
 

An introduction to the Baum and EM algorithms for maximum
likelihood estimation
Citation for published version (APA):
Kamp, Y. (1991). An introduction to the Baum and EM algorithms for maximum likelihood estimation. (IPO-
Rapport; Vol. 830). Instituut voor Perceptie Onderzoek (IPO).

Document status and date:
Published: 23/10/1991

Document Version:
Publisher’s PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

• A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOI to the publisher's website.
• The final author version and the galley proof are versions of the publication after peer review.
• The final published version features the final layout of the paper including the volume, issue and page
numbers.
Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:
openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 24. May. 2023

https://research.tue.nl/en/publications/86f85c5e-df0d-4443-87cd-8baa738302b1


lnstitute for Perception Research 
PO Box 513, 5600 MB Eindhoven 

Rapport no. 830 

An Introduction to the Baum 
and EM Algorithms for 
Maximum Likelihood Estimation 

Y.Kamp 

YK/yk 91/01 
23.10.1991 



An Introduction to the Baum and EM Algorithms 
for Maximum Likelihood Estimation 

Yves Kamp 

1. Introd uction 

The purpose of this report is to give a simple introduction to a fairly general and pow
erful procedure for the maximum likelihood estimation of the parameters occurring in 
probability density functions (pdf) or, more generally, the parameters which characterize 
probabilistic models of stochastic processes. The procedure is known as the Baum algo
rithm [Baum 67], [Baum 70], [Baum 72] or the EM algorithm of Dempster, Laird and 
Rubin [Dempster 77]. 

Maximum likelihood is at present the most widely used procedure for parameter esti
mation as compared to other solutions such as the method of moments. For the important 
family of exponential.distributions (see Appendix A), maximum likelihood estimation 
offers indeed the major advantage of providing simple and intuitively appealing solutions 
[Duda 73]. 

However, for some other distributions or important probabilistic models of stochastic 
processes, the maximum likelihood equations often turn out to be highly nonlinear in the 
parameters to be estimated with the consequence that direct or closed form solutions are 
out of reach. For these situations, the Baum or EM algorithm may offer an interesting 
alternative in that the direct solution of the maximum likelihood equations is replaced 
by an iterative hill climbing procedure which systematically increases the likelihood of 
the observations and which in many cases can be shown to converge to a stationary 
point of the likelihood. Convergence, however, may be very slow for some applications 
[Dempster 77]. 

To introduce the problem, let us first briefly recall the principle of maximum likeli
hood estimation. Consider the simple situation where x is a real random variable whose 
pdf /(xl.X) depends just on a single unknown parameter À and suppose also that we 
have a set of N independent observations X = {x1 , x2 , ... , XN }. Since the samples are 
assumed to be drawn independently one has 

N 

/(XI.X) = IT /(xnl.X). (1.1) 
n=l 

Viewed as a function of À, /(XI.X) is called the likelihood of À with respect to the set 
of samples. The maximum likelihood method is based on the principle that we should 
estimate À by its most plausible value, given the observations X, i.e. by that value .X that 
maximizes /(XI.X). In many cases, it turns out to be more convenient to work with the 



logarithm of the likelihood rather than the likelihood function itself. The log-likelihood 
function is defined as 

N 

L(XI.X) = L log /(xnl.X) . (1.2) 
n=l 

Since the logarithm is monotonically increasing, the value À that maximizes the log
likelihood also maximizes the likelihood function. If /(:z:I.X) is a well behaved function of 
À, then À is a solution of 

BL(XI.X) 
a.x = o. (1.3) 

In case the pdf depends on a set of parameters .\1 , .\2 , .•• , Àp, then the optimal parameter 
vector À= [.X1 , À2 , ... , ÀpjT is obtained as solution of the maximum likelihood equations 

V>.L(XI.X) = 0 

with V >. the gradient operator V >. = [at, at, ... , at jT and where T denotes transposi
tion. As illustration, consider first the univariate normal pdf 

1 
/(:z:I.X) = r,c_ exp[-(:z: - µ) 2 /2cr2

] 
V 21rcr 

(1.5) 

w here the parameter vector consists of the mean µ and the variance cr2
• The log-likelihood 

(1.2) is then given by 

L(XI.X) = - N log 21rcr2 
- ~ t(xn -µ) 2 

2 2cr n=l 
(1.6) 

and the maximum likelihood equations (1.4) become then 

(1. 7) 

(1.8) 

Upon solution of this equation, one obtains the well known maximum likelihood estima
tions 

N 

µ = N-1 L Xn, 

n=l 

N 

and û 2 = N-1 I:(xn - µ) 2 
. (1.9) 

n=l 

In the multivariate normal case, the pdf of the d-dimensional random variable :z: has the 
form 

(1.10) 
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where µ is the d-dimensional mean vector and :Eis the d x d covariance matrix. One can 
show [ Anderson 58], [Duda 73], that in this case 

V µ/(:z:I,\) = /(:z:l,\):E-1(:z: - µ) 
V1:-1 f(:z:I,\) = f(:z:l,\)[:E - (:z: - µ)(:z: - µf] 

(1.11) 

(1.12) 

and, consequently, the maximum likelihood equations (1.4) yield the following estimates 

N 

µ = N-l L Xn 
n=l 

N 

t = N-l L(Xn - µ)(:z:n - µf · 
n=l 

(1.13) 

(1.14) 

Parameter estimation via the maximum likelihood approach is thus quite simple both 
conceptually and computationally, not only for the normal distribution as shown by the 
example above, hut also for the broader family of exponential distributions (Appendix 
A). In a number of circumstances however, maximum likelihood estimation may prove 
very difficult, typically in the generic case when some observations are missing. Ina wider 
sense, the expression missing observations also refers to the situation where the original 
maximum likelihood equations are nonlinear in the parameters hut could be linearized, 
if some additional information were available concerning the observations. By extension, 
this additional information will also be considered as missing in the framework of the 
Baum or EM algorithm. To make things more specific and in order to provide further 
motivation let us consider the following examples. 

Example 1 [Dempster 77] Consider a random process with a fini te number of mutually 
exclusive events like for instance the rolling of a dice. Let the k different events be 
numbered 1, 2, ... , k and assume that the apriori probability of each event lis denoted 
by À1 with of course I:7=1 À1 = 1. The probability that in M independent trials event l 
occurs n 1 times is given by the multinomial distribution 

f( 1 
') M! ,n1 \n2 ,n1: 

n1,n2, • • • ,n1e"' = 1 1 ,"'1 "'2 ···"'Je 
n1. n 2 .... n1e. 

(1.15) 

with n 1 + n 2 + ... + n1e = M. Assume that we run an experiment and that event l 
has been observed n1 times with I:7=1 n1 = M. It is well known that the maximum 
likelihood estimation of the a priori probabilities À1 based on these observations is given 
by .À1 = ni/ M (l = 1, 2, ... , k ). The problem we want to address is the situation where 
the observations are incomplete in that some of the frequencies n1 are missing. 

Example 2 The observation of multivariate normal distributions can also be incomplete 
because some components of the observed vector can be missing. Hereafter the simplest 
case of a bivariate distribution will be considered. 

The preceding examples are illustrations of the situation where information is gen
uinely missing. The next two examples provide an instance where the maximum likeli
hood estimations lead to nonlinear equations. 
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Example 3 Finite mixture densities are associated with statistica! populations which 
are a mixture of L component populations, each associated with a component density 
fi(xlÀ1) and mixing parameter a, (l = 1, 2, ... , L). The name "mixture density" refers 
to a family of pdf of the form 

L 

P(xlÀ) = L aif1(:i:IÀ1), {1.16) 
l=l 

where the parameter vector À consists of the parameter vectors À1 of the component 
densities and of the mixing parameters a 1 ( l = l, 2, ... , L ). Such mixture densities 
arise naturally in the multimodal case where the population density exhibits several 
peaks. These are best accounted for by partitioning the population in as many classes 
w1 (l = 1, 2, ... , L) as there are peaks in the density. Each class w1 is characterized 
by a unimodal component density f1(:i:IÀ1) = P(xlw1, À1). From this viewpoint, the 
mixing parameters a, can be interpreted as the a priori probability a1 = P(w1) that an 
observation is drawn from class w1• By the total probability theorem, the pdf of the 
complete population can be computed as 

L L L 

P(:clÀ) = L P(x,w,IÀ) = L P(w1)P(xlw1, À1), LP(w1) = 1 ( 1.17) 
l=l l=l l=l 

which is of course identical to (1.16). In the case of supervised learning, one knows from 
which class w1 a given sample was drawn and the parameter vector À1 of the component 
density of each class can therefore be estimated separately. The estimation problem is 
considerably more difficult in the case of unsupervised learning because the class labels 
of the samples are unknown. The maximum likelihood equations derived from (1.16) or 
(1.17) are then nonlinear in the parameters À1 and a 1 = P(w1), (l = 1,2, ... , L) even when 
the component densities are of the exponential type. Direct solution of these equations 
is then generally impossible. From this point of view one can consider that unsupervised 
learning of mixture densities is a particular case of missing observations in the wide sense 
since the class from which each observation is drawn is unknown. Observe that here the 
missing information is in fact what is traditionally considered to be a parameter of the 
distribution, namely the apriori probability of the classes a, = P(w,). 

Example 4 Hidden Markov models (HMMs) are another important instance where 
the solution of the maximum likelihood equations can be considerably simplified when 
they are considered from the standpoint of missing or incomplete observations. A first 
reason why HMMs deserve special attention is because, originally, the work of Baum 
and his coauthors [Baum 67], [Baum 70], [Baum 72] was specifically directed towards 
maximum likelihood estimation of "probabilistic functions of Markov chains". A second 
reason is that one of the most successful approaches to speech recognition consists in 
modeling speech as a stochastic process generated by an HMM ( see e.g. [Lee 89) and the 
references therein). For these reasons the application of the Baum algorithm to HMMs 
will be developed in more detail in section 4. The hidden Markov model is based on a 
first order stationary Markov chain consisting in a finite collection of states connected 
by oriented arcs representing the allowed state transitions. Each are is characterized by 
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a transition probability which is the probability of using this are for moving from one 
state to the other. The Markov chain is said to be "first order" because the probability 
of reaching the next state only depends on the present state and it is called "stationary" 
because these transition probabilities are independent of time. The set of states has a 
distinguished initial state J and final state F and an utterance corresponds to a path in 
the model, i.e. a sequence of transitions from the initial to the final state. A very crude 
hut still acceptable HMM of the word "append" is shown in figure 1.1 where, for the 
sake of simplicity, a single state has been allotted to each phoneme in the word. 

