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Abstract

We illustrate how the simulated annealing method can be used to generate new results in
plane geometry.

1 Introduction

The aim of this note is to illustrate the use of the well-known [1,2] simulated annealing method
in a geometric context.

Consider the following problem \ which we shall call the Circular Elevator Problem (CEP):

Suppose n individuals find themselves in a circular elevator. Assume that each of these
individuals has the same need for privacy and that privacy can be expressed as an increasing
function of the distance to the nearest neighbour. Find a position of these people such that
an optimal egalization of privacy is obtained.

In mathematical terms we can formulate a simplified version of this problem as follows:

Place n points on the unit disk such that the minimal mutual distance is maximized, i.e.

s.t. (Xi - Xj)2 + (Yi - Yj)2 ~ Z

X~ + Y~ < 1t t-

max z

i,j=1,2, ,n, i>j

i = 1,2, ,n.

In a future paper we shall present a series of remarkable near optimal solutions to this problem
for n up to 20. Here we want to use the problem to show that simulated annealing may well
generate nice geometric results which are new to the author and a dozen of his colleagues he
harassed with it.

1 I am indebted to Hans Melissen for proposing this problem to me. Although we feel sure the problem
must occur somewhere in the literature we have not been able to trace it so far. The term CEP is coined by
the author.
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Figure 2.1: Three different ways of representing the final configuration in the n = 11 case.

Suppose we try to obtain an approximate solution to the CEP using simulated annealing.
We may achieve this by placing a grid over the unit disk. As configurations we take all the
assignments of the n points to grid points. For the cost function we take the negative of the
minimal mutual distance of the n points. The algorithm starts off from an arbitrary initial
configuration. In each iteration a new configuration is generated by slightly perturbing the
current configuration. The difference in cost is compared with an acceptance criterion which
accepts all improvements but also admits, in a limited way, deteriorations in cost.

Initially, the acceptance criterion is taken such that deteriorations are accepted with a high
probability. As the optimization process proceeds the acceptance criterion is modified such
that the probability for accepting deteriorations decreases. At the end of the process this
probability tends to zero. In this way the optimization process may be prevented from getting
stuck in a local optimum. The process comes to a halt when during a prescribed number of
iterations no further improvement in the best value found so far occurs.

2 Making things visible

A nice quality of the CEP is that a configuration can be easily visualized. Just plot the
unit circle on a convenient scale with the n points in it as little dots or circles, etc. (see
figure 2.1a). Of course, this is not very illustrative since for a given configuration i we want
to know where the bottleneck is, Le. which points determine the minimal mutual distance
d( i). Thus a further graphical step is to join any two points that determine d(i) by a closed
line segment (see figure 2.1b). Now, in practice an interesting phenomenon occurs. Towards
the end of the annealing process a lot of point pairs have a distance approximately equal to
d( i). Since our algorithm is merely an approximative one it is only fair to give those pairs
due attention. This can be done by selecting a suitable £ > 0 and joining any two points with
distance smaller than d(i) +£ (see figure 2.1c). This gives us a good insight in the geometric
structure of a configuration.

But there is more. Suppose our annealing process has terminated. By choosing £ meticulously
we may obtain a picture of the final configuration f, that paves the way for a geometric
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Figure 3.1: A regular nonagon with the regular triangles BCD and B'C'D' inscribed in it.
Surprisingly enough, ADD'A' is a rectangle.

construction of an idealization lid of f, i.e. a configuration lid with a high degree of regularity
that satisfies d(fid) < d(f) and is such that f can be obtained by slightly perturbing lid. It is
a remarkable fact that the configurations fid found in this way often have surprising geometric
properties.

3 A geometric theorem

To illustrate the above consider the special case with n =11. When our annealing process had
terminated we ended up in the final configuration f depicted in figure 2.1 with d(f) = 0.6840.
Clearly the form of f suggests only one thing for fid : that it is a regular nonagon such that
all the line segments drawn in figure 2.1c are of equal length. The existence of such an fid is
equivalent to a geometric theorem, which we can state as follows:

Theorem 3.1 Let N be a regular nonagon. Take a side a of N and inscribe a regular triangle
on a. Let the side a' of N be such that there are three sides between a and a'. Next inscribe
a regular triangle on a'. Then the distance of the internal vertices of both triangles is equal
to the length of a.

This theorem has the following simple proof.

Proof The key to the proof is to draw the auxiliary line segments AD and A'D' in figure 3.l.
Clearly LA'AB = LABC = 992 * 180° = 140°. Furthermore LDBC = 60°, since 6.BCD is
regular. Consequently, LABD = 140° - 60° = 80°. Since AB = BD we obtain LBAD =
LBDA = (180° - 80°)/2 = 50°. Hence LA'AD = 140° - 50° = 90°. For symmetry reasons
this implies that ADD'A' is a rectangle. Thus AA' = DD', which had to be proven. 0
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Though the proof is elementary, it is by no means clear how one must proceed in order to
discover such a curious theorem as the above. In this respect we want to emphasize the
usefulness of heuristic local search methods like annealing in generating geometric results:
We started out with the objective to find a near optimal solution to the CEP and we ended
up with a nice geometric theorem.
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