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Summary

A phenomenological model for the development of the morphology
of disperse polymer blends in complex flows

Background: Polymer blends are widely used in industry for their tunable material prop-
erties. They may also exhibit synergistic properties (e.g. a polypropylene/poly-1-butene
blend may exhibit higher tensile strength than the two individual constituents, depending
on the blend composition). An important aspect that determines these material properties
is the blend morphology. Droplet-in-matrix morphologies (i.e. disperse polymer blends)
are formed when the volume fraction of one constituent fluid in the mixture is sufficiently
small. The formation of this microstructure depends heavily on the processing history.
Morphology evolution can generally be classified in events of droplet deformation, breakup
and coalescence. These events are governed by the dimensionless capillary number and
viscosity ratio.

Methodology: Practical blends contain very large numbers of droplets. It is computa-
tionally infeasible to track every individual droplet. We followed the approach of Peters et
al. (Journal of Rheology, 2001) and clustered droplets in populations with polydisperse dis-
tributions of the typical single-droplet properties of the stretch ratio, undeformed droplet
radius and orientation vector. We extended this work to complex flow problems and added
modifications to enable its implementation in a continuous FEM method. We developed
evolution equations of these properties for the cases of droplets stretching into filaments,
static/dynamic filament breakup, breakup by necking and coalescence. We implemented
this into an in-house developed finite element framework (TFEM).

Results: We validated the numerical model for the cases of shear flow, Poiseuille flow
and eccentric cylinder flow. For the case of eccentric cylinder flow, we used the model to
investigate the effect of the rotational speed of the outer and inner cylinder, the eccen-
tricity and chaotic flow protocol. It was found that dispersive mixing was improved in all
cases when the variation led to increased maximum shear rates (capillary numbers). The
model was then used to investigate blend morphology development in twin-screw extruders,
through trajectories generated by particle tracking. It was again concluded that dispersive
mixing is improved by increasing the maximum shear rate that a droplet population ex-
periences throughout its processing history. Even a very brief peak value was found to be
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more effective than long periods of moderate values, because the peak value rapidly leads
to severe filament stretching and (dynamic) filament breakup.



Chapter 1

Introduction

Polymer blends are a widely used class of materials in industry. Many differing polymeric
liquids are thermodynamically immiscible, which means they tend to form multiphasic
microstructures when blended together. The material properties of the final polymer blend
depend strongly on this morphology. Many different microstructures can be obtained, such
as droplet-in-matrix, co-continuous, fibrillar and lamellar structures. The formation of
the microstructure is determined by the material properties and volume fractions of the
constituents and by the processing history. This gives great control over the tuning of the
blend properties. Interestingly, blends may exhibit synergistic mechanical properties, which
means that the blend may possess better properties than its individual constituents, see
Figure 1.1. For example, the tensile strength of a polypropylene(PP)/poly-1-butene(PB-1)
blend can be higher than that of PP and PB-1 individually, depending on the volume
fractions, such as when a blend composition of 25% PB-1 and 75% PP is chosen in Figure
1.1.

1.1 Blend morphology evolution

In this thesis, we focus only on the category of droplet-in-matrix blend morphologies,
see Figure 1.2. During processing, the droplet interfaces experience deforming stresses
exerted by the matrix fluid. These deforming stresses compete with the interfacial stresses
that tend to restore the interfaces to a spherical shape. This process is governed by the
dimensionless capillary number, which in the case of simple shear flow is defined as:

Ca =
µmγ̇R0

σ
, (1.1)

where µm is the dynamic viscosity of the matrix fluid, γ̇ is the shear rate, R0 is a charac-
teristic length-scale (in this case, the undeformed droplet radius) and σ is the interfacial
tension between the droplet phase and matrix phase. A second dimensionless group that
governs the blend morphology evolution is the viscosity ratio, which is defined as:

λ =
µd

µm

, (1.2)
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Figure 1.1: Tensile strength of a PP/PB-1 blend as function of the volume fraction of PB-1. Data
from Lee and Chen (1993). Adapted from Figure 4 in (Hara and Sauer, 1998).

where µd is the dynamic viscosity of the droplet phase. Note that in practical blends,
the droplet phase is not surrounded by a pure matrix phase, but by a blend of the pure
matrix with the other droplets in the mixture. In this thesis, we assume the two mixture
constituents to be Newtonian (i.e., µd and µm are assumed to be constant).

During processing, the morphology can evolve via many different mechanisms, which can be
broadly categorized as deformation, breakup and coalescence. These phenomena depend
on the critical capillary number, above which the interface deforming stresses dominate
and breakup occurs (if given sufficient time). Detailed measurements of the critical capil-
lary number as a function of the viscosity ratio has been performed by Grace (1982), see
Figure 1.3. These experiments are often used in practice to select the material components
and optimal flow rates in blending operations, but their validity is restricted due to being
performed under a number of idealized conditions (Stegeman et al., 2002). First of all,
Grace (1982) use initially spherical droplets, which is not necessarily true in an industrial
mixer. Secondly, the utilized flow field is homogeneous, which means that a droplet ex-
periences the same shear and elongation rate at all times, which would never occur in an
industrial mixer. And thirdly, the viscosity ratio is assumed to be independent of time
and temperature, which is not true for practical polymers. While keeping these limitations
in mind, we do use the Grace curve throughout this thesis because of the lack of more
detailed experimental and modelling work and because we do not take temperature effects
into account in our model. According to the experiments by Grace (1982), droplet breakup
is impossible in simple shear flow above a viscosity ratio of around 4. In intermediate cases,
the critical capillary number has been shown experimentally and numerically to possess
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Figure 1.2: Micrographs of a PB-1/PDMS blend. Initially spherical droplets (first image) undergo
stretching through shear (second image), after which the flow is stopped. After flow cessation,
the filaments relax and break up (third image), forming a finer morphology than the initial
morphology (fourth image). Images adapted from Figure 11 in Iza and Bousmina (2000), with
permission from The Society of Rheology.

10 -6 10 -4 10 -2 10 0 10 2
10 -1

10 0

10 1

10 2

10 3
Grace curve

simple shear
planar extension

Figure 1.3: Critical capillary number Cacrit as function of the viscosity ratio λ for simple shear
flow and planar elongational flow (Grace, 1982).
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values between the two illustrated extreme cases (Bentley and Leal, 1986a,b; Khakhar and
Ottino, 1986). These intermediate cases of complex flow problems are very relevant for
industry, since elongational flow is essential for three reasons. The first reason is that
elongational flow is necessary for breaking up droplets in blends with high viscosity ratios.
The second reason is that the critical capillary number for elongational flow is lower than
for shear flow, which means droplets break up at lower deformation rates. The third reason
is that elongational flow stretches fluid filaments much faster (exponentially) compared to
shear flow (linearly). In this thesis, we focus on numerically investigating the blend mor-
phology evolution in various complex flow problems, which are a combination of shear and
elongational flow. Our starting point is the blend morphology model developed by Peters
et al. (2001). This model has been well-validated for simple shear flow. An important part
of our work is expanding this model to elongational and complex flow problems. We are
especially interested in the twin-screw extruder flow, which is used in industry to produce
polymer blends.

1.2 Twin-screw extruders

A commonly used device for producing polymer blends is the twin-screw extruder, see Fig-
ure 1.4 for a side-view. The two screws are often co-rotating and intermeshing (Hyvärinen
et al., 2020). The screws can consist of many different element types along their lengths
with different purposes, such as conveying elements for transporting the polymer mix-
ture forward or backward and kneading elements for improving the mixing process. Since
polymer blends are highly viscous, turbulence cannot be utilized in the mixing process.
Mixing in a twin-screw extruder is achieved through chaotic advection (Manas-Zloczower
and Agassant, 2009). The target morphology is usually one that consists of a disperse
phase of many small droplets. In Figure 1.4, it can be seen that the morphology in the
twin-screw extruder starts out more or less unstructured. While traveling through the
twin-screw extruder, the droplets stretch into long and thin filaments, experience orien-
tation and eventually break up into many smaller droplets. However, it is important to
note the final picture, which shows that the acquired fine morphology significantly coarsens
under the influence of coalescence, which in many applications is not desirable. It is im-
portant to be able to predict and quantify this process, which is one of the focus points of
the modelling and computational work in this thesis.

1.3 Objectives and research questions

Practical blends contain very large numbers of droplets. It is computationally infeasible
to track the dynamics of every individual droplet. The approach of Peters et al. (2001)
is followed and droplets are clustered in populations with polydisperse distributions of
the typical single-droplet properties of the stretch ratio, undeformed droplet radius and
orientation vector. This work is extended to complex flow problems and modifications
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Figure 1.4: Blend morphology development at various stages of a twin-screw extruder. Adapted
from Figure 3 in Lee and Han (2000), with permission from Elsevier.

are added to enable its implementation in a continuous FEM method. Evolution equa-
tions of these properties are developed for the cases of droplets stretching into filaments,
static/dynamic filament breakup, breakup by necking and coalescence. This is implemented
into an in-house developed finite element framework (TFEM). Our research questions are
the following:

• What is the effect of the blend properties, especially the viscosity ratio, on the blend
morphology development?

• What is the effect of the processing history (i.e., the deformation rate as a function
of time) on the blend morphology development?

• What is the resulting blend morphology for a given geometry and complex flow field?

• How can processing conditions be used to control the development of polydisperse
droplet size distributions?

As the first step of our modelling work, we start with the morphology equations as were
developed by Peters et al. (2001). This model contains discontinuous jumps in the mor-
phology variables (stretch ratio and undeformed droplet radius of the droplet populations).
The aim is to implement this morphology model in a continuous FEM framework and there-
fore it is needed to smooth these discontinuous jumps. Peters et al. (2001) do propose a
smoothing operation on the morphology using first-order differential equations, but they
perform it on the stretch ratio and the interfacial area that is computed from the droplet
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radius and stretch ratio. In this work, a similar approach is followed, but the smoothing
operation is performed directly on the undeformed droplet radius quantity. This is nec-
essary, because all independent field variables in our FEM problem must be continuous.
This makes the model continuous along the streamline direction, but not in the crosswind
direction. This gives problematic oscillatory behavior in the crosswind direction. As the
second step of our modelling work, logarithmic versions of the morphology variables are
introduced to reduce numerical issues associated with these oscillations. As the third step
of our modelling work, a formulation is developed to describe polydisperse droplet popula-
tions using a probability distribution function for the droplet sizes. The developed toolbox
is tested, validated and applied in order to investigate the blend morphology for cases of
increasing complexity, namely simple shear flow, Poiseuille flow, eccentric cylinder flow and
finally, twin-screw extruder flow. The focus of this work is solely on 2D simulations for
simplicity of analysis and reduced computational time compared to 3D simulations.

1.4 Outline of thesis

In Chapter 2, the blend morphology equations of the Peters model are modified and im-
plemented in TFEM. Results are shown for monodisperse droplet populations in the cases
of simple shear flow, Poiseuille flow and eccentric cylinder flow. In Chapter 3, the previous
model is extended and used to investigate the behavior of polydisperse droplet populations
in the aforementioned flow cases. In Chapters 2 and 3, the blend morphology model is
written in terms of continuous field variables using convection equations. In Chapter 4,
this model is rewritten in terms of point fields that are used in conjunction with particle
tracking to investigate the blend morphology development in twin-screw extruder flow,
along generated particle trajectories. Finally in Chapter 5, the conclusions from this thesis
and recommendations for future work are presented.



Chapter 2

A numerical model for the disperse
blend morphology evolution in
complex flow

Abstract

The aim of this study is to develop a constitutive model for disperse blends applicable
in complex flows and to cast this model in a finite element framework. As the number
of droplets in realistic conditions is extremely large, it is computationally intractable to
model all droplets individually. Droplet populations are modelled that have macroscop-
ically averaged morphological properties. These properties are the droplet stretch ratio,
the unstretched droplet radius, the orientation vector and the number of droplets per unit
volume. The evolution equations of these properties vary based on the morphological state
transitions. The current model describes the morphology evolution in complex geometries,
assuming Newtonian mixture constituents and monodisperse droplet populations. The nu-
merical model has been validated for simple shear flow. Results are discussed for Poiseuille
flow and the eccentric cylinder flow.

This chapter is reproduced from: W.B. Wong, M.A. Hulsen and P.D. Anderson. A numerical model
for the development of the morphology of disperse blends in complex flow. Rheologica Acta, 58(1-2):79-95,
2019.
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2.1 Introduction

An important class of materials is polymer blends. Some polymer blends are immiscible,
because the constituents are chemically incompatible, so they will de-mix in the melt state
over time. Consequently, these polymer blends have a multiphase structure, of which two-
phase systems are one possible case, but systems consisting of more phases are possible,
such as when additives are added to the mixture for compounding. There is a huge va-
riety of structures that can be produced, such as dispersed droplets (dispersive blends),
co-continuous blends, fibrillar and lamellar structures, etc., though the latter two may turn
out to be metastable and stabilized only by rapid cooling. Note that during solidification
more phase separation might occur than in the liquid state. In this work, we focus on
modelling dispersive blends. Dispersive mixing is an often used method in industry, not
only in polymer blending, but also in, for example, food processing and the pharmaceutical
industry. To obtain the desired material properties, it is crucial to be able to control the
droplet size of the disperse phase. Depending on the emulsion properties and the processing
history, the droplets can undergo changes as a result of deformation, orientation, breakup
and coalescence.

Many authors have contributed to the modelling and experimental work of the defor-
mation and breakup of single droplets, see for example Minale (2010). The case of small
deformation and Newtonian liquids has been investigated by Taylor (1932) and Taylor
(1934). Tomotika (1935) analytically investigated the breakup of an infinitely long viscous
filament embedded within a matrix of another viscous liquid. This work was expanded
upon by Mikami et al. (1975) and Khakhar and Ottino (1987). Cox (1969) described
the deformation of an ellipsoidal droplet in a general time-dependent flow field. Doi and
Ohta (1991) follow the approach of the influential paper of Batchelor (1970) by describing
the morphology in terms of an interface tensor, quantifying the expansion and orientation
of complex interfaces under the influence the macroscopic velocity field and the interfacial
tension. Another model describing the morphology with a shape tensor has been developed
by Maffettone and Minale (1998). Ellipsoidal drop shape predictions have been verified by
three-dimensional visualization by Guido and Greco (2001). Both the Doi-Ohta model and
the Maffetone and Minale model have been generalized using the generic formalism from
Grmela and Öttinger (1997), applied on immiscible blends by Grmela et al. (2001). Using
the generic formalism, Edwards et al. (2003) developed a range of rheological models
that obey certain physical constraints, such as volume conservation of the disperse phase
in dispersive polymer blends. Influential experimental work on the breakup conditions has
been carried out by Grace (1982). Further experimental investigations were carried out by
Bentley and Leal (1986a,b), Stone et al. (1986), Grizzuti and Bifulco (1997) and Vinckier
et al. (1997). Excellent reviews on these topics have been given by Stone (1994) and Tucker
and Moldenaers (2002). Development of a model to describe the morphology of immiscible
Newtonian blends undergoing morphological changes from the initial structure to the final
structure after deformation, breakup and coalescence has been done by Peters et al. (2001)
and Almusallam et al. (2004).
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The objective of this study is to develop a phenomenological model for predicting the
morphology evolution of disperse blends in complex flows. Our starting point is the consti-
tutive dispersive blend model of Peters et al. (2001). This model has been shown to be very
successful for describing dispersive blend morphology in shear flow. However, this model
has discontinuous solutions in time and space, hence is not attractive for implementation
in a finite element formulation. The aim of this work is to extend this model, introduce
smoothed field variables and apply our methodology for complex flow problems.

2.2 Phenomenological blend model

2.2.1 Droplet morphology

During processing, the droplet structure can change. This process is determined by the
interplay between the viscous stress exerted by the surrounding matrix fluid which deforms
the interface of the droplet, and the interfacial tension which tends to restore the droplet
to a spherical shape. This process is governed by the dimensionless capillary number Ca,
which is the ratio between the viscous forces and the interfacial tension forces. For shear
flow, this is given by:

Ca =
µmγ̇R0

σ
, (2.1)

where µm is the dynamic viscosity of the matrix phase, γ̇ is the shear rate, R0 is the radius
of the unstretched droplet and σ is the interfacial tension between the two fluid phases.
Another important dimensionless quantity for describing this process is the viscosity ratio
λ, as given by:

λ =
µd

µm

, (2.2)

where µd is the dynamic viscosity of the droplet phase.

Hydrodynamic forces exerted by the matrix will tend to cause deformation and orien-
tation of the droplet. Depending on the capillary number and viscosity ratio, the droplet
can become unstable as a result of the deformation. There is a critical capillary number
Cacrit above which the droplet becomes unstable. This critical capillary number depends
on the viscosity ratio and the flow type. Grace (1982) has measured this relation for shear
flow and planar extensional flow. For simple shear flow, this is given by De Bruijn (1989):

log10(Cacrit) = −0.506 − 0.0994log10(λ) + 0.124(log10(λ))2 − 0.115

log10(λ)− 0.6107
, (2.3)

and for planar extensional flow, the critical capillary number is given by:

log10(Cacrit) = 0.0331(log10(λ)− 0.5)2 − 0.699. (2.4)
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Jansen et al. (2001) did measurements on the critical capillary number in concentrated
emulsions for a wide range of viscosity ratios and volume fractions and observed that Cacrit

decreases with increasing volume fractions. However, it was also observed that the Grace
curve, which was determined for breakup of single droplets, can be used if the matrix
viscosity µm is replaced by an effective matrix viscosity. This makes sense, because in a
(concentrated) emulsion, a droplet is not surrounded by pure matrix fluid, but by matrix
fluid containing a large number of other droplets. The effective matrix viscosity is given
by Choi and Schowalter (1975):

µe = µm

[
1 + φ

5λ+ 2

2(λ+ 1)

(
1 + φ

5(5λ+ 2)

4(λ+ 10)

)]
, (2.5)

where φ is the volume fraction of the droplet phase in the total fluid mixture. This is used
to define an effective viscosity ratio:

λe =
µd

µe

, (2.6)

which we use in the expressions for Cacrit, Equations (2.3) and (2.4), instead of the pure
viscosity ratio λ.

Droplets break up via mainly four mechanisms (Jansen et al., 2001; Van Puyvelde and
Moldenaers, 2005). The first one is necking (also called waist-thinning or binary breakup).
In this case, a slightly deformed droplet simply splits up into two daughter droplets. The
second breakup mechanism is filament breakup (also called capillary breakup), where a
droplet has been stretched into a long thin filament and breaks up into a line of multi-
ple daughter droplets under the influence of the Rayleigh-Plateau instability. The third
breakup mechanism is end-pinching, where the ends of a filament break off as new daughter
droplets, which can happen due to collision with neighboring droplets or when the flow is
stopped at intermediate aspect ratios of the deformed droplet. The fourth breakup mech-
anism is tip-streaming, where the ends of a deformed droplet become cusp-like and small
droplets are ejected from the tips. This occurs due to Marangoni stresses that arise as a
result of a non-uniform surfactant distribution. In this work, only the first two mechanisms
are considered (necking and filament breakup). Marangoni stresses do not occur, because
we study only single populations of clean drops, which do not exhibit end-pinching and
tip-streaming (Bazhlekov et al., 2006; Janssen and Anderson, 2008).

Aside from deformation, orientation and breakup, the last important phenomenon for de-
scribing droplet structures is coalescence. In coalescence, droplets collide with each other
and merge into a single larger droplet. This is important because the aim of mixing is often
to obtain droplet sizes that are as small as possible, whereas coalescence coarsens the mor-
phology. The success of a coalescence event depends on two factors, namely the frequency
with which droplets collide and the probability that the film of matrix fluid between the
two droplets is completely drained within the available process time. The drainage can be
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modelled assuming either fully immobile interfaces, partially-mobile interfaces and fully
mobile interfaces. Coalescence will be successful when the film thickness is reduced to a
critical value hcrit, as given by Chesters (1991):

hcrit =

(
AhReq

8πσ

)1/3

, (2.7)

where Ah is the Hamaker constant and Req is the equivalent radius of the two differently
sized droplets. In this work, it is assumed that Req = R0. The analysis on the coalescence
probability by Janssen (1993) shows that coalescence occurs mostly in regions with low Ca,
because that is needed to allow enough interaction time for the film to drain completely,
though at too low Ca, the probability of collisions occurring is very low, then nothing
happens with the droplets.