Fig 1.1: A hidden Markov model for the word "append". 

A path with many loops corresponds to a slow speakina,J-ate while jumps are typical for 
fast speech with possible omission of some phonemes. 0 

In order to model the variability of the spectral content of the speech signal, an 
emission pdf is associated with each state: whenever a state is visited, it produces a 
random vector of spectral energy components according to the particular pdf attached 
to that state. The initial and final states are exceptions in this resp,ct in that they are 
non-emitting. In this way, the utterance produced by the model consists in the sequence 
of vectors emitted by the successive states visited along the path. As a result, the actual 
sequence of states is not directly observable hut only indirectly via the random vectors 
emitted by the states. For this reason, the Markov model is called "hidden" and the 
utterance becomes a "probabilistic function of the underlying Markov process". This 
explains why the contributions of Baum and coauthors is particularly relevant for the 
HMMs used in speech recognition. As we just have seen, the Markov model is char
acterized by two sets of parameters: emission probabilities representing the variability 
of the spectral content and transition probabilities taking into account the variability 
of speaking rate. Estimation of these parameters has, by necessity, to be performed in 
unsupervised mode precisely because the actual sequence of states which has produced 
the observed utterance is unknown or "hidden". If the path in the model were known, 
the estimation would be considerably simplified. There is thus a definite advantage in 
considering that th: sequence of states is a missing part of the observation and in apply-• ing then the Baum or EM algorithms which have precisely been developed to cope with 
this situation. 

The Markov chain presented here is called "state assigned" because signal emission 
occurs when a state is visited. It should be noted that each state assigned Markov chain 
has a "transition assigned" equivalent [Booth 67] where signal emission occurs during the 
transitions between states. In the latter case appropriate emission pdf's are associated 
with the transitions and not with the states. A very simple example of this second type 
of Markov chains arises in subsection 2.2. 
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Example 5 Hidden Markov models are not limited to the representation of the stochas
tic aspects of acoustic phenomena in speech. They can also be used to model the fact 
that, in the speech production process, some linguistic rules are more likely to be ap
plied than others. A simple example is provided by stochastic regular grammars since 
these grammars can be represented by finite state networks where the transition between 
states is directly related to the probability of the production rules. Maximum likelihood 
estimation of these probabilities from a given training corpus can therefore be performed 
according to the procedure explained for HMMs in section 4. 

Regular grammars however occupy the lowest position in the Chomsky hierarchy and 
are often considered to be inadequate. Context-free (CF) grammars are more powerful 
and, although they are still unable to model realistic fragments of natura! language, 
they are nevertheless much more attractive, among others because more sophisticated 
language models often rely on a context-free backbone. For this reason, the investigation 
of stochastic CF grammars is a topic of interest in itself. Since of course CF grammars 
can no longer be represented by finite state networks, the approach presented in section 
4 for HMMs is inadequate to reestimate the probabilities of the CF rewriting rules. The 
purpose of section 5 is to show how the results of section 4 can easily be extended to 
cope with this more general situation. This extension was first worked out by Baker 
in 1979 under the name of lnside-Outside algorithm [Baker 79] but seems to have been 
largely ignored. Two recent papers [Lari 90], [Lari 91] show however renewed interest in 
the topic and include also applications of CF grammars, not only at word level, hut also 
at phoneme level for modeling of phonotactic constraints. 
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2. The Baum algorithm 

To keep the presentation as simple as possible, the iterative Baum algorithm for maxi
mum likelihood estimation will be introduced via its application to mixture densities. 

2.1 The basic inequality 

Given a sequence of observations X = {x1 , x2 , ••. , XN }, the problem is to estimate the 
mixing parameters 0:1 = P(w1) and the parameter vectors .À1 of the component densities 
for ( l = l, 2, ... , L) so as to maxi mi ze the log-likelihood function 

N L 

L(XIA) = L log L o:,!1(znlA1). (2.1) 
n=l l=l 

It is clear that the maximum likelihood equations 

(l=l,2, ... ,L) (2.2) 

will be nonlinear in the unknown parameters o:1 and .À1 and explicit solutions can thus 
not be envisaged. The idea of Baum is to abandon the direct solution of equations (2.2) 
and to look instead for an iterative procedure which, starting from some initial guess 
.À of the parameter vector, finds a new value .À such that the likelihood increases, or 
equivalently, such that 

P(XI.X) 
log P(XI.:\) > o. (2.3) 

The likelihood ratio appearing in the left hand side of this inequality can be successively 
rewritten as follows in view of (1.17) 

(2.4) 

If we write /31 instead of P(xn, w1 IA)/ P(xnl.:\) and Yl for P(xn, w, i.X)/ P(xn, wil.:\), then 
I:1 /31 = 1 and the right hand side of (2.4) becomes 

N 

L log L /31Y1. (2.5) 
n=l 1 

Since the logarithm is a strictly concave function for positive values of its argument, 
Jensen's inequality (Appendix B) can be applied to yield 

log L /31Y1 2: L /31 log Y1 . (2.6) 
1 1 
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Going back to the original notations, one derives then from (2.4) 

(2.7) 

Putting now in (2. 7) 

(2.8) 

we obtain the fundamental inequality 

(2.9) 

which leads to the following conclusion. 

Theorem 2.1 IJ Q(.X, X) ~ QP, .X), then P(XIX) ~ P(XI.X) and the inequality is strict 
unless P(x,wd.X) = P(x,w1IX) for all values of w1 and x. 

Remarks • We shall see in section 3 that the EM algorithm leads exactly to the same 
conclusion as well as to the same key-function Q(.X, X) and there is thus no essential 
difference between the Baum or the EM algorithm. However, the EM algorithm follows 
a different line of thought which in itself is interesting and also provides additional insight 
on the underlying justification of the method. 

• Although the result of the theorem above has been derived for the particular case of 
mixture densities, it can be easily extended to more generàl situations provided that 
the class w1 is interpreted as representing the "missing" observation( s), like e.g. the 
unknown state sequence in a HMM. Also, when the missing information, instead of 
assuming discrete values, is a set of continuous variables w over a domain n, then the 
summation over l has to be replaced by an integral and the relevant definition of Q(À, X) 
becomes then 

(2.10) 

The obvious way to apply Theorem 2.1 and to satisfy the hypothesis Q(.X, X) > 
Q(.X, .X) is to select X as a maximum of Q(.X, X) i.e. as a solution of the critica! point 
equation 

(2.11) 

and to repeat the operation with this new parameter value until saturation of the likeli
hood P(XIX). However, a number of issues have to be clarified before one can claim that 
this procedure will ultimately lead to the maximum likelihood values of the parameters: 

1. First, it has to be shown that the sequence of successive X values converges to a 
limit point 

8 



2. It should be realized that equation (2.11) may have several solutions and that >. 
should be chosen as a maximum of Q(..\, >.). 

3. Even when, among the solutions of (2.11), >. is selected as a maximum of Q(..\, >.), 
it remains to be shown that its limiting value corresponds to a (global) maximum 
of the likelihood function P(XI..\). 

We shall not enter the technica! discussions concerning these questions here hut 
rather refer the reader to the original papers [Dempster 77], [Baum 70], [Baum 72]. The 
following comments can be made: 

• The results are somewhat disappointing in that they fail to answer the basic ques
tion, namely under what conditions the iterative computation of>. converges to a 
global maximum of the likelihood function. Moreover, even when some results in 
this direction are obtained, the conditions under which they hold are difficult to 
check in practice. This stands in contrast with the fact that, for most practical 
applications, the Baum or EM algorithm works satisfactorily, in the sense that it 
leads to a local maximum of the likelihood function. 

• The viewpoints adopted in the Dempster and Baum papers differ in two respects. 
First, as mentioned before, the derivations of the algorithm itself, i.e. the basic 
inequality (2.9), are based on different arguments. Second, the Dempster approach 
covers from the outset a wider class of problems, whereas the Baum results and 
the ensuing convergence analysis are reminiscent of the fact that, initially, the 
Baum contribution was specifically tailored to the maximum likelihood estimation 
of probabilistic functions of Markov chains, although many of the results carry over 
to other estimation problems as well. 

To give the reader a feeling of the type of result which can be obtained concerning the 
three questions above, we draw the following from [Baum 70]. 

The probability densities are assumed to satisfy the following hypotheses: 

i) if À is a p-dimensional parameter vector, the assumption is that P(:z:,wd..\) can be 
decomposed as a product of one-parameter functions 

p 

P(:z:,w1I..\) = IT P1c(:z:,wil..\1c) (2.12) 
k=l 

ii) for each k = 1, 2, ... , p, the function log P1c(:z:, wd..\1c) is strictly concave in À1c and 
lim1À1:l-+00 log P1c(:z:,wd..\1c) = -oo 

iii) P(:z:I..\) has a finite number of critical points, or equivalently, v\P(:z:I..\) = 0 has a 
fi.nite number of solutions. 

U nder these hypotheses, the following property holds [Baum 70]. 

Theorem 2.2 For fixed ..\ 1 Q(..\, >.) has a unique global maximum in>. which is a solution 
of (2.11). Let T( À) denote this maximum. IJ the initial parameter guess ..\ is not a critica/ 
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point of P(XIÀ), then Tn(À) approaches a critica/ point of P(XIÀ) which will be a local 
maximum of P. 

Examples of pdf which are one-parameter and log concave as required by hypothesis 
ii) are the Laplace, Poisson and binomial distributions as well as the normal distribution 
with fixed variance. 

Finally, it is shown that HMMs with normal emission probabilities where both mean 
and covariance have to be estimated also lead to functions Q(À, X) enjoying the properties 
mentioned in Theorem 2.2 [Baum 70]. 

