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1. Introduction

1.1 Plasmas: Structures and turbulence

This thesis is devoted to the studies of fast phenomena in plasmas that are domi-
nated by electron dynamics. These phenomena are so fast that ions may be taken
to be at rest. This will be justified if the typical time scales of the phenomena of
interest are short as compared with the time scale of the ion plasma period ω−1

pi , on
which ion charges become important. Characteristic lengths scale are required to
be smaller than the ion skin-depth l � di ≡ c/ωpi. In case the plasma is confined
by magnetic fields, the characteristic time scales of the phenomena of interest are
required to be short as compared with the ion gyro-period ω−1

Bi which is the typical
time scale for ion gyro-resonances. In this limit ions are unmagnetized and only
form a neutralizing background. The dynamics is dominated by the electrons, in
particular the current is carried by the electrons only.
An example of phenomenon that are dominated by electron dynamics is laser-
plasma interaction [1, 2] where a high-amplitude plasma wave is induced by a
powerful laser source that propagates in the plasma and drives collective oscil-
lations of the plasma frequency ωpe, the plasma wavelength is the electron skin
depth de = c/ωpe. Another example of such phenomena are the so-called whistler
waves in the ionosphere [3]. These are systems of plasmas confined in a strong
magnetic field such that electrons are magnetized, which means that whistler
waves are due to electron plasma dynamics. As a last example where the dy-
namics is due to electrons only, we mention the wave propagation at the electron
cyclotron frequency [4].

Plasmas are systems of charged particles, electrons and ions. The collective ef-
fects due to self-generated or external electro-magnetic fields are more important
than the direct interactions between individual charged particles. The temperature
is so high, that the thermal energy of the particles is much greater than the binding
energy between electrons and ions. In this thesis we will consider the temperature
to be high enough so that the plasma is completely ionized. The interactions be-
tween individual charged particles are called collisions. In such hot, completely
ionized media collisions are rare, and the mean free paths are long. The studies
in this thesis are devoted to the dynamics of electron plasma in a mainly strong
magnetic field which is largely of external origin. The collective behaviour of the
plasma is in principle of electro-magnetic nature. Electrons in a magnetic field
describe fast gyrating orbits around the field lines. The particles are bound to
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the field lines. Along the field the particles are almost unconstrained to stream.
This brings a strong anisotropy of the plasma motion. The gyro-orbits of the par-
ticles are small and averaging over this fast motion and over a large number of
particles gives a fluid model description for both the electrons and ions. Due to
the anisotropy the plasma can maintain large gradients across the magnetic field,
while the fast parallel motion quickly smoothes out gradients along the field. As
a result, parallel length scales are thus much larger than perpendicular scales.

In this thesis interest is in the windows in time and length scales where the
electrons can be described by fluid models. This means that time scales have
to be away from ω−1

pe and ω−1
Be in order to avoid resonances with the electron

plasma and cyclotron waves respectively. Spatial scales may fall below the elec-
tron collisionless skin-depth de = c/ωpe, but remain larger than the Debye radius
λD = vth/ωpe where vth is the thermal velocity of electrons. For strongly mag-
netized plasma where ωBe/ωpe = O(1), the Debye radius and the electron gyro-
radius ρ = vth/ωBe are typically of the same order of magnitude, so that we may
adopt a fluid description of the electrons.
In general, plasmas are said to be strongly magnetized if the phenomena of interest
have frequencies well below the gyro frequencies. We consider phenomena in a
strongly magnetized electron plasmas with frequencies ω well below the electron
gyro and plasma frequencies and above the corresponding ion frequencies:

ωBi, ωpi � ω � ωBe, ωpe. (1.1)

In this regime the electrons are magnetized and their dominant motion perpendicu-
lar to the field lines is the E×B drift. The current is carried by the electrons only.

For phase velocities that are small as compared to the speed of light, so that
l2 � c2/ω2, the displacement current is negligibly small as compared to the
rotation of the magnetic field in Ampere’s law. In this case the plasma is con-
sidered to be quasi-neutral, i.e., the density of electrons is almost equal to the
neutralizing background density of ions ne ' n0. Electron density perturba-
tions due to fluid compressibility become important at scale-lengths l ≤ λ, where
λ = B/4πen = (ωBe/ωpe) de is the magnetic Debye radius.
At scales of the order of the electron inertial skin depth de = c/ωpe, electron iner-
tia effects become important. In case of alignment of pressure and density where
the electro-motive force ∇p × ∇n vanishes and upon neglecting density pertur-
bations, the curl of the generalized electron momentum (generalized vorticity)
rather than the magnetic field is frozen into the electron fluid [5]. Consequently
conversion between particle momentum and magnetic field may occur without
violating the conservation law. On the other hand, at scales of the order of the
magnetic Debye radius λ, the electron plasma becomes compressible and the area
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inside a closed contour moving with the electron fluid is not conserved. Since the
enclosed generalized flux is constant, the generalized vorticity changes its value
when the area inside the contour changes. In 2 1

2
D, this implies that the general-

ized vorticity per particle (also called the generalized potential vorticity) is point
wise conserved [7].
In this regime the electron dynamics are described by a fluid model, which is
called the electron magnetohydrodynamics model (EMHD). This model will be
introduced in Chapter 2. Examples of subjects where EMHD has been applied
are the analysis of nonlinear vortices [6, 8], to model collisionless magnetic re-
connection [9], to study vortex interactions in the wake of a laser pulse [10] and
to study the dynamics of fast Z−pinches [11]. Since EMHD describes phenom-
ena on time scales just above the electron-gyro period, it could be used to study
plasma heating due to power absorption from electron cyclotron waves [12]. Re-
cently, the model of EMHD has been used to study plasma turbulence [13]–[17].

In this thesis the model of electron magnetohydrodynamics is used to inves-
tigate two aspects of the electron plasma. The first aspect is the generation of
electron vortical structures by strong localized heating analytically and numeri-
cally. Magnetic structures are generated by the thermal electro-motive force that
arises due to non-alignment of pressure and density gradients. Their topology
is determined by the heating power and the equilibrium density gradient. These
structures are shown to be capable of confining and transporting heat across the
plasma. The long term behaviour of the structures agrees qualitatively with the be-
haviour of stationary equilibrium solutions. As these structures survive for rather
long times, a filamentary profile of the temperature develops. The second part
deals with the properties of the turbulence in EMHD.

The second aspect is the small-scale turbulence at high frequencies. We will focus
on decaying turbulence. The strategy was to start with perturbations with specific
mode numbers and to simulate the ensuing turbulence while it decays into a (usu-
ally self-similar) state that is insensitive to the details of the initial perturbations
and therefore has a number of universal characteristics. Analysis of the simula-
tion results has shown that properties of the turbulence are different for scales that
are larger or smaller than the inertial skin depth, the intrinsic scale in the electron
fluid.

1.2 Generation of electron vortex
So far the studies of phenomena that occur in a tokamak plasma during strong
localized heating, such as electron cyclotron resonant heating (ECRH), are mostly
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Figure 1.1: Mechanism of magnetic field generation. The generated magnetic field is constant
along the current flow lines (dotted lines).

limited either to basic wave-plasma interaction processes or to the influence of the
power deposition on transport and equilibrium time scales. In the former case one
deals with a very fast time scale of the order of ω−1

Be where ωBe is the electron gyro-
frequency. In the latter case one investigates processes on long time scales even
up to the global energy confinement time. As a result a wide gap of intermediate
time-scales remains uncovered by existing studies. In this thesis we investigate the
possibility of generating coherent vortical structures by strong localized heating
in the high-frequency range of the mentioned gap. The window of time scales of
interest in this thesis lies between the ion and electron gyro periods, and thus it
extends approximately over 103 nanoseconds.

The generation of vortical structures in magnetized plasmas has been the sub-
ject of numerous studies. Several mechanisms have been analyzed. Among
them, the generation of vortical structures in a plasma due to the Weibel insta-
bility [18, 19] where the parallel pressure exceeds the perpendicular, and the gen-
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eration of vortical structures due to inverse bremsstrahlung in the case of fast laser
plasma heating [20]. A particular mechanism of formation of vortical structures
in a tokamak plasma during ECRH has been put forward in Ref. [21]. Accord-
ing to Ref. [21], the incident electron-cyclotron wave decays into a drift-Alfvén
and a scattered electro-magnetic wave. As the amplitude of the drift-Alfvén wave
increases it transforms into a drift-Alfvén vortex.

In our case, the heating is localized in the plane perpendicular to the mag-
netic field and gives rise to increase of the perpendicular pressure. The generation
of vortical structures is due to the non-vanishing electro-motive force ∇p × ∇n
that directly generates nonlinear electron motions, where p is the pressure and
n is the density. This mechanism has been considered within the context of the
spontaneous generation of magnetic field in laser-produced plasmas [22, 23]. The
formation of vortical structures can be qualitatively explained as follows. Strong
localized heating leads to perturbations of the electron temperature and causes
pressure gradients. The electro-motive force ∇p × ∇n, acts as a source term in
the evolution equation for the magnetic field. When a plasma with a uniform den-
sity gradient in the vertical direction is heated locally, where the heated domain
has a circular shape, the generated magnetic field and the corresponding vortical
electron flow have a dipolar structure. This is illustrated in Fig. 1.1.

1.3 Properties of turbulence
Turbulence has been studied both in the context of non-conducting as well as con-
ducting fluids. The studies of turbulent systems in non-conducting fluids have
attracted considerable attention, notably in Navier-Stokes theory (for example
see [24, 25, 26]). Studies of the properties of turbulence in conducting fluids, like
plasmas, are relatively recent. An example is magnetohydrodynamic turbulence
(e.g., [27]). A few papers have appeared recently on EMHD turbulence [13]–[17].

Present day concepts of fluid turbulence are largely based on ideas that were
first put forward by Richardson [29]. The turbulence is assumed to be homoge-
neous and isotropic in space and time. Richardson proposed that turbulence can
be described as a hierarchy of disturbances on different scales. Eddies of a cer-
tain scale would be the result of the instability of larger eddies. In this scenario,
Richardson assumed a cascade process of larger eddies down to smaller eddies. In
this cascade process energy flows from larger eddies towards smaller and smaller
eddies down to the smallest scale where the energy is removed by dissipation. In
this picture, the nonlinear interactions are assumed to be local, i.e., the interac-
tions are limited to neighbouring eddies.
Kolmogorov further developed and formulated the ideas of Richardson [28]. He
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introduced an inertial range in which energy is transported from large eddies to
smaller eddies. This range of scales is bounded from above by the size of the
eddies at which energy is injected and from below by the size of the dissipation
scale. In this range viscosity effects are unimportant. The essential assumption
of Kolmogorov is that in the inertial range the energy flux is uniform over all ed-
dies, which means that it is independent of scales. This implies that in the inertial
range, where there is no energy dissipation, the energy flux should be equal to
the mean energy dissipation rate 〈ε〉. The hypothesis of Kolmogorov for isotropic
homogeneous turbulence can be summarized as follows: In the inertial range, the
statistical properties of the turbulence are uniquely and universally determined by
the scale l, where l is in the inertial range, and the mean energy dissipation rate
〈ε〉.
Figure 1.2 gives a graphical representation of the Kolmogorov theory. The ed-
dies of various sizes are represented as blobs stacked in decreasing sizes. The
uppermost eddies have a size l0. The successive generations of eddies have sizes
ln = l0r

n, (n = 0, 1, 2, . . . ) where 0 < r < 1. The value of r depends on the
character of the turbulence (the choice r = 1/2 is the most common). The small-
est eddies have scales ld, the Kolmogorov dissipation scale. The number of eddies
per unit volume grows with n as r−3n if eddies of different scales are space-filling.
Energy introduced at the top at a rate 〈ε〉 per unit mass, is cascading down this hi-
erarchy of eddies at the same rate 〈ε〉. Figure 1.2 illustrates clearly the localness
of interactions, which means that in the inertial range the energy flux 〈ε〉 at scale l
involves predominantly scales of comparable size namely, rl and r−1l. The scale
invariance within the inertial range is equivalent to assuming that eddies at each
scale are solutions of a scale invariant set of equations.

The 2DNavier-Stokes equation contains two quantities that are pointwise con-
served in the limit of zero viscosity, energy and enstrophy. The simultaneous con-
servation of these two quantities enforces the energy to have an inverse cascade,
i.e., energy flows towards large scales, whereas the enstrophy exhibits a direct
cascade, i.e., enstrophy flows towards small scales.
The inverse cascade of energy can be realized if the system is forced by injecting
energy and enstrophy at small scales. In that case the energy cascades towards
scales larger than the injection scale. In that range of scales, the scaling symme-
tries of the equation together with the assumption that the energy flux is invariant
through the scales determine the energy spectrum to be k−5/3. On the other hand,
if energy and enstrophy are injected at large scales, the direct cascade of enstrophy
can be realized in the scales below the injection scale. In that range of scales, the
scaling symmetries of the equation together with the assumption that the enstro-
phy flux, instead of the energy flux, is invariant through the scales determine the
energy spectrum to be k−3.
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Figure 1.2: The cascade according to the Kolmogorov 1941 theory. Energy is injected at eddies
of size l0 and flows towards smaller and smaller eddies until it is dissipated at scale
ld.

The tools to analyze the statistical properties of the turbulence at different
scales are the structure functions. Structure functions are correlations of two-
point differences of any fluctuating function. An example of such a fluctuating
function is the velocity. A structure function of order p is defined as

Sp(l) = 〈(δv(l))p〉 δv(l) = 〈v(x+ l)− v(x)〉, (1.2)

where the angular bracket denotes average over time or equivalently over the dis-
tribution function. The structure function gives a measure of the amplitude of the
function δv(l) at the scale l. The velocity difference δv(l) is assumed to be scale
invariant in the inertial range. By scale invariance we mean the following. Define
a family of scale dilation, via

l → λ l, δv(λl)→ λh δv(l), (1.3)

for any real number h and positive real number λ. The velocity difference δv(l) is
said to be scale invariant if δv(λl) and δv(l) have the same statistical properties.
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The scale invariance, in the inertial range, implies that all moments of fluctuations
at scale l have a power law dependence on l,

Sp(l) ∝ lζp . (1.4)

A complete picture of the turbulence in the inertial range is obtained from the set
of exponents ζp, p = 1, 2, . . . of the structure functions. An exact relation can be
derived for the third order structure function in case of Navier-Stokes equation,
S3(l) = −4/5〈ε〉l [26]. This relation is referred to as the fourth-fifth law, and it
has been supported by experiments and numerical simulations. From the four-fifth
law, one can determined the exponent h given in Eq. (1.3) as h = 1/3. On the
basis of the four-fifth law, Kolmogorov [28] conjectured that in the inertial range,
structure functions have a simple scaling as in Eq. (1.4) with ζp = p/3. Exper-
iments and numerical simulations do not support this linear relation for p > 3.
There are firm evidences that ζp substantially deviate from the linear relation for
large p in a concave manner [26], a phenomenon usually attributed to intermit-
tency. The associated corrections to the linear relations ζp = p/3 could be related
to the possibility that moments of different orders of the dissipation rate might de-
pend on the scale l. Since 〈(lεl)p/3〉 has the same dimension as Sp(l), the scaling
of the structure function can be written more explicitly as

Sp(l) ∝ 〈εp/3l 〉lp/3. (1.5)

Here, εl is the local spatial dissipation rate averaged over a sphere of radius l

εl =
3

4πl3

∫

|s|≤l
ds ε(s + r), (1.6)

and that εl is statistically scale independent, i.e., 〈εl〉 ≡ ε̄ does not depend on the
scale l. Note that if all moments of the dissipation rate εl is independent of l so
that 〈εp/3l 〉 ∝ 〈εl〉p/3, the scaling of the structure function in Eq. (1.5) reduce to
that of Kolmogorov [28] where the exponent ζp depends on p linearly as ζp = p/3.
Several models have been proposed to explain the intermittency corrections to ζp.
Among them is the β model [26]. In this model it is assumed that intermittency
arises if the turbulence has a fractal character and is not space-filling, this would
imply that eddies at different scales are less space-filling. The idea of the β model
is that at each scale, the number of “daughters” of a given “mother-eddy” is such
that the fraction of volume occupied is decreased by a factor β (0 < β < 1). The
factor β is an adjustable parameter of the model. The fraction fl of the volume
which is “active”, i.e., within a daughter-eddy of size l = rnl0, decreases as a
power of l as fl = βn = (l/l0)3−D, where 3 − D ≡ ln β/ln r, and D can be
interpreted as a fractal dimension. This implies that the dissipation rate should be
replaced by
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εl → εl

(
l

l0

)3−D
. (1.7)

This model leads to a prediction of the of the exponents, ζp, given by [26]

ζp =
p

3
+ (3−D)

(
1− p

3

)
. (1.8)

Note that from Eq. (1.8) the exponents ζp predicted by the β model depend lin-
early on p. The random β model [26] and the multifractal model [26] offer a more
general description of the fractal character of the turbulence and lead to predic-
tions of exponents ζp that depend nonlinearly on p.
Another model which has been proposed to explain intermittency corrections to
the exponents ζp is the log-normal model [30, 31]. In this model it is assumed that
the logarithm of the local spatial averaged dissipation rate given in Eq. (1.6) has a
normal distribution. The variance σ2

l = 〈[ln εl − 〈ln εl〉]−2〉 of the quantity ln εl is
assumed to be given by

σ2
l = A+ µ ln

L

l
, (1.9)

where A is a constant which depends on the global scale of the statistics, µ is
a constant called the intermittency parameter and L is the global scale. In his
1962 paper [30], Kolmogorov refined his existing similarity hypothesis by adding
a third similarity hypothesis in which he stated that: The local spatial averaged
energy dissipation rate, 〈εl〉, has a log-normal distribution.

More recently She and Leveque [32] have proposed a model to describe intermit-
tency in hydrodynamic turbulence. The model deals with moments of the nondi-
mensional dissipation rate πl = εl/ε

(∞)
l . Here, ε(∞)

l ≡ limp→∞ 〈εp+1
l 〉/〈εpl 〉 is a

quantity tracing the tail of the distribution of εl and corresponds to the most inter-
mittent structure. The main assumption in the model of She and Leveque is that
due to some ”hidden statistical symmetries”, moments of consecutive orders of
the nondimensional dissipation rate πl at scale l obey a hierarchal structure given
by

〈πp+1
l 〉
〈πpl 〉

= Ap

( 〈πpl 〉
〈πp−1

l 〉

)γ
, 0 < γ < 1, (1.10)

where the coefficients Ap are independent of the scale l. The parameter γ is char-
acteristic of the intermittency of the turbulence; the limit γ → 1 corresponds to
non-intermittent turbulence, whereas the opposite limit γ → 0 represents an ex-
tremely intermittent state. It can be seen that the hierarchy in Eq. (1.10) implies
that
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〈πpl 〉 ∝ 〈πl〉(1−γ
p)/(1−γ). (1.11)

This relation between moments of πl is satisfied by a whole family of probability
distribution functions. Dubrulle [33] pointed out that the probability distribution
function is a log-Poisson distribution of the nondimensional dissipation rate πl. In
addition to the assumption of the recursion relation of the moments of πl given
in Eq. (1.10), the model of She and Leveque is based on two other assumptions.
The first assumption is that the structure functions of the velocity increment have
a scaling behaviour similar to that in Eq. (1.5). The second assumption is that
the quantity ε(∞)

l shows a divergent scale dependence ε(∞)
l ∝ l−∆ but remains

finite as l approaches the dissipation scale, with ∆ being a parameter depending
on the co-dimension of the dissipative structure. Explicit use of the last two as-
sumptions together with Eq. (1.11), implies that the structure functions obey the
scaling Sp(l) ∝ lζp , with

ζp = (1−∆)
p

3
+ ∆

(1− γp/3)

1− γ . (1.12)

In 3D hydrodynamic turbulence where the dissipative structures are vortex fila-
ments, i.e., 1D structures, She and Leveque [32] assumed that the most intermit-
tent structures exhibit a regular Kolmogorov energy scaling. These two assump-
tions determine the values of ∆ and γ, viz. ∆ = γ = 2/3. Upon substituting
these values in Eq. (1.12), we obtain the exponents predicted by She and Leveque
as ζp = p/9 + 2

[
1− (2/3)p/3

]
.

The prime aim of this part of the research is to study the properties of decay-
ing turbulence in the 2 1

2
D EMHD model by investigating the spectral decay laws,

the cascade directions of the quadratic ideal invariants of the model and the time
behaviour of the energy. The emphasis is on the numerical investigations of 2 1

2
D

decaying EMHD turbulence. Moreover we will investigate higher order spatial
structure functions on the basis of the theories developed for Navier-Stokes turbu-
lence.
In case of uniform equilibrium density and in the absence of density perturba-
tions and heating effects, the 2 1

2
D EMHD model contains a single length scale,

the electron inertial skin depth de. Turbulent processes in EMHD exhibit different
character for scales much smaller or much larger than de. The 21

2
D EMHD model

consists of two coupled equations that advance two potentials in time. These two
potentials determine the components of the magnetic field. The 2 1

2
D ideal model

conserves the total energy and possesses two sets of invariants (Casimirs). The
quadratic versions of the latter are the mean square of the generalized parallel
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momentum and the mean generalized helicity. These ideal invariants enforce the
system to exhibit both direct and inverse spectral cascades. We will restrict our-
selves to investigate the spectral properties of energy and mean (volume averaged)
square generalized momentum, whereas net generalized helicity will be equal to
zero. In our effort to apply the Kolmogorov theory to EMHD turbulence, we will
assume that the turbulence picks up the scale invariant solutions. Moreover we
will assume that the energy flux is invariant through the scales and is independent
of the viscosity coefficient.

A Kolmogorov-type of scaling for the spectra of the ideal invariants is obtained
by using the scaling symmetry of the equations and taking the spectral flux of
energy to be the invariant quantity [28]. Because the EMHD model contains the
scale length de, such a symmetry only exists in the limits kde � 1 and kde � 1.
Different from 2D Navier-Stokes turbulence where the energy exhibits an inverse
cascade, in 2 1

2
D EMHD turbulence energy exhibits a direct cascade in the long

scale range kde < 1 as well as in the small scale range kde > 1. The mean square
momentum exhibits an inverse cascade in the range kde < 1 and a direct cascade
in the range kde > 1.
In the small de limit, the energy is characterized by a k−7/3 spectrum, whereas the
spectrum of the mean square generalized momentum is characterized by k−13/3.
Both spectra are verified numerically.
Similarly in the large de limit, power law spectra of the ideal invariants can be
determined by using the scaling symmetries of the equations together with the
assumption that the energy flux is invariant through the scales. However, these
spectra are not verified numerically. More discussion about this issue will be
given in Chapter 4.

Previous numerical studies of 2 1
2
D decaying EMHD turbulence [13]–[14] and [17]

have focused on investigating the spectral properties of the energy. These studies
have shown that the energy spectrum follows a k−7/3 decay law for kde < 1 and
k−5/3 for kde > 1. In Refs [13, 14] it is also shown that in the phase of fully
developed turbulence, energy dissipation rates are independent of the diffusion
coefficients.

In Chapter 4 we have analyzed the spectral properties of energy and mean
square generalized momentum. Numerical analysis of the spectra in the small de
limit indicates that energy and mean square generalized momentum are charac-
terized by spectra that are consistent with an energy flux that is independent of
the scales. These findings suggest that not only in 2D Navier-Stokes, but also in
21

2
D EMHD, the spectral behaviour of low order structure functions is in agree-

ment with the assumptions of Kolmogorov [28]. The issue of the validity of a
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Kolmogorov-type law in EMHD has been the subject of study in Ref. [15], where
the analogue of the Kolmogorov four-fifth law is derived for 2 1

2
D homogeneous,

isotropic EMHD.
In general knowing the behaviour of low order structure functions does not nec-
essarily provide a complete description of the turbulence. This is because the
statistical properties of turbulence at small scales are poorly described by low or-
der structure functions. A more realistic description of the turbulence is obtained
by analyzing the higher order structure functions.
The scaling behaviour of higher order structure functions in 2 1

2
D EMHD turbu-

lence is analyzed by applying the general formalism of equivalence of reference
fields in scale invariant systems [38].
The 21

2
D EMHD equations (2.43) and (2.44) are not scale invariant in general be-

cause they contain the intrinsic scale length de. The equations are scale invariant
in the limits d2

e∇2 � 1 as well as d2
e∇2 � 1. This means that only in these limits,

the general formalism of equivalence of reference fields in scale invariant systems
can be used to analyze the scaling behaviour of higher order structure functions in
21

2
D EMHD turbulence.

Recent studies of the scaling behaviour of high order structure functions in 2 1
2
D

turbulence have been performed in the large de limit where the coupling term is
negligibly small as compared to the convection term [34]. In this limit the 2 1

2
D

equations decouple into a Navier-Stokes equation and a passive scalar (current
density) convected by the turbulent flows. In Ref. [34] the exponents of high order
structure functions of velocity increment and increment of the passive scalar are
calculated using the general formalism of equivalence of reference fields in scale
invariant systems [38]. Indeed, the scaling exponents of the structure function of
velocity increment are found to depend on the order p in a nonlinear way similar
to that in hydrodynamic turbulence.
The discussion we presented here on the properties of turbulence is based on the
hypothesis that the turbulence is stationary. The numerical simulations discussed
in this thesis refer only to decaying turbulence. Decaying turbulence may be af-
fected by the lack of stationarity since there is no continuous source of energy
input. However, if the spectra of the conserved quantities are established on time
scales that are short as compared to the time scale on which the global physical
quantities decay, then the turbulence is quasi-stationary.

Studies of the properties of turbulence in conducting fluids, indicate interesting
similarities and differences with non-conducting fluids. Unlike nonconducting
fluids, incompressible conducting fluids can support a variety of waves. The ex-
istence of these waves leads to subtle effects in turbulence. For example, tur-
bulence in 3D magnetohydrodynamics (MHD), which supports dispersionless
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Alfven waves as normal modes, has been explored in considerable details. There
are suggestions that the presence of such waves may lead to a modification in the
power spectral index from that predicted on the basis of Kolmogorov’s theory.
In case of a background magnetic field in the transverse plane, the 2 1

2
D EMHD

model contains the dispersive whistler waves as normal modes. In a recent study
it has been shown that these modes lead to equipartition between the energy Eb,
which consist of the axial magnetic energy and poloidal kinetic energy, and Eψ,
which is the sum of the poloidal magnetic energy and the axial kinetic energy,
but have no effects on the decay exponents of the spectra [17]. We do not take
into account a background magnetic field. Therefore, our system does not contain
linear whistler modes.

1.4 Outline of the thesis
In this thesis the generation of electron vortical flows, and the properties of turbu-
lence in the context of electron magnetohydrodynamics are investigated numeri-
cally and analytically.

In Chapter 2 derivations of the model of electron magnetohydrodynamics are
presented. First, the EMHD equation in the presence of heating effects are pre-
sented, where pressure effects as well as density inhomogeneity and perturbations
are taken into account. This setup is used to study the generation of electron vor-
tex by strong localized heating. In the preceding section the standard EMHD is
discussed. This is used to study the properties of turbulence in EMHD. Finally
we give a brief discussion on the scaling symmetries of the standard EMHD equa-
tions.

Chapter 3 is devoted to the study of generation of electron vortical structures
by means of strong localized plasma heating. It is shown that strong localized
heating of a non-uniform plasma on fast time scales leads to the generation of
magnetic structures. The process of their formation is described by compressible
electron magnetohydrodynamics complemented by a heat balance equation. The
magnetic structures are generated by the so-called thermal electro-motive force
∇p × ∇n. The initial topology of the structures is determined crucially by the
power source and the equilibrium density gradient. A Gaussian distributed power
source in combination with a linear density gradient generates a dipole with its
axis aligned with the density gradient. Eventually the dipole halves evolve into
two weakly coupled monopoles, each one being an approximate equilibrium so-
lution of the equations. In all cases, except when both electron inertia and density
perturbation are taken into account, one of the monopoles is static and remains
in the heating zone and the other one leaves the heating zone. For continuous
heating of the plasma and in the presence of finite electron inertia and density
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perturbation, it is shown that a series of a quasi-stationary structures that confine
the electron heat and propagate in a direction perpendicular to∇ne are generated.
This in turn results in a filamentary profile of the electron pressure. Among these
structures those that have low values of the total pressure corresponding to small
density perturbations, might be rather insensitive to ion motion. On this basis it is
expected that they will survive on time scales that are long compared with those
described by EMHD.

The spectral properties of decaying turbulence in EMHD are investigated nu-
merically and analytical in Chapter 4. It is shown that turbulent processes in
EMHD exhibit a different character for scales much smaller or much larger than
the electron skin depth de. In the large scale regime, kde < 1, our numerical sim-
ulations indicate that the turbulence decays into a self-similar state shortly after
the onset of the initial perturbations. The cascade directions of both the energy
and the mean square momentum are in agreement with indications obtained from
equilibrium statistics. Their spectra are consistent with those obtained from the
scaling symmetry of the governing equation together with the assumption of in-
variant energy flux.
The time behaviour of the turbulent energy is discussed on the bases of two meth-
ods that were previously applied in Navier-Stokes as well as in MHD turbulence.
The first of these is selective decay [36, 37, 27], which is applicable if certain
quantities decay at slower rate than others and can thus be considered constant.
The second method is based on the assumption that the turbulence possesses an
infrared asymptotic scaling [26]. The former method is used to determine the time
behaviour of the total energy. The latter method together with a constant linear
momentum, is used to obtain the time behaviour of the peak of the energy spec-
trum in k−space during the early evolution of the turbulence. The time behaviour
of the total energy is found to be consistent with that obtained from selective de-
cay. The maximum of the energy spectrum shifts towards low mode numbers and
decays in time in agreement with the infrared scaling of the turbulence.