2.2.2 Morphological quantities and state changes

Several approaches can be followed to describe the droplet structure in blends, such as sharp
interface models, diffuse interface models and macroscopic models. In the first two types
of models, the droplet interfaces are tracked directly, but this quickly becomes computa-
tionally intractable as the number of droplets becomes as large as what is seen in industrial
blends. In the case of macroscopic models, a microstructural model of the droplet morphol-
ogy development is used and translated to a number of macroscopically averaged quantities.

We describe the blend structure using a macroscopic model and use the model of Peters
et al. (2001) as a starting point. This model describes the blend structure phenomeno-
logically and couples this to a stress contribution. We focus on the part describing the
blend structure. It has been demonstrated to be very successful for describing the droplet
structure in shear flow. However, the solutions are discontinuous in time and space, so
cannot easily be implemented in a finite element formulation in this form. Therefore, we
introduce smoothed field variables that can be solved in a complex flow geometry. In every
point in space x, there is a population of droplets with macroscopically averaged quantities.
These quantities are the stretch ratio β(x), unstretched droplet radius R0(x), orientation
vector m(x) and number of droplets per unit volume Nd(x). The stretch ratio is defined
as the length of the major axis of an extended ellipsoid droplet divided by the diameter of
the unstretched droplet. The orientation vector is described using the b tensor, which is
defined as the contravariant decomposition of the c tensor, with c = b · bT (Hütter et al.,
2018). The tensor c is governed by a Giesekus model. The orientation vector m is defined
as the eigenvector corresponding to the largest eigenvalue of the c tensor. Peters et al.
(2001) use the Finger tensor B instead of c and the deformation gradient tensor F instead
of b. Our definition for the orientation vector m is similar to how Peters et al. (2001)
define it as the eigenvector corresponding to the largest eigenvalue of the Finger tensor B,
which gives the direction in which the background flow field has the largest deformation.
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The blend structure evolves under the influence of the flow field. The interaction is as-
sumed to be one-way only, which means the flow field influences the morphology but not
vice versa. For this assumption to hold, the viscosities of the two phases should be similar,
so the viscosity ratio should be close to 1. Stretched droplets are modelled as cylinders,
with a radius R that is determined by conservation of volume:

R = R0

√
2

3β
. (2.8)

The morphology is assumed to change only via four mechanisms, namely stretching into
filaments, filament breakup (capillary breakup), necking (binary breakup) and coalescence
(see Figure 2.1). Which mechanism occurs depends on Ca, using the effective matrix

Figure 2.1: Illustration of the four considered morphological changes. From top to bottom:
coalescence, necking, filament stretching and filament breakup.

viscosity µe, the macroscopically averaged unstretched droplet radius R0 and the effective
shear rate, defined by:

γ̇ =
√

2D : D, (2.9)

where D = 1
2
(∇u + (∇u)T ) is the symmetric part of the velocity gradient tensor L =

(∇u)T , with u the velocity field. When Ca < Cacrit, droplet breakup cannot occur. In
this regime, the morphology is described by coalescence. The rate of coalescence depends
on the volume fraction of the droplet phase and the shear rate. When Ca is very large
(Ca ≥ κCacrit), the droplet first deforms into a long thin filament. The parameter κ
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depends on the flow type and has the value 2 for shear flow and 5 for planar elongational
flow. For complex flows, the value for κ will be between 2 and 5. For simplicity, we assume
κ = 2 for all cases in this work. This is valid for the cases of simple shear and Poiseuille
flow. However, this assumption is not valid for complex flow problems with a significant
extensional contribution, such as an eccentric cylinder flow problem. This topic will be
investigated in a subsequent paper. When the filament radius R reaches a critical filament
radius (R ≤ Rcrit), the filament breaks up via capillary breakup. The critical filament
radius is given by Tjahjadi and Ottino (1991):

Rcrit = 0.02α0.1
0

(
µeD : mm

σ

)−0.9

λ−0.45
e , (2.10)

where α0 is the initial disturbance amplitude (which eventually grows sufficiently large
to make the filament unstable), λe = µd/µe is the effective viscosity ratio and m is the
orientation vector, which is calculated as the eigenvector corresponding to the largest
eigenvalue of c. α0 is of the order O(10−9) (Janssen, 1993). Lastly, the intermediate Ca
regime, where Cacrit ≤ Ca < κCacrit, is described by necking.

2.2.3 Morphology evolution equations

The independent macroscopic variables describing the morphology are the stretch ratio β,
the unstretched droplet radius R0 and the b tensor (from which the orientation vector is de-
rived). The number of droplets Nd can be derived from the droplet radius via conservation
of volume. The evolution equations are given by:

∂β

∂t
+ (u · ∇)β = f1, (2.11)

∂R0

∂t
+ (u · ∇)R0 = f2, (2.12)

∂b

∂t
+ (u · ∇)b = Q, (2.13)

where the right-hand side of the b tensor is given by Hütter et al. (2018):

Q = L · b+
1

2τG

[(1− αG)I − (1− 2αG)c− αGc
2] · b−T . (2.14)

This is the Giesekus model written in terms of b instead of the conformation tensor. We
define the b tensor in this way to prevent it from growing indefinitely. With this method,
b will eventually relax towards a certain steady value, depending on the parameters τG

and αG. For τG →∞ in Equation (2.14), b goes to the deformation gradient tensor F and
c goes to the Finger tensor B. The functions f1 and f2 vary based on the mechanism of
morphological change.
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In the case of coalescence, the right-hand side functions are given by:

f1 =
1

τc

(β+ − β), (2.15)

f2 = exp

(
−
√

3R0

4hcrit

λeCa3/2

)
4

3π
γ̇φR0, (2.16)

with φ the volume fraction of the disperse phase in the blend, τc a numerical smoothing
parameter and

β+ =

4(λe + 1)

√√√√(19λe)2 +

(
20

Ca

)2

+ 5(19λe + 16)

4(λe + 1)

√√√√(19λe)2 +

(
20

Ca

)2

− 5(19λe + 16)

. (2.17)

The expression for f2 is derived by Peters et al. (2001), using the calculation of the drop-
let radius during coalescence from Janssen (1993). The value of β+ is the value that the
stretch ratio β would discontinuously jump to according to the Peters model. In that
model, the stretch ratio is not directly used in the stress calculation, but an intermediate
step of calculating an effective stretch ratio βeff via an ODE of the form of Equation (2.15)
is performed. This step smoothes the discontinuous jump in time. We follow the same
approach but apply the smoothing step directly to the stretch ratio field variable β itself.
This smoothing in time effectively also smoothes discontinuous jumps along the streamline
direction. However, there is no smoothing of discontinuous jumps in crosswind direction,
as is seen in the results obtained for Poiseuille flow in Section 2.4.1.

In the case of necking, the right-hand side functions are given by:

f1 =
1

τn

(β+ − β), (2.18)

f2 = −3.91 · 10−3λ−0.45
e Ca−1

critγ̇R0, (2.19)

with τn a numerical smoothing parameter and

β+ = 4. (2.20)

The expression for f2 is taken from the Peters model and the smoothing step for the stretch
ratio with f1 as given by the right-hand side term of Equation (2.11) is similar to the case
of coalescence as given by Equation (2.15).
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In the case of filament stretching, the right-hand side functions are given by:

f1 =

β3 +
2

3λe

+
5

12
− g2

g1Caext

− g2

4λeCaext

β3 +
3

4
+

1

2λe

+
4λe

3g1

− 2

3g1

βD : mm, (2.21)

f2 = 0, (2.22)

with

Caext =
µe(D : mm)R0

σ
, (2.23)

g1 =
1

log(2β1.5)
+

3

2(log(2β1.5))2
, (2.24)

g2 =
β6 + 2β3 − 3

2β5.5
. (2.25)

The quantity Caext is the extensional capillary number, as it is calculated based onD : mm
(which is a measure of extension) instead of the equivalent shear rate γ̇. Since a stretching
droplet does not change its undeformed radius R0, we have set f2 = 0. The expression
for f1 is derived by Stegeman et al. (1999). In the case of shear flow, the droplet will
initially be oriented in the direction of highest shear (D : mm is maximal). As the shear
is maintained, the droplet rotates away from this direction and D : mm decreases to a
very small value, depending on αG.

In the case of filament breakup, the right-hand side functions are given by:

f1 =
1

τb

(β+ − β), (2.26)

f2 =
1

τb

(R+
0 −R0), (2.27)

with τb a numerical smoothing parameter and

β+ = 1.5, (2.28)

R+
0 =

(
3π

2

)1/3

Rcrit. (2.29)

In this case, both β and R0 are smoothed as explained for Equation (2.15). Equation (2.27)
is important for the selection of the smoothing parameter. When smoothing is performed
too slowly (i.e. with a too large value for the smoothing parameter τb), the capillary num-
ber evolves significantly differently, which means the droplet population will experience the
morphological changes of filament stretching, filament breakup, necking and coalescence
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very differently. Therefore, the smoothing parameter is chosen not too large. In this work,
we set it to be at least one order of magnitude larger than the numerical time step but not
much higher.

Earlier, it was mentioned that D : mm can go toward a very small value. If this hap-
pens, then Rcrit and R+

0 will go to infinity (See Equations (2.10) and (2.29)). However,
even if Rcrit is large but finite, there is still the issue that, because the droplet size after
filament breakup is calculated according to Equation (2.10), this can lead to the situation
that the daughter droplets after the filament breakup are actually larger than the parent
droplet before the breakup event. An example is demonstrated in Section 2.3.3. The rea-
son is probably that Equation (2.10) was derived for a filament in a stretching flow (with
nearly constant extensional rate), which means it is not valid for too small extensional
rates D : mm, where the flow can be considered to be practically stagnant. This requires
separate modelling of filament breakup under quiescent conditions, which we have not done
in this work. This topic will be investigated in a subsequent paper.

2.3 Numerical model

2.3.1 Finite-element formulation

First, we introduce the logarithmic quantities s = log(β) and v = log(R0). The reason is
that s and v have the useful property that they are allowed to become negative, whereas
β and R0 could become negative due to numerical errors when simulated directly, which
would lead to meaningless results. For example, Equation (2.8) would take the square root
of a negative number, which stops the numerical simulations. Equations (2.11) and (2.12)
are replaced by:

ds

dt
=
dlog(β)

dt
=

1

β

dβ

dt
→ ds

dt
=

1

β
f1, (2.30)

dv

dt
=
dlog(R0)

dt
=

1

R0

dR0

dt
→ dv

dt
=

1

R0

f2, (2.31)

respectively. In other words, the stretch ratio and unstretched droplet radius are described
according to:

∂s

∂t
+ (u · ∇)s =

1

β
f1, (2.32)

∂v

∂t
+ (u · ∇)v =

1

R0

f2, (2.33)

where β = exp(s) and R0 = exp(v). Before these can be implemented in a finite ele-
ment framework, these equations are rewritten in a weak formulation, by multiplying the
equations with test functions w1 and w2 and integrating over the whole domain Ω, to
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obtain: (
w1,

∂s

∂t
+ (u · ∇)s− 1

β
f1

)
= 0, for all w1, (2.34)(

w2,
∂v

∂t
+ (u · ∇)v − 1

R0

f2

)
= 0, for all w2. (2.35)

Here (., .) denotes the inner product on Ω. Similarly, the weak formulation of the tensor b
becomes: (

W ,
∂b

∂t
+ (u · ∇)b−Q

)
= 0, for all W . (2.36)

The tensor b is solved component-wise. In this work, w1, w2 and the components of W
are chosen from the same function space. Flow fields are generated by solving the velocity
u and the pressure p using the incompressible Stokes equations without body forces on
different geometries. To elaborate, the flow field is determined from the continuity equation
and momentum balance. Currently, the morphology is not coupled back to the velocity.
The velocity field is calculated once, after which the morphology evolution is determined
using this known velocity field. This back-coupling may be an interesting topic for future
work.

2.3.2 Numerical implementation

The time-integration method is first-order semi-implicit, which means the material deriva-
tive is solved implicitly and the right-hand side function is evaluated explicitly. This leads
to the following temporal discretization:

sk+1 − sk
∆t

+ (u · ∇)sk+1 =
1

βk
fk1 , (2.37)

vk+1 − vk
∆t

+ (u · ∇)vk+1 =
1

Rk
0

fk2 , (2.38)

bk+1
ij − bkij

∆t
+ (u · ∇)bk+1

ij = Qk
ij, (2.39)

where ∆t is the time step. Putting the unknowns on the left hand side and the known
quantities on the right hand side results in:(

1

∆t
+ u · ∇

)
sk+1 =

1

βk
fk1 +

1

∆t
sk, (2.40)(

1

∆t
+ u · ∇

)
vk+1 =

1

Rk
0

fk2 +
1

∆t
vk, (2.41)(

1

∆t
+ u · ∇

)
bk+1
ij = Qk

ij +
1

∆t
bkij. (2.42)
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The convection terms are stabilized by using SUPG (streamline upwind Petrov-Galerkin)
test functions, which means an extra stabilization term is added in the streamline direction.
It amounts to replacing the test function w by w+τsu·∇w, where τs is the SUPG parameter.
This parameter is given by:

τs =
h

2U
, (2.43)

where h is a characteristic element size (Hughes et al., 1986) and U is a characteristic
velocity. There are several choices possible for U . In this work, U is calculated using the
magnitude of the velocity u in every integration point. We found this to be the most stable
choice.

First the flow field is generated by solving the momentum and continuity equations, then
the morphology equations are solved according to the following scheme. At each time step,
the problem of b is solved first, followed by the problem of s (or β) and finally the problem
of v (or R0). Afterwards, during the next time step, the code loops back to b (See Figure
2.2). The velocity u is discretized using second-order polynomial basis functions, while

Calculate	Ca	to	determine	the	
morphological	 state

Coalescence Necking

Filament	
stretching

Filament	
breakup

Problem	1:	Calculate	𝒖,𝑝

Problem	2:	Calculate	𝒃

Problem	3:	Calculate	𝑠
Problem	4:	Calculate	𝑣

Calculate	𝑅

Ca< Ca+,-. Ca+,-. ≤ Ca < 𝜅Ca+,-. Ca≥ 𝜅Ca+,-.

𝑅 ≤ 𝑅+,-.𝑅 > 𝑅+,-.

Next	time	step

Figure 2.2: Flow chart of the numerical solution procedure.

p, s, v and b are discretized using first-order polynomial basis functions.

2.3.3 Validation with simple shear flow

This section shows results for simple shear flow simulations with varying values of the
smoothing parameter τ and the shear rate γ̇. We set the numerical smoothing parameters
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Figure 2.3: The stretch ratio β over time t,
without numerical smoothing. The shear rate
is γ̇ = 3 s−1 and the time step is ∆t = 10−4 s.

time t [s]
0 20 40 60 80

st
re

tc
h

ra
ti
o
-

[-
]

0

5

10

15

20

25

30

35

Figure 2.4: The stretch ratio β over time t,
with numerical smoothing τ = 0.1 s. The
shear rate is γ̇ = 3 s−1.

for filament breakup (τb), necking (τn) and coalescence (τc) equal and define this value as
τ . The main benefit of simple shear flow is that the shear rate is identical across the whole
domain, which means the convection term in the morphology evolution equations drops
out. This makes it possible to study the morphology evolution purely under the influence
of deformation. Furthermore, the morphology can be simulated without using numerical
smoothing, so results can be compared with the unsmoothed results by Peters et al. (2001).

Influence of numerical smoothing parameter τ

The first result (see Figure 2.3) is a reproduction of the result already obtained by Peters
et al. (2001). In this simulation, the time step is taken as ∆t = 10−4 s and no numerical
smoothing is applied. The material properties are as given in Table 2.1. The material
parameters are taken as those of a 10% PIB - 90% PDMS blend (same as Peters et al.
(2001)). These values are used for all the simulation results in this work. First, filament

Table 2.1: Simulation parameters.

Quantity Symbol Value Unit
Volume fraction φ 0.1 -
Droplet viscosity µd 86 Pa · s
Matrix viscosity µm 196 Pa · s
Interfacial tension σ 0.0023 N/m
Initial disturbance α0 4.66 · 10−9 m
Hamaker constant Ah 10−20 J

stretching occurs, as can be seen from the gradual increase of the stretch ratio. Then
suddenly filament breakup occurs, where the extremely extended filament breaks up into
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many smaller droplets. After some further breakup due to necking, a dynamic equilib-
rium between necking and coalescence is reached, which can be seen by the occasional
upward spike indicating that the capillary number is momentarily larger than the critical
capillary number. The sharp transitions of the stretch ratio are instantaneous (the up and
down parts each span only one time step), as no numerical smoothing has yet been applied.

However, these instantaneous jumps are not physical, so we decide to numerically smooth
these discontinuous processes. With a smoothing time of τ = 0.1 s, the stretch ratio evo-
lution has also been simulated (see Figure 2.4). It is seen that the extreme jumps have
indeed become smoother. The upward spikes in the dynamic equilibrium regime are no
longer visible after the smoothing, as they only encompassed a relatively small part of one
“period”. Note that the number of spikes in this final regime is not fixed (in the case
without numerical smoothing), but dependent on the time step, because the time step
determines how far the single necking step puts the capillary number Ca below the critical
capillary number Cacrit. With a smaller time step, Ca decreases less below Cacrit after the
instantaneous jump, so coalescence will make Ca reach Cacrit sooner, so upward spikes due
to necking will occur more frequently in that case.

Influence of shear rate γ̇

A simulation has been performed for a shear rate of γ̇ = 9 s−1 (see Figure 2.5 for the droplet
size as function of time). There was no numerical smoothing. It is seen that the drop-
let size evolves not as expected. Instead of the expected sequence of filament stretching,
then filament breakup followed by necking until the dynamic equilibrium state, the system
switches between filament stretching and filament breakup while making the droplet larger
with every filament breakup step. This is because the droplet size after filament breakup
is always slightly larger than the critical filament radius Rcrit, as given by Equation (2.29),
so R0 keeps increasing because Rcrit keeps increasing due to orientation of the orientation
vector m with the flow field. The orientation vector is directly determined from the c
tensor, which is not representative of the newly formed droplet after the breakup event.

To prevent b from growing indefinitely, the Giesekus relaxation term is added to Equation
(2.14). However, applying this relaxation of b still does not eliminate the problem of the
unexpected morphology evolution sequence, as the relaxation time τG is usually chosen
large compared to the timescale of the physical process. The issue seems to be that b is
not linked to Rcrit for low stretching rates. Equation (2.10) is not valid for too small values
of D : mm, which occurs in simple shear flow when the droplet orients away from the
direction of the background flow with the largest stretch (at 45 degrees).

A separate morphological transition for filament breakup under quiescent conditions should
be taken into account to model this situation, which we have not done in this work. We
instead introduce another method to handle this situation. Since b and Rcrit affect only
the part of filament stretching and filament breakup, it is decided to put an upper limit
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Rcrit,max on Rcrit, in such a way that the capillary number after breakup obeys Ca < κCacrit,
so that the next morphological state will always be necking (See Equation (2.44)). Rcrit,max

is given by:

Rcrit,max = 0.99

(
3π

2

)−1/3

κCacrit
σ

µeγ̇
. (2.44)

Including this upper limit, the expected sequence is obtained (see Figure 2.6). Using Equa-
tion (2.44), Rcrit in Equation (2.10) will not go to infinite in the instance that D : mm
goes to zero.

The effect of the shear rate on the morphology development is investigated (see Figures 2.7
and 2.8). As expected, the higher shear rate of γ̇ = 9 s−1 leads to faster filament stretching
than the shear rate of γ̇ = 3 s−1. In the densely colored region, the (unsmoothed) β rapidly
alternates between the value for necking and coalescence. Furthermore, filament breakup
is delayed, as the filament requires more deformation to become unstable. However, no
filament stretching occurs at the shear rate of γ̇ = 1 s−1. This simulation immediately
goes into the necking regime and continues until the dynamic equilibrium between necking
and coalescence is reached. All in all, it is observed that as expected, the final droplet
size decreases with increasing shear rate. We have validated our phenomenological model
for simple shear flow and in the subsequent sections, we show results of our blend model
in Poiseuille flow and an eccentric cylinder flow, both of which are relevant for practical
applications.