2.2 Mixture densities (example 3) 

Let us now proceed with the maximum likelihood estimation of mixture densities which 
served as starting point of the preceding subsection. In view of (1.17) and the fact that 
P(a, b)/ P(a) = P(bla), the Q function defined in (2.8) becomes 

N L 

Q( À,>.) = L L P( w1 lxn, À )[log ö:1 + log /1( Xnl>.1 )] . (2.13) 
n=l l=l 

The obvious advantage of the Q function in this case is that maximization can now be 
performed separately on the ö.1 and on the .X1 parameters. Using Lagrange multipliers 
one can easily verify that the generic problem of maximizing Ef:1 n; log Y; with respect 
to the Y; under the constraint E Y; = 1 is given by ii; = n;/ En;. Hence, the solution of 
the critical point equations 8Q / 80:1 = 0 l = 1, 2, ... , L, under the constraint E1 ö:1 = 1 
is given by 

N 

ä1 = N- 1 L P(w1lxn, À) (2.14) 
n=l 

which has the following nice interpretation: the improved parameter values ä1 are given 
by the a posteriori estimations of the class probabilities from the observations. 

Let us make a short digression at this point. Mixture densities can be considered as 
a probabilistic function of the Markov chain shown in figure 2.1. 

Fig 2.1: Mixture densities as bidden Markov models 
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The Markov chain consists solely of an input and a final state connected by L transitions 
and 0:1 is the a priori probability of making transition l. The Markov chain is transition 
assigned in the sense that a random vector is emitted when a transition is used. The 
emission probability associated with transition lis /1(xlÀ1). In this context, the meaning 
of (2.14) is that aposteriori estimations of transition probabilities increase the likelihood 
of the observations. In fact, this conclusion holds true in genera! for any Markov chain 
and not only for the ( very particular) model of figure 2.1. This result was obtained by 
Baum in his early attempts to solve the maximum likelihood estimation of probabilistic 
functions of Markov chains [Baum 67]. The argument used at that time was completely 
different from the approach followed in later papers [Baum 70], [Baum 72] as presented 
in subsection 2.1: it was mainly based on the fact that probabilistic functions of Markov 
chains are homogeneous polynomials of the transition probabilities. Later on [Baum 
72], a unified presentation was given which shows among others that the homogeneous 
polynomial approach and the Q function approach of inequality (2.9) yield the same 
reestimation values. 

It remains to show how the reestimation formula (2.14) can effectively be computed 
from the old parameter set consisting of the a priori probabilities 0:1 and the component 
densities /1(xlÀ1). This results immediately from the identities 

P(wilx, À)= P(xlw1, À)P(w1) = o:if1(xlÀ1) ( ) 
P(xlÀ) I:1 o:if1(xlÀ1) 2.15 

which, in combination with (2.14), give the reestimation formula 

äi = N-l f, o:i/1(xnlÀ) . 
n=l I:1 o:i/1(xnlÀ1) 

(2.16) 

Let us now also briefly consider the reestimation of the component densities /,(xl>.1) and 
let us assume for simplicity that these densities are univariate normal, hence 

1 
f1(xl>.1) = J2;- exp[-(x - P,1) 2 /2ö-Jj. 

Ut 

ïFrom (2.13) one concludes that the critical point equations 8Q(À, >.)/8µ1 
8Q(À, >.)/8u1 = o can respectively be written as 

N 

L P(wilxn, À)(xn - µi) = 0 
n=l 

N 

L P(w,lxn, À)[uf - (xn - P,1)2] = 0 
n=l 

(2.17) 

0 and 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

where P(w1 lxn, À) can be computed by (2.15). Here again, the reestimation values can 
be interpreted respectively as the a posteriori sample means and sample covariances. 
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2.3 M ultinomial distribution ( example 1) 

Consider a random process characterized by a multinomial distribution (1.15) with five 
possible outcomes (k = 5). We assume here that the apriori probabilities of the outcomes 
depend on a single parameter À, namely 

(2.22) 

It turns out that in a given experiment the frequencies n 1 and n 2 are missing so that 
only their sum c is known. On the basis of these incomplete data, we would nevertheless 
wish to reestimate parameter ,\ so as to maximize the likelihood of the observation. 

In order to apply definition (2.8) of function Q, we should establish the proper cor
respondence with the notations used there. We have here a single observation (and thus 
Xn will be denoted by x) consisting of c = n1 + n 2 , na, n4, n 5 and the missing data w is 
here n 1 which can take any positive integer value from zero to c. Consequently, 

P(x,n1I.X) = M! (!t1(~t1(1 -,\r3+714 (~rb (2.23) 
n1! n2! na! n4! ns! 2 4 4 4 

whence 
C 

P = (xl.X) L P(x,n1 I.X) 
n 1 =0 

( 1 - À )n +n ( ,\ )n ( 1 ,\ )c ______ 34_b_+-

c! na! n4! n 5! 4 4 2 4 

M! 
(2.24) 

by using the identity 

-r ' 
(a+bt=I: '(,~ )'a•b-r-•. 

•=0 s. T S . 

(2.25) 

This gives then the ratio 

c! (1/2t1 (,\/4t-ni 
n1! (c - n1)! (1/2 + ,\/4)c 

(2.26) 

Finally, the expression (2.8) of Q is given by 

C c! (1/2tl (,\/4t-n1 
Q(,\, .>t) = n~O n1!(c - ni)! (1/2 + ,\/4)c [n1 log(l/2)+ 

( c - n1) log(.>t/4) +(na+ n4) log((l - -X)/4) + ns log(.>t/4)] (2.27) 

Using once more identity (2.25) we get the final expression 

- 2c cÀ - - -
Q(,\, ,\) = 

2 
+ ,\ log(l/2)+ 

2 
+ ,\ log(,\/4)+(na+n4) log((l-.X)/4)+n5 log(,\/4)(2.28) 

The solution of the critica! point equation 8Q(,\, -X)/8.>t = 0 is easily found to be 

.À= (c+ns).X+2ns . (2.29) 
N,\ + 2(na + n4 + ns) 

The right hand side defines the mapping T(,\) whose fixed point ,\* is solution of the 
quadratic equation 

(2.30) 
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2.4 Multivariate normal distribution (example 2) 

The usual maximum likelihood reestimation formulas for multivariate Gaussian distribu
tions are given by expressions (1.13) and (1.14). We shall now examine how the Baum 
algorithm applies to the special situation where some components of the multivariate 
observations are missing. To keep the expressions as sirnple as possible, we shall first 
consider the somewhat extreme case of a bivariate normal process where the observations 
of the second component are systematically missing. At the end of this subsection we 
shall briefl.y indicate how the procedure can be adapted to more realistic cases where 
only part of the observations are incomplete or where the loss of information affects both 
components. 

Let the n-th observation vector be denoted by 

x<n) = [xln), x~n)f, n = 1, 2, ... , N (2.31) 

and we shall thus assume that :zt> is systernatically missing. Consequently, the actual 
observation on which maximum likelihood estimation must be based is given by 

X = { Xi1), Xi2), ... 1 Xin), ... , XiN)} (2.32) 

and the missing information w1 of the Baum algorithm, as presented in subsection 2.1, 
should here be interpreted as the missing component x~n)_ Since the latter is a continuous 
variable, we have to use an expression of the type (2.10) for function Q(À, .X). In the 
case envisaged here, the relevant expression of the Q function is thus 

Q(À, X) = f, f+oo P(xln;:;2IÀ) log P(x~n), x2!X)dx2 (2.33) 
n=l -oo P(x1 IÀ) 

where the bivariate distribution for the complete data is given by [Papoulis 65] 

P(x1 ,x2 IÀ) = exp ---- ------------+ B { 
1 [(x1 - µ1 )2 2r(x1 - µi)(x2 - µ2) 

2(1 - r 2) uf u1u2 

(x2 =~µ2)
2
]} 

V (2.34) 

with 

(2.35) 

and w here ru1 u2 is the expectation of ( x1 - µi)( X2 - µ2). The corresponding marginal 
distribution of the incomplete data is 

P(x1 IÀ) = f +00 

P(x1, X2 IÀ)dx2 = ~ exp [- (xi - ;i)2
] (2.36) 

-oo 21ru1 2u1 
and consequently 

P(x~n),x2IÀ) 

P(x~n)IÀ) 

(2.37) 
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The parameter vector À to be estimated consists of the means µ 1 , µ 2 and the covariances 
o-1 , o-2 for each component and the correlation r. According to the Baum algorithm, we 
have now to compute the solution of the five equations 

8Q(À, .X) 
8P,1 = 0 ' 

8Q(À, .X) 
----=0, 

8P,2 

8Q(À, .X) 
~- = 0' 
uo-1 

8Q(À, .X) 
---'--~=O, 

8ü2 
(2.38) 

8Q(À, .X) = O 
ar · 

After some elementary hut lengthy algebra, the solution is found to be 

n=l 

- 0"2 (- ) µ2 = µ2 + r- µ1 - µ1 , 
0"1 

2 
ü2 _ 0-2 + r2~(ü2 _ 0-2) 

2 - 2 O'~ 1 1 1 
(2.39) 

-2 
- 2 0'1 r = r ------- . 

u?{l - r 2 ) + r 2üf 
The mean and variance for the first component are the usual sample mean and covariance, 
just as in the univariate case. For the second component, whose observations are missing, 
the new estimates of the mean and covariance merely consist in a correction of the old 
values. This correction is proportional to the correction on the first component and to 
a factor reflecting the correlation r between the two components. 

Consider now the somewhat more realistic situation where the observations of the 
second component are missing on a fraction 1 ::; n ::; N' of the total number N > N' of 
observations. Under this hypothesis, one has 

N' N 

log P(XIÀ) = L log P(xin)IÀ) + L log P(x~n), x~n)IÀ) . (2.40) 
n=l 

The Baum argument and Jensen inequality are applied only to the first sum and the 
contribution to the Q function is similar to (2.33); the second term representing the 
fraction of complete observations is kept as it stands. The complete Q function for this 
case becomes then 

N' oo 

Q(À, .X) = E [
00 

P(z2!zin), À) log P(zin), z2I.X)dz2 

N 

+ L log P(x~n), x~n)I.X). (2.41) 
n=N'+l 

Solution of the first two equations in (2.38) gives the following reestimations of the means 

N 

P,1 N-1 L x~n) 

n=l 

(2.42) 
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As anticipated, the reestimation of µ,2 is the sum of two contributions: the first term is 
similar to the reestimation µ,1 hut limited to the fraction of observed :rt) components 
N' + 1 ::; n ::; N, while the second and third term represent the correction corresponding 
to the fraction 1 ::; n ::; N' of missing components. 

