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CHAPTER 1 

INTRODUCTION 

1.1 Technica! Cerarnics 

A basic property of all rnaterials which often deterrnines their 

ultimate applicablllty is strength. In a contlnuing process since the 

beginning of time, rnaterials are irnplernented with higher strength, a 

process which has accelerated drastically since the industrial 

revolution. Nowadays, the need for higher mechanica! performance is in 

general accompanied by demands on social and econornical areas. An 

exarnple is given by autornotive engines: not only should these be able 

to run faster; they should also be less fuel consurning and less 

unfriendly to the environment. 

A group of materials with great capabilities concerning these dernands, 

are advanced technica! cerarnics. Cerarnics as such are a class of 

materials already used in anclent times, but the group of advanced 

cerarnics is relatively young. Most rnaterials of this group have been 

developed during the last decades. Notwithstanding this short history, 

the group has already been subdivided into a nurnber of subgroups like 

structural, electrical, biornedical and optica! cerarnics. This 

subdivision directly illustrates the wide range of possible 

applications. The advanced structural ceramics in general show a 

nurnber of properties, which appeal in comparison with other structural 

rnaterials. These are e.g. 

a high strength, even at elevated temperatures, 

low density, 

- high wear resistance, 

high hardness, 

- good insulating properties, 

- low coefficient of therrnal expansion. 

There is, however, a great drawback due to which these rnaterlals are 

regarded as unreliable and which consequently lirni ts the present day 

applications: the risk of unexpected fallure of the rnaterial. This 



2 chapter 1 

risk ls caused by the fact that the stress at whlch the materlal falls 

ls not determlnlstlc. 

1.2 Brlttle fracture and alms of thls thesis 

The process whlch causes the materlal to fall catastrophlcally under 

the conditlens consldered in this thesis, ls called brlttle fracture. 

If it is considered that brittie fracture in general nucleates at a 

single defect, the stochastic behavior of the failure stress can 

readily be explained. Most ceramics contain a population of defects. 

This population may contaln volume defects (processing defects such as 

pores and inclusions), surface defects (machinlng defects such as 

cracks) or a combination of these two. Whether a given defect causes 

fallure at a certain load depends completely on lts slze and 

orlentatlon, which are botp statlstlcal properties. 

In practice, multiaxlal loadlng is often encountered. Therefore, there 

is a need for multiaxial fallure criteria. These criteria enable a 

designer to use the data of mechanica! tests, for the which stress 

state is simple and well deflned llke the tenslle test, to calculate 

the fallure load of a mul tlaxlally loaded component. Although for 

brlttle materials many so-called mixed-mode multiaxial fracture 

criteria have been proposed, none has proven to be valid in genera!. 

Now, the group of advanced ceramics reveals an enormous varlation in 

microstructure. Graln slze, poroslty, defect structure, defect shape 

and chemica! composltlon all vary wldely. Wlth this varlation ln mind, 

one might doubt whether lt is realistic to assume that there exlsts a 

single failure criterion which prediets multlaxial failure for 

different types of ceramics. These considerations lead directly to the 

goals of this thesis, which are: 

- to model the strength of technica! ceramics, 

- to examine whether there exlsts a relationshlp between elements of 

the mathematica! model and type of microstructure. 
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Figure 1.1: Flowchart of the approach followed in this thesis. 

1.3 Preview 

The numbers indicate the various chapters in which the 
topics are described, while the question-marks 
indicate the goals of this thesis. 

The approach foliowed in this thesis is outlined in figure 1.1. A 

number of materials are tested mechanically, their microstructure is 

characterized and the relevant physical properties are determined. The 

resul ts of the strength tests are used in a model for a strength 

prediction. The model essentially is a weakest-link failure theory in 



4 chapler 1 

combination with a mixed-mode fracture criterion, and needs some 

additional physical material data. The best predicting model for each 

material is listed. These results are compared to the results of the 

microstructural analysis to detect a possible relationship between the 

failure criterion and microstructural characterization. 

The theoretica! foundations for strength modelling are discussed in 

chapter 2, which starts with the fundamental concept of brittie 

fracture of a material with a single defect. Thereafter, the 

weakest-link model for a population of defects is derived and 

mixed-mode fracture criteria are introduced. The dUferences which can 

occur for the predictions according to some of the cri ter ia are 

demonstrated by an example, indicating the need for high quality 

strength measurements. The chapter ends with a summary of the methods 

used to extract the parameters from the experimental strength data. 

Chapter 3 deals with the expertmental foundations of this thesis. The 

mechanica! tests which have been used to obtain the strength data and 

the testlog facUities which have been designed and developed are 

described. The resultlng test jigs were carefully examined, which 

yielded guidelines necessary for accurate and reproduelbie 

measurements. 

In chapter 4 the various materials used are presented, startlog with 

the criteria on basis of which they have been selected. The techniques 

are described which were used to reveal the microstructures of the 

materials. Each microstructure is analyzed both in a quantltative and 

qualltative sense. Subsequently, the relevant physical 

characterizations of the materials are glven. 

The results of the mechanica! tests are given in chapter 5. These 

results consist of the strength data of all materials accompanied by 

fractography. This latter technique was used to reveal the types of 

defects which acted as weakest-link in each material and its results 

are important for the physical justification of strength modelling. 
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The results of the strength rnadelling are given in chapter 6, first 

demonstrating the differences in strength behavier of the materials. 

In the rnadelling process, the applicability of the weakest-link model 

is discussed and a comparison is made between best fitting fracture 

cri terion and. the microstructural parameters of each mater lal. An 

example discu::;ses the impact of expertmental errors on the predietien 

for one of the materials. It is also shown that in the strength 

rnadelling of l>ome materials, a significant devlatlon from the standard 

theory occurs. Posslble explanatlons for this deviation are dlscussed. 

Finally, in chapter 7, the results obtained are brlefly reviewed. The 

remaining problems and possible approaches are dlscussed. 
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CHAPTER 2 

VEAKEST-LINK FAILURE THEORY AND MIXED-MODE FRACTURE CRITERIA 

In this chapter, the theoretica! foundations for this thesis are 

discussed starting with a description of the basic characteristics of 

brittie fracture. First, these characteristics are illustrated for a 

single defect under a homogeneous one-dimensional stress. 

Subsequently, the analysis is extended for a body containing multiple 

defects, arriving at what is commonly known as a weakest-link failure 

theory. So-called mixed-mode fracture criteria are introduced to 

describe fracture under multiaxial stress flelds. The chapter ends 

with an outline of the procedure used for a characterization of 

experimentally obtained strength distributions within the context of a 

weakest-llnk approach. 

2.1 Brittie fJ~acture 

To describe w:nat is meant by brittie fracture, in general use is made 

of Linear Elastic Fracture Meebanles (LEFM) [1,2]. Considering a 

single defect (figure 2. 1), i t is possible to discern three basic 

types of load'lng: 

- mode I or opening mode, 

- mode II or :n-plane shear mode, 

- mode III or out-of-plane shear mode. 

In case of mode 1 loading under a remote external normal stress S, the 

stress situatl.on near the crack tip can be characterized by the stress 

intensity factor K1 given by 

(2.1) 

y 
where a is the defect length and (Z) I a geometry factor for mode I 

loading. In LEFM, mode 1 loading is considered as most the important 

type, and it is assumed that fracture occurs if KI exceeds a critica! 

value, the fracture toughness under mode I loading, Kic 
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(2.2) 

mode I 

mode II 

mode Hl 

Figure 2.1: Def1nit1on of mode I, mode 11 and mode 111 loading. 

The condition K1 ~ K1c can be applied to a single defect in a uniform 

one dimensional stress field once the defect geometry is known. In 

genera!, however, the situation is much more complicated, e.g. due to 

- the presence of a multiaxial stress field, 

- the presence of an inhomogeneous stress field, 

- a change of the defect length under the applied stress intensity, 

- the exlstence of multiple defects with varlable orientatlon and 

length, 

- the interaction between stress fields induced by the defects 

themselves. 



Weakest-llnk fal:lure theory and mixed-mode fracture cri ter la 9 

To arrlve at a more general formulation for br1ttle fracture, these 

complications have to be taken into account. They wlll be discussed in 

sections 2.1.:1 and 2.1.2. 

2.1.1 Brittle fracture of a uniformly stressed material containing a 

single defect 

Consicter now· a uniformly stressed piece of material containing a 

single defect with length a, as represented in the insert of figure 

2.2. For this particular case, equatlons (2.1) and (2.2) yield the 

following condition for fracture 

(2.3) 

y 
For constant lzlr fracture is thus described entirely by the variables 

S and a and the material's property Kic' a constant dependent only on 

temperature and atmosphere. Explicitly R-curve behaviour is neglected, 

for which Kic is dependent on a as well [3]. A fracture envelope as 

given in figUJ·e 2. 2 can be constructed with S, a and KI along the axes 

of a 3-dimensional graph. Starting from a defect with initia! size ai 

and S=O it is possible that S and/or ai change as a function of time 

to arrive at a certain combination of parameters yielding fracture 

according to relation (2.3). The path from the point (S=O,a=a
1

,KI=O) 

to the point [S=S ,a=a ,K
1

=K
1 

) with S (~Z)I la = KI can be calculated c c c c c c 
if e.g. it is known how the crack length develops as a function of S 

or K1. Therefore an additional constitutive law must be available to 

quantify the model. In ceramic literature this is most often done in 
da 

terms of a crack growth law relating dt to KI by 

(2.4) 

where A and n are material constants. If S is known as a function of 
0 

time t, equations (2.3) and (2.4) can be combined and integrated to 

obtain a path foliowed in figure 2.2. 
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Flgure 2.2: Stress intensity K1 at the tip of a single defect in a 

uniform stressed body (insert) as a function of both the 
remotely applied stress S and the defect size a. 

Some special cases are frequently used. They have a certaln 

termlnology and wlll therefore be addressed in more detail. 

case I: "inert strength" 

In case "inert strength" is mentloned, 1 t is assumed that in figure 

2.2 the stress S lncreases, whlle the defect .slze remalns constant at 

a
1

. At the point in time at whlch (2.3) is fulfllled, S reaches lts 

critlcal value Sc given by 

(2.5) 

The sltuatlon is presented in plane ABCD in figure 2.2. Up to the 

point of fracture, in general the materlal behaves llnearly elastlc 
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and the deformation is completely reversible. In practice, this 

situation occurs when the material is loaded at a high enough stress 

rate in which crack growth does not play a significant part. In 

ceramic literature this situation is also often called "brittle 

fracture". 

For this particular case, the condition of fracture was first 

described by the energy-balance concept of Griffith [4], based on 

lnglis' solution [5] for stress and strain around an elliptical defect 

in a uniformly stressed plate. A review of their work is provided in 

reference [2] in which it is shown that the fracture toughness Kic is 

related to both the fracture energy and the elastic parameters. 

case II: "cra:;k growth under constant stress" 

Under a constant stress S, the crack growth law permits a defect to 

grow (subcritically) from an initia! length a. to a critica! length a 
l c 

satisfying condition (2.3). The resulting path in figure 2.2 is found 

in plane CDEF. The time to failure in case ai<<ac is proportional to 

S-n. In ceramic literature this situation is often described as 

"statie fatigue". Unfortunately, this description is confusing. 

Fatigue is frequently associated with a situation where a cyclic 

stress, possibly with a time-dependent amplitude, is applied. A more 

appropriate name for the process would therefore be "crack growth 

under constant stress". 

case III: "crack growth under constant stressing rate" 

In this case the rate of change of S with time, S, is constant such 

that S (slowly) increases with time. Then the crack growth law 

prediets that after a certain time (or at a certain stress Sc) 

fracture occurs. If scl is measured at stress rate sl and sc2 at 

stress rate 5
2

, one obtains 

(s ;s Jll(n+tJ 
2 1 

(2.6) 

This process is in ceramic 11 terature often referred to as "dynamic 

fatigue". The situation is represented by the path between the points 
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H and C in figure 2.2. 

The conditlons necessary for case I brittie fracture are pursued 1f 

the inert strength of a brittie materials is to be determined. The 

conditions of case II and 111 can be pursued if the llfetlme and crack 

growth parameters are to be determlned under static and dynamlc 

conditlons respectlvely. The work of thls thesis is entlrely 

restricted to case I brlttle fracture or inert strength. 

2.1.2 Brlttle fracture of a non-uniformly stressed solld containing a 

defect population 

The defects wlthin a solld showing brlttle fracture, are either due to 

the fabrication or the machinlng of the material. In the flrst case, 

the defects are in general randomly distrlbuted withln the bulk - or 

volume - of the material and are therefore called volume defects. In 

the second case the defects are located within a relatlvely thin 

surface layer of the material, and are called surface defects. The 

defect at which fracture nucleates ls referred to as the cri ti cal 

defect. Whether a defect is critlcal, is determined by a combination 

of the followlng parameters: 

- the defect length a, 

- the orlentatlon of the defect with respect to the applied stresses, 

- the location of the defect in case of an inhomogeneous stress field, 

- the sensltivlty of the defect to multiaxial stresses. 

In the present case, the flrst three parameters are statistica! 

quantltles. Consequently the stress at fracture of a brittie component 

is a stochastlc quantlty, as will be derived in the following. In this 

derlvatlon, the followlng is assumed: 

- on a macroscopie scale, the materlal can be considered as a 

continuum, 

- the material shows lsotropie linear elastlc behavlor untll fracture 
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occurs, 

- during loading no new defects nucleate; the defects causing brittie 

fracture are a result of fabrication or machining, 

- the stress fields of the various defects show no interaction, 

- the materia.L does not reveal R-curve behaviour. 

With respect to the defect size a, it is assumed that it is a 

statistica! variabie and that only the large defects are strength 

determining. The probablli ty densi ty function for large a can be 

expressed as [6] 

f(a) (2.7) 

in which a
0 

is a scale parameter and p a shape parameter. 

From this point it is clear that fracture depends on the probability 

of the presence of a defect which is larger than a critica! value, ac. 

Using equation (2. 5) the expression for the critica! defect size is 

given by 

a c 

K 
(-I_c_)2 

y 
5 <z>r 

(2.8) 

For a random::.y located defect in a inhomogeneous stress field this 

equatlon cannot be applled without further information on the local 
y 

stress and (2)
1

. What essentially is required is a relationship 

allowing to calculate when fracture occurs in case the defect is 

loaded by K
1

, K
11 

and KIII simultaneously. This relationship may be 

written in terms of an equivalent stress intensity K Fracture then eq 
will occur if K ~ K

1 
. As demonstrated by Thiemeier [7], for flat 

eq c 
defects (i.e. cracks) this multiaxial mixed-mode fracture criterion 

can be written as 

K eq 
(2.9) 



14 chapter 2 

y 
wlth a- as an effect1ve stress. The geometry factor C-2 ) describes eq 
varlaUons of the local stress field at the crack through Y and 

lncorporates the shape of the defect through Z. The defects ln brlttle 

sollds are generally smal! enough to conslder the local stress field 

homogeneous. In thls case, Y = vx for volume defects and Y = 1.12vx 

for surface defects. Wlth respect to the shape of the defect, two 

types are dlscerned: penny-shaped cracks (PSC) for which Z = x/2 and 

through-the-thlckness cracks (TTC), for whlch Z = 1. For further 

1nformat1on on the geometry factor of the above ment1oned defect 

types, references [2], [8] and [9] can be consulted. For more 

compllcated shapes, thls factor has to be calculated separately whlch 

sametimes is not an easy job. 

The effectlve stress can be wrltten as a functlon of bath the normal 

stress a-n and the shear stress T actlng on the crack face 

(2.10) 

(2.11) 

wlth ~ as the normal to the crack face and a- as the stress tensor. In 

sect1on 2.3 some examples of formulat1ons of a- will be given. It eq 
must be recalled that the normal ~ has an orientatlon with respect to 

-t the applled stresses and therefore should be wrltten as n(~) wlth ~ as 

a column matrix contalning parameters descrihing the orientation of 

the crack face. In case of volume flaws the defects can have a 

three-dlmenslonal orlentation. In this case ~ will contaln two angles 

; and w. In case of surface flaws lt assumed that all cracks are 

perpendlcular to the surface and that only ln-plane stresses are to be 

consldered. Then ~ wlll contain only one varlable angle ;. Therefore 

in el ther case a- wlll a lso be a funct1on of ~· Uslng (2. 8) one eq 
obtalns 

(2.12) 
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For convenience, the scale factors a'
0 

and a
0 

are defined as 

K = a' (~) «/a 
Ie o Z o 

which in comblnation wlth (2. 12) results in 

a c 

(1' 2 
0 

ao(~)) 
eq x:; 

15 

(2.13) 

{2.14) 

In llterature, i.e. [7), the formulatlon is worked out further by 

calculatlng the probabllity that a > ac using the relatlon for the 

probabillty denslty function f(a) and (2.14), in whlch lt is assumed 

that 

- the defects are homogeneously distributed throughout the component 

such that the crack normals ri have an lsotropie distrlbutlon, 

- the total number of defects in a component is a Poisson distributed 

variable, 

- the weakest-link principle [10] is valld such that the survival 

probability of a large non-uniformly stressed volume can be 

calculated from the product of the survival probabilities of an 

lnflnite munber of infinitesimal volumes, each having a uniform 

stress state. 

Two different methods of evaluation have been proposed in the 

literature. Ihe first according to Evans [11), Larnon [12] and 

Thiemeier ['i') and the second according to Batdorf [13, 14). 

Irrespective of the approach followed, the final result is shown to he 

identical [15] as the different procedures merely change by the 

sequence in which certain multidimensional integrals are elaborated. 

An example of the evaluation is provided in [3]. 

The final result is that the probabillty of failure P f in case of 

surface defects can be written as 

S m 
1- exp {-(~!) (~om) ~ t(A)} (2. 15) 

u u 
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Slmllarly in case of volume defects one obtalns 

S m 
pf = 1- exp {-(!!) ( nom) ~ t(V)} 

m S V 
(2.16) 

u u 

The varlous symbols lntroduced lndlcate the followlng: 

- S is the nomlnal or reference stress (i.e. the largest prlncipal nom 
stress), 

- m is the Welbull modulus, the shape parameter of the Welbull 
1 1 distri bution such that m = 2(p-1), and -! rO+-) with r as the 
m m 

gamma functlon, 

- A and V are the surface and volume of the component, respectively, 

- A and V are the unit surface and unit volume whlch have unit 
u u 

strength Su, 

- t(A) and t(V) are the so-called stress-surface lntegral and 

stress-volume lntegral respectlvely 

t(A) = * I 
A 

a" (f) m 
[__!I (~) dC 1 dA 
2n S u 

C nom 
(2.17) 

u 

t(V) = ~ I 
V 

a" (f) m 
[__! I (~) dB 1 dV 
4n S u 

8 nom 
(2.18) 

u 

Here, Cu is the perimeter of a clrcle with radlus 1 and Bu the 
-+ surface of a sphere with radius 1, each with outward normal n(f). 

Equatlons (2.15) and (2.16) are dlrectly related tothetwo-parameter 

Welbull equatlon [161, glven by 

s 
1 _ exp [-( nom )m1 s---

0 

m 
1 - exp [- ( !! ) 

m 

S m 
nom) 

s nom 
(2. 19) 

whlch wlll be used as a startlng point for analysls in subsequent 

chapters. Here, S !!s is the mean nomina! fracture stress of a nom m o 
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test series, given by E[S 1 where E[x] is the expected value of x. nom 
The parameter S

0 
is the Weibull scale parameter. 

The mean nomina! fracture stress of a test series is related to the 

effective surface AL(A) or effective volume VE(VJ being tested by 

A 1/m 
5nom 5u (AL~A)) (2.20) 

or 

V 1/m 
s nom 

u 
= 5u (VI:(V)) (2.21) 

The latter relations will be used frequently in the next chapters as 

they express the influence of stress multiaxiali ty and the fracture 

cri terion on the mean strength for a batch of specimens through the 

stress integrals. 

2.2 The equivalent stress er eq 

2.2.1 Mixed-m.:>de fracture criteria 

In sectien 2.1.2 the concept of an equivalent fracture stress er eq has 

been introduced. The values for er eq are used in the surface stress 

integral or volume stress integral of (2.17) and (2.18) respectively, 

which in turn are used to predict the failure probabilities under 

multiaxial loading conditions. It is possible to calculate er from er eq n 
and ~ according to (2.10) and (2.11) using various fracture criteria. 

The ma in differences between these cri ter ia ar i se from the different 

manners in which ern and ~ are taken into account. Hence, each 

criterion expresses a difference in sensitivity to shear stresses. In 

the present work, a number of mixed-mode fracture criteria have been 

used which have been applied frequently in recent studies i.e. [7, 17, 

18]. These criteria are: 
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Criterion 1: NSA - Normal Stress Averaging (mode I failure) [10] 

In this criterion, fracture is considered as a result of the opening 

mode (mode I) loading only or K =K
1

. In this case the normal stress eq 
acting upon the defect is responsible for fracture: 

(J' 
eq <a' > 

n 
(2.22) 

where <O'n> = O'n if O'n > 0, else <O'n> = 0. It should be mentioned that 

throughout this thesis tensile stresses are defined as pos i ti ve and 

compressive stresses as negative. 

