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Preface 

In this thesis systems of linear boundary value problems (BVPs) for ordinary differ

ential equations are studied. Especially are examined salution methods for BVPs 

basedon the integration of initial value problems (IVPs), like (multiple) shooting 

techniques. The main problem to evade arises from the fact that a BVP may 

have both (fast) increasing and (fast) decaying modes. This implies that straight

forward integration of the differential equation will be expensive (small stepsizes) 

and/ or the results will be inaccurate ( the decaying modes will be dominated by 

the increasing modes). 

Some of these problems can be drcumvented by a continuons decoupling of the 

(fast) increasing and the (fast) decaying modes. Such a decoupling can be inter

preted as a transformation that actually accounts for the direction of the fastest 

increasing ( called: dominant) modes. Hereafter, the growth of these modes can 

be determined separately. For this technique we generally have to solve only well

conditioned IVPs, the solutions of which are slowly varying or fast decaying. The 

price to be paid is that some of these IVPs are non-linear. One of the best known 

decoupling transformations is the Riccati transformation, for which an IVP, in

volving quadratic terms, has to be solved. 

With such a decoupling only the direction of the dominant modes is obtained. To 

determine the direction of the other modes various techniques are available. An 

obvious way is to integrate in the opposite direction. In that case, however, one has 

to store and interpolate intermediate results or to solve another non-linear IVP. 

Both options are not very attractive. Therefore a generalized invariant imbedding 

technique is suggested, which is not necessarily related to the Riccati ( decoupling) 

transformation. The resulting technique, which involves forward integration only, 

turns out to be similar to a backward integration, after the dominant modes have 

been decoupled. 

In Chapter 1 some more or less elementary concepts from linear algebra that 

are fundamental in the discussion on differential equations (DEs) are treated. 

Important concepts are the gap and the distance of linear subspaces. Also a 

definition of the rotational activity of a salution (sub)space of a linear DE is 

given, which will he used throughout this thesis. 
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In Cha.pter 2 some recently developed fundamental concepts for linear BVPs are 

reviewed, like conditioning. A central roleis played by the ( exponential) dichotomy 

of the solution space. A dichotomie solution space can be pa.rtitioned in (at least) 

two pa.rts, which solutions differ both in direction and in growth. An important 

result is formula.ted in Theorem 2.19, which shows tha.t with straightforward inte

gration and for almost any initia! value the subspa.ce of dominant modes will be 

obtained. 

In Cha.pter 3 general decoupling transformations are studied. A special dass is 

formed by continuons orthonormalization methods, where the decoupling trans

formation is orthogonal. In this cha.pter also the generalized invariant imbedding 

technique is discussed. In Theorem 3.14 we prove tha.t this technique delivers the 

direction of modes, which are dominant in opposite direction. 

In Cha.pter 4 decoupling via. the Ricca.ti transformation is considered. By its 

simple form (block lower dia.gonal) some rednetion is obtained in number and 

complexity of the resulting IVPs. Of course one has to pa.y for this reduction: the 

transformation does not necessa.rily exist on the whole interval of interest. It will 

turn out, however, tha.t under mild conditions this diffi.culty can be overcome quite 

sa.tisfactorily. The theory results in the Riccati method, by which both stiff and 

non-stiff linear BVPs can be solved satisfa.ctorily. 

In Cha.pter 5 the Ricca.ti method is examined in more detail when a.pplied to so

ca.lled stiff problems. To this end two kind of stiff problems are considered: with 

and without turning points. H no turning points are present then some rednetion 

in the number of DEs can be obtained, which is of interest for large problems. 

When turning points are present then the super-sta.bility property of integra.tion 

methods ba.sed on the Backward Differentia.tion Formula.s may ca.use inaccurate 

results. Some techniques to circumvent this problem are proposed. 

In Cha.pter 6 the decoupling technique is examined when a.pplied to BVPs with a. 

singularity of the :first kind. lt turns out tha.t by this technique one has to solve 

only singular IVPs tha.t obtain (unique) analytic solutions. Using the fust terros 

of the power series expansions of these solutions one is able to move away from 

the singularity, whereafter a regular problem remains. This regula.r problem can 

be solved by one of the techniques discussed in the Chapters 3 and 4. 
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1 Preliminaries 

In this chapter we shall first discuss some elementary results from linear algebra. 

Therefore we use, where possible, the same notation as in ([20]). In the Sections 

1.2 - 1.4 we consider some concepts that play a fundamental role in the discussion 

of differential equations. Some of them are already known for a long time, while 

others, like the rotational activity of a time-varying linear subspace, are quite new. 

1.1 Elementary definitions and results 

• span, range and rank 

By the span of a given set of veetors { aï}f=1 in JRn we mean the linear subspace 

spanned by a 1 , .•• , a~c. This span is denoted by 

(1) 

By [ a1 I • · • I ak J we mean the n X k matrix whose i-th column is equal to the 

vector ai( i 1, ... , k ). Let A = [ a 1 I · · · I ak] he a matrix in mnxk. The range 

of A is defined by 

(2a) 

The kernel or nullspace of A is defined by 

(2b) 

The rank of a matrix is equal to the maximal number of independent columns. 

Hence, 

rank(A) dim('R(A)) . (3) 

If rank (A) = min { n, k} , then A has full rank. 

• symmetry 

An n x n matrix A is called symmetrie if A= AT, and skew-symmetric if A -AT. 

Any matrix A can he written as the sum of a symmetrie matrix and a skew

symmetric matrix: 
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The symmetrie part of A is defined by 

1 
symm (A) = Ï(A +AT) . 

• orthogonality 

(4) 

(5) 

The matrix A = [ a1 I · · · I O.k] eiR"xk is column orthogonal if the columns of A 

are mutually orthonormal, i.e. , 

( i,j = 1, ... 'k) . 

If k n then we just say that A is orthogonaL If k > n and AT is column 

orthogonal, then we call the matrix A row orthogonal. 

For any k-dimensional subspace St C IR" there exists a column orthogonal matrix 

Qt such that St = 'R.( Qt ). This is a result of the following: 

Let A1 e m.nxk, with k ~ n. Then there exist a column orthogonal matrix Qt f m.nxk 

and an upper triangular matrix R11 e m.kxk such that 

(6a) 

This is called a QR-decomposition of At. 

If At bas full rank and we moreover require that the dia.gonal elements of Ru are 

positive, then Q1 and Ru are uniquely determined. 

1f At e m.kxn, with k < n, then a QR-decomposition of At is obtained by 

(6b) 

where Q e m.nxn is orthogonal and R11 e IR.lex Ie is upper triangular. 

It is always possible to extend a column orthogonal matrix Q1 to a full n x n 

orthogonal matrix Q = [ Q1 Q2] . The orthogonal complement of St= 'R(Qt) ........ ,__. 
k n-k 

is then given by 

S/- = 'R(Q2). (7) 

• norm and condition number 

Throughout this thesis we shall mainly use the Euclidean norm (2-norm). Hence, 
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if z f lRn then 11 z 11 = ...(XTX. For a matrix A e lRnxk we use the induced matrix 

norm 

I\ All 11 Az 11 
max { ll ll I x i: 0} . 
ó!:dR.k x 

(8) 

This quantity will sametimes he denoted by lub(A). Similarly wedefine 

glb(A) = min { 11 A x 11 I x i: 0} . 
uJR.k 11 2l 11 

(9) 

Property 1.1 

Let At:lRnxk and Bt:lRkxk. Then lub(AB) > lub(A) glb(B). 

• 
Incidentally, we shall also use the following norm 

lAl = II).a;x:{ I ai; Ij aii (i,j)th element of A}. .. , (10) 

Observe that this norm is not an induced matrix norm, nor it is submultiplica.tive. 

A matrix A elRnxk (k ::; n) ha.s full rank if and only if glb(A) > 0 a.nd then the 

condition number of A is defined by 

lub( A) 
~t(A) = glb(A) . (ll) 

If k > n then there exists an x i: 0 such that A x = 0. So, glb( A) 0. However, 

if rank( A) n then wedefine the condition number of A by 

lub( AT) 
~t(A) = glb(AT) . (12) 

Observe that any ( column/row) orthogonal matrix Q is perfectly conditioned, i.e., 

~t(Q) = 1. 

An easily verifiable result is the following: 

Lemma 1.2 

Let A, BelRnxn. Then 11 (A I B) 11::; J2 ma.x{\1 A \\,11 B 11} • 

• 
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• singular value decomposition (SVD) 

H A E mnxk then there exist orthogonal matrices u = [Ut I . . . I u,.] E mnxn and 

V = [ v1 I · · · I v~;] e JRkxk and a diagonal matrix I: = diag( Ut, • •• , O'p) e IR"xk such 

that 

A=UI:VT, (13) 

where O't;:::: 0'2;::: • ··;:::: u11 ;::: 0 (p = min{n,k}). 

The O'i (i = 1, ... ,p) are the singular values of A. It will be convenient to have 

the following notation: 

uma.x(A) = the largest singular value of A, 

u:mm(A) = the smallest singular value of A. 

• inverse and pseudo-inverse 
H AeiR"xn is non-singular, then there exists a non-singular B eiR"xn such that 

AB = B A = I,., the n x n identity matrix. The matrix B is called the inverse 

of A and is denoted by A-t. For non-square matrices we make the following 

generalization. Let A e mn.xk ( k < n) have full rank. Th en the ps ev.do-inverse of A 

is defined by 

(14) 

For A+ we obtain that A+ A = I,.. Moreover, AA+ describes the orthogonal 

projection onto 'R.(A). 

• eigenvalnes and eigenveetors 

The eigenvalues of a matrix AeiRnxn are the n (possibly complex) roots of its 

characteristic polynomial p(z) = det(zl,. -A). The set of these roots is called 

the spectrum and is denoted by À( A). If À e À( A), then any non-zero vector:~: eiRn 

that satisfies A:~: = Àz is referred to as an eigenvector. More generally, a subspace 

S C IR" with the property that z eS ::::? A:~: eS is said to be an invariant subspace 

forA. 

Corresponding to the eigenvalnes of A we shall use the definitions: 

Àmax(A) = max {Re( À) I À e À( A)} 

À:mm(A) = min {Re( À) I À d(A)} . 

We have the following result: 
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(15) 

• Schur-decomposition 

A matrix Af IRnxn is block upper triangular if it can be partitioned in the form 

A 

0 0 Au 

where each diagonal block A;; is square. If each diagonal blockis of order at most 

two, then A is said to be in quasi-triangular form. For the spectrum of A we have 

l 

.X(A) = U .X(Aii) . (16) 
i=l 

Theorem 1.3 

Let A € JRnXn. Then there ezists an orthogonal matrix u é JRnXn such that uT A u 
iJ quaJi-triangular. Moreover, U may be choJen such that any 2 X 2 diagonal block 

of UT A U has only complex eigenvalues ( which therefore must be conjugates). The 

diagonal blocks may appear in any order along the diagonal. 

• 
If A is symmetrie, then .X( A) C IR, w hich implies that D UT A U is a diagonal 

matrix. If, moreover, Àxnin(A) > 0 then the square root of A is defined by 

(17) 

where .,fi5 = diag( ~, ... , A ) . In that case the matrix (A Î f 1 
is denoted by 

A-L 
• matrix product 

Let { Ai}~1 be a given set of matrices in IRnxn. Then we shall use the following 

nota ti on ( k S:; m ): 

k 

II A; = AkAk-1 ... Al . (18) 
i=l 

If k = 0 then we identify this ( empty) product with In. 
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1.2 Separation and measure 

A linear equa.tion tha.t will return throughout this thesis is the so-called Sylvester 

equation ([20, p.242]): 

BX-XC=D, (19) 

where B e m.A>xk, C dR.lxl a.nd D e m.~exz are given matrices a.nd X e m r.xl is to be 

determined. 

Lemma 1.4 ([20, Lemma. 7.1-4]) 

The Sylvester equation (19) kas a unique solution for every D, if and only if 

.\(B) n .\(C) = 0 . 

• 
Definition 1.6 

The separation of the matrices Be IR.kx" and Ce IR.lxl is defined by 

{ 

min { 11 BX- XC 11 I } . ( ) ( ) 0 x eiR.kxl ll X ll X# o 1f .\ B n .\ c = 
sep(B, C) = 

0 otherwise 

• 
Property 1.6 ([57]) 

Let B,EeiR.Iexle and C,FeJR!xl. Then 

sep(B + E,C + F) ?: sep(B,C) !IE 11 -11 F 11 • 

• 
Property 1. 7 ([57]) 

The separation of B eiR.Iex" and C eiR.lxl satisfies the inequality 

• 
In the a.nalysis of linea.r differential equa.tions we sametimes need a (positive) 

lowerbound for the separa.tion of matrices. To this end we consider' for A E mnxn' 
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the initial value problem 

~X AX 
dt ' t ~ 0' (20) 

subject to 

X(O) In (21) 

(X is an n X n matrix function). This initial value problem has the unique salution 

X(t) t ~ 0. (22) 

An important role in the dicussion of the stability of the differential equation (20) 

is played by the measure of the matrix A, which, with respect to the 2-norm for 

matrices, is defined as (cf. [59]) 

p(A) Àmax (~(A+ AT)) . {23) 

Property 1.8 ([59]) 
Let A dRnxn 1 then Àmax(A) :S JL(A) and 11 e tA 11 :S e t11(A), t ~ 0. 

• 
Theorem 1.9 

Let B € m:~oxk and C e lR1x1 be such that 

p(B) + JL( -0) < 0 . (24) 

Th en 

sep(B,C) > -(p(B) + p(-0)). 

Pro of: 

In the first place we abserve that the condition (24) implies that the Sylvester 

equation 

BX XC D 

has a unique solution, for any D € lRkxl. Moreover, from (25) it follows that 

~(etB X 
dt 

(25) 
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Hence, 

QO 

X= j etB De-tC dt, 
0 

which exists by the condition {24). Therefore, 

II XII < _ IIDII 
- (~t(B) + ~t( -C)) . 

Since this is true for any matrix D and corresponding solution X, we obtain 

. {11 BX XC 11} 
sep(B,C) = nun ll X ll 

~ - (~t(B) + ~t( -C)) . 

• 

1.3 Gap and distance 

In chapter 2 we shall consider the ( asymptotic) behaviour of time-dependent linear 

subspaces. An important tooi for that discussion is the gap between two linear 

subspaces A and B (GAP(A,B)). This is defined as the sine of the smallest 

possible angle between a vector from A and a vector from B. More formally 

( cf. [20, p.428]): 

Deftnition 1.10 

Let A and B be linear subspaces of 1R". De fine IJ f [ 0, 1r /2] such that 

Then 

cos8 = max max {u Tv 111 u 11= 1,11 v 11= 1} . 
ufAvfB 

GAP(A,B) =sin IJ. 

Example 1.11 

Let A = span { ( ~ ) } and B = span { ( ) } ( 1~1 ::; 1 ). Then 

• 
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GAP(A,B) = 14 

• 
The gap between two subspaces can be regarcled as a measure for the separation 

of the two subspaces. Similarly we can define a measure for the distance of two 

( equidimensional) subspaces. 

Definition 1.12 

Let A and B be equidimensional subspaces of IRn. The distance between .A and B 

is defined by 

DIST(A,B) = max { GAP(span{a},B)}. 
at: .A 

Remark 1.13 

• 
The equidimensionality requirement of A and B yields a symmetry in the definition 

of distance, i.e., DIST(.A,B) DIST(B,A). 

• 
The same definitions and notations of gap and distance wil! be used for matrices 

A and B. In that case we mean by DIST(A,B) the distance between 'R(A) and 

'R(B). Similarly, by GAP(A,B) the gap between 'R(A} and 'R(B) is meant. 

When we are dealing with the gap and the distance oflinear subspaces the following 

more or less straightforward results wil! often be used. 

Property 1.14 

Let A and B be linear subspaces with .A Ef) B IRn. Then 

(26) 

Moreover, let Q2 be an orthogonal basis of ,A.L and Q2 an orthogonal basis of B. 

Th en 

GAP(A,B) = 11 (Q2TQ2f
1 I(= O"min(Q2TQ2), 

DIST(.A,B) = 11 Q2TQ2 11 = O"max(Q2TQ2) • 

(27a) 

(27b) 
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Similarly, with Qt an orthogonal basi8 of .A, we obtain 

DIST(A.1.,B) = DIST(A,B.1.) 

= 11 QlQt 11 = O"max(QlQl) • 

Property 1.15 

• 
Assume At eJR .. xk(k < n) with ra.nk(At) = k, Q = [ Qt Q2] an orthogonal .............. 

k n-k 

matriz and Kt = [ KKu ] !! k such that At = QtKn + Q2K21· Then 
21 n-k 

if Ku singular 

if Ku non-singular 

• 
Less straightforward a.re the following two results. 

Property 1.16 

Assume At eJR .. xk(k < n) with rank{A1 ) = k, Q1 elRnxk and Q2 eJRnx(n-k) col

umn orthogonal matrices for which Q = [ Q1 Q2 J is non-singular and Kt = 

[ 
~11 

] !! ,. with K11 non-singular are such that At = QtKn + Q2K2t• Then 
Kn n-k 

we have: 

if 11 K21 K1ït 11 < 1 then DIST(A1, Q1 ) < 11 k 21 Ktït 11 
1- 11 k21 ktï1 11· 

Pro of: 

Let Q = [ Ql Q2] E mnxn be an orthogonal matrix with Ql = Ql. Then 

and 



- - 1 - T- - · · If 11 K21 K 11 11 < 1 then Kn + Q1 Q2 K21 lS non-smgular and 

Therefore, 

DIST(A1 , Q1 ) 

Lemma 1.17 

DIST( At, Q1) 

T- - - 1 
< 11 Qz Qz K21 Kt! 11 

1- 11 k21 Kt11 
11 

< 11 k21 Kt11 
11 

1- 11 k21 Kt11 
11 . 

Let Q1 e mnxk and Q2 e mnx(n-r.) be column orthogonal matrices with 

GAP(Qt,Q2 ) > 0. Then 

(i) 11 [ Q1 Qz] 11
2 1 + /1- GAP 2(Q1,Qz) < 2. 

(ii) 11 [ Ql Qz ]-
1 

11

2 

= 1 

Pro of: 

Let Q = [ Q1 Q:d and Z21 QzTQl. Then 

From the singular value decomposition Z21 = U I: VT we obtain 

[ 
0 Z

21
T l [ V V l [ V V l [ E 0 l 

Zzt o U -U U -U 0 -I: 

Hence, 

13 

• 
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z21T ]) 
O = 1 + O'max(Z21) • 

From Property 1.14 we obtain 

by which (i) follows. 

To see the second proposition note that 

and observe that 

1 < 2 
1-v'f=t t' for all tE ( 0,1 ]. 

• 

1.4 Rotational activity 

In this section we shall give definitions and derive properties concerning time

dependent matrices and subspaces. Let Xt = [ ztl· · ·lz,.] be a continuously dif

ferentiable n x k (k < n) matrix function onsome interval I. Assume that X 1{r) 

has full rank, for all T ei. Decompose X 1 into a direction matriz T1 = [ t11· • ·lt~e] 
and a positive size matriz D11 = diag(dh ... ,d,.), (cf. [56]) 

(28) 

where 11 ti(r) 11 = 1 (i= 1, ... ,k ), for all rei. 
The following properties of T1 and D11 directly follow from the requirements on 

X1 and the differentiability of the 2-norm. 

Property 1.18 

The matriz functions Tt and D11 have full rank and are continuously differentiable . 

• 
Now we can de:fine the rotational activity of a matrix function. 
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Definition 1.19 

Let xl: I -+ mnxk( k :::; n) be continuously differentiable. Assume xl ( T) has full 

rank, for all T EI. The rotational activity of the matrix function X 1 at the timeT 

is defined by 11 .!!_T1(r) 11 , where is the direction matrix corresponding to X 1 
dt 

(see (28)). 

• 
Property 1.20 

The rotational activity of a matrix function X 1 is invariant under permutationiJ of 

the columns of xl. 

• 
For our purposes the concept of rotational activity of a matrix function may be too 

restrictive in some situations. Sametimes we are interested in the rotational activ

ity of a linear subspace. In order to obtain a workable definition of the rotational 

activity of a linear subspace we first look at orthogonal bases of that subspace. 

Let Q1 : I -+ mnxk be continuously differentiable and column orthogonal. Then, 

for all rEI, we have the inequalities 

11 (In Q1 Q1T) dQ1 
11

2 

< 11 dQ1 
11

2 

dr dr 
(29) 

< 11 Q1Td~1 
11

2 

+ 11 (In- Ql Q1T) d~l 11

2 

Define the k-dimensional (time-dependent) linear subspace S 1 by S 1 = 'R.(Q1 ). 

Then the term 11 Q1 T d$1 11 quantifies the rotational activity of Q1 within S1 , 

while 11 (In Q1 Q1 T) d$1 11 quantifies the rotational activity of Q1 orthogonal 

to S1 • Now any orthogonal basis Q1 of S 1 can be written as 

(30) 

where Z11 :I-+ mnxk is an orthogonal matrix function. Observe that 

dQ1 T (dQ1 dZn) 
11 (In- QlQ?) dr 11 = 11 (I .. - Ql Q1 ) dr Zu + Ql dr 11 

T dQ1 
11 11 (I.. Ql Q1 ) dr Zn 

11 (In- Ql Q1T) ~~1 
11 (31) 
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Hence, the rotational activity within St .L is independent of the choice of the ( or

thogonal) basis. For the rotational activity within S1 we obta.in 

11 QtTd21 
11 = 11 ZuTQtT(d~1 Zu + Q1 d:;

1
) 11 

= 11 QtTd~t Zu + d;;1 11 . (32) 

Therefore, the rotational activity of the column orthogonal basis Q1 of St is min

imal if Zu is a solution of the differential equation 

dZu = -Ql T dQ1 Zu . 
dr dr 

In that case the rotational activity of Q1 is equal to 11 (I,. - Q1 Q1 T) d21 
11· 

Remark that (33) implies that 

d~ (ZuT Zu) = 0 . 

(33) 

So, a.ny orthogonal initia! value for Z11 induces a.n orthogonal Z11(r), for all rEI. 

This leads to the following ( una.mbiguous) definition. 

Deflnition 1.21 

Let X1 be a given n x k matriz function, having full rank. The rotational activity 

at r of the k-dimemional, linear subspace S1 = 'R.(X1 ) is defined by 

where Q1 is a column orthogonal (time-dependent) basis of S1 • 

• 
Let X1:I-+ IRnxlc (k < n) be a given continuously differentiable matrix function 

having full rank. Define S1 = 'R.(X1 ). One might think that the rotational activity 

of X 1 is at least as large as the rotational activity of S1 • However, this is not the 

case, as is illustrated by the next example. 

Example 1.22 

Let, for 0 < Ie: i $ 1, X1 ( r) = [ ~ :~~~
2

] , re [ O, 1 J. Then X1 is identical 
0 e; Sln 'T 

to its direction matrix. Therefore, the rotational activity of X1(r) is equal to 
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11 d~1 
11 e . One easily checks that the matrix function Q1 (r) = [ ~ c~~r] 

0 smr 
is column orthogonal and satisfies 'R.( Q1) 'R.(X1 ). Hence, the rotational activity 

of n(X1(r)) is equal to 11 (In Qt(r) Qt(rf) 1r1 (r) 11 = 1 · 

• 
The above example shows that an ill-conditioned matrix function X 1 may have a 

much lower rotational activity than the corresponding subspace 'R.(Xt). Arelation 

between the two follows from 

Property 1.23 

Let X1 :I--+ rn.nxk (k < n) be a given continuously differentiable matrix function 

having Jul! rank. Let T1 be the direction matrix corresponding to X1 • Decompose 

T1 as T1 = Q1Z11 , where Q1 is column orthogonal. Then 

(34) 

Pro of: 

From T1 = Q1Z11 we obtain 

11 dT1 
11 = 11 dQ1 Zu + Qt dZu 11 

dr dr 

T dQt dZu 
< 11 (In- Ql Ql )( dr Zu + Ql dr ) 11 

T) dQ1 11 
11 (In Qt Ql dr Zn 

< 11 (In- Q1 QtT) d~1 
11 glb(Zn) 

= 11 (In 

• 
We shall return to the concept of rotational activities of matrix functions and of 

time-dependent linear subspaces in Section 3.2. In conneetion with solutions of 

linear differential equations we shall consider, for instance, a direct method for the 

computation of an orthogonal basis with minimal rotational activity. 
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2 Fundamental concepts for BVPs 

2.1 Introduetion 

In this cha.pter we consider the linea.r system of ( ordinary) differential equations 

(DEs) 

da: 
dt = A(t)z + f(t) , t ei, (1) 

where a: a.nd f are n.-vectors a.nd A a.n n x n matrix function. The interval of 

integra.tion I ma.y he finite or infinite. In the former ca.se we shall alwa.ys assume 

that I = [ 0, 1] a.nd in the latter case I = [ 0, oo ). For the moment we let I be 

finite, so I = [ 0, 1 ] , a.nd consider boundary conditions (B Cs) of the form: 

(2) 

(B0 ,B1 em.nxn a.nd belR11
). In the sequel we shall also consider BOs ha.ving 

a special form, such as sepa.rated ones, where B0 = [ ; 2 ] i :_,. a.nd B 1 

[ 
Bu ] ! ,. 

0 
! ,._,. , for some integer k. 

A fundamental solution X of (1) is defined by 

d 
dtX = A(t)X, tt:.I, (3) 

where X is a.n n x n matrix function with X(O) non-singula.r (the columns of 

X form a. complete set of solutions of the homogeneons part of (1) ). The basic 

existence theorem for the two-point boundary value problem (BVP) (1) a.nd (2) 
ca.n he stated as follows 

Theorem 2.1 ([29]) 

Let A,ft:.OP[O,l] and X be a fundamentalsolution. Then the BVP (1) and (2) 
has a unique solution ze0'*1[0,1] if and only if B(X) = B 0 X(O) + B 1 X(1) is 

non-singular. 

• 
In the sequel we a.ssume that (1), subject to (2), has a unique solution (is a well

posed problem). For any fundamental solution X the solution a: of (1), (2) ca.n he 



written as 

1 

~(t) X(t)B(x)- 1 b+ j G(t,s)f(s)ds, 
0 

where the Green's (matrix) function G is given by 

{ 
X(t) B(X)-1 B0 X(O) 

G t s -
( ' ) - -X(t) B(Xt1 B1 X(l) 

Define 

a max 11 G(t,s) 11 
O:<;;t,s5) 

and 

/3 = max 11 X(t)B(Xt1 
11 • 

0:5t:51 

(s) t?:_s 

(s), ts;s 

Then we obtain, for all t € [ O, 1], the ( stability) inequality 

1 

11 ~(t) 11 5: ,8 11 b 11 +a J 11 f(s) 11 ds · 
0 
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(4) 

(5) 

(6) 

(7) 

(8) 

The choice of the function norm is insome sense arbitrary, but may have a great 

influence on the magnitude of the stability constants, as is for instanee seen in 

Example 2.2 ( cf. [56]) 
Consider, for 0 < e ~ 1, the DE 

<Pu du 
ê + 2t dt = 0 ' t €[ -1' 1] ' 

subject to 

u(-1) 0 and u(1) = 1. 

Transforming (9a) into a first order system with a:1 = 1ft and x2 =u yields 

Define 

(9a) 

(9b) 

(10) 
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2/ 1 ft E(t) =e-t e a.nd 1(t) = c= E(r)dr. 
yTie -oo 

The sealing factor .J1fi ha.s been chosen such tha.t 1(1) ~ 1, for e sufficiently small. 

A fundamental solution X of (10) is given by 

X(t) = ..[irë ..[irë . 
[ 

-
1
- E(t) --1

- E(t) l 
1(t) 1-1(t) 

Observe that B(X) = B-1 X( -1) + B 1 X{1) ~ 12• Hence, 

11 X(t)B(Xt1 lloo = mF 11 X(t)B(Xt1 11 

~ mF 11 X(t) 11 = 0(~), 

but 

11 X(t)B(Xt1 llt = lo1 

11 X(t)B(Xt1 11 dt 

~ lo1 

11 X{t) 11 dt = 0(1) . 

On the other ha.nd, with :ll1 = .J1fi ~ a.nd :ll2 = u we obtain the system 

;t (::) ~ [ -;;; : l (::) . 
A fundamental solution X of (11) is given by 

[ 
E(t) -E(t) l 

X(t) = 1(t) 1- 1(t) ' 

(11) 

which implies tha.t both 11 X(t) B(X}-1 lloo a.nd 11 X(t) B(X)-1 lh are of order 1. 

If, however, one is interested in the value of ~ then at t = 0 one is confronted 

again with the factor 1/ .fi. 

• 
Observe that both a a.nd 11 are independent of the choice of the fundamental 

solution X, tha.t a is invariant for row sealing of the BOs, but 11 is not. Therefore 

we first look more precisely at the BOs. 
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Let U 'E yT he the SVD ( cf. (1.13)) of B = [ B 0 I B 1 ] dRnx 2n. Now the condition 

of the BOs is defined as K(B) (cf.(1.12)). Observe that this condition is not 

infl.uenced hy an orthogonal transformation. Hence, without loss of generality we 

may assume that U = In. In order to normalize the BOs we observe that 

1 = K(V) s; K(DB) ' 

for any n x n diagonal matrix D. Therefore, by writing the BOs as 

(12) 

we have, with respect to the 2-norm, optimized the BOs by an appropriate row 

sealing ('E-1 ). In the sequel we shall make the following assumption 

Assumption 2.3 

The n x 2n matriz B = [ B 0 I B 1 ] is row orthogonal. Moreover, the EVP (1) and 

(2) is well-conditioned, i.e., the stability constants a and {3 are of moderate size . 

• 
A straightforward way of solving the BVP (1 ), (2) is the so-called shooting method. 

In that case the solution z is constructed hy superposition of the columns of a 

fundamental solution X and a partienlar solution, as for instanee has been clone 

in (4). However, in many applications the solution space of (1), {2) is dichotomie, 

which, roughly speaking, means that homogeneons modes, i.e. , solutions of the 

homogeneons part of (1), exhibit a widely varying growth behaviour. In general 

this implies that the columns of the fundamental solution X will hecome nearly 

dependent, which, of course, influences the numerical computations where this X 

is involved. How this numerical instability can he overcome will he discussed in 

the next chapter. 

2.2 Dichotomy 

In this section we shall have a closer look at the concept of dichotomy. For various 

reasons we assume that the system of differential equations is homogeneons and 

defined on ffi+ (I= ffi+). Hence, 
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d3! 
dt = A(t)3!' t ~ 0. {13) 

Let X be a. fundamental solution of {13), i.e., 

{ ! X= A(t)X, t ~ 0 

X(O) non-singula.r 
(14) 

Denote the salution space (or flow) Sof this DE by 

(15) 

Assume tha.t S ca.n he split into two subspaces of ( exponentia.lly) decrea.sing solu

tions; one for decrea.sing time (St) a.nd the other for increa.sing time (Sz). 

Deftnition 2.4 

A solution subspace S1 C 8 is called a dominant subspa.ce or a subspa.ce of unsta.ble 

solutions if there ezist positive constant& kt and Àt such that for any non-trivial 

</>1 eSt we have 

ll4>t(t) 11 < k e-Àt (s-t) 
11 4>t ( s) 11 - 1 

' 
t $ s. (16) 

A 80lution 8Ub8pace s2 c s is called a domina.ted subspace or a subspa.ce of sta.ble 

solutions if there ezist a positive constant k2 and a non-negative constant À2 such 

tkat for any non-trivial </>2 f 82 we have 

t ~ 8. (17) 

• 
Here k1 a.nd k2 a.re assumed to he of moderate size. The choice that À2 may 

he equal to 0 implies that smooth solutions a.re assumed to he in 8 2• This is a 

consequence of the fact that our orientation will he from left to right. 

Remark 2.5 

(i) On a.n infinite interval the mere existence of finite k1 a.nd k2 is sufficient for 

a.na.lytic a.pplica.tions. For numerical purposes a.nd on finite intervals we have 

to he more ca.reful. That is why kt a.nd k2 should not he excessively la.rge. 
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The relation between the magnitudes of ki, .\i (i = 1, 2) and the lengthof the 

interval (when this is not normalized to length 1) becomes important. We 

shall return to this question at the end of this section. 

(ii) If A is a constant matrix, then any non-trivial solution of (13) satisfies 

llx(t+h)\1 < p(h)eh>.max(A) 
11 x(t) 11 - n ' 

where p".(h) is an n-th degree polynomial in h with Pn(O) 1 ([59]). Oorre

sponding to this inequality a sharper bound ( especially for small values of h) 
may be obtained if we replace Definition 2.4 by 

and 

However, with these definitions the formulations and proofs of theorems like 

Theorem 2.9 become more complex. 

(iii) The subspace S1 is not uniquely defined. Nevertheless, fort going to infinity 

the subspace S1(t) is unique (cf. Theorem 2.19). On the other hand S2 is in 

some sense unique, since it can be seen as a subspace of solutions of {13) that 

are uniformly bounded. It is not restrictive to assume that S 1 (0) is orthogonal 

to S2(0) (and actually S2(oo) orthogonal to S1 (oo)), which makes both S1 and 

S 2 uniquely defined (see also the finalpart of the Section 3.2). 

• 
Defi.nition 2.6 
A solution space S that can be split in S1 (i) S 2 with Si (i = 1, 2) satisfying, respec

tively, (16) and (17) is said to be weakly exponentially dichotomie. (In [7] this 

property is called 'comparative exponential dichotomy'.) 

• 
In this defintion the adverb 'weakly' is used to distinguish between this property 

of the solution space and the better known property of exponential dichotomy. 
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Definition 2.7 ([11]) 

The solution space S is called exponentially dichotomie if for each fundamental 

solution X there exists a projection P ( P -:/: 0, In) such that 

IIX(t)PX-1(s)ll < mte->.1 (s-t), O:$t:$s, 

11 X(t)(I -P)X-1(s) 11 ::; m2e-.>.2(t- s), t?: s?: 0. 

For the same reasons as before the quantities m1 and m2 should not be large. 

Moreover, we a88ume that Àt > 0 and À2 ?: 0. 

• 
Remark 2.8 

If in Definition 2. 7 hoth À1 and .>.2 are zero, then the solution space S is called 

dichotomie. In [26] it is shown that weli-conditioning of the BVP, corresponding 

to the stahility constants given in (6) and (7), implies dichotomy of the solution 

space S. This concept will he used in Chapter 5, when we are dealing with singular 

perturhation prohlems. 

• 
The following result is well-known (cf. [7J). However, since its proof is quite 

instructive, we shall recapitulate it here. 

Theorem 2.9 

I/ the solution space S is ezponentiallyl dichotomie then it is also weakly exponen

tially dichotomie. 

Pro of: 

Assume S is exponentially dichotomie and let X he a fundamental solution of 

(14). Since Pof Definition 2.7 is a projection, there exists a non-singular matrix 

H such that 

[ 
I~c 0 l HP n-t = 
0 0 

( 1 :$ k < n) . 
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Define Y = X H-1 and write Y [ Yi Y2 ] • Then 
<------><--+ 

k n-le 

11 X(t)P x-'(•) 11 ~ 11 Y(t) [ ~ ~ l y-'(•) 11 

= 11 [ Yi(t) 0] y-1(s) 11 · (18) 

Let 

(19) 

Hence, for any non-trivial </J1 ëS1 we obtain 

11 <Pt(t) 11 11 Yi(t)c1 11 ll [Yl(t) o] (~) ll 
= = 

11 cP1(s) 11 11 Yi(s)cd ll [Yl(s) l';(s)] (~) ll 

< 11 [ Y1(t) 0] y-1 (s) 11 

< m1 e->.1 (s-t) , t ~ s , 

by (18). 

In a similar way we define 

(20) 

and derive the relation ( </J2 i- 0) 

"'2 "S2 _._ 11 cP2(t) 11 < m e->.2 (t- s) t > s 
<p .. __,... 11 cP2( s) 11 - 2 

, - • 

• 
Weakly exponential dichotomy is not enough to guarantee exponential dichotomy 

( cf. [38]) as is illustrated by the next example. 

Example 2.10 

Let X(t) ~ [ ~ l [ e>.t 0 l , t? 0 (>. > 0). Clearly, Sis weakly 
0 e->.t 
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exponentia.lly dichotomie with the dominant subspace S1(t) = span { ( ~)} and 

the dominated subspace S2(t) = span { ( v'l :-:-
2t) }, t > 0. However, for any 

projection P ::f:. O,In the quantity 11 X(t) P x-1(t) 11 is not uniformly bounded . 

• 
As will be demonstrated in the sequel exponential dichotomy implies that the gap 

between S1 and S2 remains bounded away from zero ( cf. Definition 1.10). 

Assume Sis weakly exponentia.lly dichotomie with some given St and S2• Let Y = 

[ Yi Y2 ] be a fundamental solution of (14) such that the columns of Yi span St 
,___. ,___. 

1c n-lc 

and the columns of Y2 span S2 • Make, fort 2:: O, the following QR-decompositions: 

Yi(t) = Qt(t)Rn(t) (21) 

and 

(22) 

( Q1 , Q2 column orthogonal matrices and R11 , R 22 upper triangular matrices). 

Hence, 

Y(t) [ Yi(t) Yi(t)] = [ Qt(t) Q2(t)] [ Ru(t) 
0 

] 
0 R22(t) 

[ ] [
I,. QtT(t)Q2(t) l [ Ru(t) 0 l 

= Q1(t) Q2(t) T -
0 Q2 (t) Q2(t) 0 R22(t) 

(23) 

where Q(t) = [ Q1(t) Q2(t)] is an orthogonal matrix with Q1(t) = Q1(t) (t 2:: 0}. 

Using {23) and Property 1.14 we obtain 

Property 2.11 

• 
Before the main result of this subsection is formulated we first need 
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Lemma 2.12 

11 Y(t) [ 0 0 l y-l(t) 11 
0 In-k 

11 Y(t) [ ~ ~ l y-'(t) 11 , t ~ 0 . 

Pro of: 

11 Y(t) [ 0 o l y-t(t) 11 = 
0 In-k 

= 11 [ Ql(t) Qz(t) ] [ 0 0 l [I,. Q1:(t) ~z(t) l-1 q-l(t) 11 

0 In-k 0 Qz (t) Q2(t) 

11 r Q,(t) Q,(t) J [ : ( Q,T(t) OQ,(t) r' J~~ 
11 Qz(t) ( Q2T(t) Qz(t)) -

1 
11 

11 ( Q2T(t) Qz(t})-
1 

11 = 1/GAP( S1(t),Sz(t)) 

by Property 2.11. This proves the first equality. 

To derive the second equality we observe that Y(t) [ 
0 0 

] Y-1 (t) is a pro-
0 In-k 

jection. Now the result follows directly from the fact that 11 P 11 = 11 I.,. P 11 , for 

any projection P =f. 0, In. 

• 
Theorem 2.13 (cf. [11], p.ll) 

The salution space S is ezponentially dichotomie if and only if S is weakly ezpo

nentially dichotomie and the gap between the corresponding S1 and S 2 is uniformly 

bounded away from zero. 