2.4 Results

2.4.1 Poiseuille flow

In this section, we show results for Poiseuille flow, also known as capillary flow, which
essentially consists of many layers of simple shear flow at different shear rates. Poiseuille
flow is a classical example of a pressure-driven flow, where a layered droplet structure
arises near the walls, which is relevant for many industrial applications. The domain is a
rectangle, with a mesh consisting of two elements in the (horizontal) x-direction and Ny

elements in the (vertical) y-direction. The time step is ∆t = 10−3 s and the smoothing
parameter is τ = 10−1 s. The top and bottom boundaries are no-slip boundaries. The
left and right boundaries are coupled through a periodic boundary condition and a flow
rate of Q = 10 m2/s is imposed. The length in y-direction is Ly = 4 m and the length
in x-direction is set equal to the width of two elements. The elements are squares, with
biquadratic interpolation for velocity, bilinear interpolation for pressure and all the mor-
phology variables. The initial droplet size is R0 = 9.5 · 10−6 m and the initial stretch ratio
is β = 1.
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Figure 2.5: The unstretched droplet radius
R0, the filament radius R and the critical fil-
ament radius Rcrit as a function of time for
a shear rate of γ̇ = 9 s−1. The solid black
line indicates Ca = κCacrit and the dashed
black line indicates Ca = Cacrit. No numeri-
cal smoothing has been applied.
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Figure 2.6: The unstretched droplet radius
R0, the filament radius R and the critical fil-
ament radius Rcrit as a function of time for
a shear rate of γ̇ = 9 s−1. The solid black
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black line indicates Ca = Cacrit. No numer-
ical smoothing has been applied. An upper
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ing occurs after filament breakup.
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Figure 2.7: The stretch ratio over time for
three different shear rates, without numerical
smoothing.
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Comparison between standard and logarithmic versions of the blend model

As was discussed before, our model does not solve for the stretch ratio β and unstretched
radius R0 directly, but their logarithmic counterparts s and v. This section demonstrates
why the latter is the better choice.

In Poiseuille flow, the shear rate is highest near the no-slip walls. Here, the droplets first
undergo stretching into filaments, until the filament radius R decreases below the critical
filament radius Rcrit, after which filament breakup occurs. When this occurs, the stretching
filaments in the adjacent layer are not yet breaking up. During filament breakup, the blend
model describes a nearly discontinuous jump in both β and R0. The numerical smoothing
technique only smoothes discontinuities in the streamline direction, not perpendicular to
it. This leads to the occurrence of the Gibbs phenomenon (see Figure 2.9), because the
continuous finite element basis functions cannot capture such a discontinuity. In the region
of 0.5 < y < 1 m, it can be seen that there is an almost discontinuous jump between a
region where filament breakup has already occurred and a region where filaments are still
stretching. Of particular interest is the downward peak of the red line. When the mesh is
too coarse or the discontinuity is too large, this peak can reach a negative value. This is
undesirable for two reasons.

First of all, a negative stretch ratio has no physical meaning and secondly, inserting a
negative β into Equation (2.8) leads to taking the square root of a negative number, which
leads to a floating point exception error, making the numerical simulation stop. The loga-
rithmic formulation with s and v have the benefit that β = exp(s) and R0 = exp(v) cannot
become negative.

Another issue with the standard version of the blend model is that it seems to display
the Gibbs phenomenon more strongly than the logarithmic version (see Figure 2.10). The
evolution of the local morphology depends directly on the latest state, so these extreme
spikes can cause the morphology to evolve differently than expected (see Figure 2.11). It
is observed that the Gibbs phenomenon is much weaker when the mesh is refined four
times (see Figure 2.12). In this case, the results for the standard and logarithmic ver-
sions are observed to be very similar. In the outer regions, there is dynamic equilibrium
between necking and coalescence, and in the center there is a region where coalescence
dominates. The logarithmic formulation was found to be particularly useful for improving
the numerical stability of the morphology solution, for relatively coarse meshes.

Mesh convergence

In this section, it is investigated how the solution at a very long time scale (2 · 106 time
steps, t = 2 · 103 s) relates to the reference solution that is obtained by combining simple
shear flow solutions at the same shear rate values as encountered in the Poiseuille flow prob-
lem. This comparison is useful, because the Poiseuille flow is affected by the oscillations of
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Figure 2.9: The stretch ratio in Poiseuille flow
simulated using the standard formulation (red
line) and derived from the logarithmic formu-
lation (blue line) at time = 11.1 s. There are
50 elements in y-direction.
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Figure 2.10: The stretch ratio in Poiseuille
flow simulated using the standard formulation
(red line) and derived from the logarithmic
formulation (blue line) at time = 38.2 s. There
are 50 elements in y-direction.
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Figure 2.11: The stretch ratio in Poiseuille
flow simulated using the standard formulation
(red line) and derived from the logarithmic
formulation (blue line) at time = 44.1 s. There
are 50 elements in y-direction.
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flow simulated using the standard formulation
(red circles) and derived from the logarithmic
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the Gibbs phenomenon, whereas the reference solution shows what the solution in every
point should be, based on the local shear rate. The shear rates range from γ̇ = 10−6 s−1

to γ̇ = 3.75 s−1. Note that the minimum shear rate is not taken as γ̇ = 0, because D
would then be a zero tensor and Rcrit in Equation (2.10) would go to infinity. Therefore,
γ̇ = 10−6 s−1 has been taken as a value to investigate the morphology evolution at very
low shear rates.

It is observed that the droplet radius corresponds very well to the reference solution (see
Figure 2.13) for Ny = 1000. As expected, the high shear rates near the walls have resulted
in the smallest droplet sizes due to capillary breakup. Closer to the center, there is a region
that remains nearly the initial droplet size. In this region, the capillary number Ca is too
small to cause breakup, yet too large to allow for enough film drainage, so coalescence is
unsuccessful here. Even closer to the center, coalescence is observed to be successful, as
the droplets become slightly larger than the initial droplet size. Lastly, in the center itself,
the shear rate is so low that not many collisions take place, so coalescence is again not
(very) successful there.

The solution of the droplet size is observed to converge linearly (see Figure 2.14). However,
the solution on a coarse mesh (Ny = 50) shows erroneous behavior in the center of the
domain (y = 2). A lot of coalescence appears to be occurring while none would be ex-
pected. This phenomenon occurs up to a certain element size (around the element size at
Ny = 200). Further mesh refinement at that point seems to give nearly linear convergence.
Based on the linear interpolation used for the morphology variables, quadratic convergence
would be expected, though this would only hold for smooth functions. The discontinuous
solution is not smooth, for which only linear convergence can be achieved (Canuto et al.,
1988). The solutions of the stretch ratio at a long time scale were also compared for
Ny = 50 and Ny = 1000 (see Figure 2.15). The convergence plot for the stretch ratio (see
Figure 2.16) has been generated by comparing the simple shear flow reference solution to
the Poiseuille flow solution averaged over the final 1000 time steps. The averaging is done,
because there is no true steady state solution, but a dynamic equilibrium between necking
and coalescence. The convergence appears to be nearly linear throughout the whole range
of Ny. To conclude this section on Poiseuille flow, we have motivated our description of the
blend morphology with logarithmic quantities and we have shown that our phenomeno-
logical model can be used to predict the droplet morphology for a pressure-driven flow.

2.4.2 Eccentric cylinder flow

Problem description and mesh convergence

In this section, we investigate the spatial and temporal evolution of the blend morphology
in an eccentric cylinder flow, which can be considered as a simplified case of the complex
flow in a dynamic mixer (Tjahjadi and Ottino, 1991). The problem consists of one cylinder
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from 1000 simple shear solutions over the
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Figure 2.17: Schematic overview of the eccen-
tric cylinder geometry.

Figure 2.18: Mesh M0.

positioned off-center inside another larger cylinder. In principle, both cylinders can rotate
independently, however this work focuses on the case where only the outer cylinder rotates
with an angular velocity of Ω. The outer cylinder has radius Router and the inner cylinder
has radius Rinner (see Figure 2.17).

The distance between the center of the inner and outer cylinder is defined as the eccentric-
ity ε. The first example shows the case where Ω = 1 s−1, Router = 1 m, Rinner = 0.3 m and
ε = 0.3 m. The outer cylinder rotates clockwise. The effect of the element size has been
investigated with the same simulation parameters as described in the previous section.
Meshes are generated using Gmsh (Geuzaine and Remacle, 2009). The starting point is a
mesh with 1082 triangular elements (see Figure 2.18). Quadratic triangular elements are
used, where the velocity is interpolated quadratically and the pressure and morphology
variables are interpolated linearly. Five meshes have been generated (See Table 2.2).

Table 2.2: Mesh statistics for convergence study.

Mesh nnodes nelem h̄min h̄max

M0 2260 1082 2.16 · 10−2 9.47 · 10−2

M1 8848 4328 1.07 · 10−2 4.76 · 10−2

M2 35008 17312 5.36 · 10−3 2.38 · 10−2

M3 139264 69248 2.68 · 10−3 1.19 · 10−2

M4 555520 276992 1.34 · 10−3 5.95 · 10−3

The relative minimum element size h̄min is calculated as the square root of the smallest
element area divided by Router, where Router is used as the global length scale of the ec-
centric cylinder flow problem. The same approach is followed for calculating the relative
maximum element size h̄max. For this convergence study, we focus on the morphology at
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t = 80 s (the morphology no longer changes much over time) along the vertical line C1
between the top of the inner and outer cylinder (see Figure 2.19 for the stretch ratio profile
and Figure 2.20 for the unstretched radius profile), as this line crosses both regions of
interest of vortex flow and outer flow, and this line is relatively far away from the stag-
nation point which is not expected to yield useful information regarding mesh convergence.

It is observed that M0 and M1 yield morphology results that are very different from the
most refined mesh M4. M4 shows significantly different behavior near the boundary of the
inner cylinder, which suggests some boundary layer effect. The remaining part of the solu-
tion of M4 seems to be approximated quite well by M2 and M3. Since the computational
time of M2 is a factor of 16 times faster than the finest mesh and the region of the bound-
ary effect seems very narrow, M2 is considered good enough for further simulations. For
other geometries (different eccentricities ε), meshes are generated with a relative minimum
element size h̄min of O(10−3).

To comment further on the boundary layer effect that is observed for M4, this raises
an interesting point about how our blend model behaves when there are very small length
scales, as are encountered in chaotic mixing flows. These length scales cannot be captured
with a finite element mesh. As is shown in Figures 2.19 and 2.20, M4 is observed to de-
scribe a thin boundary layer region that is smoothed by the coarser meshes. Although
this example is not chaotic, we expect the numerical method to behave in a similar way
for the small length scales in chaotic flow, meaning that small scale details are smoothed,
but the numerical model will not fail. This would suggest that information is lost due to
this smoothing. However, our macroscopic model does not contain information about the
morphology at such small length scales to begin with, so the limitation is in the theoretical
model itself and not in the numerical method. Basically, there is no point in simulating
length scales smaller than the maximum droplet size, because smaller details are absorbed
into the macroscopic description of the droplet populations. We do expect that, if the fine
spatial layering would be captured, that breakup and coalescence would eliminate it. This
is because two adjacent thin layers would experience approximately the same local shear
rate and our model describes the final morphology according to the Grace curve, which
breakup and coalescence would evolve towards. Droplet migration across streamlines has
no effect in our model, because we assume all droplets to advect along the direction of the
background flow field.

Other models by Muzzio et al. (1992) and Florek and Tucker (2005) are excellent for
describing the stretching of the droplet morphology in globally chaotic flows. However,
these models neglect interfacial tension and thereby omit breakup and coalescence events.
The strength of our model lies in the ability to capture these topological changes.
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Morphology evolution

The morphology evolution is shown for the example of Ω = 1 s−1, Router = 1 m, Rinner =
0.3 m and ε = 0.3 m. In the outer regions, the flow rotates clockwise, while in the inner
region above the inner cylinder there is a clockwise rotating vortex (see Figure 2.21 for the
streamline pattern and Figure 2.22 for the shear rate pattern). The shear rate is observed
to be largest below the inner cylinder, while being small above the inner cylinder and at
the lower region near the outer cylinder.

The morphology development over this flow field with initial stretch ratio β = 1 and
unstretched radius R0 = 10−5 m has been simulated (see Figures 2.23 and 2.24). The time
step is ∆t = 0.01 s, the smoothing parameter is τ = 0.1 s, the Giesekus parameters are
αG = 0.01 and τG = 106 s. The simulation was run until time tend = 60 s. It is seen that
after 0.16 rotations, the stretch ratio first grows near the bottom of the inner cylinder
(where the shear rate is largest) and is advected clockwise around the vortex above the
inner cylinder. During the stretching process, it makes sense that the unstretched radius
of the droplets does not change. After 0.56 and 0.72 rotations, the distinctive flow fields
within and outside of the vortex can clearly be observed. Droplets in both regions stretch
and rotate within their own regions, where the droplets in the outer region stretch faster
because of passing the region of large shear rates below the inner cylinder. Some of the
droplets can already be observed to have broken up. There seems to be an outward moving
breakup front. Eventually, after 1.43 rotations, the droplets in the inner vortex have also
broken up. Afterwards, after around three rotations, the final morphology is reached.

Effect of ε

Simulations were done for three values of the offset of the inner cylinder, with the values
ε = 0.2 m, ε = 0.3 m and ε = 0.5 m. The other parameters are Ω = 1 s−1, Router = 1 m and
Rinner = 0.3 m. The initial values are β = 1 and R0 = 10−5 m. The mean droplet size and
its standard deviation along curve C1 were plotted over time (see Figure 2.25). It is seen
that the geometry with the inner cylinder closest to the outer cylinder produces the finest
morphology, with the highest amount of uniformity and in the shortest amount of time.
It makes sense that the finest morphology is obtained, because the narrow region between
the two cylinders results in larger shear rates than in the other two flow problems. The
high amount of uniformity is due to the large area of the vortex above the inner cylinder,
which easily distributes droplets over a large portion of the domain. The short process
time is also related to the large shear rates, which leads to droplets stretching faster and
breaking up faster.

Effect of Ω

Simulations were done for three values of the angular velocity of the outer cylinder, with
the values Ω = 0.5 s−1, Ω = 1 s−1 and Ω = 2 s−1. The other parameters are ε = 0.3 m,
Router = 1 m and Rinner = 0.3 m. The initial values are β = 1 and R0 = 10−5 m. The time
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Figure 2.21: Streamline pattern of the flow
field with rotating outer cylinder at Ω = 1 s−1.

Figure 2.22: Shear rate pattern of the flow
field with rotating outer cylinder at Ω = 1 s−1.
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evolution of the mean droplet size and its standard deviation along curve C1 is investigated
(see Figure 2.26). Increasing Ω appears to have a similar effect to increasing ε. The reason
is the same as in the case of varying ε. For higher Ω, larger shear rates are generated in
the narrow region between the two cylinders. The higher Ω also improves the uniformity
of the morphology, as it makes the flow faster and therefore, the efficiency of mixing is
improved. We have hereby shown our model to be useful for predicting the spatial and
temporal development of a disperse blend morphology in a complex flow geometry.

2.5 Conclusions

We developed a numerical model to describe the evolution of the morphology of disperse
blends in complex flows, using a Stokes flow and the model by Peters et al. (2001) as a
starting point. Our phenomenological model was implemented in an inhouse FEM code.
For validation, our model was first compared with the Peters model for simple shear flow,
with good agreement. Filament breakup under nearly quiescent conditions was found to
be an important morphology state, but has not yet been taken into account in our model,
which is a topic for future work.

The next step was to simulate the morphology development along the cross-section of
a Poiseuille flow problem. In the Poiseuille flow example, the occurrence of the Gibbs phe-
nomenon was observed. These Gibbs oscillations were found to possibly result in negative
stretch ratios when β was simulated directly. This justifies the choice of calculating the
morphology with the variable s = log(β).

After simulating Poiseuille flow, the model was used to study the morphology develop-
ment in the eccentric cylinder flow problem, where the outer cylinder rotates with angular
velocity Ω. The effect of the position of the inner cylinder and Ω were investigated. Putting
the two cylinders closer to each other and increasing Ω were the best choices for obtaining
the finest morphology, with the highest amount of uniformity in the shortest amount of
processing time. In both cases, the cause was the increased shear rate in the narrow region
between the inner and outer cylinder.

While the original model by Peters et al. (2001) has already been validated for simple
shear flow with experiments done by Vinckier et al. (1997), for future work it would be
interesting to experimentally validate the blend model for Poiseuille flow and eccentric
cylinder flow.

We have now obtained a predictive tool for estimating how to design the complex ge-
ometry of a mixing device in order to obtain a desired disperse blend morphology, for
different process conditions and material properties.



40 A numerical model for the disperse blend morphology evolution in complex flow

Figure 2.23: Six frames of β. Top row from left to right, the number of rotations: 0.16, 0.56,
0.72. Bottom row from left to right, the number of rotations: 0.95, 1.43, 3.18.

Figure 2.24: Six frames of R0. Top row from left to right, the number of rotations: 0.16, 0.56,
0.72. Bottom row from left to right, the number of rotations: 0.95, 1.43, 3.18.
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Chapter 3

Numerical simulations of the
polydisperse droplet size distribution
of disperse blends in complex flow

Abstract

The blend morphology model developed by Wong et al. (2019), based on Peters et al.
(2001), is used to investigate the development of the polydispersity of the disperse polymer
blend morphology in complex flow. First, the model is extended with additional morpho-
logical states. The extended model is tested for simple shear flow, where it is found that
the droplet size distribution does not simply scale with the shear rate, because this scaling
does not hold for coalescing droplets. Subsequently, the model is applied to Poiseuille
flow, showing formation of distinct layers, as occurs in realistic pressure-driven flows. Fi-
nally, the model is applied on an eccentric cylinder flow, where histograms are made of the
average droplet size throughout the domain. It is observed that outer cylinder rotation
results in narrow distributions where the small droplets are relatively large, whereas inner
cylinder rotation results in broad distributions where the small droplets are significantly
smaller than in the case of outer cylinder rotation. Eccentricity seems to only have a minor
effect if the maximum shear rate is held constant, but this needs more investigation for
narrow gap sizes. The flow profile and history in combination with the maximum shear
rate strongly determine how the polydisperse droplet size distribution develops.

This chapter is reproduced from: W.B. Wong, P.J.A. Janssen, M.A. Hulsen and P.D. Anderson.
Numerical simulations of the polydisperse droplet size distribution of disperse blends in complex flow.
Rheologica Acta, 60(4):187-207, 2021.
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3.1 Introduction

A common method for creating polymer materials with targeted properties is to blend
multiple homopolymers. Some polymer blends are immiscible, because the constituents
are chemically incompatible, so they will de-mix in the melt state over time, leading to
a multiphase structure (Lipatov, 2002; Tucker and Moldenaers, 2002). Depending on the
volume fractions of the blend constituents, there can be a disperse or co-continuous mor-
phology. In this work, we focus on modelling disperse blends. The morphology undergoes
changes due to deformation, breakup and coalescence. Controlling coalescence is critical
for the final droplet morphology (Vermant et al., 2004; Zou et al., 2014).

Modelling the development of the droplet morphology has been a topic of ongoing re-
search for a long time, though there appears to have been a period around 2000-2010
when this topic was not studied intensively, probably due to the fact that many synthetic
polymer blends have already been succesfully commercialized Fortelný and Juza (2019).
Recent interest can be attributed to the attempts to commercialize blends of bio-polymers
in the near future Fortelný and Juza (2012, 2014, 2017, 2019). Many authors have per-
formed modelling and experimental work on the deformation and breakup of single droplets,
which is reviewed by Stone (1994) and Minale (2010). Early work for small deformation
and Newtonian liquids has been performed by Taylor (1932) and Taylor (1934). Tomotika
(1935) analytically investigated the breakup of an infinitely long viscous filament embed-
ded within a matrix of another viscous liquid. Cox (1969) generalized the description of
the droplet deformation to general time-dependent linear flow fields. Batchelor (1970) in-
troduced the concept of modelling the droplet shape with an interface tensor, describing
the droplet surface evolving under the influence of flow and interfacial tension, which was
later generalized in the well-known Doi-Ohta model (Doi and Ohta, 1991). Maffettone and
Minale (1998) developed another model that describes the morphology with a shape tensor.
Ellipsoidal drop shape predictions have been verified by three-dimensional visualization by
Guido and Greco (2001). Droplet deformation and breakup have been investigated exper-
imentally by Bentley and Leal (1986a,b); Grace (1982); Grizzuti and Bifulco (1997); Iza
and Bousmina (2000); Stone et al. (1986); Vinckier et al. (1997). Coalescence has been
modelled by Chesters (1991). Development of a model to describe the morphology of im-
miscible Newtonian blends undergoing morphological changes from the initial structure to
the final structure after deformation, breakup and coalescence has been done by Peters
et al. (2001) and Almusallam et al. (2004). Based on Peters et al. (2001), Wong et al.
(2019) have developed a numerical model to simulate the monodisperse blend morphology
development in complex flow geometries.