Criterion 11: PIA - Principle of Independent Action [19] 

The criterion is empirica! and 1t is supposed that only tensile 

princlpal stresses s
1

, s
2 

and s
3 

acting upon the defect are 

responsible for fracture 

(J' 
eq 

Criterion 111: COP - Coplanar Energy Release Rate [20] 

(2.23) 

In the COP model the equivalent stress is determined by both the 

normal and shear stress. It is assumed that fracture propagates within 

the plane of the defect in the direction of the maximum change of 

strain energy release rate. The resulting equation for a' is eq 

(J' 
eq { 

/0 (J'~ + ,l-l 

el se 

1f (J' > 0 
n 

where ~ = 1 for through-the-thickness cracks (TTC) and ~ 

penny shaped-cracks (PSC). 

(2.24) 

2/(2-v) for 
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Criterion IV: GMAX - Maximum Non-coplanar Energy Release Rate [21] 

The GMAX criterion partially resembles the COP criterion, but 1t is 

now assumed that fracture not necessarily propagates within the plane 

of the defect, but in the direction in which the in- and out-of-plane 

energy release rate of a flat crack under plane stress/strain change 

maximally. This results in 

IT eq { 
0 el se 

ifiT 
n 

Criterion V: RNC - Empirica! Criterion of Richard [22] 

> 0 

(2.25) 

In the empirica! cri terion of Richard it is assumed that fracture 

propagates normal to the direction of the maximum local principal 

stress at the tip of the defect. lt is possible to calculate IT for eq 
specific cases where Klc "'- Kllc· The equivalent stress is formulated 

as: 

IT eq { (2.26) 

0 else 

in which the parameter a is defined as K
1
c1KIIc' which in this thesis 

is set to 1. 

In all criteria IT eq =OifiT 
n 

~ 0. The mean reasen for this definition 

arises from the fact that the compressive strength of a brittle 

material is generally exceeds the tensile strength by at least a 

factor 5. Therefore, fracture from compressive stresses is much less 

likely to occur. 
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2.2.2 Dlstlnctlon between mixed-mode fracture criteria 

Whether one of the fracture crl ter la ls appllcable for a certaln 

materlal to predlct lts strength ln a multlaxlal stress state has to 

be verlfled uslng experlmental data. Consequently, lt ls deslrable to 

pay some extra attention to the crlterla themselves beforehand, to 

lnvestlgate for whlch multlaxlal stress states the models dlscrlmlnate 

optlmally. In thls way, a theoretlcal justlflcatlon could be provlded 

for the use of a partlcular mechanlcal test. 

In case of both mode I and mode II loadlng, the differences in shear 

stress sensltlvlty can be lllustrated by a diagram in which the ratios 

(KIIIKic) and (KIIKic) are plotted for each model [3,7]. 

Unfortunately, such a diagram contains no direct informatlon on the 

differences in the prediction of S according to a specific nom 
criterion. 

In the following, an alternative metbod is discussed [18], in which 

the differences in fracture criteria are visualized by analysis of the 

strength prediction ln case of a homogeneous stress state, uslng the 

relatlons glven ln sectlon 2.1. 

The basic assumptions are: 

- the stress state within the speelmen is homogeneous, 

- the thlrd principal stress s3 is assumed zero, (which is true in 

most relevant tests), 

- all models should predict equal values for Snom for one value of ~ = 
52 
§:• whlch ln this case ls for ~ = 0 (the example can also be worked 

1 
out lf lt ls requlred that equal values should result for another 

value of ~. but then the same conclusions are reached), 

- the strength determlning populatlon conslsts of volume defects. In 

thls case lt ls posslble to rewrlte equatlon (2.18) to 
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I:(V) = ~I 
V 

S m 
(-1-) [_!I s 411: nom 8 

u 

dB ] dV 
u 

21 

(2.27) 

Using the ass1mption that the stress state is uniform, the integration 

with respect to V can be done independently resulting in 

V
1 I s1 m I:(V) = I(;\) (-

5
- ) dV 

V nom 
(2.28) 

where I(À) is given by: 

(2.29) 

Now the rati<:> R is defined as the mean nominal fracture stress 
p 

predicted by a particular criterion, si' divided by the mean nominal 

fracture stress predicted by PIA, SPIA' With the aid of equations 

(2.19), (2.281 and (2.29), this ratio can be expressedas 

1/m 
(2.30) 

where su,i is the unit strength for a particular model and su,PIA is 

the unit strength for PIA. Due to the assumption that all models 

should yield the same value for R for À = 0, the following condition 
p 

must be fullfHled 

S I.(À = 0) 1/m 
u, i - ( 1 ) 

5u,PIA- 1PIA(À- O) 
(2.31) 

Thus the following relation is obtained for ~ as a function of À 

R 
p 

The equations for PIA yield that 

IPIA (i\) 1/m 
( IlXJ )] 

i 
(2.32) 
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1PIA(À) = { {2.33) 
1 if À < 0 

For this example figure 2.3 represents the values of Rp as a function 

of À. The values have been calculated for m = 10, a realistic value 

for technica! ceramics, by numerical integration and the equations for 

the various fracture criteria. 

Q. 
a: 

0.90 

0.80 L_ ____ _J... _____ L.._ ____ _J... ____ ___, 

-1.00 -0.50 0.00 0.50 1.00 

Figure 2.3: The ratio R for the various fracture criteria as a 
p 

function of À for m = 10 for volume defects and s3 = 0. 

-c- = NSA; -+- = GMAX; -•- = COP; -li-- = RNC 

It is clear from this particular example that for À > 0 {e.g. bend 

tests) the ratio R does not differ rigorously for the various models. 
p 

However, for À < 0 the NSA model yields different predictions in 

comparison with the other models. A similar pattern is found for other 
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values of mand surface defects [18]. Since in general the differences 

of the roodels is very small, care should be taken to perform the 

strength tests with optimum accuracy. 

2.3 Statistica! procedures for parameter extraction 

From the preceding sections is has become clear that the strength of a 

bri ttle material is a stochastic quantity. According to (2.19), the 

basic equation for failure probability is given by 

s 
1 {-( nom)m} - exp S (2.34) 

0 

After a number of strength tests have been performed (or, when a 

sample is taken), estimates for both mand S
0 

can be obtained. Various 

methods have been proposed in literature, amongst others the method of 

moments, least-squares regression analysis or maximum likelihood 

method [23,24,25]. Since these methods yield comparable results, in 

this thesis the method proposed by Bergman [23] was used as a default. 

This method is based on a least-squares regression analysis, combined 

with a failure probability estimator and a weight function. The 

estimator Pi is given by 

i -0.5 
-N-- (2.35) 

where i is the rank number for sample i of a set of N measured 

strength values, ranked in ascending order. The weight function wi is 

given by 

(2.36) 

Based on simulation, Bergman [23] concluded that the linear 

least-squares analysis in combination with the weight function, 

results in the least-biased estimates for m and s0 . These results are 

supported by Dortmans and de Wi th [24]. Another important aspect is 
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the sample slze N necessary for the determlnatlon of m. In [24] lt was 

concluded that the sample wldth N has no significant influence on the 

amount of bias for an estimate for m, as long as N > 25. In the 

present work the sample width was normally chosen at 20 as an 

acceptable compromise. 

In the foregoing, it was assumed that failure occurred from a single 

defect population, lmplylng that the Welbull distribution is unimodal. 

In reality, however, this is not always true. In a sample a single 

defect population may be dominant on which the majority of the 

specimens fails. Accompanylng, there may be a minor i ty of specimens 

that falls from a different type of defects. The strength data of 

these minority can be treated statistically as censored data, a 

procedure of which [25] gives good account. The drawback of this 

method is that it lacks any physical basis. In the present work, 

however, the outlying specimens were treated by fractography. If this 

inspeetion ylelded a different souree of fracture in comparison with 

the majority of the specimens, the specimen was omitted from the fit 

procedure. The fit procedure is applied on the results of strength 

tests on various materials which are, accompanled by fractography, 

described in chapter 5. 
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CHAPTER 3 

DESIGN AND AHALYSIS OF UNIAXIAL AND BIAXIAL BEND TESTS 

Two uniaxial (three- and four-point) bend tests and two biaxial 

(ball-on-ring and ring-on-ring) bend tests for brittie materials have 

been analyzed [1]. Experimental and numerical concepts are presented 

which are necessary to obtain reliable test results and which allow 

for modelling of strength data as described in chapter 2. 

3.1 Introduetion 

In order to apply the weakest-link models of chapter 2, a group of 

mechanica! tests had to be selected in which different principal 

stress ratios are present. In this thesis, uniaxial and biaxial bend 

tests have been used. In genera!, these tests are widely used to 

determine the strength of ceramics. With respect to the present 

purpose, they show a number of advantages: 

- simple shapes to machine, 

- no attachment problems, 

- high accuracy. 

A disadvantage of the bend tests is the relatively small effective 

volume or surface in comparison with e.g. a tensile test. The tensile 

test, however, is difficult to perferm for technica! ceramics because 

of both attachment and alignment problems. Also a stress state for 

which in a large part of the specimen both positive and negative 

principal stresses are present (À < 0 in figure 2.3), is not directly 

realized. This would be useful, since for such a stress state the 

differences between the mixed mode fracture cri ter ia are largest. 

Unfortunately, the tests in which this situation occurs (e.g. a 

torsion test or a brazilian disk test) are even more complicated than 

a tensile test. The bend tests are in general constricted to the right 

part of figure 2. 3, for which À ~ 0. If one is to demonstra te the 

small differences between the fracture criteria, a high experimental 

accuracy is a prerequisite. 
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It is well known that bend tests suffer from thelr own problems as 

well. The unlaxial (three- and four-point) bend tests have been the 

subject of detailed studles which describe several possible errors, 

due to whlch stress calculatlons from applled loads can be severely in 

error [2,3,4,5]. The maln errors are friction at the specimen 

supports, wedglng, twlstlng and allgnment errors. Simllar remarks can 

be made for the blaxial (ball-on-ring and ring-on-ring) bend tests. In 

the case of ball-on-ring loadlng, the correct solutlon for the 

constant stress zone has been dlscussed [6,7,8]. Correct ring-on-ring 

loadlng has been shown dlfficult to reallze since solld toroid rings 

are llkely to introduce friction into the bending system [9,10,11]. 

It has also been shown [12] that without the high experimental 

accuracy, strongly biased Weibull parameters can result for higher 

values of the Weibull modulus m. In this chapter, the performance of 

four uniaxlal and two biaxial bending jigs at two different 

laboratorles has been investigated by strain gauge measurements. 

For each experiment, the measured force-strain relationships were used 

to compute the Young's modulus of the material. These values in turn 

were compared to Young's moduli obtained by the pulse-echo technique, 

the latter being considered as a reference value. A description of 

thls technique is glven in chapter 4. The deviations yleld lnformation 

about errors in the bend tests. 

3.2 Experlmental procedure 

Slx bend jlgs, listed in table 3.1, were designed and tested. The 

materlals and thelr properties, together with the dimensions of the 

specimens are listed in table 3.2. The jigs A, 8 and C were designed 

and tested at the Centre for Technica! Ceramics (CTK), D, E and Fat 

the Netherlands Energy Research Foundation (ECN). 



Deslqn and analysls of unlaxlal and blaxlal bend tests 

a) 

c) 
A 

A 

B 

c 
D 

c 

b) 

d) 

29 

A 

B 

c 

D 

A 

Flgures 3a-d: Schematic representations of the test jigs (not to 
scale). Specimens are shaded. a) Three-point bend jlg (jigs A and D in 
text): A = allgnment; 8 = loading roller; C = support roller; D = base 
plate. b) Four-point bend jlg (jigs E and F in text): A = alignment; 8 
= upper plate; C = loading roller; D = support roller; E = base plate. 
c) Ball-on-ring jig (jig 8 in text): A = loadlng ball; 8 = support 
bearing; C = bearing race. d) Ring-on-ring jlg (jlg C in text): A 
loading ball of jig 8; 8 = bearing race; C = loading bearlng; D = 
support bearing; E = bearing race. 
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Jigs A and D are sketched in figure 3a. Both were quite similar and 

easlly convertible for three-polnt bending (3PB) at different span 

lengths. The main difference was that jig A could also be converted 

for four-point bending (4PB). In both lower and upper block of these 

j igs, slightly oversized flat grooves we re milled, resul ting in a 

clearance of 0. 2 mm. Thus, the rollers were able to move during 

bending. The bending experlments were carried out by placing the 

rollers to the inner and outer edges of these grooves. The exact 

roller distances were taken into account during subsequent 

calculations. For the 3PB experiments the loading roller was placed in 

a central V-groove within the upper block. The diameter of both the 

loading and support rollers was 3 mm. 

Table 3.1: Experimental configurations 

LAB jig test material SG v(mm/min) N 

CTK A 3P20 Glass I 3 0.063 7 
A 3P30 Glass I 3 0.100 7 
A 3P40 Glass I 3 0.100 7 
A 4P Glass I 3 0.100 2 

B BOR6PS Glass II 1,2,3,4 0.025 12 
B BOR6BS Glass II 1.2,3,4 0.025 8 
B BOR10BS Glass II 1,2,3,4 0.050 12 

c ROR Glass II 1,2,3 0.085 9 

ECN D 3P20 Glass I 3 0.100 1 
D 3P30 Glass I 3 0.100 1 

E 3P40 Glass I 3 0.100 2 
E 3P40 WESGO Al997 5 0.100 2 
E 4P Glass I 3 0.100 2 
E 4P WESGO Al997 5 0.100 2 

F 4P WESGO Al997 5 0.100 1 

A = 3P8jig, 8 80R jig, C = ROR jig, D = 38 jig, E= 4P8 jig 
(Nimonic), F = 4P8 jig(SiC). N = number of measurements, v = 
crosshead speed, SG = strain gauge, numbers reler to table 
3.3. 3P20, 3P30, 3P40 = three-point bend tests at span lengtbs 
of 20, 30 and 40 mm respectively, 4P = tour-point bend test 
(inner span length = 20 mm, outer span length = 40 mm), 80R6PS 
= ball-on-ring test on pin support, 6 mm in radius, 80R68S, 

'80R108S =ball-on-ring test on ball-bearing support of 6 and 
10 mm in radius repectlvely; ROR = ring-on-ring test (inner 
ring 6 mm, outer ring 10 mm in radius). 
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Pos i tioning of the bend bars was performed wi th a eentering device. 

The jigs E and F (figure 3b) were designed for 4P8 testing. These 

jigs were made of of a special steel (Nimonicl and silicon carbide 

respectively. The rollers of jig E had a clearance of 0. 2 mm, the 

rollers of jig F 0.08 mm. With jig E two types of tests were 

performed. One test with the outer rollers placed to the inner edges 

and the inner rollers placed to the outer edges of the grooves, and a 

second test with the rollers vice versa. In the first test, the 

rollers were supposed to be able to move during bending, whereas they 

were supposed to be fixed during the second test. Since the clearance 

of the rollers of jig F was very small, no attention was paid to the 

exact roller position. For additional alignment, semi-cylindrical 

supports could be applied on the lower rollers in jigs E and F instead 

of the rectangular supports. Tests were performed on the alumina bend 

bar to determine the effects of these alignments. In jigs D, E and F, 

the deflection of the specimens could be measured with a transducer. 

The deflection was measured with respect to the outer rollers to 

compensate for displacements and deformations of the fixture. 

Jig 8 (figure 3c) was used for ball-on-ring (80R) bending with two 

different disk sizes. Disks with a radius of 10 mm were tested on two 

different types of support rings. Firstly, the specimen was supported 

by 24 flat pins arranged at a ring of 6 mm in radius, secondly a 

ball-bearing (8 halls, 1.25 mm in radius) with a radius of 6 mm was 

used. For the disks with a radius of 15 mm, a ball-bearing (9 halls, 

2. 5 mm in radius) with a radius of 10 mm was used. The disks were 

centrally loaded by a steel ball with a radius of 2.5 mm. Jig 8 was 

easily converted to jig C (figure 3d) for ring-on-ring (ROR) bending 

of disks with a radius of 15 mm. 8all-bearings with radii of 10 and 6 

mm were used as support and loading ring respectively. Godfrey & John 

[13] have mentioned successful application of these ball-bearings 

before. The loading ball-bearing was positioned by the ball of jig 8, 

eentering itself into the extended ball-bearing race. In both jig 8 

and C the disks were positioned by three alignment screws. 

The specimens consistedof glass I (borosilicate glass), glass II 
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(crown glass) and a commercially available alumina1 . The properties of 

these materials are listed in table 3.2. 

Table 3.2: Haterials and properties 

Property Glass I WESGO Al997 Glass II 

Density 3 
p (g/cm ) 2.21 3.85 2.51 

Young's modulus E (GPa) 61.6 369 71.3 

Poisson's Ratio V 0.189 0.237 0.221 

Shape bars disks 

Dimensions (mm) 1 50.0 (0.1) R 15.0 (0. 1) 
w 3.5 (0.1) R 10.0 (0.1) 
h 4.5 (0. 1) t 1.0 (0.1) 

Roughness R (f.Jm) < 0.3 < 0.3 a 
Flatness (f.Jm) < 5 < 5 

Planparallelism (f.Jm) < 5 < 5 

1 = length, h = height, w = wldth, R radius, t thickess 

All test bars were cut from one sheet of glass I to the desired 

dimensions. The disks were cut from one sheet of glass II. The 

specimens edges were not chamfered, with exception of the alumina bend 

bar. However, the chamfer of this bar was too small to cause any 

significant influence on the moment of inertia. 

At the CTK, all glass bars and disks were provided with one strain 

gauge of various length in the centre of the specimen at the surface 

loaded in tension. All specimen-strain gauge combinations are 

summarized in table 3.1. 

For the BOR test, six specimens (three of 10 mm and three of 15 mm in 

radius) were also provided with strain gauge rosettes, which recorded 

the strain in two mutual perpendicular directions. 

1 
WESGO Al997, WESGO Dlvlslon GTE Produels CORP., USA 
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For the BOR and the ROR measurements, the same disks were used. One 

disk of 15 mm in radius was provided with a rosette (type 1 in table 

3.3) in the centre and six strain gauges (type 2 in table 3.3) located 

at different distances from the centre in order to measure a strain 

profile. The gauges were connected to a temperature compensated 

Whea tstone bridge and amplifier2 The pos i ti on of each strain gauge 

was accurately measured with an optical microscope. The posi tional 

accuracy was 0.05 mm. 

Table 3.3: Strain gauges used in the 
experiments 

Number Type L(mm) 

13 • KFC-1-016-11 1.0 
23 KFC-0.3-C1-11 0.3 
33 KFC-1-C1-11 1.0 
43 KFC-2-C1-11 2.0 
54 EA-06-125BT-120 3.125 

*: stacked rosette 
L = gauge length 

At the ECN, an alumina bar was provided with two parallel strain 

gauges (type 5 in table 3.3) in the centre of the tensile specimen 

surface. These were also connected to a temperature compensated 

Wheatstone bridge and amplifier5
. 

At the CTK, all specimens were strained up to 900-1000 mierostrain in 

order to minimize hysteresis prior to each measurement. The actual 

measurements consisted of three loading cycles up to 800-900 

microstrain, during which the force and strain were measured. These 

were registered by means of a personal computer. 

The alumina bend bar was used only at the ECN. This bar was 

2 
3 

UPH 3200, Hottlnger Baldwln Messtechnlk, 

4
Kyowa Electronlc lnstruments, Japan. 

5
Mtcro Measurements, USA. 

KW7 3073, Hottlnger Baldwln Messtechnlk, 

GER. 

GER. 
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prestralned up to 135 mlcrostraln. The measurements conslsted of five 

loadlng cycles up to thls straln level. The force and straln were 

reglstered by an x-y recorder. 

The same procedure was applled to one of the glass bend bars, where 

the maximum strain level was about 500 microstraln. The crosshead 

speeds of all test conflguratlons are listed in table 3.1. 

3.3 Results 

All measurements yielded a strain-force graph, which was used for 

further calculations. The slopes of these graphs, ~~· were determined 

by a least-squares analysis on the digital data of the CTK and 

manually on the analog data of the ECN. From these slopes, Young' s 

modulus of the materlal was calculated. Subsequently, the deviation ö 

of each measurement was defined as 

Em - E 
E pe x 100 (%) (3.1} 

pe 

in which E and E represent the measured Young's modulus and Young's 
m pe 

modulus determlned by the pulse-echo technique respectively. 

3.3.1 Three-polnt bend test 

All results of the 3PB tests are llsted in table 3. 4. These results 

take into account the deviation of the appropriate span lengths due to 

the clearance of the rollers in the grooves. Young' s modulus was 

calculated accordlng to the simple beam theory, Ebt' and according to 

the slmple beam theory [14] in combination with the Seewald-von Karman 

correction, Esk [14,15]. Slnce the straln gauge covered an area with a 

stress gradlent, Ebt was calculated applying an average value of the 

simple beam stress pattern in the area covered by the filament. In 

combination with Hooke's law, this resulted in 
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Ebt - 3s (1 - ~)dF 
- 2wh2 2s de 

(3.2) 

in which s is the span length, L the gauge length of the strain gauge 

and w and h are the width and the height of the bar respectively 

(listed in table 3.2). 