In the small scale regime kde > 1, both energy and mean square momentum are
found to exhibit a direct cascade. Our numerical simulations reveal that no sta-
tionary turbulent state could be found as long as initially the axial kinetic energy
is large compared to the poloidal kinetic energy. In that case, the global physi-
cal quantities decay well before turbulent macroscopic quantities have established
similar space-time behaviour, and the turbulence is infected by the lack of station-
arity. We argue that the lack of stationarity in this regime could be due either of
two reasons: the first one is that in this configurations, the turbulence prefers to
pick up non-stationary solutions. The second reason is related to our limited nu-
merical capability in the sense that the numerical setup we used does not provide
a suitable environment to realize a stationary turbulent state.



1.4. Outline of the thesis 23

The only stationary turbulent state we attained in the small scale regime is when
the poloidal kinetic energy is larger than or equal to the axial kinetic energy ini-
tially. In this limit the system decouples into a Navier-Stokes equation and a
passive scalar equation.

Chapter 5 is dedicated to analyze the scaling behaviour of higher order struc-
ture functions of 2 1

2
D EMHD turbulence. The third order structure function sat-

isfies an exact relation S3(l) ∝ 〈ε〉 l [15], the counterpart of Kolmogorov fourth-
fifth law.
Since no further exact relations seem to exist, the only viable approach to obtain
information about higher order structure functions consists of phenomenological
modeling using some physical picture of the turbulence dynamics.
The strategy adopted in analyzing the scaling behaviour of high order structure
functions is to apply the method of equivalence of reference fields in scale invari-
ant systems developed by Dubrulle and Graner [38] to 2 1

2
D EMHD turbulence.

The 21
2
D EMHD equations (2.43) and (2.44) are not scale invariant in general

because they contain the intrinsic scale length de. This means that relevant (dy-
namical) quantities like the dissipation rates of the conserved quantities are not
scale invariant because they contain the scale length de as well. The equations are
scale invariant in the limits d2

e∇2 � 1 as well as d2
e∇2 � 1. We will restrict the

analysis of the scaling behaviour of high order structure functions to these limits.
The 21

2
D EMHD equations advance two fields, b and ψ, in time. In order to be

able to express arbitrary moments of scale invariant fields 〈bqlψpl 〉 as power in l,
two hierarchies of structure functions are required.

Finally, we give a summary of the issues covered in the thesis.
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2. Fluid description of the electron plasma

In this chapter the mathematical description of the plasma model which is used in
this work is given. In Section 2.2 we give a detailed description of the 3D model
of electron magnetohydrodynamics (EMHD) in the presence of heating and pres-
sure effects. The 2 1

2
D model is discussed in Sec. 2.3. The 2 1

2
D EMHD model in

the absence of heating and pressure effects is discussed in Sec. 2.4.
In Sec. 2.5 the scaling symmetries of the 2 1

2
D EMHD equations are used to ana-

lyze spectra of the ideal invariants. A description of the numerical scheme used is
given in Sec. 2.6.

2.1 Electron magnetohydrodynamics
Electron magnetohydrodynamics (EMHD) [1, 2] provides a fluid description for
the electron plasma at small length and short time scales. In this thesis we will
employ the EMHD model to study phenomena in a strongly magnetized plasma
with characteristic frequencies ω that are small compared to the electron gyro
frequency and plasma frequency, and large compared to the corresponding ion
frequencies

ωBi, ωpi � ω � ωBe, ωpe, (2.1)

where ωBe = eB0/mc is the electron gyro frequency, ωpe = (4πe2n0/m) is the
electron plasma frequency, m is the electron mass, B0 and n0 are typical val-
ues of the magnetic field and electron density, respectively, and ωBi, ωpi are the
corresponding ion frequencies. In view of (2.1) ions are unmagnetized and their
velocity perpendicular to the background magnetic field is much smaller as com-
pared to that of the electrons. This restricts the characteristic scale lengths to be
smaller than the ion skin-depth l � di ≡ c/ωpi. Ions are so massive relative
to the electrons so that their velocity parallel to the background magnetic field
is much smaller than that of the electrons. With this ordering all motions of the
ions can be neglected, and the ions provide an immobile neutralizing background.
The electrons are magnetized and determine the dynamics completely. In partic-
ular, the current is carried by the electrons only. From the inequality (2.1) the
electrons are magnetized but kinetic effects like magnetic resonances and plasma
waves resonances are absent. Spatial scales may fall below the electron collision-
less skin-depth de = c/ωpe, but remain larger than the Debye radius λD = vth/ωpe
where vth is the thermal velocity of electrons.
For strongly magnetized plasma where ωBe/ωpe = O(1), the Debye radius and
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Figure 2.1: Ranges of validity of EMHD.

the thermal electron gyro-radius ρ = vth/ωBe are typically of the same order of
magnitude. This guarantees a fluid description for the electron plasma.
The ranges in time and length scales where EMHD is applicable are illustrated in
Fig. 2.1.

We consider a strongly magnetized and hot plasma. The plasma pressure is small
compared to the magnetic pressure. The plasma temperature is high, so that col-
lisions are rare and therefore collisional effects like resistivity and viscosity are
small.

2.2 3-dimensional EMHD with pressure effects
The momentum balance equation of the electron fluid is given by

∂v

∂t
+ v · ∇v = − e

m
E− e

mc
(v ×B)− ∇·P

mn
− ν∇2v. (2.2)

Here, m is the particle mass, v is velocity, e is the electron charge, n is den-
sity, ν is the viscosity coefficient. The first two terms on the right-hand side of
Eq. (2.2) corresponding to the electric and Lorentz forces are the leading order
terms. They determined the E × B drift velocity, vE = (c/B2)E×B, which is
the dominant component of the electron velocity perpendicular to the background
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magnetic field. The gradient of the isotropic part of the pressure tensor given in
the third term, determines the diamagnetic drift velocity vp = (c/enB2)∇p×B.
The terms on the left-hand side of Eq. (2.2) are due to electron inertia which be-
comes important at scale lengths of the order of the electron skin depth de. The
divergence of the pressure tensor is expressed as ∇ · P = ∇p + ∇ · Π, where
p is the isotropic part of the pressure tensor, and ∇ · Π is the divergence of the
non-collisional part of the stress tensor. Note that the divergence of the collisional
part of the stress tensor is written explicitly in the last term on the right-hand side
of Eq. (2.2). The non-collisional part of the pressure tensor P is calculated from
the second moment of the distribution function f(t, r,v), via

P = pI +m

∫
d3v [(v − 〈v〉)(v− 〈v〉)] f̃(t, r,v), (2.3)

where I is the identity matrix, f̃(t, r,v) is the leading order perturbation of some
Maxwellian distributed function, and it is calculated from a collisionless drift-
kinetic equation.
Now we consider a strongly magnetized plasma, with a dominant magnetic field
B0ez along the z− axis and a small perpendicular perturbation. To leading or-
der in the perturbations, the divergence of the stress tensor is given by (See Ap-
pendix 2.A for the derivation)

∇ ·Π
nm

= −(vp · ∇)vp −
1

2nm2ω2
Be

∇∇2pT − 1

2
(vp · ∇)vE

− 1

2nm2ωBe
∇· [p∇(vE × ez)] + [(v · ∇)vp] ez. (2.4)

Note that the first term on the right-hand side of Eq. (2.4) cancels exactly with the
corresponding contribution from the inertia term. The third term on the right-hand
side of Eq. (2.4) contains a factor 1/2. As a consequence the cancellation with the
corresponding contribution from the inertia term is not complete.
The magnetic and electric fields appearing in (2.2) are described by the Maxwell
equations

∇×B =
4π

c
j +

1

c

∂E

∂t
, (2.5)

∇× E = −1

c

∂B

∂t
, (2.6)

∇ ·B = 0, (2.7)
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∇ ·E = −4πen. (2.8)

Here, j = −env is the current density. The current is completely carried by the
electrons. Using Maxwell equation (2.5), one may express the electron velocity
in terms of the electro-magnetic field

v = − c

4πen
∇×B +

1

4πen

∂E

∂t
. (2.9)

We consider phase velocities that are small as compared to the speed of the light,
so that l2ω2 � c2. As a consequence, the displacement current is negligibly small
as compared to the rotation of the magnetic field in Eq. (2.9). In this case the
plasma is considered to be quasi-neutral, i.e., the density of electrons is almost
equal to the neutralizing background density of ions. Thus for slow plasma mo-
tion the displacement current can be neglected except when the first term on the
right-hand side of (2.9) is annihilated by taking the divergence. In that case the
divergence of the displacement current determines the value of∇ · (nv) and con-
sequently the density perturbation. This is expressed by the electron continuity
equation.

∂n

∂t
+∇ · (nv) = 0. (2.10)

2.2.1 Parallel motion
For simplicity of the calculations, we will neglect the viscosity term in the electron
momentum balance equation. Later, when considering the numerical solutions of
the equations the viscosity term will be retained in the form of hyperviscosity.
Keeping only terms up to O( ρ

2

l2
), the z− component of the electron momentum

balance equation (2.2) is given by

(
∂

∂t
+ v · ∇

)
(vz − ωBeψ)− (vp · ∇)vz =

e

m

∂φ

∂z
− ωBe

(
∂

∂z
(A)

)
· v− 1

mn

∂p

∂z
. (2.11)

Here, the electric field is given by E = −∇φ− 1/c(∂A/∂t), with φ and A being
electrostatic and vector potential, respectively. We have used Az = B0ψ, where ψ
is the poloidal flux function. The second term on the left-hand side of Eq. (2.11)
is the z− component of the divergence of the stress tensor.
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2.2.2 Density perturbations

The electron density is taken in the form n = neq + ñ, where neq = neq(x, y)
is the background density and ñ is the density perturbation. Following Ref. [7],
the electron density perturbations can be expressed in terms of the magnetic field
and pressure perturbations by considering the Poisson equation (2.8) and the di-
vergence of the electron momentum balance (2.2). The latter allows to express
∇ ·E in terms of the magnetic field and pressure perturbations,

−4πeñ = ∇·E = −1

c
∇· (v ×B)−∇·

(∇p
en

)
+O

(
ω2

ω2
pe

)
+O

(
ρ2

l2

)
. (2.12)

Here, ρ = (T/mω2
Be)

1/2 is the electron gyro-radius. The terms proportional to(
ω2

ω2
pe

)
and

(
ρ2

l2

)
on the left-hand side of (2.12) follow from the inertia and stress

tensor terms, respectively. On the basis of the inequality (2.1) and upon requiring
l2 � ρ2, the mentioned terms can be neglected. We assume that the equilibrium
is weakly inhomogeneous, so that lκn � 1 where κn is the inverse equilibrium
gradient scale length of the electron density. Further we assume ñ/n0 � 1, where
n0 is a reference value. We will show that this is consistent with the smallness of
the magnetic field and pressure perturbations with respect to the dominant equi-
librium magnetic field. Substituting the leading order expression of the electron
fluid velocity v = − (c/4πen0)∇ × B into (2.12), one obtains for the electron
density perturbation,

ñ

n0
' λ2

{
∇ ·
[

B

B0
×
(
∇× B

B0

)]
+∇2β

}
. (2.13)

Here, λ ≡ B0/(4πen0) = (ωBe/ωpe) de is the magnetic Debye radius where B0

and n0 are reference values of the magnetic field and density, respectively, and

β = 4π
p

B2
0

(2.14)

is the normalized electron pressure. We consider the magnetic field to have a
dominant contribution from the equilibrium field with a small perturbation B =
Beq + B̃, where the scale length of the equilibrium magnetic field is much larger
than that of the perturbations. According to Eq. (2.13), the density perturba-
tions are ñ/n0 = O(B̃/B0, β) for scale lengths (λ2/l2) = O(1). The self-
consistency of the model thus requires small magnetic field and pressure pertur-
bations, B̃/B0, β � 1.
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2.2.3 Vorticity equation

The electron vorticity equation is obtained by taking the curl of the electron mo-
mentum balance equation (2.2). Then using the induction equation to eliminate
the electric field, one obtains

∂Ω∗

∂t
= ∇× (v ×Ω∗) +∇×

(∇p
nm

+
∇ ·Π
nm

)
, (2.15)

where Ω∗ = (e/mec)B−∇× v is the generalized vorticity. Using the continuity
equation (2.10), (2.15) can be written in a more useful way

(
∂

∂t
+ v·∇

)
Ω∗n0

n
=

(
Ω∗n0

n
· ∇
)

v +∇×
(∇p
nm

+
∇ ·Π
nm

)
. (2.16)

This eliminates the explicit occurrence of ∇ · v from (2.16) and consequently
one can substitute for the electron velocity the leading order expression v '
−j/en0 ' − (c/4πen0)∇ × B. We introduce the normalized potential vortic-
ity Ω,

Ω ≡ Ω∗

n

n0

ωBe
≈ B

B0
− d2

e∇2 B

B0
+

(
1− n

n0

)
Beq

B0
. (2.17)

Here, B0 and n0 are typical values of the magnetic field and electron density,
respectively. Note that the normalized potential vorticity Ω as defined in (2.17),
is not divergence-free in three–dimensions. Upon substituting the leading order
expression for v into (2.16), we obtain

∂Ω

∂t
= ωBed

2
e [(∇× (B/B0) · ∇) Ω− (Ω · ∇)∇× (B/B0)]

+
1

ωBe
∇×

(∇p
nm

+
∇ ·Π
nm

)
. (2.18)

In this chapter we will discuss the following set of equations that describe three-
dimensional EMHD with pressure effects. The z− component of the electron
momentum balance equation (2.11), the expression for the density perturbations
(2.13) together with the definition (2.14), the z−component of the vorticity equa-
tion (2.18) and the definition (2.17) of the normalized potential vorticity Ω. Pres-
sure effects are accounted for upon adding an equation for the thermal energy
balance.
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2.3 21
2-dimensional EMHD with pressure effects

Notations
We start by listing some notations that are going to be used in the rest of this
Chapter.

• Derivatives are abbreviated by ∂t ≡ ∂/∂t, ∂x ≡ ∂/∂x, etc. The Jacobian
bracket [f, g] of two scalar quantities f and g is defined by

[f, g] ≡ ez · ∇f ×∇g = ∂xf∂yg − ∂yf∂xg. (2.19)

The bracket is antisymmetric, [f, g] = −[g, f ] and for any differentiable
function F (f) the bracket with f vanishes, [f, F (f)] = 0. For any three
differentiable scalar functions, the bracket satisfies the Jacobi identity

[f, [g, h]] + [h, [f, g]] + [g, [h, f ]] = 0 (2.20)

• Time and space coordinates are normalized as t → ωBed
2
e t and (x, y) →

(x/L, y/L) where de = c/Lωpe) and L is a characteristic length scale in the
system. In case the equations are used to study the generation of electron
vortices by means of strong localized heating, the scale length L is taken to
be the characteristic width of the heated region. On the other hand when the
equations are used to study the properties of turbulence, the scale length L
is associated with the size of the calculation box.

The three–dimensional equations obtained in the previous section for the com-
pressible EMHD model are rather complicated. Due to the dominance of the
equilibrium magnetic field, which we consider to be directed along the z–axis,
the plasma is strongly anisotropic. The scale lengths of the perturbation along the
strong field are typically much longer than the scale lengths in the perpendicular
plane. This anisotropy tends to restrict the dynamics to two dimensions while vec-
tor quantities may still have all three components. As a result phenomena taking
place in such systems are said to be 2 1

2
−dimensional (2 1

2
D). In that case the total

magnetic field can be written as [3, 5, 6, 7],

B = B0 [(1 + b)ez +∇ψ × ez] . (2.21)

Here, b(x, y, t) is the perturbation of the axial magnetic field, ez is the unit vector
in the ignorable z-direction, B0 is a large constant, and ψ(x, y, t) is the poloidal
flux function. The EMHD model reduces to three coupled equations together with
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an expression for the density perturbation.

Upon taking the z−component of (2.18), one obtains an evolution equation for
the z−component of the generalized potential vorticity Ω ≡ b− d2

e∇2b− (n− 1).
The corrections from the stress tensor are given by

ez
ωBe
· ∇ × ∇ ·Π

mn
= −(ωBed

4
e/2) ∇ · [ez ×∇β · ∇(∇b + 3∇β)

− (∇β · ∇)ez × (∇b+∇β)] .

These corrections are at most of the same order of the smallest term in (2.22).
In the presence of heating, these corrections remain small even at the end of the
heating process. They result neither in qualitative changes in the generation nor
in the dynamics of the structure we are studying. Thus they can be neglected, and
the evolution equation for Ω reduces to

∂Ω

∂t
= − [b,Ω]−

[
ψ,∇2ψ

]
+ [β, n] , (2.22)

In (2.22), Ω is convected by the streaming potential b. In case of non-alignment
of pressure and density gradients, the last term on the right hand side acts as a
source of vorticity. Equation (2.11) gives directly the evolution equation for the
z−component of the generalized momentum Ψ ≡ ψ − d2

e∇2ψ,

∂Ψ

∂t
= − [b,Ψ]−

[
β, d2

e∇2ψ
]
. (2.23)

Equation (2.23) describes the convection of the z−component of the generalized
momentum Ψ by the stream function b. The last term on the right-hand side is a
small correction arising from the stress tensor. The equilibrium poloidal magnetic
flux may be taken as ψ0 = −by x with by = By/B0 = constant. To remain
consistent with our model equations by must be chosen small enough. Note that if
ψ = 0 at the beginning of the evolution, then it remains so at any later time. The
expression for the density perturbation (2.13) reduces to

ñe = λ2∇2 (b+ β) . (2.24)

From Eq. (2.24) it follows that density perturbations should be taken into account
for scale lengths of the order of or below the magnetic Debye radius. Equations
(2.22)-(2.24) are complemented by an evolution equation for the perpendicular
electron pressure that is taken in its simplest form,

∂β

∂t
= − [b, β] + S, (2.25)
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where, S is the normalized power source, S → (4π/B2
0) (ωBed

2
e)
−1
S. Here, we

consider a collisionless plasma in the sense that on the relevant time scales pitch-
angle scattering is negligible such that perpendicular and parallel pressures are
independent. We assume that ECRH pumps transverse electron pressure only.
The value of the longitudinal electron pressure remains constant and is not essen-
tial for the problem under consideration. In our simulations we take a Gaussian
distributed heating source

S = S0 exp(−r2). (2.26)

Equations (2.22)–(2.26) form a closed set of equations for the 2 1
2
D compressible

EMHD model with pressure effects.

Upon multiplying (2.22) by b, (2.23) by−∇2ψ, (2.25) by n and adding the re-
sulting expressions, one finds the energy conservation equation, assuming proper
boundary conditions,

∂E

∂t
=

∫
dr nS(r, t). (2.27)

Here, the energy integral of the system, E, is given by

E = (1/2)

∫
dr{b2 + |∇ψ|2 + d2

e[|∇b|2 + (∇2ψ)2]

+λ2[∇ (b + β)]2 + 2βn}. (2.28)

The first two terms on the right-hand side of (2.28) represent the magnetic energy.
The subsequent two terms correspond to the kinetic energy. The following term
can be written as (b + β)ñ and corresponds to the electrostatic energy, while the
last term represents the internal energy.

2.3.1 Hamiltonian structure
In the absence of the heating source (S = 0), the system of equations (2.23),
(2.22) and (2.25) possess the following set of Casimirs,

∫
dr Ω,

∫
dr Ψ,

∫
dr f(β), (2.29)

where f is an arbitrary function. The set of equations (2.23), (2.22) and (2.25) can
be cast in a Hamiltonian form,

∂ξk
∂t

= {ξk, H}. (2.30)
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Here, ξ1 = Ω, ξ2 ≡ Ψ, ξ3 ≡ β, and the Hamiltonian integral H is obtained by
adding to (2.28)) the conserved integral (1/2)

∫
drβ2,

H =
1

2

∫
dr
[
bΩ̃− Ψ∇2ψ + (β + neq)

2 + βñ
]
. (2.31)

Here, Ω̃ = Ω + neq and the Poisson bracket is defined as (cf. [8])

{F,G} =
∑

i,j

∫
dr Wij

[
δF

δξi
,
δG

δξj

]
, (2.32)

where the matrix W, with elements Wij (i, j = 1, 2, 3), is given by (cf. [7])

W = −




Ω Ψ β
Ψ d2

eβ 0
β 0 0


. (2.33)

The variations of the Hamiltonian are

δH

δΩ̃
= b,

δH

δΨ
= −∇2ψ,

δH

δβ
= (n+ β). (2.34)

From these expressions and from (2.30)–(2.33), equations (2.23), (2.22) and (2.25)
can be recovered.

In Chapter 1 we demonstrated that strong localized heating of a non-uniform
plasma leads to the generation of magnetic structures. In case the heated domain
has a circular shape and the plasma has a uniform density gradient in the vertical
direction, the generated magnetic structures acquire a dipolar shape as illustrated
in Fig. 1.1. The formation and the dynamics of such magnetic structures are de-
scribed by Eqs (2.22)–(2.26). As seen from Fig. 1.1, the axis of the generated
dipole is oriented along the density gradient, and hence, it is not an equilibrium
solution of the EMHD equations (see e.eg, [3, 4]). As will be shown in Chapter 3
the numerical simulations show that either the axis of the the generated dipole
is rotated such that it becomes almost perpendicular to the density gradient or it
eventually evolves into two weakly interacting monopolar structures. Here, we
will discuss the stationary equilibrium solutions of Eqs (2.22)–(2.25) in the ab-
sence of heating. We will concentrated on equilibrium solutions in the form of
monopoles. The long term behaviour of the monopole structures obtained from
the numerical simulations will be compared with the behaviour of the equilibrium
solutions.

In the absence of heating, equations (2.22)–(2.25) admit stationary solutions that
propagate in the y-direction with uniform velocity uy. Upon assuming that all
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functions depend on space-time through the variables x and ŷ = y − uy t, equa-
tions (2.22)–(2.23) and (2.25) can be rewritten as

−
[
b̂,Ω
]
−
[
ψ,∇2ψ

]
+ [β, n] = 0, (2.35)

−
[
b̂,Ψ

]
−
[
β, d2

e∇2ψ
]

= 0,

−
[
b̂, β
]

= 0.

Here, b̂ = b − uy x. Equation (2.36) admits stationary propagating solutions in
the form [3, 4], β = Fβ(b̂), Ψ = Fψ(b̂)− d2

eF
′
β(b̂)∇2ψ and Ω = F ′β(b̂)(n− 1) +

FΩ(b̂)−F ′ψ(b̂)∇2ψ. Here, Fβ,ψ,Ω are arbitrary functions of b̂, and a prime denotes
the derivative of the function with respect to its argument. Assuming that Fβ,ψ,Ω
are linear functions of b̂, these relations can be written as,

β = Cβ b̂, (2.36)

ψ − d2
e∇2ψ = Cψb̂− d2

eCβ∇2ψ, (2.37)

(1−CΩ) b̂−
[
d2
e + (Cβ + 1)λ2

]
∇2b̂+Cψ∇2ψ = − [(Cβ + 1) κn + uy] x. (2.38)

Here, Cβ,ψ,Ω are constants and the equilibrium electron density is taken to be
neq = 1− κnx where, κn is the inverse equilibrium density scale length. One can
readily see that in equations (2.36)–(2.38) the special choices,

uy ' −(Cβ + 1)
κn
CΩ

, Cψuy ' 0, Cβuy ' 0, (2.39)

suppress the dipole character and allow for solutions in the form of monopoles.
These solutions propagate with uniform velocity uy that is proportional to the elec-
tron drift velocity κn and hence, correspond to the electron-drift mode [9]. Solu-
tions propagating with the uniform velocity uy ' −κn are found for structures that
contain vanishingly small thermal pressure (Cβ ' 0) and with CΩ ' 1. On the
other hand, static solutions with uy ' 0 are found for structures with Cβ ' −1.
According to equation (2.36) such solutions are characterized by β+b ' 0, which
corresponds to the equilibration between thermal and magnetic field pressures.

In order to gain insight in the time and length scales involved in 2 1
2
D EMHD,

we analyze the linear dispersion relation of equations (2.22)–(2.26) in the ab-
sence of heating. We consider linear perturbations of a background plasma in
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the form exp i(−ωt+ k · r). Further we consider a homogeneous background
temperature. Substituting the expression for the linear perturbations into equa-
tions (2.22)–(2.24) one obtains the linear dispersion relation [7]

ω(ω + ωn) = ω2
h. (2.40)

Here, ωn is the electron gradient wave frequency

ωn =
kyκn

[1 + (d2
e + λ2)k2]

, (2.41)

and ωh is the helicon (whistler) mode frequency modified by electron inertia and
compressibility effects,

ωh = ± k‖k√
[1 + (d2

e + λ2)k2](1 + d2
ek

2)
, (2.42)

where, k‖ ≡ k ·B/B0 = kyby. The dispersion relation (2.40) couples the electron
gradient and whistler waves. In the limit k‖ → 0, i.e., by = 0, the dispersion
relation (2.40) reduces to that of the electron gradient wave ω = −ωn. In this
limit one may argue that the generated structures are nonlinear electron gradient
phenomena. In a homogeneous plasma where ωn = 0, the dispersion relation
(2.40) reduces to that for whistler waves ω = ωh. The small density perturbations
expressed in Ω leads to the λ2k2 modifications in the whistler frequency. For
length scales larger than the magnetic Debye radius λ where density perturbations
are negligible, the dispersion relation (2.40) reduces to that of whistler waves of
the standard EMHD.

2.4 Standard EMHD
In this section we discuss the 2 1

2
D EMHD model equations in the absence of

heating and pressure effects. We consider the equilibrium density to be weakly
inhomogeneous, so that lκn � 1 and the plasma can be considered uniform. The
equilibrium poloidal magnetic flux is considered uniform, so that the model does
not contain linear waves. Also we consider length scales larger than the magnetic
Debye radius λ where density perturbations are negligible, the model consists of
two coupled equations for the generalized axial vorticity Ω = b − d2

e∇2b and the
generalized parallel momentum Ψ = ψ − d2

e∇2ψ,

∂Ω

∂t
= − [b,Ω]−

[
ψ,∇2ψ

]
− µν(−∇2)νb, (2.43)

∂Ψ

∂t
= − [b,Ψ]− µν(−∇2)νψ. (2.44)
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Here, dissipation is included in the form of hyperviscosity. In numerical studies
of turbulence one often uses higher order ”diffusion” with ν > 2 in order to
concentrate dissipation at the smallest scales. In our numerical simulations we
will use ν = 3. Note that ν = 1 corresponds to resistivity and ν = 2 to viscosity.
The electron velocity to leading order can be expressed in terms of the magnetic
field and is given by

v = − c

4πn0e
∇×B = −ωBed2

e

(
∇b× ez +∇2ψez

)
(2.45)

The ideal version of equations (2.43) and (2.44) conserve the energy E =
Eb + Eψ, where

Eb =
1

2

∫
dr
[
b2 + d2

e(|∇b|2)
]
, Eψ =

1

2

∫
dr
[
|∇ψ|2 + de

2(∇2ψ)2
]
.

(2.46)
The first term in the integral of Eb is the axial magnetic energy and the sec-
ond one the poloidal kinetic energy. In the integral of Eψ, the first term rep-
resents the poloidal magnetic energy and the second term the axial kinetic en-
ergy. The second ideal invariant is a quantity containing only parallel momentum
F =

∫
drg(Ψ), where g is an arbitrary function. Finally, the third ideal invariant

is He =
∫
dr Ω f

′
(Ψ) where f is an arbitrary function. The quadratic version of

these ideal invariants give the mean square generalized momentum and general-
ized helicity, respectively

F =

∫
drΨ2, He =

∫
dr Ω Ψ. (2.47)

Equations (2.43) and (2.44) can be cast in Hamiltonian form

∂ξk
∂t

= Jki
δH

δξi
. (2.48)

Here, ξ1 = Ω, ξ2 = Ψ, the Hamiltonian functional,H = (1/2)
∫
dr [b Ω−Ψ ∇2ψ],

is the total energy and J is the cosymplectic form

J =




[Ω, ·] [Ψ, ·]

[Ψ, ·] 0


 . (2.49)

The variations of the Hamiltonian are δH/δΩ = b, δH/δΨ = −∇2ψ. Upon
using these variations and (2.49) into (2.48), equations (2.43) and (2.44) can be
recovered.
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2.5 Scalings of ideal EMHD

The scaling symmetries of the EMHD equations (2.43) and (2.44) are used to
analyze spectra of the ideal invariants. A Kolmogorov-type of scaling for the
spectra of the ideal invariants is obtained by using the scaling symmetry of the
equations and taking the spectral flux of energy to be invariant [11]. In general the
EMHD equations (2.43) and (2.44) are not scale invariant because they contain
the scale length de. They are scale invariant in the limits d2

e∇2 � 1 as well as
d2
e∇2 � 1. Although these limits do not correspond to the full equations, the

results are used to analyze spectra in the full ranges de∇ < 1 and de∇ > 1.
In the limit d2

e∇2 � 1, the equations (2.43) and (2.44) reduce to

∂b

∂t
= −

[
ψ,∇2ψ

]
− µν(−∇2)νb, (2.50)

∂ψ

∂t
= − [b, ψ]− µν(−∇2)νψ. (2.51)

For length scales l sufficiently far from the boundary, the ideal version of equa-
tions (2.50) and (2.51) are invariant under the group of transformations [10],

l
′
= αl, t

′
= α1−ρ t, b

′
= α1+ρ b, ψ

′
= α2+ρ ψ, (2.52)

for arbitrary values of the parameters α and ρ. The scaling transformations (2.52)
together with the assumption that the flux of one of the ideal invariants does
not depend on the scale l, determine the spectral decay exponents uniquely. A
Kolmogorov-type scaling for the spectra of the ideal invariants in the inertial
range is obtained by assuming that in the inertial range, the flux of energy is
independent of the scales [11]. Dimensional analysis reveals that the energy flux
εE in equations (2.50)) and (2.51), scales as bψ2/l4. The scaling (2.52) implies
ε
′
E = α3ρ+1εE . The invariance of εE requires ρ = −1/3. As a result we ob-

tain power law spectra of the ideal invariants. The spectra of the ideal invariants
obtained in numerical simulations of decaying EMHD turbulence turn out to be
characterized by decay exponents that are consistent with an invariant energy flux
through the scales.