Pro of: 

if-part: Assume Sis weakly exponentially dichotomie and GAP( S1(t),S2(t)) 2: 
d > O, for all t > 0. Let Y be a fundamental solution as in (21) and (22). Then, 

for any non-trivia! </>2 éS2 and t 2: s, we have 
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k
2

e-À2 (t-s) > ll</>2(t)ll 
11 4>2( s) 11 

11 Q2(t) R22(t) C2 11 = 
11 Q2(s)R22(s)c2 11 

= 
11 R22(t) c2 11 

11 R22(s)c21i · 
Hence, 

= ma.x {IIR22(t)R22-
1
(s)d2ll I d2:f:o} 

d2 em. .. -• 11 d2 11 

< k
2
e-À2(t-s). 

Therefore, 

11 Y(t) 

t?:_s. 

In a simila.r way we may deduce 

11 Y(t) [ ~ : l y-'(•) 11 $ ~ .-À,(s- t)' t $ •. 

(24) 

By the relation X = Y H ( H non-singula.r ), P H-l [ ~ ~ ] H a.nd the foregoing 

results we obta.in validity for a.ny fundamental solution X, which completes the 

proof. 

The 'only if'-pa.rt is a. direct consequence of Theorem 2.9 and Lemma. 2.12 . 

• 
Without an explicit calcula.tion of a fundamental solution it is hard to check, in 

genera!, whether S is exponentially dichotomie or not. A rather trivia! case is 

obta.ined if A is a. non-singula.r, constant matrix with eigenvalues in both the left 

a.nd right (open) halfpla.ne of GJ ([59]). Less trivia! is the following result, originally 

derived by A. Lazer ([32]). 
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Theorem 2.14 

Let A( t) = (<lij( t)) be a continuous n X n matrix Ju netion on the half line ffi+. 

Suppose there exist a constant 6 > 0 and an integer k, 1 ~ k < n, such that, for 

all t ~ O, 

n 

(i) I au(t) I > 5 + I: I a;j(t) I 
j=l 
i# 

(i=l, ... ,n) 

(ii) a;;(t) > 0 (i l, ... ,k) and au(t) < 0 (i=k+l,···,n). 

Then S is weakly exponentially dichotomie and dim ( S1 ( t)) k. 

A generalization of this result will he given in Chapter 4. 

• 

A sametimes easily verifiable property is that of ( exponentially) bounded growth 

(cf. [11], p.9). 

Definition 2.15 

The salution spaceS of the homogeneaus DE 

dx 

dt 
A(t) x , t ~ 0' (25) 

has exponentially bounded growth if there exist an a ~ 0 and a c > 0 such that 

every non-trivial salution of (25) satisfies 

11 x(t) 11 < cealt-sl . "or allt,s >_ 0. 
11 x( s) 11 - ' J' 

• 
This definition directly leads to the next two results. 

Corollary 2.16 

S has exponentially bounded growth if and only if for any fundamental salution X 

of (14) we have 

IIX(t)X-1 (s)ll ~ cealt-sl, t,s~O. 

11 
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Corollary 2.17 
t 

IJ J 11 A(T) 11 dT ~a I t- sI (t,s 2:: 0), then S ha8 ezponentially bounded growth. 
" 

• 
A relation between exponentially bounded growth and a separation of subspaces 

of the solution space S is given by 

Theorem 2.18 

Auume that the solution space S has ezponentially bounded growth. IJ, moreover, 

S is weakly ezponentially dichotomie then the gap between the corre8ponding S 1(t) 

and S 2(t) is uniformly bounded away from zero. 

Pro of: 

(We shall construct a solution of (25) that, for S(tme t > s ;::: 0, will grow as 

fast as l
1 
eÀt (t- s) /GAP(S1(s),S2 (s) ). By the 'eJC:ponentially bounded growth'

condition this implies that the gap must be bounded away from zero.) 

Lets;::: 0 be fi.xed. Choose 1u.S1(s), veS2(s) and 1Je(0,11'/2] such that uTu = 
vTv = 1 and GAP( S1(s),S2(s)) = GAP( span{u},span{v}) = sin8. Define 

</>1 eSt and </>2 eS2 by </>t(s) =u and </>2(s) = v. Let 

t;::: 0. 

Then </>eS and 11</>(s) 11 = 1. Moreover, for any h > 0, we have 

11</>(s+h) 11 = ll4>t(s+h)-cosiJ<f>2(s+h) 11 /siniJ 

;::: 11</>t(s + h) 11 -cos IJ ll</>2(s + h) 11 

GAP( S1(s),S2(s)) 

Since 11</>(s + h) 11 ~ ceah 11</>(s) 11 = ceah, we have obtained, for any h > O, 

the relation 



Define 

..!.. e À1h- k2 e->.2h 
d = sup -"'k1"-----::----

h>O ceah 

then d > 0 and independent of s. So 

GAP( S1(s),S2(s)) ~ d > 0, for all s ~ 0. 
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• 
From these results we for instanee eonclude that exponential diehotomy is ob

tained if the matrix function A is uniforrnly bounded and satisfies the conditions 

of Theorem 2.14 (cf. [11], proposition 6.3). It is even suflicient that the system 

ean he transformed (by a sufficiently smooth transformation) into a system that 

satisfies these properties. We shall return to this aspect in the Chapters 3 and 4. 

2.3 Consistency 

In sectien 2.2 we obtained some insight in the meaning of a ( weakly) exponentially 

dichotomie solution space S. Here we want to deduce some convergence and 

growth properties for solutions in such a solution space. To this end we need 

Definition 1.12 of distance between subspaces. 

2.3.1 Infinite intervals 

With Property 1.16 we are able to prove 

Theorem 2.19 

Let the .<JO luiion subspace S be weakly exponentially dichotomie and Y = [ Yi Y2 ] --k n-k 

a fundamental solution such that n(Yi(t)) S1(t) and n(Y2(t)) S 2(t), for all 

t ~ 0. Let X(t) = [ X 1(t) X 2(t)] = Y(t)H, t ~ 0 (H non-singular). Then --k n-k 
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Pro of: 

(i) Observe tha.t, using the nota.tion of (21), (22) a.nd the pa.rtitioning 

[ Hu Hu ] ! "' [ R (t) H ] 
H = H21 H22 ! n-r. , Xt(t) = [ Q1 Q2 ] Ru( ) 

11 . In (24) we 
-- 22t~ . 

1o n-lo 
have seen tha.t 

Simila.rly we obta.in 

11 Ru(t)Ru-1(s) 11 :=:; kte-Àt(s-t), t :=:; s. 

Hence, if Hu is non-singula.r, then 

11 R2z(t) H21 Hu-1 Ru-1(t) 11 

:=:; 11 Rzz(t)Rzz-1{0) 1111 Rzz(O)HnHu-1 Ru-1(0) 1111 Ru(O)Ru-1(t) 11 

:=:; kt kz e-(Àt + Àz) t 11 Rzz(O) H21 Hu-1 Ru-1 (0) 11 (26) 

From this a.nd Property 1.16 result (i) follows. 

(ii) If Hu is singula.r then there exists a. vector v1 elR"' ( v1 =f:. 0) such tha.t 

X1 Vt = Qz Rzz H21 Vt, which is in Sz. 

Remark 2.20 

• 

(i) Observe tha.t to obta.in DIST( n.(X1(t)),S1(t)) -t 0 a.s t -t oo it is not 

strictly necessary tha.t both .\1 a.nd .\2 are positive. If H11 is non-singula.r we 

only have to require that Àt + Àz > 0. 

(ii) The condition 'Hu non·singula.r' is identical to 

(27) 

Hence, a.s soon a.s (27) is sa.tisfied we have 
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• 
Defi.nition 2.21 ( cf. [38]) 

Let the salution space S be weakly e:tponentially dichotomie with corresponding 

subspaces S1 and S 2 • Then a fundamental salution X= ( X 1 X 2 ] is called 
.................. 

k n-k 

consistent ij it satisfies S 2(0) n n(X1 (0)) = { 0} . 

• 
What we conclude from (26) is that for large values of t the distance between 

n(X1 (0)) and 81 (0) is of minor influence. This is what we would expect, since 

S1 (0) is not uniquely defined by (16). As is illustrated by Theorem 2.19 only the 

asymptotic behaviour of S1(t) is unique. 

To measure consistency of a fundamental solution X we may use the quantity 

1/GAP ( n(X1(o)) ,82(0)). This can heseen from the following observation. 

Write, using the same notation as in (21) and (22), 

Y(O) [ Hu ] 
H21 

Then 11 R22(0) H~n Hu-1 Ru-1(0) 11 = 11 K21Ku-1 
11· Now construct an orthogonal 

matrix u = [ ul u2 ] dRnxn 'such that Xl(O) = [ ul u2 ] [ ~1 ] CVil non

singular ). Then 

X1(0) = [ Q1(0) Q2(0) ] [ ~~~ ] 

[ Q1 (0) Q2(0) ] [ K21~11 -1 ] Ku . 

Hence, 

from which we obtain the relation 



34 

Using Property 1.14 we have 

11 R22(0) H21 Hu-1 Ru-1(0) 11 = 11 K21Kn-1 11 

:511 (u2TQ2(o))-l 1111 u2TQ1(0) 11 

DIST( 'R(Xt(o)),St(O)) 
< 

GAP( 'R(Xt(O)) ,S2(0)) 

1 
(28) 

We ca.n always find a dominant subspace St with DIST('R(Xt(O)),S1(0)) = 0. 

So, the consistency of X is most fairly ( a.nd uniquely) qua.ntified by 

1/GAP( 'R(Xt(O)),S2{0) ). 

We shall finish this section with a statement conserning the growth of solutions 

that are determined by Xt(O). 

Theorem 2.22 

A11ume S i1 weakly ezponentially dichotomie and GAP( S 1(t),S2(t)) ;::: d > 0, 

for all t ;::: 0. Let X = ( X1 X2 ] be a con1i1tent fundamental 1olution. For any 

non-trivial 1olution a:1 = X1 Ct ( 0 =f:. c1 dR"') of (25) we have 

llzt(t)ll < K(t)e-Àl(s-t) O<t<s 
11 Zt ( S) 11 -

1 
' - - 1 

where Kt(t) = 2m1 ( 1 + m1k2 e-(Àt + À2)t) ( m 1 = k1/d). 

Pro of: 

Since X is a consistent fundamental solution we have 

with H11 non-singular. Hence, 

11 Zt(t) 11 

11 Zt(s) 11 



Moreover, for 0 :S: t :S: s we have 

< 11Rn(t)Rn-1 (s) 11 
1+ 11 R22(t) H21 Hn-1 Rn-1 (t) 11 2 

1 + glb2
( R22(s) H21 H 11 -

1 R11 -
1 (s)) 

< 11 Rn(t)Rn-1(s) 11 ( 1+ 11 R22(t) H21 Hn-1 Rn-1(t) 11) 

< 
k k -(À.1 + >.2) t 

k1e->.t(s-t)(1+ 1 2e d ) 

( cf. (26) ). 
By Lemma 1.17 the proofis completed. 
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• 
In Chapter 3 we shall see why this result is important in relation with invariant 

imbedding techniques. 

2.3.2 Finite intervals 

The generalization of the consistency concept to finite intervals is not straightfor

ward. Consider the homogeneaus DE 

dx 
dt = A(t)x, t €[ o, 1] . (29) 

Now we make the following definition. 
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Deftnition 2.23 

Let Z be the fundamental solution, corresponding to (29), with Z(O) In and let 

U:EVT, with :E = diag(o-h···,an), be the SVD of Z(1). The solution spaceS 

has a ')'-observable dichotomy ( "Y > 1) iJ for some integer k ( 1 ::; k < n) we have 

Let V [ Vi v2 ] . FortE [ o, 1], we define the subspaces --lo n-lo 

(30) 

Then S1 is called a dominant subspace and S2 a dominated subspace. 

• 
A relation between dichotomy on a finite and on an infinite interval is given in 

Property 2.24 

Assume that the homogeneaus DE 

dz 
dt 

A(t)z , (31) 

>.1 + >.2 
has an ezponential dichotomie salution space S with e > 1 ( see Dejini-

m1m2 

e À1 + À2 
tion 2. 7 ). Then the DE (29) has a ')'-observable dichotomrh forsome "Y ;::: --

m1m2 

Pro of: 

Let Z be the fundamental solution of (31) with Z(O) =In and let U :E yT be the 

SVD of Z(1). From the exponential dichotomy of the solution spaceS we obtain 

that there e.xists a projection P such that 

m1 e->.1 ;::: 11 pz-1(1) 11 = 11 Pv:E-1 11 

( ) 
e Àt 

Since dim 'R.(P) = k one can show that 11 PV:E-1 11;::: ljo-,.. Hence, o-,.;::: -. 
mt 

Similarly we obtain that 
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Therefore, 

• 
If in Definition 2.7 we have the inequalities m1 < e À1 and m 2 :S: e À2 then the 

ahove property implies that the exponential dichotomy of (31) can already he 

ohserved at [ 0, 1]. 

In the Chapters 3 and 4 we discuss so-called decoupling transformations. Such a 

transformation tries to separate the solutions in sl from those in s2. It will turn 

out that the stahility of such a decoupling transformation is strongly infiuenced 

hy the dichotomy factor i· Therefore, in our applications the Definition 2.23 is 

only appropriate if i is significantly larger than 1. In Chapter 5 we shall consider 

singularly perturhed prohlems, which in general have dichotomies with i ~ 1. 

Although it is not essential we shall make the following restriction. 

Assumption 2.25 

Ij the solution space S has a i-observable dichotomy, then the integer k is such 

that ""k+l :S: 1 < o-,.. 

• 
Remark 2.26 

(ii) 'R.(V2) is the salution of the minimization problem 

min max { 11 Z(l)v 11 I dim(V) = n- k}. 
V c mn V f V 11 V 11 

v#O 

Equivalently, 'R.(Vi) is the salution of the maximization problem 

max min { 11 Z(l)v 11 I dim(V) = k}. 
V c mn V f V 11 V 11 

v:f:O 

(iii) Let X hesome fundamental solution, then U~ VT is also the SVD of the 
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incremental matriz X(1) x-1(0) ( cf. [26]). 

• 
Deftnition 2.27 

With the deftnitions of (30) a fundamental solution X= ( X1 X2 ) is called 
................ 

k n-k 

consistent at t = 0 if GAP( n(X1(0)) ,82(0)) > 0. 

Equivalently, X is called consistent at t 1 i/GAP( n(X2(1)),S1(1)) > 0 . 

• 
Similarly to Theorem 2.19 we may now formulate 

Theorem 2.28 

Assume the solution spaceS has a 1'-observable dichotomy ( 1' > 1 ). Write S = 
St e 82 as in (30). Deftne a fundamental solution X by X1(0) =V [ ~~: ] ( with 

rank([~:~]) = k) and X 2(1) = U [ ~::] (with rank([~::]) = n- k ). 

Th en 

(i) if Hu is singular then DIST( n(X1(1)),S1(1)) = 1 

else DIST( n(X1(1)) ,81(1)) ::; 11 H21 Hu-t 11. 
1' 

(ü) i/ H22 is singular then DIST( n(X2(o)),S2(0)) = 1 

Pro of: 

else DIST( n(X2(o)),S2(0)) ::; 11 H12 H22 -t 11. 
1' 

(i) Note thal, wilh lJ = [ :
1 lJ:,], we oblain 

Xt(1) = UE [ ;~~] = UtEnHll + U2E22H21 • 

If Hu is non-singular, then 
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= 

< O'k+l 11 H21 Hu - 1 11 = -"---______ _.:..:. 
O'k I 

If H11 is singular the result is obtained by Property 1.15 and the observation 

that GAP( R(X1(1)),S2(1)) = 0. 

(ii) Since X 2(1) = Vi E11 - 1 H12 + V2 E22 -t H 22 the proof goes similarly to (i) . 

• 
Note that 11 H21 Hn-1 

11 is directly related to GAP( R(Xt(O)),S2(0) ): 

GAP( R(X1 (0)),S2(0)) = (cf.Property 1.15). 

Similarly we have that GAP( R(X2(1) ),St(1)) = lf-../1+ 11 H12 H 22 -
1 wz. 

Theorem 2.28 tells us sarnething about the direction of solutions of the DE. Like 

in Theorem 2.22 also results about the growth of solutions can be derived. Again 

let X be a fundamental salution with X1(0) V [ ;~~ ] and X 2(1) =U [ ;:~ ] . 

Assume x is consistent at both t = 0 and t = 1. Then, for ;z:1 = xl Ct (Ct f. 0 ), 

we have 

So, 

11 :z:t(O) 11 < 1 
11 Xt(1) 11 - a,. GAP( R(Xt(O)),S2(0)) 

(32) 

Equivalently, for x2 X 2 c2 ( c2 f. 0), we may derive 
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11 z2(l) 11 < O'fcH • 
11 z2(0) 11 - GAP( 'R(X2{1)),S1(1)) 

(33) 

The splitting of the solution space S is based on the values of the fundamental 

solution Z at the bounda.ry points. Hence, we can only say something about a 

dichotomy at these bounda.ry points. The concept is therefore not directly appli

cable for the whole interval; it does not gua.ra.ntee a different growth behaviour of 

solutions all over the interval. However, we do know that the larger the factor 7, 

the better the situation of infinite intervals is appro.ximated ( cf. Property 2.24). 

2.4 Conditioning 

In this section we consider the finite interval [ 0,1 ]. We shall examine the relation 

between the stability constauts ( cf.( 6) a.nd (7)) 

a.nd 

f3 = ma.x 11 X(t) B(Xt1 
11 

h[O,l] 

= ma.x 11 X(t) [B0 X(O) + B1 X{l)]-
1 

11 
h[O,l] 

a = ma.x 11 G(t,s) 11 
t,u(O,l) 

{34) 

(35) 

with ( exponential) dichotomy of the solution spaceS. How closely these qua.ntities 

are related has already been expla.ined by de Hoog a.nd Mattheij ([26]). Here we 

shall derive simila.r results using our own norma.lizations and definitions. 

A relation between a a.nd f3 is given by 

Theorem 2.29 

With the definitions (34) and (35) we obtain the relation 

Pro of: 

For the stability constant a we have 

a= ma.x 11 G(t,s) 11 2:: ma.x 11 G(t,O) 11= ma.x 11 X(t)B(X)-1 B 0 
11 • 

t,H[O,lj h(O,l) t<[O,l) 
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Equivalently, a~ max 11 X(t)B(X)-1 B 1 11· 
te(O,l] 

Hence, by the row orthogonality of [ B 0 I B 1 J (Assumption 2.3) we have, for all 

tf[O,l], 

11 X(t) B(Xt1 
11 = 11 X(t)B(Xt1 

[ B 0 
I B 1

] 11 

= 11 [ X(t)B(Xt1 B 0 
I X(t)B(Xt1 B 1

] 11::; v'ïa: 

by Lemma 1.17. 

• 
Now we first assume that the BCs are separated, i.e., 

0 [ 0 ] !m B = oz 
B !n-m (36) 

n n 

The value of the integer m is at this moment arbitrary. Define a fundamental 

solution X ( X 1 Xz J by - ,__. 
m n-m 

(i) B02X(O) = [ 0 In-m] , 

(ii) B 11X(l) = [Im o). 

(37a) 

(37b) 

Observe that by the well-posedness of the problem and Assumption 2.3 these 

conditions are not contradicting and the matrix fundion X is a uniquely defined 

fundamental solution, with X 2(0) and X1(1) column orthogonal. 

Since B 0 X(O) + B 1 X(l) =In, the Green's fundion G has the simple expression 

G(t,s) ! 
X(t) [ 

0 0 
] x-1(s) 

0 ln-m 

-X(t) [; :] x-'(•) 

't ~ 8 

(38) 

,t:::;s 

As in Lemma 2.12 we now have 
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Property 2.30 

GAP( X 1(t),X2(tl) > o:-1 , for all h [ o, 1]. 

Moreover, for all non-trivial Ct E. Ht"', 

11 Xt(t) Ct 11 

11 Ct 11 
= 

11 ( Xt(t) 0] ( ~) 11 

11 [ Xt(1) X2(1)] (~) 11 

< 11 X(t) [ ~ : l x-'(1) 11 $ a· 

Simila.rly, for all non-trivial c2 dRn-m, 

11 X2(t)c2 11 < 
11 c2ll - a· 

• 

(39) 

{40) 

To obta.in a. rela.tion between dichotomy, consistency and conditioning we a.ga.in 

look a.t the SVD of Z(l), where Z is the fundamental solution sta.rting with the 

identity. So, Z(l) = U 'E yT, where U = [Ut I·· ·lun] a.nd V = [ Vtl· · ·lvn] are 

orthogonal matrices and 'E = diag( CTt, ••• , CTn ). Define lt as the la.rgest index such 

that CTt1 >a 2: 1 and l2 the smallest index such that CTt2 +1 < 1/a::::; 1. 

From (40) we obta.in that solutions in X 2 (satisfying the homogeneons BCs at 

t = 1) grow a.t most a. factor o:. Hence, 

GAP( X2(l), [ut I·· ·lu11 J) > 0. (41) 

Simila.r a.rguments show that for X1(0) defined by (37a.) we have 

(42) 

Definition 2.31 

Consider a BVP with a given stability constant a. Let Z be the corresponding 

fundamental solution with Z(O) = I".. Let U 'E yT be the SVD of Z(l). Define 

lt as the largest inde:c such that crz1 > a 2: 1 and l2 the smallest indez such that 

cr12 +1 < 1/ a ::::; 1. Ijlt > 0, then n.( Z( t) [ Vtl· · ·!Vt1 ] ) is called the subspace of 

fast increasing modes. 
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Gorrespondingly, ij 12 < n, then n( Z(t) [ Vlz+ll·. ·lvn]) is called the subspace of 

fast decaying modes. 

Finally, ij 11 # l2 then a solution in n( Z(t) [ vlt+1 1· · ·lv12 ]) is called a smooth 

solution. 

• 
From ( 41) it follows that 

B 11 
[ u 1 1· · ·luz1 ] c = 0 => c = 0 . 

Hence, we may say that the fast increasing modes are controled by the BCs at 

t 1. Similarly, the fast decaying modes are controled by the BCs at t = 0. The 

factor of smooth solutions which is contained in the solution x of (1 ), subject to 

(36), may he determined on either side. 

Now let the solution spa.ce S have a 1-observable dichotomy, i.e., there exist a 

constant 1 > 1 and an index k such that 1 = uk/ UJ.+t and Uk+l ::::; 1 < Uk· 

The properties ( 41) and ( 42) do imply consistency at one of both ends for the 

fundamental solution X, defined by (37a,b) ( cf. Definition 2.23), as soon as k 11 

or k l2. 

Property 2.32 

Ij 1 :2: o:2 then lt ::::; k ::::; 12 with at least one equality. 

Pro of: 

Since 0'!2 +1 < 1/ o: ::::; 1 ::::; a < 0'!1 and Uk+l ::::; 1 < Uk we know that 11 ::::; k S l2. 

If 12 11 ::::; 1 then we are ready. Now assume 11 < k < l2 • Then 1 = uk/ O'k+l < 
uh/ u12 +1 < o:2 , which is in contradiction with the assumption. 

• 
Hence, if 1 :2: o:2 then the separation of the solution subspace S, induced by the 

dichotomy, coincides with our definitions of fast and smooth solutions; the smooth 

solutions are grouped together with the fast decaying solutions (k = 11 ) or with 

the fast increasing solutions (k 12). Since our orientation is from left to right we 

shall assume, without loss of generality, that in such case k = lt. 
If l1 12 (implying m = k) then there are no non-trivial smooth solutions of the 

homogeneous part of (1) and we have consistency of the fundamental solution X 
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a.t both ends. Hence, no deca.ying solutions a.re P~'sent in Xt and no increa.sing 

solutions in x2. 
In genera.l, however, 11 "f: 12 and m ma.y be different from k. In tha.t ca.se 

smooth solutions will be present in both X1 and X 2• Although not dramatic 

( cf. Property 2.30) this is a.less desirabie situa.tion for continuous decoupling trans

forma.tions, a.s will be discussed in the Cha.pters 3 and 4, since the stability of such 

methods depends on the ratio O'm/ Um+l• 

If the BCs a.re non-sepa.rated, then they do not induce a. consistent fundamental 

solution X in a. straightforward way. However, one can alwa.ys construct sepa.ra.ted 

BCs which define the same solution z and which cause just a small perturba.tion of 

the sta.bility constants ([26]). If the solution spa.ce S ha.s a.")'-observable dichotomy, 

then these sepa.ra.ted BCs can be written a.s 

where V2 and Ut a.re given in Definition 2.23 ancl b = a:) ha.s been chosen 

properly. 

Denoting the sta.bility constants conesponding to the DE (1) and the BCs (43) 

by ä and P (see (34) and (35)), then one can, for instance, show tha.t p :$; -/2{3. 
Now, with (o:,/3) repla.ced by (ä,p) we can use the ea.rlier obtained results for 

sepa.ra.ted BCs. We have to realize, however, tha.t the deriva.tion of (43) is not 

constructive, in the sense tha.t it does not yield a. numerically stabie a.lgorithm for 

the computa.tion of a. consistent fundamental solution X. For a. discussion of how 

the initia.l va.lues of X ma.y be chosen in order to obtain consistency we refer to 

Section 3.4. 
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3 Decoupling methods 

3.1 Introduetion 

InSection 2.1 we have already seen that any solution of (2.1) can be expressedas 

a linear combination of the columns of a fundamental solution X and a particular 

solution p. Assume that the solution space S is exponentially dichotomie. Hence, 

there exist a k-dimensional dominant subspace sl and an ( n k )-dimensional 

dominated subspace S2 • In general, each column of X(O) will contain a non-trivial 

part of modes from Sh unless X(O) has been chosen very specifically. This implies 

that, possibly aftersome initial effect, all columns of X will grow correspondingly 

to the fastest modes. The directionsof these modes will be in S1 ( cf. Theorem 2.19). 
Therefore, the numerical independenee of the columns of X will be destroyed. In 

this situation we cannot expect to find by superposition an accurate approximation 

for the solution of a BVP. 

This difficulty can be overcome by the use of aso-called multiple 8hooting method 

([14:1,[29],[42],[50]). To reduce the effect of dominant growth behaviour of solutions 

the interval [ 0, 1] is divided into m subintervals [ti, ti+l] (i O, ••• , m 1 ), where 

0 io < i1 < • • • < tm-1 < im = 1 . (1) 

For ease of notation we define tm+l = 1. On each interval [i;, ii+t] (i 0, ... , m) 

a fundamental solution x• and a particular solution p' are computed. This implies 

that for any solution x of 

dx dt = A(t)x + f(t), tf [ o, 1] , {2) 

there exists a sequence of veetors { ei }~0 such that 

Continuity of the solutions at the nodes requires that 

Tagether with the transformed BCs 

(4) 
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these relations lead to the multiple shooting system 

(5) 

where [ M I ë I J] = 

Boxo(to) B1Xm(tm) co b- B0 p0(to)- B1 pm(tm) 

-X0(tt) X 1(tt) cl pO(tt)- pl(tt) 

-X1(t2) X 2(t2) 

-xm-t(t.,.) xm(tm) cm pm-l(tm)- pm(t.,.) 

The periormance of a multiple shooting method depends on 

- the way (and the accuracy) in which these x• and p• are computed, 

- the choice of the initia! values x•(t,) and p'(t,), 
- the strategy that determines the shooting points t,, 
and, last but not least, 

- the linea.r solver for (5). 

H the salution manifold of (2) conta.ins mildly va.rying modes only, then an explicit 

Runge-Kutta method ma.y he used to a.pproximate x•-1(ti). The matrix x•(t,) 

is often chosen such that it is a well-conditioned matrix, whose fust k columns 

give an accurate approximation of S1• These properties can he obta.ined by the 

construction of the QR-decomposition of x•-1(t,) (i= 1, ... , m) ([39],[541). Let 

(6) 

with Q' orthogonal and Ri (block) upper triangular. Take Qi as the initia! value 

X'(t,) (i = 1, ... , m ). Then, by Theorem 2.19, 'R.( Q1 •) will approximate S1 quite 

accurately as soon as X 0(t0 ) has been chosen correctly (see Section 3.4). The 

growth of solutions within 'R.( Q1 ') over the interval (ti-lt ti] is given by R11 i. 

Moreover, as is shown by geometrical a.rguments in [42], R22' indicates the growth 

of dominated solutions over the interval ( ti-h ti]. 

The shooting points are chosen adaptively such that 11 X'(t) 1/ is bounded by 

some fixed constant, for all tE [ t,, ti+d· This criterion implies that the QR

decomposition of ( 6) yields the information about direction and growth of solutions 
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within a prescribed tolerance. Finally (5) is solved by a forward and a backward 

sweep ( decaying solutions in a forward direction and increasing solutions back

ward ((39]). During this backward sweep we implicitly find the direction of the 

dominated subspace. It can he shown ([33],[42]) that by such a multiple shooting 

method the salution of a well-conditioned BVP with only mildly varying solutions 

is obtained in a numerically stabie way. 

The algorithm sketched above can he simplified if the BCs are separated. Assume 

B0 - B 1 - and b [ 
0 ] 1 ~e [ B

11 
] t ~e 

- B 02 1 n-k ' - 0 1 n-k 
(7) 

[ X 1(t) X 2(t)] • If the initial values X 0(t0 ) and p0(t0 ) are chosen 
+--+ +---+ 

and X(t) 

k n-k 

such that 

B 02 
[ X 1° ( to) I p0 

( to) ] = [ 0 I b2 ], 
<---+ -

(8) 
k 1 

then the k-dîmensional solution manifold determined by the BCs at t = 0 is 

spanned by p0 and the columns of X 1°. Similarly to (6) the columns of X 1i-l (i 
1, ... , m) can he orthogonalized at the shooting points ti. This implies that we only 

need to compute particular solutions pi and the first k columns of each fundamental 

solution Xi, whose span does not contain dominated solutions ( cf. (2.42) ). This 

method is called the Godunov-Conte or stabilized march algorithm and is proven 

to he numerically stabie too ([50]). 

Observe that any multiple shooting algorithm, usîng an explicit integration rou

tine, will he inefficient if there are very rapidly varying solutions, since then the 

number of integration steps needed to compute xi-l( ti), will become prohibitively 

large. Such so-called stijf problems (see Chapter 5) are not just artificial ([12],[48]). 

Therefore we shall look at generalizations of multiple shooting algorithms that 

take advantage of such rapidly varying solutions. It will appear that these gener

alizations decompose the fundamental solutions Xi continuously throughout the 

subinterval [ti, ti+l: (i = 0, ... , m 1 ). As we shall see this implies that the 

directions of solutions are computed independently of their growth behaviour. 
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3.2 Continuons decoupling 

3.2.1 General description 

In [39] it is shown that by the construction ofthe QR-decompositions (6) a decou

pling is obtained of the dominant and dominated subspaces of the homogeneous 

part of 

d:c 
dt = A(t) :c + f(t) , tE[ o, 1] ' (9) 

at the shootingpoints t,( i = 1, ... ,m ). This decoupling yields the direction of the 

dominant subspace and (separately) the growth of solutions in both the dominant 

and the dominated subspace. In this section we try to perform such a decoupling 

in a continuous way ( cf. [42]). 

Let X be a fundamental solution corresponding to (9) which is to be continuously 

decomposed in 

X=TY, (10) 

where the n x n matrix function T ( and consequen"tly also Y) is non-singular, for 

all t. The matrix function T has to represent the directions of solutions, while the 

matrix function Y has to indicate the growth behaviour of the various solutions. 

In [4] the computation of matrix functions T and Y that satisfy (10) is called a 

factorization method. 

From (10) wededuce 

AT y = A X = dX = dT y T dY . 
dt dt + dt 

(11) 

Let Ä be some n x n matrix function, generally depending on A and T and to be 

specified later on, such that 

dY -dt = A(T,t)Y, tE [ 0, 1] . (12) 

Then {11) yields that T has to satisfy the, generally non-linear, Lyapunov equation 

dT -dt = A(t)T- T A(T,t), tE (0, 1] . (13) 
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Hence, for any n x n matrix function À and initial valnes T(O) and Y(O) such that 

X(O) = T(O) Y(O), a decomposition of the form (10) is obtained as soon asT and 

Y satisfy the DEs (13) and (12). 

The equation (13) can also be viewed as the relation between À and T that results 

if (9) is transformed into 

dy - -
dt = A(T,t)y + f(t), t€ [0, 1] ' (14a) 

by the substitutions 

:c(t) = T(t)y(t) and f(t) T(t)f{t). (14b) 

Then (9) and (14a,b) imply that 

À(T,t) = T-1(t)A(t)T(t) r-1(t) ~~(t), (14c) 

which is equivalent with (13), and the n x n matrix function Y, defined by (12), 

is nothing but a fundamental salution of the transformed system (14a). 

Observe that in the decomposition formulation we choose À, whereafter Tand Y 

follow from (13) and (12). In the transformation formulation we start with some T, 

from which À and Y are obtained. Practical algorithms are often a combination 

of the two. To obtain special structures for T and Y (like (block) upper/lower 

triangular or (column) orthogonal) we put some requirements on both À and T. 

In principle one can say that (13) consists of n 2 equations for 2n2 variables (the 

elementsof À and T), so that n 2 degrees of freedom are left. 

For a decoupling of direction and growth the decomposition (10) must be such 

that Y is (block) upper triangular and T well-canditioned and properly scaled, 

uniformly int (cf. [42]). Hence, À has to be (block) upper triangular, for all t, and 

(14a) is a partially decoupled system, obtained by transformation of (9). For the 

sake of convenience we shall call the system (14a) decoupled if À is (block) upper 

triangular. 

For the form of the matrix function Tin (13) we have two genuine passibilities: 

orthogonal, leading toa QR-decomposition, or lower triangular, leading taan LU

decomposition. The best known memher of the latter kind is the so-called Riccati 

transformation, which will be discussed in the next chapter. In this section we 

shall concentrate mastly on the farmer group. A salution methad for a linear BVP 
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ba.sed on the computa.tion of the decomposition {10) with orthogona.l T is called 

continuous orthonormalization. 

From now on we sha.ll a.ssume tha.t Ä depends on T in a continuons wa.y a.nd that 

Ä is block upper tria.ngula.r, i.e., 

{15) 
+--+ +--+ 

k n-k 

where the dimension k is not yet specified (a.ctually, if possible, we shall choose k 

equa.l to the dimension of the dominant subspa.ce). Observe tha.t (15) implies that 

Y ca.n betaken block upper tria.ngula.r (if Y is pa.rtitioned like Ä, then 1'21(0) = 0 
implies tha.t Y21 = 0). From now on we shall assume that Y is block upper 

tria.ngula.r with the same pa.rtitioning as Ä. Let T = [ T1 T2 ] • Then from 
<--+ ........ 

k n-k 

(12), (13) a.nd (15) it follows that one may obta.in differentia.l equations for T1 a.nd 

Yit tha.t are decoupled from those for Tz, Yiz a.nd 1'22, namely 

d -
dtTt = A(t) Tt- T1 A11(T11 t) , te [ o, 1) ' (16) 

d -
dt Yit = Au(Tt, t) Yit , tE [ o, 1) . (17) 

Let X = ( X1 X2 ] be a given fundamental solution. Define the matrix functions --k n-k 

Tt a.nd Yi1 by {16) a.nd (17), respectively. If the initial values have been chosen 

such tha.t Xt(O) = T1(0) Yit(O), then X1 = Tt Yit, from which we obta.in that 

'R(T1(t)) = 'R(X1(t)), for all t, independently of the choice of Ä11 • Hence, if Ä11 

is chosen such that T1 is well-conditioned a.nd properly scaled, then the direction 

of X1 is represented by Tt a.nd its growth by Yi1 • This result ca.n be forma.lized as 

follows: 

Property 3.1 

Let X1 and T1 be n X k matrix functions satisfying, respectively, the DEs 

tE[ o, 1] ' (18a) 

tE [ 0, 1] , (18b) 
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where Ä11 is a continuous k x k matrix function, depending on A and T1 , such 

that T1 exists on [0, t ]. lfR(T1 (0)) = n(X1 (ü)) then n(T1(t)) = n(X1(t)), for 

allt~:[0,1]. Moreover, ifT1 (0) has full rank, then T1 (t) has full rank, for allt . 

• 
Remark 3.2 

If the salution space S is exponentially dichotomie then we obtain, from Theo

rem 2.19, that the subspace n(T1(t)) will asymptotically be equal to the dominant 

subspace as soon as S2 (0) n n(T1(o)) { 0} (see also Theorem 3.5). 

• 
3.2.2 Possible choices 

Now we shall discuss various possibilities for the choice of Ä11 • For notational 

convenience we suppress the dependenee of Ä11 on T1 • 

Our main goal is to choose À11 such that 

(i) T1(t) is uniformly well-conditioned 

(ii) the DE (16) for T1 is stabie 

(iii) the rotational activity of T1 is as smallas possible (see Definition 1.19). 

The requirements (i) and (ii) are somewhat related, as will be shown in Theo

rem 3.5. If the DE (16) is solved by an automatic integration routine, then the 

third requirement hopefully maximizes the stepsizes that are taken. 

It can be shown that the choice À11 = diag(T1T AT1 ) leadstoa matrix fundion 

T1 with all columns ha ving unit lengths. In that case 11 ! T1 11 is the rotational 

activity of T1 and, at the same time, the rotational activity of X1. However, this 

choice will, in genera!, be in conflict with all three of the above requirements. 

Therefore we look for better choices of Ä11 • 

To obtain an idea how the first requirement can be fulfilled, we make the following 

observation. Let T1 satisfy the DE (16). Then 

( dTl) TT - T T ( dTl) 
dt 

1 1 
dt 



52 

From this relation we obtain 

Property 3.3 

The matri:a: function T1 u column orthogonal, for all t, if and only if T1(0) u 
column orthogonal and 

- T symm(Au) = symm(Tt ATt). (20) 

Pro of: 

If (20) is satisfied and T1(0) is column orthogonal, then with Z11 = I1c - T1TT1 

the DE (19) reduces to the linear DE 

d 
-Zu 
dt 

- - T -Zu Au(t)- Au (t) Zu . 

Hence, Zu(O) = 0 implies Zu = O, which proves the 'if'-part. 

(21) 

On the other hand, if T1(t) is column orthogonal, for all t, then (19) reduces to 

- - T T T 0 = ( Au + Au ) - Tt ( A + A ) Tt , 

which is identical to (20). 

• 
This property is valid only for exact computations. If we want to have a similar 

property for the numerical approximation of T1 we need something like asymptotic 

stability for (19). This is formalized in 

Theorem 3.4 

Comider the DE 

dTt = A(t) ", ", A- ( ) dt .L 1 .L 1 11 t ' t2::0, 

where the k x k matriz function Á11 satisfies 

symm( Áu(t)) = symm( ( T1T AT1 )(t)) 

{22) 

(23a) 
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JL(-A11 (t)) ~ -a1 < 0 (23b) 

11 Àn(t)- symm(A11 (t)) 11 is bounded, uniformly int. (23c) 

Then T1 exists on [ O, oo ), for any value of T1(0). Moreover, 

{i.e. , T1 is column orthogonal at oo). 

Pro of: 

Since symm( À11 ) = symm( T1T AT1 ), Property 3.3 asserts that Z11 = I~e- T1TT1 

satisfies the DE (21). Define the k x k matrix function R11 by 

t;:::o 

Then one verifies directly that, for all t ;::: 0, 

From {24) we find, using (23b) and Property 1.8, 

Hence, 

from which we obtain 

So, T1 ( t) is uniforrnly bounded. 

