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ABSTRACT

A generalized goal using subset selection is discussed for the location parameter case. This
goal is to select a non-empty subset from a set of k(k ~ 2) treatments that contains at least
one c-best treatment with confidence level P*. For a set of treatments an c-best treatment is
defined as a treatment with location parameter on a distance less than or equal to c(c: ~ 0)
from the best treatment, where best is defined as largest value of the location parameter.
The efficiency of subset selection of ~n c-best treatment relative to subset selection of the
best treatment is investigated and is computed for the Normal case as well as for the logistic
case.
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1. Introduction

Statistical inference provides a statistical methodology which can help us to analyze data in a
reasonable way. Usually, problems are classified into one or the other of two classes: problems
of estimation and problems of hypothesis testing. In general, a basic formulation of statistical
testing is the so-called homogeneity hypothesis, Le. equality of treatments or populations.
We consider in this paper populations or treatments only described by qualitative variables.
Each treatment is characterized by the value of a parameter (j E e c /R1 • Statisticians have
realized that there exist important problems which cannot be classified into either of the two
classes mentioned before. If in a technological experiment an experimenter is investigating a
number k(k ~ 2) of treatments it is sometimes (or often?) the case that he wants to select
the best treatment. Selecting the best from k populations only differing in location is one of
the most important selection problems and has wide practical application. If in chemical en
gineering k types of catalyst are investigated with as response variable the number of gallons
per day, the purpose is to find the catalyst that will produce the maximal number of gallons
per day. In this case the goal of the experimenter is not to accept or reject the homogeneity
hypothesis but to select a good treatment. Ultimately he wants a decision concerning the
best treatment, where usually best is associated with the maximal value of the parameter (j.

In such a situation one can expect that the k treatments are essentially different, otherwise it
would be remarkable, or even peculiar, to investigate the k populations or treatments. So one
would expect to reject usually the homogeneity hypothesis if the sample sizes are sufficiently
large. But after rejection of the homogeneity hypothesis the experimenter is faced with a
result that cannot be a final decision. Multiple comparisons can give additional information.
However, statistical selection methods can provide in such a case a more exact formulation of
the problem. In other words, they enable the experimenter to answer his question regarding
the best treatment in a more adequate way. Statistical selection methods give a more realistic
formulation of the problem. In a certain sense there are a number of mathematical problems
to be solved. But "An approximate answer to the right problem is worth a good deal more
than an exact answer to an approximate problem!", a quote of John Tukey, is an important
statement to have in mind.

It is well-known that there are two main approaches developed in the statistical literature.
One approach, the Indifference Zone approach, has been suggested by Bechhofer (1954). The
second approach, Subset Selection, has been presented by Gupta (1965).
The Indifference Zone approach has as its goal to select or indicate the best treatment. The
probability of selecting the best treatment is at least P* whenever the best treatment is at
least b* (> 0) away from the second best treatment. This minimal probability P* can only be
guaranteed if the common sample size n is large enough. So the Indifference Zone approach
is useful at the experimental design stage in order to determine this common sample size n.
The Subset Selection has as its goal to select a non-empty subset, as small as possible, from the
k treatments in order to include the best treatment with a certain confidence. The size of the
subset is random. The confidence requirement has to be met for all parameter configurations.

In practice, objections against selection procedures are more or less concentrated on "large
sample sizes needed" using the Indifference Zone approach and on "large subsets" using the
Subset Selection aproach. For strong requirements (large P* and small b*) using the Indif
ference Zone approach, one has to pay automatically with large sample sizes. In this sense
one can say that the formulation of statistical selection is more complete from an application
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point of view. Using the Subset Selection approach there is no impact on the sample sizes but
one has to pay with large subsets if the probability requirement is strong. Using the Subset
Selection aproach it is of practical interest to restrict our selection goal not only to the best
treatment but also to allow almost best treatments in order to achieve smaller subsets. In this
paper almost best treatments, so-called c:-best treaments, are defined. A difference between
treaments smaller than or equal to this "technical difference" c: is considered as not of prac
tical interest. Compare this concept with the aspects of technical and statistical significance.
A consequence of the generalization of the selection goal to a selection of c:-best treatments
is a more difficult Least Favourable Configuration. However, this disadvantage is in this time
of computers considerably less important than the advantage of getting in general subsets of
smaller expected size. A comparison is made with the regular Subset Selection procedure on
the basis of minimal probability of correct selection and on the basis of a relative efficiency,
defined in section 5.