In the large de limit d2
e∇2 � 1, the electric field is negligible, and the dynamical

equations (2.43) and (2.44) reduce to,

∂d2
e∇2b

∂t
= −

[
b, d2

e∇2b
]

+
[
ψ,∇2ψ

]
+ µν(−∇2)νb, (2.53)
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and
∂∇2ψ

∂t
= −

[
b,∇2ψ

]
+ µν(−∇2)ν

ψ

d2
e

. (2.54)

Upon neglecting dissipation, this system possesses three quadratic invariants,

F̂ =
1

2

∫
dr
(
∇2ψ

)2
, Ĥe =

∫
dr d2

e

(
∇2b

) (
∇2ψ

)
, (2.55)

Ĥ = (1/2)

∫
dr
[
d2
e (∇b)2 − (∇ψ)2] .

Here, apart from a multiplicative constant, F̂ is the large de limit of the mean
square generalized momentum integral (2.47). Similarly, Ĥe is obtained from the
helicity integral (2.47). The invariant Ĥ is the Hamiltonian integral of the system
of (2.53) and (2.54), and follows from E − F/2d2

e in the large de limit.

The ideal version of equations (2.53) and (2.54) are invariant under the group of
transformation

l
′

= αl, t
′

= α1−ρ t, b
′

= α1+ρ b, ψ
′

= α1+ρ ψ. (2.56)

Note that the transformations (2.56) infer that b and ψ should have the same scal-
ing with l.
Similar to what has been done in the previous case for the small de limit, power
law spectra of the ideal invariants can be determined by using the scaling (2.56)
together with the assumption that one of the ideal invariants has an invariant flux
through the scales. Any of these invariant fluxes leads to spectra that are char-
acterized by a unique decay exponent. However, the spectra obtained from the
numerical calculations are characterized by decay exponents that are inconsistent
with any of these invariant fluxes. More discussion about this case will be given
in Chapter 4.

2.5.1 Limiting cases
In equations (2.43) and (2.44), the term [ψ,∇2ψ] couples a quasi-geostrophic
equation for the axial vorticity Ω to a passive scalar equation for the generalized
flux (momentum) Ψ. If the poloidal field ψ = 0 at the beginning of the evolution,
then it will remain so at any later time. In this case, our system of equations re-
duces to a quasi-geostrophic (Hasegawa-Mima) equation for the axial vorticity Ω.
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In the limit d2
e∇2 � 1, and when initially |∇ψ| < (de/l) |b|, the coupling term is

small, which implies that the poloidal magnetic energy is smaller than poloidal ki-
netic energy. As a result, the system of equations (2.53) and (2.54) decouples into
a Navier-Stokes equation for the axial vorticity∇2b and a passive scalar equation
for the axial current ∇2ψ. In this limit the resulting set of equations possesses
some constants of motion that cannot be obtained from (2.46) and (2.47).

2.6 Numerical recipe
Numerical studies are performed to simulate the process of magnetic structure
generation, and to investigate the properties of decaying EMHD turbulence. Equa-
tions (2.22)–(2.26) are used to simulate the process of magnetic structure genera-
tion during strong localized heating. The heating source is taken to be Gaussian
distributed. In this case, the equations are solved numerically on a quadratic box
of size 10r0 × 10r0, where r0 is the width of the heated domain. The properties
of decaying turbulence in EMHD are studied through equations (2.43) and (2.44),
where these equations are solved numerically on a quadratic box of size 2π × 2π.
In both cases, we used double periodic boundary condition, and pseudospectral
method with N 2 modes and dealiasing according to the 2/3 rule.

For the study of the decaying turbulence, we start with the initial conditions

bk = b0 exp
(
−(k − k0)2/2∆2 + iαk

)
,

ψk = ψ0 exp
(
−(k − k0)2/2∆2 + iγk

)
. (2.57)

Here, b0, ψ0 are the initial amplitudes of the perturbations, αk, γk are random
phases, k2 = k2

x + k2
y , kx,y = ±1,±2,±3, . . . , ∆ is the width, and k0 is the

dominant initial wave number.
Each of these Fourier modes are evolved in time. The linear part is evolved ex-
actly, whereas the nonlinear terms are calculated in real space and then Fourier
transformed to k space. This requires going back and forth between real and k
space at each time step. Fast Fourier transform (FFT) routines are used to go back
and forth between the real and k space at each time step. Time stepping is done
using a predictor corrector with midpoint leap frog scheme.

In our numerical studies of turbulence we used hyperviscosity with ν = 3 in order
to concentrate dissipation at the smallest scale and thus to widen the inertial range.
In general dissipation due to hyperviscosity is not identical to physical dissipation
that results from kinematic viscosity (ν = 2) or resistivity (ν = 1). In this the-
sis, we assume that both dissipative processes, on the basis of physical viscosity
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and hyperviscosity, lead to equivalent results. One might argue that differences
could appear in the first place in cases with an inverse cascade at small scales.
Recently [12] it has been shown that for 3D magnetohydrodynamic (MHD) tur-
bulent flows, where magnetic helicity exhibits an inverse cascade, hyperdiffusivity
causes the dynamo-generated magnetic field at large scale to saturate faster than
in case of normal diffusivity. The enhanced saturation of the amplitudes of the
nonlinear dynamo at large scales is attributed to the magnetic field generated at
small scales by the hyperdiffusion operator. However, in 2 1

2
D EMHD, at least

in cases with zero net helicity, the main cascade processes at small scales are all
direct.
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Appendix

2.A The stress tensor of non-collisional plasma
In this appendix we derive the expression of the divergence of the non-collisional
part of the stress tensor given in Eq. (2.4). We start from Boltzmann equation in
its collisionless form, the Vlasov equation

∂f

∂t
+ v · ∇f +

q

m
(E + v ×B) · ∂f

∂v
= 0. (2.58)

Here, f(r,v, t) is a distribution function, q is the charge and m is the mass. The
velocity v is an independent variable labeling the points of the six-dimensional
phase space (v, r).

Fluid equations are obtained from Eq. (2.58) by taking appropriate moments. We
will restrict the discussion to the zero order moment which give the continuity
equation and the first order moment which give the momentum balance equation,

∂n

∂t
+∇ · (nV) = 0, (2.59)

∂V

∂t
+ V · ∇V = −∇ ·P

mn
+

q

m
(E + V×B) . (2.60)

The averaged density n, velocity V , and pressure tensor P are defined as:

n =

∫
dv f, nV =

∫
dv vf,

P = m

∫
dv (v −V)(v−V)f . (2.61)

The pressure tensor can be split into an isotropic pressure part pI and a symmetric
traceless tensor Π as

P = pI + Π, (2.62)

where I is the identity matrix.
The set of moments equations (2.59) and (2.60) becomes a macroscopic system
of equations if we can close the hierarchy, i.e., if we can express Π in terms of n,
p and V.

We write the velocity v in terms of the leading order drift velocity uE =
(E×B)/B2 and a velocity w as,
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v = w + uE, (2.63)

with w = w‖b + w⊥e⊥, where b = B/B is a unit vector along the magnetic
field, e⊥ = (e1 cos θ + e2 sin θ) with e1 and e2 are the unit vectors in the plane
perpendicular to the magnetic field and θ is the gyro-angle. The subscripts ‖ and
⊥ means parallel and perpendicular to the magnetic field, respectively.
From Eq. (2.63), the average velocity V can be rewritten as

V = u + uE, (2.64)

where, nu =
∫
dwwf , with V‖ = u‖ is the averaged velocity along the field

lines.
The time derivative is defined as

d

dt
=

∂

∂t
+ (w + uE).∇. (2.65)

Using Eq. (2.65), we calculate the time derivatives of the guiding- center variables
µ = w2

⊥/2B, w‖ and θ in phase space as

dµ

dt
= −w⊥

B

(
d0uE
dt

+ w‖
d0b

dt
+ w‖b · ∇uE + w2

‖b · ∇b

)

−2µ
(
e⊥ · ∇uE · e⊥ − w2

‖e⊥ · ∇b · e⊥−
)
, (2.66)

dw‖
dt

=
q

m
E‖ − b. · d0uE

dt
− w‖b · ∇uE · b + w2

⊥e⊥. · ∇b. · e⊥

+w⊥

(
−e⊥ · ∇uE · b + e⊥ ·

d0b

dt
+ w‖b · ∇b · e⊥

)
, (2.67)

dθ

dt
= −ωBe −

b× e⊥
w⊥

·
(
d0uE
dt

+ w‖
d0b

dt

)

−w‖
w⊥

[
(b · ∇uE) · b× e⊥ + w‖ (b · ∇b) · b× e⊥

]

− (e⊥ · ∇uE) · b× e⊥ − w‖ (e⊥ · ∇b) · b× e⊥. (2.68)

Here d0/dt = ∂/∂t + uE · ∇ and ωBe = qB/m is the gyro frequency. The
kinetic equation (2.58) in terms of variables (r, µ, w‖, θ, t), with f(r,v, t) =
F (r, µ, w‖, θ, t), reads
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∂F

∂t
+ (w + uE) · ∇F +

dµ

dt

∂F

∂µ
+
dw‖
dt

∂F

∂w‖
+
dθ

dt

∂F

∂θ
= 0. (2.69)

We will look for solution of Eq. (2.69) in the form

F = F̄ + F̃ , (2.70)

where F̄ = (1/2π)
∫
dθ F , and F̃ is the oscillating part of F with (1/2π)

∫
dθ F̃ =

0.

Upon substituting Eqs. (2.63), (2.64) and (2.70) into the last of the relations (2.61)
and comparing the resulting expression with Eq. (2.62), we write the following
expression for the stress tensor Π

Π =

∫
dw wwF̃ − nmuu. (2.71)

Ordering

We consider time scales that are long compared to the gyro-periodω−1
Be and lengths

scale that are large compared to the gyro-radius. The length scale l‖ along the
magnetic field is large compared to the perpendicular scale l⊥. To order the phys-
ical quantities in the system, two small parameters ε and δ are used

u

w
,

w

ωBel
= O(δ),

1

ωBe

∂

∂t
,

uE · ∇
ωBe

,
E‖
Bw

,
w

ωBel‖
,

w

ωBe

∇B
B

= O(ε). (2.72)

The ordering in Eq. (2.72) means that the magnetic curvature b ·∇b leads toO(ε)
contributions. Although, the ordering in Eq. (2.72) indicate that ε = O(δ2), we
treat ε and δ orderings as separate.

Upon using the ordering (2.72), it is seen from Eq. (2.60) that the inertia contri-
bution to its left-hand side is O(εδ, δ3). This means that we have to calculate the
divergence of the pressure tensor ∇ · P also to this order. This implies that we
need to know the pressure tensor to O(ε, δ2).



2.A. The stress tensor of non-collisional plasma 47

Substitute the coefficients Eq. (2.66)–Eq. (2.68) into Eq. (2.69), perform an
average over the gyro-angle θ using F = F̄ + F̃ , and subtract the resulting ex-
pression from Eq. (2.69) neglecting terms of O(εδ, δ3) and higher, we obtain the
following equation for F̃ ,

∂F̃

∂θ
=

1

ωBe
w⊥ · ∇F̄ +

1

ωBe

(
w⊥ · ∇F̃ − 〈w⊥ · ∇F̃ 〉

)

− w⊥
ωBeB

e⊥ ·
(
w‖b · ∇uE + w2

‖b · ∇b− w2
⊥

2B
∇B

)
∂F̄

∂µ

+
w⊥
ωBe

e⊥ ·
[
w‖b · ∇b− (∇uE) · b

] ∂F̄
∂w‖

,

− 2µ

ωBe
(e⊥ · ∇uE · e⊥ − 〈e⊥ · ∇uE · e⊥〉)

∂F̄

∂µ

− 2µ

ωBe

(
w‖e⊥ · ∇b · e⊥ − w‖〈e⊥ · ∇b · e⊥〉

) ∂F̄
∂µ

+
w2
⊥

ωBe
(e⊥ · ∇b · e⊥ − 〈e⊥ · ∇b · e⊥〉)

∂F̄

∂w‖
. (2.73)

To leading order in δ,

F̃ =
w × b

ωBe
· ∇F̄ . (2.74)

From Eq. (2.74), the average of the perpendicular velocity to leading order is given
by

u⊥ =
1

n

∫
dw w⊥ F̃ = up, (2.75)

where up = (c/enB2)∇p×B is the diamagnetic drift velocity, and the leading
order pressures are given by

p⊥ =
m

2

∫
dw w2

⊥F̄ , p‖ = m

∫
dw w2

‖F̄ . (2.76)

Thus the leading order contribution to the perpendicular velocity is uE + up.

Substituting Eq. (2.74) into the second term on the right-hand side of Eq. (2.73),
and integrating with respect to the gyro-angle θ, we obtain the following solution
for F̃

F̃ =
w × b

ωBe
· ∇F̄ − w⊥

4ωBe

∂

∂θ
e⊥ · ∇F̃
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− w⊥
ωBeB

e⊥ · b×
(
w‖b · ∇uE + w2

‖b · ∇b +
w2
⊥

2B
∇B

)
∂F̄

∂µ

+
w⊥
ωBe

e⊥ · b×
[
w‖b · ∇b− (∇uE) · b

] ∂F̄
∂w‖

,

+
2µ

4ωBe

∂

∂θ

(
e⊥ · ∇uE · e⊥ + w‖e⊥ · ∇b · e⊥

) ∂F̄
∂µ

− w2
⊥

4ωBe

∂

∂θ
(e⊥ · ∇b · e⊥)

∂F̄

∂w‖
. (2.77)

Now we calculate the tensor W =
∫
dw wwF̃ neglecting terms of order

O(εδ, δ3) and higher. Straightforward substitution of Eq. (2.77) into this relation
leads to the expression of the tensor W. For the simplicity of the calculation we
split the tensor into a perpendicular part

W⊥⊥ =

∫
dw w⊥w⊥F̃ =

−
∫

dw
w3
⊥

16ωBe

[
∇
(
w⊥
ωBe
∇F̄

)
+ b×∇

(
w⊥
ωBe
∇F̄ × b

)]

− p⊥
2ωBem

[− (b×∇) uE + (∇uE)× b]

− 1

4ωBe
[− (b×∇) b + (∇b)× b]

∫
dw w‖w

2
⊥F̄ , (2.78)

a mixed part

W⊥‖ =

∫
dw w⊥w‖F̃ =

1

2ωBe
b (b×∇)

∫
dw w‖w

2
⊥F̄

+
p‖
ωBe

bb× (b · ∇uE) +
p⊥
ωBe

bb× [(∇uE) · b]

+
1

ωBe
bb× (b. · ∇b)

∫
dw w‖w

2
⊥F̄ , (2.79)

and a parallel part

W‖‖ =

∫
dw w‖w‖F̃ = 0. (2.80)

Note that in the derivation of Eqs. (2.78) and (2.79), we have used the leading
order expressions for the pressure given in Eq. (2.76).
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In Eqs. (2.78) and (2.79) F̄ is only needed to leading order. We close the macro-
scopic equations (2.59) and (2.60) by assuming that F̄ may be taken to be Maxwellian
in w⊥ and even in w‖. This implies that

∫
dw w4

⊥F̄ = 8
T⊥p⊥
m2

,

∫
dw w‖w

2
(⊥,‖)F̄ = 0. (2.81)

We assume homogeneous magnetic field, thus we neglect derivatives of the vec-
tors e1,2 and b. With these simplifications the tensor W reduces to

W = − 1

2m2ω2
Be

[
∇∇

(
p2
⊥
n

)
+ (b×∇)

(
∇p

2
⊥
n
× b

)]

− p⊥
2mωBe

[− (b×∇) uE + (∇uE)× b] . (2.82)

According to the discussion below Eq. (2.64), there is no loss of generality by
taking uE → uE + u‖b, where u‖ is the average velocity along the magnetic field
lines.
From Eq. (2.71), the divergence of the stress tensor∇ ·Π/n is obtained from the
divergence of the tensor W as

∇ ·Π
n

=
∇ ·W
n
− ∇ · (nupup)

n
=

−(up · ∇)up −
1

2nm2ω2
Be

∇∇2pT − 1

2
(up · ∇)uE

− 1

2nm2ωBe
∇· [p∇(uE × ez)] + [(V · ∇)up] ez. (2.83)

This expression is given as Eq. (2.4) in the main text.
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3. Electron vortex generation by strong, lo-
calized plasma heating

Abstract. The generation of electron vortical structures
by strong localized heating is investigated analytically and
numerically. The structure formation and its dynamics are
described by the model of electron magnetohydrodynam-
ics, extended to include pressure effects. Magnetic struc-
tures are generated by the thermal electro-motive force that
arises due to non-alignment of pressure and density gradi-
ents. Their topology is determined by the heating power
and the equilibrium density gradient. It is shown that
strong localized heating of a non-uniform plasma generates
vortical structures that are capable of confining and trans-
porting heat across the plasma. The long term behavior of
the structures agrees qualitatively with stationary equilib-
rium solutions. As these structures survive for rather long
times, a filamentary profile of the temperature develops.
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3.1 Introduction
The studies of phenomena that occur in a tokamak plasma during strong localized
heating, such as electron cyclotron resonant heating (ECRH), have so far mostly
been limited either to the basic wave-plasma interaction processes or to the in-
fluence of the power deposition on transport and equilibrium time scales. In the
former case one deals with a very fast time scale of the order of ω−1

Be where ωBe is
the electron gyro-frequency. In the latter case one investigates processes on long
time scales that are comparable to the energy confinement time or to the electron
collision time. As a result a wide gap of intermediate time-scales remains uncov-
ered by existing studies. Analysis of these time-scales is of essential interest since
it might contribute, in particular, to the understanding of a phenomenon as elec-
tron temperature filamentation that is observed in experiments during ECRH on
the Rijnhuizen Tokamak Project [1, 2], TJ-II [3] and in the Large Plasma Device
when plasma is heated by a fast electron beam [4].

In the present paper we concentrate on the high-frequency range of the men-
tioned gap. We study processes on characteristic time-scales longer than the elec-
tron but shorter than the ion gyro-period. In this range of frequencies plasma
dynamics is governed by the electrons only and can be described by the model of
electron magnetohydrodynamics (EMHD) [5, 6]. EMHD describes plasma phe-
nomena with scale-lengths below the ion inertial skin depth and with frequencies
in between the ion and electron gyro and plasma frequencies. It has been used
to analyze nonlinear vortices [7, 8], collisionless magnetic reconnection [9], and
plasma turbulence [10, 11, 12].

Our main purpose is to investigate the possibility of generating coherent vor-
tical structures by strong localized heating. Generation of vortical structures in
magnetized plasmas has been the subject of numerous studies. Several mecha-
nisms have been analyzed. Among them, the generation of vortical structures in a
plasma due to the Weibel instability [13, 14] and the generation of vortical struc-
tures due to inverse bremsstrahlung in the case of fast laser plasma heating [15].
A particular mechanism of formation of vortical structures in a tokamak plasma
during ECRH has been put forward in Ref. [16]. According to Ref. [16], the in-
cident electron-cyclotron wave decays into a drift-Alfvén and a scattered electro-
magnetic wave. As the amplitude of the drift-Alfvén wave increases it transforms
into a drift-Alfvén vortex.

In the present paper we study the generation of vortical structures where the
non-vanishing electro-motive force∇p×∇n directly generates nonlinear electron
motions. This mechanism has been considered within the context of the sponta-
neous generation of magnetic field in laser-produced plasmas [17, 18]. The for-
mation of vortical structures can be qualitatively explained as follows. Strong
localized heating leads to perturbations of the electron temperature and causes
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p

CURRENT LINES

n

Figure 3.1: Mechanism of magnetic field generation. The generated magnetic field is constant
along the current flow lines (dotted lines).

pressure gradients. If electron inertia and compressibility are neglected, one has
initially ∂B/∂t ∼ ∇p × ∇n, where B is the generated magnetic field, p is the
pressure and n is the density. When a plasma with a uniform density gradient is
heated locally, the generated magnetic field and the corresponding vortical elec-
tron flow have a dipolar structure. This is illustrated in Fig. 3.1 where the density
gradient is in the vertical direction and the heated domain has a circular shape. In
the present paper the dynamics of such structures is investigated numerically.

In the presence of an electron density gradient, the EMHD model contains two
types of wave motions: whistlers and electron gradient modes. The EMHD equa-
tions admit exact stationary propagating solutions in the form of dipole vortices
that can be associated with the whistler and electron gradient modes [7, 8, 19, 20].
Stationary solutions in the form of electron dipole vortices also exist in the case
when the electro-motive force∇p×∇n is finite [21]. The axis of such a stationary
dipole vortex is oriented perpendicular to the density gradient ∇n and the vortex
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propagates with uniform velocity in the direction perpendicular to both the density
gradient and the dominant magnetic field B. As is seen from Fig. 3.1 the axis of
the generated magnetic structure is oriented along the density gradient, and hence,
it is not an equilibrium solution of the EMHD equations. However we will argue
that eventually it will evolve into a quasi-stationary vortical structure that cap-
tures the heat and transports it across the plasma. The generated structure evolves
into a quasi-stationary structure in two ways, either it splits into two monopolar
structures where one of them remains static and captures most of the heat and
the other one propagates quasi-stationarily across the plasma without heat, or by
rotating the axis of the structure such that it becomes almost perpendicular to the
density gradient. Such vortical structures might be predecessors of the electron
temperature filaments observed on longer time scales in experiments [1, 2].

The process of small-scale structure generation in a magnetized plasma is
more complicated than that shown in Fig. 3.1, because electron inertia and elec-
tron fluid compressibility play an essential role on short length-scales. At scales
of the order of the electron inertial skin depth de = c/ωpe, electron inertia ef-
fects become important. This means that, in case of vanishing electro-motive
force ∇p×∇n = 0, the curl of the generalized electron momentum (generalized
vorticity) rather than the magnetic field is frozen into the electron fluid [5]. Con-
sequently conversion between particle momentum and magnetic field may occur
without violating the conservation law. Numerically it will be shown that electron
inertia is important for the generation of stationary propagating structures in the
form of dipoles.

Electron density perturbations due to fluid compressibility become important
at scale-lengths l ≤ λ, where λ = B/4πen = (ωBe/ωpe) de is the magnetic Debye
radius. This means that in a strongly magnetized plasma with ωBe/ωpe = O(1),
density perturbations should be taken into account for scale lengths of the order
of or below the inertial skin depth [22]–[24]. At these scales the plasma is com-
pressible and the area inside a closed contour moving with the electron fluid is
not conserved. Since the enclosed generalized flux is constant, the generalized
vorticity changes its value when the area inside the contour changes. In 2D, this
implies that the generalized vorticity per particle (also called the generalized po-
tential vorticity) is point wise conserved [24].

For our study we use the EMHD model of Ref. [24] where electron inertia and
compressibility effects are taken into account. We extend this model by including
pressure effects. This adds to the model several new features. In the vorticity
equation the electro-motive force ∇p×∇n appears [20]. An additional equation
for the electron pressure evolution is added. When the pressure is small, the den-
sity perturbation is determined by the magnetic field perturbation [22]–[24]. In
the case treated in this paper, the heating generates electron temperature gradients
which in turn modify the density perturbation such that it becomes proportional
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to the Laplacian of the sum of magnetic field and pressure perturbations.
The paper is organized as follows. In Section 3.2 we present the model equa-

tions, derive the energy balance equation and show that in the absence of heating
our model equations can be cast in a Hamiltonian form. A qualitative analysis of
the stationary solutions is given in Section 3.3. In Section 3.4 some aspects of
the generation of magnetic structures are analyzed qualitatively. In Section 3.5
we present a numerical study of our model using a 2D spectral code. Results are
discussed and summarized in Section 3.6.

3.2 EMHD with pressure effects
EMHD describes plasma behavior at small length and short time scales. In this
study we will consider phenomena with characteristic frequencies ω that are small
compared to the electron gyro-frequency and plasma frequency, and large com-
pared to the corresponding ion frequencies,

ωBi, ωpi � ω � ωBe, ωpe, (3.1)

where ωBe = eB0/mc is the electron gyro-frequency, ωpe = (4πe2n0/m) is the
electron plasma frequency, m is the electron mass, B0 and n0 are typical values
of the magnetic field and electron density, respectively, and ωBi, ωpi are the corre-
sponding ion frequencies.

We restrict ourselves to 2D plasma dynamics, where the plasma parameters
are independent of the coordinate z along the dominant equilibrium magnetic
field. In that case the total magnetic field can be written as [7, 24],

B = B0 [(1 + b)ez +∇ψ × ez] . (3.2)

Here, b(x, y, t) is the perturbation of the axial magnetic field, ez is the unit vector
in the ignorable z-direction, B0 is a large constant, and ψ(x, y, t) is the poloidal
flux function. The EMHD model reduces to three coupled equations together
with an expression for the density perturbation (see Appendix A for a derivation
and a discussion of the approximations). The z−component of the curl of the
momentum balance equation gives an evolution equation for the z−component of
the generalized potential vorticity Ω ≡ b−d2

e∇2b−(n−1), and the z−component
of the momentum balance equation gives an evolution equation for the generalized
momentum in the z−direction Ψ ≡ ψ − d2

e∇2ψ,

∂Ω

∂t
= − [b,Ω]−

[
ψ,∇2ψ

]
+ [β, n] , (3.3)

∂Ψ

∂t
= − [b,Ψ]−

[
β, d2

e∇2ψ
]
. (3.4)
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Here, the brackets denote the Jacobian [f, g] ≡ ez · ∇f × ∇g, the electron
density is normalized to n0, β = 4πp⊥/B2

0 is the normalized transverse elec-
tron pressure, time and space coordinates are normalized as t → ωBed

2
e t and

(x, y) → (x/r0, y/r0) where de = c/(r0ωpe) and r0 is the characteristic width of
the heated region. In Eq. (3.3), Ω is convected by the streaming potential b. In
case of non-alignment of pressure and density gradients, the last term on the right
hand side acts as a source of vorticity. Equation (3.4) describes the convection of
the z−component of the generalized momentum Ψ by the streaming function b.
The last term on the right hand side is a small correction arising from the stress
tensor. The equilibrium poloidal magnetic flux may be taken as ψ0 = −by x with
by = By/B0 = constant. To remain consistent with our model equations by must
be chosen small enough. Note that if ψ = 0 at the beginning of the evolution, then
it remains so at any later time.

The electron density is taken in the form n = neq + ñ, where neq = neq(x, y)
and ñ is the density perturbation. Following Ref. [24] we express the electron
density perturbation ñ in terms of the magnetic field and the pressure by taking
the divergence of the electron momentum balance equation, keeping only leading
order terms and using the Poisson equation. The result is,

ñe = λ2∇2 (b+ β) , (3.5)

with λ ≡ B0/(4πen0). Equations (3.3)-(3.5) are complemented by an evolution
equation for the perpendicular electron pressure that is taken in its simplest form,

∂β

∂t
= − [b, β] + S, (3.6)

where, S is the normalized power source, S → (4π/B2
0) (ωBed

2
e)
−1
S. Here, we

consider a collisionless plasma in the sense that on the relevant time scales pitch-
angle scattering is negligible such that perpendicular and parallel pressures are
independent. We assume that ECRH pumps transverse electron pressure only.
The value of the longitudinal electron pressure remains constant and is not essen-
tial for the problem under consideration. In our simulations we take a Gaussian
distributed heating source

S = S0 exp(−r2). (3.7)

Equations (3.3)–(3.7) form a closed set of equations for the 2D compressible
EMHD model with pressure effects.

It can be seen that in the absence of heating the invariant integrals (Casimirs)
of the system (3.3)–(3.6) are

∫
dr Ω,

∫
dr Ψ and

∫
dr f(β), where f is an arbitrary

function of its arguments.
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Next, we investigate the linear dispersion relation for the 2D model equa-
tions (3.3)– (3.7) in the absence of heating. We consider linear perturbations of
a background plasma in the form exp i(−ωt + k · r). The equilibrium electron
density is taken to be neq = 1 − κnx where, κn is the inverse equilibrium den-
sity scale length. Further we consider a homogeneous background temperature.
Substituting the expression for the linear perturbations into Eqs (3.3)–(3.5) one
obtains the linear dispersion relation [24]

ω(ω + ωn) = ω2
h. (3.8)

Here, ωn is the electron gradient wave frequency

ωn =
kyκn

[1 + (d2
e + λ2)k2]

, (3.9)

and ωh is the helicon (whistler) mode frequency modified by electron inertia and
compressibility effects,

ωh = ± k‖k√
[1 + (d2

e + λ2)k2](1 + d2
ek

2)
, (3.10)

where, k‖ ≡ k ·B/B0 = kyby. The dispersion relation (3.8) couples the elec-
tron gradient and whistler waves. In a homogeneous plasma where ωn = 0, the
dispersion relation (3.8) reduces to that for whistler waves ω = ωh. In the limit
k‖ → 0, the dispersion relation (3.8) reduces to that of the electron gradient wave
ω = −ωn. This limit corresponds to by = 0, and thus one may argue that the
generated structures are nonlinear electron gradient phenomena.

Upon multiplying Eq. (3.3) by b, Eq. (3.4) by−∇2ψ, Eq. (3.6) by n and adding
the resulting expressions, one finds the energy conservation equation, assuming
proper boundary conditions,

∂E

∂t
=

∫
dr nS(r, t). (3.11)

Here, the energy integral of the system, E, is given by

E = (1/2)

∫
dr{b2 + |∇ψ|2 + d2

e[|∇b|2 + (∇2ψ)2]

+λ2[∇ (b+ β)]2 + 2βn}. (3.12)

The first two terms on the right-hand side of Eq. (3.12) represent the magnetic
energy. The subsequent two terms correspond to the kinetic energy. The follow-
ing term to leading order can be written as (∇φ)2, where φ is the electrostatic
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potential, corresponds to the electrostatic energy and the last term represents the
internal energy.