For the material properties of the solidified polymer blend, it is not only important to know
the droplet size, but also the droplet size distribution (polydispersity) (Caserta et al., 2004;
Diop and Torkelson, 2015; Premphet and Paecharoenchai, 2002; Wu, 1988). The objective
of this study is to describe the development of polydisperse droplet size distributions in
complex flow geometries using the work from Wong et al. (2019). We first introduce a num-
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ber of extensions to this model and then use the extended model to investigate the shear
rate dependence of the polydispersity in simple shear flow and the formation of distinct
layers in Poiseuille flow. Finally, we use eccentric cylinder flow as an example of complex
flow and show how polydispersity can be influenced through alterations to the geometry
and flow protocol.

3.2 Morphology model

In this section, we begin by summarizing the features of our previous blend morphology
model (Wong et al., 2019). This is followed by three extensions to our original model.
Subsequently, we show the equations of this extended model. Finally, we show the set of
equations as they are solved in our numerical framework.

3.2.1 Recap of the previous model

If we consider a blend consisting of a single droplet and assume the droplet to be ellipsoidal,
we can quantify the model using the radius of the unstretched droplet R0, the stretch ratio
β = L/B = L/2R0, where L is the major axis and B is the minor axis of the ellipsoidal
droplet respectively, and the orientation vector m. In practical blends, the number of
droplets is very large, which makes it computationally unattractive to track every droplet
individually. We follow the approach of Peters et al. (2001) and model the morphology
macroscopically. Droplets are locally grouped together in populations, that are described
by an average R0, β and m, along with the number of droplets per unit volume Nd. There
is one droplet population for every spatial point x. The morphology over a whole geometry
is described by macroscopic fields of the average population variables R0(x), β(x), m(x)
and Nd(x). These variables evolve under the influence of the background velocity field
u(x). We calculate this flow field using the Stokes flow equations and assume that the
morphology does not couple back to the flow field calculation. The morphology contributes
an extra stress term to the equation for conservation of momentum. This extra stress can
be split into an elastic term and a viscous term. The viscous term is taken into account
by using an effective matrix viscosity instead of the pure matrix viscosity. We neglect
the elastic term, and assume that this contribution is negligible in the cases that we are
interested in, i.e. closed domains with no free surfaces. We aim to model the morphology
development in practical mixers and in these situations, it is usually preferable to obtain
as small as possible droplet sizes through rapid filament stretching. This implies that we
are mostly dealing with very high capillary numbers and relatively small time scales. In
the case of very high capillary numbers, where the stresses from the background flow field
dominate the interfacial stresses of the microstructure, the interfaces tend to passively fol-
low the flow. Interfacial stresses tend to become active at larger time scales, when droplets
are very small. In this situation, the microstructure evolves relatively slowly. In our study
of practical mixers, we are mostly not interested in these time scales. In short, in case of
very high capillary numbers and relatively small time scales, we believe it is a valid as-
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sumption to neglect the elastic stress contribution of the microstructure on the momentum
conservation equation.

In our original model, we first described the stretch ratio β and undeformed droplet radius
R0 with the following partial differential equations:

∂β

∂t
+ (u · ∇)β = f1, (3.1)

∂R0

∂t
+ (u · ∇)R0 = f2, (3.2)

where f1 and f2 are semi-empirical functions based on others’ modelling and experimental
work on droplet deformation, breakup and coalescence. Our model exhibits discontinuous
jumps in directions perpendicular to streamlines. Numerically, this leads to the occur-
rence of the Gibbs phenomenon, where the solution shows oscillatory behavior around the
discontinuity. Consequently, this may lead to negative values for R0 and β, which is un-
physical and makes the numerical simulations stop. We found that using the logarithmic
variables v = log(R0) and s = log(β) in the model and find R0 and β by exponentia-
tion, improved that stability of the model substantially (Wong et al., 2019). With the
logarithmic variables, the partial differential equations become:

∂s

∂t
+ (u · ∇)s =

1

β
f1, (3.3)

∂v

∂t
+ (u · ∇)v =

1

R0

f2, (3.4)

with the extra division in the right-hand side coming from the chain rule of differentiating
a natural logarithm.

We describe the orientation vector m as the eigenvector corresponding to the largest eigen-
value of the conformation tensor c = b · bT , where b is the contravariant decomposition of
c and is described by a Giesekus model, following the approach by Hütter et al. (2018). It
can be thought of as something similar to the deformation gradient tensor from continuum
mechanics with an additional relaxation term. The tensor c has a meaning similar to the
Finger tensor from continuum mechanics. We calculate b using:

∂b

∂t
+ (u · ∇)b = Q, (3.5)

Q = L · b+
1

2τG

[(1− αG)I − (1− 2αG)c− αGc
2] · b−T , (3.6)

which is precisely the well-known Giesekus-model, but written in terms of the b-tensor
instead of the more conventional conformation tensor.
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The fourth morphology variable, the number of droplets per unit volume Nd, is not de-
scribed as an independent field variable, but is determined using conservation of volume
based on R0:

4

3
πR3

0 (t0)Nd (t0) =
4

3
πR3

0 (t)Nd (t) . (3.7)

The right-hand side functions f1 and f2 depend on the morphological state, which depends
on the capillary number. For shear flow, this is given by:

Ca =
µmγ̇R0

σ
, (3.8)

where µm is the dynamic viscosity of the matrix phase, γ̇ is the shear rate, R0 is the
radius of the unstretched droplet and σ is the interfacial tension between the two fluid
phases. In our case, the matrix surrounding a droplet contains other droplets. To take this
into account, we replace µm with an effective matrix viscosity µe, as defined by Choi and
Schowalter (1975):

µe = µm

[
1 + φ

5λ+ 2

2(λ+ 1)

(
1 + φ

5(5λ+ 2)

4(λ+ 10)

)]
, (3.9)

where φ is the volume fraction of the droplet phase in the total fluid mixture and λ is the
viscosity ratio of the pure components. We define an effective viscosity ratio according to:

λe =
µd

µe

, (3.10)

where µd is the viscosity of the droplet phase. In Wong et al. (2019), we took four morpho-
logical states into account, namely: coalescence, necking, filament stretching and dynamic
filament breakup.

3.2.2 Modifications to the morphology model

In this work, we make three additions to the blend morphology model. The first addition is
to make a distinction between droplets and filaments. In the original model, the morpho-
logical state was only determined by the most recent local capillary number, so in theory a
long filament could be advected into a lower shear rate region and instantaneously exhibit
binary breakup (necking), which is not physical. We classify any droplet population with
a stretch ratio β larger than 5 as filaments. This choice is made because, following Peters
et al. (2001), we assigned β = 4 for the case of necking (Wong et al., 2019), so β > 5 can
only be reached if there was Ca ≥ κCacrit (filament stretching) in the recent history.

The second addition consists of two additional morphological states, namely static fila-
ment and static filament breakup. These had been missing from our original model. It is
important to have a state for static filaments, in case the flow would be stopped. Suppose
long filaments have been created through the state of filament stretching, which occurs
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at large capillary numbers. Stopping the flow would result in a capillary number of 0,
which would make the droplet population undergo coalescence. Coalescence immediately
following filament stretching would be unphysical.

The third addition to our original model is a more detailed classification of the shear
and elongational components of a complex flow. In our previous work, we assumed κ = 2
and Cacrit to be only the shear flow part of the Grace curve. This was obviously done
for simplicity, but this needs to be improved upon, because many practical flow problems
involve significant elongational flow. Taking only the upper limit of the Grace curve (the
shear flow part) will likely mispredict whether or not a droplet (population) will experience
breakup.

3.2.3 Extended morphology model

A new step in the simulation procedure is to test whether a filament should be classified as
stretching or quiescent. We quantify this using the stretching efficiency ef, which is defined
according to Ottino (1989):

ef =
D : mm√
D : D

, (3.11)

where D = 1
2
(∇u+(∇u)T ). The stretching efficiency can be viewed as a ratio between the

realized elongational rate and the maximum obtainable elongational rate when the filament
would be perfectly aligned with the flow direction with the maximum deformation. This
can be seen as follows. Firstly, the numerator D : mm corresponds to the elongational
rate that a stretching droplet experiences in its axial direction. This dyadic product can
be interpreted as follows: the tensor D is a three-dimensional mathematical object that
contains all the spatial components of the strain rate. The dyadic product selects the strain
rate component pointing in the direction of m on a surface of which the normal vector
points in the direction of m, in other words, we have obtained the stretching rate in the
axial direction of the elongated droplet. This direction does not necessarily have to be the
direction of principle strain rate, which is the direction in which the flow field exerts the
largest strain rate. The magnitude of this principle strain rate is equal to the denominator
in the definition of the stretching efficiency, namely

√
D : D. Therefore, the stretching

efficiency is the ratio between the realized elongational rate and the maximum obtainable
elongational rate.

In order to describe a quiescent filament (static filament) and filament breakup under
quiescent conditions (static filament breakup), we introduce two additional field variables.
These are the filament radius before breakup Rf and the Rayleigh disturbance amplitude αf

(the subscript ‘f’ stands for ‘filament’), both of which determine when a quiescent filament
becomes unstable and breaks up. As demonstrated in our previous work, discontinuities
in the field variables in the direction perpendicular to the streamlines leads to the Gibbs
phenomenon, where the solution shows oscillations around the discontinuity. These oscil-
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lations may lead to negative values for the field variables. Therefore, we describe Rf and
αf with logarithmic variables vf = log(Rf) and af = log(αf). They are described by the
following partial differential equations:

∂vf

∂t
+ (u · ∇)vf =

1

Rf

f3, (3.12)

∂af

∂t
+ (u · ∇)af = f4, (3.13)

where f3 and f4 are right-hand side functions that depend on the morphological state.
Note that there is no multiplication by 1

αf
in Equation (3.13). This is because the Rayleigh

disturbance amplitude αf is described with an exponential function (Tomotika, 1935), so
the differential equation for the logarithmic af is written in such a way that there is no
division by itself in the right-hand side, in contrast with the other quantities β, R0 and Rf.

In our previous work (Wong et al., 2019), we assumed for simplicity that Cacrit and κ
were always equal to the values for simple shear flow, as given by Grace (1982). However,
it is known that droplets cannot break up in shear flow for λe > 4, whereas the same drop-
lets could be broken up by extensional flow. This example demonstrates the importance of
taking the Grace curve for (planar) extensional flow into account as well. The Grace curve
gives the critical value Cacrit as a function of the viscosity ratio above which the deforming
droplet becomes unstable and will eventually break up. The curves are given for the two
extreme cases of simple shear flow and planar extensional flow. To reiterate, for simple
shear flow, κ = 2 and the critical capillary number is given by De Bruijn (1989):

log10(Cacrit) = −0.506− 0.0994(log10(λe))

+ 0.124(log10(λe))
2 − 0.115

log10(λe)− 0.6107
, (3.14)

and for planar extensional flow, κ = 5 and the critical capillary number is given by:

log10(Cacrit) = 0.0331(log10(λe)− 0.5)2 − 0.699. (3.15)

In complex flow, we calculate the critical capillary number by interpolating between these
two expressions. To do this, we need a quantity to describe the amount of shear and
extension that is present in the velocity field. We use the ratio of the scalar deformation
rate Ds and scalar vorticity Ωs, as defined by Hulsen (1988):

Ds =
√
−det (L+LT ), (3.16)

Ωs =
√

det (L−LT ), (3.17)

ζ =
Ωs

Ds

, (3.18)

where L = (∇u)T is the velocity gradient tensor. If this number is ζ = 1, shear flow is
dominant. If ζ < 1, then extension is dominant, with ζ = 0 representing pure extension.
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Figure 3.1: Updated flow chart of the solution procedure.

Lastly, for ζ > 1, rotation is dominant, but we assume the Grace curve for simple shear to
hold for this regime. In reality, when rotation is dominant, no Grace curve exists, because
a rotating droplet does not deform and therefore does not break up. This also means
that our assumption is not important, because when rotation is dominant, the local flow
conditions will not require the Grace curve to be called upon. Using the quantity ζ, we
interpolate complex flow types according to:

κ = 2ζ + 5 (1− ζ) (3.19)

Cacrit = ζCacrit,shear + (1− ζ) Cacrit,extension (3.20)

As was mentioned before, the right-hand side functions f1, f2, f3 and f4 depend on the
morphological state. The criteria for the six considered morphological states are shown in
Figure 3.1, which shows the solution procedure. The filament breakup criterion uses the
filament radius R. For this, we assume that a stretched filament can be approximated as
a cylinder, with equal volume as an initially spherical droplet with radius R0. It is defined
as:

R = R0

√
2

3β
. (3.21)

The white boxes indicate the original model from Wong et al. (2019) and the gray boxes
indicate the extensions from this work. In the following subsections, the right-hand side
functions are shown for every morphological state individually.
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Coalescence

In the case of coalescence, the equation for f2 remains the same as in Wong et al. (2019).
In this state, f3 = 0 and f4 = 0. We made a change to the equation for the logarithm of
the stretch ratio s. The equations for coalescence are:

f1 =
1

τc

(β+ − β), (3.22)

f2 = exp

(
−
√

3R0

4hcrit

λeCa3/2

)
4

3π
γ̇φR0, (3.23)

f3 = 0, (3.24)

f4 = 0, (3.25)

with β+ given by:

β+ =

(
1 +D

1−D

)2/3

, (3.26)

where D = (L−B)/(L+B) is the dimensionless drop deformation parameter. Coalescence
will be successful when the film thickness is reduced to a critical value hcrit, as given by
Chesters (1991):

hcrit =

(
AhReq

8πσ

)1/3

, (3.27)

where Ah is the Hamaker constant and Req is the equivalent radius of the two differently
sized droplets. In this work, it is assumed that Req = R0. The expression for f2 is derived
by Peters et al. (2001), using the calculation of the droplet radius during coalescence from
Janssen (1993). The value of β+ is the value that the stretch ratio β would discontinuously
jump to according to the Peters model. In our previous work, we used the expression from
Cox (1969):

D =
5(19λe + 16)

4(λe + 1)
√

(19λe)2 + (20/Ca)2
. (3.28)

This expression is not valid for small values of the viscosity ratio λe. It can be derived
that for small λe, D ≈ Ca. Coalescence occurs at Ca < Cacrit. According to Grace (1982),
Cacrit � 1 for small values of λe. This means D ≥ 1 would be a common occurrence, which
leads to a negative base in the exponent of Equation (3.26). This is unphysical and we
update our model with the more general expression given by Choi and Schowalter (1975):

D =
19λe + 16

16(λe + 1)
√

1 + Z2
Ca

(
1 + φ

5(5λe + 2)

4(λe + 1)

)
, (3.29)

Z =
(19λe + 16)(2λe + 3)

40(λe + 1)
Ca

(
1 + φ

5(19λe + 16)

4(λe + 1)(2λe + 3)

)
. (3.30)
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For small values of λe, this results in:

Z =
9

8
Ca

(
1 +

80

12
φ

)
, (3.31)

D =
1√

1 + Z2
Ca

(
1 +

5

2
φ

)
, (3.32)

so:

D ∼ Ca√
1 + Ca2

. (3.33)

The result is smaller than 1, so there will not be a problem with Equation (3.26) for small
values of λe.

Necking

For the case of necking, we use the same equations as in Wong et al. (2019), following
Peters et al. (2001), with the addition of f3 = 0 and f4 = 0:

f1 =
1

τn

(β+ − β), (3.34)

f2 = −3.91 · 10−3λ−0.45
e Ca−1

critγ̇R0, (3.35)

f3 = 0, (3.36)

f4 = 0, (3.37)

with τn a numerical smoothing parameter and

β+ = 4. (3.38)

Filament stretching

For filament stretching, f1 and f2 are again the same as before, with the addition of f4 = 0
and an additional expression for f3:

f1 =

β3 +
2

3λe

+
5

12
− g2

g1Caext

− g2

4λeCaext

β3 +
3

4
+

1

2λe

+
4λe

3g1

− 2

3g1

βD : mm, (3.39)

f2 = 0, (3.40)

f3 =
1

τf

(R−Rf), (3.41)

f4 = 0, (3.42)
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with

Caext =
µe(D : mm)R0

σ
, (3.43)

g1 =
1

log(2β1.5)
+

3

2(log(2β1.5))2
, (3.44)

g2 =
β6 + 2β3 − 3

2β5.5
. (3.45)

The expression for f1 has been derived by Stegeman et al. (1999).

Dynamic filament breakup

Dynamic filament breakup is given by the same equations as in Wong et al. (2019) for the
state of filament breakup, based on Tjahjadi and Ottino (1991):

f1 =
1

τb

(β+ − β), (3.46)

f2 =
1

τb

(R+
0 −R0), (3.47)

f3 = 0, (3.48)

f4 = 0, (3.49)

with τb a numerical smoothing parameter and

β+ = 1.5, (3.50)

R+
0 =

(
3π

2

)1/3

Rcrit. (3.51)

Static filament

In the newly introduced state of a static filament, the droplet size and stretch ratio do not
change. The only change occurs in the Rayleigh disturbance amplitude αf, so only f4 is
not zero:

f1 = 0, (3.52)

f2 = 0, (3.53)

f3 = 0, (3.54)

f4 =
σΩm

2µeRf

, (3.55)

where Ωm is the dimensionless disturbance growth rate as given by Tomotika (1935).
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Static filament breakup

The second newly introduced morphological state of static filament breakup is described
by the following equations:

f1 =
1

τs

(β+ − β), (3.56)

f2 =
1

τs

(R+
0 −R0), (3.57)

f3 = 0, (3.58)

f4 = 0, (3.59)

with

β+ = 1, (3.60)

R+
0 = Rf

(
3π

2xm

)1/3

, (3.61)

where xm is the dominant dimensionless disturbance wavelength as given by Tomotika
(1935) and τs a numerical smoothing parameter set equal to the estimated time required
for breakup of a filament under quiescent conditions (Janssen, 1993):

τs =
2µeRf

σΩm

log

(√
2/3Rf

α0

)
. (3.62)

3.2.4 Polydispersity

The goal of this work is to describe the development of polydisperse droplet size distribu-
tions in complex flows. We model the distribution of droplet size with a probability density
function p, as defined by:

Va→b
Vtot

=

∫ Rb
0

Ra
0

p(R0)dR0, (3.63)

where Vtot is the total volume of the disperse phase and Va→b is the volumetric fraction of
droplets with a radius in the interval between Ra

0 and Rb
0. We discretize this distribution

into a number of bins, where the value of p is assumed to be constant within a bin width.

Probability distribution prediction using discrete bins

We start from a distribution of droplet sizes and assume there is a finite maximum Rmax
0

and minimum Rmin
0 that are not exceeded during flow. The total probability is initially:∫ Rmax

0

Rmin
0

pinit(R0)dR0 = 1, (3.64)
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i.e. the area under the curve pinit(R0) is 1. As a result of the flow field, the distribution will
be different, but we still assume all droplets to be within the finite interval [Rmin

0 , Rmax
0 ].

In order to predict p(R0), we divide the interval [Rmin
0 , Rmax

0 ] into a number of intervals:

[Ri−1
0 , Ri

0], i = 1, 2, ..., N (3.65)

where R0
0 = Rmin

0 and RN
0 = Rmax

0 . Within a single interval we approximate the probability
function with a constant value per interval pi, with i = 1, 2, ..., N . We aim for conservation
of total probability, i.e. we aim for conservation of:∫ Rmax

0

Rmin
0

p(R0)dR0 = 1, (3.66)

Therefore, we initialize with:

piinit(R
i
0 −Ri−1

0 ) =

∫ Ri
0

Ri−1
0

pinit(R0)dR0, (3.67)

or:

piinit =
1

(Ri
0 −Ri−1

0 )

∫ Ri
0

Ri−1
0

pinit(R0)dR0, (3.68)

The algorithm for the transfer from piinit, i = 1, 2, ..., N to pi, i = 1, 2, ..., N must preserve
total probability, which means:

N∑
i=1

pi(Ri
0 −Ri−1

0 ) =
N∑
i=1

piinit(R
i
0 −Ri−1

0 ),

=

∫ Rmax
0

Rmin
0

pinit(R0)dR0,

= 1. (3.69)

Numerical procedure

We first select a range of droplet sizes R0 that contains all the initial droplet sizes:
[Rmin

0,init, R
max
0,init]. Then we divide this interval into npoly bin values. Note that N ≥ npoly,

because all droplets that become smaller through breakup and larger through coalescence
should be captured by the entire interval [Rmin

0 , Rmax
0 ] that we take into consideration. Ev-

ery subpopulation is simulated separately according to the solution procedure as is shown
in Figure 3.1. They are assumed to be independent and not influencing each other. This
means that different subpopulations do not interact, which is a strong assumption. We
expect this to matter relatively little in the early stages, when droplets are mainly stretch-
ing into long filaments. These interactions are expected to be most relevant in the case of
coalescence. Coalescence between unequally sized droplets can be described by using an av-
erage droplet size (Janssen, 1993). We would then have to calculate interactions between
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every subpopulation with every other subpopulation, which we chose not to implement
due to the large computational cost and because we are mostly interested in shorter time
scales at which coalescence is relatively insignificant. After simulating every individual
subpopulation, a certain initial distribution pinit is chosen, and the available monodisperse
simulations are then used to postprocess how the selected shape of p develops over time
and space. The procedure for calculating the distribution p is as follows:

• Start from a certain initial pinit, for example a constant value over a certain range of
R0 values.