Finally, assume that the second component is missing on the observations 1 ::; n ::; N', 
whereas the first component is missing on N' + 1 ::; n ::; N. It is not difficult to verify 
that the relevant Q function for this situation is given by 

(2.43) 

Equating to zero the partial derivatives with respect to µ,1 and µ,2 , one obtains as rees
timation values 

(2.44) 

which is a straightforward extension of (2.42). 
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3. The EM algorithm 

The purpose here is to present an alternative derivation of the iterative estimation algo
rithm obtained in the preceding section. The benefit of the exercise lies in the additional 
insight to be gained from the slightly different point of view which will be adopted, 
mainly for what concerns the exponential distributions. 

3. The basic inequality 

Proceeding in the same manner as we did in subsection 2.1, we shall again take as 
starting point the problem of parameter estimation for mixture densities defined by 
{1.16) or {1.17). Let thus X = {x1 ,x2 , •.. ,xN} be a set of observations; the missing 
information is the class to which each of these observations belongs. The problem is 
to estimate the a priori class probabilities 0:1 = P(w1) and the parameter vector À1 
of the component densities /1(xlÀ1) = P(xlw1, Ài) so as to maximize the log-likelihood 
L(XIÀ) = 'E~=1 log P(xnlÀ). 

We shall now progressively modify the expression of the log-likelihood in order to 
bring in the function Q( À, 5.) which, as we already know, plays a key-róle in this context. 
Since P(xnl>.) = P(xn,w1I>.)/ P(w1lxn, >.), we have 

log P(xnl>.) = log P(xn, wil>.) - log P(w1 lxn, >.) . (3.1) 

We shall now compute the expectation of this equality with respect to the a posteriori 
class probability, given the observed data. Multiplying thus both sides by P(w1lxn, À) 
and summing over l, we get 

L L 

L P(w1lxn, À) log P(xnl>.) LP( W1 lxn, À) log P( Xn, W/ i>.) 
l=l l=l 

L 

- Z:P(wtlxn,À)logP(w1lxn,>.). (3.2) 
l=l 

Taking into account that I:1 P(w1lxn, À) = 1, the left hand side can be simplified and 
this yields 

L 

L P(w1lxn, À) log P(xn, wil>.) 
l=l 

L 

- L P(w1 lxn, >.) log P(w1 lxn, >.) . (3.3) 
l=l 

Therefore, the log-likelihood of the complete set of observations X can then be written 
as 

L(XI>.) = Q(>., >.) - H(>., >.) 

with, just as in section 2, 

N 

Q(>., >.) = L L P(w1lxn, À)log P(xn,w1I>.) 
n=l I 
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and where H is now defined as 
N 

H( >., J..) = L LP( W1 lxn, >.) log P( w1 lxn, J..) . 
n=l 1 

(3.6) 

We wish to obtain inequality (2.9) and for this purpose we examme the difference 
H(>., >.) - H(>., >.) which can be written as 

(3.7) 

One easily verifies that 

1 
P(w,lxn,J..) P(w,lxn,J..) 

og _...;.__.;._---.c.. < ---- - 1 
P(w,lxn,>.) - P(w,lxn,>.) 

(3.8) 

with equality sign only if P(w,lxn,>.) = P(w,lxn,>.). lndeed, the graph of logx lies below 
the straight line x - l and is tangent to it at x = l. Consequently, 

(3.9) 

with equality sign only if P(w,lxn, >.) = P(w,lxn, >.) for all values of Xn and w,. In view 
of the latter result, we conclude from (3.4) 

L(XI>.) - L(XI>.) ~ Q(>., >.) - Q(>., >.) (3.10) 

which is exactly inequality (2.9). 
The following comment can be made at this point. As we know, maximization of the 

log-likelihood of the observed data is not tractable because it would lead to nonlinear 
equations. What inequality (3.10) and expression (3.5) suggest is that we should not 
directly maximize the log-likelihood of the complete data (since these are anyhow un
known) hut rather iteratively maximize the expectation of this log-likelihood with respect 
to the aposteriori class probability, given the observed data and this is precisely function 
Q as defined in (3.5). This remark gives the real meaning of function Q and also justifies 
the name of the EM algorithm where E stands for the expectation step which computes 
the Q function and M stands for the maximization of this function. Of course, we could 
have made this remark already in subsection 2.1 since the ratio P(xn, w, i>.)/ P(xnl>.) in 
(2.8) is precisely equal to the a posteriori class probability P(w1 lxn, >.) conditioned by 
the observed data. However, the interpretation given here takes its full meaning in the 
case where the distribution of the complete data is of the exponential type as we shall 
see in the next subsection. 

3.2 Distributions of the exponential family 

The reference to mixture densities which served as support in the preceding subsection is 
now abandoned and we denote by x the vector of observed (incomplete) random variables 
and by w the vector of missing random variables. lf f(x,wl>.) is the pdf of the complete 
data, then the pdf of the observed data is given by 

g(xl>.) = l f(x,wl>.)dw (3.11) 
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where n is the sample space of the missing data w. The a posteriori probability of the 
missing data w, given the observed data :z:, is thus 

k( 1 
') = f(:z:, wJA) (3.12) 

w X,A g(:z:JA) . 

If /(:z:, wJA) is of the exponential type, then so is k(wJ:z:, A). lndeed, by assumption 
(Appendix A) 

1 T 
/(:z:,wJA) = a(A/(:z:,w)exp[À t(:z:,w)] (3.13) 

where À = [A1 ,À2 , ... ,À1e]T is the parameter vector and where t(w,:z:) = [t1(:z:,w), 
t 2 (:z:,w), ... ,t1e(:z:,w)jT is the vector of sufficient statistics for f. The normalization re
quirement on f imposes 

a(A) = l l b(x,w) exp[ÀTt(:z:,w)]dwd:z: (3.14) 

where X is the sample space of :z:. Thus, by (3.11) one has 

g(:z:JA) = a(\) h b(x,w)exp[ÀTt(x,w)]dw (3.15) 

and consequently via (3.12) 

1 T 
k(wJ:z:, A) = a(:z:JA/(w, :z:)exp[À t(:z:,w)] (3.16) 

with 

a(:z:JA) = h b(x,w)exp[ÀTt(x,w)]dw. (3.17) 

Let us now come back to the maximization of the log-likelihood of the observed data 

N 

L(XJA) = L logg(:z:nJA) . 
n=l 

Since g = f / k by (3.12), this log-likelihood can be rewritten as 

N 

L(XJA) = -Nlog a(A) + L log a(:z:nlA). 
n=l 

Hence, the maximization equations v\L(XJA) = 0 become 

which, in view of (3.16) and (3.17), can be rewritten as 

v7 >,a(A) N 
-N a(A) + E l'1e[t(:z:n,w)] = 0 
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where 

(3.22) 

is the expectation of the sufficient statistics vector t( Xn, w) with respect to the a posteriori 
probability density k of the missing data w, given the observed Xn. 

How does the maximization equation (3.21) of the log-likelihood L(XI.X) relate to the 
iterative maximization of Q(À, X) with respect to X ? Definition (3.5) becomes in the 
case of continuous variables 

N 

Q(À, X) = L 1 k(wlxn, À) log /(xn, wlX)dw 
n=l n 

(3.23) 

and thus, in view of (3.13) 

N 

Qp,X) = -Nloga(X) + L l'1e[logb(xn,w)] + XTl'1e[t(xn,w)]. (3.24) 
n=l 

Maximization of Q(.X, X) with respect to X yields then the following equations which have 
to be solved for X 

(3.25) 

When comparing (3.25) and (3.21) we see that the second terms are identical and are 
both functions of À via the pdf k. Thus the EM algorithm replaces the solution of (3.21) 
with respect to À by the iterative solution of (3.25) with respect to X. Additional insight 
is gained by computing explicitly the first term in (3.25). According to (3.14) one has 

1 / / -T 
a(X) Jn lx t(x,w)b(x,w)exp[À t(x,w)]dwdx 

l'1[t(x, w )] (3.26) 

w here [ f denotes the expectation wi th respect to the ( uncondi tional) dis tri bu tion Ï = 
f(x,w!X) of the complete data and using the updated parameter vector X. The maxi
mization equation (3.25) of Q(.X, X) now becomes 

N 

E1[t(x,w)] = N-1 L f1e[t(xn,w)] (3.27) 
n=l 

the meaning of which is given in the following algorithm. 

EM algorithm 1 • the E step computes the expectation of the sufficient statistics 

t( Xn, w) with respect to the a posteriori probability k of the missing data, conditioned by 
the observed and with the old parameter values 
• The maximization step M consists in updating the parameter vector X such that the 
unconditional expectation of the sufficient statistics with respect to the density of the 
complete data becomes equal to the conditional expectation computed above. 

19 



An alternative interpretation of the maximization equation (3.25) can be established 
as follows. Assume that, instead of maximizing the log-likelihood of the observed data 
(3.18), we wished to maximize the log-likelihood of the complete data, namely 

N N N 

1:Iog/(xn,wlX) = -Nloga(Ä) + 1:Iogb(xn,w) + L XTt(xn,w). (3.28) 
n=l n=l n=l 

Equating to zero the derivative with respect to the components of X we would obtain 

(3.29) 

U nfortunately, this equation cannot be solved because the sufficient statistics t( Xn, w) 
for the complete data are not available, hence the trick which consists in replacing the 
unknown t( Xn, w) by its expectation, conditioned on the available observations Xn, i.e. 
[,.[t(xn, w )]. As a consequence of this remark, the EM algorithm can be restated as 
follows. 

EM algorithm 2 • Compute the expectation of the sufficient statistics t( Xn, w) for 
the complete data with respect to the a posteriori distribution k of the missing data, 
conditioned by the observed data and with the old parameter values. 
• Perform a usu al maximum likelihood calculation on the distribution f ( Xn, w IX) of the 
complete data but replace the vector of sufficient statistics by its expected value computed 
in step 1 above. The result is equation {3.25). 

This formulation turns out to simplify the computations in many cases. 