2. c:-best treatments

Assume k(k ;::: 2) treatments Tl, T2 , ••• , Tie are given. This collection of k treatments is de
noted by C = (Tl, T2 , •• • , Tie). The related independent random variables are denoted by
Xl, X 2 , ••• , X le • The random variable Xi have cumulative distribution function F(x; Oi) with
the unknown real-valued parameter Oi E 0 C ]Rl (i = 1,2, ... , k). It is assumed that the
functional form of the distribution function associated with Ti is known.

The parameter space n is defined as

The ordered parameters are denoted by 0[1] ~ 0[2] ~ ••• ~ O[Ie]. If there are more than one
contenders because of ties, it is assumed that one of these is appropriately tagged. The treat
ment associated with O[i] will be denoted by T(i) (i = 1,2, ... ,k).

Definition 2.l.
Treatment T(Ie) is called the best treatment.

Definition 2.2
A treatment Ti (i = 1,2, ... ,k) is called an c:-best treatment if and only if

with c: ;::: o.

Lemma 2.l.
The best treatment is also an c:-best treatment. Thus for each c: ;::: 0 there is always at least
one c:-best treatment. If c: = 0, then there is only one c:-best treatment, namely the best
treatment, assuming there are no ties.

Definition 2.2 implies that the experimenter wishes to detect a difference in treatment lo
cation parameters or treatment means (if they exist) larger than the preassigned constant
c:. Since the best treatment is also an c:-best treatment, the present Definition 2.2 can be
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considered as a generalization of the definition of the best treatment. The two definitions
coincide if and only if e. = O.

3. The generalized selection goal

The generalized selection goal is to partition the set C into two subsets Cl and C2 with
C = Cl U C2,Cl n C2 =0 and where the size of Cl (# 0) has to be as small as possible and
such that C l , the so-called selected subset, will contain at least one e.-best treatment with
probability P*, with k- l < P* < 1.

The parameter space n is split up into two subspaces n(e.) and nC(e.) = n - n(e.), where
n(e.) is defined as follows:

If () E n(e.), then there is only one e.-best treatment, namely the best one. If () E nC(e.) then
there is certainly more than one e.-best treatment.

The ranked random variables Xl, X 2, ..• , X k, which may be sample means, are denoted
by X[l] ~ X[2) ~ .•• ~ X[k)' The random variable associated with ()[i) is denoted by
X(i) (i= 1,2, ... ,k).

First we define the generalized subset selection rule R.

Definition 3.1.
The generalized subset selection rule R selects treatment Ti in the selected subset C l if and
only if

with c ~ O. The selection constant c has to be determJned such that the probability that the
subset will contain at least one e.-best treatment is at least equal to P*.

A correct selection is defined as follows.

Definition 3.2.
A correct selection C S is a selection of a subset C l which contains at least one e.-best treat
ment.

It appears that much attention has been given to subset selection of the best treatment.
In practice, the experimenter is in general not only interested in the best treatment, but also
in an e.-best treatment for sufficiently small e.(e. ~ 0).

Definition 3.2 implies that the experimenter will consider a subset selection as correct if and
only if at least one treatment with location parameter close to ()[k)' is an element of the sub
set Cl. The present subset selection goal can be regarded as a generalization of the original
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subset selection goal, and these two goals coincide if and only if e = o. The toll one has to
pay for this generalized selection goal is the somewhat more complicated Least Favourable
Configuration than in the original subset selection. However, it pays well because one may
expect that the expected subset size using subset selection of an e-best treatment will be
smaller than in the original subset selection.

4. The probability of CS

Assume there are m e-best treatments with m E {I, 2, ... , k}. Then we have

O[k-i+l] ~ O[k] - e for i = 1,2, ... , m

and

O[i] < O[k] - e for i = 1,2, ... ,k - m .

For the selection rule R defined in Definition 3.1 the probability of correct selection P(CSIR)
equals

m

P(CS IR) = P(U{T(k-i+l) E Cd)
i=l

m

=P(U{X(k-i+l) 2:: X[k]- c}).
i=l

Indicating the probability of correct selection for Gupta's subset selection of the best by
P(C SG IR), one has the following theorem.