• Calculate the initial values for Vi
Vtot

in every bin.

• For every time step, determine the new bins where every initial subpopulation has
moved to and add the original value of the relative volume of the subpopulation to
the new bin.

• After all the relative volumes Vi
Vtot

have been added up, the new distribution p is
calculated by dividing all the bin values of the relative volume by the bin interval
lengths (Ri+1

0 −Ri
0).

In this work, we always choose pinit to be a constant value over the range specified by
Rmin

0,init and Rmax
0,init and zero outside of this range. As should hold for any probability density

function, the integral of p over the entire domain is always equal to 1, because the sum of
all relative volumes is equal to 1.

3.2.5 Numerical implementation

The blend model has been implemented in a finite element framework, which solves the
blend morphology in space and time according to the flow chart in Figure 3.1. The velocity
is solved with quadratic polynomial basis functions and the pressure is solved with linear
polynomial basis functions according to Stokes flow equations. This is solved once in the
beginning, since we assume steady state flow and no feedback from the blend morphology
on the flow field. The deformation rate tensor is extracted from the velocity solution and
plugged into the blend morphology model. The morphology variables are solved with linear
polynomial basis functions. The time integration is first-order semi-implicit, which means
that the right hand side functions f1 to f4 are evaluated explicitly using the known mor-
phology quantities from the previous time step. The advection term is solved implicitly and
stabilized using Streamline-Upwind Petrov-Galerkin (SUPG) test functions. The details
are are described by Wong et al. (2019). This procedure is followed for every subpopulation
independently at every time step, since we assume no interaction between them.
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3.3 Simple shear flow

3.3.1 Influence of shear rate

We use the same simulation parameters (see Table 3.1) as in our previous work (Wong et al.,
2019), as was taken from Peters et al. (2001). To investigate the effect of the shear rate

Table 3.1: Simulation parameters.

Quantity Symbol Value Unit
Volume fraction φ 0.1 -
Droplet viscosity µd 86 Pa · s
Matrix viscosity µm 196 Pa · s
Interfacial tension σ 0.0023 N/m
Initial disturbance α0 4.66 · 10−9 m
Hamaker constant Ah 10−20 J

γ̇ on the polydisperse droplet size distribution, we study an example of simple shear flow
with npoly = 100 subpopulations in the range between Rmin

0,init = 10−7 m and Rmax
0,init = 10−4 m

and three shear rate values of γ̇ = 5 s−1, γ̇ = 25 s−1 and γ̇ = 125 s−1. The 100 subpopu-
lations are initialized with values of R0 that are spaced logarithmically equidistant within
the specified range.

In this study, we investigate whether increasing the shear rate merely speeds up the same
polydispersity development or actually exhibits different kinetics. A higher shear rate is
expected to speed up the droplet breakup processes, so to be able to compare the kinetics
of the three shear rates, the time variable must be non-dimensionalized. By multiplying
the time with the shear rate we obtain the dimensionless strain γ̇t. The three shear rates
are simulated for 160 strain units and histograms are made for γ̇t = 20, γ̇t = 40, γ̇t = 80
and γ̇t = 160 (see Figure 3.2).

Comparing the three shear rates, there are a few similarities and differences. For γ̇t = 20,
it is observed that for all three cases, droplets that are slightly smaller or slightly larger
than the Grace curve value quickly gather in a single bin that contains the Grace curve
value.

For γ̇t = 40, differences in the coalescence behavior are observed. In the case of γ̇ = 125 s−1,
no coalescence is observed, because the Grace curve value is smaller than the smallest drop-
let size of R0 = 10−7 m in the initial distribution, therefore all droplets exhibit breakup for
this shear rate. In the case of γ̇ = 25 s−1 coalescence seems to occur relatively strongly,
as all the droplets smaller than the Grace curve value rapidly enlarge and join the single
bin containing the Grace curve value. For the case of γ̇ = 5 s−1, coalescence is observed to
occur much slower, which is expected because a lower shear rate results in a lower collision
frequency of the small droplets.



56 Numerical simulations of the polydisperse droplet size distribution in complex flow

Scaling of dR0

dt
with γ̇ is not observed when coalescence occurs. By “scaling”, we mean

that increasing the shear rate γ̇ by a factor of five does not speed up coalescence by a
factor of five. The observation that the coalescence kinetics for a higher shear rate are not
simply the scaled up version of those for a lower shear rate can be explained by the recipro-
cal shear rate 1/γ̇ not being the correct timescale for non-dimensionalization in the case of
coalescence. The shear rate is only the correct timescale when deformation is dominant over
the interfacial tension (Ca ≥ Cacrit), which is the opposite of the conditions for coalescence.

For both γ̇t = 40 and γ̇t = 80, it is observed that the droplets that are slightly larger
than the Grace curve value behave similarly. These droplets are in the necking regime,
which scales with the shear rate γ̇, so this part of the distribution does indeed scale with
the dimensionless strain unit γ̇t. Lastly, for γ̇t = 160, it is observed that the very large
droplets still either have only decreased to a specific value or have remained the same size.

This is a consequence of the description of stretching or static filaments in our model. The
large droplets are all in the regime of Ca ≥ κCacrit, which means they initially undergo
filament stretching. The relatively small droplets in this regime exhibit the conventional
sequence of filament stretching, followed by dynamic filament breakup and necking towards
the Grace curve value (see Figure 3.3). The other droplets follow a pattern such as the
example shown in Figure 3.4. Filament stretching is cut short because the shear flow has
rotated the droplet so much away from the direction of greatest deformation by the flow
field that the stretching efficiency ef is considered low enough to enter the part of the flow
chart of static filament and static filament breakup. This large rotation is caused by de-
scribing the deformation affinely (τG is taken very large). We speculate that this too small
droplet angle can be mitigated by tuning the Giesekus relaxation parameter τG.

A limitation of our model is that the final droplet size that arises from static filament
breakup can be larger than κR0,crit. In reality, the droplets should again deform and break
up, but our model does not capture this effect, because the b-tensor is never reset, so
the amount of deformation and orientation vector m of these daughter droplets is not
described accurately. Resetting the b-tensor and the effect this has on the morphology is
beyond the scope of this paper. Because the orientation vector remains unchanged, the
stretching efficiency also remains unchanged and our model can therefore not describe a
second round of filament stretching. We do not propose a solution to this limitation at this
point, because this issue does not seem to arise in our later simulations in complex flow
(eccentric cylinder flow), so we assume that this is not an issue for flow problems that are
not purely shear flow.
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Fig. 1: Plaatje SH.
Figure 3.2: Droplet size distribution in simple shear for npoly = 100. Top: γ̇ = 5 s−1. Middle:
γ̇ = 25 s−1. Bottom: γ̇ = 125 s−1. (a) γ̇t = 20, (a) γ̇t = 40, (c) γ̇t = 80, (d) γ̇t = 160.
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quence of filament stretching followed by dy-
namic filament breakup and necking towards
the Grace curve value.
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3.4 Poiseuille flow

Poiseuille flow is a model problem for practically relevant flow problems that are pressure-
driven and exhibit a layered droplet morphology. We simulate a rectangular domain with
Nx = 2 and Ny = 99 rectangular biquadratic elements, where −1 ≤ y ≤ 1 m. The flow rate
is V̇ = 10

3
m2/s, which results in shear rates in the range of 0 ≤ γ̇ ≤ 5 s−1. To demonstrate

the layeredness of the polydisperse morphology, we visualized the droplet size distribution
with npoly = 100 along the cross-section (the y-direction of the domain (see Figure 3.5a) at
time t = 12 s, with Rmin

0,init = 10−7 m and Rmax
0,init = 10−5 m. Several distinctive regimes can be

recognized. In the core, there is a region where Ca > Cacrit, where coalescence occurs, but
this is a slow process, so not much change is observed at such a small time scale. Slightly
beyond the dashed curve, which represents Ca = Cacrit according to the local shear rate,
some droplets have begun to breakup (decrease in size) due to necking. When looking at
even larger values of y, a flat region is observed where droplets are stretching into filaments.
At the largest values of y (near the walls of the domain), a sharp decrease of droplet size
is observed due to dynamic filament stretching.

Histograms have been made of the droplet size distributions at three positions, namely
y = 0.1 m, y = 0.5 m and y = 0.9 m (see Figure 3.5). At y = 0.1 m, the majority of the
population has not changed significantly at this time scale. At y = 0.5 m, it is seen that the
largest droplets have not yet changed in size, so are still undergoing filament stretching,
while the smaller droplets that are closer to the Grace curve have started to accumulate
around the predicted value from both sides via coalescence and necking. At y = 0.9 m, it
is seen that the largest droplets have all broken up via filament stretching, which is a fast
process and it is also seen that the smallest droplets at this position are larger than those
in the distribution at y = 0.5 m, because here smaller droplets are experiencing coales-
cence under the influence of a larger shear rate. This Poiseuille example has demonstrated
how small variations in the shear rate profile can lead to a drastically different layered
morphology in a pressure-driven flow situation.

3.5 Eccentric cylinder flow

3.5.1 Problem description and model validation

The eccentric cylinder flow problem consists of a smaller cylinder with radius Rinner po-
sitioned off-centre within a larger cylinder with radius Router, with the distance between
their center points being given by the eccentricity ε (see Figure 3.6). The two cylinders
can rotate independently, with angular velocities of Ωinner and Ωouter, respectively. We
first use this geometry to do a qualitative validation of our blend morphology model for
a complex flow problem that combines shear and extensional flow. To this end, we make
use of the experiments performed by Tjahjadi and Ottino (1991) on droplets stretching
and breaking up in an eccentric flow setup. It is technically an example of distributive
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Figure 3.5: (a) Maximum, minimum and mean R0 along the cross-section in Poiseuille flow at
t = 12 s. The dashed curves represent the droplet size that is predicted by the simple shear Grace
curve based on the local shear rate. (b) Histogram of R0 at y = 0.1 m. (c) Histogram of R0 at
y = 0.5 m. (d) Histogram of R0 at y = 0.9 m.
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mixing, whereas we study dispersive mixing, but we chose this example of a flow that is
more complex than simple shear flow to qualitatively validate where the large and small
droplets appear and the effect of varying the viscosity ratio. The matrix phase is corn
syrup 1632 with a dynamic viscosity of µm = 32.9 Pa.s. The droplet phase is a mixture
of No. 40 oxidized castor oil and 1-Bromonaphtalene, mixed in varying ratios to obtain a
dynamic viscosity µd for a specified viscosity ratio, λ = 0.010 for case 1 and λ = 0.40 for
case 2. We use for our two cases the same droplet and pure matrix phase viscosities as
Tjahjadi and Ottino (1991), but it has to be noted that our calculations actually do not use
the pure matrix viscosity, but the effective matrix viscosity µe. The geometry is described
by the outer cylinder radius Router = 7.62 cm, inner cylinder radius Rinner = 2.54 cm and
eccentricity ε = 2.29 cm. Tjahjadi and Ottino (1991) use one initial drop with a radius of
approximately 0.5 cm. In our model we cannot look at a situation with only one drop, and
we initialize across the entire domain monodisperse droplet populations with an average
droplet size of R0,init = 0.5 cm. The applied flow protocol consists of a specified number of
periods, where a period consists of: first 1

4
period clockwise rotation of the inner cylinder

with Ωinner = −1
2

s−1, followed by 1
2

period counterclockwise rotation of the outer cylin-
der with Ωouter = 1

6
s−1, continuing with another 1

4
period clockwise rotation of the inner

cylinder with Ωinner = −1
2

s−1. We simulate two periods, with one period corresponding to
150 s. The results for the case of λ = 0.010 are shown in Figure 3.7 and for the case of
λ = 0.40 are shown in Figure 3.8.

Qualitative similarities are nicely observed between the experiment and simulation. The
dark blue regions in the simulations with the small droplets correspond almost exactly
with the regions in the experiments that contain the small droplets generated from fila-
ment breakup. These regions contain particle trajectories along which relatively large shear
rates are experienced throughout the flow history. On the other hand, the red regions in
the simulations with the large droplets correspond almost exactly with the regions in the
experiments that are completely devoid of droplets. These regions experience mostly small
shear rates and therefore, breakup does not occur there. In the experiments, these regions
are empty, because the timescale is too short for any droplets to migrate there. It is also
interesting to note that our simulations successfully capture the quality that λ = 0.40 re-
sults in much smaller droplets than λ = 0.010, which is to be expected based on the Grace
curve that predicts smaller critical capillary numbers Cacrit, which is the value separating
coalescence from breakup, around λ = 1. With this, we have qualitatively validated our
blend model for an example of a complex flow.

3.5.2 Polydispersity and element-area weighted histograms

In the subsequent sections, we investigate the distribution of the mean value of R0 through-
out the whole domain, with Rinner = 0.03 m, Router = 0.1 m and ε = 0.03 m, except in
Section 3.5.6. We do that by generating the probability density p in every node in the
mesh, then calculating the mean R0 in every node, then finally generating histogram data
of these nodal values to find the global mean value of R0 for every time step. However, this
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(a) Experiment. (b) Simulation.

Figure 3.7: Comparison between the experiment by Tjahjadi and Ottino (1991) (adapted from
Figure 13) and the simulation of the unstretched droplet size R0 in [m] with our model after two
periods for viscosity ratio λ = 0.010.

(a) Experiment. (b) Simulation.

Figure 3.8: Comparison between the experiment by Tjahjadi and Ottino (1991) (adapted from
Figure 13) and the simulation of the unstretched droplet size R0 in [m] with our model after two
periods for viscosity ratio λ = 0.40.
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is not a fair comparison, because the computational mesh in such problems is usually not
uniform, but denser near the inner cylinder and coarser near the outer cylinder. Therefore,
many more nodes from the inner part of the domain are sampled for the histogram data.
We try to mitigate this issue by weighing the nodal values using the area of the surround-
ing mesh elements. The resulting histogram data is more mesh-independent, because the
outer region has fewer nodes than the inner region. The weighted histograms represent a
more uniform sampling of the morphology variables throughout the entire domain.

3.5.3 Influence of npoly

In this section, we investigate the influence of the value of npoly on the polydisperse droplet
populations. We simulate the case of rotating the outer cylinder with Ωouter = 1 s−1, with
R0 initially distributed logarithmically between Rmin

0,init = 10−7 m and Rmax
0,init = 10−4 m. For

the evolving polydispersity, we focus on the point midway between the bottom of the
outer and inner cylinder. This region has the highest shear rates, so it is expected that
most dynamical processes occur here. The distribution of R0 after 10 rotations of the outer
cylinder is shown in Figure 3.9. We cannot compare the distributions with an exact solution
and it is computationally extremely expensive to generate a sufficiently fine distribution to
serve as pseudo-exact solution, so we compare the volume-averaged R0 within this sample
point, see Figure 3.10. It is observed that taking npoly = 100 subpopulations appears to be
good enough to describe the polydisperse distribution. In the remaining simulations, we
always take npoly = 100, Rmin

0,init = 10−7 m and Rmax
0,init = 10−4 m, with equidistant logarithmic

spacing within this interval.

3.5.4 Influence of Ωouter

In this section, we study the influence of the rotational speed of the outer cylinder Ωouter

on the distribution of the mean R0 of the polydisperse droplet populations throughout the
domain. The mesh consists of 35008 nodes and 17312 triangular elements, with quadratic
interpolation for the velocity and linear interpolation for the pressure and blend morphol-
ogy variables. The case of Ωouter = 1 s−1 is compared to the case of Ωouter = 2 s−1 and
Ωouter = 0.5 s−1. The temporal evolution of the global mean value of R0 is shown in Figure
3.11, with weighted histograms of four values of the time shown in Figure 3.12.

As expected, it is seen that droplets break up faster for higher Ωouter, due to the larger
shear rates throughout the domain for the same flow pattern. Larger shear rate values
lead to larger values for the capillary number Ca, which leads to faster stretching and
thinner filaments before breakup, resulting in smaller droplet sizes after breakup. Another
consequence of a larger Ωouter is that advection is faster, so the influence of regions with
large shear rates is propagated faster throughout the domain. From the four histograms, it
is observed that the last three frames (t ≥ 90 s) of Ωouter = 2 s−1 are almost identical, so as
expected, for large Ωouter, the droplet size distribution quickly reaches its final state, which
is determined by the values of Cacrit. It is important to note that the entire distribution
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Figure 3.10: Mean R0 in sample point midway between the bottom of the outer and inner cylinder
as function of the number of rotations of the outer cylinder.
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consists of relatively small droplets.

This is in contrast with the reference case of Ωouter = 1 s−1, where it is clearly seen that
at first (t = 90 s), a relatively wide distribution is created. The bigger droplets still need
more time to stretch and break up, but eventually they do break up and the distribu-
tion narrower. Interestingly, in the case of Ωouter = 0.5 s−1, the width of the distribution
seems to be nearly constant in the later stages of the process (t ≥ 90 s). This is because
the shear rates are so low that it takes a very long time to break up the larger droplets,
while the same low shear rates also cannot break up droplets to sizes as small as those of
Ωouter = 1 s−1 and Ωouter = 2 s−1. Therefore, the range of the distribution stays relatively
the same, but the mean value is constantly decreasing over time.

It is noted that a kind of bimodal distribution arises, most notably in the two weaker
cases of Ωouter = 0.5 s−1 and Ωouter = 1 s−1. This is because the velocity field consists
of two distinct regions, one being a vortex above the inner cylinder and the other going
through the gap and flowing near the boundary of the outer cylinder. The droplets that
break up first and form a peak near the left side of the histogram experience high shear
rates while flowing through the gap. These are advected towards the top of the domain
and more droplets are pushed through the gap, leading to more droplets breaking up. The
droplets that remain on the right side of the histogram the longest are those that are cir-
culating inside the vortex region. After more time (or more accurately, more rotations),
the influence of the rotating outer cylinder reaches the vortex region as well and the right
peak in the histogram becomes increasingly smaller.

3.5.5 Influence of Ωinner

In this section, we study the influence of the rotational speed of the inner cylinder Ωinner

on the distribution of the mean R0 of the polydisperse droplet populations throughout the
domain. The reference case of Ωouter = 1 s−1 is compared to the case of Ωinner = 1 s−1 and
Ωinner = 2.815 s−1. The value of Ωinner = 2.815 s−1 was chosen such that the maximum shear
rate corresponds exactly to the maximum shear rate in the reference case. The temporal
evolution of the global mean value of R0 is shown in Figure 3.13, with weighted histograms
of four values of the time shown in Figure 3.14.

It is seen that Ωinner = 1 s−1 is very weak and takes a very long time for any significant
change to take place. In the case of Ωinner = 2.815 s−1, it is seen that a very broad distribu-
tion is created, though a significant fraction of the distribution remains on the large side
near the initial value. The large droplets that do not seem to break up are in the regions
with low shear rates. The flow profile in the case of only rotating the inner cylinder is such
that droplets are advected along trajectories with almost constant shear rates. Therefore,
droplets that begin in low shear rate regions will never experience high shear rates any-
where along their particle trajectories, so they do not experience any change. The shear
rates are too low to deform the droplets, but the droplets are too large for coalescence.
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Figure 3.11: Global mean of R0 as function of time for varying Ωouter.
1

time: 45 s

0

0.5

1

  

10-6

0

0.5

10-6

10-2 10-1 100 101 102 103
0

0.5  

10-6

(a)

time: 90 s

0

0.5

1

1.5

2

  

10-7

0

0.5

1

1.5

10-7

10-2 10-1 100 101 102 103
0

0.5

1

1.5

  

10-7

(b)

time: 150 s

0

0.5

1

1.5

  

10-7

0

0.5

1

10-7

10-2 10-1 100 101 102 103
0

0.5

1

  

10-7

(c)

time: 300 s

0

0.5

1

1.5

  

10-7

0

0.5

1

10-7

10-2 10-1 100 101 102 103
0

0.5

1  

10-7

(d)

Fig. 1: Plaatje JB1.
Figure 3.12: Normalized histogram of the mean R0 of the nodal polydisperse droplet populations
for varying Ωouter. (a) t = 45 s. (b) t = 90 s. (c) t = 150 s. (d) t = 300 s.
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The droplets that do break up appear to form a very broad and relatively flat distribution.
This is because this flow profile results in an almost linear progression of the shear rate
away from the inner cylinder, with the highest values near the inner cylinder and and the
lowest values near the outer cylinder.

