spite of
its simple nature. We then applied the scheme to an open and
closed loop optimal charging problem. We showed that our
quadratic battery model enables substantially faster charge
times compared to the state of the art, whilst not violating
safety constraints on internal variables. In the simplest cases,
the proposed scheme can take 0.1 s to calculate, and still
charges to full over 1.5 times faster than the most aggressive
CCCV strategy considered. In the case of a larger control
horizon, the MPC algorithm can charge up to twice as fast
as the most aggressive CCCV, but computational time begins
to become a concern. The model is able to achieve this
performance via its interpretability. While the equations for
the quadratic battery model are vastly simplified compared to
even reduced order models such as the single particle model,
the structure of the model is preserved, enabling constraints
on internal variables which are critical for safety and for
the lifetime of the battery. Future work will include adding
more full effects of coupling temperature, validation of the
protocol in other chemistries and conditions, more complete
studies of other convex models for the processes, as well
as developing state estimation methods around the model,
which will be critical for practical deployment.
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