Table 3.4: Results of 3PB tests on glass and alumina 

CTK 19.8 
20.2 
29.8 
30.2 
39.8 
40.2 

ECN 20.0 
20.4 
30.0 
40.0 
40.4 

40.0 
40.4 

A 3 glass I 
A 3 
A 3 
A 3 
A 3 
A 3 

D 
D 
D 
D 
D 

1 Glass I 
1 
1 
1 
1 

62.8 
62.4 
61.9 
61.8 
62.8 
62.8 

62.0 
62.9 
61.4 
61.1 
62.1 

D 1 Alumina 359.1 
D 1 363.1 

2.0 
1.2 
0.5 
0.3 
2.0 
2.0 

0.6 
2.1 

-0.3 
-0.8 
0.7 

-2.7 
-1.6 

61.8 
61.4 
61.3 
61. 1 
62.3 
62.3 

61.1 
62.0 
60.8 
60.7 
61.7 

59.4 
63.3 

0.4 
-0.4 
-0.5 
-0.7 

1.2 
1.2 

-1.0 
0.5 

-1.4 
-1.5 
-0.1 

-2.6 
-1.5 

N = number of samples, Ebt= Young's modulus calculated with the 
simple beam theory, E = Young's modulus calculated with the simple 
beam theory and Seewaf§-von Karman correction for wedging stresses 

The Seewald-von Karman correction accounts for the wedging effect in 

three-polnt bendlng. This wedging effect perturbs the linear stress 

profile and is a result of the concentrated contact force from the 

loadlng roller acting upon the bend bar. A model was proposed (15] in 

whlch a constant stress zone with span si was assumed in the centre of 

the tenslle surface, which can be approximated by 0.177 h. For our 

purpose, however, the Seewald-von Karman correction had to be averaged 

over the total strain gauge length, since all straln gauges overlapped 

this zone. In combination with Hooke's law this resulted in 

E = 3s (1-0.266 23hs) L! 
sk 2wh2 

(3.3) 
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For the glass I bars, both jigs A and D yield results within the same 

range of accuracy. At the CTK, however, the test results of one bar 

yielded an anomalously high deviation in comparison wi th the other 

three bars and was therefore omitted. A possible explanation for this 

error could be improper glueing. With the application of the 

Seewald-von Karman correction, the average performance of jig A on the 

other three bars is within 0.7 % accuracy for all span lengths. The 

average performance of jig D is within 0.9 % accuracy. Without the 

Seewald-von Karman correction, the average performance is within 1.3% 

accuracy for jig A and 0.9% for jig D. 

There is no obvious relationshlp between roller position in the groove 

and friction for jig A (see table 3.4). However, Young's moduli from 

jig D wi th the rollers placed to the outer edges of the grooves are 

systematically larger than those with the rollers placed to the inner 

edges (± 1. 5 % and ± 1.0 % for glass I and the alumina bend bar 

respectively). Young's moduli determined with jig A are systematically 

somewhat larger than those determined with jig D. The average result 

of jig D on the alumina bend bar reveals a deviation which is slightly 

larger (2.1 %). 

3.3.2 Four-point bend test 

The results of the 4PB tests, also differentiated to the proper span 

lengths, are' listed in table 3.5. Since in this case, the strain 

gauges were situated within the constant stress zone between the inner 

rollers, only the stress pattern according to the beam theory was 

applied to calculate Young's modulus. For this purpose, the following 

equation was used 

(3.4) 

where s
0 

and s 1 denote the outer and inner span respectively. 
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Young' s modulus of glass I obtained from the four point bend tests 

with jig A and E fall wlthin 0. 7 and 1.5 % accuracy respectively of 

the pulse-echo value. For jig E the exact roller position is of more 

influence than for jig A. The average deviation of the alwdna bend 

bar determined with jigs E and F was 1.5 %. 

Table 3.5: Results of 4PB tests on glass 1 and alumina 

Lab 

CTK 

ECN 

39.8 
40.2 

40.0 
40.4 

40.0 
40.4 

40.0 

20.2 
19.8 

20.0 
19.6 

20.0 
19.6 

20.0 

A Glass I 

E Glass I 

E A lumina 

F A lumina 

N 

1 
1 

1 
1 

1 
1 

1 

E(GPa) óbt(%) 

61.3 
61.0 

60.7 
62.5 

360.5 
366.8 

363.6 

0.5 
1.0 

-1.5 
1.5 

-2.3 
-0.6 

-1.5 

N = number of measurements, s1 is the outer span length and s2 is the inner span length. 

3.3.3 Ball-on-ring bend test 

For the stress calculations of the axisymmetric ball-on-ring problem, 

it is assumed that on the surface loaded in tension both the radial 

and tangentlal stresses are equal and maximum wi thin a zone wi th 
1 radlus b equal to one third of the specimen thlckness t [6,7): b = 3 

t. This assumption is generally referred to as the "Westergaard" 

approxlmation [6) and has been applied to larger specimens before with 

satisfying results [8). Outslde this equibiaxial stress zone, the 

stresses decrease rapidly towards the specimen support. 

Except for st.rain gauge 1, all gauges cover an area which is larger 

than the constant stress zone. The gauges therefore measure the 

average strain over their length, which results in average values for 

Young' s modulus, Ë . A comparison with the analytica! solution is m 
nevertheless possible if the pulse-echo value is substituted in this 

solution and a theoretica! average value for Young's modulus, Ëth' is 



38 chapter 3 

calculated for each gauge length. In general, the radial stress, ~rr' 

and the tangentlal stress, ~tt at dlstance r are glven by 

~rr' ~tt = f(r) (3.5) 

where the full expresslon of f(r) is given in textbooks e.g. [14). The 

average radlal stress over a line with radius R
0 

can be wrltten as 

R 
0 

~ = ! J ~ dr = ~ (R ,b) rr R
0 

rr rr o 
0 

(3.6) 

whlch results in the following equations for the radial and tangentlal 

stralns 

(3.7a) 

(3.7b) 

where v denotes Poisson's ratio. 

Wlth the assumptlon that for r ~ b radial and tangentlal stresses are 

equal to ~max' equations (3. 7a an 3. 7b) can be combined. Thus, the 

average radlal straln can be written as 

t:: rr 

(1-v)~ 
max 

E 

1 (;;: - ) 
E u - ~tt rr 

where E represents the average value of Young's modulus 

(1-v)~ E 
Ë = ___ m_a.;...x __ 

The expresslon for ~max is given by 

(3.8) 

(3.9) 
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3(1+v)F R R 2 2 
<r ma x 

{1 + 2ln( ~) + ( 1
-v) (~) [1 - (~ ) ]} 

4nt2 l+v R 
0 

(3.10) 

Note that in reference [8] the difference between <rrr and <rtt was 

neglected, but thls dld not influence the final conclusion concerning 

the Westergaard (b = t/3) approximation. 

The resul ts of this procedure are represented in table 3. 6 for the 

specimens of 10 mm and 15 mm in radius, supported at rings of 6 and 10 

mm in radius respectively. 

It is obvious that the measurements performed with the pin support 

resulted in a greater deviation compared to the ball-bearing 

measurements. In the latter case, deviations for the individual 

measurements are smaller than 2.2 % with an average of 1.4 %. The 

results of the measurements with the specimens of 15 mm in radius are 

similar. For each gauge length the deviation is smaller than 2 %. The 

average devlation is less than 1. 1 % for both specimen sizes if a 

ball-bearing is used as a specimen support. 

Table 3.6: Results of BOR tests on glass II 

L = 0.3 L 1.0 L 2.0 

R(mm) a(mm) 0 N 0 N 0 N 

10 6PS -2.5 3 -6.9 3 -7.6 
10 6BS 2.2 3 -0.4 3 -1.6 
15 10 BS 1.7 3 0.7 3 1.0 

PS = pin support, 8$ = ball-bearing support, R 
radius, a = sueport radius. L = gauge length, N = 
measurements, o = average devlation. 

3 
3 
3 

à 

-5.7 
0.1 
1.1 

= specimen 
number of 

The measurements with the rosettes were used to check the alignment of 

the experimental set-up for both the 10 and 15 mm specimens. Since 

these gauges record the strains c1 and c2 in two mutual perpendicular 

directions, the coefficient of the slope of a e1-c2 graph should be 1. 

With the least-squares analysis the average slope was calculated of 

three measurements for both set-ups. The deviation is defined 
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analogously as before. For the specimens of 15 mm in radius, an 

average coefficient.of 1.04 was calculated. For the specimen of 10 mm 

in radius the corresponding result is 1.002, indicating an acceptable 

alignment for both set-ups. 

An attempt was made to measure a strain profile over the tensile 

surface of a 15 mm specimen. The deviations from theory at different 

di stances r from the specimen centre are listed in table 3. 8. Since 

the strain is nearly negligible at large distances from the centre, 

the results are considered to be in good agreement. 

Table 3.7: Deviations of the theoretical strain profile, 
measured at different di stances r from the 
specimen (R = 15 mm, t = 1 mm) centre for the 
BOR test on glass II 

r(mm) 3.01 3.33 4.00 4.39 4.80 5.56 

<S(%) 10.0 10.0 -4.0 8.0 39.0 16.0 

3.3.4 Ring-on-ring bend test 

In the case of coaxial loading of a disk by two rings of different 

radius which are both smaller than the disk, an equibiaxial stress 

zone arises at the tensile specimen surface within the smaller ring. 

Eight strain gauge measurements were carried out in order to determine 

Young's modulus. Additionally, two measurements were done to test the 

axisymmetry of the ROR set-up. Since the stress is constant within the 

inner loading ring, Young' s modulus can be calculated directly wi th 

the thin plate salution [10] and the stress-strain relationship for a 

biaxial stress state, resulting in 

E 
1 R. 2 
2 {Rl) ]} {3.11) 

0 

Here, R
0 

is the radius of the outer ring, Ri is the radius of the 

inner ring, and R and t are the disc radius and thickness 



Design and analysls of unlaxlal and blaxlal bend tests 41 

respectlvely. Table 3.8 lists the results of these experiments ln 

terms of the average deviatlon (as defined before) from pulse-echo 

Young's modulus. Young's modulus was also calculated from the 

measurements with the rosettes. 

Table 3.8: Results of the ROR 

tests on glass 11 

L 

0.3 
1.0* 
1.0 

N 

2 
4 
3 

*: stacked rosette 

6 (%) 

0.3 
0.6 
0.1 

N number of measurements 
~ = average àev1at1on 

For all gauge lengtbs the deviation is less than one percent. However, 

one of the measurements wi tb the 0. 3 mm straln · gauges ylelded a 

dev1at1on of 1 percent. Since the specimen failed during the 

experiment. the origin of this error could not be traeed and the 

measurement was not taken into account. The measurements with the 

rosettes were used to determine the axisymmetry, analogously as 

described above for the BOR test. The average coefflcient dc1/dc2 was 

1.015, agaln lndlcating an acceptable alignment. 

3.4 Discussion and conclusions 

Strain gauges offer a powerful tool if one is in doubt of the accuracy 

of stress calculations from forces in bending tests. This accuracy 

depends largely on the amount of friction at specimen-support and 

specimen-load contacts. Two uniaxial bend tests (three-point bending 

at different span lengtbs and four-point bending) and two biaxial bend 

tests (ball-on-ring and ring-on-ring) have been analyzed. All tests 

yielded acceptable results, on average about 1 percent accuracy. 

The main experimental condition for accurate bending is the presence 

of specimen supports which are able to move and thus reduce frictlonal 
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errors to a minimum. In case of the uniaxial tests this condition is 

realized by free rollers in oversized flat grooves. 

The results of the deflectlon measurements on the alumina and the 

glass bar are not presented in thls report but it is worthwhile 

mentioning an important observation. It appeared that the straln gauge 

measurement was significantly influenced by the spring force (± 1 N) 

of the deflection measurement system. Although this force seems 

negligible, 1t resul ts in a systematic error wlthin the load range 

used of both glass I (maximum force about 70 N) and the alumina 

(maximum force about 120 N) bar. Furthermore, random errors were 

introduced by the lateral shift of the deflection pins, resulting in 

irreproducible measurements. Therefore it was recommended not to apply 

the system in strength tests. 

One might argue whether the use of the pulse-echo values as reference 

values for the elastic moduli is correct. From the bend resonance 

method, however, the same values were obtained within one percent 

accuracy for both glass and alumina. The data from the deflection 

measurements agreed as well within the errors mentioned before. 

Therefore the pulse-echo values can be taken as reference for the 

materlals used in the analysis. 

Promising results regarding axisymmetry and frictionless bending in 

the blaxial tests were achieved by the application of ball-bearings. 

They offer a successful alternative for solid rings, which introduce a 

significant amount of friction into the bending system. Even 

discontinous resilient rings suffer this problem, and should therefore 

be omitted. On the other hand, accurate positioning of both the 

speelmen and the test jig is a prerequisite. Shetty et al [7] 

mentioned the stress concentration at the loading ring in ring-on-ring 

testing. The magnitude of this concentratlon, however, is strongly 

dependent on the test geometry. Finlte Element Method calculatlons 

with the geometry used in this work have shown that the magnitude is 

less than one percent. Nevertheless it has to be accounted for when 

interpreting strength data obtained with the ring-on-ring set-up. For 
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ball-on-ring bending, the Westergaard approximation for the radlus of 

the constant stress zone is allowed for the experimental dlmenslons 

used in this thesis. When calculating the stress from the applled 

load, one has to be aware of the wedging effect in three-point 

bending. If this is taken into account by using the Seewald-von Karman 

correction, it is sufficiently corrected for. 

A general conclusion of this chapter is that the required high 

expertmental accuracy and reproducibility has been achleved for bend 

tests at room temperature. 
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CHAPTER 4 

MATERIALS: MICROSTRUClURAL AND PHYSICAL CHARACTERIZATION 

For the expertmental verlflcatlon of weakest-llnk theorles, a number 

of materlala were selected, which are subdivlded lnto three groups. 

This chapter wlll start wlth a summary of these materlala and the 

criteria on whlch the selectlans were based. Subsequently, the 

techniques are described which were used for the determinatlon of 

microstructural characteristics and some physical properties. 

4.1 Selection of materials 

In the selection of suitable materials for mechanica! testing and 

appllcatlon of the theory of chapter 2, a number of criteria were 

applied which the materials should obey: 

- the group of materials must show a wide variety wi th respect to 

microstructure, 

- all materials should be brittie and not contain any weakening or 

strengthening properties, which vialate the weakest-link theory, 

- all speelmens of a particular material should be fabricated and 

machined from a single batch to mini mi ze varlation in composi tion 

and defect structure, 

- all materials should be isotropic. 

The materials which were flnally selected are, wlth one exception, 

commerclally available or are already in use in a certain appllcation 

and therefore ready available. They can be subdivided lnto three maln 

groups: 

Group I: single-phase advanced technica! ceramics 

The first group contains homogeneaus single phased materials. They are 

classified as monolithlc advanced technica! ceramics: 

- WESGO Al997, a commercially available alumina, 

- NKACIP, a cold isostatlcally pressed laboratory scale alumina, 
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- A&R DERANOX, a commercially available alumina, 

- HIPSIC, a commercially available hot isostatically pressed silicon 

carbide, 

- Ferrite I, a commercially available NiZn ferrite, 

- Ferrite II, a commercially available NiZn ferrite (dlfferently 

processed than ferrite I). 

Group II: two-phase fine gralned advanced technica! ceramlcs 

This group contains two materlals, selected to lnvestlgate whether the 

number of phases has a significant influence on the strength 

predictlons. These are: 

- a modified bariumtitanate, mainly used in electronic applications, 

- MACOR, a commerclally available glass-ceramlc for structural 

appll ca ti ons. 

Group III: multi-phase coarse grained advanced technica! ceramics 

The ceramlcs of this group are somewhat inhomogeneous and chemically 

less pure than those of group I and I I. The grain si ze of these 

materlals is considerably larger and the mechanica! properties of this 

group of materials are generally inferior to the finer grained group I 

and group I I materials. They are frequently used as load hearing 

materials in furnaces: 

- TEOXIT, an alumina mullite, 

- ALCORIT, a tordierite mullite. 

4.2 Microstructural characterization 

4.2.1 Preparation techniques 

For the characterization of the materials microstructure lt was 

necessary to prepare a specimen from whlch a representatlve micrograph 

could be made, on whlch the relevant features such as grains and pores 

could clearly be distinguished. 
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The first step was to cut some pieces of the material, and binding 

these pieces into an epoxy resin. These specimens were ground and 

subsequently polished until a mlrror surface was achleved on which 

scratches were hardly visible. The applied cloths, grld sizes and 

polishing times dlffered largely for each material. Some materials 

affered particular problems since grains pluck-out frequently occurred 

during the polishing process. The NKACIP alumina wlll serve as an 

illustration of the process. The steps consisted of 10 minutes 

polishing with a 40 ~m paste, 20 minutes with 30 ~. 30 minutes with 

10 ~. 60 mlnutes with 3 ~ and finally 60 minutes with a 0. 25 f.UR 

paste. 

Afterwards the material was removed from the resin. The optima! 

etching technique, of which the main goal was to reveal the grain 

boundaries, was determined empirically with the aid of references [1] 

and [2] . Etching was done either thermally or chemically. For some 

materials it was necessary to keep the thermal etching time restricted 

in order to avoid possible graln growth of the material. Recently lt 

was shown that too heavy etchlng slgnlficantly can influence the grain 

size measurements [3]. 

In table 4.1 the etching procedures are listed whlch ylelded 

acceptable results. Both ceramics of the third materials group 111 as 

well as the MACOR have not been etched since etchlng resul ted in a 

drastic change in mlcrostructure. The polished faces of these 

materlals revealed the microstructure sufficiently, however. 

After etching, a thin gold layer (approximately 25 nm in thickness) 

was sputtered on the specimen, which was necessary for scanning 

electron microscopy (SEM). The layer also enhanced the contrast when 

the specimen was examined with the optica! microscope (OM). All 

micrographs were taken on 35 mm photographic black and white film. For 

each matêrial, both optica! microscopy and scanning electron 

microscopy was used. The final measurements were done on the negatives 

with the highest resolution. Because of the larger depth of focus, SEM 

was particularly favorable for the materials with small graln sizes. 
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Table 4.1: Etching procedures of the materials 

Material 

WESGO AL997 
NKACIP 
A&R DERANOX 970 
HIPSIC 
Ferrite I 
Ferrite 11 
Bariumtitanate 
MACOR 
TEOXIT 
ALCORIT 

Etching procedure 

thermal, 60 min at 1400° C 
thermal, 60 min at 1500° C 
thermal, 5 min at 1300° C 
chemical,"Murakami's agent" [1]* 
thermal, 20 min at 1150° C 
thermal, 20 min at 1150° C 
thermal, 4 min at 1200° C 
no etching applied 
no etching applied 
no etching applled 

chapter 4 

The size of the micrograph used for the image analyses was 229 x 166 

mm. These micrographs were prlmarily used to measure both the porosity 

and the mean 1 inear intercept length of the grains wi th randomly 

orientated lines drawn over the micrograph. The grain size 

distribution, the occurrence of second phases and other possible 

occurring phenomena are discussed qualitatively in the following 

sections. The micrographs of the materials are given in figures 4.1-

4.10. 

4.2.2 Determination of the mean linear intercept length 

For the present purpose the main grain size is defined as the mean 

linear intercept length, Gmli' In the draft standard of reference [4), 

two methods are given for the determination of Gmli' the line method 

and the circle method. From the results of a round robin on grain size 

measurement [3], i t was proved that both methods yield identical 

results. Throughout this work the line method was used. 

For the line method a number of straight lines are randomly drawn over 

the micrograph, which together interseet at least 100 grains. Pore 

intersections are accounted for, and Gmli in micrometer can be 

calculated as follows 
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(4. 1) 

where lt is the total line length, lp the length of the intersections 

wi th pores, Ni the number of intersections counted and H the end 

magnification of the micrograph. 

4.2.3 Porosity measurement 

The porosity was measured by counting the intersections of pores wlth 

a densely spaeed grid whlch covered the entire micrograph as described 

in [3]. The lines of the grid were spaeed equally at distances of 5 

mm. The percentage porosity, P, was computed from 

p 
N 
_g x 100 % 
N m 

(4.2) 

where N is the number of intersections of the grld withln a pore and 
p 

Nm is the total number of intersections of the grid over the 

micrograph. 

4.2.4 Results of microstructural analysis 

The methods described in 4.2.2 and 4.2.3 were easily appllcable on all 

mlcrographs. For each group of materials, the mean linear intercept 

length and the porosity are listed in table 4.2. Apart from these 

properties, a number of materials contained remarkable characteristics 

which are described qualitatively. 
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Table 4.2: Quantitative results of microstructural analysis 

Material P(:t.) Gmli <~-tml Material P(%) Gmli <~-tml 

WESGO Al997 5.3 7.9 Ferrite II 23.5 2.9 
NKACIP 3.7 3.1 Bariumtltanate « 1• 2• 
A&R DERANOX 970 10.1 10.6 MACOR < t• to• 
HIPSIC < t• 2.6 TEOXIT 24 5o• 
Ferrite I 5.7 5.9 ALCORIT 37 too• 

*: estimated value 

Group I 

WESGO Al997 (flgure 4. 1): The WESGO Al997 a lumina contains a wide 

grain size distribution with an intercept length varying from 2 ~-tm up 

to 80 ~- The mean linear intercept length is 7.9 ~· The grains are 

isometrie and frequently contain round pores of 1 to 5 ~ in diameter. 

Angular pores up to 20 ~are sltuated along the grain boundaries. The 

porosity is 5.3 %. 

NKACIP alumina (figure 4.2): The material contains a large varlation 

in grain sizes, varying from 1 to 40 ~. where the mean linear 

intercept length is 3.1 ~- The larger grains are slightly elongated 

(aspect ratio estimated at 1.5), but show no obvious preferred 

orientation. The pores are generally located at the grain boundaries, 

but arealso present within the larger grains. The porosity is 3.7 %. 