Other simulations that are not shown here have shown this same trend, where rotating
the inner cylinder results in a relatively broad and flat distribution with a peak near the
initial value, and where rotating the outer cylinder results in a relatively narrow distri-
bution around a certain droplet size. The minimum droplet size resulting from rotating
the inner cylinder is much smaller than from rotating the outer cylinder, because those
droplets are formed in the region of highest shear rate and due to the flow profile, they
never experience smaller shear rates, so will not experience any significant coalescence to
become larger droplets.

It is noted that rotating the inner cylinder is observed to lead to a more pronounced
bimodal distribution than when rotating the outer cylinder. When rotating the inner
cylinder, the velocity field is again divided in two distinct regions. In this case, one region
circles around the inner cylinder and the other region is a vortex near the top of the geom-
etry, where shear rates are very low. Droplets in this vortex region remain stuck with low
shear rates and therefore form a persistent right peak in the histogram. The rotating inner
cylinder exerts little influence on this vortex region compared to the influence that the
rotating outer cylinder exerts on the vortex region in its own velocity field. So we find that
due to the differently located vortex regions, on the one hand, in the case of the rotating
outer cylinder all droplets eventually experience alternatingly high and low shear rates,
leading to narrow distributions with intermediate droplet sizes. On the other hand, in the
case of the rotating inner cylinder some droplets experience only high shear rates and the
other droplets experience only low shear rates, leading to a wide bimodal distribution of
droplet sizes.

3.5.6 Influence of ε

In this section, we study the influence of the eccentricity of the inner cylinder ε on the dis-
tribution of the mean R0 of the polydisperse droplet populations throughout the domain.
The mesh of the two cases with ε = 0.05 m consists of 32260 nodes and 15938 quadratic
triangular elements. The reference case of Ωouter = 1 s−1 and ε = 0.03 m is compared to the
case of Ωouter = 1 s−1 and ε = 0.05 m and Ωouter = 0.5396 s−1 and ε = 0.05 m. The value of
Ωouter = 0.5396 s−1 was chosen such that the maximum shear rate corresponds exactly to
the maximum shear rate in the reference case. The temporal evolution of the global mean
value of R0 is shown in Figure 3.15, with weighted histograms of four values of the time
shown in Figures 3.16.

At first sight, it may seem that increasing the eccentricity leads to faster break up and
smaller droplets, but this is in fact a result of the increased maximum shear rate that
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Figure 3.13: Global mean of R0 as function of time for varying Ωinner.
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Fig. 1: Plaatje JB2.Figure 3.14: Normalized histogram of the mean R0 of the nodal polydisperse droplet populations
for varying Ωinner. (a) t = 45 s. (b) t = 90 s. (c) t = 150 s. (d) t = 300 s.
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results from this change to the flow geometry. This is illustrated by the results from
Ωouter = 0.5396 s−1 and ε = 0.05 m, which is the case where the maximum shear rate is
exactly matched to the reference case. In this case, the histograms at all times are very
similar to the reference case in shape and magnitude. This suggests that the distribution
of the mean R0 of the polydisperse populations is mostly determined by the combination
of the maximum shear rate and the flow profile. This should be investigated in more detail,
as it is expected that eccentricity does in fact play a significant role when it results in an
extremely narrow gap compared to the droplet dimensions, which is a common occurrence
in industrial kneading elements.

3.5.7 Influence of a chaotic flow protocol

In this section, we study the influence of alternatingly rotating the outer and inner cylinder
on the distribution of the mean R0 of the polydisperse droplet populations throughout the
domain. The reference case of Ωouter = 1 s−1 is compared to the case of Ωinner = 3 s−1 and
a time-periodic case that alternates between Ωouter = 1 s−1 and Ωinner = −3 s−1. A positive
rotational speed is defined as counterclockwise rotation and a negative rotational speed is
defined as a clockwise rotation.

The flow protocol is the same as the one given by Tjahjadi and Ottino (1991), but with
higher values for the rotational speeds. We define the flow field according to Ωinner = −3 s−1

for 0 ≤ t ≤ 37.5 s, Ωouter = 1 s−1 for 37.5 < t ≤ 112.5 s, Ωinner = −3 s−1 for 112.5 < t ≤
187.5 s, Ωinner = 1 s−1 for 187.5 < t ≤ 262.5 s and Ωinner = −3 s−1 for 262.5 < t ≤ 300 s. The
temporal evolution of the global mean value of R0 is shown in Figure 3.17, with weighted
histograms of four values of the time shown in Figures 3.18.

The time-periodic protocol seems to take the best aspects of both individual flow pro-
files. From the outer rotating cylinder, it takes the property of breaking the larger droplets
earlier than in the case of the inner rotating cylinder. From the inner rotating cylinder,
it takes the property of creating a much smaller minimum droplet size compared to the
case of the outer rotating cylinder. In the last frame, it is observed that the chaotic flow
protocol has the very small droplet sizes without the stagnant large droplets.

3.6 Conclusions

The extended blend model was first applied to simple shear flow, where it was found
that the polydispersity distribution does not simply scale with the shear rate, because this
scaling does not hold for the small droplets that exist in the coalescence regime. The model
was then applied to Poiseuille flow, showing formation of a layered blend morphology.
Subsequently, the model was applied on eccentric cylinder flow, where histograms were
made of the average droplet size throughout the domain. It was observed that outer
cylinder rotation results in narrow distributions where the small droplets are relatively
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Figure 3.15: Global mean of R0 as function of time for varying ε.
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Fig. 1: Plaatje JB3.
Figure 3.16: Normalized histogram of the mean R0 of the nodal polydisperse droplet populations
for varying ε. (a) t = 45 s. (b) t = 90 s. (c) t = 150 s. (d) t = 300 s.
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Figure 3.17: Global mean of R0 as function of time for Ωouter = 1 s−1, Ωinner = 3 s−1 and the
time-periodic alternating case between Ωouter = 1 s−1 and Ωinner = −3 s−1.
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Fig. 1: Normalized histograms of the mean R0 of the nodal polydisperse droplet populations for Ωouter = 1 s−1,
Ωinner = 3 s−1 and the time-periodic alternating case between Ωouter = 1 s−1 and Ωinner = −3 s−1 at: (a) t = 45 s,
(b) t = 90 s, (c) t = 150 s and (d) t = 300 s.

Figure 3.18: Normalized histogram of the mean R0 of the nodal polydisperse droplet populations
for Ωouter = 1 s−1, Ωinner = 3 s−1 and the time-periodic alternating case between Ωouter = 1 s−1

and Ωinner = −3 s−1. (a) t = 45 s. (b) t = 90 s. (c) t = 150 s. (d) t = 300 s.
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large, whereas inner cylinder rotation results in broad distributions where the small droplets
are significantly smaller than in the case of outer cylinder rotation. Outer cylinder rotation
broke up droplets sooner than inner cylinder rotation if the maximum shear rate was held
constant. Eccentricity did not seem to have any significant effect if the maximum shear rate
was held constant, but this effect should be investigated in more detail for an extremely
narrow gap compared to the droplet dimensions. A time-periodic chaotic flow protocol,
based on Tjahjadi and Ottino (1991), turned out to break up the large droplets effectively
like outer cylinder rotation, yet also obtain the very small droplets after breakup like inner
cylinder rotation does, seemingly avoiding coalescence of the very small droplets.
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Chapter 4

Numerical modelling of the blend
morphology evolution in twin-screw
extruders

Abstract

The blend morphology model developed by Wong et al. (2019, 2021), based on Peters et al.
(2001), is used to investigate the development of the disperse polymer blend morphology
in twin-screw extruder flow. First, the model is written in a point-wise form suitable for
using in conjunction with particle tracking. Particle tracking methods are used to generate
trajectories along the flow field. Macroscopic droplet populations are placed along these
trajectories and the velocity gradient tensor is extracted and applied on the point-wise
blend morphology model. Very large morphology differences arise between trajectories
that pass through the middle gap and those that do not. In the global distribution of
(macroscopically averaged, monodisperse) droplet sizes, two distinct peaks appear due to
these different trajectories. Given enough number of screw rotations, a droplet population
can reach almost every position in the twin-screw extruder and travel along both types
of particle trajectories. The effect of varying the gap size is that the largest droplets are
unaffected, but the smallest droplets are smaller for a smaller gap size due to the higher
maximum shear rate. The effect of varying the viscosity ratio on the global droplet size
distribution is found to be nonlinear and is strongly determined by the Grace curve. The
effect on polydisperse droplet populations is found to be that trajectories that do not pass
through the gap evolve towards a single peak, whereas trajectories that do pass through
the gap lead to a split into two peaks that ultimately rejoin as one peak. It is concluded
that the initial position of a population in the twin-screw extruder has a very large effect
on the developing transient blend morphology, though future work should be done on the
importance of the initial position on the steady-state blend morphology after a very large
number of screw rotations.

This chapter is reproduced from: W.B. Wong, V.G. de Bie, M.A. Hulsen and P.D. Anderson. Numer-
ical modelling of the blend morphology evolution in twin-screw extruders. To be submitted.
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4.1 Introduction

Polymer blending of several homopolymers is commonly used to create polymer materials
with specific properties. Some blends are immiscible, leading to a multiphase microstruc-
ture, also known as the blend morphology (Lipatov, 2002; Tucker and Moldenaers, 2002).
This morphology gives polymer blends highly tunable properties. In some cases, synergistic
properties may arise, which means that the polymer blend at a certain composition may ac-
tually exhibit better properties (such as tensile strength) than the individual constituents
(Lee and Chen, 1993). Depending on the processing conditions and blend composition,
many different types of morphologies can be formed, such as fibrillar, cocontinuous and
disperse (droplet-in-matrix) (Manas-Zloczower and Agassant, 2009; Meijer et al., 1988; Van
Gisbergen et al., 1989). In this work, we focus on modelling the morphology development
of disperse blends. The morphology changes can broadly be categorized as deformation,
breakup and coalescence. Controlling coalescence is critical for the final droplet morphol-
ogy (Vermant et al., 2004; Zou et al., 2014).

A lot of modelling and experimental work has been performed on the droplet morphol-
ogy development. Recent interest seems to be related to attempts to commercialize blends
of bio-polymers in the near future (Fortelný and Juza, 2012, 2014, 2017, 2019). Initial work
and even a lot of relatively recent modelling and experimental work have been focused on
the deformation and breakup of single droplets, which have been extensively reviewed by
Stone (1994) and Minale (2010). Very early work has been performed by Taylor (1932)
and Taylor (1934) for Newtonian liquids undergoing small deformations. Batchelor (1970)
introduced the concept of describing the droplet interfacial shape using an interface tensor,
which evolves under the influence of the flow field and interfacial tension. This was later
generalized by Doi and Ohta (1991) in the well-known Doi-Ohta model. Another model
that describes the morphology with a shape tensor has been developed by Maffettone and
Minale (1998). A lot of experimental work on droplet deformation and breakup have been
performed by Bentley and Leal (1986a,b); Grace (1982); Grizzuti and Bifulco (1997); Iza
and Bousmina (2000); Khakhar and Ottino (1986); Stone et al. (1986); Vinckier et al.
(1997). Important work on coalescence has been done by Chesters (1991); Dai and Leal
(2008); Janssen and Anderson (2011); Leal (2004); Yang et al. (2001); Yoon et al. (2007).

Most of these works have focused mainly on the specific cases of droplet deformation,
breakup and coalescence. Peters et al. (2001) and Almusallam et al. (2004) have per-
formed work on combining these findings to develop constitutive models that describe the
blend morphology evolution from the initial state to the final state as a function of the
applied flow field. Based on Peters et al. (2001), Wong et al. (2019, 2021) have developed a
numerical model to simulate the monodisperse and polydisperse blend morphology devel-
opment in complex flow geometries. An important complex flow geometry is the twin-screw
extruder. This device is commonly used in industrial applications for the mixing and com-
pounding of polymer blends (Manas-Zloczower and Agassant, 2009). The shear rate is of
particular importance in these processes (Suparno et al., 2011). A review on the modelling
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of extrusion processes can be found in Hyvärinen et al. (2020). In this work, we apply
the blend model from Wong et al. (2019, 2021) on the flow inside a co-rotating intermesh-
ing twin-screw extruder, without any specific mixing elements and without backflow. The
blend model is modified from describing the morphology utilizing continuous field vari-
ables to utilizing points suitable for particle tracking. We first generate trajectories using
particle tracking methods, then apply the blend model on these particle trajectories. This
particle tracking approach enables us to investigate the stark differences in morphology
evolution between two initially neighboring particles. With this, we investigate the effects
of the gap size in the twin-screw extruder, the viscosity ratio and the polydispersity of the
blend on the morphology development.

4.2 Model

4.2.1 Geometry of a twin-screw extruder

We describe the cross-sectional geometry based on the work of Sarhangi Fard (2010), who
followed the approach by Booy (1978). The geometry is described by four parameters,
namely the screw radius Rs, the center distance of the screws Cl, the gap size between
screws δs and the gap size between the barrel and the screws δb. Combined with the
condition that one of the screws must always wipe the other screw in any position, the
geometry is uniquely defined (see Figure 4.1).

4.2.2 Problem description and mesh generation

Governing equations

The fluid flow is described using the mass and the momentum balance. The fluid is assumed
to be incompressible. Body forces are neglected and the role of inertia is negligible due to
the high viscosity of the polymer liquids. This results in the following balance equations:

∇ · u = 0 in Ω, (4.1)

−∇p+∇ · τ = 0 in Ω, (4.2)

where u is the velocity vector, p the pressure, τ the extra stress tensor and Ω is the
fluid domain (see Figure 4.1). The viscosity of the fluid is assumed constant, and thus a
Newtonian model is used:

τ = 2µD, (4.3)

where µ is the viscosity, and D = (∇u+ (∇u)T )/2 the rate-of-deformation tensor.

Boundary conditions

The domain Ω with boundary Γ, where Γ = Γbarrel ∪ Γscrew, can be seen in Figure 4.1. It
is assumed that there is no slip on the walls. Therefore, the boundary condition for the
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Figure 4.1: Schematic representation of the length scales in the twin-screw extruder, with the
fluid domain Ω and the boundaries Γbarrel and Γscrew.

barrel (Γbarrel) is given by:

u = 0 on Γbarrel. (4.4)

No slip is assumed on the screws as well, so the fluid perfectly follows the imposed rotation
of the two screws. The boundary condition for the screws (Γscrew) thus becomes:

u = ωreθ on Γscrew, (4.5)

where ω is the rotation speed, r the distance to the screw center and and eθ the tangential
unit vector of a circle with the origin in the screw center and radius r.

Numerical method

The governing equations of Section 4.2.2 are solved numerically using the finite element
method (FEM). First, the weak form of the balance equations are given. Afterwards, we
elaborate on the discretization of space. Multiplying Equations (4.1) and (4.2) with test
functions gives the weak form: Find u, p such that

(q,∇ · u) = 0 for all q, (4.6)(
(∇w)T , τ

)
− (∇ ·w, p) = 0 for all w, (4.7)
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where (·, ·) is the L2 inner product on domain Ω. Note that w = 0 on Γ, because the
boundary conditions are of Dirichlet type.

Discretization of space is performed using a mesh with triangular isoparametric elements.
The used interpolation of the velocity is quadratic (P2), whereas that of the pressure is
linear (P1). A new mesh is generated for every time step, since the twin-screw extruder has
static and moving boundaries. We assume that the velocity and pressure can be calculated
using steady-state equations at every time step.

Since narrow clearances are present in the twin-screw extruder, local mesh refinement
is used. This way the whole problem is captured, while limiting the number of elements,
and therewith the computation time. In order to obtain the finite element mesh with local
mesh refinement, the same meshing procedure is applied as in the work of De Bie et al.
(2021). This procedure is based on the work of Mitrias et al. (2019).

First, a course mesh with triangular elements of size ∆h is generated using the defined
geometry and Gmsh (Geuzaine and Remacle, 2009). This mesh is shown in Figure 4.2a.
The boundaries of the problem are then refined if

Lside >
∆x

Rref

, (4.8)

where Lside is the length of a boundary element, ∆x the minimum distance between bound-
aries for this element, and Rref the refinement criterium. Like in the work of De Bie et al.
(2021), the value of Rref is set to 2. After each refinement step, the coordinates of the
nodes on the boundaries are corrected using the geometry formulation. A background
field, which displays the distribution of element size, is generated by solving a Poisson
problem with the element size of the refined boundaries as boundary conditions. Then, a
refined mesh is created using Gmsh, based on the refined boundaries and the velocity field.
The final mesh in Figure 4.2b, clearly shows the improvement of the mesh by using the
local mesh refinement. Figures 4.2c and 4.2d show a zoomed-in view of the screw-screw
gap and screw-barrel gap, respectively. The width of the narrowest region is spanned by
three elements in both cases. Additionally, the locally refined meshes are shown for 65◦

and 135◦ of screw rotation in Figures 4.2e and 4.2f, respectively.

4.2.3 Recap of blend morphology model

Our blend morphology model has been extensively described in Wong et al. (2019) and
Wong et al. (2021), and the main ingredients are summarized in this section. Our model is
based on the already available literature on single droplet behavior. Assuming the droplet
to be ellipsoidal, we can quantify the morphology using the radius of the unstretched
droplet R0, the stretch ratio β = L/B = L/2R0, where L is the major axis and B is the
minor axis of the ellipsoidal droplet respectively, and the orientation vector m. Since the
number of droplets in practical blends is very large, it is computationally unattractive to
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Figure 4.2: The finite element mesh of the twin-screw extruder: (a) initial coarse mesh, (b) final
locally refined mesh, (c) zoomed-in view of screw-screw gap, (d) zoomed-in view of screw-barrel
gap, (e) locally refined mesh with 65◦ rotation and (f) locally refined mesh with 135◦ rotation.
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calculate the morphology quantities for every individual droplet. Therefore, we follow the
approach of Peters et al. (2001) and cluster a number of droplets together in populations,
with macroscopically averaged quantities R0, β and m. Inside the twin-screw extruder
geometry, we calculate the field variables R0(x), β(x) and m(x). Their time evolution
is largely determined by two dimensionless groups, namely the viscosity ratio and the
capillary number. The viscosity ratio is defined as:

λ =
µd

µm

, (4.9)

where µd and µm are the dynamic viscosity of the droplet phase and matrix phase, respec-
tively. In a practical blend, a droplet is not surrounded by pure matrix fluid, but by a
blend structure. Instead of the pure matrix, we use the effective matrix viscosity µe, as
defined by Choi and Schowalter (1975)

µe = µm

[
1 + φ

5λ+ 2

2(λ+ 1)

(
1 + φ

5(5λ+ 2)

4(λ+ 10)

)]
, (4.10)

where φ is the volume fraction of the droplet phase in the total fluid mixture and λ is the
viscosity ratio of the pure components. We define an effective viscosity ratio according to:

λe =
µd

µe

. (4.11)

Throughout our work, we only use the effective values µe and λe whenever µm or λ would
be used, because the matrix fluid phase in a practical blend is also a blend itself and never
purely one of the constituent materials. The second dimensionless group, the capillary
number, is the ratio between the interface deforming and the interface restoring forces on
a droplet. For shear flow, it is defined as:

Ca =
µeγ̇R0

σ
, (4.12)

where γ̇ is the shear rate and σ is the interfacial tension between the two fluid phases.
An important concept in blend morphology evolution is the so-called “Grace-curve” as
determined by Grace (1982), which gives the critical capillary number Cacrit as a function
of the viscosity ratio. For Ca < Cacrit, droplets remain stable and do not break up, so will
either do nothing or collide with each other to form larger droplets through coalescence.
For Ca ≥ Cacrit, droplets become unstable and break up through necking. However, at
even larger values where Ca ≥ κCacrit, droplets stretch into filaments until the filament
becomes unstable and breaks up through filament breakup. The parameter κ depends on
the flow type. For simple shear flow, the Grace curve is given by:

log10(Cacrit) = −0.506− 0.0994log10(λe) + 0.124(log10(λe))
2− 0.115

log10(λe)− 0.6107
, (4.13)
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and for planar extension, it is given by:

log10(Cacrit) = 0.0331(log10(λe)− 0.5)2 − 0.699. (4.14)

For intermediate cases, we apply a linear interpolation as is described by Wong et al. (2021).
Droplets obtained through filament breakup are usually much smaller than those obtained
through necking, so filament breakup is desired for dispersive mixing. The Grace-curve is
actually only valid when the deformation rate is held constant and the droplets are initially
spherical, which is not true in practical applications (Stegeman et al., 2002). However, we
assume as a first approximation that the Grace-curve as expressed by Equations (4.13) and
(4.14) can be used.