Theorem 4.1.

P(CS I R) ~ P(CSG IR) for all 0 En.

Proof: If () E n(e) then the equality sign holds. For 0 E nC(e) the proof is straightforward.

The following theorem can easily be proved.

Theorem 4.2

sup P(CSIR)~ inf P(CSIR).
lIEO(e) lIEO«e)

From this the following theorem follows.
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Theorem 4.3

inf P(C SIR) = P(T(k) E C1 1 R; 9[1] = 9[k-1] = 9[k] - c) .
8En

Notice that inf P(CS I 9 E n(e» is an increasing function of e. Further, for a given e ~ 0,
the selection constant c can be determined from

P(X(k) > max Xj - c I 9[1] = 9[k-1] = O[k] - c) = P* .
- l~j~k

The left-hand side of this equation can be written as

= P(X(i) - 9[1] $ X(k) - (9[1] +c) + c + e; i = 1,2, ... ,k - 1

From now on we assume that the distribution functions of the random variables are of the
same form and differ only in their location parameters. We suppose that the scale parameter
is (7. Then

P(X(k) > max Xj - C I 9[1] = 9[k-1] = 9[k] - c)
- l~j~k

00! Fk- 1(x + (c+ e)(7-1) dF(x) .
-00

For the Normal distribution and different values of k and P* the constant d = (c +c: )(7-1 can
be found in Gibbons, Olkin and Sobel (1977) or in Butler and Butler (1987). From this the
constant c follows immediately.

6



5. Efficiency of selection of an e-best treatment relative to selection of the
best treatment

In this section we would like to compare subset selection of an e-best treatment with subset
selection of the best treatment.

Without loss of generality we may assume for Normal random variables with known (J that
(J = 1, thus c = d - e. In Table 1 the difference in P* is illustrated for Normal distributions
with unit standard deviation. The P* value of subset selection of the best is given for some
values of k, e and P* = .90 of subset selection of at least one e-best treatment. The results are
based on graphs published in Gibbons, Olkin and Sobel (1977). For this reason the results
are of limited accuracy.

Table 1.
The value of P* of subset selection of the best

corresponding with selection of an e-best treatment.

e =.5 e = 1
P* of e-best P* of e-best

k .90 .90
2 .83 .71
4 .82 .69

10 .81 .67
50 .80 .65

From the results of Table 1 it can be deduced that is is possible to get a much larger confi
dence using the concept of an e-best treatment. Thus efficiency in terms of P* is attractive.
Consistent with the basic requirements formulated in section 1, we would like the size of the
selected subset to be small. The size of the selected subset is a random variable with possible
outcomes 1,2, ... , k. Hence, it seems natural to use the expected value of the size of the
subset as a criterion of the efficiency of a selection procedure.
In order to compare the selection procedure for an e-best treatment relative to subset selec
tion of the best treatment, we introduce the following concept of relative efficiency.

Definition 5.1
Let SSB indicate the Subset Selection procedure for an e-treatment and SSB the Subset
Selection procedure for the best treatment. In addition, let SE and SB be the sizes of the
subsets based on SSE and SSB, respectively. Then the relative efficiency (RE) of SSE
relative to S S B is defined as

RE = sUP8EO E SB
sUP8EO(e) E SE

It is easy to see that 1 :S RE < 00. Although the definition 5.1 of RE is easily interpreted,
it is useful to turn to an equivalent expression in order to evaluate the RE for a given value
of e. An equivalent expression for RE can easily be obtained using the relevant distribution
theory of Gupta (1965). For selection of the best treatment with selection constant d we have
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from Gupta (1965) the following general expression for the expected size ES of the selected
subset

Ie

ES = L P (selecting the treatment with 0li])
i=l

Ie

= L P[X(i) ~ x[le] - d]
i=l

Ie 00 Ie

=?: f [n F(x +d + 0[11 - O[j])] d F(x)
1=1 -00 ~y/.,=1

with the next results

00

max ES = k f F Ie
- 1(x+d)d F(x)

SEO
-00

=kP*

and

00 00

max ES = f F Ie
-

1(x +d +c) F(x) + (k - 1) f F Ie
-

2 (x +d) F(x +d - c) d F(x) .
SEO(c)