A&R Deranox 970 (figure 4.3): The grain size varles from 5 ~ to about 

80 ~. and the mean linear intercept length is 10.6 ~· Small pores (s 

1 ~) are present wlthin the grains. Larger gralns occur at the grain 

boundaries; their shape is either angular or rounded. The porosity is 

10.1 %. The grains are elongated (aspect ratio estimated at 2) but no 

preferred orientation was found. A small amount of aluminum silicate 

is present. 

HIPSIC (figure 4.4): Of all materials the HIPSIC offered the most 

problems during etching. The quality of the final micrograph is poor, 
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since the individual grain beundarles are difficul t to distinguish. 

The interpretation of the porosity was not easy because it was 

difficul t to discern the actual pores from irregulari ties at the 

etched surface. Therefore 1t was estimated to be less than 1 %. 

Unfortunately, the chemica! etching process did also reveal scratches 

which are a result of polishing. The grains are generally isometrie, 

but some are slightly elongated. Their distribution is quite uniform 

with grain sizes varying from 0. 5 JLlll up to 5 JLIII. The mean linear 

intercept length is 2.6 JLIII. 

Ferrite I (figures 4. Sa and b): The majority of the pores (round, 

about 1 JLIII) is present as inclusions within the grains. The grains 

themselves are isometrie, and the porosity is highest in the areas 

with small grain sizes. The overall porosity is 5.7 %. From fig. 4.5a 

it is noticed that agglomerates are present in which the grain sizes 

are much larger and the porosity is less. Locally, large pores up to 

20 JLlll in diameter are present at grain boundaries. Consictering 

fig.4.5b, which represents a fracture plane, the differences in grain 

size are striking. Grains have been spotted which are approximately 

100 ~m large. Within the homogeneaus zones, the mean linear intercept 

length is 5.9 ~m. 

Ferrite 11 (figures. 4.6a and b): The microstructure of ferrite 11 is 

extremely inhomogeneous, and has to be described at different scales. 

At a small magnifications (fig. 4.6a) large circular zones, up to 1 mm 

in diameter, are notleed. These are mutually separated by seams of 

large (up to 50 ~m) pores. They probably represent the shape of the 

original granules before sintering. Within the zones, smaller pores 

are present which also seem to be concentrated in circular zones. A 

part of fig 4.6a is enlarged and presented in figure 4.6b from which 

the contrast in pore size is clearly visible. All pores seem to be 

located at grain boundaries. The porosity is 23.5 %. The individual 

grains are isometrie and the grain size distribution is quite narrow 

with intercept lengtbs varying from 2 to 17 JLIII. The mean linear 

intercept length is 2.9 ~m. 
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Flgure 4.1: Hicrostructure of WESGO A1997 alumina. The scale 
bar represents 100 ~· 

Flgure 4.2: Hicrostructure of NKACIP alumina. The scale bar 

represents 10 ~· 
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Figure 4.3: Hicrostructure of A&R DERANOX 970. The scale 
represents 100 ~· 

Figure 4.4: Hicrostructure of HIPSIC. 
represents 10 ~· 

The se ale bar 

53 
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Figure 4.5a: Hicrostructure of territe I. The scale bar 
represents 100 ~· 

Figure 4.5b: Fracture plane of territe I. The scale bar 
represents 20 ~· 
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Figure 4.6a: Hicrostructure of territe 11. The scale bar 
represents 500 ~· 

Figure 4.6b: Magnification of 4.6a. The scale bar represents 
~~ 

ss 
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Group 11 

Bar 1 umt 1 tana te ( flgure 4. 7): The two phases occurr lng in the bar i urn 

tltanate are BaT1
9
o20 and no

2
. Wlthln the materlal many submicron 

gralns are present, whlch are poorly vlslble on the micrograph. Due to 

the llmlted resolutlon, lt was impossible to determine the mean linear 

lntercept length. lt is estlmated at 2 ~· The largest gralns are up 

to 10 ~· No preferred orlentatlons are discerned. All together the 

materlal is very dense wlth a poroslty less than one percent. 

HACOR (flgure 4.8): The phases occurring in the HACOR are mica 

crystals within a glassy matrix. Slnce the glassy matrix constitutes a 

substantlal amount to the composltlon of the materlal, lt is useless 

to measure the mean linear intercept length as a value for the mean 

graln size of the materlal. The intersections of the crystalline mica 

in the glass matrix occurs as thln needies (aspect ratio estlmated at 

10) on the micrograph. The mica platelets are about 1 ~ in thickness. 

Mlcrographs of fracture planes, whlch will be discussed in chapter 5, 

reveal that the maximum width of the mica crystals is about 10 ~m. The 

maximum wldth of the glass domains between the mica is estimated at 5 

~· The porosity varles locally, but is generally less than one 

percent. 

Group 111 

Both TEOXIT (figure 4. 9) and ALCORIT (figure 4. 10) are essentially 

characterlzed by a large gralns (up to 1 mm) and high porosity 

percentage, about 24 for the TEOXIT and 37 for the ALCORIT. These two 

features domlnate all other relevant microstructural propertles. The 

mean llnear lntercept length is estlmated at 50 ~ for the TEOXIT and 

100 ~ for the ALCORIT. 
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Figure 4.7: Hicrostructure of bariumtitanate. The scale bar 
represents 10 ~· 

Figure 4.8: Hicrostructure of 
represents 10 ~· 

HACOR. The scale bar 
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Figure 4.9: Hicrostructure of TEOXIT. 
represents 200 ~· 

The 

Figure 4.10: Hicrostructure of ALCORIT. The 
represents 200 ~· 

chapter 4 

scale bar 

scale bar 



Katerlals: mlcrostructural and physlcal characterlzatlon 59 

4.3 Physical Characterization 

From chapter 2 the importance of the fracture toughness Klc is quite 

clear. One should keep in mind that Klc is not strlctly needed for the 

strength predictions. In the present work, lts value will serve as a 

mechanica! characterizatlon. Also the elastic constants are 

determined, assuming that the materials are isotroplc. Proper values 

for the Young' s modulus E and Poisson' s ratio v are required for 

stress calculatlons. This sectlon will descrlbe the techniques which 

have been used to measure these properties. 

4.3.1 Fracture toughness testing 

From literature, many testing methods are known to measure the 

fracture toughness of a brittie materlaL These tests are commonly 

based on a strength test with a specimen containlng an artlflcial 

defect. For a review on these tests, [5] glves good account. In a 

recent study a number of these test methods were applied on a variety 

of brittie materials [6]. An important conclusion was that of all 

methods the Chevron Notched Beam (CNB) test ylelded the most 

reproduelbie results. Hence, this method was considered as a standard 

for the present work, despite of the more compllcated machining 

procedure for the test bar. 

For the CNB test, the notches were cut in the test bar with diamond 

coated copper saw blades of 50 f.llll in thickness. A profile of the 

notches is glven in figure 4.11. Subsequently the bars (1 = 50 mm, w = 
3.5 mm, h = 4.5 mm) were loaded in a four-point bending fixture at a 

rate of 1 ~s until fracture. After the test, Kic was calculated from 

the force at fracture Ff' the speelmen dimenslons and the notch 

geometry using 

(4.3) 

The geornetry factor Y is calculated as follows [7] 
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s - s. 
Y = (3.08 + Sa1 + 8.33aÎ) x ( 0 h 

1
) 

(4.4) 
s x s

1 
a

2 
- a 

x (1 + 0.001 Y( 0 

2 
)) x ( 

1 
1J 

h - al 

In these equations a
1 

= a
1
1h and a2 = a

2
1h. The parameters a

1 
and a

2 
are the notch parameters (see figure 4.1). The test was carried out on 

the group I and II materials. The results are given in table 4.3. 

F/2 

F/2 

Figure 4.11: Schematic representatlon of the CNB test 

4.3.2 Measurement of elastic properties and density 

The elastic properties, the Young's modulus E and the Poisson's ratio 

v, were measured ultrasonlcally with the pulse-echo technique. This 

technique has been standardized for advanced technica! ceramics [8]. 

It makes use of either a longitudlnal or transverse pulse at a certain 

frequency, which is transmilled through the specimen. Typlcal 

frequencles which used for this method were 5 MHz and 20 MHz for the 

longitudlnal and transverse waves respectively. The elastic constants 

can be calculated from the difference in velocity of these waves and 

the density p of the materiaL The relevant equatlons for lsotropie 

materials are lisled in [8). The density was determined independent of 
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the specimen geometry. It was carried out by weighing the specimen 

both in air and submersed in distilled water. Full details regarding 

this method are given in [9]. 

A brief summary of the physical properties lists Klc' E, v and p of 

all materials is listed in table 4.3. 

Table 4.3: Relevant physical properties of the materials 

Material K (MPa•m112) E (GPa) 3 
Ie 

J) p (g/cm ) 

WESGO 3.9 369 0.24 3.85 
NKACIP 4.5 377 0.24 3.89 
A&R DERANOX 970 3.5 313 0.23 3.69 
HIPSIC 3.0 441 0.17 3.17 
Ferrite I 1.7 176 0.33 5.10 
Ferrlte 11 1.3 128 0.29 4.37 
Bariumtitanate 2.1 208 0.28 4.41 
MACOR 1. 5# 64 0.25 2.52 
TEOXIT 1.8# 23 0.25* 2.65 
ALCORIT 0.4 15 0.25* 1.89 

*: estimated value 
#: measured with Single Edge Notched Beam Hethod in 3PB 

4.4 Discussion 

From the characterization with respect to physical and microstructural 

parameters i t is clear that a wide variety in materials has been 

selected. The methods of characterization used have been standardized 

for advanced technica! ceramics, except for Kic and porosity 

measurement. In order to establish to what extent these properties 

reflect themselves on the strength of ceramics, mechanica! tests have 

to be carrled out. The next chapters describe the results of the 

mechanica! tests on these materials. 
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CHAPTER. S 

MATERIALS: MECHANICAL CHARACTERIZATION 

To obtaln a complete and reliable data set of Welbull parameters for 

the valldatlon of numerical models for strength calculatlons on 

ceramlc components, uniaxial (three- and four-point) and blaxial 

(ball-on-ring and ring-on-ring) bend tests were performed. The test 

were accompanied by fractography, an analysis of the fracture planes 

to discern the defects responsible for fracture. The test results of 

each group of materials are dealt with separately. 

5.1 Preparation of the test specimens 

In chapter 4 i t was stated that one of the main demands on the 

materials was that the test specimens should all be machined equally. 

In the present study, it was attempted with utmost effort to keep the 

machining steps into "test-ready" samples as equal as possible for all 

materials. Since some of them have been machlned in different 

workshops, the employed equipment may sometimes have been different. 

Nevertheless, the final surface finish of the specimens was kept 

within acceptable boundaries. This surface finish as well as the final 

diroenslons are all given in table 5.1. To illustrate a machlning 

process, the WESGO Al997 alumina will serve as an example. Exceptlons 

on the final dlmensions or surface properties for a partlcular 

materlal are given directly after this example. 

ion of the WESGO Al997 test The as-sintered bricks 

(300 x 100 x 50 mm) were cut into sheets with a 019 grid wheel, from 

which the disks were ground with a 061 wheel. The BOR disks (10 mm in 

radius and 1.5 mm in thickness) were ground in three steps with a 046, 

025 and a 015 wheel until finally a roughness (R ) of about 0.3 ~was 
a 

obtained. The ROR disks (15 mm in radlus and 1.5 mm in thlckness) and 

the bend bars (50 x 3.5 x 4.5 mm) for the uniaxial tests were prepared 

analogously. The corners of the test bars were chamfered at an angle 

of 45°. The chamfer (eh) amounted about 0.1 mm. 
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Table 5.1: Nominal dimensions and surface finish of the test 
specimens of the group I and II materials 

Bars 

length (1) 50 mm 
width (w) 3.5 mm 
heigth (h) 4.5 mm 
chamfer (eh) 0.1 mm 

Both bars and disks: 

Roughness (R ) 
Flatness a 
Planparallelllsm 

Disks 

radius (R) 
radius (R) 
thlckness (t) 

= 0.3,.,.. 
:s 5.0 fJill 
::s 5.0 fJill 

15 mm (ROR) 
10 mm (BOR) 
1.5 mm 

Notabie exceptlons on the geometries of the as-machlned material, the 

speelmen dimensions and surface finish are given below. 

WESGO AL997: It must be mentioned that the WESGO Al997 alumina was 

machlned in a different workshop than the other materials. The ROR 

disks were machined in a separate batch. This resul ted in a large 

surface roughness (1.0 fJIII) compared to the other specimens. 

NKAeiP: Due to the limited availabi li ty of the NKAeiP alumina, only 

disks for the ROR test were made. Since the material is manufactured 

at laboratory scale for the present testing purpose, a description of 

lts processing is given. 

In the first processing step, 99.7 pure Al 2o3 powder (Alcoa A16SG) was 

cold lsostatically pressed at 200 MPa in bars of 50 x 50 x 200 mm and 

rods of " 50 x 200 mm. Both the bars and rods were subsequently 

presintered at 1100 °e for 30 mln and afterwards sectloned into 5 mm 

thlck plates and 2 mm thick disks respectively. The final processing 

step consisted of sintering in air at 1550 °e for 4 h. From the end 

products the specimens were machined. 

A&R DERANOX: The test bars of the A&R alumina are somewhat smaller (45 

x 3 x 4 mm), due to the dimensions of the bulk material. For the same 

reason it was lmpossible to machine ROR disks. The radius of the BOR 

disks was 10.5 mm and the thickness was 2 mm. 
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HIPSIC: The bars of HIPSIC have been machined from hot isostatically 

pressed ("hipped") billets. The dimensions of these blocks were 

approximately 100 x 100 x 10 mm. The disks have been machined from 

rods which were 30 mm in diameter and 200 mm long. 

Ferrite 1: For the ease of machinlng (the bulk material was 60 mm in 

length), the bars of ferri te I were 60 mm in length. They we re only 

chamfered on the two edges loaded in tension during the test. 

Ferrite 11, Bariumtitanate and MACOR: The bars were only chamfered on 

the two edges loaded in tension during the test. 

TEOXIT and ALCORIT: The microstructural analysis of chapter 4 showed 

that both TEOXIT and ALCORIT have a large grain size and that they 

contain a high porosity. For these reasons, mechanica! testing was 

done with larger specimens than for the other two groups. Both 

uniaxial and biaxial specimens were cut from plates of approximately 

500 x 500 x 20 mm. The final dimensions of the test bars was nominally 

80 x 10 x 10 mm. No further surface finish was applied. Both the BOR 

and ROR disks were 40 mm in radius and had a thickness of 10 mm. 

5.2. Strength tests 

In chapter 3 the uniaxial and biaxial bend fixtures were described and 

analyzed in detai 1. Wi th the fixtures bend tests can be performed 

wi thin an accuracy < 1. 5 percent. The fixtures we re mounted in an 

electro-mechanical testing machine which was connected to a personal 

computer for recording the force-displacement diagram of the strength 

test. The thickness of all specimens was measured with an accuracy 

of 0. 01 mm, since small variations seriously influence the stress 

calculations. In order to maintain equal conditlans for each strength 

test and to minimize influences of subcrltical crack growth, two 

factors were carefully observed: 

Firstly, all tests were performed at a outer fiber strain rate of t = 
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10-4 -4 -1 5 x (± 0.5 x 10 ) s This constant strain rate was established 

for each configuration of bend test and material. To achleve this, a 

specimen of each configuration was tested, and the resulting 

force-time diagram was used to scale the testing speeds to the desired 

value for ë. This was done since each set-up has a different 

stiffness. For the ROR tests this resulted in high testing speeds, 

since in this case the stiffness is high as compared with the other 

test jigs. In table 5.2 all testing speeds aré listed in mm/min. It 

also provides an overview of all tests. 

Secondly, nearly all strength tests were carried out in a N2 
environment with a dew point of -35 °C (relative air humidity of 0.8 

%). For the latter purpose, chambers made from polymethyl 

meta-acrylate were included in the experimental set-ups. The 

prescribed humidity was established by means of a constant nitrogen 

gas flow and measured with a hygrometer. Since small fluctuations in 

humidity were assumed to have negligible influences on the strength of 

the group 111 ceramics, both TEOXIT and ALCORIT were tested in air. 

Table 5.2: Testing speeds (mmlmin) of the strength tests 

Material 3PB40 3P820 4PB BOR ROR 

WESGO 997 2.9 2.2 4.2 3.2 14.0 
NKACIP 0.9 4.3 14.4 
A&R DERANOX 970 1.3 3.7 6.1 
Ferrite I 1.3 3.3 2.5 7.9 
Ferrite 11 4.3 4.5 2.5 7.9 
HIPSIC 1.3 3.5 3.2 10.6 
Bariumti tanate 1.3 3.5 2.5 4.3 
MACOR 1.3 3.5 1.2 8.0 
TEOXIT• 3.0 4.6 4.2 5.0 
ALCORIT• 5.5 6.3 9.3 27.0 

*: deviating test dimensions (see section 5.3.3) 

5.2.1 Calculation of the nominal fracture stress 

In the following Snom is defined as the nominal outer fiber stress. 

The nominal stress at fracture was calculated from the applied force 
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at the moment of fracture. The formulae can easily be derlved from,the 

equatlons of chapter 3 whlch have been used for the calculations of 

Young' s moduli. 

Three-polnt bending: For JPB, the nomina! fracture stress S was nom 
calculated using the simple beam theory but taking into account the 

Seewald-von Karman correction as described in chapter 3 

3F s 
s _f_ (1 - 0.266 2h) 

nom 2wh2 Js 
(5. 1) 

where w and h are the width and the height of the bar respectively, s 

is the three-point bend span and Ff is the fracture load. 

Four-point bending: For 4PB the nomina! fracture stress is equal to 

s = nom 

where s
0 

and si are the outer and the inner roller span. 

(5.2) 

Ball-on-ring bending: For BOR bending the nomina! fracture stress is 

equal to 

s nom 
J(l+v)Ff Ro 1-v Ro 2 b 2 

{1 + 2ln(-) + (-) (-) [1 - (-) J} 
4n:t2 b l+v R R

0 

(5.3) 

where R
0 

is the support radius, b the effective contact radius, R the 

specimen radius, t the specimen thickness and v Polsson' s ratio. As 

has been experimentally verlfled in chapter 3, it is quite acceptable 

to substitute a value of one thlrd of the plate thlckness for b (b = 
t/3). 

Ring-on-ring bending: For ROR bending the nominal fracture stress is 

equal to 
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s nom 

where Ri is the radius of the inner support ring. 

5.2.2 Fractography 

chapler 5 

(5.4) 

For later fractographical analysis, all specimens were marked with a 

pencil on the compressive side prior to the test. When posslble, this 

investlgatlon was applled directly after the strength tests. The 

method was partlcularly useful for the darker materials: the ferrites, 

the HIPSIC and bariumtitanate. However, the method is difficult for 

the aluminas, because of internal reflections on the fracture surface. 

Special care was taken to avoid damage of the fracture surfaces when 

removing the specimen remnants from the fixture after the test had 

taken place. The followlng steps were taken during fractography: 

- Firstly, the fracture surface was studled with a 

(magnification 10 x) to trace the crigin of failure, 

loupe 

- Secondly, these crigins of failure were characterized by means of a 

stereo microscope (magnification 10- 40 x), 

Thlrdly, research on a larger scale was applied when necessary using 

scanning electron microscopy (SEM), for which the fracture plane was 

coated with a gold layer of approximately 25 nm thickness. 

5.3 Test results 

After each measurement the strength data were interpreted by means of 

the statistica! procedures described in chapter 2. In the proceeding 

sections, each of the three groups of materials will be dealt with 

separately. For all materials, a table with the test results is given, 

in some case accompanied by a Welbull plot (elther as an example or if 

this graphlcal representation provided additional information for the 

interpretation of the test resul ts). From the tables the standard 
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devlation in both Snom and in m can be calculated. For Snom' the 

standard devlation is equal to S /(mv'Nl, where N is the number of nom 
speelmens in a test series. The standard devlatlon in m is glven by 

rnlv'N. The results of fractography are summarlzed in terms of typtcal 

defects. A distinction is made between surface and volume defects. 

Material intrinsic pores whlch interseet the surface of the test 

specimen are classifled as volume defects. 