In the absence of the heating source, the system of Eqs (3.3), (3.4) and (3.6)
can be cast in a Hamiltonian form,

∂ξk
∂t

= {ξk, H}. (3.13)

Here, ξ1 = Ω, ξ2 ≡ Ψ, ξ3 ≡ β, and the Hamiltonian integral H is obtained by
adding to Eq. (3.12) the conserved integral (1/2)

∫
drβ2,

H =
1

2

∫
dr
[
bΩ̃− Ψ∇2ψ + (β + neq)

2 + βñ
]
. (3.14)

Here, Ω̃ = Ω + neq and the Poisson bracket is defined as (cfg [25])

{F,G} =
∑

i,j

∫
dr Wij

[
δF

δξi
,
δG

δξj

]
, (3.15)

where, the matrix W, with elements Wij (i, j = 1, 2, 3), is given by (cfg [24])

W = −




Ω Ψ β
Ψ d2

eβ 0
β 0 0


. (3.16)

The variations of the Hamiltonian are

δH

δΩ̃
= b,

δH

δΨ
= −∇2ψ,

δH

δβ
= (n+ β). (3.17)

From these expressions and from Eqs (3.13)–(3.16), Eqs (3.3)–(3.6) can be recov-
ered.

3.3 Equilibrium solutions
In the absence of heating, Eqs (3.3)–(3.6) admit stationary solutions that propagate
in the y-direction with uniform velocity uy. Assuming that all functions depend
on space-time through the variables x and ŷ = y−uy t and following the standard
procedure (see e.g. [7]) we find that such stationary propagating solutions have
the form β = Fβ(b̂), Ψ = Fψ(b̂) − d2

eF
′
β∇2ψ and Ω = F ′β(b̂)(n− 1) + FΩ(b̂).

Here, Fβ,ψ,Ω are arbitrary functions of b̂ = b − uyx. Assuming that Fβ,ψ,Ω are
linear functions of b̂, these relations can be written as,

β = Cβ b̂, (3.18)
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ψ − d2
e∇2ψ = Cψ b̂− d2

eCβ∇2ψ, (3.19)

(1−CΩ) b̂−
[
d2
e + (Cβ + 1)λ2

]
∇2b̂+Cψ∇2ψ = − [(Cβ + 1) κn + uy] x. (3.20)

Here, Cβ,ψ,Ω are constants. One can readily see that in Eq. (3.20) the special
choices,

uy ' −(Cβ + 1)
κn
CΩ

, Cψuy ' 0, Cβuy ' 0, (3.21)

suppress the dipole character and allow for solutions in the form of monopoles.
These solutions propagate with uniform velocity uy that is proportional to the elec-
tron drift velocity κn and hence, correspond to the electron-drift mode [19]. So-
lutions propagating with the uniform velocity uy ' −κn are found for structures
that contain vanishingly small thermal pressure (Cβ ' 0) and with CΩ ' 1. On
the other hand static solutions with uy ' 0 are found for structures with Cβ ' −1.
According to Eq. (3.18) such solutions are characterized by β+ b ' 0, which cor-
responds to the equilibration between thermal and magnetic field pressures. As
will be discussed in Section 3.5, the numerical solutions show that the generated
dipole eventually evolves into two weakly interacting monopoles each satisfying
Eq. (3.21) with different values of Cβ.

3.4 Generation of vortical flows
In this section we will investigate the conditions under which these structures can
develop sizeable vortical flows such that they can trap hot electrons and transport
them across the plasma. It is clear that this requires structures with closed flow
lines. This implies that the vortical flow inside these structures is at least as large
as the linear propagation velocity with which it leaves the heating zone. The vor-
tical flow is driven by the perturbed magnetic field b and is given by ∇b × ez.
Taking the propagation velocity to be κn, the condition of vortical structure for-
mation is b ≥ κn. Neglecting in Eqs (3.3)–(3.5) electron density perturbations,
one finds that at the initial stage of plasma heating the value of b increases accord-
ing to b ∼ κnS0t

2. It takes the characteristic time κ−1
n for the generated structure

to propagate out of the heating region. At this time the generated magnetic field
b reaches the value b ' S0κ

−1
n . This becomes comparable to κn if the absorbed

power of the heating source S0 satisfies the condition S0 ≥ κ2
n. In the opposite

case when S0 < κ2
n, the structure that moves out of the heating zone does not

have closed flow lines and hence, it will not confine the kinetic pressure. In the
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presence of density perturbations, λ = O(1), the process of the magnetic structure
formation is essentially different. At early time stages, the electron density pertur-
bation is mainly due to the electron pressure perturbation so that from Eq. (3.5) it
follows ñ ≈ λ2β. The vorticity source [β, n] in Eq. (3.3) is small and the potential
vorticity is approximately conserved. This results in magnetic field perturbation
b of the order of the electron density perturbation b ∼ ñ. From Eq. (3.6) it fol-
lows that b grows linearly with time as b ∼ λ2S0 t. In this case the condition that
sizeable vortical flows develop in a time κ−1

n , i.e b becomes comparable to κn, is
S0/κ

2
n ≥ λ−2. From the above discussion it is clear that the general condition for

the occurrence of sizeable vortical flows is

S0/κ
2
n ≥ min(1, λ−2). (3.22)

From Eq (3.22) one concludes that in order to generate sizeable vortical flows
in time scales that lie within the validity of the EMHD model, the power of the
heating source must be sufficiently large.

3.5 Numerical simulations
We have simulated the process of magnetic structure generation numerically on
a 256 × 256 grid with double periodic boundary conditions. For this numerical
study we used the numerical code developed to solve the 2D compressible EMHD
equations [20] modified by including pressure effects. The code uses a standard
pseudo-spectral method including de-aliasing by 2/3 rule.

First we consider ψ(r, t = 0) ≡ 0, negligibly small density perturbations
λ = .01 and neglect electron inertia. The numerical analysis shows that after
the heating is switched off, all structures will have CΩ very close to unity. We
investigate the generation and the dynamics of the magnetic structures for two
cases namely, S0/κ

2
n < 1 and S0/κ

2
n > 1. Plots of the magnetic field and pressure

perturbations are shown in Fig. 3.2 for S0/κ
2
n < 1 at t = 160. The heating is

switched off at t = 100. At initial times a dipolar structure is generated by heating
similar to that sketched in Fig. 3.1. The poles of the structure carry magnetic field b
of opposite signs. The generated structures can evolve into stationary equilibrium
structures only if the heating is switched off or if they have left the heating region.
From the analysis of Section 3.3, one may argue that structures with b < 0 which
correspond to Cβ < 0 i.e. to partial pressure equilibration, have lower linear
propagation velocity uy than those with b ≥ 0 where Cβ ≥ 0. The numerical
calculations show that this is indeed the case. The total pressure in the b < 0
pole equilibrates so that β + b ' 0 and the pole stays in the central region. This
corresponds to Cβ ' −1. This is demonstrated in the scatter plot of Fig. 3.3. This
pole behaves as a static electron monopolar vortex. On the other hand, the pole
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Figure 3.2: Generated magnetic field (left) and normalized electron pressure (right) at time 1.6×
102. Contours are equidistant with step size 6 × 10−3 (left) and 1 × 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Plasma parameters: de = 0, λ = 1 × 10−2,
κn = 1 × 10−1, by = 0, source amplitude S0 = 1 × 10−3, source switched off at
time ts = 1× 102.

Figure 3.3: Scatter plot of the values of the electron pressure β versus the values of the generated
magnetic field b at time 1.6× 102. Same parameter values as in Fig. 3.2.
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Figure 3.4: Collision of positive and negative poles of the generated magnetic field b. Subsequent
frames show plots of b at times (a) 1.6×102, (b) 2.5×102 and (c) 3.5×102. Contours
are equidistant with step size 6× 10−3. Solid lines denotes lines of constant positive
values of the magnetic field and dotted lines denotes those of negative values. Same
parameter values as in Fig. 3.2.

with b > 0 has a larger propagation velocity. It propagates out of the heated
region before it develops sizeable vortical flow. Consequently it does not contain
any pressure. This is demonstrated in Fig. 3.3. This b > 0 structure preserves its
shape in the course of time even when it crosses the heated region and collides
with the static structure. This collision is demonstrated in Fig. 3.4.

To demonstrate the formation of structures that transport the electron heat
across the plasma, we repeated the previous simulation but with S0/κ

2
n > 1. Plots

of the generated magnetic field and the normalized electron pressure for this case
at different times are shown in Figs. 3.5 and 3.7. Similar to the previous case,
within a time κ−1

n the magnetic pressure inside the negative pole tends to equili-
brate with the kinetic pressure. This is demonstrated in Fig. 3.6 where it can be
seen thatCβ ' −1 in the region of b < 0. Again, this equilibration makes the neg-
ative pole almost static. This fits with the qualitative analysis of Section 3.3 which
suggests that solutions with such a value of Cβ will be static. The positive pole
stays long enough in the heating region and develops a vortical flow. It captures
some of the pressure and leaves the heating zone. It can be seen from Fig. 3.6 that
Cβ + 1 > 0 in the region where b > 0. This corresponds to a velocity faster than
κn. Numerically it is indeed found that the positive pole propagates stationary
in a direction perpendicular to the equilibrium density gradient as can be seen in
the plot of the pressure profile given in Fig. 3.7. It carries some pressure as can
be seen from Fig. 3.8, which shows that in the region where b > 0, the kinetic
pressure β is small.
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Figure 3.5: Generated magnetic field (left) and normalized electron pressure (right) at time 1.6×
102. Contours are equidistant with step size 7 × 10−3 (left) and 1.5 × 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Same parameter values as in Fig. 3.2, except
κn = 2× 10−2.

Figure 3.6: Scatter plot of the values of the electron pressure β versus the values of the generated
magnetic field b at time 1.6× 102. Same parameter values as in Fig. 3.5.
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Figure 3.7: Generated magnetic field (left) and normalized electron pressure (right) at time 3.5×
102. Contours are equidistant with step size 7 × 10−3 (left) and 1 × 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Same parameter values as in Fig. 3.5.

Figure 3.8: Scatter plot of the values of the electron pressure β versus the values of the generated
magnetic field b at time 3.5× 102. Same parameter values as in Fig. 3.5.
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Figure 3.9: Generated magnetic field (left) and normalized electron pressure (right) at time 3.5×
102. Contours are equidistant with step size 1 × 10−2 (left) and 1 × 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Same parameter values as in Fig. 3.5, except
by = 10−2.

Numerical simulations show that a finite poloidal magnetic field has almost
no effects on the dynamics of the structure in the case S0/κ

2
n < 1. This can be

understood as follows. According to Eq. (3.4), Ψ is convected by the streaming
potential b and only weakly driven by the last term on the right-hand side of the
equation. The dynamics of the structure are dominated by the drift rather than
the flow and, hence, neither the perturbations of ψ will develop sizeably nor will
they affect the dynamics of the structure. In Figs. 3.9 and 3.10 we illustrate the
effect of finite by = 10−2 for the case with S0/κ

2
n > 1. In this case, perturbations

of ψ result in changing the value of the generated longitudinal magnetic field. In
the course of time the structure with b < 0 becomes almost static and differently
from the previous case it splits into two substructures. Each of these substructures
has partial pressure equilibration and remain static with Cβ ' −1. The positive
pole has Cβ + 1 > 0 and propagates in a direction perpendicular to∇ne carrying
little pressure. This is demonstrated in the scatter plot Fig. 3.10. The plot clearly
shows two linear relations between β and b in the region where b < 0. It has been
shown numerically that for very high power source S0/κ

2
n � 1, finite poloidal

magnetic field creates small-scale structures so that in the course of time it brings
the plasma in a strongly turbulent state [20].
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Figure 3.10: Scatter plot of the values of the electron pressure β versus the values of the generated
magnetic field b at time 3.5× 102. Same parameter values as in Fig. 3.9.

Figure 3.11: (a) Generated magnetic field at time 10, contours are equidistant with step size 4 ×
10−4. (b) Generated magnetic field at time 2×102, contours are equidistant with step
size 8 × 10−3. Solid lines denotes lines of constant positive values of the magnetic
field and dotted lines denotes those of negative values. Plasma parameters: de = 0,
λ = 0.5, κn = 2× 10−2, by = 0, source amplitude S0 = 10−3, source switched off
at time ts = 102.
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Figure 3.12: (a) Normalized electron pressure at time 2× 102, contours are equidistant with step
size 1.5× 10−2. (b) Scatter plot of the values of the vorticity Ω versus the values of
the generated magnetic field b at time 1×103. Same parameter values as in Fig. 3.11.

Density perturbations become important for λ = O(1). To study their role
we conducted a numerical experiment where we took S0/κ

2
n ' 1, de = 0 and

λ = 0.5. At early times a structure in the form of a small dipole on top of a large
monopole is generated as is shown in the plot of the generated magnetic field
given in Fig. 3.11a. This can be explained as follows. At early times the vorticity
source (last term in Eq. (3.3)) is small so that the generalized potential vorticity is
almost conserved. This results into the generation of a magnetic field of order of
the density perturbation b = O(ñe/n0). Since at this time the density perturbation
is mainly due to the pressure perturbations, the generated magnetic field acquires
a monopolar structure. On top of this monopole a small dipole is generated due to
the finiteness of the vorticity source. The monopole tends to rotate the dipole axis
to a direction perpendicular to the equilibrium density gradient as shown in the
plot of the generated magnetic field given in Fig. 3.11b. Thereafter the vorticity
source grows and the strength of both poles increases. In a time κ−1

n , the magnetic
pressure inside the negative pole of the structures equilibrates with the kinetic
pressure. As a result the dipole splits into two monopoles where the negative
pole becomes static and captures most of the heat. The positive pole carries little
pressure and propagates out of the heating region in a direction perpendicular to
∇ne. In all previous cases, numerical solutions show that the final structures tend
to haveCΩ close to unity. This is shown for this case in Fig. 3.12bwhere all values
of the vorticity Ω versus those of the magnetic field b are plotted.

To study the role of electron inertia in the dynamics of the generated magnetic
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Figure 3.13: Generated magnetic field (left) and normalized electron pressure (right) at time 2 ×
102. Contours are equidistant with step size 1.1× 10−2 (left) and 1.3× 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Same parameter values as in Fig. 3.8, except
de = 0.5, λ = 0.

structure, we performed a numerical simulation with the same parameter values as
in the previous case except for de = 0.5 and λ = 0. At early time stages a dipolar
magnetic structure is generated as expected. The whole dipole moves both per-
pendicular to the density gradient, which is mainly due to the drift with κn, as well
as along the density gradient, which is due to the flow with the streaming poten-
tial b. The negative pole stays long in the heating region and carries most of the
heat. In a time κ−1

n the kinetic pressure inside the negative pole of the structure ap-
proximately equilibrates with the magnetic field perturbations. Consequently, the
negative pole becomes static while the positive pole propagates quasi stationary
in a direction perpendicular to the density gradient. This is shown in the plot of
the generated magnetic field and normalized electron pressure given in Fig. 3.13.
It can be seen that the dynamics of the structure in this case is similar to that with
de = 0 given in Fig. 3.6.

In all previous cases we have either neglected both density perturbation and
inertia or at most considered one of them. In all these cases we have shown that
the generated dipole splits into two independent monopoles. Each is in an approx-
imate equilibrium. One of them is static with Cβ ' −1 and captures most of the
pressure. The other one has Cβ ≥ 0 and always propagates out of the heating
region. When both density perturbation and inertia effects are taken into account,
the rotation of the axis of the structure is enhanced. As a consequence also the
positive pole is heated and the total pressure equilibration in the negative pole is
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Figure 3.14: Generated magnetic field (left) and normalized electron pressure (right) at time 4 ×
103. Contours are equidistant with step size 6 × 10−2 (left) and 5 × 10−2 (right).
Solid lines denotes lines of constant positive values of the magnetic field and dotted
lines denotes those of negative values. Plasma parameters: de = 0.5, λ = 0.5,
κn = 4× 10−3, by = 2× 10−3, source amplitude S0 = 4× 10−5, source kept on all
the time.

not as dominant as in the previous cases. As a result both poles propagate out of
the heating zone with different velocities.

Having studied the effects of the different plasma parameters on the forma-
tion of the electron vortical structure separately, we demonstrate the long term
filamentation of the electron pressure profile. We took the plasma parameters as
S0/κ

2
n = 2.5, the electron density perturbation and inertia are taken into account

with λ = 0.5 and de = 0.5, respectively. The heating power is kept on all the
time.

It is found that the whole structure leaves the heating region before total pres-
sure equilibration take place in the negative pole. Thereafter both poles of the
structure carry the pressure and propagate in a direction perpendicular to the den-
sity gradient. The positive pole of the structure has a larger velocity than the
negative pole. This agrees with the qualitative equilibria analysis given in Sec-
tion 3.3, since the positive pole has Cβ > 0 while the negative pole has Cβ < 0.
As the structure leaves the heating region, a new one is generated in its place.
This process continues as long as the heating power is kept on and results into a
filamentary pressure profile as shown in Fig. 3.14.
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3.6 Summary and conclusions
In this study we have shown that strong localized heating of a non-uniform plasma
on fast time scales leads to the generation of magnetic structures. The process
of their formation is described by compressible electron magnetohydrodynam-
ics [24] complemented by a heat balance equation. The magnetic structures are
generated by the so-called thermal electro-motive force ∇p × ∇n. The initial
topology of the structures is determined crucially by the power source and the
equilibrium density gradient. A Gaussian distributed power source in combina-
tion with a linear density gradient generates a dipole with its axis aligned with
the density gradient. Eventually the dipole halves evolve into two weakly coupled
monopoles, each one being in an equilibrium. In all cases, except when both elec-
tron inertia and density perturbation are taken into account, one of the monopoles
is static and remains in the heating zone and the other one leaves the heating zone.

It is argued that each of the dipole halves can only confine kinetic pressure if
the power is strong enough, S0/κn

2 ≥ 1. In case of finite equilibrium poloidal
magnetic flux, ψ0 = −byx, together with extremely high source power S0/κ

2
n �

1, small-scale structures are generated which in the course of time bring the
plasma in a strongly turbulent state.

In the presence of density perturbations, the generated structure is in the form
of a large monopole topped with a small dipole. The monopole tends to rotate
the axis of the structure to a direction perpendicular to the density gradient. In
the course of time both poles of the structure grow in amplitude. When electron
inertia is taken into account the rotation of the axis is enhanced and consequently
the positive pole is also heated. Eventually both poles propagate quasi-stationary
out of the heating zone with different velocities due to the different pressure they
carry.

Finally, we have shown that continuous heating of the plasma in the presence
of finite electron inertia and density perturbation, results in the generation of a
series of a quasi-stationary structures that confine the electron heat and propagate
in a direction perpendicular to ∇ne. This in turn results in a filamentary profile
of the electron pressure. Among these structures those that have low values of
(b + β) corresponding to small density perturbations, will be rather insensitive to
ion motion. On this basis it is expected that they will survive on time scales that
are long compared with those described by EMHD.
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Appendix

3.A Derivation of the EMHD equations
The electron momentum balance equation is given by

∂v

∂t
+ v · ∇v = − e

m
E− e

mc
(v ×B)− ∇·P

mn
. (3.23)

Here, m is the particle mass, v is velocity, n is density,∇·P = ∇p+∇·Π is the
divergence of the pressure tensor with p the pressure and ∇ ·Π is the divergence
of the stress tensor to leading order in the perturbation

∇ ·Π
nm

= −(vp · ∇)vp −
1

2nm2ω2
Be

∇∇2pT − 1

2
(vp · ∇)vE

− 1

2nm2ωBe

(
p∇2 +∇p · ∇

)
vE × ez −

1

nmωBe
e · ∇p×∇v‖ez, (3.24)

where, ez is a unit vector along the z−direction, vE = (c/B)∇φ × ez, with the
electric field E = −∇φ− 1/c(∂A/∂t) φ,A being the electrostatic and the vector
potential respectively, and vp = −(1/nmωBe)∇p×ez are the leading order E×B
and diamagnetic drift velocity respectively.

The current is completely carried by the electrons v = −j/en. Using Maxwell
equation, one may express the electron velocity in terms of the magnetic field

v = − c

4πen
∇×B +

1

4πen

∂E

∂t
' vE + vp. (3.25)

The contribution from the vector potential to the displacement current is negli-
gibly small compared to the first term on the right hand side of Eq. (3.25) since
l2ω2 � c2. On the other hand the contribution from the gradient of the scalar
potential in the displacement current is negligibly small compared to E×B drift
velocity if λ2ω2 � c2. Thus for slow plasma motion the displacement current can
be neglected except when the first term on the right hand side of Eq. (3.25) is an-
nihilated by taking the divergence. In that case the divergence of the displacement
current determines the value of ∇ · v and consequently the density perturbation.
This is expressed by the electron continuity equation,

∂n

∂t
+∇ · (nv) = 0. (3.26)

The electron vorticity equation is obtained by taking the curl of Eq. (3.23).
Then using the induction equation to eliminate the electric field, one obtains
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∂Ω∗

∂t
= ∇× (v ×Ω∗) +∇×

(∇p⊥
nm

+
∇ ·Π
nm

)
, (3.27)

where Ω∗ = (e/mec)B−∇×ve is the generalized vorticity. Using the continuity
equation (3.26), Eq (3.27) can be written in a more useful way

(
∂

∂t
+ v·∇

)
Ω∗n0

n
=

(
Ω∗n0

n
· ∇
)

v +∇×
(∇p⊥
nm

+
∇ ·Π
nm

)
. (3.28)

This eliminates the explicit occurrence of∇ · v from Eq. (3.28) and consequently
one can substitute for the electron velocity the leading order expression v '
−j/en0 ' − (c/4πen0)∇ × B. We introduce the normalized potential vortic-
ity Ω,

Ω ≡ Ω∗

n

n0

ωBe
≈ B

B0
− d2

e∇2 B

B0
+

(
κn · r−

ñ

n0

)
B

B0
. (3.29)

Here, we have represented the electron density as n = n0(1− κn · r) + ñ, where
κn = −∇lnneq is the inverse equilibrium gradient scale length. Note that the
normalized potential vorticity, Ω, as defined in Eq. (3.29) is not divergence free
in three–dimensions. Upon substituting the leading order expression for v into
Eq. (3.28), we obtain

∂Ω

∂t
= ωBed

2
e [(∇× (B/B0) · ∇) Ω− (Ω · ∇)∇× (B/B0)]

+
1

ωBe
∇×

(∇p⊥
nm

+
∇ ·Π
nm

)
. (3.30)

Equation (3.30) is complemented by the z− component of the electron mo-
mentum balance equation

(
∂

∂t
+ v · ∇

)
(vz − ωBeψ)− (vp · ∇)vz =

e

m

∂φ

∂z

+

[
∂

∂z
(v − ωBeA)

]
· v− 1

mn

∂p

∂z
− 1

2

∂v2

∂z
. (3.31)

Here, we have used Az = B0ψ, where ψ is the poloidal flux function.
The electron density perturbations can be expressed in terms of the magnetic

field and pressure perturbations by considering the Poisson’s equation and the
divergence of the electron momentum balance Eq. (3.23). The latter allows to
express∇ ·E in terms of the magnetic field and pressure perturbations,
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−4πeñ = ∇·E = −1

c
∇· (v ×B)−∇·

(∇p
en

)
+O

(
ω2

ω2
pe

)
+O

(
ρ2

l2

)
. (3.32)

Here, ρ = (T/mω2
Be)

1/2 is the electron gyro-radius. We assume that the equi-
librium is weakly inhomogeneous, so that lκn � 1 where κn is the inverse
equilibrium gradient scale length of the electron density. Further we assume
ñ � 1. Substituting the leading order expression of the electron fluid velocity
v = − (c/4πen0)∇ × B into Eq. (3.32), one obtains for the electron density
perturbation,

ñ =

(
B0

4πen0

)2(
Beq

B0
· ∇2 B

B0
+∇2β

)
. (3.33)

Here,B0 is a reference value and β = 4πp/B2
0 is the normalized electron pressure.

Two-dimensional EMHD
The three–dimensional equations obtained in the previous section for the com-
pressible EMHD model are rather complicated. However due to the dominance
of the equilibrium magnetic field, which we consider to be directed along the z–
axis, the plasma dynamics are effectively restricted to 2D. In this case the plasma
variables become independent of the coordinate z along the equilibrium magnetic
field, and a more transparent 2D model can be applied. Adopting the 2D repre-
sentation of the total magnetic field given in Eq. (3.2), Eq. (3.31) gives directly
the evolution equation for the z−component of the generalized momentum given
in Eq. (3.4) and the expression for the density perturbation (3.33) reduce to that
given in Eq. (3.5). Upon taking the z−component of Eq. (3.30), one obtains di-
rectly directly Eq. (3.3) plus corrections to right-hand side of the equation from
the stress tensor,

ez
ωBe
· ∇ × ∇ ·Π

mn
= −(ωBed

4
e/2) ∇ · [ez ×∇β · ∇(∇b + 3∇β)

− (∇β · ∇)ez × (∇b+∇β)] . (3.34)

It can easily be seen from Eq. (3.34) that the stress tensor contributes with small
corrections to Eq. (3.3). These corrections are at most of the same order of the
smallest term in Eq. (3.3). In the presence of heating, these corrections remain
small even at the end of the heating process. They result neither in qualitative
changes in the generation nor the dynamics of the structure we are studying, and
thus they can be neglected.
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However, if these corrections are taken into account in the numerical code,
the contribution

∑
i [∇iβ,∇ib] creates fine small scale structures in the course of

calculations. Smaller and smaller scales are created with amplitudes that grow
in time, and eventually they lead to a violation of the model. On the other hand
upon performing the numerical calculation without this term, it turned out that this
term remains of the order of the smallest term in Eq. (3.3) for all values of b and
β achieved. Recently we learned from [26] that in a 2− fluid description of low
frequency plasma, the corresponding term in the ion vorticity equation also results
in the creation of small scale structures. This property of the term could either be
due to the inappropriate numerical implementation or due to the invalidity of the
expansion in powers of the electron gyro-radius. This remains an open question.
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4. Spectral properties of decaying turbu-
lence in electron magnetohydrodynamics

Abstract. The spectral properties of decaying turbulence
in 21

2
D electron magnetohydrodynamics are studied nu-

merically. In the range kde < 1 the energy exhibits a
direct cascade while mean square momentum exhibits an
inverse cascade. Their spectra are characterized by k−7/3

and k−13/3, respectively. The self-similar decay state of
the turbulence is reached after an initial phase of fast ex-
change between the axial and poloidal magnetic energies.
The time behaviour t−2/3 of the total energy is found to
be consistent with that obtained from selective decay. The
maximum of the energy spectrum shifts towards low mode
numbers and decays in time as t−1, in agreement with the
infrared scaling of the turbulence.
In the large de limit, both energy and mean square gener-
alized momentum exhibit direct cascades. No stationary
turbulent state could be found as long as the axial kinetic
energy is large as compared to the poloidal kinetic energy
initially. The global physical quantities decay well before
turbulent macroscopic quantities have established similar
space-time behaviour, and the turbulence is infected by the
lack of stationarity.
The system decouples into a Navier-Stokes equation and a
passive scalar equation only if the poloidal kinetic energy
is larger than or equal to the axial kinetic energy. In this
limit the k−5/3 and k−3 spectra of the poloidal kinetic en-
ergy are recovered.
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4.1 Introduction
In a magnetized plasma, the dynamics of processes with length scales below the
ion inertial skin depth and time scales in between the ion and electron plasma and
gyro periods are governed by the motion of the electrons and can be described by
electron magnetohydrodynamics (EMHD) [1, 2]. The EMHD model is used to
analyze nonlinear vortices [3, 4]. It is also used to model collisionless magnetic
reconnection [5] and to study vortex interactions in the wake of a laser pulse [6].
Since EMHD describes phenomena on time scales just above the electron-gyro
period, it is used to study the possible generation of small scale structures during
electron cyclotron resonant heating (ECRH) [7]. Special interest in EMHD has
arisen recently to study plasma turbulence [8]–[12].

Turbulence in a magnetized plasma is in general strongly anisotropic. The scale
lengths of the perturbation along the strong field are typically much longer than
the scale lengths in the perpendicular plane. This anisotropy tends to restrict the
dynamics to two dimensions while vector quantities may still have all three com-
ponents. As a result phenomena taking place in such systems are predominantly
21

2
−dimensional (2 1

2
D).

In case of uniform equilibrium density and in the absence of density perturba-
tions and heating effects, the 2 1

2
D EMHD model contains a single length scale,

the electron inertial skin depth de. Turbulent processes in EMHD exhibit different
character for scales much smaller or much larger than de. The 21

2
D ideal model

conserves the total energy and possesses two sets of Casimirs. The quadratic ver-
sions of the latter are the mean square of the generalized parallel momentum and
the mean generalized helicity. These ideal invariants enforce the system to exhibit
both direct and inverse spectral cascades.

In this paper we will study the properties of the turbulence in 2 1
2
D EMHD model

by investigating the spectral decay laws, the cascade directions of the quadratic
ideal invariants of the model and the time behaviour of the energy. The emphasis
is on the numerical investigations of 2 1

2
D decaying EMHD turbulence. Decaying

turbulence may be affected by the lack of stationarity since there is no continuous
source of energy input. However, if the spectra of the conserved quantities are
established on time scales that are short as compared to the time scale on which
the global physical quantities decay, then the turbulence is quasi-stationary.

Previous numerical studies of 2 1
2
D decaying EMHD turbulence [8]–[9] and [12]

have focused on investigating the spectral properties of the energy. These studies
have shown that the energy spectrum follows a k−7/3 decay law for kde < 1 and
k−5/3 for kde > 1. In Refs [8, 9] it is also shown that in the phase of fully devel-
oped turbulence, energy dissipation rates are independent of the diffusion coeffi-
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cients. The issue of the validity of a Kolmogorov-type law in EMHD has been the
subject of study in Ref. [10]. Upon assuming that the energy flux is independent
on the scales in the inertial range, the analogue of the Kolmogorov four-fifth law
is derived for 2 1

2
D homogeneous, isotropic EMHD. Numerical simulations [10]

show that, in the inertial range, the energy flux is towards small scales and does
not depend on wavenumber.