3.3 M ultinomial distribution ( example 1) 

Let us consider the same situation as in subsection 2.3 hut now from the view point of 
the EM algorithm. With the notations used in the preceding subsection, the distribution 
of the complete and observed data become, according to (2.23) and (2.24) 

(3.30) 

(3.31) 

The a posteriori probability of the missing data n 1 , conditioned by the observation x, is 
given by (2.26) as 

(3.32) 

i,From appendix A we know that the vector of sufficient statistics for the multinomial 
distribution of this example is 

(3.33) 
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where only n1 is unknown since n 2 is then given by c-n1. The E step of the EM algorithm 
consists in computing the expectation of component n1 of the suflicient statistics with 
respect to distribution k, namely 

C 

t'1e[ni] = L n1k(n1lx, .\) (3.34) 
n1=0 

and using identity (2.25) we find 

2c .\c 
t'1e[n1] = 2 + ,\ , t'1e[n2] = 2 + ,\ . (3.35) 

Consequently, 

(3.36) 

According to the second formulation of the EM algorithm, it remains now to perform a 
usual maximum likelihood calculation on f(x, n11-X) where the vector of suflicient statis
tics (3.33) is replaced by its expectation (3.36). This gives 

Ac (na+ n4) ns 
(2 + ,\),\ - l _ ,\ + _x = 0 (3.37) 

which yields exactly the same update formula as in subsection 2.3. 

3.4 Multivariate normal distribution (example 2) 

We pick up again the example considered in subsection 2.4 where a bivariate Gaussian 
distribution had to be estimated from data where the second component was missing. 
The pdf of the complete data /(x1, x2) is given by (2.34) which is of the general form 
(A.l). Identification of both expressions gives, in terms of the conventional parameter 
vector for Gaussian distributions v = [µ1,µ 2,u1,u2,r]T, 

a(v) 21ru1 u2✓1 - r 2 exp 1 + 2 _____ _ 
[ 

µ2 µ2 rµ1µ2 l 
2u~(l - r 2 ) 2u~(l - r 2) u1u2(l - r 2) 

[u~(;~ r 2) u1u2~~~ r 2)] ,\2 = [uH;~ r 2) u1u2~~~ r 2)] 

-1 ,\4 = -1 As = r 
2u?{l - r 2)' 2ui(l - r 2)' u1u2(1 - r 2) 

The corresponding vector of suflicient statistics is defined via 

t1 ( X1, X2) X1, 

ta(x1, x2) = x~, 

t2(x1, x2) = X2 

t4(x1, x2) = x~, 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

(3.42) 

According to the EM algorithm 2, we start by performing a usual maximum likelihood 
computation on the distribution /(xln), x21.À) and we apply therefore equation (A.14) 
hut where the relevant parameter vectors are .À and ïi. This gives 

5 - N 
1 8a _1 '°' 8.\1 '°' (n) 

-(_) 8 _ = N ~ 8 _ ~ t1(x 1 ,x2) 
a V Va l=l Va n=l 

s = 1,2, ... ,5 (3.43) 
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where iï = [µ, 1 ,µ, 2 , ü 1,ü2,rjT and where the partial derivatives 8a/8ïï. and 8~,/8ïï. can be 
computed from (3.38),(3.39) and {3.40). The statistics t2(:r:in), :r:2) = :r:2, t4(:r:in), :r:2) = :r:~ 
and ts(:r:ln), :r:2) = :r:ln):r:2 are unknown and have to be replaced by their expectations with 
respect to the aposteriori probability k(:z: 21:r:ln), ~) of the unknown data :r:2, given :r:ln)_ 
The pdf k was obtained in (2.37) and one observes that it is a Gaussian distribution 
with mean µ2 + r(o-2/ui)(:r:~n) - µ1) and variance u:(1 - r 2). It is not difficult to see that 

t'k[t2(:z:in) 1 :r:2)] = Ek[:r:2] = 0'2 (n) 
µ2 + r-(:r:1 - µ1) 

0'1 
(3.44) 

t'k[t4(:r:ln), :z:2)] = Ek[:r:~] = u~(l - r 2
) + [µ2 + T :: (:r:ln) - µ1)r (3.45) 

t'k[t5(:r:ln),:z:2)] = t'k[Xin):z:2] = (n) [ 0'2 ( (n) )] :Z:1 µ2 + r 0'
1 

:Z:1 - µ1 · (3.46) 

Using these expectations in (3.43), one finds, as anticipated, the same equations as those 
produced by (2.38) via the Baum algorithm and thus also the same reestimation formulas 
(2.39). 
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4. Estimation of hidden Markov models 

This section is entirely devoted to a particular application of the algorithms established 
in the preceding sections, namely the problem of parameter estimation for hidden Markov 
models in the framework of a speech recognition system. No new theoretica! results will 
be derived since the purpose is merely to obtain the precise form of the reestimation 
formulas for the most important variants of hidden Markov models used in speech recog
nition. We begin with the simplest HMM hut more elaborated models are progressively 
introduced in the sequel. 

4.1 The basic reestimation formulas 

In example 4 at the end of section 1 we showed how speech, considered as a stochastic 
process, can be modeled by a stationary, first order, state assigned Markov chain. In 
this context, an observation X of the process is a time ordered sequence of data vectors 
x 1 , x 2 , ... , XT, also called "acoustic vectors" in the speech recognition literature. The 
states of the model will be identified by integers 1, 2, ... except for the non emitting 
initia! and final states denoted by I and F respectively. Let then S be a path of length 
T, i.e. a sequence of T + 2 states starting at timet = 0 in the initia! state and arriving in 
the final state at timet= T + 1. Thus S = {s0 = I, s1 = i1, s2 = i2, ... , St = it, ... , ST = 
iT, BT+l = F}. In the sequel, symbol T will also be used to denote vector or matrix 
transposition hut this should not lead to confusion. The likelihood of observation X can 
then be expressed as 

I:P(X,SIÀ) 
s 

L P(XIS, À)P(SIÀ) 
s 

( 4.1) 

( 4.2) 

where the sums run over all paths of length T in the model. As indicated in section 1, 
an HMM has two sets of parameters, emission probabilities which defi.ne the particular 
pdf's attached to each state and transition probabilities which are the probabilities of 
making a transition between two states. The fact that the states form a first order 
Markov chain implies that the probability of making a transition from state i to state 
j depends only on the present state and is independent of the previously visited states. 
The consequence of the stationarity assumption is that these transition probabilities are 
moreover independent of time. Therefore, the factor P(SIÀ) in (4.2) can be expressed 
as the product of the transition probabilities from one state to the next one along path 
S, i.e. 

T+l 

P(S)À) = IT P(st)St-1, À). ( 4.3) 
t=l 

As for the first factor P(XIS, À) in ( 4.2), it can be considerably simplified if we assume 
that the probability of emitting an acoustic vector at timet depends only on the present 
state at that time and not on the states visited in the past or in the future. Under 
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this hypothesis, P(XIS, À) is simply the product of the emission probabilities of the 
successive acoustic vectors Xt in the successively visited states St = it. Thus, 

T T 

P(XIS, À)= II P(xtlst, À) = II k(xtlÀi,) ( 4.4) 
t=l t=l 

where /;(xlÀ;) is the pdf associated with state j. 
Given several observations X(rn), (m = 1, 2, ... , M), the problem is to reestimate the 

parameters of the HMM, namely 

1. the transition probabilities P(j li) between all pairs i, j of states 

2. the parameters À; de:fining the pdf J;(xlÀ;) for each state, except of course for the 
initial and :final state which are non emitting. 

Obviously, P(XJÀ) in this case is not of the exponential type and for maximum likelihood 
estimation one has therefore to rely on the maximization of the corresponding Q function 
as explained in section 2. Since here the "missing" information is the path S along which 
the observation was produced, the Q function de:fined in (2.8) should be written as 

( 4.5) 

Using (4.3) and (4.4) this gives 

M T P(X(rn) SIÀ) -f
1 
~ ~ P(X(~) IÀ) log P(x~rn)lst(S), À) 

M T+l P(X(rn)' SIÀ) -
+ fi ~ ~ P(X(rn)IÀ) log P(st(S)lst-1(S), À) ( 4.6) 

where we have now explicitly indicated that the state visited at time t depends on the 
particular path S considered. Strictly speaking, the length T of an observation should 
depend on m since it may vary from observation to the next one. This has not been 
accounted for since it would make the notations even more cumbersome. Now, for :fixed 
t, St(S) can just take on all state values and, similarly, st(S), St-1(S) can run over all 
state pairs. Therefore, we can also write 

Q(,\, X) = !;;, P(X~mllA) t ~ P(Xlm)' ., = ilA) log /;(•\ml) 

.M 1 T+l 

+ fl P(X(rn)IÀ) ~ ~~P(X(rn),St = j,st-1 = ilÀ)log?(jli) (4.7) 

where /;(xt) and P(jli) are shorthand for the emission probability J;(xtlÄ;) and the 
transition probability P(jli, .X) with the new set of parameter values .X. In order to 
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improve the readability of the expressions, let us define the following quantities 

(m)(. ') 'Yt-1 i,J 
P(x(m) - . - ·1 ') 

P( _ . _ ·ix(m) ') _ , St - J, St-1 - 1, A 
St - J, St-1 - i , A - P(X(m)IÀ) ( 4.8) 

(m)( ') 'Yt-1 i 
P( - ·1x(m) À) - P(X(m)' St-1 = il À) - ~ (m)(. ') 

St-1 - 1, ' - P(X(m)IÀ) - 7 lt-1 i,J ( 4.9) 

which are the a posteriori probabilities, given observation X(m), respectively of making 
transition i -+ j and of visiting state i at time t - 1. In using ( 4.9) one should keep in 
mind that all paths necessarily start from the initial state and hence that 

P(s0 =/)=l, and P(s0 = i) = 0 if (4.10) 

In the literature on speech recognition, the quantities ,t(i,j) and ,t(i) defined here above 
are often called the "counts". With these notations, function Q can be rewritten as 

M T 

Q(À, ~) = L L L 'Y~m)(j) log Ï;(:z:~m)) + 
m=l t=l j 

M T 

L LLL,!~/(i,j)logP(ili). (4.11) 
m=l t=l i j 

In view of the latter expression, we observe that Q can be separately maximized w.r.t. 
the ernission probabilities Ï; and to the transition probabilities P(jli). With state i kept 
fixed, maximization of (4.11) w.r.t. P(jli) under the constraint E; P(jli) = 1 yields the 
reestimation formula [Baum 67], [Baum 70], [Baum 72] 

'°'M '°'T (m)(, ') 
P(j li) = L..m;l L..t=;,1 lt(~):'-~ ( 4.12) 

Lm=l Lt=O /t 1, 

Let us now examine the maximization w.r.t. the emission probability Ï; associated with 
state j. We shall successively consider four situations according to whether Ï; is a normal 
density, a discrete pdf, a mixture density or a density of the semi-continuous type. 