5.3.1 Test results of group I materlals 

WESGO Al997: Fractography on thls material yielded poor results, due 

to the large grain size of the material and internal reflections with 

op ti cal mlcroscopy. The difficulties of fractography are illustrated 

by flgures S.la and b. Figure 5.1a represents a large patt of a 

fracture plane of a bar tested in 3PB. The fracture mlrror is 

developed poorly and the exact location of the strength determlning 

defect is difficult to trace. The presumable locatlon is about 50 ~ 

to the right of the chamfered edge. Focused in detail (figure S.lb), a 

porous zone can be discerned vaguely. Fractography on several other 

specimens did not yield better results. It is concluded with 

caution that machining damage contributed substantially to the 

fracture of the Wesgo alumina. Since the Weibull modulus is fairly 

equal for all tests, a single defect population was assumed. Only the 

ROR test produced a somewhat different value for m. This may be due 

the the fact that the surface roughness of these disks is about 1.0 

~. where it is 0.3 ~m for the other specimens. It is consistent wlth 

the assumptlon that the WESGO Al997 alumina faUed from surface 

defects, and that the machining metbod lnfluences the strength 

distrlbution. The corresponding Weibull plot is presented in flgure 

5.2. 
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Figure 5.1a: Fracture plane of WESGO Al997. The scale bar 
represents 100 ~· 

Figure 5.1b: Detail of 5.1a, a porous zone. The scale bar 
represents 10 ~· 
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Table 5.4: Results of the strength 
tests on IIESGO A1997 

TEST N S (MPa) nom Dl 

3P20 40 288 28.5 
3P40 40 280 27.0 
4P20/40 40 264 22.0 
BOR 40 288 20.8 
ROR 36 231 12.9 
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Flgure 5.2: llelbull plot of IIESGO Al997. # = ROR test; + 4PB 
test at span lengths 20 mm and 40 mm; o = 3PB test at 
span length 40 mm; x = 3PB test at span length 20 mm; 
* = BOR test. 
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NKACIP: The Weibull moduli do not differ signiflcantly for the tests 

serles on the NKACIP alumina (figure 5.3). Therefore it is concluded 

that a single defect populatlon was responsible for the fracture of 

the specimens. Allke the WESGO Al997 alumlna, fractography ylelded no 

clear results. 
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Figure 5.3: Weibull plot of NKACIP. + = ROR test; o = 4PB test at 
span lengths 20 and 40 mm; x = 3PB test at span length 
20 mm. 
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Table 5.3: Results of the strength 
tests on NKACIP 

TEST N S (MPa) m nom 

3P20 20 368 8.5 
4P20/40 20 291 6.7 
ROR 20 269 9.0 

A&R DERANOX 970: The strength tests on A&R Deranox 970 show that the 

Weibull modulus is equal for all tests. The mean nomina! fracture 

stresses of the specific test series are ranked accordlng to the 

effective test volume. Fractography indicated that the specimens 

failed from regions near the surface, but the defects themselves could 

not be dlscerned due to the large graln size. 

Table 5.4: Results of the strength 
tests on A&R Deranox 970 

TEST N Snom(MPa) m 

3P20 20 285 13.3 
4P20/40 20 235 10.1 
BOR 17 360 14.0 

HIPSIC: Due to its low porosity (< 1 %) and its small grain size (2.7 

J.tm), the HIPSIC was particularly useful for fractography and the 

technique could be applled on the remnants of the biaxial tests as 

well. It showed that all specimens failed from pores located at the 

surface or just beneath the surface ('' sub-surface pores"). Thls is 

illustrated by figures 5.4a and b. In figure 5.4a, the defect is 

clearly vislble in the center of the clrcular fracture mirror, about 

0.2 mm above the specimen surface. Flgure 5.4b represents the strength 

determining pore in detail. The pore is partially filled up with 

hexagonal SiC crystals. The strength determining defect population of 

the HIPSIC consists of volume defects. Both the 3PB test and the 4PB 

test resulted in slmilar values for m, lower than m of the BOR test 

(figure 5.5). The value of m for the ROR test is intermediate. 
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Figure 5.4a: Fracture plane of HIPSIC. The 
represents 1 liiiii. 

se ale 
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bar 

Figure 5.4b: Strength determining pore of 5.4a. The scale 
bar represents 10 ~· 
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Figure 5.5: Weibull plot of HIPSIC. * = ROR test; o = 4PB test at 
span lengths 20 and 40 mm; x = 3PB test at span length 
20 mm; + = BOR test. 

Table 5.7: Results of the strength 
tests on HIPSIC 

TEST N 5 (HPa) 
nam m 

3P20 20 557 3.6 
4P20/40 20 484 3.5 
BOR 20 685 7.8 
ROR 20 411 5.6 

75 
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Ferrite I: Both uniaxial and biaxial test series on ferrite I resulted 

in a number of tests with extreme low fracture stresses. Fractography 

revealed that these specimens failed from excessively large grains, up 

to 100 ~ (figure 5.6a), where the remaining failed from sub-surface 

pores (figure 5.6b). For this reason, these low strength specimens 

were rejected from the statistica! interpretation. The final resul t 

was that equal (within standard deviation) Weibull moduli were 

calculated for the 4PB, the BOR and the ROR tests. The value of m for 

the 3PB test is significantly different. The strength determining 

defects are classified as volume defects. 

Table 5.8: Results of the 
tests on ferrite I 

TEST N s (MPa) 
nom 

3P20 18 183 
4P20/40 18 162 
BOR 18 241 
ROR 16 164 

strength 

m 

7.4 
13.7 
14.7 
12.6 

Ferrite II: The defects responsible for fracture of ferrite II 

consisted of large pores located at the surfaces of the specimens. 

These pores have been discussed and illustrated in section 4.3.4, and 

1t is concluded that they form a population of volume defects. All 

four strength tests produced equal values for m. The main difference 

with ferrite I is that for all tests S is much lower which is due nom 
to the large porosity and the larger pore size. 

Table 5.9: Results of the strength 
tests on ferrite 11 

TEST N S (MPa) 
nom m 

3P20 20 103 8.6 
4P20/40 20 83 6.9 
BOR 20 124 9.7 
ROR 20 78 9.6 
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Figure 5.6a: Fracture origin of Eerrite l, an excessive 
large grain. The scale bar represents 10 pm. 

Figure 5.6b: Fracture origin of ferr1te I, a sub-surface 
pore. The scale bar represents 10 pm. 

77 
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5o3o2 Tests results of group II materials 

Barlumtltanate: The Welbull plots of the tests are presented in figure 

5 0 7 0 Wlth exceptlon of the BOR test, the Welbull moduli are falrly 

equalo The high value of m resul tlng from the BOR test cannot be 

explainedo The results of fractography lndlcate a partlal similarity 

with the HIPSICo The strength determining defect population contains 

sub-surface pores (figures 5.8a and b) but in some cases the fracture 

origin was not traced. The total defect population may be composed of 

both pores and machining damage. 

Table 5.10: Results of the strength 
tests on barlumtitanate 

TEST N S (MPa) m nom 

3P20 19 273 13o9 
4P20/40 19 259 19.8 
BOR 20 329 28.8 
ROR 20 261 18o4 

MACOR: The strength determining defects of MACOR are generally large 

pores which are almost perfectly spherlcal. They are illustrated in 

figures 5o 9a-eo These images clearly illustrate that, although a 

specimen failed from the surface, its strength determining defect in 

fact belongs to a volume population. From figure 5. 9d it can be 

notleed that fracture proceeds along the cleavage planes of the mica 

crystalso In figure 5o9e, the strength determining defect is composed 

of a pore and machining damage. The Weibull modulus of both biaxial 

tests is somewhat higher than the Weibull modulus of the uniaxial 

test, but this difference is not significant. The Weibull diagram of 

the four tests is presented in figure 5010. 
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Flgure 5.7: Weibull plot of bariumtitanate. * = ROR test; o = 4PB 
test at span lengths 20 mm and 40 mm; x = 3PB test at 
span length 20 mm; + = BOR test. 



80 

Flgure 5.8a: Fracture plane of barlumtltanate. The scale bar 
represents 100 ~· 

Figure 5.8b: Strength determining pore of 5.7a. The scale 
bar represents 10 ~· 
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Figure 5.9a: Fracture plane of HACOR. 
represents 100 ~· 

The scale bar 

Flgure 5.9b: Strength determining pore of 5.9a. The scale 
bar represents 10 ~· 

81 
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Flgure 5.9c: Fracture plane of HACOR. 
represents 100 ~· 

The scale 

chapter 5 

bar 

Flgure 5.9d: Strength determining pore of 5.9c. The scale 
bar represents 10 ~· 
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Figure 5.9e: Strength determinlng defect ln HACOR, a 
combination of a pore and machinlng damage. The 
scale bar represents 10 ~· 

Table 5.11: Results of the strength 
tests on HACOR 

TEST N 5nom(MPa) m 

3P20 18 170 13.6 
4P20/40 20 154 9.5 
BOR 20 188 13.5 
ROR 18 153 19.7 
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Figure 5.10: Weibull plot of HACOR. * = ROR test; o = 4PB test at 
span lengths 20 mm and 40 mm; x = JPB test at span 
length 20 mm; + = BOR test. 

5.3.3 Test results of group 111 materials 

In the description of the specimen preparation, it was mentioned that 

larger test jigs were designed for the group 111 ceramics. Based on 

the successful results of chapter 3, a uniaxial bend fixture was 

designed. With this jig the 3PB tests were carried out at a span 

length of 60 mm. The 4PB test was carried out with inner span length 
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30 mm and outer span length 60 mm. Analogously, the scale of the BOR 

test was magnifled such that the test was performed on a ball-bearing 

whlch was 50 mm in diameter. The ROR test was equlpped with 

ball-bearings of 30 mm and 50 mm in diameter. The tests were carried 

out in air. The cross head speeds were chosen such that these agaln 

resulted in a maximum outer fiber strain rate of é = 5 x 10 - 4s - 1 

TEOXIT: Considering the test resul ts of TEOXIT, 1 t is lmmediately 

notleed that for each bend test S is rather low in comparlson wlth nom 
the materials in the other groups. This is not very surprislng since 

the material contains a large porosity. Due to the large graln slze of 

both mater i als and their varlety in composl tlon, fractography was 

difficult. Although the origin of fracture was not directly clear, 

these were believed to be pores. All tests produced equal values for 

m. The deviatlng value of the 3PB test is not significant. 

Table 5.1Z: Results of the strength 

tests on TEOXIT 

TEST N S (MPa) 
nom m 

3P60 30 45 1Z.4 
4P30/60 30 43 8.9 
BOR50 zo 50 8.6 
ROR30/50 zo 33 7.1 

ALCORIT: Wi th respect to S and fractography the same resul ts are nom 
obtained as for TEOXIT, al though the material is even weaker. The 

Welbull modulus is equal for all tests, although the ROR test resulted 

in a somewhat higher value. During the mechanica! tests, the sound of 

cracks could be heard befere fracture of the specimen. This indicates 

that microcracks grew during the test and that the materlal is not 

strictly brittle. 
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Table 5.13: Results of the strength 

tests on ALCORIT 

TEST N S (MPa) m nom 

3P60 20 9.7 9.8 
4P30/60 20 9.1 7.2 
BOR50 20 20.0 8.1 
ROR30/50 20 11.2 12.9 

5.4 Discussion 

A large set of room temperature strength data is collected for several 

brittle materlals, uslng the mechanica! tests described in chapter 3. 

In some cases, fractography was successful, especially for the dark 

coloured, fine grained materials and on the debris of the uniaxial 

tests. The technique did unfortunately not add any significant 

lnformation to the test resul ts for the large grained materials. 

Overall, lt was concluded that all materlals failed primarily from 

defects located at or just beneath the surface. Of course this is not 

surprising, since for all tests the tensile stresses are highest at 

the speelmen surfaces. Defects at the surface whlch are deflni tely 

material lntrinsic, such as pores or large grains, are regarded as 

volume defects. 

In general, consistent Weibull moduli were calculated for the various 

tests on a material, but there are some materlals for which a 

partlcular test re sul ted in a significant different value (i.e. the 

ROR test on WESGO Al997, the BOR test on bariumtitanate and the 3PB 

test on ferrlte 1). Hence, a single test series on a material does not 

always yleld a representative value for the Weibull modulus. 

The set of data, completed with the results of chapter 4 and the 

theory of chapter 2, is the basis for the next chapter. Here, the 

strength modelling of these materials will be discussed. 



CHAPTER 6 

MODELLINC AND INTERPRETATION OF STRENGTil TEST RESULTS 

The set of experimental data of chapter 5 is used to model the 

strength using the the weakest-llnk fallure theory of chapter 2 [1]. 

The predlcted values are compared wlth the measured data of chapter 5, 

and i t is at tempted to link these resul ts to the mlcrostructural 

analysis of chapter 4. An analysls is carrled out to lnvestlgate the 

lnfluence of experlmental errors on the predlctlons. Overall 

concluslons concernlng the weakest-link fallure models are presented 

at the end of the chapter. 

6.1 Criterion independent sealing of mean nominal fracture stresses 

The strength tests of chapter 5 resulted in data sets for each 

materlal tested. A flrst approach to deal wlth these results is 

mutually sealing the values of § for each test carrled out on a nom 
partlcular material, taking lnto account the volume (or surface) of 

the specimens of a test. If for all materlals an ldentlcal test is 

chosen as a reference, insight is obtalned on the ratlos of the mean 

nomlnal fracture stresses of the tests on the different materials. 

Uslng equatlon (2.21), the followlng expression for each test strength 

test k on a materlal holds 

(6.1) 

where §k is the mean nominal fracture stress of test k, Vk the 

speelmen volume of test k and the L(V)k the fracture criterion 

dependent stress-volume integral of test k. Now each test k on a 

particular material can be scaled on a reference test. Consequently, 

the ratio Rt of the mean nominal fracture stresses of a partlcular 

test and a reference test t can be calculated accordlng to 
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(6.2) 

Since for all materials the four-point bend test was done, this test 

was chosen as the reference test. The sealing procedure is carried out 

using the mean value of m of all tests on a material, given by 

m = 
1 N 
- l: m. 
N k=1 k 

(6.3) 

in which N is the total number of tests on a material and ~ is the 

Weibull modulus of test k. 

The results of this sealing procedure and the mean Weibull moduli of 

the materials are listed in table 6.1, and presented graphically in 

figure 6.1. It is clear that the ratios differ for the various 

materials. A similar sealing procedure based on the specimen surface 

yields the same conclusion. 

Hence, if the weakest-link model discussed in chapter 2 is valid, it 

is obvious that different fracture cri ter ia must be used for the 

strength calculations, as Rt only depends on the choice of m and the 

fracture criterion. 

Table 6.1: The ratio Rt for the different tests on different 
materials. 

m 3PB BOR ROR 

WESGO Al 997 22.2 1.09& 1. 07 0.89 
NK.ACIP 8.1 1.26 0.96 
A&R DERANOX 970 12.S 1. 21 1. S6 
HIPSIC S.1 1. 1S 1. 28 0.90 
Ferrite I 13.7 1.10 1. 40 1. 02 
Ferrite II 8.7 1. 24 1.41 0.97 
Bariumti tanate 20.2 1. os 1.24 1. 02 
MACOR 14.1 1. 10 1.18 1. 01 
ALCORIT 9.S 1. 07 2.62 1. 49 
TEOXIT 9.3 1. os 1.40 0.92 

& :3PB at span length 20 mm. 
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11 111 IV V VI VIl VIII IX x 

Figure 6.1: Strength ratlos for the different materials scaled on 
4PB strength. I = WESGO Al997, II = NKACIP, III A&R 
Deranox 970, IV = HIPSIC, V = Ferrite I, VI = Ferrite 
II, VII = Bariumtitanate, VIII = HACOR, IX= ALCORIT, X 
= TEOXIT; 111 = 3PB test, 111 = BOR test, ~ = ROR 
test. 

6.2 Appllcatlon of mixed mode-fracture criteria 

According to the weakest-llnk theory described in chapter 2, lt should 

be possible to write the mean nomina! fracture stress sk of a test 

series k on a material as 

(6.4) 

where Su is the unit strength of the materlal and Fk is given by 

Vu 1/m 
(V I(V) ) 

k k 
(6.5a) 
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calculated for volume defects and 

(6.Sb) 

for the weakest-link predietien based on surface defects. lf the 

weakest-link principle holds true for a combination of a material and 

a fracture criterion, lt should be possible to plot sk as a function 

of Fk for the different tests on a straight line passing the origin. 

This implies that for an inflnitely large test specimen (large 

effecti ve volume or surface) the strength theoretlcally should be 

zero. 

For the elaboration of the strength calculations all material-fracture 

cri terion combinatlens were plotted in a Sk - Fk diagram, both for 

volume defects and surface defects. The calculatlons of the 

stress-volume and stress-surface integral was done numerically wi th 

the aid of the flnite element post-processor FAILUR [2]. For the 

calculation of Fk the average value of the Weibull modulus over all 

tests was used. The values of Fk have been listed in appendix A. 

Curve fitting the data points of Sk and Fk accordin~ to a partlcular 

fracture criterlon, will result in an estlmate Su for the unit 

strength of the material based on relationship (6.4). Using S , it is 
-· u possible to predict the strength of test k, sk. by 

(6.6) 

Subsequently, the relative error ek in the predietien of test k can be 

defined as 

(6.7) 

The applicability of a criterion for the strength calculatlon of a 

material can be characterized as the average of the absolute values of 

ek for each test 
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1 N 
e = - r Ie I 

N k=l k 

91 

(6.8) 

An example is presented in flgure 6. 2, where the data points of the 

TEOXIT have been plotted wlth Fk computed for the PIA criterion for 

volume defects. The straight line results from fitting the data points 

accordlng to (6.3), yielding S = 69.16 HPa. Using (6.6), (6.7) and 
u 

(6.8), e has been calculated which resulted in 2.7 Y.. Consequently it 

can be concluded that the weakest-llnk predlctlon using the PIA 

criterion for TEOXIT on average results in a prediction wlthln the 

expected measurement error of sk of about 3 Y. (chapter 3 and sectlon 

6.4.1). 
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Figure 6.2: Strength prediction of TEOXIT. 
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Now consider flgure 6.3, which represents a Sk - Fk diagram for MACOR. 

Here Fk has been calculated based on the GMAX criterion for volume 

defects and "through-the-thickness" cracks. Fitting the data according 

to theory, represented by the solid line, results in e = 7.5 %, whlch 

is much larger than the measurement error in Sk. Use of other fracture 

criteria does not lmprove this result, and lt was concluded that for 

thls case, the standard weakest-link theory is not applicable. To some 

extent, thls deviatlon from weakest-link theory was notleed for most 

materials and lt was concluded that a different model had to be used 

for an acceptable description of the strength data. 
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Figure 6.3: Strength predictlon of HACOR. ----- = fit according to 
(6.4) for GHAX-TTC; ---=fit according to (6.9) for 
GHAX-TTC. 

The simplest approach to modify the standard weakest-link theory is 

given by 
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(6.9) 

where S represents a "size independent strength". The ratio S /S can r r u 
be considered as a measure for the deviation from the standard 

weakest-link theory. 

A linear regression analysis (least-squares) on the data points 

according to (6.9) resulted in the dotted line of fig. 6.3. The 

regresslon analysis now provides the estimates Su and Sr for Su and 

Sr, respectively. Using these estimates, it is again possible to 

calculate the strength of test k using according to 

(6.10) 

This method of strength description was carried out for all 

material-fracture criterion combinations, both for surface and volume 

defects. The errors in the prediction by a criterion for test k can 

again be calculated by means of equation (6. 7), and the error for a 

material-criterion combination is given by (6.8). The best fitting 

criterion was considered the one which resulted in the smallest error 

e. It must be mentioned that, if the error was defined alternatively 
2 e.g. e = t ek or e = the sum of squared residuals, the same results 

were obtained. 

6.3 Results of application of mixed-mode fracture criteria and a 

modified weakest-link model 

For each material the results of the calculations according to the 

different criteria and the modlfied weakest-link model of (6. 9) are 

presented for the best fitting type of defect (elther according to 

surface or volume defects). The results are accompanied by a table, in 

which the best fitting criterion is underlined. The 95 % confidence 

intervals for Su and Sr are presented in appendix B. 
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6.3.1 Group I materials 

WESGO Al997: In table 6.2 the results are listed both for volume and 

surface defects in order to illustrate the dlfferences between the 

predictions based on these two types of defects. The lowest value of 

both e and Sr results from the prediction based on the NSA criterion 

for surface defects. From the two tables 1t is notleed that all 

criteria predict best for surface defects. This is in agreement with 

the results of chapter 5 

Table 6.2: Results of strength calculations for the WESGO 
AL997 alumina according to the various criteria 
based on surface and volume defects 

surface S (MPa) S (MPa) S /S (%) e(%) 
u r r u 

PIA 186.1 108.0 58.0 2.7 
GMAX-TTC 177.8 106.4 59.9 4.5 
GMAX-PSC 211.3 80.7 38.2 4.6 
NSA 229.4 50.7 22.1 1.5 
COP-TTC 229.8 53.2 23.2 2.4 
COP-PSC 227.7 56.2 24.7 2.7 
RNC-TTC 220.0 65.8 29.9 3.5 
RNC-PSC 199.9 86.2 43.1 4.2 

volume S (MPa) S (MPa) s /S (%) e(%) u r r u 

PIA 123.3 145.7 118.2 5.5 
GMAX-TTC 130.5 130.7 100. 1 5.3 
GMAX-PSC 128.5 137.3 106.9 5.4 
NSA 150.9 93.7 62.1 4.3 
COP-TTC 144. 1 105.8 73.4 4.7 
COP-PSC 141.7 110. 1 77.8 4.8 
RNC-TTC 134.9 121.4 90.0 5.1 
RNC-PSC 130.0 130.6 100.5 5.3 

NKACIP (Table 6.3): The best predictions are obtained with the COP-TTC 

criterion for volume defects, although the difference with the COP-PSC 

is small. All predictions based on surface defects result in larger 

errors. Unfortunately, the re sul ts from fractography we re not clear 

enough to support the volume defect assumptlon. In general Sr is 

small, which means that the standard weakest-link theory is well 

appllcable. It should be mentloned that predictlons with the other 
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shear stress sensitive criteria, GMAX and RNC result in errors which 

are only sllghtly greater. 