Observe that (22) can be written as 

dT1 
dt 

(24) 

(25a) 

(25b) 

(25c) 

t;::: 0' 

where S 11(t) = Àn(t)- symm(Ä11(t)), the skew-symmetric part of À11 • By the 

boundedness of T1 , A and S11 we obtain that ~ T1 is uniforrnly bounded, from 

which the existence of T1 follows by standard reasoning. 
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Moreover, by (25c) the DE (21) has Z11 = 0 as asymptotically stabie solution, 

which yields the column orthogonality of T1 at oo. 

• 
If (23a,b,c) are satisfied, then the requirements (i) and (ii) will he fulfilled. The 

obvious choice 

{26) 

satis:fies the conditions {23a) and (23c), if T1 is uniformly bounded. The condition 

(23b ), however, is rather strong and will, in many cases, not he satis:fied. In the 

proof of Theorem 3.4 we actually have used only the property that 11 R11(t) 11---+ 0, 

as t ---+ oo. This condition is less restrictive and will he satisfied, in genera!, as 

soon as T1 is uniformly well-conditioned and properly scaled (in the sense that 

j1- 11 Tt lij is sufficiently small). This is shown in 

Theorem 3.5 

Assume that the solution space S is ezponentially dichotomie witk dim( S1 ) = k 

(see De:finition 2.7). Let T1 and Ru satisfy, respectively, tke DEs (22) and {24). 

IJ Tt(O) has :full rank and 'R.(T1(0)) n S2(0) = { 0}, tken, for all t, we have 

(27) 

where the :function K 1 is given in Theorem 2.22. 

Pro of: 

Let Yi.t he the solution of (17) with Yi1{0) = I~c. De:fine X 1 = T1 Yi1 , which 

forms the :first k columns of a fundamental solution X. By the condition for 

'R.(Tt(O)){= 'R.(Xt(O))) this X is consistent. Hence, using Theorem 2.22, we 

have, for any c1 em.~< and for all t 2::: 0, 

1 À1t 11 Xt(t)ct 11 11 Tt(t)Yit(t)ct 11 

Kt(t) e 5 
11 Xt(O) c1 11 = 11 Tt(O) Ct 11 

< ( 11 Tt(t) 11 /glb(Tt(O))) 11 ft~:)ll1 
ll 

Therefore, 
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Note that, by definition, R11(t) 

proves the theorem. 

(Yi1(t) r1
. Together with Property 1.1 this 

• 
By this theorem we see how closely the requirements (i) and (ii) are connected. If 

Ä11 has been chosen such that T1 is uniformly well-conditioned, then the DE (22) 

will be stable, in generaL If, forsome reason, 11 T1(t) 11 will become large, then at 

such a point we can always restart the DE (22) with a column orthogonal matrix, 

spanning the same subspace. Such restart techniques will be discussed thoroughly 

in Section 4.3. 

In order to fulfill the third requirement the following observation will be useful. 

Property 3.6 

The choice Ä11 = T1+ AT1 minimizes the quantity 11 d~1 (t) 11, for each t. 

Pro of: 

For each t € [ 0, 1] and any c1 dRk with 11 c1 11 = 1, we have 

11 d~1 (t)cl 11
2 

11 Tt(t)Tt+(t) ~1 (t)cl 11
2 + 11 (In Tt(t)Tt+(t)) ~1 (t)c1 11

2 

11 T1(t) (T1 +(t) A(t) T1(t)- Äu(t)) Ct 11
2 + 

11 (In Tt(t)Tt+(t)) A(t)Tt(t)cl 11
2 

2::: 11 (In Tl(t)Tt+(t)) A(t)Tt(t)cl 11
2 

• 

Hence, for any Ä11 , 11 :t T1 11 2::: 11 (In- T1 T1 +) AT1 11 and this lower bound can 

be achieved if Ä11 = T1 +A T1 , since then these two matrix fundions are identical . 

• 
If the choice Ä11 = T1 +A T1 would lead to a column orthogonal matrix function T1, 

then the rotational activity of T1 is equal to the rotational activity of the subspace 

'R(Tt), which is insome sense the best we can do. 

Cbserve that with the choice Ä11 = T1 + AT1 we have (see (19) ): 

d 
dt (Ik Tl TTl) = 0 ' 

independently of the value of T1(0). Hence, as soon as T1(0) is column orthogonal, 
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then T1(t) is column orthogonal, for all t. So we have derived 

Property 3. 7 

Let S 1 be the solution subspace spanned by the columns of X 11 where X 1 is the 

solution of 

te[O,l], 

with X 1(0) a given column orthogonal n x k matriz. 

Define the n x k matriz function T1 by 

(28) 

Then the columns ofT1 form an orthogonal basis ofS1 with at each time a minimal 

rotational activity. 

• 
If T1 is column orthogonal, then T1 +A T1 = T1 TA T1 • The numerical approximation 

that is obtaine will he just nearly column orthogonal. However, Theorem 3.4 

suggests that, in genera!, the column orthogonality is a stabie property. Therefore, 

the choice Ä11 = T1 TA T1 will generally suffice too. 

Remark 3.8 

For BVPs with a singularity of the first kind (see Chapter 6) the choice Ä11 = 
T1 + AT1 has already been suggested by Abramov in 1961 {[1]). 

• 
In order to obtain column orthogonality the symmetrie part of Ä11 is prescribed. 

Hence, we still have ik(k- 1) degrees of freedom left. This is just sufficient to 

make Ä11 upper triangular, uniformly int. This (unique) Ä11 can he constructed 

using a mapping ,P1 , defined as follows. 

Let M eJR.kxk he decomposed as 

(29) 

where Lis strictly lower triangular, U is strictly upper triangular and D diagonal. 

Define 1/Jt(M) by 
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(30) 

Note that 1/71(M) is the unique upper triangular matrix with the samesymmetrie 

part as M. We now have 

Property 3.9 

Let the matrix functions X1 , T1 and Y11 satisfy, respectively, the DEs (18a), (22) 

and (17). As.wme that the initial values have been chosen such that X1(0) = 

T1(0) 'Yi1(0) is the QR-decomposition of X 1(0). 

Then X 1(t) = T1(t) 'Yi1(t) is the QR-decomposition of X 1(t), continuously in 

time, if and only if Ä11 = 1/Jt(TtT ATt)· 

Pro of: 

The matrix fundion 'Yi1 is upper triangular, for all t 2:: O, if and only if 'Yi1(0) 
and A11(t) are upper triangular. In Property 3.3 it is shown that T1 is column 

orthogonal, for all t 2:: 0, if and only if T1(0) is column orthogonal and symm(A11 ) 

symm(T1T ATt). By the construction and uniqueness of the effect of the operator 

1/71 the result follows. 

• 
Although triangularity of Ä11 and 'Yi1 is a nice property it probably does not lead 

to the most efficient computation of a well-conditioned basis of n(X1(t)), for all 

t. This is illustrated by the next (perhaps contrived) example. Therefore we stay 
• - T to our chotce A11 = Tt A Tt. 

Example 3.10 

Let 

A(t) 
[ 

À1 cos2 wt + À2 sin2 wt (>.2 - À1 ) sinwt coswt + w 

(>.2- >.1) sinwt coswt- w >.1 sin2 wt + À2 cos2 wt 

0 0 

Then a fundamental salution X is given by 

X(t) 
[ 

coswt sinwt 0 l [ eÀ1 
t 

sin wt cos wt 0 

0 0 1 

This expression directly gives the unique QR-decomposition of X. So, with k 2 
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we obtain for 'Ï't, as defined by Property 3.9, 

[ 

coswt sinwt l 
1't(t) = -si:wt co~wt . 

Note that the rotational activity of T1 is equal to w, for all t, which may be very 

large. 

On the other hand, the matrix function 'Î'1 , defined in (28), is given by 

T,(t) = [ : ! l , 
which is stationa.ry. Of course, the rotational activity of X 1 ( also equal to w) is now 

completely moved to Yih but this is in generalless troublesome, since Yi1 satisfies 

alinear DE. Moreover, if an absolute accuracy is required, then the impact of this 

rotational a.ctivity on the integration routine may be reduced drastically by the 

invariant imbedding technique of Section 3.3. 

• 
3.2.3 The complementary subspace 

So far we have discussed the role of T1 only. In some situations, for instanee if 

the BCs are separated ( cf. the marching techniques ), this will he sufficient. In the 

general case, however, also T2 has to he considered. 

In Theorem 3.5 we have shown that under certain conditions the matrix function 

Ä11 governs the growth behaviour of the k most dominant solutions. Now we want 

to choose the n x ( n- k) matrix fundion T2 such that the growth behaviour of the 

solutions in the ( n k )-dimensional dominated solution subspace are reasonably 

well governed by Ä22 • Therefore it is not sufficient for T2 to he well-conditioned 

and properly scaled. As has been shown in [42], we also need that GAP( T1 , T2 ) 
is not too small. This implies that the n x n matrix function T = [ T1 T2 J ha.s to 

he well-conditioned and properly scaled. 

If we want T to he orthogonal, for all t, then we obtain similarly to Property 3.3, 

that 



symm(Ä) = symm(TT AT). 

Hence, since Ä21 ::::::: O, we get 

and 

For T1 we have found already in Section 3.2.2 the DE 

t;:::: 0 . 
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(31a) 

(31b) 

(31c) 

(32) 

From the Lyapunov equation (13), the conditions (31b,c) and the orthogonality of 

T we obtain for T2 the DE 

d 
dtT2 = A(t)T2- T1 Ä12(t)- T2 Ä22 (t) 

T ( T ) -= A(t) T2 T1 T1 A(t) +A (t) T2- T2 A22 (t) 

A(t) T2 + (T2 T2T In) ( A(t) + AT(t)) T2- T2 Ä22(t) 

= -AT(t) T2 + T2 ( T2T (A(t) + AT(t)) T2 Ä22(t)) 

t;:::: 0. 

Let Z21 = T2T T1 • Then from (32) and (33) we derive 

t;?::O 

(33) 

(34) 

Under mild conditions, which certainly will be satisfied if the salution space is 

exponentially dichotomie, Z 0 is the asymptotically stabie salution of the DE 

of (34). Hence, the mutual orthogonality of T1 and T2 is an asymptotically stabie 

property. 

Properties, similar to those derived for T1 (like column orthogonality), can also be 

obtained for T2 by replacing A by -AT. This implies, for instance, that for any 

fundamental salution X there exists a unique orthogonal n X n matrix fundion T 

such that y r-l x is upper triangular, for all t (cf. [37]). 
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In order to make T1 (nearly) column orthogonal we found in Section 3.2.2 as 

the most obvious choice Ä11 = Tt TA T1 . Similarly we obtain for T:z the choice 
- T 

A22 = T:z AT2. Then 

Ä = [ T1T AT1 TtT(A + AT)T2] 
0 T:zTAT2 

(35) 

Hence, to complete the decomposition of the fundamental solution X we have to 

compute a non-singular block upper triangular solution Y of the DE 

~y = [ T1T(t)A(t)T1 (t) TtT(t)(A(t) + AT(t)) T2(t) l y. 
dt 0 T2T(t)A(t)T2(t) 

(36) 

Remark 3.11 

Although the matrix function Ä is partially decoupled, the columns of the funda

mental solution Y wi1l in general become nearly dependent. Therefore the con

struction by superposition of y from a partienlar solution and the columns of Y 

may cause a loss of accuracy. One way to circumvent this instability is the use of 

a (generalized) multiple shooting method. Another way will be discribed in the 

next section. 

• 
3.2.4 Determination of the dominated subspace 

To finish Section 3.2 we consider the following question: is it possible to compute 

a uniformly well-conditioned matrix function T such that Y is block diagonal? 

In other words: can we find a well-conditioned transformation T such that the 

transformed system is completely decoupled? 

If Ä12 = O, then we obtain from the Lyapunov equation (13) that 

d -
dtT2 = A(t)T2- T2A2:~(t). 

By Property 3.1 this implies that the gap between 'R(T1 ) and 'R(T2 ) wi1l beoome 

small, unless 7<.(T2{0)) containsonly dominated solutions. This subspace, however, 

is generally unknown, and even if it was known, then the DE for T2 would be 

poorly conditioned. Therefore we may conclude that it is impossible, in general, 

to determine the dominated solution subspace in forward direction, or, which is 
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actually the same, to decouple completely in just one sweep. 

To determine the dominated salution subspace weneed a double sweep. Therefore, 

let T be defined by (32) and (33), where Á 11 and Á 22 are chosen such that T is 

orthogonal, uniformly in t. Then any regular salution Y of (36) is a fundamen

tal salution of the transformed system. Let Y be such a fundamental solution, 

satisfying 

This indeed defines a block upper triangular fundamental solution, since Y21 = 0 

and Y22 (1) is a non-singular matrix. Hence, it can be decomposed as 

where R 12(t) = Yi. 2(t) Y221 (t), for all t. One easily verifies that Ê.12 satisfies the DE 

{ 

~R12 = Ä12 + Án R12- R12 Ä22 , 

R12(1) = 0 

t€[0,:1.] 
(39) 

Now a fundamental salution X of the original system is given by 

• • • T • _! . 
where T2 = ( T1 R12 + T2 )(R12R12 + In-k) 2 lS column orthogonal, for all t €[ 0, 1], 

and mutually orthogonal to T1 at t = 1. 

Define, fortE [ 0, 1], 

ä12(t) = 11 Ä12(t) 11 ' 

ë(t) = -JL( -Ä11(t))- JL(Ä22 (t)) 

(40a) 

(40b) 
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Then we have 

Theorem 3.12 

De fine, corresponding to ( 40a,b ), 

au = max ä12(t) and '"( = min ë(t) . 
OStSl OStSl 

IJ'"( > 0 then 11 Ru(t) 11 :5 auh, for all te [ O, 1 ]. 

Pro of: 

Define the k x k incremental matrix function W11(t, -r), for each TE [0, 1], by 

{ 

d -
dtWn(t,-r) = Au(t)W11(t,-r), te[0,1] ' 

Wu(-r,-r) =Ik 
(41) 

and the ( n- k) x ( n- k) incremental matrix fundion W22( t, -r ), for each -re [ O, 1], 

by 

{ 

d -
dt W22(t,-r) = -W22(t,-r)A22(t), te[0,1] 

W22(-r,-r) = In-lo 
(42) 

Th en R12 of ( 39) satisfies 

l 

Ru(t) - Jwu(t,-r)Äu(-r)W22(t,-r)d-r. (43) 
t 

From this relation it follows that 
1 T 

11 R12{t) 11 :5 j 11 Á12{-r) 11 {exp(j IL( -Áu(s)) + p,(Á22(s)) ds)} d-r 
t t 

1 T 

:5 j äu ( -r ){ exp(- j ë( s) ds) } d-r 
t t 

If '"( > 0 then one easily verifies that the right handside of this relation is smaller 

then a 12 /'"(, which proves the theorem. 

• 
If, more specifically, there exist positive constants a 1 and a 2 such that p,( -Á11 ) :5 
-al and p,(Á22) :5 -a2 then '"( = a 1 + a2. Moreover, for any salution z1 e'R(Xd 
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we obtain (cf. (25b)): 

11 x1(t) 11 ~ ea1 t 11 x1(0) 11 , 

In Definition 2.23 we have defined a dominant solution subspace S1 and a dom

inated solution subspace s2 that are mutually orthogonal at both ends t = 0 

and t = 1. If T1 ( 0) is chosen such that n ( T1 ( 0)) = S1 ( 0) then it follows, via 

n(T1(I)) = S1(I) and n(iHI)) = S2(I), that n(iHo)) = S2(0). Hence, T1(0) 
and fHO) are mutually orthogonal, which implies that by this choice R12(0) = 0. 

Under these conditions we obtain, for any solution x 2 t:'R.(X2 ) that 

11 x2(t) 11 S e-a2t 11 x2(0) 11 VI+ 11 Ru(t) 11
2 

e-a2t 11 x2(0) 11 

GAP ( T1(t), T2(t)) 

From this result we may conclude that, in genera!, R(T1 ) will be a dominant solu

tion subspace ( determined in a forward sweep) and that R(T2 ) will be a dominated 

solution subspace ( determined in a backward sweep ). 

3.3 Invariant imbedding 

3.3.1 General description 

One of the first inventors of the term 'invariant imbedding' was BeUman (for in

stance [6]). Since the early sixties the term has been used quite often, but not 

always with the same meaning. Denman ([13]) uses the following definition: 

'Invariant imbedding is a mathematica! procedure by which a partie

nlar problem is imbedded within a family of related problems. The 

family of related problems are initia! value problems and easily solved 

by a digital computer.' 

However, sometimes one has to guess which imbedding is used and the corre

sponding IVPs may be very stiff. Often it is suggested that invariant imbedding is 

necessarily connected with the Riccati transformation ([53]). This misconception 

can be explained by historica! arguments. The partiele transport problem ([6]), for 

instance, is a classica! example where the Riccati transformation ( transmission) 
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and invariant imbedding (refleetion) are connected. 

In this section we shall expla.in wha.t we mean by invariant imbedding. It will turn 

out tha.t invariant imbedding is just a. special technique to perfarm the necessary 

ba.ckward sweep of a. decoupled system. Therefore it can be combined with any de

coupling tra.nsforma.tion, not necessarily being a. Ricca.ti transformation ( which will 

be discussed in Cha.pter 4). The combination of some decoupling transformation 

with invariant imbedding results in a. method tha.t can be seen a.s a generalization 

of a multiple shooting methad (see Section 3.1). 

Let T be any (time-dependent) tra.nsformation, defined by (13) and existing for 

t e [ 0, 1 ] , such that with y = T-1 z the original system ( 9) becomes decoupled, i.e. , 

dy = dt !I• = Au(t) 

( 

dyt ) [ -

dt dy2 !n-lo 0 
Ä12(t) l ( Yt ) ( ft(t) ) _ , + _ , te[0,1].(44) 
A22(t) Y2 f2(t) 

dt 

The tra.nsformed BCs read 

B0 T(O)y(O) + B1 T(l)y(l) = b. (45) 

A fundamental salution Y corresponding to ( 44) is defined by 

~ [ Y11 l'i2] = [ Äu(t) ~u(t) l [ Yn l'i2] , 
dt 0 1'22 0 A22(t) 0 1'22 

te [ o, 1] . (46) 

If T is well-conditioned and properly scaled, then we have seen in the foregoing 

section that l'it represents the growth behaviour of the unstable solutions, wherea.s 

the growth behaviour of domina.ted solutions is represented by }'22• Hence, the k x k 

matrix function 1'22 can be computed in forward direction. However, a forward 

computa.tion of the k x n matrix fundion [ l'i1 l'i2 ] would lead to numerical 

instability. Therefore, it seems better to compute this part of the fundamental 

salution from right to left. So we look for the fundamental salution Y, satisfing 

the BCs ( cf. (37)) 

( Y!t(O) Yi2(0)] = [ 0 In-k] and [ Yit(l) Yi2(l) ] = [ I~e 0 ] . {47) 

Similarly, a partienlar salution p may be computed by 
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!:_ (~1 ) = [ Än(t) ~tz(t) l (~1) + (~(t)) , 
dt Pz 0 A22 (t) Pz fz(t) 

tf[0,1j, (48a) 

subject to 

(48b) 

By the principle of superposition we know that there exists a vector c f lRn such 

that 

y(t) :Y(t) c + .P(t) , for all t f [ O, 1) . 

By the choices ( 47) and ( 48b) we directly obtain that c (~:~~D. Hence, for all 

t f [ O, 1], we have the relations 

Yt(i) JÎi1(t)yt(l) + JÎiz(t)y2(0) + Pt(t), 

Y2(t) = i'2z(t)yz(O) + P2(t). 

(49a) 

(49b) 

The values of y1(1) and y2 (0) are obtained by substituting (49a) with t = 0 and 

( 49b) with t 1 into the BCs ( 45). Hereafter, the value of y(t), for any t f [ 0, 1], 

can be computed by (49a,b). 

The transformation T ( and therefore Ä) has been computed in a forward sweep. 

Therefore, the computation in a forward sweep of }';2 and p2 will not cause serious 

difficulties. However, the computation of JÎi1> Y12 and P1 in a backward sweep 

requires the storage and interpolation of intermediate results. For separated BCs 

Meyer ([43]) suggests to overcome this difficulty by computing the solution of the 

original problem in a backward sweep, and to project this solution from time to 

time onto the manifold determined by 'R.(Tt) and T2 p2 • Although such a method 

overcomes the problem of an overwhelming memory access, the instability of the 

original problem still remains. Moreover, it is a priori unknown which points 

should be taken as projection points. 

The computation of [ i';2 I pz] in a forward sweep and [ JÎi1 Y12 I Pt] in a backward 

sweep ( and also the update of Meyer) is based on the sound idea to express a 

solution of (44) in termsof y2(0) and y1 (1) (a classica! shooting method expresses 

the solution in terms of y(O), and multiple shooting in terms of yi(ti) ). What 

usually is meant by invariant imbedding ([6],[53]) is not to e.:press y1(t) in terms 
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of y1(1) and Y2(0), but Y1(0) in terms of Yt(t) and Y2(0). In other words: instead 

of ( 49a) we look for functions [ R11 Ru I 91 ] ! Tc such that, for t f [ 0, 1], 
4-----+ 4-----+ H 

Tc n-k 1 

Yt(O) = Ru(t)yt(t) + R12(t)y2(0) + 91(t) . (50) 

(This is a generalization of the so-called recovery transformation, cf. [53]). 

Let Y be the fundamental solution satisfying (46), with Y(O) =I.,, and let p be a 

particular solution satisfying p(O) = 0. Then 

Yt(t) = Yu(t)yt(O) + Yi2(t)Y2{0) + Pt(t) , 

Y2(t) = Y22(t)y2(0) + P2(t). 

Comparing (50) with (51a) yields the relations 

Ru= Yit-1 
, R12 = -Yit-1 Yi2 and 9t = -Yi1-1Pt 

(51a) 

{51b) 

(52) 

From these relations we derive that (50) holds if and only if [ R11 Rul 91 ] satisfies 

d -
dtRu = -RuAn(t), t€[0,1], R11(0) = I~c, (53a) 

d -
dtR12 = -Ru(t)At2(t)Y22(t), t€[0,1], R12(0) = 0, (53b) 

d (- - ) dt9t=-Rn(t) Au(t)p2(t)+ft(t), t€[0,1], 91(0)=0. {53c) 

The equation (53a) will generally be numerically stabie (cf.Remark 3.2). More

over, the equations (53b,c) are actually not DEs. 

Taken together, the relations (50) and (51b) can be written as 

[ 
l~c -R12(t) l (y1(0)) + [ -Ru(t) 0 l (Yt(t)) = ( 9t(t)) . (54) 
0 -Y22(t) Y2(0) 0 In-k Y2(t) \P2(t) 

At t = 1, this yields n relations between y(O) and y(1). Together with the BCs 

(45) this is suflident todetermine y(O) and y(1): 

[ 

B
0

T(O) B
1

T(l) l ( b ) 

[ 
1
0
,. -Ru{1) l [ -Ru(1) o l (:i~D = 9t(l) 

-Y22(l) 0 In-k P2(1) 

(55) 
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In combination with (10) we observe that a simple relation with the original prob

lem is given by 

Property 3.13 

Let X be the fundamental salution corresponding to (9) with X(O) = T(O). Then 

we have the relation11 T1 Xt Ru and T2 Y22 X1 R12 + X2. 

In matri~ notation: 

(56) 

Pro of: 

The relations in (52) can be written as 

N ow the result follows directly from the relation X = T Y. 

• 
Let X be a consistent fundamental solution. Then we know (Property 3.1 and 

Theorem 2.19) that 'R(Tl) = 'R(XI) -+ S1 , the dominant subspace. On the other 

hand, 'R(X [ t~: ]) cannot contain dominant solutions, since 1'22 represents the 

growth of dominated solutions. Actually, the invariant imbedding technique de

scribed above will asymptotically deliver the dominated subspace at t = O, as is 

shown by 

Theorem 3.14 

Gonsider the homogeneaus DE 

dx 
dt = A(t)x, t € [ o, 00) . (57) 

Assume that the salution space S has an exponential dichotomy ( S = S 1 $ S 2 , with 

dim(S!) k). Let T be a decoupling transformation as in (44), such that 

(i) T is uniformly well-conditioned and properly scaled 

(ii) The matrix function R11 , as defined in (53a), satisfies 11 R 11(t) 11-+ 0 as 

t-+oo. 
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Th en 

DIST( S2(0), n.( T(O) [ ~~2!2 ]) ) = 0( 11 Ru(t) 11), ast~ oo . 

Pro of: 

From (50), where y = T-1:c, we obta.in the rela.tion 

Hence, for a.ny solution :c of (57), there exists a. vector c2 dRn-k such that, for all 

t ~ o, 

•(0) = T(O) [ ~~~) ] .. + T(O) [ R,~( t) : l T-1 (!) •(t) . (58) 

By assumption (i) the qua.ntity 11 T(O) 1111 T-1(t) 11 is uniformly bounded. More

over, the solution subspa.ce S2 consists of all uniformly bounded solutions. Hence, 

all solutions zin S2 with 11 z(O) 11 = 1 a.re uniformly bounded by the sa.me constant. 

So, if z eS2 a.nd 11 :c(O) 11 = 1, then 

[ 
Ru(t) 0 l 

11 T(O) 
0 0 

T-1(t) z(t) 11 = 0( 11 Rn(t) 11) , t ~ oo . 

This implies, together with (58), tha.t for ea.ch z eS2 we ha.ve 

GAP( spa.n{z(t)}, n.(T(O} [ i 2!:) ]) ) = 0(11 Ru(t) 11). 

With Definition 1.12 of dista.nce this shows the required result. 

• 
As a. direct consequence of this theorem a.nd the Properties 1.14 a.nd 1.15 we ha.ve 

Corollary 3.15 

(i) The matriz R12 = lim R12(t) ezists. 
t-+oo 

(ii) JfT(O) is orthogonal, then GAP(S2(0),'R.(T1(0))) =1/Vl+ 11 R12ll 2 • 

• 
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Using (2.28) this corollary implies that the measure of consistency of an orthogonal 

matrix T(O) is quantified by /1+ 11 Ru 11 2 • 

3.3.2 Restarts 

The relations (51b) and (50) do contain the proper information todetermine the 

solution somewhere in the interior of the interval, once y(O) is known. Unfortu

nately, however, the computation of y1(t) from y1(0), using {50), would be unstable, 

since R11 will generally be ill-conditioned with respect to inversion. 

If we know a priori that the solution is wanted at the points 0 = t0 < t1 < · · · < 

tm = 1, then instead of determining [ Rn R
12

1 
91 

] , for all t t [ 0,1], we could 
0 Y2z P2 

determine [ Rn i R
12

: I 91; ] , for t t [ti, ti+1 ] (i = O, ... , m -1 ), which satisfy the 
0 1'22 P2 

DEs (see also Section 4.3): 

d . - . . 
dt 1'22' = A22(t) Y22' , Y22'(ti) = In-k , 

!Rn' -Rui Àn(t) , Rni(ti) = l1c , 

!R12i = -Rn'(t) À12(t) Y22'(t) , R12i(tï) = 0 

d i - -
dtP2 A22(t)p2i + h(t), P2i(ti) = 0, 

:tg1' = -Ru•(t) (Än(t)p2i(t) + Ît(t)) , 9ti(ti) = 0. 

With the solutions of these DEs at t = ti+1 we obtain the relation 

Together with the BCs ( 45) this yields the exact number of relations to determine 

y( ti) {i = 0, ... , m). Actually, we have obtained a system which is an extension 

of (55) and very similar to the multiple shooting system (5), namely 

(59) 

where M = 
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and 

In this multiple shooting system the dominant and dominated solutions have been 

decoupled already. Therefore, arelation between y(O) and y(l) can be otained by 

{ [ 
F11 i Fu i I d1 i ] }m a straightforward substitution: define the sequence i 1 ._ by the 

0 F22 d2 •-o 
relation 

Then one obtain the numerically stable recursions ( cf. ( 4.58a-e) ): 

for i = 0, ... , m 1 (forward sweep) 

for i = m, ... , 1 (backward sweep) 

t;1 i-t R i-t( ) r;l • .ru = 11 t, L"U , 

t;1 i-1 R i-lc ) t;1 • R •-lc ) t;1 •-1 L'12 = 11 t, L'12 + 12 t, L'22 ; 

The multiple shooting system (59) now reduces tothen x n system 

(60) 

( 
BoT(O) [ Fuo Fl2o l + Bt T(l) [ I~o 0 l ) (Yt(l)) = (61) 

0 In-k 0 F22m Y2(0) 



71 

With the solution of this system and the relation (60) we can find the salution y 

( and therefore x = T y) at all points t;. (i O, ..• , m ). 

Remark 3.16 

Comparing the relations (60) and (49a,b) we obtain 

This result will be elaborated in Property 4.24. 

• 
Restarting at any point where output is required will be expensive if there are 

many. In that case it seems worth while first to construct some major subintervals 

and to maintain some of the information at the intermediate output points. On 

such a major subinterval, say [ Ç,, Çi+1 ], we have a BVP with separated BCs, namely 

Yz({i) and Yl(Çi+l) given. Using the relation 

we obtain ( n k) conditions at any point tin this subinterval. In order to derive at 

some specified point t a full set of n conditions we have to transferm the informa

tion that is contained in y1 (Çi+l) backward to this value of t. To this end another 

(simple) decoupling transformation is needed (see, for instance, Remark 4.19). 

Remark 3.17 

Under the proper conditions the result of Theerem 3.14 can easily be generalized 

to 

In general we will have that (cf. Property 3.1 and Theorem 2.19) 

and 
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Hence, if both quantities are small and T(ti) is orthogonal, then 11 R12i(t) 11 yields 

a proper indication of GAP( S1(ti),S2(ti)) (cf. Corollary 3.15). This implies that 

under these conditions a large value of 11 R12•(t) 11 indicates a large stability con

stant a { cf.Lemma 2.12). 

• 
Remark 3.18 

One can show that the resulting system can also be derived from the classica! 

multiple shooting system (5) with a fundamental salution X, satisfying {56). The 

necessary decoupling of dominant and dominated solutions in X ( t,) ( i = 1, ... , m ) 

is performed in a numerically stabie way by the transformation T. 

• 
3.4 Initial valnes 

So far we have not discussed the difficulty of choosing proper values for T{O) 
and k. Even in the description of the (standard) multiple shooting technique in 

Section 3.1 we have nottouchedon this subject. 

Assume that the salution space S has an exponential dichotomy. Then the initia! 

values have to be chosen such that they induce a decoupling, which is in correct 

order, i.e., such that the growthofthe increasing modes is governed by Ä11• By the 

weli-conditioning of T the growth of the decaying modes is then governed by Ä22 • 

Hence, if possible, the integer k should be equal to the dimension of the dominant 

subspace S1 • Unfortunately, this quantity is generally not known beforehand. In 

case of separated BCs we get an indication. However, when smooth solutions are 

present this indication may be wrong (see also Section 2.4). 

If k :f. dim(S1 ) we do not necessarily obtain an inefficient algorithm. A crudal role 

in the stability analysis is played by the fundamental salution R11 in (53a). As 

long as R11 does not contain fast increasing modes, then we still have a metbod 

that is stabie (but not asymptotically stable). This condition is identical to the 

requirement that 'R.{T1 ) does not contain fast decaying modes. 
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Suppose we have separated BCs of the form B02:c(O) = b2 and B11:c(l) = b1 , 

where B 02 tiR(n-k)xn and B 11 tiRkxn. Then this value of k will do. Moreover, if 

T(O) is chosen such that its first k columns satisfy the homogeneons part of the 

BCs at t 0, i.e., B02 T1 (0) 0, then 'R(TI) does not contain fast decaying modes 

(see Section 2.4). 

With non-separated BCs the situation is more complex. If T(O) has been chosen 

randornly, then every column will have probability 1 that it contains a non-trivial 

component of the fastest growing mode. Similarly, with probahility I, the k fastest 

increasing modes are contained in the span of the first k columns of T(O). This 

explains why the choice T(O) =In will suffice, in general. 

If the eigenvalnes of A give a proper indication of the growth behaviour of the 

solutions of 

d:c 
dt 

A(t) :v , t f [ o, 1] ' 

then a Schur transformation of A(O) seems togeneratea safe start: let U0 tiRnxn 

he such that A0(0) (U0 )T A(O) U0 is (quasi) upper triangular ([20],p.192). In 

[58] it is indicated how the diagorral hlocks (1 x 1 or 2 x 2) can be ordered along the 

diagonal. Therefore we may choose U0 such that the real parts of the eigenvalnes of 

the diagorral blocks are well ordered; the most positive on es to the left and the most 

negative ones to the right. Then we can take T(O) = U0 • In the case of constant 

coefficients we iudeed obtain with this starting value a consistent fundamental 

solution. However, the eigenvalnes of A give only local information of the growth 

behaviour. For the glohal hehaviour of solutions they may he very misleading. 

Example 3.19 

Let 

A(t) - 1 + 20t 
[ 

10 1- 20t 0 l 
- 1-2W ' 

0 
-

10
1 + 20t 

t > 0. 

Then A(O) 
[ 

10 0 l 
0 -10 

, which seems to be correctly ordered. However, the 

corresponding fundamental solution, starting with the identity, is given by 
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[ 

(1 + 20t) e-lot 

X(t) = 
0 

This fundamental solution is not consistent. 

• 
Fortunately, the possibility rema.ins to check whether the initia! ordering has been 

done correctly or not ( cf. [39]). If the gap between T1 and T2 stays sufficiently 

large, then the matrix function 1'22 of ( 46) has to govern the growth behaviour 

of non-increasing solutions. Hence, if some elements of Y22 turn out to become 

large, say at t =i, then some columns of T(O) have to be permuted. Since all the 

necessary information is available at i, this can be performed without an explicit 

restart of the integration at t = O, although the resulting formulas do not look 

simple. 

In the general case of non-separated BCs the Schur transformation may also indi

cate which value for k should be chosen. Assume that the rotation of the invariant 

subspaces of A is moderate ( compared to the growth behaviour of solutions of the 

DE). Then the dichotomy of the solution space will correspond toa separation of 

the spectrum of A. However, aga.in we have to be cautious, as is illustrated by the 

next example. 

Example 3.20 

Take the matrix function A of Example 3.10. Basis solutions of the DE grow, 

respectively, like e )'lt, e >.2t and e->.1t. Fort = 0 we obta.in 

A(O) = [ ~~ ~ _:,] 

a.nd!.(A(o)) = { ~.; ~. ~ ~ C''; ~. )'-w', -~, }· Hence, if bolh ~, and 

>.2 are positive, then we have two eigenvalnes in «J+ and one eigenvalue in {)-, 

independent of the frequency w. The choice k = 2 corresponds to the dimension 

of any dominant solution subspace. 

If, however, Àt and >.2 have opposite signs, then the situation may be quite differ

ent. In the general situation that >.1 > 0 a.nd >.2 < 0 ( and therefore k = 1) we have 



75 

two eigenvalnes in IV- and one in «J+ as long as jw1 < For stiff problems 

(in this case: max:{ 1>.1 1, j>.2 j} ::;;> 1) this condition will generally be satisfied. 

For instance, let À2 = ->.1 • Then >.(A(O)) = { :::>.1 V1- (wj>.t) 2
, }· As long 

as jw / >.1 1 is sufficiently smaller than 1, this spectrum nicely indicates the growth 

behaviour of solutions. However, if lw/>.1 j:::::! 1 (or even more so jwj>.1 j > 1) then 

all information about increasing solutions is lost and it is impossible to decide 

which value of k would be the correct one. 

• 
This example illustrates once again that at t 0 we do not have, in genera!, 

sufficient information to decide how the partitioning should be chosen and which 

initia! value we have to take. Local information may be misleading. The effect of 

the initia! choices can be checked during the integration, but the reparation in the 

case of a misconstruction may sametimes be time consuming. 

3.5 Separated BCs 

In Section 3.1 we have already seen that in a multiple shooting method we can 

rednee the number of equations involved in the computation if the BCs are sepa

rated. This is true also for the method sketched above. Assume that the BCs are 

given by 

B' x(O) + B1 x(l) ~ [ ;, l x(O) + [ B:' ]•(1) (~) . 

Let T [ T1 T2 J be a decoupling transformation, existing on [ O, 1], such that --k n-k 

(62) 

Th en 

(63) 

By the well-posedness of the BVP and the regularity of T(O) the matrix B02 T2(0) 

will be non-singular. Hence, y2 (0) is known. Moreover, by T the DE for Y2, 
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tE [ 0,1] 1 

is decoupled from y1 • Therefore, y2 can he computed at the sa.me time asT. 

Since y2 ( 0) is known the recovery transformation ( 50) can he red u eed to the simpler 

form 

Yt(O) = Ru(t)yt(t) + 9t(t) , for all t e [ O, t ] , (64) 

where Ru and 91 have to satisfy the DEs ( cf. (53a.,c) ): 

d -
dtRu = -RuAu(t), tE[O,l], Ru(O) = I~c , (65a) 

d (- - ) dt9t = -Ru(t) A12(t)y2(t) + /1(t) , 9t(O) = 0. (65h) 

Thus, hy the initial choices (62) and (63) the computation of 1'22 and R12 has 

hecome superfluous. 

If T is orthogona.l even a further reduction can he ohta.ined, since we are actually 

interested in z = T y = Tt y1 + T2 Y2· We can avoid the computation of T2 (just as 

in marching algorithms) as follows. Define z = T2 y2 • Then 

(66} 

Since T is orthogonal, the orthogonality condition T1 T z· = 0 is satisfied over the 

entire interval. 

Assume T is defined hy (32}t(33), where Ä is chosen such that T is orthogonal. 

Then, using Ï2 = T2T f and Ä22 + Ä2i = T2T(A + AT)T2 (cf. (31h), we have 

dz dT2 dy2 
dt = dt y2 + Trdt 

= -AT(t)z+T2(t) {(Ä22(t)+Ä2f{t)) T2T(t)z+f,(t)} 

= -AT(t)z +T2(t)T2T(t){(A(t) +AT(t)) T2(t)T2T(t)z + f(t)} 

Since T2 will not he computed we have to use the relations T1 T1T + T2 T2T =In 

and T2 Tl z = z, which results in 

~; = -AT(t)z +(In Tt(i)TtT(t)){ (A(t) + AT(t))z + f(t)} 
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The initial value z(O) is determined by 

Hence, as soon as T1(1) and z(1) have been computed we are able todetermine 

Yt(1) from the BCs at t 1: 

bt = B11x(1) = B11 (Tt(1)Yt(l)+z(l)) 

With Yt(1) known we can use the recovery transformation (64) todetermine the 

salution at any desired point. By the orthogonality of T we have (cf. (31c) and 

(14b) ): 

and - T ft=Ttf· 

Since in the expression for Ä12 the matrix fundion T2 is involved the backward 

sweep also needs a slight modification. Using T2 T2T z z, (53c) changes into 

Hence, for separated BCs we only have to solve DEs for the ( n + k) x (k + 1) matrix 

fundion [ ril g: ] (in marching algorithms the order of the system is equal to 

nx(k+1)). 

3.6 Conclusions 

Let us now recapitulate the foregoing results for continuous orthonormalization 

and invariant imbedding. In the first place we remark that a continuous deter

mination of diredions of solutions implies that the number of DEs that is to be 

solved is larger than in the current (multiple) shooting methods. Moreover, the 

complexity of these DEs has been increased (a linear problem is solved by non

linear problems ). 