In the present paper we will report numerical simulations of 2 1
2
D decaying

isotropic homogeneous EMHD turbulence. We will concentrate on investigat-
ing the spectral properties of energy and mean square generalized momentum,
whereas net generalized helicity will be equal to zero. The time behaviour of the
turbulent energy is analyzed. In addition, we will investigate the role of the ratio of
the energies related with the two fields that govern the turbulence. The equations
are solved numerically on a quadratic box of size 2π × 2π with double periodic
boundary conditions, using a pseudospectral method with 512× 512 modes. The
initial perturbations are centred around a mode number k0 in the inertial range.
The mode number k0 is larger than the global mode number kg associated with
the global scale and smaller than the mode number kµ associated with the dissipa-
tion scale.
The inertial range is too small to cover accurately both kde < 1 and kde > 1
ranges in one simulation. For this reason our numerical simulations will be per-
formed such that over the entire inertial range either kde < 1 or kde > 1.

A Kolmogorov-type of scaling for the spectra of the ideal invariants is obtained
by using the scaling symmetry of the equations and taking the spectral flux of
energy to be the invariant quantity [13]. Because the EMHD model contains the
scale length de, such a symmetry only exists in the limits kde � 1 and kde � 1.
Equilibrium statistics is used to obtain indications about the cascade directions of
the quadratic ideal invariants in the long scale range kde < 1 as well as in the
small scale range kde > 1 [11].
The spectral decay laws obtained from the numerical simulations are analyzed
and compared with those obtained from the scaling symmetries of the governing
equations. Cascade directions of the ideal invariants are determined by follow-
ing the evolution of the global quantities (energy and mean square generalized
momentum) in time together with the time trace of the centroid wave number for
each of the conserved quantities, see for example [14]. These cascade directions
are found to agree with those obtained from equilibrium statistics.

The time behaviour of the turbulent energy is discussed on the bases of two
methods that were previously applied in Navier-Stokes as well as in MHD tur-
bulence. The first of these is selective decay [16, 17, 18], which is applicable if
certain quantities decay at slower rate than others and can thus be considered con-
stant. The second method is based on the assumption that the turbulence possesses
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an infrared asymptotic scaling [22]. The former method is used to determine the
time behaviour of the total energy. The latter method together with a constant
linear momentum, is used to obtain the time behaviour of the peak of the energy
spectrum in k−space during the early evolution of the turbulence.
Power law spectra are established when the turbulence is fully developed. In the
small de regime, the self-similarity of the turbulence shows up in the constancy in
time of the ratio of the energiesEb, which consist of the axial magnetic energy and
poloidal kinetic energy, and Eψ, which is the sum of the poloidal magnetic energy
and the axial kinetic energy. Further, the numerical investigations reveal that the
time scale at which power law spectra are established depends on the initial value
of the energy ratio Eb/Eψ. The smaller the initial value of their ratio, the shorter
is the characteristic time on which the spectra are established.
We do not take into account a background magnetic field. Therefore, our sys-
tem does not describe linear whistler modes and the associated tendency towards
equipartition of energy [12]. However, the large scale turbulent magnetic field
may act as a mean field for the small scale dynamics and our system may contain
nonlinear whistler modes. In this paper we will show that if Eb is small as com-
pared to Eψ initially in the small as well as in the large de regimes, the nonlinear
exchange between the energies Eb and Eψ leads to an approximate constant ratio
Eb/Eψ < 1. In the opposite limit when Eb is larger than or equal to Eψ in the
large de regime, the system decouples into a Navier-Stokes equation and a passive
scalar equation. In this limit the two energies behave independently.

4.2 Model equations

The 21
2
D EMHD model [8, 9] consists of two coupled equations for the gener-

alized axial vorticity Ω = b − d2
e∇2b and the generalized parallel momentum

Ψ = ψ − d2
e∇2ψ. The 21

2
D representation of the magnetic field is

B = B0 [(1 + b)ez +∇ψ × ez] . (4.1)

Here, b(x, y, t) is the perturbation of the axial magnetic field, ez is the unit vector
in the ignorable z-direction, B0 is a large constant, and ψ(x, y, t) is the poloidal
flux function. In case of uniform density and for length scales larger than the
magnetic Debye radius (ωBe/ωpe) de where density perturbations are negligible,
the electron velocity to leading order can be expressed in terms of the magnetic
field and is given by

v = − c

4πn0e
∇×B = −ωBed2

e

(
∇b× ez +∇2ψez

)
(4.2)
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In the absence of pressure perturbations [7], the 2 1
2
D model equations are given

by [3, 8],

∂Ω

∂t
= − [b,Ω]−

[
ψ,∇2ψ

]
− µν(−∇2)νb, (4.3)

∂Ψ

∂t
= − [b,Ψ]− µν(−∇2)νψ. (4.4)

Here, the brackets denote the Jacobian [f, g] ≡ ez · ∇f × ∇g, time and space
coordinates are normalized as t → ωBed

2
e t and (x, y) → (x/L, y/L) where

de = c/(Lωpe) and L is the size of the calculation box. In Eq. (4.3), Ω is convected
by the streaming potential b. The second term on the right hand side describes the
coupling between the fields b and ψ. Equation (4.4) describes the convection of Ψ
by the streaming function b. Dissipation is included in the form of hyperviscosity.
In numerical studies of turbulence one often uses higher order ”diffusion” with
ν > 2 in order to concentrate dissipation at the smallest scales. Note that ν = 1
corresponds to resistivity and ν = 2 to viscosity. Recently [15] it has been shown
that for magnetohydrodynamic (MHD) turbulent flows with helicity, hyperdiffu-
sivity causes the dynamo-generated magnetic field to saturate faster than in case
of normal diffusivity. In our case hyperviscosity restricts both energy and mean
square momentum to dissipate at small scales. Hyperviscosity may result in either
dissipation or generation of generalized helicity at the viscosity scale k−1

µ . Thus
one may argue that helicity generated by hyperviscosity at small scales affects the
large scales in case, d−1

e ≥ kµ, where helcity has an inverse cascade. On the other
hand in case d−1

e < kµ, generalized helicity generated by hyperviscosity at small
scales will not affect the large scales because in the range kde > 1 helicity has a
direct cascade.

Upon neglecting dissipation, the EMHD equations conserve the energy E =
Eb + Eψ, where

Eb =
1

2

∫
dr
[
b2 + d2

e(|∇b|2)
]
, Eψ =

1

2

∫
dr
[
|∇ψ|2 + de

2(∇2ψ)2
]
.

(4.5)
The first term in the integral of Eb is the axial magnetic energy and the sec-
ond one the poloidal kinetic energy. In the integral of Eψ, the first term rep-
resents the poloidal magnetic energy and the second term the axial kinetic en-
ergy. The second ideal invariant is a quantity containing only parallel momen-
tum F =

∫
drg(Ψ), where g is an arbitrary function. Finally, the third ideal

invariant is He =
∫
dr Ω f

′
(Ψ) where f is an arbitrary function. As quadratic

invariants are the most important in turbulence theory, we will make the choice
f(x) = g(x) = x2. The quadratic Casimirs F and He are given by
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F =

∫
drΨ2, He =

∫
dr Ω Ψ. (4.6)

The ideal version of Eqs (4.3) and (4.4) can be cast in Hamiltonian form

∂ξk
∂t

= Jki
δH

δξi
. (4.7)

Here, ξ1 = Ω, ξ2 = Ψ, the Hamiltonian functional,H = (1/2)
∫
dr [b Ω−Ψ ∇2ψ],

is the total energy and J is the cosymplectic form

J =




[Ω, ·] [Ψ, ·]

[Ψ, ·] 0


 . (4.8)

The variations of the Hamiltonian are δH/δΩ = b, δH/δΨ = −∇2ψ. Upon
using these variations and Eq. (4.8) into Eq. (4.7), the ideal version of Eqs (4.3)
and (4.4) can be recovered.
Note that in Eqs (4.3) and (4.4), the term [ψ,∇2ψ] couples a quasi-geostrophic
(Hasegawa-Mima) equation for the axial vorticity Ω to a passive scalar equation
for the generalized flux (momentum) Ψ. If the poloidal field ψ = 0 at the begin-
ning of the evolution, then it will remain so at any later time. In this case, our
system of equations reduces to a quasi-geostrophic (Hasegawa-Mima) equation
for the axial vorticity Ω.

In the limit d2
e∇2 � 1, the electric field is negligible, and the dynamical

equations (4.3) and (4.4) reduce to,

∂d2
e∇2b

∂t
= −

[
b, d2

e∇2b
]

+
[
ψ,∇2ψ

]
+ µν(−∇2)νb, (4.9)

and
∂∇2ψ

∂t
= −

[
b,∇2ψ

]
+ µν(−∇2)ν

ψ

d2
e

. (4.10)

Upon neglecting dissipation, this system possesses three quadratic invariants,

F̂ =
1

2

∫
dr
(
∇2ψ

)2
, Ĥe =

∫
dr d2

e

(
∇2b

) (
∇2ψ

)
, (4.11)

and Ĥ = (1/2)
∫
dr
[
d2
e (∇b)2 − (∇ψ)2]. Here, apart from a multiplicative con-

stant, F̂ is the large de limit of the mean square generalized momentum integral
Eq. (4.6). Similarly, Ĥe is obtained from the helicity integral Eq. (4.6). The in-
variant Ĥ is the Hamiltonian integral of the system of Eqs (4.9) and (4.10), and
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follows from E − F/2d2
e in the large de limit.

If initially |∇ψ| < (de/l) |b|, the coupling term is small, which implies that the
poloidal magnetic energy is smaller than the poloidal kinetic energy. As a result,
the system of Eqs (4.9) and (4.10) decouples into a Navier-Stokes equation for the
axial vorticity∇2b and a passive scalar equation for the axial current∇2ψ. In this
limit the resulting set of equations possesses some constants of the motion that
cannot be obtained from Eqs (4.5) and (4.6).

4.3 Cascade directions near statistical equilibrium
The method of equilibrium statistics is used to obtain an indication about the cas-
cade directions of the quadratic ideal invariants. The statistical equilibrium spectra
are obtained for non-dissipative turbulence on the basis of the truncated Fourier
representation of the equations and of the quadratic ideal invariants. For this pur-
pose, we use the Fourier representation of the fields

(b, ψ) =
∑

k

(bk, ψk) exp(ik · r). (4.12)

The series is truncated at some maximum wave vector, so that a finite dimensional
system remains. This system possesses the same quadratic invariants as the orig-
inal infinite dimensional system, and obeys a (detailed) Liouville theorem. The
method of equilibrium statistical mechanics are applied (see e.g. [16]), which
results into the canonical probability density ρ in phase space:

ρ =
1

Z
exp(−αE − βHe− γF ), (4.13)

where E, F,He =
∫
dk (E(k), F (k), He(k)), the partition function Z is a nor-

malizing constant, and α, β, γ are the Lagrange multipliers (or inverse temper-
atures) associated with the energy, generalized helicity and mean square gener-
alized momentum, respectively. From the canonical distribution the following
absolute equilibrium spectra are obtained as a function of the wave vector k [11]:

E(k) =
4αk2 + 2γ(1 + d2

ek
2)

4α [αk2 + γ(1 + d2
ek

2)]− β2(1 + d2
ek

2)2
, (4.14)

F (k) =
4α(1 + d2

ek
2)

4α [αk2 + γ(1 + d2
ek

2)]− β2(1 + d2
ek

2)2
, (4.15)

He(k) =
2β(1 + d2

ek
2)2

4α [αk2 + γ(1 + d2
ek

2)]− β2(1 + d2
ek

2)2
. (4.16)
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For given values of the invariants E, F and He, the Lagrange multipliers are de-
termined by summation of the spectra over the wave vector range [kmin, kmax].
Note that the convergence of the integrals of the probability density requires that
α E + β He + γ F be positive definite. Energy and mean square generalized
momentum in Eqs (4.14) and (4.15) should be positive for all k. This requires that
α, γ and the common denominator should all have the same sign.

Equation (4.14) shows that for kde < 1 as well as for kde > 1, the energy tends
to be equally distributed over the modes. As there are many more modes at large
k, this implies that energy is concentrated at small scales. This can be interpreted
as due to flow of energy towards small scales, which means a direct cascade of
energy. The mean square generalized momentum in the long scale range kde < 1
behaves as k−2 and is peaked towards the larger scales, which can be interpreted
as due to an inverse cascade of mean square generalized momentum. For the
small scale range kde > 1, the spectrum of mean square generalized momentum
weakly depends on k for a large range of k values, which means equipartition
of mean square generalized momentum between modes. This implies that mean
square generalized momentum is accumulated at small scales, suggesting a direct
cascade of mean square generalized momentum. The spectrum of generalized
helicity is peaked both towards large scales (kde < 1) and small scales (kde > 1)
with a minimum at kde = 1. This suggests an inverse cascade for scales larger
than de and a direct cascade for smaller scales.

4.4 Spectral properties and inertial ranges
In this section we will discuss the spectral properties of EMHD turbulence by
means of the scaling symmetries of the governing equations in the inertial range.
The turbulence is assumed to be isotropic and homogeneous. The inertial range
consists of the scales between the global scale k−1

g and the dissipation scale k−1
µ .

At k = kµ the “Reynolds” number, being the ratio between the non-linear terms
and the dissipation terms, is equal to unity. The dissipation in our system is due
to hyperviscosity. The system of equations (4.3) and (4.4) is characterized by a
set of three “Reynolds” numbers, namely (d2

ebk/µk
2), (ψ2

k/µbkk
2) and (bk/µk

4).
If kde < 1, the system is characterized by the “Reynolds” numbers (ψ2

k/µbkk
2)

and (bk/µk
4). In the large de limit, the system of equations (4.3)–(4.4) reduces to

Eqs (4.9)–(4.10), and the corresponding “Reynolds” numbers are (ψ2
k/µbkk

2) and
(d2
ebk/µk

2). From the above discussion we see that in the small as well as in the
large de regimes, the system is characterized by two “Reynolds” numbers. In both
regimes, the nonlinear dynamics will be characterized by the largest one.

Equations (4.3) and (4.4) are not scale invariant because they contain the scale
length de. They are scale invariant in the limits kde � 1 as well as kde � 1.



88 Chapter 4. Spectral properties of decaying turbulence in electron magnetohydrodynamics

Although these limits do not correspond to the full equations, the results are used
to analyze turbulence in the ranges kde < 1 and kde > 1.
In the limit kde � 1 and for turbulent length scales l sufficiently far below the
global scale length where boundary conditions have to be applied, the equations
are invariant under the group of transformations [11],

l
′
= αl, t

′
= α1−ρ t, b

′
= α1+ρ b, ψ

′
= α2+ρ ψ, (4.17)

for arbitrary values of the parameters α and ρ.
The scaling transformations (4.17) together with the assumption that the flux of
one of the ideal invariants does not depend on the scale l, determine the spectral
decay exponents uniquely. A Kolmogorov-type scaling for the spectra of the ideal
invariants in the inertial range is obtained by assuming that in the inertial range,
the flux of energy is independent of the scales [13]. The spectra of the ideal
invariants obtained in numerical simulations of decaying EMHD turbulence turn
out to be characterized by decay exponents that are consistent with such invariant
energy flux.
In the range kde < 1, dimensional analysis reveals that the energy flux εE in
Eqs (4.3) and (4.4), scales as bψ2/l4. The scaling (4.17) implies ε′E = α3ρ+1εE .
The invariance of εE requires ρ = −1/3. As a result we obtain

〈b2〉(l) ∝ ε
2/3
E l4/3, 〈ψ2〉(l) ∝ ε

2/3
E l10/3, 〈b ψ〉(l) ∝ ε

2/3
E l7/3. (4.18)

Here, 〈b2〉(l) denotes 〈(b(l+x)−b(x)) (b(l+x)−b(x))〉. Equation (4.18) leads to
the following spectra of energy E(k), mean square generalized momentum F (k)
and generalized helicity H(k) integrated over angles in k-space [11]

E(k) ∝ ε
2/3
E k−7/3, F (k) ∝ ε

2/3
E k−13/3, He(k) ∝ ε

2/3
E k−10/3. (4.19)

In the large de limit discussed in Section 2, the equations of motion are given
by Eqs (4.9) and (4.10). These equations are invariant under the group of trans-
formation

l
′
= αl, t

′
= α1−ρ t, b

′
= α1+ρ b, ψ

′
= α1+ρ ψ. (4.20)

Note that the transformations (4.20) infer that b and ψ should have the same scal-
ing with l.
Similar to what has been done in the previous case for the small de limit, power
law spectra of the ideal invariants can be determined by using the scaling (4.20)
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together with the assumption that one of the ideal invariants has an invariant flux
through the scales. Any of these invariant fluxes leads to spectra that are char-
acterized by a unique decay exponent. However, the spectra obtained from the
numerical calculations are characterized by decay exponents that are inconsistent
with any of these invariant fluxes. Moreover, in case of Eb � Eψ initially, the nu-
merical simulations reveals a tendency towards equipartition of Eb and Eψ, which
contradicts the self-similar scaling of these fields, Eq. (4.20). Thus, a self-similar
turbulent state is never established.

4.5 Energy decay laws
In this section we discuss two possible scenarios for the time behaviour of the
total energy and the peak of the energy spectrum in decaying EMHD turbulence.
Predictions of the time behaviour obtained from these scenarios will be used to
analyse the time behaviour of the total energy and the peak of the energy spectrum
obtained from the numerical calculations.
The first scenario is based on the concept of selective decay [18, 19], which is
applicable if certain quantities decay at slower rate than others and can thus be
considered constant.

As will be shown in Section 6, the energy decays faster than the mean square
generalized momentum in the limit kde � 1, in agreement with the direct cascade
of energy and the inverse cascade of mean square generalized momentum. Upon
considering mean square generalized momentum to be constant, one can usefully
apply the selective decay approach. We define a scale length L by

F = L2Eψ ∝ L2E. (4.21)

In Eq. (4.21) we have assumed that Eb and Eψ, have similar space-time be-
haviour, which will be the case if b and ∇ψ obey the same scaling. It is as-
sumed that the scale L is at the top of the inertial range so that the associated
energy scales like E(L) ∝ ε

2/3
E L4/3. Assuming further that the energy E(L)

dominates the total energy, then the total energy E may be replaced by E(L) in
Eq. (4.21). Substituting E(L) in Eq. (4.21) and using dE(L)/dt = −εE , one ob-
tains dE(L)/dt ∝ −F−1E5/2(L). Provided F is time-independent, one obtains
the following similarity relation for the scale L(t) and the energy E(t),

L(t) ∝ t1/3, E(t) ∝ t−2/3. (4.22)

Next we investigate a different approach, which is based on the assumption
that if the turbulence initially possesses the property of infrared asymptotic self-
similarity with a scaling exponent h < 0, then it preserves this property for all
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later times with the same h [22]. In the small de regime, we take b and∇ψ to have
the scaling b ∝ Lh,∇ψ ∝ Lh, with h < 0 on large scales. Here, we require that
proportionality constants are time-independent. The scaling of b and ∇ψ implies
that for small values of k the energy spectrum E(k) is proportional to k−1−2h.
The scaling of b and ∇ψ is valid at large scales, L ≥ l0 where l0 is assumed to
be the length scale at the maximum of the energy distribution. The energy E(L)
and the energy flux ε(L) at the scale L can be estimated as E(L) ∝ L2h and
ε(L) ∝ L3h−2. For sufficiently negative value of h, the dominant energy E(L) is
at scale L = l0. SubstitutingE(L) and ε(L) into dE(L)/dt ∝ −ε(L), we obtain a
first order differential equation for the scale L, which give the following similarity
solutions for L(t) and E(L, t),

L(t) ∝ t1/(2−h), E(L, t) ∝ t2h/(2−h). (4.23)

From Eq. (4.23), it is clear that in order to determine the time behaviour of the
turbulence, one needs to know the value of h. An additional physical quantity that
is constant in time, is needed to determine the value of h.
In the literature it is argued that the determination of the time behaviour of de-
caying isotropic turbulence, in MHD [19, 20] as well as in Navier-Stokes [21], is
based on the invariance of the Loitsianskii integral. The invariance of the Loit-
sianskii integral is a consequence of the general law of conservation of angular
momentum.
In what follows we will discuss the invariant that determines the time behaviour
of decaying turbulence in EMHD. Upon comparing the obtained time behaviour
of the turbulence with those of Eq. (4.23), the value of h can thus be determined.

The linear momentum P and angular momentum M in 2 1
2
D EMHD are given by

P =

∫
dr ez × r Ω, M =

1

2

∫
dr r2 Ω (4.24)

The linear momentum generates translations and the angular momentum generates
rotations. They are constants of the motion if the Hamiltonian does not depend ex-
plicitly on space coordinates. We adopt a double periodic domain as will be used
later in our numerical calculations. In such a domain the net linear momentum
is a constant of the motion, while the net angular momentum is not. We assume
that the mean value of the fluctuations of the axial vorticity Ω̃ vanishes over the
volume,

∫
dr Ω̃(r) = 0. This condition is satisfied in our numerical calculations,

where the initial fluctuations of the axial vorticity are chosen to have vanishing
mean values.
The mean of the square of the linear momentum 〈P 2〉 = 〈P 2

x +P 2
y 〉 can be written

as
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〈P 2〉 = −(2π)2

2

∫
R dR

∫
dL L3 〈ΩΩ

′〉. (4.25)

Here, 〈. . . 〉 denotes ensemble average and 〈ΩΩ
′〉 denotes the correlation func-

tion between vorticities at two points a distance L a part. For isotropic flows,
the quantity 〈ΩΩ

′〉 depends only on L. The convergence of the second integral
on the right hand side of Eq. (4.25),

∫
dL L3〈ΩΩ

′〉, requires that the integrand
diminishes rapidly with increasing L. Since the turbulence is homogeneous, this
integral takes the same value everywhere in the fluid. Thus we conclude that,
for isotropic homogeneous turbulence, the constancy of the linear momentum and
thus of 〈P 2〉 implies that the integral

∫
dL L3〈ΩΩ

′〉 is also constant in time. This
would require that

Ω2 L4 = constant. (4.26)

Note that Eq. (4.26) implies that 〈ΩΩ
′〉 decays as L−4. This behaviour of the

correlator is sufficient for the integral
∫
dL L3〈ΩΩ

′〉 to converge. The condi-
tion (4.26) is the analogue of the condition obtained from the invariance of the
Loitsianskii integral for 3D Navier-Stokes turbulence [21].
Condition (4.26) also follows from the angular momentum. Upon using the condi-
tion

∫
dr Ω̃(r) = 0, the mean of the square of the angular momentum is given by

〈M2〉 = −1/8
∫
dR

∫
dL (R · L)2 〈ΩΩ

′〉. Although this angular momentum
is globally not conserved, it is an approximate constant of the motion in regions
whose size is smaller than the global size of the system. In that case, we can
perform the integration over angles and 〈M 2〉 can be written as

〈M2〉 ≈ −(2π)2

16

∫
R3 dR

∫
dL L3〈ΩΩ

′〉. (4.27)

Requiring that 〈M 2〉 is time independent leads again to condition (4.27), with L
being smaller than the global scale of the turbulence.
Using relation (4.26) we can determine the time behaviour of the turbulence.
For kde � 1, Ω ≈ b and Eq. (4.26) implies that b2L4 = constant. Assuming
that the fields b and ∇ψ have similar space-time behaviour, the energy E(L) and
energy flux ε(L) at the scale L can be estimated as E(L) ∝ L−4 and ε(L) ∝ L−8.
We assume further that the scale L is at the maximum of the energy distribution
so that the energy E(L) can be interpreted as the peak of the energy distribution.
Substituting E(L) and ε(L) into dE(L)/dt ∝ ε(L), we obtain a first order differ-
ential equation for the scale L. The solution of this differential equation gives the
following similarity solutions for L(t) and E(L, t),

L(t) ∝ t1/4, E(L, t) ∝ t−1. (4.28)
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Upon comparing this time behaviour with that of Eq. (4.23), we see that h = −2.
The corresponding energy spectrum at large scales is E(k) ∝ k3.
Note that the k3 spectrum of the energy at large scale is also observed in MHD
turbulence [19].

In the large de limit with finite coupling term, the time behaviour of the in-
variant quantity Ê and the peak of its spectrum can be determined using similar
treatments as in the small de limit. In this limit, the Hamiltonian Ĥ decays at a
slower rate than the invariant Ê and can be considered constant on the time scale
of the decay of the latter quantity. Thus the time behaviour of Ê can be predicted
by applying the selective decay approach between the Hamiltonian Ĥ and the in-
variant Ê. The peak of the spectrum of Ê can be determined by assuming that the
turbulence possesses an invariant infrared scaling together with the invariance of
the total linear momentum.
The relevant system is invariant under the group of transformation (4.20). The
scaling transformations (4.20) infer that the fields b and ψ should have similar
scaling with length. This is used in the derivation of the time behaviour of Ê and
the peak of its spectrum.
However, the time behaviour of Ê and that of the peak of its spectrum that are
obtained from the numerical calculations do not fit those obtained from the se-
lective decay and the invariant infrared scaling, respectively. This is because the
condition that the fields b and ψ have a common scaling with length, under which
these time behaviours are derived analytically, is violated.

4.6 Numerical results
We have performed numerical studies of 2D decaying EMHD turbulence. The
equations are solved numerically on a quadratic box of size 2π × 2π with double
periodic boundary condition, using a pseudospectral method with N 2 modes and
dealiasing according to the 2/3 rule. We start with the initial conditions

bk = b0 exp
(
−(k − k0)2/2∆2 + iαk

)
,

ψk = ψ0 exp
(
−(k − k0)2/2∆2 + iγk

)
. (4.29)

Here, b0, ψ0 are the initial amplitudes of the perturbations, αk, γk are random
phases, k2 = k2

x + k2
y , kx,y = ±1,±2,±3, . . . , ∆ is the width, and k0 is the

dominant initial wave number.
The energyE(k) and mean square generalized momentumF (k) are calculated

in the following way. We divide the k− space into bands around integer values of
k. Each band contains those k− values that are nearest to the defining integer of
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Figure 4.1: (a) Evolution of the energy spectrum, and (b) time behaviour of the peak of the energy
spectrum in k−space. Diamonds represent data points and solid line is a least square
fit in the range 0.3 ≤ t ≤ 1.5. Plasma parameters: de = 0.01, k0 = 10, µ3 = 10−10,
and b0 = ψ0 = 3.4× 10−3.

the band. The values of the energy and mean square generalized momentum are
taken to be the sum over the corresponding modes in the band (k − 0.5, k + 0.5]
around each integer value of k. Finally, the values of energy and mean square
generalized momentum at any time t are taken to be the average of their values
calculated in the last 100 time steps.
We have performed two calculations for two different bin widths in k−space and
same initial conditions. Moreover, we have taken the values of the energy E(k)
and mean square momentum F (k) at any time t to be the average of their values
calculated in the last 50 and 100 time steps. In all cases, the spectra are found to
be qualitatively and quantitatively similar. All changes in the decay exponents are
within the uncertainties of the fits.
In addition, we have performed calculations for different initial phases. In all cases
the global shape of the spectra is unaltered, which means that the decay exponent
of the spectra are independent of the initial phases. On the other hand, we have
observed that the scatter of points in k−space changes with the initial phases. The
scatter of data points in the spectra correspond to different statistical realizations.
Upon performing proper statistical averaging, the scatter will disappear while the
spectra preserve their global shape.
The decay exponents of the spectra of the physical quantities and their time be-
haviour are determined by a least square fitting method. In all plots, diamonds
represent data points and the solid line on top is a least square fit.
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Figure 4.2: (a) Evolution of 〈k〉E in the inertial range 8 ≤ k ≤ 40, and (b) the energy spectrum
at time t = 2. Solid line is a least square fit in the inertial range 8 ≤ k ≤ 40. Same
plasma parameters as in Fig. 4.1.
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Figure 4.3: (a) Time behaviour of the total energy, and (b) the energy calculated in the inertial
range. Solid line is a least square fit in the range 1 ≤ t ≤ 5. Same plasma parameters
as in Fig. 4.1.
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Figure 4.4: (a) Evolution of mean square generalized momentum, and (b) the spectrum at time
t = 2. Solid line is a least square fit in the range 8 ≤ k ≤ 40. Same plasma
parameters as in Fig. 4.1.

4.6.1 kde < 1, excitation at low mode number
In order to investigate processes associated with the direct cascade of the ideal
invariants, the initial perturbations are centered around k0 = 10. The largest
“Reynolds” number, (ψ2/µbk2), associated with the initial perturbations at k0 =
10 is 3.4× 105. The first case we consider is when kde < 1 in the inertial range.
Figure 4.1(a) shows the evolution of the energy spectrum, where initially the spec-
trum is peaked around k = 10. In the course of time the tail of the energy spectrum
extends towards larger values of k whereas the peak decreases and propagates to-
wards smaller values of k. At each time during the evolution most of the energy
flows towards small scales whereas a small fraction flows towards large scales.
The peak of the energy spectrum, that is the maximum of the energy spectrum, in
k−space is shown to have a t−1.01±0.05 time behaviour as illustrated in Fig. 4.1(b).
This time behaviour is in agreement with the one given by Eq. (4.28), which was
derived under the assumption of invariant linear momentum and of an invariant
infrared asymptotic scaling of the turbulence possesses with exponent h = −2.
The peak of the energy spectrum propagates towards smaller values of k, and is
followed in time until it reaches the global scales and becomes too small. This
leaves insufficient space to verify the predicted k3 spectrum of the energy at large
scales. The slow decay of the peak of the energy spectrum at later times is caused
by the slow decay of the energy in the global modes.
At the time when the spectra are calculated, the smallest mode number kµ where
the ”Reynolds” number is equal to unity, is at k = 50. To avoid boundary and
dissipation effects, we consider the range 8 ≤ k ≤ 40 as being representative of
the inertial range. The average value 〈k〉E(t) =

∑40
k=8 kEk/

∑40
k=8 Ek increases
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Figure 4.5: (a) Evolution of the ratio between the total energies in the fields b and ψ, Eb/Eψ,
evolution of the energies Eb and Eψ for (b) k = 1, and (c) k = 2. Same plasma
parameters as in Fig. 4.1.
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Figure 4.6: (a) Evolution of the ratio Eb/Eψ at large scales 3 ≤ k ≤ 6, the spectral energy ratio
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as in Fig. 4.1.
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Figure 4.7: (a) Evolution of the mean square generalized momentum spectrum, and (b) the en-
ergy spectrum. Plasma parameters are: de = 0.01, k0 = 40, µ3 = 10−10, and
b0 = ψ0 = 3.4× 10−3.

initially, reaches a maximum and decreases afterwards as shown in Fig. 4.2(a).
The initial increase of 〈k〉E(t) is a clear indication that initially the energy transfer
is towards small scales. The average value 〈k〉E(t) reaches its maximum when
fully developed turbulence is established. The decay of the total energy in time
shown in Fig. 4.3(a) indicates that energy is cascaded to large mode numbers and
subsequently dissipated there by viscosity.