Table 6.3: Results of strength calculations for the NKACIP 
alumina according to the various criteria based 
on volume defects 

A 

S (MPa) S (MPa) S /S (%) e(%) u r r u 

PIA 436.3 -19.8 -4.5 2.0 
GMAX-TTC 351.4 -0.4 -0.1 0.9 
GMAX-PSC 375.6 -8.8 -2.3 1.3 
NSA 252.4 47.5 18.8 1.1 
COP-TTC 294.9 23.4 7.9 0.2 
COP-PSC 309.7 16.0 5.2 0.2 
RNC-TTC 331.7 6.6 2.0 0.6 
RNC-PSC 356.6 -4.0 -1.1 1.1 

A&R Deranox 970 (Table 6. 4): The predictlon with both the smallest 

error and the smallest deviation from standard weakest-link is carried 

out on basis of the PIA criterion for volume defects. Agaln, the 

weakest-llnk predlctlons startlng wlth surface defects provide worse 

results, indicating that volume defects were deflnitely strength 

determining. This conclusion could not decisively be supported by 

fractography. Further 1t is notleed that for all criteria Sr is 

negative. 

Table 6.4: Results of strength 
Deranox 970 alumina 

calculations for 
to the varlous 

based on volume defects 
A A A 

S (MPa) u 
S (MPa) 

r S IS (%) r u 

PIA 344.4 -55.9 -16.2 
GMAX-TTC 334.5 -83.0 -24.8 
GMAX-PSC 338.0 -73.9 -21.9 
NSA 348.4 -150.1 -43.1 
COP-TTC 329.3 -107.3 -32.6 
COP-PSC 335.4 -109.6 -32.7 
RNC-TTC 333.3 -94.4 -28.3 
RNC-PSC 331.3 -80.4 -24.3 

the A&R 
criteria 

e(%) 

1.3 
2.2 
1.9 
4.5 
3.6 
3.1 
2.5 
2.1 
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HIPSIC (Table 6.5): Notwithstanding the fact that modelling based on 

surface defects yielded slightly better resul ts, the modelling by 

'volume defects is more realistic. Fractography showed unambiguously 

that the material failed from (sub-surface) pores. However, the 

deviations from standard weakest-link theory are considerable in both 

cases for all models. This can be notleed by the values of Sr, which 

, is in all cases of the same magnitude as Su. The criterion resulting 

in the smallest error is NSA. 

Table 6.5: Results of strength calculations for the HIPSIC 
according to the various criteria based on 
volume defects 

PIA 
GMAX-TTC 
GMAX-PSC 
NSA 
COP-TTC 
COP-PSC 
RNC-TTC 
RNC-PSC 

~ 

S (MPa) 
u 

345.2 
286.4 
291.9 
257.2 
268.4 
270.9 
279.0 
283.7 

S (MPa) 
r 

282.9 
274.8 
277.0 
253.5 
266.1 
268.5 
273.2 
275.8 

81.9 
95.9 
94.9 
98.6 
99.2 
99.1 
97.9 
97.2 

e(%) 

5.2 
4.6 
4.8 
2.6 
3.8 
4.1 
4.5 
4.7 

Ferrite I (Table 6.6): Since the Weibull modulus of the 3PB test was 

significantly lower than for the other tests, the 3PB test is not 

considered. Hoctelling the other tests shows that all cri ter ia give 

better results if these are based on volume defects, whlch is in 

agreement with fractography. Of all criteria PIA results in the 

smallest error. Overall, the devlation from standard weakest-llnk 

theory is relatively small. Using the PIA criterion, it is possible to 

predict the strength of the 3PB test. The predicted strength is 188 

MPa. Compared to the measured value (183 MPa), the difference is 

small. 
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Table 6.6: Results of strength calculatlons for ferrlte I 
accordlng to the varlous criteria based on 
volume defects 

5 (MPa) 5 (MPa) 5 /5 (%) e(%) 
u r r u 

PIA 177.3 15.6 8.8 0.5 
GHAX-TTC 167.5 10.6 6.3 1.4 
GHAX-P5C 173.0 13.2 7.6 0.9 
N5A 159.5 1.5 0.9 3.6 
COP-TTC 161.6 4.8 3.0 2.6 
COP-P5C 162.8 6.9 4.2 2.1 
RNC-TTC 164.4 8.6 5.2 1.8 
RNC-P5C 167.7 12.3 7.3 1.1 

Ferrite 11 (Table 6. 7): The predlctlons on the basis of both volume 

and surface defects results in comparable errors. Nevertheless, 

predlctlon on basis of volume defects seems the most realistic 

approach consldering both mlcrostructural and fractographlcal results. 

The best fitting criterion is N5A. The devlatlon of standard 

weakest-llnk theory is about equal for all criteria. 

Table 6.7: Results of strength calculations·for ferrite 11 
according to the varlous criteria based on 
volume defects 

5 (MPa) 5 (MPa) 5 /5 (%) e(%) 
u r r u 

PIA 72.9 31.1 42.6 3.5 
GHAX-TTC 65.9 28.5 43.3 2.5 
GHAX-PSC 68.0 30.0 43.4 3.0 
N5A 62.0 22.9 37.0 0.8 
COP-TTC 63.3 25.2 39.9 1.3 
COP-P5C 63.9 26.4 41.3 1.7 
RNC-TTC 64.9 27.3 42.1 2.1 
RNC-P5C 66.2 28.7 43.4 2.7 

6.3.2 Group 11 materlals 

Bariumtltanate (Table 6.8): Due to its hlghly deviatlng value of the 

Welbull modulus, the BOR test was not taken lnto account in the 

predictlons. lf the predlctlons are based on volume defects better 
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results are obtained which is in agreement with fractography. High 

deviatlons from standard weakest-link theory are noticed for some 

fracture criteria, but the prediction with PIA results in an error of 

only 0.3 %. Using the PIA criterion it is possible to predict the BOR 

test. This yields a BOR strength of 295 MPa, while the measured BOR 

strength was 329 MPa. 

Table 6.8: Results of strength calculatlons for the 
bariumtitanate according to the various criteria 
based on volume delects 

A 

Su(MPa) S (MPa) 
r 

S /S (%) 
r u 

e(%) 

PIA 93.4 178.2 190.8 0.3 
GMAX-TTC 76.9 187.8 244.1 0.6 
GMAX-PSC 84.9 183.4 216.0 0.5 
NSA 52.9 205.3 388.9 1.0 
COP-TTC 60.5 199.5 330.0 0.9 
COP-PSC 64.5 196.3 304.4 0.8 
RNC-TTC 70.3 192.0 273.0 0.7 
RNC-PSC 78.5 186.4 237.4 0.5 

MACOR (Table 6. 9): The best fitting criterion is GMAX-TTC based on 

volume defects. Modelling based on volume defects is justified 

consictering the results from fractography. This prediction was already 

presented by the dotted line in figure 6. 3. Based on GMAX-PSC or 

predicted with the COP criterion both for TIC and PSC, the differences 

are negllgible. The deviation from standard weakest-link theory is 

considerable for all criteria. 
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Table 6.9: Results of strength calculations for HACOR 
accordlng to the varlous criteria based on 
volume defects 

A A 

s (MPa) u Sr(MPa) S /S (%) 
r u 

e(%) 

PIA 81.1 86.6 106.7 0.8 
GMAX-TTC 76.8 83.8 109.1 0.5 
GMAX-PSC 78.4 85.1 108.5 0.6 
NSA 72.4 79.7 110.1 1.2 
COP-TTC 73.9 81.0 109.6 0.6 
COP-PSC 74.4 81.6 109.8 0.5 
RNC-TTC 92.5 89.7 97.0 1.1 
RNC-PSC 98.2 92.7 94.4 1.8 

6.3.3 Group III materials 

TEOXIT (Table 6.10): The dlfferences between the various predictlons 

are quite small, even if these are based on surface defects. Whether 

surface or volume defects should be applied in the predlctlons is not 

directly clear from fractography. Since the materlal has a large 

porosity, calculations based on volume defects were assumed more 

realistic. The best results are obtained with PIA. 

Table 6.10: Results of strength calculations for TEOXIT 
according to the various crlterla based on 
volume defects 

A 

s (MPa) S (MPa) 5 /S (%) eOO u r r u 

PIA 61.8 4.7 7.6 2.9 
GMAX-TTC 55.0 4.2 1.1 3.1 
GMAX-PSC 59.0 3.1 5.3 3.3 
NSA 43.4 7.8 17.9 3.4 
COP-TTC 48.9 5.6 11.3 3.5 
COP-PSC 52.1 4.2 8.1 4.0 
RNC-TTC 53.3 4.2 8.0 3.2 
RNC-PSC 57.8 2.7 4.7 3.5 

ALCORIT: All calculations for ALCORIT resulted in errors larger than 

20 %. This is not surprising, since durlng testlng it was notleed that 

crack growth occurred before fracture. Therefore, the calculatlons are 
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not further discussed because it is unlikely that the inert strength 

was determined. Thus, the theory used is not likely to be applicable 

at all for this particular material. 

6.4 Statistica! analysis 

The results of the calculations as presented in tables 6.2 - 6.10 

indicate that, to some extent, all predictions show a deviation from 

standard weakest-link theory. With respect to this conclusion it is 

useful to examine whether these deviations are significant, and if the 

predictions are sensltive to small changes in the parameters which 

have been extracted from the experimental strength distributions. In 

the proceeding sections, the influence of errors in both Sk and Fk on 

the significanee of a non-zero value for Sr and the predictions are 

discussed. 

6.4.1 Significanee of non-zero Sr values 

The error in Sk resul ts from the experimental error, o , and the exp 
standard error in Sk from the true sample mean, ostd· The experimental 

error has been discussed in chapter 3, and was less than 2 % for all 

tests. The standard error in Sk is glven by Sk/(mVN), where N 

represents the number of measurements for the deterrnlnatlon of sk [3). 

The total error in Sk now can be calculated using 

o = (o2 o > 1/2 
tot exp + std (6.10) 

which is less than 5 % for all materials. To investigate the 

significanee of the deviation frorn standard weakest-link theory, the 

95 % confidence intervals of S was calculated for all material-best 
r 

fitting criterion combinations. These have been listed in appendix B. 

The result of this analysis is that the predictions of three materials 

differ significantly from standard weakest-link theory, namely HIPSIC, 
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ferrite II and MACOR. If we accept a slightly lower significanee level 

(e.g. 90%), the bariumtitanate also deviates. It should be kept in 

mind that in this case the fit is carried out on only three data 

points and there is only one degree of freedom. 

In appendix C the 95 % confidence interval for Sr is listed for two 

materials in combination with all fracture criteria. The TEOXIT and 

the MACOR were chosen for this analysis because these materials 

represent a "not significant deviatlng" and a "significant deviatlng 

material" respectively, and because for both materials four strength 

test results are available. The result of this analysis is, formulated 

in terms of 95 % confidence intervals, that the criterion chosen does 

not determine whether the deviation is significant or not. For TEOXIT 

Sr is, irrespective of the criterion used, not different from zero; 

for MACOR, however, each criterion results in a value of Sr which 

differs significantly from zero. 

6.4.2 Error in Fk 

In section 6.2 it was demonstrated that for volume defects the 

parameter Fk can be calculated from Vu' Vk' r(V)k and m according to 

equation (6.5a). Since the error in Vk is negligible and Vu=1 mm3 , the 

error in Fk depends only the errors in m and E(V\. The latter is 

calculated for each cri terion and a lso depends on m according to 

equation (2.18). Hence, for each criterion the errors in Fk are 

dominated by errors in m. 

The influence of errors in Fk on the strength predietien was 

investigated for two materials. Using the different fracture criteria, 

Fk has been calculated for TEOXIT using m=7.1 and m=l1.5, and for 

MACOR using m=9.9 and m=18.3. These values for m result from the mean 

m value of these materials of the four tests by subtracting 

respectively adding the standard deviation in m. The 95 % confidence 

intervals for Sr according to all fits are listed in appendix D. 
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TEOXIT (Table 6.11): As can be notleed in table 6.11, the change in m 

does not drastically affect the strength modelling. For both 

situations, the PIA criterion still yields the smallest error in the 

predictions. In general, there is a tendency for Sr to increase if m 

becomes smaller. For m=7.1, the results of the various criteria do not 

differ significantly. The largest differences between the criteria 

occur for m=11.5, but in this case the error in the predictions 

becomes larger for most criteria. For both situations Sr is not 

significant different from zero (appendix Dl. 

Table 6.11: Results of errors in Fk on the strength 

calculations of TEOXIT according to case I 
(m=7. 1) and case 11 (m=ll.5) 

A A 

m=7.1 S (MPa) S (MPal s /5 (%) e(%) 
u r r u 

PIA 64.4 10.3 16. 1 2.8 
GMAX-TTC 54.2 10.5 19.4 3.0 
GMAX-PSC 57.0 10.3 18.0 2.9 
NSA 42.2 13.3 31.6 3.6 
COP-TTC 48.0 11.5 23.9 3.2 
COP-PSC 50.0 11.0 21.9 3.2 
RNC-TTC 52.2 10.7 20.5 3.0 
RNC-PSC 55.0 10.3 18.6 3.0 

A 

m=11. 5 S (MPal S (MPal S /S (%1 e(%) 
u r r u 

PIA 62.7 -0.6 -10.0 2.9 
GMAX-TTC 61.0 -3.7 -6.1 3.8 
GMAX-PSC 67.5 -6.0 -8.9 5.2 
NSA 46.0 2.6 5.6 3.4 
COP-TTC 52.2 0.0 0.1 5.0 
COP-PSC 47.0 5.9 12.5 8.2 
RNC-TTC 58.9 -3.3 -5.6 4.5 
RNC-PSC 61.0 -2.5 -4.0 6.5 

MACOR (table 6.12): Using the altered values of m, a shift in best 

applicable fracture cri terion is noticed, but table 6. 12 shows that 

this shift is not significant. For m=9. 9, the RNC-TTC and RNC-PSC 

resul t in the somewhat smaller error than the other criteria. If 

m=18.3, the strengtbs are best predicted by RNC, both for TTC and PSC 

(e=0.5) and GMAX-TTC. In both altered values of m the devlation from 

standard weakest-link theory remains significant (appendix Dl, and all 
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criteria predlct wlthln the error of Sk. As an illustration, the best 

fitting criteria for m=9.9 and m=18.3 are plotted in flgure 6.4, 

indlcatlng that in bath cases the deviation from standard weakest-link 

theory remains clearly present. 

200 

100 

0 ~--------~-----------L __________ i_ ________ ~ 

0.00 0.50 1.00 1.50 2.00 

Fk 

Figure 6.4: Influence of error in Fk on strength predlctlon of 

HACOR. - - - = RNC-PSC lor m = 8.9; RNC-TTC 
lor m = 18. 3;----- = default value, GHAX-TTC tor m = 
14.1 
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Table 6.12: Results of errors in Fk on the strength 

calculations of HACOR accord1ng to case I 
(m=9.9) and case II (m=18.3) 

A A A A 

m=9.9 S (MPa) Sr(MPa) S /S (%) e(%) 
u r u 

PIA 64.2 106.5 165.9 1.0 
GMAX-TTC 60.2 105.2 174.8 0.8 
GMAX-PSC 60.2 105.2 174.8 0.8 
NSA 54.6 100.7 184.4 1.0 
COP-TTC 56.0 102.2 182.3 0.7 
COP-PSC 56.5 102.8 181.9 0.7 
RNC-TTC 57.5 103.7 180.4 0.7 
RNC-PSC 58.5 104.7 178.9 0.7 

A A 

m=18.3 S (MPa) 
u 

S (MPa) 
r 

S /S 
r u 

e(%) 

PIA 99.3 66.4 66.8 0.8 
GMAX-TTC 96.0 62.9 65.6 0.5 
GMAX-PSC 97.9 64.5 65.9 0.6 
NSA 91.2 58.5 64.1 1.5 
COP-TTC 92.8 59.4 64.0 0.9 
COP-PSC 93.3 60.1 64.4 0.6 
RNC-TTC 94.4 61.5 65.2 0.5 
RNC-PSC 95.5 62.3 66.2 0.5 

6.4.3 Results from statistica! analysis 

From the statistica! analysls some conclusions can be drawn: 

Firstly, taking into account the errors in Sk' the deviation from 

standard weakest-link theory is significant for HIPSIC, ferrite II and 

MACOR and very likely for the bariumtitanate. Whether the deviatlon 

from standard weakest link theory is significant, does not depend on 

the applied criterion. 

Secondly, if extreme errors in m {the values of Fk depend only on the 

Weibull modulus) are considered, the best fitting criterion for TEOXIT 

does not change. The results of the analysis on MACOR yield a shift in 

best predicting criterion. The difference in e, however, is only 

small. Irrespecti ve to possible errors in m, the TEOXIT remains a "not 

significant deviatlng material" and the MACOR a "significant deviating 
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material". 

Thirdly, a general conclusion is that, even though considerable care 

has been given to experimental accuracy, the differences between the 

various fracture criteria are too small to distinguish them. 

6.5 Discussion of results in relation to microstructural parameters 

For a number of materials (HIPSIC, ferrlte 11, bariumtitanate and the 

MACOR) a considerable deviation from standard weakest-link theory is 

noticed. Recent work from literature has shown that this phenomenon is 

not an "Eindhoven" artefact. A similar deviation was notleed by Hild 

et al. [4] while rnadelling the strength of a hot isostatically pressed 

silicon nitride. In this study the material underwent four different 

tests (tensile, 3PB, 4PB, and ROR) and fractography showed that most 

specimens failed from volume defects. The data of hls work have been 

plotted in a Fk - Sk diagram as well in figure 6.5 (note that on the 
-1/m 

x-axis Veff has been plotted, which is equal to Fk). The Fk values 

were calculated using the PIA criterion for volume defects, which 

resulted in S /S = 119 %. r u 

The previous sections showed that all materials had to be modelled 

using different criteria. The combinatlans of best material and best 

fitting criterion are summarized in table 6.13. On average, each 

strength test on a material is predicted within about 3 % of the 

measured values for all materials. Although most materials failed from 

pores, these pores can effectively be treated as flat defects for the 

strength predictions. 

From table 6. 13, no direct link can be established between applied 

criterion and the porosity or mean linear intercept length. It is 

striking that in general the materials with a porosity less than one 

percent reveal the largest deviation from standard weakest-link 

theory. Th is does not account for ferrlte II, since the overall 
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porosity of thls materlal is 25 %. On the other hand, it can be 

notleed (figures 4.7a and 4.7b) that this material contains pores of 

different sizes. It is llkely that the larger pores, from which 

failure nucleates, form a distinct population and that the porosity of 

the material due to these large pores is much smaller than 25 %. 

Mcan Fadurc Sin.·~·' (MP.a) 
750 

650 

550 

500 

450 

400 

350 
Effecuve Volume ( Veff'(-1/m)) 

300+---------------------------------------------------
0 0.2 04 0.6 0.8 1.2 

Figure 6.5: Fk - Sk diagram of a hot isostatically pressed silicon 

nitride, as constructed by Hild et al. {4]. 

If the materials with high values for Sr/Su are not considered, either 

the PIA or NSA criterion prediets the strength within the experimental 

accuracy for the remaining materials. This also applies for the NKACIP 

alumina, although here COP-TTC is the criterion resul ting in the 

smallest errors. Further, 

(e.g. the A&R alumina). 

lt is notleed that in some cases S < 0 
r 

No physical meaning is attached to this 

phenomenon, since Sr does not differ signiflcantly from zero. 
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Table 6.13: Best predlctlng criteria for each materlal ln combination 

wlth the microstructural parameters 
~ ~ -Material defect m criterion e(%) S /S (%) P(%) Gml i (fllll) r u 

WESGO AL997 s 22.2 NSA 1.5 
NKACIP V 8.1 COP-PSC 0.2 
A&R Deranox 970 V 12.5 PIA 1.3 
HIPSIC V 5.1 NSA 2.6 
Ferrite I V 13.7 PIA 0.5 
Ferrlte II V 8.7 NSA 0.8 
Bariumtitanate V 17.4 PIA 0.3 
MACOR V 14.1 GMAX-TTC 0. 5 
TEOXIT V 9.3 PIA 

S: predlctlon based on surface defects 
V: prediction based on volume defects 
m: mean value of Welbull modulus 
*: assumed value 

6.6 Discussion on S 
r 

2.9 

22.1 5 7.9 
7.9 3 3.1 

-16.2 10 10.6 
98.6 <1* 2.6 
8.8 6 5.9 

37.0 25 2.9 
190.8 <1* 2* 
109.1 <1* 10* 

7.6 15 5o• 

The foregoing sections clearly demonstrated that for a number of 

materials the value of S is 
r 

that high that the deviatlon from 

standard weakest-link theory is significant. In order to explain the 

deviation, it is useful to consider whether Sr has a physical meanlng. 

If Table 6.11 is reconsidered, it is noted that Sr/Su is highest for 

the materials wl th the lowest por os i ty. These are the HIPSIC, the 

MACOR and the barlumtitanate. With exception of the biaxial tests on 

the MACOR and bariumtitanate, fractography clearly reveals that these 

materials fail from the pores within the material. It is possible to 

calculate a rough estlmate for ac' the mean size of the crltical 

defects of the materlals. For this purpose, the results of the 4PB 
y 

tests were used, assuming that Z ~ 1.25. Subsequently, equation (2.1) 

may be written as 

a 
c 

(6.11) 

where s4PB is the mean nominal fracture stress of the 4PB test. The 
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data for Kic were taken from chapter 4. The results of this procedure 

are listed in table 6.14. 