In our morphology model, we assume that the morphology field variables R0(x), β(x)
and m(x) evolve due to filament stretching, filament breakup, necking (binary breakup)
and coalescence. Which one of these are experienced by a droplet population at position
x is determined by the viscosity ratio and the local capillary number. We describe the
stretch ratio β and undeformed droplet radius R0 with the following ordinary differential
equations, solving for s and v:

ds

dt

∣∣∣∣
X

=
1

β
f1, (4.15)

dv

dt

∣∣∣∣
X

=
1

R0

f2, (4.16)

where f1 and f2 are semi-empirical functions based on others’ modelling and experimental
work on droplet deformation, breakup and coalescence, and X is a label attached to a
specific particle. These equations are slightly different than those in our previous works
(Wong et al., 2019, 2021). In those works, we described the morphology variables as field
variables and therefore, the material time derivative was split into a local time derivative
and a convection term. In this work, we describe the morphology variables in discrete parti-
cles that we follow along their trajectories, which replaces the partial differential equations
from our previous work by ordinary differential equations. These evolution equations are
discretized using the first-order explicit Euler method, where the right-hand side is taken
as a known quantity from the previous time step. The time discretization is explicit, be-
cause the f -functions are too complicated to solve as unknowns at the latest time level for
an implicit discretization. It is taken first-order, because higher order discretizations do
not yield more accurate results, due to the non-smooth transitions between the different
morphological states (e.g., the equations for filament stretching and filament breakup do
not have the same derivative at the moment in time when the transition occurs). We
use the logarithmic variables s = log(β) and v = log(R0), because in this way, β and R0

mathematically cannot become negative, of which the details are explained in our previous
works (Wong et al., 2019, 2021).

In our model, we assume that the developing morphology has a negligible effect on the
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velocity field. This means that the velocity field (and therefore, capillary number) affects
the morphology but not vice versa. For this assumption to hold, the viscosities of the two
phases should be similar, so the viscosity ratio should be close to 1. The results in this study
have been generated by first completely calculating the temporal velocity field solutions
during a revolution. Particle trajectories are then generated using these velocity solutions.
The velocity gradient tensor L = (∇u)T is extracted along these obtained trajectories at
every time step. Finally, this L-tensor is used as input for the blend morphology model to
calculate the (macroscopically averaged) stretch ratio and droplet radius associated with
the populations travelling across the particle trajectories. This means that we assume that
neighboring droplet populations do not interact with each other. The particle tracking
procedure is explained in more detail in the next section.

4.2.4 Particle tracking in a twin-screw extruder

Time integration

Once the velocity fields have been obtained for every step during a screw rotation, we
place a number of particles at specific positions and calculate their trajectories within the
twin-screw extruder based on these velocity solutions.

dx

dt

∣∣∣∣
X

= u(x, t), (4.17)

where X is a label associated with a specific particle. In order to reliably perform particle
tracking, it is important to do very accurate time integration. To this end, we use the
“odeint” subroutine supplied by “Numerical Recipes: The Art of Scientific Computing”
(Press et al., 2007). With this, we perform time integration according to the Cash-Karp
Runge-Kutta method, which is a fifth-order accurate scheme with an adaptive time step.
However, if a too large time step is selected, a particle may end up outside of the domain.
In this case, we artificially override the intended ∆x from the odeint subroutine and move
the particle in the direction normal to the crossed boundary back into the domain. The
odeint algorithm will then classify this step as erroneous and attempt a smaller time step.
We found this to work for every point that moved out of the domain.

Particle trajectories

Particle trajectories through the twin-screw extruder can be classified in two main types,
namely the trajectories that do not pass through the gap between the screws (Type A)
(see the green trajectory in Figure 4.3), and the trajectories that do pass through the
gap (Type B) (see the red trajectory in Figure 4.3). A population following a Type A
trajectory stays near the bulk of the fluid, where the shear rates are low, as can be seen in
Figure 4.4. Looking at the values of the shear rate along the vertical axis, it is observed
that the (effective) shear rate remains approximately within the same order of magnitude.
It never reaches extremely large or small values. If the initial droplet size is large enough,
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Figure 4.3: Particle trajectories of two initially neighboring particles. The hollow markers denote
the initial positions and the filled markers denote the final positions after two screw rotations.
The triangle and circle follow a Type A and Type B trajectory, respectively.
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Figure 4.4: Coordinates, effective shear rate, droplet size and stretch ratio of the Type A trajec-
tory as defined in Figure 4.3.
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Figure 4.5: Coordinates, effective shear rate, droplet size and stretch ratio of the Type B trajec-
tory as defined in Figure 4.3.

then a small amount of filament stretching and filament breakup will occur, but as is
observed, the stretching process takes relatively long and ultimately reaches a relatively
small amount of maximum stretch, compared to the Type B results discussed in the fol-
lowing paragraph. After the occurrence of a small amount of dynamic filament breakup,
a long period of breakup through necking follows, which is a slow and inefficient process
for obtaining many small droplets. From this result, we expect that points that start far
away from both the barrel and screw surfaces experience moderate shear rates at all times,
unless they manage to eventually pass through the gap. This is investigated in more detail
in Section 4.3.1.

In contrast to Type A, populations following trajectories of Type B experience extremely
large shear rates every time they pass through the gap between the screws (and also the
gaps between the barrel and screws), as can be seen in Figure 4.5. As soon as the pop-
ulation moves through the gap between the screws, the shear rate is observed to rapidly
increase by approximately two orders of magnitude. Even though the peak is very brief, its
effect on the stretch ratio is clearly visible. When a droplet population experiences such a
large extension, instability through the Rayleigh disturbances set in and the long filaments
break up into very small droplets. It has to be noted that these small droplets will begin
increasing in size afterwards due to coalescence becoming dominant, thus coarsening the
blend microstructure. These Type B trajectories are very interesting from a dispersive
mixing perspective. The influence of the initial location of the populations is investigated
in more detail in the next section.
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4.3 Results

4.3.1 Effect of gap size on the blend morphology

We use the dimensions of the twin-screw extruder from Table 2.1 in the work of Sarhangi
Fard (2010) as the reference case and we use the same blend material properties as Peters
et al. (2001) (see Table 4.1). Droplet populations are initialized across the domain along
a rectangular grid in the initial geometry. All droplet populations are initialized with a
monodisperse size distribution with R0,init = 10−5 m. The rotational speed is ω = 1 s−1 in
counterclockwise direction. We investigate the blend morphology evolution over a specified
number of screw rotations. First, the trajectories of the populations within the twin-

Table 4.1: Simulation parameters.

Quantity Symbol Value Unit
Screw radius Rs 15.275 mm
Screw center distance Cl 26.2 mm
Screw-screw gap size δs 0.20 mm
Screw-barrel gap size δb 0.15 mm
Volume fraction φ 0.1 -
Droplet viscosity µd 86 Pa · s
Matrix viscosity µm 196 Pa · s
Interfacial tension σ 0.0023 N/m
Initial disturbance α0 4.66 · 10−9 m
Hamaker constant Ah 10−20 J

screw extruder are calculated using particle tracking. Subsequently, the velocity gradient
tensor along every trajectory is extracted for every time step. These are then inserted into
our blend morphology model. With this procedure, we investigate the evolution of the
unstretched droplet radius for every population independently.

Small gap size - reference case

The results for 1300 droplet populations (note: by population, we mean a particle at a
certain position that macroscopically describes an entire group of droplets) are shown for
three values of the number of rotations in Figure 4.6. The initial histogram (at zero ro-
tations, which is not shown in the figure) consists of one bin around the initial size of
R0,init = 10−5 m containing all 1300 populations. The unstretched droplet radius R0 as-
sociated with the monodisperse droplet populations is shown after 1.6, 3.3 and 10 screw
rotations. The figures on the left display the droplet radius on a logarithmic scale ranging
from R0 = 10−9 m to R0 = 10−4 m. The figures on the right show histograms of the values
of R0 corresponding to their adjacent figures.

After 1.6 rotations, we observe the formation of orange islands containing large droplets,
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which have either not yet broken up or have just started to break up. These populations
follow Type A trajectories, as discussed in Section 4.2.4, so they stay near the bulk of the
fluid without passing through any narrow gap. The other populations have either passed
through the screw-screw gap or one of the barrel-screw gaps and have attained a wide
range of droplet sizes. After 3.3 rotations, it is clearly seen that the droplet sizes evolve
towards two distinct peaks.

Finally, after 10 rotations, it is seen that the right peak has become much higher, be-
cause all the largest droplets (those that were on the right of this peak) have gathered
in this peak. The left peak has shifted slightly to the right compared to the results after
3.3 rotations. The right peak in the final histogram has been highlighted in blue and is
referred to as “the blue bin” in the next two sections. Three bins around the left peak in
the final histogram have been highlighted in green and are referred to as “the green bins”
in the next two section. In the next section, Section 4.3.1, we investigate in more detail
the mechanisms behind the formation of these two peaks.

Mechanisms behind the two peaks

In the previous section, we observed that two distinct peaks seem to appear in the histogram
of the (population-averaged) R0 values. In this section, we investigate in more detail how
these peaks are formed and where the droplet populations associated with these peaks
are located in the twin-screw extruder. We extract the populations associated with the
green bins, the blue bin and all the bins located to the right of the blue bin (see Figure 4.7).

In the top graph, we can see that many of the populations associated with the green
bins are located very close to the walls of either the barrel or the screws. There are some
populations that appear to be located near the bulk fluid around the screw-screw gap. The
green bins that are observed in Figure 4.6f appear to be related to the regions with large
shear rates near the boundaries and the gaps (See Figure 4.8). Although this figure shows
the shear rate profile in only a single frame in time, it is indicative of droplet populations
associated with the green bins, because those populations do tend to remain in the regions
close to the boundaries and therefore experience relatively large shear rates for a signifi-
cant amount of time. Droplets that spend a lot of time in these regions evolve towards the
R0 value associated with the left peak (the green bins). The distribution of bins around
the green bins in Figure 4.6f contain populations that are slightly further away from the
boundaries that experience the same kinetics with slightly different shear rates. Generally
speaking, these populations follow Type B trajectories, where they first experience rapid fil-
ament stretching and filament breakup (which results in much smaller droplets than those
in the blue bin) and finally evolve towards a dynamic equilibrium between coalescence
and necking as is governed by the critical capillary number Cacrit from the Grace curve,
using the relatively large shear rates near the walls (but not as large as those near the gaps).

In the middle graph of Figure 4.7, we can see that many of the droplets associated with the
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Figure 4.6: Spatial distributions of the undeformed droplet radius R0 for 1300 monodisperse
populations after three values of the number of screw rotations. Top row: 1.6 rotations. Middle
row: 3.3 rotations. Bottom row: 10 rotations. Gap width between screws: δs = 0.15 mm.
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blue bin are located near the bulk of the fluid, away from the boundaries. These droplet
populations spend most time near this core region and do not go through the gap in the
middle between the screws. Consequently, they experience relatively small shear rates,
which we described as Type A trajectories in Section 4.2.4. Along these trajectories, the
populations do not undergo filament breakup, but only breakup through necking, which
is a slow and gradual process. When we look at the bottom graph in Figure 4.7, which
shows the populations associated with the droplets that are even larger than those in the
blue bin, we can observe that they are mostly associated with droplets that are located
even deeper inside the bulk of the fluid. In this region the shear rates are the smallest.
This means that the necking droplets do so extremely slowly and therefore remain larger
than the droplets that are located slightly closer to the boundaries. Populations following
Type A trajectories undergo necking until the dynamic equilibrium between necking and
coalescence is reached, where the equilibrium value is larger than those of the green bins
because the shear rates in the bulk fluid are smaller.

To conclude, the green bins are mostly associated with the populations that experience
large shear rates near the boundaries and the gaps, moving along Type B trajectories,
whereas the blue bin is associated with the populations that experience small shear rates
near the bulk of the fluid, moving along Type A trajectories. This study raises the question
whether or not droplets from either peak can migrate towards the other peak. In other
words, the question is whether droplets located near the boundaries can travel towards the
bulk of the fluid and vice versa, if given enough rotations of the screws. The next section
contains an investigation of this question.

Blend evolution of one droplet population over 200 rotations

In this section, we investigate the blend evolution of a single droplet population for a large
number of screw rotations. We initialize a droplet population in the top-right corner, very
close to the outer boundary (the barrel). The particle trajectory over 200 rotations can be
seen in Figure 4.9 and the corresponding values of its spatial coordinates can be seen in
Figure 4.10. For more than 100 rotations, the droplet population remained stuck around
the top-right boundary, as can be seen from the nearly constant y-coordinate and the pos-
itive x-coordinate. The droplet size R0 of this population is shown in Figure 4.11. During
this time interval, the droplet size R0 is observed to first rapidly decrease through filament
breakup and then remain near the values of the green bin of Figure 4.6f most of the time.
During this time interval, the population remains near the top-right corner and only briefly
experience a peak in shear rate by the barrel-screw gaps that move along twice per screw
rotation. In Figures 4.12 and 4.13, we can see that aside from the occasional spike in shear
rate due to shortly passing through the gap between barrel and right screw, the droplet
population experiences mostly shear rates in the range of γ̇ = 12 s−1 and γ̇ = 30 s−1. Using
γ̇ = 20 s−1, the predicted droplet size corresponding to Cacrit from the Grace curve for
simple shear becomes RG

0 = 2.4 ·10−7 m. This shows good agreement with the range of the
green bins, which is indicated by the green box in Figure 4.11. This leads us to conclude
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Figure 4.7: Droplet populations associated with specific subsets of the histogram in Figure 4.6f.
(a) Left peak (green histogram bins). (b) Right peak (blue histogram bin). (c) All bins to the
right of the right peak.
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that the green histogram peak is associated with the droplet size that is related to the dy-
namic equilibrium between necking and coalescence at the shear rates near the boundaries.

After slightly more than 100 rotations, the droplet population finally manages to escape
the top-right boundary. In the time period between around 130 and 160 rotations, it moves
along a trajectory similar to a Type A particle trajectory, which means that it stays in the
bulk fluid for a long time without passing through any narrow gap. In Figure 4.12, we can
confirm that during this time interval, there are no upward peaks in the shear rate. The
shear rate is slightly smaller than γ̇ = 10 s−1 most of the time. Using γ̇ = 8 s−1, the pre-
dicted droplet size corresponding to Cacrit from the Grace curve for simple shear becomes
RG

0 = 5.9 · 10−7 m. This shows good agreement with the range of the blue bin, which is
indicated by the blue box in Figure 4.11. This leads us to conclude that the blue histogram
peak is associated with the droplet size that is related to the dynamic equilibrium between
necking and coalescence at the shear rates near the bulk fluid.

In the final time interval between 160 and 200 rotations, the droplet population passes
through the screw-screw gap, which resembles a Type B particle trajectory. During this
time interval, the values of R0 are observed to be varying across a wide range outside the
green box. This confirms that the distribution of red bins around the green bins in Figure
4.6f are associated with populations that are neither located inside the bulk fluid nor very
close to the boundaries. These intermediate populations experience highly variable shear
rates.

We can conclude from this study that the classification of Type A and B particle tra-
jectories only makes sense for certain timescales. Given sufficient time, it is reasonable to
assume that every droplet population independent of its initial position can reach every
position in the twin-screw extruder.

Comparison with large gap size

The simulation results of the small gap size using δs = 0.15 mm in Section 4.3.1 are now
compared with simulation results with a larger gap size of δs = 0.60 mm. The results of
the large gap size are shown in Figure 4.14. By comparing the results of the small and
large gap sizes after 1.6 screw rotations, we can observe that increasing the gap size slows
down the breakup processes. The majority of the droplet populations are still on the right
side of the histogram. This is expected, because increasing the gap size significantly re-
duces the shear rates throughout the twin-screw extruder. The results after 3.3 rotations
seem to look quite similar, at first glance. Again, the appearance of two distinct peaks
is observed, but the peaks for the simulation with the large gap are both located slightly
more to the right (larger droplets) than those of the simulation with the small gap. This is
not surprising, because the shear rates throughout the domain are smaller for the large gap.

Finally, after 10 rotations, the differences between the two gap sizes are more pronounced.
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Figure 4.8: Effective shear rate [s−1] in the twin-screw extruder.

Figure 4.9: Particle trajectory of the droplet population over 200 rotations. The white marker
in the top-right and the red marker in the bottom-right denote the starting position and final
position, respectively
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Figure 4.10: Spatial coordinates of the droplet population over 200 rotations.
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Figure 4.11: Droplet size of the droplet population over 200 rotations.
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Figure 4.12: Shear rate of the droplet population over 200 rotations.
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Figure 4.13: Zoomed view of the shear rate of the droplet population over the first 10 rotations.
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Figure 4.14: Spatial distributions of the undeformed droplet radius R0 for 1703 monodisperse
populations after three values of the number of screw rotations, with y-axis values rescaled by
a factor of 1300/1703. Top row: 1.6 rotations. Middle row: 3.3 rotations. Bottom row: 10
rotations. Gap width between screws: δs = 0.60 mm.
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The two peaks in the histogram are located much closer to each other for the large gap
compared to the small gap. The right peaks in the histograms of both the small and large
gap appear to be located at nearly the same value of the droplet size R0. As discussed
in Section 4.3.1, the right peak is associated with the small shear rates in the bulk fluid,
which are not influenced by the gap size. The gap size mainly influences the regions with
large shear rates. In the case of the large gap, the shear rates are smaller and therefore,
the droplets near the left peak evolve towards a dynamic equilibrium between necking and
coalescence at a larger droplet size R0 for the same critical capillary number Cacrit, which
only depends on the viscosity ratio λeff.

With regard to the effect of the gap size between the screws, we can make the follow-
ing conclusions. For short time scales, a small gap size results in faster droplet breakup
and smaller droplet sizes after breakup. At larger time scales, two distinct peaks form in
the droplet size distribution. The right peak does not depend on the gap size, because
it is related to the bulk fluid. The left peak moves closer to the right peak for the large
gap, because the difference between the regions with large and small shear rates becomes
smaller for the large gap.

4.3.2 Effect of viscosity ratio on the blend morphology

In this section, we investigate the effect of increasing and decreasing the viscosity ratio
on the blend morphology development, compared to the reference case described in Sec-
tion 4.3.1. We use the same blend parameters as given in Table 4.1, but we increase
and decrease the droplet phase viscosity µd by a factor of 10. The reference value of the
effective viscosity ratio is equal to λe = 0.381 with an effective matrix phase viscosity of
µe = 226 Pa.s. By dividing µd by 10, the effective viscosity ratio becomes λe = 0.0396, with
an effective matrix phase viscosity of µe = 217 Pa.s. By multiplying µd by 10, the effective
viscosity ratio becomes λe = 3.46, with an effective matrix phase viscosity of µe = 249 Pa.s.
For these simulations, we use the same velocity and particle tracking solutions as in Section
4.3.1 (this is allowed, because the fluids are assumed to be Newtonian and only Dirichlet,
so kinematic, boundary conditions are applied) and recalculate the blend evolution.