• Gaussian emission probability 
Let P,; and "t; denote the mean vector and covariance matrix of J;. 
of Q w .r. t. these parameters yields the equations 

M T TT /- ( (m)) 
~ ~ (m)( ') V P,j j :Z:t = Ü 
~ ~ /t J - (m) 
m=l t=l /;( Xt ) 

- (m) 
M T Vr,--:1/;(xt ) 
~ ~ (m)( ') J = Ü . 
~1 ~ 'Yt J Ï;(x~m)) 

Maximization 

( 4.13) 

(4.14) 

Using then expressions (1.11) and (1.12) to compute the gradient, one finds the 
reestimation formulas 

t . 
J 

"M "T (m)( ') (m) 
L..m=l L..t=l lt J :Z:t 

'°'M '°'T (m)( ') 
L..m=l L..t=l /t J 

"M "T (m)( ')( (m) - )( (m) - )T 
L..m=l L..t=l /t J :Z:t - µ; :Z:t - µj 

'°'M '°'T (m)( ') 
L..m=l L..t=l /t J 
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The reestimated values are thus the sample mean and the sample covariance matrix 
but where each sample is weighted by the a posteriori probability of visiting state 
j at time t in observation x(m). For an extension of these results to elliptically 
symmetrie densities, see [Liporace 82]. 

• discrete emission probability 
In this case one assumes that each acoustic vector Zt of the observation is pre
processed by a vector quantizer (VQ) which assigns to Zt the label of the closest 
prototype v1 of a preestablished codebook of vectors v1 , V2, ... , VL- The emission 
probabilities used in the likelihood computations are then the values of the discrete 
pdf's /;( v1) which define the probability that prototype v1 is observed in state j. 
The problem here is thus to reestimate /;(v1) for l = 1, 2, ... , Land for each state 
j in the model. Consequently, the first term in ( 4.11) is now written as 

(4.17) 

Under the constraint ~f:1 J;(v1) = 1, expression (4.17) is maximum when 

( 4.18) 

• mixture density 
The definitions (1.16) or (1.17) of mixture densities show that /;(z~m)) in (4.11) 
should now be written as 

L 

f- ( (m)) "'""' - 1- ( (m)) 
j Zt = L..,, O'.j,1 j,l Zt ( 4.19) 

l=l 

where ö:;,1 = P;(w1) is the apriori probability of class l in state j and /;,,(z) = 
P;(xlw1, >.;,1) is the lth component density. For a given state j, the term to be 
maximized in expression ( 4.11) of Q is thus given by 

M T L 

L L,;m)(j)logLö:;,,l;,1(x~m)). ( 4.20) 
m=l t=l 

We observe now that the logarithm in ( 4.20) applies to a sum and as consequence, 
we do not immediately obtain a separation into a contribution from the mixing 
parameters ö:;,1 and a contribution due to the component densities. This situation 
is however very similar to the one we had in expression (2.1) of the log-likelihood. 
lf we repeat the argument used there, relying in particular on Jensen's inequality, 
we see by analogy with (2.13) that we can replace the maximization of (4.20) by 

M T L 

L L ,;m)(j) L P;(w1 lx~m)) [log ö:;,1 + log /;,,(x~m))] ( 4.21) 
m=l t=l l=l 
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where the a posteriori probability of class l in state j can be computed by 

( 4.22) 

lf we now perform the maximization of (4.21) w.r.t ó:;,l under the constraint 
2i=1 ó:;,1 = 1, we obtain as reestimated a priori probability of class l in state 

J 

'°'M '°'T (m)( ')P ( 1 (m)) 
- L..,m=l L..,f=l /t J j W[ Xt 
O: ï -

J, - M T (m) · 
Lm=l Lt=l /t (J) 

( 4.23) 

which is thus an average of the a posteriori class probabilities, weighted by the 
,~m)(j), i.e. the aposteriori probability of being in state j for the observation x~m) 

under consideration. 

As for the component densities Ï;,1, if we assume that they are Gaussian, we obtain 
by analogy with ( 4.15) and ( 4.16) the following reestimated values 

ii;,1 
'°'M '°'T (m)( ')P ( 1 (m)) (m) 
L..,m=l L..,f=l lt J j W[ Xt Xt 

'°'M '°'T (m)( ')P ( 1 (m)) 
L..,m=l L..,f=l /t J j W/ Xt 

(4.24) 

'°'M '°'T (m)( ')P ( 1 (m))( (m) - )( (m) - )T 
L..,m=l L..,t=l lt J j W/ Xt Xt - µj,l Xt - µj,l 

'°'M '°'T (m)( ')P ( 1 (m)) 
L..,m=l L..,t=l lt J j W/ Xt 

(4.25) 

i.e. the sample mean and sample covariance matrix, weighted by the a posteriori 
probabilities that state J was visited at time t in observation X(m) and that the 
corresponding sample Xtm)was drawn from class l. 

• semi-continuous Markov models 
This type of model lies half way between the models with discrete emission prob
abilities and those with mixture densities. 

In the case of discrete emission probabilities, one may argue that there is a signif
icant loss of information by keeping only the label of the closest prototype in the 
code book. It would be more accurate to keep track of the distance to all prototypes 
and a simple way to achieve this is to associate with each prototype v, a pdf of 
the form f(xtlvi). The emission probability of a state j for an acoustic vector Xt 
would then be defined as a weighted sum of the codeword probabilities J;( v,) in 
state j and the value of the weight would be given by the probability /( Xt lvi) that 
Xt belongs to codeword v,. Hence, the expression 

L 

J;(xt) = I: f(xtlv1)/;(v1) . ( 4.26) 
l=l 

lf we compare now the latter expression with (4.19), we notice that it can be 
considered as a special case of mixture densities where 
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the role of the apriori class probability (or mixing parameter) o:;,1 = P;(w1) 
is played by the probability /;( v,) that a prototype v1 is emitted in state j 

and where the component densities /;,1(:xt) = P;(xtlw1, À;,1) are given by 
f(xtlv1). 

Since f ( Xt lv1) is independent of state j, it appears thus that semi-continuous 
Markov models are a special case of mixture density models since the component 
densities are common to all states of the model. Consequently, one can look upon 
the semi-continuous emission probabilities ( 4.26) as a compromise het ween the too 
crude VQ preprocessing imposed by discrete models and the much more refined 
models provided by mixture densities hut where the large number of parameters 
to be estimated requires a huge training corpus which often is not available. 

Let us now turn to the reestimation problem. As we have seen, the only difference 
with respect to the mixture densities comes from the fact that the component den
sities are "tied", i.e. common to all states. Therefore, essentially the same formulas 
as (4.23) can be used for the reestimation of Ï;(v1) hut now with w1 replaced by v1 
and where P;( v1 Jx~m)) can be computed by a corresponding adaptation of ( 4.22), 
namely 

( 4.27) 

Since the component densities f(xtlv1) are now shared by the states, we have to 
adapt expression ( 4.21) giving the relevant terms in the Q function. In particular, 
we can no longer restrict ourselves to the contribution of each state j separately 
hut the contributions of all states have now to be taken into account. This forces 
us to reintroduce a summation over j. We get then 

M T L 

L L L ,im)(j) L P;(v,Jxt)) [log Ï;(v1) + log Ï(xtlv1)] ( 4.28) 
m=l t=l j l=l 

Assuming for convenience that the component densities Ï(xtlv1) are Gaussian, it 
is not diffi.cult to see that the reestimation formulas (4.24) and (4.25) now become 

fl1 ( 4.29) 

( 4.30) 

4.2 The forward-backward recursions 

The reestimation formulas obtained so far are not yet the complete solution to the 
reestimation ~roblem unless we also show how we can effectively compute the "counts" 
,im)(j) and Ïtm)(i,j) which appear in these formulas. In fact, we have only to show how 
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to compute the second of these counts, since ,!m)(i) = 'E;,!m)(i,j) according to (4.9). 
By its definition ( 4.8) 

ït-1(i,j) = P(X,st = j,st-1 = i)/P(X) (4.31) 

where we have dropped the conditioning on the parameter set À as well as the index 
m of the observation X since they play no r6le here. Let us break down the complete 
observation sequence X into x:-1, Xt, X'f.+1 where x:-1 stands for the sequence of acoustic 
vectors x1 , x2 , ... , Xt-l · Consequently, the numerator in ( 4.31) becomes 

P(xt-1 XT · ') 
1 , Xt, t+l, 8 t = J, St-1 = 'l, = P(X'f+11st = j, St-1 = i, x:-1

, xt) X 

P( . . xt-1 ) 
St=J,St-1=i, 1 ,Xt. ( 4.32) 

Let us denote the first factor by f3t(j). lf we take into account the füst order Markov 
assumption and in particular the fact that the emitted acoustic vectors are independent 
of those previously emitted and independent of the previously visited states, then f3t(j) 
reduces to 

( 4.33) 

which is the probability of emitting the partial sequence X'f.+1 given that the state visited 
at time t is j. The second factor in ( 4.32) can be rewritten as 

P( . . xt-1 ) St=J,St-1=1,, 1 ,Xt = 
(4.34) 

Applying again the first order Markov assumption, the first factor here reduces to 
P(xtJSt = j) = J;(xt) and the second one can be factorized as 

P( . . xt-1) St = J,St-1 = 1,, 1 

where the interpretation of 

P(st = jlst-1 = i)P(Xt1, St-1 = i) 
P(jli)at-1(i) ( 4.35) 

( 4.36) 

is the probability of observing the partial sequence X~ and to visit state i at time t. 
lf, for convenience, we define a dummy acoustic vector xr+i and a dummy emission 
probability for the final state F such that /F( XT+i) = 1 then, by definition ( 4.36), 

P(x[+1
, sT+1 = F) = P(X, xT+i, sr+i = F) 

P(xT+1 lsr+1 = F)P(X, sr+1 = F) = P(X). 