On the other hand, the stability properties of the corresponding DEs have been 

improved, in generaL Besides, the transformation T can be chosen as smooth as 
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possible ( cf. Property 3.6), ha. ving rota.tiona.l activity only within 'R.(T1 ).L. This 

implies tha.t, possibly a.fter some initia.llayer effect, an automatic integration rou

tine may choose large stepsizes. 

Using the invariant imbedding technique we obta.in tha.t in the resulting methad 

the IVPs we have to solve are all expected to be numerica.lly stable in forward 

direction. A qualified automatic initia! va.lue integration routine will therefore 

choose, in genera!, its stepsizes quite efficiently. Moreover, we do nothave to store 

and interpolate intermediate results. 

These benefits become more evident if the growth behaviour of solutions of the 

origina.l problem is quite extreme, like in singular perturbation problems ( see Chap

ter 5). For such problems a.lso the backward sweep has a great infl.uence on the 

tota.l performance of the method. If output is required in just a few points, then 

the invariant imbedding technique is the most promising, since it circumvents the 

creation of many extra interna.l layers and excessive memory access has beoome 

superlluous. 

Hence, continuons orthonorma.lization combined with invariant imbedding may 

be very successful for stiff and homogeneaus ( eigenva.lue) problems, like the Orr

Sommerfeld equation with high Reynolds numbers ( cf. [12]). 

The disadvantages, like the number and the complexity of the DEs that are to 

be solved ean be reduced if more restrictions are imposed on T. In the case of a. 

Riccati transformation (see Chapter 4) the same number of DEs are to be solved 

as in the multiple shooting case. 

Note that one can say that by invariant imbedding the problem is imbedded in 

the cla.ss of BVPs: 

dy - -
dt = A(t)y + j(t), 

subject to 

B0 T(O) y(O) + B1 T(e) y(e) = b , 

This illustra.tes why the invariant imbedding technique can he used very well for 

free boundary problems ([44]). 
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4 Riccati transformations 

4.1 Introduetion 

In Chapter 3 we have discussed a general framework for a continuous decoupling 

of the DE 

d:c 
= A(t) :c + f(t) , tt:[0,1] (1) 

into 

~~ = Ä(t)y + Ï(t)' t € [0, 1] ' (2) 

where y = T-1 :~:, for some transformation T. The relation between T and Ä is 

given by the Lyapunov equation (3.13), a system of n2 equations for 2n2 variables 

(the elementsofTand Ä). Hence, we have n 2 degrees of freedom. 

If Ä is block upper triangular, for all t, then the DE (1) is said to he decoupled by 

T. Assume that A ( and similarly Ä) is partitioned as 

A(t) A = [ ~:: ~:: ] i :_k (3) 
~ 1--t 

k n-k 

where the dimension kis to he determined later. The requirement Ä21 = 0 reduces 

the number of degrees of freedom with k( n - k ). In Chapter 3 we constructed an 

orthogonal transformation T. Tliis extra condition prescribes the symmetrie part 

of Ä (Property 3.3), which reduces the degrees of freedom with another în(n + 1). 

We did not use the resulting degrees of freedom, although their number turned out 

to he just suflident to make Ä upper triangular ( cf. Property 3.9). The resulting 

system of DEsforT were at least cubic (cf. (3.31a,b) ). 

In this chapter we shall use the resting n 2
- k( n- k) degrees of freedom to simplify 

the form of Tand the corresponding DEs. To this end we consider the well-known 

Riccati transformation (cf. [42],[51]) 

T(t) [ R:.:t) I~, l t € [ o, 1] ' (4) 
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in which exa.ctly n2 - k(n- k) componentsof T(t) are prescribed. Observe tha.t, 

for all te[O,l], 

T-l(t) = [ I~t 0 l 
-R21(t) In-Ie 

a.nd 

d [ 0 0 l -T(t) = d 
dt dtRn(t) 0 

From the Lya.punov equa.tion (3.13) a.nd the requirement À21 = 0 we obta.in tha.t 

the matrix function R21 ha.s to sa.tisfy the DE 

(5) 

which is the so-ca.lled ( matriz) Riccati equation. As long a.s a. solution R21 of {5) 
exists, we have ( cf. (3.14b,c) ): 

À = [ Au + A12 R21 A12 l 
0 A2a R21 A12 

(6a.) 

a.nd 

- ( ft ) != . 
-R21/t + /2 

(6b) 

Hence, a. corresponding fundamental solution Y of (2) ma.y have a block upper 

tria.ngula.r form a.s wel!. Like in (3.10) we have tha.t X = T Y is a. fundamental 

solution of the original system (1 ). Therefore, we actua.lly have constructed a. block 

LU-decomposition of such a fundamental solution X. 

From the rela.tion X = T Y we conclude tha.t 

(7) 

This yields a. fust result on the existence of Ra1{t). 

Property 4.1 

Let I besome given interval. Then a solution R21 of (5) ezists on I iJ and only if 

there ezists a fundamentalsolution X, corresponding to (1 ), with X 11 non-singular 

on I. 
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• 
Although the existence of R 21 is important, we also have to take care of its bound

edness. As in Chapter 3 one of our main goals is to obtain a well-conditioned and 

properly scaled transformation T. For the Riccati transformation this condition is 

fulfilled as long as 11 R21 11 stays sufficiently hounded. In the next section we will 

see by which factors 11 R21 11 is mainly determined. 

We may not he able, however, to find a solution of (5) which is sufficiently bounded 

over the entire interval [ O, 1]. In that case a transformation of the system ( also 

called a restart) has to he considered. The way such difficulties can he handled 

will he discussed in Section 4.3. 

To finish this section we make the following two remarks. 

Remark 4.2 

Assume that R 21 , subject to R21 (0) O, exists on [ 0, 1 ]. Then, after the com

putation of fundamental and partienlar solutions R11 , R12 , 1'22 , g1 and p2 by the 

invariant imhedding technique of Section 3.3.1, we obtain from (3.50), (3.51b) and 

using that :z:2 (0) = y2 (0) the well-known relations (cf. [6],[53]): 

:z:t(O) = Rn(t) zt(t) + R12(t) :z:2(0) + gt(t) , 

:z:2(t) = R21(t) zt(t) + Y22(t) :z:2(0) + P2(t) , 

These relations can also he written as 

t f [ o, 1] ' 

t € (0, 1] . 

(Ik - R12(t)] :z:(O) 

[ -R21(t) In-k] :z:(t) 

[Rn(t) o]:z:(t)+gt(t), 

[ 0 Y22(t)] :z:(O) + pz(t) , 

(Sa) 

(Sb) 

which express the similarity in the two formulas. Various authors have used these 

relations as a starting point for the derivation of the so-called Riccati method, by 

which the combination of the Riccati transformation and invariant imbedding is 

meant ([45],[53]). 

• 
Remark 4.3 

If Ç is such that R21 (t) exists for all tE [O,Ç), but lim R21 (t) does not exist, then 
t--->é 

the homogeneons BVP 
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d:c 
dt = A(t) :c , (9) 

subject to 

( -R21(0) In-k] :c(O) = 0 and (I,. 0] z(Ç) = 0 

has a. non-trivia.l solution. This property can he proved with the help of Prop

erty 4.1. The parameter e is called an eigenlength or characteristic length of (9) 

{[53]). 

• 
4.2 Existence and boundedness of R21 

The fa.ct tha.t 11 R21 11 may become large (implying an ill-conditioned transforma

tion T), or even unbounded, is one of the main a.rguments used by critics to reject 

the Riccati transformation as a. general solution method for linear BVPs. In this 

section we discuss the fa.ctors that influence the magnitude of the Ricca.ti matrix 

R2l. 

As will be shown in the next section the following assumption does not violate the 

genera.lity of the transformation. 

Assumption 4.4 

R21(0) = o. 

• 
Example 4.6 

(i) Consider thesecondorder DE 

tfly 2 

dt2 +w y = 0' te [ 0, 1] . 

Transforming it to a first order system by z 1 = y a.nd :c2 = !y, we obtain 

t f [ o, 1 J • (10) 
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The corresponding 1 x 1 Riccati matrix is given by 

R21(t) = -w tan(wt) . 

Hence, it blows up very fast if w is large. 

There are two main reasous for this phenomenon. In the first place the 

solution space of (10) is not exponentially dichotomie, and in the second 

place the basic modes ( co~(w( t))) and (sin((wt))) are fast rotating. 
- sm wt cos wt 

(ii) Thesecondorder DE 

d2y 2 

dt2 - w y 0' t é[ o, 1] ' 

can he written as 

t t [0, 1] . 

The corresponding Riccati matrix is now given by 

R21(t) w tanh(wt) , 

which is bounded by w on the entire interval. 

In this example the salution space S is exponentially dichotomie and the 

directions of the corresponding dominant and dominated subspaces are inde

pendent of time. 

• 
By only taking into account the norm of A one can state the following theorem. 

Theorem 4.6 

Let A be partitioned as in (3) and define M = max 11 A(t) 11· Then the salution 
O<t<l 

R21 of --

{ ! R21 = A21(t) + A22(t) R21- R21 Au(t)- R21 A12(t) R21 

R2t (0) 0 

. 1 
exzsts at least on [ 0, e ), where e = max ( M, 1 ). 
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Pro of: 

Let r(t) = 11 R21(t) 11· Then r(O) = 0 and 

Hence dr < M dt from which we obta.in r(t) _< Mt. Therefore, 
'(1 +r)2 ' 1 +r(t) 

Mt 
r(t) $ 1-Mt. 

Now the theorem can be proved by standard reasoning. 

• 
This result may be sharpened if more speci:fic information about A is used. To 

this end de:fine, for any value of r, the incremental fundamental solutions M11 and 

M22 by 

{ 
!Mu(t,r) = -Mu(t,r)Au(t) , 

Mu(r,r) =I,. 

{ 
!M22(t,r) = A22(t)M22(t,r) 

M22{r,r) = [,.._,. 

Define, for RE m.<n-lo)xlo, 

f(t,R) = An(t)- RAu(t)R. 

Then, using Assumption 4.4, the DE (5) can he written in integral form as 

t 

R21(t) =I M22(t,r)J(r,R21(r)) Mu(t,r)dr. 
0 

Therefore, 

11 R2l(t) 11 $ 

t 

(11) 

(12) 

{13) 

(14) 

I exp(1tp.(A2z(s)) ds) 11 !(r,R21(r)) 11 exp(Ltp.( -Au(s)) ds)dr. (15) 
0 

Now define 



a21(t) = 11 A21(t) 11 , 

a12(t) = 11 A12(t) 11 , 

c(t) = -~ (~t( -An(t)) + p,(A22(t))) . 

Then we are able to show 

Lemma 4.7 

Let p be the salution of the IVP 

dt = a 21(t)- 2 c(t) p + a12(t) p2 , p(O) 0 . 

As long as p exists, we have the inequality 11 R21(t) 11 5 p(t) . 

Pro of: 

Define r(t) = 11 R 21 (t) 11· Then (15) yields 

t 

r(t) 5 j(a21(r)+a12(r)r2(r)) exp(-2ltc(s)ds)dr. 
0 

Moreover, p satisfies the equality 

t t 

p(t) j(a21(r)+a12(r)p2 (r)) exp(-21 c(s)ds)dr. 
0 

Hence, 

t 

r(t)- p(t) < j g(t,r) (r(r)- p(r)) , 
0 
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(16a) 

(16b) 

(16c) 

(17) 

where g(t, r) = au(r) (r(r) + p(r)) exp( -2[c(s) ds), which is a non-negative 

function. Now, using the Lemma of Grönwall, the lemma is proved. 

• 
Theorem 4.8 

Let e be such that, for alltE[O,Ç], (see (16a,b,c)) 

(i) c(t) ~'i'> 0 

(ii) K(t) = a21(!î(~r(t) < 1 
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("') (t) a21(t) 1 
m P- = -- ' 

c(t) 1 + )1- K(t) 
P+(t) = c(t()) (1 + )1- K(t)) and m€lR 

a12 t 
&ati&fy 

p_(t) :::; m < P+(t) , 

Then 0 :::; 11 R~n(t) 11:::; m, for allte[o,e]. 

Pro of: 

Observe that P- a.nd P+ a.re de:6.ned such that (17) is identical to 

Therefore, 

{ 

< 0 if P-(t) < p(t) < P+(t) 
;:: = = 0 if p_(t) = p(t) or P+(t) = p(t) 

> 0 elsewhere 

Since p(O) 0 < p_(O) the result follows from Lemma 4.7 in a straightforward 

way. 

• 
Sometimes the upper bound in Lemma 4. 7 may he overly pessimistic, as is illus

trated by the next contrived example. 

Example 4.9 

Let the matrix function A be defined by 

[ 

e.>.t e2.>.t l 
A(t) = (À > 0) , t 2:: 0 . 

1 -e.>.t 

Then one easily checks that the corresponding Riccati matrix R21 satisfies R21 --+ 0 

ast--+ oo. However, for p we obtain the DE 

dp ' 
dt = (1- e"tp)2 ' t:;:::o, 

whose solution will grow rather fast. 

• 
Now we shall obtain aresult slightly more general than Theorem 4.8. To this end 



wedefine the non-decreasing fundions 8, 8 21 and 8 12 by (see (11) and (12)) 

and 

t 

8(t) = 2 IJl M22(t,r) 1111 Mu(t,r) 11 dr, 
0 

821(t) = max 11 A21(t) 11 , 
0~-r~t 

812(t) = max 11 A12(t) 11 
O~-r9 

Then we have 

Theorem 4.10 

As long as t is such that, correspondingly to (18a-c), 

then R21(t) exists and 11 R21(t) 11 ~ s(t)s21(t). 

Pro of: 

87 

(18a) 

(18b) 

(18c) 

(19) 

Observe that s(O) = 0, which implies that (19) is satisfied fort= 0. Now let t > 0 

be such that (19) is satisfied. E:xistence of a solution of (5) can be proved by the 

method of successive substitution, applied to the non-linear integral equation (14). 
Hence, define the sequence of matrix fundions {Ri(t)}~0 by 

t 

R'+1 (t) =I M22(t,r)f(r,Ri(r)) Mu(t,r)dr. 
0 

Let 

Then from (20) and (13) it follows that 

wi+l(t) < ~ s(t) max 11 f(r,Ri(r)) 11 
2 O<-r<t 

(20) 

(21) 

This implies that the requirement (19) guarantees boundedness of the numbers 
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w'(t) hy s(t) s21 (t) (cf. [57]). In order to show tha.t the R'(t) converge we observe 

tha.t 

11 f(T,R'(T)) f(T,Ri-l(T)) 11 

~ 11 Au{T) 11 {11 R'(T) 11 + 11 Ri-1(T) 11) 11 R'(T)- R1-1(T) 11 

Hence, for all e *' [ 0, t] we have 

e 
< J 11 M22(e,".) 1111 /(".,R'(".))- /(".,R'-1

(".)) 1111 Mu(e,".) 11 dT 
0 

~ ~s(e)su(e)2s(e)s21(e) ~:?t 11 R'(".) R'-1(T) 11 

< s2(t) s12(t)s21(t) ma.x 11 R'(T)- R'-1(T) 11 . 
O;ST;St 

Therefore, a.ga.in using {19), Jim R'(t) exists, is hounded hy s(t)s21 (t) a.nd, more-
•-oo 

over, it satis:fies the integral equation (14). 

• 
Remark 4.11 

Ohserve tha.t R21 also sa.tis:fies the DE 

d - -
dtR21 = A21(t) + A22{t)R21- R21 Au(t) + R21 A12(t) R21 , 

where Áu = Au+ Au R21 a.nd Á22 = A22 - R21 Au ( see ( 6a.)). Hence, Theorem 4.8 

ca.n also he formula.ted with c replaced hy 

1 ( - - ) ë(t) = -2 p( -Au(t) + p(A22(t)) . 

Equivalently, Theorem 4.10 is also valid with M11 and M22 repla.ced hy R11 a.nd 

1'22, the fundamental solutions cortesponding to, respectively,-Á11 a.nd Ä22 . These 

solutions are a.ctually computed when the invariant imhedding technique of Sec

tion 3.3.1 is used {see (3.53a) a.nd {3.46) ). 

• 
From the foregoing we may conclude that it will he hard to give sharp conditions 

that imply houndedness of solutions of the Riccati DE. Only in special a.pplications, 
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which occur for instanee in control theory, we have conditions (of symmetry and 

definiteness) that guarantee boundedness of the Riccati matrix ( cf. [52] ). 
Remark 4.11 shows already that the magnitude of R21 is strongly influenced by 

the growth behaviour of the fundamental solutions R11 and Y22 and by 11 A21 11 

and 11 A12 11· Therefore it is important that the distance between 'R( [ R~C t) ] ) 

and S 1(t), the dominant subspace at timet, is su:fficiently small (cf. Theorem 3.5). 

Using geometrical arguments similar conclusions can he drawn. To this end we 

look at the algebraic Riccati equation 

Observe that if P2l(t) satisfies (22), then 

A(t) [ p2~Ct)] = [ p2~Ct)] ( A11(t) + A12(t)P:n(t)) , (23) 

which implies that 'R.([ p2~Ct) ]) is an invariant subspace of A(t). Moreover, one 

can show that 

( cf. [57]}. For the remaining part of this section we make the following assumption. 

Assumption 4.1'2 

The matrix A( 0) is ( block) up per triangular and correctly ordered, i.e. , 

A(O) 
[ 

An(O) A12(0) l 
0 A22(0) 

and Àmin(A11(0)) > Àmax(A22(0)) (which can always he obtained by an (orthogo

nal) Schur transformation (see Section 3.4) ). 

• 
With this assumption and the definition of separation of matrices (Definition 1.5) 

one can prove the following generalization of Theorem 3.5 in [57]. 

Theorem 4.13 

De fine 
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and 

a21(t) =11 A21(t) 11 , 

a12(t) =11 Au(t) 11 , 

d(t) = ~ sep( Au(t),A22(t)) . 

As long as d(t) > 0 and 

K(t) = a21(t) au(t) < 1 
Jl(t) 

(24) 

then there ezists a unique continuously differentiable salution P21 of (22) with 

P21(0) = 0 and satisfying 

11 P21(t) 11 ~ a21(t) 1 < ~t(t) 
d(t) 1 + ..j1- K(t) d(t) . 

(25) 

Pro of: 

Stewa.rt ([57]) shows that, for any fi.xed t with K(t) < 1, there exists a unique 

solution P21(t), which satisfies (25). From Property 1.6 we obtain 

sep( Au + A12 P21, A22 - P21 A12) > 2 d - 2 auda21 > 0 . 

Hence, using Assumption 4.12, 

(26) 

This implies that n.( [ P2~(t) ] ) is the (unique) invariant subspare cortesponding 

tothek eigenvalnes with la.rgest real parts ( >.(A11 + A12 P21)). With (26) it follows 

that this invariant subspace changes in a continuously difierentiable way . 

• 
Observe that the quantities sin (18a) and d in (24) have arelation similar to the 

one obtained in Theorem 1.9. By this relation the conditions of Theorem 4.10 and 

Theorem 4.13 are coupled. 

Assume the solution P21 of (22) defined in Theorem 4.13 exists onsome interval 

[ 0, e ]. Define the matrix function E21 as the solution of the Riccati DE 
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d d ) -E21 = --P21 + (A22(t) P21(t) A12(t) E21 
dt dt 

E21 ( An ( t) + A12( t) Pn ( t)) - E21 A12(t) E21 , 

subject to E 21 (0) 0. Then E21 is nothing but the difference between R 21 and 

P21 • The magnitude of E 21 is, cf. Theorem 4.10, in the first place determined by 

the growth behaviour of the fundamental solutions corresponding to A22 P21 A12 

and -(Au+ A12 P:n) and in the secoud place by the values 11 :t P21 11 and 11 A12 11· 

Since R21 = P21 + E21 we observe that, if both P21 and E21 remain sufficiently 

bounded, then also R 21 remains bounded. These conditions will be fulfilled if: 

- the eigenvalues of A( t) are sufficiently well separated into two clusters; globally 

speaking: one cluster containing eigenvalues with positive real parts and the other 

cluster containing eigenvalues with non-positive real parts. 

Relative to this separation we need that 

- the invariant subspace belonging to the cluster of eigenvalues with positive real 

parts does not change too rapidly 

- the quantity 11 A12 11 is not too large 

- E21(0) is suffi.ciently small. 

Remark 4.14 

Differentiating the algebraic Riccati equation (22) yields the (time-dependent) 

Sylvester equation 

!A21 + (!Azz) Pn- Pn (!Au)- P21 (!A12) P21 . 

Hence, the magnitude of 11 ! P21 11 is determined by 11 ! A 1\, 11 P·11 11 and 

sep (Au + A12 P21, Azz - Pn A12). 

4.3 Separated BCs 

• 

In this section we shall discuss in more detail what the Riccati method looks 

like in case of a BVP with separated BCs. We have seen already in Section 3.5 
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that a rednetion in the number of DEs ca.n he obta.ined. By choosing the proper 

initial values (Section 4.3.1) the Riccati metbod requires the computation of the 

n x (k + 1) system [ RRu 91 ] . Ohserve that the order of this system is as large 
21 Y2 

as fora stahilized march algorithm (see Section 3.1). 

However, the Riccati DE for R21 will he non-linear. This non-linearity may cause 

some additional orthogona.lization steps, in order to keep the decoupling transfor

mation well-conditioned. How such a restart can he performed will he treated in 

Section 4.3.2 . 

The resulting metbod is described algorithmically in Section 4.3.3. 

For the computational a.spects of the Riccati metbod we refer to Section 4.5 . 

4.3.1 Initia! valnes 

Assume that the solution space S has a.n exponential dichotomy (S = S1 $ S2). 

InSection 3.4 we have already seen that, if possible, k should he chosen equal to 

dim( St)· The Riccati matrix R21 is constructed such that 

(27} 

where X1 is a.n n x k matrix function consisting of the first k columns of a fun

damental solution X ( cf. (7) ). As follows from Remark 4.11, this fundamental 

solution X should actua.lly he consistent, since then DIST( 'R(X1(t)),S1(t)) -+ 0 

ast-+ oo (cf. Theorem 2.19). Hence, we have to satisfy the relation 

(28) 

For 8eparated BCs, i.e., 

where B02 e m<n-k)xn and B 11 t: IR ~ex", this value of k will do and we may choose a 

fundamental solution X= ( X 1 X2 ] that satisfies the homogeneons BCs at t = 0, 

i.e., B02 X1(0} = 0 (see Section 3.4). Assuming that X11(0) is non-singular, the 

corresponding initial value for the Riccati tra.nsformation, satisfying 

(29) 
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would be R 21 (0) = X 21 (0) X 11 -
1(0) ( cf. (7) ). This quantity, however, may be large, 

implying, at least for small t, a poorly conditioned Riccati transformation. 

There are some ways todeercase the magnitude of this initial value. Allowing that 

the columns of B 02 ( and correspondingly the elements of x) are permuted one may 

derive 

Theorem 4.15 ([60]) 

There exists a permutation matrix II0 [ II1 ° II2 ° ] such that B 02 II2 ° ts non-
,__. ......... 

Ie n-k 

singular and all elements of the matrix R21 °(0) that Jatisfies 

(30) 

are in absolute value not greater than 1 (IR21°(0)I :5 1). 

• 
This implies that for the permuted system 

dx0 

dt = Ao(t) xo + fo(t) ' 

(II0 )T A II0 ' we can find a start for 

the Riccati transformation that satisfies the homogeneaus BCs at t = 0 and is 

well-conditioned, for t su:fficiently small. 

Even more reduction can be obtained by an orthogonal transformation with a 

generally less simple form. This is a result of 

Property 4.16 

By the well-posedness of the BVP there exist an orthogonal matrix U0 dRnxn and 

a non-singular matriz v22 ° € JR(n-k)x{n-le) such that 

Using Assumption 2.2 on the row orthogonality of B 02 we can obtain Vzz0 In-k· 

• 
With this choice for the orthogonal transformation U0 the system 
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t f [ o, 1] ' (32) 

where z0 = (U0)Tz, r = (U0 )tf and A0 = (U0 )T A U0 , has at t = 0 the BOs 

b2 = B 02 U0 z0 (0) = [ 0 V22°]z0(0). Hence, the Riccati transformation, satisfying 

the homogeneons BOs at t = 0 starts with zero (R21(0) = 0). 

We have to realize1 however, that even this starting value does not guarantee 

boundedness for R21 for a long time, as is seen in the next example. 

Example 4.17 

Consider the BVP with constant coefficients 

dz [ -10 0 l 
dt = 20 10 lJ; I 

t f [ o, 1] ' 

subject to z2(0) = 1 and :e1(1)-z2(1) = 0. This is a well-conditioned problem, with 

( 

-lOt ) 
an exponentially dichotomie salution space. The increasing solution elote _ e-lOt 

satisfies the homogeneons BOs at t = 0. However, for small t its rota.tional acticity 

is high. This is illustrated by the fact that the corresponding Riccati DE, given 

by 

d 
dtR21 = 20 + 20R21 , 

has the {ast increasing salution R21(t) = e20t- 1. 

• 
A Riccati transformation fitted to the BOs at t = 0 has an interesting property, 

which is a direct result of (2), (4) and (6a) 

Property 4.18 

Assume that we have separated BOs with B02 = [ 0 l/22°] ( cf. Property 4.16). Let 

e be such that the solution of the Riccati DE {5), subject to R 21 (0) = 0, ezists on 

[ o, e]. Then any solution of the (incomplete) IVP 

{ 

da: 
dt = A(t) :e + f(t) , 

B02 z{O) = b2 

(33) 

satisfies the relation 
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(34) 

where y2 is the solution of the IVP 

• 
Remark 4.19 

Property 4.18 with t = Ç can be interpreted as follows: with (34) the (n k) 
boundary conditions B 02 x(O) b2 are transformed to the point Ç in the interval. 

So, what is left is a BVP on [ Ç, 1] with separated BCs. We shall take advantage of 

this in Chapter 6, when dealing with BVPs having a singularity of the first kind. 

Similarly, we can de:fine a Riccati matrix S12 and a vector function z1 such that, 

if Su exists on [ Ç, 1], any salution x of the DE, fitting the k boundary conditions 

B 11 x(1) b1 , satisfies 

tf [Ç, 1 J . 

Using both R 21 and Srl. we obtain the proper number of conditions to determine 

x(Ç): 

Sometimes S 12 is called the inverse Riccati matrix ([15]). 

• 
Of course, the final salution x can not be computed by just constructing a contin

uous description of the solution manifold cortesponding to the BCs at t 0. As 

we have seen in Section 3.2.4, some kind of backward sweep is needed too. For such 

a backward sweep we prefer the invariant imbedding formulation of Section 3.3. 

For separated BCs (cf. Section 3.5) this implies that (in a forward sweep) we have 

to compute the functions R11 , R12 and g1, which are determined by the relation 

( cf. (3.64)) 

(35) 
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These functions satisfy the DEs ( cf. (3.65a,b)) 

~Ru= -Ru (Au(t) + Au(t)R2t(t)) , t ~ 0, Ru(O) =I,., (36a) 

~9t = -Ru{t) (Au{t)y2(t) + ft(t)) , t ~ 0, 9t(O) = 0. (36b) 

Remark 4.20 

The DEs we have to solve for the Riccati transformation (R21 and y2) and for the 

invariant imbedding technique (Ru, Ru and 91) can be written in one n x (k + 1) 

system: 

d [ Ru I 91 ] [ 0 I 0 ] [ 0 0 ] [ Rn I 9t ] 
dt R21 Y2 = A21(t) f2(t) + 0 A22(t) R21 Y2 

_ [ Ru I 9t ] [ An(t) /1(t) ] _ [ Ru I 91 ] [ 0 Au(t) ] [ Ru I 91 ] 
R21 Y2 0 0 Ru Y2 0 0 R21 Y2 

When the BCs at t = 0 sa.tisfy B 02 = [ 0 l/22 °] ( cf. Property 4.16), then the initia.l. 

valnes are given by 

This is actua.l.ly how they are computed, since then no intermediate results have 

to be stored and interpolated. 

• 
4.3.2 Restarting techniques 

Even the knowledge that no dominated solutions are contained in n([ R~(t) ]) 

does not guarantee boundedness of R 21 over the entire interval ( cf. Example 4.17). 

Suppose that at some point within ( O, 1 ), say at t = tb the Riccati matrix has 

grown such that we have to decide fora new basis of the subspace n([ R~(t) ]). 

We indicate some (old and new) possibilities for such a new basis, when the Riccati 

transformation has been fitted to the BCs at t 0, i.e., when {34) holds. 

(i) Often BVPs have an equa.l number of BCs at both ends (for instance: a 

second order system that is transformed to a first order one ). This implies 
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a square Riccati matrix. If in that case R 21 (tl) is non-singular, then the 

solution manifold, described by (34) (with t = t 1 ) can he written as 

where the initial value of Y21 is given by Y21(t1) = - ( Rn(tl) r1 
Y2(t1). Hence, 

fort > t 1 , the matrix fundion S12 (which also satisfies a Riccati DE) and the 

vector fundion y21 are computed instead of R 21 and y2 • In other words: the 

transformation T of ( 4) is, for t > t 1 , replaced by 

Important drawbacks of this restarting technique are 

- it is far from general 

- problems may he expected with the numerical stability of the method 

- the implementation is not straightforward. 

In [9] Breitenecker discusses a generalization of this concept for non-separated 

BCs. 

More success may he expected from one of the following techniques: 

(ii) ([60]) For any permutation matrix IP = [ II1
1 II2

1 
] such that the matrix --k n-k 

[ -R21 (t1) In-k] II2
1 is non-singular, we have that at t = t1 the relation (34) 

is equivalent to 

where 

and 

R211(t1) = ([-R21(t!) In-k] Il21r1 
[ -R21(t1) In-k] Il11 , 

x1 (tt) = (II1f x(t1), 

(37) 

As aresult of Theorem 4.15, II1 can he chosen (and computed) such that all 

elementsof R 21
1 (tt) are in absolute value not greater than 1. 

Now, for t ;::_:: it, the original matrix fundion A is to he replaced by A1 = 
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(II1 )TA IJ1 and the inhomogeneons term f by jl = (IJ1 )T f. Hereaft er, the 

integration continuons with R21 and Y2 replaced by R211 and Ya 1 , respectively. 

This technique is not straightforwardly generalizable to the case of non-separa.ted 

BCs. 

(üi) {[35]) The permutation matrix IJ1 can be replaced by another orthogonal 

transformation U1 , such that a. further rednetion can be a.chieved. Choose U1 

such tha.t 

( -R21(h) In-k) U1 = [ 0 1l221
] , ............... (38) 

k n-k 

where V22
1 is a non-singular matrix (in fact: 1l221 = (U221)-T). Then, with 

:~: 1 = (U1 )T:z: the relation (34) rea.ds 

(39) 

This implies that a. new Riccati matrix, sa.y R21
1

, and a vector function y·i, 
can be defined with the initia! values, respectively, R21

1(t1 ) = 0 a.nd y2
1(tl) = 

(1l221 
)-1ya(t1 ), descrihing the samesalution ma.nifold, but corresponding toa. 

new basis (namely the columns of U1). 

Such orthogonal tra.nsformations have the a.dvantage tha.t they can be applied in 

the general case of non-separated BCs· too. However, the comple:x:ity of the final 

salution metbod is increased, since we have to replace the matrix function A by 

A 1 = ( U1 )TA U1 and the inhomogeneons term f by jl = (U1 )T f. 

Remark 4.21 

The :first k columns of the orthogonal transformation U1 of (38) form an orthog-

onal basis of 'R( [ R2~(t1 ) ] ). In fact: [ g~~ ] U11-
1 is the QR-decomposition of 

[ R2~(tt) ] . Hence, the orthogonal update technique described a.bove has some 

simila.rity with the Godunov-Conte algorithm ([29]); :first a more or less ea.sily com

puta.ble basis of the salution subspa.ce corresponding to the left BCs is computed. 

At points where this basis is found to be poorly conditioned a reorthogonalization 

of this basis is ca.rried out. 

• 
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The restart strategy for the invariant imbedding technique has been discussed in 

Section 3.3.2. For separated BCs it implies that, for t ?: tb we have to solve the 

DE 

(40) 

4.3.3 Algorithmic description 

Assume a set of restart points {t;}~0 , with 0 t 0 < t1 < · · · < tm 1, are 

determined by the output requirements and the boundedness condition for R 21i. 

Then, as is illustrated by Theorem 4.6, the number m will be finite. By these 

restarts a set of subintervals [ti, ti+I](i = 0, ... , m -1) is generated. 

For separated BCs we can give now a complete description of the Riccati method, 

by which we mean the combination of a Riccati transformation, invariant imbed

ding and the orthogonal restarting technique (iii). 

Algorithm 4.22 

step 1. Construct an orthogonal U0 fm,nxn such that 

B 02 U0 = [ 0 V22 °] (V22 ° non-singular) 

k n-k 

step 2. For i 0, 1, ... , m- 1 do 

a. Define, fort € [ti, ti+1 ], the transformed matrix function 

(41a) 

and the vector fundion 

(41b) 
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b. Solve, for R' := [ Ru: I 91
: ] and forte [ t,, ti+l], the i-th Riccati DE 

Rn Y2 

!R' = [ A2~(t) I h~t) ] + [ ~ A2:.(t) ] R' (42) 

-R• [ Au'(t) I /1'(t) ] _ R' [ 0 
o 1 o o 

• i [ I,. I 0 ] subject to R (t,) = ( ')-1 ,_1( ) • o V22 Y2 t, 
c. Construct an orthogonal matrix Ui+1 E m.nxn and a non-singular matrix 

V22'+1 Effi(n-k)x(n-k) such that 

[ -Rlll'(tt+t) I .. _,.] u•+~ = ( 0 V22i+1
] - ,____. 

(43) 

k n-k 

and define Q'H := Q' Ui+l. 

• 
Defining 

(i= 1,. .. , m) (44) 

we obtain, similarly to (39), the relation 

Observe that the initial values at t = t, are chosen such that 

(i = 0, ... , m) . (45) 

Hence, a:2'(ti) is directly obtained during the forward sweep. 

When the integration step is fulfilled and t = 1 has been reached, then a:1m(t",.) 
can he computed with the BOs at t = 1: 

The k x k matrix B 11 Q1 m is well-conditioned, since the BVP is well-conditioned. 

Now a:1'(t,) (i= m -1, ... ,0) is determined (in a backward sweep) from the 

generalized recovery transformation ( cf. ( 40) ) : 



101 

(i o, ... ,m-1). (46) 

By the special form of the Riccati transformation we have x1•(t) = y8t), for all 

t €[ t;, t;+l]· Hence, ( 46) can he written as 

i-t(t ) R i-t(t ) i-t(t ) + i-t(t ) X1 i-1 = 11 i Xt i 91 i • (47) 

Together with 

we obtain 

i-l<t ) w • •ct ) + • Xt i-1 = 11 Xt i Wt , (i 1, ... , m) , (48) 

where 

W • R i-t(t) U ;. 11 = 11 i 11 

and 

R •-1 u • •ct ) + ·-1<t > n 12 Y2 i 9t ; · 

Observe that ( 48) is generally a numerically stabie recursion. 

4.4 N on-separated BCs 

If the BCs are non-separated, say B 0 x(O) + B1 x(l) = b, then some steps of the 

algorithm for the Riccati method become slightly more complicated. For instance, 

the number of DEs that are to he solved is somewhat larger. Also a proper value 

of the integer k is generally unknown. 

4.4.1 Initia! values 

One might hope that the eigenvalnes of A(O) give correct information about the 

growth behaviour of homogeneons modes. In general this will be the case if the 

Riccati matrix R 21 is relatively close to the salution P21 of (22), i.e., if the condi

tions mentioned at the end of Section 4.2 are fulfilled. 
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A useful tooi for the computation of eigenvalnes and invariant subspaces is the 

Schur decomposition of Theorem 1.3. lt directly delivers the eigenvalnes and some 

of the invariant subspaces, depending on the order for the eigenvalnes that has 

been chosen. Now construct the Schur transformation U0 such that 

and À:min(A11°(0)) > Àmax(A22°{0)). Then the integerkis chosen such that the 

separation between A11 °(0) and A22 °(0) is sufliciently large. 

In Section 3.4 we took T( 0) = U0 • H U11 ° is non-singular, then a similar choice for 

the lliccati matrix would he R21(0) = U21°(U11°)-1
, since then R([ R2~(o) ]) 

R(U1°). This does not guarantee consistency (cf.Example 3.19), but makes it 

quite likely. However, R21(0) may he large, implying a poorly conditioned trans

formation T, at least for small t. 

This problem can he circumvented by transforming the DE with U0 , before starting 

a decoupling. Hence, define :c0 = (U0)T :;c. Then 

dz0 

dt = Ao(t) :co+ r(t) ' tE [ 0, 1] , (49) 

where A0 = (U0 )T A U0 and r = (U0 )T f. This system satisfi.es Assumption 4.12 

and therefore we may choose R 21 ( 0) = 0 ( observe that R ( [ ~ ] ) is the invariant 

subspace of A0 (0) corresponding tothek eigenvalnes with largest real parts). This 

choice defines a consistent fundamental solution as soon as 

Now the lliccati transformation 

yields the relation 

(50) 

However, contrary to the case of separated BCs, y2°(0) is unknown, which implies 

that the fundion y2 ° can not he computed directly. Therefore, step 2b. of Al-
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gorithm 4.22 has to be extended with the computation of a fundamental solution 

Y22 ° corresponding to Ä~2 = A22 ° R21 ° A12 ° ( see ( 6a)) and a particular solution 

p2°, satisfying the DE 

~P2° = ( A22 °(t) - R21 °(t) A12 °(t))P2°- R21 °(t) h 0(t) + h 0 (t) , 

(see (6b)). With the initial values 

the relation (50) transforms into 

which is, apart from the transformation U0
, equivalent to the relation (8b). 

4.4.2 Restarting techniques 

(51) 

From ( 51) we see that a restart can he performed similarly to the case of separated 

BOs (step 2c.). Assume a restart turns out to be necessary at t =ti (i= 1, ... , m ). 

Th en an orthogonal matrix Ui e mnxn is constructed such that ( cf. ( 43)) 

(52) 

(53) 

we obtain, on each subinterval [ti-r,ti], the equivalent of (51), namely 

(54) 

Combining the relations (52)-(54) yields the recursion 

'(t ) w i-1 i-l(t ) + i-1 a:2 i = 22 x2 i-1 w2 , (55) 

where 
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Since during the forward sweep the value of z 2'(t,) is unknown, the invariant 

imbedding relation (47) has to be generalized too. According to (Sa) we have to 

compute, on ea.ch subinterval [ t,_1 , t, ], the matrix functions R11i-l and R12i-
1 and 

the vector function 91 i-I such tha.t 

i-l(t ) R i-t(t ) i-t(t) + R i-t(t ) i-t(t ) + i-t(t ) Zt i-1 = 11 i Zt i 12 i Z2 i-1 91 i • 

Herea.fter we obta.in the recursion 

i-l{t ) Zt i-1 

(56) 

where 

UT i R i-l(t ) u i ,.,. 11 = 11 i 11 ' 

and 

i R i-t(t )U • i-1 + i-1(t) Wt = 11 i 12 'W2 91 i • 

The recursions (55) and (56) conta.in rela.tions between the solution z a.t consecu

tive points-. This implies a. rela.tion between z0(0) and zm(l). Such a. rela.tion can, 

for instance, be obta.ined by the construction of a. sequence of matrices { F' }~0 
and veetors { d1 }~0 such tha.t ( cf. (3.60)) 

(57a.) 