At time t = 2 the energy spectrum is consistent with the k−7/3 spectrum
of Eq. (4.19) obtained from scaling symmetry and invariant energy flux. See
Fig. 4.2(b). After 〈k〉E(t) has reached its maximum, the energy spectrum be-
comes a bit steeper and is characterized by k−2.55±0.07 at time t = 5. This goes
together with the final slow decrease of 〈k〉E(t). This behaviour could point to a
reduced energy flux at large k values.
The time behaviour of the total energy E(t) and the inertial range energy Ei(t)
are shown in Fig. 4.3. Initially, the energy in the inertial range is leaking towards
large scales. This is consistent with the initial steep decay of Ei(t). The total en-
ergy is shown to have a t−0.62 temporal behaviour. The mean square generalized
momentum remains constant during the characteristic time of energy decay (See
Fig. 4.4(a) ). Thus the condition discussed in section 5 for the applicability of se-
lective decay is met and the time behaviour of energy is close to that of Eq. (4.22).
The energy calculated in the fixed inertial range 8 ≤ k ≤ 40 is shown to have
a t−0.90 temporal behaviour. This indicates that the energy of the global modes
decays at a slower rate than the inertial range energy.

The numerical calculations show that the total mean square generalized mo-
mentum remains constant in the course of time as shown in Fig. 4.4(a).
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Figure 4.8: (a) Time behaviour of the peak of the energy spectrum in k−space, and (b) the evo-
lution of 〈k〉F in the inertial range 8 ≤ k ≤ 35. Solid line is a least square fit in the
range 0.01 ≤ t ≤ 1. Same plasma parameters as in Fig. 4.7.
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Figure 4.9: (a) Evolution of the energy ratio, the spectral energy ratio, (Eb(k)/Eψ(k)) at time
t = 2 in the ranges (b) 1 ≤ k ≤ 8, and (c) 8 ≤ k ≤ 35. Same plasma parameters as
in Fig. 4.7.
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Figure 4.10: Evolution of the average values 〈k〉E and 〈k〉F in the inertial range 10 ≤ k ≤ 40 for
de = 0.2 (a) and de = 1.0 (b). Plasma parameters are: k0 = 10, and b0 = ψ0 =
3.4× 10−3.

This indicates that the mean square momentum is not cascaded to small scales
where it would be dissipated, but either remains in the excitation scales or flows
towards larger scales. At time t = 2, the spectrum of mean square generalized mo-
mentum is characterized by k−4.4±0.08 as shown in Fig. 4.4(b). This is consistent
with the k−13/3 spectrum of Eq. (4.19) determined by invariant energy flux.

The time evolution of the ratio between the total energiesEb(t) =
∫
dk Eb(k, t)

and Eψ(t) =
∫
dk Eψ(k, t) in the fields b and ψ, respectively, is shown in

Fig. 4.5(a). Initially the energy Eψ is dominant (Eb/Eψ)t=0 = 9.7 × 10−3. In
the course of time the ratio increases and reaches a value of 0.4 at time t = 1.0.
The initial increase of the energy ratio means that energy in the field b, Eb, is be-
ing generated. Afterwards the ratio remains relatively constant, which means that
both energies have similar time behaviour as required by the self-similar scaling
Eq. (4.21). This happens roughly at the time span when the spectra are established.
The contributions from large scale modes to the energies Eb and Eψ are small
fractions of the corresponding total energies. The time evolution of the energies
Eb andEψ at the modes modes k = 1, 2 is shown in Fig. 4.5(b) and Fig. 4.5(c), re-
spectively. As can be seen from the figures, the energy Eb increases fast initially;
subsequently it decreases and becomes almost equal to Eψ. This means that the
ratio Eb(k)/Eψ(k) for k = 1, 2, increases fast initially, subsequently it decays to
a constant value close to unity around time t = 0.5. For modes 3 ≤ k ≤ 6, the
energy ratio relaxes to a constant value close to 0.4 after a fast initial increase as
demonstrated in Fig. 4.6(a).
The ratio Eb(k)/Eψ(k) at time t = 2 is shown in Figs 4.6(b, c). The oscillations
of Eb(k)/Eψ(k) are caused by the scatter of points in the spectra of both Eb(k)
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Figure 4.11: (a) Time behaviour of the total energy, (b) evolution of the total mean square gen-
eralized momentum for de = 0.2, and (c) evolution of the total energy and mean
square generalized momentum for de = 1.0. Solid line is a least square fit in the
range 2 ≤ t ≤ 5. Same plasma parameters as in Fig. 4.10.

and Eψ(k). As we mentioned earlier the scatter of these points represents some
statistical realization. At the global scales k = 1, 2 the ratio has a value larger
than unity and decays to 0.5 at k = 8. This is shown in Fig. 4.6(b). Figure 4.6(c)
shows the ratio Eb(k)/Eψ(k) in the range 8 ≤ k ≤ 40. It is shown that the ratio
is increasing towards a value close to unity at k = 40.

Thus from the preceding discussion, we conclude that the evolution of the ratio
between total energies in the fields b and ψ is determined by the corresponding
energies in the inertial range.

4.6.2 kde < 1, excitation at high mode numbers
To investigate processes associated with the possible inverse cascade of the mean
square generalized momentum, the initial perturbations are centered around k0 =
40. In this case we consider the range 8 ≤ k ≤ 35 as a representative of the
inertial range. The electron inertial skin depth is taken to be de = 0.01, so that
in the inertial range kde < 1. The early time evolution of the spectrum of the
mean square generalized momentum is shown in Fig. 4.7(a) and the one of the
energy in Fig. 4.7(b). It is seen that at early stages and within a very short interval
of time, spectral peaks propagate towards large scales. These peaks represent a
relatively low amount of energy, but a large amount of mean square generalized
momentum. In case of the mean square generalized momentum Fig. 4.7(a), the
area under the curves is practically constant in time. The mean square momentum
remains at large scales due to an inverse cascade. The associated energy decays in
time. Energy has a direct cascade just as in the case where the initial perturbations
are centered around k0 = 10 and de = 0.01. In the case under consideration, the
spectra of energy and mean square momentum are close to those of Fig. 4.2(b)
and Fig. 4.4(b) respectively. Also, in this case the peak of the energy spectrum in
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Figure 4.12: (a) Evolution of the energy ratio, (Eb/Eψ), (b) evolution of R(t). Same plasma
parameters as in Fig. 4.10.

k−space is shown to have a t−1 time behaviour as illustrated in Fig. 4.8(a). To-
gether with the previous result (See Fig. 4.1), this indicates that the time behaviour
of the peak of the energy spectrum is independent of the mode number k0. Fig-
ure 4.8(b) illustrates that initially 〈k〉F (t) decreases fast, which is consistent with
an inverse cascade of mean square generalized momentum. The average mode
number 〈k〉F (t) becomes constant at the time when the system has established a
power law spectrum.

The time evolution of the ratio between the total energies in the fields b and ψ,
Eb/Eψ, is shown in Fig. 4.9(a). Initially the energyEψ is dominant (Eb/Eψ)t=0 =
6.24× 10−4. The ratio increases and reaches a value of 0.4 at time t = 0.01. This
process is much faster than in the case with de = 0.01 and k0 = 10 due to the
larger coupling term. Afterwards the ratio remains relatively constant around the
value 0.4. The ratio Eb(k)/Eψ(k) at time t = 2 is shown in Fig 4.9 (b, c). In the
range 1 ≤ k ≤ 8, the ratio at the global mode k = 1 has a value equal to 2.75, and
drops to 0.32 at k = 8. This is shown in Fig. 4.9(b). Figure 4.9(c) shows the ratio
Eb(k)/Eψ(k) in the range 8 ≤ k ≤ 35. It is seen that the ratio increases until it
reaches a value of about 0.8 at k = 35.
Similar to the previous case, the evolution of the ratio between total axial and
poloidal energies is determined by the corresponding energies in the inertial range.

4.6.3 kde > 1, excitation at low mode number
In this part we discuss numerical simulations for the large de limit where the
system equations may be approximated by Eqs (4.9)–(4.10). We stress that all
numerical calculations are performed for the full equations (4.3) and (4.4). We
have considered two cases corresponding to two different values of de, namely
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de = 0.2 and de = 1.0. In both cases the mode number k0 is taken to be equal to
10. The initial conditions are chosen such that for the case with de = 0.2, the ratio
|d2
e(k

2b(k)2)/(k2ψ(k)2)| = O(10−2) at each k. This means that the initial poloidal
magnetic energy

∫
dr (∇ψ)2 is two orders of magnitude larger than the initial

poloidal kinetic energy
∫
dr d2

e (∇b)2. For the case with de = 1.0, the initial ratio
|d2
e(k

2b(k)2)/(k2ψ(k)2)| = 1 at each k, which means the convection term equals
the coupling term and that the poloidal magnetic and kinetic energies are equal at
t = 0. In both cases, the ratio of these energies,

(∫
dr d2

e (∇b)2)/
(∫

dr (∇ψ)2),
turn out to increase in time by an order of magnitude.

In the simulation of the case with de = 0.2, the hyperviscosity coefficient µ3

is taken to be 10−10. During the simulation of the case with de = 1.0, we have en-
countered some problems due to numerical instabilities at small scales. In order to
suppress such instabilities, one needs to start the simulation with a large viscosity
coefficient, namely µ3 = 5×10−7. The problem is that in the course of time when
the amplitudes start to decay, the viscosity coefficient becomes large. To solve this
problem we reduced the viscosity coefficient during the simulation. This recipe
has been used in Ref. [9] for decaying turbulence in 2 1

2
D EMHD where it has

been shown that the energy dissipation rate does not depend on the value of the
viscosity coefficient. In our case, initially we use µ3 = 5× 10−7, at time t = 1 it
is reduced to µ3 = 10−7, µ3 = 5× 10−8 at t = 2, µ3 = 10−8 at t = 3 and finally
µ3 = 5× 10−9 at t = 4.

We have considered the range 10 ≤ k ≤ 40 as being representative of the
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Figure 4.14: Spectral energy ratio, (Eb(k)/Eψ(k)) at time t = 2 in the ranges (a) 1 ≤ k ≤ 10
and (b) 10 ≤ k ≤ 40. Same plasma parameters as in Fig. 4.10 for de = 0.2.

inertial range. This means that kde > 1 over the entire inertial range for both
values of de. The evolution of the average values of 〈k〉E(t) and 〈k〉F (t) in the
inertial range 10 ≤ k ≤ 40 is represented in Fig. 4.10. The curves 〈k〉E(t) and
〈k〉F (t) indicate that at early times the transfer of both energy and mean square
generalized momentum is towards small scales. At later times, the average mode
numbers 〈k〉E(t) and 〈k〉F (t) become relatively constant.
Figure 4.11 shows that the total energy and the total mean square generalized mo-
mentum decay in the course of time. This decay together with the initial increase
of the average mode numbers 〈k〉E(t) and 〈k〉F (t), means that both quantities ex-
hibit direct cascade. At later times, the total energy for de = 0.2 decays according
to t−0.94 as shown in Fig. 4.11(a).

The time evolution of the ratio between the total energies in the fields b and ψ,
Eb/Eψ, for de = 0.2 and de = 1.0 are shown in Fig. 4.12(a). Note that in the large
de limit, Eb is dominated by the contribution

∫
dr d2

e(∇b)2, and Eψ is dominated
by
∫
dr d2

e(∇2ψ)2. The energy Eψ is dominant initially, (Eb/Eψ)t=0 = 9.41 ×
10−3 and (Eb/Eψ)t=0 = 9.52 × 10−3 for de = 0.2 and de = 1.0, respectively. In
both cases, the ratio remains small for some time. In the course of time the ratio
increases and becomes approximately constant. In the case with de = 0.2, the
ratio levels off at a value equal to 0.4 at time t = 2.0, while for de = 1.0, the ratio
levels off at a relatively higher value 0.6 at the later time t = 5.0.
As mentioned before, the increase of the ratioEb/Eψ is due to flow of energy from
Eψ toEb. This conversion of energy is done by the coupling term in Eq. (4.3). The
different time behaviour of the ratio Eb/Eψ in the two cases under consideration,
is related to the difference in evolution of the convection and coupling terms in
Eq. (4.3). The time evolution of the ratio
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R(t) =

∑nx
x=1

∑ny
y=1| [b(x, y),Ω(x, y)] + [ψ(x, y),∇2ψ(x, y)] |∑nx

x=1

∑ny
y=1| [ψ(x, y),∇2ψ(x, y)] | , (4.30)

is shown in Fig. 4.12(b). Initially, the convection term is O(10−2) with respect to
the coupling term for the case with de = 0.2, while for the case with de = 1.0,
these two terms are equal in magnitude. For de = 0.2, the initial value of R(t) is
equal to unity, and it remains so for some time. This goes together with Eb/Eψ
remaining unchanged at early times. For the case with de = 1.0, the ratio R(t)
decreases from a value equal to 1.5 to 1.02. This decrease is due to a partial
cancellation between the two nonlinear terms in the right hand side of Eq. (4.3),
which also goes together with Eb/Eψ remaining unchanged for longer times as
compared with the case of de = 0.2. Subsequently, for both cases de = 0.2 and
de = 1.0, R(t) increases, becomes large and approximately constant at the time
when the ratio Eb/Eψ becomes constant. In the case with de = 1.0, the compen-
sation between the convection and coupling terms is more pronounced than in the
case with de = 0.2. As a result R(t) increases at a slower rate and consequently it
takes longer for the ratio Eb/Eψ to become constant.

At early times where the ratio Eb/Eψ is still small, the dynamics is dominated
by the ψ−field and the coupling term. Upon comparing the evolution of the to-
tal energy in Figs 4.11(a) and 4.11(c) with the evolution of the ratio Eb/Eψ in
Fig. 4.12(a), one observes that at the time when the ratio Eb/Eψ becomes con-
stant 26% of the total energy is already dissipated for de = 0.2 and even more than
50% in the case with de = 1.0. The energy losses are mainly in the Eψ energy,
which means that the energy Eψ spreads out and decays on a time scale where the
energy Eb is still negligibly small, and as a result the turbulence never reaches a
stationary state. As will be shown later, on these time scales the spectrum of Eψ

extends towards small scales, and as a result the energy Eψ is damped by viscos-
ity. Although the energy Eψ is still the largest contribution to the total energy in
the phase where Eb/Eψ is constant, the ratio R(t) is large so that the dynamics is
mainly due to the convection term.

Numerical analysis of the early time evolution of the peak of the energy spectrum
and the time behaviour of the energy in the inertial range 10 ≤ k ≤ 40 are given
in Figs 4.13. At early times the energy related with the b field is negligibly small
and the total energy E is dominated by Eψ. In both cases, de = 0.2 and 1.0, the
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Figure 4.15: Spectra of the energy (left) and mean square generalized momentum (right) at time
t = 2. (a, b) de = 0.2, and (c, d) de = 1.0. Solid line is a least square fit in the range
10 ≤ k ≤ 40. Same plasma parameters as in Fig. 4.10.
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Figure 4.16: Spectra of (kψk)2. (a) at t = 2, and (b) at t = 5. Solid line is a least square fit in
the range 10 ≤ k ≤ 40. Same plasma parameters as in Fig. 4.10 for de = 1.0.

peak is shown to propagate towards small mode numbers and to decay in time.
This decay is rather fast. For de = 1.0, the peak has decayed by more than 60% of
its initial value at time t = 1.0. Subsequently, the decay slows down and behaves
like t−1.11±0.05 as shown in Fig. 4.13(a).
Initially the energy contained in the inertial range, Ei(t), flows towards large and
small scales. It decays fast at early times. For the case with de = 0.2, at time
t = 2.0 around 77% of Ei(t = 0) is already lost from the inertial range. At
later times, Ei(t) has a t−1.15 temporal behaviour as shown in Fig. 4.13(b). Upon
comparing Figs 4.11(a) and 4.13(a), it is seen that both the total energy E(t) and
the energy contained in the inertial range decay at almost the same rate at later
times. This is because there is hardly any energy left in the large scale modes.
The local ratio Eb(k)/Eψ(k) in k−space at time t = 2 is shown in Figs 4.14(a)
and (b). In the range 1 ≤ k ≤ 10, the ratio decays from 0.8 at the global scale
k = 1 to 0.1 at k = 2, and finally increases to 0.7 at k = 10. This is shown
in Fig. 4.14(a). However, there is little energy in the low mode numbers, so
that the evolution of the ratio Eb/Eψ is determined by the corresponding energies
in the inertial range. Figure 4.14(b) shows the ratio Eb(k)/Eψ(k) in the range
10 ≤ k ≤ 40, where it oscillates around a value that increases from 0.6 at k = 10
to 0.8 at k = 40.

The plots of the spectra of energy and mean square generalized momentum at
time t = 2 are shown in Fig. 4.15. For the case with de = 0.2, the spectrum of
the total energy is characterized by k−1.64±0.05 as shown in Fig. 4.15(a). The de-
cay exponent of the energy spectrum remains constant at later times, in agreement
with the final steady behaviour of 〈k〉E(t) in Fig. 4.10(a). The spectrum of mean
square generalized momentum is proportional to k−1.92±0.06, see Fig. 4.15(b). At
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Figure 4.17: Spectra of (kbk)2. (a) at t = 2, and (b) at t = 5. Solid line is a least square fit in the
range 10 ≤ k ≤ 40. Same plasma parameters as in Fig. 4.10 for de = 1.0.

later times, this spectrum becomes a bit flatter which goes together with the slow
increase of 〈k〉F (t) (see Fig. 4.10(a)).

In the case where de = 1.0, the energy and mean square generalized momentum
are characterized by almost the same spectrum. At time t = 2.0, the spectra are
E(k) ∝ k−1.69±0.06 and F (k) ∝ k−1.67±0.06 as shown in Figs 4.15(c) and 4.15(d).
In the course of time the spectra become a bit flatter and at time t = 5 the spectra
of the energy and mean square generalized momentum are E(k) ∝ k−1.52±0.06

and F (k) ∝ k−1.49±0.06 (figures not shown). At later times, the decay exponents
of both spectra remain constant in agreement with the final steady behaviour of
the mode numbers 〈k〉E(t) and 〈k〉F (t).
In the two cases discussed above, the total energy and the total mean square gen-
eralized momentum have established power law spectra at early times. At these
times both spectra are associated with the∇2ψ−field alone, which almost behaves
as an advected scalar. The spectra are rather broad and extend to the viscous re-
gion so that these quantities are already strongly dissipated while the energy in the
b−field, Eb, is still negligibly small. For the case with de = 1.0, the total energy,
which is mainly Eψ, has established a spectrum that extends towards small scales
at time t = 2.0. At that time 68% of the energy in the inertial range is already
lost. Moreover we point out that at time t = 2 the energies Eb and Eψ, and thus
the fields b and ψ do not yet have similar time behaviour as can be seen from the
time evolution of Eb/Eψ for de = 1.0 given in Fig. 4.12(a).
The spectra of the poloidal magnetic energy and the poloidal kinetic energy for
the case with de = 1.0 are displayed in Fig. 4.16. The spectrum of the poloidal
magnetic energy at time t = 2 is characterized by k−3.65±0.06 (see Fig. 4.16(a)). In
the course of time the spectrum becomes a bit flatter and at time t = 5, the spec-
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trum follows k−3.43±0.06 as shown in Fig 4.16(b). This spectrum is consistently
k−2 steeper than those of the energy and mean square momentum. This confirms
that both energy and mean square generalized momentum are dominated by the∫
dr (∇2ψ)2 term.

At time t = 2 the spectrum of the poloidal kinetic energy is characterized by
k−2.40±0.05 as shown in Fig. 4.17(a). In the course of time this spectrum becomes
a bit steeper and at time t = 5 it follows k−2.55±0.07 (see Fig. 4.17(b).
The difference between the spectra of the poloidal magnetic and kinetic energies
is due to the fact that the fields b and ψ have different scaling with length in con-
trast to Eq. (4.20) where b and ψ are required to have the same scaling with length.
This difference decreases with time since the spectrum of the poloidal magnetic
energy flatten while that of the poloidal kinetic energy steepen in the course of
time. However, at time t = 5 the spectrum of the poloidal magnetic energy is
k−0.88 steeper than that of the poloidal kinetic energy, while 86% of the energy in
the inertial range 10 ≤ k ≤ 40 has already dissipated.
For the case with de = 0.2, the spectra of Eb(k) ' d2

e k
3 b2

k and Eψ(k) ' d2
e k

5 ψ2
k

at time t = 2.0 are k−1.45±0.06 and k−1.80±0.05, respectively (figures not shown).
Again, this means that the fields b and ψ do not have a common scaling with length
as required by Eq. (4.20).
The fact that the fields b and ψ do not have a common scaling with length means
that the turbulence is not described by the class of self-similar solutions of Eqs (4.9)
and (4.10). This might be related with the non-stationary character of the turbu-
lence.

Note that in both cases discussed above, the energy spectrum is close to k−a, with
a = 5/3. In Refs [8, 9], in the large de limit, the total energy is found to exhibit
a direct cascade and its spectrum is characterized by k−5/3. This spectrum has
been associated with the Kolmogorov spectrum of the energy as in hydrodynamic
turbulence on the basis of the−5/3 exponent only. However, the initial conditions
used in Refs [8, 9] amount to Eb/Eψ � 1 initially. As we discussed earlier with
such initial conditions, the coupling term remains finite, although it decreases in
time. Thus the system of equations (4.3)-(4.4) do not split into a Navier-Stokes
and a passive scalar equation.

The EMHD system reduces to a Navier-Stokes equation for the axial vorticity
∇2b and a passive scalar equation for the parallel current∇2ψ in the large de limit
and when initially the total energy Eb in the field b is larger than or equal to the
total energy Eψ in the field ψ. Figure 4.18 shows the evolution of the energies Eb

and Eψ for two cases where initially Eb/Eψ = 10.09 (a) and Eb/Eψ = 0.94 (b).
In both cases k0 = 10 and de = 0.2, as before. In the first case of Fig. 4.18(a), the
coupling term is very small and the system is Navier-Stokes like. In the second
case of Fig. 4.18(b), the energy Eb remains constant while the energy Eψ con-
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Figure 4.18: Evolution of energies. Plasma parameters are: (a) de = 0.2, k0 = 10, µ3 = 10−10,
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k0 = 10, µ3 = 10−10, b0 = 3.4×10−3, ψ0 = 3.4×10−4, with (Eb/Eψ)t=0 = 0.94.

tinues to decay after an initial phase where Eb decays and Eψ increases slightly.
Consequently, the coupling term becomes negligibly small as compared to the
convection term and the system of equations (4.3)-(4.4) decouples. In this case the
spectrum of the poloidal kinetic energy

∫
dr d2

e(∇b)2 has been verified numeri-
cally to be k−3. Upon choosing k0 large such that inertial range extends towards
small mode numbers, the spectrum of the poloidal kinetic energy is found to be
k−5/3. Thus the system behaves like 2D Navier-Stokes.

4.7 Conclusions and Discussions

We have investigated the spectral properties of 2 1
2
D EMHD using numerical sim-

ulations of freely decaying turbulence. In the small de limit, the processes associ-
ated with the direct cascade of the conserved quantities are investigated by choos-
ing the mode number k0 of the initial turbulence to be small such that the inertial
range extends towards large k values and kde < 1 over the entire inertial range.
On the other hand to investigate processes associated with the possible inverse cas-
cades of the ideal invariant quantities, we choose the mode number k0 to be large,
but k0de < 1, such that the inertial range extends towards small k values. In both
cases, the cascade directions of energy and mean square generalized momentum
are found to agree with the indications obtained from equilibrium statistics, and
the spectra are consistent with those obtained from the scaling symmetries of the
equations together with an invariant energy flux. Numerical calculations indicate
that the energy exhibits a direct cascade and dissipates at small scales. The energy
is characterized by a k−7/3 spectrum, in agreement with the results of Refs [8, 9].
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The mean square generalized momentum remains constant in the course of time
and flows towards large scales which means an inverse cascade. Its spectrum is
characterized by k−13/3 which is also consistent with an invariant spectral energy
flux through the scales.

When the turbulence is fully established, the time behaviour of the total energy is
t−2/3. This time behaviour is consistent with that obtained from selective decay
where energy decays faster than mean square generalized momentum. Further,
the time behaviour of the peak of the energy spectrum is shown to propagate
towards large scales and decays in time as t−1, in agreement with invariant linear
momentum and infrared scaling of the turbulence.
The time evolution of the ratio between the total energies Eb and Eψ in the fields
b and ψ, respectively, is found to depend on the initial values of the ratios of these
energies. If initially the energy Eb is less than the energy Eψ, their ratio undergoes
a fast increase. Afterwards this ratio remains approximately constant meaning that
the energies acquire similar time behaviour. This process takes place on short time
scales as compared to the time scale of the total energy decay, and is roughly the
time scale on which the spectra are established.
In the opposite limit when initially the energy Eb is equal to or exceeds the energy
Eψ, the coupling term is small and the ratio remains practically constant in the
course of time.

In the large de limit, the mode number k0 is chosen small, but k0de > 1. The
inertial range extends towards large k values. In this regime the numerical calcu-
lations are presented for two values of de and three different initial energy ratios.
In all cases where initially the energy Eb is smaller than the energy Eψ, the cal-
culations show that both the total energy and the total mean square generalized
momentum flow towards small scales, which means that both quantities have a
direct cascade. The direct cascade of mean square generalized momentum in the
large de regime was predicted first in Ref. [11]. This is in contrast with previous
papers [8, 9], where it is suggested that mean square generalized momentum ex-
hibit an inverse cascade without making any distinction between different values
de.
The time behaviour of the ratio Eb/Eψ is studied for de = 0.2 and de = 1.0. The
initial conditions are chosen such that in the former case the convection term is
O(10−2) smaller than the coupling term, while in the latter case these two terms
are equal in magnitude. In both cases the time evolution of the ratio indicates that
it increases at a slower rate as compared to that in the small de regime. Moreover,
in the case with de = 0.2, the ratio becomes constant at a value equal to 0.4 at
time t = 2.0, while for de = 1.0, the ratio levels off at a relatively higher value 0.6
and on longer time t = 5.0. The different time behaviour of the ratio Eb/Eψ in
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the two cases, is related to the compensation between the convection and coupling
terms. This compensation is more pronounced in the case with de = 1.0. As a
result the ratio increases at a slower rate as compared to the case with de = 0.2,
and it takes longer for the ratio to level off.

The peak of the energy spectrum propagates towards small mode numbers and
decays in time. The early decay of the peak is rather fast, subsequently, the decay
slows down and behaves according to t−1. The energy contained in the inertial
range decays much faster than the total energy at early times. This is because part
of it flows to large scales. At later times, the decay rate of the energy in the inertial
range slows down and becomes almost equal to that of the total energy.
In the case with de = 0.2, the spectra of the energy and mean square generalized
momentum at time t = 2.0, when the ratio Eb/Eψ becomes constant, are charac-
terized by k−1.46±0.05 and k−1.92±0.06 respectively. Afterwards, the decay exponent
of the energy spectrum remains constant, while that of the mean square general-
ized momentum spectrum decreases a bit.
For the case with de = 1.0, both energy and mean square generalized momentum
are almost characterized by the same spectrum. At time t = 2, their spectra are
k−1.69±0.06 and k−1.67±0.06 respectively. Later at time t = 5 when Eb/Eψ becomes
stationary, their spectra become a bit flatter and are characterized by k−1.52±0.06

and k−1.49±0.06, respectively. Afterwards the decay exponents of both spectra be-
come constant.

In both cases presented here, Eψ � Eb initially. The energy Eψ establishes a
power law spectrum, k−a where (a) is close to 5/3 at early times. This spectrum
extends towards small scales and the energy Eψ is dissipated considerably when
the energy Eb is still negligibly small. At this stage ∇2ψ behaves like a passive
scalar convected by the streaming potential b. In both cases, the energies Eψ and
Eb acquire similar time behaviour at late time when more than 60% of the total
energy in the inertial range is already lost. The energy losses are mainly in the Eψ

energy. Thus it can be concluded that the system never reaches a state of stationary
turbulence.
At later times, the energy Eb becomes of the order of the energy Eψ. Analysis of
the spectra of these energies reveals that the fields b and ψ do not have a common
scaling with length as required by Eq. (4.20). This means that the numerically
observed turbulence does not correspond to self-similar solutions of Eqs (4.9) and
(4.10).
In the limit where initially the energy Eb is equal to or exceeds the energy Eψ,
the system behaves rather differently. The energy Eb remains constant while the
energy Eψ decays, and the coupling term becomes negligibly small. As a result,
the system decouples into a Navier-Stokes equation for the axial vorticity and a
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passively convected scalar equation for the parallel current. Upon choosing the
mode number k0 small such that the inertial range extends towards large k values,
the spectrum of the poloidal kinetic energy

∫
dr d2

e(∇b)2 is verified to be k−3. On
the other hand when k0 is chosen large such that the inertial range extends towards
small k values the spectrum of the poloidal kinetic energy is found to be k−5/3.

Acknowledgment.
This work was performed under the Euratom-FOM Association agreement with
financial support from NWO and Euratom. This study was also supported in part
under project no. NWO.047.009.007.



References

[1] A.S. Kingsep, K.V. Chukbar, V.V. Yan’kov, in: Rev. of Plasma Phys., Vol.
16, ed. by B.B. Kadomstev (Consultants Bureau, New York, 1990).