Finally, collecting the different expressions obtained so far, we get 

(
. ') _ Ctt-1 (i)P(jli)J;(xt)f3t(j) 

ît-1 i,J - (F) . 
OT+l 

( 4.37) 

( 4.38) 

It should be noted that these expressions have to be adapted to the specific type of HMM 
under consideration. In the case of mixture densities for the emission probabilities, the 
factor J;(xt) in (4.38) should be understood as I:1 a;,1/;,1(xt), 
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We shall now show how the quantities o:t(i) and f3t(j) can be recursively computed via 
the forward-backward algorithm [Baum 72]. This then solves the practical computability 
problem of the reestimation formulas. By definition ( 4.36) 

o:t(i) P(st = i, XD 

L P(st = i, St-1 = j, xt1
, Zt) 

j 

L P(ztlSt = i, St-1 = j, xt1 )P(st = i, St-1 = j, xf-1
) , 

j 

( 4.39) 

Calling once more upon the first order Markov hypothesis, this can be simplified into 

O:t(i) = Lfï(zt)P(st = i,st-1 = j,Xt1
) 

j 

where the second factor can be decomposed as 

P( . . xt-1) St = i, St-1 = J, 1 P(st = ilst-1 = j, xt1 )P(st-1 = j, xf-l) 

P(ilj)o:t-1(j) · 

Finally, we obtain the forward recursion formula 

o:t(i) = L O:t-1(j)P(ilj)fï(xt) 
j 

with the initialization 

o:o( I) 

o:o(j) 

1 

0 for j =/- I 

since all paths have to start in s0 = I. 
Similarly, the definition ( 4.33) of /3 gives successively 

P(Xf+11st = i) 
L P(Xf+2 , Xt+1, St+1 =kist= i) 

k 

L P(Xf+2 lst+1 = k, Zt+1, St = i)P(zt+1, St+1 =kist= i) 
k 

Lf3t+1(k)P(xt+1,St+1 =kist= i). 
k 

The second factor in ( 4.44) can in turn be decomposed as 

P(xt+1 lst+1 = k, St = i)P(st+1 = kist = i) 
/k(xt+1)P(kli) . 

Collecting again the results, we get the backward recursion formula 

f3t(i) = L P(kli)fk(Xt+df3t+1(k) 
k 
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( 4.40) 

( 4.41) 

( 4.42) 

( 4.43) 

( 4.44) 

( 4.45) 

( 4.46) 



with the initialization 

f3T(j) = 1 for j-:/ /,F. ( 4.4 7) 

Observe in particular that 

f3o(/) = P(X) and {30 ( i) = 0 if i -/ / ( 4.48) 

The interest of these formulas lies in the fact that a single forward sweep followed by a 
backward sweep through the Markov structure is sufficient to compute the a's and {3's 
for all states and all values of time. Finally, it may be useful to derive the following 
result 

for any O ~ t ~ T . ( 4.49) 

Notice that the defi.nitions (4.33) and (4.36) fora and {3 are not completely symmetrical 
because f3t( i) is defi.ned as a conditional probability, whereas at( i) is a joint probability. 

In view of ( 4.38), the fi.nal expressions for the counts are given by 

( 4.50) 

and 

( 
.) Ot( i)f3t( i) 

'Yt i = 
OT+1(F) 

(4.51) 

where the last formula results from 'Yt( i) = Lj 'Yt( i, j) and the backward recursion ( 4.46). 
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5. The lnside-Outside algorithm 

The purpose of this section is to show how the Baum or EM algorithm can be applied 
to the maximum likelihood estimation of stochastic context-free grammars. The presen
tation given below follows [Lari 90]. 

The lnside-Outside algorithm assumes that the CF grammar is in Chomsky normal 
form and that the rules are thus of the type 

i -jk and i - q (5.1) 

where i, j, k are integers corresponding to non-terminals and where q is a terminal symbol. 
Since this a stochastic grammar, each production rule is associated with a probability 
for using it, 

a[i,j, k] 
b[i, q] 

with the constraint 

P(i-j,k) 
P(i ___. q) 

L a[i,j, k] + L b[i, q] = 1 
ik q 

(5.2) 

(5.3) 

(5.4) 

where the first double sum runs over all non-terminal pairs and the second over all 
terminal symbols. The parameter set ,\ of the stochastic CF grammar consists of the 
probabilities (5.2) and (5.3). 

5.1 The inner and outer recurrences 

Unlike the approach followed in section 4, we shall first derive the inner and outer 
recursion formulas which correspond to the forward and backward recursions in HMMs. 
As before, let X denote an observation X = {x1 , x2 , ... , XT} where the terminal symbol 
Xt can be considered as a word and X as a sentence if the CF grammar is assumed to 
model some linguistic constraints at the word level. The likelihood of observation X can 
be wri t ten as follows 

P(xa-1 xt xT I-X) 1 , ,., t+l 

L P(x:-1, i ⇒ x:, x~1 I-X) 

""P(i =* Xtl-X)P(x .. - 1 xT li =* xt ,\) ~ a 1 , t+l ,., (5.5) 

where P( i ⇒ X! I-X) denotes the probability that, af ter one or several rewriting steps, 
non-terminal i generates the partial observation X! = { x,., x,.+1 , ... , Xt}, Let this inner 
probability be denoted by 

e(.s, t, i) = P(i =* X!I-X) . (5.6) 

The second factor in ( 5.5) 

J(s,t,i) = P(x:- 1 ,xf+1 li ⇒ X!,-X) (5.7) 
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is called the outer probability: given that the partial sequence X! is generated by non
terminal i, it gives the probability of the partial observation x:-1 to the left and Xf+1 

to the right (fig 5.1). 

$ 

/ 
/ 

1 s-1 s t t+l T 

Fig 5.1: Definition of outer probability. 

The inner and outer probabilities e(s,t,i) and f(s,t,i) are analogous to the o:t(i) and 
f3t(i) defined in section 4 for HMMs. With these notations, we have thus 

P(XI.X) = L e(s, t, i)f(s, t, i) for all l:Ss,t:ST (5.8) 

which can be compared to ( 4.49). Let us now see how the inner and outer probabilities 
can actually be computed. Just as we had to invoke the first order Markov assumptions 
in section 4, here too we will need to make some hypotheses about the statistica! inde
pendence of some events. The assumption is that the production rules are independent 
from each other and that a production i ---+ jk is independent from l ⇒ X! provided 
l =/:- i. 

The inner probability is the sum over all productions i ---+ jk with non-terminals j 
and k each generating complementary fractions of X! and where all possible positions 
of the fraction point are considered (fig 5.2). More precisely, (5.6) can be rewritten as 

t-1 

e(s,t,i) = LLP(i ⇒ X!,i--+ jk,j ⇒ x;,k ⇒ x:+11.X). (5.9) 
jk r=a 
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J k 

/ 

1 s r r+l t T 

Fig 5.2: Inner recursion. 

The first argument in P can now be dropped since it is implied by the other arguments 
and, relying on the independence assumption stated above, we get the following inner 
recurszon 

t-1 

e(s,t,i) = LLa[i,j,k]e(s,r,j)e(r+ 1,t,k) (5.10) 
jk ,.=• 

with the initialization 

e(s, s, i) = b[i, x.]. (5.11) 

For the outer probability defined in (5.7), we can consider that i is either the right 
non-terminal of some production j ---+ ki or the left non-terminal of a production j ---+ ik, 
where k accounts for a fraction of x:-1 or X'f+ 1 respectively (fig 5.3a and fig 5.3b ). 

AJ 
/ ',, 

/ ", 

/// "'~ 
/ ~ / ', 

// "'~ /// ~ 
,/ :, 

1 1 1 r-1 1 r 1 1 s-1 ~ 1 t I t + 1 1 T 1 

Fig 5.3a: Outer recursion j - ki. 
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// ~ 
} 

/ 

/ ~ 
1 s-1 s t t+l r r+l T 

Fig 5.3b: Outer recursion j -+ ik. 

Thus, 

•-1 

f(s,t,i) "" P(xr-l x•T . k. k * x•- 1 1 · * xt ') L....,L...., 1 , t+1,J---t i, :::} r 'I,=} •'"' 
jk r=l 

T 

+ L L P(x:- 1
, X;+ui ---tik, k ⇒ x;+l li ⇒ X!, .X). (5.12) 

jk r=t+l 

In the latter expression, the probability appearing in the first term can be factorized as 
follows 

P(x,r-1 ·vT . k. k * x•-l 1 · "' xt ') 
1 , ..t\.t+i,J ---t i, :::} r 'I, =} ., A = 
P(x,,.-i XT 1 · k. k • x•- 1 . - Xt ') P(. k" k * x•- 1 1· * X't ') 1 , t+ 1 J ---t 'I,, :::} r , 'I, =} •, A J ---t 'I,, :::} r 'I, =} •, A · 

(5.13) 

The conditioning appearing in the first factor is equivalent to j ⇒ x:, ,\ and hence, by 
analogy with (5.7), this first factor is exactly the outer probability f(r,t,j). As for the 
second factor of (5.13), in view of the independence hypotheses made above, it can be 
rewritten as a[j, k, i]e( r, s - 1, k ). Performing similar operations on the second term of 
( 5 .12), we finally get the outer recursion 

f(,,t,i) = ~ [~f(r,t,j)a[j,k,i]e(r,s -1,k)+ 

.t., f(s, r, j)a[j, i, k]e( t + !, r, k )] (5.14) 
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with the initialization 

f(l,T,i) = P(0li ⇒ X[,>.) 1 

0 

if i = $ 

otherwise . 

where $ denotes the starting symbol of the grammar. 

( 5.15) 

i,From (5.10) and (5.14) we see that the inner probabilities are computed bottom up 
while the outer probabilities are calculated top down. 