Table 6.14: Estimated values of a of the materlals c 

(MPa•m112 J 
A A 

materlal Kic S4PB(MPa) S /S (%) ac(j.lm) r u 

WESGO Al997 3.9 264 22.1 140 
NKACIP 4.5 291 7.9 153 
A&R Deranox 970 3.5 235 -16.2 142 
HIPSIC 3.0 484 98.6 25 
Ferrlte I 1.7 162 8.8 71 
Ferrite II 1.3 83 37.0 157 
Bariumti tanate 2.1 259 190.8 42 
MACOR 1.5 154 109.1 61 
TEOXIT 1.8 43 7.6 1121 

The results of such a mean defect size analysis indlcate that ac is 

small for MACOR, HIPSIC and bariumtitanate, which agrees with the 

observatlon that the pores are small and the poroslty is low. The 

values of ä therefore agree wlth the scale of the defect sizes c 
revealed by fractography. One exception is the HIPSIC, of which the 

defects are larger than calculated with equation (6.11). 

Now it might be possible that for these materials basic assumptlons in 

the weakest-link theory are violated. One of the basic assumptions is 

that the maximum defect size is not limlted. This will be discussed in 

more detai 1. 

The assumption that the defect si ze is not 1 imited, leads to the 

prediction that for small values of Fk (large effective volume or 

surface), the strength should tend to zero according to equation 

(6. 1). It is questionable whether this situation ever will occur in 

reality. Probably, in most cases there is an upper limit to the defect 

size. If the defect distribution is truncated at a maximum defect 

size, there exists a lower limit to the strength of a brittie 

materiaL This limit can be easily introduced in a modified 

weakest-link theory. 

The truncation at defect size a = a results in a lower limit on the max 
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strength 51, which is given by (2.1) 

-112 a max 

109 

(6.12) 

Consequently, the stress volume surface and stress volume integrals of 

(2.17) and (2.18) depend on 5nom and also on 51. These can be written 

as 

er 5 
""(V 5 /5 ) 1 J 1 J { (~)rn- (-1-)m} H(er - 5

1
) dB dV "" • 1 norn = V 4n: 5 5 eq u 

V 8 nom norn 

and 

where 

u 

H(er - 51) eq 

H(er - 51) dC dA eq u 

1 if er 

• { 0 1f ."" 
eq 

(6.13a) 

(6.13b) 

(6.14) 

Hence, the linear relationship of (6.4) for Sk loses its validity. The 

forrnula for the probabllity of failure (2.35) now takes the forrn 

(6. 15) 

for volume defects in an equitriaxial stress field, and 

(6. 16) 

for surface defects in an equibiaxial stress field. For these cases 

E(V, 51=0) = E
0 

= 1 and E(A, 51=0) = E
0 

= 1. The equation for the mean 
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nomlnal fracture stress is than given by 

where 

s nom 

V 
F' = (~)1/m 

o V 
S (!!)F' results. 
om o 

E 
0 
c: 

I (i) 

(6. 17) 

F'or sl ; 0, the familiar relation 

Fo 

F'lgure 6.6: Influence of s1 on strength prediction. - -

weakest-link theory. 

standard 

The behavior of S nom 
figures 6.6 and 6.7. 

as a function of F'
0 

and s 1 is presented in 

The dotted line in figure 6.6 represents 

weakest-link theory if there is no upper limit to the defect size. The 

deviation from this line increases for larger specimen sizes (F'
0 
~ 0), 

and is dependent on the value of s 1. This is shown in figure 6.7, 

where F' is constant. 
0 
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E 
0 
c: 

lW 

SI 

111 

Flgure 6.7: Strength S as functlon of s1. --- = sltuation for nom 
s = s 

nom 1 

Flgure 6.6 indlcates that for an lnflnltely large speelmen the 

strength becomes determlnlstlc and is equal to s
1

. Thls becomes clear 

lf lt is consldered that for larger effectlve volumes (surfaces) the 

probablllty of fallure from a defect with slze a
11

ax becomes larger 

slnce a larger part of the defect dlstrlbutlon wlll be represented 

withln the specimen. It also implies that the Welbull modulus is not a 

constant, but depends on the size of the specimens of the strength 

test and s
1

. Thls effect is lllustrated in flgure 6.8 for constant F
0 

and lncreasing values of s
1

. In order to lnvestlgate whether thls 

effect already plays a significant role, and that Sr is somehow 

related to s
1

, va lues for F k much smaller than one are necessary, 

which requlres larger volumes (surfaces) of homogeneously stressed 

materlal. This demand is not easlly fulfllled. 
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Sn om 

Figure 6.8: Influence of s
1 

on failure probability. 

Re lating Sr to s
1 

is difficul t, because the derived equations are 

strongly dependent on s
1
/S

0 
and F

0
. It is not easy to estimate a 

realistic value for s
1 

from ~ th; strength data alone. In order to 

explain the cases for whlch Sr/Su is approxlmately equal to 1, also 

s
1
1S

0 
should approximate 1. 

Hlld et al. [4] also attempted to explain the devlation they notleed 

for silicon nitride (section 6.5) by means of a maximum defect slze 

model. From the differences between the experlmental and theoretica! 

data they concluded that the initlal defect distribution was different 

for the four mechanica! tests which were used in hls study. To prove 

the difference, 1t is necessary perferm direct measurements on the 

defect distribution. 
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Possibly, the strength determining pores of the materlals with low 

porosity and high Sr (HIPSIC, MACOR and Barlumtitanate) follow a 

different dlstrlbution than assumed in the standard weakest-link 

theory (2.7). A weakest-link theory based on a different defect 

distributton results in a different model for strength predlctlons. To 

verify this hypothesis, it is necessary to investigate such a model, 

assisted by testing, fractography and analysls of the pore slzes and 

dlstributions. In this way, the strength dlstribution can directly be 

correlated to the defect distrlbution. 

Another basic assumption in weakest-link theory is that the number of 

defects per unit volume (or surface) is sufflciently high. Whether 

this assumptlon is violated is also difficult to verlfy at present. It 

can be lnvestigated if the number of pores per unit volume, Nv' is 

accurately determined. The average volume of material associated with 

each pore is than VN = 1/Nv. If VNls in the same order as the 

effective volume of the tests used in thls work, it is clear that 

deviations will occur. However, to check this explanation, the defect 

sizes and defect distribution have to be analyzed in more detail as 

well. 

A thlrd possible explanation for a deviation from standard 

weakest-link theory is the presence of residual surface stresses. 

These stresses are assumed to be zero in the derlvatlon of the 

standard weakest-link model. In llterature, concepts are presented [SJ 

in which these stresses are modelled by the three-parameter Weibull 

distribution. The probability for failure is then given by 

(6.18) 

where St is the threshold stress, whlch in this case expresses the 

effect of the residual surface stresses on the strength distrlbutlon. 

Whether Sr can be related to thls effect, is not clear. To lnvestlgate 

a possible relationship, a proper quantlficatlon of the resldual 

surface stresses is necessary. Moreover, a similar problem for the 
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determination of St exists as for s1 . If, however, it is reminded that 

in most cases failure nucleated from volume defects, this explanation 

does not seem very convincing. The residual surface stresses are 

generally constricted to a thin layer at the specimens surface 

(approximately 20 ~m). 

A choice between the three possible explanations is difficult to make 

at present. Nevertheless, the use of the "size-independent strength" 

parameter is a convenient manner to describe the deviation from 

standard theory. 

6.7 Conclusions 

The strengths of all materials, with exception of ALCORIT, have been 

modelled within the experimental accuracy of the mechanica! tests. 

Different fracture cri ter ia had to be used for different materials, 

and no single criterion predicted the strength of all materials 

properly. It must be mentioned that the differences in the prediction 

between some of the mixed-mode fracture criteria, especially COP, GMAX 

and RNC, are too small with respect to the experimental accuracy to 

make a clear distinction between best fitting criterion. The best 

fitting type of defect in the prediction (volume, surface) was 

generally in agreement with the results from fractography, which 

is an important conclusion. It provides a physical basis for the 

models which have been used for the strength predictions. 

In modelling the strength of a number of materials, a considerable 

deviation from standard weakest-link theory has been noticed. This 

deviation is quantified by means of a "size independent strength" 

parameter. It is shown that the deviation is significant for the 

HIPSIC, ferrite II and the MACOR, and very likely for the 

bariumti tanate. This deviation prevails the possible distinction of 

the best fitting fracture criterion. 

Overall, the deviation is highest for the materials with the lowest 
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porosi ty (HIPSIC, MACOR, bariumtitanate). A possible explanation is 

that for these materials the maximum defect size is limited, which 

violates a basic assumption of weakest-link theory. It might be 

possible that the true defect distribution is different from the 

distribution which is generally assumed, but such an explanation can 

only be verified if the distribution is measured. 

An observation is that if the materials are considered for whlch the 

devlation from weakest-link is relatively small, either the PIA 

criterion or NSA criterion can be used to predict the strength withln 

the experimental accuracy. This indlcates that the shear 

stress-sensitivity of these materials is negligible. 

No direct relation between best fitting criterion and the materlals 

porosity and mean llnear intercept length has been establlshed. 
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CHAPTER 7 

CONCLUDING REMARKS 

7.1 Main results 

In this thesis a number of theoretica! and experimental concepts have 

been presented by which the strength of technica! ceramics can be 

modelled. The theoretica! concepts are based on a weakest-link model 

in combination with different mixed-mode fracture criteria. It was 

demonstrated that the dUferenee between the various theoretica! 

concepts can be particularly small, which essentially requlres a high 

experlmental accuracy. In order to investigate the dlfference between 

the various fracture criteria, different stress states are necessary. 

The different stress states have been realized through the design and 

construction of bend tests, for which a high experlmental accuracy and 

reproducibillty have been achieved. 

In order to evaluate the theoretica! and experimental concepts, a 

variety of technica! ceramics was selected and characterized. It was 

concluded that the characterization of the microstructure of a ceramic 

can be dlfficult, since no standard reclpes exist to reveal the 

microstructure. 

All materials have been mechanically tested, and in general showed 

br lt tle behavior. For some materials, however, a single mechanica! 

test configuration not necessarily yielded representative parameters 

of the strength distrlbution. The study of fracture planes was 

especially useful for dark-coloured, flne-grained materlals on 

remnants of uniaxial tests. It indicated that for most materials 

volume defects lead to fracture. Better technlques need to be 

developed for the fractography of the light-coloured, larger gralned 

materials, slnce these materials (e.g. alumina or zirconia) are very 

relevant for applications. 

The first goal of this thesis was to model the strength of these 

materials. A first approach showed that the strength ratlos of the 

different tests on the various materlals was slgniflcantly different. 
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Hence 1t was concluded that if the weakest-link theory was true, 

different fracture criteria are necessary. The standard weakest-link 

theory was not applicable for a number of materials, since the error 

in the predictlons was too high with respect to the experiment,al 

errors. From thls point is was concluded that a significant deviation 

from the standard weakest-link theory was present. This deviation was 

quantified by a size independent strength parameter. Using this 

adjusted concept, the strength was modelled for all materials within 

experimental errors, again with different optimum rnadelling for the 

various materials. However, the difference according to the various 

criteria was in general not large. The physical basis of the concept, 

the weakest-link in the materials, were revealed with fractography. 

Hence, the first goal has been achieved. 

The second goal of this thesis was 

relationship between the best fitting 

to investigate a possible 

fracture criterion and the 

microstructure of the materials. From the predictions it was not clear 

whether there exists a relationship. From this point of view, it is 

questionable whether the correct microstructural parameters have been 

quantified. It should be mentioned that the deviation from the 

standard weakest-link theory was the highest for materials with the 

lowest porosity. 

For practical design purposes, the importance of the deviation depends 

on the scale of possible ceramic applications. This is illustrated by 

the schematic Sk Fk diagram of figure 7.1. The dots are 

representative for the scale of the experiments in thls thesis. The 

solid line represents the standard weakest-link theory and the dotted 

line the modified weakest-llnk theory. Up scal ing is represented in 

the left part of the diagram. For thls si tuatlon, the predlction 

according to standard weakest-link theory will yield conservative 

results. For miniaturization or down sealing, however, too optlmistic 

strength predictions will result if the standard weakest-link theory 

is applied. This is represented in the right part of the diagram. 
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up sealing 

down sealing 

l 

Fk 

Figure 7.1: Influence of deviation from standard weakest-link theory 
on practical design purposes. = standard 
weakest-link theory; - - = deviation from weakest-llnk 
theory; • = experimental data in thls thesis 

Additionally, some considerations are presented which possibly explain 

the physical basis of the deviation from the standard weakest-llnk 

model. The considerations are based on an upper limit on the strength 

determining defect population. 

7.2 Remaining problems 

In order to verlfy the maximum defect size model, the strength 

distribution of the material needs to be directly correlated to the 

defect distribution. It is strongly recommended to work out the 

maximum defect size model in future research. This can be achieved by 
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whlch fulfllls this demand is the tenslle test. Simultaneously, a 

proper high quali ty characterization of the microstructure of the 

materlal is necessary. This characterlzation must determlne the size 

and dlstrlbution of the strength determining defects. In order to 

discover which population of defects is strength determining, 

fractography is a must. The characterization will show out whether 

weakest-link models based on a maximum defect size are justlfled. 

If for this situation the strength distribution can be directly 

modelled from the defect distrlbutlon, the scale effect should be 

investlgated, which is achieved by testlng specimens of different 

si zes. lf the strength mode 1 st 111 proves to be successful, more 

complex stress states should be worked out both experimentally and 

theoretically, to investigate the influence of the stress 

multiaxiality and the appllcabillty of mixed-mode fracture criteria. 

An high quality microstructural characterlzation will also reveal 

whether basic assumptions of the weakest-link theory wlth respect to 

the number of defectsper unit volume is allowed. 

Finally, the effect of possible residual surface stresses need to be 

characterlzed to investigate the lnfluence of these stresses on the 

weakest-link theory. 

Overall, the present thesis showed that strength modelling of 

technica! ceramics is a multi disclplinary sclence, which requlres 

input from both computatlonal as well as experimental materials 

science. 
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SUMMARY 

The work in this thesis is concerned with the modelling of the 

strength of technica! ceramics under various loading conditions. It 

starts with a description of the brittie fracture process which 

largely determines the applicability of this group of materials. From 

a single defect, the statistica! behaviour of the strength of brittie 

materials is derived. A number of theoretica! strength modèls from 

literature are discussed, which consist of the weakest-link concept in 

combination with a fracture criterion. By means of a proper fracture 

criterion, it should be possible to predict failure under multiaxial 

loading condit i ons. Technica! ceramics contain a large variety in 

microstructure, and another objective of this study was to examine 

whether there is a link between best applicable fracture criterion and 

the type of microstructure. 

It is demonstrated that, in order to distinguish between the various 

fracture models, strength tests wlth different stress multiaxiality 

are necessary. The importance of the experimental accuracy of these 

strength tests for the distinction between the various fracture 

criteria is stressed by means of an example. 

For the experimental verification of the theoretica! concepts, a 

number of strength tests were designed and large group of technica! 

ceramics were selected. The strength tests were analyzed profoundly, 

and revealed a high accuracy and reproduelhili ty. A microstructural 

analysis of the selected materials showed that a wide variety in 

microstructures had been selected. 

Subsequently, the materials are characterized mechanically by the 

developed strength tests. From the experiments it was concluded that a 

single test not necessarily resulted in the representative statistica! 

strength parameters of a material. The strength tests were accompanied 

by a deta1led study of the fracture planes of the tested specimens, 

which showed that most materials failed from volume defects. 
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The measured data and modelled data are compared, and it was concluded 

that the standard weakest-link concept did not model satisfactory for 

about the half of the materials, irrespective of the applied fracture 

criter ion. 

Using an adjusted concept, the strength of all materials was predlcted 

within the experimental accuracy. In the adjusted concept, the 

deviation from standard weakest-link theory is quantified by the 

introduetion of a "size independent strength". An important conclusion 

is that the deviation from standard weakest-link theory is significant 

and not caused by possible errors in the parameters which were 

extracted from the experiments. 

The differences between the predictions according to these cri ter ia 

were in general too small to be significant. A rough subdivision could 

be made in a category of shear-sensitive and shear insensitive 

materials. No direct relationship wl th the resul ts of the 

microstructural analysls is derived. However, lt was noted that 

materlals wi th a low porosi ty revealed the largest deviation from 

standard weakest-llnk theory. 

Different options are presented which may possibly explain the 

deviation from standard weakest-link theory. However, these can only 

be verified if the defect population of a ceramic materlal is properly 

quantifled. 
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SAMENVATriNG 

Dit proefschrift behandelt de modelvorming rond de sterkte van 

technische keramiek onder verschillende mechanische belastingen. 

Brosse breuk, het deformatieproces dat bepalend is voor de mogelijke 

toepassingen van deze groep materialen, wordt beschreven. Het 

statistische gedrag van brosse breuk wordt afgeleid uit de statistisch 

verdeelde defectparameters. De gangbare theoretische modellen die het 

sterktegedrag voorspellen worden besproken. Deze modellen zijn 

gebaseerd op het weakest-link concept waarin een faalcriterium is 

opgenomen. Met behulp van een dergelijk faalcriterium zou het mogelijk 

zijn, breuk onder meerassige spanningstoestanden te voorspellen. De 

enorme variatie in microstrukturen van technisch keramische materialen 

was de aanleiding om een mogelijke relatie tussen microstruktuur en 

het te hanteren faalcriterium te onderzoeken. Beproevingen onder 

verschillende meerassige spanningscondities zijn noodzakelijk om de 

invloed van het gehanteerde faalcriterum op de voorspellingen aan te 

tonen. Een hoge experimentele nauwkeurigheid is daarbij een vereiste. 

Om de modellen te verifiëren zijn een aantal beproevingsmetboden 

ontwikkeld en is een groep technisch keramische materialen 

geselecteerd. De beproevingsmetboden zelf zijn uitgebreid 

geanalyseerd, hetgeen resulteerde in een hoge mate van nauwkeurigheid 

en reproduceerbaarheid. Een microstrukturele analyse van de materialen 

geeft aan dat er op dit punt een grote diversiteit is bereikt. 

Alle materialen zijn mechanisch beproefd. Uit de resultaten is 

gebleken dat één beproevingsmetbode niet éénéénduidig representatieve 

statistische parameters van de sterkteverdeling van een materiaal 

oplevert. De breukvlakken van de zijn proefstukken uitgebreid 

bestudeerd. Het resultaat van deze studie was dat de meeste materialen 

gebroken zijn op volume defecten. 

Een vergelijking tussen de gemeten en gemodelleerde gegevens 

resulteert in de conclusie dat het standaard weakest-link concept, 

onafhankelijk van het gehanteerde faalcriterium, in ongeveer de helft 
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van de gevallen geen bevredigende resultaten oplevert. Met behulp van 

een aangepast weakest-link model is de sterkte van alle materialen 

binnen de experimentele fout voorspeld. In het aangepaste model is de 

afwijking van de standaard theorie gekwantificeerd door de introduktie 

van een "volume onafhankelijke sterkte". Een belangrijke conclusie is 

dat de afwijking van de standaard theorie voor een aantal materialen 

signifikant is, en niet veroorzaakt wordt door mogelijk optredende 

experimentele fouten in de bepaalde parameters. 

Gezien de huidige resultaten zijn de verschillen tussen de diverse 

faalcriteria over het algemeen te klein om met zekerheid een keuze te 

kunnen maken. Het blijkt dat er een grove scheidslijn kan worden 

getrokken tussen materialen die in meer- of mindere mate 

schuifspanningsgevoelig zijn. 

microstruktuur is echterniet 

Een direkte relatie 

aangetoond. Een belangrijk 

met de 

optredend 

verschijnsel is, dat over het algemeen de materialen met de laagste 

porositeit de grootste afwijking van de standaard theorie opleveren. 

Om de afwijking van de standaard theorie fysisch te verklaren zijn een 

aantal mogelijkheden gegeven. Om deze mogelijkheden verder te 

onderzoeken is het beslist noodzakelijk de defectverdelingen in de 

materialen nauwkeurig te kwantificeren. 



125 

ACKN01ll.EDGEMENTS 

Research cannot be done alone, which also accounts for this case. 

This thesis would not have been completed without the coaching of Ardi 

Dortmans, for which I am very grateful. 

I also would llke to thank: 

- Bert de Wlth, for discusslons and to-the-point remarks, 

- prof.dr. D. Munz, whowas willing to act as second promotor, 

- Marco Hendrix, who was able to share a room with me, for technica! 

advlee and practical jokes, 

- Ben de Smet and Pieter Bach of the Dutch Energy Research Foundation 

(ECN), for most of the uniaxial bend tests and Kic measurements, 

- Juul IJzermans, who assisted me with great enthusiasm during the 

strain gauge measurements, 

- Toon Rooijakkers, who polished the samples from which the 

micrographs were taken, 

- Henk van der Weijden, for standby help, 

- Hans Heijligers, for helping me with scanning electron microscopy, 

- the Central Technica! Department of the Eindhoven University of 

Technology for machining the majority of the specimens, 

- the Commission for the Innovatlve Research Program Technica! 

Ceramics ( IOP-TK) of the Dut eh Ministry of Economie Affalrs, who 

partly supported this work (IOP grant 888040). 

I would like to express my gratitude to my parents who unconditionally 

supported me. Finally, I thank my wife Hennie, who gave birth to our 

dear daughter Lotte and who managed have a lot of patience during the 

time I wrote this thesis. 



126 



127 

CURRICULUM VITAE 

Huib Scholten was born ln Arnhem (Netherlands) on March 29th, 1963. He 

finlshed the secondary school (Baarns Lyceum, Baarn) ln 1982 and 

started to study geology at the Rljks UniversHelt Utrecht. In May 

1988 he received hls 'doctoraal' degree ln structural geology. In the 

autumn of 1988 he worked as a well-site geologlst in northern Germany. 