-00 -00

We get for Normal distributed random variables Xi(i = 1,2, ... ,k) with standard deviation
1

00

RE= kP*{ f ~1e-1(x+c+c)d~(x)+
-00

00

+(k - 1) f ~1e-2(X +c) ~(x +c - c) d ~(x)}-1 .
-00

In Table 2 numerical results for RE are presented for some values of k, P* and c.
For k = 50 and P* = .75 the value of c can be found by interpolation from Gupta, Nagel and
Panchapakesan (1973), and thus the results are of limited precision. For k =50 and P* = .90
and .95 the value of c can be found in Butler and Butler (1987).
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Table 2.
Some values of RE

Normal distributions with standard deviation 1.

k
P* c: 2 3 4 5 10 25 50
.75 .2 1.003 1.003 1.003 1.003 1.002 1.001 1.001

.5 1.018 1.021 1.019 1.018 1.012 1.006 1.004
1 1.069 1.086 1.085 1.080 1.058 1.033 1.021
2 1.238 1.368 1.399 1.398 1.330 1.216 1.150

.90 .2 1.002 1.002 1.002 1.002 1.001 1.001 1.000
.5 1.016 1.014 1.013 1.011 1.007 1.004 1.002
1 1.063 1.061 1.055 1.050 1.033 1.018 1.011
2 1.247 1.282 1.274 1.259 1.196 1.123 1.084

.95 .2 1.002 1.002 1.001 1.001 1.001 1.000 1.000
.5 1.011 1.010 1.008 1.007 1.004 1.002 1.001
1 1.046 1.042 1.037 1.032 1.021 1.011 1.007
2 1.195 1.202 1.190 1.176 1.129 1.080 1.054

For Logistically distributed random variables with standard deviation 1 we get (d. van der
Laan (1990, 1992)) for d f c:

with

RE = kP*[
k-1 a { k-2

1 - -- C1c_l(ab) + (k - 1) -- 1 - -- C1c-2(a)-
ab a - b a

b }]-l- a _ b (C1c-3(a) - q1c-3)(b)) ,

and for integer m and real c > 0

{
(c ~ 1)m+1 In c for m :s 0

Cm (c) = (C) m+1 m 1 1 .
c _ 1 {In c - r;r i (1 - ~),} for m > 0 .

An expression for RE for the special case d =c: (thus for a = b) can be derived using results
in Van der Laan (1990, 1992).

In Table 3 some results of RE for Logistic distributions are given and can be compared
with the results for Normal distributions.
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Table 3.
Some values of RE.

Logistic distributions with standard deviation 1.

k
P* e 2 3 4 5 10 25 50
.75 .2 1.003 1.004 1.003 1.003 1.002 1.001 1.000

.5 1.022 1.024 1.021 1.019 1.011 1.005 1.003
1 1.083 1.101 1.095 1.087 1.055 1.026 1.014
2 1.267 1.422 1.456 1.450 1.341 1.184 1.106

.90 .2 1.003 1.002 1.002 1.001 1.001 1.000 1.000
.5 1.016 1.014 1.011 1.010 1.005 1.002 1.001
1 1.066 1.060 1.051 1.044 1.026 1.011 1.006
2 1.267 1.293 1.274 1.250 1.165 1.082 1.046

.95 .2 1.002 1.001 1.001 1.001 1.000 1.000 1.000
.5 1.010 1.008 1.007 1.005 1.003 1.001 1.001
1 1.043 1.036 1.029 1.025 1.014 1.006 1.003
2 1.195 1.187 1.166 1.146 1.092 1.044 1.024

Some conclusions
Let us first consider the Normal case.
For k 2: 4 the relative efficiency decreases with increasing k. For e == 1, the same value as
the standard deviation, it follows that the relative efficiency is larger than 1.01 and smaller
than 1.09 for the cases considered. One can conclude that in general the relative efficiency is
increasing with decreasing P*. The conclusions which can be drawn from Table 3 "Logistic
distributions" are more or less similar. There exists a good agreement between the results for
Normal and for Logistic distributions. This may be expected with the similarity of Normal
and Logistic curve in mind.

For the case that Xi is the mean of n observations, we have var X == (72 In. In this case
the value of e has to be seen relative to the value of (71Vii. Results for e = 1 or 2 may be
adequate.
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