(57b) 

One immediately derives tha.t the F''s a.nd di's have to sa.tisfy the recursions: 

for i = 0, ... , m- 1 (forward sweep) 

d Hl _ ur i d i + W i 
2 - fl'22 2 2 ' 

for i = m, ... , 1 (ba.ckward sweep) 

E'l i-1 TXT i L' i 
.ru = I'YU .r11 , 

(58a.) 

(58b) 

(58c) 



F i-t W ; F i + W i F .:-1 
12 = 11 12 12 22 ) 0) 

d i-1 w i d i + w i d i-1 + i 1 = 11 1 12 2 w1 , 0. 

One easily verifies with an induction argument the following 

Property 4.23 

For i= O, ..• , m we have the relations 

i-1 i-1 

d2i = 2.::( TI Wz/<)w2i , 
j=O k=.i+l 

m-i-1 
F i rr W m-k n= 11 , 

k=O 

m-i-1 m-i-1 

F i- ~ ( II w m-k)w m-iF m-i-1 
12 - L....- 11 12 22 ' 

i==O k=j+l 

m-i-1 m-i-1 

dli = L ( TI Wnm-lc) (wum-j d2m-j-1 + w2m-j-1) 
i=O k==j+l 

The values of x 2°(t0 ) and x 1m(tm) can be determined from the BOs: 

B 0 x(O) + B 1 x(l) = b 

=} Bo Qo xo(to) + Bl Qm xm(tm) b 

=} ( BoQo [ F11o F12o l +BlQm [Ik 
0 In-k 0 

Define, for i = 0, ... , m, 
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(58d) 

(58e) 

• 

(59) 

(60) 

(61) 
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[ 
P11° P12° l [ !,. 0 l Observe that P 0 = and pm = . 

0 In-Te 0 P22 m. 

Then the solution :c of the original problem is, at t = t, (i = O, ••• , m ), given by 

(62) 

Inspired by this expression we make the following observation. 

Property 4.24 

Let Z = [ Z1 Z2 ] be a fundamental solution, satisfging 
.................. 

k n-k 

t f [ o, 1] ' 

subject to Z(O) = Q0 P 0 • 

Then, for i = 0, ... , m, we have 

Q' P' = Z(ti) . (63) 

Equivalently, define the particular solution z by 

dz 
dt = A(t)z + f(t), t f [ o, 1] ' 

with z(O) = Q0 tiD. 
Then, for i = O, .•• , m, we have 

(64) 

Pro of: 

Observe that the initial value Z(O) is sueh that (63) holds for i= 0. Suppose it is 

also valid for some i= l- 1, i.e., 

Z(tt-d = qt-t pl-1 • 

Define, for te [ tl-1! tt], the matrix fundions 

yt-l(t) = (Q'-t)TZ(t), 

A'-l(t) = (Ql-tf A(t)qt-t. 

Th en, 
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!!._yl-1 = Al-l(t) yZ-1 
dt ) 

and yz-t(tz_t) = pl-1, 

From Property 3.19 we conclude that 

is the fundamental solution corresponding to A1- 1 , which is the identity at t = t1_ 1 • 

Hence, for all t é [ t1-1, it], 

Y'-'(t) = [ R":~'(t) Y"'~'(t) l [ Ru':'(t) R,;:~:(t) ]-' p'-' . 

The definition of U1 is such that, cf. (52), 

So we obtain, 

Using the definition of W12
1 and the orthogonality of U1 this reduces to 

uz [ (Wnl)-t -:-(Wt21)-t W12l l pl-1 = uz pi . 

o W221- 1 

Therefore, 

By iudnetion result (63) is proved. 

The correctnessof (64) is seen by the following observation. For all t€[0,1] we 

have (cf.(62)) 

x(t) Z(t) (Xt m(tm)) + z(t) . 
xa0(to) 

Hence, 
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• 
As a result of this property we conclude that the lliccati method, as it is sketched 

above, finally delivers, at a discrete set of points { ti }, the values of a fundamen

tal and a particular solution of the original problem. At all points ti a block 

QR-decomposition of that fundamental solution is available. In often prevailing 

circumstances the columns of the fundamental solution will be reasonably scaled. 

We shall return to this aspect of the lliccati method in Section 4.5. 

4.4.3 Algorithmic description 

In this subsection we algorithmically describe the lliccati method for general BOs, 

as it was discussed in the foregoing subsections. So, consider the n x n BVP 

dz 
dt = A(t)z + f(t), t f [ o, 1] ' (65) 

subject to the (non-separated) BOs 

(66) 

The n x 2n matrix [ B 0 I B1 ] is assumed to have orthogonal rows. The solution z 

is required at the q + 1 output points 

0 = eo < 6 < ... < eq = 1 . 

Algorithm 4.25 

step 1. Initialization part 

a. Oompute an orthogonal matrix U0 em.nxn such that (U0 )T A(O) U0 is (block) 

upper triangular and correctly ordered (see Assumption 4.12). 

b. Determine a partitioning integer k, 1 ~ k < n. (lf noother information 

is available one may use as guideline the eigenvalnes of A(O)). 

c. Set i := o, j := o, t := to := eo and Q0 := U0 • 



step 2. Integration part 

While j < q do 

a. Set Ai:= (Qi)T AQi, pi (Qi)TJ and xi := (Qi)Tx. 

(Then (65) changes into :txi Ai(t)xi + Fi(t) ). 

b. Solve, for Ri 
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(67) 

-R' 0 0 

. [ Au;(t) 0 . [ 0 Au'(t) l . 
R' 0 0 R', 

0 0 0 0 

subject to 

until t = e.i+l or IR•(t)l a (for some given constant a> 1). 

Set t;+l := t. 

c. Construct an orthogonal matrix Ui+l € mnxn and a non-singular 

1122'+1 €1R(n-k)x(n-k) such that 

[ 
. ] '+1 -R:n'(tHt) In'-k U' 

d. Generate [ w22 i I w2 i] by 

W22i := (ll22i+lrlY22î(t;+l) 

i , (TT i+l )-1 Î(t ) w2 .= ~'22 P2 i+t 

i+l i i+l Wu :=Ru (t;+t) Un 

W12i+t := Rni(ti+t) U12i+1 W22' + Ru'(tHt) 

Wti+l := Ru•(tt+t) ul2i+l w/· + 9ti(ti+1) 
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step 3. Completition part 

a.. Set m =i (a.nd observe tha.t tm = 1). 

b. Genera.te, for i = O, ... , m, the matrices F22 i a.nd the veetors ~i by the 

forward sweep 

d2i+
1 = w22i d2i + W2i ' d2° = 0 

a.nd, for i = m, ... , 0, the ma. trices [ F11 i F12 i] a.nd the veetors d1 i by 

the ba.ckwa.rd sweep 

:r;Y i-1 w i :r;Y i 
L'U = 11 L'll , 

:r;> i-1 w i :r;> i + w i V i-1 
L'l2 = 11 L'12 12 L'22 ' 

W i d i + w i d i-1 + i 11 1 12 2 W1 , 

d. Compute z•(t,) (i= 1, ... , m) by 

Fum = 0 

[ F~/ ~::: l (•;;~:;i) + (::) 

e. Set :c(t,) = Q'z'(t,) (i= o, ... ,m). 

• 
By the integra.tion of the n x n system of DEs ( 67) the origina.l continuous problem 

ha.s been repla.ced by a. discrete problem. This discrete problem fina.lly reduces to 

solving the n x n linea.r system ( 60) a.nd the linea.r recursions ( 5 7 a., b). The condition 

of the system (60) a.nd the sta.bility of these recursions wi1l be discussed in next 

section. 
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4.5 Computational aspects 

The Algorithms 4.22 and 4.25 have been implemented in the package RICCATI. 

In this section we shall discuss some computational aspects of the method and 

details of the implementation of Algorithm 4.25. 

4.5.1 Initialization 

The first step in Algorithm 4.25 is just a minor one, although the effect of a bad 

choice for the partitioning integer k may he dramatic. In this subsection we only 

remark that in RICCATI U0 is computed by an adapted version of the routine 

HQR3 of Stewart ([58]). 

4.5.2 Integration 

The most expensive part of the algorithm is step 2b. On [ti, ti+1 ] we have to solve 

the i-th Riccati DE: 

{ 

~~21• = Azti(t) +Azz•(t)R:n' 

Rzt'(ti) 0 
(68) 

Furthermore, with Ä;2 A22 i- R21i A12 i and Äit = Au i+ A12 i R 21 i, we must solve 

the linear DEs: 

~Y22i = Ä42(i)Y22i, Y2z'(ti) = In-k {69a) 

(69b) 

~Ru' -Rn' Áf1(t) , Rn•(t,) =Ik (69c) 

~R12' = -Ru•(t) Atz•(t) Y2z•(t) , Rtzi(t;) 0 (69d) 

!91; -Rni(t)(Atz'(t)pzi(t) + fti(t)) , 91i(ti) 0. (69e) 

These DEs may be stiff or non-stiff, where a stiff problem is one in which the 

solution components of interest are slowly varying, but solutions with very rapidly 
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changing components are possible ([55], p.127). One of the better implementa

tions of a solver that can handle both types of problems is the routine LSODA 

from ODEPACK ([25]). For non-stift' problems it uses an implicit Adams-method, 

whereas for stift' problems the so-called Backward Differentiation Formulas (BDF) 

are used. The routine LSODA has the nicefeature that it autom.atically switches 

from one method to the other and vica versa. In many applications the integrator 

works satisfactory, but there are situations (see Example 5.26) in which it fails 

completely. We shall return to this aspect in Section 5.3. 

The accuracy of the result can be controled by the n x ( n + 1) matrices RTO L and 

ATOL, containing relative and absolute error toleranee parameters, respectively. 

The integration routine will choose its stepsizes such that allcomponentsof the 

n x (n + 1) matrix EST of approximated local errors in R, satisfy the inequality 

EST.; S RTOL,; * j~;l +ATOL,; (lsisn, lsjsn+l). (7o) 

Since we want to consider the integration routine as a black box most parts of the 

code have been left unaltered. Just some minor updates, increasing its efficiency 

by using matrix arithmetic, have been performed. These updates are mainly found 

in the Newton-like step, which computes the correction term in a BDF-method. 

The only non-linear DE to he solved is the Riccati DE (68). The Jacobian Ji of 

(68) is given by 

(71) 

Observe that Äft and Äi2 have been computed already in order to solve {69a-e). 

For computing the correction term in a BDF-method we have to solve a Sylvester 

equation of the form 

(72) 

where h is the suggested stepsize, p, some constant, depending on the order of 

the method, .6.X21 the correction term in the approxim.ation of the solution R21 
and the matrix D 21 is computed from earlier approximations and corresponding 

function values. 

H the Riccati transformation decouples correctly, then .\(Ä:f2 ) will he in ID- and 

>.(Äft) in ID+. This implies that (72) will have a unique (and small) solution 

(cf. Theorem 1.9). 
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To solve (72) we transform ( using orthogonal transformat i ons) In-k - p,h Ä2i2 to 

form and Ä1i1 to (2 x 2 block) upper triangular form (cf. [21]). Here

after the solution L:.X21 of (72) is found columnwise, where for each column a 

(2 x 2 block) upper triangular has to he solved. Thesenice (almost) upper 

triangular forms are also useful when ( 69a-e) are solved. Moreover, it gives us 

the opportunity to compute the eigenvalnes of ÄJ2 in a simple way. These eigen

values give, in general, a nice indication of the (local) growth behaviour of the 

fundamental solution Y22 • 

Which value should he given to the upper bound constant a is hard to say. How

ever, it seems better to choose a not too large, for instanee a= 3 or a= 5. Large 

values of a may force the integrator to reduce the stepsize, without preventing an 

additional restart. 

4.5.3 Orthogonalization 

In analyzing step 2c we make the following observation: 

Property 4.26 

Let R21 é ffi(n-k)xl<. Let U [ U1 U2 ) be orthogonal and such that 
,__. ........ 
k n-k 

(73) 

Then 

(i) the columns of U1 form an orthogonal basis of n( [ 1:
1 

] ) 

(ii) V22 = Uzz -T. 

Pro of: 

(i) From [-R21 In-k] U1 r Ik ] 0 we obtain that l = ul Vn, for SOlne non-
R21 

(ii) Extension of (73) gives 
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[ 
I~e o l [ Un U12] , 

-R21 In-Ie U= 0 V22 

from which we obtain 

u' = u-• = [ ~· ~: r [ ~:. r:_.] 
This directly yields the required result. 

• 
The rela.tion (73) only prescribes the subspaces 'R(U1 ) a.nd 'R(U2). However, we 

are still free in choosing a.n orthogona.l basis for these subspa.ces. Hence, ea.ch U 

sa.tisfying (73) ma.y be post-multiplied by a. block-dia.gona.l orthogona.l matrix, sa.y 

Z = [ z~1 ~2 ] • Then UZ still sa.tisfies {73). In principle, Z11 ma.y be chosen 

such that W11 = R11 U11 Z11 ha.s a nice form, for instanee upper triangular. In the 

sa.me wa.y Z22 may be chosen Such that W22 = Z22TU22TY22 has an upper triangular 

form. Although these combina.tions ca.n be combined partly with the determina

tion of U, it doesnotseem worth-while the extra. opera.tions, since the a.lgorithm 

is constructed such that none of the matrices W11 and W22 has to be inverted. 

However, for the stiff BVPs that will be discussed in Cha.pter 5, these upper trian

gular forms may be useful. Like in other multiple shooting techniques the dia.gona.l 

elements of w22 indicate, in genera.l, which solutions have been da.mped out and 

which have not. If it turns out tha.t pa.rts of W22 are negligible sma.ll, then the 

corresponding columns of 1'22 (a.nd R12) ca.n be skipped from further computations. 

The sa.me is true for Wn. 

Another important aspect in the construction of thematrices w• 
[ 

Wui W12i·l 
o W22' 

is the memory access of the computer. Observe tha.t after the computation of w• 
the matrices Ru', R12i a.nd Y22' are not needed a.nymore. Hence, the memory 

loca.tions of these matrices can be used to store the matrices W'. This implies 

that no extra positions in the memory of the computer are occupied. 

Probably this is the best pla.ce to remark that in the completition part of the a.lgo

rithm the matrices w• are overwntten by the matrices pi' which are determined 

in step 3b. 

Of course, similar remarks ca.n be made for, respectively, w1•, w2i a.nd d1•, d2i. 
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These are stored in the memory locations of g1 i and p 2 i. 

In this subsection we investigate the condition of the system (60): 

(74) 

We first remark that, since Z is a fundamental solution and the original problem 

is well-posed, the matrix E0 Z(O) + E1 Z(l) is non-singular (cf. Theorem 2.1). In 

Section 2.1 we have seen already that the sensitivity of the salution x for changes 

in the BCs is given by the stability constant 

(3 = max 11 Z(t) (E0 Z(O) + E 1 Z(l))-
1 

lt. 
o::;t9 

Now we have 

Theorem 4.27 

Pro of: 

Let x be such that 11 (E0 Z(O) + B 1 Z(l)) x 11 = glb(B0 Z(O) + B1 Z(l)) and 

11 x 11 = 1. Then 

(3 > mf-X {11 Z(t,) (B0 Z(O) + E1 Z(l)r
1 

11} 

> { 11 Z(t;) x 11 } 

mf'X 11 (B0 Z(O) + B1 Z(l)) x 11 

{ 
IIZ(t.)xll } 

= mf-X glb(B0 Z(O) + E 1 Z(l)) 

= 11 (B0 Z(O) + B 1 Z(l)r
1 

11 mf-X {11 Z(t;)z 11} 

> 11 (E 0 Z(O) + E 1 Z(l)) -l 11 max {11 F 0w 11,11 Fmx 11} 

11 (B 0 Z(O) + B1 Z(l)r
1 

11 

(75) 
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~ 11 (B0 Z(O) + B1 Z(l)r
1 

11 ma.x {11 :r:2 11,11 :r:1 11} 

> ~vf211 (B0 Z(O) + B1 Z(l)f
1 

11. 

• 
Weil-conditioning of B0 Z(O)+B1 Z(l) is obtained as soon as the quantities 11 F 0 11 

and 11 pm 11 are suffi.ciently bounded. This follows from Theorem 4.27 tagether 

with 

Theorem 4.28 

11 B 0 Z(O) + B1 Z(l) 11 :5 

V2(1+ 11 F12° 11 2
) ma.x{l,ll Fu0 ll}+ma.x{l,ll F22m 11} • 

Pro of: 

Using the row orthogonality of [ B 0 I B 1 ] andrelation (63) we obtain 

11 B0 Z(O) + B1 Z(l) 11 = 11 [ B0 I B1
) [ Z(O) ]11 :5 11 [ Z(O) ]11 

Z(l) Z(l) 

= 11 [ ;: ]11 ~ 11 F'll + 11 F' 11 

Write 

From Lemma 1.17 we derive 

Hence, 

11 B 0 Z(O) + B1 Z(l) 11 

0 l [ Ik 0 l 
In-k 11 + 11 0 F22o 11 
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• 
From the foregoing results we see why it is important to choose U0 such that 11 Fi/ 11 

(i, j 1, 2; l = 0, m) are sufficiently bounded. Since Z(O) = U0 

[ 
F11° F12° l 

0 In-k 

we have Z2(0) Uf F12° +U~. Using the Properties 1.13 and 1.14 we directly 

obtain 

Lemma 4.29 

• 
How far these results are really useful depends on the character of the original 

problem. Suppose that the salution space S has an exponential dichotomy to 

which the integer k corresponds, i.e.' the dominant solution subspace sl is k

dimensional. Then we may expect, as a result of Theorem 2.22, that 11 F11 ° 11::::::: 

kt e-.\1 and 11 F22m 11::::::: kz e.\2 (see Definition 2.4). As has been indicated already 

by Lemma 4.29 the magnitude of 11 F12° 11 is determined by the initial choice 

U0
• Let Qi [ Q1' Q2'] (i o, ... ,m). If U0 is consistent at t = 0 then 

R(Z1(1)) (= 'R(Q1m)) will he a dominant subspace (cf.Theorem 2.18). Since 

R(Z2(1)) (= R(Q2m)) .l 'R.(Q1;.,.) we conclude that R(Z2(0)) almast describes 

the dominated salution subspace S2 • Hence, as a generalization of Corollary 3.15 

we obtain that the consistency of U0 is in Lemma 4.29 measured by )1 + 11 F12 ° 11 2 • 

Gathering these results yields the estimate 

(76) 

where S 2 (0) is the dominated salution subspace at t = 0. 

The general condusion we can draw from the foregoing analysis is: if 11 F 0 il and 

11 pm 11 are reasonably bounded, then the system (74) is well-conditioned. 
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4.5.5 The computation of z(t,) (i = O, ... , m ). 

First we look at the stability properties of the linear reenrsion 

i+l(t ) _ TXT i i(t ) + i Z2 i+l - t'Y22 Z2 i W2 , i = O, ••• , m- 1 , (77) 

and 

i-l(t ) TXT i i(t ) + TlrT Î i-l(t ) + i Zt i-1 = 1'1'11 Zt i H12 Z2 i-1 Wt , i = m, ... , 1 . (78) 

With c = (:~::;~:~)) and using the relations (57a,b) these recursions simplify to 

t 0, ... , m . (79) 

The kind of perturbations we are going to consider is a.ffecting the matrices 

{ F' }~0 and the veetors {di }~0• For deriving stability results we need 

Property 4.30 

Let 

z• = A1 c+ d1
, i= 0, ... ,m , 

where c, {di }~0 are given veetors and { A1 }~0 are given matrices. Consider the 

perturbed ezpression 

where 

11 .6-A' 11 $ ae+ 11 A' 11 re 

11 .6-di 11 $ ae+ 11 di 11 re , 

for some given values of ae and re. Then 

Pro of: 

From (80) we obtain 

i= 0, ... ,m, (80) 

(81a) 

(81b) 
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which yields the required result. 

• 
Applying Property 4.30 to the ( decoupled) system (79) with possible perturbations 

like (81a,b) yields 

and 

11 c1 11 + 11 c2 11) ae + 

(11 Fni 1111 c1 11 + 11 F12i 1111 c2 11 + 11 d1i 11) re · 

Hence, the obtained accuracy of xi(ti) is similar to the one of pi and di if the 

problem has been scaled such that 11 c1 11 and. 11 c2 11 are just moderate and 

This last condition prevents that, at least for the most significant components 

of x 1i(ti) and x2'(t;), a subtradion of two almast identical numbers has to be 

performed, which would leadtoa lossof accuracy. 

The way the perturbation matrices and veetors have been built up follows from 

the relations of Property 4.23. These relations show that the amplification factors 

of errors made during the integration steps are given by I1 11 W 22• !1, Il 11 W11 i 11 

or a combination of two such factors. This implies that the partitioning has to 

he chosen such that both 11 Wni 11 and 11 W 22i 11 are at least moderately sized, for 

all i = 0, ... , m. This condition is for instanee satisfied if the salution space S 

is exponentially dichotomie and the transformation U0 happens to he such that 

11 F12 ° 11 is not too large. 

We finish this subsection with a remark on sealing. As is expressed in (78) the 

value of x 1i(ti) (i 1, ... , m) is actually computed by 

i-l(t ) w i i(t) + w i i-l(t ) + i Xt i-1 = 11 X1 i 12 X2 i-1 W1 , 
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where a:2i-l(ti-1) is given by F22i-l C2 + d2i-l. This implies that errors in w12i are 

multiplied by a:2i-l(ti-l) and vica versa. Therefore, 11 a:2i(ti) 11 I 11 a:li(ti) 11 has to 

be reasonably bounded, for all i. Since this term is equal to 11 ( Q2 i)T a:( ti) 11 I 
11 (Q1i)Ta:(ti) 11, it is large only if DIST(a:(t,),Qt') ~ 1. However, Q1i will, in 

general, represent a dominant salution subspace, which implies tha.t, at least for 

i i= O, this distance will be sufficiently bounded a.way from 1. Thus, for i = 

1, ... , m, the correct sealing is a result of the dichotomy of the solution space of 

the DE and the decoupling property of the Riccati transformation. 

Rema.ins the possibility that 11 (Q2°)Ta:(to) 11 I 11 (Q1°fa:(to) 11 is large, implying 

that c2 is (relatively) large. This illustrates aga.in the importance of the initial 

transformation U0 • 

4.6 Examples 

In this section we want to show the performance of the implementation of the 

Algorithms 4.22 and 4.25 in the RICCATI package. 

4.6.1 Constant coefficients 

The first example we consider has constant coefficients and separated BOs. The 

DE is given by ( cf. Problem 3 in [33)): 

à,3 u d2 u d u 
dt3 = w dt2 + dt - w u ' te [ o, T] . (82) 

The separated BCs are: 

u(O) = 1 + e-wT +e-T 

u(T) = 2 + e-T and 

Exact solution: u(t) =e-t+ e"'(t-T) + et-T. 

d2u du 
A first order system was made by a:1 = dt2 , a:2 = dt and a:a = u. 

Most of the tested codes in [33] were already in trouble for relatively small values 

of wand T (w = 20 and Tof order 1). 

To indicate the performance of the integra.tion routine LSODA ([25]) we have 

solved (82) with w = 20 and T = 1, 10,100, respectively, and without a.ny interme-
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diate output points. The required accuracy in all components was 10-6
, absolute 

or relative, depending on the size of the solution. The obtained accuracy for the 

salution x (:c1 ,:c2,:c3 )T was of the same order. Other results are shown in Ta

bie 4.1, where the secoud column contains the number of integration steps, the 

third column the number of fundion calls and the last column the stepsize of the 

last accepted integration step. 

T # steps I # func. calls stepsize at end 

1 63 138 6.63 10 2 

10 171 363 3.4410-1 

100 192 389 81.4 (!) 

Table 4.1 

The solution space of a DE with constauts coefficients has no rotational activity. 

Therefore, in case of an exponential dichotomy, the Riccati matrix will converge 

to a constant matrix. In our case: [ 1/20, -21/20 ]. This is the main reason why 

solving the problem with T = 100 is almost as expensive as the problem with 

T = 10. Observe the amazing final stepsize. 

This example illustrates that invariant imbedding is indeed a working technique. 

The solution has for increasing w a boundary layer at t T. However, an accurate 

salution is obtained by taking small stepsizes at t 0 and (very) large stepsizes 

at t = T. 

Similar results have been obtained for largervalues of w. In Table 4.2 one finds the 

results for T 10 and w = 20,2000, respectively. Required intermediate output 

points where t 2.5, 5.0 and 7.5. Again we abserve from the last column that 

the Riccati matrix converges, which implies that on the last two subintervals the 

results are nearly the same. Moreover, we see that the increase of w does not really 

affects the performance. This is explained by the fact that w does not influence 

the convergence of the Riccati matrix, since the number of BOs at t = 0 is such 

that the separation is between the solutions that grow likeet and e-t, respectively. 
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t #steps # func. calls abs. error in u IR211 

w = 20 2000 2000 20 2000 20 2000 
2.5 89 110 190 193 6.9 10-8 8.810-7 1.04 10-0 9.87 10-l 
5.0 87 100 180 188 2.9 10-8 4.11o-7 7.04 10-3 6.7010-3 

7.5 87 99 181 196 2.710-7 4.810-6 4.74 10-s 4.5210-s 
10.0 87 99 181 196 0 0 3.1910-7 3.05 10-7 

Table 4.2 

4.6.2 Rotational activity 

The second example we shall consider is basedon Example 9.1 of [42): 

[ 

1 + 19 cos(2wt) 
d:c = 0 
dt 

0 -w + 19 sin(2wt) l 
19 0 :c(t)+f(t), te[0,7r),(83) 

w + 19 sin(2wt) 0 1 - 19 cos(2wt) 

subject to the non-separa.ted BCs 

:c(O) + :c( 1r) = b • 

The inhomogeneons term f and the vector b are chosen such that the solution 

becomes :c(t) = ( et,w e-t, et )T. 
A fundamental solution X corresponding to (83) is given by 

[ 

cos(wt) 0 sin(wt) l [ e20t l 
X(t) = 0 1 0 e19t 

sin(wt) 0 cos(wt) e-18t 
(84) 

For w not too large the growth behaviour of solutions is nicely indicated by the 

eigenvalnes of A. For instance, for w = 4 we obtain À( A(O)) = { 1 + v'345, 19,1 -

v'345}. Therefore we choose k = 2. 

One of the componentsof the Riccati matrix is expected to behave like tan(wt). 

Hence, some restarts will be unavoidable. The number of such restarts depends 

on the value of the boundedness constant a, i.e. IR21(t) I :::; a (see step 2.b of 

Algorithm 4.25). In Ta.ble 4.3 the results are shown for w = 4, the accuracy of 

integration 10-6 and for different valnes of a. A small value of a causes a rela

tively large number of restarts. On the other hand, a large va.lue of a does generally 

not affects the number of restarts, but the algorithm becomes less eflicient, since 
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steprefinement will take place at the end of each subintervaL 

a # restarts · # steps I # func. calls I 
1 15 641 1333 

3 9 526 1137 

50 8 720 1724 

Table 4.3 

The obtained relative accuracy at the boundary and restart points when a 3 is 

shown in Table 4.4 (w = 4 and the accuracy of integration = 10-6 ). 

t . 1 . I I 1 re . error 1ll x 1 1 !rel. error in :~:2 I I rel. error in x3 I 
0 9.311o 8 7.7110 8 3.75 10 6 

0.342 3.3710-7 7.3110-8 1.83 10-7 

0.659 2.37 to-7 2.111o-8 4.12 10-7 

0.972 1.50 10-8 8.17 10-8 2.33 10-7 

1.286 3.6110-7 2.66 10-8 1.88 10-7 

1.603 1.20 4.93 10-8 3.50 10-7 

1.918 3.30 10-7 7.88 10-8 1.74 10-7 

2.234 1.78 10-7 7.15 10-8 4.09 10-7 

2.550 7.47 10-8 1.12 10-7 1.90 10-7 

2.865 4.60 10-7 5.22 10-8 1.96 10-7 

7r 4.02 10-9 1.78 10-6 1.62 10-7 

Table 4.4 

Finally we remark that the Schur transformation induces a consistent fundamental 

salution (cf.Lemma 4.29), since 
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5 Stiff Boundary Value Problems 

5.1 Introduetion 

In this chapter we shall investigate va.rious aspects of the Riccati method, derived 

in the previous chapter, when applied to .stiff BVPs. A BVP is called stiff if the 

homogeneons part has solutions with rapidly changing (non-oscillating) compo

nents, to be called the fa.st mode.s. Typically, fast modes have their impact on the 

final solution of a BVP only within small regions, so-called layer.s. Outside these 

layers a solution a: is composed of .slow ( or 'smooth') mode.s (in that 11 a: 11 , 11 ~ 11, 

etc. are bounded by moderate constants). However, the potentially rapid growth 

of fast modes on larger intervals makes the BVP numerically hard to solve. This 

problem is reminiscent of what is well-known for IVPs. There the main question 

is to let the stepsize of the integration routine be dictated by the activity of the 

smooth components only, which is called the stiffness problem. We shall a.dopt 

this terminology as well in the context of BVPs. 

The notion of stiffness can be made more precise for a singular perturbation prob

lem. There the quotient of the time scales of the smooth and the fast modes 

is governed by one or more (small) parameters. A most convenient situation is 

obtained when the system is in so-ca.lled hordered form: 

[ ~ ; ] ~ (::) = [ ~::~:~ ~:~:~ ] (::) + (;:~:D . t, [0, 1] • (1) 

where E = diag( €fc+l, ••• ,e,. ), 0 <ei<:: 1 (i= k + 1, ... ,n ). The integer k may 

be zero, i.e., the homogeneons problem may have fast modes only. 

Genera.lly, the derivative of :z:2 grows unboundedly when E ~ 0. Moreover, when 

E ~ 0 the DE reduces to the differential-algebraic system 

d 
dt:z:1 Au(t):z:l + A12(t):z:2 + f 1(t) 

0 A21(t):z:1 +A22(t)aJ2 + /2(t). 

In genera!, the solution of this system can not satisfy all the BCs simultaneously. 

This singular behaviour accounts for the name singular perturbation. 

A numerical method for solving a general (stiff) BVP is based on discretization 

([3],[31]). Recalling that the fast modes have a possibly significant contribution to 
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the solution x only inside the layers, we realize that the mesh used for discretiza

tion should be chosen quite differently inside and outside these layers. Such a 

grid should be relatively fine inside ( commensurating with the activity of the fast 

modes) and fairly coarse where the partienlar solution x is smooth. 

Besides purely numerical techniques there are also a number of mixed analytic 

and numerical methods. Two familiar techniques are ( analytic) decoupling of the 

system when it is in hordered form (possibly combined with regular expansions) 

([41],[49]) or matched asymptotic expansions. The latter method, realizing the 

singular behaviour of the fast mode part when E -+ 0, uses different power series 

for the smooth part of the solution (outer solution) and the layer part of the 

solution (inner solution ). By requiring that the final solution is in CP[ 0, 1], for 

some integer p, those two solutions are matched at the layer ends ([17]). 

Stiff BVPs have already received much attention in the literature, both analytically 

and numerically ([3],[19],[23],[31],[61]). Numerically, problems where the layers 

appear at the boundary only can generally be solved quite satisfactory nowadays. 

Problems with internal layers, often related to so-called turning points are less 

well solved, although there is a growing literature, see e.g. ([10],[30],[62]). Part of 

the problem for internallayers is that the location of the turning point is often 

not known beforehand and has to be determined during the solution process. We 

shall return to this class of difficult problems in Section 5.3. 

In this chapter we shall discuss the Riccati method of Chapter 4 for two kind of 

well-conditioned BVPs: 

problems having no internallayer (Section 5.2) and problems that do have such 

a layer (Section 5.3). For the first class of problems we shall assume that the 

salution spaceS is ezponentially trichotomie, which is arefinement of the concept 

of exponential dichotomy (Definition 2. 7). It will turn out that for large problems, 

with a relatively small number of slowly varying modes, a substantial reduction 

can be obtained. The quintessence of the Riccati method will not be violated, 

since it will work too. The proposed adaptation is for reasons of efficiency only. 

When internallayers are present it is not directly clear whether the Riccati method 

will work or not. As we have seen in Section 3.2 the Riccati transformation de

termines the direction of a dominant subspace. However, in an internal layer 

this direction may change drastically. The influence of this rotational activity on 
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the lliecati method is investigated in Seetion 5.3 . To simplify the discussion we 

shall mainly consider 2-dimensional singular perturbation problems, involving a 

parameter e. 

5.2 Large systems 

In this section we shall present a rednetion technique for the lliccati method, 

discussed in Chapter 4, when applied to large systems of DEs, with no internal 

layers. In the discussion the role of the lliceati transformation is not essen ti al; any 

decoupling transformation will do. 

6.2.1 Exponential trichotomy 

In Chapter 2 we have introduced the concept of exponential dichotomy. Here 

we want to generalize this concept in such a way that slow modes are isolated 

from the rapidly varying ones. Let S be the solution space eorresponding to the 

homogeneons DE 

te [O,oo) . (2) 

Definition ö.l 

The solution spaceS of (2) is called exponentially trichotomie iffor every funda

mental solution X there ezist projections Pb P2 and Pa, with P1 + P2 + Pa = In, 

such that 

11 X(t) P1 X-1(s) 11 < m e-Àt(s 
- 1 

t) 
' O:$t:$s 

l/m2 :$ 11 X(t)P2X-1(s) 11 :$ m2' O:$t,s, 

11 X(t)PaX-1(s) 11 < m e-Às(t - a 
s) 

' O:$s:$t, 

where the constanis m 1 , m2 and ma are of moderate size and Àt, Às > 0. 

• 
Remark 5.2 

(i) An exponential trichotomie solution space is also exponentially dichotomie. 
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(ii) As in the case of exponential dichotomy, Definition 5.1 is equivalent to the 

following formulation (cf. the proof of Theorem 2.9): 

the solution space S of (2) is exponentially trichotomie if it can he split into 

three parts, S = S1 EB S2 EB S3 , with 

</>1 eS1 * 11 <!>t(t) 11 :s; m1 e-Àt(s- t) 11 <!>t(s) 11 , 0 :s; t :s; s, 

1 
</>2 eS2 * - 11 </>2(s) 11 :s; 11 </>2(t) 11 :s; m2ll </>2(s) 11 , 0 S t,s 

m2 

where m 1 , m 2 and m 3 are positive constantsof moderate size and À1 , À3 > 1. 

Moreover, there exist positive constants q1 , q2 such that, uniformly in t, 

Here the subspaces S, (i= 1,2,3) are defined as Si= { X(t)Piclceffi" } . 

• 
Property 5.3 

The exponential trichotomy of S is observable on a sufficiently large but finite 

interval. 

Pro of: 

Consider the DE (2), having an exponentially trichotomie solution space S, on the 

fini te interval [ 0, e] ( e > 0 ). Let the solution subspaces Si (i 1, 2, 3) be defined 

as in Remark 5.2 (ii). Then we have 

c/>1 eS1 ll4>t(Ç) 11 ~ _:!:__e >.1Ç 11 4>t(O) 11 
m1 

</J2 eS2 * 1 
11 </J2(Ç) 11 S 11 c/>z(O) 11 ::::; m2 11 c/>2(Ç) 11 

m2 

Hence, if Ç is such that both 
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then the exponential trichotomy is observable on [ o, e ]. 
• 

Since our main interest are DEs on a finite interval, say [ O, 1], we have to assume 

that the exponentially trichotomie behaviour of the solution space S can already 

be observed on [ 0,1 ]. As we have seen in Property 5.3 this will certainly be the 

case under the following 

Assumption 5.4 

eÀt eÀs 
-->1 and -->1. 
m1m2 m2ms 

• 
Remark 5.5 

With the above assumption a mode </>1 eS1 with 11 </>1(1) 11 = 1 is only significantly 

different from 0 in a (small) 0(1/Àt) neighbourhood of 1. Similarly, a mode 

</>s eSs with 11</>s(O) 11 = 1 is only significantly different from 0 in a (small) 0(1/Àa) 
neighbourhood of 0. Therefore these fast solutions can only play a role in the 

boundary layers. This implies that by Definition 5.1 internallayers are excluded, 

since modes in 82 have no layer behaviour at all. 

• 
So far we have not specified what the dimensions are of the solution subspaces 

S,(i = 1,2,3); anyone of these subspaces may even be empty. In the sequel we 

partition matrices and veetors accordingly to the dimensions k, l and m of the 

solution subspaces Si( i = 1, 2, 3), respectively. So, 

[ A11 (t) A12(t) A,.(t) l! • (··(I) r 
A(t) = 

A21(t) A22(t) A2a(t) ! 1 
and :z:(t) = z2( t) ! I .(3) 

Aat(t) As2(t) Aaa(t) ! m zs(t) ! m - +--+ +--+ --1e m 1 

5.2.2 Single shooting 

The reduction technique for the Riccati metbod that is presented in this section 

is basedon the following observation. Consider a DE 
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d:v dt = A(t):v + f(t), i€[0,1]' (4) 

with slowand fast decaying modes only. So, k = 0 and 8 = 8 2 EB 8 3 . In order to 

compute a fundamental solution X, satisfying 

A(t)X, t€[0,1]' (5) 

with X(O) non-singular and consistent (see Section 2.3), we need an integration 

routine by which 

- the slow modes are computed accurately 

- the infiuence of the fast decaying modes on the stepsize is restricted to the initial 

layer at t 0. 

This implies that we have to use a stiffiy stable integrator ([46]), for instanee a 

BDF-method (such as implemented in the routine LSODA in ODEPACK ([25]) ). 

In general, such an integration routine automatically generates the expected grid: 

small stepsizes in the boundary layer at t = O, say on [ 0, SJ, and a coarse grid 

hereafter. This implies that also in the boundary layer accurate solutions are 

obtained. At the end of the layer, say at t = S, the fast decaying solutions have 

been damped out. Hence, rank(X(S)) is effectively reduced tol, the dirneusion of 

82 • Let the QR-decomposition of X(S) (possibly aftersome column permutation) 

be given by 

(6) 

m --
m 

The matrix R33 will be O(e-ÀsS) ([42]), which is negligible, for 8 large enough 

(i.e. , smaller than the error due to the numerical integration routine ( cf. ( 4. 70) ). 

The inhomogeneous term can be treated in a similar way. Compute the particular 

solution p, satisfying 

dp 

dt 
A(t)p+f(t), te[O,S], p(O) = 0 . 

By superposition we know that there exists a vector c (::) dRI+m such that 

x(t) X(t)c+p(t), for all te[O,S]. (7) 
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Hence, 

a:(é) = X(é) c + p(é) 

= [ q, Qo] [ ~· 
~ Q2 ( R22 R2s) c + p( S) 

= Q2((R22 R2s]c+Q2Tp(é)) +(lt+m-Q2QzT)p(é). 

Let 

(Ba) 

Then we approximately have 

(8b) 

Remark 5.6 

From (Sb) we obtain that at t ó the manifold of slow modes is approximately 

described by the relation 

(9) 

The accuracy of this approximation depends on the magnitude of 11 R33 c3 11· 

Hence, it is important to scale the DE and to choose the initia! value X(O) such 

that c3 is nat extremely large. 