5.2 The reestimation formulas 

Let us now consider the reestimation problem for the parameters (5.2) and (5.3) of the 
stochastic CF grammar. We should start from the first expression of the function Q( >., À) 
in ( 4.5) hut, for simplicity, we shall assume for the moment that we have a single observa
tion X since we see from ( 4.12) and the following expressions that multiple observations 
just amount to an additional summation in the numerators and denominators of the 
reestimation formulas. Our starting point is thus 

Q( ). ~) =" P(X, SI>.) 1 P(X SI~) ' 7 P(XI>.) og ' 
(5.16) 

where the missing information S is the particular parsing tree for observation X. A 
possibility for enumerating all possible parsing trees S is to list all parsing trees where a 
given non-terminal, say i, is responsible for different portions of the observation and to 
do this for all non-terminals. Now, a non-terminal either accounts for a single symbol 
in X via the production i -----► q or it can account indirectly for a partial sequence X! in 
the observation via a production i -----► jk. In doing so, all productions with i as head 
have to be considered as well as all possible beginning and starting points for the partial 
sequence X!. Hence, (5.16) can be rewritten as 

(5.17) 

The probabilities appearing in this expression can be rewritten as follows in order to 
make explicitly appear the parameters which have to be reestimated. First, 

P(x:-1, i - x., x'f+1 JA) 
P(x:-1, X?'+1 Ji-----► x,, ~)P(i-----► x.lA) 
f(s, s, i)b[i, x.] (5.18) 

where the overbar indicates that the quantities are considered for the updated value À 
of the parameters. Next, 

P(X,i-----► jk,i ⇒ X!JA) P(X, i ⇒ X!Ji-----► jk, Ä)P(i-----► jkJA) 
((s,t,i,j,k)ä[i,j,k]. 
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Hence, expression (5.17) for Q(.\, >.) now becomes 

T-1 T } 
~ tf l ~ P(X, i -+ jk, i ⇒ X! IA) [log ((s, t, i,j, k) + log ä[i,j, kJ] 

Maximization of Q(.\, >.) w.r.t. b[i, q] and ä[i,j, kJ under constraint (5.4) gives 

b[i, q] 

ä[i,j, k] 

:E;=l,:r.=q P(X,i-+ z.lA) 
P(X, il.\) 

I:;=1,:r.=q P(i-+ z.lX, .\) 
P(ilX, .\) 

:E;;/ :E[=•±l P(X, i -+ jk, i ⇒ X!IA) 
P(X, il.\) 

:E;;/ :Ei=•+i P(i-+ jk, i ⇒ X!IX, .\) 
P(ilX, .\) 

since the denominator P(X, il.\) in these formulas is equal to 

T T-1 T 

L P(X, i -+ z.lA) + L L L P(X, i -+ jk, i ⇒ X!IA) . 
•=1 •=1 T=a+l j/e 

. (5.20) 

(5.21) 

(5.22) 

(5.23) 

These expressions show that the reestimated value of the terminal production b[i, q] is 
the a posteriori probability that in the observation X symbol q is generated by i, divided 
by the aposteriori probability P(ilX, .\) that non-terminal i is used in the parsing tree 
of X. A similar interpretation in terms of a posteriori probabilities holds also for the 
reestimated value ä[i, j, k]. 

It remains to show how these reestimation formulas can effectively be calculated in 
terms of the inner and outer probabilities e and f. The denominator can be written as 

T T 

P(X, il.\) = L L P(X, i ⇒ X!IA) 

T T 

LLP(x:-1 ,X~1 ,i ⇒ X!IA) 

T T 
L I: P(x:- 1

, x~1 li ⇒ x!, A)P(i ⇒ X!IA) 

T T 
LLf(s,t,i)e(s,t,i). (5.24) 
a=lt=• 

Using (5.18) it is seen that the numerator in (5.21) is given by 

T T 

L P(X, i -+ z.lA) = L f(s,s,i)e(s,s,i). (5.25) 
•=l,:r,=q •=1,:r,=q 
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As for the numerator of (5.22), we obtain successively, m view of the independence 
assumptions made earlier, 

T-1 T 

L L P(X,i - jk,i ⇒ X!IÀ) = 
T-1 T 

= I: I: P(x;-1 ,xf+1 li--. jk,i ⇒ X!,À)P(i--. jk,i ⇒ X!IÀ) 

T-1 T t-1 

= L L f(s,t,i)I:P(i--.jk,j ⇒ X;,k ⇒ X!+1IÀ) 
•=l t=•+l r=• 
T-1 T t-1 

= L L I:J(s,t,i)a[i,j,k]e(s,r,j)e(r+ l,t,k). (5.26) 
•=l t=•+l r=• 

To conclude, taking into account that several observations X(m), (m = 1, 2, ... , M) 
are available and adding an extra index m to the corresponding inner and outer proba
bilities, we obtain the final reestimation formulas 

b[i, q] 

ä[i,j, k] 

L~=l I:;=l,:z:,=q fm(s, s, i)em(s, s, i) 
I:~=1 I:;=1 I:i=l fm(s, t, i)em(s, t, i) 

( 5.27) 

L~=l I:;;/ Li=•+l I:!-:,~ fm(s, t, i)a[i,j, k]em(s, r,j)em(r + 1, t, k) 
I:~=l I:;=1 I:i=l fm(s, t, i)em(s, t, i) 

(5.28) 
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Appendix A : exponential families of distributions 

Let X = {x1, x 2, ••• , XN} be an observation of N samples from a random process char
acterized by a pdf f(xl.-\) depending on a parameter vector À. lntuitively, "sufficient 
statistics" can be seen as the relevant information supplied by the samples for the de
termination of the unknown parameter vector >., for instance by a maximum likelihood 
estimation. 

Examples •Ina coin tossing problem characterized by a binomial distribution, the total 
number of heads L:=l Xn is sufficient to determine the parameter of the distribution 
which is the probability of a head. 
• For a univariate normal distribution the 2-dimensional statistics [L:=l Xn, L:=l x!]T 
is sufficient to determine the 2-dimensional parameter vector >. = [µ, u 2jT. 

The entire set of observations is obviously always sufficient. It is interesting therefore, 
to discover a family of distributions f( x i>.) for which there exists a sufficient statistics of 
fixed dimension k, irrespective of the sample size n. The most important family satisfying 
this requirement is the exponential family which has the genera! form 

(A.1) 

lf X denotes the sample space of x then the normalization requirement 

(A.2) 

1mposes 

a( ,\) = l b( x) exp [t, À1t1( x)] dx . (A.3) 

Sufficient statistics in this case is given by the k-dimensional vector 

(A.4) 

lndeed, the likelihood of the N samples is given by 

(A.5) 

and thus the maximum likelihood estimation of the parameters >., only implies the knowl
edge of the quantities L:=l t,(xn)- The exponential family includes many classica! dis
tributions such as the Poisson, normal, multinomial distributions and many others (see 
[Duda 73]). 

For density (A.l) the maximum likelihood equation (1.4) becomes 

l Öa N 

-(>.) {),\ = N-
1 L t1(xn) , 

a I n=l 
l = 1,2, ... ,k. (A.6) 
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In view of (A.3) 

(A.7) 

and thus 

l 8a 
a(,\) 8,\z = E{t,(x)} (A.8) 

where E denotes the expectation operator with respect to the probability density f. 
Consequently, (A.6) becomes 

N 

E{t,(x)} = N-1 L t,(xn), 
n=l 

The univariate normal density 

can be rewritten as 

l = l, 2, ... , k. 

f(xl,\) = -
1
- exp [-L] exp [E._x - -

1 
x 2

] 
.J2;o- 2o-2 o-2 2o-2 

(A.9) 

(A.10) 

(A.11) 

and therefore is a member of the exponential family with ,\1 = µ/ o-2, ,\2 = -1 /2o-2 and 
with the sufficient statistics defined by t 1(x) = x,t2(x) = x2 . Applying now equation 
(A.9) for these statistics, we get 

N N 
E{x} N-1 L ti(xn) = N-l L Xn (A.12) 

n=l n=l 

N N 
E{x2} = N- 1 L t2(xn) = N- 1 L x!. (A.13) 

n=l n=l 

Since E { x} = µ and E { x2
} = o-2 + µ 2

, it is easily verified that this yields the maximum 
likelihood values (1.9) for the mean and the variance. 

This example also shows that the "natural" parameters À1 from the point of view 
of sufficient statistics are often nonlinear functions of the "conventional" parameters, in 
this example, the mean and the variance. If we denote the vector of the conventional 
parameters by v = [v1 , v2 , ... , v1cJT, then the maximum likelihood equations (A.6) in 
terms of these conventional parameters are 

l 8a _1 ~ 8,\z N 
-( )-B = N L.,-8 L t,(xn) 
a V Va l=l Va n=l 

s = 1,2, ... ,k. (A.14) 

The multinomial density 

f(n1,n2,•••,n1cl,\)= 
1 

~! 
1
.>i;1

,\;
2 

••• ,\~1: 
n1.n2 ., ... n1c. 

(A.15) 
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where n 1 + n 2 + ... + n1c = M and the apriori class probabilities À1 satisfy the condition 
À1 + À 2 + ... + À1c = 1 also belongs to the exponential family since it can be written as 

M! 
f = 

1 1 1 
exp [n1 log À1 + n 2 log À2 + ... + n1c log À1c] 

n1. n2., ... n1c. 
(A.16) 

which is of the general form (A.1) with t,(x) = n,. 

The basic argument why a sufficient statistics of fixed dimension exists for the expo
nential family is that this family is just a particular case of the more general family of 
pdf's defined in the following factorization theorem. 

Theorem A statistic of fixed dimension k exists if and only if the pdf can be written 
under the form 

f(xl>i) = h(x )g(t(x ), >i) (A.17) 

where t( x) is a k-dimensional vector valued function of x. 

For further readings on the subject and, in particular, a proof of this factorization 
theorem, see e.g. [Ferguson 67]. 
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Appendix B : Jensen's inequality 

Because of the convexity of the logarithm, the following inequality holds 

(B.l) 

This can recursively be extended to a larger number of terms, as follows. Assume 
that o 1 , o 2 , o 3 are three posi ti ve real numbers such that o 1 + o 2 + o 3 = 1. Let us define 
! by the following equation 

(B.2) 

whence 

01 02 e = ---x1 + ---x2 . 
o 1 + o 2 o 1 + o 2 

(B.3) 

In view of (B.l), we have 

(B.4) 

Applying now the Jensen inequality to (B.3), one finds 

(B.5) 

Combining then inequalities (B.3) and (B.4), the desired result follows 

(B.6) 
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