First, we investigate the blend morphology development when the viscosity ratio is reduced
by dividing the original droplet phase viscosity µd by 10. The results for the simulation
with the decreased viscosity ratio are shown in Figure 4.15. The formation of two distinct
peaks is observed, like in the reference case in Section 4.3.1. It is observed that the even-
tual right peak lies at a higher value of R0 than in the reference case. This is expected,
because Cacrit is larger for a viscosity ratio of λe = 0.0396 (Cacrit,shear = 0.86) compared
to λe = 0.381 (Cacrit,shear = 0.47) in the reference case, since the Grace curve displays a
minimum for the viscosity ratio around the value of 1. The droplet populations in this
histogram peak correspond to those with the same initial positions in the reference case,
because they travel along the same particle trajectories and therefore experience the same
shear rate histories. Based on the (Cacrit) and taking the shear rate γ̇ constant and using
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Figure 4.15: Spatial distributions of the undeformed droplet radius R0 for 1300 monodisperse
populations after three values of the number of screw rotations. Top row: 1.6 rotations. Middle
row: 3.3 rotations. Bottom row: 10 rotations. Gap width between screws: δs = 0.15 mm.
Effective viscosity ratio: λe = 0.0396.
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the aforementioned values of the effective matrix phase viscosity µe, the equilibrium drop-
let size in the case with the decreased viscosity ratio should be 1.92 times larger than in
the reference case. In the reference case, the right peak has a value slightly larger than
R0 = 5.0 · 10−7 m. Multiplying this by a factor of 1.9 results in R0 = 9.6 · 10−7 m, which is
indeed where the right peak is located in Figure 4.15 (after 10 rotations). As for the left
peak, the predicted value should be near R0 = 4·10−7 m, but it is difficult to clearly identify
a distinct peak in this region at the exact frame in time, because many of the droplets in
the histogram surrounding the predicted location of the peak are gathered closely together
on the logarithmic horizontal axis, though the location seems to be approximately where
it is expected.

Subsequently, the results for the simulation with the increased viscosity ratio are shown in
Figure 4.16. In this case, we can observe extreme differences between droplet populations
that do (Type B) and those that do not pass through the gap between the screws (Type
A). Droplets that do not pass through the gap break up extremely slowly. Even after 10
rotations, many of those can still be seen near their initial value in the histogram plot.
Most of the droplet populations in the initial bin have only managed to move one bin to
the left. This makes sense, because the effective viscosity ratio of λe = 3.46 is relatively
close to the value of 4, above which breakup in shear flow cannot occur according to the
Grace curve. Without passing through the gap, very little extension is experienced by
those droplet populations, so the deformation that they experience from the flow field is
mostly shear. On the other hand, the droplets that do manage to pass through the gap
experience severe extension into filaments, followed by filament breakup. The resulting
small droplets appear to have a narrow range of values surrounding a certain peak on the
left of the histogram. These histogram bins very slowly move towards the right, meaning
that the droplets experience very slow coalescence. After 10 rotations, the final position
has not yet been reached. Therefore, the location of the two peaks in Figure 4.16 cannot
be compared to the reference case. As expected, this example with a relatively high vis-
cosity ratio results in both necking and coalescence that are extremely slow. It would be
interesting to investigate the behavior of this system over a very long timescale.

To conclude, the effect of varying the viscosity ratio is non-linear and is strongly de-
pendent on the Grace curve, which describes the relation between the critical capillary
number Cacrit and the viscosity ratio λe.

4.3.3 Effect of polydispersity

In this section, we investigate the differences in the development of a polydisperse droplet
population starting at two different initial positions. We describe a polydisperse drop-
let size distribution according to the method as described by Wong et al. (2021). In the
histogram that describes this polydisperse size distribution, the bin value multiplied by
the bin width equals the volume fraction of droplets with R0-values contained within this
bin interval, compared to the full disperse phase. The total integral under the histogram
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Figure 4.16: Spatial distributions of the undeformed droplet radius R0 for 1300 monodisperse
populations after three values of the number of screw rotations. Top row: 1.6 rotations. Middle
row: 3.3 rotations. Bottom row: 10 rotations. Gap width between screws: δs = 0.15 mm.
Effective viscosity ratio: λe = 3.46.
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Figure 4.17: Histograms for four values of the screw rotation of the polydisperse R0 probability
distribution function of the population that does not pass through any narrow gap.

equals 1. First, we investigate the evolution of the droplet size distribution of the popula-
tion starting in the bulk over 10 rotations. This population remains in the bulk fluid for
the entire time interval, so it does not pass through any narrow gap and therefore only
experiences relatively small shear rates (Type A). The probability distribution function of
R0 after four values of the screw rotation is shown in Figure 4.17. The initial distribution
is uniform. Note that this means that with these equally spaced bins on a logarithmic
scale, the bins containing the largest R0 values actually contain a larger volume fraction of
the disperse phase. It is observed that large droplets break up and small droplets coalesce
towards a certain intermediate size. This is similar to the behavior that we observed in
the right peak in the histogram of the reference case in Section 4.3.1. Populations trav-
elling along a Type A trajectory only experience break up through necking (not filament
breakup) and this is a slow and gradual process. In the end, the large and small droplets
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converge to a single peak, as is observed after 10 rotations. This single peak will continue
to shift slightly, depending on the slightly different shear rates encountered along the Type
A trajectory.

Subsequently, we investigate the evolution of the droplet size distribution of the popu-
lation starting near the barrel wall over 10 rotations. This population passes through the
gap between the screws frequently (Type B). The probability distribution function of R0

after four values of the screw rotation is shown in Figure 4.18. In the beginning, we see that
the initially uniform size distribution starts to converge to a certain intermediate value,
until the gap is reached. Slightly after passing through the gap, the distribution splits up
into two distinct regions. The difference lies in the fact that some droplets are large enough
to exceed κCacrit in order to experience filament stretching and filament breakup. After
the split, the different droplet sizes will again try to converge to a single peak through
coalescence, but when they pass through the middle gap the next time, the distribution is
again temporarily split into two distinct regions. After every rotation, the split becomes
smaller and the whole polydisperse droplet population finally converges to almost a single
peak. This single peak will continue to shift left and right, depending the different shear
rates encountered along the Type B trajectory.

To conclude, polydisperse droplet populations that do not pass through the gap gradually
converge to a single droplet size, through necking and coalescence. Polydisperse droplet
populations that do pass through the gap partially experience the same process of necking
and coalescence, while the larger droplets that exceed κCacrit undergo filament stretching
and filament breakup, followed by coalescence. In the end, these populations also converge
to a single droplet size.

4.4 Conclusions

We implemented the blend morphology model from Wong et al. (2019) and Wong et al.
(2021) in a particle tracking framework and applied it to twin-screw extruder flow. First,
we identified the distinct behavior between Type A trajectories that do not pass through
any narrow gaps and Type B trajectories that do, especially the gap between the screws.
Type A trajectories are associated with droplet populations that are initially located near
the bulk of the fluid, far away from any boundary (from the barrel and both screws).
Along Type A trajectories, the shear rates are relatively low, so droplet breakup occurs
slowly along these trajectories. On the other hand, Type B trajectories periodically expe-
rience high peaks in the shear rate and these droplet populations experience rapid filament
stretching and filament breakup into very small droplets. After filament breakup, the mor-
phology coarsens through coalescence. By simulating the particle trajectory of a single
droplet population over 200 screw rotations, we found that particles are not fixed to either
type. Given a sufficiently large timescale, a particle can travel to basically any position in
the domain and switch between the two types of trajectories.
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Figure 4.18: Histograms for four values of the screw rotation of the polydisperse R0 probability
distribution function of the population that passes through the middle gap every screw rotation.
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Then we investigated the effect of the gap size and viscosity ratio on the blend morphology
evolution. Increasing the gap size has the effect of lowering the shear rates throughout the
domain. For the small gap case, distinct regions with relatively large and relatively small
droplets appear, that are associated with Type A and B particle trajectories, respectively.
For the large gap case, the differences between the two regions are much smaller due to
the smaller shear rate differences. The droplet size distribution is more uniform, but all
droplets are relatively large, which may be undesirable. The effect of the viscosity ratio
appeared to be strongly related to the Grace curve, which links the critical capillary num-
ber to the viscosity ratio. For a viscosity ratio near the value of 4, coalescence and breakup
through necking were extremely slow, as was expected from the Grace curve.

Finally, we investigated the blend evolution of two polydisperse droplet populations. The
population that followed a Type A trajectory that did not pass any gap simply converged
to an intermediate value through necking of the larger droplets in the distribution and
coalescence of the smaller droplets. The population that followed a Type B trajectory that
passed through the gap between the screws several times displayed slightly more compli-
cated behavior, where the smaller droplets followed similar behavior as the Type A particle,
while the larger droplets with sufficiently large Ca experienced stretching into filaments
and filament breakup, followed by coalescence, where the polydisperse population finally
does converge to a single intermediate value.

We have now implemented a powerful predictive tool to study the blend morphology evo-
lution inside a twin-screw extruder for different process conditions and material properties.
For future work, it would be interesting to apply our developed framework to study the
blend morphology evolution in more complicated twin-screw extruder elements. Further-
more, the particle tracking formulation should be generalizable to 3D. Most importantly,
we should apply our model on realistic initial droplet size distributions and compare those
results with experimental work. The results in this work of the evolution of the droplet size
distribution in the twin-screw extruder should be interpreted very cautiously, because we
used a very unrealistic initial size distribution, consisting of a monodisperse distribution
concentrated at a relatively large droplet size of 10 µm, as a first step to test our numerical
model. More realistic size distributions can be observed in Grein et al. (2003); Kock et al.
(2013); Poelt et al. (2000). They show log-normal distributions with a sharp peak around
a droplet radius of approximately 0.2 µm, which rapidly tapers off towards the larger sizes,
which means that our value of 10 µm is already unrealistically high and on top of that,
having all our droplets start at that size is even more unrealistic. For future work, it
would be very important and interesting to investigate how our blend model behaves with
a realistic initial droplet size distribution.
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Chapter 5

Conclusions and recommendations

5.1 Conclusions

In this thesis, we addressed the research questions as stated in Chapter 1. To achieve this
goal, we modified the original Peters blend morphology model (Peters et al., 2001) and
implemented this phenomenological macroscopic model numerically in an in-house devel-
oped finite element framework. Following the Peters model, we did not model individual
droplets, but clustered them into macroscopic droplet populations, due to the extremely
high computational cost of modelling all individual droplets. We first calculated the ve-
locity field for a given geometry and flow problem, then extracted the velocity gradient
tensor L and inserted this into our blend morphology model. We assumed a one-way in-
teraction between the velocity field and blend morphology, so we did not take into account
the effect of the developing blend morphology on the velocity field. Consequently, we only
needed to generate the velocity solutions independently at the start and then we could
do time stepping over solely the blend morphology model. We analyzed the monodisperse
and polydisperse blend morphology evolution for increasingly complicated flow problems,
starting from simple shear flow, followed by Poiseuille flow and eccentric cylinder flow,
ending with twin-screw extruder flow.

In Chapter 2, we developed the first version of the blend morphology model, based on
Stokes flow and Peters et al. (2001). We described the unknowns, namely the (macro-
scopically averaged) stretch ratio β and undeformed droplet radius R0 in the form of field
variables, which enabled their implementation in a finite element framework. We com-
pared the results in simple shear with Peters et al. (2001) and found good agreement.
For the next step, we applied this first version of the blend model on Poiseuille flow. In
this case, we observed the Gibbs phenomenon along the crosswind direction due to the
blend model being discontinuous in the direction perpendicular to the streamlines, which
leads to oscillations in the continuous field variables. These oscillations could result in
negative values of β and R0, which is problematic both in a practical and numerical sense.
This led us to update the model using logarithmic versions of the unknown variables, with
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s = log(β) and v = log(R0), which ensures that β and R0 can never numerically become
negative. Logarithmic blend variables were used in all simulations for the rest of the entire
thesis. This updated model was then used to investigate the blend morphology evolution
in an eccentric cylinder flow problem, which is a straightforward example of a complex
flow problem. Two parameters were varied, namely the outer cylinder rotation speed Ω
(in Chapter 3 known as Ωouter) and the eccentricity ε, which is the distance that the inner
cylinder is shifted relative to the outer cylinder. It was found that increasing Ω and ε both
led to a finer morphology that was also formed in less time, the reason being the increased
shear rate in the gap region. All droplet populations in this chapter were monodisperse.

In Chapter 3, we updated the blend model once more by making a clear distinction between
droplets and filaments and adding more morphological states. The model was validated
using experimental results in eccentric cylinder flow by Tjahjadi and Ottino (1991). We
then used it to investigate the evolution of polydisperse droplet populations, again in the
flow problems of simple shear, Poiseuille and eccentric cylinder flow. In simple shear flow,
it was found that the polydisperse size distribution of a single droplet population does not
simply scale with the shear rate, because necking and coalescence have a different depen-
dence on the shear rate. In Poiseuille flow, a distinct layered morphology was observed.
In eccentric cylinder flow, four cases were investigated. In the first case, the outer cylinder
rotation speed Ωouter was found to result in narrow distributions with a relatively large
minimum droplet size. In the second case, the inner cylinder rotation speed Ωinner was
found to result in wide distributions with a relatively small minimum droplet size. With
equal maximum shear rate, the flow profile of the rotating outer cylinder was found to
break up droplets faster compared to the rotating inner cylinder case. In the third case,
the eccentricity (with rotating outer cylinder) was found to have little effect on the mor-
phology compared to the first case, if the rotation speed Ωouter was chosen in such a way
that the maximum shear rates were equal, but eccentricity may actually become significant
when the gap size becomes very small with respect to the droplet dimensions. Finally in
the fourth case, a time-periodic chaotic flow protocol was used, where the outer and inner
cylinder were alternatingly rotating. This resulted in a favorable combination of the first
two cases, where the large droplets were quickly and effectively broken down by the rotat-
ing outer cylinder, while the small droplets achieved the smaller sizes associated with the
rotating inner cylinder. This last example demonstrated clearly that the obtained blend
morphology can be strongly controlled through the processing conditions.

In Chapter 4, we mostly retained the blend model as was described in Chapter 3, but
we formulated it in Lagrangian form in order to combine it with particle tracking. We
used this to investigate the blend morphology evolution in twin-screw extruder flow. Large
differences were observed between macroscopic droplet populations following particle tra-
jectories that do (Type B) and do not (Type A) pass through narrow gaps in the twin-screw
extruder. Those of Type A only experience low to moderate shear rates, so break up very
slowly and gradually through necking, whereas those of Type B experience extremely high
shear rates and quickly experience filament stretching and filament breakup, leading to
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much smaller droplet sizes than those of Type A, although coalescence immediately sets
in to enlarge these droplets again. Distinct regions consisting of Type A particles were
observed in the bulk fluid. Using our developed numerical framework, we investigated the
effect of the gap size between the screws and the viscosity ratio on the blend morphology
development with monodisperse droplet populations. The smaller gap size was found to
break up droplets faster and into smaller sizes compared to the larger gap size, which can
be explained by the much higher maximum shear rate associated with the smaller gap.
The effect of the viscosity ratio was found to be nonlinear, because the differing behavior
for varying viscosity ratio depends strongly on the Grace curve, which links the critical
capillary number to the viscosity ratio. Finally, we investigated the effect of two different
particle trajectories on the blend morphology of a polydisperse droplet population moving
along with a single point. Not going through the gap (Type A) was found to result in only
breakup through necking, whereas going through the gap (Type B) was found to result
in the smaller droplets of the polydisperse population to also undergo breakup through
necking, but the larger droplets underwent filament stretching and filament breakup into
very small droplets. A split into two distinct fractions was observed, but the resulting
very small droplets quickly rejoined the other droplets through coalescence. This process
was repeated every time the particle passed through the gap, but the differences became
smaller every time. It can be concluded that the processing conditions (the shear rate
history along the different particle trajectories) and the material properties (the viscosity
ratio) strongly determine the final blend morphology that is obtained.

5.2 Recommendations

• All simulations in this thesis were performed using 2D geometries, to save com-
putional time. In principle, our developed blend morphology model does not contain
any dimensional dependence, because groups of individual droplets are clustered to-
gether in populations that are concentrated in single spatial points and evolve under
the influence of the surrounding background velocity field. Both versions, namely
the one using field variables (Chapter 3) and the other one using particle trajectories
(Chapter 4), should theoretically work in 3D geometries. It would be very interesting
to investigate the blend morphology in 3D, especially a practical twin-screw extruder.
In this case, the particle tracking version is probably preferable, because it is com-
putationally much cheaper and the field variables version would have to deal with
moving interfaces using ALE techniques (Arbitrary Langrangian-Eulerian), which we
have not considered at all.

• We have only considered isothermal situations. It would be interesting to investigate
the effect of temperature on the blend morphology development, especially through
its effects on the viscosity ratio and critical capillary number.

• Where the version with field variables does prove useful, is for investigating the two-
way interaction between the velocity field and morphology field through the extra
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stress tensor field. Throughout this thesis, we have assumed only a one-way influence
of the velocity field on the morphology field, but this should be investigated in more
detail.

• A very strong assumption that we have made, is that a droplet population does not
interact with itself. This assumption is probably not valid, especially in the case
of coalescence. This is a very complicated problem and is beyond the scope of this
work, but it would be very interesting to investigate in-depth this subproblem.

• In Chapter 4, we essentially only simulated a conveying element of a twin-screw
extruder. Using a 3D geometry for the flow field and particle tracking version of
the blend model, it would be very interesting for industry to investigate the effect of
kneading elements on the morphology evolution.

• Finally, we always assumed the blend constituents to be Newtonian fluids. It would
be very interesting to see how the addition of viscoelasticity and surfactants would
impact the morphology development. These factors are expected to have a stabiliz-
ing effect on the deforming interfaces, so breakup is delayed. Therefore, filaments
can become longer than in the Newtonian case and droplets after breakup may be
differently shaped than spherical. Breakup may not even occur at all. On the other
hand, Grein et al. (2003) seem to suggest that viscoelasticity hinders coalescence
more than breakup. More research on this topic is necessary.
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Samenvatting

Een fenomenologisch model voor de ontwikkeling van de morfolo-
gie van disperse polymeerblends in complexe stromingen

Achtergrond: Polymeerblends worden veel gebruikt in de industrie vanwege hun beheers-
bare materiaaleigenschappen. Ze kunnen ook synergistische materiaaleigenschappen bezit-
ten (e.g., een blend van polypropyleen en poly-1-buteen kan een hogere treksterkte bezitten
dan de twee individuele constituenten, afhankelijk van de compositie van de blend). Een
belangrijk aspect dat deze materiaaleigenschappen bepaalt is de blendmorfologie. Druppel-
in-matrix morfologieën (i.e., disperse polymeerblends) worden gevormd wanneer de volume
fractie van een van de vloeistofconstituenten voldoende klein is. De formatie van deze mi-
crostructuur hangt sterk af van de procesgeschiedenis. De ontwikkeling van de morfologie
kan in het algemeen geclassificeerd worden in gebeurtenissen van druppeldeformatie, op-
breking en coalescentie. Deze gebeurtenissen hangen af van het dimensieloze capillair getal
en de viscositeitsverhouding.

Methodologie: Praktische blends bevatten zeer grote aantallen druppels. Het is numeriek
niet haalbaar om iedere individuele druppel te beschrijven. We hebben de methode gevolgd
van Peters et al. (Journal of Rheology, 2001) and groepeerden druppels samen in popu-
laties met polydisperse verdelingen van de typische grootheden om individuele druppels te
beschrijven, bestaande uit de rekverhouding, onvervormde druppelradius en oriëntatiehoek.
We hebben dit werk uitgebreid naar complexe stromingsproblemen en hebben modificaties
toegevoegd om implementatie in een continue EEM model mogelijk te maken. We hebben
evolutievergelijkingen ontwikkeld voor deze grootheden voor de situaties van druppels die
uitrekken tot filamenten, statische/dynamische filamentopbreking, opbreking door halsin-
snoering en coalescentie. We hebben dit gëımplementeerd in een intern ontwikkeld eindige
elementen framework (TFEM).

Resultaten: We hebben het numeriek model gevalideerd voor de situaties van schuifstro-
ming, Poiseuillestroming en eccentrische-cilinderstroming. Voor de situatie van eccentrische-
cilinderstroming hebben we het model gebruikt om het effect te onderzoeken van de ro-
tatiesnelheid van de buitenste en binnenste cilinder, de eccentriciteit en een chaotisch
stromingsprotocol. Er werd gevonden dat dispersief mengen verbeterd werd in alle situ-
aties wanneer de verandering leidde tot verhoogde waardes van de maximale afschuifsnel-
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heden (capillair getallen). Het model werd vervolgens gebruikt om de ontwikkeling van
de blendmorfologie te onderzoeken in dubbele-schroefextrusiemachines, langs deeltjesba-
nen gegenereerd met behulp van deeltjesvolgtechnieken. Er werd nogmaals gevonden dat
dispersief mengen verbeterd werd door de maximale afschuifsnelheid te verhogen die onder-
vonden worden door een druppelpopulatie gedurende diens procesgeschiedenis. Zelfs een
zeer kortdurende piekwaarde werd effectiever bevonden dan lange periodes van gematigde
waardes, omdat de piekwaarde leidt tot snelle oprekking tot filamenten en (dynamische)
filamentopbreking.
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