• 
Fort ~ ó we want to fi.nd a continuons extension of (Sb). To this end we write 

any salution a:, satisfying (8b ), as 

t f [ ó, 1] . (10) 

Hence, X 2 ° is a part of a fundamental solution, satisfying the IVP 

t f [ ó, 1] ' 

Similarly, p0 is a partienlar salution of (4), satisfying 

t f [ ó, 1] ' 
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Observe that X2° contains slowly varying modes only. Since (X2°(8))Tp0(S) 0 

this implies that, at least fort near 8, a well-conditioned representation of X 2 ° EB p0 

is given by X2° and p0 • 

Substitution of (7) with t = 0 and of (10) with t = 1 into the (genera!) BCs 

B0 x(O) + B 1 x(1) = b 

yields (p0 (0) 0): 

Tagether with the continuity of z at t = S (relation (Sa)) this results in the 

shooting system 

(11) 

From ( c:o) the salution x can be computed in any desired point. 

The above sketched method has some interesting benefits. 

(i) The grid is automatically generated by the integration routine. 

(ii) The influence of the fast decaying modes is noticeable only in the boundary 

layer. 

(iii) The method is not restricted to singular perturbation problems (where an 

explicit small parameter ê is available). 

(iv) For non-stiff problems, ha ving slow modes only, it simplifies toa single shooting 

method. 

(v) A generalization toa salution method for multi time-scale problems is straight

forward, without an explicit knowledge of the various time-scales. This makes 

the method also suitable for mildly stiff problems. 

(vi) If necessary, more subintervalscan simply he generated, resulting in a multiple 

shooting system. 
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(vü) the total number of integration steps does not really depend on the sti:ffness 

of the system. 

This last observation is an important property. To prove the result we consider 

the scalar model problem 

dz 
-=ÀZ, 
dt t 2 0' (12) 

subject to z( 0) = 1. This has the exact salution z( t) = e Àt. Let h;. be the stepsize 

taken in the (i+ 1)th integration step (i= 0,1,··· ). Let TOL be the required 

absolute accuracy per step and EST; an approximation of the local discretization 

error ( cf. [55], p.115). Fora p-th order methad a standard technique to choose the 

stepsizes is given by 

"· _ h· ( TOL )P!1 
'hi+l - c • I EST; I ' (13) 

where the constantcis a safety factor, smaller than 1. 
i-1 

Let t 0 = 0 and define the nodes t; by t;, = L h; (i = 1, 2, · • · ). The local discretiza
i=O 

tion error at t,+l satisfies ideally 

(14) 

where eis a positive constant of moderate size. Now we have 

Property 5.7 

Suppose we want to have the solution o/(12) insome point T. Let p be the order 
1 

of the method used and let the initial stepsize ho be given by ho= I~ I (T~L)P+l. 

D fi À Tr • h . ( ) . l d 1 - e vT e ne v = --. vsmg t e steps~ze strategy 13 we approz•mate y nee h p+ 1 -v o 
steps to obtain z(T). 

Pro of: 

Combining {14) with (13) yields 

h.. h -vt;. oe , (i = o, 1, ... ) . (15) 

Now consider a continuously di:fferentiablefunction h such that, for all i O, 1, · · · , 



Then (15) is approximated by its continuous form 

t 2: 0 . h(t) =ho exp( -v l h(T) dT), 

Differentiating (16) yields the Riccati DE 

{ ~~ 
h(O) = ho 

= -vh2 , t;::::o 

which has the exact solutîon h(t) = .'!:..(t + _!_h t 1
• 

V 1/ 0 

N-1 

Let N be such that T tN = L h3. Then 
j:O 

h -vT ho oe = 

Corollary 5.8 
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(16) 

• 
Con$ider the DE (12) wilh ), ~ -1. Then the number of inlegration $lep$ needed 

to reach a point T outside the initiallayer is independent of the stiffness parameter 

À. 

Pro of: 
1 

Observe that vh0 c (T~Lr+t, which is independent of À. If), ~ -1, 
p+1 .. 

then v = _>._ ~ -1 and evT ~ 0. Hence, with Property 5.7, the number of 
p+1 

· · · · 1 · b P + 1 (TOL)p+t hi h. d dî mtegratwn steps ts approX1mate y gtven y -c- --e- , w c ts epen ng 

on the required accuracy, but not on the stiffness of the DE. 

• 
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In the next section wetransforma general stiff BVP, with an exponentially tri

chotomie solution space S, into a sequence of problems that can be solved by 

this shooting method. To this end we shall use an adapted version of the Riccati 

method of Chapter 4. With the above shooting technique ( and with invariant 

imbedding) we are able to reduce the number of DEs that has to be solved. This 

is especially of interest when we are dealing with a large system. For small systems 

the Riccati method of Chapter 4 will work too, and will almost he as efficient as 

the adapted version discussed in the next section. 

5.2.3 Riccati transformation 

We now want to treat the general case, where also fast increasing modes are 

present. For reasons, discussed in the Sections 3.4, 4.4.1 and 5.2.1, we shall make 

the following assumptions: 

A(O) is in quasi-triangular form and correctly ordered (cf.Assumption 4.12). 

the BVP has been scaled such that 11 :c(t) 11 has a reasonable upper bound, for 

all t. 
the solution spaceS has an exponential trichotomy (see Defi.nition 5.1), with 

dim(S1) = k, dim(S2) =land dim( Sa)= m. 

Consider the DE ( cf. (2), (3) ): 

! ( ::) = [~::~:i ~::i:i ~::~:~ l ( ::) + (~:i:~) , t~:[0,1] ,(17) 
:ca Aat(t) Aa2(t) Aaa(t) :ca fa(t) 

subject to the BCs 

(18) 

Often the Riccati transformation is used to decouple the fast modes (both increas

ing and decaying) and the slow modes ([41],[63]). If {17) is a singular perturbation 

problem in hordered form, like {1), then it can he shown that there exists such a 

Riccati transformation, having an asymptotic power series expansion in e ([61]). 

Unfortunately, this technique can not be generalized to the case of a general sti:ff 

BVP, since the DE for this Riccati matrix will be unstable, unless all fast solu

tions are decaying. In the latter situation, however, it is probably more efficient 

to decouple only once, outside the initiallayer, as is discussed in Section 5.2.2. 
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The Riccati transformation we propose for a general sti:ff BVP decouples the fast 

increasing modes, sl, from the other ones (both slowand fast decaying modes). 

For this latter salution manifold we can use the same reduction as obtained by the 

shooting technique described inSection 5.2.2. Observe that for obtaining accuracy 

this rednetion technique is not necessary; the Riccati method of Chapter 4 will 

deliver accurate results too. For large systems, however, these reductions will make 

the algorithm more efficient. 

Define the Riccati transformation 

(19) 

In order to decouple we obtain, as is shown in Chapter 4, the Riccati DE 

d [ R 21 ] [ A21 (t) ] [ A22(t) A23(t) l [ R21 ] 

dt R31 = A31(t) + A32(t) A33(t) Ra1 
(20a) 

[ ~:~ ] A11(t)- [ ~:~ ] [ A12(t) A1a(t)] [ ~:: ] , 

subject to 

[ 
R21(0) ] = [ 0 ] 
R31(0) 0 

(20b) 

(A(O) is assumed to he in quasi-triangular form and correctly ordered). 

Let T1 = [ ~:1 ]· If DIST( n(T1 (t)),S1(t)) behaves like (e-.\lt), then the de-
R31 

coupling induced by (19) has been clone correctly (cf. Theorem 2.19). In that case 

the DE (20a) will he asymptotically stable, since the corresponding Jacobian has 

eigenvalnes all far in the left halfplane of U ( cf. ( 4.71) ). This implies that, possibly 

aftersome initiallayer (depending on the distance between n(T1(0)) and S1(0) ), 

the Riccati matrix will he slowly varying. More precisely, outside the initiallayer 

the variation of the Riccati matrix is governed by the rotational activity of S1 • 

Ddine y ~ ( ~: ) ~ T-'x. Then, a. long "' T exi,t,, we obtain the t,ansfo,med 

system ( cf. ( 4.6a) ) 
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[ 

Án(t) 
dy = 0 
dt 

0 
~::~:~ ~::~:~ l y + ( ~~:~ ) ' 
Ás2(t) Asa(t) fa(t) 

(21a) 

where 

(21b) 

and 

Since 'R(T1 ) describes, in general, a dominant solution subspace, containing fast 

increasing modes only, the growth of these modes is governed by Á11 (where we 

assume that the Riccati matrix stays sufficiently bounded). Moreover, the growth 

of the slow and fast decaying modes is governed by [ 1:: 1: ] and this growth 

ha.s been decoupled from the fa.st increasing modes. This implies tha.t for the de~ 

coupled part of (21a.) (in volving Y2 and y3) the technique described in Section 5.2.2 

can he used. Hence, we have to solve the IVP 

~[1'22 Y2a P2] = 
dt Y32 Yaa Pa 

[ 
~22(t) ~23{t) l [ 1'22 Y2a P2] + [ 0 0 ~(t) l , t 2:: 0 , (22a.) 
Aa2(t) Aaa(t) Ya2 Yaa Pa 0 0 fa(t) 

subject to the initial values 

[ 
Y22(0) Y2a(O) P2(0) l = [ It 0 0 l 
Ya2(0) Yaa(O) Pa(O) 0 Im 0 

(22b) 

By the principle of superposition there exists a vector (::) eJRf+m such that, as 

long as the Ricca.ti matrix exists, ( cf. ( 4.8b) ) 

[ 
-R21(t) It 0 l (y2(t)) z(t) = 
-Rat(t) 0 Im Ya(t) 
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= [ Y22(t) Y23(t) l (c2) + (p2(t)) . (23) 
Y32(t) Y33(t) c3 P3(t) 

Observe that by (22b) and (20b) we have 

(24) 

When the fast decaying modes have become smaller than the required (absolute) 

accuracy for integration, say at t IJ, we make the QR-decomposition (cf. (6)) 

(25) 

(Q 0 [Qf Q~]dRP+m)x(l+m)orthogonalandR0 = [ R~20 ~:::] Effi(l+m)x(l+m) 

upper triangular). 

Si nee /i has been chosen such that 11 R33 ° 11 is below a prescribed toleranee (gener

ally 11 R33° 11 O(e-,\3 b) ), we obtain that 

Therefore, using the boundedness of 11 x(t) 11, (23) reduces at t 

( cf. 8a,b) ): 

[ 
-R21(1J) Ie 0 l 
-R31(/i) 0 Im 

x( /i) 

Q- oe o + Q- oq- oT (p2(S)) 
2 2 3 3 p

3
( li) , 

where (cf.(24)) 

c2° = [ R22° R23°] (::i~D + Q2°T (::~~n . 

li effectively to 

(26) 

(27) 

Similarly as has been done in (10) we seek for a continuous extension of (26), for 

t 2 IJ, of the form 
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One verifies d.irectly that [ ~:: ] still has to satisfy the Riccati DE (20a). As has 

been shown inSection 5.2.2, for satisfying (28) we moreover need the solution of 

the IVP 

d [ Y22° p2° l [ .Á22(t) ~2s(t) l [ J:22: P2: l + [ 0 ~2(t) ] , (29a) 
dt Y32° Ps0 = .Á32(t) Aaa(t) Ys2 Pa 0 fs(t) 

t ~ S, subject to 

(29b) 

Remark5.9 

At t = S, the solution manifold which does not contain ïast decaying modes 

( 8 1 ( ó) $ 8 2( ó)) is approximately described by ( cf. ( 9) ) 

IJsoT [ -Rn(c5) ft 0 l z(ó) = Q:T (p2(8)) . 
-Rat{ó) 0 Im Ps(ó) 

(30) 

Note that this relation has been obtained without using any information concerning 

the BOs. 

• 
5.2.4 Invariant imbedding 

In Section 5.2.3 we have used forward integration in order to obtain the solution 

manifold at t = 8 that does not contain fast decaying modes. Similarly, one might 

integrate backward from t = 1 for obtaining at, say, t 1 ó a description of the 

solution manifold that does not contain fast increasing modes. However, on the 

remaining interval [ ó, 1 - ó] all the fast solutions are still potentially present. 

In order to find the solution manifold which does not contain fast increasing modes 

we shall use the invariant imbedd.ing technique d.iscussed in Section 3.4. If the 

decoupling has been done correctly, then the growth of the fast increasing modes is 

governed by .Á11. So fundamental solutions correspond.ing to the adjoint equation 

d -
dtRu = -Ru Au(t) , t;::: 0' 
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will damp out fast (generally 11 R11(t) 11= O(e-Àtt)). To obtain the recovery 

transformation (3.50) we moreover have to solve the DE 

:t [ R12 Rta I 9t) = 

-Rn(t) ( [ A12(t) Ata(t)] [ y22 (t) Y2a(t) p
2(t) ] + [ 0 0 I ft(t)]) , 

Ya2(t) Yaa(t) Pa(t) 

subject to [ R12(0) Rta(O) I 91(0)] = [ 0 0 I 0]. 

The right handside ofthis last equation strongly depends on the magnitude of R 11 • 

[ 
Y22(t) Y2a(t) I P2(t) ] 

Assoonas 11 R 11(t) 11 hasbecomenegligible(and () () () stayssuf-
1'32 t Yaa t Pa t 

ficiently bounded) then [ R12 R13 I 91 ] attains a constant value ( cf. Corollary 3.15). 

Assume IJ has been chosen such that both 11 Raa0 
11 and 11 Rn(IJ) 11 can he neglected 

(IJ ~ max (1/ >.1 , 1/ >.3) ). From the relation ( cf. ( 4.8a) ): 

[Ik - R12(t) - Rta(t)] a:(O) = Rn(t) a:1(t) + 9t(t) , 

and using the boundedness assumption on 11 a:(t) 11, we obtain that the solution 

manifold at t = 0 which does not contain fast increasing modes ( S2(0) EB S3(0)) 

is approximately described by (cf. Theorem 3.14) 

(31) 

5.2.5 Computing the solution 

Assume that the Riccati matrix stays sufficiently bounded over the entire interval 

( and that no intermedia te output points are required). Then, using (28) with t = 1 

and (27) we obtain the relation: 

Together with (31) and the BCs (18) this yields sufficient information todetermine 

the solution at the boundary points: 
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[ ~ 
-R"(é) - R.,(é) l 

b 

Yt(S) 

( 
:z:(O) ) = 

:z:(l) 

(
P2°(1)) + [ Y22°(l)] qoT(P2(S)) 
pa0(1) Ya2°(1) 2 pa(S) 

(33) 

By its simple structure this system can be reduced straightforwardly to an n x n 

system, involving z2(0), :z:a(O) and z1(1) only. 

This system has been obtained by integrating on [ 0, S] a complete n x ( n + 1) set 

[ 

Rn Rn R1a Yt l 
of DEs, involving R 21 1'22 Y2a P2 , and on [ S, 1] an (l +m) x (k + l + 1) set 

Rat Y82 Y 33 Pa 

of DEs, involving [ ~:: ~::I:: ] . Partsof these DEs are quadratic and parts 

are linear. 

Remark 5.10 

In the general case the length of the interval may be such that also slow modes 

increase too much for obtaining an accurate result. In that case the general de

coupling technique as described in [42] can still be used to distinguish between the 

slowly increasing a.nd slowly decreasing modes. 

• 
Remark 5.11 

The influence of the boundary layer at t = 1 on the solution :z: at t = 0 is effectively 

appro:x:imated by the computation of a. boundary layer at t = 0 for the correspond

ing adjoint equation. This implies that the integra.tion routine will generally use 

large stepsizes at the end of the interval, passing the boundary layer at t = 1 in 

just one step. This is allowed, since we have not asked for the solution somewhere 

near this boundary, but at the endpoints only. 

Iî we are interested in the solution z at t = 1- S, forsome small S, then a restart 



141 

at 1- h has to be performed (see Section 5.2.6), which induces small stepsizes . 

• 
5.2.6 Restarts 

In general one also wants to know the solution at intermediate points, which 

requires a restarting procedure at such points ( cf. Section 4.3.2). Moreover, some 

restarts in order to control the magnitude of the Riccati matrix may be necessary. 

At each restart a new layer has to be resolved accurately. Although this layer 

resolution is not important for the solution x as such, it is unavoidable when the 

invariant imbedding technique is used. However, the intervals where these extra 

steps have to be taken are again relatively short ( 0(1/ ..\1 )) and, as we have seen 

in Property 5.7, the number of integration steps is independent of ..\1 • So, the 

overhead will be moderate if the number of such restarts is fairly small. 

Assume a restart has to be performed at t = t 1 (t1 > h). So, at t = t1 we possess 

the values of 

[ 
R21(t1) Y22°(t1) P2°(tt) l . 
R31(t1) Y32°(t1) p3°(tt) 

In Chapter 4 a restart at t = t1 was made by the construction of an orthogo

nal basis for the dominant subspace S1(t1), described by n( [ R2~(t1 ) ] ) . This 

Riccati transformation decoupled between the dominant and dominated solution 

subspaces. In case of an exponential trichotomy we moreover want to distinguish 

between the subspaces S1(t1) $ S 2(t1) and S3(tt). Therefore we continue in a 

fashion slightly different from the Riccati method of Chapter 4. 

We start with the computation of an orthogonal matrix Q 1 = [ Ql QJ] = 

[ 
~2: ~2:3 ] dR(I+m)x(l+m), being a product of elementary Householder trans-
Q32 Q33 

formations and satisfying 

(34) 

where R 221 dRlxl is upper triangular. The matrix Q 1 has been constructed such 
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tha.t, at t = t1 , [ Ql ] e m.nxl represents a.n orthogonal basis for the subspace of 

slow modes within the complementa.ry subspa.ce, which is in the lliccati formula-

tion spanned by [ ~ ~ ]· This construction is possible, since the slow modes 
0 Im 

dominate the fast decaying modes. 

Now we want to construct a.n orthogonal matrix U1 E mnxn such that 

(i) 'R( [ R2~(t1) ] ) = 'R(U1 
[ ~ ] ), implying that the first k columns of U1 

Rat(h) 0 
form a.n orthogonal basis of S1(t1). (This is simila.r to the lliccati method of 

Chapter 4.) 

[ 
r,. o l [ r. o l 

(ii) 'R( R21(t1) ~2: ) = 'R(U1 0 /1 ), implying that the first (k+l) columns 

Rat(tt) Q32 0 0 
of U1 form a.n orthogonal basis of S1{t1 ) $ S2(t1). 

Such a U1 ca.n be obtained by the QR-decomposition 

(35a) 

where V221 a.nd V3l are non-singula.r a.nd upper tria.ngular. This implies that 

(35b) 

Now define :~: 1 = (U1 )T z. Then from the relation ( cf. (28)) 

[ 
-R21(tt) l1 0 l z(tt) = (y2(t1 )) = [ Y22:(t1)] c20 + (p2°(t1)) ' 

-Rat(ft) 0 lm Ya(tt) Yá2 (tt) Pa0(tt) 

we obtain, using (34) a.nd (35a), 

(36) 

Hence, 



The computation of z3
1(t1 ) will notintroduce large errors, as is seen by 

Property 5.12 

x:(Vj/) < 1+ 11 r R2t(tl) J ~~ , 
" Ra1(tl) 

Pro of: 

(j 2or3). 

From (35a) we obtain the relation ( U1 [ U1
1 U2

1 U3
1

] ): 

Hence, 11 Vi/ 11 ~ 11 [ -R;n(tt) 
11 0 

]11 ~ 1+ 11 [ RRn((ttt))] 11· 
-Rat(tt) 0 Im 31 1 
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(37) 

Moreover, from (35b) we get (Vj/}-1 = (U/)T [ ;l]. So, 11 (Vj/)-1 11 ~ 1. 

• 
With (37) m components of x1(t1 ) are explicitly known, without using the BCs; 

the relation holds for all solutions x, with x(O) reasonably bounded. 

On the interval [ t 1 , t 2 ], where t2 is the next restart point, we compute, correspond

ing to A1(t) = (U1 )T A(t) U1 and jl(t) (U1 )T f(t), 

(.) R' t' t. [ R211 ] 'th [ R2tl(h)] 
1 a tcca 1 ma nx R

311 
Wl R

311
(tt) 

(ii) a fundamental solution [ ~:~ ] with [ ~:~~!~j ] = [ ~ ] and 

(iii) a partienlar solution (:::) with (:::~~:D (x31~tl))' (see (37) ). 

Then there exists a vector c2
1 €lR1 such that, for all t € [ t 1 , t 2 ], we have 

(38) 

From the initia! values at t t 1 we obtain that c2
1 = x2

1(h). 
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A relation between c2° of (27) and c2
1 is found by matching (36)-(38) at t = t1 

and requiring just continuity ( cf.multiple shooting): 

V221cl V221:t:21(tt) 

= R te o + (Q- t)T (P2°(tt)) _ v; t(v; t)-t(Q- t)T (P2°(tt)) 
22 2 2 \p3o(tt) 23 33 3 PaO(tt) 

= R22
1
c2°+ [lz V2a1 (V331t1 ](Q 1)Te::~::o. (39) 

In order to obtain a relation between :~:2 '(ti) and :~:2 i+l ( ti+l) ( i = 1, ... , q - 1 ) 

similar stepscan betaken at the points ti+l (see Algorithm 5.13). 

Similarly to the strategy at t 0 we can use the invariant imbedding technique 

to obtain at t = t1 a description of the solution manifold which does not contain 

fast increasing modes. However, since :t:31(t1 ) is known explicitly, we can simplify 

the recovery transformation (3.50) toa relation of the form 

(40) 

Again we obtain that R11
1(t) 1=:::! e-Àt(t- tt) and therefore R12

1 and g1
1 will con

verge rapidly to constant values. If ó1 > 0 is such that R11
1 (t1 + ó1 ) has become 

negligible, then (40) reduces approximately to the relation 

{41) 

Hence, the k componentsof :t:1 1(h) can be expressed explicitly in termsof :v2
1(tt), 

without using the BCs. Again this relation is true for all solutions :~:, with :v(t) 
reasonably bounded. 

A similar relation can be obtained at the other restart points. The details will be 

given in Algorithm 5.13. 

5.2.7 The algorithm 

Assume a set of restart points {ti}[=0 , with 0 < t1 < t2 < · · · < iq 1, is 

determined by the output requirements and the boundedness condition for R21 i. 

We summarize the description of the Riccati method for a stiff BVP (with an 

exponentially dichotomie solution space) in the following 
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Algorithm 5.13 

Step 1. The first subinterval 

a. Integrating through the initiallayer. 

[ 

Ru R12 
On [ O, li] solve, for R R~1 Y22 

Ral Y32 

R1a 91 l 
Y2a P2 the Riccati DE 

Yaa Pa 

[ A,~(t) 
0 0 

,,~t) l + p 0 

A~(t) l R iR = 0 0 A22(t) 
dt 

A31(t) 0 0 f3(t) 0 A32(t) Aaa(t) 

[ An(t) 0 0 fl(t) 0 A12(t) A13(t) 
0 0 0 0 0 0 0 

R -R R, 
0 0 0 0 0 0 0 

0 0 0 0 0 0 

subject to R( 0) = [ ~ ~ ~ ~O ]· 
0 0 Im 

The value of li is chosen such that both I R11 ( ó)l and I Ra3 ° I are below a 

prescribed tolerance, where R 3a 0 is obtained from the QR-decomposition 

(cf. (25) ): 

[ 
Y22(ó) Y23(ó) ]- [ _ 0 _ 0 ) [ R22° R2a

0 l 
- Qz Qa o · 

Y32( 5) Yaa( ó) 0 Raa 

b. Integration over [ S, t1 ]. 

On t € [ ó, t1 ] solve, for R 0 = [ R21 
y

22
: I p2

: ] the Riccati DE 
R31 Y32 Pa 

(42) 

R 0 0 0 0 - R 0 0 0 R 0 
, 

[ 

Au(t) 0 • ft(t) l [ A12(t) AlS(t) ] 

0 0 0 0 0 

subject to R
0
(8) = [ ~::~;~ ~~ I Q3°QfT (::i~D ] (cf.(29b) ). 
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step 2. Restarts and further integration 

For i = 1, ... , q do 

. -. [ Qf2 a. Construct the orthogonal matnx Q ' = _ . 
Q32 

isfying 

~~al f JR(I+m)x(l+m)' sat
Qàa 

i 

c. Define Q' :=IJ Uk and, for te[ti!ti+t], 
lc=l 

A1(t) .- (Q')T A(t) Q' 

J'(t) .- (Q'l f(t) 

z1{t) .- (Q'l z(t) . 

[ 

Rn1 

d. If i < q, then on te [ t,, t,+l] solve, for R' = R 21 ~ 

Rat' 
DE 

!:_Ri 
dt ~ b~(t) l + [ ~ 

0 fa'(t) 0 

0 

A221(t) 
Aa2i(t) 

g
1
i l 

P2~ the Riccati 

pa' 

. [ Au'(t) 0 
,,,(t) l r A12

1{t) A"'(t) l . 
R' 0 0 0 -R' 0 0 0 R', 

0 0 0 0 0 0 

[I, 0 

0 l subject to R 1(ti) = ~ I, 0 ' 
0 za i( ti) 

i i -1 Q2a P2'- ti 
[ 

- · ] T ( · 1 ( )) 
where za (ti)= (Vaa) Qia Pai-t(ti) (cf. (37) ). 
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The first k rows of Ri, i.e., [ Rn i R12 i I 91 i], however, are to be com

puted only until I R11 i I has become negligible ( and, as a consequence, 

[R12' I 91i] has reached a constant value). 

Assume this is the case at t = t; + h 

step 3. Computation of the salution at the nocles ti 

a. Solving the multiple shooting system. 

Solve the ( n + ( q + 1 )l) X ( n + ( q + 1 )l) (multiple shooting) system 

Mê J, 

where M = 

[ Ru(ó) 
B 0 I1 

0 

[ R22° 

and 

( ë IJ)= 

R,~(ó) l 
Im 

R23° ] 

x2(0) 
X3(0) 

c2° 

c2
1 

I! 

-R22
1 

(43) 

B'Q' [ ~ ~] 
0 

V22
1 

0 

c2q 
xlq(tq) [Il -V: q(v; q)-1] (Q q)T (P2q-l(tq)) 

23 33 P3q-l(tq) 

Comment: by the choice of Ri(t;), we have Czi x2i(t,) (i 1, ... , q ). 

b. Computing the resting partsof xi(ti)· 

Set (cf. (31), (41) and (37), respectively): 

x1(0) = Rlz(b)xz(O) + R1a(ó)x3(0) + 91(8), 
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and 

"' '(t·) =(TT i)-l(Q- i)T (P2i-1(ti)) (.; 1 ) .... 3 • V33 3 P3i-l(t,) • , ... ,q. 

c. Backtransformation. 

With a:(t,) = Q':e*(t,) (i = 1, ... ,q) the solution :e is found at a.ll the 

restart and bounda.ry points. 

• 
Remark 5.14 

The special structure of the matrix M in (43) ca.n be used to solve the system 

efficiently. Observe that both V22' a.nd R 22' (i = 1, ... , q) a.re upper tria.ngula.r 

a.nd of moderate size. Let F22° =I, a.nd d2° = 0. Solve, for i 1, ... ,q, the upper 

tria.ngula.r system 

V22' [ F22' I d2'] = R22i [ p22i-l I d2i-l] + [ 0 I 92'] ' (44) 

where 92' [I, - V23'(V33')-1
] ( Q ')T (::=:i::n ( cf. Property 5.12). 

Then, for i = 0, ... , q, we have 

(i) F22i is upper tria.ngula.r 

(ii) c2' = F22'c2° + d2' • 

Using these matrices a.nd veetors a.nd the relation (27) the multiple shooting system 

ca.n be reduced to the n x n system 

[ 
I~e ]] ( :r:2(0) ) 

B 1Q9. 0 a:3(0) 
0 :r:19.(1) 

( 

91(é) ) 
= b- B0 0 

0 
B

1
Q9. ( d,' + F"'(;,')T~:~m ) 

z39.(1) 

(45) 

The stability of the recursion (44) depends on the va.lues of 11 (V22')-1 R22' 11· 

Similar to Property 5.12 we have that 11 (V22')-1 11:::; 1, for a.ll i. The va.lues of 

11 R22' 11 ca.n not be large, since they indicate the mea.sure of growth of slow modes 

on the interval [ t;., t,+I]· However, if some of the elementsof R22 i become large, 
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then a more advanced double sweep technique like in [39] can be used to decouple 

between the slowly increasing and slowly decaying modes. With 'large' we mean 

here that, for some i, ry/ 11 F22i 11 is of the same order as the required accuracy, 

where "1 is the machine precision. 

• 
Remark 5.15 

Suppose l 0. Then (41) reduces to x1i(ti) = g1i(ti + .5i). Hence, tagether with 

(37), x i( t.;) (i = 1, ... , q -1) (i.e., the salution at the intermedia te output points) 

is directly obtained. The salution at the boundary points is determined by {31 ), 

(37) with i = q, and the BCs (18). 

• 
Remark 5.16 

The efficiency of the proposed methad highly depends on a correct choice of the 

dimensions of the Riccati matrix. In Section 4.4 we have already suggested to use 

the Schur-transformation in order to find out which dimensions have to he chosen. 

However, this strategy is, like all possible other ones, not waterproof. 

In Section 3.4 we saw that even separated BCs do not necessarily give us the 

correct dimensions. This is the main reason why the BCs are not explicitly used 

in step 1 of the algorithm. 

If, however, the number of zero rows in E 0 turns out to he equal tok (and l :::f- 0), 

then a substantial reduction in.the number of operations can he achieved. In 

that case the value of [ ~::~~~ ] can he chosen such that the computation of the 

fundamental solutions [ ~:: ] (i O, ... , q 1) ( and at [ O, .5] the computation 

of [ y 22 y23 
] ) has become superfiuous. Moreover, the final multiple shooting 

Ya2 Y3a 
system reduces toa k x k system todetermine x1q(1). Of course, the same is true 

if the number of zero rows in E 0 is equal to k + l, since then all the integrations 

can he performed from right to left. 

• 
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5.2.8 Example 

To demonstra te that the rednetion techniqne of the foregoing sections works indeed 

we nse an adapted version of the second example in [41]. Since the system is only 

3 x 3 we shall not look at the efficiency of the rednction. 

Let, for te[0,10] and e1 , e: 2 some given positive (small) parameters, the matrix 

[ 

au(t) au(t) ata(t) l 
fnnction A he defined by A(t) = a21(t) a22(t) a2a(t) , with 

aat(t) aa2(t) a33(t) 

au(t) = 
sin2(t)- 3cos2(t) 

() 
4sin(t)cos(t) 

1 aut = + , 
e:l 

a13(t) 

= 4sin(t)cos(t) _
1 

, 
e:l 

a21(t) 

( ) 
4sin(t)cos2(t) 

= cost- , 
êt 

= aa2(t) = 0, a33(t) = -1/e2 . 

Now consider the linear DE 

dz 
dt = A(t)z + f(t) , te [ 0, 1] , (46) 

where the inhomogeneons term f has been chosen snch that :v(t) = (e-t, e-t, e-t )T 
is a particular solntion. A fundamental solntion X of ( 46) is given by 

[ 

cos(t) sin{t) cos(t) l 
X(t)= -sin(t) cos(t) 0 diag(e-3t/et,e(t-10)/et,e-t/e2). 

0 0 1 

The (non-separated) BCs are z(O) + z(10) = c, where ceffi3 is snch that the 

solulion we look for is equallo •(t) + X(t) ( : ) . 

If hoth e1 and e2 are very small, then we have one fast increasing mode, prodncing 

a layer of thickness O(e1 ) at t = 10, and two fast decaying modes, with layers of 

thickness, respectively, O(e:1 ) and O(e2) at t = 0. Hence, k = 1, l = 0 and m = 2. 

Moreover, 
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s2 = {0}, 
( 

cos(t) ). ( cos(t) ) 
S3 (t) =span{ s~n(t) , ~ } . 

The precise bound for GAP( S1(t),S3 (t)) is given by a complicated expression, but 

it is amply bounded away from zero. Hence, the salution spaceS is exponentially 

dichotomie. 

Since the salution subspace S1 is rotating, the Riccati transformation will need 

some restarts. 

Firstly we solved the problem with e2 = 10-6 and e1 = 10-6 , 10-9 , respectively, 

without prescrihing any internal output point. A restart was made as soon as 

one of the elementsof the Iticcati matrix [ ~:: ] became in absolute value larger 

than 3. Since this Iticcati matrix will behave like a tangent and arctan(3) ~ 1.25 

we were not surprised to find 7 internal shooting points (almost equally spaced). 

In Table 5.1 the results are shown. It again shows the nicefeature of the adap

tive stepsize strategy: in the layer the initial stepsize was, respectively, 1.7 10-7 

and 1. 7 10-10 , and at the end of a shooting interval it was increased to, respec

tively, 2.3 10-2 and 2.1 10-2 • As has been shown in Corollary 5.8 the number of 

integration steps does actually not depend on e1 . 

Secondly we solved this problem with e1 = 10-6 and e2 = 1. Now k l m = 1 

and 

( 

sin(t) ) ( cos(t) ) ( cos(t) ) 
S1(t) =span{ co~(t) } , S2(t) =span{ ~ } , Sa(t) =span{ s:(t) } . 

Again the gaps between these subspaces are bounded away from zero and therefore 

the salution space S is exponentially trichotomie. 

In Table 5.2 the errors are shown for different required accuracies for integration. 

We see that the obtained accuracy in the solution of the BVP is proportional to 

the accuracy of integration. 
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t error in :Ct error In :1:2 error in :es 

et= 1o-6 et= 1o-9 e1 = 10-6 el= 10-9 et= 1o-6 e1 = 10-9 

0 1.1to-05 1.210-06 -5.7 to-10 2.9 10-ll -1.5 10-ll 1.5 10-ll 

1.35 3.8 to-07 3.6 10-07 -1.7 10-06 -1.6 10-06 1.8 10-12 -2.8 10-08 

2.60 1.5 to-10 1.7 to-10 6.5 10-11 8.2 10-ll 2.3 10-13 -3.3 10-ll 
3.87 -2.8 10-ll -2.910-11 -1.3 10-ll 8.010-12 0 2.8 10-ll 
5.13 3.410-12 4.710-12 1.5 10-11 1.310-11 -2.81o-14 -2.910-12 

6.39 -7.7 to-09 -7.710-09 7.9 to-10 8.11o-10 0 9.010-12 

7.65 7.1to-10 6.9 to-10 -3.4 to-09 -3.4to-09 3.6 to-15 2.5 10-ll 

8.92 -9.3 to-10 -2.010-09 -5.2 lo-10 -9.4 lo-10 0 -2.7 10-ll 

10 -1.1to-05 -1.210-06 5.7 1o-10 -2.710-11 3.210-12 -8.4to-12 

e2 = 10-6 • 

accuracy of integration: 10-4 • 

total number of steps: 586 (et 10-6), 674 (e1 = 10-9). 

total number of function evaluations: 1038 (e1 10-6), 1162 (e1 = 10-9). 

Table 5.1: Absolute accuracy ofthe computed solutions on the Burroughs B7900 
of the Eindhoven University of Technology (machine accuracy: ~8-13 ~ 7 10-12). 

------- "'"' -------

t error in :Ct error in :1:2 error in :es 
w-4 w-6 10-4 10-6 10-4 10-6 

0 1.6 to-011 4.2 to-09 -7.3 10-10 2.9 10-11 -9.1to-08 -6.110-10 

1.34 1.5 lo-05 1.1to-07 -1.71o-06 5.5 10-12 6.2 10-05 4.7 10-07 

2.59 -2.710-05 -1.41o-07 -3.6 to-07 -5.810-09 3.11o-05 1.610-07 

3.91 -9.3 10-06 -1.7 to-07 -8.2 lo-08 4.4 10-11 1.3 lo-05 2.3 lo-07 

5.19 2.3 10-06 3.1to-08 -5.510-12 -2.6 to-10 4.810-06 6.7 10-08 

6.45 2.2 10-06 2.7 to-08 3.0 10-11 2.3 10-lO 2.3 10-06 2.9 10-08 

7.80 2.9 1o-08 5.1to-10 -6.3 10-ts 2.5 to-11 6.710-07 7.9 to-09 

9.05 -2.0 10-07 -2.1to-09 -6.2 10-15 -2.91o-12 2.2 10-07 2.2 to-09 
i 10 -1.6 10-05 -4.210-09 7.2 10-10 -3.11o-11 9.11o-08 6.2 10-10 

e1 = 10-6 
' e2 = 1. 

accuracy of integration: 10-4 and 10-6 • 

total number of steps: 586 (accuracy = 10-4), 1132 (accuracy = 10-6). 

total number of function evaluations: 1032 (accuracy = 10-4), 1914 (accuracy 
= 10-6). 

Table 5.2: Absolute accuracy of the computed solutions. 

------ * * -------
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5.2.9 Condusion 

The Riccati method for stiff BVPs, having an exponential trichotomie solution 

space can he summarized as follows. 

A Riccati transformation is used to determine the dominant solution subspace S1 • 

By the decoupling property of this transformation we obtain a decoupled part that 

contains slow and fast decaying modes only. For this part the shooting technique 

described in Section 5.2.2 may he used, since outside the initiallayer the infl.uence 

of the fast decaying modes is negligible. 

To deal with the inftuence of the fast increasing modes we use the invariant imbed

ding technique of Section 3.3. The boundary layer at t = 1 is effectively approxi

mated by a boundary layer at t = 0 for the adjoint equation ( cf.Remark 5.11), or 

at t = tq-l if intermediate output is required or when the Riccati matrix becomes 

too large. 

This combination implies that on the largest part of the interval [ 0, 1] we have to 

solve an (l + m) x (k + l +I) system of DEs, which is partially quadratic. 

The main advantage of the proposed method is that the involved DEs can all 

he solved efficiently by a stiffiy stabie integrator, like LSODA from ODEPACK 

([25]), since the salution we are interested in is smooth almost everywhere. This 

implies that outside some layer the stepsize is contraled by the varlation of the slow 

modes and does not depend on the growth behaviour of rapidly changing modes. 

Moreover, the number of integra.tion steps does not depend on the stiffness of the 

system. 

Also the number of shooting points ti does not depend on the growth behaviour of 

the fast solutions, but is governed by the rotational a.ctivity of S1 a.nd the output 

requirements of the user. 

Of course, the method also has some disadvanta.ges. In order to solve a linear 

system of DEs one ha.s to solve a quadratic (matrix) DE. Moreover, at the shooting 

points ti (i = 1, ... , q 1) steptefinement is done, which does not correspond to a 

rapid change of any basis solution. Also the disadvantages of the original Riccati 

metbod are still present. This implies that for obtaining efficiency the rotational 

activity of the dominant subspace sl has to he moderate. 

Finally, we have to he cautious, since BDF-methods, which are used in LSODA, 

have the so-called property of super-stability (see also Section 5.3). By this we 
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mean that exponentially increasing solutions are numerically damped out when 

the stepsize h is chosen too large (cf. [16]). Therefore, the stepsize has to he 

bounded corresponding to the growth behaviour of the most rapidly increasing 

mode within the subspace of slow modes. 

5.3 Some turning point problems 

In Section 5.2 we assumed that the salution spaceS had an exponential trichotomy. 