[2] A.V. Gordeev, A.S. Kingsep, L.I. Rudakov, Physics Reports 243, 215 (1994).

[3] M.B. Isichenko and A.M. Marnachev, Sov. Phys. JETP 66, 702 (1987).

[4] B.N. Kuvshinov, E. Westerhof, J. Rem, T.J. Schep, Phys. Plasmas 8, 2232
(2001).

[5] K. Avinash, S.V. Bulanov, T.Zh. Esirkepov, et al., Phys. Plasmas 5, 2849
(1998).

[6] F. Califano, F. Pegoraro and V. Bulanov, Phys. Rev. E. 56, 963 (1997).

[7] T.M. Abdalla, B.N. Kuvshinov, T.J. Schep, E. Westerhof, Phys. Plasmas 8,
3957(2001).

[8] D. Biskamp, E. Schwarz, J.F. Drake, Phys. Rev. Lett. 76 1264 (1996).

[9] D. Biskamp, E. Schwarz, A. Zeiler, A. Celani, J.F. Drake, Phys. Plasmas 6,
751(1999).

[10] A. Celani, R. Prandi, G. Boffetta, EuroPhysics Lett. 41, 13 (1998).

[11] E. Westerhof, B.N. Kuvshinov, V.P. Lakhin, S.S. Moiseev, T.J. Schep, 26th

EPS conference on Contr. Fusion and Plasma Physics, Maastricht, 14–
18 June, 23j, 29 (1999).

[12] S. Dastgeer, A. Das, P. Kaw, and P. H. Diamond, Phys. Plasmas 7, 571
(2000).

[13] A.N. Kolmogorov, J. Fluid Mech. 13 82 (1962).

[14] P. Santangelo, R. Benzi and B. Legras, Phys. Fluids A 1, 1027 (1989).

[15] A. Brandenburg and G.R. Sarson, Phys. Rev. Lett. 88, 55003 (2002).

[16] R.H. Kraichnan, D. Montgomery, Rep. Prog. Phys. 43, 547 (1980).

[17] G.K. Batchelor, Phys. Fluids Suppl. 12, 233 (1969).



114 REFERENCES

[18] D. Biskamp, Nonlinear magnetohydrodynamics, (Cambridge University
Press, Cambridge, 1993) p. 195.

[19] D. Biskamp and E. Schwarz, Phys. Plasmas 8, 3282 (2001).

[20] S. Galtier, H. Politano, and A. Pouquet, Phys. Rev. Lett. 79, 2807 (1997).

[21] L.D. Landau and E.M. Lifshitz, Fluid Mechanics, (Pergamon Press, First
edition 1982) p. 140.

[22] U. Frisch, Turbulence. The legacy of A.N. Kolmogorov, (Cambridge Univer-
sity Press, Cambridge. 1995) p. 112.



5. Higher order structure functions and
scale invariance in EMHD turbulence

5.1 Introduction

The research on decaying turbulence in EMHD presented in this thesis can be ex-
tended to cover several aspects that were not treated in this thesis. some of these
aspects will be listed below:

• The numerical method need to be improved in order to widen the inertial range.
Such an improvement of the numerical method might provide a suitable environ-
ment to realize a stationary turbulent state in the kde > 1 regime. This way one
might be able to analyze the turbulence in the large de regime.

• The role of helicity in EMHD turbulence is still to be investigated. General-
ized helicity is an ideal invariant of the EMHD equations. Unlike the other ideal
invariant of the EMHD equations, mean square generalized momentum, general-
ized helicity is not positive definite. Generalized helicity is expected to exhibit
an inverse cascade in the large scale regime kde � 1 and a direct cascade in the
small scale regime kde � 1.

• In addition to the mentioned topics, a compelling issue is the analysis of of the
scaling behaviour of higher order structure functions in EMHD turbulence. The
importance of this issue stems from the fact the scaling behaviour of higher order
structure functions provide information about the statistical properties of turbu-
lence at small scales. In this chapter we present a first try towards the analysis of
higher order structure functions in EMHD turbulence.

Turbulence is usually associated with the idea of self-similarity, which means that
the spatial distribution of the turbulent eddies looks the same on any scale in the
inertial range. This is the basic assumption in the Kolmogorov phenomenology
[1] introduced in Section 1.3. However, it is well known that this picture is not
exactly true as it ignores intermittent phenomena like the generation of coherent
structures. In general such structures will not be distributed uniformly in space-
time.

In Chapter 4 we have analyzed the spectral properties of energy and mean
square generalized momentum. Numerical analysis of the spectra in the small de
limit indicates that energy and mean square generalized momentum are character-
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ized by spectra that are consistent with an energy flux that is independent of the
scales. These findings suggest that not only in 2D Navier-Stokes, but also in 2 1

2
D

EMHD, the spectral behaviour of low order structure functions is in agreement
with the assumptions of Kolmogorov [1]. In general, the knowledge of low order
structure functions does not necessarily provide a complete description of the tur-
bulence. This is because the statistical properties of turbulence at small scales are
poorly described by low order structure functions. A more realistic description of
the turbulence is obtained by analyzing the higher order structure functions.

A brief introduction to turbulence, where structure functions are defined, is
given in Section 1.3. In case of hydrodynamic turbulence there is only one hierar-
chy of structure functions defined in terms of moments of the velocity increment.
The scale invariance of the velocity difference in the inertial range, implies that the
structure functions at scale l exhibit a power law dependence on l (see Eq. (1.4)).
The exponents ζp, p = 1, 2, . . . of the structure function provide a tool to analyze
the properties of turbulence in the inertial range. The exact relation obtained for
the third order structure function, inspired Kolmogorov [1] to conjecture that in
the inertial range the exponents ζp follow a linear relation ζp = p/3. Experiments
and numerical simulations do not support this linear relation for p > 3. Instead
it is found that ζp substantially deviate from the linear relation for large p in a
concave manner [2], a phenomenon usually attributed to intermittency. The as-
sociated corrections to the linear relations ζp = p/3 arise if moments of different
orders of the dissipation rate depend on the scale l. Owing to the fact that 〈(lεl)p/3〉
has the same dimension as Sp(l), the scaling of the structure function is linearly
related to the scaling of the corresponding moment of the dissipation rate at the
scale l (see Eq. (1.5). Thus in order to determine the scaling exponent of the struc-
ture function, one needs to determine the scaling exponent of the corresponding
moment of the dissipation rate.
A number of models have been proposed to explain the intermittency corrections
to ζp. In Section 1.3 we introduced some of these models. In this Chapter we will
limit the discussion to the model of She and Leveque [3] and by Dubrulle [4], and
extend it to describe intermittency corrections to the exponents of higher order
structure functions in EMHD turbulence. We select this model because it is in
excellent agreement with experimental results in hydrodynamic turbulence [5].
In this model intermittency is attributed to the occurrence of localized, rare, non-
dissipative small-scale regions in the flow. In case of hydrodynamic turbulence,
experimental results have shown that small-scale vortex structures are generated
by the turbulence flow [6].
The model deals with moments of the non-dimensional energy dissipation rate

πl =
εl

ε
(∞)
l

, ε
(∞)
l ≡ lim

p→∞
〈εp+1
l 〉
〈εpl 〉

. (5.1)
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Here, ε(∞)
l traces the tail of the distribution of εl and corresponds to the most

intermittent structures. The model of She and Leveque is based on three basic
assumptions. The first assumption in this model is that the scaling of the structure
functions of the velocity increment is linearly related to the scaling of correspond-
ing order of the moment of the energy dissipation rate as in Eq. (1.5). The second
and main assumption is that due to some ”hidden statistical symmetries”, mo-
ments of consecutive orders of the non-dimensional dissipation rate πl at scale l
obey a hierarchical structure given by Eq. (1.10). Dubrulle [33] noted that such
hierarchical relations between consecutive orders of πl is due to general aspects
of the scale invariance of the system. In case of Navier-stokes turbulence, the
probability distribution of πl corresponding to the hierarchical relation between
consecutive orders of 〈πl〉, is a log-Poisson distribution. The third assumption is
that the quantity ε(∞)

l is associated with the most intermittent structure and shows a
divergent scale dependence ε(∞)

l ∝ l−∆ but remains finite as the scale l approaches
the dissipation scale. Below we will show that the parameter ∆ is related to the
the co-dimension of the dissipative structure. The second and third assumptions
give the scaling exponent τp, 〈εpl 〉 ∝ lτp [3, 4],

τp = −p∆ + ∆
1− γp
1− γ , (5.2)

where γ is defined in Eq. (1.10). The scaling exponents τp can also be written
in terms of the co-dimension of the most intermittent dissipative structure. From
Eq. (5.2) and the scaling of ε(∞)

l it follows that limp→∞(τp+1 − τp) = −∆, hence
limp→∞ τp = −p∆ + C0, where C0 is a constant independent of p.
The probability of finding an object of linear size l and dimension d in a D di-
mensional unit box is proportional to lD−d, this means that 〈εpl 〉 ∝ l(−p∆)+(D−d)

as p → ∞. This implies that C0 = D − d is the co-dimension of the most inter-
mittent dissipative structure. Upon comparing with Eq. (5.2), where limp→∞ τp =
−p∆ + ∆/(1− γ), we obtain

∆ = C0(1− γ). (5.3)

The three assumptions mentioned above lead to the following exponent ζp for the
pth order structure function of the velocity increment [3]

ζp = (1−∆)
p

3
+ ∆

1− γp/3
1− γ . (5.4)

Note that if the co-dimension C0 = 0, i.e., when the most intermittent dissipative
structure are space filling, Eq. (5.3) leads to ∆ = 0. Consequently, from Eq. (5.4)
one recovers the Kolmogorov limit ζp = p/3.
From the above analysis we conclude that intermittency corrections to the scaling
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exponents of higher order structure functions are due to the presence of dissipative
structures and is reflected in the divergent scaling of ε(∞)

l .
In hydrodynamic turbulence, the most intermittent structures are associated with
vortex filaments, i.e., 1D structures embedded in 3D space, and thus the co-
dimension C0 = 2. In this case the scaling behaviour of ε(∞)

l is obtained by
assuming that the most intermittent structures exhibit a regular Kolmogorov scal-
ing, ε(∞)

l ∝ E(∞)/tl ∝ l−2/3, where E(∞) is taken to be the injected energy.
Hence, ∆ = 2/3 and from Eq. (5.3) we obtain γ = 2/3. Upon substituting the
values of ∆ and γ into Eq. (5.4), we obtain the result of She and Leveque [3].

In a subsequent paper, Dubrulle and Graner applied the general formalism of
equivalence of reference fields in scale invariant systems to hydrodynamic turbu-
lence [7]. The scale symmetry imposes strong constraints on the statistics of the
scale invariant system because it leads to relations between moments of scale in-
variants fields (an example of scale invariant field is the energy dissipation rate).
In Ref. [7] it is found that the only regular solution corresponds to log-Poisson
statistics and accordingly an expression for the scaling exponents similar to that
obtained by She and Leveque [3] is obtained.
In this Chapter, we will analyze the scaling behaviour of high order structure func-
tions in 21

2
D EMHD turbulence. Our strategy is to apply the method of equiva-

lence of reference fields in scale invariant systems developed by Dubrulle and
Graner [7] to 2 1

2
D EMHD turbulence.

The 21
2
D EMHD equations (2.43) and (2.44) are not scale invariant in general

because they contain the intrinsic scale length de. This means that relevant (dy-
namical) quantities like the dissipation rates of the conserved quantities are not
scale invariant because they contain the scale length de as well. The equations are
scale invariant in the limits d2

e∇2 � 1 as well as d2
e∇2 � 1. We will restrict the

analysis of the scaling behaviour of high order structure functions to these limits.
The 21

2
D EMHD equations advance two fields, b and ψ, in time. In order to be

able to express arbitrary moments of scale invariant fields 〈bqlψpl 〉 as power in l,
two hierarchies of structure functions are required.

Recent studies of the scaling behaviour of high order structure functions in 2 1
2
D

turbulence have been performed in the large de limit where the coupling term is
negligibly small as compared to the convection term [8]. In this limit the 2 1

2
D

equations decouple into a Navier-Stokes equation and a passive scalar (current
density) convected by the turbulent flows. In Ref. [8] the exponents of high order
structure functions of velocity increment and increment of the passive scalar are
calculated using the general formalism of equivalence of reference fields in scale
invariant systems [7]. Indeed, the scaling exponents of the structure function of
velocity increment is found to depend on the order p in a nonlinear way similar to
that in hydrodynamic turbulence.
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5.2 Scale invariant fields and reference fields
We consider two scale invariant fields φl and θl that are defined as average over a
sphere of radius l

φl =
3

4πl3

∫

|s|≤l
ds φ(s + r), θl =

3

4πl3

∫

|s|≤l
ds θ(s + r). (5.5)

By scale invariance we mean the following. Define a family of scale dilation (or
contraction), via

l → λ l, φλl → λh φl, θλl → λh
′
θl (5.6)

for any real numbers h, h′ and positive real number λ. The field φl is said to be
scale invariant if φλl and φl have the same statistical properties. The same holds
for θl. The scale invariance means that all moments of 〈φl〉 and 〈θl〉 at scale l have
a power law dependence on l,

〈φpl 〉 ∝ lτp , 〈θpl 〉 ∝ lςp . (5.7)

Following She and Leveque [3], we define the maximal events of φl and θl as

φ
(∞)
l = lim

p→∞
〈φp+1

l 〉
〈φpl 〉

, θ
(∞)
l = lim

p→∞
〈θp+1
l 〉
〈θpl 〉

. (5.8)

Here, φ(∞)
l and θ(∞)

l are quantities tracing the tail of the distribution of φl and θl,
respectively. Since all moments of φl and θl are powers of l, also φ(∞)

l and θ(∞)
l

are powers of l

φ
(∞)
l ∝ l−∆φ, θ

(∞)
l ∝ l−∆θ , l → ld, (5.9)

where ∆φ and ∆θ are characteristic exponents, and ld is the dissipative scale. The
maximal events φ(∞)

l and θ(∞)
l are associated to the most intermittent structure. In

hydrodynamic turbulence, they are associated with filaments of dimension 1.
A measure of a physical quantity is a dimensionless number multiplied by a

unit. The choice of a specific system of units does not affect the physics because
all systems of units are equivalent to describe the laws of physics. Dubrulle and
Graner [7] have argued that the freedom in choosing the system of units can be
generalized to the system of reference fields. For example at each scale l, one can
select a system of units (R1(l), R2(l), l0) to measure the fields φl, θl and the length
l respectively. The unitsR1(l) and R2(l) are also scale invariant fields and we call
them reference fields. The reference field must have the same physical dimension
and statistical properties as the field to be measured. The result of measuring
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φl, θl and the length l is expressed in terms of the ratios 〈φl/R1(l)〉, 〈θl/R2(l)〉
and (l/l0). Here, 〈〉 denotes the statistical average or equivalently average over
realizations. A usual choice of reference fields R1(l) and R2(l) for measuring φl,
θl, that fulfill the above requirements are

R1(l) = φ
(1−p)
l (φ

(∞)
l )p, R2(l) = θ

(1−p)
l (θ

(∞)
l )p, (5.10)

where p is a real number. We introduce the logarithmic variables X , Y , and T via

T = ln

(
l

l0

)
, X(T ) = ln

〈
φl

R1(l)

〉
, Y (T ) = ln

〈
θl

R2(l)

〉
. (5.11)

At a given scale l, one can define a local exponent for both variables X and Y
with respect to T as

U =
dX

dT
, V =

dY

dT
. (5.12)

When the measured fields are scale invariant with moments following Eq. (5.7),
and are measured with the reference fields given in Eq. (5.10), from Eq. (5.11) the
logarithmic variables X(T ) and Y (T ) scale as ln (l/l0)τp+p∆φ and ln (l/l0)ςp+p∆θ ,
respectively. The local exponents U and V take the simple expressions

U(p) =
dX

dT
= τp + p∆φ,

V (p) =
dY

dT
= ςp + p∆θ. (5.13)

5.3 Similarity transformation
In this section we discuss a possible similarity transformation that links the results
of measuring scale invariant fields with respect to different systems of reference
fields. Consider (X, Y, T ) and (X

′
, Y

′
, T
′
) to be the results of measuring the scale

invariant fields (φl, θl, l) with respect to the two reference fields (R1(l), R2(l), l0)
and (R

′
1(l), R

′
2(l), l

′
0), respectively. The scale invariance of the fields (φl, θl, l)

implies that the results of the two measurements (X, Y, T ) and (X
′
, Y

′
, T
′
) are

equivalent.
In the following discussion we follow Ref. [7], and generalize the treatment to
two hierarchies of structure functions.
To construct the similarity transformation that links the result of the two measure-
ments, one needs to impose three assumptions. The first assumption is that the
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results of measuring the scale invariant fields (R
′
1(l), R

′
2(l), l

′
0) with respect to dif-

ferent systems of reference fields are linked by a continuous transformation M.
The transformations M form a group where the group operation is the composi-
tion of two transformations. The second assumption is that the transformation M
is linear, which means that M is independent of X, Y and T . To determine the
structure of the transformation group, one needs in addition the plausible assump-
tion that the group is commutative, which means that measurements performed
with respect to different reference fields lead to equivalent results.

The group of transformations M contains the two parameters U and V which
may be thought of as the exponents corresponding to measurement of the refer-
ence system (R1(l), R2(l)) with respect to the reference system (R

′
1(l), R

′
2(l)).

Composing two transformations from reference system R to R
′ followed by a

transformation from R
′ to R′′ , the parameters are transformed according to

(U
′′
, V

′′
) = (U

′
, V

′
)⊗ (U, V ), (5.14)

The derivation of the composition law ⊗ is given in Appendix 5.A.
The choice of the reference fields as in Eq. (5.10) implies that U(p) and V (p)
defined in Eq. (5.13) are the scaling exponents of the pth order moment of the
non-dimensional fields

π1(l) = φl/φ
(∞)
l , π2(l) = θl/θ

(∞)
l . (5.15)

Consider U ≡ U(1) and V ≡ V (1) to be the scaling exponents of the first order
moments of π1(l) and π2(l). The scaling exponentsU(p) and V (p) are obtained by
applying the composition law (5.14) p times, (U [p], V [p]) = (U, V )⊗ (U, V )⊗ . . .

(U(p), V (p)) = (U [p], V [p]). (5.16)

We start by considering the case of one scale invariant field. It is applied to 3D
Navier-Stokes turbulence where there is only a single hierarchy of structure func-
tions [7]. In this case, the transformation is characterized by a single parameter,
and the composition law for this parameter is obtained by omitting V from the
first relation in Eq. (5.40).
The composition law for the transformation parameter U is given in Appendix 5.A
(see Eq. (5.42)). The composition law Eq. (5.42) has two fixed points in the finite
plane. The regular solution is obtained by putting g1 = 0, and the composition
law reduces to

U
′′

= U + U
′
+ a1UU

′
. (5.17)

In this way one of the fixed points, U+, is shifted to infinity, while the other one
remains in the finite plane, U− = −1/a1. The general solution U(p) is expressed
in terms of the fixed point U− as
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U(p) = U−(1− βpU), βU = 1− U

U−
. (5.18)

Upon substituting Eq. (5.18) into the first relation of (5.13) we obtain the follow-
ing expression for the exponent τp of the pth order moment of φl,

τp = −p∆φ + U−(1− βpU). (5.19)

The expression of the scaling exponent U(p) in Eq. (5.18) implies that higher
order moments of the non-dimensional field π1(l) can be expressed in terms of
first order moment as

〈πp1〉 ∝ 〈π1〉(1−β
p
U )/(1−βU ). (5.20)

The probability density function corresponding to this relation between moments
is a generalized Poisson distribution for the variable κ = ln π1/ln βU [4],

Pλ(κ) =

∫
dZ

λZ

Z!
e−λG(κ− Z). (5.21)

Here, the parameter λ is the expectation value of the Poisson distribution and G is
an arbitrary probability density function, G > 0,

∫
dZG(Z) = 1. The integral in

Eq. (5.21) should be written as a sum, since the variable Z in the Poisson distri-
bution takes only integers values. However, in cases where the expectation value
λ is large, Z may be considered continuous in the main part of the distribution.
It can be shown that the p.d.f. (5.21) does indeed lead to the moments rela-
tion (5.20) upon substituting for πl. Comparing 〈πpl 〉 =

∫
dκ βpκU Pλ(κ) with

Eq. (5.20), we obtain an expression for λ in terms of βU and the first order mo-
ment of πl,

λ ∝ − ln 〈πl〉
1− βU

. (5.22)

This case of a single scale invariant field is applied to study the scaling of higher
order structure functions in isotropic Navier-Stokes system. According to Eq. (1.5),
the scaling exponents of the structure function is linearly related to the scaling
exponent of the corresponding moment of the energy dissipation rate. Upon as-
sociating the energy dissipation rate εl with the field φl and using τ1 = 0 which
follows from the fourth-fifth law, one obtains an expression for the scaling expo-
nent of the pth order moment of the energy dissipation rate as in Eq. (5.4). Note
that this relation is obtained in Refs [3, 4].

In case of two scale invariant fields, the composition law for the transformation
parameters U and V is given in Eq. (5.40). As discussed in Appendix 5.A, regular
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solutions of U and V are found in case g1 = g2 = h2 = 0. We return to the
convenient case where the U − V plane is rotated so that one of the real fixed
points is on the V−axis. As we mentioned earlier this situation corresponds to
b2 = 0, and from Eq. (5.39) it follows that a2 = 0.
The corresponding composition laws for U and V are

U
′′

= U + U
′
+ a1UU

′

V
′′

= V + V
′
+ e2V V

′
+ d1UU

′
+ e1(UV

′
+ U

′
V ). (5.23)

The real fixed points of U and V in the finite plane are

U0 = 0, V0 = − 1

e2
,

U1 = − 1

a1
, V+ =

e1

a1e2
,

U1 = − 1

a1

, V− =
(e1 − a1)

a1e2

. (5.24)

The solutions U(p) and V (p) are expressed in terms of the fixed points (U1, V+)
and (U1, V−) as

U(p) = U1(1− βpU), V (p) = (V− − V+) (1− βpUV ) + V+ (1− βpU) , (5.25)

with

βU = 1− U

U1
, βUV = 1− V

(V− − V+)
+

V+U

U1(V− − V+)
. (5.26)

Note that if the two auxiliary functions βU and βUV would have been defined
in terms of the fixed point (U0 = 0, V0 = 1/e2) and any one of those given in
Eq. (5.24), then we would have obtained solutions for U(p) and V (p) that are
different from those in Eq. (5.25) but are equivalently valid.
The general solution can be obtained from Eq. (5.23) by applying a rotation so
that the rotation angle, or equivalently b2 and a2, enters as an additional parameter
in the system.
The expressions of the scaling exponents τp and ςp of the pth order moments of
fields are obtained upon substituting U(p) and V (p) given in Eq. (5.25) into the
first and second relation of Eq (5.13)

τp = −p∆φ + U0 (1− βpU) ,
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ςp = −p∆θ + (V− − V+) (1− βpUV ) + V+ (1− βpU) . (5.27)

Note that the expression of the scaling exponent U(p) given in Eq. (5.25) implies
that higher order moments of the non-dimensional field π1(l) can be expressed in
terms of first order moment as in Eq. (5.20). Consequently, the probability density
function corresponding to the moments relation is a generalized log-Poisson.

5.4 Application to 21
2
D EMHD

In this section we will use the information obtained from the similarity transfor-
mations of two scale invariant fields to analyze the scaling behaviour of high order
structure functions in 2 1

2
D EMHD turbulence.

The 21
2
D representation of the magnetic field is

B = B0 [(1 + b)ez +∇ψ × ez] . (5.28)

Here, b(x, y, t) is the perturbation of the axial magnetic field, and ψ(x, y, t) is the
poloidal flux function.
As we have mentioned earlier, the equations of 2 1

2
D EMHD are scale invariant

only in the limits d2
e∇2 � 1 as well as d2

e∇2 � 1. The limit d2
e∇2 � 1 con-

tains two cases. In one case the coupling term is negligibly small as compared
to the convection term, and in the other case the two terms are of the same order
of magnitude. We will restrict the analysis of the scaling behaviour of high order
structure functions to these three cases.

The case where d2
e∇2 � 1 and the coupling term is negligibly small as compared

to the convection term, is analyzed by Germaschewski and Grauer [8]. In this limit
the 21

2
D equations decouple into a Navier-Stokes equation for the axial vorticity

and a passive scalar (current density) convected by the turbulent flows,

∂∇2b

∂t
= −

[
b,∇2b

]
, (5.29)

and
∂∇2ψ

∂t
= −

[
b,∇2ψ

]
. (5.30)

For simplicity of the discussion, we omitted the viscous terms in Eqs. (5.29) and
(5.30). It can easily be seen that Eq. (5.29) is invariant under arbitrarily scaling
of the field ψ, whereas Eq. (5.30) is not invariant upon changing the field b. The
coarse-grained fields bl and ψl can be expressed in terms of the energy dissipation
rate εl ∝ b3

l /l
4 and the dissipation rate of the mean square generalized momentum

µl ∝ ε
1/3
l ψ2

l /l
14/3 as
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bl ∝ l4/3ε
1/3
l , ψl ∝ l7/3µ

1/2
l ε

−1/6
l . (5.31)

From Eq. (5.31), it is easily seen that in order to determine the scaling exponent
of the structure function of increment in the field bl, one needs to determine the
scaling exponent of the corresponding moment of the energy dissipation rate εl.
Similarly, to determine the scaling exponent of the structure function of incre-
ment of the field ψl, one needs to know the scaling exponent of the corresponding
moment of µ1/2

l ε
−1/6
l . We construct a similarity transformation that links mea-

surements of the scale invariant fields εl and µ1/2
l ε

−1/6
l at different scales similar

to that discussed in Appendix 5.A and the previous section by associating the
scale invariant field φl with the energy dissipation rate εl and θl with µ1/2

l ε
−1/6
l .

The composition law for the transformation parameters U and V that are related
to the scale invariant fields εl and µ1/2

l ε
−1/6
l respectively, is given by Eq, (5.40).

As we discussed earlier, regular solutions are obtained in case g1 = g2 = h2 = 0.
Since equations (5.29) and (5.30) are decoupled, the energy dissipation rate εl is
independent of the field µl, whereas the filed µ1/2

l ε
−1/6
l depends explicitly on the

energy dissipation rate εl. This means that the composition law for the transforma-
tion parameter U is independent of the transformation parameter V . This situation
corresponds to a2 = b2 = 0. Consequently, the composition law of the parameters
U and V becomes similar to that of Eq. (5.23).
Upon using Eq. (5.27), the scaling exponents τp and ςp of the pth order moments

〈εpl 〉 ∝ lτp , 〈µp/2l ε
−p/6
l 〉 ∝ lςp, (5.32)

are

τp = −p∆ε + U1(1− βpU),

ςp =

(
∆ε

6
− ∆µ

2

)
p+ (V− − V+)(1− βpUV ) + V+(1− βpU). (5.33)

As expected, the scaling exponent τp is similar to that of the pth order moment of
energy dissipation in hydrodynamics [3, 4]. The scaling exponent ςp corresponds
to that of the pth order moment of the passive scalar [12]
Note that Eqs (5.33) contain five free parameters, U1, V+, V−,∆ε and ∆µ. Assum-
ing 0 < (|βU |, |βUV |) < 1, taking the limit p → ∞ in Eq. (5.33) and following
the discussion below Eq. (5.4), one finds that the parameters U1 and V− are the
co-dimension of most intermittent structures. In Ref. [8], it is argued that the
most intermittent structures in 2 1

2
D EMHD are sheets, which implies that the co-

dimension U1 = V− = 1. In this way two parameters are determined, and the
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remaining three parameters need to be determined numerically.

In the limits d2
e∇2 � 1 and d2

e∇2 � 1 with finite coupling term, the 2 1
2
D EMHD

equations reduce to equations (2.50) and (2.51) and (2.53) and (2.54), respectively.
Different from the previous case, in both limits the equations are coupled.
In these limits it is not clear what to choose for the scale invariant fields φl and θl.
Suppose we can make a physical choice for the two fields φl and θl. Unlike in the
previous case, in both limits under consideration the equations remain coupled.
This means that the composition law for the transformations parameters U and V
that lead to regular solutions corresponding to this case is obtained from Eq. (5.40)
in case g1 = g2 = h2 = 0. In this case Eq. (5.40) has four independent parame-
ters, and the group is characterized by four fixed points. One of the fixed points
is in the originU = 0, V = 0, and the remaining three points are in the finite plane.

To determine a general solution for U and V , one needs two fixed points. The
question here is how to choose the relevant two fixed points among the three ones
in the finite plane.

Having determined the relevant two fixed points, one can define two auxiliary
functions in terms of the two fixed points that change the composition law into
multiplication, and consequently obtain solutions for U and V .

In Chapter 4 the numerical simulations reveal that no stationary turbulent state
could be found in the case where d2

e∇2 � 1 and the coupling term and the con-
vection term are of the same order of magnitude. The global physical quantities
decay before turbulent macroscopic quantities have established similar space-time
behaviour. As a result we do not know even the behaviour of low order structure
functions in this regime. We are not able to analyze the behaviour of higher order
structure functions in this regime, because before we do that we need to under-
stand the behaviour of low order structure functions. We will leave the discussion
of higher order structure functions in this regime for future studies.

In the limits d2
e∇2 � 1 and for length scales l sufficiently far from the bound-

ary, the ideal version of equations (2.50) and (2.51) are invariant under the group
of transformations given in Eq. (2.52). The scaling symmetries of the equations
means that the fields b and ψ/l have the same scaling with l. In Chapter 4, numer-
ical simulations have shown that this property is satisfied for low order moments
(up to third order moments) of the fields b and ψ.

The numerical calculations in Chapter 4 show that in the limit under consideration,
the spectra of the ideal invariants are characterized by an energy flux independent



5.4. Application to 21
2
D EMHD 127

of the scales. The numerical calculations in Chapter 4 also show that the energy
and mean square generalized momentum have an opposite cascades. It seems
reasonable to associate one of the scale invariant fields , say φl, with the energy
dissipation rate εl ∝ bl/l

2 (b2
l + ψ2/l2). For the other field θl one might choose

the dissipation rate of the mean square generalized momentum µl ∝ (bψ2) /l2.