From April 1989 untll March 1993 he was assoclated as a PhD student at 

the Centre for Technica! Ceramics in Eindhoven, during whlch perlod 

the work of this thesis was performed. 



128 



RELEVANT SYMBOLS AND ABBREVIATIONS 
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lnltlal defect slze 

critica! defect slze 

mean critica! defect slze 

maximum critica! defect slze 

parameters of defect size dlstrlbutlon 

radlus of constant stress zone in 

ball-on-ring test 

error in prediction of test k 

mean absolute error in prediction 

probability density function of 

defect size 

height 

rank number 

length 

total llne length 

pore intercept length 

Weibull modulus 

mean Welbull modulus of a set of tests 

Welbull modulus of test k 

crack growth parameter 

crack normal 

radius 

span length 

outer span length 

inner span length 

thickness 

width 

weight function 
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Kil' KIII 

surface 

surface of specimen of test k 

crack growth parameter 

unit surface 

stress surface integral 

stress surface integral of test k 

Young's Modulus 

average Young's Modulus 

expected value of x 

force 

fracture force 

effective surface or volume dependent 

function of test k 

mean linear intercept length 

stress intensity under mode I, mode 11 and 

mode 111 loading 

critica! stress intensity under mode I, mode 

11 and mode 111 loading 

equivalent stress intensity 

gauge length 

magnification 

number of measurements 

percentage porosity 

failure probability 

radius 

outer radius 

inner radius 

roughness (centre linear average) 

predicted ratio of nomina! fracture stress 

according to a fracture criterion and the 

Principal of Independent Action 

ratio of mean nomina! fracture stresses 

stress 

critica! stress 

principal stresses 

stress rate 
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lower strength limit 

Weibull scale parameter 

nomina! stress 

mean nomina! fracture stress 

measured mean nomina! fracture stress of 

test k 

predicted mean nomina! fracture stress of 

test k 

lower limit on strength 

unit strength 

estimate for unit strength 

size-lndependent strength 

estimate for size independent-strength 

volume of specimen 

volume of specimen of test k 

unit volume 

stress volume integral 

stress volume integral of test k 

crack geometry factor 

parameters of chevron notched beam test 

deviation 

average deviation 

strain 

radlal strain 

tangentlal straln 

orlentation of crack face 

orientation angles 

ratio of principal stresses 

crack shape parameter 

Poisson's ratio 

density 

stress tensor 

equivalent stress 

stress scale factor 
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t1' n 
t1' rr 
trtt 
T 

LEFM 

PSC 

TTC 

NSA 

COP 

GMAX 

RNC 

PIA 

3PB 

4PB 

BOR 

ROR 

CNB 

HIPSIC 

normal stress 

radial stress 

tangentlal stress 

shear stress 

linear elastic fracture mechanics 

penny-shaped crack 

through-the-thickness crack 

normal stress averaging or mode I failure 

coplanar strain energy release rate 

maximum non-coplanar strain energy release rate 

empirical criterion of Richard 

principal of independent action 

three-point bend test 

four-point bend test 

ball-on-ring bend test 

ring-on-ring bend test 

chevron notched beam test 

hot isostatically pressed silicon carbide 
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APPENDIX A 

Fk-values calculated for surface and volume defects accordlng to the 

different mixed-mode fracture criteria for the various materlals and 

applled tests. I = PIA; II = GMAX-TTC; III = GMAX-PSC; IV = NSA; V = 
COP-TTC; VI = COP-PSC; VII = RNC-TTC; VIII = RNC-PSC. 

WESGO AL997 

Fk 
test sk II III IV V VI VII VIII 

surface 
3P20 288 0.91 0.94 0.92 1.01 0.99 0.99 0.97 0.95 
3P40 280 0.90 0.93 0.90 1.00 0.97 0.97 0.95 0.93 
4P20/40 264 0.82 0.85 0.82 0.91 0.89 0.88 0.87 0.85 
BOR 288 1.03 1.09 1.03 1.06 1.06 1.06 1.06 1.07 
ROR 231 0.70 0.80 0.80 0.80 0.80 0.80 0.80 0.80 

volume 
3P20 288 1.03 1.10 1.06 1.22 1.18 1.17 1.14 1.10 
3P40 280 0.97 1.04 1.00 1. 15 1.12 1.11 1.07 1.04 
4P20/40 264 0.91 0.98 0.94 1.09 1.05 1.04 1. 01 0.98 
BOR 288 1.22 1.28 1.25 1.37 1. 34 1.33 1. 31 1.29 
ROR 231 0.92 0.96 0.93 1.02 1.01 0.99 0.98 0.96 

NKACIP 

Fk 
test sk I 11 lil IV V VI VII VIII 

surface 
3P20 368 0.73 0.80 0.77 0.89 0.86 0.84 0.82 0.80 
4P20/40 291 0.57 0.63 0.61 0.70 0.67 0.66 0.64 0.63 
ROR 269 0.50 0.54 0.54 0.54 0.55 0.55 0.55 0.55 

volume 
3P20 368 0.89 1.05 1.01 1. 26 1.17 1.14 1.09 1.05 
4P20/40 291 0.69 0.82 0.78 0.98 0.91 0.89 0.85 0.81 
ROR 269 0.68 0.78 0.75 0.86 0.83 0.82 0.80 0.78 



134 Appendix 

A&R Deranóx 970 

Fk 
test sk I II III IV V VI VII VIII 

surface 
3P20 285 0.85 0.90 0.88 0.99 0.96 0.95 0.93 0.91 
4P20/40 235 0.71 0.75 0.73 0.82 0.80 0.79 0.78 0.76 
BOR 360 0.95 1.00 0.97 1. 01 1.00 0.98 0.99 0.95 

volume 
3P20 285 1.01 1.13 1.09 1.31 1.24 1.22 1.17 1.13 
4P20/40 235 0.84 0.94 0.90 1.09 1.02 1.01 0.97 0.94 
BOR 360 1.20 1.31 1.27 1.43 1.39 1.38 1.35 1.32 

HIPSIC 

Fk 
test sk I II III IV V VI VII VIII 

surface 
3P20 557 0.57 0.65 0.63 0.75 0.70 0.69 0.67 0.65 
4P20/40 484 0.41 0.46 0.45 0.53 0.50 0.49 0.48 0.47 
BOR 685 0.77 0.89 0.88 0.90 0.90 0.90 0.89 0.89 
ROR 411 0.32 0.37 0.37 0.37 0.37 0.37 0.37 0.37 

volume 
3P20 557 0.72 0.91 0.88 1.16 1.03 1.00 0.95 0.92 
4P20/40 484 0.51 0.65 0.63 0.82 0.73 0.71 0.67 0.65 
BOR 685 1.19 1.46 1. 43 1. 70 1.59 1.57 1. 51 1.47 
ROR 411 0.49 0.60 0.58 0.69 0.65 0.64 0.62 0.60 

Ferrlte I 

Fk 
test sk II UI IV V VI VII VIII 

surface 
4P20/40 162 0.72 0.76 0.73 0.83 0.81 0.80 0.78 0.76 
BOR 242 1.01 1.06 1.06 1.06 1.14 1.06 1.06 1.06 
ROR 164 0.67 0.70 0.70 0.70 0.70 0.70 0.70 0.70 

volume 
4P20/40 162 0.83 0.93 0.87 1. 06 1. 01 0.99 0.96 0.91 
BOR 242 1.28 1.38 1.32 1. 50 1. 46 1.44 1.42 1.37 
ROR 164 0.83 0.90 0.86 0.97 0.95 0.94 0.92 0.89 
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Ferrite II 

Fk 
test sk I II III IV V VI VII VIII 

surface 
3P20 103 0.75 0.81 0.78 0.91 0.88 0.87 0.85 0.82 
4P20/40 84 0.60 0.65 0.62 0.72 0.70 0.68 0.67 0.64 
BOR 124 0.95 0.92 1.03 1.04 1.03 1.03 1.03 1. 03 
ROR 78 0.52 0.57 0.57 0.57 0.57 0.57 0.57 0.57 

volume 
3P20 103 0.91 1. 06 1.01 1.27 1.19 1.15 1. 11 1.06 
4P20/40 84 0.72 0.84 0.80 1.00 0.93 0.90 0.87 0.83 
BOR 124 1.30 1. 48 1.42 1.64 1.58 1.55 1.52 1. 47 
ROR 78 0.71 0.80 0.77 0.88 0.85 0.84 0.82 0.79 

Bariumti tanate 

Fk 
test sk II III IV V VI VII VIII 

surface 
3P20 273 0.89 0.93 0.90 1.00 0.98 0.97 0.95 0.93 
4P20/40 259 0.78 0.81 0.78 0.88 0.85 0.84 0.83 0.81 
ROR 261 0.72 0.75 0.75 0.75 0.75 0.75 0.75 0.75 

volume 
3P20 273 1.02 1. 10 1.05 1.25 1. 20 1.18 1.14 1.10 
4P20/40 259 0.88 0.96 0.91 1.08 1. 04 1.02 0.99 0.95 
ROR 261 0.87 0.93 0.90 1.00 0.98 0.97 0.95 0.93 

MACOR 

Fk 
test sk II III IV V VI VII VIII 

surface 
3P20 170 0.86 0.91 0.88 0.99 0.96 0.95 0.93 0.91 
4P20/40 154 0.73 0.78 0.75 0.84 0.82 0.81 0.79 0.77 
BOR 188 1.00 1.05 1.05 1.05 1.05 1.05 1.05 1. 05 
ROR 153 0.67 0.71 0.71 0.71 0.71 0.71 0.71 0.71 

volume 
3P20 170 1.00 1.10 1.06 1.27 1. 21 1.19 1. 14 1.10 
4P20/40 154 0.84 0.93 0.89 1.06 1. 01 0.99 0.97 0.93 
BOR 188 1.26 1. 36 1. 32 1.48 1. 45 1.43 1.40 1.37 
ROR 153 0.84 0.90 0.87 0.98 0.95 0.94 0.92 0.90 
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TEOXIT 

Fk 

test ~\ I 11 III IV V VI VII VIII 

surface 
3P60 45 0.62 0.67 0.65 0.74 0.71 0.70 0.68 0.66 
4P30/60 43 0.53 0.57 0.55 0.63 0.62 0.61 0.60 0.58 
BOR50 51 0.66 0.71 0.71 0.71 0.71 0.71 0.71 0.71 
ROR30/50 33 0.44 0.47 0.47 0.47 0.47 0.47 0.47 0.47 

volume 
3P60 45 0.68 0.79 0.75 0.93 0.87 0.85 0.82 0.78 
4P30/60 43 0.58 0.67 0.64 0.80 0.74 0.72 0.70 0.67 
BOR50 51 0.74 0.82 0.78 0.92 0.87 0.83 0.84 0.80 
ROR30/50 34 0.48 0.54 0.53 0.60 0.58 0.57 0.56 0.54 

ALCORIT 

Fk 

test sk I II III IV V VI VII VIII 

surface 
3P60 9.7 0.62 0.67 0.65 0.75 0.72 0.71 0.69 0.67 
4P30/60 9.1 0.53 0.58 0.56 0.64 0.62 0.61 0.59 0.58 
BOR50 19.9 0.70 0.72 0.72 0.73 0.73 0.73 0.73 0.73 
ROR30/50 11.3 0.45 0.48 0.48 0.49 0.48 0.48 0.48 0.49 

volume 
3P60 9.7 0.69 0.80 0.76 0.95 0.88 0.86 0.83 0.79 
4P30/60 9.1 0.59 0.68 0.65 0.81 0.77 0.74 0.71 0.68 
BOR50 19.9 0.76 0.53 0.47 0.94 0.53 0.47 0.52 0.46 
ROR30/50 11.3 0.50 0.55 0.54 0.61 0.59 0.58 0.57 0.56 
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APPENDIX B 

The t-values and the 95 % confldence intervals (Cl) or Su and Sr for 

the materials and the best fitting criterion. 

material WESGO Al997 NKACIP A&R Deranox 970 

criterion NSA, surface COP-TTC, volume PI A, volume 
~ 

S (MPa) 50.73 23.35 -55.91 
t!:value 1. 93 6.23 -2.06 
95% Cl [-32.45 133.92] [-24.46 71. 16] [-406.64 294.83] 
A 

S (MPa) 229.44 294.93 344.42 
t~value 8.37 77.93 12.98 
95% Cl [142. 83 316.04) [246.16 343.69) [246.16 342.69] 

material HIPSIC Ferrite I Ferrite II 

criterion NSA, volume PIA, volume NSA, volume 

S (MPa) 253.49 15.58 22.93 
t!:value 8.58 3.16 8.12 
95% Cl [ 131.01 375.97] [-48.03 79.18] [11. 22 34.64] 
~ 

S (MPa) 257. 15 177.30 62.04 
t~value 10.09 36.02 27.08 
95% Cl [ 151.50 362.80] [113.84 240.76] [52.54 71. 54] 

material Bariumtitanate MACOR TEOXIT 

criterion PIA, volume GMAX-TTC, volume PI A, volume 
~ 

S (MPa) 178.17 83.79 4.68 
t!:value 12.49 21.94 0.74 
95% Cl -5.80 362.15] [67.96 99.63] [ -21.56 30.92] 
A 

S (MPa) 93.38 76.83 61.79 
t~value 6.06 21.91 6.13 
95% Cl [-105.51 292.27] [62.29 91.37] [19. 96 103.62] 
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APPENDIX C 

Est1mates for Sr for MACOR and TEOXlT accordlng to the varlous 

mixed-mode fracture criteria for volume defects, lncludlng 

t-values and the 95 % confldence intervals. 

MACOR 

A 

criterion Sr(MPa) t-value 95% Cl 

PlA 86.57 13.67 [60.30 112.84] 
GMAX-TTC 83.15 22.84 [68.05 98.24] 
GMAX-PSC 85.05 18.01 [65.48 104.63] 
NSA 79.71 8.70 [41.71 117.71] 
COP-TTC 80.96 15.32 [59.05 102.87] 
COP-PSC 81.62 19.11 [63.91 99.33] 
RNC-TTC 82.25 18.71 [64.01 100.48] 
RNC-PSC 83.61 16.68 [64.00 103.211 

TEOXIT 

A 

criterion Sr(MPa) t-value 95% Cl 

PlA 4.68 0.74 [ -21.56 30.92] 
GMAX-TTC 4.24 0.63 [-23.86 32.33] 
GMAX-PSC 3.12 0.43 [ -27.18 33.41] 
NSA 7.76 0.87 [-29.40 44.92] 
COP-TTC 5.55 0.64 [-30.33 41. 42] 
COP-PSC 4.20 0.40 [-39.27 47.67] 
RNC-TTC 4.24 0.57 [-26.46 32.93] 
RNC-PSC 2.69 0.32 [ -31.82 37.20] 
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APPENDIX D 

Estimates, t-values and the 95 % confidence intervals for Sr, 

calculated for MACOR and TEOXIT according to the various mixed-mode 

fracture criteria for volume defects, using deviatlng values of the 

Weibull modulus m. 

MACOR, m=9.9 

criterion 

PIA 
GMAX-TTC 
GMAX-PSC 
NSA 
COP-TTC 
COP-PSC 
RNC-TTC 
RNC-PSC 

MACOR, m=18.3 

criterion 

PIA 
GMAX-TTC 
GMAX-PSC 
NSA 
COP-TTC 
COP-PSC 
RNC-TTC 
RNC-PSC 

S (MPa) 
r 

106.47 
105.15 
105. 15 
100.70 
102.15 
102.80 
103.67 
104.66 

S (MPa) 
r 

66.35 
62.92 
64.52 
58.45 
59.40 
60.78 
61.~9 
62.23 

t-value 95% Cl 

17.89 [81. 80 131.13] 
24.15 [84.54 125.77] 
21.15 [84.54 125.77] 
16.11 [74.79 126.62] 
24.21 [84.66 119.65] 
25.78 [86.27 119.33] 
25.18 [86.60 120.74] 
25.57 [85.44 123.89] 

t-value 95% Cl 

8.86 [35.31 97.40] 
13.61 [43.75 82.08] 
12.19 [43.28 87.89] 
4.32 [ 2.40 114.49] 
6.86 [23.50 95.29] 
8.68 [31. 37 88.78] 

12.58 [41. 23 81. 76] 
13.35 [43.59 82.86] 
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TEOXIT, m=7.1 

criterion s (MPa) 
r t-value 95% CI 

PIA 10.35 2.00 [ -11. 09 31. 78] 
GMAX-TTC 10.53 1.89 [-12.56 33.62] 
GMAX-PSC 10.26 1.89 [-12.21 32.73] 
NSA 13.30 1.64 [-20.30 46.91] 
COP-TTC 11.49 1. 71 [-16.30 39.28] 
COP-PSC 10.96 1. 70 [-15.75 37.66] 
RNC-TTC 10.68 1.84 [-13.42 34.79] 
RNC-PSC 10.25 1.84 [-12.91 33.40) 

TEOXIT, m=11.5 

criterion S (MPa) 
r t-value 95% CI 

PIA -0.64 -0.09 [ -31.67 30.40] 
GMAX-TTC -3.73 -0.34 [-48.68 41.22) 
GMAX-PSC -6.03 -0.35 [-77.28 65.22) 
NSA 2.57 -0.26 [-38.64 43.78] 
COP-TTC 0.03 0.00 [-67.78 67.84) 
COP-PSC 5.87 0.23 [ -101.35 113. 08] 
RNC-TTC -3.30 -0.23 [-62.51 55.90] 
RNC-PSC -2.46 -0.11 [-98.62 93.69) 



STELLINGEN 

1 Het verwerpen van sterk afwijkende sterktemetingen aan brosse 

materialen door mlddel van statistische technieken zonder 

breukvlakanalyse is wetenschappelijk niet verantwoord. 

2 De ontwikkeling van kwalitatief hoogwaardige televisietoestellen 

is zinloos als niet eveneens hoogwaardige televisieprogramma's 

worden uitgezonden. 

3 Het begrip "statische vermoeiing" voor technische keramiek zou 

vervangen moeten worden door "langzame scheurgroei bij constante 

belasting" aangezien vermoeiing geassocieerd wordt met een 

situatie waarbij een cyclische belasting wordt toegepast. 

4 

Dit proefschrift, hoofdstuk 2 

Levensduuranalyses binnen verschlllende wetenschappelijke 

disciplines (sociale wetenschappen, econometrie, biologie, 

materiaalkunde), gebruik makend van uitsluitend kennis binnen 

deze disciplines, leiden ertoe dat het "wiel van Weibull" steeds 

opnieuw wordt uitgevonden. 

N. B. Tuma and H.T. Hannay. "Social Dynamics: Hodels and 
Hethods", Academie press, New York, 1984. 
H.P. Blossfeld, A. Hamerle and K.U. Hayer, "Event Hlstory 
Analysis: Statistical Theory and Application in the Social 
Sciences", Lawrence Erlbaum Associates, Hillsdale, New Jersey, 
1989. 
J. D. Kalbfleisch and R. L. Prentice, "The Statistical Analysis of 
Failure Time Data", Wiley, New York, 1980. 

5 Gezien het veelvuldig gebruik van "Monte Carlo" technieken binnen 

de wetenschap is het raadzaam naast het begrip "empirische 

distributiefunctie" het begrip "simulatiedistributie functie" in 

te voeren. 

6 Het gezegde "Als het kalf verdronken is, dempt men de put" is 

zeer van toepassing op het wereldwijde natuurbeleid. 



7 Vanwege de enorme financiële en maatschappelijke belangen is het 

onaanvaardbaar dat er tijdens belangrijke voetbalwedstrijden geen 

gebruik gemaakt wordt van de moderne faciliteiten op het gebied 

van de telecommunicatie om arbitrale blunders te corrigeren. 

8 Voor betrouwbare meetresultaten dienen buigproeven aan technische 

keramiek te worden uitgevoerd door vakbekwaam personeel, bij 

voorkeur volgens standaarden. 

G.D. Quinn and R. Horrell, "Design Data for Engineering Ceramics: 
A review of the Flexure Test", J. Am. Ceram. Soc. 74, 2037-2066, 
1991. 

9 Wanneer in Nederland de militaire dienstplicht wordt afgeschaft, 

zal het aantal huwelijken significant afnemen. 

10 De wijze waarop Tojek en Green de drie-parameter Weibull 

vergelijking hanteren voor het beschrijven van restspanningen in 

keramische materialen is onjuist. 

H.H. Tojek and D.J.Green, "Effect of Residual Surface Stress on 

the Strength Distribution of Brittle Haterials", J. Am. Ceram. 

Soc. 72, 1885-1890, 1989. 

11 Een afnemende faalkans als functie van de tijd bij de 

levensduurbepaling voor technische keramiek, zoals onlangs 

zonder helende geconcludeerd door Jadaan, 

mechanismen. 

is onmogelijk 

0. Jadaan, "Hethodology to Predict Delayed Failure Due to Slow 
Crack Growth in Ceramic Tubular Components from Simple 
Specimens", Life Predict ion Hethodologies and Data for Ceramic 
Haterials, ASTH STP 1201, American Society for Testing and 
Haterials, Philadelphia, 1993. 

12 Om meer grip te krijgen op het statistische gedrag van brosse 

breuk is het noodzake 1 ijk de aandacht, die nu uitgaat naar de 

verschillende methoden om sterkteverdelingen te karakteriseren, 

te verschuiven naar het nauwkeurig kwantificeren van 

defectpopulaties. 