In Remark 5.5 we observed that this assumption excludes the existence of internal 

layers. Here we shall investigate to some extent how the Riccati method of Chap

ter 4 (and its implementation) perfarms when such layers are present. To simplify 

the discussion we concentrate on singular perturbation probieros of the form 

dz 
e dt = A(t,e)z + f(t,e), te[-1,1], (47) 

where eis a small parameter, 0 < e $ eo (eo fixed). 

First we shall indicate (and later define) what is meant by a turning point. It 

will turn out that essentially we have two kinds of turning points: in growth or in 

direction ( which may appear both at the same time). These types of turning points 

have a different effect on the Riccati algorithms of Chapter 4. It will turn out that 

just some minor implementation modifi.cations will make the algorithms accurate 

also for two-dimensional turning point problems. Moreover, we conjecture that 

this result generally will he valid for larger problems too. 

5.3.1 Uniform dichotomy 

In Remark 2.8 we have noticed already that weli-conditioning of a BVP (with the 

oo-norm as function norm) implies that the salution spaceS is dichotomie (but 

not necessarily exponentially dichotomie). This means that there exists a constant 

K > 0 of moderate size such that S can he split in St $ S2 , satisfying 

4>t eSt => ll4>t(t) 11 $ K 11 4>t(s) 11 , t $ s , 

t/>2 eS2 => llt/>2(t) 11 $ K llt/>2(s) 11 , t 2:: s · 

Moreover, the gap between S1(t) and S 2(t) is uniformly bounded away from zero. 
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For singular perturbation problems we shall make an extension of this dichotomy 

concept. 

Definition 5.17 

The family of salution space se of the homogeneaus DEs 

dx 
e dt = A(t,e)x , 1] , (48) 

is uniformly dichotomie for u ( O, e0 ], if each s• can be split in Sf EfJ S2 such that 

t/>1e eSt => llt/>1"'(t) 11 :5 K llt/>1"(s) 11 , t :5 s' 

1/>2 .. es; => 111/>{(t) 1l :5 K 114>·/(s) 11 , t ~ s, 

(49a) 

(49b) 

where the constant K > 0 is of moderate size and independent of e. Moreover, 

the gap between Sf(t) and s;(t) (cf. Definition 1.10) has to be bounded away from 

zero, uniformly in bath t and e. 

• 
For the singular perturbation problems we have in mind we shall make the following 

assumptions: 

Assumption 5.18 

(i) Both A(t, e) and f(t,e) are continuons on [ -1, 1] x ( O,e0 ]. Moreover, if A(t, 0) 

exists, then it may not be identical to zero. 

(ii) The family of solution space s• is uniformly dichotomie. 

(iii) Solutions of ( 48) that are slowly varying on the entire interval are grouped 

tagether in S2. 

(iv) The quantity k = dim( sn is independent of e and 0 < k < n. 

(v) Let z• he the fundamental salution corresponding to (48) with z•( -1) In· 

Let U" 11" V"T be the SVD of ze(1) and define '"t = ui,/ ui,+1 , e e ( O, eo ]. Then 

7" ---> oo as e ---> 0. 

• 



156 

Definition 5.19 

According to the SVDs Z"(1) = U"~" V"T ( cf. Assumption 5.4) the k-dimensional 

subspaces S;(t) = n.( Z"(t) Vt) are called the dominant subspa.ces. Similarly the 

(n- k)-dimensionalsubspaces S2(t) = 'R(Z"(t) 'V;") are called the dominated sub

spaces. 

• 
Remark 5.20 

Suppose we have a family of BVPs, consisting of the DEs ( 4 7) and separa.ted BCs 

of the form 

where B~2 em.Cn-l<)xn and B!1 em.l<xn have full row rank. If there exists a. constant 

q < 1 sueh tha.t both 

uniformly in e, then together with Assumption 5.18 (ii) the BVPs are uniformly 

well-conditioned (with the oo-norm as function norm) (cf. [26]). 

• 
Assumption 5.18 (ii) implies that solutions in Si are nowhere fast deeaying and 

those in S2 are nowhere fast increasing. Moreover, in this section we are inter

ested in solution spaces that are not exponentially dichotomie. Therefore we shall 

assume that the solution subspaces Si contain solutions which are somewhere in 

the interval slowly varying and somewhere fast increasing. If the DE has solutions 

with an internal layer, then it is no restrietion to assume that this condition is 

sa.tisfied. The position where, roughly spea.king, a. solution in Si changes its nature 

is called a turning point. In the sequel we shall give a more refined definition, but 

first we illustrate by some examples tha.t the above assumptions make sense and 

allow for a fairly wide class of problems. 

Example 5.21 

Consider the sealar homogeneous DE 

te[-1,1]. (50) 
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Solutions of (50) are, for alle, given by :tc(t) = c(1 + e-tfe)-1 (ct:IR), which 

are fast increasing fort ::::; 0 and smooth fort > ê. In the neighbourhood of 0 we 

have a layer or transient. Hence, we have a turning point at t = 0. If the value 

of z is given at a non-negative point, then we have a uniformly well-conditioned 

class of problems. 

Example 5.22 ( cf. Example 2.2) 

Consider the BVP 

d2u du 
8 dt2 + 2t dt = 0 if[-1,1]' 

subject to u( -1) = b2 and u(1) = b1 • 

Writing x1 = ~ ~~ and :~: 2 = u this DE is transformed into the system 

< :. (::) = [ ;i; : l (::) ' tt:[ -1,1]' 

subject to :~: 2 (-1) = b2 and :~: 2 (1) = b1 • Define 

and 1 ft I(t,8) = r:=. E(r,8)dr. 
y7r8 -oo 

With 

c {(E(t,e))} Sl =span I(t,e) and Sc= {( -E(t,e) )} 
2 span I( ) 1- t,e 

• 

(51) 

Assumption 5.18 is satisfied. For all 8 sufficiently small we have that the solution 

is fast increasing fort ::::; 0 and smooth fort> Je. Again we have a turning point 

at t 0. 

• 



158 

5.3.2 The de:ftnition of a turning point 

In [62] Wasow gives a definition of a turning point by using the (absence of a.n) 

asymptotic representation of a formal fundamental solution of (47). He implicitly 

indicates that a turning point ca.n be caused by a. change in the direction matrix 

and/or in the size matrix (see {1.28) ). 

If the system ( 4 7) is given in hordered form, like in ( 1), then a. turning point is 

sometimes interpreted as a. position where an eigenvalue of A22 changes sign ([31]). 

Although intuitively clea.r, this 'definition' is only a.ppropriate if the eigenvalnes 

are sufficiently indicative for the growth behaviour of solutions. This is true if 

away from the turning point the rota.tional activity of the correponding invariant 

subspaces is moderate (for instance: independent of e), as will be the case when A 

is dia.gona.lly dominant and sufficiently smooth ([10]). To obta.in a well-conditioned 

BVP, for alle, also the eigenveetors of A22 have to change drastica.lly at the turning 

point. 

Actually we should consider the kinematic eigenvalues (for a definition see [56]). 

Roughly speaking, these quantities indicate the growth of (pure) fundamental 

solutions, i.e. , of homogeneons modes not conta.ining parts of {aster increasing 

modes. 

The definition we shall use is basedon quantities like these kinematic eigenvalnes 

and on the Assumption 5.18. To facilitate the notation we introduce normalized 

solution subsets Sf and S~, defined by 

</>1" t.Sf =? </>{ t.S; A 11 <f>t"'(1) 11 = 1 , 

<!>2"'eSf =? <!>2"es; A 11 </>2"(-1) 11= 1. 

(52a) 

(52b) 

Let :lle be a solution of the homogeneons DE ( 48). Then :lle can be decomposed in 

(53) 

where w,. = 11 :ll,. 11 is the size of x., and q,. indicates the direction of x,. on the unit 

sphere. One verifies directly that ( cf. Section 3.2): 

dq., _ A(t,e) _ À () 
dt - e q,. q,. " t ' tt.[ 1] ' (54a) 
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dwe () 
dt = Àe t We, 1] ' (54b) 

where 

(54c) 

For some modes Xe this quantity >.., is a kinematic eigenvalue corresponding to 

(48), since (53) can be written as 

Xc(t) =Ce exp(/:
1 

>.,(r)dr) q.(t), 

where c., = 11 x.,( -1) il· 

(55) 

Now we may call t = Ç a turning point for (48) if, in a neighourhood of Ç, >.., 
and/or the direction of qc changes an order of magnitude. This is formalized in 

Definition 5.23 

Assume that the DE 

dx 
e: dt A(t,e)x, (t,e)€[-1,1] x(O,e0 ], (56) 

satisfies Assumption 5.18. Write s• Sf EB S2. Let the solutions Xe of (56) be 

decomposed in direction and growth as ( cf. (55)) 

Then (56) has a turning point at t Ç if for i 1 and/or i= 2 

and/or 

In the first case we have a turning point in growth, whereas in the latter case we 

have a directional turning point. 

• 
Example 5.24 

(i) If (56) is a scalar equation, then À,(t) 
A(t, e:) 

In that case any point 
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where A(t,e:) changes in size and/or sign is a turning point. For instance: 

A(t,e:) = (1 + etfe:)-1 (cf.Example 5.21). 

(ü) Consider the DE (51). Then there exists a constant c ~ 1 such that ze(t) = 
c(~&::i) ESf. Clearly the DE (51) has a directional turning point at t = 0, 

since I( -h,e)fE( -h,e) -+ 0, when e -+ O, and E(h,e:)/I(h,e:) -+ 0, when 

e:-+ 0 (h > 0 :fixed). Moreover, one can show that 

..\., = ( IE _ 2t E
2 

) (I2 + E 2)_1 , 
..;:ïri e; 

which is largefort < 0, while Àe(h) -+ 0, when e: -+ 0 (h :fixed). Hence, we 

also have a turning point in growth at t = 0. 

• 
The reason why we explicitly distinguish between the two forms of turning points, 

direction and/ or growth, lies in the fact that they may show up separately in 

our algorithms. A salution methad for a BVP based on a continuous decoupling 

transformation T ( cf. Chapter 3) effectively tries to determine the direction of Si, 

whatever the growth activity may he of modes within Si. Hereafter, the growth 

of modes is determined by some kind of forward and backward sweep. 

The fust part of the algorithm, the determination of T, is generally affected only by 

sudden changes in the direction of Si, whereas the second part, the computation 

of a fundamental salution of the transformed system, might he affected by sudden 

changes in growth. The latter kind of problems we shall consider first. 

5.3.3 Turning points in growth 

Assume that the BVP has a turning point at t = 0. If the rotational activity 

of Sî(t) is moderate, even in the neighbourhood of t = 0, then the decoupling 

transformation T will he slowly va.rying on the entire interval. The dichotomy of 

S"' prohibits solutions inS/ (i = 1,2) to change from being fast decaying into 

fast increasing or vica versa. Hence, we only have four possible situations for 

the non-smooth behaviour of solutions at a turning point, which are shown in 

Figure 5.3 

If the invariant imbedding technique of Section 3.3 (based on integration of the 
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1 

ad joint equation) is used to de termine the growth behaviour of solutions in Sf, 
then the situations C and D (see Figure 5.3) change into A and B, respectively. 

Hence, we only need to consider the first two possibilities: 

A: a slow mode changing into a fast decaying mode 

B: a fast decaying mode changing into a slow mode. 

We shall show by an example that the integration routine LSODA from ODEPACK 

([25]) very likely yields the correct grid and the required accuracy. To this end it 

is sufReient to consider scalar problems. 

Example 5.25 

Consider the scalar DE 

dx 
e dt a(t) x+ f(t) , 

subject to x( -1) = L 

Let 

a(t) { 
o t::.:;o 
-2t , t > 0 

Then the exact solution x( t) 

tf[ -1,1]' (57) 

{ 
- 2te , t ::.:; 0 

and f(t) = _ 2t t > 0 
(58) 

{ 

2 - t 2 , t ::.:; 0 
is a slow mode that 

3e-t2 fe-l, t>O 
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changes into a fast decaying mode. 

With 

a(t) = { 2ot ' t :5 0 
' t > 0 

and {
2t 't:50 

f(t) = 2te , t > 0 · (59) 

{ 
2e(t2 -l)/e_l t:50 

we obtain the exact solution :c(t) = l/ ' , which is a fast 
t2 + 2 e- e - 1 , t > 0 

decaying mode that changes into a slow mode. 

With e = 10-5 and a required toleranee (absolute or relative, depending on the 

size of the solution (cf. (4.70)) of 10-6 both problems were solved similarly by 

LSODA. In Figure 5.4 the results are shown for situation B. The stepsizes have 

been indicated on a logarithmic scale and the accuracy on a 1/logarithmic scale. 

Since the routine is based on implicit methods, the sudden change in growth is 

detected and the stepsize is reduced before t = 0 is reached. As soon as the layer 

has been passed, the stepsize is increased significantly. Therefore, the tot al number 

of steps taken is reasonable: 88 in situation A and 115 in situation B. 

When e =lo-s (and ATOL= IIT'OL = 10-6 ) we get a similar result in situation 

A: on the entire interval the required accuracy is obtained and the total number 

of steps taken is equal to 100 (which is in agreement with the results for e = 10-6 

( cf. Corollary 5.8) ). 

In situation B, however, the computed solution fort > 0 turned out to be com

pletely wrong; steprefinement was performed after first accepting one relatively 

large step passing t = 0. The error introduced in this step does not damp out. 

With a small modi:fication, forcing the integration routine to evaluate a torre

sponding new Jacobian at each BDF-step, this difficulty could be repaired. In our 

case this modi:fication is not really expensive (~ +10%), since in the layers an 

Adams method with function iteration is used. Moreover, an explicit form of the 

J acobian is available ( cf. ( 4. 71) ), whereas the matrices involved ( Ä11 and Ä22) are 

computed anyway. So it is only the extra decomposition that counts. After this 

modi:fication the results were similar to the case e = 10-s. 

• 
It is to be expected that these observations hold more generally, and soa turning 

point in growth will be noticed by the integration routine and handled correctly. 
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Figure 5.4: Accuracy and stepsizes taken by LSODA 

However, in many 2-dimensional applications the spectrum of A( t, e) contains one 

eigenvalue which is 0( e) and one eigenvalue of moderate size that changes its sign, 

say at t = 0 ( cf. Examples 5.29 and 5.30). If away from t = 0 the rotational 

activities of the corresponding eigenveetors are moderate, then we have at the 

same time a turning point in growth (both of type A and B) and a directional 

turning point. 

5.3.4 Directional turning points 

To investigate the effect of a directional turning point on the Riccati method we 

concentrate on 2-dimensional homogeneons probieros (n = 2), of the form 

dx 
e =A(t,e)x, tt[-1,1]' (60) 

sirree they may give us sufficient insight in possible pitfalls. From now on we shall 

skip the dependency on ê in the notation of the solution (sub )spaces. 

Assume that the solution space S is uniformly dichotomie and that there exist 

continuously differentiable fundions s1 (bounded by a constant of moderate size) 
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a.nd s2 such that, for all te[ -1,1], 

N ote that by the restarting technique discussed in Section 4.3.2 the interval [ -1, 1 ] 

is divided in subintervals, such that on each subinterval this condition will be 

satis:fied. Hereby we a.ssume that s 2 may become infinite, implying a direetion of 

(~). Now one verifies directly that 

(i) GAP( S1(t),S2(t)) = I 81(t)- 82(t) I 
..j1 + St2{t)..j1 + s 2

2(t) 

(ii) the rotational acticity of si (i= 1, 2) at timet is given by 1 ~i (t) 11 ( 1+sl(t}) . 

Let r be the Riccati matrix for (60), which in this case is a scalar Riccati func

tion. If we have ( exponential) difference in growth between solutions in sl a.nd 

S2, respectively, then DIST( n.([ rtt) ]),Sl(t)) will become small, for almost any 

initial value r( -1) ( cf. Theorem 2.19). This implies that Ir( t)- s1 ( t) I will become 

small. However, in the experiments we sometimes obtain for the numerical ap

proximation r that I r(t)- a2(t) I is small, fort > 0. This is explained by means 

of a.n example. 

Example 5.26 

Consider the second order scalar problem 

cPu du 
e dt2 = a(t) dt ' t f [ -1, 1] ' (61) 

with a( t) < 0, for all te[ -1, 1]. Suppose we have separated BCs. Let at t = -1 

the BC be given by u( -1) + e ~: ( -1) = 0. Writing a:1 = u a.nd a:2 = e ~: we 
obtain 

d (a:l) [ 0 1 l (a:l) 
e dt Z2 = 0 a(t) :v2 ' 

te[-1,1], 

subject to a:1( -1) +:v2( -1) = 0 and aBC at t 1. This system is in correct order 

(cf.Assumption 4.12), for all te[ -1,1]. 

A Riccati transformation of the form T(t) = [ 
1 0 

] that fits to the BC at 
r(t) 1 
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Figure 5.5: Direction field of e ~: ( a(t)- r) r . 

t = -1 is obtained if r satisfies the Riccati DE 

dr ( e dt = a(t) r) r , it:[-1,1], (62) 

subject tor( -1) -1. (Observe that we have omitted the orthogonal transforma

tion mentioned in Property 4.16, which would have resulted in a Riccati fundion 

r 0
, starting with r 0

( -1) = 0. This is done for reasons of clarity). A sketch of the 

corresponding direction field is given in Figure 5.5. There the areas where the 

direction points upward (downward) is indicated by a plus (minus) sign. 

Hence, for 0 < e: ~ la(t)l, r = 0(= s1 ) is a stabie fixed point of (62), whereas there 

is an unstable asymptotic solution r = s2(t) near the curve r a(t). Therefore the 

solution of (62) that fits to the BC at t = -1 rapidly tends to -oo if s 2( -1) > -1 

and to 0 if s 2 ( -1) < -1. 

Assume s2(-1) < -1 and let ri be a given approximation of r(ti), for some 

t, t: [ -1,1 ). The set of DEs to be solved contains the (stiff) Riccati DE (62), 

which has to be solved by an implicit method. Typically we shall consider Euler 

Backward (the simplest BDF-method). Then Ti+l, the approximation of r(ti+l) 

r( ti + hi)), is a solution of the quadratic equation 

z
2 + ( ~i a( ti+l)) z - ~/i = 0 , 

which will generally have two solutions in lR. Hence, 

Ti+l -21 ( ê {63) 
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It is very natural ( a.nd likely) that the integration routine will choose that solution 

which is the nea.rest to Ti· Then the wrong sign (minus) will be chosen if a(ti+1 )-

2Ti > efh,. lf, forsome rea.son, Ti is close to a(ti+l) (~ s2(t,+d) and hi is large, 

then I Ti+l - a(ti+l) I will be small too. This does not fit to the prediction that T 

rapidly tends to zero. 

• 
The reason for the phenomenon that the integration routine may step on a dif

ferent solution curve lies inthefact that by BDF-methods fast increasing modes 

are numerically damped out too. This property is called super-stability ([16]). Al

though almost any exact solution r will move away from s2, we find numerically 

that there e:.x:ists a neighbourhood of s2 in which the discretized solution r will 

stay. The size of this neighbourhood depends on 

the difference in growth between solutions in St and those in S 2 ("' e) 
the stepsi2.1e h 

the gap between St and S2 

- the rotational activity of S2. 

There a.re various rea.sons why the numerical solution will arrive in this numerically 

stable, but analytically unstable neighbourhood. 

In the first place the initial value of the lliccati function T may be such that it is 

already close to s2( -1 ). This would effectively imply a non-consistent fundamental 

solution. When the lliccati transformation has been fitted to sepa.rated BOs this 

is only possible for ill-conditioned problems. 

The second possibility is that the discretized solution {ri} switches from s1 to 

s2 , a situation sketched in Figure 5.6. We see that if this happens the local 

discretization error is of the order I s1 s2 I· This error depends on the stepsize h 

and the smoothness of St, while I St - s2 I is closely related to the gap between St 

and Sz. Hence, this situation will not occur if St is smooth on the entire interval 

and the gap between S1 and S2 is sufficiently large. As is shown in Property 2.30 

this last requirement is fulfilled as soon as the stability constant a: is sufficiently 

bounded (in oo-norm). 

For some ( directional) turning point problems we may expect potential trouble. 

For such problems the function St is smooth, in general, except for some small 

region a.round the turning point, say at t = 0. The integration routine may arrive 
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Figure 5.6: A switch to the wrong subspace 

with a relatively large stepsize at t 0, where s1 changes drastically. Difficulties 

may then be expected as soon as the first 'guess' for ri+1 is in the numerically stabie 

neighbourhood of s2 • This may occur if there exists a fundion z: 1 J ---+ IR2 

and a positive exponent p (depending on the layer behaviour at t 0) such that 

z(t)t:S1(t), for all te[ -eP) 

- z(t)eS2(t), for all te(eP,1] 

- the rotational activity of z at timet is moderate, for all te [ -1, 1]. 

Fora well-conditîoned BVP thîs can happen only at a directional turning point. 

Therefore a turning point with thîs property will be called switchable and otherwise 

non-switchable. 

From the above we conclude that the super-stability phenomenon can only disturb 

the detection of a switchable turning point. This is illustrated by some examples. 

Example 5.27 

Let, for some fundions p1 and p2 (generally depending on e ), the matrix function 

A be given by 

Th en 

A( t) [ Pl1(t) 1( ) l P2 t [ 
1 1 l [ Pl(t)- pz(t) 0

0 

l . 
Pl(t) P2(t) 0 
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Consider the BVP 

dx 
e dt = A(t)z , te[-1,1], 

with the boundary values zz( -1) and z2(1) given. 

The corresponding Rlccati DE, fitting to the BC at t = -1, is given by 

{ 
e~: (Pt(t)-r)(r-Pz(t)), 

r(-1) = 0 

t ~ -1 
(64) 

Assume that P1(t) > Pz(t), forte [ -1,0 ), and Pl(t) < pz(t), fortE ( 0, 1]. At t = 0 

we have that >. = 0 is a defective eigenvalue of A(t) ([20], p.196). This is, however, 

not essential. For e suffidently small, we shall have 

and 

Sz(t)='R([ 1
(t)]), with82(t)::::::{pz((t)), t<O. 

82 p1 t , t > 0 

Solutions in S1 are fast increasing for t < 0 and slowly varying for t > 0. On the 

other hand, solutions in S2 are slowly varying for t < 0 and fast decaying for t > 0. 

Hence, we have a turning point at t = 0. Moreover, turning pointsexist at those 

points where P1 Pz changes drastically. 

Both types of turning points are exan~plifi.ed by the following choices for p1 and 

P2: 

Pt(t) (1 + e(t + ~)/er1 

P2(t) = (t + 1)2 -1. 

{65a) 

(65b) 

In Figure 5.7 we have sketched P1 and p2 and have indicated upward (downward) 

directionsof the trajectoriesof the corresponding Rlccati DE (64) by plus (minus) 

signs as before. 

At t = we have a turning point both in direction and in growth. However, 

there does not exist a smooth fundion switching from s1 to 82• Therefore, the 

integration routine will detect the activity of s1 at t = -î andreduce its stepsize 
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before t -~ has been reached. Hence, the computed Riccati function stays close 

to p1 ( and St)· This kind of turning points can therefore be handled adequately 

in generaL 

At t 0, however, a smooth function switching from s1 to s 2 does exist, namely 

p1 • By the smoothness of St on ( -~ + s,O) the integration routine will use large 

stepsizes near t = 0. Consequently it will step over easily from s1 to s2 , without 

noticing the instability. 

This effect is illustrated in Figure 5.8, where for ë 10-s and a required toleranee 

of 10-6 the stepsizes found by LSODA and the difference Ir- p1 l are shown. We 

see that I r Pt I is small, except for the initia! layer at t = -1 and the 'high 

activity'-region of p1 around t 

• 
Remark 5.28 

With the functions p1 and p2 given in (65a,b) we cannot obtain (in oo-norm) a 

uniformly well-conditioned BVP. This results from the observation that both s1 (0) 

and s2(0) go to O, when e----+ 0. Hence, GAP( Sf(O),S2(0)) ----+ 0 and therefore the 

stability constant a----+ oo, when e ----+ 0 ( cf.Lemma 2.12). 

This is not the only reason fora switch to the dominated subspace. In Example 5.4, 

for instance, the gap between Sf(t) and S2(t) is bounded away from zero, uniformly 

intand s. However, as soon as ylë becomes smaller than the permitted tolerance, 

then we again obtain the switch from Si to Si (Si( -t) = s;(t) R:j 0, fort not too 

small). 

• 
In Example 5.27 not only one eigenvalue changes sign at t = 0, but at the same 

time one of the invariant subspaces degenerates. This is a quite common situation 

in 2-dimensional problems, as is shown in the next, less contrived, example. 

Example 5.29 

Consider a well-conditioned BVP of the form 

2 d
2u du 

e - = a(t) d +u , 
dt 2 t 

tt::[ -1,1]' (66) 

subject to u( -1) = b2 and u(1) = b1 • 
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Figure 5.7: Direction field of DE (64). 
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Figure 5.8: Stepsizes taken by LSODA and Ir Ptl· 
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Let x1 
du 

e: dt and x2 =u. Then 

d (:~: 1 ) [ a(t)/e: 1 l (x1) e = = A(t) x , 
:1:2 1 0 X2 

te[ l] ' (67) 

subject to x2 ( -1) = b2 and x2(1) = b1. 

WeU-conditioning of (67) (but not necessarily of (66)!) implies that a( -1) 2': 0 

and a(l) :::; 0. 

The corresponding Riccati DE is given by 

1 

0 

a(t) 2 -e-r-r, t2':-1 (68) 

Let the function p he such that 0 = 1- a~t) p p2 , t 2': -1. Then R.( G)) is an 

invariant subspace of A, corresponding to the eigenvalue 1/p. One easily verifies 

that p P+ or p p_, where P+ = __!__(-a+ ). Hence, if I (e:) I <t: 1, 
- 2e at 

then 

{ 

g 

a(t) 
P+(t) RS - a(t) - _e_ 

e a(t) 

, if a(t) > 0 

, if a(t) < 0 

and 

{ 

a(t) a(et) ' if a(t) > 0 

P- ( t) RS a(e:t)e if a(t) < 0 

Now the DE (68) can he written as e ~: = (P+(t) r) (r p_(t)). Therefore, 

St(t) R.( cl~t)) ), with St(t) RS P+(t), and S2(t) = R.( c2~t)) ), with s2(t) RS 

p_(t). Hence, turning points are found at those places where a changes sign. 

If we take a(t) = t/2 - t3 ([30]), then we have turning points at t = 0 and 

t = + ~)2. The direction field for the trajectoriesof the corresponding Riccati DE 

(68) is sketched in Figure 5.9. 
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-1 

Figure 5.9: Direction field for (68), with a(t) = t/2- t 3• 

For e = 10-3 and ATOL = RTOL = 10-6 the turning points are all noticed 

by LSODA and handled correctly (i.e., steprefinement). However, for e = 10-6 

( and the same tolerances) only the fust turning point is noticed, whereafter the 

numerical solution stays in the neighbourhood of -a(t)fe. Hence, the last two 

turning points are missed. 

• 
From the foregoing we may conclude that an integration routine based on implicit 

methods will detect a non-switchable turning point. The detection of a switchable 

turning point, however, depends on the stepsize h. Using large stepsizes the routine 

may pass the turning point without noticing the rotational activity. 

If the position of a turning point is known beforehand, then one can force the 

integration routine to reduce its stepsize, for instanee by requiring an output point 

just before the turning point is reached. We shall return to this and other aspects 

in the next section. 

5.3.5 The Riccati method 

So far we have tested the integration routine LSODA separately for the Riccati 

DE and for the linear part. However, in the Riccati algorithm all DEs are written 

in one system, as is described in the Algorithms 4.22 and 4.25. This means that 

a turning point undetected by the integration of the quadratic part of this system 
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( direction), may be detected by the integration of the linear part (growth). 

As we have seen in Section 5.3.4 a switch into the wrong subspace can occur 

only when the integration routine is using (relatively) large stepsizes. In some 

applications the stepsize is not restricted by the quadratic part of the system ( the 

Riccati DE), but by the linear part. This is shown in the next example. 

Example 5.30 

Consider a general BVP of the form 

2 d
2u du 

ê dt 2 = a(t) dt + b(t)u , t~:[-1,1]' (69) 

subject to u( -1) = 1 and u(1) = 2. 

With :z: 1 = ê ~; and :z: 2 =u the DE (69) is transformed into the first order system 

tE[ -1,1]' (70) 

subject to :z:2 ( -1) = 1 and :z: 2(1) = 2. 

(i) Let a(t) = t/2- t 3 and b(t) = 1 (see Example 5.29). 

The corresponding direction field can again be found in Figure 5.9. 

The dominant subspace S1 contains modes that are fast increasing when a(t) > 0 

and smooth when a(t) < 0. By the BC at t = 1 this implies that these solutions 

can influence the solution of the BVP on the interval [ ~J2, :1.] only. 

On the other hand, the dominated subspace S 2 contains modes that are smooth 

when a(t) > 0 and fast decaying when a(t) < 0. As a consequence, these modes 

can influence the solution on [ -1, ~J2] only. 

Hence, for ê small, the solution :z: 2 ( = u) must have the shape as sketched in 

Figure 5.10. Since :z: 1 = ê ~;, it will be small almost everywhere. 

We have solved the problem with the code from the RICCATI-package, that is 

suited for separated BCs (Algorithm 4.22). The toleranee for integration (absolute 

or relative, depending on the size of the solution) was 10-6 in all cases and for all 

components. A restart was made as soon as the Riccati function became larger 

than 1 in absolute value. 
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2 

0 

Figure 5.10: Solution of (69), with a(t) = t/2- t3 and b(t) = 1. 

For e = 10-4 (so e2 10-8 ) and without asking for intermediate output points, 

the integration restarted at -0.70705, 0.0127 and 0.70716, which is iudeed quite 

close to the turning points {0,:!:. ~.;2}. For e = 10-6 these restarting points were, 

respectively, -0.707106, 7.4910-5 and 0.707107. 

That in these cases the super-stability phenomenon does not prevent the detection 

of a turning point can (partly) be explained as follows. 

On the fust subinterval [ -1,-îv'2- e) we have that both the Riccati fundion 

r(t) and :r:1(t) are O(e). So, Y2(t) = -r(t) :c1(t) + za(t)::::; :c2(t), which is a slowly 

varying function. Hence, the stepsize on this subinterval will be controled by the 

Yrpart of the system. 

On the secoud subinterval ( -îv'2, 0) the dominant modes are smooth. Hence, in 

contrast to the other (vanishing) parts of the system of DEs, the corresponding 

fundamental solution and its inverse (Ru) are moderately varying. Hence, on this 

subinterval the stepsize will not be increased significantly. Moreover, as soon as t 
becomes positive, Ru will change drastically, whether the direction of the Riccati 

transformation is corrector not. Therefore the stepsize will be decreased around 

t =0. 



175 

! i· u(t;) 
du 

Ti-1 (t;) R i-l(t·) 1··· # # I Qni I . ' dt ( t;) 11 ' ' steps funcs. 
' 

-1.0 1.00 -2.00 - - 1 

-0.9 7.65 10-1 -2.74 3.58 10-6 6.23 10-39 94 174 1 

-0.8 4.38 10-1 -3.91 5.3410-6 3.77 10-36 95 164 1 

~ -tv'2 2.03 10-9 -1.64 1.04 0 219 514 0.69 

-0.7 0 0 0.965 1.45 10-04 320 665 210-4 

~o 0 0 1.04 3.19 10-14 363 705 0.72 

0.7 0 0 0.965 0 379 764 1 

~ tv'2 3.25 10-5 25.3 1.01 0 212 480 0.70 

0.8 8.75 10-1 7.81 0.990 4.1210-05 354 741 9 10-6 

0.9 1.53 5.49 5.3410-6 . 0.572 71 101 410-6 

1.0 2.00 4.00 1.59 1o-6
1 0.765 63 89 2 10-6 

Table 5.11: Salution of (70) with a(t) = t/2- t 3 , b(t) = 1 and e 10-6 • 

------** 

On the third subinterval ( 0, ~v'2 ), it might he the activity of the Riccati function 

which provakes the stepsize to go down at the turning point, since all the other 

parts of the system are extremely small. This is similar to the situation in Exam

ple 5.29, where the activity of the Riccati function was able to detect one turning 

point toa. There it was the first one; here it is the last one. 

We also ran the program to compute the salution with specific output at the 

points -1.0, -0.9, -0.8, -0.7, 0.7, 0.8, 0.9 and 1.0. The results for e = 10-6 are 

summarized in Table 5.11. Observe that e2 = 10-12 , which is smaller than the 

machine-precision of the Burroughs B7900 (= ~ s-13), on which the computations 

were performed. 

The last column of Table 5.11 contains the absolute value of the upper left ele

ment of the orthogonal transformation Qi (i = 0, ... , 10 ). It illustrates nicely the 

direction of the dominant subspace at t t; (i = 1, ... , 10 ), which indeed corre

sponds to the expected directions from Figure 5.9: Qi ~ 12 when t; e( -1, -~v'2) 

or t; € ( 0, ~v'2) and Qi ~ [ ~ ~ ] , when t; t: ( v'2, 0) or t; f ( ~ v'2, 1]. 

Similar results were obtained for other values of e. 
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-1 

Figure 5.12: Direction field for a(t) = -sin2(7rt) a.nd b(t) = 1 t. 

(ii) Let a(t) = sin2{11't) a.nd b(t) = 1- t ([30]). 

Similarly to what has been done in Example 5.29 one ca.n derive that, fort =/: 0, :!: 1, 

a.nd 

This situation is sketched in Figure 5.12. 

Clearly' the gap between sl ( t) and S:~( t) is large, for all t. Moreover I the rotational 

· · f S · · . db I ds1 ( ) I/ ( 2 ( )) e:11' sin(211't) acttvtty o 1 at time t 1s appronmate y -d t 1 + St t ~ 
2 

• 4 ( ) , 
t e: + sm 11't 

which is O(e:) almost everywhere. For values of t such that sin(11't) ~ ..jë, the 

above approximations are not valid a.nymore, but we may expect (from the differ

entiability of Sl) a large rotational activity ( 0(1/ ..jë)). 

Running our code with e: = 10-5 , a.n integration toleranee of 10-6 a.nd with-
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out requiring intermediate output points we found one immediate restart at t = 
-0.99896, whereafter t 1 could he reached with a Riccati function in absolute 

value not greater than 1. 

Observe that in this example we do nothave to he afraid for the super-stability phe-

nomenon, since after the initial rotation (~ [ !~ ~~]) there is no smooth 

function switching from the corresponding S1 to S 2 • 

- Jt 1/s1(r) dr 
As in Example 5.29 we expect solutions in S1 to grow like e -1 • 

Hence, these solutions are fast increasing near t = -1, 0, 1 and smooth elsewhere. 

Similarly, solutions in S 2 are smooth near t = -1,0, 1 and fast decaying elsewhere. 

Hence, the solution of the BVP is extremely small, at least on ( -1 + e:, 0 ). On 

( 0,1) we have to he cautious, since b(l) O, which makes that the boundary layer 

at t = 1 has less influence on the final solution. This is seen also in Table 5.13. 

There the results are shown for e: = 10-5 , intermediate output points -1, 0, 0.1, 

0.2, ... , 0.9, 1 and additional output points as soon as lr(t)! > 1. If we had chosen 

b 1, then for instanee the last two rows of Table 5.13 would have read: 

I t; u(t;) 
du 
dt (ti) ri-l(t;) Rn i-1 ( t;) #steps # funcs. I Qu• I 

0.9 i 1.8510 25 1.93 10 24 7.58 10 5 0.582 61 91 110 4 

l.Oi 2.00 2.00 10+05 1.00 6.54 10-26 234 399 0.707 

The number of steps in the subinterval [ -0.999,0] is twice as large as for the 

subinterval [ 0, 0.1], since we have to pass two layers. First the Riccati function 

r 1 will at t = -0.999 move rapidly from 0 to 1. Hereafter its value will stay just 

below 1, until t = 0 is reached. There it changes rapidly back to 0. On [ O, 0.1] we 

have a similar intiallayer, but the end layer is missing. 

• 
5.3.6 Condusion 

In the foregoing sections we have investigated the effect of turning points on the 

accuracy of the Riccati method of Chapter 4. To this end we mainly have restricted 

the discussion to two-dimensional problems. We conjecture that the condusions 

we draw from them are valid for larger systems also. 
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t, u( ti) 
du ri-l(t,) Rn'-1(t,) # # I Qni I dt (t,) steps funcs. 

-1.0 1.000 -1.4110+06 - - - 1 

-0.999 8.710-10 -1.79 10-04 1.02 3.8710-11 97 182 0.699 

0.0 1.510-26 1.50 w-26 1.0510-2 4.3210-40 435 910 0.707 

0.1 0.378 3.56 1.00 w-o 5.60 w-26 240 480 910-5 

0.2 0.602 1.39 7.1110-5 0.627 82 128 210-5 

0.3 0.704 0.753 1.2510-5 0.855 57 88 110-5 

0.4 0.765 0.508 4.0610-6 0.920 54 80 710-6 • 
! 

0.5 0.810 0.405 1.6310-6 0.945 52 69 510-6 ' 
0.6 0.849 0.375 5.7810-7 0.955 51 73 410-6 

0.7 0.887 0.407 1.6110-7 0.957 50 74 510-6 

0.8 0.933 0.540 1.2110-6 0.951 50 72 610-6 

0.9 1.007 1.05 4.6810-6 0.927 53 74 110-5 

1.0 2.000 8.10 1Q+02 4.0410-8 0.503 134 223 410-8 

Table 5.13: Results for a(t) = -sin2(d), b(t) = 1 t a.nd e: = lQ-5 • 

------ .... ------

We have ca.tegorized four kind of turning points, na.mely 

I: turning points in growth 

A: a. slow mode cha.nging into a. fa.st mode 

B: a. fa.st mode cha.nging into a. slow mode 

II: directional turning points 

A: non-switcha.ble 

B: switcha.ble. 

A turning point of the form I:A or II:A will be detected by the integra.tion routine 

a.nd the stepsize will generally have been decreased before the turning point is 

reached. 

For a. turning point of the form I:B it turns out that without any modifi.cation 

steprefi.nement ma.y be performed too late. This ca.n be circumvented by evaluating 

a new Jacobia.n at each BDF-step. After this, such turning points will generally 

be handled correctly. 

The remaining ca.tegory, the switchable turning points, is the most troublesome. 
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The super-stability property of BDF-methods may cause an incorrect approxima

tion of the dominant subspace. This can happen only if (relatively) large stepsizes 

are used. By writing all the IVPs in one system the stepsize strategy will be rather 

conservative. Moreover, as soon as one of the components of this system detects 

the turning point, then it will be handled correctly, in generaL The examples in

dicate that for two-dimensional problems switchable turning points will generally 

be noticed too. 

If not, however, we have the possibility to check whether the direction of the Ric

cati transformation is correct or not. As we have seen in Chapter 4 the matrix 

Ä11 A11 + A 12 R 21 governs the growth of the dominant solutions. Similarly 

the growth of the dominated solutions is governed by Ä22 = A 22 R21 A 12 • For 

two-dimensional problems both matrix functions are scalar, say ä11 and ä22 , re-

spectively. Since we have a dichotomie salution space we may expect that (rtt)) 
will represent the direction of a dominant mode and therefore ä11(t) will not be 

much smaller than ä22(t), for all tE [ -1,1 ]. If, however, C.tt)) happens to be the 

direction of the dominated subspace, then generally ä11 (t) ~ ä22(t). Hence, by 

checking the values of ä11(t) and ä22(t) an incorrect switch may be noticed. 