In this general case there are three choices for the solutions U(p) and V (p). In
each of these choices, the solutions depend on four free parameters that determine
the positions of the fixed points. The scaling exponents τp and ςp of the pth order
moments 〈εpl 〉 ∝ lτp and 〈µpl 〉 ∝ lςp are obtained by using Eq. (5.27).
The expressions for τp and ςp contain six free parameters in this case. Two of
these parameters are related to the nature of the most intermittent structures, and
the remaining four are to be determined by numerical calculations.

In this chapter we have discussed intermittent phenomena that are related to the
occurrence of the small-scale coherent structures which are generated by the tur-
bulence. The consequences of phenomena related to temporal intermittency on
the scaling exponents of higher order structure functions are still to be investi-
gated.

Finally there still exists a problem with respect to the scalings outlined in this
chapter. In a series of papers [13, 14] Novikov has analyzed 1D scale invariant
systems from different point of view. He uses explicitly that the εl are positive
and showed that the p.d.f. for the ratio qr,l = εr/εl, r < l belongs to the class of
infinitely divisible distributions. He concluded that the results by She and Lev-
eque [3] and Dubrulle [4] correspond to a p.d.f. with a gap, i.e., the distribution
function vanishes in some interval. The relevance of the point by Novikov is still
to be investigated.
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Appendix

5.A Derivation of similarity transformations
Assume that there is a scale invariant field that is measured with respect to two
different reference fields. Obviously the two measurements lead to two different
results that are linked by similarity transformations.
In this Chapter we will derive the similarity transformations for the case of two
scale invariant fields φl and θl. In our logarithmic variables, this means that to
determine the linear translation that links the variables (X, Y, T ) to (X

′
, Y

′
, T
′
).

The most general of such transformation can be written as



X
′

Y
′

T
′


 = M




X
Y
T


, (5.34)

where, the 3× 3 matrix M is represented as

M = Γ




A B C
D E F
G H 1


. (5.35)

Here, the coefficientsA,B,C,D,E, F,G,H and Γ depend on the transformations
parameters U and V that are defined in Eq. (5.12).

Now consider the similarity transformations that link the results of measuring
the scale invariant fields (φl, θl) at any scale l with respect to the two different
reference fields (φl, θl) and (Rl(l), R2(l)). In terms of the logarithmic variables,
this amounts to the transformations that link (0, 0, T ) for any T to (X

′
, Y

′
, T
′
).

According to the transformation Eq. (5.34) and the form of the matrix M, this
means that C = X

′
/T
′
= U and F = Y

′
/T
′
= V .

The set of such similarity transformations, represented by M, form a group. The
composition of two similarity transformations M(U, V ) and M

′
(U
′
, V

′
) leads to

a third transformation M
′′
(U
′′
, V

′′
) such that

M
′′

= M
′
M,

(U
′′
, V

′′
) = (U

′
, V

′
)⊗ (U, V ). (5.36)

From Eq. (5.36), we obtain the following set of conditions

Γ
′′
A
′′

= Γ
′
Γ(A

′
A+B

′
D + U

′
G),
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Γ
′′
B
′′

= Γ
′
Γ(A

′
B +B

′
E + U

′
H),

Γ
′′
U
′′

= Γ
′
Γ(A

′
U +B

′
V + U

′
),

Γ
′′
D
′′

= Γ
′
Γ(D

′
A+ E

′
D + V

′
G),

Γ
′′
E
′′

= Γ
′
Γ(D

′
B + E

′
E + V

′
H),

Γ
′′
V
′′

= Γ
′
Γ(D

′
U + E

′
V + V

′
),

Γ
′′
G
′′

= Γ
′
Γ(G

′
A+H

′
D +G),

Γ
′′
H
′′

= Γ
′
Γ(G

′
B +H

′
E +H),

Γ
′′

= Γ
′
Γ(G

′
U +H

′
V + 1). (5.37)

To determine A,B,D,E,G and H as functions of (U, V ), we apply the assump-
tion that the group of similarity transformations is commutative. This leads to the
following expressions for A,B,D,E,G and H ,

A = 1 + a1U + a2V,

B = a2U + b2V,

D = d1U + e1V,

E = 1 + e1U + e2V,

G = g1U + g2V,

H = g2U + h2V, (5.38)

and the following relations between the constants a1, a2, b2, d1, e1, e2, g1, g2, h2

g1 = d1(a2 − e2)− e1(a1 − e1),

h2 = a2(a2 − e2)− b2(a1 − e1),

g2 = b2d1 − a2e1. (5.39)

Substituting Eqs (5.38) into the third, sixth and ninth relations in Eqs (5.37), we
obtain the composition laws for U ′′ and V ′′

U
′′

=
U + U

′
+ a1UU

′
+ b2V V

′
+ a2(UV

′
+ U

′
V )

1 + g1UU
′ + h2V V

′ + g2(UV ′ + U ′V )
,

V
′′

=
V + V

′
+ d1UU

′
+ e2V V

′
+ e1(UV

′
+ U

′
V )

1 + g1UU
′ + h2V V

′ + g2(UV ′ + U ′V )
. (5.40)

In view of Eq. (5.39), Eq. (5.40) contains six independent parameters. The general
solutions of Eq. (5.40) can be expressed in terms of the fixed points. The fixed
points are solutions of
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(U, V ) = (U, V )⊗ (U, V ). (5.41)

Equation (5.41) leads to two coupled third order equations for U and V . This
means that in general U and V have nine fixed points depending on the parameters
a1, a2, b2, d1, e1, e2, g1, g2, h2. The general solutions for U and V are expressed in
terms of the fixed points. We do not know how to obtain explicit analytical expres-
sions for the general solutions of U and V . However, some analytical solutions
can be obtained upon simplifying the system by adopting special choices of the
parameters.
As will be shown below, regular solutions of U and V are found in case we take
g1 = g2 = h2 = 0 in Eq. (5.40). From Eq. (5.39) one can easily see that in this
case Eq. (5.40) has four independent parameters. In this case the group has four
real fixed points. One fixed point is in the origin U = 0, V = 0 and the remaining
three are in the finite plane. Further, the system can be simplified by rotating the
U − V plane so that one of the finite fixed points is on the V−axis, i.e., U = 0.
This situation is equivalent to setting b2 = 0 in Eq. (5.40), and from Eq. (5.39)
such choice of parameters implies that a2 = 0 .

Dubrulle and Graner discussed the general formalism of equivalence of ref-
erence fields to systems with one scale invariant field [7]. It is applied to 3D
Navier-Stokes turbulence where there is only one hierarchy of structure functions.
The scaling exponent of the structure functions is related linearly to the scaling
exponent of the corresponding moments of a scale invariant field, φl say. In this
case the problem reduces to determining the linear translation that links the log-
arithmic variables (X, T ) and (X

′
, T
′
). The transformation is characterized by a

single parameter, and the composition law for this parameter is obtained by omit-
ting V from the first relation in Eq. (5.40)

U
′′

=
U + U

′
+ a1UU

′

1 + g1UU
′ . (5.42)

The equation of the fixed is quadratic, which means that in general there are two
complex fixed points that depend on the constants a1 and g1

U± =
a1

2g1

± (a2
1 + 4g1)1/2

2g1

. (5.43)

Note that U± are real if a2
1 + 4g1 > 0.

Now we express U [p] = U ⊗ U ⊗ . . . , which is the result of applying the compo-
sition law (5.42) p times, in terms of the fixed points. We change the composition
law into a multiplication by introducing the auxiliary function
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βU =
1− U

U−

1− U
U+

. (5.44)

It can easily be seen that βU⊗U = β2
U . This enables us to write the general solution

U [p] as [7]

U [p] = U−

[
1− βpU

1− (U−/U+)βpU

]
. (5.45)

Note that the general solution Eq. (5.45) is singular for p = ln(U+/U−)/ln βU . A
regular solution is obtained if the coefficient of βpU in the denominator is equal to
zero, which implies that g1 = 0 and one of the fixed points, U+, shifts to infinity.
The general expression is given by Eq. (5.18).

For the case of two scale invariant fields we return to Eq. (5.40). In view of the
above analysis, regular solutions of U and V are found for the following choice
of parameters g1 = g2 = h2 = 0. Here, we will discuss the solutions of U and V
in the special case where the U − V plane is rotated so that one of the finite fixed
points is on the V−axis. As we mentioned earlier this situation corresponds to
b2 = 0, and from Eq. (5.39) it follows that a2 = 0. The corresponding composition
laws for U and V are

U
′′

= U + U
′
+ a1UU

′
,

V
′′

= V + V
′
+ e2V V

′
+ d1UU

′
+ e1(UV

′
+ U

′
V ). (5.46)

Note that the composition law for U is independent of V . In view of Eq. (5.39),
Eq. (5.46) contains three independent parameters. There are three real fixed points
of the group in the finite plane

U0 = 0, V0 = − 1

e2

,

U1 = − 1

a1

, V+ =
e1

a1e2

,

U1 = − 1

a1
, V− =

(e1 − a1)

a1e2
. (5.47)

Note that in calculating the expressions of V+ and V− we have substituted d1 =
e1(e1 − a1)/e2 which follows from the first relation in Eq. (5.39).
Similar to the case one scale invariant field, we express (U [p], V [p]) = (U, V ) ⊗
(U, V )⊗. . . , which is the result of applying the composition law (5.46) p times, in
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terms of the two fixed points (U1, V+) and (U1, V−). We change the composition
law into a multiplication by introducing two auxiliary functions βU and βUV that
are defined in terms of the two fixed points given in Eq. (5.47),

βU = 1− U

U1

, βUV = 1− V

(V− − V+)
− V+

U1(V− − V+)
U. (5.48)

With the help of Eq. (5.46), one can easily see that β(UV )⊗(UV ) = β2
UV . Thus, the

general solutions U [p] and V [p] can be expressed in terms of the functions βu, βUV
and the fixed points as

U [p] = U1(1− βpU),

V [p] = (V− − V+) (1− βpUV ) + V+ (1− βpU) . (5.49)
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Summary

The work described in this thesis deals with fast phenomena in the plasma. These
phenomena are so fast that ions may be taken to be at rest and the dynamics are
dominated by the electrons only. The interest is in the windows in time and length
scales where the electrons can be described by a fluid model, the electron magne-
tohydrodynamics model (EMHD).
Two aspects of the electron plasma are investigated in the frame work of the model
of electron magnetohydrodynamics. The first aspect is the generation of electron
vortical structures by strong localized heating, while the second aspect is the prop-
erties of small-scale turbulence at high frequencies.

The generation of electron vortical structures by strong localized heating is in-
vestigated analytically and numerically. It is shown that strong localized heating
of a non-uniform plasma on fast time scales leads to the generation of magnetic
structures. The magnetic structures are generated by the thermal electro-motive
force that arises due to non-alignment of pressure and density gradients. The ini-
tial topology of the structures is determined crucially by the power source and the
equilibrium density gradient. A Gaussian distributed power source in combina-
tion with a linear density gradient generates a dipole with its axis aligned with
the density gradient. Eventually the dipole halves evolve into two weakly coupled
monopoles, each one being an approximate equilibrium solution of the equations.
In all cases, except when both electron inertia and density perturbation are taken
into account, one of the monopoles is static and remains in the heating zone and
the other one leaves the heating zone.
In case of continuous heating of the plasma and in the presence of finite elec-
tron inertia and density perturbation, it is shown that a series of a quasi-stationary
structures that confine the electron heat and propagate in a direction perpendic-
ular to the background density gradient are generated. This in turn results in a
filamentary profile of the electron pressure. The long term behaviour of the gen-
erated magnetic structures agrees qualitatively with the behaviour of stationary
equilibrium solutions.
Among these structures those that have low values of the total pressure corre-
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sponding to small density perturbations, might be rather insensitive to ion motion.
On this basis it is expected that they will survive on time scales that are long com-
pared with those described by EMHD.

The properties of turbulence in EMHD are investigated numerically and ana-
lytically. We focus on decaying turbulence. The strategy adopted in simulating
the decaying turbulence is to start with perturbations with specific mode numbers
and to simulate the ensuing turbulence while it decays into a (usually self-similar)
state that is insensitive to the details of the initial perturbations and therefore has
a number of universal characteristics.
Analysis of the simulation results has shown that turbulent processes in EMHD
exhibit different character for scales that are larger or smaller than the inertial skin
depth, the intrinsic scale in the electron fluid.

The equations of the 2 1
2
D EMHD model are not scale invariant in general because

they contain the intrinsic scale length de. This means that relevant (dynamical)
quantities like the dissipation rates of the conserved quantities are not scale in-
variant because they contain the scale length de as well. The equations are scale
invariant in the limits k2d2

e � 1 as well as k2d2
e � 1. The limit k2d2

e � 1 contains
two cases. In one case the coupling term is negligibly small as compared to the
convection term and the system decouple into a Navier-Stokes equation for the
axial vorticity and a passive scalar equation for the axial current. In the other case
the two terms are of the same order of magnitude.

In the large scale regime, kde < 1, our numerical simulations indicate that the
turbulence decays into a self-similar state shortly after the onset of the initial per-
turbations. The energy exhibits a direct cascade while mean square momentum
exhibits an inverse cascade. Their spectra are consistent with those obtained from
the scaling symmetry of the governing equation together with the assumption of
invariant energy flux, and are characterized by k−7/3 and k−13/3, respectively.
The time behaviour of the turbulent energy is discussed on the basis of two meth-
ods that were previously applied in Navier-Stokes as well as in MHD turbulence.
The first of these is selective decay, which is applicable if certain quantities decay
at slower rate than others and can thus be considered constant. The second method
is based on the assumption that the turbulence possesses an infrared asymptotic
scaling. The former method is used to determine the time behaviour of the total
energy. The latter method together with a constant linear momentum, is used to
obtain the time behaviour of the peak of the energy spectrum in k−space during
the early evolution of the turbulence. The time behaviour t−2/3 of the total energy
is found to be consistent with that obtained from selective decay. The maximum
of the energy spectrum shifts towards low mode numbers and decays in time as
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t−1, in agreement with the infrared scaling of the turbulence.

In the small scale regime kde > 1, both energy and mean square momentum are
found to exhibit a direct cascade. Our numerical simulations reveal that no sta-
tionary turbulent state could be found as long as initially the axial kinetic energy
is large compared to the poloidal kinetic energy. In that case, the global physi-
cal quantities decay well before turbulent macroscopic quantities have established
similar space-time behaviour, and the turbulence is infected by the lack of station-
arity. We argue that the lack of stationarity in this regime could be due to either
of two reasons: the first one is that in this configurations, the turbulence prefers to
pick up non-stationary solutions. The second reason is related to our limited nu-
merical capability in the sense that the numerical setup we used does not provide
a suitable environment to realize a stationary turbulent state.

The only stationary turbulent state we attained in the small scale regime is when
the poloidal kinetic energy is larger than or equal to the axial kinetic energy ini-
tially. In this limit the system decouples into a Navier-Stokes equation and a
passive scalar equation.

In the last Chapter of the thesis we present a first try to analyze the scaling
behaviour of higher order structure functions of 2 1

2
D EMHD turbulence.

The third order structure function satisfies an exact relation S3(l) ∝ 〈ε〉 l, the
counterpart of Kolmogorov fourth-fifth law. Since no further exact relations seem
to exist, the only viable approach to obtain information about higher order struc-
ture functions consists of phenomenological modeling using some physical pic-
ture of the turbulence dynamics.

The strategy adopted in analyzing the scaling behaviour of high order structure
functions is to apply the method of equivalence of reference fields in scale invari-
ant systems developed for Navier-Stokes turbulence to 2 1

2
D EMHD turbulence.

The 21
2
D EMHD equations advance two fields, b and ψ, in time. In order to be

able to express arbitrary moments of scale invariant fields 〈bqlψpl 〉 as power in l,
two hierarchies of structure functions are required.

In the limit k2d2
e � 1 when the coupling term is negligibly small as compared

to the convection term, the system decouples into a Navier-Stokes equation and
a passive scalar equation. The method of equivalence of reference fields in scale
invariant systems leads to the results obtained by Germaschewski en Grauer. The
expressions of the scaling exponents contain five free parameters. Two of these
parameters are associated with the co-dimension of the most intermittent struc-
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tures, and the remaining three parameters need to be determined numerically. The
probability density function corresponding to the moments relation in the Navier-
Stokes case is a generalized log-Poisson.
In the limits k2d2

e � 1 and k2d2
e � 1 with finite coupling term, the 2 1

2
D EMHD

equations are coupled.
In the limit k2d2

e � 1 there are three different choices for the expressions of
the scaling exponents of the two hierarchies of structure functions. In each of
these choices, the expressions of the scaling exponents contain six free parame-
ters. Two of these parameters are related to the nature of the most intermittent
structures. The remaining four are to be determined by numerical calculations in
order to obtain a fixed relations between higher order moments.
As we mentioned earlier the numerical simulations reveal that no stationary tur-
bulent state could be found in the case where k2d2

e � 1 when the coupling term
and the convection term are of the same order of magnitude. As a result we do not
know even the behaviour of low order structure functions in this regime. Knowl-
edge of the low order structure functions is required for the analysis of higher
order structure functions.



Samenvatting

Het werk beschreven in dit proefschrift gaat over snelle verschijnselen in het
plasma. Deze fenomenen zijn zo snel dat hun dynamica bepaalt wordt door de
elektronenbeweging — de ionen mogen in rust verondersteld worden. De aan-
dacht gaat uit naar tijd- en lengteschalen waarop de elektronen beschreven kunnen
worden met een vloeistofmodel, elektron-magnetohydrodynamica (EMHD).
Twee aspecten van het elektronenplasma worden binnen het kader van het EMHD-
model onderzocht. Het eerste aspect is de opwekking van elektron-vortex struc-
turen door middel van intense gelokaliseerde verhitting. Het tweede aspect is de
beschrijving van de eigenschappen van kleinschalige, hoog-frequente turbulentie.

De opwekking van vortex-structuren in de elektronenvloeistof door middel
van sterke gelokaliseerde verhitting is zowel analytisch als numeriek onderzocht.
Aangetoond wordt dat sterke gelokaliseerde verhitting van een niet-uniform plasma
op een snelle tijdschaal leidt tot de opwekking van magnetische structuren. Deze
magnetische structuren worden gegenereerd door de thermische electromotorische
kracht, die optreedt tengevolge van het niet uitgelijnd zijn van de druk- en dichthei-
dsgradienten. De topologie van de magnetische structuren bij hun ontstaan wordt
bepaald door het verhittingsvermogen en de gradient van de evenwichtsdichtheid.
Een Gaussische verdeling van het verhittingsvermogen in een plasma met een con-
stante dichtheidsgradient genereert een dipoolvortex waarvan de as in de richting
van de dichtheidsgradient staat. Uiteindelijk ontwikkelen de helften van de dipool
zich tot twee zwak gekoppelde monopolen, die elk afzonderlijk bij benadering een
evenwichtsoplossing van de EMHD vergelijkingen is. In alle gevallen, behalve
wanneer zowel de traagheid van de elektronen als de verstoring van de dichtheid
een rol spelen, is een van de monopolen statisch en blijft achter in de verhit-
tingszone, terwijl de andere de verhittingszone verlaat.
In het geval van ononderbroken verhitting van het plasma en als zowel de traagheid
van de elektronen als de verstoring van de dichtheid een rol spelen, wordt aange-
toond dat een reeks quasi-stationaire structuren wordt gegenereerd die loodrecht
op de gradient van de evenwichtsdichtheid beweegt en waarin de elektronen-
warmte is opgesloten. Dit resulteert in een filamentering van de elektronendruk.
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Het lange-termijngedrag van de gegenereerde magnetische structuren komt kwal-
itatief overeen met het gedrag van stationaire evenwichtsoplossingen.
Van deze structuren zullen die met een lage totale druk gepaard gaan met slechts
kleine dichtheidsverstoringen en daarom relatief ongevoelig zijn voor ionenbe-
wegingen. Daarom mag verwacht worden dat dergelijke structuren langer kunnen
leven dan de tijdschalen waarop het EMHD-model van toepassing is.

De eigenschappen van turbulentie in EMHD zijn numeriek en analytisch on-
derzocht. Wij concentreren ons op vervallende turbulentie. De strategie daar-
bij is om te beginnen met een aantal specifieke angeslagen modes en om de zo
opgewekte turbulentie te simuleren terwijl het evolueert in een (meestal zelfge-
lijkvormige) vorm van vervallende turbulentie die weinig afhangt van de details
van de initiële verstoringen en die daarom een aantal universele kenmerken heeft.
Analyse van deze numerieke simulaties toont aan dat EMHD turbulentie verschil-
lend van aard is op lengteschalen die groter en kleiner zijn dan de intrinsieke
schaallengte vande elektronenvloeistof, de inertiele indringdiepte.

In zijn algemeenheid zijn de vergelijkingen van het 2 1
2
D EMHD model niet schaal-

invariant omdat zij de intrinsieke schaallengte de bevatten. Dit betekent dat rel-
evante (dynamische) grootheden zoals de dissipatiesnelheden van de behouden
grootheden niet schaalinvariant zijn: ook zij bevatten de schaallengte de. De
vergelijkingen zijn wel schaalinvariant in de limieten k2d2

e � 1 en k2d2
e � 1.

De limiet k2d2
e � 1 omvat twee gevallen. In het ene geval is de koppelingsterm

verwaarloosbaar klein vergeleken met de convectieterm en het systeem ontkop-
pelt in een Navier-Stokes vergelijking voor de axiale vorticiteit en een passieve
scalarvergelijking voor de axiale stroom. In het andere geval zijn de twee termen
van de zelfde orde.

In het regime van grote lengteschalen kde < 1 laten de numerieke simulaties zien
dat de turbulentie al kort na het aanbrengen van de beginverstoringen vervalt in een
zelfgelijkvormige toestand. De energie vertoont een directe cascade terwijl het
kwadraat van de momentumdichtheid een indirecte cascade omgegaat. De spectra
van de energie en de kwadratische momentumdichtheid zijn in overeenstemming
met de schaalinvariantie van de EMHD-vergelijkingen onder de aanname van een
constante energieflux door de schaallengtes, en zijn respectivelijk gegeven door
k−7/3 en k−13/3.
De tijdsafhankelijkheid van de turbulente energie wordt besproken aan de hand
van twee analytishce methoden die reeds toegepast waren in vloeistofturbulentie
(de Navier-Stokes vergelijking) en MHD-turbulentie. De eerste is de methode van
selectief verval, die toepasbaar is indien sommige fluctuerende grootheden veel
langzamer vervallen dan andere en daarom constant kunnen worden beschouwd.
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De tweede methode is op de aanname gebaseerd dat de turbulentie een asymptotis-
che infraroodschaling bezit. De eerste methode is gebruikt om het tijdsgedrag van
de totale energie vast te stellen. De tweede methode is, in combinatie met het be-
houd van impuls, gebruikt om het tijdsgedrag van de piek van het energiespectrum
in k-ruimte gedurende de vroege evolutie van de turbulentie te bestuderen. De zo
gevonden evolutie van de totale energie volgt t−2/3 en is in overeenstemming met
het model van selectief verval. De piek van het energiespectrum verschuift naar
lage modegetallen en vervalt in de tijd als t−1 en is in overeenstemming met de
infraroodschaling van de turbulentie.

In het regime van kleine lengeschalen kde > 1, volgen zowel de energie als de
kwadratische impulsdichtheid een directe cascade. De numerieke simulaties laten
zien dat geen stationaire turbulente toestand bereikt wordt als de axiale kinetis-
che energie bij aanvang groot is vergeleken met de poloidale kinetische energie.
In dit geval vervallen de globale fysische grootheden lang voordat de turbulente
macroscopische grootheden gelijkvormig gedrag in ruimte en tijd vertonen. Door
dit verval deze turbulentie is niet stationair. In dit proefschrift wordt gesteld dat
deze afwezigheid van stationaire turbulentie twee redenen kan hebben. Ten eerste
kan de turbulentie in dit regime daadwerkelijk de voorkeur geven aan een niet-
stationaire evolutie. Ten tweede kan het nog zo zijn dat de numerieke aanpak niet
voldoende ruimte biedt voor de realisatie van een stationaire turbulente toestand.

In het regime van kleine lengteschalen zijn stationaire turbulente toestanden alleen
gevonden in het geval dat in het begin de poloidale kinetische energie groter of
gelijk aan de axiale kinetische energie is. In dit regime ontkoppelt het systeem in
een Navier-Stokes vergelijking en een passieve scalarvergelijking.

Het laatste Hoofdstuk van dit proefschrift beschrijft een eerste analyse van het
schaalgedrag van de hogere orde structuurfuncties in 2 1

2
D EMHD turbulentie.

De derde orde structuurfunctie voldoet aan de exacte relatie S3(l) ∝ 〈ε〉 l, de
tegenhanger van de Kolmogorov vierde-vijfde wet. Aangezien er geen andere
exacte relaties schijnen te bestaan, is de enige methode die perspectief biedt om
informatie over hogere orde structuurfuncties te verkrijgen een fenomenologische
modellering gebaseerd op een fysisch beeld van de turbulente dynamica.

De gekozen strategie om het schaalgedrag van hogere orde structuurfuncties te
analyseren is om de methode van equivalentie van referentievelden in schaalin-
variante systemen, zoals die voor Navier-Stokes turbulentie is ontwikkeld, toe te
passen op 2 1

2
D EMHD turbulentie.

De 21
2
D EMHD-vergelijkingen beschrijven de evolutie van twee velden, b en ψ.
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Om willekeurige momenten 〈bqlψpl 〉 van de schaal-invariante velden als machten
van l te schrijven zijn twee hierarchische reeksen van structuurfuncties nodig.

In de limiet k2d2
e � 1 waarin de koppelingsterm verwaarloosbaar is ten opzichte

van de convectieterm en het systeem ontkoppelt in een Navier-Stokes vergelijking
en een passieve scalarvergelijking, leidt de methode van equivalentie van refer-
entievelden in schaalinvariante systemen tot het resultaat van Germaschewski en
Grauer. De uitdrukkingen voor de schalingsexponenten bevatten vijf vrije param-
eters. Twee van deze parameters zijn met de co-dimensie van de sterkst intermit-
terende structuren geassocieerd en de andere drie parameters moeten numeriek
vastgesteld worden. De dichtheidsfunctie die correspondeert met de relatie tussen
de momenten in het Navier-Stokes geval is een gegeneraliseerde log-Poisson dis-
tributie.
In de limieten k2d2

e � 1 en k2d2
e � 1 waarin de koppelingsterm gelijk is aan de

convectieterm, zijn de 2 1
2
D EMHD-vergelijkingen wel gekoppeld.

In de limiet k2d2
e � 1 zijn er drie verschillende keuzes mogelijk voor de uit-

drukkingen van de exponenten van de twee hierarchische reeksen van structu-
urfuncties. Bij elk van deze keuzes bevatten de schalingsexponenten zes vrije
parameters. Twee van deze parameters zijn weer af te leiden uit de meest inter-
mitterende structuren in de turbulentie. De overige vier numeriek moeten worden
vastgesteld teneinde de juiste relaties tussen de hogere orde momenten te verkrij-
gen.
Zoals eerder vermeld zijn geen stationaire turbulente toestanden gevonden in het
geval k2d2

e � 1 waarin de koppelingsterm en convectieterm van vergelijkbare
grootte zijn. Daarom zijn voor dit regime zelfs de laagste orde structuurfuncties
onbekend en is de analyse van de hogere orde structuurfuncties nog niet aan de
orde.
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STELLINGEN

behorende bij het proefschrift

Structures and Turbulence in Electron
Magnetohydrodynamics

1. The dipolar structures generated by fast localized electron heating are not equilibrium
solutions of the EMHD equations. Finite density perturbations result in the rotation of
the axis of the dipole so that it tends to become an equilibrium solution of the EMHD
equations.

This thesis Chapter 3.

2. In cases where the axial kinetic energy is large compared to the poloidal kinetic energy,
EMHD in the small scale regime kde � 1 does not bring the partial system, consisting
of the axial vorticity, to a Navier-Stokes regime. This is due to the fact that the axial
kinetic energy feeds the poloidal kinetic energy at all scales.

This thesis Chapter 4.

3. A fraction of a second after t = 0, the singularity-free decaying- vacuum cosmology
model and the standard model of cosmology (with vanishing curvature), lead to the
same prediction of the growth of matter inhomogeneities.

T. M. Abdalla and A-M. M. Abdel-Rahman, “Singularity-free decaying-vacuum
cosmologies: Evolution of density perturbations”, Phys. Rev. D 46(10) 5675 (1992).

4. There are numerical indications that in the plasma model describing nonlinear Alfvén
waves and vortices, the inertial skin depth is a characteristic length scale of the
turbulence, in the regime where this length scale is smaller than the ion sound
gyro-radius.

J.H. Mentink, “The Hamiltonian character of Alfvén vortex structures ”.



5. The association of electron transport barriers in toroidal plasmas with low order
rationals of the winding number q(= n/m) can be explained by a gap in the density of
rationals (with m up to a given maximum of about 30) on either side of these low order
rationals.

R. Brakel and W7-AS Team, “Electron energy transport in the presence of rational
surfaces in the Wendelstein 7-As stellarator”, Nucl. Fusion 42 903 (2002).

6. The ongoing peace process in The Sudan is supposed to serve the interest of all
inhabitants and groups of the country equally. However, the security arrangements
which are established as a part of the peace process seem to provide security only for
the two negotiating groups.

7. Quite often, development aid destroys the infrastructure of the recipients and makes
them dependent. In those cases development aid enters as an intruder rather than as a
friend.

8. Several positive attitudes in the Dutch life are largely related to the principle of
Calvinism which is deeply rooted in the Dutch culture.

9. The integration in the Dutch community is relatively easy because the basic principle in
the Dutch culture are in line with the desires of human beings.

Tarig Abdalla

Februari 2004
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