With this safety checking, the extra Jacobian evaluations and the conservative 

stepsize strategy the Riccati method is able to detect and to handle correctly all 

kind of turning points in case of a two-dimensional problem. 

Remark 5.31 

Checking the values of ä11 (t) and ä22 (t) can be generalized toa checking condition 

for larger problems. In that case the best we can do is camparing ..\(Ä11(t)) with 

À ( Ä22 ( t)). Cbserve that for such a check the main part of the determination has 

already been done. In ( 4. 71) it is indicated that for the determination of the 

correction term in a BDF-step we have to solve a Sylvester equation of the form 

Therefore Ä11 has already been transformed to quasi-triangular form and Ä22 to 

Hessenberg form. 

• 
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6 Singular Boundary Value Problems 

6.1 Introduetion 

The last kind of problems for which we shall investigate the properties of a con

tinuons decoupling transformation are BVPs with a singularity of the first kind 

([24], p.ll4). In this chapter we shall often use the concept of analytic functions, 

which is defined in 

Deftnition 6.1 

A real ( matriz/vector) function tfo, defined on [ 0,1 ], is called analytic at t = 0 
00 

ij there ezists a power series L tic tfolc with positive radius of convergence 6, such 
lc=O 

00 

that <f>(t) = L tic tfok, for 0 ::=; t <min ( 1,6 ). 
k=O 

Consider the DE 

d:c 
t dt = A(t):c + f(t), 

subject to the BCs 

te ( o, 1] ' 

:c(O) = lim :c(t) exists (and finite) 
t!O 

and 

• 

(1) 

(2a) 

(2b) 

where B0 , B 1 e lR!xn are such that rank( [ B0 I B 1 ] ) = s and b e IR:' ( s will be spec

ified later such that the BVP has a unique solution). 

Assumption 6.2 

The matriz function A and the vector function f are continuous on [ 0, 1 J and 

analytic at t = 0. 

For t sufficiently small they have the power series ezpansions 

00 00 

A(t) = L tic Ale and f(t) = L t 14 !Ie . (3) 
k=O lc=O 
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(Remark: Ah is not the k-th power of A.) 

• 
In Section 6.2 we shall show that the solution space S of the homogeneous DE 

corresponding to (1) generally is the sum of a subspace S1 of solutions x ha ving a 

fini te limit at t = 0 ( the dominant .subspace) and a subspace S 2 of solutions x for 

which lim x(t) does not exist. The solutions in S 2 are fast decaying for ascending t. 
tlO 

Moreover, if A(O) has purely imaginary eigenvalues then S2 may contain solutions 

that behave like cos(ln t) and sin(ln t). Together these solutions constitute the 

dominaled subspace. 

As has been done in [34] we shall use a decoupling transformation to decouple S1 

and S 2 • As aresult the existence condition (2a) is replaced by a linear boundary 

condition at t = li, forsome /i> 0 ( cf.Remark 4.19). Next, the invariant imbedding 

technique of Section 3.3 will be used to find a relation between the undetermined 

parts of x(O) and x(/i). By a combination of these two techniques the singular 

BVP (1 ), (2a,b) is replaced by a regular BVP on [ li, l ]. This regular problem can 

be solved by any of the methods discussed in the foregoing chapters. 

The resulting IVPs on ( O, /i] for the decoupling transformation T and parts of the 

fundamental solution Y ( cf. (3.12) and (3.13)) have nice stability properties: at 

t = 0 the spectra of the corresponding Jacobians lie in the closed left halfplane 

r:-. As we shall see in Theorem 6.17 this implies that all these DEs have solutions 

that are analytic at t = 0. This is surprising, since we do not assume that the 

solution x is itself analytic; a fundamental solution corresponding to (1) and (2a) 

generally has singularities at t O, involving non-integral powersoft and integral 

powersof log(t) ([24], §9.5). 

By the computation of a number of terms of the corresponding power series ex

pansions we can obtain an accurate approximation at t = /i of the decoupling 

transformation T and parts of the fundamental solution Y. It is this property 

that gives us the oppurtunity to move away from the singularity at t 0. 

Remark 6.3 

An approximation at t /i of the solution subspace S1 could also be obtained in a 

more straightforward way. Integrating away from the singular point rapidly gives 

a good approximation, for almost any initial condition. However, the performance 
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of most numerical integration methods is strongly influeneed by the regularity of 

the solution. Henee, such an integration might he costly. Theorem 6.17 implies 

that the span of the solutions that satisfy (2a) (S1) can he described by analytic 

fundions that may he obtained more easily than the solutions itself. Moreover, if 

a:(O) is not completely determined by the condition (2a) (cf. Theorem 6.5), then, 

in some way or another, we have to take care for the influence of some solutions 

that start at t = 0. 

• 
In the case of a homogeneaus singular BVP with separated BCs, i.e., B0 = 0, 

these nice properties of a. continuous decoupling transformation have been noticed 

before. In the sixties continuons orthonormalization has been quite popular in 

the Russian literature ([1]), whereas benefits ofthe Riccati transformation are, for 

instance, diseussed in [47] and [5]. 

Of course, a singular BVP can also he solved by other techniques, like finite 

differenees ([27]). However, the pedormanee of sueh a methad depends on the 

smoothness of the salution a: (which in some, but by no means all, interesting 

applieations is analytic too ), whereas the efficiency of continuons decoupling and 

invariant imbedding is mainly influenced by the rotational activity of S1 and the 

output requirements. 

6.2 Preliminaries 

In this section we sha.ll derive and state some elementary results for DEs with a 

singularity of the first kind. To this end we use the power series expansions given 

in (3) and, without loss of generality, 

Assumption 6.4 

The n x n matrix A0 ha& the block-diagonal &tructure 

A ,.Oio 0 0 0 

r 0 0 Ao 0 !P pq 

Ao = 0 0 Aq~ 0 ! q (4a) 
0 0 0 A!m !m ....... ....... 

Ie p q m 
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where the dimensions k, p, q and m are determined by the conditions 

• 
Observe that 0 may or may not belong to >.( Aq~ ). Ho wever, the conditions ( 4b) 

imply that 

rank ( [ ~:~ ] ) = q . (5) 

For :z: f IR.n we shall use two kind of partitions: 

:z:= and (6) 

Correspondingly to this last partition the matrix fundion A is partitioned in 

(7) 

With Assumption 6.4 we obtain that >.(A1~) C (<D+ U {o}), >.(A2°2 ) C <D- and 

A2~ = 0. 

By the condition of existence of :z:(O), parts of :z:(O) are determined directly, as is 

shown in 

Theorem 6.5 

Let :z: satisfy (1) and (2a). Then 

(8) 

where A 0 and jO are defined in (3). 

Pro of: 

Assume A0 :z:(O) +jO i 0. From the DE (1) and the continuity of the solution we 

obtain, for t sufficiently small, 
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where e(t) -t 0 a.s t -t 0. (9) 

Choose t0 > 0. Then integration of (9) leads to 

t 

:c(t) - :c(to) =log(_!.) ( A0 :c(O) + jD) +je( r) dr . 
to r 

to 

Fort and t 0 su:fficiently sma.ll we have, since e( t) -t 0 as t -t 0, 

11 :c(t)- :c(to) 11 ~ ~ 11 A0 :c(O) + J0 lljlog(t:) I · 
Hence, lim 11 z(t)- z(to) 11 does not exist, which contradiets (2a). 

t-o 

• 
Assumption 6.6 

The matrix A0 and the vector J0 are such that 

(10) 

• 
Corollary 6. 7 

Assumption 6.6 is a necessary condition Jor the existence of solutions of (1) subject 

to (2a). 

• 
Observe that (8) can be written a.s 

{ 

Afr.zr.(O) + Jr.0 = 0 

[ ~ ] z,(o) + (z :) = 0 

A!m Zm{O) + Jm0 = 0 

(11) 

Hence, using (5) and Corollary 6.7, :cr.(O), :cq(O) and Zm(O) are uniquely defined 

by the existence condition (2a). This implies, for instance, that if the DE (1) is 

homogeneous, then only Zp 0 may be non-zero. However, this does not mean that 

we have p degrees of freedom left, a.s is seen in 
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Theorem 6.8 

With the Assumptions 6.2 and 6.4 the DE (1) has solutions :e, subject to (2a), if 

and only if(10) is satisjied. In that case these solutions forma (k+p)-dimensional 

linear manifold. 

Proof: (sketch) 

The necessity of (10) for the existence of a solution :e has already been given in 

Corollary 6.7. 

Assume (10) is satisfied. Then :z:k(O) and :z: 2(0) are uniquely defined by (11). Define 

( 

x~e(O) ) 
:1:0 = 0 dR"' and g(t) A(t)xo + f(t). Then gis analytic at t = 0 and 

x2(0) 
g(O) = 0. Now consider the DE 

t f ( o, 1] . (12) 

If (12) has a solution qy such that qy(O) exists1 then a;(t) qy(t) + x0 is a solution 

of (1), subject to (2a). 

By Theorem 6.5 we know that qy2 (0) 0. Let t 0 > 0 be given. With the variation 

of constants formula ([24], p.99) we find that qy has to satisfy 

(13a) 

qy
2
(t) = j(~)A2~ ( [ A 2*1(r) A:Mr:] qy(r) + 92(r)) dr' (13b) 

0 

where A*(t) = A(t)- A0 and 6 eiRk+P. 

Existence of a solution qy of (13a,b) for t c ( o, t 0 ] and any e1 t: JRk+p can, for suffi

ciently small t 0 , be proved by the method of successive approximations, starting 

with qy(o) = 0. At the same time, using that À( A 11 °) C ID+ U { 0}) ( 0 being a 

non-defective eigenvalue ([20], p.196)) and À( A22 °) C ID-, we obtain that there 

exist constants c1 , c2 > 0 such that, for t sufficiently small, 
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For other values of t the boundedness of cf> is obvious, which implies that cf> satisfies 

(12) and c/>(0) exists. 

Moreover, cf> depends linearly on e1 • This proves that the solution manifold of 

(13a,b) is (k + p)-dimensional. 

• 
Corollary 6.9 ( cf. [27]) 

In order to obtain a unique salution of (1), subject to (2a,b), the number s of 

independent BOs (2b) must be equal to k + p. 

Pro of: 

By Theorem 6.8 we see that the existence condition (2a) imposes q + m linear 

restrictions on the solution. Hence, the solution is uniquely determined by another 

k + p independent linear restrictions. 

• 
The solution method we propose is based on continuons decoupling transforma

tions. Then a non-linear IVP has to be solved ( cf. Section 3.2). In the next section 

we shall prove that this non-linear IVP has a solution which is analytic at t = 0. 

To this end we investigate the behaviour of a solution of a special class of non

linear singular IVPs in the complex plane. This complexification is needed, since 

the space of analytic fundions at t = O, defined on ( O, 1], is not complete. 

Theorem 6.10 

Let 611 62 > 0 be given. De fine the set A by 

Let F: ([! x a:::n ~ a:::n be a given function, being analytic in both arguments on A, 

i.e. , the formal power series 

00 

F(z,a:)= L: fïi1···j.,.Zia:li1zi2···a:ni"' 
i,jl , ... ,Jn=O 

where fï;1 ••• ;,. f a:::n, converges for all ( z, a:) fA. De fine 
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(i) F(O, 0) = 0 

(ii) .\(F1) ca;-. 
Then there exist& a 80 > 0 &uch that the IVP 

dx 
z dz = F(z,x) , 

subject to 

lim x(t) = 0 , 
t!O 

t.JR+ 

has exactly one analytic solution for lzl ::S 60 • 

Proof: (sketch) 
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(14a) 

(14b) 

By the variation of constauts formula we obtain that for analytic functions x 

(14a,b) is equivalent to the integral equation 

(15) 

where F(z,x) = F(z,x) F1 :e. 

On { z f ID llzl ::S ó} define the sequence of functions { xi} by 

{ ::+~:) ~ J.' - ( . ) dr . F rz,x'(rz) -:;: 

In [34] it is shown that there exists a ó, with 0 < ó ::S é1 , such that for all lzl ::::; é 

and i= 0,1,2,··· 

(i) xi(z) is well-defined and analytic at z = 0 

(ii) 3cdR+ suchthat jj:é(z)jj ::Sclzl 

(iii) on { Zf ID llzl ::::; é} the sequence { xi} converges uniformly. 

This proves the existence of an analytic solution of (14a,b ). 

Let y be another analytic solution of (14a,b) and define e(z) = x(z)- y(z). Then 

e is an analytic function at z 0, satisfying the integral equation 
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{16) 

Then it can ce shown ([61], p.93) that there exists a constant eh such that 

where vis the size of the largest Jordan-block corresponding to an eigenvalue >.of 

F1 with Re(>.)= 0. Moreover, since ~: (0,0) = 0, there exists a constant c2 such 

that 

Therefore, using (16), we obtain that 

I e(z) I < c2 ( lzl + 11 z 11) fo\1 ( lln"-1(-r) I+ 1) I e(-rz) I d-r 

< calzl max I e(-rz) I , os.,.Sl 

forsome positive constant c3• This implies that e(z) = 0, for lzl sufficiently small. 

By uniqueness of the power series expansion of an analytic function we obtain that 

z(z) = y(z), for lzl 5 5. 

• 
Remark 6.11 

Under the assumptions of Theorem 6.10 (14a,b) does not necessarily have a unique 

solution. For example, let F(z, z) = z 2 • Then (14a.,b) ha.s infinitely many solu

tions, namely z(z) = 0 V z(z) = (c -logz)-1 (ce G::). Of course, only the first one 

of these solutions is analytic at z = 0. 

However, one can show tha.t each of the following restrictions makes the solution 

unique: 

- restrictions to the DE: 

(a) >.(Ft) CG::- or 

(b) F linear in z, 

- restrictions to the solution: 

(c) 11 z(z) 11= O(lzl") (e: > 0). 

• 
Clearly we have the following result: 
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Property 6.12 

If all coefficient.s of F in Theorem 6.10 are real, i.e. , fïj1 ••• j,. € IRn, then the analytic 

salution of (14a,b ), re.stricted to the interval [ 0, 60 ], is real. 

Example 6.13 

Consider the linear IVP 

{ 
t ~~ A(t) x(t) + f(t) , 

x(O) xo 

• 

te ( o, 1] ' (17a) 

where A and f are analytic at t = 0 and >.(A(o)) Cu-. By Theorem 6.5 we have 

to assume that A(O) :vo + f(O) = 0. 

Define, fort f [ O, 1], <f>(t) :v(t)- x 0 • Then </>is a solution of 

{ 

t d<f> 
dt 

</>(0) 

A(t)</> + g(t), 

0 

t€(0,1]' 

where g(t) = A(t) x0 + f(t). Hence, g(O) = 0. 

(17b) 

The lineacity of (17b) implies that </> is unique and analytic ( cf.Remark 6.11) and 

as a consequence this holds for the solution x of (17a) as well. 

• 
6.3 The Riccati method 

In Section 6.2 we have seen that the existence condition of x(O) implies that x~o(O) 

and x 2(0) can be computed directly (cf.(ll)). Write 

k p q+m 

Then the BC (2b) reduces to the k + p conditions 

(18) 
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where ~~e(O) and ~2(0) are given. 

This seems to be too many restrictions, but is not; the fact that ~1e(O) is known 

does not impose extra restrictions to the solution, as may be derived from (13a). 

6.3.1 The Riccati transformation 

Now we want to use a decoupling transformation to separate between the solution 

subspace sl, consisting of all homogeneons modes of (1) existing at t = o, and s2, 
the subspace of fast decaying solutions. To this end we shall use a Riccati transfor

mation, although similar results can be derived for continuous orthonormalization 

methods. 

From Theorem 6.8 we observe that the size of the Riccati matrix fundion R21 

must be (q+m) x (k +p). From the Lyapunov equation {3.13) we obtain that R21 

has to satisfy the DE 

d 
t dt R21 = A21(t) + A22(t) Rn - R21 Au(t) R21 A12(t) R21 . (19) 

Observe that by Assumption 6.4 the matrix A(O) = A0 has already a nice form: 

block upper triangular and correctly ordered (cf. Assumption 4.12). By the def

inition of S1 the choice R21(0) = 0 leads to a consistent fundamental solution 

(cf. Section 4.4.1). Moreover, the boundedness of R21 is mainly determined by the 

rotational activity of sl and the di:fference in growth between solutions in sl and 

S2 (cf.Section 4.2). This di:fference grows unboundedly when t l 0. Therefore 

we may expect the Riccati matrix to be a rather smooth function, at least for t 
sufficiently small. lndeed, we have 

Theorem 6.14 

There ezi.sû a Ç > 0 .such that (19), &ubject to R21(0) = 0, ha& ezactly one salution 

on [ o, e) which is analytic at t = 0. 

Pro of: 
Consider the entries of a matrix function U(t) eiR.(!I+m)x(lo+P) as entries of a vector 

function u(t) e IR.(!!+m)(le+p). Let F(t, U) = A21 (t) + A22(t) U- U A11(t)- U A12(t) U 

and let F(t,u) be the associated vector function. Now it is evident that F(t,u) 
satisfies the conditions (i) and (ii) of Theorem 6.10 and the condition of Prop-
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ai' 
erty 6.12. Moreover, for F1 = ou (0, 0) we have 

F1u (A22°$(-An°))u, 

where $ denotes the Kronecker sum. So 

The partition has been chosen such that >.(F1 ) C o;-. So, with R 21 (0) 0, all 

conditions are satisfied to guarantee on [ 0, Ç) (Ç > 0) the existence of exactly one 

solution of (19) which is anaJstic at t = 0. 

• 
From now on we shall mean by R21 this unique analytic solution of {19), starting 

with R21{0) 0. 

Remark 6.15 
00 

Write, fort sufficiently smal!, R21(t) = L tk ck. Using the power series expansion 
k=1 

of A we obtain by formal differentiation and multiplication the following relation 

forCk(k 1,2, .. ·): 

(20) 

k-1 /c-m-1 

Azl + L ( A22m ck-m- ck-m Anm- cm L A12" ck-m-n) . 
m=l n=O 

By Lemma 1.4 this Sylvester equation has a unique solution, for all k 2 1. Hence, 

C 1
, C 2

, • • • can be calculated consecutively. 

• 
To show the close relationship with the Riccati matrix in the regular case we 

formulate the following result ( cf. Property 4.1 ): 

Theorem 6.16 

Let Ç > 0 be such that the Riccati matrix R 21 exists on [ 0, e). Then there exists a 

fundamental solution X [ X 1 X 2 ] , satisfying the homogeneaus DE 
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te ( 0,1] , 

such that, for all te ( o, e ), we have the relation 

Pro of: 

H X is a fundamental solution with X11(t) non-singular, for all te(o,e }, then it 

follows by simple ma.nipulation that X 21 X11 -
1 satisfies the same DE as R21• In 

that case, using Theorem 6.10, it suffices to show that X 21 X11 -
1 is a.nalytic at 

t = o a.nd lim X21(t) X11 -
1(t) = 0. 

t-+0 

If A0 has no eigenvalues that differ by a positive integer, then there exists a fun

damental solution X of the form 

X(t) = P(t)tA
0 

, te ( 0, 1] , 

where Pis a.nalytic at t = 0 a.nd P(O) =In ([24], Theorem 9.5.c). This matrix X 

a.lready has the desired property, since X2t(t)X11 -
1(t) = Pu(t) P11-1(t). 

If A 0 does have eigenvalues that differ by a positive integer, then the proof beoomes 

rather technical a.nd therefore we refer to ([34]). 

• 
Note that the initia! value R21{0) = 0 exactly corresponds to the BC 'z2(0) given' 

( see ( 4.29) ) . This implies that we may u se the technique for separated BCs, as 

described in Section 4.3 a.nd summarized in Property 4.18. This results in 

Theorem 6.17 

Let e > 0 be such that the analytic solution R 21 of {19) ezists on [ o,e ). Then any 

solution of the incomplete singular IVP 

dz 
t dt = A(t)z + f(t), (21a) 

subject to ( cf. ( 11) ) 

(21b) 
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satisfies the relation 

[ -R21(t) lq+m] a:(t) Y2(t) , (22) 

where y2 is the unique and analytic salution of the singular IVF 

dy2 ( ) tdt A22(t) R21(t)A12(t) Y2-R21(t)j1(t)+J2(t), te(O,Ç), (23) 

subject to y2(0) = x2(0). 

Pro of: 

Observe that the DE (23) can be obtained from the relation (22) by formal dif

ferentiation. By the definition of q and Assumption 6.6 the system (21b) has a 

unique solution. So, (22) is satisfied for t = 0. This implies that (22) is valid, for 

all t. 

Define Ä22(t) A22(t) Rz1(t) A12(t) and 12(t) = -R21(t) fi(t) + j 2(t). Then (23) 

can be written as 

te(O,Ç). 

Note tha.t Ä22 and 12 are ana.lytic fundions at t 0. Moreover, >.(Ä22 (0)) = 
>.(A22°) C ID- and, by Theorem 6.5, Ä22(0)y2(0) + 12 (0) 0. Hence, by Theo

rem 6.10, (23) has exactly one solution which is ana.lytic at t 0. Since the DE is 

linear this solution is the unique solution of (23) ( cf.Remark 6.11). 

• 
So, we have derived that the BC 'x2 (0) given' can be transferred to a q + m 

independent linear BOs at a position, sa.y 8, inside the interval ( O, 1], a.way from 

the singularity. To this endweneed to compute the Riccati matrix R21 , satisfying 

(19) with R21 (0) 0, and a vector fundion y2 , satisfying (23) with y2(0) = x2(0). 

Both these fundions are ana.lytic at t = 0. Hence, we may use the first terms of 

their power series expansions to move away from the singularity. 

6.3.2 Invariant imbedding 

By the Riccati transformation of Section 6.3.1 the BC 'x2(0) given' has been 

transferred to aBC at t fi. In this section we shall use the invariant imbedding 
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technique of Section 3.3 to transfer the remaining k + p BCs (cf. (18)) 

(24) 

into BCs of the form 

(25) 

where B6 eiR.(k+p)xn and beiR.k+P. To this end we have to express zp(O) in terms 

of zl(t5). 

Since y2(0) is known and, by the special form of the Riccati transformation, 

y1 = z1, the recovery transformation (3.50) can be reduced to the simpler form 

( cf. ( 4.35)) 

zt(O) = Rn(t)zt(t) + 9t(t), t2::0. 

However, in our situation Zk(O) is known also. Hence, we can restriet ourselves to 

the relation 

t2::0, (26) 

where R"t(t) eiR.PX(k+p) and gp(t) e1RP. 

As in Sections 3.5 and 4.3 we obta.in that Rp1 and gp have to satisfy the IVPs 

t ~R"t = -Rp1 (Au(t)+A12(t)R21(t)), t > 0, 

t ~gp = -R"t(t) (A12(t)y2(t) + ft(t)) , t > 0, gp(O) 0 . (27b) 

Define Ä11(t) = A11(t) + Au(t)R21(t). Observe that Ä11 is analytic at t = 0. 

Moreover, since R21(0) = 0, >.(-Ä11(0)) = >.(-A11°) C a;-. Hence, by Theo

rem 6.10, Rp1 is analytic at t = 0. Since A12 , y2 and / 1 are analytic at t 0 and 

A12(0)y2(0) + ft(O) = Au(O)z2(0) + /1(0) = O, the vector function gp is analytic 

at t = 0 a.s well. 

If Rp1 and gp have been computed until t = 8, then the BCs (24) a.re transferred 

into the BCs 
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(28) 

Remark 6.18 

In [34] it is shown that Rp1 is the matrix consisting of the last p rows of X11 -
1 , 

where X 11 is the k x k upper diagorral blockof the fundamental solution X, defined 

in Theorem 6.16. 

• 
6.3.3 The regular BVP on [ 6, 1] 

Together with the condition (22) the BCs (28) give a complete set of BCs on [ 6, 1]: 

where :v~e(O) and :v2(0) are given vectors, determined by (11). 

Hence, a solution of the singular BVP (1 ), subject to (2a,b ), is on [ 6, 1 J also a 

solution of the regular BVP (1), subject to (29). Finally we show that this solution 

is unique. 

Theorem 6.19 

The regu/ar EVP (1), (29) has a unique solution if and only if the singular EVP 

(1), (2a,b) has a unique solution. 

Pro of: 

Let fi he a partienlar solution of (1), with 

( 
:v~eo(o) J , 

x(O) 
:z:2(0) 

where :v~e(O) and :v2(0) being determined by (11). 

Let X = [ X 1 X. J be a fundamental solution such that R(Xt) contains all homo

geneons modes of (1 ), satisfying (2a). Hence, R21 X 21 X 11 -
1 

( cf. Theorem 6.16) 
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and for any solution of (1), subject to (2a), there exists a vector c1 eiRf•+P such 

that 

z(t) = Xt(t)ct + iil(t). 

By the special choiceof X1 and ii!(O) we havethat (11) isindeed satisfied. Moreover, 

from the BCs (2b) we obtain that c1 has to satisfy 

So the singular BVP has a unique solution if and only if the (k + p) x (k + p) 
matrix 

(30) 

is non-singular ( cf. Theorem 2.1 ). 

Now define (cf.(29)) 

B" = [ BOp R,.t(ó) 0 l 
-Rn(6) lq+m · 

Then the regular BVP has a unique solution if and only if the n x n matrix 

B(X) = B 6 X(ó) + [ ~1 

] X(l) 

is non-singular. Since R,1 = X21 X11 -
1 we observe that B(X)21 = 0. Moreover, 

(see (30)) 

B(X)n = ( 0 BOp ] + B1 Xt(l) , 

which is non-singular if and only if the singular BVP has a unique solution. Hence, 

it suffices to show that B(Xh2 is non-singular. 

Note that, since X(ó) and X11(ó) are non-singular, 

B(X)22 = Rn( ó) X12( ó) + X22( ó) 

= -X2t(6)Xn-1(6)Xl2(6) + X22(ó) 

( (x-~cs>)22rl. 



197 

Therefore B(X) is non-singular. 

• 
To solve the regular BVP any of the techniques discussed in the foregoing chapters 

may be used. However, for a continuons decoupling method, like the Riccati 

transformation, one probably has to choose another partition. If q #- 0 then the 

original partition used on ( 0, SJ will generally not correspond to an ( exponential) 

dichotomy on [ S, 1 ]. Therefore, on [ ó, 1 J it might be better to use a Riccati 

matrix which is of order (n- k) x k or m x (n m). For example: let A(t) ~ 

diag ( .\(t), [ ~ ! ] , ->.( t)), where >.(t) ~ 1, for all t. Then we shall have one fast 

increasing mode, one fast decaying mode and two slowly varying modes. Hence, 

on [ S, 1 J difference in growth behaviour is more pronounced if we take dim( S 1 ) = 1 

or 3. 

Remark 6.20 

As in the regular case it is not necessary to store and interpolate intermediate 

results. All the required functions can be computed by solving just one (n- k) x 

( k + p + 1) Riccati DE. Write 

Then, for t ;::: 0, we have 

t ~~ = [ A2~(t) I h~t)] +[ ~ A2:(t) ] R-

R [ Au(t) h(t) ] _ R [ 0 A12(t) ] R 
0 0 0 0 ' 

subject to 

R(O) [ o lp I o J 
0 0 x2(0) · 

By Theorem 6.10 this IVP has exactly one salution which is analytic at t = 0 . 

• 
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Remark 6.21 

If the existence condition (2a) is replaced by the boundedness condition 

sup 11 :l)(t) 11 < oo , 
te(O,l] 

{31) 

then still a reduction to a regular BVP on [ 8, 1] can be obtained. In that case we 

have to transform A0 such that the purely imaginary eigenvalnes and the corre

sponding invariant subspaces of A0 have been isolated too. Hereafter, a technique 

similar to the one derived above may be used. For details we refer to [34] . 

• 
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Korte samenvatting 

Uitgangspunt van het promotie-onderzoek was de volgende probleemstelling: 

de goede programmatuur die beschikbaar is voor het oplossen van beginwaardepro

blemen voor gewone differentiaalvergelijkingen kan tevens worden gebruikt voor 

het oplossen van randwaardeproblemen, bijvoorbeeld in de zogenaamde schiet

methode. Deze werkt echter slechts bevredigend voor min of meer eenvoudige 

problemen. Zijn er generalisaties van deze methode te bedenken die ook werken 

voor moeilijke problemen, zoals singulier ge8toorde problemen? 

Voor het beantwoorden van deze vraag is het in de eerste plaats noodzakelijk de 

schiet-methode (en haar reeds bekende variant: de meervoudige schiet-methode) 

te analyseren. Daarbij komen essentiè1e zaken aan de orde als de conditie van 

een randwaardeprobleem en de numerieke stabiliteit van de algoritme. Centraal 

in dit geheel staat het (exponentieel) dichotoom zijn van de oplossingsruimte, een 

eigenschap die het laatste decennium uitgebreid is onderzocht. Hiermee wordt 

bedoeld dat er oplossingen van het lineaire stelsel differentiaalvergelijkingen zijn 

die essentieel verschillen in hun groeigedrag (en ook enigszins in richting). 

Uit het promotie-onderzoek is gebleken dat naast het groeigedrag van oplossin

gen ook de richtingen waarin oplossingen groeien een belangrijke rol spelen. De 

richting van de snelst groeiende oplossingen, zonder de daarbij behorende groei, 

kan numeriek stabiel worden bepaald, bijvoorbeeld met een (klassieke) Riccati

transformatie. Hiervoor dient een kwadratische (matrix) differentiaalvergelijking 

te worden opgelost. 

Een vaak geuit bezwaar tegen deze transformatie is het niet altijd bestaan van een 

oplossing van de vergelijking op een voldoend groot interval. Het onderzoek heeft 

twee manieren opgeleverd om dit probleem te omzeilen: 

(i) Herstarten voordat het probleem zich voordoet. Dit kan bijvoorbeeld geschie

den door overgang op een nieuwe (orthogonale) basis van lRn. 

(ii) De Riccati-transformatie generaliseren tot een orthogonale transformatie. 

Beide alternatieven komen in dit proefschrift uitgebreid aan de orde. 

Nadat de richting van de snelst groeiende oplossingen is bepaald, dient vervol-
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gens het bijbehorende groeigedrag te worden berekend. Om geen instabiliteiten 

te verkrijgen en ter voorkoming van een overmatig gebruik van het geheugen van 

de computer is een methode (invariante inbedding) uitgewerkt welke resulteert in 

het oplossen van goed-geconditioneerde beginwaardeproblemen. Deze methode is 

gebaseerd op het integreren van de geadjungeerde vergelijking, behorende bij het 

getransformeerde stelsel. 

Het combineren van de Riccati transformatie met invariante inbedding levert een 

robuuste methode op, de Riccati methode, die geschikt is voor het oplossen van 

zowel eenvoudige als voor meer ingewikkelde (stijve) problemen. Voor grote stelsels 

waarbij sommige oplossingen een extreem groeigedrag vertonen kan daarbij een 

aanzienlijke reductie in het aantal op te lossen vergelijkingen worden verkregen. 

Ook voor differentiaalvergelijkingen met een singulariteit van de eerste soort blijkt 

de Riccati methode mooie eigenschappen te bezitten, zoals het bestaan van een 

(unieke) analytische oplossing van de te integreren differentiaalvergelijking. 

Tevens is onderzocht in hoeverre de methode werkt voor eenvoudige 'turning

point' problemen. Hierbij vindt een plotselinge verandering plaats van het gedrag 

(in richting en/ of groei) van één of meerdere basisoplossingen. Een belangrijk as

pect hierbij is dat de BDF-methoden, welke worden gebruikt voor het oplossen 

van de beginwaardeproblemen, in sommige opzichten super-stabiel zijn. Hiermee 

wordt bedoeld dat zij ook snel groeiende componenten numeriek uitdempen. Hier

door kan het gebeuren dat de integratie-routine (LSODA uit ODEPACK) de (zeer 

locale) activiteit rond het turning-point niet opmerkt, waarna vervolgens de ver

keerde richting wordt bepaald. Echter, door middel van extra Jacobiaan-evaluaties 

kan de routine enigszins 'attenter' worden gemaakt. Samen met het feit dat al de 

te integreren vergelijkingen in één stelsel worden geschreven en de aanwezigheid 

van een redelijk betrouwbaar controle-criterium maakt dat op deze wijze menig 

turning-point probleem kan worden opgelost. Nader onderzoek in deze richting 

blijft echter gewenst. 

Ter ondersteuning van de theorie is er een programma ontwikkeld dat gebaseerd is 

op de tijdens het onderzoek ontwikkelde methode. De hiermee verkregen resultaten 

bevestigen de conclusie dat de Riccati methode een robuuste methode is voor het 

oplossen van lineaire randwaardeproblemen. 
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ERRATA 

(i) In Theorem 2.22 on page 34: 

K1(t) = 2m1 ( 1 + m1k2e-(..\1 + ..\2)t) 

has to be replaced by 

( 
klk2e-(Àl + ..\2)t ) 

K1(t)=2m1 1+ ( . 
GAP 'R(x1(o)),s2(o)) 

Consequently, in the proof on page 35 (Iine 7), the denominator 'd' has 

to be replaced by GAP(n(x1(o)),s2(o)) (cf.(28)). 

(ii) In Theorem 3.5 and its proof (page 54) the quantity 'K1(t)' has to be 

replaced by 'K1(0)'. 

(iü) On page 87 the definitions 

s21(t) = max IIAa1(t)ll , 
O~r9 

s12(t) = max IIA12(t)ll and wi(t) max IIRi(t)ll 
O~T~t O~T~t 

must he read as, respectively, 

(iv) On page 100, in line 4 from below: 'mm(tm)' must be 'rem(tm)'. 

(v) Formula (4.72) on page 112 (and the similar formula in Remark 5.31 

on page 179) must be: 

(In-k - Ji.hÄia)6X21 + J1-h6X21ÄA = hD21 . 

(vi) Page 117, line 12: 

'IIF2Zmll ~ k2e>."' has to be replaced by 'IIF22mll ~ k2e->."'· 

(vii) Page 127, in line 3 from below: replace 'm2' by 'm3'· 

(viü) Page 139: replacein formula(5.32) the vector' c::~:o 'by' c::gn '. 



Stellingen 

-1-

De combinatie van een continue ontkoppelings-transformatie met inva
riante inbedding is zeer wel geschikt voor het oplossen van lineaire rand
waardeproblemen op een (half) oneindig interval. 
(Dit proefschrift, hoofdstuk 3) 

-2-

Zolang meetkundig en fysisch inzicht ontbreekt in de werking van op
losmethoden voor randwaardeproblemen gebaseerd op de berekening 
van 'compound matrices' kan de numerieke stabiliteit van zo'n methode 
slechts experimenteel worden bepaald. 

(zie: - G. Freeman and G.E. Backus, 'Propagator matrices in elastic 
wave and vibration problems', Geophysics, 21, 1966, pp.326-332. 
- A.M.J. van Amelsfort, 'An Analytica! Algorithm for Solving Av
tive Boundary Value Problems', Proefschrift TUE, te verschijnen 
in 1988). 

-3-

Het gedeeltelijk uitschrijven met behulp van puntjes(···) van meervou
dige sommaties werkt het maken van fouten in de hand. 

(zie: LT. Elder, 'An Invariant Imbedding Method for Computation of 
Eigenlengtbs of Singular Two-Point Boundary Value Problems', 
J. Math. Anal. and Appl., 85, 1982, pp.365). 

-4-

Zij PciRnxn een projectie-matrix met dim('R(P)) = k (0 < k < n). 
Zij 0'1, ... , O'n de singuliere waarden van een matrix A E IRnxn, waarbij 
0'1 ~ • • • ~ O'n ~ 0. Dan geldt dat 11 PA ll2 ~ O'n-k+l • 



-5-

Zij voor een reële niet-singuliere n x n matrix A de singuliere waarde 
ontbinding gegeven door U :EVT. Veronderstel dat de singuliere waar
den { ui}f=1 voldoen aan 0'1 ~ • • • ~ O'k > O'k+t ~ · · · ~ O'n > 0, voor 
zekere k (0 < k < n), en schrijf U= [ Ut U2 ] en V= [ Vt V2 ] . 

+--+ +---+ 4---+ +--+ 
k n-k k n-k 

Zij Vl(O) € m,nxk zodanig dat 'R ( v1(0}) EB 'R ( v2) = m.n. Definieer rijen 

van orthogonale n x n matrices {U( i)} :
1 

en {V( i)} ;=
1 

door middel van 

de recursies (i = 1, 2, · · · ): 

A vli-1) = u<ï> [ Rt~> ] 

A -1 U~ i) = V( i) [ L~;> l ( L~;> € m,(n-k)x(n-k) linksonder) . 

Dan geldt: 

'R(vP>)-+ R(vt) en R(u~i))-+ 'R(u2) (i-+oo). 

-6-

De hierna volgende stelling, bedacht door C.J .J .M. van Ginneken, is niet 
triviaal. 

Stelling: Beschouw het kwadratische eigenwaardeprobleem 

(1) 

waarbij A, C € m.nxn positief definiet zijn en B € m,nxn symmetrisch is. 
Laat, voor zekere p€{1, •.. ,n}, U1J ... ,Up€1!n complexe eigenvectoren 
van (1) zijn bij onderling verschillende complexe eigenwaarden À1 , •.• , Àp 

die voldoen aan Im( Ài) > 0 (i = 1, ... , p ). Dan geldt dat u1 , • .. , up 

lineair onafhankelijk zijn. 

-7-

Correctheidsbewijzen van numerieke computer-programma's dienen re
kening te houden met mogelijke over- en underflow van tussenresultaten. 
Dit kan er toe leiden dat de correctheid van een programma machine
afhankelijk wordt. 



-8-

Het is te verwachten dat (personal) computers in de toekomst een do
minante rol krijgen in het universitair technisch onderwijs. Dit betekent 
echter niet dat het wiskunde-onderwijs aan (niet-wiskundige) ingeni
eurs kan worden beperkt tot het leren opstellen van wiskundige model
len; juist dan is uitgebreid onderricht in (numerieke) analyse noodzake
lijk. 

(zie: Cursor 04.09.87) 

-9-

Het onderzoek naar de mate van erfelijkheid van intelligentie verdient 
nauwelijks de beoordeling 'wetenschappelijk'. Daarom dienen conclusies 
die schadelijk kunnen zijn voor bepaalde groeperingen, zoals negers en 
vrouwen, met de grootst mogelijke terughoudendheid te worden getrok
ken. 

(zie: H.J. Eysenck and L. Kamin, 'lntelligence: a battle for the mind', 
Pan Books, London, 1981) 

-10-

De tijd die nodig is voor het aanmaken van een invoerfile voor technisch
wetenschappelijke tekstverwerkingspakketten, zoals '!EX, wordt aanzien
lijk ingekort wanneer de Shift-toets kan worden bediend met behulp van 
een (geavanceerd) voetpedaal. 

-11-

De mate waarin een 'gevulde koek' vult is opmerkelijker dan het feit 
dat hij niet leeg is. Daarom dient de benaming te worden gewijzigd in 
'vulkoek'. 

Paul van Loon 


